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PENTAQUARK/GROUP THEORY/YOUNG TABLOIDS

We construct the wave function of pentaquarks in group theory approach.
The algebraic structure of pentaquark states consists of the usual spin-flavor and
color algebras SUgp(6) ® SUq(3) with SUgp(6) = SUp(3) ® SUg(2). The permuta-
tion symmetry of the four-quark configurations of pentaquark states is character-
ized by the Young tabloids [4], [31], [211], [22] and [1111] of the permutation group
Sy. Since the color part of the antiquark states is a [11] antitriplet, the color part
of the four-quark configuration must be a [211] triplet to make it possible to con-
struct a fully antisymmetric total color wave function. The total wave function of
the four-quark configuration is antisymmetric, which implies that its spatial-spin-
flavor part must be a [31] state, the conjugate representation of [211], the color
state of four quarks.

All the possible configurations of spatial, spin, flavor and color wave func-
tions are determined by applying the matrix representations of S, while the ex-
plicit forms of the spin, flavor and color wave functions are derived by applying
projection operators.

We assume that the dominant interaction between quarks is the harmonic
oscillator potential, and the spatial wave functions of various symmetries are de-

rived by applying the matrix representations of Sy.
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Finally the mass of ground state pentaquarks is calculated by the total pen-
taquark wave functions and one-gluon exchange and Goldstone-boson exchange

interactions.
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CHAPTER 1

INTRODUCTION

The hadronic structure and the mechanism of the hadron-hadron interaction
are the fundamental and significant research subjects in low and medium energy
physics. In the energy scale of GeV, the nonperturbative effect of Quantum Chro-
modynamics (QCD), which is still far from being strictly solved, becomes more
serious and cannot be ignored. An efficient way to investigate hadronic structure
and hadron-hadron interaction is to employ a phenomenological model or a QCD
inspired model. Amongst various models, the quark model illustrates its success
in describing the major characteristics of quarkonia, heavy flavor hadronic sys-
tems, the nucleon and its lower lying resonances (De Rujula et al., 1975; Isgur and
Karl, 1979a; Isgur and Karl, 1979b; Lucha et al., 1991; Mukherjee et al., 1993;
Oka and Yazaki, 1980; Oka and Yazaki, 1987; Faessler et al., 1982; Faessler et al.,
1983) and the process of nucleon-antinucleon annihilations (Green and Niskanen,
1984; Maruyama and Ueda, 1981; Maruyama et al., 1987; Gutsche et al., 1989;
Dover et al., 1992; Thierauf et al., 1985; Bauer et al., 1996; Yan et al., 1997) and
meson-baryon reaction (Yan et al., 1995). In recent years, the constituent quark
potential model has been extended to the chiral quark model and successfully ap-
plied to theoretical estimations in low- and medium-energy physics, such as the
descriptions of the properties of baryons and their resonances (Pumsa-ard et al.,
2003; Cheedket et al., 2004; Glozman and Riska, 1996), to the investigations of
the baryon-baryon interaction (Fernandez et al., 1993; Zhang et al., 1997) and to

the predictions of exotic hadronic state candidates (Yuan et al., 1999; Shen et al.,



1999; Zhang et al., 2000; Li et al., 2001).

In the light-quark sector, quark-model calculations have made a consider-
able success in explaining the low-mass excitations spectrum but a number of
challenging problems are still being faced, for instance, the mass ordering problem
of low-lying baryons and the missing resonance problem at high masses. Theoret-
ical works in the three-quark picture always predict a larger mass for the Ropper
resonance N',(1440) than for Ny, (1520) and N, ,(1535). A similar situation
happens to the A resonances.

The Roper resonance N§2(1440) is the lowest-mass nucleon resonance and
has the quantum numbers of the nucleon. Its most natural explanation as the
first radial excitation is incompatible with quark models in which the radial ex-
citation requires two harmonic- oscillator quanta while the negative parity states
like NV} /5(1535) require one quantum only. Even including anharmonicity, the
mass of the first radial excitation should always be above the first orbital-angular-
momentum excitation. For instance, within the constituent quark model with
one-gluon-exchange (Capstick and Isgur, 1986) or instanton induced forces (Lor-
ing et al., 2001) the Roper resonance N1“72(1440) should have a mass 80 MeV above
the Nl_/2(1535) mass. All quark models encounter the same problem.

At high masses, above 1.8 GeV, conventional quark models predict a large
number of baryon resonances which have not been observed. The lowest mass
example of this type of resonances is the not well established quartet of nucleon
resonances consisting of N,',(1880), Ny,(1900), Ny, (1890), and N;,(1990). Con-
ventionally, baryons are treated as bound states of three constituent quarks. How-
ever, recent investigations on baryon strange magnetic moment and strangeness
spin (Zou and Riska, 2005; An et al., 2006), on baryon decays (Li and Riska,

2006a; Li and Riska, 2006b; An and Zou, 2009; An et al., 2010) and the annihila-



tion reaction pp — ¢X (Srisuphaphon et al., 2011) reveal that low-lying baryons
may possess a considerable ¢*g component.

The baryon spectrum will be studied, assuming that baryons are composed
of the ¢ element as well as ¢*g pentaquark element. The building of pentaquark
wave functions is the first and also essential step for investigating baryons and
baryons resonances in the three-quark plus pentaquark picture. However, it is not
straightforward to calculate the wave function of pentaquark states, especially the
spatial part of higher excitations. Theoretical work of systemically constructing
spatial wave functions of higher excitation pentaquark systems has never been seen
before.

To construct the spatial wave functions of pentaquark states to any order we
develop an approach relying on previous work (Yan, 2006; Yan and Srisuphaphon,

2012).



CHAPTER 11

PENTAQUARK WAVE FUNCTIONS

This chapter shows how to construct pentaquark wave functions. In con-
stituent quark model, we treat quarks as a substructure of nucleon. Phenomenolog-
ically quark has one important property that is color confinement. This property
requires that color wave functions of bound states of quarks cluster are colorless
or singlet. In other words, quark never appears individually. Group of quarks
can form a particle only if their color wave function is singlet or antisymmetric.
As a consequence, the possible multiquark states are, for example, one quark and
one antiquark (qg) the so-called meson, three-quarks (¢*) the so-called baryon and
four-quarks cluster with one antiquark (¢*q) the so-called pentaquark, etc. Since
the pentaquark consists of four identical particles, its wave functions must follow
Pauli exclusion principle that is their total wave functions have to be antisym-
metric. Both color confinement property and Pauli exclusion principle manifestly
show an importance of symmetry of wave functions. One possible way to be con-
cern with symmetries of wave functions is group theory approach (Appendix I).
In the following section we use the group theory approach to figure out possible
pentaquark configurations or to illustrate that how each parts of wave functions

are combined and formed the total wave functions in the required symmetries.

2.1 Pentaquark configurations

Quark wave functions contain contributions connected to spatial degrees of

freedom and the initial degree of freedom of color, flavor and spin. The internal



degree of freedom are taken to be the three light flavor u,d and s with spin s = %
and three possible colors R, G and B. In term of group theory, quark transforms
under fundamental representation of SU(n), whereas antiquark transforms under
conjugate representation of SU(n) with n = 2,3,3,6 for spin, flavor, color and

spin-flavor degree of freedom, respectively. The corresponding algebraic structure

consists of usual spin-flavor and color algebras
SUsp(6) @ SU:(3) (2.1)
with
SUgr(6) = SUR(3) ® SUs(2) (2.2)

Since one significant property of physical particles or multiquark states is color
confinement property which indicates that their color wave functions must be col-

orless or antisymmetric. Therefore, pentaquark color requires [222] configuration.

W) (¢'7) = (2.3)

From group theory antiquark is [11] antitriplet consequently remaining four quarks
must be [211] triplet. Here four-quark wave functions are important because they
are identical particles. Their symmetry need to be fixed by Pauli exclusion prin-

ciple.

|
buy(d) =] Y@= H (2.4)

Pauli exclusion principle requires total wave functions of group of identical particles
be antisymmetric. Hence spatial-spin-flavor wave functions of the four-quark core

must be [31], the conjugate configuration of color [211].

wl (g = - (25)




Consequently, the total wave functions of the ¢* configurations can be written in

a general form as

vt = Z g5 \ijzn}iqj([)?)s{}j (2.6)
L,J=A.p,n

Applying the representation matrix of permutation (12) (Appendix A). (12) is a
permutation operator exchanging between the first particle and the second particle.
When we substitute one quantum number of the first with one of the second
particle and vise versa in antisymmetric wave functions, we should get —1 as the

eigenvalue of the permutation operator (12). So that we can write

(12)v4 = —pA (2.7)
(12)\1114 - +a}‘>‘\1/[6211])\\1j([)381fh o a)‘P\II[Cﬂl]A\IlF;lJ;p - a)‘”\I;[cﬂl]A F?flﬁn
_%A‘I’[cml]p‘l’(f;lﬁx + app Wiy, [O;ljip = oy Vo, f;ljin (2:8)

c 08 osf
_an/\‘Ij[Qn} \11[31]A+a77p [211],, ‘I'[31]p Qnn [211],,\IJ[ 31),,

For this method we can nail down some coefficients by comparing the operated

wave function with minus wave function or solving Eq.(2.7). So that we have

A\ = Gy = Qpp = yp =0

A c
Ut = ay, [211]» F;ljip—l—ap)\\Ij[Qll] [31]A+aﬂ77 [211} \I/F§£

"‘an/\q’fml}ng’[ozssl@ + ann\I’[Czn]n\I’f;l],, (2.9)

Since now we consider the cluster of four identical particles, we cannot consider
only (12) permutation operator but we need to determine all possible permutation
operators in Sy permutation group (Appendix A), for example, (13),(14),(23),

etc. Similar to (12), applying (13) representation matrix we should get —1 as a



eigenvalue of (13) operator or we can write

(13)04 = —p4 (2.10)

~1_, V3o V3 o8
(13)‘IJA = a,\p(7 [211]A_7‘I’[211},,)( 9 ‘IJ[31]3A+§\D[31€,,)

—/3 1 -1

"‘%A( 92 \11[211],\ + 2‘P[211} )( 9 \I’[O;f; 7\II[O;£p)

_\/gc 1

+apn(T\I’[211} + 2‘11[211] )\I/F;ﬂ,,

—ap Yy, ( ;/gqu;ﬁ + ;\I]([);ﬂp)
Ay [211] \IIF:;] (2.11)
So that a,y = a,;, = 0 and ay, = —a,\
v = akp[\l’[%lmqj?;ﬂp L \I'[Czn]pq’fssf]A] + ann‘lﬂ[;n]nlpf?ff]n (2.12)

Similarly applying the permutation (34) we obtain ay, = a,,. As a result, normal-

ized total wave function of pentaquark is

1

A
v ﬁ[‘lﬁmh

osf osf
Viai, — [21119\11[31]A + ‘1’[211],7‘11[ 31), ] (2.13)

Eq.(2.13) shows that the total wave functions of the four-quark core which are an-

tisymmetric (A) consist of color wave functions (¥¢) in [211] configuration mixing

with orbital-spin-flavor coupling wave functions in [31] configuration. From now

on, we use this method to determine all possible configurations of orbital-spin-
. osf .

flavor wave functions ¢pj) - in Eq.(2.13).

For the orbital-spin-flavor and spin-flavor wave functions we can write in the



Table 2.1 Possible configurations of spatial-spin-flavor wave functions.

3losr
[4]o [31]sk
[1111]o  [211]sF
22lo  [Blsr, [211]sF
2110  [31]sF, [211]sF, [22]sF

31]o [4]sr, [31]sr, [211]sF, [22]sF

general forms,

osf o sf
i,J=5,4,X,p,n
U= 3 ayUiy Uy, (2.15)
1,J=S,A,\,p,n

The possible spatial, spin and flavor configurations are determined by applying Sy
representation matrices in Yanamouchi basis and are shown in the Table 2.1 and
Table 2.2

We have already known all the possible configurations of the spatial, spin,
flavor and color parts of pentaquark wave functions. The following procedure is
to work out the explicit wave functions of each part by applying group theory

approaches.

2.2 Color wave functions

We have already derived all the possible symmetries of the color wave func-
tions of the four-quark core, which are [211], ,,. In term of group theory, the color
wave functions in each symmetry can be obtained by projection operator process.

A projection operator is derived, as detailed in Appendix C, using representation



Table 2.2 Possible configurations of spin-flavor wave functions.

[F5] [F]1S]

[4rs  [22]F[22]s, [31]F[31]s, [4]F[4]s

Bllrs  [31]r[22]s, [31])F[31]s, [31]F[4]s, [211]F[22]5
[211]p[31]s, [22]p[31]s, [4] r[31]s

22]ps  [22]F[22]s, [22]F[4]s, [4]F[22]s, [211] R [31]5
[31]p[31]s

[211]ps  [211]5[22]5, [211] p[31]s, [211] £ [4]s, [22] #[31]5

31]p[22]s, [31]p[31]5

matrices in Yamanouchi basis of all permutations in Sy permutation group. After
applying the projection operator on the corresponding principle term, we will gain
the wave function in the required symmetry. A principle term is the product state
derived by reading out the single particle states from the Weyl tableau according
to Young tableau. The advantage of applying projection operators onto principle
term is fixing normalization coefficients of wave functions consistently. For the
definition of principle term, please see Appendix B.

Since the color configuration of pentaquark is [211], then there should be
three quarks with color R,G, B in the first column because Young tabloids do
not allow same color quantum number in the same column. Remaining box can
be any color. Thus possible color configurations are RRGB, RGGB and RGBB.
The following equations are the color wave functions of four-quark core in A, p and

7 mixed symmetries.
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(1) For RRGB configuration

@/)[Czuh (R)

1/1[6211],,(}%)

@/)[6211],7 (R)

112 |R|R]
3 G >=P[211}A|RRGB>
4] B

L 9|RRGB) — |RGRB) — |GRRB) — 2|RRBG)

V16

+|RBRG) + |BRRG) + |RGBR) + |GRBR)

—|RBGR) — |BRGR)) (2.16)

1/3||RIR
l ,g > — P[gll}p|RGRB>
4] B

1
——(3|RGRB) — 3|GRRB) — 3|RBRG) + 3| BRRG
7 ) — 3| ) =3l ) + 3] )

—|RGBR) + |GRBR) + |RBGR) — |BRGR)

+2|GBRR) — 2|BGRR)) (2.17)
14| |R|R]
l ,Q > o P[2111n|RGBR>
3 B
1
= %(|BRGR> + |RGBR) + |GBRR) — |RBGR)
(2.18)

—|GRBR) — |BGRR))

(2) For RGGB configuration

@/1[6211]A (G)

‘»&‘w —

2|

R|G]
,Q > — P[Qll]A|RGGB>
B

_ 116(|RGGB> +IGRGB) — 2|GGRB) — |RGBG)

2
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—|GRBG) + |GBRG) + |BGRG) + 2|GGBR)

_|GBGR) — |BGGR)) (2.19)

1/3]
7ﬂlel]p(G) = 2]
4

G
> - P[Qll]p‘RGGB>

EleE

1
= ——(3|RGGB) - 3|GRGB) — |RGBG) + |GRBG
T ) =3l )= | )+ )

—2|RBGG) + 2|BRGG) — |GBRG) + |BGRG)

+3|GBGR) — 3|BGGR)) (2.20)

14| |R|G]
l ,Q > - P[Qll}n‘RGBG>
31 B

¢f211]n(G) = '

1
V6

+|GBRG) — |BGRG)) (2.21)

(|IRGBG) — |GRBG) — |RBGG) + |BRGG)

(3) For RGBB configuration

12| |R|B]
Yo, (B) = 3] G >:P[211]A]RGGB)
4] B
1
— ——(|RBGB) + |BRGB) — |GBRB) — |BGRB
Jﬁ(l )+ ) — | ) — | )
—|RBBG) — |BRBG) + 2|BBRG) + |GBBR)
+|BGBR) — 2|BBGR)) (2.22)
1/3]R|B
Yoy, (B) = |2] .G >:P[211]p|RGGB>
4] B
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_ \/14_8(2\RGBB> _92|GRBB) + |RBGB) — | BRGB)

—|GBRB) + |BGRB) — 3|RBBG) + 3| BRBG)

+3|GBBR) — 3|BGBR)) (2.23)
1/4]|R|B|
¢f211},7(B) = 2] G| >:P[211]7,|RGBG>
3 B
_ %(!RGBB) _|GRBB) — |RBGB) + |BRGB)
+|GBRB) — |BGRB)) (2.24)

The pentaquark color wave functions Wy could be derived by coalescing the

color wave functions of four-quark core ¢f,;; with antiquark color states. We have

1 A _ _
\Ilfml]j = ﬁ {waH]j(R) R+ @0[6211]]-((;) G+ ¢f211]j<B) B} (2.25)

where j = A\, p,n

2.3 Spin wave functions

Similarly spin wave functions of the four-quark core are derived by operating
the projection operators on the principal terms of all spin-state configurations. In
each of configurations we can derive total spin quantum number S and total spin
projection quantum number S, :

(1) Spin wave functions with the symmetry [4]

(1.1) §=2,8, =2

Xiws-, = [L[2[3]4L[t[1][1]1] = Ag(r11D)




= |1

(12) § =25, =1

Xuso = [1[2[3[4][t[1[1[4]) = Pay(tT11])

= SRR + TR0 + [ 14D + [ 141)

S

(13) S =2,5, =0

Xs—o = [ 1[2[3[4L[1[1[L[1]) = Pay(tTid)

1
T + 1) + [ 1) + 1)

L) + 1 1)

(2) Spin wave functions with the symmetry [31]

(21)S=1,8, =1

X1 = ‘Zl’) 2‘4" I TT> = Paya(T141)
1

= I — 1)~ | )

vou = I < P

1
= ﬁ(HﬁT)—IHTT))

X[8ln = | 111 2 ‘ 3 ‘, I T‘T > = P[slln(TTN)

1
= T\/g(?ﬂTTN)—IHTT>—|THT>—|TT¢T>)

13

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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(22)5=1,,5.=0

xon = 24 ! “> = Pap(114d)

1
= (@ THD = 1AL = 140 + 1)

) — 2 W) (2.32)
Xt = ‘ . 34,1”>=P[3up(m¢>

= 2D + [ 1HA) [ L) — | 40 (2.33)
Xpin = ‘}1237IT¢>=P[31M(TN¢)

1
= %(\ T+ D + D = 1D

—| 4 = [ 4411) (2:34)

(3) Spin wave functions with the symmetry [22]

(31)5=0,5,=0

X2y = ‘ ; i : I I> = Pogpn(114)

1
= @) = [ — AT = [ 1)

=[N + 20 W) (2.35)

113
X[2p = ‘ I

A I>= Pay,(T11)

[\

= () = [P = ) + | 1) (2.36)

=
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Combination of the spin wave functions of the four-quark core with ones of anti-
quark yields the total spin wave function of the pentaquark state. Clebsch-Gordan
coeflients are taken into account for coupling spins of four-quark core and anti-

quark. For example,
A 2
X(@ 3. = |/ 3 Xpia (59 = Lmg = 1)xs(=1/2)

1
—\/;X[sl]a(sq‘* =1,mu =0)xs(1/2) (2.37)

2.4 Flavor wave functions

The same approaches have been used for getting the flavor wave functions.
To make it easy, we define flavor states in order of «, 5,7. We list the flavor wave
functions of the four-quark core for various flavor-state configurations:

(1) For cvcxex configuration

vy, = [1]2[3]4}[alalale)) = Py(eaaa)

= Jaaoa) (2.38)

(2) For aaaf configuration

vy = [112]3]4])[alala]8) = Puylaaap)

= (|ozoza5> + |aafa) + |afaa) + |faca)) (2.39)

Sl

2[4]

,z afa > = Py(aafa)

(2|aaﬁo¢> lafaa) — |faaa)) (2.40)

- B



Uiy,

[31]n

_ |% 3\4\, g aoz>_p[4](a5aa)
1
— 73(\a@aa>—|ﬁaaa>)
|le 2‘3" g 0505>—P[4](0404055)
V}_($aaa5) Baaa) — |afaa) — aafa))

(3) For a3 configuration

f
iy

f
iz,

[31]n

Bx —

1]

2/3]4L[ala8]8) = Puy(aaBp)

4;6Qaaﬁ5)+ﬂﬁ&@ﬁ>+W5@5a>+wﬁﬂ&@>

+appa) + |aBap))

2\4\’ g 045> = Py(capp)

—telaa) = faaB) — [Baaf) + sl

+|faba) —2|66aa))

nEainon) I
;aﬂaﬁaﬁ>+¢aﬁﬁa>—|5aaﬁ>—|5a5a»
‘41123’2 5> Pu(aaBs)

Sl

(3\0404ﬁ5> + |apaf) + |BaaB) — |affa)

16

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)
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—|papa) - |Bfaa)) (2.46)

Won = [312Hal5]) = Pentacss)

_ \/11_2(2|aozﬁﬁ> — |aBaB) — |BaaB) + |aBBa)

—|Bapa) +2|faa)) (2.47)
o = [i}{303]) - e

L

ﬂ(!aﬁa@ — lafpa) — |Baap) + |Bafa)) (2.48)

2.5 Spatial wave functions

Previously we have already calculated the color, spin and flavor wave func-
tions of four-quark core and pentaquark. The remaining and important part is
spatial wave functions. In this study we make an assumption that in pentaquark
mode, four-quark core and one antiquark give the same contribution to spatial
part. To the first order approximation, we assume that the internal interaction
between quarks is harmonic oscillation. The explicit form of the spatial wave
functions are derived from non-relativistic Schrodinger equation. Consequently,
Hamiltonian can be written in term of kinetic energy and harmonic oscillation
potential :

P <
H=Y TS o) (2.49)
= 2mi i

After introducing the Jacobi coordinates,

—

= —(rn—-r
P V2 b
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71+ 75 — 2r3)

<
7

(r1 + r3 + r3 — 3r3)

=
|
al-
[\

— 1 N N N N N
£ = —2\/3(7’1—1—7“2—1—7“3—}—7’4—47’5)
écm _ T -+ T + T3 + T4 + s (250>
5
— dﬁ 1 — —
Pp = ma = ﬁ(pl —p2)
— 1 — — —
P = %(pl + p5 — 2p3)
— 1 — — — —
Dy = Vi (p1 + p2 + p3 — 3pa)
Py = 1(*+“+*+” 4ps)
Pe 2\/5 P1 T P2 1T P31 P4 D5
Pon = pi4ps+7s+pi+ 03 (2.51)

where 7; (i = 1,2,3,4) is the coordinate of the i'" quark, and 73 is the coordinate
of antiquark and assuming that five quarks have the same mass, the Hamiltonian

is rewritten as,

p2 2 2 2 2
He ol ot g ot g TOOW 2P P €] (25)

where Pgjs is the momentum at center of mass. We solve Schrodinger equation
by Hamiltonian in Eq.(2.52) using separation of variables method. Eigenstates of
the Hamiltonian take the general form in terms of the Jacobi coordinates in the

center-of-mass system,

\I[O = \I[n,\l,\m)\(A)\Ilnplpmﬂ (p)\:[[nnlnmn (n)\llnglgmg (6) (253)
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where W,y 1. (1) = Ryt (r)Yim, (7), Ru(r) = L2+ (r)e=""*. Principle quantum
number N of each state which is by-product after solving the Schrodinger equation

is defined as
N =2(nx +n, +ny +ng) + I+ 1, + 1, + e (2.54)

After that we do linear combination of different pentaquark states to construct the
building blogs of spatial wave functions in the required symmetry ; symmetric (S),
antisymmetric (A), mixed symmetry (), p,n). Therefore we write a combination
of spatial wave functions in the form of
Uiy = > A(n, 1y, gy My Uy Uy Uy le)
X1 sU Ll sl

Wostsma Ynptgm, Vg lym, Yneleme

C(lx, Ly ma,myp, Iy, M)

‘Ol le; may, g, lyg, mue)

C(Uxps lygs Mrps Mg, LM) (2.55)

Where C(l;l;,mym;, LM) is the Clebsch-Gordon coefficient which is appeared
when we couple with two wave functions that carry angular momentum quan-
tum number.

We can determine the coefficients A by applying the representation matrices
of the Sy permutation group to get the spatial wave functions with the [4], [31],
[22], [211] and [1111] symmetries. Results of the four-quark (¢*) spatial wave
functions are shown in Table 2.3 and results of the pentaquark (¢*g) spatial wave

functions are shown in Table 2.4



Table 2.3 Spatial wave functions of four-quark (¢*).

NL Symmetry

Wave function

1 f .
11 [ -
11 211 -
11 [31] WA = W10/ () Wo00 () Paoo (1)
WPBY = Wooo (A) o1 (p) Pooo (1)
DB = W00 (A) Yooo () Yoras (1)
11 29) -
20 (4] U = Z={ 100 (A) Wooo () Pooo (1) + Yoo (A) Pooo(0) Wi00(n)
+Wooo(A) 100(2) Yooo (1) }
20  [1111] -
20  [211] -
20 [31] WAB = L[ Wo1m, (A) @ Pormy (0)]2ar Pooo(p) — /2 ¥100(A) ooo (p) ooo ()

—|—\/g\11000()\)\11100 (p) Wooo (77)

0¢



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function

rBl = \/%[‘Ifoml()\) ® o1, (P)]ar Yooo (1) + 5 P00 (N [Porm (0) @ Wormy ()]s
Yl = %{‘1’100()\)‘1/000(@‘1/000(77) + \IIOOO()\)\IIIOO(IO)\IIOOO(U)

_2\11000()\ ‘;[fooo(p)‘lll()o(n)}

)
[22] WA — — S Wo10n, (A) @ Wotmy ()] ar o00(0) — /25 P100 (A) Yoo () Yooo ()

20
+1/11 Y000 (N) Y100 () Yooo (1)
U2 = Wty (A) @ Dot (0)] 4 Pooo (1) = /3 00 (V) [Porm, (9) © Corms ()]s

21 (4] _
21 [1111] _
o 211] PRI = [Wop, (A) @ Worms (1) 220 Pooo(p)

PR = (W (9) @ Worm, (1)) 22r Pooo(A)

pnl211] — (W1, (A) @ Yorm, (0)] arPooo(n)
21 31] _
21 [22] _

1¢



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function

22

4] s = %{‘Pon(A)‘Pooo(p)‘Ifooo(n) + Wo00(A)Wo2nr (2) Wooo (1)

+Wo00(A) Wooo (2) Yo2nr (1) }

22 [1111] :
22 [211 :
22 31] WA = [ F W01, (A) © Corms (] zarPooo (0) = v/ £ [Wo2nr (\) Wooo(p) Wooo (1)
+\/E\11000 A Woanr(2)Wooo(n)
WP = 2 [ Wo1m, (A) © Worm, (2)] 2 Wooo (1) + 3/ 5 Po00(N) o1y () @ Corma ()]
W = = [Woonr (A) Wooo () Wooo (1) + Wooo (A) Woanr () Wooo(n)
—2W000(A) Wooo(p) Wo2ns (1))
22 [22] WA = — 10010, (A) ® Yorm, (0)] 231 %000 (0) — /2 Po2ar (A) Paoo(p) Tooo (1)
+\/%\IIOOO()\ )Wo2nr () Wooo (1)
pel22] — \[‘I’ooo MW o1my (P) @ Worm, (M) Lar + f [Woums (N) © Wotma (p)]2ar Looo(n)
30 [4] _

CG



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function

30 [1111] U4 = (o1, (A) @ Yormy (p) @ orms (1)L

30 211] -

30 [31] -

30 [22] '

31 4] US = /5 =22 (Yo, (V) © Woama ()]0 Yoo (1) = 3[W02my (\) © Lorma ()] arLooo ()

—5‘1’000()\)[‘1’02m1 (P) @ Worm, (M) 2ar + W11ar(A) Wooo(2) Wooo (1)
—g[\I’MM(/\)‘I’mo(P)‘I’OOO(??) +V2W 000 (M) Wooo(p) W11as (1)

B \/%\11100()\)\11000([))\11011\4 (n) - \/nsTS\IJOOO()\)\IIMO(p)\DOlMW)}

31 [1111] i
31 [211] )
31 31] PABL = {\IfllM( )%000(2) Wooo () + Worar(A)¥100(p) Wooo(n)

+ o100 (AN) Wooo(p)Yi00(n) }
AR = o { W00 (A) Worar (p) Wooo (17) + Wooo(A) Wriar(p) Wooo (1)

+W000(A)Worar (p)¥i00(n) }

€¢



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function

PnBl — \[{\11100( )Wo00(P)Wora: (1) + Wooo(A) Y100(p) Yorar ()

+Wo00(A)Wooo (2)Y11as(n) }

31 [31] A2 = L[ Wo1m, (A) @ Woms (01220 P000 (1) + [Porm; (A) @ Wogm, ()] arPooo(p)
V2117 (A) Yooo () Wooo (1) }
UoBle = L Woo., (A) @ otms (0)]2as Yooo (1) + Yo00 (A) [To1m, (0) @ Yoo (7)) Las
+v2W000(A) Y1101 (p) Wooo (1) }
Wt = 2 {[Woam, (A) @ Worm, ()] 2ar P00 (P) + Wooo (M) [Corm, (0) @ Wozm, ()] Lar
+v/2W000(A) Wooo (0) W11ar (1) }
31 [22] -
32 [4] i
32 [1111] )
32 [211] -
2 3 WY = L (ot (A) @ Wy ()] 1arPooo (1) + [Totm, () @ oam, ()]s Yoon(p)}

Pl = = 51 [Yo2m, (A) @ Worms ()] 221 P00 (1) — Wo00(N) [Wo1my () @ Yoz, (1) £ar}

Ve



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry

Wave function

Pl — T3 (W02, (A) @ Wo1m, ()] 221 Po00 () + 000 (M) [Wo2m, (£) © Porms (1) £arYooo(p) }

32 22] -
33 4 TS = — /L [Porm, (A) © Wozm, ()] Yooo () — /75 [ oz, (A) @ Porm, (0)]£ar Pooo (p)
— /%5 Y000 (\) W02, (9) © Worm, (m)]2ar + <= osnr (M) Zooo () ooo ()
/2 Wooo(\) Wooo (p) Wosne (1)
33 [1111] -
33 [211] P = [T f 2 W30 (\) Paoo(0) Paoo (1) + [Po1m, (A) ® Yooy (9) @ Cormy ()]s
V2020, (A) © Lorms ()] 22 ooo () — V2000 (M) [Po2imy (9) @ Pormy ()] s
~4[Wo1m, (A) © Wozm, ()] LarYooo (p)}
W = S (Wi, (A) @ oty (9)] 31 Pooo (1) + 22 Paoo (\) Wosnr () Yooo (1)
~24/3 oty (A) @ Yo, () @ Yot ()] a1 = 4%o00 () [Worm, () @ Wam, (1) s}
W = [T {32 Woam, (A) ® Uotm, (0)] s Pooo (1) + 3/2 000 (A) Pasar () Tooo (m)}
33 [31] P = [T W1, (A) @ Wozumy (0)] 201 W00 (1) + Yoty (A) © P2y ()] LarPooo (p)

_}_%\11031\/[ (/\)\I/()o()(P)\IJOOO(n)}

Gc



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function

el — \/%{[\IJOQM (A) @ Worm, ()] ar Yooo (1) + Wooo (M) [Worm, (0) @ Wozm, (1))
+ 7= W00 (\) Wosar (p) Wooo (1) }
B = ST (o, (A) © Cotm, (1)]£arPooo (p) + Looo(N) Lo, (9) @ ormy (0)] s
+ 2= Waoo(A) Wooo (p) Wosnr (1) }
33 [31] VB = 2 { [ Wonm, (A) @ oty (M)]ar oo (0) — Yooo(N)[Tozm, () @ Coim, ()]s
+ 75 [P0ty (A) @ Wooums (1) ar Yooo(p) }
o3l \/7{ \F [Wo1my (A) @ Wormy (9) ® Worms ()] 2ar + 5 %000 (M) [Wormy () ® Yoz, ()] Lar}
gl — \/g{ﬁ\lfogM()\)\Ifooo(p)\Ifoog(n) — [Wo1m,; (A) © Yo, (0)] LarPoo0 ()
+75[Wormy (A) @ Yoty (1)] 221 Yooo () + 5 Yooo (A) [Wozm, (9) ® Wormg (m)]Las

— A Wo00(A) Wooo () Wosns (m) }

33 22] -

40 [4] o = \/%{@200()\)‘11000@)\1’000(7]) + ‘I’ooo()\)‘l’zoo(ﬂ)‘l’ooo(ﬁ)
+Wo00(A)Wooo () Ya00(n) + %([\POZml (A) @ Woom, (P)] £ar Yooo (1)

+[Wo2m; (A) ® Woamy, (1)) ar Po00(p) + Wooo (M) [Wo2m, (P) @ Woams, ()] Lar) }

9¢



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function

40

[4] WS = 2 {01000 W100(0) Wooo (1) + Wr00(A) Yoo (p) U100 (1)
+‘I’000(/\)‘1’100(P)‘1’100(7]) - %([‘I’ozml()\) ® ‘I’ozmg(P)]LM‘l’ooo(ﬁ)

+[Wo2m; (A) @ Womy, (1)) LarPo00(p) + Wooo (M) [Poz2m, (P) @ Woams, ()] Lar) }
)Wy

40 [4] = /B2 {525 W100(A) oo () 100 (1) — 355 Wooo(X) Waoo () Waoo ()
+§[‘1’02m1 (A) @ Woamy ()] 31 Yaoo (1) + 255 [Voam, (A) © Yoy (0)] s Pooo ()
+ 253 W00 (A) [P0z, () @ Pozmsy ()]t + [orm, (A) @ Wormy (m)] 2y Pooo ()
~3[Wo1my (A) @ Yorm, (M) arP100(0) = 22 [Wo1m, (A) © Wiy (p) @ Wormy (1)] 20}
40 [1111] —
40 [211] PN = [ {35000 (M) W00 (9) ooo (1) — 252 P100(A) Pono (p) P00 (1)

+Tf‘l’ooo(/\)‘1’100(;0)‘1’100(7)) - 27\/5?:[‘1’02%(/\) ® Yo2um, (P)]LM‘I’(JOO(U)
— 22 [ Woarm, (A) @ Yoy ()] 231 Co00(9) + 22 Co00(\) [P0z, () @ Yoy ()]s
—3V2[Wo1m, (A) @ Wity ()] £ar Yoo (p) + 3 5 75 [ 11my (N) Wormy ()] LarPooo ()
+2i\/§[\1101m1 (A) @ Wormy (0)] 220 V100(1) + 3v/3W200 (A) Wooo (0) Yooo (1)

H[Wo1m, (A) @ Woamy, (p) @ Worms (1)) Lar}

LC



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function

W = S {3 W1, (A) © Worm, ()] ar Pooo(n) — 3v/2%000(N) [ormy (9) ® Witgns ()]
=3[ %01my (A) © Witims (0)] 231 P00 (1) + 575 Y000 (M) [P 11, (9) © Wormy ()] 2as
~ 525 Y100(N) [Porm, (£) @ Yoy (M)]ar + 5[Pormy (A) @ Corms (p)]£ar Pi00(1)
H[ W02, (A) ® Yoty (0) @ Yormg (1) ear + 2V 2[Worm, (A) @ Yorm, (9) @ Cozmg ()]s }
gl = \/;{ 2U100(A) [o1m, (£) @ Yormy ()] ar — 5 %000 (M) [P11m, (2) @ Worm, ()] Las

+3\/§[\I’02m1()\) ® Wormy, (p) © Worms (1)) rar}

40

[31] T = L[ W11, (V) @ Potm, (1)) 221 P000(p) + [Po1m, (A) ® U1y (0)] £ar Pooo ()
F[Worm, (A) @ Worm, (1)]22rY100(p)
—=V/6%200(A) Po00 () Wooo (17) + V6000 (A) Waoo () Pooo (1)
— B0 100(A) Pooo(p) P100(1) + Y2 Va0 (A) W100(p) 100(n) }
= V2 W11, (N) @ Corm, (0)] 231 Po00 (1) + V2[Po1m, (A) © a1, ()] £ar Yooo ()
V201, (A) © Corms (0)] 200 P100(7) + P00 (N) P11, (0) © Worms ()] s
+Wo00 (M) [Worm, (P) ® Wity ()] Lar + W100(A) [Worm, () © Worms (m)]Lar}

Pl — \/%{\/5\11200()\)\11000(p)\1/000(77) + V3000 (A) Y200 () Yooo ()

8¢



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function

~2/3W000 (A) Woo0 () 200 (17) + v/3W100(A) 100 () Pooo ()
— 30 100(A) Wooo (2) 100 (1) — 52 Wo00 () W100(p) W100(n) }
40 [31] P2 = J18 £3V5.00 () T100(0) Pono (1) + 222 100(A) oo () P100(17)
— 30000 (A) W 100(p) P100(n) — %2 Wa00(A) Pooo(p) Pooo(n)
— 23 W00 (A) Wa00(2) Y000 (1) + Wotom, (M) [Po2m, (0) ® Cotm, ()]s
+ 28 [ W, (A) ® Yosm, ()] 23 P000 (1) + V211, (A) @ Pty (1) £ar Tooo (1)
— 55 Wotm; (\) ® P11y ()] 221 Yooo () }

e =[50 L AW 11, (A) ® Yorma (0)]2arP000 (1) + 2[ P01y (A) @ W11 (0)] s Yoo ()
+V2W000 (M) [W11m, (0) © Worms (1)] a1 — 5575000 (N [Po1my (0) © Wity ()]s
_%[‘I’oml (A) @ Worms, (P)]ar Yi00(n) + [Yozms (A) @ Yorm, (p) @ Worm, (1)]rar}

\/ﬁ {2 ‘1’200 )Wooo(p)Wono(n) — ?‘1’000()\)‘1’200(@‘1’000(77)
—\F‘I’ooo ) Pa00() U300(17) = 222 W100(A) 100() Yoo ()
+ L5000 (A) Wooo () Y100 (1) + 222 Wo00(A) T100(0) P10 (1)

=3 [P11m, (A) © Yorm, (M)]2ar Y000 () + 3 [Pormy (A) @ Corm, ()] £ar P 100(p)

6¢



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry

Wave function

40

[31]

PrBlls

V201, (\) @ Yoy (9) © Worms ()] a1 + 3/ 2[W02ms (A) @ Yoams ()] s Wono ()
1/ 20000 (A) [Wozimy () ® Yoy ()]s }
YA = \/%{%‘I’loo(/\)q’loo(m‘l’ooo(ﬁ) + 57*/5@100()\)\11000(@\11100(77)
— 25000 () V100 (0) P 100(7) + 2[Po2imy (A) @ Yoz, (9)] arLooo (1)
F[Wo2m, (A) @ Yoz, ()] 20 Yoo () = Yoo (A) [Yo2m, (£) @ Yoam, (1) Lar
+3?‘/5\11200()\)\I/000(p)\11000(77) f‘Ijooo(A)‘l’mo(P)‘I’ooo(n)

— 208 (W1, (A) @ U11m, (1)] s Pooo () }

= /o = 2VIB (W11, (A) © Yoty (9)] 201 Po00(m) = /22 [Porm, (A) ® o1y (9) © Yooy (m)] s

52‘\7‘110000\)[‘1’017711 (P) ® Uiy ()] 231 — 552101, (A) ® Ui, ()] £arProo(m) }
= /3 = 52 Wa00 (M) Wooo(() Wono (1) — S22 Wao0(A) W00 () Wono (1)
+ 22 W000(A) ooo () Pa00 (1) — 378 U100(A) W100(p) Wono (1)
— 15500 (A) Rooo (9) P10 (1) + 222 Wo00 (X)W 100 () U100 (1)
~V2[Wo20n, (A) @ Yooy (0)] 231 Wo00(n) + J5[Pozms (A) ® Pozm, (11)] 231 oo (p)

+ 5 000 (M) [P0z, (9) @ Pozms ()] 2ar = 52 W11m, (A) @ Yorm, ()] 2arPooo(p)

0¢



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function

+%[\I}01m1()\) ® Yorm, ()] LarYi0o(p) + \/7 (Wo1m, (A) @ Yoam, (P) @ Worms (1)]Lar}

40

40

[22] W2 = [ 3 000(A) Wono () Wooo (1) — /3 Poo0(A) Paoo (p) Wooo ()
+ 325 W100(A) Wooo () 00 (1) — 555 Yooo(A) W100(p) W 100 (1)
F[Wo1m, (A) ® Worm, (M)]as Y100(p) + [11m, (A) © Yormy (m)] 2ar Yooo (p)
F[Wo1m, (A) @ Wi1my (1)]22rYo00(p) }
W2 =\ [2 L 10, () © Yot ()] ar o0 (1) — 501, (A) © Wrainy ()] ar Yoo ()
~ 75 [P0ty (A) @ Cormy (0)]£ar P100(17) + Pooo () [L11my (p) © Wormy ()] s
+Wo00 (M) [Worm, () @ Wity (0)]zar + W100(A) [Worm, () ® Wormy, (1)]Lar}
[22] A2 = \/%{%ﬁ‘%oo()\)‘yooo(m‘yooo(n) + 230100 (A) U100 () ooo (1)
— 283100 (A) Wooo () U100(n) + 222 Wa00 (A) P100(p) Y100 (1)
— 175000 (A) Wag0(p) Tooo (1) + %[%ml (A) @ Woams, (P)]zar Yooo (1)
V2P 11, (N) @ Yorms ()] 221 %000 (p) + 575 [Porms (A) @ Vi1im ()] 221 Yoo (p)
+[Worm, (A) @ Wozm, (p) @ Yo, (m)]ark

@ { =3[9 11m, (A) @ Yormy, (£)] 221 000 (1) = [Porm, (A) @ Wimy (0)] Lar Pooo ()

1€



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function

40

V20000 [P 1100, () © Corms (]2t + 575 Y0000 [Totms () © Wrms (0)] s
—2[Wo1m; (A) @ Wormy (0)] 01 P100(1) + [Po2m, (A) @ Cormy (0) @ Worms ()] ar}
2 gA22s — \/%{_%f\lfgoo()\)\llooo(p)‘l’ooo(ﬁ) — 2P W100(A) W100(p) Wooo()
252 W00 (A) ano () Paoo(n) + 25> W100(A) Wooo () Y100 (1)
— 350000 (A) 100(0) P 100 (1) — [z, (\) @ Yoamy (9)] 231 Yoo (1)
+[Wo2my (A) @ Yo, ()] 2ar Y000 (2) — Wo00(A)[Pozim, (p) @ Yoo, ()]
VB[P0t (A) ® 100 ()] s Yoo ()}
Wo — [V IB [P 11, (A) @ Worma ()]s Wo0o(n) — v/ Lo00(N) [Wormy (0) © Wiy ()]s

— 2 [Wg1m, (A) @ Yoty (p)] s Pr00(1) — \/;[‘1’017711()\) @ Worms () @ Wooms ()]s }

41

[4] -

41

[1111] -

41

[211] PN = S 1, (A) @ Doty ()] s Yooo(p) + [Porm, (A) @ Worm, (1)]2arProo(p)
F[Worm, (A) @ Wi1my (1)]22rYooo(p) }

W) = L0100 (M) [Zo1m, (9) @ Wotms ()]s + Pooo(N) [Cotm, () @ Wi, (1)] s

e



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function
+Wo0o (M) [Wa1m, () @ Wormy, (m)]rar}
W = S0, (A) © Worms (0)] 2ar P00 (1) — [Wotm, (A) @ W1na ()] s Yooo (1)
~[Worm, (A) @ Worm, (p)]ar P100(17) }
41 31] "
41 [22] A
42 [4] U5 = 2{ W10 (A) Pooo (£) Pooo (1) + Pooo(A) W12as () Yooo (1)
+Wooo (A) Wooo (0) Wi2as (1) + Woz2ns (A) W00 () ooo (1)
+W100(A) Wozar (£) Yoo (1) + Wozus(A) Yoo (p) W100(1)
+Wooo (A)Woznr (£) W100(1) + W100(A) Wooo (p) Wozar (1)
+Wooo(A) Wi00(p) Wozns (1)}
42 [4] W52 = [T L=/ E 0201 (M) W100(p) Wooo (1) — /& P 100(\) Yo () Yooo ()

\/>\1102M ‘1’000( )‘11100(77 —\/g\l’ooo()\)‘llon(P)\Ifloo(n)
Q‘Ifloo()\)\l’mM( )‘11000(77 - \/g‘pooo()\)qfloo(p)q’mM(n)

+[Wo2m, (A) @ Woams, (0)] Lar Yoo (1) + [Pozems (A) @ Wozm, (1) 23 Yooo (p)

€€



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function
+ 000 (A) [Wo2m, (£) © Yoz, (M)}
42 1111 -
2 211 .
42 [31] WA = /2 {20101 (A) Pao0 (0) Pooo (1) + 1/ 2 Wo00 (A) P12 () Yoo ()

—\/g‘l’on (M) W100(p) Wooo(n) + \/%‘1’100()\)‘1’021\4@)‘1’000(77)
—\/§W02M(>\)‘P000(P)‘1’100(77) + \/%‘I’OOO(A)‘I’on(P)‘Pmo(n)
F[W01m, (A) @ Wiimy (1)1 a1 Yooo () + [Yorm, (A) © Wormy, (m)]2arYi00(p)}
UPBY = L2111, (A) @ Worm, (0)]2as Yoo (1) + V2[Worm, (A) @ Uity (0)]20s Yo0o(n)
V201, (V) @ Yoty (0)] 241 Y100 (1) + P00 (N) [11my (0) © Yormy (1)] s
F U000 (M) [Worm; () @ W1tmy, ()] 2ar + P100(A) [Porm, (0) @ Yorm, (1)]zar}
AL @{\/%\PHM(M\POO()(,O)\POO()W) + \/%‘I’OOO(A)‘PHM(P)‘I’OOO(U)
— /5 W00 (\) W00 (9) U12r (1) + /5 oznr (\) 100 (p) Wono (1)
1/ 20100 (N) Wozns () Pooo (1) + /5 Poanr () Toon(2) Proo ()

‘H/%‘Pooo (M) Wo2ns(p) Wr00(n) — \/%‘1’100()\)\1’000@)‘1’021\4(77)

28



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry

Wave function

_ \/E\IIOOO()\)\IHQQ (p) Woons (77)}

42 22] WA = [0 1500 (M) Wono (0) Pooo (1) — 52 Yoo (A) W12 () Looo ()
+ 532 W02 (M) W100(9) Wooo (1) — 55% W100(A) Woas () Pooo (1)
+ 325 W02 (A) Wono (9) W00 (1) — 555 Yoo0 (A) Poanr (p) P100(17)
H[W11m; (A) © orm, (1) ar Yooo (1) + [Yorm: (A) @ Waim, ()] 2ar Yoo ()
+H[Wo1m, (A) ® Youm, ()] arY100(p) }
= =25 (W11, (3) @ Porns ()] 101 Po00(m) — F5[ W01y (V) ® U1y (9)] .31 Pooo (1)
= 5[%o1m, (A) @ Yormy (P)] a1 ¥100(n) + Looo (A) [¥11m, (p) ® Worm, (m)]Las
+000(M) [Pormy (9) @ Wiy (1) 2as + Y100(N) [To1my (0) @ Worms ()]0}
43 [4] -
43 [1111] -
43 211 -
3 31 _

qe



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function
43 22] -
44 [4] P = \/55{‘1104M()\)‘I’000(P)‘I’000(77) + Wooo(A) Woans (£) Wooo (1)

+Woo0(A) Wooo () Wouns (17) + \/> [Wo2im, (A) @ Wozm, (0)] .01 Yoo (1)
+\/E [Wo2m, (A) @ Yoz, ()] 2as Yoo (p) + \/7111000 W02y (P) @ Woams, (M)]Lar }
= V2 {2 W, (A) @ Wonmy (M]zar Voo (9) + 32 Po0o(N) [ Poom, () @ Porm, ()] v
ﬁqjooo()\)‘ljooo(P)‘I’MM(T}) + [Wo3m, (A) @ Worm, ()] L2 Pooo (p)

—\/7[‘1/01m1 (A) @ Yo, (p) @ Worms ()]}

44

[1111] R

44

[211] AR = \/%{ﬁ\l’ww()‘)‘l’ooo(P)‘Ifooo(n) & %[\I’O?mn()‘) @ Worm, ()] 23 Yooo (p)
—\%[‘I’oml()\) ® WYosms (M]3 Yooo(p) — 2[ [Wo2m, (A) @ Yoom, (0)] LarYooo(n)
—2\/§[\I/02m1 ()\) X \Ifong( )] M\IJOOO + 2\/7\11000 qj02m1 ) ® \Ij02m2 (n)]LM
FW01ms (A) @ Yoam, (P) @ Vorm, (1)) Lar}
W = ST 2 [ W, (A) @ Yoty (0)] s Yoo (1) — 34/ 201, (A) © Cozms ()] LarPooo ()

+ 7 Y000 (M) [Wo3my (p) © Worms, (1) ar — W‘IIOOO(A)[‘I’MW (P) @ Wozm, (1)) Las

9¢



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function

+[W020m, (A) @ Wormy (0) © Yorms ()] 2ar + 2V2[Pormy (X) @ Yormy () @ Wozms ()] s }

Qi = { 3[‘%00 W03, () @ Yormy ()]s + 3V 2[Po2my (A) @ o1y (0) @ Worms (1) 2ar}
44 [31] A — [0 {— W00 (A) Wourr (p)Wooo(n) + %[\POE}T)’H(}\) ® Worm, (M) 23 Yooo(p)

— 2 [Worm, <A> ® ‘I’osmz(n)]LM‘Ifooo(P) + 24/ 2 (W02, (A) © Yooy (9)] a1 Pooo ()
F[Worm, (A) @ Yoz, (p) @ Yorms (m)]Lar}
W — T [2 [Wogm, () @ Yot ()] ar Pooo (1) + 34/ [Po1m, (A) @ Yosms (9)]£ar Pooo ()
+7P000(A) [Wo3my (£) © Worms ()] ar — 2 Wo00 (M) [Porm, (p) @ Pozm, (0)]as
+[Wo2m, (A) @ Yorm, (p) @ Yorm, (m)]Lar}
= /228 {— 4 W00 (A) W00 (9) Woans () = /2 [ Woam, (A) @ Yo, (1)) s Pooo (p)
+J§ [Wom, (A) @ Yom, ()] 11 Pooo (9) + 1/ 2Wo00 () [Wozmy (9) @ Porm, ()]s
V21, (A) © Wozm, () @ Worms (0)]ar}
44 [31] AP = \/%{g\/%‘1’04M(/\)‘1’000(P)‘1’000(77) —21/71 %000 (N) Wounr (p) ooo (1)
—5\/§ [Wo1m; (A) @ Yoz, ()] LarYooo () + 2[Vo2m, (A) @ Wozam, ()] Lar Yoo (1)

+[Wo2m,; (A) © Woams, (1)) ar Y000 (P) — Yooo (M) [Wo2m, (P) © Woams, ()] Lar}

LE



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function

= VA2 W01y (V) © P01y (9) @ Pony ()] 2ar — 54/ 2 Pooo (D) [Porm, (9) © Yo, (0)] s
—8/ 2 [Wasin, (A) ® Cormy ()] LarPovo(n) }
otz = \/%{—\/5\11041\4(/\)\1/000(,0)\1/000(77) - \/g‘l’ooo(/\)‘l’()ziM(P)‘I’ooo(??)
+24/2Wo00(A) Wa00(9) Wour1 () — V2[Wo2ms (\) @ Yonum, (9)] 201 Yoo (m)
+ 35 [Wozm, (A) ® Yoz, (1)] 221 Y000 (p) + 75 Vo000 () [Wozm, () © Pozm, (1) Las

—\/g[‘l’osml (A) @ Worm, ()] £ar Pooo(p) + \F [Wo1m, (A) ® Yoz, (P) @ Worms (1)L}

44

44

[22] YA = \/%{ [Wo2m; (A) @ Yozum, (M) 221 %000 (P) — Y000 (M) [Wo2m, (£) @ Yoz, ()] Lm
~[Po2ins (A) © Tooms (p)]ar Yoo () = 54/ 7y Pounr (\) Tooo (p) Yoo )
~24/ 2 [Worm, (V) ® Logms ()] 31 Yoo (0) = /£ Zo0o(X) Yours (0) Yoo (1)}
= /A2 ot (N) @ Cotm, () @ Yoy ()] 201 = 24/ W00 (A) [Zorm, (9) @ Yoy (0)]11s
+43/ B [Wog0n, (A) © Co1m, ()] £arPono (n) }
22] PN = I W (A) © Uotm, (1)) 2 Yoo (9) + [Potm, (A) © Yonm, (p) © Worm, (0)] s
+ 21/ [o2m, (N) @ Cozims (0)]£arPooo () + 1/ EW0ur (A) Tooo(0) Tono (1)

o [Worm (A) @ Cosin, ()] 2ar Yooo(n) + 3 755 Pooo (A) Woant (0) Pooo(n) }

8¢



Table 2.3 Spatial wave functions of four-quark (¢*) (Continued).

NL Symmetry Wave function

W22 = [T (W, (A) @ Yoty () @ Loty (0)] s + V000 M) [Pz, (p) @ Worm, (0)] s
+77 Y000 (A [Worm, (0) @ Yosma (0)]ear — 5 [Yorm (A) © Yosms (p)] £ar Yoo (1)

_\/%[\11037”1 ()\) @ Yo1m, (p)]LM\I/OOO(n)}

6€



Table 2.4 Spatial wave functions of pentaquark (¢*q).

NL Symmetry

Wave function

11 [4] WS = W00 (A) Pooo () Pooo (17) Porn (€)
11 [ -
1 21 -
11 [31] WABY = W, 5 (A) Wooo () Wooo (17) Yoo (€)

WP = W00 (A) Corr () Yooo (17) Pooo (€)

W = W (A) Wooo () Wornr (17) Pooo (€)
11 22] /
20 (4] WS = Wogo(A) Wooo () Wooo (1) P100(§)

U2 = == {W100(A) Yoo () Pooo (1) Pooo (&) + Pooo(A) W100(2) Wooo (17) Pooo (€)
+Wo00(A) Wooo (£) Y100(17) Yooo (£) }

20 [1111] —
20  [211] —
20 [31] T =\ /20100(X) Taoo(0) Paoo (1) oo (€) — Pooo (A) P100(p) ooo () Yooo(€)

0¥



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry

Wave function

20

[31]

—\/g[‘lfmml (A) @ Worms, (1)) £arPooo (§) }
WAB = {2 W01, (A) @ Yorm, ()] LarPooo (1) Wooo (€)
— /2 %000(N) [ty (9) @ orma (0)] s Pooo(€)}
WL = o { =5 W100(A) Wooo () Wooo (17) W0 (€) — 75 %00 (A) Wi00(2) Pooo (1) Wooo (€)
V2% 000 (A) W00 (£) 100 (1) Pooo (€) }
WABI2 = (W1, (A) @ Worms (€)] 200 Pooo () Yooo(n)

(A

( ( (
WPz = [Wor (0) @ Worm, (€)]2arPo0o(A) Wooo(n)

(n (A) ool

20

[22]

)
W2 = W10 (1) @ Worms, (€)]£ar Yoo (M) Wooo (p)
VA = S o, (V) © Yorsn, (1)] 2ar Pooo (0) oo (€) — 5/5 000 () 100(0) oo (1) Wooo (€)
+l\/3\11100 )Waoo () Wooo (1) Yooo(€) }
W = 2 LW, () @ Uotmy (p)] ar Pooo () Pooo(€)

+W000 (M) [Yo1m, (P) @ Yorm, (1) 2ar Wooo(§) }

21

17



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry

Wave function

21  [1111] -
21 [211] T = [ W1 (A) @ Worm, (1)) 2ar Wooo (£) Pooo (€)
WA = — W00 (A) [Wotm, (0) @ oy ()] arYooo(€)
U2 = [ W10 (A) © o, (0)] 225000 (17) Pooo (€)
01 31] TABY = (W, (A) @ Yoty ()] r.arPooo (p) Yooo (1)
UPBY = W00(A) [Po1m, (0) @ Corm, (€)]ar Yoo (1)
DY = W00 (N) Wooo (0) [Potm, (1) @ Corm, ()]s
21 [22] A
9 ] WS = 100000 (A) 000 () oo (1) Woznr (€) + oo () Wooo () Woznr (17) oo (€)
+W000(A) Poznr () Pooo (1) Wooo (€) + Poars (A) Yoo () Pooo(17) Pooo () }
22 [1111] -
22 [211] -
09 31] pABI — \/g{%m( M W000(2) To00(1) P00 (€) — Pooo(N) Wazs (£)Pooo (1) oo (€)

— /310100 () @ oty ()] 201 Woo0 (0) W00 (€) + [Worm, (A) @ Wornms (€)]arPooo( ) Wooo ()}

41



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry

Wave function

% [Worm, (A) @ Po1m, ()] 221 Yooo (1) Yooo (€)

[Worm, (£) @ Worm, (1)]Lar Yoo (§)

Wo00 (1) [Worm, (£) © Worm, (§)]ar}

WP = 3 {— 75 Y020 (A) ooo () Cooo(17) Pooo (§) — 75 Pooo (A) Yo2nr(p) Yooo () Pono (&)
)

Wo00(&) + Y000 (A) Y000 (2) [Yorm, (1) @ Yorm, (§)]Lar}

*6
]
o
o
>~
S~— —

22 [22] W2 = L W () Wooo (0) Paoo (1) Pooo (&) — 575 Pono (\) Toanr (0) Yoo () ono (€)
F[Worm, (A) ® Wormy (1)] LarYooo (p) Wooo (§) }
w2 = 2 5[ Worm: (A) ® Counn, ()] a1 Pooo (1) Yooo (€)
+ W00 (M) [Porm, () @ Wormy ()]0 Yooo(§) }
30 f -
30 [1111] U = (Yo, (A) @ Yoty (0) @ Worms ()] 2ar Pooo (€)
30 [211] T = (W1, (A) @ Yoty (1) @ Worms (€)]rarPooo(p)

\I}p[le] — \11000()\)[\1/017711 (p) (024 \Ijolmg (77) X qj01m3 (f)]LM

197



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

Y = — W1, () @ Yoty (p) @ Wotms (€)]Lar Yooo(n)

30

[31] -

30

22] -

31

[4] Ut = = {Wi00(A) Wooo () Wooo (1) Poras () + Pooo () P100(p) Yoo (1) Yorn (€)
+Wooo (A) Waoo (2) Y100 (17) Worar (€)
W2 = Wogo(A) Pooo(p) Pooo (17) Wi1ae (§) }
U5 = T { [ Woam, (A) © orm, (§)]2ar Pooo(2) Pooo (1) + oo (A) Paoo (1) [Pozm, (£) © Yorm, (§)]m
+Wo00(A) Wooo (£) [Yo2m, (1) @ Worm, (§)]rar}
USt = \/%{%\11100(/\)\11000(,0)\1/01M(77>\11000(§) — 201101 (A) Yoo () Pooo (1) Pooo ()
+Wo1r(A) W100(£) Wooo (17) Yooo () + 75 Yoo (A) Y100 (p) Worar (17) Yoo (€)
+22[Wo1m, (A) @ Yoy (0)]2ar 000 (1) Po00(€) + 2 [0z, (A) @ Pormy (1) £ar Pooo(p) Wooo (€)

+2Wo00(A)[Wo2m, (9) ® Yoty (1)]2arWo00(§) — 22 Waoo (M) Wooo () W11ar(n) Wooo(€) }

&l

31

[1111] -

v



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function
31 [211] -
31 [31] WA = W10 (A) Wooo(p) Wooo () W00 (€)

LB = W00 (N) Porar (p) Wooo (1) P100(€)
T = To9(X) Pooo(p) Corar (1) Pi00(€)
31 [31] WABY — (W1, (A) @ Wom, (€)]2arYooo (£) Pooo (1)
WP = 00 (X) Pooo (1) [Torm, () © Pozm, (§)] L
W12 = W00 (N) Pooo(p) [orm (1) © Cozm, ()] Lar
31 31] WA = - {T1as (M) Wooo(p) Pooo (1) Pooo (€) + Worar (A) P100() Wooo () Pooo (€)
+Worar(A) Wooo(p) ¥ 100(7) Wooo (&) }
WP = T f W00 (M) Wiias () Wooo () Wooo(€) + Yoo (A) Worar (0) Wooo (1) Waoo (€)
+Wooo(A) Wornr (p) P100(1) Yooo (§) }
Wt = {000 (A) Pooo(£) C11ar (1) Yoo (€) + P100(A) Pooo(p) orar (1) Pooo(€)
+Wooo(A) Wi00(p) Worar (1) Wooo (§) }

31 [31] PABLs = %{_\/§\IJ01M()\)\IJ100(p>\IJ000(77)\Ij000(§) - \/5\1101M()\)‘11000(0)‘1/100(77)‘1’000(5)

¥




Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry

Wave function

H[Wo1m,; (A) @ Wooms, (£)] 01 Wooo (1) Yooo (€
el = L { V20100 (M) Worn1 (p) Wooo (1

F[Wo2m, (A) @ Yorm, (0)] £ar Yooo (17) Wooo (€

gl

)+ [Worm, (A) @ Wozmy (1)] 2arYooo () Wooo(§) }
( )Wa00(€) — v/2Wa00 () Worar () Wr00(17) Pooo (€)
) )+ Wo0o(A) [Worm, (£) @ Wozmy (1)]Lar Pooo(§) }
)
)

(
Ua 1{ \/_‘1’100()\)‘11000( )‘IfolM(ﬁ ‘1’000( ) \/_‘11000( )\1’100(P)\1’01M(7])\I’000(f)

+[Yo2m,; (A) @ Worms, (1)) £ar Y000 (£) Yooo () + Yooo (M) [Wo2m, (£) @ Worms (1)) LarPooo(§) }

31 [22] 1
32 [4] U = Aoz, (A) @ Yoz, (0) @ Wormy (§)] 222 Po00(1) + Yoo (A) Wooo (1) [Wozrms (0) ® Worm, ()] 2as
+%000(A) Wooo () [Wozmy (1) © Worm, (§)]ear}

32 [1111] -

32 [211] -

32 [31] WA = 2o { = [Po1m, (A) ® Pozmy ()] 21 Po00 (1) Pooo(€) — [Porm, (A) @ Pozmy ()]s Pooo(p) Pooo (€) }
WP = T {[W02m, (A) @ Pormy (p)] ar Pooo (1) Pooo (€) = ooo (M) [Porm (£) @ Yoz, (1)] 221 Pooo () }
W = o {[Woam, (A) © Porm, ()] 231 Po0o () Pooo (€) + Pooo (A) Yoz, () @ Wormy ()] Lar Pooo(€) }

32 [31] WAB2 = (W, (A) © Yo, ()] 1 Pooo(£) Pooo (1)

9



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

WPBL2 = W0 (A) W00 (1) [Wormy (0) ® Yoam, (€)] L

Bl — \IJOOO()\)\I’OOO(,O) [‘I’mml(n) ® Woom, (f)]LM

32 22] =
33 4] WS = Wo0 (M) Wooo () Pooo (1) Wosns (€)
U2 = Z={Wo00(p) Yooo (1) [Po2rm, () @ Yorimg (€)]Lar + Pooo(A) Yooo (1) [Lo2imy (£) @ Wormy (§)]Lae
+Wo0o(A) Wooo (£)[Po2my (1) © Wormy (€))L }
U = \/> {= 7% Poane (N) Wooo (2) Wooo (1) Wooo (€) + [Yorm, (A) © Yoz, (9)] 201 Pooo (1) Yooo (€)
+75 [Wozm, (A) ® Yormy (1)] 221 Y000 (p) oo (§) + 75 a00 (A) [Wo2rm, (p) @ Porm, (m)]ar oo (€)
— /2 Wo00 () Woon () oanr (1) Wono (€) }
33 [1111] =
33 [211] P = [T {2 W30 (\) Yoo (0) Pooo (1) P00 (€) + [Potmy (A) @ Pozmm, (9)] s Yoo (1) Pooo (6)

+V/2[W02m, (A) @ Worm, (1)] a1 Y000 (2) 000 (€) = V2000 (A) [P o2m, (9) @ Wormy (1)]2as Yooo (€)
—4[W o1, (A) @ Yoz, (1)] 231 Yooo (P) Pooo (€) }

Pl = \/52?{ (W02, (A) @ Woim, (0)]LarWooo () Wooo (§) + %‘1’000()\)\1’03M(,0)‘11000(77)\1’000(5)

Ly



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry

Wave function

—2[@000 MW 01m: (P) @ Vorms (1) @ Yorm, ()] 2ar — 4%000(A)[Wo1m, (£) @ Wo2m, (7)) 2arYooo(€)
gl2] — \/%{—3\/§[q}02m1<)\) ®@ Yo1m, ()] Lar¥ooo (1) Wooo (§)

+3\/g‘l’ooo()\)‘1’03M(P)‘I’000(77)‘I’000(§)}

33

33

33

[31]

AR = Wogo () Pooo (1) [Pormy (A) @ T, (€)] Lar
WP = Wooo(A) Wooo (1) [Woim, (0) @ Yozms, (€)]m
DB = W00 (X) Wouo (0)[Porm, (17) @ Poom, ()] Lar
[31)2 — \/g{ [Wo1my (A) @ Yozm, ()] 231 Wo00 (1) W000(§) + [Worm, (A) @ Woams, (1)) Lar Yooo () Yoo (€)
+-3 Woanr (A) Wooo (0) Wooo (1) Wooo (€) }
yrBlls — \/%{[\pogml()\) ® Worm, ()] ar Y000 (1) Wooo (§) + Wooo () [Worm, (P) @ Woams, (1)) LarYooo(§)
+ 3= W00 (A) Wosnr () Wooo (11) Pooo () }
Wz = [T (Wi, (A) © Worm, (1)) 2ar Pooo () Yoo (€) + Pooo (A) Loz, (9) © Worms (1)) 2ar oo €)
+-3-Wooo(A) Pooo () Posns (1) Wooo (€) }
PABUs — \/%{—‘I’ooo( ) Wo00 (1) [Wozm, (A) @ Worm, (§)]2ar + Yooo (A) Wooo (1) [Pozim () © Yorm, ()] m

+\/7‘I’000 V¥ 01ms (A) @ Wormy (1) @ Worms (§)] s}
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

grBlls = L {\/7\11000 ¥ 01m1 (A) @ Worm, (0) @ Yorms (§)]m
+\[‘1’000 MW 01m, (A) @ Worm, (1) @ Worm, (§)]oar}
[3ls = \/g{%@‘l’ooo(P 1%000(17) [Po2imy (A) @ Worm, (€)]Lar + %\DOOO(A)\IJOOO(n)[\IJOle (p) @ Vorm, (§)lLm

— 25 W000(\) Y000 () [Po2m, (1) © Yorm, ()] zar}

33 [31] AL — \/%{—‘1’000(0) [Wozim, (A) @ Worm, (M) 201 Y000 (€) + Pooo (M) [Pozm, () @ Worms (m)]zar Yooo (§)

— 75 Y000 (2) [Worm; (A) ® Yoz, ()] ar Yooo(§) }

Bl = \/%{\/Ej[qfoml()\) @ Woims (p) ® Worms (1)) ar Yooo(§)
~ 75 %000 (M) [Zo2m, (£) © Worms ()] 2as Yooo () }
gl = \/ézll{—%\IfogM()\)\11000(,0)\1/000(77)\1/000(f) + [Worm, (A) @ Yo, (£)] s Pooo (1) Yooo (§)
~ 75 %000 (P) [P0z, (N) @ Corms (1)] L2 000 (€) = 5 P000(A) [Wo2my (£) © Porms (1)) arPooo (§)
+ 73 Yoo (A) Wooo (9) Wosar (17) Pooo (€) }

33 22] WA = S84 3 W00 () W00 (1) Yoz, (A) © Pormy (€)] 2

—\/%‘11000 )Wo000 (1) [Wo2m, (P) @ Yorm, (§)]ar

+W000(£) [Yormy (A) @ Wormy (1) @ orms (€)]zar}
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry

Wave function

e = \[{ \/7\11000 V¥ 01m1 (A) @ Worm, (0) @ Yorms (§)]m

+W000 (M) [Wo1m, (P) @ Yorm, (1) @ Yorms (§)]ar}

40

40

40

40

40

PS = \/g{\llooo(p)\lfooo(n)[\lfmml (A) @ Wozm, (€)]Lar + Wooo (A) Wooo (1) [Wozm, (£) © Yo, (€)]a
+Wo00(A) Wooo () [Wo2m, (1) @ Yoz, ()]s }
yS2 = \/%{[\Ifozml()\) ® Wozm, ()] 241 Y000(2) Y000 (€) + Yoo (M) [Wo2im, (9) @ Yoz, (1)) 2ar Yooo(§)
H[W02m; (A) @ o2, (0)] 201 P00 (1) P00 (€) = V5P 100(N) Pooo () ¥100(17) Wooo (€)
—V/5%000(A) P 100 () W100(7) Woo0 () — V5 100(A) P 100(2) Wooo (1) Wooo (€) }
W = Wooo(A) Pooo (2) Pooo (17) P00 (€)

S = \/%{—%‘I’ooo(ﬂ)‘l’ooo(ﬁ)[‘yllml (A) @ Wormy (§)]rar + Y100(2) Pooo (1) [Yorm, (A) @ Worm, ()] as
+ 222 W00 (1) [Lotm: (A) © o2my (9) @ Potmg ()] zar + 25 P100(N) Ya0o () [Potms (7) @ Yotom, (€)]us
+2 000 (0)[Wo2my (A) @ Wormy (1) © Worms (§)]2ar + 75 P000(A) 100 (0) [Wo1my (1) © Wormy ()] Las
+2W000(A) [P0z, (0) ® Worimg (1) @ Pormy (€)zar — 222 W000(A) Po00(p) (W11, (1) @ Worm, (€)]Lar}
UAE \/@{—g[q’nml(A) ® Worm, ()] 2ar Y000 (£) Y000 (€) + [Worms (A) @ Worm, ()] 201 Y100(2) Yo00(§)

(A)¥ooo(p)

+2f[‘1101m1()\) ® Woams, (P) @ Worms (1)]arYooo(§) — 15 \/7‘1’100 M) Wooo(0)W100(17) Pooo(§)

0¢



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

— /2 W000() 100 (9) 100 (1) Pooo (€) + 55/3 Pooo(A) Pooo(0) P200(7) Yoo (€)

— Y5 W100(A) T100(0) Yoo (1) Wooo(€) + 5/ 2[ P02, () @ Uaum, (9)] s Pooo (1) Yoo ()}
40 [4] WS = \/1{W100(A) Wono () Wouo (1) 100 (&) + Pooo(A) P100(p) Pooo (1) W 100 (6)
+Wooo(A) Waoo (2) W100(17) P100(&) }
40 [4] TS = \/1{W300(A) Wono () oo (1) Pooo () + Looo(A) P20 (p) Tooo (1) ooo (€)
+Wooo (A) Wooo (2) W200(17) Wooo (§) W100(A) Wooo (2) W100(17) Yoo (§)
+Wooo(A) W100(2) W100(17) Pooo(§) + W100(A) W100(2) Yooo (17) Pooo (&) }

40 [1111] A
40 211] YA = \/%{—¥W200()\)‘1’000(0)‘11000(77)‘1’000(5) + 25000 (A) U100 (1) Wooo (1) Yoo (€)

+[Woamm, (\) @ Yooms ()]s Pooo (1) Po00(€) = 51/ [Wrtm, (A) @ Yoty (1)] s Pooo (0) Pooo(€)
—5\[[‘11017711()\) ® Woams (0) @ Wormy ()] Lar Yoo (€) + 25 W100(A) Pooo () ¥ 100 (1) Wooo (€)
W‘I’ooo()\)‘l’loo(P)‘I’loO(ﬁ)‘I’ooo(f) + [Wozm, (A) @ Wozm, (1)] 22 Y000 (£) Pooo(€)
~Wo00(A) [P0z, (0) © Corms ()] 131 Y00 () + /%2 [Po1m, () @ it (1)] s Poon () Yoo (€)

—1\/7[‘11017711()‘) Q@ Worm, (1)] L Y100(2) Yooo (€) }
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry

Wave function

W = \/g{—i (W11, (A) @ Yorm, (0)] a1 Wooo (1) ooo (€)

F3VI G () @ Wi, (0)] ar Y000 (1) Pooo (€)

_%\/g[\IIOZTru ()\) ® \11017712 (p) ® \11017713 (77) LM\DOOO \/7\11000 \I]Hml ® lIJOlmQ (n)]LM\POOO(g)
—ﬁ\ﬁ [Wo1m, (A) @ Worm, (0)]Lar W100(17) Pooo(§) — \/i[\Iloln’H()\) ® Yorm, (p) @ Wozmg (1)) ar Wooo (§)
/5 Poo0 ) [Forma (0) @ W1 ()] 201 Po00 (&) = §1/3 ¥100(N) Wty () © Poroms ()]s Pooo(€)}

gi21] \/%{_¥\1;100(A)[%1m1(p) @ Wo1m, ()] 201 Pooo (€)
—\/E [Wo2imy (A) @ Wormy, (9) @ Worms ()] Lar Yooo (§)

—{—3\/7 \IIOOO()‘ [\Ijllml (p) ® ‘1101m2 (T})]LM\IIOOO (5)}

40

40

[31]

[31]

)
BT = W00 (p) Wooo (1) [ Loty (A) @ Cim, ()]s
WPBE = Wo00(A)Wo00 (1) [Yo1m, () @ Wiim, (€)]oar
W = Wogo (A) P00 () [¥o1m, (1) @ Wity (€)]a
W = (= Wo00(0) Pooo (1) [Wozrn, (A) © Yoy (€)] ar + Yoo (N) Wooo () [Wozs () @ Woy(€)] s
+\f\1,000 ) Wo1my (A) @ Wo1my (1) @ Wozns (€)] £ar }

Bl — \[\11000 M ¥01m; (A) @ Wormy (0) @ Woom, (§)] L

¢S



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL

Symmetry

Wave function

40

40

[31]

/2000 (N [ P01y () © Yoty () © Yoy (€)] s
gl — \/2{%%00( ) %000 (1) [Wo2m; (A) @ Wo2ms, (€)]ar + Pooo(A) oo (1) [Wo2m, (9) @ Yoam, (§)]Las
~V/2W000 (A) Co00(0) [Co2imy (17) © Yoo, (€)]ar}

WABLs — \/631{—[‘1’021111()\) ® Wo2ms, (1)) 2ar Y000 (2) Wooo (§) + Yooo (A)[Yo2m, (£) @ Wo2ms (1)]Lar Pooo(§)
/2 [%01m, (A) ® Yooms, (0) ® Yormy ()] £arP000(€) = /2 [Wotmy (A) @ Porm, (0)]£ar P100(p) Pooo (€)
+V/5W100(A) Wooo (2) P100(7) W00 (€) = vB000(X) P100(2) ¥ 100(17) Wooo (€) }
ot = {2 [ Woum (A) © Yotrna () © Tozmy ()] ar Yoool€)
+\/§ [Wo2m, (A) ® Yorm, (P) ® Yo (1)) L1 Yooo(€)

— /2 100(A) [Zo1m; (0) © Worms ()] W00 (€) = /3 W0ty (\) @ Yorm, ()] ar Proo(p) Yoo (€)}
Pl = \F {= 75 000(P) [Po2rm, (A) © Wooms (1)) arPooo (§)

— 75 %000(N) [0z, () @ P02y (1)] 221 Yooo (€)

/3100 (A) Yao0 () 100 (1) Paoo(€) + /3 ¥o00(A) Wr00(p) U100 (1) oo (€)
~ V10 100(A) 100 () Yoo (1) Yoo (€) = V2[Pozins (A) @ Yozim, ()] s Pooo () Pooo (€) }

PABL — \/%{57\/5\1’100(/\)‘1’100(0)‘1’000(77)‘1’000(5) + [Wo2m, (A) @ Wo2m, (£)] 231 Y00 (1) Wooo (€)

€q



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

/B (ot (N) © Pozing (0) © Yo ()] 231 Po00(€) — 31/ 2 Po00(9) [Tormy (A) © i1y (m)] 23s Yoo €)
+%\/§‘1’100(P) [Totmy (A) @ Cormy ()] 200 Po0o(€) + 2L W100(A) Yooo(p) 100 (17) Tooo (€)
— 22 W000(A) P100 () U100 (1) Yoo () + 24> Wano (A) Wooo(0) Wooo (1) Wooo (€)
— 25 W00 (A) Wa00 () Wooo () ooo(£) }
Pl = \/%{l\/3 [Wo2my (A) @ Worm, (9) @ Wormg ()] 22 Pooo(§)

\/7 Y000 (A)[Porm, (0) @ W11, (1)] 201 Wo0o (£)

—/2 100 (N [Fo1ms (9) @ Yormy ()] ar ooo(€) = §1/2Wa00(A) Wooo () Yoo () Wouo (€)
V15[ W11, (A) @ Worms (0)] 201 Po0o () Wooo (€) }

31la = \/%{—@[‘I’nml(/\) ®@ Yo1m, (1)) zar Yoo (0) Yooo (§)
+§\/§[‘I’01m1 (A) @ Worms, (m)] 2 P100(P) Yooo (§)
/2 [o1ms (A) © Woamy (9) @ Vormg ()] £arPo00(€) + 5[ Wozm, (A) @ Ponn, (1)] s Pooo (9) Pooo(€)
+ 25 %000 (M) [ P02, (0) © Cozms ()] Pooo () + 31/5 o000 (A) Pono () 200 (1) Tooo (£)
+12 /3 100(A) oo () W100(m) Pooo (€) + 124/5 Waon (A) W100(2) W00 (1) Yoo (€)

- % \/g‘I’Qoo(A)‘Pooo(P)‘I’ooo(n)‘l’ooo (&) — %\/%‘I’OOO()\)‘I’%O () Wooo(17) Wooo(€)

45



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function
—%\/gqfwo()\)‘1’100(P)‘1’000(77)‘1’000(5)}
40 31] A = \/%{—‘1’100@)‘1’000(/0)‘11000(7])‘1’100(5) + Wooo (A) W100(p) Wooo (1) W100(£)

/2 (W01, (N) @ Cotm, (1)] 111 Yooo () Y100 ()}
W = 2 [ W11, (A) ® Yoty (9)) s P100 (1) P00 (€) + 1/ 000 (A) [ Po1my () @ Yormy ()] ar P00 (€)
WL =\ [L{0100 (A) Paon ) Pooo (7) 100 (&) + Wooo (\) 100 () ooo (1) P10(€)
+Wo00(A) Wooo(2) W100(17) P100(&) }
40 31] Bl = \/%{[‘Ifoml()\) ® Wo2im, () © Wormg (§)]ar Pooo (1)
F[Worm; (A) @ Wozmy (1) @ Worm, (§)]2ar Yooo (p)
~V2[W01m, (A) @ Co1ms (€)] 220 W100(2) P00 (1) = V2[Worm, (X) @ Wormy (€)]ar oo (p) Wroo(1) }
WA = [ W03, (\) P01, (2) P00 (1) P, (€) + oo (N) Corm, () Coun, (1) Corm, (€)}
Wlle =\ [L{ W00 () [Wozm, (A) @ Wotmy (1) @ Yoty (€)] s
+Wo00 (M) [Wozm, () ® Worms (1) @ Wormg (§)]um
V20100 (A) Y000 (£) [Yor1m, (1) © Worms, (§)]ar — vV2%000(A) W00 (2) [Yorm, (1) © Worm, (€)]Lar}

40 [31] BB =\ [ {000 (0) Yoo (1) W 11m, (A) @ Pormy (€)] s + P100(0) Po00 (1) [Tormy (A) @ Wormy ()]s

qq



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

+Wo00 () W100(1)[Worm, (A) © Wormy (€))L}
W =\ [H{ W00 (A) Po00 (1) [ 11m, () @ Pty (§)] s + Pr00(A) o0 (1) [Porm, (9) ® Yorm, (€)] s
+Wo00(A) U100 (1) [Worm, (p) @ Wormy (€))L}
W = /1 {W000(A) Po00(0) (¥ 11m, (1) @ Yorms (€)] 201 + Pr00(A) Co00 () [Lorms (1) @ Yorms (€)] Lar
)W 100(P) [Worm, (1) @ Worm, (§)]ar}
40 [31] WL = [0 30000 (M) Wro0 () U100 (1) oo (€) = /3 100 (\) Wono (9) W10 (1) Yoo (£)
+v/6%000(A) 200 () Y000 (17) Pooo (€) — v/EP200(X) Pooo () Tooo (1) Pooo (€)
+[W11m, (A) @ Worm, (1)] 221 Wo00 () Wooo (§) + [Worm, (A) @ Wiim, (1)]2ar Wooo (2) Wooo ()
F[Wotm, (A) @ Wormy (1)] L2z Y100 () Wooo (§) }
WPBLs = 2 {Wo00(A)[C11m, (£) @ Yorm, (1)] 220 %000(£) + Pooo(A) [Potm, (£) @ Uitmy (1)]2ar Yooo(€)
+ 100 (M) [Po1m, (0) @ Corma ()] 241 Y000 (€) + V2[ P01, (A) @ Yormy ()] ar¥100(m) Pooo (€)
HV2[W11m, (A) @ Yorms (0)] 200 P00 (1) Wo00 (€) + V2[Wormy (A) @ Wi ()] 2ar Yoo (17) Pooo(€) }
WS = 2 {—2/3Wo00 (M) Woon () Wa0o (1) Waoo (€) + v/3000(X) W00 () Wooo(m) oo (€)

+\/§‘1’200()\)‘1/000 (P)Wo0o(1)Wono(§) — @‘I’loo (A)Wo00(p)¥100(17)Wooo(§)

+Woo0(A
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

5
S
o
o
o
>
K
o
o
o

-5 (P)W100(1) Wo00(£) + v3¥100(A) T100() Yooo (17) Pooo(€) }

40

40

22] W — [ = [Woamny () @ Yoo, ()] 231 Y000 (9) Pooo(€) + Wooo (M) [Pom () @ Yo ()] 20 Yoo (€)
V2 [Wo1m, () @ Wo2ns (9) @ Wotrmy ()] 21 P000(€) + 1/ L P000 (A) [ P02, (0) ® P2y ()] £arPono (€)
+v/5100(A) oo (1) ¥ 100(17) Pooo (€) — v/5 %000 (A) Cr00(p) Y100 (1) Yoo () }
WO = S W1, () @ Yot (9) @ ozmg (1) s Wono (€)
/2020, (A) @ Yot (9) @ Uorm ()]s Pooo (€)
/2100 (N) [ Loty (9) ® Lorma ()31 Po00(€) = /2 [Tormy (A) @ Yorms (9)] a1 P10 (m) oo (€) }
[22] P2 = [IE {35 000(A) 100 () ooo (1) Pooo(€)
o2, (A) © Wozm, ()] arWooo (1) Yooo (€)
+24/2 W01, (V) @ Yo, (9) @ Yormg ()]s W00 (€) + /2 [Cotms (A) @ Watny ()] a1 Yoo () oo (€)
v/ R [Wo1m, (A) @ orma ()] s r00(2) o00(€) = 252 Wo00(A) W00 (0) Waoo (1) Waoo (€)
— 250100 (A) Woo0(£) W 100 (1) Wooo () + 22 Wano (A) W 100(p) W 100(n) Wooo (€)
+2Y3 W00 () Wooo () Wooo (1) Wooo (€) }

prl22l2 — \/%{Z@[WO?ml()\) ® Woimy () @ Worms (1)) LarPooo(§)

LS



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

/2 W00 (M) [Wo1m, (9) @ P11y (1)] £ar Tooo (€)
/2 100(A) [Zo1m, (0) @ Cotms ()] 131 P00 () + 31/ 5[ Pormy (A) @ Cormy (0)] s P00 (1) Pooo(€)
V15[ W 1150, (A) @ Co1m, ()] 3r Yooo (1) Wooo (€) }
40 [22] P = 180 /30000 0) Wooo (1) [Pozim, (A) © Pz, (€)] s
— /25 W00 (\) o000 (1) [P0z, () @ Ponm, (€)] v
+ W00 (2) [Worm, (A) @ Worm, (1) © Yooy (§)]ar}
WP = — 2 Woo0 (1) [orm, (A) @ Corm, (p) ® Yoo, (§)] s
+1/2%000(N) oty (9) @ Corma (1) ® Wozmy ()]s
40 [22] W21 = S 100 (0) Wo00 () W00 (7) P100(€) = /2 Po00(A) 100 (p) oo () 100 (€)
F[Worm, (A) @ Wormy (1)] LarYooo () W100(§) }
WAL = — LWy, (A) @ Youm, ()] ar Pooo (1) Proo(€ +f W00 (M) [Wormy (P) @ Worms, (1)) £arP100(€)
40 [22] WA = S0 1, () @ Wotm, ()] s P00 () P00 (€) + [Po1m, (A) @ Wity ()] s Yoo () Yoo (€)
+[Worm, (A) © Worm, (1)) 2ar Pro0(p) Pooo (€) = /3 Wooo(A) ¥200() Woon (1) Wono (€)

+\/%‘I’100 (A)%o00(P)W100(n) Wooo(§) — \/g‘l’ooo()\)‘l’loo (P)¥100(17) oo (€)
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry

Wave function

+\/g Wa00(A) Wooo(2) Wooo (17) Wooo (€) }

pri22s — \/%{‘1’0000\) (W11, () @ Worm, (1)] L3 Yo000(€) + Yooo (M) [Yorm, () @ Witm, (1)] Lar Pooo(§)

+W100 (M) [Po1m, (0) @ Pormy (1)] 221000 (€) — 5[ Worm, (A) ® Worm, (9)]£ar P100(1) Pooo (€)

—= 75 W11m, (A) @ Yoy (0)]ar Yooo (1) P00 (€) = 5[ W01 (A) @ Wiy (0)] s Pooo (17) Wooo () }

41 [4 = \/H{%000(9) Wo00 (1) [P0, (A) @ Porins ()] s + Po00(A) To00 (1) P02y (9) ® Pozumsy (€)] s
+Wo00(A) Wooo (2) [Yozm, (1) @ Wozm, (§)]rar}
A1 1111 /
41 [211] TR = [ Woy, (A) @ Yo, (1) 2ar Yooo (0) 100 (€)
PRI = [Tg10, (p) @ Corimy (1)] 201 Pooo(A) Pro0(€)
DRI = [To10, (A) © Worms (£)] ar oo (1) Pr00(€)
41 211] PAR — \/g{[‘lfuml(k) @ Wo1m, (M) 230 Y000(2) Y000 (&) + [Wo1m, (A) @ Yormy, ()] Lar Y100(p) Wooo (§)

FWo1my (A) @ Wity (1)) 2ar Yooo (2) Wooo (€) }
WP = SLO0 00 () [Potm, () @ Cotms ()] 20 Po00(€) + Pooo (N[ P11, () @ Coramy ()] 2s Pooo (€)

+W000 (M) [Po1m, () @ Wrims (M)]zar Yooo () }

69



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

pr211) \[{ (U110, (A) @ Worm, (0)] 23 Y000 (1) W00 (€) — [Worm, (A) @ W1im, (0)] 2ar Pooo () Pooo (€)

~[Woum, (A) @ Yorm, ()] Las 100(17) Pooo (&) }
41 31] WAL = W00 (0) P00 (1) [Po1m, (A) @ Wrim, (€)] s
WPBIL = B0 () Pooo (1) [Torm: () © L1, (€))L
T = W00 (A) Tooo (9) [Pormy (1) @ Wi (§)] s
41 [31] ALz = \/g{[‘l’nmlp\ ) ® Wormy (§)]222W000(£) Pooo (1) + [Porm, (A) ® Worms (§)]2a ¥ 100(p) Pooo(n)

F[Worm, (A) ® Worm, (€)]2ar Yooo (£) Y100() }

W2 = [L00100(A) o00 (1) [ Loty (9) @ Wotms (€)]2ar + Pooo (A) Po00 (1) [P 11, (0) @ Yoty (§)]rar

+ W00 (A) Y100 (1) [Yorm, () © Worm, (§)]rar}

WL = [L00100(A) Wo00 (9) [Lotm, (1) @ Porms (€)]ar + Pooo (A) P100(0) [ Wormy (1) © Yoty (§)] s
)

+W000(A) Wooo (0)[P11m; (1) @ Wormy, (€)]Lar}

41 [22] -

42 [4] WS = /2 {Wo00(0) Po0o (1) [Poem, (A) @ Ponens ()]s + Pooo(A) Pooo (1) [Porm, (0) ® Yoo, (€)] s

+W000(A) Y000 (2) [Wo2m, (1) @ Woam, (€)]Lar}
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NIL Symmetry Wave function
42 [4] U = \F {000 (0)[Wozm, (A) @ Wozms, (m)]ar Yoo (§) + Wooo (M) [Yozm, (£) @ Wozms, ()] 2as Pooo (€)
— /2 W100(A) o211 (9) ooo (1) Poon(€) — /5 P100(A) Yoo () ozt (1) Yooo (€)
— /2 o2nr () 100 (9) Wooo (1) P00 (€) — /25 Pooo (\) 100 (p) Woas (1) Yoo (€)
— /2 W02 (A) Wao0 () 100 (1) Poon (€) — /55 Yoo (A) Yomar (9) Wr00(m) Wooo (€)
+[Wo2m, (A) @ Yoam, ()] 2ar Yooo (17) Pooo (§) }
42 [4] W% = W0 (A) Pooo () Pooo (1) Wiz (€)
42 [4] WSt = /1 oo (A) Pooo (0) Pooo (1) W00 (&) + oo (A) Po21 () Pooo (1) P100(€)
+Wooo(A) Wooo (£) Wozns (1) W100(8) }
42 [4] WS = /{100 (\) Pa0(p) oo () Yo (€) + Pooo (A) P100( ) Pooo (1) Yonns (£)
+Wooo(A) Wooo (£) W100(17) Worns (§) }
42 [4] W% = g {Wi2ar(A) Pooo () Yooo (1) Wooo (€) + Pooo (A) W22 (£) Pooo (1) Pooo (€)

+Wo00(A) Wooo (2) W12 (1) Yooo (&) + W100(A) Yo2ns (£) Wooo (1) Wooo (§)
+‘I’100()\)‘I’ooo(ﬂ)‘POQM(U)\I’ooo(f) + ‘1102M()\)‘11100(,0)‘11000(77)\Ifooo(f)

+Wo00(A) W100(2) Yo2ns (1) Wooo (§) + Wozar (A) Wooo(£) W100(1) Pooo (€)
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

+Wo00(A) Wo2ns (£) W100(1) Yooo (§)

42 111 _
2 211 -
42 [31] B = [ W00 (0) Yoo (1) [W 11, (A) @ Porm, ()] ar + P100(0) Po00 (1) [Formy (A) © Wormy ()]s

(
+ %000 () W100(7)[Wo1m, (A) @ Worm, (§)]rar}
Bt = \/g{‘l’loo@)‘l’ooo( N o1m: (P) © Wormy (§)]2as + Wooo (A)Wooo (M) [¥11m, (P) @ Yorm, (§)] L
+Wo0o(A) W100 (1) [Worm, (p) © Wormy (€))L }
Tt = [ W100(A) P00 (9) oty (1) @ Porm, (€)]2ar
+Wo00(A) Y100 (2) [Yorm, (1) @ Worm, (€))L
+Wo00(A) oo () [¥11my (1) © Wormy (€))L }
42 31] WABT = SIS 30100 (\) Woanr (9) Wooo (1) Poon(€) = /55 W 1211 (A) Pono (0) Pooo (7) Yoo (€)
15 (W11, (A) ® Worm, ()] 2arPooo() Wooo () — /55 W021 (A) W100(9) Wono (1) Yoo (€)
+ 25 [Woms (A) @ Worm, ()] ar Pr00(0) oo (€) + 1/ 15 Wooo (\) Wrans (9) Wooo () Wono (€)

\/>\I’02M )Wo00(P) W100(17) Yoo (§) + \/%‘1’000(A)‘I’on(P)‘I’wo(n)‘I’ooo(ﬁ)

+

- S
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

42

42

+%[‘I’01m1()\) ® Wi1m, (1)) 221 Wooo(p) Wooo(§) }
= {5100\ [o1m, () @ Wormy (m)]£ar Pooo (€)
+[W11m, (A) @ Worm, (0)] Lar Wooo (1) Pooo ()
o1y (A) @ P (0)] £ar Yooo (1) Waoo(€) + 5 Y000 (A) [W11my (£) @ Porms (1) £ar Yooo (§)
+H[Worm, (A) © Porm, (0)] 221 V100 (1) Yooo(§) + 5 Y000 () [Potm, (£) ® Wi, (1) £ar Pooo(6) }
Wl = 2L 5 100(A) oans (9) Wooo (1) oo (&) + /2P 100 (A) Pooo(0) Po2ns (7) Pooo(€)
Jr\/%‘Ijle (M) %o00(p)Wooo (1) Wooo(§) + \/%‘IJOW()\)‘IHOO(P)‘1’000(?7)‘1’000(5)

_%\IIOOO(A)‘IJIOO(p)\IjOQM(7])\1’000 N\ \/—E\IJOOO \P12M( )\IIOOO( )\POOO<§>

+\/%‘I’on()\)%oo(P)qjloo(n)‘l’ooo (&) + \F%OO JWozut (p)100(7) Yooo (&)
_\/g\IIOOO(A)\IJOOO(p)\Ifle(T])\IJOO()(S)}
- TABs = W00 (0) Wo00 (1) [Potm, (A) @ Wogm, (€)]ar
WPBs = W00 (A)Wo00 (1) [Porm, (£) @ Wozm, (€)]oar
WY = Wo00(N) W00 () [Yorm, (7) @ Yoz, (§)]
[31] TABY = Wo00(p) Woo0 (1) [Lo1m, (A) @ Wi, ()]s
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NIL Symmetry Wave function
WP = Wooo(A) W00 () [Wo1m, (0) @ Wiims, (€)]m
B = W00 (X) W00 () [Potm, (1) @ Wiim, ()] u
19 31] PAB1s — \f{ V290201 (M) W00 (2) W00 (7) W 100 (€) + v2W000(A) Woans (9) Wooo (17) P00 (€)
/2 [Worms (A) @ Worms ()] ar Pooo(0) U100 (€) }
PriBils — \/g{[‘llmml (A) @ Worm, (0)] 22 Y000 (1) P100(§) + Yooo (M) [Yormy (P) @ Worm, ()] Lar Pro0(§) }
gl — \/%{\I’ow(A)‘I’ooo(P)‘I’ooo(ﬁ)‘I’loo(ﬁ) + oo (M) [Potm, () @ Worms, (1)) 2ar P 100(€)
—2Wo00(A) Wooo () Woznr (1) W100(€) }
42 [22] WA = 1L 3001 (A) oo0(0) Pooo () P100(€) — 1/ 25 To00(A) Tozns () Pooo (1) a0 (€)
+W000(£) [Worm, (A) @ Worm, (1)]Lar P100(£) }
WP = — o [ Wi, (A) © Wotmy (0)] 2.0 Wooo (1) W0 (€)
+1/2000(N) [Po1m, () @ Loty ()] 2s P100(6)
19 22] P22 — \/%{\/%\11100 YWo2n1 (2) Wooo (1) Wooo (€) — \/%‘I’wM(A)‘I’ooo(ﬂ)‘l’ooo(ﬂ)‘l’ooo(ﬁ)

~V2[ W11, (\) @ Yorm, ()]s o0 (0) Yoo (€) — /35 oanr (M) Wro0(p) Wooo (1) Wooo )

—\/5[\1’017711 (A) @ Worm, (M) Lar¥100(2) Wooo (&) + \/%‘I’ooo()\)‘1’12M(P)‘P000(77)\I’000(5)
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

— /55 W02t (A) W00 (9) W100 (1) Wooo(€) + 1/ 25 oo (\) Loanr () U100 (m) oo (€)
~v/2W000(p) [Worrmy (A) @ P11y (1)] 220 Pooo (€) }
W2 = {2100 (A) [Worm, (0) © Yorms ()] ar Pooo(€) + [P11my (A) @ Yoty (0)] 221 Yoo (1) Yoo (€)
H[Co1m; (A) ® Wrim, (0)] 21 Y000 (1) P00 (€) = V2%000(A) [W11my (0) @ Worms (1)) Lar Yoo (€)

F[Wo1m, (A) @ Wormy (0)] 220 ¥ 100(7) Wo00(€) — V2W000(A) [Porm, (0) @ 11y (1)]20s Vooo ()}

43 [4] TS = \/H{W000(9) Y000 (1) [Lom; () @ Pz, (€)] a7 + Yoo (A) Po00 (1) [Pozmy () @ Pozm, (€)] Lar

+W000(A) Wo00(£)[Wo2m, (1) © Woom, (§)] L}

43 [1111] B

43 211] -

P 31 DB = W00(0) Wo00 (1) [Potm, (A) @ Wozm, (E)]ar
WPB = W00 (A) W00 (1) [Por1m, (£) @ Wosm, ()] 1ar
WL = W00 (A) Woo0(0) [Porm, (1) © Wosm (€)]u

43 [22] _
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

44 [4] WS = Wooo(A) Pooo () Wooo (17) Poanr (€)

44 [4] W52 = \[1{W000() Po00 (1) [P0z, (\) © Wozm, (€)] 27 + Pooo(N) ooo () [Wozm, () @ oz, (€)] s
+Wooo(A) Wooo (£)[Yo2my (1) @ Wozmy (€)]Lar }

44 [4] WS = /{2 000 (9) oo (1) [Wosm, (A) © Wotm, ()]s + Pooo (1) [Zorm, () @ Pormy (0) ® Yoty (€)] s

+75 %000 (2) [0z, (A) @ Worims (1) @ Wormg (E)]2ar + 5 %000 (M [Po2m, (9) @ Worms (1) @ Wormg (€)] s
—\/E\I’ooo ) %000 (£) [Wosm, (17) @ Worm, (§)]Lar}
o = /= 2 W03, (N) © Woirny ()] arYooo () Wono €)
+[W01m, (A) @ Yoz, (p) @ Yorms (1)] 2arYooo (€)
—\/% [Wo2m, (A) @ Wozm, ()] r.ar Yooo () Wooo (§ \F Y000 (A) [Yo2m,; (£) @ Woom, ()] Lar Yooo(§)
2\ﬁ‘1’000()\)‘1’000(P)‘I’04M(77)‘I’000(5)}
44 [4] WS = /2 {Woanr (\) Yoo () Yooo (7) Pooo(€) + Pooo(A) Youn (9) Tooo () Pooo (€)
+Wo00(\) W00 () Couns (1) Po00(€) + /% [Porm, (\) @ Poams (9)] a1 Yoo (1) Yoo (€)

\F‘Ifooo MW 02im, (A) @ Yoo, (1)] Lar Yooo (€ \/7\1’000 W02, (P) @ Yoom, (M) LarPooo (€) }
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry

Wave function

44

[1111]

44

44

[211]

[211]

WA = = 2 000(0) W00 (1) [Wosma (A) © Yoy ()]s
— 75 %000 (1) [Worm; (A) ® Yozm, (p) @ Yorm, (§)]m
=000 (1) [Po2im; (A) @ Worms (1) @ Yorms (§)2ar + Pooo(A) [Pozim, (£) @ Pormy, (1) @ Worms (€)]ar
+2v/2W000(9) [Ty (A) © Pozmy (1) @ Corme3(€)]zar}
g2l \/?{ 75 %000(1) [Wo2m, (A) @ Pormy (0) @ Pormg (§)]rar
— 5 %000 () Wooo (11) [Wosim, () @ Worms ()]s
+ Y30 (U130, (A) @ Wotms () @ Wotmg (1) @ Worm, ()] ar + 25 %000(N) [Wormy () @ Wooms (1) @ Wormy (€)]1ar}
griih \/> {3%000(1) [Yo2m; (A) @ Wo1my (0) @ Yorms (&)L
— = W00 (M) Wooo (17) [(Yo3my (0) @ Wormy (§)]2ar}
QAR @ {\/7 Doanr(A) Wooo (2) Pooo (17) Wooo (§) — = [Pozrm, (A) © Poams (0) @ Wormg (€)]ar Pooo(n)
+ 2= P03y (A) @ Corms (1)) £ar Yooo () Yooo (€) + [Pormy (A) @ Pozims (p) ® Yormg ()]s Pooo (€)
— 5= 000 (P) [P0z (N) @ Po2ims ()] L0 P00 (€) + 1z Y000 (A) [Po2imy (0) @ Pozms ()] £as Pooo (€)

— 7 Yooo (0) W01y () © Wam, (1) s Pooo(€)}
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

pel21)2 \/;{\[ [Wozm; (A) @ Yot (0)]2ar Yooo (1) Pooo(€) — 3\[ [(Worm; (A) @ Wozm, (0)] arYooo () Wooo (§)
+[Yo2m, (A) @ Wormy (9) @ Worms (1)) arYooo(§) + W‘I’ooo( N%030m, (P) © Worms, ()] £ar Yooo (§)

+2v2[Wo1m, (A) © Yormy (0) @ Yo, (1)) 2arYooo () — = V000 M) [Wormy (0) @ Yoz, ()] £as oo (€) }

g2l — \/%{3\/_ (Y0201 (A) © Yo1imy, (£) @ Wormg ()] 3 Pooo(§)

—3\/>‘I’000 M) [¥03m, (£) @ Vorm, ()] LarYooo ()}

(M (p) (
44 [31] WA = W00 () P00 (1) [Porm, (A) @ Wozm, (€)]m
WPBIL = B0 (N) Pooo (1) [Torm: () © Cosm, (€))L
T = Woa0 (A) Wooo (9) (Lot (1) @ Wozms (§)]Lar
44 31] PABL2 — \[ { =000 (P)[Wo2m1 (A) & Worm, (1) ® Worms (§)]Lm
+Wo00 (A)[Wozm, () @ Worms (1) @ Worms (§)]um
— 75 Y000 (0) [Worm, (A) @ Pozm, (1) @ Pomg (§)]Lar}
Wt = SR Vot (V) © Coting (0) @ oty (1) © Youm, ()]s
— 75 Y000( M) [Worm, (P) © Co2iny (1) @ Yormg (§)]ar}

Wil =\ JE— 2o W0 (9) oo (1) [Posm, (A) @ Wormy (€)1t
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

+ %000 (1) [Wo1m, (A) @ Woom, (p) © Yorms (§)]ar}
~ 75 %000 (0) [W02mm1 (N) @ Worims (1) @ Wormg ()]s = 75 %000 (M) [Po2my (9) © Worms (1) @ Wormg (€)1
+ 755 oo (A) Yooo (2) [Wozims (1) @ orm, (§)]ar}
44 31] PABLs — \/%{ [Wo2m; (A) @ Yo, (0)] 231 %000(17) Yo00(€) + 5 Wa00(2) [To2my (A) © Cozmy, ()] Lar Pooo(€)
—5%000( M) [Pozm, (0) @ Cogm, (1)]2arPo0o (€) + %\/E‘I’OW(/\)‘I’ooo(ﬂ)‘l’ooo(n)‘l’ooo(ﬁ)
— /& %000(N) Pounr () Pooo (1) oo (§) = 31/ [Worm, (A) @ Wozm, (1)] LarPono(p) Tooo ()}
PrBlls = \/3{—~f [Worm, (A) @ Yorm, (9) @ Yozms (M)] 2 Pooo (§)
—*\/»‘Pooo ) Woim, () @ Wozmy (m)]Lar Pooo(€)
—4\ﬁ [Wo30ms (A) @ Worm, (£)]2ar Wooo(17) Wooo (€) }
@{—*f [Wosm, (A) @ Wormy (1)] Lar Yoo () Wooo (€)
+¢; [Do1m, (A) © Yoy (0) © Wormg (1) s Wooo (&)
+305 Y000 () [P0z, (A) @ Cozin (1)] £ Pooo () + 575 Y000 (M) [Pz (0) @ Pozms ()] a1 Pooo (€)
+24/2%000(A) Pooo (0) Wouns () oo (§) — 31/ %041 (A) Pooo(0) Yoo (1) Yoo (€)

—ﬁ[‘ljoml(/\) ® Wo2m, ()] Lar Yooo (1) Pooo (§) — 5\/;‘1/000 )Woant (P)Wooo (1) Wooo (€) }
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Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry

Wave function

44

44

[31]

[31]

WA = {2 ooo(0) Yoo (1) [Pozins (A) © P (€)]ar
f\IIOOO(A)\IIOOO(n) [Woom, (£) @ Yoom, (§)]Las
+W000(0) [Yormy (A) @ Worms, (1) @ Wozms (§)]ar}
WA =\ [20000(1) [@otm, (A) @ Cotmy (p) © Wozmy ()]s
1/ 5000\ [ oy (9) @ orma (1) ® Wozmy ()]s
Wb = /300 EW000(p) oo (1) [Wozm, (A) ® Pozms (€)]Lar
+1/ 2 W00 (M) [Porm, (0) © Cotimy (1) ® Pz, (€)] s

—2\/>\I/000 \I’OOO ‘I’o2m1 (77) @ Woam, (5)]LM}

\Il)‘[?’l]s = \/g{%qfooo(p)\pooo(n)[\po?)ml (A) &® \Ij()lmg (6 ]LM + \IJOMW()\)\Ijogml<p)‘lfooo<n)\1]()1ml (5)

)
+‘I’000(P) [Worm, (A) @ Wozm, (17) @ Worm, (€))L}
= /2 {000 (1) [Fo2ms (\) @ Yorm, (9) @ Yoty ()]
+ 7% ooo(A) Wooo (1) [Yo3my (£) @ Porm, (§)] L
+ %000 (M) [Yo1m, () @ Wozm, (1) © Yorms (§)]ar}

W8l = /2 {0000 (0) [Wozm, () @ Yoty (1) @ Vormy (6)] s

0L



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

+Wo00 (M) [Yo2m, () @ Worm, (1) @ Worms (§)]u
+ 75 Wooo (A) Wooo (P) [Wozm, (17) @ Worm, (§)]ar}
44 31] P = /3L (B3, (A) @ Doty (0)] s Yooo(0) Pooo (§)
+[W01m, (A) @ Wozm, (p) © Yorms (m)] 2arYooo (€)
/2 W02y (A) © Woany ()] 2300 (£) o0 (€) + /2 W00 () [Wozem, (9) ® Loz, ()] arPooo(€)
— /50401 (A) o002 W00 (1) oo (£) + 1/ 2 W00 () oans (0) Paoo (1) Yooo(€)
+ 7= [Worm, (A) @ Pogims (1) ar Yooo (p) Yooo () }
Bl = [ [ Wonm, (A) © Wotm, (9) @ Yoty (1)] s Yoo (€)
+ 7% %000 (M) [Po3my (£) @ Corm, ()] a1 Yooo (§)
+\/§[‘1’01m1()\) ® o1y (P) @ Yoy (11)]2ar Y000 (€) + 7= Y000 (M) [Yorm (0) @ Posms (1)) Pooo (€)
/203, (A) @ Porm, (0)] 201 Y000 (1) P00 (€) + 1/ 2 [Po1m, (A) @ Cazm, (9)] a1 Pooo () Pooo(€) }
Wl = /3 {3 [ Woam, (A) © Ponm, (0)] £ar Pooo (p) Wono (€)
/35 %000 (\) [ Fo2m, (9) @ Corm, ()]

—2,/2000(\) Coo0(0) Coanr (1) oo (€) + /2000 (A) [orm, (0) © Pasiny (0)] s Cooo(€)

LM\IJOOO ( )

1L



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

/2 (W02, (\) @ Poamm, (0)] .01 Poo0 (1) W00 (€) + /2 Wo00(A) Loans (0) Pooo (1) Yooo(€) }

44 22] PAR2 — \/g{ [Wo2m, (A) @ Wozm, (0)] 221 Woo0 (1) Wooo(§) — \/%‘I’OOO(A)‘I’04M(P)\I’000(77)‘Ijooo(f)

+§\/§\1104M(>\)‘1/ooo( )W000(17) Yo00(£) — Pooo () [Wo2m, (A) @ Woams (m)] s Yooo(§)

+ %000 (A)[Yo2m,y (£) @ Wo2ms ()] s Pooo(§) + 2\/7‘1’000 ¥ 01my (A) @ Wosm, ()] s Pooo(§) }

el = \F{\/j [(Wo1my (A) @ Yorm, () @ Wooms (1)) £ar Yoo (§)
+2 \/>‘1’000 ) Wo1m, (9) @ Vozm, ()] LarYooo (€)

—4\/5 (Y031 (A) @ Wormy, (0)] a1 Yooo (1) Yooo (§) }

44 [22] AR = \/%{\/%[@027711()\) ® Woamy, (§)] 23 Pooo(p) Yooo (7 \/7‘11000 )%000(17) [Wo2m, () @ Yoam, (§)]Lar

+ %000 (2) [Worm, (A) @ Worm, (1) © Yooy (§)] s}
WP = — W00 (1) [Lotmy (A) © Yormy (0) @ Coomg (€)] s
+1/ 2000 (N [P0ty () © Yoty () © Yoy (€)] s
44 [22] AR — \/%{W [Po3m, (A) @ Worm, (1)) a1 Pooo (P) Yooo (£)
+[Worm, (A) @ Wozm, (0) @ Yorms (1)] 2ar Yoo (€)

- \/%‘Ifooo()\)‘1104M(p)‘11000(77)‘1’000 (f) + \/%‘IJMM()\)\I’OOO(M\I’OOO(U)‘Ifooo(f)

¢l



Table 2.4 Spatial wave functions of pentaquark (¢*g) (Continued).

NL Symmetry Wave function

+ 31/ %000(0) [Po2m, (A) ® Woom, (1)] 201 P000(€) = 51/2P000(A) [ Wozmy () © Wozmy ()] s Yoo (€)
+ 7= W00 () [Yo1m, (A) @ Yozms (1) £ar Pooo (&) }
28 = \[E{ [ Wonm, (V) @ Yoimy (0) ® Yot (1)] s Looo (€)
+ 25 Wooo () [Wozm, () @ Porm, (m)]arYooo(€)
— 75 [Y01m; (A) @ Wormy (p) @ Wozimy (1) 221 Po00(€) + = P00 (M) [Worm, (p) ® Wozm, (1) £ar Pooo (€)

— 77 [Wosmy (A) ® Wormy (P)]2arWooo (11) Pooo () — 5 [Worm, (A) ® Wozmy ()] 2arYooo (17) Pooo(§) }

€L



CHAPTER III

GROUND STATE PENTAQUARK MASSES

In this work, we calculate ground state pentaquark masses using the total
wave functions of pentaquarks which we have already constructed in chapter II. We
expect that derived pentaquark masses could help us to understand more or less
some problems in hadronic physics, for example, missing resonances of low-lying
baryons, and the properties of the Ropper resonance N 24 (1440) and the negative
parity resonances Ny /5 (1530) and N3jo— (1520) which are believed containing some
pentaquark constituents.

To the lowest-order approximation, the interaction between quarks is usually
assumed the type of simple harmonic oscillators. In non-relativistic constituent
quark model, one may consider the contributions from one gluon exchange (OGE)
(Vijande et al., 2004) and one Goldstone boson exchange (GBE) (Glozman, 1998),
which are treated as perturbations to the harmonic-oscillator-type Hamiltonian.
The OGE interaction is spin, color, flavor and spatial dependent while the GBE

interaction is independent of color. The Hamiltonian of N-quark system takes the

form,
H = Z pz +CZ —7“] +‘/0 +Zmz+HOGE+HGBE (31)
1<J =1
with
PR )\C
Hocr = —Cocr Y, — g; - 0 (3.2)
i<j ij
A F
Hepep = —Ceapp Y, ——-0; - 05 (3.3)
i<y Tl

where X is the Gell-Mann matrices in color space, A" is the Gell-Mann matrices
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in flavor space and ¢; is Pauli matrices in the spin space and m; is the invarient
mass of the i quark.

We assume that all five quarks have the same mass m and apply the Jacobi
coordinate from Eq.(2.50) and Eq.(2.51) in Chepter II. Non-perturbed Hamilto-
nian is rewritten as

B (PP P BEsone 2 s ) (34)
2m 2m  2m  2m  2m

At cm frame (P,,,, = 0) the Hamiltonian of meson (¢q), baryon (¢*) and pentaquark
(¢*q) could be written as

2

Hyp=2(m + V) + 22 4 202 (3.5)
2m
Has—3 P, P 2 | 2
P = (m+%)+7+2 + 3C[A\° + p7] (3.6)

o p7>\ pp pn p& 2
Hq4q_5(m+v5)+2 TB% Yol o +5C[N + p* +n° + &7 (3.7)

Define 2C' = mw3 /2, 3C = mw3/2 and 5C' = mw? /2, we obtain

2 2 2
p mwsp
Hog = 2(m +V5) + 04— (3.8)
Py Py mw
Hq3:3(m+‘/30)+27’\+2;%+ 2 [>\2—|—p] (3.9)
Hq4q:5(m+1g°)+—+pp+p"+p§+m [)\2—1—/) +7°+&]  (3.10)

2m  2m  2m  2m 2

Corresponding eigenvectors are

U (@@) = D Anp, L) Vi,m, (3.11)
np,lp
\I/?VLM(Q?’) = Z A(”)\? Np, l)\, lp)

nA7nP7l/\7lp

.\Ijnxb\mkqlnplpmp . C(l)\,lp,m)\,mp,LM> (312)
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\II?VLM(q4q_> = Z A(nz\unpannanﬁa l/\7 lp7lnal£)

nxNp, N Ng 1l)\ 7lpvl7] 7l§

Wostams Wngtymy Vngtym, Yneleme

C(lx, Ly ma,myp, Ly, may)

{Cly, le; muy, g, lye, mue)

C(Ups Lyg, Mg, Mye, LM) (3.13)

Corresponding eigenvalues are

Mgz = 2 4 Nygws + Amoge + Amgpg (3.14)

Mg = 3m + Ngpws + Amoge + Amape (3.15)

Mg = 5m + Npgws + Amoge + Amepr (3.16)
Amoge = (Y|Hogp|¥) (3.17)

Amgpr = (Y|Hepe|Y) (3.18)

where we define m’ = m+V+3%2 = m+ VL +w; = m+VL+ %5 to decrease number
of parameters as less as possible. Amogr and Amgpr are mass shift when we
consider the first order approximation of one-gluon exchange and Goldstone boson

exchange interaction respectively. Moreover, the principle quantum numbers are
Nyg = 2n, + 1, (3.19)

Ngs = 2(nx +n,) + I +1, (3.20)

Nyig=2(ny+n, +n,+ne) + I+ 1, +1, + ¢ (3.21)
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Table 3.1 Properties of baryons and mesons.

Particle Quark content Mass(MeV) [ JP

N uud 938 T
At 1232 § 87
A uds 1115 0 1f
%0 uus 1193 I
by uus 1385 1 %+
= uss 1314 % %+
= uss 1532 % %+
Q 555 1672 0 %+
po uﬂ\;ida 776 1 1-
¢ 53 1019 0 1
K us 892 ; 1-
w v 783 0 1-

3.1 Parameters estimation

We use well known baryons and mesons to investigate the coefficients of
color-magnetic interaction and the Goldston-boson exchange interaction. Proper-
ties of selected baryons and mesons employed in this process are shown in Table
3.1

Considering baryons, color confinement property requires their color wave
function singlet or antisymmetric, [111]. Spatial wave function of baryons in
ground state has the principle quantum number N = 0 therefore the spatial wave

function of ground state is \Ilg = Uy = Yoo, symmetric wave function,[3]. The
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spatial wave functions are a constant giving no contribution in factor A\, p. The

remaining part, spin-flavor wave functions have to be [3]

II]A(qg) - l:\:\jspatial X l:\:\:‘spin—flavor ® color (322)

For spin-flavor wave functions of baryons can be written in general form as
U (g*) = aydix; (3.23)
i7j
where i, = S, A, A, p. To calculate the spin-flavor wave functions in symmetric,
the representation matrices of permutation operators in S3 group are applied to

Eq.(3.23) and coefficients can be nailed down. The result is

1
(%) = X", 2(%@ + 67X (3.24)

Sl

(1) Color wave functions

v = |[1la)
E]
1
= —|RGB - RBG — GRB+ GBR
\/6| )
+BRG — BGR) (3.25)
W () = 13|RR + GG+ BB) (3.26)
(2) Spatial wave function
UG = Unrm = Yooo (3.27)

(3) Spin wave functions



—
w
[a—y

N—
nn
Il
N
n
Il
N

¥ =12[3L[4]t[th =111

B) = a2 11 - 11 = iy

w
\<—“—>

N ETREAE  EPve
X =15 i >—ﬁ|m 1)

(3.5) For meson spin 1,5 =1,5, =1

=111

(4.1) N [8,0,%,+1)

1
¢ = —=|2uud — udu — dun)
V6

¢ = \}5|duu — udu)

(4.2) AT+ 10,0, 3, +3)

¢° = |uuu)

79

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(4) Flavor wave functions : We describe flavor wave functions in term of |n, S, I, I,)

where n is supermultiplet, S is strangeness, [ is isospin and I, is isospin projection.

(3.33)

(3.34)
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(4.3) A |8,—1,1,0)

1
= E|2uds + 2dus — dsu — usd — sud — sdu)

V=B

1
¢ = §|sud + sdu — dsu — usd) (3.35)
(4.4) 0 |8, —1, 1, +1)

1
P = —|2uus — usu — suu)
V6

1
P = ﬁ|suu — usu) (3.36)
(4.5) ©* 10, 1,1, +1)
¢° = L|uus + usu + suu) (3.37)
V3
(4.6) 2° 8, -2, 3, +3)
i L]2ssu — Sus — uss)
V6
o = Lluss — sus) (3.38)
V2
(4.7) 2 10, -2, 3, +1)
¢° = L|ssu + uss + sus) (3.39)
V3
(4.8) Q |10, -3,0,0)
¢° = |sss) (3.40)

However, the flavor wave functions of p°, ¢, K and w mesons are shown in Table

3.1
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To estimate parameters we use the total wave functions calculate the mass
shift Amogr and Amgpg from Eq.(3.2), (3.3), (3.17) and (3.18). For mass shift

calculation we need to consider Pauli matrices (o) :

010 0 —i 0 1 0 0
M=1100 MN=1i 0 0 NM=10 -10
00 0 0 0 0 0 0 0
00 1 00 —i 00 0
M=100 0 N=100 0 MN=1[00 1
100 i 0 0 010
00 0 10 0

0 ¢ O 0 0 =2

Color basis functions may be written in the matrix form as follows :
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—_
=}
=}

0 0 1
1 0 0
0 0 1

We show one example to calculate mass of A™" meson by calculating Amogr

and Amgpp. From Eq.(3.15) we have

Amock

_ Coce

Ma++ = 3my, + Amoge + Amepe (3.41)

C,
=2 SO AT ) (67X 5oy - 06X %) (9] 90)

2
my i<

_CO6E S\ RGB -~ RBG - GRB + GBR + BRG — BGR

6m?2

U 3<j

A - A{|RGB — RBG — GRB + GBR + BRG — BGR)

(11 [0 - o] 1) (wvu|uuw)

8
o > ((RGB|X| - Xy|RGB) — (RGB|X, - \5|GRB)

u =1

+(RBG|\} - \y| RBG) — (RBG|\: - \y| BGR)
+(GRB|N, - \s|GRB) — (GRB|\, - \s| RGB)
+(GBR|\, - \;|GBR) — (GBR|\, - \s| BGR)

+(BRG|\: - )| BRG) — (BRG|X, - \y| RBG)



+(BGR|X, - \i| BGR) — (BGR|\, - \)|GBR)
+(RGB|\, - ;| RGB) — (RGB|)\, - \s| BGR)
+(RBG|X. - Xs| RBG) — (RBG|\. - \;|GBR)
+(GRB|N, - \s|GRB) — (GRB|\, - \s| BRG)
+(GBR|\, - \;|GBR) — (GBR|\, - \;| RBG)
+(BRG|\. - Xs| BRG) — (BRG|\:. - \;|GRB)
+(BGR|\, - \;| BGR) — (BGR|\, - \s| RGB)
+(RGBIX, - X|RGB) — (RGB|\, - \;| RBG)
+(RBG|\, - \s|RBG) — (RBG|\, - \s| RGB)
+(GRB|N, - \s|GRB) — (GRB|)\, - \s|GBR)
+(GBR|N, - \s|GBR) — (GBR|\, - \;| GRB)
+(BRG|\, - \;| BRG) — (BRG|\, - \s| BGR)
+(BGR|N, - \s| BGR) — (BGR|N, - \s| BRG]
3

> (M1 loy - 3] 1)

i=1

Coc : i i i i i i i i i i
- QE Z()\u ) >\22 - )\12 ’ /\21 + )\11 : >\33 - >\13 : )\31 + >\22 ) )‘33

u  i=1

3
— s+ Ag) 2‘7711‘711

i=1
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— 867‘%@1; (3.42)
Amgpp = —CZEE ;@C\‘Ifcﬂcbs!kf-Af|¢5><><5!0i-Uj\xs><‘IfO!‘PO>
u i<y
_ Cosr F \F
= T ;[(uuum CAj Juuw) (P11 [0 - o 111)]
. Cone < i \i i i
= T ;[(uuum - Agluuw) (1171 |o - o3 111)
+Huwu| A - Agluuw) (111 07 - 03] 111)
H(uuu| X - Agluuu) (1171 |05 - 03] 111)]
S PP S
m;, =
_ _4?5;9 (3.43)
Input results from Eq.(3.42) and Eq.(3.43) into Eq.(3.41),
Mars = 3m, 4 20068 _ 4CcnE (3.44)

2 2
my my

We use the same process as ATT for calculating mass of 8 baryons and 4 mesons.

The results show that

8 14
MN = 3mu — COGE — 7CGBE (345)
mu mu
8 4
MA++ = 3mu + TCOGE - TCGBE (346)
mu mu
8,6 2 1 4 3
My = 2m,, s — —(— C, - 2(— C, 3.47
A my, +m 3( 34- mums) OGE (mi + mums) GBE ( )
2. 2 19
Mgo = 2mu + mg — COGE - *(72 + )CGBE (348)
MM 3 ms  myms



4 2 4 1 8 16
My =2 u s o Gy C — — C
> M+ Ms + S(mg + mums) OGE 2(3m3 + 3mums) GBE
8 2 19 2
Mz = m, + 2m, — Cocr — 5 ( + —)CcnE
My M 3 MMy p
8 1 2 8 4
Mz« =my, +2m, + —(— C, — C
- M o+ 2 + S(mg + mums) OGE <3mums + 3m§) GBE
8 4
Mg = 3mg + WCOGE - EOGBE
16 2
Mpo = 2m, + 37711300@}3 - WCGBE
16 4
My =2ms + —C, —C
¢ ms + 5?2 oGE t+ Sm? GBE
16 2
MK =m, +ms+ COGE - CG’BE
ums mums
16 10
M, =2m, + —
My + 3m2 Coce + 32 CaBE
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(3.49)
(3.50)
(3.51)
(3.52)
(3.53)
(3.54)
(3.55)

(3.56)

From calculations of magnetic moments of baryons with the same model

(Yan, 2006) we found that up quark mass is approximately 333 to 370 MeV. We

use this range of quark mass to solve the parameters m,, ms, Cogr, Capr by the

following process : first, consider only 8 baryons with and without OGE and GBE

interaction, after that consider both 8 baryons and 4 mesons.
(1) 8 baryons

(1.1) Coce

My = 364, ms = 535, Cogp = 19

(1.2) Capr

my, = 370,’/713 = 567, CGBE =12

(1.3) Coce + CaiE

My, = 367, mg = 538, COGE = 18, CGBE‘ =2

(2) 8 baryons and 4 mesons

(3.57)

(3.58)

(3.59)
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(2.1) Cock
my = 360, mg = 527, Cogr = 17 (3.60)
(2.2) CapEe
my = 370, ms = 553, Capp = 11 (3.61)
(2.3) COGE + OGBE
m, = 360, mg = 527, Coge = 16, Cape =~ 0 (3.62)

Where m,, and m, are in Mev.

We found that when we consider both the OGE and GBE interactions the
GBE interaction gives a small contribution to the mass (Cgpr = 1.81 for 8 baryons
and Cgpr = 0 for 8 baryons with 4 mesons) compared with OGE. The appropriate
parameters should come from general case, that is, where 8 baryons and 4 mesons

are considered. Therefore we obtain the parameters

M, ~ 360, COGE ~ 164, CGBE ~ 0 (363)

3.2 Non-strange pentaquark mass in ground state

For ground states, the spatial wave function is symmetric, then the total

wave function of pentaquarks can be written as

1 o (& S C S C S
vt = %[ 5 ( [211]A‘I’[:{1]p— [211],,‘1’[3f1h+‘I’[211}7,‘I’[3f1]7,)] (3.64)

The mass shift for one-gluon exchange is
Amoce(q'e) = (Y(q'9)|Hocr(q'9)|¥(¢'7))

1COGE c C \C|\c sf =2 = |\psS
- _gm‘R 211y [ A7 AT Wy, ) (P, 10 - 05 Wiy )
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<‘I’[211]A|)‘ )‘C|\I’[211 ><‘ij3fl]k|5’i ) 5j|\1’f;1]p>
+2<‘I’[c211]A|A )‘C|\I’[211] ><\I’[83f1}p| i |\I/S:{1 )
(Wl N AT (Wl (P, 150 - 55T )
_2< [211], |)‘C )‘C’\I’211],7><\I'[S3J£1]A|5i ’ 5j|\1/f;1}n>
(Wi, A - AT Wy, YW, 160 351050 (3.65)
The mass shift for Goldstone-boson exchange is

Amepr(q'e) = (Y(q'9)|Hepe(q'9)|Y(¢"7))

lc’GBE' s -
= 7 3 {<\I’3f1 |)‘F )‘FUZ 0_J|\IJ?)1]>

<\I/F?{1] |>‘F )‘F O-J|\II[31] )

< [31] |)‘F >‘F ) J|\IJ[31],>}
(3.66)

There exist seven possible spin-flavor configurations of [31]zs as shown
in Table 2.2. They are [31]x[22]s, [31]r[31]s, [31]#[4]s, [211]#[22]s, [211]#[31]s,
22]r[31]s, [4]F[31]s. The explicit forms of the wave functions for all configurations
are expressed in Table 3.2. However, for non-strange pentaquark state, [211] con-
figuration is impossible in language of group theory because we have only u and d

flavor which we can not fill Young tabloid [211]



Table 3.2 Spin-flavor wave functions of [31].

Configuration Wave function

[4]#[31]s Ui, = Y, Y,
Wiy, = Uy, Vi,
Vidy, = Yo, Vi,
[31]r[4s Wl = Uy, Vi,
Wiy, = Y, Vi,
Wiy, = Yion, Vi,
[3Ur[31]s Wiy, = — 75 (Chu, Yhs, = Yo, Ui, — 75 Yo, Yhsu — 75 Y, Y,
Uiy, = 75 (Y, Ui, + Ui, Wiy, + 75 Yy, Vs, + 75 Y, Y,
Wi, = 75 (Yhu, Y, + Yy, Vi, — 2%, Yy,
[22]r[31]s Vi, = =3 %ha, Vi, + 5 Vho i, + 75 Yo, Vi,
Wiy, = ~ 5, Vi, — 5oy, Ui, + 75V, Vi,
Wi, = 75 Yk, Vi, + 75 Ve, Vi,
BUFR2s Wiy, = =5V, Vi, + 3%y, Vi, + U5 Ve, Vi

88



Table 3.2 Spin-flavor wave functions of [31] (Continued).

Configuration Wave function

sf _ 1y f 1, f 1 ,f
iy, = =3 Ysn, Vi, — 2 Vi, Vi, T 75 Visy, Vi,

sf _ 1 f s 1 f s
Vi, = Ve, Y, T 75 Y, Vi,

68
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We now show one example of how to evaluate the mass of pentaquark without
strange quark in ground state. Each parts of wave functions can be taken into
account, by following :

(1) Spatial wave functions

For ground state the spatial wave functions are in NLM = 000 state which
is just a constant.

(2) Flavor wave functions

Since Cgpp =~ 0 thereby mass of pentaquark ignores the Goldstone-boson
exchange interaction term. Flavor wave functions can be ignore because one-gluon
exchange gives no contribution to flavor wave functions.

(3) Color wave functions
The color wave functions of four-quark core from Eq.(2.16) to (2.24) in Chap-

ter 2 are combined with anticolor of antiquark in Eq.(2.25). We get

1 | _ _
\I/([:31]A<C]4Q) = —=[Vh1), (R) R + Vi1, (G) GV, (B) B

- 5

1
= %[E(MRRGB) — |RGRB) — |GRRB) — 2|RRBG)

+|RBRG) + |BRRG) + |RGBR) + |GRBR)

—|RBGR) — |BRGR))R

1
+——(|[RGGB) + |GRGB) — 2|GGRB) — |[RGBG
T )+ ) — 2| )= | )

—|GRBG) + |GBRG) + |BGRG) + 2|GGBR)

—|GBGR) — |BGGR))G

1
+——(|[RBGB) + |BRGB) — |GBRB) — |BGRB
gl )+ )~ | )= | )



‘I’[c3l]p(q45) =

Wy, (¢*7)

Y
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—|RBBG) — |BRBG) + 2|BBRG) + |GBBR)

+|BGBR) — 2|BBGR))B] (3.67)
1 — _ _

ﬁszn],,(R)R + w[c211]p(G)G¢[c211]p(B)B]
Lo

— 3|RGRB) — 3|GRRB) — 3|RBRG) + 3| BRRG
Azt ) =3 ) =3 )+ 3| )

—|RGBR) + |GRBR) + |[RBGR) — |BRGR)

+2|GBRR) — 2|BGRR))R

1

V48

—2|RBGG) + 2|BRGG) — |GBRG) + |BGRG)

(3|RGGB) — 3|GRGB) — |[RGBG) + |GRBG)

+3|GBGR) — 3|BGGR))G

1
_f_,;
VA48

—|GBRB) + |BGRB) — 3|RBBG) + 3| BRBG)

(2|RGBB) — 2|GRBB) + |[RBGB) — | BRGB)

+3|GBBR) — 3|BGBR))B] (3.68)

1 — _ _
7[%0[6211],7 (R)R+ ¢f211}n(G)G¢[C211]n (B)B]

- %

1
—(|BRGR) + |RGBR) + |GBRR) — |[RBGR)

—|GRBR) — |BGRR))R

1
(|IRGBG) — |GRBG) — |RBGG) + |BRGG)

Sl

6



92
+|GBRG) — |BGRGY)G

1
5 IRGBB) - |GRBB) — |RBGB) + |BRGB)

+|GBRB) — |BGRB))B| (3.69)

(4) Spin wave functions
Taking the advantage of the four-quark wave functions Eq.(2.26) to (2.36)
in Chapter 2 coupling with spin of antiquark we can get the spin wave functions

of pentaquark. Clebsch-Gordan coefficients are determined in this process.

U (q"q) . (5 N - | 1) (3.70)

22)

VD) = yHI T T 4 1
1T 1) (3.71)
TG D) = BT D 1 D | D

[ + D+ I D + [ 1)

[ D)+ AT T) (3.72)
VD \[IWN ) = o CHATR T + 1 T4 T) +] 1419
+ 1)) (3.73)
VgD g) = @q ML+ T D)+ [ 1T D)+ [ 11 1)
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T + 1T+ T + 1042 )

D) + ] LT 1) (3.74)

VDo) = AT — | HALT) — | A1)~ [ 14 T)

—L I T + 2 LAt D) (3.75)

11

VgD, (55) = |HILD) = LD = [ 1T+ [0 T) (3.76)

33 o Mt - - ) e
et D) = S0t -t ) .79

VoD = e < AT - 1T

=) (3.79)

VgD, (5 5) = \/g<2| PR ) — [ 1 D) — 41 D))
IR — 180T — 10

H AT D) =2l Wt ) (3.80)

v, Gl = ooy fonn s

H A = [T = [ ) (3.81)
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VDo (5 h) = |G D - [ D)~ 11T~ 111 D)

+£<! PR + [P ] ) = [ 141 )

—[ ) = | WA ) (3.82)

PG h) = St D - 1 - )
L) < T - 1

H AT ) = 2[ LT ) (3.83)

V(g D, (5 5) = ﬁuum%mﬁw)—\/gﬂ L)

HA D = AN = [Nt ) (3.84)

VgD, (5, 5) = @(zﬂ T ) = [ D) = [ D) — [ 41 1)

S NS RUPTNE BUFSIAE S PIES
LT — [ W) (3.85)

Now we calculate, as an example, the mass of the pentaquark (M) in the

[4] p[31]s configuration with the total angular momentum (J) equal to 2 in the

ground state (N = 0) by taking the advantage of Eq.(3.16)
3
Myiq([4]F[31]s, J = 5) = 5m,, + Amock (3.86)

where Amogg is as shown in Eq.(3.65) and calculated by evaluating the compo-
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nents,

(Ui, AT - AT 1PGu,)

= 418 g(QRRGBR — RGRBR — GRRBR — 2RRBGR + RBRGR
+BRRGR + RGBRR + GRBRR — RBGRR — BRGRR
+RGGBG + GRGBG — 2GGRBG — RGBGG — GRBGG
+GBRGG + BGRGG + 2GGBRG — GBGRG — BGGRG
+RBGBB + BRGBB — GBRBB — BGRBB — RBBGB
—~BRBGB +2BBRGB + GBBRB + BGBRB — 2BBGRB|
A - A\S|2RRGBR — RGRBR — GRRBR — 2RRBGR + RBRGR
+BRRGR + RGBRR+ GRBRR — RBGRR — BRGRR
+RGGBG + GRGBG — 2GGRBG — RGBGG — GRBGG
+GBRGG + BGRGG + 2GGBRG — GBGRG — BGGRG
+RBGBB + BRGBB — GBRBB — BGRBB — RBBGB
—~BRBGB + 2BBRGB + GBBRB + BGBRB — 2BBGRB)

= 811 At Ao - Aag 4 Agg - Az + Aqt - Aoa + Ao - Aot + Aig - Asg
+ 13- Mgt + gz - Asg + Ao - Az 4+ i1 - Ass + A1z - Mgy
4

- 3 (3.87)
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Table 3.3 Pentaquark masses: The fourth column shows our estimations while

the fifth column gives the results from (Helminen and Riska, 2002).

Configuration J  Amoge  M(q¢'q)  M(q¢*q)

[4]F[31]5 1.3 481,219 2281,2019 1781, —
[31]r[4]s 350,219 1800,2019 1725, —
[31]#[31]s 1.3 87,22 1887,1822 1613, —
[22]7[31]5 1.3 -306,22 1494,1822 1529, —
[31]7[22]5 Lo 1800 1557

<\I’F§1]A"ﬂ ’ ‘?i|\l’[s?{1]k>

<\IJF:{1]A|U_)1 I ‘7_5|\1’[S:{1]A>

(ly Vi, |01 - G50l Uay,)

(W 1y ) (s, |67 - 521y ,)

é<2 U= 1 = 1 Aot - 022 M1 Tt 1= UM D)
6[4011 071 + 011 Osp + 012 - 031 + 039 - 071 + 031 - 012

—3 (3.88)

Calculating every cell elements in Eq.(3.65) and inputting the parameters

m, = 360 and Cpogr = 16.4 we obtain the pentaquark mass,

=219 (3.89)
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Mg ([4]F[31}S, J = 2) = 2019 (3.90)

The same process is applied to other spin-flavor configurations:
[31]r[4]s, [31]F[31]s, [22] F[31]s, [31]F[22]s. The theoretical results of the mass
shifts and pentaquark masses are shown in Table 3.3. The calculated non-strange

pentaquark masses are compared with some other pentaquark models.



CHAPTER 1V

CONCLUSIONS AND DISCUSSIONS

We try to pave the way for studying the baryon spectrum in the assumption
that baryons may consist of sizable pentaquark parts in addition to the three
quark components. The construction of pentaquark wave functions, especially for
higher excited states has been a challenge in hadron physics. In this work we
have systematically constructed pentaquark wave functions in the framework of
Yamanouchi basis. It is expected that the easy approach developed in the work
for constructing multiquark systems would be very helpful to the whole physics
society.

The method may be outlined as follows:

1. Write the total or subtotal wave function of ¢*g systems into a linear combina-
tion of the products of color, spin, flavor and spatial wave functions;

2. Determine all possible configurations by applying the representations of the
permutation group Sy to the general form above;

3. Nail down the expansion coefficients for a certain configuration by applying the
representations of Sy;

4. Work out the explicit form of individual color, spin, flavor wave functions by
operating the corresponding projection operators to the principle terms of state
configurations;

5. Combine the ¢* wave function with the one of antiquark to form the total wave
function of pentaquarks.

We have worked out all the possible spin-flavor-spatial configurations of
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pentaquarks and all the possible spin-flavor configurations of ground state pen-
taquarks, and the corresponding wave functions.

The construction of spatial wave functions is much more complicated subject
to the dynamics. In this work we show how to construct the pentaquark spatial
wave functions with various symmetries to higher excited states, where the inter-
action between quarks takes the form of harmonic oscillators. In our knowledge,
this is the first work to systematically construct multiquark spatial wave functions
to higher excited states. The spatial wave functions constructed in the work in
the harmonic oscillator interaction may serve as a basis to study baryons for more
realistic interactions.

We have estimated the model parameters by calculating the mass of the
ground state baryons and the lightest vector mesons, resulting in the one-gluon
exchange interaction coefficient Cogr ~ 16.4, the Goldstone boson exchange in-
teraction coefficient Copp & 0 and the mass of u(d) quark myq) ~ 360 MeV. It
is interesting to note that the Goldstone boson exchange interaction gives a very
small contribution and can be ignored. One may conclude that baryon and meson
masses take a contribution from color wave functions because GBE interaction is
independent of but OGE depend strongly on color. We compare our parameters
with other theoretical works. One study (Donald, 2000) shows that m,q = 363
MeV and K = 50 or in our form Cpgr = % = 18.75 which is a bit higher than our
prediction. Another theoretical work (Helminen and Riska, 2002) studies merely
GBE interaction with OGE abandoned, showing Copr = 21. We have turned off
the OGE interaction and refit our parameters and found that Cgpr = 11. The
discrepancy of Cgprp between out result and the parameter in  (Helminen and
Riska, 2002) should be investigated further.

The masses of ground state pentaquarks are evaluated with all the five
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possible spin-flavor configurations [4]r[31]s,[31]#[4]s,[31]r[31]s,[22]#[31]s, and
[31]r[22]s. The lowest ground state pentaquark mass is 1494 Mev in the [22]r[31]s
configuration with the total angular momentum J = % whereas the largest ground
state pentaquark mass is 2281 MeV in the [4]p[31]g with J = 3. As the estimated
pentaquark masses range from about 1.5 to 2.3 GeV, covering a large region of
baryon masses, baryons may consist of three-quark parts as well as pentaquark
components.

There are some theoretical studies estimating the mass of non-strange pen-
taquarks. We may compare our results with three studies. The spectroscopy
of pentaquark states is studied (Bijker et al., 2004) by using mass operator
M = My + My, + My, where M is a constant, M, describes the contribu-
tion of the spatial degree of freedom, and M,; contains the spin-flavor dependance
assumed to have a generalized Gursey-Radicati form which has a similar structure
as the GBE interaction. The way to construct the pentaquark wave functions in
that work is similar to ours. We found that our prediction is consistent with the
results in  (Bijker et al., 2004). While our pentaquark masses range from 1.5 to
2.3 GeV, the results in the work (Bijker et al., 2004) shows that the mass of the
spin—% pentaquark is 2.2 GeV and the mass of the spin—% one is 2.3 GeV.

We compare our results with the pentaquark spectrum in the string dynamics
model (Narodetskii et al., 2003), where the pentaquark is assumed to be a state of
2 diquarks and 1 antiquark connected by 7 strings. In other words, pentaquark is
treated as three-body system i.e. diquark-diquark-antiquark. Therefore, the wave
functions are expressed in terms of A and p Jacobi coordinates whereas our work
uses A, p, n and £ to describe five-body systems. For the mass estimation, the
Hamiltonian in (Narodetskii et al., 2003) includes kinetic energy, perturbative

one-gluon exchange potential and string potential which is proportional to the
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total length of the string. The physical mass of pentaquark is given by M =
M° 4+ C where MY takes a contribution from the constituent mass and the mass
shift from OGE interaction. The constant C' has the meaning of constituent self
energy expressed in terms of string tension and spin interaction with the vacuum
background fields. The work (Narodetskii et al., 2003) predicts the non-strange
pentaquark mass in the uuddd configuration with spin—% equal to 2.4 GeV which
is higher than our estimation.

We may also compare our study with the work (Helminen and Riska, 2002),
where only the GBE interaction is taken into account. While our work defines that
m =m+ Vy + w, the work (Helminen and Riska, 2002) calculates m, V; and w
separately. The parameters are estimated as my ) = 340 MeV, V, = —269 MeV,
Cepr = 21 and w = 228 MeV  (Helminen and Riska, 2002), and the mass of
the spin—% pentaquarks are calculated . It is found that the pentaquark masses
range from 1.5 to 1.8 GeV as shown in the fifth column in Table 3.3. Almost all the
masses in our work are higher than the ones in (Helminen and Riska, 2002) except
for the [22]r[31]s configuration. This alteration may stem from the difference in
the interaction and mass formula.

One may conclude that the prediction of the ground state pentaquark masses
in the present work is consistent with other theoretical results where the pen-
taquark masses range from about 1.5 GeV to 2.4 GeV. In our knowledge, however,
this is the first work to determine the parameters of the OGE and GBE interactions
together in the naive quark model and then apply the predetermined interactions
to pentaquark calculations.

For future works, the ground state wave functions may be applied to calculate
other physical quantities, for example, pentaquark magnetic moment, transition

amplitude and branching ratio of annihilation processes. We may also predict the
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mass of strange-pentaquark states and excited pentaquark states. Furthermore,
the excited pentaquark wave functions constructed in the work may serve as a

powerful basis for studying more realistic potentials.
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APPENDIX A

PERMUTATION GROUP

The group theory employed in this thesis is the primary and exquisite
approach for determining symmetries of wave functions.  Our model as-
sumes that pentaquark ¢*G consists of one antiquark § and four quarks
¢*.  Since the four quarks are identical particles then their symmetries
are significant. Sy permutation group is engaged in determination of four
identical particle symmetries. S, permutation group has 4! or 24 members :
e, (12),(13),(14),(23), (24), (34), (123), (132), (124), (142), (134), (143), (234), (243)
, (1234), (1243), (1324), (1342), (1423), (1432), (12)(34), (13)(24) and (14)(23). The
conjugacy class of S; which represents the same alpha patterns of any members
can be represented by Young tabloids. Young tabloids can be systemically
constructed by the following rules :

(1) Number of the box equal to number of n in S,
(2) Number of the top box and right box always larger than or equal to the below

and left box

In S, Young tabloids are [4], [31], [22], [211] and [1111].

111 - \

Each Young tabloids represents a conjugacy class of S; and each conjugacy
class represents the corresponding irreducible representation of S;. The number

of Young tableaux, filled Young tabloid by number, could represent dimensions of
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irreducible representation. Young tableaux can be constructed by the following
rules :

(1) the number in a box differs from any number in other boxes.

(2) the numbers in a row must increase from left to right.

(3) the numbers in a column must increase from top to bottom.

Therefore,

4] r=1

13[4 [1]2]4] [1]2]3]
[31] 2] 3] 14 r=3
112] [1]3] [1]4]
3120 2]
[211] 4] 4] 3] r=3
1]2] [1]3
[22] 314] [2]4 r=2
[1111] r=1

when 7 is dimension of irreducible representation.

The Yamanouchi basis utilized in this thesis is written in the form

00 = N (s Pnets oes 72, 71)) (A.1)

where [\ is young tabloid, r; stands for the row from which a box is removed in

the order of large number to small number.
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For example, one Yamanouchi basis of [211] of Sy is

2
| = |[211](3211)) (A.2)

¢r =

‘»-lk‘oo —

With the aid of group theory, the operation of the element (n — 1,7n) on the

Yamanouchi basis satisfies the followings :
(n— Ln)|[A(r,ry T2, .oy 72, 1)) = +|[A(r, 7, rrea, .y 7o, 1)) (A.3)

(n—1,n)|[A(r,r —1,rp_9,....72, 1)) = —|[A](r,r = 1,rp_9,...,72,1)) (A.4)

when |[A](r — 1,7, 7, 9,...,72, 1)) not exists, and
(n—1,n)|[[A](r, 8,72, ... 72,7m1)) = /1 —02]|[N(s,r,rn_2,...,72,71))
+0s|[A (7, 8,2y .y T2, 7)) (A.5)

when [[A](r, s, 72, ..., 72, 71)) and |[[A](s, 7,72, ...,72,71)) all exist and r # s. For

[A] = [A1, A2y ooy Are Ao A ] we have

1
TSCT | A6
T I = — 9) (4.6)
For other elements there is additional formula from group theory
<Z7n) = (n_ 1,71)(@71- 1)(”— 17”) (A7)

Finally we can derive matrix representation of all permutation element. The
results are

(1) Matrix representation of S;[211]
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7
10 0 —L o
DPM(12)=| 0 -1 0 DEN(13) = -3 1
0 0 -1 0 0 -1
-1 0 0 -1 %
[211] _ 1 2v2 (211] =
DH(34) 0 -1 e DH(23) @ Lo
V2
0 22 1 0 0 —1
(2) Matrix representation of S4[31]
/3
o
[31] _ [31] _ V3
DPi(12) DPI(13)=| —8 1 g
0 0 1
V2 V3
L 61 4 o
DBIBH) =1 o 1 o | DPU@)=| & 1 o
2v2
22 (VR 0 0 1

(3) Matrix representation of S4[22]

1 0 1 _\3
DPI(12) = DEA(13) = 2 2
/s
0 1 -4
1 0 -1 B
DPA(34) = D@3y = % ?
0 1 o

At this stage, group theory provides enough material to investigate the sym-

metries of wave functions.



APPENDIX B

WEYL TABLEAUX

In this thesis we use Weyl tableaux as the means to investigate the principal
term which is the most crucial step for calculating wave functions. Resembling to
Young tableaux, Weyl tableaux is the young tabloid filled with the possible state
instead of number. The following rules are the method to obtain the principal
term :

(1) State in the same column can not be the same

(2) State in the same row can be the same and be in the order, for example, u, d, s
orr,g,bor T,

(3) Read the state in order of the number in Young tableaux.

For instance, the principal terms of wud configuration are

112

Wy, = | 121 — gy (B.1)
113

why, = 131 — ) (B2

The main reason that we use Weyl tableaux is to give the normalization

constants consistently or to take the principle term positive sign.



APPENDIX C

PROJECTION OPERATORS

In the frame work of group theory, we introduce the projection operator as
A
PEY = 3 ()| R [N () Ry (C.1)
when P([TA)] is the projection operator, |[A](r)) is the Yamanouchi basis function and
R; is the permutation element of S,,. In Yamanouchi technique the operation of
Pix) on any principal term results in the wave function of the irreducible represen-
tation [X]. For Sy the projection operators could be written by
(1) Projection operator of [4] configuration.
24
P, = > ([4(1111)[R;|[4](1111)) R;

)

— 1+ (12) + (13) + (14) + (23) + (24) + (34)
+(12)(34) + (14)(23) + (13)(24)
+(123) + (124) + (132) + (134) + (142) + (143) + (234) + (243)
+(1234) + (1243) + (1324) + (1342) + (1423) + (1432)

(2) Projection operator of [1111] configuration.
24
Py, = 3 ([1111](4321)|R;|[1111](4321)) R;

7

= 1—(12) — (13) — (14) — (23) — (24) — (34)
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+(12)(34) + (14)(23) + (13)(24)

+(123) + (124) + (132) + (134) + (142) + (143) + (234) + (243)
—(1234) — (1243) — (1324) — (1342) — (1423) — (1432)

(3) Projection operators of [31] configuration.

24

Pay, = _([31](1211)|R;[[31](1211)) R;

— 6+ 6(12) — 3(13) + 5(14) — 3(23) + 5(24) + 2(34)
+2(12)(34) — 4(14)(23) — 4(13)(24)
—3(123) 4 5(124) — 3(132) — (134) + 5(142) — (143) — (234) — (243)
—(1234) — (1243) — 4(1324) — (1342) — 4(1423) — (1432)

Pay, = 3 (B1)(121) R [31](1121)) B

%

= 2 2(12) + (13) 4+ (14) + (23) + (24) + 2(34)
+2(12)(34)
—(123) — (124) — (132) + (134) — (142) + (143) + (234) + (243)
—(1234) — (1243) — (1342) — (1432)

24

Py, = > ([31(2111)|Ri[[31](2111)) R,

)

= 343(12) + 3(13) — (14) + 3(23) — (24) — (34)
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—(12)(34) — (14)(23) — (13)(24)
+3(123) — (124) + 3(132) — (134) — (142) — (143) — (234) — (243)
—(1234) — (1243) — (1324) — (1342) — (1423) — (1432)

(4) Projection operators of [211] configuration.

Py = 3 (2118210 Ry [211)(3210) R,

= 242(12) — (13) — (14) — (23) — (24) — 2(34)
—2(12)(34)
—(123) — (124) — (132) + (134) — (142) + (143) + (234) + (243)

+(1234) + (1243) + (1342) + (1432)

Pouy, = fj([211](3121)|R,~|[211](3121)>Ri

)

— 6 —6(12) + 3(13) — 5(14) + 3(23) — 5(24) — 2(34)
—4(14)(23) — 4(13)(24) + 2(12)(34)
—3(123) + 5(124) — 3(132) — (134) + 5(142) — (143) — (234) — (243)
+(1234) + (1243) + 4(1324) + (1342) + 4(1423) + (1432)

24

Pory, = > ([211](1321)| R,|[211)(1321)) R

)

— 3—3(12) — 3(13) 4 (14) — 3(23) + (24) + (34)
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—(12)(34) — (14)(23) — (13)(24)
+3(123) — (124) + 3(132) — (134) — (142) — (143) — (234) — (243)
F(1234) + (1243) + (1324) + (1342) + (1423) + (1432)
(5) Projection operators of [22] configuration.

24

P, = 3 ([22)(2211)|R,|[22)(2211) R,

A
%

— 24+2(12) — (13) — (14) — (23) — (24) + 2(34)
+2(12)(34) + 2(14)(23) + 2(13)(24)
—(123) — (124) — (132) — (134) — (142) — (143) — (234) — (243)
—(1234) — (1243) + 2(1324) — (1342) + 2(1423) — (1432)

Pay, = . (22(2120|R, 22](2120) R
= 2 2(12) + (13) + (14) + (23) & (24) — 2(34)
12(14)(23) + 2(13)(24) + 2(12)(34)

—(123) — (124) — (132) — (134) — (142) — (143) — (234) — (243)

+(1234) + (1243) — 2(1324) + (1342) — 2(1423) + (1432)
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