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The objectives of this research are to determine the effect of the intermediate 

principal stress on the tensile strength of rock samples and to derive a failure criterion 

for rocks under tension.  The effort involves (1) determination of the rock tensile 

strengths as affected by the stresses parallel to the incipient crack plane, (2) 

determination of the elastic parameters from the Brazilian samples using a polyaxial 

load frame, and (3) derivation of a three-dimensional tensile strength criterion.  Three 

types of sandstone are used as rock samples Phu Phan, Phra Wihan and Phu Kradung 

sandstones.  A minimum of 20 samples are tested for each rock type.  The test method 

is similar to the standard practice specified by the American Society for Testing and 

Materials, except that constant axial stresses are applied on the disk surface during 

line loading.  These stresses are varied from 0, 5, 10 to 15 MPa.  The measured elastic 

parameters are used to assist in determining the induced stresses at the crack initiation 

point.  The new tensile failure criterion presents the octahedral shear strength as a 

function of mean stress.  

The results from the Brazilian tension tests under axial compression suggest 

that the axial stress may cause tensile strains in the directions of σ1 and σ3.  Due to the 

effect of the Poisson’s ratio, σ2 can produce tensile strains in the directions normal to 
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its axis (or on the plane parallel to σ1 and σ3).  These tensile strains increase from the 

minimum on the mid-section plane to the maximum on the specimen surfaces where 

the rock can freely dilate.  These tensile strains cause splitting tensile fractures of the 

rock specimen.  The Coulomb and modified Wiebols and Cook failure criteria derived 

from the characterization test results predict the sandstone strengths in term of J2
1/2 as 

a function of J1.  The Coulomb criterion over-estimate the second order of the stress 

invariant at failure by about 20% while the modified Wiebols and Cook criterion fails 

to describe the rock tensile strengths. 
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CHAPTER I 

INTRODUCTION 

1.1  Background of problems and significance of the study 

 The tensile strength of rock is one of the important parameters for the design 

of maximum roof span for underground mines and tunnels.  The roof beam tensile 

strength, in many cases, dictates the extraction ratio of the ore and the size of the 

haulage equipments, and hence affects the economic values of the mine.  The 

Brazilian tension test has long been used to determine the tensile strength from 

circular disks of rock by applying a line load along the disk diameter until failure 

(Jaeger and Cook, 1979).  Even though this test method is widely applied and 

accepted, and results are incorporated into several strength criteria, a question 

remains on whether they can truly represent the rock tensile strength under in-situ 

stress states.  The sample center, where the tensile crack is initiated, is subjected to 

biaxial plane stress condition, with the compressive stress in vertical, tensile stress 

in horizontal, and no stress along the sample axis.  Under in-situ condition however, 

the roof beam is normally subjected to triaxial stress states.  The influence of the 

stress parallel to the incipient crack plane, as normally occurred in the mine roof, 

has never been studied or quantitatively assessed.  This is primarily because a 

special loading device is required to apply a constant normal stress parallel to the 

sample axis while the line load is applied. 
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1.2  Research objectives 

 The objectives of this research are to determine the effect of the intermediate 

principal stress on the Brazilian tensile strength of rock sample and to derive a new 

failure criterion for rocks under tension.  The effort involves (1) determination of 

the rock tensile strengths as affected by the stresses parallel to the incipient crack 

plane, (2) determination of the elastic parameters from the Brazilian samples using a 

polyaxial load frame, and (3) derivation of a three-dimensional tensile strength 

criterion.  Three types of sandstone will be used as rock.  The test method is similar 

to the standard practice specified by the American Society for Testing and 

Materials, except that constant axial stresses will be applied on the disk surface 

during line loading. The measured elastic parameters, especially Poisson’s ratio, are 

used to assist in determining the induced stresses at the crack initiation point.  The 

new tensile failure criterion presents the octahedral shear strength as a function of 

mean stress. Empirical constants are incorporated into the new criterion, if needed.  

The research findings can improve an understanding of the tensile failure of intact 

rocks under a variety of stress states.  The proposed failure criterion is useful in 

correlating the rock tensile strength obtained from the laboratory test samples with 

those under a more complex stress condition in the field. 

1.3  Research methodology 

 The research methodology (Figure 1.1) comprises 5 steps; literature review, 

sample collection and preparation, laboratory testing, development of mathematical 

relations and tensile strength criterion, and discussions and conclusions. 
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Figure 1.1 Research Methodologies 

 1.3.1  Literature review 

  Literature review is carried out to study the previous research on 

tensile strength test, tensile elastic modulus and tensile strength of rock.  The sources 

of information are from text books, journals, technical reports and conference papers.  

A summary of the literature review is given in the thesis. 
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 1.3.2  Sample collection and preparation 

  Sandstone samples are collected from the site.  A minimum of 3 

sandstone types are collected.  Sample preparation is carried out in the laboratory at 

the Suranaree University of Technology.  Samples prepared for Brazilian tension 

test have 5 cm in diameter and 2.5 cm in thickness. 

 1.3.3  Laboratory Testing 

  The laboratory testing is divided into two test series: Brazilian tension 

test under various axial stresses and measurements of elastic modulus and Poisson’s 

ratio of Brazilian sample.  Both tests are performed on the three rock types. 

 1.3.4  Brazilian tension test under various axial stresses 

  The Brazilian tensions under various axial stresses have been 

performed to determine the effects of the intermediate principal stress on the rock 

tensile strength.  The specimen is placed in polyaxial load frame which is used to 

apply axial stresses to the rock.  The axial stresses vary from 0 to 15 MPa.  Axial 

load will be applied a line load is applied along the disk diameter until failure. 

 1.3.5  Measurements of Elastic Parameters from Brazilian samples  

  Set of strain gages are installed at the center of Brazilian sample to 

measure the deformation along and across the loading diameter.  The results are used 

to calculate elastic modulus and Poisson’s ratio of the rock. 

 1.3.6  Development of Mathematical Relations 

  Results from laboratory measurements in terms of intermediate 

principal stresses and the tensile strength of rock are used to formulate mathematical 

relations.  Intermediate principal stresses and the applied stresses can be incorporated 

to the equation, and derive a new failure criterion for rocks under tension. 
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 1.3.7  Thesis writing and presentation 

  All research activities, methods, and results are documented and 

complied in the thesis.   

1.4  Scope and limitations of the study 

 Laboratory experiments are conducted on specimens from three types of 

sandstone, including Phu Kra-dueng, Pra Wihan, and Phu Phan formations.  Testing is 

made under axial stress ranging from 0 to 15 MPa and up to 20 samples are tested for 

each rock type, with a nominal diameter of 5 cm and thickness of 2.5 cm.  X-ray 

diffraction analysis is performed to determine the mineral compositions of the tested 

rocks.  All tests are conducted under ambient temperature and made under dry 

condition. 

1.5  Thesis contents 

 This first chapter introduces the thesis by briefly describing the rationale and 

background and identifying the research objectives.  The third section describes 

research methodology.  The fourth section identifies the scope and limitations.  The 

fifth section gives a chapter by chapter overview of the contents of this thesis.   

 The second chapter summarizes results of the literature review.  Chapter three 

describes samples preparation.  The methods and results of the laboratory experiment 

are described in chapter four.  Chapter five describes strength criteria.  Chapter six 

provides the conclusion and recommendations for future research studies. 

 

 



CHAPTER II 

LITERATURE REVIEW 

2.1  Introduction 

 Relevant topics and previous research results are reviewed to improve an 

understanding of tensile strength criterion.  These include classification of tensile 

strength test, tensile elastic modulus and tensile strength of rock. 

 Specifications for the Brazilian tensile strength test have been established by 

American Society for Testing and Materials (ASTM D3967) and a suggested 

approach is provided by ISRM (Brown, 1981). 

The Brazilian tensile strength (σB) can be calculated using the equation 

(Jaeger and Cook, 1979): 

 
πDL
2PσB =  (2.1) 

where P is the failure load, D is the disk diameter, and L is the disk thickness. 

Hondros (1959) has described a method for determining Young’s modulus 

and Poisson’s ratio from strain measurement at the center of the cylinder.  This 

method assumes that these properties are the same in tension and compression, 

which is not true for most rock, but may be adequate for determining these values at 

low stresses.  The Young’s modulus and Poisson’s ratio can be calculated by; 

 E = 8W / πR(3εy+εx) (2.2)
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ν = (3εx+εy) / (3εy+εx) (2.3) 

where W = 2PαR, P is the uniform pressure over the 2α, R is the radius of the 

specimen and εx and εy are the strain along and normal to the load diameter at the 

center of the cylinder. 

 Claesson and Bohloli (2002) state that the tensile strength of rock is among 

the most important parameters influencing rock deformability, rock crushing and 

blasting results. To calculate the tensile strength from the indirect tensile (Brazilian) 

test, one must know the principal tensile stress, in particular at the rock disc center, 

where a crack initiates. This stress can be assessed by an analytical solution. A study 

of this solution for anisotropic (transversely isotropic) rock is presented.  The 

solution is given explicitly. The key expansion coefficients are obtained from a 

complex-valued 2×2 matrix equation. The convergence of the solution is greatly 

improved by a new procedure. It is shown that the dimensionless stress field 

depends only on two intrinsic parameters, E'/E and b: The stress at the center of the 

disc is given in charts as a function of these parameters (and the angle φb between 

the direction of applied force and the plane of transverse isotropy). Furthermore, a 

new, reasonably accurate, approximate formula for the principal tension at the disc 

center, (0,0) is derived from the analytical solution:  

( ) ( ) ( )( )⎥⎦
⎤

⎢⎣
⎡ −

ϕ
−

ϕ
≅ 1b

4
4coscos2

E/E'
πRL

P0,0σ bb4pc  (2.4) 

⎟
⎠
⎞

⎜
⎝
⎛ −=

E'
2νν

G'
1

2
EE'b  (2.5) 
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 The elastic parameters of rock in two perpendicular directions were 

measured in the laboratory. The result of the stress analysis was applied in 

calculating the indirect tensile strength of gneiss, which has a well-defined foliation 

plane (transversely isotropic). When the results were compared with the tensile 

strength of rock obtained by using a conventional formula that assumes isotropic 

material, there was a significant difference. Moreover, good agreement was 

observed for the tensile strength calculated from the stress charts and the proposed 

formula, when compared with other published stress charts. 

Haimson (2006) studies the effect of the intermediate principal stress (σ2) on 

brittle fracture of rocks, and on their strength criteria.  Testing equipment emulating 

Mogi’s but considerably more compact was developed at the University of Wisconsin 

and used for true triaxial testing of some very strong crystalline rocks.  Test results 

revealed three distinct compressive failure mechanisms, depending on loading mode 

and rock type: shear faulting resulting from extensile microcrack localization, 

multiple splitting along the σ1 axis, and nondilatant shear failure.  The true triaxial 

strength criterion for the KTB amphibolite derived from such tests was used in 

conjunction with logged breakout dimensions to estimate the maximum horizontal in 

situ stress in the KTB ultra deep scientific hole. 

Liao et al. (1997) have studied the tensile behavior of a transversely isotropic 

rock by a series of direct tensile tests on cylindrical argillite specimens.  To study the 

deformability of argillite under tension, two components of an electrically resistant 

type of strain gage with a parallel arrangement or a semiconductor strain gage are 

adopted for measuring the small transverse strain observed on specimens during 

testing.  The curves of axial stress and axial strain and average volumetric strain are 
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presented for argillite specimens with differently inclined angles of foliation.  

Experimental results indicate that the stress-strain behavior depends on the foliation 

inclination of specimens with respect to the loading direction.  The five elastic 

constants of argillite are calculated by measuring two cylindrical specimens.  Based 

on theoretical analysis results, the range of the foliation inclination of the specimens 

tested is investigated for feasibility obtaining the five elastic moduli.  A dipping angle 

of the foliations (φ) of 30-60° with respect to the plane normal to the loading direction 

is recommended. The final failure modes of the specimens are investigated in detail.  

A sawtoothed failure plane occurs for the specimens with a high inclination of 

foliation with respect to the plane perpendicular to the loading direction.  On the other 

hand, a smooth plane occurs along the foliation for specimens with low inclination of 

foliation with respect to the plane normal to the loading direction.  A conceptual 

failure criterion of tensile strength is proposed for specimens with a high inclination 

of foliation. 

Singh et al. (1998) state that the Mohr-Coulomb criterion needs to be modified 

for highly anisotropic rock material and jointed rock masses.  Taking σ2 into account, 

a new strength criterion is suggested because both σ2 and σ3 would contribute to the 

normal stress on the existing plane of weakness.  This criterion explains the 

enhancement of strength (σ2 - σ3) in the underground openings because σ3 along the 

tunnel axis are not relaxed significantly.  Another cause of strength enhancement is 

less reduction in the mass modulus in tunnels due to constrained dilatancy.  Empirical 

correlations obtained from data from block shear tests and uniaxial jacking tests have 

been suggested to estimate new strength parameters.  A correlation for the tensile 

strength of the rock mass is presented.  Finally, Hoek and Brown theory is extended to 
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account for a σ2.  A common strength criterion for both supported underground 

openings and rock slopes is suggested. 

Tepnarong (2001) states that a modified point load (MPL) testing technique 

can be used to correlate the results with the uniaxial compressive strength (UCS) and 

tensile strength of intact rock.  The primary objective is to develop an inexpensive and 

reliable rock testing method for use in the field and in the laboratory.  The test 

apparatus is similar to that of the conventional point load (CPL), except that the 

loading points are cut flat to have a circular cross-section area instead of using a half-

spherical shape.  To derive a new solution, finite element analyses and laboratory 

experiments have been carried out.  The simulation results suggest that the applied 

stress required failing the MPL specimen in creases logarithmically as the specimen 

thickness or diameter increases.  The maximum tensile stress occurs directly below 

the loading area with a distance approximately equal to the loading diameter.  The 

MPL test, CPL test, UCS test, and Brazilian tension test have been performed on 

Saraburi mable under variety of sizes and shapes.  The UCS test results indicate that 

the strengths decrease with increasing length-to-diameter ratio.  The test results can be 

postulated that the MPL strength can be correlated with the compressive strength 

when the MPL specimens are relatively thin, and should de indicator of the tensile 

strength when the specimens are significantly larger than the diameter of the loading 

points.  Predictive capability of the MPL and CPL techniques has been assessed and 

compared.  Extrapolation of the test results suggest that the MPL results predict the 

UCS of the rock specimens better than does the CPL testing.  The tensile strength 

predicted by MPL also agrees reasonably well with the Brazilian tensile strength of 

the rock. 
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Wang et al. (2009) studies the Flattened Brazilian Disc (FBD) specimens 

which were impacted diametrically by a pulse shaping split Hopkinson pressure bar to 

measure dynamic tensile strength of a brittle rock.  With application of strain gauge 

technique, the stress waves traveling through the incident bar, the transmission bar as 

well as the FBD specimen were recorded and analyzed.  The loading history was 

determined based on the one-dimensional stress wave theory.  The dynamic 

equilibrium condition in the specimen was approximately satisfied, this claim was 

supported by the numerical simulation of dynamic stress evolution in the specimen, 

with the conclusion that a short time after impact the pattern of dynamic stress 

distribution in the specimen was symmetric and similar to that of the counterpart 

static loading.  The validity of the test was further verified experimentally, as the 

waveforms acting on the two flat ends of the FBD specimen, respectively, were of 

nearly the same shape, and the rupture modes of the specimens were generally such 

that crack first initiated at the center of the disc and subsequently propagated along 

the loading diameter, whereas crush zones were implied to form lastly near the two 

flat ends of the broken specimen.  The dynamic tensile strength of marble was 

measured at the critical point when the tensile strain wave. 

Lanaro et al. (2009) study the influence of initiated cracks on the stress 

distribution within rock samples subjected to indirect tensile loading by traditional 

Brazilian testing.  The numerical analyses show that the stress distribution inside the 

models is only marginally affected by the friction between the loading platens and the 

sample.  On the other hand, the initiation and propagation of cracks produce a stress 

field that is very different from that assumed by considering the rock material as 

continuous, homogeneous, isotropic and elastic. In the models, stress concentrations 
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at the bridges between the cracks were found to reach tensile stresses much higher 

than the direct tensile strength of the intact rock input in the numerical models.  This 

was due to the development of large stress gradients between the cracks.  The analysis 

of the deformation along the sample diameter perpendicular to the loading direction 

might enable one to determine the direct tensile strength of the rock.  In fact, when the 

tensile strength is reached, initiation of cracks in the sample induces a sudden increase 

of the rate of the diametric strains.  The direct tensile strength is therefore indicated by 

the point where the stress–strain curves in the direction perpendicular to the loading 

diameter depart from linearity. 

Jianhong et al. (2008) state that the tensile elastic modulus Et of a rock is 

different from the compressive elastic modulus Ec, due to inhomogeneity and 

microcracks. There is no convenient method to obtain Et except using direct tension 

tests.  However, the direct tension test for rock materials is difficult to perform, 

because of stress concentrations, and the difficulty of preparing specimens.  We have 

developed a new method to determine Et of rock materials easily and conveniently.  

Two strain gauges are pasted at the center part of a Brazilian disc’s two side faces 

along the direction perpendicular to the line load to record tensile strain, and a force 

sensor is used to record the force applied, then the stress–strain curve can be obtained, 

finally the Et can be calculated according to those related formulas which are derived 

on the basis of elasticity theory.  There experimental results for marble, sandstone, 

limestone and granite indicate that Et is less than Ec, and their ratio is generally 

between 0.6 and 0.9. 

Wang et al. (2003) studies the flattened Brazilian disc specimen which is 

proposed for determination of the elastic modulus E, tensile strength σt and opening 
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mode fracture toughness KIC for brittle rocks in just one test.  This paper is concerned 

with the theoretical analysis as well as analytical and numerical results for the 

formulas.  According to the results of stress analysis and Griffith’s strength criteria, in 

order to guarantee crack initiation at the centre of the specimen, which is considered 

to be crucial for the test validity, the loading angle corresponding to the flat end width 

must be greater than a critical value (2α≥20°).  The analysis shows that, based on the 

recorded complete load-displacement curve of the specimen (the curve should include 

the ‘fluctuation’ section after the maximum load), E can be determined by the slope of 

the section before the maximum load, σt by the maximum load, and KIC by the local 

minimum load immediately subsequent to the maximum load.  The relevant formulas 

for the calculation of E, σt, KIC are obtained, and the key coefficients in these 

formulas are calibrated by finite-element analysis.  In addition, some approximate 

closed-form formulas based on elasticity are provided, and their accuracy is shown to 

be adequate by comparison with the finite-element results. 

Chen et al. (1998) determine of the deformability, tensile strength and 

fracturing of anisotropic rocks by diametral compression (Brazilian test) of discs of 

rock.  It presents a combination of analytical and experimental methods for 

determining in the laboratory the elastic constants and the indirect (Brazilian) tensile 

strength of transversely isotropic rocks, i.e. rocks with one dominant direction of 

planar anisotropy.  A computer program based on the complex variable function 

method and the generalized reduced gradient method was developed to determine the 

elastic constants of idealized linearly elastic, homogeneous, transversely isotropic 

media from the strains measured at the center of discs subjected to diametral loading. 

The complex variable function method was also used to construct charts for 
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determining the indirect tensile strength of anisotropic media from the failure loads 

measured during diarnetral loading.  Brazilian tests were conducted on four types of 

bedded sandstones assumed to be transversely isotropic. Based on strain 

measurements obtained with 45° strain gage rosettes glued at the center of the discs, 

the five independent elastic constants of the tested rocks could be determined.  The 

elastic constants determined with the Brazilian tests were compared with those 

obtained from conventional uniaxial compression tests.  The indirect (Brazilian) 

tensile strength of the tested sandstones was found to depend on the angle between the 

apparent planes of rock anisotropy and the direction of diametral loading.  

Diederichs and Kaiser (1999) have proposed classical assessment of 

instability potential in underground excavations are normally based on yield and 

rupture criteria for stress driven failure and on limit equilibrium analysis of 

structurally controlled failure.  While it is true that ultimate failure and falls of ground 

can be an eventual consequence of stress fracturing and unfavourable structure within 

the rock mass, the timing of such failure is often controlled by the presence of residual 

tensile capacity, in the form of rock bridges separating joint segments and fractures 

and by the mechanisms of clamping and relaxation.  Using crack and rock-bridge 

analogues in conjunction with an updated voussoir beam model, this paper explores 

the influence of residual tensile strength and boundary parallel relaxation on the 

failure process.  The impact on support design is also examined.  In underground hard 

rock mines with complex geometries and interacting openings, relaxation is identified 

as a key controlling factor in groundfall occurrence.  Empirical stability assessment 

techniques for underground tunnels and for mining stopes are updated to account for 

relaxation. 
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Tien et al.  (2006) have proposed the results of an experimental investigation 

of the failure mechanism, including failure process and failure modes, of transversely 

isotropic rock.  This paper employs a rotary scanner to obtain the ‘‘unrolled’’ images 

of rock specimens at different stress levels during the uniaxial compressive tests.  The 

unrolled image constitutes a circumferential surface image of the cylindrical specimen 

in a single picture and facilitates the study of failure processes and failure modes. 

Based on the experimental results, the failure of simulated transversely isotropic rock 

with varied orientations at different confining pressures is classified into one of two 

modes (a) sliding failure along the discontinuities and (b) non-sliding failure along the 

discontinuities.  The latter can be further classified into one of the following three 

sub-failure modes (1) tensile fracture across the discontinuities, (2) tensile-split along 

the discontinuities, and (3) sliding failure across the discontinuities.  The failure 

processes of these modes are also examined in this study.  Failure criterion proposed 

by Tien and Kuo is found to predict accurately the strength and failure modes of 

simulated transversely isotropic rocks. 

Cai (2007) studied the influence of the intermediate principal stress on rock 

fracturing and strength near excavation boundaries is studied using a FEM/DEM 

combined numerical tool.  A loading condition of σ3 = 0 and σ1 ≠ 0, and σ2 ≠ 0 exists 

at the tunnel boundary, where σ1, σ2, and σ3, are the maximum, intermediate, and 

minimum principal stress components, respectively.  The numerical study is based on 

sample loading testing that follows this type of boundary stress condition.  It is seen 

from the simulation results that the generation of tunnel surface parallel fractures and 

microcracks is attributed to material heterogeneity and the existence of relatively high 

intermediate principal stress (σ2), as well as zero to low minimum principal stress (σ3) 
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confinement.  A high intermediate principal stress confines the rock in such a way 

that microcracks and fractures can only be developed in the direction parallel to σ1 

and σ2.  Stress-induced fracturing and microcracking in this fashion can lead to onion-

skin fractures, spalling, and slabbing in shallow ground near the opening and surface 

parallel microcracks further away from the opening, leading to anisotropic behavior of 

the rock.  Hence, consideration of the effect of the intermediate principal stress on 

rock behavior should focus on the stress-induced anisotropic strength and deformation 

behavior of the rocks.  It is also found that the intermediate principal stress has limited 

influence on the peak strength of the rock near the excavation boundary. 

Ohokal et al.  (1997) have studied the tensile test using hollow cylindrical 

specimen is suitable for evaluating mechanical properties of soft rock under 

controlled conditions of the pore water.  The authors tried to adopt this test for the 

Tertiary tuff, and got satisfactory results as follows; 1) Typical tensile failure modes 

are observed in any specimens 2) According to increase the confining pressure, stress-

strain curves appear nonlinear behaviors and failure strains increase 3) Tensile 

strengths seem to be constant regardless of confining pressure. 

 

 

 

 

 

 

 

 



CHAPTER III 

SAMPLE PREPARATION 

3.1  Introduction 

 The tested sandstones are from three sources: Phu Phan, Phra Wihan and Phu 

Kradung formations (hereafter designated as PP, PW and PK sandstones) (Figure 

3.1).  These fine-grained quartz sandstones are selected primarily because of their 

highly uniform texture, density and strength.  The main mineral compositions of 

three sandstones obtained from x-ray diffraction analyses are given in Table 3.1.  

Their average grain size is 0.1-1.0 mm.  They are commonly found in the north and 

northeast of Thailand.  Their mechanical properties and responses play a significant 

role in the stability of tunnels, slope embankments and dam foundations in the region. 

 

3.2  Sample preparation and collection 

Sample preparation is conducted in laboratory facility at the Suranaree 

University of Technology.  The process includes coring and cutting (Figures 3.2 

through 3.3).  Preparation for the Brazilian tension test under axial stress uses disk 

specimens with a nominal diameter of 50 mm with a thickness-to-diameter ratio of 

0.5 to comply with ASTM D 3967-95 (Figure 3.4).  A total of 40 specimen are 

prepared for Elastic parameter   measurements use the Brazilian tension disks having 

a nominal diameter of 100 mm with L/D ratio of 2.0 (Figure 3.5).  Over 40 samples 

have been prepared for each rock type.  The core axis is normal to the bedding 

planes.  All specimens are oven-dried before testing. 
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Figure 3.1  Sandstones blocks with nominal size of 10 cm x 20 cm x 40 cm are from 

Saraburi province. 

 

Table 3.1  Mineral compositions of three sandstones 
 

 

Rock sample Density 
 (g/cc) Color 

Compositions 

Quartz 
(%) 

Albite 
(%) 

Kaolinite 
(%) 

Feldspar 
(%) 

Mica 
(%) 

PW sandstone 2.35 white 99.47 - 0.53 - - 

PP sandstone 2.45 yellow 98.40 - - - 1.60 

PK sandstone 2.63 green 48.80 46.10 5.10 - - 
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Figure 3.2  Laboratory core drilling.  The core drilling machine (model SBEL 1150) 

is used to drill core specimens using diamond impregnated bit with   

diameter of 54 mm. 
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Figure 3.3  A core specimen of sandstone is cut by a cutting machine. 
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Figure 3.4  Sandstone specimens prepared for the Brazilian tension test under  

                           confinements. 
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Figure 3.5  Sandstone specimens prepared for elastic parameter measurements. 
 
 
 
 

 

 

 

 

 

 

 

 



CHAPTER IV 

LABORATORY EXPERIMENTS 

4.1  Introduction 

 The objectives of the laboratory experiments are to determine the effects of the 

intermediate principal stress on the rock tensile strength and to measure of the elastic 

parameters from the Brazilian tension test.  This chapter describes the method and 

results of the laboratory experiments.  It is divided into two parts; Brazilian tension 

tests under axial compression and measurements of elastic modulus and Poisson’s 

ratio from the Brazilian test specimens. 

 

4.2  Brazilian tension tests under axial compression 

 The Brazilian tension tests with axial compression have been performed on PP, 

PW and PK sandstone disks to determine the effects of the intermediate principal 

stresses on the rock tensile strength.  The polyaxial load frame is used to apply the 

constant axial stresses on the disk specimen (Figures 4.1 through 4.3) while the 

diametral line load apply by hydraulic load cell until failure.  The constant axial stress is 

varied from zero (Brazilian test) to as high as the rock compressive strength.  The 

specimens are prepared to have a nominal diameter of 50 mm with a thickness-to-

diameter ratio of 0.5 to comply with the ASTM D 3967-95.  All specimens have the 

core axis normal to the bedding planes (Figure 4.4).  Neoprene sheets are used to 

minimize the friction between the rock surface and loading platen in the axial direction. 
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Figure 4.1  Laboratory set-up for Brazilian tensile strength test under 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4.2  Polyaxial load frame developed for strength testing under true triaxial stress. 

 



 24

 

Applied Axial Stress 

Applied Line Load 

Specimen 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 4.3  PW sandstone specimen is placed in the polyaxial load frame. 
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Figure 4.4  The applied stress directions with respect to the bedding planes for all  

   specimens. 
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 4.2.1 Test Results 
 
 The Brazilian tensile strength (σB) can be calculated using the 

equation (Jaeger and Cook, 1979): 

 
πDL
2Pσ f

B =  (4.1) 

where σB is the Brazilian tensile strength,  Pf is the failure load, D is the disk 

diameter and L is the disk thickness.  

  The failure load linearly decreases with increasing axial stress (Figure 

4.5).  At Pf = 0 the axial stress becomes the uniaxial compressive strength of the rock.  

The tensile stresses (σx) and compressive stresses (σy) induced at the crack initiation 

point in the middle of the specimen also decrease with increasing axial stress (Figure 

4.6).  The stress state in the middle of the specimen at failure is determined as (Jaeger 

and Cook, 1997):  

 
πDL
2Pσ f

x =  (4.2) 

 σy = 3σx (4.3) 

 σz = Applied axial stress 

At this point σy, σx and σz represent the principal stresses.  The induced tensile stress 

σx is always the minimum principal stress.  The magnitudes of the applied axial stress 

determine whether σy or σz is the maximum principal stress.  Under low applied σz, σy 
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is the maximum principal stress and σz is the intermediate principal stress.  Under high 

σz, σy becomes the intermediate principal stress and σz is the maximum principal 

stress.  The strength results can be presented in form of τoct as a function of σm in 

Figure 4.7. 

Where:  

 ( 321m σσσ
3
1σ ++= )  (4.4) 

 ( ) ( ) ( ){ }2
1

2
13

2
32

2
21oct σσσσσσ

3
1τ −+−+−=  (4.5) 

The figure shows the optimum mean stress corresponding to the point at which the 

lowest shear stress is required to fail the rock sample.  These optimum mean stresses 

are 8, 12 and 13 MPa for PW, PK and PP sandstones, respectively.  

  This test series also reveal a linear transition from the Brazilian tensile 

strength to the uniaxial compressive strength, which can be best demonstrated by 

using Mohr’s circles, as shown in Figures 4.8 through 4.10. 

  Post-failure observations show that under low σz a single splitting 

extension crack along the loading diameter is normally induced in the disk specimen.  

Multiple extension cracks are developed as σz increase.  When σz reaches the uniaxial 

compressive strength of the rocks, the specimens fail without applying the diametral 

line load.  At this point the specimens are crushed, resulting in multiple shear 

fractures and extension cracks (Figure 4.11). 
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Figure 4.5  Line load at failure (Pf) as a function of applied axial stress (σz). 

 

  It is postulated that the axial stress produces tensile strains 

perpendicular to its direction due to the effect of the Poisson’s ratio.  At the crack 

initiation point this tensile strain is combined with the horizontal tensile stress that is 

induced by the line load.  The line load at failure therefore decreases with increasing 

σz.  Calculation of the σz-induced tensile strain for the entire specimen is however not 

that simple because the rock is under both tension and compression and the elastic 

properties under tension and compression may be different (Jaeger & Cook, 1979; 

Chen et al., 1998).  More discussion on this issue is given in the next section. 
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Figure 4.6  Induced compressive (σy) and tensile stresses (σx) at failure as a  

   function of applied σz. 

4.3  Measurements of elastic parameters from Brazilian samples 

 The elastic modulus and Poisson’s ratio are measured under no axial stress and 

calculated at 30% of the rock tensile strength (PP sandstone from 0 to 30 kN, PK 

sandstone from 0 to 30 kN and PW sandstone from 0 to 20 kN).  The specimens have 

a nominal diameter of 100 mm with L/D ratio of 0.5.  Their core axis is normal to the 

bedding planes. They are measured by installing strain gages at the center of the 

sandstone specimen and connect with the strain-meter.  The gages measure the 

vertical compressive strain, εy, (along the loading diameter) and its perpendicular 

horizontal tensile strain, εx, induced during line loading (Figures 4.12 through 4.13).  

Three samples have been tested for each rock type. 
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Figure 4.7  Octahedral shear stress (τoct) as a function of mean stress (σm) for three 

   sandstones. 

 

Figure 4.8 Mohr’s circles from testing of PW sandstone showing transition from  

   Brazilian tensile strength to uniaxial compressive strength. 
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Figure 4.9 Mohr’s circles from testing of PP sandstone showing transition from  

    Brazilian tensile strength to uniaxial compressive strength. 

 τ
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Figure 4.10 Mohr’s circles from testing of PK sandstone showing transition from  

    Brazilian tensile strength to uniaxial compressive strength. 
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Figure 4.11  Some post- test specimens of PK sandstone (top), PP sandstone (middle) 

  and PW sandstone (bottom). 
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 4.3.1  Test Results 

 The elastic modulus (E) and Poisson’s ratio (ν) can be calculated using 

the following equations (Hondros, 1959): 

 
xy

yx

3
3

ε+ε
ε+ε

−=ν   (4.6) 

 
)(Dt

)1(P2E
yx

2

νε+επ
ν−

=  (4.7) 

These equations assume that the rock is linearly elastic and isotropic and that the 

elastic modulus in tension is equal to that in compression. 

  The results of the vertical compressive strain (εy) and horizontal tensile 

strain (εx) measurements for PW, PK and PP sandstones are given in Figure 4.14.  The E 

and ν above are compared with those obtained from the related polyaxial compression 

testing by (Walsri et al, 2009) in Table 4.1.  Since all Brazilian disks are prepared to 

have bedding planes normal to the disk axis, only elastic modulus and Poisson’s ratio 

parallel to the bedding (νp) can be measured.  The discrepancy of the elastic 

parameters obtained from the two test types may be because the rock elastic modulus 

under tension is lower than that under compression and there is intrinsic variability 

among the tested specimens. 
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Figure 4.12 A strain gage is installed to obtain vertical compressive strain (εy) and  

   horizontal tensile strain (εx) 
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Figure 4.13  Brazilian test on 100 mm disk of sandstone during the strain measurements. 
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Figure 4.14   Strain measurement results from Brazilian testing on PP, PW and PK  

   sandstones. 
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Table 4.1  Elastic properties in the direction normal and parallel to bedding 

planes. 
 

 Rock 
Types 

Ep 
(GPa) 

En 
(GPa) νp νn 

 
Uniaxial Compression 

Test 
 

PW 10.3 N/A N/A N/A 

PP 11.1 N/A N/A N/A 

PK 10.1 N/A N/A N/A 

Polyaxial Compression 
Test 

(Walsri et al, 2009) 

PW 10.0 8.6 0.38 0.28 

PP 11.1 10.3 0.36 0.33 

PK 8.7 6.4 0.25 0.19 

 
Brazilian 

Tension Test 

PW 9.2 N/A 0.21 N/A 

PP 11.2 N/A 0.19 N/A 

PK 5.9 N/A 0.11 N/A 

 
 
 

 

 

 

 

 

 

 

 



CHAPTER V 

STRENGTH CRITERIA 

5.1 Introduction 

 This chapter describes the strength analysis and criteria under tension.  The 

results are compared with Coulomb and modified Wiebols and Cook failure criteria.  

They are selected because the Coulomb criterion has been widely used in actual field 

applications while the modified Wiebols and Cook criterion has been claimed by 

many researchers to be one of the best representations of rock strengths under 

confinement.  

5.2 Analysis 

 The Coulomb and modified Wiebols and Cook failure criteria are used to 

describe the rock strengths when the minimum principal stress is in tension.  First the 

results of the Brazilian tests under axial compression are calculated in terms of J2
1/2 as 

a function of J1.  The induced horizontal tensile stress (σx) always represents the 

minimum principal stress (σ3) in this test.  Under low axial stress, the vertical 

compressive stress (σy) at the crack initiation point represents the maximum principal 

stress (σ1), and the axial stress represents the intermediate principal stress (σ2).  When 

the axial stress is increased beyond a certain magnitude, σz becomes σ1, and σy 

becomes σ2. 
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5.3  Coulomb Criteria Prediction 

 The second order stress invariant (J2
1/2) and the first order stress invariant or 

the mean stress (J1) are calculated from the test results by the following relations 

(Jaeger & Cook, 1979): 

 

 })()()){(6/1(J 2
32

2
31

2
21

2/1
2 σ−σ+σ−σ+σ−σ=  (5.1) 

 3  (5.2) /)σσ(σJ 3211 ++=

The Coulomb criterion in from of J2 and J1 can be expressed as: 

 [ cosφSsinφJ
3

2J 01
1/2
2 += ] (5.3) 

where φ is friction angle, So is cohesion, J1 is mean stress and J2
1/2 is the second order 

of stress invariant.  

 From the test results the stress invariant J2
1/2 as a function of mean stress J1 is 

compared with the predictions by the Coulomb criterion in (Figures 5.1 through 5.3) 

for PP, PW and PK sandstones.  Since the Coulomb criterion ignores σ2 at failure, the 

predicted J2
1/2 is independent of J1 for each σ3.  The predicted J2

1/2 decreases with σ3 

when the applied axial stress (σz) represents σ1, and increases with σ3 when the 

induced vertical stress (σy) represents σ1.  These stress variations conform well to the 

actual test results.  The Coulomb criterion over-estimates the actual strengths for all 

levels of σ3.  On average the discrepancies are about 15-20%.   
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Figure 5.1  J2
1/2 as a function of J1 for Brazilian testing PK sandstones compared 

   with the Coulomb criterion predictions. 
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Figure 5.2  J2
1/2 as a function of J1 for Brazilian testing on PW sandstones compared  

            with the Coulomb criterion predictions. 
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Figure 5.3  J2
1/2 as a function of J1 for Brazilian testing on PP sandstones compared  

             with the Coulomb criterion predictions. 
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5.4  Modified Wiebols and Cook criteria prediction 

 The modified Wiebols and Cook criterion given by Colmenares & Zoback 

(2002) defines J2
1/2 at failure in terms of J1 as: 

 

  (5.4) 2
11

1/2
2 CJBJAJ ++=

 

The constants A, B and C depend on rock materials and the minimum principal 

stresses (σ3).  They can be determined under the conditions where σ2 = σ3, as follows 

(Colmenares & Zoback, 2002): 

  

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
−

−
−++
−−+

×
−−+

=
2q
1q

C1)σ(2q2C
C1)σ(qC

C1)σ(q2C
27C

031

031

031
 (5.5) 
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 C0 = uniaxial compressive strength of the rock. 
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 The comparison between the measured strengths with the predictions by the 

modified Wiebols and Cook criterion for the three sandstones (Figures 5.4 through 
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5.6).  The criterion is not sensitive to the observed variations of the rock strengths in 

the J2
1/2 - J1 diagram.   The predicted J2

1/2 curves continue to decrease as the minimum 

stress decreases.  This does not strictly reflect the actual observations where J2
1/2 

increases after the induced vertical stress becomes the maximum principal stress.  It 

appears that the modified Wiebols and Cook criterion can not describe the rock 

strengths when the minimum principal stress is in tension. 

5.5  Discussions of the test results 

 The Coulomb criterion performs better when the minimum principal stress is 

in tension.  It can describe the decrease and increase of J2
1/2 at failure due to the 

variation of the minimum principal tensile stresses with the discrepancy of about 15-

20%.  It is clear that the modified Wiebols and Cook criterion can not be correlated 

with the rock strengths when the minimum principal stress is in tension. 
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Figure 5.4  J2
½ as a function of J1 for Brazilian testing on PK sandstones compared 

with the modified Wiebols and Cook criterion. 
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Figure 5.5  J2
½ as a function of J1 for Brazilian testing on PP sandstones compared  

with the modified Wiebols and Cook criterion. 
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Figure 5.6    J2
½ as a function of J1 for Brazilian testing on PW sandstones compared 

   with the modified Wiebols and Cook criterion. 

 
 
 
  
 
 

 

 

 

 

 

 

 

 

 

 



CHAPTER VI 

DISCUSSIONS, CONCLUSIONS, AND 

RECOMMENDATIONS FOR FUTURE STUDIES 

6.1  Discussions and Conclusions 

The results from Brazilian tension test under axial confinement can be 

postulated that the axial stress may cause tensile strains in the directions of σ1 and σ3.  

Due to the effect of the Poisson’s ratio, σ2 can produce tensile strains in the directions 

normal to its axis (or on the plane parallel to σ1 and σ3).  These tensile strains increase 

from the minimum on the mid-section plane to the maximum on the specimen 

surfaces where the rock can freely dilate.  These tensile strains cause splitting tensile 

fractures of the rock specimen.  This is supported by the results of the Brazilian 

testing under axial compression.  The applied σz produces a tensile strains adding to 

the line load-induced tensile stress at the specimen center.  As a result a smaller 

magnitude of the line load is required to split the Brazilian specimen when it is under 

an axial compression.  Based on this mechanism alone the higher the σ2 that is 

applied, the lower σ1 or J2
1/2 is required to fail the specimen.  Since the induced tensile 

strains by σ2 in the polyaxial specimen is not uniformly distributed on the σ1 - σ3 

plane, quantitative determination of the effect of σ2 under this mechanism is not easy.  

The elastic properties under tension may differ from those in compression.  The 

calculation is also complicated by the same mechanism induced by σ1 and σ3.   
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When σ2 approaches σ1 (i.e. high σ2:σ3 ratio or low σ1:σ2 ratio) the tensile 

strain induced by σ2 becomes more pronounced and overcomes the strengthening rate.  

Under this condition, σ1 at failure decreases with increasing σ2, and the rock is failed 

by splitting tensile fractures.  The proposed mechanisms can explain why at a given 

σ3, σ1 at failure initially increases with σ2 when σ2 is low.  This phenomenon is 

particularly obvious when σ3 is very low.  It is recommended that rock deformation 

properties be incorporated into a failure criterion to fully describe the rock tensile 

strengths under confinements.  Deserving special attention is the derivation of a strain 

energy-based criterion which can take both the principal stresses and principal strains 

(or elastic properties) at failure into consideration. 

 From the test results the stress invariant J2
1/2 as a function of mean stress J1 is 

compared with the predictions by the Coulomb and modified Wiebols and Cook 

criterion.  The Coulomb criterion performs better when the minimum principal stress 

is in tension.  It can describe the decrease and increase of J2
1/2 at failure due to the 

variation of the minimum principal tensile stresses with the discrepancy of about 15-

20%.  It is clear that the modified Wiebols and Cook criterion can not be correlated 

with the rock strengths when the minimum principal stress is in tension. 

The findings from this research have improved our understanding of the rock 

tensile strength under a more complex stress state than those usually obtained from 

the conventional (e.g. direct tension test, beam bending test, and Brazilian tension 

test).  It is clear that the intermediate principal stress even in compression can 

significant reduce the rock tensile strength.  Recognition of this effect is of particular 

important for the stability analysis of roof beam of underground openings and tunnels. 

Application of the rock tensile strength, determined from the conventional Brazilian 
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tension test method, to the actual condition may result in a non-conservative analysis.  

The effect of the intermediate principal stress, normally parallel to the tunnel or 

opening axis, shall be taken into consideration. 

 

6.2  Recommendations for future studies 

 The uncertainties and adequacies of the research investigation and results 

discussed above lead to the recommendations for further studies, as follows. 

 A more testing is required to assess the effect of the intermediate principal 

stress.  Studying of size effect and a variety of rocks with a broad range of strengths 

and elasticity should be tested.  This is to confirm the reliability of the Coulomb 

criterion under the condition where one or two of the principal stress is in tension.  

The effects of pore pressure on the rock tensile strengths and elasticity is also 

desirable.  Result from a variety of test configurations, for example four-point beam 

and ring tension tests with axial compression shall be compared and analyzed under 

multi-axial strength criterion.  
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