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The objectives of this research are to determine the compressive strengths 

of three types of sandstone subjected to polyaxial stress states, and to develop a 

three-dimensional failure criterion of the rocks that can be readily applied in the 

design and stability analysis of geologic structures.  The efforts involve 

determination of the maximum principal stress at failure of the sandstone 

samples under various intermediate and minimum principal stresses, and 

development of a mathematical relationship between the three stresses at failure.  

The sandstone samples belong to the Phra Wihan, Phu Phan, and Phu Kradung 

formations.  They are prepared to obtain 50x50x100 square mm.  A polyaxial 

loading frame is used to apply constant σ2 and σ3 onto the specimen while the 

σ1 is increased until failure.  The applied σ2 and σ3 at different magnitudes are 

varied from 0 to 15 MPa.  A minimum of 20 samples are tested for each rock 

type, depending on the consistency of the strength results.  The failure stresses 

are measured and modes of failure are examined.  The three-dimensional 

strength criterion is derived by presenting the octahedral shear strength as a 

function of the octahedral mean stress.   
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The strength results clearly show that σ2 affects the maximum stress, σ1 at 

failure for three sandstones.  This phenomenon agrees with those observed 

elsewhere.  Under true triaxial compressive stresses the modified Wiebols and Cook 

criterion can predict the compressive strengths of the tested sandstones reasonably 

well.  Due to the effect of σ2 the Coulomb criterion can not represent the rock 

strengths under true triaxial compressions, particularly under high σ2 to σ3 ratios.  It 

is postulated that the effects of the intermediate principal stress are caused by two 

mechanisms working simultaneously but having opposite effects on the rock 

polyaxial strengths; (1) mechanism that strengthens the rock matrix in the direction 

normal to σ1 - σ3 plane, and (2) mechanism that induces tensile strains in the 

directions of σ1 and σ3.  The intermediate principal stress can strengthen the rock 

matrix on the plane normal to its direction, and hence a higher differential stress is 

required to induce failure.  It is believed that the relationship between σ2 magnitudes 

and the degrees of strengthening can be non-linear, particularly under high σ2.  Such 

relation depends on rock types and their texture (e.g., distribution of grain sizes, pore 

spaces, fissures and micro-cracks, and types of rock-forming minerals). 
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CHAPTER I 

INTRODUCTION 

1.1 Background and rationale 

It has been experimentally found that the intermediate principal stress (σ2) can 

notably reduce the maximum principal stress (σ1) at failure for intact rock specimens. 

(Haimson, 2006)  This suggests that the triaxial compressive strengths obtained from 

the conventional triaxial compression test (under σ2 = σ3), as given by the American 

Society for Testing and Materials - ASTM, may not truly represent the actual in-situ 

strength where the rock is subjected to an anisotropic stress state (σ1 ≠ σ2 ≠ σ3).  The 

rock failure criterion derived from such conventional testing therefore may not be 

conservative.  Obtaining rock strengths in the laboratory under an anisotropic stress 

state is not only difficult but expensive.  Special loading device (e.g., polyaxial 

loading machine or true triaxial load cell) is required.  As a result the failure criterion 

that can take into account the three-dimensional stress states has been extremely rare.  

Most existing three dimensional failure criteria for brittle rocks are not adequate 

because they are not in the form that can readily be applied in the actual design and 

analysis of geological structures. 

1.2 Research objectives 

The objectives of this research are to determine the compressive strengths of 

three types of sandstone subjected to anisotropic stress states, and to develop a three-
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dimensional failure criterion of the rocks that can be readily applied in the design and 

stability analysis of geologic structures.  The efforts involve determination of the 

maximum principal stress at failure of the rock samples under various intermediate 

and minimum principal stresses, and development of a mathematical relationship 

between the three stresses at failure.  A polyaxial loading frame is used to apply 

constant σ2 and σ3 onto the specimen while the σ1 is increased until failure.  The 

applied σ2 and σ3 at different magnitudes are varied from 0 to 15 MPa.  The failure 

stresses will be measured, and mode of failure will be examined.  The results will be 

compared with those obtained from the conventional triaxial compressive strength 

tests.  The three-dimensional strength criterion will be derived by presenting the 

octahedral shear strength and a function of the octahedral mean stress with correction 

factors if needed.  Such criterion will be useful for determining or predicting the rock 

strength under anisotropic stress state of the in-situ condition. 

1.3 Research methodology 

 The research methodology shown in Figure 1.1 comprises 5 steps; literature 

review, sample collection and preparation, laboratory testing, development of 

mathematical relations and discussions and conclusions. 

 1.3.1 Literature review 

 Literature review is carried out to study the previous research on 

compressive strength in true-triaxial state and effect of intermediate principal stress.  

The sources of information are from text books, journals, technical reports and 

conference papers.  A summary of the literature review will be given in the thesis. 
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 1.3.2 Sample collection and preparation 

  Sandstone samples are collected from the site.  A minimum of 3 

sandstone types are collected.  Sample preparation is carried out in the laboratory at 

the Suranaree University of Technology.  Samples prepared for compressive 

strength test are 5×5×10 cm3. 

 1.3.3 Laboratory testing 

  The laboratory testing includes the conventional and true triaxial 

compressive strength tests. Both are performed on the three types of sandstone.  

Their results are used to develop a multi-axial strength criterion.  

 1.3.4 Development of mathematical relations  

  Results from laboratory measurements in terms of intermediate 

principal stresses and strength of rock are used to formulate mathematical 

relations.  Intermediate principal stresses and the applied stresses can be 

incorporated to the equation, and derive a new failure criterion for rocks under 

three dimension stress states. 

 1.3.5 Conclusion and thesis writing 

  All research activities, methods, and results are documented and 

complied in the thesis.  

1.4 Scope and limitations 

The scope and limitations of the research include as follows. 

1. Laboratory experiments are conducted on specimens from three types of 

sandstone from Phu Kradung, Pra Wihan, and Phu Phan formation. 

2. The true triaxial testing is made under intermediate principal stress 

ranging from 0 to 15 MPa. 
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Figure 1.1 Research methodology 
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            3. Up to 20 samples are tested for each rock type, with the nominal sample 

size of 5×5×10 cm3 

 4. All tests are conducted under ambient temperature. 

 5. Testing is made under dry condition. 

6. No field testing is conducted. 

1.5 Thesis contents 

 This research thesis is divided into six chapters.  The first chapter includes 

background and rationale, research objectives, research methodology, and scope and 

limitations. Chapter II presents results of the literature review to improve an 

understanding of rock compressive strength as affected by the intermediate principal 

stress.  Chapter III describes sample collection and preparation.  Chapter IV 

describes the laboratory testing; both conventional and true triaxial compressive 

strength tests. Chapter V presents strength criterion. Chapter VI is discussions, 

conclusions and future studies.  Appendix A provides detailed of technical 

publications. 



CHAPTER II 

LITERATURE REVIEW 

Relevant topics and previous research results are reviewed to improve an 

understanding of rock compressive strength as affected by the intermediate principal 

stress.  Summery of the review results is as follows. 

Alsayed (2002) used specimens in the form of hollow cylinder specimens for 

simulating stress condition around the opening to study the behaviour of rock under a 

much wider variety of stress paths. The hollow cylinder specimens are used in 

conventional triaxial test cell show in Figure 2.1 It was developed by Hoek and 

Franklin (1968) and specially designed of internal of pressure loading configuration. 

Springwell sandstone specimens were subjected to under uniaxial, biaxial, triaxial and 

polyaxial compression, as well as indirect tension. The results obtained confirm the 

effect of the intermediate principal stress on rock failure and show that the apparent 

strength of rock is markedly influenced by the stress condition imposed. Multiaxial 

testing system can provide realistic prediction of the actual behaviour of rock and 

guide the formulation of more adequate numerical models. 

Kwasniewski et al. (2003) use prismatic samples of medium-grained 

sandstone from Śląsk Colliery for testing under uniaxial compression, conventional 

triaxial compression and true triaxial compression conditions.  Results of the studies 

show that confining pressure strongly inhibited dilatant behavior of rock samples 

tested under conventional triaxial compression conditions; the increasing confinement 

resulted in the growing compaction of the rock material.  The effect of dilatancy was 
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Figure 2.1  Test cell with a specimen inside ready to be transferred to the loading 

machine (Alsayed, 2002). 

also highly suppressed by the intermediate principal stress.  While important 

dilatant, negative volumetric strain corresponded to the peak differential stress at 

low intermediate principal stress conditions, at high intermediate stresses the rock 

material was damaged to much lesser extent.  As a result, faulting of rock samples 
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in the post-peak region was much more violent and was accompanied by a strong 

acoustic effect. 

 Tiwari and Rao (2004) have described physical modeling of a rock mass under a 

true triaxial stress state by use block mass models having three smooth joint sets.  The 

testing was using true-triaxial system (TTS) developed by Rao and Tiwari (2002) show 

in Figure 2.2  The test results show the strength of rock mass (σ1) and deformation 

modulus (Ej) increase significantly which is confirmed by fracture shear planes 

developed on σ2 face of specimen.  Most of the specimens failed in shearing with 

sliding in some cases.  The effect of interlocking and rotation of principal stresses σ2 

and σ3 on strength and deformation response was also investigated  

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 2.2  True triaxial system used for study (Rao and Tiwari, 2002). 
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Chang and Haimson (2005) discuss the non-dilatants deformation and failure 

mechanism under true triaxial compression. They conducted laboratory rock strength 

experiments on two brittle rocks, hornfels and metapelite, which together are the 

major constituent of the long valley Caldera (California, USA) basement in the 2025 – 

2996 m depth range. Both rocks are banded, very high porosity. Uniaxial compression 

test at different orientations with respect to banding planes reveal that while the 

hornfels compressive strength nearly isotropic, the metapelite possesses distinct 

anisotropy. Conventional triaxial tests in these rocks reveal that their respective 

strengths in a specific orientation increase approximately linearly with confining 

pressure. True triaxial compressive experiments in specimens oriented at a consistent 

angle to banding, in which the magnitude of the least (σ3) and the intermediate (σ2) 

principal stress are different but kept constant during testing while the maximum 

principal stress is increased until failure, exhibit a behaviour unlike that  

previously observed in other rocks under similar testing conditions. For a given 

magnitude of σ3, compressive strength σ1 does not vary significantly in both 

regardless of the applied σ2, suggesting little or no intermediate principal stress effect. 

Strains measured in all three principal directions during loading were used to obtain 

plots σ1 versus volumetric strain. Theses are consistently linear almost to the point of 

rock failure, suggesting no dilatants.  

Haimson (2006) describes the effect of the intermediate principal stress (σ2) 

on brittle fracture of rocks, and on their strength criteria.  Testing equipment 

emulating Mogi’s but considerably more compact was developed at the University of 

Wisconsin and used for true triaxial testing of some very strong crystalline rocks. Test 

results revealed three distinct compressive failure mechanisms, depending on loading 
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mode and rock type: shear faulting resulting from extensile microcrack localization, 

multiple splitting along the axis, and nondilatant shear failure. The true triaxial 

strength criterion for the KTB amphibolite derived from such tests was used in 

conjunction with logged breakout dimensions to estimate the maximum horizontal in 

situ stress in the KTB ultra deep scientific hole. 

 Cai (2008) studied the intermediate principal stress on rock fracturing and 

strength near excavation boundaries using a FEM/ DEM combined numerical tool. A 

loading condition of σ3 = 0 and σ1 ≠ 0, and σ2 ≠ 0 exists at the tunnel boundary, where 

σ1, σ2, and σ3, are the maximum, intermediate, and minimum principal stress 

components, respectively. The numerical study is based on sample loading testing that 

follows this type of boundary stress condition. It is seen from the simulation results 

that the generation of tunnel surface parallel fractures and microcracks is attributed to 

material heterogeneity and the existence of relatively high intermediate principal 

stress (σ2), as well as zero to low minimum principal stress (σ3) confinement. A high 

intermediate principal stress confines the rock in such away that microcracks and 

fractures can only be developed in the direction parallel to σ1 and σ2. Stress-induced 

fracturing and microcracking in this fashion can lead to onion-skin fractures, spalling, 

and slabbing in shallow ground near the opening and surface parallel microcracks 

further away from the opening, leading to anisotropic behavior of the rock.  

Consideration of the effect of the intermediate principal stress on rock behavior 

should focus on the stress-induced anisotropic strength and deformation behavior of 

the rocks show in Figure 2.3 It is also found that the intermediate principal stress has 

limited influence on the peak strength of the rock near the excavation boundary. 
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Figure 2.3  Influence of the intermediate principal stress on the strength of Westerly 

granite. Rapid initial rock strength increases with increasing σ2 can be 

seen for low σ3 (Cai, 2008). 
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 You (2008) reviewed some strength criteria which include the role of the 

intermediate principal stress, and proposed a new criterion.  Strength criteria of the 

form σoct = fn (σoct), such as Drucker–Prager represent a rotation surface in the 

principal stress space, symmetric to the line σ1 = σ2 = σ3 in the meridian plane.  

Because σoct = fn (σoct) must fit the pseudo-triaxial compressive strength, it will have a 
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non-physical outcome for triaxial extension.  Mogi’s criteria, σoct = g1 (σm,2) and σmax 

= g2 (σb) are able to fit experimental data reasonably well, but the prediction of 

strength is not good and sometimes problematic. Strength criterion with the form λ(σ1, 

σ2, σ3) = F[η(σ1, σ2, σ3)], or a curve of two variables which can be decided by fitting 

pseudo-triaxial experimental data, is not expected to describe the strength under 

various stress states, no matter how high the correlation coefficient of λ and η is, or 

how low the misfit of the equation λ = F(η) is, as these seemingly good correlations 

usually result from the Dominant influence of the maximum principal stress in the 

metrics of λ and η. The intermediate principal stress may improve the strength of rock 

specimen, but its influence will be restricted by σ3. Also when σ2 is high enough to 

cause failure in the σ2 – σ3 direction, the strength will decrease with the increasing σ2. 

The new strength criterion with exponent form has just such a character, and gives 

much lower misfits than do all seven criteria discussed by Colmenares and Zoback 

(2002).  A statistical evaluation of intact rock failure criteria constrained by polyaxial 

test data for five different rocks. 



CHAPTER III 

SAMPLE PREPARATION 

3.1 Introduction 

The tested sandstones are from three sources: Phu Phan, Phra Wihan and Phu 

Kradung formations (hereafter designated as PP, PW and PK sandstones) as shown 

in Figure 3.1.  These fine-grained quartz sandstones are selected primarily because 

of their highly uniform texture, density and strength.  The main mineral 

compositions of three sandstones obtained from x-ray diffraction analyses are given 

in Table 3.1.  Their average grain size is 0.1-1.0 mm.  They are commonly found in 

the north and northeast of Thailand.  Their mechanical properties and responses play 

a significant role in the stability of tunnels, slope embankments and dam 

foundations in the region. 

3.2 Sample preparation 

Sandstone samples are collected from Saraburi province.  A minimum of 3 

sandstone types are collected.  Sample preparation is carried out in the laboratory at 

the Suranaree University of Technology.  Samples prepared for polyaxial 

compressive strength test are 5×5×10 cm3 show in Figure 3.2.  For the polyaxial 

compression testing rectangular block specimens are cut and ground to have a 

nominal dimension of 5×5×10 cm3.  The perpendicularity and parallelism of the 

specimens follow the ASTM (D 4543-85) specifications.  The longest axis is 
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parallel to the bedding planes and to the direction of the major principal stress.  

Though having different shape the specimens used here have volume and length-to-

diameter ratio comparable to those used in the conventional uniaxial and triaxial 

compression test methods. 

 

 
 
 
 
 
 
 
 
 

Figure 3.1  Sandstones blocks with nominal size of 10 cm x 20 cm x 40 cm are 

collected from Saraburi province.  Left: Phra Wihan, Middle: Phu 

Phan and Right: Phu Kadung. 
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 Table 3.1  Mineral composition of three sandstones. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Composition 
Rock Name Density 

 (g/cc) Color 
Quartz 

(%) 
Albite 
(%) 

Kaolinite 
(%) 

Feldspar 
(%) 

Mica 
(%) 

PW 
sandstone 2.35 white 99.47 - 0.53 - - 

PP 
sandstone 2.45 yellow 98.40 - - - 1.60 

PK 
sandstone 2.63 green 48.80 46.10 5.10 - - 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3.2  Sandstone specimens prepared for true triaxial stress. Left: Phu K

Middle: Phu Phan and Right: Phra Wihan. 

adung, 



CHAPTER IV 

LABORATORY EXPERIMENTS 

4.1 Introduction 

 The objectives of this research are to determine the compressive strengths of 

three types of sandstone subjected to anisotropic stress states, and to develop a three-

dimensional failure criterion of the rocks that can be readily applied in the design and 

stability analysis of geologic structures. This chapter describes the method and results 

of the laboratory experiments, including characterization tests and polyaxial 

compressive strength tests. 

4.2 Characterization tests 

Uniaxial and triaxial compressive strength tests are performed on PW, PP and 

PK sandstones.  The objectives are to develop a data basis to compare with the true 

triaxial test results. 

 4.2.1 Uniaxial compressive strength tests (UCS) 

  Test procedure for the laboratory determination of the UCS strictly 

follows the American Society for Testing and Materials standard (ASTM D7012-04) 

and suggested method by ISRM (International Society of Rock Mechanics) (Brown, 

1981). Core specimens with a nominal diameter of 54 mm and length-to-diameter 

ratio of 2.5 are axially loaded to failure (Figure 4.1).  The UCS of the specimen is 

calculated by dividing the maximum load by the original cross-sectional area.  Five 

specimens are tested for each rock type.  The results of the uniaxial compressive 
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Figure 4.1  PW, PP and PK sandstones specimens prepared for the uniaxial compressive 

strength test have 54 mm in diameter with L/D ratio of 2.5. 

 

strength test are shown in Table 4.1.  Figure 4.2 through 4.4 plots the axial stress as a 

function of axial strains of PW sandstones.  

4.2.2 Triaxial compressive strength tests 

  The objective of the triaxial compressive strength test is to determine 

the compressive strength of three sandstones under various confining pressures.  The 

sample preparation and test procedure follow the applicable ASTM standard practice 

(ASTM D7012-04) and ISRM suggested method (Brown, 1981), as much as practical.  

The L/D of all specimens equals 2.0.  All specimens are loaded to failure under  
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 Table 4.1  Summary of the results from the uniaxial compressive strength testing. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Types Specimen 
No. 

Length
(mm) 

Diameter
(mm) 

Density 
(g/cc) 

Uniaxial 
Compressive 
Strength, σc 

(MPa) 

Elastic 
Modulus, 
E (GPa) 

PWSS-01 107.35 53.94 2.39 72.2 9.9 
PWSS-02 105.93 53.92 2.37 72.3 10.0 
PWSS-03 102.71 53.92 2.40 72.3 10.5 
PWSS-04 136.61 53.70 2.39 59.6 9.0 
PWSS-05 136.45 53.63 2.38 57.5 12.0 

PW 

Average ± Standard Deviation 66.8 ± 7.5 10.3 ± 1.1 
PPSS-01 105.33 53.71 2.60 79.4 10.1 
PPSS-02 105.35 53.90 2.63 81.1 10.3 
PPSS-03 109.35 53.20 2.63 83.2 11.3 
PPSS-04 135.84 53.65 2.61 81.8 12.0 
PPSS-05 131.32 53.65 2.61 106.1 12.0 

PP 

Average ± Standard Deviation 86.3 ± 11.1 11.1 ± 0.9 
PKSS-01 108.17 53.9 2.61 81.1 8.9 
PKSS-02 109.05 53.9 2.62 78.9 8.9 
PKSS-03 108.24 53.22 2.62 81.3 9.9 
PKSS-04 135.64 53.65 2.6 72.9 10.9 
PKSS-05 131.32 53.65 2.63 106.1 12.0 

PK 

Average ± Standard Deviation 84.1 ± 12.7 10.1 ± 1.3 
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 Figure 4.2  Results of uniaxial compressive strength tests of PW sandstone. The axial 

stresses are plotted as a function of axial strain.  
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 Figure 4.3  Results of uniaxial compressive strength tests of PP sandstone. The axial 

stresses are plotted as a function of axial strain.  
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 Figure 4.4  Results of uniaxial compressive strength tests of PK sandstone. The axial 

stresses are plotted as a function of axial strain.  

 

a constant loading rate.  The failures occur within 5-15 minute of loading under each 

confining pressure. 

 The results of the triaxial compressive tests are shown in Table 4.2.  Figures 4.5 

through 4.7 show the Mohr circles of the results with shear stress as ordinates and 

normal stress as abscissas.  The relationship can be represented by the Coulomb 

criterion; 

  (4.1) φ+= tanσcτ n
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where τ is the shear stress, c is the cohesion, σn is the normal stress and φ is the angle 

of internal friction. 

 Table 4.2  Strength properties from conventional triaxial compression tests.  

Types Specimen 
No. 

Length 
(mm) 

Diameter 
(mm) 

Density 
(g/cc)  

 

Confining 
Pressure, 
σ3 (MPa) 

Axial 
Stress, σ1 

(MPa) 
PWSS-01 106.20 53.90 2.63 1.7 79.4 

PWSS-02 107.30 53.90 2.64 3.4 

 

101.0 

PWSS-03 106.70 53.90 2.63 5.2 107.8 

PWSS-04 107.26 53.90 2.62 6.9 

 

120.6 

PWSS-05 106.48 53.90 2.61 10.3 184.2 

Cohesion, c (MPa) 

 

10 

PW 

Friction Angles, φ (degrees) 58 

PPSS-01 107.50 53.90 2.63 1.7 

 

103.2 

PPSS-02 106.35 53.90 2.64 3.4 134.0 

PPSS-03 106.70 53.90 2.63 5.2 

 

172.5 

PPSS-04 107.82 53.90 2.62 6.9 191.3 

PPSS-05 108.00 53.90 2.61 10.3 205.8 

Cohesion, c (MPa) 
 

 

20 

PP 

Friction Angles, φ (degrees) 52 

PKSS-01 107.26 53.90 2.61 1.7 107.2 

PKSS-02 106.35 53.90 2.61 3.4 

 

120.5 

PKSS-03 105.50 53.90 2.62 5.2 127.6 

PKSS-04 106.28 53.90 2.6 6.9 

 

129.1 

PKSS-05 107.00 53.90 2.63 

 

10.3 173.2 

Cohesion, c (MPa) 19 

PK 

Friction Angles, φ (degrees) 50 
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Figure 4.5  Results of triaxial compressive strength tests on Phra Wihan sandstone in 

form of Mohr’s circles and Coulomb criterion. 

 

Sh
ea

r S
tre

ss
 (M

Pa
)

 
 
 Figure 4.6  Results of triaxial compressive strength tests on Phu Phan sandstone in 

form of Mohr’s circles and Coulomb criterion. 
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 Figure 4.7  Results of triaxial compressive strength tests on Phu Kradung sandstone 

in form of Mohr’s circles and Coulomb criterion. 

4.3 Polyaxial compressive strength tests 

The polyaxial compression tests are performed to determine the compressive 

strengths and deformations of the PK, PP and PW sandstones under true triaxial 

stresses.  The intermediate (σ2) and minimum (σ3) principal stresses are maintained 

constant while σ1 is increased until failure.  Here the constant σ2 is varied from 0 to 17 

MPa, and σ3 from 0 to 6 MPa.  Neoprene sheets are used to minimize the friction at all 

interfaces between the loading platen and the rock surface.  Figure 4.8 shows the 

applied principal stress directions with respect to the bedding planes for all specimens. 

The failure stresses are recorded and mode of failure examined.  Figure 4.9 shows the 

polyaxial load frame used in this test.  To meet the load requirement above, two pairs 

of cantilever beams are used to apply the lateral stresses in mutually perpendicular 

directions to the rock specimen.  The outer end of each opposite beam is pulled down 

by dead weight placed in the middle of a steel bar linking the two opposite beams 
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underneath (Figure 4.10).  The inner end is hinged by a pin mounted on vertical bars 

on each side of the frame.  During testing all beams are arranged perfectly 

horizontally, and hence a lateral compressive load results on the specimen placed at 

the center of the frame.  Due to the different distances from the pin to the outer 

weighting point and from the pin to the inner loading point. 

 

Bedding Planes 

σ2 

σ1  

 

 

 

 
σ3 

 

 

 

 

 

Figure 4.8  Directions of loading with respect to the bedding planes.  
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Figure 4.9  Polyaxial load frame developed for compressive and tensile strength 

testing under true triaxial stress (Walsri et al., 2009). 
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Figure 4.10  Cantilever beam weighed at outer end applies lateral stress to the rock 

specimen (Walsri et al., 2009). 
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4.4 Test results 

Table 4.3 through 4.5 summarizes the test results on PP, PW and PK sandstones.  

Figures 4.11 through 4.13 plot σ1 at failure as a function of σ2 tested under various σ3’s 

for the PW, PP and PK sandstones.  For all types of sandstone, the results show the effects 

of the intermediate principal stress, σ2, on the maximum stresses at failure by the failure 

envelopes being offset from the condition where σ2 = σ3.  For all minimum principal 

stress levels, σ1 at failure increases with σ2.  The effect of σ2 tends to be more pronounced 

under a greater σ3.  These observations agree with those obtained elsewhere (e.g. 

Haimson and Chang, 2000; Colmenares and Zoback, 2002; Haimson, 2006).  Post-failure 

observations suggest that compressive shear failures are predominant in the specimens 

tested under low σ2 while splitting tensile fractures parallel to σ1 and σ2 directions 

dominate under higher σ2 (Figures 4.14 through 4.16). 

 

 

 

 

 

Table 4.3  Summary f test results from of Phra Wihan sandstones under true triaxial 

compressive strength testing. 

Types Sample 
No. 

Area σ3 
(MPa) 

Area 
(cm2) 

σ2 
(MPa) 

Area 
(cm2) 

σ1 
(MPa) (cm2

) 
PW-PX-03 0.60 0.0 0.60 0.0 0.3 48.5 

 PW-PX-15 0.52 0.0 0.54 3.0 0.3 50.5 
PW-PX-59 0.55 0.0 0.52 6.6 0.3 51.8 

 PW-PX-43 0.52 0.0 0.52 10.1 0.3 60.8 
PW-PX-61 0.56 0.0 0.52 17.6 0.3 63.7 

 

 

 

 

 

PW-PX-48 0.53 0.0 0.53 24.0 0.3 60.7 
PW-PX-46 0.52 3.0 0.54 3.0 0.3 95.9 
PW-PX-53 0.52 3.0 0.52 6.6 0.3 104.5 
PW-PX-49 0.51 3.0 0.51 10.1 0.3 103.4 
PW-PX-55 0.54 3.0 0.53 17.6 0.3 127.5 PW
 S

an
ds

to
ne

 

PW-PX-56 0.56 6.6 0.51 6.6 0.3 134.2 
PW-PX-57 0.56 6.6 0.54 10.1 0.3 135.1 
PW-PX-58 0.53 6.6 0.52 13.8 0.3 149.8 
PW-PX-59 0.55 6.6 0.52 17.6 0.3 159.1 
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Table 4.4  Summary of test results from of Phu Phan sandstones under true triaxial 

compressive strength testing. 

Types Sample No. Area 
(cm2) 

σ3 
(MPa) 

Area 
(cm2) 

σ2 
(MPa) 

Area 
(cm2) 

σ1 
(MPa) 

PP-PX-03 0.53 0.0 0.55 0.0 0.3 49.4  PP-PX-05 0.52 0.0 0.53 3.0 0.3 77.2 
PP-PX-09 0.54 0.0 0.54  6.6 0.3 83.8 
PP-PX-10 0.54 0.0 0.54 10.1 0.3 

 
93.4 

PP-PX-15 0.53 0.0 0.54 17.6 0.3 103.3 
PP-PX-38 0.54 0.0 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

0.54 24.0 0.3 76.3 
PP-PX-22 0.54 3.0 0.54 3.0 0.3 113.1 
PP-PX-23 0.54 3.0 0.54 6.6 0.3 123.8 
PP-PX-24 0.50 3.0 0.50 10.1 0.3 127.3 
PP-PX-32 0.54 3.0 0.54 17.6 0.3 135.8 
PP-PX-29 0.53 6.6 

PP
 S

an
ds

to
ne

 

0.53 6.6 0.3 144.0 
PP-PX-33 0.54 6.6 0.54 10.1 0.3 152.5 
PP-PX-35 0.53 6.6 0.54 13.8 0.3 165.9 
PP-PX-36 0.54 6.6 0.54 17.6 0.3 163.9 

 

Table 4.5  Summary of test results from of Phu Kadung sandstones under true triaxial 

compressive strength testing. 

Types Sample No. Area σ3 
(MPa) (cm2) 

Area 
(cm2) 

σ2 
(MPa) 

Area 
(cm2) 

σ1 
(MPa) 

PK-PX-13 0.52 0.0 0.54 0.0 0.3 46.4 
PK-PX-10 0.54 0.0 0.52 3.0 0.3 56.9 
PK-PX-11 0.53 0.0 0.53 6.6 0.3 60.8 
PK-PX-12 0.53 0.0 0.53 10.1 0.3 71.5 
PK-PX-13 0.54 0.0 0.55 17.6 0.3 75.0 
PK-PX-21 0.52 0.0 0.53 24.0 0.3 78.9 
PK-PX-05 0.51 3.0 0.52 3.0 0.3 76.9 
PK-PX-14 0.53 3.0 0.51 6.6 0.3 93.0 
PK-PX-16 0.53 3.0 0.54 10.1 0.3 94.9 
PK-PX-17 0.52 3.0 0.53 17.6 0.3 106.6 
PK-PX-18 0.53 6.6 

PK
 S

an
ds

to
ne

 

0.52 6.6 0.3 123.8 
PK-PX-19 0.54 6.6 0.53 10.1 0.3 128.2 
PK-PX-23 0.53 6.6 0.54 13.8 0.3 137.7 
PK-PX-20 0.54 6.6 0.53 17.6 0.3 147.6 
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Figure 4.11  Maximum principal stress (σ1) at failure as a function of σ2 for various 

σ3 values for Phra Wihan sandstone. 
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Figure 4.12  Maximum principal stress (σ1) at failure as a function of σ2 for various 

σ3 values for Phu Phan sandstone. 
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Figure 4.14  Post-test specimens of Phra Wihan sandstone. Left: σ1 = 50.5, σ2 = 3.0, 

σ3 = 0 MPa. Middle: σ1 = 51.8, σ2 = 6.6, σ3 = 0 MPa. Right: σ1 = 60.8, 

σ2 = 10.0, σ3 = 0 MPa. 
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Figure 4.13  Maximum principal stress (σ1) at failure as a function of σ2 for various 

σ3 values for Phu Kadung sandstone. 
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Figure 4.15  Post-tested specimens of Phu Phan sandstone. Left: σ1 = 77.2, σ2 = 3.0, 

σ3 = 0 MPa. Middle: σ1 = 83.8, σ2 = 6.6, σ3 = 0 MPa. Right: σ1 = 93.4, 

σ2 = 10.0, σ3 = 0 MPa. 
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F igure 4.16  Post-tested specimens of Phu Kadung sandstone. Left: σ1 = 56.9, σ2 = 3.0, 

σ3 = 0 MPa. Middle: σ1 = 60.8, σ2 = 6.6, σ3 = 0 MPa. Right: σ1 = 71.5, σ2 = 

10.0, σ3 = 0 MPa. 
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The observed splitting tensile fractures under relatively high σ2 suggest that the fracture 

initiation has no influence from the friction at the loading interface in the σ2 direction.  

As a result the increase of σ1 with σ2 should not be due to the interface friction.  This 

does not agree with a conclusion drawn by Cai (2008) that friction at the interface in the 

σ2 direction contributes to the increase of σ1 at failure.  Under the conditions when σ2 = 

σ3, the magnitudes of σ1 at failure agree well with the triaxial compressive strength test 

results obtained by Kenkhunthod and Fuenkajorn (2009). 

 Table 4.6 compares the uniaxial compressive strength and triaxial compressive 

strength tests with true triaxial compressive strength test.  Conditions of testing are 

that the intermediate principal stress equals the minimum principal stresses.  Results 

of the triaxial compressive strength tests are higher than the true triaxial compressive 

strength tests.  This may be because the shapes of the specimens are different. 

 

 

 

 

Table 4.6  Comparisons of results between conventional triaxial compressive strength 

tests and true triaxial compressive strength tests. 

Type σ2= σ3  
(MPa) 

 

Conventional Triaxial 
Test (MPa) 

True Triaxial  
Test (MPa) 

0 65.7 48.5 

 3 101.0 95.9 PW 
Sandstone 

6.6 
 

120.6 134.2 

0 76.8 49.4 
 

 

 

 

3 134.0 113.1 PP Sandstone 

6.6 191.3 144.0 

0 60.5 46.4 

3 120.5 76.9 

6.6 129.1 123.8 
 

PK Sandstone



CHAPTER V 

STRENGTH CRITERIA 

5.1 Introduction 

 This chapter describes the strength analysis and criteria under true triaxial 

compression.  The test results are compared with the Coulomb and modified Wiebols 

and Cook failure criteria.  They are selected because the Coulomb criterion has been 

widely used in actual field applications while the modified Wiebols and Cook 

criterion has been claimed by many researchers to be one of the best representations 

of rock strengths under confinement.  

5.2 Coulomb criterion prediction 

 The second order stress invariant (J2
1/2) and the first order stress invariant or 

the mean stress (J1) is calculated from the test results by the following relations 

(Jaeger and Cook, 1979): 

 })()()){(6/1(J 2
32

2
31

2
21

2/1
2 σ−σ+σ−σ+σ−σ=  (5.1) 

 3/)σσ(σJ 3211 ++=  (5.2) 

The Coulomb criterion in from of J2 and J1 can be expressed as (Jaeger and Cook, 1979): 

 [ φ+= cosSsinφJ
3

2J 01
1/2
2 ] (5.3) 
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where φ is friction angle, So is cohesion, J1 is mean stress and J2
1/2 is the second order of 

stress invariant. Table 5.1 shows the results of the strength calculation in terms of J2
1/2 

and J1 for all sandstones.  From the test results the stress invariant J2
1/2 as a function of 

mean stress J1 is compared with the predictions by the Coulomb criterion in Figures 5.1 

through 5.3 for PP, PW and PK sandstones.  The prediction uses φ  and S0. There values 

are obtained from the characterization testing (given in chapter 4).  Since the Coulomb 

criterion ignores σ2 at failure, the predicted J2
1/2 is independent of J1 for each σ3.  Under 

a low σ2 and σ3 the Coulomb prediction tends to agree with the test results obtained 

from the PW sandstone.  Except for this case, no correlation between the Coulomb 

predictions and the polyaxial strengths can be found.  The inadequacy of the 

predictability of Coulomb criterion under polyaxial stress states obtained here agrees 

with a conclusion drawn by Colmenares and Zoback (2002). 

5.3 Modified Wiebols and Cook criteria prediction 

 The modified Wiebols and Cook criterion given by Colmenares and Zoback 

(2002) defines J2
1/2 at failure in terms of J1 as: 

  (5.4) 2
11

1/2
2 CJBJAJ ++=

The constants A, B and C depend on rock materials and the minimum principal 

stresses (σ3).  They can be determined under the conditions where σ2 = σ3, as follows 

(Colmenares and Zoback, 2002): 

 ⎟⎟
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 Table 5.1  Strength calculation in terms of J2
1/2 and J1. 

 Sandstones σ3 (MPa) σ2 (MPa) σ1 (MPa) J1 (MPa) J2
1/2 (MPa) 

0 48.5 16.5 28.5 
 3.0 50.5 17.8 28.4 

6.6 51.8 19.5 28.2 
 10.1 60.8 23.0 31.5 

17.6 63.7 27.1 32.9  

0.0 

24.0 60.7 28.2 30.6 
3.0 95.9 33.9 53.5  6.6 104.5 38.0 57.6 
10.1 103.4 38.9 56.1  

3.0 

17.6 127.5 49.4 68.0 
6.6 134.2 49.1 73.7  
10.1 135.1 50.6 73.2 
13.8 149.8 56.8 80.8  

PW 

6.6 

17.6 159.1 61.1 85.1 
0 49.4 20.9 36.2  

3.0 77.2 26.7 43.7 
6.6 83.8 30.1 46.6  
10.1 93.4 34.5 51.2 
17.6 103.3 40.3 55.3  

0.0 

24.0 76.3 33.4 39.0 
 3.0 113.1 39.7 63.6 

6.6 123.8 44.5 68.7 
 10.1 127.3 46.8 69.8 3.0 

17.6 135.8 52.1 72.8 
 6.6 144.0 52.4 79.4 

10.1 152.5 56.4 83.2 
 13.8 165.9 62.1 90.0 

PP 

6.6 

17.6 163.9 62.7 87.8 
 0 46.4 15.2 26.3 

3.0 56.9 20.0 32.0 
 6.6 60.8 22.5 33.4 

10.1 71.5 27.2 38.7 
 17.6 75.0 28.5 35.2 

0.0 

24.0 78.9 30.6 34.3  3.0 76.9 27.6 42.6 
6.6 93.0 34.2 51.0  
10.1 94.9 36.0 51.1 3.0 

17.6 106.6 42.4 56.1  
6.6 123.8 45.7 67.7 
10.1 128.2 48.3 69.2  
13.8 137.7 52.7 73.7 

PK 

6.6 

17.6 147.6 57.3 78.4  
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igure 5.1  J2
1/2 as a function of J1 for true triaxial compression testing on PW 

sandstones compared with the Coulomb criterion predictions, for σ3 = 

0, 3.0 and 6.6 MPa. 
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Figure 5.2  J2
1/2 as a function of J1 for true triaxial compression testing on PP 

sandstones compared with the Coulomb criterion predictions, for σ3 = 

0, 3.0 and 6.6 MPa. 
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Figure 5.3  J2
1/2 as a function of J1 for true triaxial compression testing on PK 

sandstones compared with the Coulomb criterion predictions, for σ3 

= 0, 3.0 and 6.6 MPa. 
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 The comparison between the measured strengths with the predictions by the 

modified Wiebols and Cook criterion for the three sandstones are given in Figures 

5.4 through 5.6. 

5.4 Discussions of the test results 

 Under true triaxial compressive stresses the modified Wiebols and Cook 

criterion can predict the compressive strengths of the tested sandstones reasonably 

well.  This agrees with the results obtained by Haimson (2000) and Colmenares and 

Zoback (2002).  Due to the effect of σ2 the Coulomb criterion can not represent the 

rock strengths under true triaxial compressions, particularly under high σ2 to σ3 ratios.  

This is because the Coulomb criterion ignores the intermediate principal stress in the 

calculation of stress state at failure.  
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Figure 5.4  J2
½ as a function of J1 for true triaxial compression testing on PW 

sandstones compared with the modified Wiebols and Cook criterion, 

for σ3 = 0, 3.0 and 6.6 MPa. 
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Figure 5.5  J2
½ as a function of J1 for true triaxial compression testing on PP 

sandstones compared with the modified Wiebols and Cook criterion, 

for σ3 = 0, 3.0 and 6.6 MPa. 
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Figure 5.6  J2
½ as a function of J1 for true triaxial compression testing on PK 

sandstones compared with the modified Wiebols and Cook criterion, 

for σ3 = 0, 3.0 and 6.6 MPa. 

 
 
 
 
 
 
 



CHAPTER VI 

DISCUSSIONS, CONCLUSIONS, AND 

RECOMMENDATIONS FOR FUTURE STUDIES 

6.1 Discussions and conclusions 

True triaxial compressive strengths of PW, PP and PK sandstones have been 

determined in this study.  Rectangular specimens with a nominal dimension of 

5×5×10 cm3 are prepared.  A polyaxial load frame equipped with cantilever beam is 

used to apply constant σ2 and σ3 while σ1 (along the long axis is increased until 

failure.  The strength results clearly show that σ2 affects the maximum stress, σ1 at 

failure for all sandstones.  This phenomenon agrees with those observed elsewhere.  

Under true triaxial compressive stresses the modified Wiebols and Cook criterion can 

predict the compressive strengths of the tested sandstones reasonably well.  Due to the 

effect of σ2 the Coulomb criterion can not represent the rock strengths under true 

triaxial compressions, particularly under high σ2 to σ3 ratios. 

It is postulated that the effects of the intermediate principal stress are caused 

by two mechanisms working simultaneously but having opposite effects on the rock 

polyaxial strengths; (1) mechanism that strengthens the rock matrix in the direction 

normal to σ1 - σ3 plane, and (2) mechanism that induces tensile strains in the directions 

of σ1 and σ3.  The intermediate principal stress can strengthen the rock matrix on the 

plane normal to its direction, and hence a higher differential stress is required to induce 

failure.  This is the same effect obtained when applying a confining pressure to a 
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cylindrical specimen in the conventional triaxial compression testing.  Considering 

this effect alone, the higher the magnitude of σ2 applied, the higher σ1 (or J2
1/2) is 

required to fail the specimen.  Nevertheless it is believed that the relationship between 

σ2 magnitudes and the degrees of strengthening can be non-linear, particularly under 

high σ2.  Such relation depends on rock types and their texture (e.g., distribution of 

grain sizes, pore spaces, fissures and micro-cracks, and types of rock-forming minerals). 

6.2 Recommendations for future studies 

 The uncertainties and adequacies of the research investigation and results 

discussed above lead to the recommendations for further studies.  More testing is 

required to assess the effect of the intermediate principal stress.  Studying of σ2 effect 

on a variety of rocks with a broad range of strengths and elasticity should be 

conducted.  This is to confirm the reliability of the modified Wiebols and Cook 

criterion.  The effects of pore pressure on the rock compressive strengths and 

elasticity is also desirable.  Study of effects of loading rate and time-dependency 

under polyaxial stresses can also improve our understanding of the rock creep 

behavior under anisotropic stress states. 
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