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In the present thesis, the hydrodynamics of a torus rotating about its centerline

is investigated numerically. This problem is important for two reasons: �rstly, swim-

ming of micro-organisms can be modeled as a self-locomotion of a doughnut-shaped

swimmer powered by surface rotation and secondly, it (the torus) has the simplest

geometry which can describe self propelled organism (particles). Rotation of the torus
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CHAPTER I

INTRODUCTION

The 
ow past toroids placed normal to the 
ow direction has the attractive

feature of behaving like blu� body at small aspect ratios and locally like the in�nite
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number but also on a parameter representing the rotational velocity of the cylinder



3

steady pattern and biased steady pattern are found.

The problem of 
ow passing two rotating cylinders in side-by-side arrangement

has not been investigated widely. Papers of Sungul and Moshkin (2006; 2008; 2009)

devoted to the study the self-motion of two rotating circular cylinders. Sungul and

Moshkin (2009) studied the e�ect of rotation rates and gap spacing on the structure

of low Reynolds number 
ow over two rotating circular cylinders. They found that

the 
ow pattern strongly depends both on the Reynolds number, gap spacing, and
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hole of the torus. This type of solution is unacceptable physically since it leads

to a discontinuity in pressure over the plane of symmetry of the hole. Pell and

Payne (1960) made a detailed study of the problem and correctly treated the value
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boundary condition is satis�ed up to an error term
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works concerning it is limited.
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components were constant.

A numerical solution to the problem of momentumless 
ow past an extended

ellipsoid of rotation was obtained by Izteleulov (1985). A propelling model has a

self-consistent distribution of volume force located in a small region behind the body.

Simulation of the problem of conductive incompressible viscous 
ow past a body in

an electromagnetic �eld was considered in Shatrov and Yakovlev (1985); Kxonichev

and Yakovlev (1985). In papers of Moshkinet al. (1989) and Moshkin (1991), t7
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translating smoke rings in inviscid 
ow. Such a translating torus is force free and

torque free. The results for the motion of a slender torus along a cylinder show

that the torus can undergo reversal of translational motion from a propulsion type to

rolling when the internal diameter of the cylinder is changed. Leshansky and Kenneth

(2008), studied the smoking ring propulsion technique, originally proposed by Purcell

in 1930 for self-locomotion at low Reynolds number (Stokes 
ows). They considered

self-locomotion of a torus swimmer powered by surface rotation. The swimmer is

propelled against the direction of its outer surface motion, the inner surface having

very little e�ect. The swimmer can achieve propulsion speeds of up to 66% of the



9

because the body boundary moves. The motion of the body is therefore completely

determined by its geometry and by the distribution of the velocity on its boundary.
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where � 2 [0; 2� ); � 2 [0; 1 ); � 2 [0; 2� ) and c >
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Figure 2.2
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Continuity :

1
h

�
@(v� )

@�
+

@(v� )
@�

�
2h sin�







18

Here
�!
i r ; and

�!
i z are unit vectors in r and z axes directions, respectively, and~n is

the outward unit normal to surface vector.

The net torque and lift coe�cient are equal to zero due to the symmetry of
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right boundaries of rectangular in the computational domain,� = 0 and � = � 0,
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values are de�ned. Experience among CFD researchers shows that a staggered grid
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following notations.
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In order to approximation the derivatives
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update the velocity

un+1
i +1 =2;j = ~ui +1 =2;j �

4 t
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Start

   Declare all variables
  and set all parameters

Compute geometric parameters
 of toroidal coordinate system

Set initial and boundary condition
            of primitive variables

Figure 3.7 The 
ow chart of the numerical algorithm



CHAPTER IV

VALIDATION OF NUMERICAL ALGORITHM

In this section, the validation of the computational code for simulating the
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The hydrodynamic drag force exerted by the 
uid on the solid torus is de-

termined by the individual contributions due to the pressure and frictional forces

acting on the torus surface and can be expressed in terms of dimensionless drag coef-
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criterion is satis�ed
maxk� n+1 � � nk1

4 tk� n+1 k1
< " ' 101
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Table 4:3 and Figure 4:1 summarize the quantities measured in our study
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(a) Ar = 3; Re = 20
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(b) Ar = 2; Re = 20

Figure 4.3 Streamline, pressure and vorticity patterns of 
ow over a torus atRe = 20(a) Ar
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(a)
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Figure 4.9 Pressure distribution (Cp =
p � p1

0:5�U 2
1

) on a torus surface at (a)
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Figure 4.11 Streamline patterns (1st -column), pressure �elds (2nd-column) and

vorticity patterns (3 rd -column) of 
ow over a torus at Re = 20, Ar = 20, and

� = 0:5; 1:0; 2:0, respectively.
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Table 4.4 Drag coe�cient ( CD ) of 
ow over a rotating torus at Re = 20 with Ar = 20.

Contribution CD

� = 0:0 � = 0:5 � = 1:0 � = 2:0

Present(torus)(20� 40) 2.255 2.096 1.880 1.356

Present(torus)(40� 80) 2.120 1.954 1.717 1.108

Present(torus)(80� 160) 2.076 1.905 1.659 1.014

Present(two cylinders)(40� 80) 2.064 2.001 1.849 1.334

Sungnul and Moshkin (2006) 2.120 - 1.887 1.363

Chung (2006)(one cylinder) 2.050 - 1.888 1.361



CHAPTER V

RESULTS

In this chapter, the characteristics of 
ow past a torus rotating about its center-

line at a Reynolds numberRe
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5.1 Results for the 
ow around torus with aspect ratio
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ticity distributions on the torus surface as depicted on Figure 5:2 and 5:3. In Figures
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stagnation point is displaced toward the oncoming stream faster than downstream

stagnation point moved in the downstream direction (see Figures 5:4, 5:8, and 5:12).

In case of two rotating circular cylinders in side-by-side arrangement, both stagnation

points are displaced to almost the same distance when� increases (see Sungul and

Moshkin (2006)).

One more interesting feature of the surface rotation is the absence of the re-

circulation zone (\separation bubble") tion is (is)-375(isl)-371om-37c20 Since we solveisl
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(c) � = 1:76 (self-motion:CD = 0) ( d) � = 1:9 (CD < 0)
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Figure 5.10 Pressure �elds of 
ow past a rotating torus atRe
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Figure 5.12 Streamline patterns of 
ow past a rotating torus atRe = 40 with Ar = 2.
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Figure 5.14 Pressure �elds of 
ow past a rotating torus atRe = 40 with Ar = 2.
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5.2 Results for the 
ow around torus with aspect ratios Ar=3

and Ar=5

To develop a better understanding of the main hydrodynamics parameters vari-
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5:23(b), 5:24(b), and 5:25(b).

Figures 5:26 and 5:27 show the streamline patterns and velocity vector �elds

for a �xed Reynolds numberRe = 30, three rates of rotation, � = 0:5; 1:0, and 1.5 for

three aspect ratios. The purpose of these �gures is to demonstrate in
uence of the

aspect ratio on the patterns of 
ow. In the case of small rotation� = 0:5, there is no

stagnation point on the axis of symmetry for all aspect ratiosAr = 2; 3 and 5. For

larger rotations (� = 1:0; 1:5) Figure 5:26(b) and (c), two stagnation points lie on the

axis of symmetry in the case of narrow aspect ratioAr = 2. Comparison of graphs

in the second and third columns of Figure 5:26 demonstrate that as rotation speed

increases, for a �xedRe
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(a) Re = 20; Ar = 5

(b) Re = 30; Ar = 5
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Figure 5.20 The in
uence of the rotation speed�



85

(a) Re = 20; Ar = 3
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Figure 5.21
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(a) Re = 20; Ar = 3

(b) Re = 30; Ar = 3
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Figure 5.28 Velocity pro�le on the axis of symmetry r = 0 ( a) Re = 20; Ar =

3; (b) Re = 30; Ar = 3; (c) Re = 40; Ar = 3.
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Table 5.2
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The basis and cobasis of the toroidal coordinate system are orthogonal and consist of

the vectors
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�
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;
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�
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Thus we have a matrix of covariant derivatives in term of physical component of vector
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Continuity :
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An axisymmetric form is the following

Continuity :



APPENDIX B

THE ELIMINATION METHOD FOR

THREE-POINT EQUATIONS

In this appendix we review the idea of the elimination method for the case of

a scalar equation. All of details were token from Samarskii and Nikolaev (1989).
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and variable coe�cients, and also when realizing di�erence schemes for equations with

partial derivatives.

Following the idea of Gauss' method, we carry out the elimination of the un-

known in (B.1). We introduce the notation � 1 = b0=c0
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and formulas for �nding yi for i � l � 1

yi = � i +1 yi +1 + � i +1 ; i = l � 1
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method is Q = 8



APPENDIX C

THE CYCLIC ELIMINATION METHOD
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If we introduce the vector of unknownsY = ( y0; y1; : : : ; yN � 1)T and the right-

hand sideF = ( f 0; f 1; : : : ; f N � 1)T ,then (C.4)-(C.5) can be written in the vector form

A Y = F where

A =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

c0 � b0 0 0
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