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CHAPTER 1

INTRODUCTION

In recent years, the experiments on electro- and photoproduction of many
particles have accumulated a large amount of data of the helicity amplitudes over
the virtuality four-momentum transfer @Q* of the exchanged photon (Zyla et al.,
2020; Aznauryan et al., 2009; Mokeev et al., 2012; Mokeev et al., 2016). The most
accurate and complete experimental data has been obtained for the three lowest
nucleon excited states, which have been measured in a range of Q% up to 8 GeV?
for N(1535) and up to 4.5 GeV? for the Roper resonance and N(1520) (see reviews
(Tiator et al., 2011; Tiator et al., 2009)).

Plenty of theoretical models analyze of the transverse transition amplitudes
Aijp and Ajzjp, and longitudinal transition amplitudes )/, over )? varied in a
large range, reveal the properties and structures of many nucleon resonance states
(Aznauryan, 2007; Aznauryan et al., 2008; Capstick et al., 2007; Ramalho and
Tsushima, 2010; Golli et al., 2009; Burkert and Roberts, 2019; Li and Riska,
2006; Obukhovsky et al.; 2011; Cano and Gonzalez, 1998; Segovia, 2016; étajner
et al., 2017). However, as the lowest radial excited state of the proton, the Roper
resonance’s electro- and photoproduction data still can not be well described by the
conventional quark models (Aznauryan, 2007; Aznauryan et al., 2008; Capstick
et al., 2007; Ramalho and Tsushima, 2010; Golli et al., 2009). And the mass
ordering problem of the Roper resonance with the lowest negative-parity baryon
resonance states N (1520) and N (1535) (Capstick and Roberts, 2000) and the large

decay width (Sarantsev et al., 2008) are quite unclear as well. A good discussion



about the Roper resonance can be found in a good review paper (Burkert and
Roberts, 2019).

Among many of the theoretical approaches, the light-front three-quark
model as one of the most successful ones can give a good description of experimen-
tal data of N(1440) helicity amplitudes in the hard region which is 1.5 < Q? < 4.5
GeV? (Aznauryan, 2007; Aznauryan et al., 2008; Capstick et al., 2007) . So do for
the covariant spectator quark model (Ramalho and Tsushima, 2010) and chiral
quark models (Golli et al., 2009), but the theoretical results are not compatible
with the helicity amplitude data of N(1440) in the low @Q? values. Pentaquark
component is included in both the proton and excited nucleon states to repro-
duce the helicity amplitudes in the soft region 0 < Q% < 1.5 GeV? (Li and Riska,
2006). And the hadron molecule component has been discussed for describing the
whole helicity amplitudes data in Ref. (Obukhovsky et al., 2011). The meson-
baryon dressing or meson cloud obscures the three-quark core in the N(1440)
resonance have been discussed in Refs. (Cano and Gonzalez, 1998; Segovia et al.,
2015; étajner et al., 2017). In this model the core mass is reduced by the meson
cloud contribution and the photoproduction helicity amplitudes for a large region
including the photon point were reproduced.

The v*N — N(1520) reaction is therefore characterized by three indepen-
dent helicity amplitudes: the two transverse amplitudes A; /5, As/s, and the longi-
tudinal amplitude S /. Only recently was the longitudinal amplitude measured for
the first time (Aznauryan et al., 2009; Mokeev et al., 2012). The v*N — N(1520)
was previously studied by various frameworks and models. The framework of
non-relativistic and relativistic quark models (Close and Gilman, 1972; Koniuk
and Isgur, 1980; Warns et al., 1990; Aiello et al., 1998; Merten et al., 2002;

Santopinto and Giannini, 2012; Capstick and Keister, 1995; Aznauryan and Burk-



ert, 2012; Ronniger and Metsch, 2013; Golli and éirca, 2013), the single quark
transition model (SQTM) (Close, 1979; Burkert et al., 2003; Burkert and Lee,
2004) and a collective for baryons (Bijker et al., 1996). The EBAC (Jlab) analy-
sis estimated the electromagnetic structure of N(1520) within a coupled-channel
dynamical model for the meson-baryon systems (Julia-Diaz et al., 2008). The
study of the empirical charge density distribution of the N(1520) can be found in
Refs. (Tiator et al., 2011; Tiator et al., 2009). For the experimental side, there
are the MAID (Mainz) analysis (Tiator et al., 2011; Tiator et al., 2009; Drechsel
et al., 2007), the old data from DESY, and the recent data from CLAS (at Jlab)
(Aznauryan et al., 2009; Mokeev et al., 2012).

The available data for the v*N — N(1535) transition for the amplitudes
Aijo and Sy, are mainly from CLAS at Jlap (Aznauryan et al., 2009). Some
estimates of helicity amplitudes form MAID (Drechsel et al., 2007; Tiator et al.,
2009) base on data from different experiments (including CLAS). Quark model
give a partial explanation by suggesting that it is dominated by valence quark
degrees of freedom (Julia-Diaz et al., 2009; Ramalho and Pena, 2011; Ramalho
and Tsushima, 2011; Ramalho et al., 2012). The calculations of the baryon states
generated by baryon-meson resonances based on chiral quark models suggest that
the Pauli form factor at low @? is dominated by meson cloud effects (Ramalho
and Tsushima, 2011; Ramalho et al., 2012; Jido et al., 2008). The results of
light-front relativistic quark model indicate the meson cloud contribution to the
v*N — N(1535) transition form factors have an iso-vector character (Aznauryan
and Burkert, 2017).

Based on the previous works (Xu et al., 2019; Xu et al., 2020), where
the mass ordering of N(1440), N(1520), and N(1535) is described by including

ground state light pentaquark components, we study the photoproduction transi-



tions v*p — N* where N* are in both three-quark and ¢*G pentaquark pictures.
However, the N(1440), N(1520), and N(1535) resonances are studied mainly as
the three-quark nucleon states in this thesis. The N(1440) is assumed to be the
first radial excited state of the proton, and N(1520) and N(1535) are the lowest
negative parity state corresponding to the lowest three-quark L = 1 states with
mixed symmetry.

The thesis is organized as follows. In Chapter II, we briefly present the
construction of wave functions for multi-quark system including higher order spa-
tial wave functions in the harmonic oscillator model, and the details are shown
in Appendix B. The electric form factor of proton is calculated in Chapter III
and the proton spatial wave function in the three-quark picture is extracted by
comparing the theoretical results with experimental data. The formalism of the
helicity transition amplitudes for the photoproduction of the nucleon resonance,
the comparison of the theoretical results with experimental data, as well as the
analysis of the spatial wave function of the resonances N(1440), N(1520), and
N(1535) are given in Chapter IV. Chapter V is devoted to discussion, conclusions,

and outlook for future works.



CHAPTER 11
WAVE FUNCTIONS FOR MULTI QUARK

SYSTEM

2.1 ¢° octet baryon states

The baryon wave functions of proton, N(1440), N(1520), and N(1535) are
constructed in the harmonic oscillator model. The total wave functions, consisting
of the spatial, spin, flavor, and color degrees of freedom, are constructed system-

atically in the form of a Yamanouchi basis,
g’ — 1 oiE s F S c
L=0 — l/)[3] (d’[m]ﬂ/’[mh + 1//[21]p1/’[21],,)7/’[111}7
V2
3 1 . .
Vi = 5 (0o, Yoy, — Vo Vfaa),)
+ Y00,V Yoy, + lb[guﬂ[gmﬂ Wiy)- (2.1)
With i = A, p types, the flavor (¢;,;,) and spin («¢v§”i) wave functions are

l/)[};l]k (QUud — duu — Udu), l/}[};l]p = —(udu — duu%

Sl

1
Vi, = %(2 ML= T =1, Uiy, =

- sl

S =11 (22)

The total color wave function is
1
Yy = 7 [(RG — GR)B + (GB — BG)R + (BR — RB)G]. (2.3)

The details of spatial wave function are in the Section 2.3.



2.2 ¢*q pentaquark states

The algebraic structure of pentaquark states consists of the spin-flavor and
color algebras SUgp(6) ® SUqx(3) with SUgr(6) = SUg(2) © SUp(3). The con-
struction of the pentaquark wave function follows the rules that a ¢*G state must
be a color singlet and antisymmetric under any permutation between identical
quarks. The permutation symmetry of the ¢* configurations of pentaquark states
is characterized by S, Young tabloids [4], [31], [22], and [1111]. Here we will
analyze the symmetry of the pentaquark state in the language of a permutation
group.

The pentaquark color singlet is represented by [222]~ but the color part of
the ¢ in the pentaquark is represented by [11]¢, and thus the color part of the ¢*
is represented by [211]-. The total wave function of the ¢* must be antisymmetric
but the ¢* color part is [211]¢ leads to that the spatial-spin-flavor part which is in
the conjugated representation of the ¢* [211] configuration as [31]ogr.

In general, one may combine different freedoms to form total states of
various symmetries. Consider a system with the degrees of freedom M and N
described respectively by the wave functions ¥ and ", then the total wave

function may be constructed by the linear combination of the products ¢ and
N,
W= Y Cim Ui, (24)
z,y={5,4,p,An}
where [X], [Y], and [Z] are irreducible representations, and x, y, and z are per-
mutation symmetries. In the above equation, z,y are summed over S (fully sym-
metric), A (fully antisymmetric), A (A-type), p (p-type), and n (n-type). C[[)Z(]]z v,

are the coefficients determined by permutation operators of Sy permutation group.

The coefficients C'[[)Z(i v], are shown in Tables D.1-D.6.



Table 2.1 J” pentaquark states corresponding to the ¢*q configurations, where

the color part of the ¢* is [211]¢ and the spatial part of the ¢* is fully symmetric

[4]o-
Jv ¢*q configurations
=
5 [BlUrsl4lrBls, [31]rs[31]r[31]s, [31]rs[31][22]s, [31)rs[22]r[31]s
5-
S BUrsltrB1s, BUrsl3Lr s, BUrsB1BYs, Blrs(221(31)s
The total wave function of the ¢* configurations is written in the general
form as,
4 1111 31]; Xla
Viotal = > i, Contaix, Coti. Yo, ¥, ¥, V.- (25)

i.3w,m,y,2={S,A,p,A\n}
The explicit form of spin (w[%]y) and flavor (¢, ) wave functions can be de-
rived by the projection operator in the framework of Yamanochi basis (Yan and
Srisuphaphon, 2012). The explicit forms of spin and flavor wave functions are
listed in Appendix E. The J” pentaquark states, corresponding to the ¢*q config-
urations, are shown in Table 2.1 where the color part of the ¢* is [211]¢, and the

spatial part of the ¢? is fully symmetric [4]o.

2.3 Spatial wave functions

The spatial wave functions of three quarks in Eq. (2.1) and pentaquark
in Eq. (2.5) are represented in the harmonic oscillator bases of three-quark and
pentaquark systems. The bases of the three-quark and pentaquark harmonic os-
cillator, are the solutions of Schrédinger equations for the Hamiltonian in the

following form, (the two coefficients C' in Eq. (2.6) are just coupling constants.)

2 2
¢ _ P P L 2 2
H _2m+2m+2C(A +p),



2 2 2
goi_ P Po Py P

1 2 2 2 2
=Tkt ot 2m+20(/\ + 0%+ +§), (2.6)

with the relative Jacobi coordinates,

1
P = E(rl —T3),

1
A = %(7’1—{—7’2—27'3),
1
n :—\/E(T1+T2+T3—3T4),
1
E — —\/2_0(T1+T2+T3+T‘4—4T'5),
¢ L
R = %(Tl -|—‘T‘2—|-7'3),
_ 1
RYT = ﬁ(rl +ryFrs Ty 7). (2.7)

The spatial wave functions, being the eigenfunctions of the Hamiltonian,

take the general form,

UNim = > A np. 1)
nx,Mp,lx,lp
X /(/)n,\l,\mA (A )Q/anlpmp (p )
XC(l)nm)\; lp7mp; l)\p7m)\p) (28)
with

N = 2(71)\+np)+l,\+lp,

20n!
(5 +n+1)

>

¢nlm(r) = [ )7

2 1
] (Ozr)le_%o‘ZT2 if 2(@®1)Yn(



<\IJ%LM ‘ q’]?/'L'M/> = ONNOLL OMMY,
<1/)nlm | wn’l/m/> = 5nn/5ll/5mm/7 (29)

for ¢> system where A is constants obtained by analyzing the symmetry in permu-

tation group, C' here is the Clebsch-Gordan (CG) coefficients, and Y}, (#) is the

1
spherical harmonic. L?Q is the associated Laguerre polynomial which takes the

form
1 "o (—1)k [+ 1/2)!
a2y = 30 ') (n RN /2 T (2.10)
SR (n—k)\(k+1+1/2)!
And
TR = . A(n, g, 1y, g, Dy, L, Ly L)
NN, NNy ln e
lenAlAm)\ (A )wnplpmp (P )wn,,lnmn (n >wvzgl§m5 (5 )
XC(ZA7 mx; lp7 mp; l>\[)7 mA/))
X C'(Inps Minps Ly s Unpms Mirpn)
X C(Uxpns Mgy be, me, LM), (2.11)
with
N =2(ny +n,+n,+ne) + b+ 1, + 1, + e, (2.12)

for ¢*q system. The bases of spatial wave function with the corresponding irre-
ducible representation and permutation symmetry are shown in Appendix B

In the calculation, the wave functions are transformed to be the momentum
space from the position space for convenience. The wave functions in the position

space are transformed to in the momentum space by following relation:

U ({r}) = ()N, {p}). (2.13)



10

The spatial wave function of the three-quark state (Eq. (2.1)) and the
pentaquark state (Eq. (2.5)) are represented in the harmonic oscillator basis of
a three-quark system (Eq. (2.8)) and a five-quark system (Eq. (2.11)) in the
following form:

X
w&] = Z AEVAM\I]%LM7 (2-14)

N,L,M

where AE@ a 1s the general normalization factor,

> ANl =1 (2.15)
N,L,M
The spatial wave function of the Roper resonance N(1440) is constructed
as the first radial excited state of proton. This lowest positive parity state corre-
sponds to the L = 0 state with symmetric type, so N(1440) wave function takes
the form of linear combination of L = 0 states:
1/;[% = Z AE?\)/]OO\I’%oo- (2-16)
N=0,24,...

The N(1520) and N (1535) resonances are in the lowest negative parity state
corresponding to the L = 1 state for a three-quark system and L = 0 ground state
for pentaquark system. The N(1520) and N(1535) wave functions of three-quark

system take the form as

21
w[gl]z-M = > AR, (2.17)
N=135,...
where i represents A and p type, and M = —1,0, 1. And the spatial wave function

for the pentaquark state is

’lﬁﬁ]: Z Agz\lf]ooqjjovoo- (2.18)

N=0,2,4,...



CHAPTER III

ELECTRIC FORM FACTOR

3.1 Nucleon electric form factor

In this chapter, we study the electromagnetic transition of the process
N~* — N within a constituent quark model. We derive the proton electric form
factor (Gg) in both non-relativistic and relativistic calculations. The correspond-
ing diagram is displayed in Figure 3.1. In this case, we assume that the nucleon and
resonance states are composed of three quarks. By studying this proton electric
form factor, we hope that the relevant information regarding its internal structure
will be extracted, especially its wave function. The proton electric form factor
which is the time component of the electromagnetic current is derived in the Breit
frame (also known as infinite-momentum frame or brick-wall frame). In the Breit
frame, the momenta of the initial- and final-state nucleon and photon are defined

as,

P, = (Ey,0,0,—|k/2|), P;=(En,0,0,|k/2|), k=1(0,0,0,]k|), (3.1)

where P; is the four-momentum of the initial-state nucleon, while Py and k are
those for the final-state nucleon and photon, respectively. The nucleon energy is
denoted by En whereas the magnitude of the three-momentum of the photon is
defined by |k|. Therefore, the square of the four-momentum transfer is expressed
by Q? = —k* = |k|?>. In this case, the Breit frame is defined as the frame where
P, + P; = 0. Hence, the photon energy w =0 and |k|/Q) = 1.

The electric form factor can be expressed by the transition amplitudes of all
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Y

Figure 3.1 The diagram for the electromagnetic transition process Nv* — N*
where the initial state nucleon and final state resonance are composed of three
quarks. One of the incoming quarks interacts with the incoming photon while

the remaining ones are spectators throughout the process.

possible quantum states of quarks from the initial-state nucleon to the final-state

resonance in ¢® picture as,

1
Gp— <N,SZ:5

1
N7Sz—§>

qllngg> TB(Q1(]2Q3 == qiqéqé) <Q1QQQ3

Breit frame

(3.2)
where the nucleon wave function (q1¢ags| N, S.), which is composed by three
quarks q;¢2g3 with the spin projection S, has been already introduced in Chapter
II. In Eq. (3.2), one need to perform a summation over all possible quantum
numbers of the intermediate three quarks and integrates over the momenta of all
quarks.

The transition amplitude of the process y7¢ — ¢’ as displayed in Figure 3.1
is described by the transition amplitude Ts(q1¢295 — ¢1¢5¢5) in Eq. (3.2). This
amplitude is calculated from the matrix element of the quark current operator
coupled to the photon field. The spin-state of the interacting quark is fixed as the

one with s, =1:

Tp(q162q5 = 619505) = estiy(P)Y"ur(p)en(k) (@105 | q162)
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(E’+m)(E+m)F(l+ plp. +2p py >
(E"+m)(E 4+ m)

X {0193 | 01¢2) , (3.3)

where £ and E’ are respectively the energy of the interacting initial-quark and
final-quark with the dynamical quark mass of u and d quarks as m. The momen-
tum py is defined by py = %(pm +ip,). The quark electric charge of the third
quark is defined by e3 and the polarization vector of the photon which enters Eq.

3.3 is defined as € = (1,0,0,0).

3.2 Proton electric form factor in non-relativistic approx-

imation

We consider the simplest case when the proton electric form factor is de-
rived from Eq. (3.2) in the non-relativistic calculation. The proton and N(1440)
wave functions in this case respectively are the three-quark baryon state in the
ground state and first radial excited state of a harmonic oscillator. The length
parameter (a) is evaluated from the fit with the proton electric form factor. By
employing the corresponding length parameter which obtained from the fit, the he-
licity amplitudes A; /2, As/z, and 573 in the non-relativistic case will be calculated
by using the proton and N(1440) wave functions.

The electromagnetic transition amplitude in this case can be simplified by
using Eq. (3.3). By performing the non-relativistic approximation, it is written

as

Tp(q19205 — q;QéQé) ~ €3 <Q1q; | Cth) . (3.4)

Then, we substitute the electromagnetic transition amplitude in Eq. (3.4) into
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Eq. (3.2), the expression of the proton electric form factor in the non-relativistic

case is
G Q%) = e o2, (3.5)

where a is the length parameter and the constituent quark mass in this case is
m = 340 MeV.

The length parameter is fitted by using the proton charge radius r, = 0.841
fm from Particle Data Group (Zyla et al., 2020). The mean-square charge radius

of a charged baryon is related to the baryon electric form factor as

2\ 6 d 2
VE = g )

. (3.6)
Q?=0

By substituting the electric form factor from Eq. (3.5) into Eq. (3.6), the following
results @ = 234.3 MeV and (r)"/? = 0.841 fm are obtained.

The proton electric form factor, obtained from the non-relativistic approx-
imation, is shown in Figure 3.2 as the green dashed line. From the comparison of
the proton electric form factor between the theoretical result and the experimental

data, the curveis in good agreement only in the small Q? region.

3.3 Proton electric form factor from the fitting of low-lying

baryon mass spectra

In the previous section, we employ the proton wave function as the ground-
state harmonic oscillator in the non-relativistic case, where the results of the pro-
ton form factor can reproduce the data only in the small )2 region. Now, we will
improve our result of the electric form factor by performing the relativistic calcu-

lation. The spatial wave functions of the proton are derived within the framework
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Figure 3.2 Proton electric form factor G from the process py — N(1440). The
solid, dotted, and dashed curves are the results obtained by using the extracted
proton spatial wave functions, the proton spatial wave function from low-lying
baryon mass spectra, and the proton spatial wave function from the ground state
harmonic oscillator in the non-relativistic helicity amplitude calculation,
respectively. The data points are taken from (Janssens et al., 1966; Berger et al.,
1971; Price et al., 1971; Hanson et al., 1973; Murphy et al., 1974; Hohler et al.,
1976; Simon et al., 1980; Walker et al., 1994).

of the low-lying baryon mass spectra as mentioned in Ref. (Xu et al., 2020). In
this approach, the wave functions of the particles such as the proton, N(1440),
N(1520), and N(1535), are obtained by solving the eigenvalue problem and they

are assumed to be a pure three-quark state.
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The Hamiltonian in this approach includes one-gluon exchange contribu-
tion and Cornell-like potential. By adjusting the model parameters and solving
the eigenvalue problem, the eigenvalues and eigenvectors are then obtained. The
spatial wave functions for the proton, N(1440), N(1520), and /N(1535) which are
the eigenvectors of the mass spectrum are applied to evaluate the proton electric
form factor and the helicity amplitudes.

By using the wave function extracted from the low-lying baryon mass spec-
tra, the result for the proton electric form factor is shown in Figure 3.2 as the red
dotted line. In this case, the quark mass m = 327 MeV is used. The result is

obviously improved in a comparison to the one from the non-relativistic case.

3.4 Extraction of proton from the proton electric form fac-

tor

We now extract the proton spatial wave function in three-quark picture by
fitting the theoretical result of the proton electric form factor to the experimental
data. This modified proton spatial wave function will be used to study other states
such as the N(1440), N(1520), and N(1535) by fitting to the helicity amplitudes
in the next chapter.

The method for fitting the theoretical results to the experimental data
in this study is the least square method. The theoretical result is evaluated by
Eq. (3.2) where the model parameters used in this fitting are the quark mass
m = 5 MeV and length parameter a = 400 MeV. The number of basis is six:
N =0,2,4,...,10. The quark core radius evaluated by Eq. (F.1) is (r2)1/2 =0.54
fm. The result of the extracted proton is shown as the blue solid line in Figure
3.2. The spatial wave function of the extracted proton comparing to the proton

spatial wave function from the approach of low-lying baryon mass spectra is shown
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Figure 3.3 The spatial wave function of the extracted proton comparing to the

proton spatial wave function from the approach of low-lying baryon mass spectra.

in Figure 3.3.



CHAPTER IV

HELICITY AMPLITUDES

4.1 Transverse and longitudinal helicity amplitudes

In this chapter, we study the helicity amplitudes in the process Nv* — N*|
where the nucleon and resonance states are in the three-quark picture. The cor-
responding diagram is displayed in Figure 4.1. The transverse helicity amplitudes
(Ai/2, Asje) and a longitudinal helicity amplitude (S}/2) are commonly defined in
a N* rest frame where the initial momentum of the nucleon (F;), final momentum
of the resonance (), and the photon momentum k = Py — P;, along the z-axis,

are represented as,
Pi:(EN,0,0,*‘kD, Pf:(]\fN*,O,QO), k: (w,0,0,|k|), (41)

with

M. + M% + Q*

Wi —
7 My~ :
M2, — M% — Q?
w =
2 M- ’
273
M2, — M2 — @Q?
k| = [QH( T Q)} : (4.2)
1*

where Ey and w respectively are the nucleon and photon energies, |k| is the
magnitude of the photon three-momentum, and the square of the four-momentum
transfer is expressed by Q* = —k2.

The transverse helicity amplitudes (A; /2, A3/,) and the longitudinal helicity
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Y

Figure 4.1 The diagram for the electromagnetic transition process Nv* — N*
where the initial nucleon and final resonance are composed of three quarks. One
of the incoming quarks interacts with the incoming photon while the remaining

ones are spectators throughout the process.

amplitude (S;/2) for photoproduction are defined by the transition amplitudes

between the initial state N and the final state N* for helicity A = +1 and 0

respectively,
1 * / 1 N/ A/ -+ .. ! 1
Aipp = \/7 N*, 5, = 2 0190293 ) Ty (019203 = 019293) 11203 | N, Sz = YA
1 x Ql 3 VY + Y 1
N N7, 5, = 5| 414245 ) Tos(1a205 = 414243) 1203 | N> S = 5 )
1 : 1 1\ |k
Sija = VT <N Se=5 QQq;qé> T (19203 — 419545) <Q1QZ(]3 N, S, = §> Q’
(4.3)
with
M%. — M3
K = ];TN*N’ (4.4)

where K is the real-photon momentum in the N* rest frame, My« and My denote
the mass of N* and N respectively. The N and N* wave functions which have been
described in Chapter II in the Harmonic oscillation model, are projected to three-

quark picture as (q1gaqs | N, S.) and (qi¢hqs | N*, S%). In Eq. (4.3), one need to
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perform the summation over all the possible quantum numbers of the intermediate
three-quark states, including the initial-state of quarks ¢;¢2q3 in the nucleon with
the spin projection Sz and the final-state of quarks ¢jq}qs in the resonance with
the spin projection S, and integrates over the momenta of all quarks.

And the transition amplitude T2,(q1q2q5 — ¢i¢hq5) in Eq. (4.3) is simply
the transition amplitude of the process vq¢ — ¢/, with &, s corresponding to single
quark spin projections (spin up 1 and spin down |) and A for helicity, is simplified

as
T (10203 — €1505) = estig (0)V " us(p)ey (k) (d1dh | 1)
= 63Ts>’\s <q/1qg ‘ QIQ2> y (45)

where ej is the quark electric charge of the third quark, and the photon polarization
vectors €, (k) of the longitudinal (A = 0) and transverse (A = 1) helicity amplitudes

in the Lorentz gauge are defined as,

1 1
62 == a(|k|,0,0,w), € =

m —%(0, 1,i,0). (46)

Then the matrix elements of the electromagnetic transition for helicity A = 0,1

are derived in detail,

7o _ [(E’+m)(E+m)1 [I |< pLp- + 2P py )
e AE'E Q (E" +m)(E +m)

w ( ps
Q E+m & E’~|—m

T — [<E’+m><E+m>] ll |<f<p;p_—pf_pz>>
b AF'E Q \(E'+m)(E +m)

5 (5
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70 _ [<E'+m><E+m>r [m (ﬂ(—p;p++p;pz>>
o AR'E Q \ (E'+m)(E+m)

w (—\/im L V2 ))]

Q\E+m E+m

o [EEmE+m)| Tk (], P+ 2
v AE'E Q (F' +m)(E +m)

W P P
Q\E+m E+m)|’

=

T = (E'+m)(E+m)|2 [ 2ps ]

AR'E | LE+m
- -1
N~ AF'E || E+m E+m]’
T =0,
1
(E'+m)(E4+m)|? | 2p
T = AE'E Fm (4.7)

where FE and E’ are respectively the energies of the initial state and the final state

of the interacting quark with the dynamical quark mass of u and d quarks as m,

and py = Z5(p, £ ipy)-

4.2 Helicity amplitudes of N(1440)

4.2.1 Helicity amplitudes of N(1440) in non-relativistic ap-

proximation

The helicity amplitudes for photoproduction of the Roper resonance on
the proton which are defined by A/, and S;/, are derived with Eq. (4.3) in the

non-relativistic approximation. The proton and the N(1440) states are in the
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ground state and first radial excited state harmonic oscillator wave functions of
three-quark picture since it is the simplest approximation for nucleon resonance
states. The length parameter takes 234.3 MeV which is the value for fitting to the
data of the proton electric form factor in the non-relativistic approximation in the
previous chapter.

The helicity amplitudes S}/, and A/, of the Roper resonance in the non-

relativistic approximation are,

9,
2
Nr _ _ €k7e o

gNR _
Y2 366K ma2Q?

+(120% — K2)\Jk2 — Q2> ,

3 — 42
T 622
NR i Gk: € 6a

V2 19\ BKma?’

(6/€Qm

(4.8)

The matrix elements of the electromagnetic transition in the calculation of S/,

and A/, from Eq. (4.7) are simplified as,

k
V2m’

~ 0
7 = NN ) (4.9)

where T} is used in Ay/y, and 7%, is used in Sy/,, and the constitute quark mass
is m = 340 MeV.

The theoretical results of the transverse and the longitudinal helicity am-
plitudes over Q% of the Roper resonance are shown with the green dashed line in
Figures 4.2 and 4.3. The result is consistent with the non-relativistic quark model
prediction from Refs. (Li et al., 1992; Parsaei and Akbar Rajabi, 2017; Li and
Riska, 2006). However, the comparison to the experimental data demonstrates
that the non-relativistic calculation for helicity amplitudes of the Roper resonance

is not acceptable since the theoretical results can not give the changing sign from
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negative to positive value.

4.2.2 Helicity amplitudes of N(1440) with the wave func-

tion from mass spectrum fitting

In this section, the helicity transition amplitudes of the Roper resonance
are calculated from the matrix elements in Eq. (4.7) relativistically. The proton
and the Roper spatial wave functions are the eigenvectors of the lowest state and
first radial excited state of nucleon resonances of L = 0 symmetric type from
the Ref. (Xu et al., 2020), where the theoretical results of baryon resonance mass
spectra are fitted to the experimental data in three-quark picture. The spatial wave
functions of the proton and the Roper resonance are expanded in the harmonic

oscillator basis in (Xu et al., 2020),

o _ EV 7,0
Ypi Y. ano Yoo
N=0,24,...
o) _ EV 3,0
7/’1\/(1440) = Z bnoo ¥ Noo- (4.10)
N=0,24,...

where aft, and byl are determined by fitting the baryon mass spectrum.

The theoretical results of transverse and longitudinal helicity amplitudes of
the Roper resonance with the spatial wave functions from Eq. 4.10 are shown
with the dotted line in Figures 4.2 and 4.3 respectively. For both A, and
S1/2, the theoretical results can describe the experimental data at large Q* re-
gion (1.5 < Q* < 4.5 GeV?), where the three-quark core plays the main role in
the photoproduction of the Roper resonance. And this is consistent with the theo-
retical results obtained from the light-front three-quark model (Aznauryan, 2007)
and covariant spectator quark model (Ramalho and Tsushima, 2010). However,

for the small values of Q% < 1.5 GeV?2, both the helicity amplitudes A, /2 and S/
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of the Roper resonance as a pure three-quark state has been overestimated by the
theoretical calculations. The theoretical result of S}/, at the real photon point is
even an infinite large value. At the low Q? region, the behavior of the helicity
amplitudes may be more sensitive to the other degree of freedom than those of
the three-dressed quark, i.e., the meson cloud contributions (Segovia et al., 2015),
hadronic molecular component (Obukhovsky et al., 2011). The predictions of
the helicity amplitudes of the Roper resonance when the proton and the Roper
resonance are treated as the pure three-quark states in the relativistic calcula-
tion confirmed that the Roper is mainly a three-quark state, but there may be
some considerable components of others than the three-quark core in the Roper

resonance.

4.2.3 Extraction of quark distribution of N(1440)

The proton spatial wave function has been fixed in Sec. 3.4 by fitting
the theoretical result of the proton electric form factor to the experimental data.
Then we assign the Roper spatial wave function as the linear combination of the
Harmonic oscillator bases for L = 0 symmetric type, which is in the form,

asimal bvoo® Noo- (4.11)
N=0,2,4,...
The N(1440) spatial wave function are still in three-quark picture, but may contain
any higher radial excited contribution of nucleon resonances for L = 0 symmetric
type. The coefficient b;voo are fixed by fitting the theoretical result of the helicity
amplitudes of the Roper resonance to the experimental data in two cases:

Fitting I: the proton and the N (1440) spatial wave functions are orthogonal

each other, <d)1? ‘ @D]?,(l 440)> = 0 which constrains the NV (1440) spatial wave function

to be the radial excitation of the nucleon;
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Figure 4.2 The transverse helicity amplitude A, ), for the py* — N (1440)
transition in comparison to the data points from (Aznauryan et al., 2009;
Mokeev et al., 2012; Mokeev et al., 2016; Zyla et al., 2020). The dash-dotted,
solid, dotted, and dashed curve are the results obtained, respectively, from the
relativistic calculations for fitting I, fitting II, baryon mass spectrum, and

non-relativistic calculation.

Fitting II: the proton and the N(1440) spatial wave functions may not be
orthogonal each other, which allows the N(1440) spatial wave function compose
of the radial excitation of the nucleon as well as others.

The theoretical results of the helicity amplitudes of the Roper resonance
with both the spatial wave functions of the proton and the Roper resonance from

Fitting I are shown in Figures 4.2 and 4.3 with the red dash-dotted line and the
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Figure 4.3 The longitudinal helicity amplitude S/, of py* — N(1440) in
comparison to the data points from (Stajner et al., 2017; Aznauryan et al.,

2009). The notation of the curves is the same as the one in Figure 4.2.

results with the wave functions from the Fitting I are in the blue solid line.

The theoretical results of A; /5 of the Roper resonance in Fitting I (orthog-
onal case) gives a proper description of the A;/, data only in the small Q? region,
but overestimate both A;/, and S;/; in the higher Q? region. It is noted that
the theoretical results for Sy, at the small Q? region are much larger than the
experimental data. These results are actually a slightly improved version of the
predictions in the mass spectra fitting case. The fact that the experimental data
can not be well described when we constrain the Roper as the first radial excited

state of the proton indicates that the Roper may have a component of others
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than three-quark core in the Roper resonance. And the similar results of fitting I
case and mass spectra fitting case also convince us that the three-quark core may
mainly determine the A,/ and S/, helicity amplitudes of the Roper resonance at
the higher ()2 region.

The theoretical results of Ay, of the Roper resonance in Fitting II (non-
orthogonal case) give a good description for the whole @* region, while fairly
describe the data of S /5. The results of Fitting I and II together indicates that it
is necessary to include components other than radial excited three quarks in the
Roper resonance, like meson cloud, hadronic molecular or pentaquark.

To reveal the structure of N(1440), the difference between the N (1440)
spatial wave function by the Fitting I and Il are compared in Figure 4.4 as the
function of the relative distance of the quark to the center of the mass. The spatial
wave functions from Fitting I and II cases are respectively in the solid line and
dashed line. A condition that 7\ = r, is taken to simply the three-dimensional
spatial wave functions to a 2D plot, due to the full permutation symmetry of the
three quark states. The difference of the first peak in Figure 4.4 indicates that the
quark density of the Fitting [ around the center of three-quark core is smaller than
the Fitting I, and this structure other than the three-quark core which may be
resulted from some non-3-quark composite like meson cloud, hadronic molecular or
pentaquark weaken the orthogonality of the N(1440) resonance wave function in
Fitting I at the same time. The spatial wave function of the Fitting I is consistent
with the N(1440) quark spatial wave function in Lattice QCD (Roberts et al.,

2013) calculations.
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Figure 4.4 The N(1440) spatial wave functions in the Fitting I and II are
shown in terms of the relative distance of the quark to the center of the

three-quark core.

4.3 Helicity amplitudes of N(1520) and N(1535)

4.3.1 Helicity amplitudes of N(1520) and N(1535) in non-

relativistic approximation

In this section, we calculate the helicity amplitudes A;/5, A3z, and Sy/»
for photoproduction of the lowest negative parity states in the non-relativistic
approximation with Eq. (4.3). The nucleon and resonance states are still in the
three-quark picture, while the proton is in the ground state harmonic oscillator
wave function of L = 0 with symmetric type; N(1520), and N(1535) are both
in the lowest state harmonic oscillator wave functions of L = 1 state with mixed
symmetric type. The length parameter is 234.3 MeV with which we get a proper

fit to the experimental data of the proton electric form factor and also the helicity
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amplitudes of the Roper resonance.
The transition matrix elements in the calculation of A/, Az, and Sy/s

from Eq. (4.7) are simplified in non-relativistic approximation as

P+ k
—, T ~ —
m o

=

/
TF ~ ) TH ~ &£, T ~ 1. 4.12
™ om’ H m’ ™ ( )

The results of helicity amplitudes in the non-relativistic approximation for
the N(1520)3/2" are

k2
GNE _ eke 6a

12 707 300/2K

2
ANR e(a2 X kz)e_“‘%

ey omav K ’
k2
eae 6a?
Ave N (4.13)

2m/3K’

and for the N(1535)1/27,

_ k2
SNR eke 6a

12 6aVK

2

20 + k?)e o

AT | Laon st I (4.14)
omav 2K

where the constitute quark mass is m = 340 MeV.

The theoretical result of the A; /5 of N(1520) and N (1535) respectively are
with the green dashed line in Figures 4.5 and 4.6. The non-relativistic calculation
are not able to describe the experimental data of A;/, helicity amplitudes for
both N(1520) and N(1535) states, but a simple trend was provided by the non-

relativistic approximation which helps us to check our relativistic calculations.
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Figure 4.5 The transverse helicity amplitude A; /5 of N(1520) for
py* — N(1520) process with data points from (Aznauryan et al., 2009; Mokeev
et al., 2012; Mokeev et al., 2016; Zyla et al., 2020). The notation of the curves is

the same as the one in Figure 4.2.

4.3.2 Helicity amplitudes of N(1520) and N(1535) with the

wave function from the mass spectra fitting

In this section, we carry out the same relativistic calculation of the N (1520)
and N(1535) as the Roper resonance where their spatial wave functions are the
eigenvectors derived from the mass spectra fitting. Both the N (1520) and N(1535)
spatial wave functions correspond to the lowest L = 1 mixed symmetric states.
The proton spatial wave function is still the same eigenvector as the one in Sec.
4.2.2.

The theoretical result of A/, of the N(1520) and N(1535) are shown with
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Figure 4.6 The transverse helicity amplitude A; 5 of N(1535) for py — N(1535)
process with data points from (Aznauryan et al., 2009; Denizli et al., 2007; Zyla

et al., 2020). The notation of the curves is the same as the one in Figure 4.2.

the red doted line in Figures 4.5 and 4.6. It is found that the helicity amplitudes
for the N(1520) and N(1535) resonances can not be well described in the model,
that is, the theoretical results largely overestimates the amplitudes at small ()? but
underestimate the amplitudes for higher ? region. However, the trend of both
the helicity amplitudes are consistent with the line shape of the experimental data,

which may indicates that the N(1520) and N(1535) are mainly three-quark states.
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4.3.3 Extraction of quark distribution of N(1520) and
N(1535)

The method applied to extract the spatial wave function of the N (1520) and
N(1535) is the same as the one used to extract the N(1440) spatial wave function.
The proton spatial wave function is the one derived by fitting the theoretical
result of the proton electric form factor to the experimental data in Sec. 3.4. The
spatial wave function of the N(1520) and N(1535) are extracted by fitting to the
experimental data of the A/, helicity amplitudes with two different conditions on
their spatial wave functions. And we discuss them in two different cases as Fitting
[T and Fitting I'V.

Fitting I1I: the spatial wave functions of the N(1520) and N(1535) are both
in the lowest L = 1 nucleon state with mixed symmetry and their spatial wave
functions are the same.

Fitting I'V: the spatial wave functions of the N(1520) and N(1535) are both
in the lowest L = 1 nucleon state with mixed symmetry but their spatial wave
functions are independent to each other.

The theoretical results of the A;/, helicity amplitude of the N(1520) and
N(1535) in the Fitting III and the Fitting I'V are shown with the blue solid line and
the red dash-dotted line in Figures 4.5 and 4.6, respectively. Both the theoretical
results in the Fitting III and IV are closer to the experimental data of the A/,
helicity amplitude than the results where the N(1520) and N (1535) wave functions
are imported from the mass spectra fitting. The fact that both Fitting III and IV
are unable to describe the experimental data, where the N(1520) and N(1535) are
in the three-quark picture as the lowest L = 1 nucleon state with mixed symmetry
may indicate that the N(1520) and N (1535) may contain other components. This

argument is consistent with the one that we got from the studies of the mass
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spectra of negative-parity baryons. To investigate further the inner structure of
these nucleon states, one may study the helicity amplitudes of the the N(1520) and
N(1535) by including pentaquark components as well as higher L = 1 three-quark

states.



CHAPTER V

DISCUSSIONS AND CONCLUSIONS

In this work, we study the helicity amplitudes for photoproduction of the
nucleon resonance states, N(1440), N(1520), and N(1535) via the process of
py* — N*. The theoretical results of the transverse helicity amplitude A;/, and
longitudinal helicity amplitude S/, of the all three nucleon states in the three-
quark pictures are compared to the experimental data. The spatial wave functions
of the proton, N(1440), N(1520), and N(1535) had been extracted by fitting the
theoretical results to the experimental data of the proton electric form factor and
helicity amplitudes.

The theoretical results of the proton electric form factor in the three-quark
picture give the proper description of the experimental result which has convinced
us that, the three-quark core of the proton makes the dominating role in the
proton structure. The fair fits to the experimental data of the Roper resonance
helicity amplitudes in the whole () region in three relativistic calculations reveal
that the Roper is mainly the first radial excited state but may also include a small
component of others like pentaquark components and L = 2 three-quark states.

The theoretical results in the three relativistic calculations of the helicity
amplitudes for photoproduction of the N(1520) and N(1535) in the three-quark
picture are not compatible with the experimental data, but have the same tendency
as the line shape of the experimental data may indicate that higher L = 1 three
quark states or non three-quark composite components like meson cloud, hadronic

molecule, pentaquark may play a role. The success of a newly reproduced negative-
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Figure 5.1 Ny* — N* in electromagnetic transition where the initial-state

nucleon is three-quark system and final-state resonance is pentaquark system

parity nucleon mass spectrum in the Ref. (Xu et al., 2020) by including light
pentaquark components has inspired us that the ground state pentaquark may
likely be the missing components in the N(1520) and N (1535) states. The helicity
amplitudes of the pentaquark resonance state in the process v*p — N* where N*
is the ground state light pentaquark are derived in the next section. We expect to
give a proper description of the experimental data of the helicity amplitudes by

mixing the three-quark and pentaquark components in the future.

5.1 Helicity amplitudes with pentaquark wave function

5.1.1 Transverse and longitudinal helicity amplitudes for

pentaquark

The transverse helicity amplitudes (A; /2, A /2), and the longitudinal helic-
ity amplitude (S;/2) for the pentaquark state are defined at the pentaquark N*
rest frame. The initial (P;) and final (Pr) momenta at the N* rest frame are
defined equally as the ones in Eqs. (4.1) and (4.2). The helicity amplitudes for
the pentaquark states are defined by the transition amplitudes between the initial

state of the nucleon and final state of the pentaquark for helicity A = +1 and 0
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respectively, similar to the Eq. (4.3):

o =) AN AN AN A )

419595947 >T (1 = 4195954,05)

1 1
A= (V=5

1
NaSz:__>7
2

S <CI1Q2C]3

3 B
= | 1409435 > To (14203 — 4195050,5)

L/
A3/2:ﬁ<N7S;:2

1
stz:_>a
2

X <Q1QZQ3

N

1 . 1
51/2 = <N S, = Q1QQQQQZQQ> T (1G2q3 — Q1QQQ3Q4Q5)

V2K 2
<Q1Q2Q3 N, S, = 2> |g\, (5.1)

! % a0 qéng4q5> is the wave function of pentaquark state shown in

where <N*, S =

Section 2.2. Again, in Eq. (5.1), one need to perform the summation over all
the possible quantum numbers of the intermediate three and five quarks, and in-
tegrates over the momenta of all quarks. The transition amplitude T/ (q1¢2q3 —
¢150594,@) in Eq. (5.1) is simply the transition amplitude of the quark-pair cre-

ation of electroproduction process v — ¢¢ with spin up 1 and spin down | for

single quark or antiquark spin projections with the helicity A. It is simplified as
To(0142a3 = QBBAT) = extio (D)7 vs(p)ey (k) (46505 | 0142a5)

= exTO (41055 | 01G243) (5.2)

with the detail form as,

Th = \/(E/er)(Eer) [|k| (ﬂp_ LV >

AE'E Q\E+m " E+m
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v JEAm)E+m) | P
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T%_¢wwme+M' V2p.ps

A AE'E (E'+m)(E+m)]’
T+ — \/(E/ +m)(E +m) [ _\/§p,+pz

e AE'E (B +m)(E+m)|’
i JEHm)(E+m) | 20, py
= \/ AF'E (B +m)(E+m)]|’ (5:3)

where F and E’ respectively are the energy of antiquark and quark with the
dynamical quark mass m, py = \/Li(px + ip,), ex is the electric charge of the
quark in the quark-antiquark pair production, s and s’ respectively are the spin
projection of the antiquark and quark, and the helicity A = 0 (longitudinal helicity

amplitude) and A = 1 (transverse helicity amplitude).
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5.2 future work

The comparison between the theoretical results and experimental data on
the helicity amplitudes A/, and 5} 2 and the analysis of the spatial wave function
of the N(1440), N(1520) and N(1535) resonances reveal that the N(1440) reso-
nance is mainly the ¢* first radial excitation but may have a small component of
others while the N(1520) and /N(1535) resonances may have a considerable pen-
taquark component or others. Therefore, we may carry out our future research in
the following directions:

1. Study the helicity amplitudes A;/, and Sy, of the process v*p — N(1440)
by including in the N(1440) resonance ¢*¢ components in both the compact pen-
taquark picture and molecular picture.

2. Study the helicity amplitudes A/ and Si/2 of the process y*p — N(1440) by
including in the N(1440) resonance higher positive parity states like the 70-plet
L = 2 states.

3. Study the helicity amplitudes A/, and S;/» of the processes v*p — N(1535)
and v*p — N(1520) by including in the N(1535) and N(1520) resonances ¢'q
components.

4. Study the helicity amplitudes A;/» and S, of the processes v*p — N(1535)
and v*p — N(1520) by including in the N(1535) and N(1520) resonances higher
negative parity states like the 70-plet L = 1 spin-triplet states.

We expect that the researches mentioned above will lead us to a better
understanding of the internal structure of the N(1440), N(1535) and N(1520)

resonarnces.
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APPENDIX A
¢> AND ¢*q FULL WAVE FUNCTION IN SU(3)

FLAVOR SYMMETRY

A.1 ¢ full wave function

¢ baryons wave function and possible J”, (not including LS coupling for
all the cases yet)

(1) N, L = (0,0), [56,07]

1 : 1+
\I/(q?’)ocm y §¢f111] [¢305((I)/\Xp + ®px0); J' = 2
3 1 c 2 2 P 3+
\Il(q )Decuplet = —‘\/Q@Z’[MH@S(%OAX/\ + Cboopo)y J5 = 5 (A.l)

(2) N,L = (1,1), [70,17] (for non-strange nucleon state singlet state doesn’t exist)

lpgit)etl - ;l/’flll}[¢%mp(q)AXP+(I)’)X)‘)’ " :; 7 g_
FO1ma (PoXp — Paxa)];

Uiy = %@Z’[Cm])(s(ﬂm,\q’k + 01 ®p)s I = 3 : g_’ g_
i 1= 3

3
\I/%]eguplet = \/ﬁw[clll]q)s(gb%m)\x)\ + (ﬁ%meﬂ)? JV =2 o (A2>
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(3) N, L =(2,0), [56,0"] spatial part symmetric

3 1 1+
‘I’(oqct)et = El/)ﬁu]ﬁbgos(@p)(p—i-q)xm), JP = 3

_l’_

) . 3
\Il(quZuplet = w[lll]ﬁb(Q)oS(I)SXS, JP = 5 (A3)

N, L =(2,0), [70,0"] spatial part mixed symmetric

3 1 . “ 1+
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ecuple \/5 [ ] pXp 2
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\II(quguplet = 1/1[111]¢3m5‘1)s><s, JP 3 5 s 5 s 5 s 5 (A5)

N,L = (2,2), [70,2"] spatial part mixed symmetric (for non-strange nu-

cleon state singlet state doesn’t exist)
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A.2  ¢*Q full wave function
In ¢>Q) charm baryons and bottom baryons,

@) _ e psf
T =Y,

sf i /
Vi, = 2LV, Uiy,
l’J
In which,
= AVhe Yy, )
/ A / f
T, = A% Yl
The possible \I{gf) wave function are,

V3

[2]s

s ! s !

2ls Vs Y Vi,

The total color wave function is the same as low lying baryon
Uiy = (RGB—-GRB+ GBR— BGR

+BRG — RBG)
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(A7)

(A.8)

(A.9)

(A.10)

So the total ¢2(Q wave function is the coupling of \I!fcf]s with the single heavy quark,

which is,

‘I’(QQQ) = lI’f111]‘11([)3](‘I’(CIQ)‘FJ]S®\I’(Q)Sf)

(A.11)
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A.3 ¢*q full wave function

¢*q configuration young tabloid construction

|
(¢'q) = (¢") ®H (@)

For flavor configuration [211], there is no possible states for non-strange baryons.
For ¢* systems, the projection operators according to Young tableaux of p,

A and 7 types,

The projection operator of

Pon, = 6—6(12) +3(13) — 5(14) + 3(23) — 5(24) — 2(34)
+2(12)(34) — 4(14)(23) — 4(13)(24)
—3(123) 4 5(124) — 3(132) — (134) + 5(142) — (143) — (234) — (243)
(1234) + (1243) +4(1324) + (1342) + 4(1423) + (1432),
Py, = 242(12) — (13) — (14) — (23) — (24) — 2(34)
—2(12)(34)
—(123) — (124) — (132) 4 (134) — (142) + (143) + (234) + (243)
+(1234) 4 (1243) + (1342) + (1432),
Powy, = 3—3(12) — 3(13) + (14) — 3(23) + (24) + (34)
—(12)(34) — (14)(23) — (13)(24)

+3(123) — (124) + 3(132) — (134) — (142) — (143) — (234) — (243)
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+(1234) + (1243) 4 (1324) + (1342) + (1423) + (1432). (A.12)

q* color wave functions can be derived by applying the A-, p- and n-type
projection operators of the Sy IR[211] in Yamanouchi basis,

1]2][R|R]
3] |G > = D1, (RRGB) = wfmh(R) :
4 B

1

\/1_6(2|RRGB> —2|RRBG) — |GRRB) — |RGRB) — |BRGR)

—|RBGR) + |BRRG) + |GRBR) + |[RBRG) + |RGBR))

3] |R|R]
I > _ Pouy, (RORB) —> ¥y (R) :
B

‘»-b|l\'> —

1

\/4_8(3\RGRB) — 3|GRRB) + 3|BRRG) — 3|RBRG) + 2|GBRR)

—2|BGRR) — |BRGR) + |RBGR) + |GRBR) — |RGBR))

1]4]|R|R]
2] |G > = Poi1),(RGBR) = Y5, (R) :
3] LB
€

\/a(lRGBR) + |GBRR) + |BRGR) — |[RBGR) — |GRBR) — |BGRR))

The singlet color wave function \I’fzn]j (7 = A, p,n) of pentaquarks is given

.1
pu); T

/3 (wfml],- (12) R+ wall]j (G) G+ wall]j (B) B) :



¢ and QQ in color singlet state:

1
qj(q3)00tet = \/§ [111]‘11 (\I][21],\ 21]A+\I’{21],, f21],,)7

V(¢ pecupter = Wiy Wiy Uy, Uiy,

Hidden color states, ¢° and QQ (c¢, bb) in color [21] states:

1

@) — sf
P = E( le]kq’[m]p — Uy, \IJ[21] ),

v = Z% b v,
with
= (Ui Wi b Wy, = (Wl Vo, )
With color wave function:
22 = %Z\I’Em(q?))‘l’fm]i(cgé)
i

And ¢*QQ (¢°ce,q°bb) color singlet young tabloid construction

*QQ (¢*c,q>bb) hidden color octet young tabloid construction

@ = 4@ o0y

maybe discussed in the future.

o4

(A.13)

(A.14)

(A.15)

(A.16)



APPENDIX B

SPATIAL WAVE FUNCTION

Here the spatial wave function of ¢* and ¢*q in the harmonic oscillator basis
are displayed, all the principle quantum number N stands for the real harmonic
oscillation band which means the physical state since all functions fulfill the per-
mutation symmetry of corresponding configuration. For L = 0, 56 multiplets till
N = 40 states are showed below, while 70 multiplets is till N = 20. And L =1,
70 multiplets is for N = 19 and L = 2, 56 multiplets show N = 20.

For ¢® permutation symmetry, p and A type spatial wave function is listed

below. The total principle quantum number is N is written as:
"B\ /A V.S A (B.1)

C' is the normalization factor.

Table B.1 Normalized 3-quark spatial wave functions L =2 2N 2 2.

NLM C(np,lp,m\,lk)

0003 (0,0,0,0)

200431 1-(1,0,0,0), %5(0,0,1,0)

40031 ¥5(2,0,0,0), \/3(1,0,1,0), ¥5(0,0,2,0)

60013 YI4(3,0,0,0), ¥25(2,0,1,0), ¥I5(1,0,2,0), ¥14(0,0,3,0
(3]s S

8003 %(4,0,0,0), VI4(3,0,1,0), %(2,0,2,0) , ¥11(1,0,3,0),

Y120, 0,4,0)

1000y V33(5,0,0,0), ¥25(4,0,1,0), ¥2(3,0,2,0), ¥2(2,0,3,0),
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Table B.1 (Continued) Normalized 3-quark spatial wave functions L =2 2N 2

2.
NLM C(np, Ly, ny, 1))
YI5(1,0,4,0), %2(0,0,5,0)
12003 Y2960, 0,0), Y324(5,0,1,0), ¥9T5(4,0,2,0), ¥75(3,0,3,0),
Y520, 4,0), ¥3%4(1,0,5,0), ¥29(0,0,6,0)
14003, V30,7 0,0,0), ¥222(6,0,1,0), @(5,07 ,0), Y2150(4,0,3,0),
V25030, 4,0), Y210(2,0,5,0), Y292(1,0,6,0), Y220, 0,7,0)
16003 VISG2(3.0,0,0), Y129(7,0,1,0), ¥2%(6,0,2,0), ¥2(5,0,3,0),
V2205 (4,0, 4,0), ¥39(3,0,5,0), ¥292(2,0,6,0), ¥22(1,0,7,0),
356 (0,0,8.0)
18003, 41999 0,0,0), ¥227(8,0,1,0), YAI%5(7,0,2,0), ¥211(6,0,3,0),
VI935 (5,0, 4,0), Y935 (4,0,5,0), YI21L(3,0,6,0), Y75(2,0,7,0),

56 (1,0,8,0), ¥:52(0,0,9,0)
2000[3]5 5527486(107 07 0, 0)7 ?’3295 (97 0,1, O)a 99450 (8 0,2 0) 26586?5(7707 3, O)a
Y3157(6,0.4,0), YEE¥(5,0,5,0), YE™(4,0,6,0), Y35E(3,0,7,0),

YI0I(2,0,8,0), Y292(1,0,9,0), ¥875(0,0, 10, 0)

1024 512
VE2003 (11,0, 0,0), ¥HSI3 (10, 0,1, 0), Y5259, 0, 2,0), Y85 (g 0,3, 0),

2200[3]s 1024
VIO8T22(6,0,5,0), YA522(5, 0,6, 0), ¥12389(4,0,7,0),

10395 (7 0 4 0) T
VISI3 (1 (), 10, 0), ¥Y32003 (), , 11, 0)

] :

T1024

VOBITS (3,0,8,0), Vf§§f5(2,0,9,0) 021

T1024

Table B.2 Normalized 3-quark spatial wave functions for L =0 2N 00 70

multiplet.

C(np7 lpa ny, l/\)

(0,1,0,1)

NLM

200p1),
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Table B.2 (Continued) Normalized 3-quark spatial wave functions for L = 0 2N

0 0 70 multiplet.

NLM C(np, 1o, nas 1n)

200217, 55(1,0,0,0), —45(0,0,1,0)

400}y, 21(1,1,0,1), 2(0,1,1,1)

400211, 55(2,0,0,0), —25(0,0,2,0)

600p1, YI2(2.1,0,1), ¥I2(1,1,1,1), ¥22(0,1,2,1)

60021, YT(3,0,0,0), 1(2,0,1,0), —1(1,0,2,0), —¥(0,0,3,0)

800211, ¥8(3,1,0,1), ¥3(2,1,1,1), ¥2(1,1,2,1), £(0,1,3,1)

8005217, ¥6(4,0,0,0), ¥2(3,0,1,0), —¥2(1,0,2,0), —¥8(1,0,3,0)

100021, ¥33(4,1,0,1), ¥5(3,1,1,1), ¥1%(2,1,2,1) , ¥15(1,1,3,1),

¥33(0,1,4,1)
10001, V330(5,0,0,0), 22(4,0,1,0), ¥2(3,0,2,0) , —¥2(2,0,3,0),
—92(1,0,4,0), —¥39(0,0,5,0)
120021, V858(5.1,0,1), 2480(4,1,1,1), 22L(3,1,2,1), 2¥2(2,1,3,1),
5861, 1,4,1), ¥8%8(0,1,5,1)
12001, V256(6,0,0,0), Y21(5,0,1,0), 22(4,0,2,0), —322(2,0,4,0),
~M1(1,0,5,0), ~¥25(0,0,6,0)
140021, V26(6,1,0,1), ¥123(5,1,1,1), ¥T10(4,1,2,1), ¥219(3,1,3,1),
YI0(2.1,4,1), Y113(1,1,5,1), ¥255(0,1,6,1)
140011, VINL(7.0,0,0), ¥15(6,0,1,0), 2232(5,0,2,0), ¥35(4,0,3,0),
—¥35(3,0,4,0), —333(2,0,5,0), —¥15(1,0,6,0), —¥%%(0,0,7,0)

1600211, V2L(7.1,0,1), ¥85(6,1,1,1), 33(5,1,2,1), ¥2450(4,1,3,1),
V2503 1 4,1), TI3(2,1,5,1), ¥355(1,1,6,1), ¥221(0,1,7,1)

16001, Y22L(8,0,0,0), 2Y7(7,0,1,0), ¥21(6,0,2,0), ™2(5,0,3,0),
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Table B.2 (Continued) Normalized 3-quark spatial wave functions for L = 0 2N

0 0 70 multiplet.

NLM C(ny, Ly, ny, 1))
~1v2(3,0,5,0), —¥21(2,0,6,0), —2Y7(1,0,7,0), —¥221(0,0,8,0)
1800y,  ¥YB94(8,1,0,1), ¥815(7,1,1,1), 896, 1,2,1), T3(5,1,3,1),
V5 (4,1,4,1), T2(3,1,5,1), T¥3%0(2,1,6,1), ¥815(1,1,7,1),
VB9, 1,8, 1)
18001,  Y12997(9,0,0,0), 7¥22L(8,0,1,0), 245(7,0,2,0), 242(6,0,3,0),
048(5,0,4,0), — g 4,0,5,0), —243(3,0,6,0), —245(2,0,7,0),
211 0,8,0), Vﬁgﬁﬁf(o 0,9,0)
2000y,  ¥2251(9,1,0,1), Y858 1,1,1), YII5(7,1,2,1), 2¥5(6,1,3,1),
22 (5,1,4,1), Z¥2(4,1,5,1), —A£(3 1,6,1), 152 1,7,1),
VISI5(1,1,8,1), ¥2281(0,1,9,1)
2000y,  YABE%(10,0,0,0), ¥55(9,0,1,0), 2528, 0,2,0), ¥20(7,0,3,0),
2v2(6,0,4,0), —2¥2(4,0,6,0), —¥212(3,0,7,0), —285(2,0,8,0),
—Y615(1,0,9,0), —¥ABB (0,0, 10,0)

Table B.3 Normalized 3-quark spatial wave functions for L=12N+1 11 70

multiplet.
NLM C(np, Ly, ny, 1))
111}, (0,1,0,0)
11y, (0,0,0,1)
311, Y10(1,1,0,0), ¥5(0,1,1,0)
311421, Y10(0,0,1,1), ¥8(1,0,0,1)
5111y, Y1(2,1,0,0), ¥(1,1,1,0), ¥2(0,1,2,0)




Table B.3 (Continued) Normalized 3-quark spatial wave functions for L =1
2N 4+ 1 11 70 multiplet.

99

NLM C(nyp, Ly, nx, 1n)

511 [, YT1(0,0,2,1), ¥8(1,0,1,1), ¥3(2,0,0,1)

Ty, Y2L(3,1,0,0), ¥21(2,1,1,0), ¥15(1,1,2,0), (0, 1,3,0)

711, Y2L(0,0,3,1), ¥21(1,0,2,1), ¥5(2,0,1,1), %(3,0,0, 1)

9111, Y6(4,1,0,0), ¥I3(3,1,1,0), ¥5(2,1,2,0) , ¥10(1,1,3,0),
YIS0 1,4,0)

9111, Y6(0,0,4,1), ¥I8(1,0,3,1), ¥5(2,0,2,1) , ¥19(3,0,1,1),
YI8(4,0,0,1)

1111y, V858(5,1,0,0), 2410(4,1,1,0), 1(3,1,2,0), 24(2,1,3,0),

18v2(1,1,4,0), 2¥22(0,1,5,0)
1111 a1 V858(0,0,5,1), 2110(1,0,4,1), 13(2,0,3,1), 347(3,0,2,1),

18v2(4,0,1,1), 222(5,0,0,1)

13115y, VII5(6,1,0,0), Y38 (5,1,1,0), 2233(4,1,2,0), 2(3,1,3,0),

%371(2’ 1’4’ 0)’ %(17 17570)7 %(07 17670)

=]
o

1311@HA 3%%5(0707671)7l%§5(17075’1)’§%§3(2707471)7?%;(3 0,3, 1)

0T (40,2,1); ¥32(5,0,1, 1), YL (6,0,0, 1)

1511y, 2131(7.1,0,0), Y208 (6,1,1,0), ¥29%(5,1,2,0), 5(4,1,3,0),

128 128

2V5(31,4,0), T38(2,1,5,0), YI0L(11,6,0), ¥122(0,1,7,0)
1511, ¥281(0,0,7,1), ¥2%%8(1,0,6,1), X293 (2,0,5,1), 435(3,0,4, 1),

WV5(4,0,3,1), 8 (5,0,2,1), YI08(6,0,1,1), %122(7,0,0,1)
1711y, 5398(8,1,0,0), ¥893(7,1,1,0), ¥2Z22(6,1,2,0), ™23(5,1,3,0),

25(4,1,4,0), 21(3,1,5,0), 225(2,1,6,0), ¥1%(1,1,7,0),

7128

—~

12260, 1,8,0)

T256




Table B.3 (Continued) Normalized 3-quark spatial wave functions for L =1
2N 4+ 1 11 70 multiplet.

NLM C(nps Ly, mas 1y)
17110 5395(0,0,8,1), ¥993(1,0,7,1), ¥Z22(2,0,6,1), 23(3,0,5,1),

e (4,0.4,1), 5(5,0,3,1), B2(6,0,2. 1), Y52(7,0,1, 1),

7128

-
7e-(8,0,0,1)

1911, ¥Y223%5(9,1,0,0), 2981, 1,0), 21%5(7,1,2,0), 1% (6, 1,3,0),

2IVT8 (5.1 4,0), 2;@4 1,5,0), 2125(3 1,6,0), 2455(2,1,7,0),

1911y, ¥59$%(0,0,9,1), 2

Fl 66(5,0,4,1) 21f(6031) F(7021)

.
2178 (4,0,5,1), Ly

512

VIG (8 (,1,1), YA9(9 0,0, 1)

Table B.4 Normalized 3-quark spatial wave functions L =2 2N 2 2.

NLM C (np, lp, mxr, 1n)

222[3]s

422[3]s  ¥35(1,2,0,0), ¥2(0,2,1,0), ¥15(1,0,0,2), ¥(0,0,1,2)

622[3s  YA%(2,2,0,0), ¥I3(1,2,1,0), ¥5(0,2,2,0), ¥4(2,0,0,2)

82203y ¥32(3,2,0,0), ¥29(2,2,1,0), %(1,2,2,0), ¥2(0,2,3,0),
¥2(3,0,0,2), £9(2,0,1,2), ¥219(1,0,2,2), ¥22(0,0,3, 2)

1022[3]s Y2904, 2.0,0), ¥80(3,2,1,0), ¥27(2,2,2,0), ¥14(1,2,3,0),

ﬁ

YI8(0,2,4,0), ¥18(4,0,0,2), ¥11(3,0,1,2), ¥

y 3 s o (2022)

990(1,0,3,2), Y229 (, 4, 2)

160

12223 ¥YI3(5,2,0,0), ¥13(4,2,1,0), Y110(3,2,2,0), ¥10(2,2, 3,0),




61

Table B.4 (Continued) Normalized 3-quark spatial wave functions L =2 2N 2

2.
NLM C(np, lpyma, 1)
¥55(1,2,4,0), 411(0,2,5,0), “L1(5,0,0,2), %2(4,0,1,2),
¥10(3.0,2,2), ¥110(2,0,3,2), ¥183(1,0,4,2), ¥123(0,0,5,2)
1422[3] 5 @(6,2,070) VBT (5 9 1,0), Y124, 2 9 0), £(3 2,3,0),
VI8 (92 4,0), Vﬁ(1250),§;(0260) Y156, 0,0, 2),
2310(5,0,1,2), Y189(4,0,2,2), ¥1(3,0,3,2), ¥22(2,0,4,2),
YI(1,0,5,2), YiZR(0,0,6,2)
162203]s  YII(7,2,0,0), VBT (6, 2, 1,0), VI (5,2,2,0), YZ(4,2,3,0),
V882(3,2,4,0), Y120 (9 9 5 ), Y81(1,2 6,0), Y28(0,2,7,0),
%(7 0,0,2), Y7060, 1,2), V18250(5 () 2, 2), ¥882(4 ( 3 2),
VAT (3., 4,2), Y88 (9 () 5,2), YIS0y () 6 9) VAN (5 7 9)
1822[3] 5 11‘;?3%6 (8,2,0,0), Y40 (7 9 7 (), Y154 (g 2 9 0), L2 (5 2 3 0),
V3822 (4,2, 4,0), YI8I0(3 2,5,0), Y255 (3 2 6,0), ¥182(1,2,7,0),
Y210, 2,8,0), %22L(8,0,0,2), ¥82(7,0,1,2), X255 (6,0,2, 2),
VIBLIO (5., 3,2), Y3822 (4,0, 4,2), Y2113 0, 5,2), YI517(2 0, 6,2),
VAL (1 () 7.9), MU6XE(( ) 8] 9)
2022(3]s Y3200 (9 9 0, 0), YOI (g 9 1,0), Y38lL(7 2 2,0), VI, 2, 3,0),

T

3.(5,2,4,0), ¥205(4,2,5,0), ¥8510(3,2,6,0), ¥124(2,2,7,0),

256 1280 256

Y2113 (1 9 8,0), Y% (0,2,9,0),

j

8159 0,0,2), Y212(8,0,1,2),

512

]

M(zo, 2,2), v48510(6,0,3,2), 21655, 0,4,2)

3(4,0,5,2),

’ 256

NI
A
w
=
o
[\
~
ﬁ
oo
=
—~

4(2,0,7,2), ¥81%70(1,0,8,2), ¥329050(0,0,9, 2)




Table B.5 Normalized 3-quark spatial wave functions for L =2 2N 2 2 70

62

multiplet.

NLM C(np, Ly, ny, 1)

2220511, (0,1,0,1)

2220511 45(0,2,0,0), —25(0,2,0,0)

422011, (1,1,0,1), 35(0,1,1,1)

42201 ¥35(1,2,0,0), ¥15(0,2,1,0), —¥15(1,0,0,2), —¥35(0,0,1,2)

622021, V12(9,1,0,1), ¥2(1,1,1,1), ¥2(0,1,2,1)

622021 Y052 2.0,0), ¥(1,2,1,0), 1(0,2,2,0), —1(2,0,0,2),

—¥10(1,0,1,2), —¥19%(0,0,2,2)

8220211, £(371,0 1), ¥3(2,1,1,1), ¥3(1,1,2,1), ¥2(0,1,3,1)

822021 V3303 9.0,0), ¥24(2,2,1,0), ¥13(1,2,2,0), ¥(0,2,3,0),
V33030, 0,2), £(2 0,1,2), Y0L(1 0,2 2), =330 0,3, 2)

102251, ¥33(4,1,0,1), ¥5(3,1,1,1), ¥0(2,1,2,1), ¥15(1,1,3,1),

¥33(0,1,4,1)

10221517 VI20,(4 9,0,0), ¥29(3,2,1,0), ¥21(2,2,2,0), ¥11(1,2,3,0),

YI8(0,9,4,0), —¥13(4,0,0,2), —¥14(3,0,1,2), —¥27(2,0,2,2),
—Y990(1]0,3,2), Y20, 0, 4, 2)
1222511, V858 (5,1,0,1), YI690(4.1,1,1), ¥325(3,1,2,1), ¥525(2,1,3,1),
1650(1,1,4,1), ¥3%8(0,1,5,1)

1222511 VI (59 0,0), ¥123(4,2,1,0), Y119(3,2,2,0), ¥0(2,2,3,0),

¥35(1,2,4,0), 41(0,2,5,0), —4L(5,0,0,2), —%35(4,0,1,2),
—¥10(3,0,2,2), —¥119(2,0,3,2), —¥113(1,0,4,2), —¥15(0,0,5,2)
1422511, V26(6,1,0,1), Y2(5,1,1,1), ¥10(4,1,2,1), ¥219(3,1,3,1),

@(2’ 1,4, 1)’ %(17 L5, 1)7 %(07 1,6, 1)




63

Table B.5 (Continued) Normalized 3-quark spatial wave functions for L =2 2N

2 2 70 multiplet.

C(npa lp7 ny, l/\)

NLM
14220, Y219(6,2,0,0), VI210(5,2 1,0), ¥229(4, 2 2 0), ¥T7(3,2,3,0),
E(2240) VB10(1 9, 5,0), ¥105(0,2,6,0), —%15(6,0,0,2),
510(5,0,1,2), —¥182(4,0,2,2), —¥71(3,0,3,2), —%(2,0,4,2),
VB () 5,2), Y1215 (() 6, 2)
1622511, Y2L(7.1,0,1), ¥837(6,1,1,1), ¥15(5,1,2,1), ¥45(4,1,3,1),
VI55(3.1,4,1), ¥35(2,1,5,1), ¥957(1,1,6,1), ¥2L(0,1,7,1)
1622(1) @(7,2,0 0), YI6110(6 2 1,0), YI835(5 2,2, 0), Y121 (4,2, 3,0),
V882(3,2,4,0), Y13230(3 9 5 (), Y8101 9 6,0), £(0 2,7,0),
—¥5(7,0,0,2), =0(6,0,1,2), W( 2),
—V882(4.0,3,2), —YA21(3,0,4,2), — Y83 (2 0,5,2),
Y4010 672Y, Vﬁ?(o,o,?,z)
182201,  Y2519(81,0,1), ¥8I5(7,1,1,1), Y1205 1,2, 1), £(5 1,3,1),
/2695 Vo57(3 1,5,1), YRLO(2 1 6 1), ¥3815(1 1,7 1),

12265 (4,1,4,1),

V25194 (O 1 8 1)

768
I (2,00, 008 (7,3,0, 07 576, 2,2,0), ¥B8(5,2,3,0),
2(1,2,7,0),

T

1822[21]A 1280

VE822(4,2,4,0), 1617 (3,2,5,0), gfg (2,2,6, 0)

Y2L(0,2,8,0), —%2L(8,0,0,2), —¥%182(7,0,1,2), —
—V3822(4 (),4,2), —¥1E4(3.0,5,2),

555(6, 0,2,2),

- 2?1370(5’0’372) 256 128
—Yi31(2,0,6,2), —E0(1,0,7,2), —¥4355%(0,0,8,2)
V1785

202211,  ¥2261(9,1,0,1), Y258, 1,1,1

7128

(1,
) G5(T12,1), YEE(6.1,3,1),
)

256
VOTO2 (5,1, 4,1), Y024, 1,5, 1), ¥2%(3 1,6,1), YI55(2,1,7,1),

]

V4845 228
W(l,l,éﬁ 1), (0,1,9,1)
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Table B.5 (Continued) Normalized 3-quark spatial wave functions for L =2 2N

2 2 70 multiplet.

NLM C(ny, ly,ny, 1)

2022y ¥Y22239(9,2,0,0), ¥SI0(8,2,1,0), ¥2B4(7,2,2,0), LE%#(6,2,3,0),

53(5,2,4,0), Y2185 (4 2 5.0), YLI510(3 9 6 (),

1280 1280

1312 9.7,0),

V2L12(1.9,8,0), ¥55(0,2,9,0), —5%5(9,0,0,2), —¥2£(8,0,1,2),
_ /48510 V727
256 (7 0 2 2) 128&?01 (6 O 3 2) 1228(? (5707472)a
—83(4,0,5,2), —¥A2%5(3,0,6,2), —¥251(2,0,7,2),

—YE0(1,0,8,2), —¥22339(0,0,9,2)

Table B.6 Normalized 3-quark spatial wave functions for L =1 2N 11 20

multiplet.
NLM C(np,lp,nx, 1))

211pa (0,1,0,1)

Mlpa 25(1,1,0,1), 35(0,1,1,1)

611pa  ¥2(2,1,0,1), ¥I5(1,1,1,1), ¥22(0,1,2,1)

81l ¥%3(3,1,0,1),42(2,1,1,1), 42 (1,1,2,1), %3(0,1,3,1)

1011 %2 (4,1,0,1), ¥25(3,1,1,1), ¥0(2,1,2,1) , ¥I5(1,1,3,1),
¥33(0,1,4,1)

1211 YS28(5,1,0,1), 2486(4,1,1,1), 22L(3,1,2,1), 2¥2(2,1,3,1),
886 (1 1,4,1), ¥3%(0,1,5,1)

1410 ¥25(6,1,0,1), Y283(5,1,1,1), ¥10(4,1,2,1), ¥219(3,1,3,1),
VI (9 1,4,1), ¥A23(1,1,5,1), ¥256(0,1,6,1)

1611 ¥Y21(7,1,0,1), ¥35(6,1,1,1), 3(5,1,2,1), Y204, 1,3, 1),
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Table B.6 (Continued) Normalized 3-quark spatial wave functions for L = 1 2N

1 1 20 multiplet.

NLM C(np, Ly, na, 13)

VAR0(3 1,4,1), TVI3(2,1,5,1), ¥5(1,1,6,1), ¥21(0,1,7,1)

18110000 Y214(8,1,0,1), ¥815(7,1,1,1), T¥3%0(6,1,2,1), ™I3(5,1,3,1),
DJ55(4,1,4,1), BA2(3,1,5,1), 1890(2,1,6,1), ¥2L(1,1,7,1),
25194
V290, 1,8,1)

2011 p0a Y25(9,1,0,1), YA855(8 1,1, 1), YIT5(7,1,2,1), 2¥5(6,1,3, 1),

215 1785
212552(5,1,4,1), 22(4,1,5,1), 242(3,1,6,1), ¥8(2, 1, 7,1),
815(1,1,8,1), ¥2251(0,1,9,1)
The total principle quantum number N is written as:
Npg = Ny+ N+ Ny + Ne
= (2n,+1,) + 2n\+ 1) + 2ny + 1) + (2ne + ) (B.2)

The total orbital angular momentum of any state is obtained by coupling I, I,
l, and l¢, L =1, + Iy 4 I, + l¢ and parity of pentaquark is P = (—1)**1.

Only s-wave and p-wave spatial wave function of pentaquark states are
derived in possible permutation symmetry of ¢*, the total L = 0 or L = 1, each
harmonic oscillator [ =0 or [ = 1.

The ¢* permutation symmetry can represent the pentaquark symmetry, for
¢* and ¢*q states, N is simply added to N to get total principle quantum number

N.

Ngo = 2n,+1,+2ny+ 1+ 2n, + 1,



For L =

0 and L =

Nq45 = Nq4 + 2%5 + lf

L = lp+1
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(B.3)

1, 2N or 2N + 1 oscillation band forms different

complete basis with a certain permutation symmetry. NLM = 2N00, 2N10 and

(2N + 1)00 with possible permutation symmetries are listed in three table below.

C' is the normalization factor.

Table B.7 Normalized pentaquark (¢* symmetry) spatial wave functions

quantum number: 2N 0 0.

NLM C(np, Ly nxs Iy, 1y, Ly)

0004 (0,0,0,0,0,0)

20045 1(1,0,0,0,0,0), £(0,0,1,0,0,0), %(0,0,0,0,1,0)

200(311, L(0,1,0,0,0,1), /2(0,1,0,1,0,0)

200731 1-(0,0,0,1,0,1), = %(0,0,1,0,0,0), =(1,0,0,0,0,0)

200311, ~/2(0,0,0,0,1,0), 1-(0.0,1,0,0.0), %=(1,0,0,0,0,0)

200}23, ~12(0,1.0,1,0,0), 1/2(0,1,0,0,0,1)

200(2) V/2(0,0,0,1,0,1), %(0,0.1,0,0,0), ===(1,0,0,0,0,0)

400145 V2(2,0,0,0,0,0), /£(0,0,2,0,0,0), ,/(0,0,0,0,2,0),
V&(1,0,1,0,0,0), /Z(1,0,0,0,1,0), \/2(0,0,1,0,1,0)

4003, V5(0,1,0,0,1,1), /2(0,1,0,1,1,0), -(0,1,1,0,0,1),

18(0,1,1,1,0,0), /2(1.1,0,0,0,1), \/2(1,1,0.1,0.0)

400317 V2(0,0,0,1,1,1), ——=(0,0,1,0,1,0), {/2(0,0,1,1,0,1),

—\/%(0,0,2,0,0,0), 75(1,0,0,0,1,0), 5(1,0,0,1,0,1)
13(2,0,0,0,0,0)
4003, —/2(0,0,0,0,2,0), —4=(0,0,1,0,1,0), /(0,0.2,0,0,0)




Table B.7 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N 0 0.
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NLM C(np, Ly, by, 1)

_\/%76(17070’0’1’0)’ (1707]‘707070)7 3_59(27070707070)

ﬁ

400, VE(0.1,0,0,1,1), —4(0.1,0,1,1,0), \/2(0,1,1,0,0,1).
—/5(0,1,1,1,0,0), ,/£(1.1,0,0,0,1), -

5(1,1,0,1,0,0)
400152) V/5(0,0,0,1,1,1), 25(0,0,1,0,1,0), /15(0,0,1,1,0,1),
V/25(0,0,2,0,0,0), ——£-(1,0,0,0,1,0)

w

(1,0,0,1,0,1)

Ve
60045 V2(3,0,0,0,0,0), /(0. ,

V15(2,0,1,0,0,0), 1/5(2,0,0,0,1,0),
V15(0,0,2,0,1,0), /1%

3.(0,0,0,0,3,0),

15

— >

w
[ l\?
;’?’

15 (1,0,2,0,0,0),

—
,,J;
0«
—~
H
=
=
=
N
)

15

ot

=
o
w0
o
o
N~— S~— \_o/ S~—
ot

Y

15(0,0,1,0,2,0),

—
s
w
—~
—_
=
}_n
=
—_
(e
~—
)_\
,J;
w

600311, V/1(0,1,0,0,2, 1),
%ﬂQLLLLm,l
V2 (1,1,0,0,1,1),
V22 (1,1,1,1,0,0),

woaLG,l

-

0,1,0,1,2,0

S—

Y

(0,1,2,0,0,1), \/+=

2(0,1,1,0,1,1),

®|
©
}—l
—
\,»u
—~

0.1,2,1,0,0),
(1,1,0,1,1,0),

—~

1,1,1,0,0,1),

N
NQ|

7-(2,1,0,0,0,1),

\]

&'

14(2,1,0,1,0,0)

mQLazm\/7moLLLn
7=(0,0,2,1,0,1), —/ =

600(31)x

ET

2-(0,0,2,0,1,0),

ﬁ|“
Y

(0,0,3,0,0,0),

i

@m@l

(1 0,0,0,2,0), (1,0,0,1,1,1), %(1 0,1,1,0,1),

L(1,0,2,0,0,0),

ﬁl

2.(2,0,0,0,1,0),

ﬁl

4-(2,0,0,1,0,1),
Vi@ﬁﬂﬂﬂﬂLJ%@QQQQm

600[31]77 _\/%(070707073:(])7 _\/Z

2(0,0,1,0,2,0), \/£(0.0,3,0,0,0)

+-(1,0,2,0,0,0), /2(2,0,1,0,0,0),
(3,0,0,0,0,0)

g
(=)

—-2.(1,0,0,0,2,0), -2

7

%w




Table B.7 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N 0 0.
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NLM C(np, Ly, nx, U, g, Ly)
6002, VEL(0,1,0,0,2,1), —£=(0,1,0,1,2,0), 45(0,1,1,0,1,1),
—/3(0,1,1,1,1,0), \/£(0,1,2,0,0,1), —/75(0,1,2,1,0,0),
VE(1,1,0,0,1,1), —\/2(1.1,0,1,1,0), £5(1,1,1,0,0, 1),
— 22 (1,1,1,1,0,0), /£5(2.1,0,0.0,1), —/3%(2,1,0,1,0,0)
60091 VEL(0,0,0,1,2,1), (0,0,1,0,2,0), /2£(0,0,1,1,1,1),
V2(0.0,2.0,1,0), \/££(0.0,2.1,0.1), /Z(0,0,3,0,0,0),
—%(1 0,0,0,2,0), \/%(1 0,0,1,1,1), %9(1 0,1,1,0,1),
—L(1,0,2,0,0,0), =/2(2.0,0.0,1,0), \/2(2,0,0,1,0,1),
—\/%(2,0,1,0,0,0), —/%(3,0,0,0,0,0)
80045 115(4,0,0,0,0,0), /755(0,0,4,0,0,0), +/753(0,0,0,0,4,0),
VE(3.0,1,0.0,0), \/25(3.0.0,0,1,0), y/Z5(1,0.3,0,0,0),
2(0,0,3,0,1,0), y/25(1.0,0,0,3.0), ,/25(0,0,1,0,3,0),
\/%(0,0,2,0, 2,0), \/71:5(2.0,0,0,2,0), {/15(2,0.2,0,0,0),
V32(2,0.1,0,1.0), \/2(1,0.2.0.1,0), y/72(1,0,1,0,2,0)
8003, Vo (0.1,0,0,3,1); /&5(0.1,0.1,3.0), /55(0,1,1,0,2,1),
VAR (0,1,1,1,2,0), /53:(0,1,2,0,1,1), \/2£(0,1,2,1,1,0),
Ve(0,1,3,0,0,1), /25(0.1,3,1,0,0), \/&(1,1.0,0,2, 1),
25 (1,1,0,1,2,0), \/E(l 1,1,0,1,1), @(1,1,1,1,1,0),
2:(1,1,2,0,0,1), /Z(1,1,2,1,0,0), /&(2,1.0,0,1,1),
\/%(2,1,1,0,0,1), \/;(2 1,1,0,0,1), /2%(2,1,1,1,0,0),
V25(3.1,0,0,0,1), \/2£(3,1,0,1,0,0)
80031 V25(0,0,0,1,3,1), /55(0,0,1,0,3,0), /&(0,0,1,1,2, 1),




Table B.7 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N 0 0.
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NLM C(np7lp7n)\7l>\7nn7l77)
15(0,0,2,0,2,0), \/&(0,0,2,1,1,1), —/25(0,0,3,0,1,0),

V/25:(0,0,3,1,0,1), —
Ve (1,0,0,1,2,1), /22
Vo (1,0,2,1,0,1), /&,
V2(2,0,0,1,1,1),
V25(3,0,0,0,1,0),

N
[\
l\.’J
i’

28(0,0,4,0,0,0), 7(100030)

663

[e=]

10(1,0,1,1,1,1), —

ww
=

3.(1,0,2,0,1,0),

l\’)
l\)
=
l\)

1,0,3,0,0,0), 1/55-(2,0,0,0,2,0),

a3 ( )
3.(2,0,1,0,1,0), /5=(2,0,1,1,0, 1),
s )

3,0,0,1,0,1), +/=%(3,0,1,0,0,0),

o N cw
@\I ww (=
w H 0«
D l\') l\')
[\ —_
OJ l\?U‘ 1\3
/\ —~ —~

\/%M,o,o,o, 0,0)
80031,  —1/2(0,0,0,0,4,0), —/£2(0,0,1,0,3,0), —/55(0,0,2,0,2,0),
V 1326(0 0 3 071’0) \/ 21241(0 05470701 0)7 1137256(1 0 0 O 3 0)
59:(1,0,1,0,2,0), 1/ 555(1,0,2,0,1,0), /2%(1,0,3,0,0,0),
57(2,0,0,0,2,0), 1/$35(2,0,1,0,1,0), /2

./1326(3 0,0,0,1,0),

N
[

2

1.(0,1,0,1,3,0), /&

—~

( )
,1/2(2,0,2,0,0,0),
)

)

)
)

26.(3,0,1,0,0,0), \/+-(4,0,0,0,0,0
)

m cno, ,;;
@\] < ,J;w
/\

800j22), \/24(0,1,0,0,3,1), —
53-(0,1,1,1,2,0),

VEE(0,1,3,0,0,1), +

2-(1,1,0,1,2,0), /2%

VA (1,1,2,0,0,1), —

B
H‘&
—~

0,1,1,0,2,1),

ST
o
i’

~~

10.0,1,2,0,1,1), —

l\.’)
l\.’J\I
—

7.(0,1,2,1,1,0),

l\)
l\?\]

2(0,1,3,1,0,0), /22(1,1,0,0,2, 1),

N
&'
=
—~
D
a\l
w

1,1,1,0,1,1), —

&'

0(1,1,1,1,1,0),

25.(1,1,2,1,0,0), 6760(2 1,0,0,1,1),

(=
w
(=2}
:'
?’

—/55(2,1,1,0,0,1), \/5£(2,1,1,0,0,1), —/2(2,1,1,1,0,0),
35 (3,1,0,0,0,1), —/5(3,1,0,1,0,0)
800221 /2k(0,0,0,1,3,1), 1/35:(0,0,1,0,3,0), /22(0,0,1,1,2,1),
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V5:(0,0,2,0,2,0),
V5:(0,0,3,1,0,1),

O
O
no
}_\
-
=

21(0,0,3,0,1,0),

(=)
@\1
C»J
~—~

N~
l\D
i’

35:(0,0,4,0,0,0), —/1355(1,0,0,0,3,0),




Table B.7 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N 0 0.
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NLM c

—~

Ny Loy noxs In, Mo, Uyy)

2 (1,0,1,1,1,1),

,;;
o [
)

Vr(1,0,0,1,2,1),

\/%(1?072717071> 1 (103000)

VA2 (2,0,0,1,1,1), -

21(3,0,0,0,1,0),

)
w‘\-"
,_\

g|
wdk
N
E’
)—\

[e=]

2-(2,0,1,0,1,0), /-2

l\)
N
=

14(3,0,0,1,0,1), —

i@
&'

3.(1,0,2,0,1,0),
2.(2,0,0,0,2,0),
10.(2,0,1,1,0,1),

44(3,0,1,0,0,0),

J;@oooom
10004 Mgﬂaaaaam,g;m05000)J£ga0005®

195.(4,0,1,0,0,0),

ﬁ?

0,0,4,0,1,0),

0.0,3,0,2,0),

O»D
=
=
QO
}\D
(@]
<
\
—~ — — — —~

THEE
%ﬁﬁﬁﬁ

( )
5431 ( )
20.(3.0,2,0,0,0),
7305 ( )
preTd )

1,0,2,0,2,0),

,/%(3,0,170,1,0), =

1% (1,0,4,0,0,0),
195.(0,0,1,0, 4,0),
2,0,3,0,0,0
0,0,2,0,3,0),

2,0,2,0,1,0),

l—‘
o
w
o
\.)_‘
@
’Q

m
=
'_l
=
==
o~
(@)
fj
— |00
@»Jk
S
—~

100031, /0050, 1,0,0,4,1), /725

/%Tmlgﬂ3o)¢7ﬂQLzazn,/__
VT (0.1,3.0,1,1); y/28(0,1,5,1,1,0), /25
¢Egm14100)¢77110031)¢__
VAR (1.1,1,0,2,1), /2%(1,1,1,1,2,0), fﬁ(

10.(1.1,3,0,0,1),

VB (1,1,2,1,1,0),
f%g@anzn
¢§Q21LLL®
¢E&&L0QLU
¢§%®Jﬂﬂﬁﬁ)

10.9.1,0,1,2,0),

~~

Qﬁzﬁ
?ﬁﬁ

.1,2,0,0,1),

j

168.(3.1,0,1,1,0),

&‘
&‘

T7-(4,1,0,0,0,1),

81.(0,1,1,0,3,1),
(0,1,2,1,2.0),
(0,1,4,0,0,1),
(1,1,0,1,3.0),
1,1,2,0,1,1),
2%0(1.1,3,1,0,0),
10.9.1,1,0,1,1),

280.(2,1,2,1,0,0),

i

31.(3,1,1,0,0, 1),

15104.1,0,1,0,0)
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Table B.7 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N 0 0.

NLM c

—~

Np, lp: ny, l)n Ny, l77

10005, 1/375(0,0,0,1,4,1), —
—\/125.(0,0,2,0,3,0),

V305(0,0,3,1,1,1), —

21-(0,0,1,0,4,0),

&‘

10.0,0,1,1,3, 1),

;ﬁ

210((), (), 3,0,2,0),

238.(0,0,4,0,1,0), %OﬂAJﬂJ%

iﬁ?ﬁ

)
)
290.(0,0,2,1,2,1)
)
)

N IS
=
NI IN|
—~

—/22:(0,0,5,0,0,0), /1555(1,0,0,0,4,0), 1/ $55(1,0,0,1,3,1),
Vies(1,0,1,1,2,1), — ﬁ%@&l&l®,i%@LlLLU,

—\/712(1,0,3,0,1,0),
wﬁ%@ﬂﬂﬂﬁﬁ%
ﬂﬁ@QLllw

,@gBOOOQm

4
=29-(3,0,1,1,0,1),

\/4199(4 0.0,1,0,1),

OO
@
/-\

$55(1,0,3,1,0,1), —\/7:5(1,0,4,0,0,0),
95(2,0,0,1,2,1), /£2:(2,0,1,1,1,1),

0,2,1,0,1), ,/12597(2 0,3,0,0,0),
110.(3,0,0,1,1, 1),

,.J;
O

/-\

A

g

~o

(

1

;‘@
—~

11230,1,0,1,0),

=0_(3,0,2,0,0,0), \/22.(4,0,0,0,1,0),

189.04.0,1,0,0,0),

?zi

5.(5,0,0,0,0,0)

13

100031,  —/22(0,0,0,0,5,0),

12597(0 0,3,0,2,0),

1029, 0, 1,0, 4, 0), \/13237(0,0,2,0,3,0),
£20,0,4,0,1,0), ,/32(0,0,5,0,0,0),

&‘

~/823(1,0,0,0,4,0), v/___(l 0,1,0,3,0), —/125(1,0,2.0,2,0),
VE55(1.0.3,0.1,0), /22:(1,0.4,0,0,0), —/3252-(2,0,0,0,3,0),
—/15-(2,0,1,0,2,0), \/___12 0,2,0,1,0), /25-(2,0,3,0,0,0),

12597(3 0,0,0,2,0),

/125(4,0,0,0,1,0),

56-(3,0,1,0,1,0),

—
l\')
at
©
«1

8T5_(3.0,2,0,0,0),
535.(4,0,1,0,0,0), ,/35(5,0,0,0,0,0)

ﬁ?ﬁ

10001229, V1a5(0,1,0,0,4,1), —

140
/25 (0,1,1,1,3,0),

,/13237(0 1,3,0,1,1), —

4199(() 1,4,1,0,0),

®10140)J_7QL103U
19:(0,1,2,0,2,1), —/725(0,1,2,1,2,0),
245(0,1,3.1,1,0), /12(0,1,4,0,0,1),
205(1,1,0,0,3,1), —/758.(1,1,0,1,3,0),

?aﬁ




72

Table B.7 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N 0 0.

NLM C(np, Ly, by, 1)

V e5(1,1,1,0,2,1), — 4199(17171,1,2 0),
210.(1,1,2,1,1,0), /22(1,1,3,0,0,1), —

12597
Ve (2,1,0,0,2,1), —/5%5(2,1,0,1,2,0), 8@@@ﬂ1n
49 1,2,1,0,0),

4
411909(27 1,1,1,1,0),

\/ 4218909 (37 17 0 07 17 1)

ﬁ%&LLLom

20(11,2,0,1,1),

&‘

10 (1 1,31,0,0),

m
ﬁa

—_
[\~
wt
CO
S|

10.(2.1,2,0,0,1), —

&‘

168.(3.1,1,0,0, 1),

&‘

34.(3,1,0,1,1,0),
TT_(4,1,0,1,0,0)

;J;
—_
@
©

154.4.1,0,0,0,1), —

—~

1000291 15900,0,0,1,4,1), 1/525(0,0,1,0,4,0), \/22(0,0,1,1,3, 1),
0.(0,0,2,0,3,0), 1/220(0,0,2,1,2, 1), \/22(0,0,3,0,2,0),
)

289.(0,0,3,1,1,1), /722(0,0,4,0,1,0), 1/ £55(0,0,4,1,0,1),

\/&ws(o 0,5,0,0,0), —
J230(1,0,1,1,2,1),
V/155(1,0,3,0,1,0),

1;5187 (27 07 07 0: 37 0)

Vagk(2,0,1,1,1,1), /5

ﬁ?ﬁ

168 (1.0,0,1,3,1),

ﬁ???ﬁﬁ
@?ﬁ?

21(1,0,0,0,4,0),

25(1,0,2,0,2,0), 29(1,1,2,1,1,1),

103101\/ (104000

H0.2,0,0,1,2,1), —/125(2,0,1,1,1,1),

1(2,0,2,1,0,1), /:23-(2,0,3,0,0,0),

[

©>J> COOO @
—
@

E

—/1&(3,0,0,0,2,0), \/725-(3,0,0,1,1,1), —/$55(3,0,1,0,1,0),
Ve-(3,0,1,1,0,1), —\/122-(3,0,2,0,0,0), —\/£2(4,0,0,0,1,0),

3% (5,0,0,0,0,0)

&‘

189.(4.0,1,0,0,0),

&‘

V/125(4.0,0,1,0,1), —

+3(0,0,6,0,0, 0),1/3;3(0,0 0,0,6,0),
155(1,0,5,0,0,0),
2105

w

N [~1
?’
—

1200145 \/§§§(6,0,0,0,0,0)
V125(5,0,1,0,0,0),
J%%QQ@QLm
VEE(4,0,2,0,0,0),
VEE(0,0,4,0,2,0),

i

126.(5.0,0,0,1,0),
) 0,0,1,0,5,0),

i?

10005,0,

—~

1515.(2.0,4,0,0,0),

ma

1575 (4.0, 0,0,2,0),
) 0,0,2,0,4,0),

N
S
OQ \1
o[t
/\

15752 0,0,0,4,0

)




Table B.7 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N 0 0.
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NLM C(np, Ly, nx, U, g, Ly)
—10(0.0,3,0,3,0), —=2—(3,0,0,0,3,0), -=22=(3.0,3,0,0,0),
VAL (3,0,1,0,2,0), \/2%(3,0,2,0,1,0), \/22(1,0,3,0,2,0),
VAL (2,0,3,0,1,0), \/2%(1,0,2,0,3,0), \/22(2,0,1,0,3,0),
VAL (4,0,1,0,1,0), /2%(1,0,4,0,1,0), \/2%(1,0,1,0,4,0),
V25(2,0,2,0,2,0)

14004 2:(7,0,0,0,0,0), /535(0.0,7,0,0.0), /53(0,0,0,0,7,0),
755(6.0,1,0,0,0), /55(6,0,0,0,1.0), /55(1,0.6,0,0,0),
555(0.0,6,0.1,0), 1/55(1.0,0.0,6.0), /55(0,0.1,0,6,0),

VA% (5.0,2,0,0,0), /£5(5,0,0,0,2.0), /2% (2,0,5,0,0,0),
25.(0,0,5,0,2,0), \/£5(2,0,0,0,5,0), \/2%(0,0,2,0,5,0),
128(5,0,1,0,1,0), \/£25(1,0,5,0,1,0), \/22(1,0,1,0,5,0),
5(0,0,4,0,3,0), 2—(0,0,3,0,4,0), 5—(4,0,0,0,3,0),
55(3:0,0,0,4,0), 525-5(4,0,3,0,0,0), 522=(3,0,4,0,0,0),
15%5.(4,0,1,0,2,0), /£75,(4,0,2,0,1,0), / B5,(1,0,4,0,2,0),
1575.(2,0,4,0,1,0), /2255(1,0, 2,0,4,0), \/25(2,0,1,0,4,0),

e (1,0,3,0,3,0), —=2=(3,0,1,0,3,0), o52==(3.0,3,0,1,0),

VE30.(3,0,2,0,2,0), \/252(2,0,3,0,2,0), /22(2,0,2.0,3,0)

1600 F(SOOOOO)ﬁ(OOSOOO)F(OOOOSO)

120(701000),

7429 F
0,0,7,0,1,0), /22
4

0 1,0,7,0,0,0),
o v
%(6,0,2,0,0,0), N
14 140
7429

1,0,0,0,7,0), 0,0,1,0,7,0),
0
0

735 ( )
7z ( )
9 £9(2,0,6,0,0,0),
159(0,0,6,0,2,0), \/229(2,0,0,0,6,0), /10 )

&‘

0,0,2,0,6,0),
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Table B.7 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N 0 0.

NLM C(np, Ly, nx, U, g, Ly)
VA (6.0,1,0,1,0), /£2(1,0,6,0,1,0), /51,0, 1,0,6,0),
2950.(0,0,5,0,3,0), \/222(0,0,3,0,5,0), /& (5,0,0,0,3,0),
A950.(3,0,0,0,5,0), /225(5,0,3,0,0,0), /222(3,0,5,0,0,0),
VED(5,0,1,0,2,0), \/22(5,0,2,0,1,0), \/225(1,0,5,0,2,0),
220(2,0,5,0,1,0), y/222(1,0,2,0,5,0), \/Z2(2,0,1,0,5,0),
22050(0,0,4,0,4,0), /12250 (4,0,0,0,4,0), /12252 (4,0,4,0,0,0),
210 (4.0,1.0,3,0), /321%0_(4.0,3,0.1,0), /12(1,0,4,0.3,0),
0 (3,0,4,0,1,0), y/52128-(1,0,3,0,4,0), \/7225%-(3,0,1,0,4,0),
1500 (4.0,2.0,2,0), /2500 (2.0,4,0.2,0), /222 (2,0,2,0.4,0),
TR (2,0.5.0,3,0), /0(3,0.2,0.5.0), |/ (3.0,3,0,2,0)
18005 —-(9.0,0,0,0,0), —A=(0.0,9.0,0,0), —A=(0,0,0,0.9,0),
2(8,0,1,0,0,0), /32(8,0,0,0,1,0), \/52(1,0,8,0,0,0),
2-(0.0,8,0,1,0), /32-(1,0,0,0.8,0), y/52(0,0,1,0,8,0),
225(7,0,2,0,0,0), \/25(7,0,0,0,2,0), +/22(2,0,7,0,0,0),
VA% (0,0,7,0,2,0); /2%(2,0,0,0,7.0), /25(0,0,2,0,7,0),
2I8(7,0,1,0,1,0), /325-(1,0,7,0,1,0), \/325-(1,0,1,0,7,0),
VEE-(0,0.6,0,3,0), /525:(0,0,3,0,6,0), \/525-(6,0,0,0,3,0),
VEE-(3,0,0,0,6,0), /522:(6,0,3,0,0,0), \/325:(3,0,6,0,0,0),
V3E5-(6,0,1,0,2,0), /525:(6,0,2,0,1,0), \/525:(1,0,6,0,2,0),
\/T(Q 0,6,0,1,0), 1/52°-(1,0,2,0,6,0), /55-(2,0,1,0,6,0),
2955(0,0,5,0,4,0), /1235.(0,0,4,0,5,0), /1235(5,0,0,0,4,0),
55-(4,0,0,0,5,0), 1/ 7090=(5,0,4,0,0,0), \/ 7m9=(4,0,5,0,0,0),
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Table B.7 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N 0 0.

NLM C(np, Ly, by, 1)

4}802588;5 (5’ 0’ 1’ 0’ 3’ 0)’ 4%0258884;) (5’ 07 3’ 0’ ]" 0 V 41802588845 1’ 07 57 07 37 O)a

Vo5 (5,0,2,0,2,0), \/£22(2,0,5,0,2,0), /2(2,0,2,0,5,0),

23814

); (
V 4};2588;5 (3’ 0’ 57 07 1’ 0>7 41802588% (1’ 0? 3’ 07 57 0) 41802588845 (37 07 17 0> 57 0)7

)
);
)7

2L (1,0,4.0,4,0), /2B1(4,0,1,0.4,0), /1228L(4,0,4,0,1,0),
fon2as7 (40,2:0,3,0), /555537 (4,0,3,0,2,0), /56554 (2,0,4,0,3,0
T (5.0,4.0.2.0), /ZEE(2.0.3.0.4.0), |/ (3.0,2,0.4,0
V/22(3,0,3,0,3,0)
200015 12(10,0.0,0,0,0), /3855 (0,0, 10.0,0.0), {/:Z(0,0,0,0,10,0),

E

w
o u“‘
\] >
VS

V2(9,0,1,0,0,0), /52:(9.0,0,0,1,0), \/5%(1,0,9,0,0,0),
V2(0,0,9,0,1,0), \/32:(1,0,0,0,9.0), \/3%(0,0,1,0,9,0),
V2(8.0,2,0.0,0), \/2-(8.0.0,0,2.0), \/5(2,0.8,0,0,0),
V5(0,0,8,0.2,0), /£-(2.0,0,0,8,0), \/52(0,0,2,0,8,0),
2-(8,0,1,0.1,0), \/25-(1.0,8,0,1.0), {/35(1,0,1,0,8,0),
V352.(0,0,7,0,3,0), /352:(0,0,3,0,7,0), /332(7,0,0,0,3,0),
V22 (3,0.0,0,7,0). \/;(7 0,3,0,0,0), F(3 0,7,0,0,0),

(=)

12

&‘

7,0,1,0,2,0), 70201,0, 1,0,7,0,2,0),

)
2 +29.(1,0,2,0,7,0),

&‘

25
i (
36(0,0,6,0,4,0
%

74
1
74

5
74
5
4

&‘

=26-(0,0,4,0,6,0), 6,0,0,0,4,0

) )

)
27 07 77 07 ]‘70)7
)
)

?i??

735 ( )
420.(2.0,1,0,7,0),
735 ( )
2 )

&‘

7—4,0,0,0,6,0, 60400,0), 4,0,6,0,0,0),

7 7

7ﬁ?i

6,0,1,0,3,0), \/3222.(6,0,3,0,1,0), \/322-(1,0,6,0,3,0),

11

)
392 (1.0,3,0,6,0),

TT

53987 (
222.(3,0,6,0,1,0),

ﬁ?

392.(3.0,1,0,6,0),

?

45(6,0,2,0,2,0), /=55(2,0,6,0,2,0),

&‘
&‘

140.(9.0,2,0,6,0),
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Table B.7 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N 0 0.

NLM C(np, Ly, by, 1)

255 (0+0,5,0,5. 0, /355555 (5:0,0,0,5,0), /555555, 0, 5,0,0, 0),

2 (5,0,1,0,4,0), 222(5,0,4,0,1,0), —22-(1,0,5,0,4,0),

A2 (4,0,5,0,1,0), 7£2-(1,0,4,0,5,0), 72-(4,0,1,0,5,0),
VD (5,0,2,0,3,0), /225(5,0,3,0,2.0), \/22(2,0,5,0,3,0),
VE50(3,0,5,0,2,0), /2255,(2,0,3,0,5,0), \/&25(3,0,2,0,5,0),
o647 (2:0,4.0,4,0), 1/ 7563307 (40,20, 4, 0), /1553307 (4, 0,4,0,2,0),
sisroar (40,3, 0,3,0), 532?321(3 0,4,0,3,0), /3757047 (3, 0,3,0,4,0)

i

22001 /15 (11,0,0,0,0,0),
V- (10,0,1,0,0,0),
V00,0, 10,0, 1, 0),

0:(0,0,11,0,0,0), (0000110)

ﬁ

—-(10,0,0,0,1,0), \/100e=(1,0,10,0,0,0),

E
\,

:::
" S

ot

T (1,0,0,0,10,0), /372=(0,0,1,0, 10, 0),

i?@??

J252(9,0,2,0,0,0), /522:(9,0,0,0,2,0), /¢ 53(2 0,9,0,0,0),
522(0,0,9,0,2,0), \/522:(2,0,0,0,9,0), \/23(0,0,2,0,9,0),
V/52:(9,0,1,0,1,0), /52:(1,0,9,0,1,0), 1/52(1,0,1,0,9,0),

0,0,8,0,3,0), 0,0,3,0,8,0),

8,0,1,0,2,0),

( )
(3,0,0,0,8,0),
( ) 8,0,2,0,1,0),
( )

38015 )
-335:(8,0,3,0,0,0),
2673 )
Tao03 )

2,0,8,0,1,0), 1,0,2,0,8,0),

OﬁTT?
TTT?

\/E(O 0,7,0,4,0), /512547 (0,0,4,0,7,0), 215441(7 0,0,0,4,0),
sioigr (4:0,0,0,7,0), /53515 (7.0, 4,0,0,0), /5355 (4,0, 7,0,0,0),
20(7,0,1,0,3,0), /228(7,0,3,0,1,0), /222.(1,0,7,0,3,0),
S080.(3,0,7.0,1,0), /5222:(1,0,3,0,7,0), ,/322%.(3,0,1,0,7,0),
ot (7:0,2.0,2,0), /320 (2,0,7,0,2,0), /5555(2.0,2,0,7,0),
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Table B.7 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N 0 0.

NLM C(np, Ly, nx, U, g, Ly)
forra05 (0:0,5,0,6,0), /55723650, 0,6, 0,5, 0), /7572305 (5, 0, 0,0, 6, 0),
T (6.0,0,0,5,0), /75 (5.0,6,0,0,0), /725 (6.0.5,0,0,0),
TE(6.0.1.0.4.0) L (6.0.4.0.1,0) S (1,0.6.0.4,0),
I 0.6.0.1,0), 5 (1.0.4,0.6.0). | FEE(1.0.1.0,6.,0)
olfgsszos (6,0,2,0,3,0), 6148628203 (6,0,3,0,2,0), 6140628203 (2,0,6,0,3,0),
T80.(3.0,6,0,2,0), \/&2%0.(2,0,3,0,6,0), \/22E(3,0,2,0,6,0),

462 462
viaoosees (1 0:9,0,5,0), 56555 (5. 0,1, 0,5, 0),

rioosaes (0 028,0, 1,0), /5556735.(5.0,2, 0,4, 0),
) ( )

48510 48510
2800733 (57 O’ 4’ O’ 27 0 2800733 27 0, 5a 07 47 0 )

V 2;28%33 (2’ 07 47 0’ 57 O) \/ nglggigg 47 07 27 07 57 0)7
) )

, : (
) o (37 07 57 07 37 0 ’ 8145002912909 (37 07 37 07 57 0

2800733

V 8145002912909 (5 07 3’ O’ 37 0

JHE(3,0.4,0,4,0)

18510_(4,0,5.0,2,0)
)

8402199

)

5110 (4,0, 3,0,4,0)

2800733 S (47 07 47 07 37 0)

2800733

Table B.8 Normalized pentaquark (¢* symmetry) spatial wave functions

quantum number: 2N +1 1 0.

NLM C(ny, Ly, ny, by, . 1)

1103y, (0,1,0,0,0,0)

110[31])\ (07 07 07 17 07 0)

11031, (0,0,0,0,0,1)

310 \/3110000 0,1,1,0,0.0 0,1,0,0,1,0
[31]p 33(77777)7 (77777)7 (77777)

1 1
Vi1 Vil
310 V2(0.0,1,1,0,0), 2=(1,0,0,1,0,0), -1-(0,0,0,1,1,0)
[31]A 33\ M B U U, AT U U L L V) TATAY M Y Ly L
1 1
v Vi

3103, @(0,0,0,0,1,1), (1,0,0,0,0,1), --(0,0,1,0,0,1)




Table B.8 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N +1 1 0.
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NLM C(ny, Ly, nyx, L, ny. 1)

51011, 25(2,1.0,0,0,0), /135(0,1.2,0,0,0), /£35(0.1,0.0,2,0),
V2 (1,1,1,0,0,0), y/25(1,1,0,0,1,0), /35(0,1,1,0,1,0)

51031 25(0,0.2,1,0.0), /:3(2,0.0.1,0,0), /53(0,0,0.1,2,0),
V2 (1,0,1,1,0.0), y/22(0,0.1,1,1.0), /3%(1,0,0,1,1,0)

510311, 25(0,0,0,0,2.1), 1/535(0,0.2,0,0,1), \/53(2,0,0,0,0,1),

20(1,0,0,0,1,1), /12(0,0,1,0,1,1), /%5(1,0,1,0,0,1)

71031, £5(0,1,3,0,0,0), 1/53(0,1.2,0,1,0), /53(0,1,1,0,2,0),

25(1,1,2,0,0.0), y/75(0,1,0.0,3,0), /35(1,1,1,0,1,0),
Vi5(1,1,0,0,2,0). 1/75(2,1.1,0,0,0), \/75(2,1,0,0,1,0),
15(3,1,0,0,0.,0)

71031 Vi55(3,0.0,1,0,0), /:35(2.0.0,1,1,0), {/535(1,0,0, 1,2,0),
V35(2,0,1,1,0,0), /755(0,0.0,1,3,0), \/:5(1,0,1,1,1,0),
V35(0,0,1,1,2,0), /75(1,0.2,1,0,0), \/75(0,0,2,1,1,0),

75(0,0,3,1,0,0)

710311, Vg (3,0,0,0,0, 1), 1/535(2,0.1,0,0,1), /535(1,0,2,0,0,1),
V5(2,0,0,0,1,1), /755(0.0.3,0,0,1), \/35(1,0,1,0,1,1),
V35(0,0,2,0,1,1), /75(1,0.0,0,2,1), {/75(0,0,1,0,2, 1),

7-(0,0,0,0,3,1)

910311, 21(0,1,0,0,4,0), /525-(0,1,1,0,3,0), \/532(0,1,2,0,2,0),
75:(0,1,3,0,1,0), /5357(0,1,4,0,0,0), /=555 (1,1,0,0,3,0),
25-(1,1,1,0,2,0), 1/55(1,1,2,0,1,0), \/=5(1,1,3,0,0,0),
0.(2,1,0,0,2,0), \/5£2(2,1,1,0,1,0), \/532-(2,1,2,0,0,0),




Table B.8 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N +1 1 0.
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NLM C(np, L, nx, I, s 1)
VEe(3,1,0,0,1,0), /555:(3,1,1,0,0,0), y/55(4,1,0,0,0,0)
91050 1/55:(0,0,0,1,4,0), \/52:(1,0,0,1,3,0), ,/52:(2.0,0,1,2,0),
2.(3.0.0,1,1,0), /32:(4,0,0,1,0,0), \/215(0,0,1,1,3,0),
20-(1,0,1,1,2,0), /322:(2,0,1,1,1,0), \/215(3.0,1,1,0,0),
520-(0,0,2,1,2,0), /355(1,0,2,1,1,0), \/522:(2,0,2,1,0,0),
Ve (0,0,3,1,1,0), /53(1,0,3,1,0,0), /35(0,0,4,1,0,0)
9106y, \/52:(0,0.4,0,0,1), 1/32:(1,0,3,0,0,1), /52:(2,0,2,0,0,1),
VE(3,0,1,0,0,1), /525:(4,0,0,0,0, 1), ,/222(0,0,3,0,1,1),
Vo (1,0.2,0,1,1), 1/552:(2,0,1,0,1, 1), /22(3,0,0,0,1,1),
V3 (2.0.0,0,2,1), \/535(1,0,1,0,2, 1), /52:(0,0,2,0,2,1),
Ve (0,0,1,0,3,1), /55(1,0,0,0,3,1), /55(0,0,0,0,4,1)
1110py,  /525(0,1,0,0,5,0), /2125(0,1,1,0,4,0), \/722:(0,1,2,0,3,0),
V2255(0.1,3,0,2,0), /22855(0,1.4,0.1,0), ,/25(0,1,5,0,0,0),
VEE5(1.1,0,0,4,0), /72905(1,1,1,0,3,0); 4/725:(1,1,2,0,2,0),
VS (1,1,3,0,1,0), /225(1,1,4,0,0,0), /7222 (2,1,3,0,0,0),
VAS0(2,1,1,0,2,0), /220.(2,1,2,0,1,0), \/7222-(2,1,0,0.3,0),
V/A50(3,1,0,0,2,0), %6®JJ0JQ)/W5@L200m
VA (4,1,0,0,1,0), /£5(4,1,1,0,0,0), \/;Z;(s 1,0,0,0,0)
111000 /525(0,0,0,1,5,0), /22125(1,0,0,1,4,0), /329:(2,0,0,1,3,0),

V15055 (3,0,1,1,1,0),

ﬂﬁ
iE

V3e285(3,0,0,1,2,0),
Vaoes(0,0,1,1,4,0),

315.(4,0,0,1,1,0), /2(5,0,0,1,0,0),

00-(1,0,1,1,3,0), /72% (2 0,1,1,2,0),

7
ﬁ

7

525.(4,0,1,1,0,0), \/:2222.(3,0,2,1,0,0),

—_
OJ
0]
[ fead
[o2] [en)
Q
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Table B.8 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N +1 1 0.

NLM

Q

Ny Loy Mox, In, My, 1)

VA0 (1,0,2,1,2,0),
\/%(0,0,3,1,2,0) 1250(1,0,3,1,1,0), \/222(2,0,3,1,0,0),
@(004,1,1,0) T08(1,0,4,1,0,0), /555(0,0,5,1,0,0)
11103y, /125(5,0.0,0,0,1), \/72525(4,0,1,0,0,1), F302001
\/%(270,3,0,0,1) (

V-(4,0,0,0,1,1), /522(1,0,3,0,1,1), 4518 (2,0,2,0,1,1),

ﬁ

2229.(2,0,2,1,1,0), \/$225-(0,0,2,1,33,0),

.
Gb
=
OO
@

TET%
%Agw
=
O
-~
O
O
}_\
ﬁ
O
O
Cﬂ
O
O
}_\

Vo9%s(3,0,1,0,1,1), 1/2255(0,0,4,0,1,1), \/53223-(0,0,3,0,2, 1),
V3928(2,0,1,0,2,1), 468(10202 2299-(3,0,0,0,2,1)

Viexs(2,0,0,0,3,1),
V12(1,0,0,0,4,1),

i

1250(1,0,1,0,3,1), 41601580(002031

(0 0,1,0,4,1), \/5%(0,0,0,0,5,1)

&‘

Table B.9 Normalized pentaquark (¢* symmetry) spatial wave functions

quantum number: 2N 1 0.

NLM C(ny, Lyynas by, ny, 1)

210011, (0,1,0,0,0,1)

210}211)» (0,0,0,1,0,1)

21011, (0,1,0,1,0,0)

41011, V5(0,1,0,0,1.1), =(0.1,1.0,0,1), /3(1,1,0,0,0,1)
41001 V5(0,0,0,1,1,1), £(1,0,0,1,0,1), {/2(0,0,1,1,0,1)
410211y, V&(0,1,1,1,0,0), 4=(0.1,0.1,1,0), /3(1,1,0,1,0,0)
6101, 4/15(0,1,0,0,2,1), /3(0,1,1,0,1,1), (0,1,2,0,0,1),

7

—_
—_

=

i’

(1.1,0,0,1,1),

(1,1,1,0,0,1), /%(2,1,0,0,0,1)

1

,_.




Table B.9 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N 1 0.

NLM C(ny, Ly, nx, I, m, 1)

61011 V(0,0,0,1,2,1), /2(1,0,0,1,1,1), --(2,0,0,1,0,1),
VEZ(0,0,1,1,1,1), ,/2(1,0,1,1,0,1), /7=(0,0,2,1,0,1)

6101, /15(0.1,2,1,0,0), /Z(0,1,1,1,1,0), -(0,1,0,1,2,0),
Ve (1,1,1,1,0,0), /2(1,1,0,1,1,0), ,/{%(2,1,0,1,0,0)

81011, 1/557(0.1,0,0,3,1), 1/55:(0,1,1,0,2,1), /53;(0,1,2,0,1,1),
Vi5(0,1,3,0,0,1), /25(1,1,0,0,2,1), /22(1,1,1,0,1,1),

2:(1,1,2,0,0,1), {/&(2,1,0,0,1,1), /55(2,1,1,0,0,1),
V/55(3.1,0,0,0, 1)

810ppn  y/55(0,0,0,1,3,1), y/55(1,0,0,1,2,1), \/53(2,0,0,1,1,1),
Vi (3.0,0,1,0,1), /25(0,0,1,1,2,1), \/2(1,0,1,1,1,1),
\/5(2,0,1,1,0,1) J&(0,0,2,1,1,1), /35(1,0,2,1,0,1),

V/25(0,0,3,1,0,1)

81011 /557(3,1,0,1,0,0), \/55:(2.1,0,1,1,0), /52:(1,1,0,1,2,0),
Vi5(0,1,0,1,3,0), /22(2,1,1,1,0,0), y/2(1,1,1,1,1,0),
V20,111,200, 4/23(1,1,2,1,0,0), /55(0,1,2,1,1,0),

52(0,1,3,1,0,0)

101011, /755(0,1,0,0,4.1), \/5355(0,1,1,0,3, 1), \/T(o 1,2,0,2,1),

Veem(0,1,3,0,1,1), 1/£355(0,1,4,0,0,1), /£55(1,1,0,0,3,1),
Vim(1,1,1,0,2,1), \/&(171’2 0,1,1),

oe0=(1,1,3,0,0, 1),
\/%(2,1,0,0,2,1) )

V3e5(3,1,0,0,1,1),
1010110 1/ 7045(0,0,0,1,4, 1),

H0.91,1,0,1,1), /72:(2,1,2,0,0, 1),

?ﬁj?

e

31.(3,1,1,0,0,1), /175(4,1,0,0,0,1)

ﬁﬁﬁ

54.(1,0,0,1,3, 1),

i

10-(2,0,0,1,2, 1),




Table B.9 (Continued) Normalized pentaquark (¢* symmetry) spatial wave

functions quantum number: 2N 1 0.

NLM C(np, Lo, mox, In, M, 1)

10.0.0,1,1,3,1),

,,J;
=
@
@

—~

V- (3,0,0,1,1,1),
VES(1,0,1,1,2,1),
VT (0,0,2,1,2,1),
VA5(0,0,3,1,1.1),

21.(4.0,0,1,0,1),

—(2,0,1,1,1,1),

ﬂ
[y
~~

A0.(3.0,1,1,0,1),
)

102111) Ti99(2,0,2,1,0,1),

—_— o~
e

31(1,0,3,1,0,1), \/175(0,0,4,1,0,1)

1@95

7??7

101011 1/ 755(0,1,4,1,0,0), /£5:(0,1,3,1,1,0), r(o 1,2,1,2,0),
Vo= (0,1,1,1,3,0), /5555(0,1,0,1,4,0), \/+52(1,1,3,1,0,0),
VS (1,1,2,1,1,0), \/&(1,1,1,1,2 0), /722.(1,1,0,1,3,0),

140 9 1,1,1,1,0),

Vi (2,1,2,1,0,0),
,/%(3,1,1,1,0, 0),

ol
ﬁﬁ?ﬁ

T165(2,1,0,1,2,0),
g ( )

81.31.0,1,1,0), 4,1,0,1,0,0
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APPENDIX C

PENTAQUARK WAVE FUNCTION

Example 1: in the ¢*, we can construct the fully antisymmetric wave func-
tion of the spatial-spin-flavor-color part [1111]pgpc consisting of 2 wave functions
spatial-spin-flavor [31]psr and color [211]- as

1111
w[%slzic = C[31] [%11]J¢[(§13Fw 211];
i.j={p.\m}
1
- 5 (VR g, — Yo Yo, + YR YG,)  (C)
where we use the coefficients C'[[;ll]lign]j from the Table D.1.

Example 2: we will construct a 3~ pentaquark for [31]p5[22]p[31]s config-

uration. From Eq. (2.5), we will get

S [1111] [31]; [31]¢ 0 ..C s R
Wiotal = > Ol o), O, Oy o). Y Vi, Yy, Y. (C-2)

i,3,w,2,y,2={S,A,p,An}



APPENDIX D

. 7).
Coefficient C[[X]]w[y]y

Table D.1 The C'[[éll]lign]j coeflicients.

[211];
1111 .
[1111]  — b1
2\ L
V3
) 1
[31]; P X
0 /5

Table D.2 The C[[Sl]’“ coefficients for A\-type, p-type, and rn-type, respectively.

4][31];
RN - B, b I
[4] S 1 [4] S 1 4] S 1

Table D.3 The C[[gll]]fm]j coefficients for A\-type, p-type, and n-type, respectively.

[22]; [22]; [22];
[31] X %) [31], By [31], X o
A A ! P
B1i » 3 B p 3 Bl p -5
1 1
L/ " n U
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Table D.4 The C2Uk
e 0[3112_[31]]_ coefficients for A\-type, p-type, and n-t
) ) n-type, respectivel
Y.

[31]x 3 31];

3 i 71] [31]p < [31];
31]; p VR A é n
n 1 Bl]i / 3
V6 i v

7 BRI
V6
[31]77 Y [31]1'
e P
31]: © 4
P 7
7 _ 2
V6

Table D.5 I lle [ l] e t f t
C[ ]Zk[?)l] CcO fﬁCl nes (§] — _t
22 j A ype, p-type and n-type, respe tive
(S (024 5 s C 1 ly

[22]; A e = | 1p]j
[ \ i T i
22]1 V3 V3 V6
£ 1%
[31], 131);
. )\1 pl n

3 4 )\ Y T’ ?

N
31] < 31], 4
- 5 31, 4
B1; »p 31] ) ! S
i 1
' z [31); p
n 1




APPENDIX E

SPIN WAVE FUNCTION OF PENTAQUARK

The list of explicit form of spin and flavor wave functions are shown in Eq.

(E.1)

Ui(2sp) = [ 1]2]3] 4] sis0sss4)

;5123

— [[[S1 ® Sa)1,81, ® 53]3 ® 54]2,544

1 1 1 3
= Z C<§751;2:52;1,S12> 0(17812;5783;578123>

51,52,53,54,512,5123

3 1
x C <§7 5123, 57 S4; 2: Sq4) Xs1 Xs2Xs3Xsa

1124
1/)[S31h<175q4) - r 3 :51525354>
=I5, ® Salvs00 ® S3]1 4,55 ® Sal1,s 4

1 1 1 1
= > C (5781; 5752 175’12> C (17812; 57 55; 5&123)

51,52,53,54,512,5123

1 1
X O <§7 5123, 57 54, 17 Sq4> Xs1 XsaXs3Xsq

3|4

/L/)%l]p(]'7 Sq1)) — | ;81828384>

= [[[[51 ® Safo.s1p © Ss]1 515 © Salvs s

;5123



1 1

= > C <5731; 5;82;07312> C (17312;

51,52,53,54,512,5123

1 1
x C (57 5123; 57 5431, Sq4> Xs1 Xs2 Xs3Xs4

2/)[331]71(1, Sq4) —

11213
4

7815283S4>

= [[[[S1 ® Sa]1,800 ® Ss]s 5 © Sal1,s4

»S123

55,535 555123

1 1
= Z C<—751;—:82;17512>C'(17812;—>53;—>S123

2 2

51,52,53,54,512,5123

3 1
x C <§7 5123, 57 5431, 5q4) Xs1 Xs2Xs3Xs4

2
1/1[3%(0,0) - | 1 ,51528384>

® Si)oo

38123

— [[[[S1 ® Sal1,500 ® 53]%

1 1
= Z C <§7 S1; 5782; L 812> C (1, 5125

51,52,53,54,512,5123

1 1
x C <§7 5123; 53 S4; 0: 0) Xs1 XsaXs3Xs4

i3y, (0,0)  —

113
y 51525354

= [[[[51 ® Salo,610 © Ss]1 5,5 ® Saloo

38123

1 1

50535 555123

1
= Z 0(5781;5782;070)0(070;5733;_78123

51,52,53,54,5123

1 1
x C <§, $128] 5 845 0,0) X1 X2 X3 X4

where C' is the Clebsch-Gordan coefficients.



APPENDIX F

QUARK CORE RADIUS

Figure F.1 Quark core radius.

A quark core radius is the average of the distance from the center of baryon
mass to the position of quarks. In the Fig. F.1, the quark core radius (r) can be
defined by the relation between the quark core radius and the average of distance

between 2 quarks (d) which be written as

(r*) = % (% (U] ((r1 = 72)* + (r1 = 13)* + (r2 = 13)?) |‘I’>>

1

7\ (A +p%) W) (F.1)

where r; are the position of the quark 2.
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