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CHAPTER I 

INTRODUCTION 

1.1 Background and rationale 

It has been experimentally found that the intermediate principal stress (σ2) can 

notably reduce the maximum principal stress (σ1) at failure for intact rock specimens. 

This suggests that the triaxial compressive strengths obtained from the conventional 

triaxial compression test (under σ2 = σ3), may not truly represent the actual in-situ 

strength where the rock is subjected to an anisotropic stress state (σ1 ≠ σ2 ≠ σ3). The 

rock failure criterion derived from such conventional testing therefore may not be 

conservative. Obtaining rock strengths in the laboratory under an anisotropic stress 

state is not only difficult but expensive. Special loading device (e.g., polyaxial loading 

machine or true triaxial load cell) is required. As a result the failure criterion that can 

take into account the three-dimensional stress states has been extremely rare. The 

existing three dimensional failure criteria for brittle rocks are not adequate because 

they are not in the form that can readily be applied in the actual design and analysis of 

geological structures. 

1.2 Research objectives 

The objectives of this research are to determine the compressive strengths of 

Phra Wihan sandstone subjected to anisotropic stress states, and to develop a three-

dimensional failure criterion of the rocks that can be readily applied in the design and 



2 
 

stability analysis of geologic structures. The efforts involve determination of the 

maximum principal stress at failure of the rock samples under various intermediate 

and minimum principal stresses, and development of a mathematical relationship 

between the three stresses at failure. A polyaxial loading frame is used to apply 

constant σ2 and σ3 onto the specimen while the σ1 is increased until failure. The 

applied σ2 and σ3 at different magnitudes are varied from 0 to 60 MPa. The failure 

stresses are measured and modes of failure are examined. The results compared with 

those obtained from the conventional triaxial compressive strength tests. The three-

dimensional strength criterion is derived by presenting the octahedral shear strength 

and a function of the octahedral mean stress with correction factors if needed. Such 

criterion is useful for determining or predicting the rock strength under anisotropic 

stress states of the in-situ condition. 

1.3 Research methodology 

 The research methodology shown in Figure 1.1 comprises 5 steps; literature 

review, sample preparation, polyaxial compressive testing, development of 

mathematical relations and discussions and conclusions. 

 1.3.1 Literature review 

 Literature review is carried out to study the previous research on 

compressive strength in true-triaxial state and effect of intermediate principal stress. 

The sources of information are from text books, journals, technical reports and 

conference papers. A summary of the literature review are given in the thesis. 

 1.3.2 Sample preparation 

  Sandstone samples are collected from the site. Laboratory experiments 

are conducted on rock specimens from Phra Wihan formation. Sample preparation is 
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carried out in the laboratory at the Suranaree University of Technology. Samples 

prepared for compressive strength test are 5×5×5 cm3. 

 

Literature Review

Sample Preparation

Development
of Mathematical Relations

Thesis Writing

Polyaxial Compression 
Testing

Discussions and 
Conclusions

 

 

Figure 1.1 Research methodology 

 

 1.3.3 Polyaxial compressive testing 

 The laboratory testing includes the true triaxial compressive strength 

tests in polyaxial load frame. It is performed on the Phra Wihan sandstone. Their 
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results are used to develop a multi-axial strength criterion. Over 30 specimens are 

tested under various σ1, σ2 and σ3 values. 

 1.3.4 Development of mathematical relations  

 Results from the laboratory measurements in terms of intermediate 

principal stresses and strength of rock are used to formulate a mathematical relation. 

Intermediate principal stresses and the applied stresses can be incorporated to the 

equation, and derive a new failure criterion for rocks under three dimension stress 

states. 

 1.3.5 Conclusions and thesis writing 

 All research activities, methods, and results are documented and 

complied in the thesis.  

1.4 Scope and limitations 

The scope and limitations of the research include as follows. 

1. Laboratory experiments are conducted on rock specimens from Phra Wihan 

formation. 

2. Testing are made under intermediate principal stress ranging from 0 to 60 

MPa. 

 3. Up to 60 samples are tested, with the nominal sample size of 5×5×5 cm3. 

 4. All tests are conducted under ambient temperature. 

 5. Testing is made under dry condition. 

6. No field testing is conducted. 
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1.5 Thesis contents 

 This research thesis is divided into six chapters. The first chapter includes 

background and rationale, research objectives, research methodology, and scope and 

limitations. Chapter II presents results of the literature review to improve an 

understanding of rock compressive strength as affected by the intermediate principal 

stress. Chapter III describes sample preparation. Chapter IV describes the polyaxial 

compressive strength test. Chapter V presents strength criterion. Chapter VI is the 

discussions, conclusions and recommendations for future studies. 



CHAPTER II 

LITERATURE REVIEW 

2.1 Compressive strength of rock 

Relevant topics and previous research results are reviewed to improve an 

understanding of rock compressive strength as affected by the intermediate principal 

stress. Summery of the review results is as follows. 

Alsayed (2002) used specimens in the form of hollow cylinder specimens for 

simulating stress condition around the opening to study the behaviour of rock under a 

much wider variety of stress paths. The hollow cylinder specimens are used in 

conventional triaxial test cell, shown in Figure 2.1 It was developed by Hoek and 

Franklin (1968) and specially designed of internal of pressure loading configuration. 

Springwell sandstone specimens were subjected to under uniaxial, biaxial, triaxial and 

polyaxial compression, as well as indirect tension. The results obtained confirm the 

effect of the intermediate principal stress on rock failure and show that the apparent 

strength of rock is markedly influenced by the stress condition imposed. Multiaxial 

testing system can provide realistic prediction of the actual behaviour of rock and 

guide the formulation of more adequate numerical models. 

 Kwasniewski et al. (2003) use prismatic samples of medium-grained sandstone 

from Śląsk Colliery for testing under uniaxial compression, conventional triaxial 

compression and true triaxial compression conditions. Results of the studies show that 

confining pressure strongly inhibited dilatant behavior of rock samples tested under
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Axial load

Internal  
pressure 
air bleed 
valve

External  
pressure 
oil inlet

Internal 
pressure 
oil inlet

External  
pressure 
air bleed 
valve

 

 

Figure 2.1 Test cell with a specimen inside ready to be transferred to the loading 

machine (Alsayed, 2002). 

 

conventional triaxial compression conditions; the increasing confinement resulted in 

the growing compaction of the rock material. The effect of dilatancy was also highly 

suppressed by the intermediate principal stress. While important dilatant, negative 

volumetric strain corresponded to the peak differential stress at low intermediate 
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principal stress conditions, at high intermediate stresses the rock material was 

damaged to much lesser extent. As a result, faulting of rock samples in the post-

peak region was much more violent and was accompanied by a strong acoustic 

effect. 

Colmenares and Zoback (2002) examine seven different failure criteria by 

comparing them to published polyaxial test data (σ1 > σ2 > σ3) for five different rock 

types at a variety of stress states. They employed a grid search algorithm to find the 

best set of parameters that describe failure for each criterion and the associated misfits. 

Overall, they found that the polyaxial criterion of Modified Wiebols and Cook and 

Modified Lade achieved a good fit to most of the test data. This is especially true for 

rocks with a highly σ2-dependent failure behavior (e.g. Dunham dolomite, Solenhofen 

limestone). However, for some rock types (e.g. Shirahama Sandstone, Yuubari shale), 

the intermediate stress hardly affects failure and the Mohr–Coulomb and Hoek and 

Brown criteria fit these test data equally well, or even better, than the more 

complicated polyaxial criteria. The values of C0 (uniaxial compressive strength) 

yielded by the Inscribed and the Circumscribed Drucker–Prager criteria bounded the 

C0 (uniaxial compressive strength) value obtained using the Mohr–Coulomb criterion 

as expected. In general, the Drucker–Prager failure criterion did not accurately indicate 

the value of σ1 at failure. The value of the misfits achieved with the empirical 1967 

and 1971 the Mogi criteria were generally in between those obtained using the triaxial 

and the polyaxial criteria. The disadvantage of these failure criteria is that they cannot 

be related to strength parameters such as C0: They also found that if only data from 

triaxial tests are available, it is possible to incorporate the influence of σ2 on failure by 

using a polyaxial failure criterion. The results for two out of three rocks that could be 

analyzed in this way were encouraging. 
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 Tiwari and Rao (2004) have described physical modeling of a rock mass under  

a true triaxial stress state by using block mass models having three smooth joint sets. 

The testing used true-triaxial system (TTS) developed by Rao and Tiwari (2002), shown 

in Figure 2.2 The test results show the strength of rock mass (σ1) and deformation 

modulus (Ej) increase significantly which is confirmed by fracture shear planes 

developed on σ2 face of specimen. Most of the specimens failed in shearing with sliding 

in some cases. The effect of interlocking and rotation of principal stresses σ2 and σ3 on 

strength and deformation response was also investigated  

Chang and Haimson (2005) discuss the non-dilatants deformation and failure 

mechanism under true triaxial compression. They conducted laboratory rock strength 

experiments on two brittle rocks, hornfels and metapelite, which together are the major 

constituent of the long valley Caldera (California, USA) basement in the  

2025 – 2996 m depth range. Both rocks are banded, very high porosity. Uniaxial 

compression test at different orientations with respect to banding planes reveal that 

while the hornfels compressive strength nearly isotropic, the metapelite possesses 

distinct anisotropy. Conventional triaxial tests in these rocks reveal that their 

respective strengths in a specific orientation increase approximately linearly with 

confining pressure. True triaxial compressive experiments in specimens oriented at a 

consistent angle to banding, in which the magnitude of the least (σ3) and the 

intermediate (σ2) principal stress are different but kept constant during testing while 

the maximum principal stress is increased until failure, exhibit a behaviour unlike that 

previously observed in other rocks under similar testing conditions. For a given 

magnitude of σ3, compressive strength σ1 does not vary significantly in both regardless 

of the applied σ2, suggesting little or no intermediate principal stress effect. 
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Figure 2.2 True triaxial system used for study (Rao and Tiwari, 2002). 
 

Strains measured in all three principal directions during loading were used to obtain 

plots σ1 versus volumetric strain. Theses are consistently linear almost to the point of 

rock failure, suggesting no dilatants.  

Haimson (2006) describes the effect of the intermediate principal stress (σ2) on 

brittle fracture of rocks, and on their strength criteria. Testing equipment emulating 

Mogi’s but considerably more compact was developed at the University of Wisconsin 

and used for true triaxial testing of some very strong crystalline rocks. Test results 

revealed three distinct compressive failure mechanisms, depending on loading mode 

and rock type: shear faulting resulting from extensile microcrack localization, multiple 

splitting along the axis, and nondilatant shear failure. The true triaxial strength 
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criterion for the KTB amphibolite derived from such tests was used in conjunction 

with logged breakout dimensions to estimate the maximum horizontal in situ stress in 

the KTB ultra deep scientific hole. 

 Cai (2008) studied the intermediate principal stress on rock fracturing and 

strength near excavation boundaries using a FEM/ DEM combined numerical tool.  

A loading condition of σ3 = 0 and σ1 ≠ 0, and σ2 ≠ 0 exists at the tunnel boundary, 

where σ1, σ2, and σ3, are the maximum, intermediate, and minimum principal stress 

components, respectively. The numerical study is based on sample loading testing that 

follows this type of boundary stress condition. It is seen from the simulation results 

that the generation of tunnel surface parallel fractures and microcracks is attributed to 

material heterogeneity and the existence of relatively high intermediate principal stress 

(σ2), as well as zero to low minimum principal stress (σ3) confinement. A high 

intermediate principal stress confines the rock in such away that microcracks and 

fractures can only be developed in the direction parallel to σ1 and σ2. Stress-induced 

fracturing and microcracking in this fashion can lead to onion-skin fractures, spalling, 

and slabbing in shallow ground near the opening and surface parallel microcracks 

further away from the opening, leading to anisotropic behavior of the rock. 

Consideration of the effect of the intermediate principal stress on rock behavior should 

focus on the stress-induced anisotropic strength and deformation behavior of the rocks 

show in Figure 2.3 It is also found that the intermediate principal stress has limited 

influence on the peak strength of the rock near the excavation boundary. 

 Walsri et al. (2009) developed polyaxial load frame to determine the compressive 

and tensile strengths of three types of sandstone under true triaxial stresses. Results 

from the polyaxial compression tests on rectangular specimens of sandstones suggest 
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Figure 2.3 Influence of the intermediate principal stress on the strength of Westerly 

granite. Rapid initial rock strength increases with increasing σ2 can be 

seen for low σ3 (Cai, 2008). 

that the rocks are transversely isotropic. The measured elastic modulus in the direction 

parallel to the bedding planes is slightly greater than that normal to the bed. Poisson’s 

ratio on the plane normal to the bedding planes is lower than those on the parallel 

ones. Under the same σ3, σ1 at failure increases with σ2. Results from the Brazilian 

tension tests under axial compression reveal the effects of the intermediate principal 
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stress on the rock tensile strength. The Coulomb and modified Wiebols and Cook 

failure criteria derived from the characterization test results predict the sandstone 

strengths in term of J2
1/2 as a function of J1 under true triaxial stresses. The modified 

Wiebols and Cook criterion describes the failure stresses better than does the Coulomb 

criterion when all principal stresses are in compressions. When the minimum principal 

stresses are in tension, the Coulomb criterion over-estimate the second order of the 

stress invariant at failure by about 20% while the modified Wiebols and Cook criterion 

fails to describe the rock tensile strengths. 

 
2.2 Polyaxial strength criteria 

 In this research we aim to find which failure criterion, and parameters that best 

describe the behavior of rock by minimizing the mean standard deviation misfit 

between the predicted failure stress and the experimental data. 

 The Coulomb criterion indicates that when shear failure takes place across  

a plane, the normal stress σn and the shear stress τ across this plane are related by 

functional relation characteristics of the material 

 ni0S σµ+=τ  (2.1) 

where S0 is the shear strength or cohesion of the material and µi is the coefficient of 

internal friction of the material. Since the sign of τ only affects the sliding direction, 

only the magnitude of τ matters. The linearzed form of the Mohr failure criterion may 

also be written as: 

301 qC σ+=σ  (2.2) 
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where: 
 22  1/2 2 2( 1) tan ( / 4 / 2)i iq µ µ π ϕ⎡ ⎤= + + = +⎣ ⎦  (2.3) 

 

where σ1 is the major principal effective stress at failure, σ3 is the least principal 

effective stress at failure, C0 is the uniaxial compressive strength and φ is the angle of 

internal friction equivalent to tan(µi): This failure criterion assumes that the 

intermediate principal stress has no influence on failure. 

 The Modified Wiebols and Cook criterion described by Zhou (1994) predicts 

that a rock fails if: 

 2
11

1/2
2 CJBJAJ ++=  (2.4) 

 where: })()()){(6/1(J 2
32

2
31

2
21

2/1
2 σ−σ+σ−σ+σ−σ=  (2.5) 

 3/)σσ(σJ 3211 ++=  (2.6) 
 

where J1 is the mean effective confining stress and 2/1
2J = (3/2)1/2τoct; where τoct is the 

octahedral shear stress: 

2
32

2
31

2
21oct )()()(

3
1

σ−σ+σ−σ+σ−σ=τ  (2.7) 

 The constants A, B and C depend on rock materials and the minimum principal 

stresses (σ3). They can be determined under the conditions where σ2 = σ3, as follows: 
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where: 1C  i 0(1 0.6µ )C= +  

 C0 = uniaxial compressive strength of the rock 

 iµ   tanϕ=  

 q  2 1/2 2 2
i i{(µ 1) µ } tan ( / 4 / 2)π ϕ= + + = +  

 30 2)σ(q(2C
3
C

2q
1)(q3B ++−

+
−

=  (2.9) 

 C
9

CB
3

C
3

CA
2

000 −−=  (2.10) 

The rock strength predictions produced using Eq. (2.4) are similar to that of 

Wiebols and Cook and thus the model described by Eq. (2.4) represents a modified 

strain energy criterion, which may be called Modified Wiebols and Cook. For 

polyaxial states of stress, the predictions made by this criterion are greater than that of 

the Mohr–Coulomb criterion. 

 Mogi (1967) empirical criterion indicates the influence of the intermediate 

stress on failure by performing confined compression tests (σ1 > σ2 = σ3), confined 

extension tests (σ1 = σ2 > σ3) and biaxial tests (σ1 > σ2 > σ3 = 0) on different rocks. 

He recognized that the influence of the intermediate principal stress on failure is non-

zero, but considerably smaller than the effect of the minimum principal stress. When 

he plotted the maximum shear stress (σ1 - σ3)/2 as a function of (σ1 + σ3)/2 for failure 

of Westerly Granite, he observed that the extension curve lied slightly above the 

compression curve and the opposite happened when he plotted the octahedral shear 

stress τoct as a function of the mean normal stress (σ1 + σ2 + σ3)/3 for failure of the 
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same rock. Therefore, if (σ1 + βσ2 + σ3) is taken as the abscissa (instead of (σ1 + σ3) or 

(σ1 + σ2 + σ3)), the compression and the extension curves become coincidental at a 

suitable value of β. Mogi argued that this β value is nearly the same for all brittle 

rocks but we will test this assertion. The empirical criterion has the following formula: 

 ( ) ( ) ]2/[f2/ 321131 σ+βσ+σ=σ−σ  (2.11) 

where β is a constant smaller than 1. The form of the function f1 in Eq. (2.11) is 

dependent on rock type and it should be a monotonically increasing function. This 

criterion postulates that failure takes place when the distortional energy increases to a 

limiting value, which increases monotonically with the mean normal pressure on the 

fault plane. The term βσ2 may correspond to the contribution of σ2 to the normal stress 

on the fault plane because the fault surface, being irregular, is not exactly parallel to σ2 

and it would be deviated approximately by arcsin (β). 

 Mogi 1971 empirical criterion empirical fracture criterion was obtained by 

generalization of the von Mises’s theory. It is formulated by: 

 )(f 311oct σ+σ=τ  (2.12) 

where f1 is a monotonically increasing function. According to Mogi the data points 

tend to align in a single curve for each rock, although they slightly scatter in some 

silicate rocks. The octahedral stress is not always constant but increases monotonically 

with (σ1 + σ3). Failure will occur when the distortional strain energy reaches a critical 

value that increases monotonically with the effective mean pressure on the slip planes  
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parallel to the σ2 direction. The effective mean pressure on faulting is (σ1 + σ3)/2 or 

σm,2; therefore, τoct at fracture is plotted against σm,2. Mogi applied this failure 

criterion to different kinds of rocks and it always gave satisfactory results.  



CHAPTER III 

SAMPLE PREPARATION 

 

 This chapter describes sample preparation ad specifications of the PW sandstone. 

The method follows as much as practical the standard practices. The tested sandstone is 

from Phra Wihan formation (PW sandstone). It is fine-grained quartz sandstone. It is 

selected primarily because of its highly uniform texture, density and strength. Its 

average grain size is 0.1-1.0 mm. The rock is commonly found in the north and 

northeast of Thailand. Its mechanical properties and responses play a significant role 

in the stability of tunnels, slope embankments and dam foundations in the region. 

PW sandstone specimens are collected from Saraburi province. Sample 

preparation is carried out in the laboratory at the Suranaree University of 

Technology. Samples prepared for polyaxial compressive strength test are 5×5×5 

cm3 shown in Figure 3.1. For the polyaxial compression testing cubical block 

specimens are cut and ground to have a nominal dimension of 5×5×5 cm3. This small 

size is to ensure that the polyaxial load frame is capable of inducing failure to the 

rock under confinement up to 20 MPa. A total of 59 specimens are prepared for 

testing. Table 3.1 summarizes the specimen number, dimension and density. 
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Figure 3.1 Some PW sandstone specimens prepared for polyaxial 

 compression testing. 
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Table 3.1 Specimen dimensions after preparation.  

Specimen No. Width (mm.) Length (mm.) Height (mm.) Density (g/cc) 
PWSS-PX-01 53.25 53.03 50.60 2.27 
PWSS-PX-02 51.30 51.05 50.00 2.42 
PWSS-PX-03 51.05 50.83 51.30 2.30 
PWSS-PX-04 51.51 51.29 48.72 2.46 
PWSS-PX-05 51.87 51.65 50.04 2.34 
PWSS-PX-06 50.61 50.39 51.60 2.32 
PWSS-PX-07 50.25 50.03 51.66 2.27 
PWSS-PX-08 50.75 50.53 49.99 2.37 
PWSS-PX-09 50.15 49.93 50.30 2.34 
PWSS-PX-10 50.70 50.48 51.21 2.33 
PWSS-PX-11 51.83 51.61 50.80 2.35 
PWSS-PX-12 50.36 50.14 50.71 2.34 
PWSS-PX-13 51.35 51.13 51.85 2.21 
PWSS-PX-14 49.75 49.53 50.45 2.34 
PWSS-PX-15 51.67 51.45 50.73 2.32 
PWSS-PX-16 50.45 50.23 51.00 2.35 
PWSS-PX-17 52.21 51.99 49.85 2.44 
PWSS-PX-18 50.55 50.33 51.51 2.32 
PWSS-PX-19 52.00 51.78 51.35 2.25 
PWSS-PX-20 51.00 50.78 52.75 2.30 
PWSS-PX-21 50.72 50.5 50.85 2.36 
PWSS-PX-22 50.58 50.36 51.53 2.27 
PWSS-PX-23 51.13 50.91 50.34 2.31 
PWSS-PX-24 50.63 50.41 52.00 2.37 
PWSS-PX-25 50.95 50.73 51.00 2.32 
PWSS-PX-26 51.25 51.03 50.14 2.37 
PWSS-PX-27 50.50 50.28 52.00 2.33 
PWSS-PX-28 50.75 50.53 50.75 2.35 
PWSS-PX-29 50.40 50.18 50.00 2.34 
PWSS-PX-30 50.00 49.78 51.05 2.32 
PWSS-PX-31 50.65 50.43 51.08 2.30 
PWSS-PX-32 51.15 50.93 50.25 2.38 
PWSS-PX-33 51.30 51.08 50.90 2.29 
PWSS-PX-34 50.53 50.31 50.98 2.30 
PWSS-PX-35 51.44 51.22 51.70 2.25 
PWSS-PX-36 51.30 51.08 50.65 2.26 
PWSS-PX-37 50.20 49.98 51.30 2.31 
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Table 3.1 Specimen dimensions after preparation (cont.). 

Specimen No. Width (mm.) Length (mm.) Height (mm.) Density (g/cc) 
PWSS-PX-38 50.29 50.07 50.30 2.39 
PWSS-PX-39 50.49 50.27 50.81 2.36 
PWSS-PX-40 50.26 50.04 51.40 2.28 
PWSS-PX-41 50.06 49.84 51.30 2.29 
PWSS-PX-42 50.95 50.73 50.85 2.33 
PWSS-PX-43 51.69 51.47 51.14 2.26 
PWSS-PX-44 51.01 50.79 50.10 2.35 
PWSS-PX-45 51.19 50.97 50.69 2.24 
PWSS-PX-46 50.68 50.46 50.80 2.24 
PWSS-PX-47 50.44 50.22 50.56 2.34 
PWSS-PX-48 50.43 50.21 51.29 2.35 
PWSS-PX-49 50.73 50.51 51.10 2.31 
PWSS-PX-50 50.53 50.31 51.14 2.35 
PWSS-PX-51 51.08 50.86 51.04 2.34 
PWSS-PX-52 50.83 50.61 50.13 2.41 
PWSS-PX-53 51.28 51.06 50.28 2.39 
PWSS-PX-54 51.31 51.09 50.20 2.35 
PWSS-PX-55 50.58 50.36 50.65 2.35 
PWSS-PX-56 49.23 49.01 50.01 2.37 
PWSS-PX-57 50.65 50.43 50.25 2.39 
PWSS-PX-58 51.65 51.43 50.59 2.44 
PWSS-PX-59 51.25 51.03 50.48 2.33 

 



 

CHAPTER IV 

POLYAXIAL COMPRESSIVE STRENGTH TESTS 

 

4.1 Introduction 

 The objective of this chapter is to experimentally determine the compressive 

strengths of Phra Wihan sandstone (PW sandstone) subjected to anisotropic stress 

states. This chapter describes the equipment, method, results and analysis of the 

polyaxial compressive strength tests on the rock. A total of 22 specimens have been 

tested.  

4.2 Test equipment 

Figure 4.1 shows the polyaxial load frame (Walsri et al., 2009) used in this 

test. The polyaxial compression tests are performed to determine the compressive 

strengths and deformations of the PW sandstone under true triaxial stresses. The 

intermediate (σ2) and minimum (σ3) principal stresses are maintained constant while 

σ1 is increased until failure. Here the constant σ2 is varied from 6.6 to 60 MPa, and σ3 

from 2.3 to 15 MPa. Neoprene sheets are used to minimize the friction at all interfaces 

between the loading platen and the rock surface. Figure 4.2 shows the applied 

principal stress directions with respect for all specimens. The failure stresses are 

recorded and mode of failure examined. To meet the load requirement above, two 

pairs of cantilever beams are used to apply the lateral stresses in mutually 

perpendicular directions on the specimen. The outer end of each opposite beam is 

pulled down by dead weight placed in the middle of a steel bar linking the 
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Figure 4.1 Polyaxial load frame developed for compressive strength testing under true 

triaxial stresses (from Walsri et al., 2009). 

 

 

 

Figure 4.2 Directions of loading on cubical specimens of sandstone. 
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two opposite beams underneath (Figure 4.3). The inner end is hinged by a pin mounted 

on vertical bars on each side of the frame. During testing all beams are arranged 

perfectly horizontally, and hence a lateral compressive load results on the specimen 

placed at the center of the frame. Due to the different distances from the pin to the 

outer weighting point and from the pin to the inner loading point, a load magnification 

of 17 to 1 is obtained from load calibration with an electronic load cell. This loading 

ratio is also used to determine the lateral deformation of the specimen by monitoring 

the vertical movement of the two steel bars below. The maximum lateral load is 

designed for 100 kN. The axial load is applied by a 1000-kN hydraulic load cell. The 

load frame can accommodate specimen sizes from 2.5×2.5×2.5 to 10×10×20 cm3. The 

different specimen sizes and shapes can be tested by adjusting the distances between 

the opposite loading platens. Note that virtually all true triaxial and polyaxial cells 

previously developed elsewhere can test rock samples with the maximum size not 

larger than 5×5×10 cm3. σ1 is obtained from the maximum stresses failure.  σ2 and σ3 

are obtained from calibration by load cell. Figure 4.4 plots the calibrated curves for 

use in polyaxial compression test. F is load on the rock sample (kN). W is weight on 

the lower bars (kN). 

4.3 Test method 

 The prepared rock specimen has a nominal dimension of 5×5×5 cm3. The test 

produce can be described as follows: 

1) Use neoprene sheet on six sides of rock specimen.  

 2) Connect hydraulic pump with hydraulic cylinder and check level of oil in 

the pump. 
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Figure 4.3 Cantilever beam weighed at outer end applies lateral stress to the rock 

specimen (from Walsri et al., 2009). 
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Figure 4.4 Calibrated curves for use in polyaxial compression testing. 

 

3) The rock specimen with neoprene is placed on the loading platen.  

 4) The lateral loading platens contact the sides of specimen.  

 5) Raise the cantilever beam in N−S direction.  

6) Place the rock specimen with neoprene and lateral loading platen into the 

polyaxial load frame.  

7) Lateral loading platens must be straight with half spherical bolt.  

8) Slowly reduce the level of cantilever beam until half spherical bolts and 

lateral loading platen are in contact.  

9) Raise the cantilever beam in W−E direction.  

10) Place the lateral loading platens on the sides of specimen.  

11) Slowly reduce level of the cantilever beam.  

12) Place the loading platens on top and bottom of the specimen.  
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13) Increase oil pressure using hydraulic pump until specimen, loading platens 

and upper steel plates are in contact.  

14) If confining pressure is highs than 4.1 kN, use inner hole to hang the lower 

bars, 6.5 kN outer hole of lateral loading platens install the lower beam in N−S 

direction with U-links for carry dead weight by using steel bolts.  

15) Put a steel plate (dead weight) on the middle of each beam to increase 

lateral load.  

16) Axial load and lateral load must be increased simultaneously up to pre-set 

pressure so that rock specimen will be in hydrostatic condition.  

17) Install dial gages in monitoring directions. 

 

4.4 Test results 

 This section describes test results in terms of strength and elasticity. The 

measured sample deformations are used to determine the strains along the principal 

axes during loading. The failure stresses are recorded and mode of failure examined. 

Appendix A shows the stress-strain curves from the start of loading to failure for the 

sandstone specimens in true triaxial stress states. 

4.4.1 Strength results 

Table 4.1 summarizes the strengths with respect to the orientation of 

the true triaxial compression stresses. Figure 4.5 plots σ1 at failure as a function of σ2 

tested under various σ3’s for PW sandstone. The results show the effects of the 

intermediate principal stress, σ2, on the maximum stresses at failure by the failure 

envelopes being offset from the condition where σ2 = σ3. For all minimum principal 

stress levels, σ1 at failure increases with σ2. The effect of σ2 tends to be more 
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pronounced under a greater σ3. These observations agree with those obtained 

elsewhere (e.g. Haimson and Chang, 1999; Colmenares and Zoback, 2002; Haimson, 

2006). Post-failure observations suggest that compressive shear failures are 

predominant in the specimens tested under low σ2 while splitting tensile fractures 

parallel to σ1 and σ2 directions dominate under higher σ2 (Figure 4.6). The observed 

splitting tensile fractures under relatively high σ2 suggest that the fracture initiation 

has no influence from the friction at the loading interface in the σ2 direction. As a 

result the increase of σ1 with σ2 should not be due to the interface friction. 

Figures 4.7 (results of triaxial compressive strength from polyaxial 

compressive strength tests in terms of Mohr’s circles and Coulomb criterion) shows 

the Mohr circles of the results with shear stress as ordinates and normal stress as
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Table 4.1  Summary of the strength results on PW sandstone of true triaxial 

compression tests. 

Specimen No. σ3 (MPa) σ2 (MPa) σ1 (MPa) 

PWSS-PX-38 

2.3 

10.0 80.3 
PWSS-PX-03 20.0 100.3 
PWSS-PX-58 40.0 117.4 
PWSS-PX-55 60.0 117.4 
PWSS-PX-44 

4.1 

10.0 95.0 
PWSS-PX-08 20.0 109.5 
PWSS-PX-27 40.0 124.8 
PWSS-PX-01 60.0 131.2 
PWSS-PX-42 6.5 6.6 94.5 
PWSS-PX-30 

6.6 

10.0 106.6 
PWSS-PX-33 20.0 118.0 
PWSS-PX-45 40.0 141.1 
PWSS-PX-02 60.0 150.2 
PWSS-PX-21 8.3 8.3 108.9 
PWSS-PX-23 10.0 10.1 125.1 
PWSS-PX-34 

10.1 

20.0 135.0 
PWSS-PX-35 30.0 147.1 
PWSS-PX-32 40.0 161.2 
PWSS-PX-49 50.0 172.0 
PWSS-PX-29 12.0 12.0 139.2 
PWSS-PX-37 15.5 15.5 147.4 
PWSS-PX-46 20.0 20.0 161.9 
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Figure 4.5 Maximum principal stresses (σ1) at failure as a function of σ2 for various 

σ3 values. 
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Figure 4.6 Some post-test specimens of PW sandstone. Numbers in blankets indicate 

 [σ1,σ2,σ3] at failure. 
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Figure 4.7  Results of triaxial compressive strength from polyaxial compressive 

strength tests in terms of the Mohr’s circles and Coulomb criterion. 

 

abscissas. The relationship can be represented by the Coulomb criterion: 

 φ+= tanσcτ n  (4.1) 

where τ is the shear stress, c is the cohesion, σn is the normal stress and φ is the angle 

of internal friction. The friction angle = 49° and the cohesion = 8.8 MPa. 

4.4.2 Elastic results 

The elastic modulus and Poisson’s ratio are calculated for the three-

dimensional principal stress-strain relations, given by Jaeger and Cook (1979). The 

relation can be simplified to obtain a set of governing equations for an isotropic 

material as follows: 

)σ(σ
E
ν

E
σε 32

1
1 +−=  (4.2) 
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εv = ε1 + ε2 + ε3 (4.5) 

where  σ1, σ2 and σ3 are principal stresses, ε1, ε2 and ε3 are principal strains, εv are 

volumetric strain, E is elastic modulus, and ν is Poisson’s ratio. 
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The calculations of the Poisson’s ratios and tangent elastic moduli are 

made at 50% of the maximum principal stress. Table 4.2 summarizes the elastic 

parameters with respect to the orientation of the true triaxial compression tests. 
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Table 4.2  Summary of the elastic parameters with respect to the orientation of the 

principal axes. 

Specimen 
No. 

Elastic Modulus (GPa) Poisson's ratio 

E12  E13 E23 Average ν12 ν13 ν23 Average
PWSS-PX-38 7.67 8.63 13.32 9.87 0.31 0.21 0.33 0.28 
PWSS-PX-03 10.66 10.77 10.83 10.75 0.25 0.24 0.25 0.25 
PWSS-PX-58 10.35 11.27 11.04 10.89 0.29 0.24 0.23 0.25 
PWSS-PX-55 10.19 11.28 10.74 10.74 0.33 0.26 0.23 0.28 
PWSS-PX-44 8.12 8.67 15.07 10.62 0.30 0.20 0.20 0.23 
PWSS-PX-08 8.94 10.59 10.08 9.87 0.30 0.21 0.33 0.28 
PWSS-PX-27 10.32 12.83 12.48 11.88 0.25 0.27 0.22 0.25 
PWSS-PX-01 8.88 12.13 11.21 10.74 0.33 0.21 0.26 0.27 
PWSS-PX-42 9.17 9.20 - 9.19 0.28 0.26 - 0.27 
PWSS-PX-30 10.94 11.27 10.14 10.78 0.29 0.24 0.23 0.25 
PWSS-PX-33 9.08 9.20 15.15 11.14 0.32 0.22 0.32 0.28 
PWSS-PX-45 8.83 11.72 12.21 10.92 0.33 0.24 0.31 0.28 
PWSS-PX-02 9.27 10.70 12.18 10.72 0.32 0.22 0.26 0.27 
PWSS-PX-21 9.51 9.10 - 9.31 0.26 0.26 - 0.26 
PWSS-PX-23 9.59 9.74 - 9.67 0.28 0.28 - 0.28 
PWSS-PX-34 9.95 11.45 10.06 10.49 0.24 0.21 0.27 0.24 
PWSS-PX-35 9.34 9.87 9.60 9.60 0.25 0.21 0.25 0.24 
PWSS-PX-32 9.32 10.28 8.11 9.24 0.28 0.25 0.28 0.27 
PWSS-PX-49 9.32 12.17 10.67 10.72 0.30 0.23 0.26 0.27 
PWSS-PX-29 9.85 9.81 - 9.83 0.27 0.28 - 0.28 
PWSS-PX-37 10.33 10.33 - 10.33 0.26 0.26 - 0.26 
PWSS-PX-46 9.56 9.53 - 9.55 0.28 0.28 - 0.28 
Mean ± S.D. 10.31±0.71 0.26±0.02 

Note: - is not calculated because σ2 = σ3. 

 

 

 



 

CHAPTER V 

STRENGTH CRITERIA 

5.1 Introduction 

 This chapter describes the strength analysis and compressive failure criteria 

under true triaxial compression. The test results are compared against the Coulomb 

and modified Wiebols and Cook failure criteria. They are selected because the 

Coulomb criterion has been widely used in actual field applications while the 

modified Wiebols and Cook criterion has been claimed by many researchers to be one 

of the best representations of rock strengths under confinements. 

 

5.2 The Coulomb criterion  

 The second order stress invariant ( 2/1
2J ) and the first order stress invariant or 

the mean stress (J1) is calculated from the test results by the following relations 

(Jaeger and Cook, 1979): 

 

 })()()){(6/1(J 2
32

2
31

2
21

2/1
2 σ−σ+σ−σ+σ−σ=  (5.1) 

 3/)σσ(σJ 3211 ++=  (5.2) 

 The Coulomb criterion in from of J2 and J1 can be expressed as (Jaeger and Cook, 

1979):
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 [ ]φ+φ=  cosSsinJ
3

2J 01
1/2
2  (5.3) 

 

where φ is friction angle, So is cohesion, J1 is mean stress and 2/1
2J  is the second order of 

stress invariant. The uniaxial and triaxial test results indicate that the friction angle of 

the tested sandstone is 49°, and the cohesion is 8.8 MPa. Table 5.1 shows the results of 

the strength calculation in terms of 2/1
2J  and J1 for PW sandstone.  Figures 5.1 compares 

the polyaxial test results with those predicted by the Coulomb criterion. The 

predictions are made for σ3 = 2.3, 4.1, 6.6, 8.3, 10.1, 12.0, 15.5 and 20.0 MPa. (as 

used in the tests) and under stress conditions from σ2 = σ3 to σ2 > σ3. In the 2/1
2J - J1 

diagram, 2/1
2J  increases with σ3 but it is independent of J1 because the Coulomb 

criterion ignores σ2 in the strength calculation. Under a low σ2 and σ3 the Coulomb 

prediction tends to agree with the test results obtained from the PW sandstone. Except 

for this case, no correlation between the Coulomb predictions and the polyaxial 

strengths can be found. The inadequacy of the predictability of Coulomb criterion 

under polyaxial stress states obtained here agrees with a conclusion drawn by 

Colmenares and Zoback (2002). 

 

5.3 The Modified Wiebols and Cook criteria 

 The modified Wiebols and Cook criterion given by Colmenares and Zoback 

(2002) defines 2/1
2J  at failure in terms of J1 as: 

 2
11

1/2
2 CJBJAJ ++=  (5.4) 
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 The constants A, B and C depend on rock materials and the minimum principal 

stresses (σ3). They can be determined under the conditions where σ2 = σ3, as follows 

(Colmenares and Zoback, 2002): 

 

Table 5.1 Strength calculation in terms of 2/1
2J  and J1. 

 

 

 

 

Specimen No. σ3 (MPa) σ2 (MPa) σ1 (MPa) J2
1/2 (MPa) J1 (MPa) 

PWSS-PX-38 

2.3 

10.0 80.3 43.0 30.9 
PWSS-PX-03 20.0 100.3 52.2 40.9 
PWSS-PX-58 40.0 117.4 58.7 53.2 
PWSS-PX-55 60.0 117.4 57.6 59.9 
PWSS-PX-44 

4.1 

10.0 95.0 50.9 36.4 
PWSS-PX-08 20.0 109.5 56.8 44.5 
PWSS-PX-27 40.0 124.8 62.0 56.3 
PWSS-PX-01 60.0 131.2 63.7 65.1 
PWSS-PX-42 6.5 6.6 94.5 50.8 35.9 
PWSS-PX-30 

6.6 

10.0 106.6 56.8 41.1 
PWSS-PX-33 20.0 118.0 60.8 48.2 
PWSS-PX-45 40.0 141.1 70.0 62.6 
PWSS-PX-02 60.0 150.2 72.6 72.3 
PWSS-PX-21 8.3 8.3 108.9 50.2 37.3 
PWSS-PX-23 10.0 10.1 125.1 66.4 48.4 
PWSS-PX-34 

10.1 

20.0 135.0 69.4 55.0 
PWSS-PX-35 30.0 147.1 74.0 62.4 
PWSS-PX-32 40.0 161.2 80.0 70.4 
PWSS-PX-49 50.0 172.0 84.3 77.4 
PWSS-PX-29 12.0 12.0 139.2 73.5 54.4 
PWSS-PX-37 15.5 15.5 147.4 76.2 59.5 
PWSS-PX-46 20.0 20.0 161.9 81.9 67.3 
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Figure 5.1 2/1
2J  as a function of J1 from testing PW sandstone compared with 

the Coulomb criterion predictions (lines). 
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where: 0i1 )C0.6µ(1C +=  

 C0 = uniaxial compressive strength of the rock 

 iµ  tanϕ=  

 q   2 1/2 2 2
i i{(µ 1) µ } tan ( / 4 / 2)π ϕ= + + = +  

 30 2)σ(q(2C
3
C

2q
1)(q3B ++−

+
−

=  (5.6) 

 

 C
9

C
B

3
C

3
C

A
2

000 −−=  (5.7) 

 
 The numerical values of A, B and C for PW sandstones are given in Table 5.2 

for each σ3 tested. Substituting these constants into equation (5.4), the upper and lower 

limits of J2
1/2 for each rock type can be defined under conditions of σ2 = σ3 and σ1 = 

σ2. The predictions are made for σ3 = 2.3, 4.1, 6.6, 8.3, 10.1, 12.0, 15.5 and 20.0 MPa. 

Figure 5.2 compares the test results with those predicted by the modified Wiebols and 

Cook criterion. The predictions agree well with the test results. This conforms to the 

results obtained by Colmenares and Zoback (2002). The predictive capability of the 

modified Wiebols and Cook criterion can be improved as the minimum principal 

stress increases. 
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Table 5.2 Modified Wiebols and Cook parameters for PW sandstone. 

 

2.3 MPa (□)
4.1 MPa (∆)

6.6 MPa (●)
10.1 MPa (■)

Modified Wiebols and Cook

0

20

40

60

80

100

120

0 20 40 60 80 100 120

2= 3

J 2
1/

2 
(M

Pa
)

J (MPa)

=

 

Figure 5.2 2/1
2J  as a function of J1 from testing PW sandstone compared with the 

   modified Wiebols & Cook criterion predictions (lines).   

 

 

 

5.4 Predictability of the strength criteria 

σ3 (MPa) 
Modified Wiebols and Cook parameters 

A (MPa) B  C (MPa-1) 
2.3 4.311 1.706 -0.013 
4.1 3.910 1.701 -0.012 
6.6 3.486 1.697 -0.010 
10.1 3.053 1.694 -0.008 
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 The three-dimensional strength criteria are used to compare against the 

strength data in form of the octahedral shear strength as a function of mean stress, and 

the major principal stress at failure as a function of the intermediate principal stress. 

The mean misfit ( s ) is determined for each criterion using as equation (Riley et al., 

1998): 

 

 i
i

s
m
1s ∑=  (5.8)  

  

where  2test
1.j

calc
1.j

j
i )(s σσ

n
1

−= ∑  

calc
1.jσ  = maximum stress predicted from strength criterion 

 test
1.jσ  = maximum stress from test data 

 n = number of data points calculated 

 m = number of data sets 

 

The effect of σ2 on the PW sandstone strengths can be best described by the 

modified Wiebols and Cook criterion with the mean misfit = 2.93 MPa. The Coulomb 

criteria can not describe the PW sandstone strengths beyond the condition where σ2 = 

σ3, as he can not incorporate the effects of σ2, mean misfit = 51.65 MPa. 

 

 

5.5 Discussions of the test results 
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 Under true triaxial compressive stresses the modified Wiebols and Cook 

criterion can predict the compressive strengths of the tested sandstones reasonably 

well. This agrees with the results obtained by Haimson (2000) and Colmenares and 

Zoback (2002). Due to the effect of σ2 the Coulomb criterion can not represent the 

rock strengths under true triaxial compressions, particularly under high σ2 to σ3 ratios. 

This is because the Coulomb criterion ignores the intermediate principal stress in the 

calculation of stress state at failure.  

 



CHAPTER VI 

DISCUSSIONS, CONCLUSIONS, AND 

RECOMMENDATIONS FOR FUTURE STUDIES 

6.1 Discussions and conclusions 

True triaxial compressive strengths of PW sandstone have been determined in 

this study. Cubical specimens with a nominal dimension of 5×5×5 cm3 are tested. A 

polyaxial load frame equipped with cantilever beam is used to apply constant σ2 and σ3 

while σ1 (along the long axis is increased until failure. The strength results clearly 

show that σ2 affects the maximum stress, σ1, at failure for all confining pressures. This 

phenomenon agrees with those observed elsewhere Colmenares and Zoback (2002); 

Chang and Haimson (2005); Haimson (2006); Cai (2008); Walsri et al. (2009). Under 

true triaxial compressive stresses the modified Wiebols and Cook criterion can predict 

the compressive strengths of the tested sandstone reasonably well. Due to the effect of 

σ2 the Coulomb criterion can not represent the rock strengths under true triaxial 

compressions, particularly under high σ2 to σ3 ratios. The mean misfit is 51.65 MPa 

for the Coulomb criterion and is 2.93 MPa for the modified Wiebols and Cook 

criterion. PW sandstone shows isotropic property with the elastic modulus and 

Poisson’s ratio averaged as 10.31 ± 0.71 GPa and 0.26 ± 0.02. The observed variation 

may be due to the intrinsic variability of the rock. 

It is postulated that the effects of the intermediate principal stress are caused by 

two mechanisms working simultaneously but having opposite effects on the rock
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polyaxial strengths; (1) mechanism that strengthens the rock matrix in the direction 

normal to σ1 - σ3 plane, and (2) mechanism that induces tensile strains in the directions 

of σ1 and σ3. The intermediate principal stress can strengthen the rock matrix on the 

plane normal to its direction, and hence a higher differential stress is required to induce 

failure. Considering this effect alone, the higher the magnitude of σ2 applied, the 

higher σ1 (or J2
1/2) is required to fail the specimen. Nevertheless it is believed that the 

relationship between σ2 magnitudes and the degrees of strengthening can be non-

linear, particularly under high σ2. Such relation depends on rock types and their texture 

(e.g., distribution of grain sizes, pore spaces, fissures and micro-cracks, and types of 

rock-forming minerals). 

6.2 Recommendations for future studies 

The uncertainties and adequacies of the research investigation and results 

discussed above lead to the recommendations for further studies. The test should be 

performed on a variety of rock types with different strengths. Higher σ2 and σ3 values 

should be applied to asses the effect of σ2 under a much higher confining pressure (σ3). 

The effect of friction at the interface between the loading platen and rock surfaces 

should be investigated. Modification of the polyaxial load frame should be made to 

allow a much higher lateral stress on the samples. Size effect on the rock poly-axial 

strength should also be examined. 
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LIST OF STRESS-STRAIN CURVES 
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Figure A-1  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 10.0 MPa 

  and σ3 = 2.3 MPa. 

 

 
 

Figure A-2  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 20.0MPa 

  and σ3 = 2.3 MPa. 
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Figure A-3  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 40.0 MPa 

  and σ3 = 2.3 MPa. 
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Figure A-4  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 60.0MPa 

  and σ3 = 2.3 MPa. 
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Figure A-5  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 10.0 MPa 

  and σ3 = 4.1 MPa. 
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Figure A-6  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 20.0MPa 

  and σ3 = 4.1 MPa 
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Figure A-7  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 40.0 MPa 

  and σ3 = 4.1 MPa. 
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Figure A-8  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 60.0 MPa 

  and σ3 = 4.1 MPa. 
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Figure A-9  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 6.6 MPa 

  and σ3 = 6.5 MPa. 
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Figure A-10  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 10.0 MPa 

  and σ3 = 6.6 MPa. 
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Figure A-11  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 20.0 MPa 

  and σ3 = 6.6 MPa. 
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Figure A-12  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 40.0 MPa 

  and σ3 = 6.6 MPa. 
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Figure A-13  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 60.0 MPa 

  and σ3 = 6.6 MPa. 

 

0

20

40

60

80

100

-10 -5 0 5 10 15 20

3

2
1v

Ax
ial S

tre
ss,

 1
(M

Pa)

milli-strains  
 

Figure A-14  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 8.3 MPa 

  and σ3 = 8.3 MPa. 
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Figure A-15  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 10.1 MPa 

  and σ3 = 10.0 MPa. 
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Figure A-16  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 20.0 MPa 

  and σ3 = 10.1 MPa. 
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Figure A-17  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 30.0 MPa 

  and σ3 = 10.1 MPa. 
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Figure A-18  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 40.0 MPa 

  and σ3 = 10.1 MPa. 
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Figure A-19  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 50.0 MPa 

 and σ3 = 10.1 MPa. 
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Figure A-20  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 12.0 MPa 

 and σ3 = 12.0 MPa. 
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Figure A-21  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 15.5 MPa 

 and σ3 = 15.5 MPa. 
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Figure A-22  Stress-strain curves of Phra Wihan sandstone tested under σ2 = 20.0 MPa 

 and σ3 = 20.0 MPa. 
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