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Estimation Theory
S 1 s s B e

Concepts
Estimate the Values of Parameters based on measured
empirical data that has a randem componrent {RY).

Estimator

A means of approximating the unknown parameters
using the measurements

Estimate the fime used to cammute befween city A & B

Estimation Process

=
Find an estimator that takes the measured
data as input and prodyces an estimate of
the parameters with the corresponding

CICCUFOCY.

The Definition of Optimal Estimator
1) Minimum Average Error

over some class of estimator

2) Minimum Varionce

(average squared error) ...

cempufed between the estimoted valve and
meosured poramefer

o Measure @ set of N statistical samples taken from a
random vector (RV) — x

z Define « prob. distribution of M parameters -~ 0
p (x| &) maybe with thelr own distribution = 1t

3 Estimote O which minimizes (MMSE)e = 8’ -8

Estimator Hypotheses

Let a discrete signal x [n] of N samples described by
xnf=A+wh,n=0,1,.,N~1

where A 1s unknown (16 be estimated} and w in] is a

white noise defined by N {0, o).

Suppose we want to compare 2 estimators:
o Ay = x 0]

23 Ay ={1/N} I x [n] or the sample mean
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Exercise: Poisson Distribution

e
R

Poisson Distribution probability of o given aumber of events occurring
in o fixed interval of time ond/or space if these events ocour with a
known overage rote and independently of the time since the kst event,
Poisson probabiiity distribution is defined as

P 2= e/

where  x is the number of events in the given interval
X is the mean number of avenls per intervot

e.g. Averoge birth rate is 1.8 (A) births/hours, the probabifity of
chserving 4 birth in an hour is f {x = 4; 1.8} = 0.0723

PROBLEM Use Maximum Likelihood (ML) 1o prove that X = {1 /N)E,, x [n]

Conclusion
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Random Variables

e : P

Definition

A random variable X is a numerical measure of the
outcomes of an experiment

Example

Let the experiment X = {0, 1, 2, 3, 4} each with equal
prob, Find the prob. that P| {x >= 3) and P, {x < 3)

P = [N{3)+N(4)]/ N(X} = 2/5 = 0.4
Py= [N{OH-N(TIHN{2)]/N(X) = 3/5 = 0.6

Mean of a Set of Observation
Suppose an experiment involves examination result of
3 subjects, The grade is either C {2}, B (3) and A {4).

Suppose a student takes 15 subjects, and got C for 3
subj., B for 8 subj, and A for 4 subj.

Average number of grade (Grade Point Average)?
GPA = (2*3 + 3*B + 4*4)/15 = 3.067
This can be rewritten as weighted gverage
GPA = 2*(3/15) + 3%(B/15) + 4*4{15)
= 2%P(g = 2) + 3*P(g = 3} + 4%P (g=4)

Definition of Expectation

A similar technique — "Toking the probability of an cutcome times
the value associeted with the random variable for that outeome”

The sun of the these products is Expected Value of ...

Definition

An Expected Value is the vadue of an RV {or a funciion thereof)
ong would "expect” to find if one could repeat the random
varigble protess on infinite number of fimes ond take the
average of the values obtained.

An Expected Value is a weighted average of ail passible values

Formal Definition
A o b
i the probobhility distribution of X admits & probability

density function (pdf} f (x), then the expected value ¢an
be computed as

Discrete  ELX} = S::r.;p_. Continuous  ELY] = [A rfixtdr,
" S

e N
An expected vaiue of an arbitrary function g (x} of X is therefore

YAyl i X i disevete

BLgtX] =t =4 o
}.é,’{l'],f(l‘)d.r o X eantisrouy
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Covariance
b

" : e
1 X and ¥ are randem variohles with joint probability distribution
F{x, y}, she covariance, oyy , of X and Y is defined as
Gyr = EIX = 1 lY — 14l
Gy = E[XY} =y
Mofe: If is used Jo look of lineor relationship behween two random
variables, If con take negafive volue,

Their correlation coefficient is defined as

Pay = Gy /loyTy)
Which has the value between -1 and § if it is exactly -1 and 1,
it means X and Y are exactly linearly related, e, Y = aX + b

Chebyshev's Theorem

i SR
Suppose that X is any random variahle with mean E(X) = 1L and
varianee Var (X} = &2 and stondard deviation .

Chebyshev's Theorem gives a conservative estimate of the
probsability that the random varicble X assumes a value within k
standard deviations (kG) of its mean p, which is

PR (P R D ;ﬁ,

By l
lfu=8and o =3,P(—4 <X <20),
~4 = 8 - 3k and 20 = 8 + 3k, then
k=4 therefore P (A) =1 -1/16
=15/16

Conclusion

7 Random Variable Review

o Definition of Expected Value

D Properties
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o Conclusion
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Correlation

Definition

Correlation is about finding (computing):

1) The Direction {positive or negative) “and”
2) The Strength (low- high) of
a relationship between 2 variables

Correlation Coefficient (1)
Sl
Let X and Y be 2 random variables of n somples each

The direction and strength of the relationship con he
t e,

expressed by means of a correlation coefficien
which is mathematically defined os:

o= ‘S—.'i‘f - scr
Byl J(SSX}(SSY)

SCP: The Sum of Cross Products of deviation

SCP=Y (X, - g ~Fy=F X ORI
"

Correlation Coefficient (2)

G e e ]
S3X: The Sum of Squares deviation of X

(}j Xy

SSK =3 X~ Xy =¥ &)
38Y: The Sum of Squares deviation of Y
Sy =3 (5-FY =31~ (ZO

Pearson’s r assumptions
The relationship is linear interval Measurement

P(X, Y} are normal distributed  Homogeneity of 62

Properties

D0 A correlation coefficient varies from 1 to +1

o -1 indicating a perfect negotive relationship
{one increases while the other decreases),

o 0 indicating no refationship (not correlate)

o +7 indicating o perfect positive relationship,
{one increases with the other)

o The size of the correlation indicates the strength of the
relationship:
for example, the correlation coefficient —0.89 indicates a
stronger relationship than a coefficient of +0.60,
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Interpretation of Determination Conclusion
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“Fstal doviasio SST: how data varies from mean o Definition of Correlation
1

o Correlation Coefficient —r

¥ e agltined dovintiog - ¢, ¥y - 3“
| . " _
nE - X ¥ SSE:how prediction o Properties of Correlation Coefficient
i% e ¥y varies from data 0 Examples
t H e .
§ 5 - o Definition of Regression
Fi Liplaized 0 Linear Regression and Least Squares Method

diviation; = Vi - ¥

SSR: how prediction a Coefficient of Determination

varies from mean o Conclusion
¥
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Stochastic Process

Definition

Stochastic Process is a set of random variables or ¢ set of
observations, that changes over time,

Examples
Continvous-Paramefer X = {x, t = 0}
Discrete-Parameter X={,n=012 ..}
Counding-Process

A discrete-valued, confinvous-parameter stochastic process
that increases by one each time some event oceurs. The
valve of the process at time # s the number of events that
have cccurred up to (and including) fime 4.

Parameters and Characterizations

States are values assumed by X {f) or X (n}

State Space is a set of ALL possible State, called I

X{t,} can be characlerized by its distribution function,
Fypale) = P{X{G) € &)
Its Joint Distribution can also be determined

PEN(U) S, XQed S 200 X {0 § ol

Classification of Stochastic Process
HCRE R e
There are 4 Classes of Stochastic Process

PR

timpe, [ades sel T
Continuous
Contmyons-tima

. T Bisge ke
ENSCHOTE Liscrete-time
st

State/Sampie Spac
!

contispons-srat:
HGLOFS

contnuous-state
Process

Disceete State Process — Chain
Discrete Time Process — Stochastic Sequence {X, | n & T}

e.g. Probing measures at every 10 ms,

Second Order Process
ke sommepmemrmeme

tet {X, t € T} be ¢ real valued stochostic process, then

{if exists, according to Komogorov)

iued process { X.¢ 2 0} is cathud o second order |
for sl £ & T Fhe meews vl The crvariince funedion of 2 seromd
rosss { Xp. 1 7 G} are difined by

wxfll o ELX
Fxist} =

It

EOXL - mylaX, - maitds
The wariance of the provess §X0, 1 20 i defned by

oL(0 = Tx(3,2) = VastXeh,
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Example 4

hom

Customers arrive in o cerlain store according 1o ¢ Polssan process with rate A
= dfhour. Given that the store opens at $:00am, Find

tet X{t} be the number of customers arrived betwean @ 1o 91 {t s hours)
i. The probability thot exactly 1 customer has arrived by $:30

A A
jl

2. {From 1}, The probablliiy thot total of 5 hos arrived by 11:30

BEET 0 - Xify = 1) w n XY

FHAS) « L0 = 5 = L0 = L. N20 - XS] = 4

= PLXL, SPLXIDEY - X058 = 4}
{t Byl 6B gt

- 7 i

= 7155

SRR
The number of failyres M{t}, which occur in o computer network over the time
interval [0, 1), can be destribed by a Poisson process { Mt} t 2 0} Onon
average, there is o foilure after every 4 hours, Le. & = 0.25/hours.

What is the probability of at most 1 fallure in [0, 8), of least 2 failures in [B,
16), ond at most 1 failure in [16, 24} (Ime wnit: hour}?

P PIN{E) -~ N0 LNGIS] - N (& 2 A N2 - M8 2 8
w PIN{E) = N{0) S HPINV(IG) ~ NT8) 2 2PN (4] - N6y 2 1
= PINIE) & PN 2 PN < 1L

Since,

PN E 1=

Therefare,

Pl o 2 = 1~ PIVR ESE f‘":’ =;ffi BT w0
= S,

Conclusion

o Definition of Stechastic Process

o Parameters and Characterizations

o1 Classifications

0 Second Qrder Process
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0 Exponential Distribution and Poisson Process
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o Conclusion




