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STABILITY AND INSTABILITY OF MATTER/CLUSTER PHYSICS AND
QUANTUM THEORY OF VERY LARGE MATTER

This thesis is involved with a mathematically rigorous analysis of the sta-
bility of “bosonic matter” in the bulk of negatively and positively charged bosons
with Coulomb interactions. To do this we derive detailed upper bounds for the ez-
act ground-state energy of such matter as functions of the number of the charged
particles involved. We consider systems with arbitrary large number of particles
as large as 10% or more, and as low as 8 particles. The upper bounds derived
imply the instability of such matter. We prove that instability is not a character-
istic of the dimensionality of space and is not a mere property of the dimension of
space chosen by nature. The analysis corresponding to this latter conclusion arose
from our interest in finding out whether the change of the dimensionality of space
would change such matter from an “implosive” to a “stable” or to an “explosive”
one. Our analysis shows that this does not happen. It also shows as to what
would happen to matter without the Spin and Statistics connection and that our
world will cease to exist. Qur precise estimates show that the release of energy
from the collapse of two objects of relatively small N would already release energy
of several orders of magnitude larger than that of the Hiroshima and Nagasaki

bombs in conformity with Dyson’s famous statement quoted in the text.
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CHAPTER 1
INTRODUCTION

The Spin and Statistics Theorem, in its simplest form, states that no two
identical particles of half-odd integer spins (fermions) can occupy the same state
while any number of identical particles of integer spins (bosons) may so without
limitation. The practical effect of this theorem prevails over the whole of science
and provides the basis for explaining the periodic table of elements from which we
are made of. Without the Spin and Statistics connection our world will be unstable
and ceases to exist. The translator of the classic book by Sin-Itiro Tomonaga
(1997), on the Story of Spin, Takeshi Oka, a Robert Milikan Distinguished Service
Professor at the Enrico Fermi Institute of Chicago, writes the following concerning
this theorem: “The existence of Spin, and the Statistics associated with it, is the
most subtle and ingenious design of nature—uwithout it the whole universe would
collapse”. The legendary Freeman Dyson (1967) in regard to matter, without
the Spin and Statistics connection, writes: “Matter in bulk would collapse into
a condensed high-density phase. The assembly of any two macroscopic objects
would release energy comparable to that of an atomic bomb”. Elliot H. Lieb (1990),
regarding “bosonic matter”, i.e., matter for which the Pauli Exclusion Principle
does not apply, writes: “Such “matter” would be very unpleasant stuff to have lying
around the house.” The Spin and Statistics Theorem is usually credited to Stoner
(1924); Pauli (1925); Pauli and Weisskopf (1934); Pauli (1936); Iwanenko and
Sokolow (1937); Fierz (1939); Pauli and Belinfante (1940); de Wet (1940); Pauli
(1950); Wightman (1956); Schwinger (1958a, 1958b); Burgoyne (1958); Liiders
and Zumino (1958); Jost (1960); Brown and Schwinger (1961).

The question of why matter is stable has much interested physicists for



years after the discovery by Rutherford that matter consists of positive and nega-
tive point particles interacting by Coulomb forces. This interest was particularly
recorded historically in such debates between the experts in the thirties such as
between Paul Ehrenfest (1959, 1931) and Wolfgang Pauli: “ We take a piece of
metal. Or a stone. When we think about it, we are astonished that this quan-
tity of matter should occupy so large a volume. Admittedly, the molecules are
packed tightly together, and likewise the atoms within each molecule. But why are
the atoms themselves so big? Consider for example the Bohr model of an atom of
lead. Why do so few of the 82 electrons run in the orbits close to the nucleus? The
attraction of the 82 positive charges in the nucleus is so strong. Many more of the
82 electrons could be concentrated into the inner orbits, before their mutual repul-
sion would become too large. What prevents the atom from collapsing in this way?
Answer: only the Pauli principle, ‘No two electrons in the same state.” That is
why atoms are so unnecessarily big, and why metal and stone are so bulky.” These
words were addressed by Ehrenfest to Pauli (Ehrenfest, 1931, 1959) as quoted by
Freeman Dyson (1967), who did pioneering work on this problem, in 1967. It was
known that an atom of a nuclear charge Ze and Z electrons of charge —e could
not have an energy state lower than —Z2 Ry, where Ry is the Rydberg energy
(Ry = m.e*/2h? = 13.6056923(12) eV), but this solution solved only the problem
of stability for single atoms and did not tell physicists what happens with matter
consisting of many large number of particles. The question was: Why is matter of
such system stable? The importance of the Pauli exclusion principle (or as in the
modern literature referred to the “Spin and Statistics Theorem”) in the stability
of matter and the prevention of its collapsing around us was clearly recognized
quite early. The legendary Freeman Dyson writes (1967) in regard to the exclusion
principle: “ We have been unable to find in literature of the 1920°s and 1930°s any
more exact calculation of what would happen to matter if the exclusion principle

were abolished.”



Surprisingly, the first rigorous, non-speculative, study of what happens
to matter in the absence of the exclusion principle came much later in 1967 by
Dyson. The underlying mathematical analysis turned out to be exceedingly com-
plicated and this perhaps explains the rather slow progress that has taken in
tackling this very complex problem. Important earlier investigations to Dyson’s
work which have paved the way to his developments were due to Fermi (1927);
Heisenberg (1927); Hartree (1928); Thomas (1927); Dirac (1930); Fock (1930);
Slater (1930); Lenz (1932); Sommerfeld (1932); von Weizsdcker (1935); Sobolev
(1938); Gombés (1949); Scott (1952); Sheldon (1955); Kompaneets and Pavlovskii
(1956); Kirzhnits (1957); Birman (1961); Schwinger (1961); Teller (1962); Fisher
(1964); Balazs (1967). For later work, cf., Dyson and Lenard (1967); Lenard and
Dyson (1968); Kato (1951, 1972); Rosen (1971); Stein (1971); Conlon (1984);
Conlon, Lieb and Yau (1988); Helffer and Robert (1990); Hoffmann-Ostenhof
and Hoffmann-Ostenhof (1977); Lieb (1976b, 1979, 1980, 1983, 1990); Lieb and
Lebowitz (1972); Lieb and Simon (1974, 1977); Lieb and Thirring (1976); Perez,
Malta and Coutinho (1988); Weidl (1996); Manoukian and Muthaporn (2002,
2003a, 2003b); Muthaporn and Manoukian (2004a, 2004b). The question raised
by Dyson as to what happens to matter if the exclusion principle is abolished led
to the investigation of the nature of “bosonic matter”.

The Hamiltonian investigated in regard to “bosonic matter” is given by

2N

2
o Bi Z|65’€] (1.1)

— 2m; X; — X

for a neutral system consisting of 2N (N + N) bosonic spin 0 particles, where ¢; and
ej equal to £1. Dyson obtained an upper bound for the ground-state energy of the
above Hamiltonian. By a very complicated analysis he derived the famous N7/°
law for bosons. To investigate the nature of the so-called collapse or instability

of “bosonic matter”, the derivation of an upper bound for the ground-state energy



is necessary. A lower bound, however, was also derived by Conlon, Lieb and Yau
(1988) confirming the N7/° law by Dyson. The coefficient of the law turned out to
be very small and this was as a result of fairly delicate estimates that were needed
in obtaining it. Since his work, several papers have appeared on the stability
problem rather than on the instability one, e.g., Lieb and Thirring (1975); Lieb
(1990); Thirring (1983); Hundertmark, Laptev and Weidl (1999); Laptev and
Weidl (1999). The instability problem, however, turned out to be much more
difficult (Lieb, 1990, p.29). The reason is that the problem of instability yields a
necessary condition on the fermionic property of the electron for stability, while
the analysis involved with the stability problem demonstrates that the fermionic
property of the electron satisfies the sufficiency condition for stability.

The purpose of this thesis is to carry out a quantitative and mathematically
rigorous, non-speculative, analysis of “bosonic matter” in the bulk in regard to its
exact ground-state energy, and investigate the nature of the instability problem of
such matter by deriving new rigorous upper bounds for the ground-state energy.
We consider bosonic systems with Hamiltonian in the form given in (1.1) describ-
ing the interaction of N positive and N negative charges treated dynamically. We

also consider Hamiltonians of the form

p? 2 N o2 N o2
H— i c L _ 1.2
szz’ ” lei_R‘|+Z|Xi_x"+Z|Ri_R'| ( )
=1 7j=1 =1 J 1<j J 1<J J

for over all neutral systems, where the positively charges are fixed but have nev-
ertheless a positive contribution to the ground-state energy by the presence of
the positive last term in (1.2). Physically the Hamiltonian in (1.2) is expected
to be more relevant (Lieb, 1979) to the instability problem of “bosonic matter”.
The reason for this is that in (1.2) we do not dwell on the fate of the dynamics
of the so-called positive core which, undoubtedly, has a very complex dynamics

at distances of nuclear dimensions. With the Hamiltonian in (1.2), one would be



describing the collapse of “bosonic matter” down to the nuclear level beyond which
some new physical insights may be needed. For “bosonic matter” the ground-state
energy has a typical power law behaviour N, where the power @ > 1. Such a
power law implies instability of such a system, since the formation of such matter
consisting of (2N + 2N) particles will be fovourable over two separate systems
brought into contact, each consisting of (N + N) particles, and the energy re-
leased upon collapse, in the formation of the former systems, being proportional
to [(2N)® — 2(N)®], will be overwhelmingly large for realistically large N, e.g.,
N ~ 10?3 or larger. That is, the more matter you add the more negative the
ground-state energy becomes in a non-linear manner. This is unlike fermionic
matter which becomes more negative only linearly and remains stable.

Our rigorous bounds obtained allow us to estimate the exact ground-state
energy of the systems considered and shows that the energy released upon the
collapse of even relatively small N will be much much more than that of the
Hiroshima and Nagasaki bombs as well as of the Tsunami disaster off the west
coast of northern Sumatra on December 26, 2004.

In this thesis, we are also particularly, interested in answering the question:
Is the instability of “bosonic matter” characteristic of the dimensionality of space?.
That is, is the collapse due to an accidental choice of nature to pick up the
dimensionality of space we live in to be three, and also the very interesting related
problem as to whether the change of the dimensionality of space will change
such matter from an “implosive” to a “stable” or to an “explosive” phase. We
establish rigorously that this does not happen and such systems are unstable in
all dimensions. There have been, of course, much interest recently in physics in
other dimensions than three. For example in investigating the role of the Spin and
Statistics Theorem for D # 3 (e.g., Geyer, 1995; Bhaduri, Murthy and Srivastava,
1996; Semenoff and Wijewardhana, 1987; Forte, 1992) and investigations in 2D

superconductivity. The interest in the physics of arbitrary dimensions has been



also witnessed in string theories (e.g., Schwarz, 1985; Green, Schwarz and Witten,
1988). Another complication that arises in this type of analyses is that both signs
of charges arise in this work which make the control of the positive part over the
negative one in the Hamiltonian quite involved. As a matter of fact, when the
couplings (charges) of bosons are considered to be of the same sign the analysis
simplifies tremendously, cf., Hall (2000).

The outline of this Thesis is as follows. In Chapter II, we apply the pow-
erful Schwinger functional technique (Schwinger, 1951a, 1951b, 1953, 1954, 1988;
Manoukian, 1985, 1986) to evaluate the expectation value of the Hamiltonian in
(1.1) with respect to a trial multi-particle wavefunction of the system. This sim-
plifies the analysis in comparison to an analysis based on combinatorics which
would be exceedingly tedious. Several Propositions and Lemmas are then proved
to finally obtain our new upper bound of the exact ground-state energy for the
Hamiltonian in (1.1). Our new bound, because of our sharp estimates, improves
the classic bound of Dyson by a factor of 31. Chapter III extends the analy-
ses carried out in Chapter II to 2D and we obtain a new law of N%/2 for the
ground-state energy of such matter. Surprisingly, several new propositions had to
be established afresh for the 2D case to obtain our law. The analysis of Chap-
ter IV is of central importance in this thesis is that we were able to derive an
upper bound for the exact ground-state energy of the Hamiltonian (1.2) for all
N > 8. This generalizes earlier work by Lieb (1979) who derived the upper bound
for N =8, 64, 216, ... and so on, only, and his method, unfortunately, did not
apply for all N. We had to group our particles in a very special way to derive
our result. Initially we were trying to group them within spheres lying on the
surfaces of consecutive spheres and the procedure was hopeless and we have soon
realized that this is an unsolved problem in mathematics as announced in the No-
tices of the American Mathematical Society (Pfender and Ziegler, 2004; see also

Croft, Falconer and Guy, 1991). In Chapter VI, we establish the instability of



“bosonic matter” in all dimensions. The Final chapter deals with our conclusions
and various comments are made on our work. Two appendices (Appendix A and
Appendix B) are involved with some numerical work in classifying the states in
this investigation. Appendix C deals with a recent lower bound derived for the
exact ground-state energy. Several integrals and sums encountered in this work
are given in Appendix D. Appendix E deals with some of the trial functions we

have used in the process of deriving our results.



CHAPTER II
UPPER BOUNDS OF THE GROUND-STATE

ENERGY OF BOSONIC SYSTEMS OF

POSITIVE AND NEGATIVE CHARGES

This chapter deals with a mathematical rigorous derivation of several up-
per bounds of the ground-state energy Ey n of bosonic systems consisting of N

negatively charged and N positively charged particles with Hamiltonians

2

2N
eeie

H = J 2.1

ngﬁz,xl_xj, (2.1)

where ; = £1. The process turns out to be quite involved and leads, in passing, to
prove six Propositions and three Lemmas and many additional careful estimates.
One of our basic upper bound of the ground-state energy for N > 10'® for bosonic

systems in the bulk obtained below is given by
(2.2)

Our new bound improves the classic bound of Dyson (1967) by a factor of 31.
Here

m = min m; (2.3)
1<I<N

i.e., it is the mass of the lightest particle involved in the sum in (2.1). Actually, m
may be taken to be even smaller than the smallest mass available in the system.

Since the kinetic energy operator is positive, we have for an arbitrary state

®, the bound <<I> ‘pf|<1>> < (%) <q) |p?‘®>, where m is the smallest of the masses



involved in equation (2.1) (or, it may be taken even smaller as mentioned above).
It is sufficient for the purpose of obtaining an upper bound on the ground-state
energy to consider instead the Hamiltonian in equation (2.4) given below. That

is, we consider the more convenient Hamiltonian

2N 2 2N 2

H = i — 2.4
— 2m * Z x; — x| (24)
i=1 1<J

We denote the 2N-particles trial wavefunction of the 2N particles by Wy .
Since W,y does not necessarily coincide with the ground-state wavefunction of H,

it can be inferred that the quantity

Won |H |
< 2N‘ ‘ 22N> = (2.5)
W]
cannot be less than the ground-state energy Fonon, i.e., that
Eanan < Han (2.6)

where Ey y denotes the ground-state energy H' of (IN+N) particles and we obtain

the expression of Hopy

k k
1
Hon = Bn E Ta—/{?To—i-g(k—Q)E Ioo | + 2N
a=1

a=1

k
1
T— ; 10a] (2.7)

where [y is the Dyson coefficient, T,,, Ty are the positive kinetic energy parts
and [y, is the interacting energy and £ is an arbitrary parameter, depending on
the number of expansion coefficients of the relevant wavefunctions in terms of a
complete set of functions and is optimally chosen. We are able to obtain a sharp
estimate on By, and develop a method of counting the quantum states which is of
central importance in establishing the upper bound on the ground-state energy.

1 1
We succeeded in deriving the inequality for 3 < Oy < 3 N > 2 k<2N.
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By substituting Sy in (2.7), we rewrite the expression in (2.6) as a useful bound

k

HQNgé ;Ta+<2N—§> TO+%[2N—(k—2)%] (-azk:lf()a). (2.8)

This provides a key estimate in our analyses to follow.

In Sect. 2.1, we carry out the expectation value of our Hamiltonian using
Schwinger’s elegant functional technique (Schwinger, 1951a, 1951b, 1953, 1954,
1988). This simplifies the rather tedious procedure that may be followed otherwise
by using combinatoric methods. This section also deals with the construction of
the trial multi-particle wavefunction to be used. The basic estimates and the
various Propositions and Lemmas are proved in Sect. 2.2. In the final section,
Sect. 2.3, several upper bounds for Ey y are derived including the one quoted in

(2.2) above.

2.1 Expectation Value of the Hamiltonian : Schwinger
Functional Technique
Since the kinetic energy operator is positive, we have for an arbitrary state
U, where m is the smallest of the masses involved in equation (1.1) (or, it may be

taken even smaller)

m < m,. (2.9)

Multiply (2.9) by 2, we obtain 2m < 2m;, then

(2.10)

Since

(U|p;|¥) >0 (2.11)
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then, multiply (2.10) by (2.11), we obtain

1
5 (v Ip;|U) > — (V|p;|V). (2.12)
Therefore
2N p2 2N e2€i€j
;<\p‘2m lII> +Z<\1; |%i — ] \I,>
1= 1<)

2N

N p? e2e;e;
> U0 Ul —). (213
Z< ‘277%‘ >+Z< [x; — %] > (213)
i=1 1<]
Eq. (2.13) can be rewritten as
(0| H[ W) > (0| (2.14)
For any Wyy and by using (2.14), we obtain
!
by = Won | HVay)  Won|H Vo) _ pp o (2.15)

[Ton]® [ Wan?

where
pZ e’e i€
H = 2.16
> ELS 210
Let

2N
Yoy = Z (I)n,2N7n (217>

n=0

where ®y, n_ is the state of N, positive and N_ negative charges. Then

2N

<\II2N |H|\I}2N> - Z <q)n,2N—n |H|(I)n,2N—n> (218)

n=0

and

2N
[Wan|* = Z @ 2n—nl? (2.19)
n=0



Eq. (2.18) can be rewrite as

2N
CI)n -n H (I)n -n
(Won |H[Wan) = Z (Puan—n |H] ’QQN ) ||¢)n72N—n||2
n=0 ||q)n,2N—n||
2N
- Z Hn,2N—n ||(I)n,2N—nH2
n=0

where H,, on_,, is the expectation value of state ®, on_,, and
Hn,2N—n 2 En,QN—n

where

Ey. n_ = the ground-state energy of state ®n, n_.

Then substitute (2.21) in (2.20), we obtain

2N
(Uon [H[Won) =D Epan—n || @nav—nl’-

n=0

12

(2.20)

(2.21)

(2.22)

(2.23)

We put k., positive charges and k_ negative charges separated at oo from

the cloud of N, N_ with zero kinetic energy. Let

k+:2N—TL,

k_=n

then k, + k- = 2N and

En, iy Nk < En, N

Substitute (2.24) and (2.25) in (2.26), then

En,von—nN_4n < En_ N_.

(2.24)

(2.25)

(2.26)

(2.27)
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Let

N, =n, (2.28)

N_=2N-—n (2.29)

substitute (2.28) and (2.29) in (2.27), then

Epon—n 2 Eanoan. (2.30)
IN
Multiply (2.30) by Z || Pran—n|”, then we obtain
n=0
2N 2N
ZETL,QN*TL Hq)n,2anH2 2 Z EQN,QN H(I)n,QanHZ
n=0 n=0
2N
= Eynon Z Hq)nzz\LnH2 . (2.31)
n=0

Compare (2.31) with (2.23), then we obtain

2N
(Von |H|Wan) = Eanan Z [y (2.32)

n=0
Multiply (2.32) by || ¥sy]|~* and from (2.15) and (2.19), we obtain

2N
Esvan Y| ®@nan—nll?
Hoy > n=0 (2.33)

2N
Z ||q)n,2N—n||2
n=0

therefore

Hsyn 2 Eanan (2.34)

where Ey y denotes the ground-state energy H' of 2N (NN + N) particles.
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Lemma 2.1.1

a o
a d? b, CXp (cx + 5¢ ) b(ac + x)?
- e = 2.35
exp (2d$2)exp (2$ —i—cx) (- eXp[2(1—ab)1 ( )

where (ab) < 1.

We have the elementary integrals

/_de exp (—d'k?) = \/g (2.36)
/_ :dk exp [—d'(k 4+ m)?] \/g (2.37)

¢ /Oodk: exp [—d'(k+m)*] = 1. (2.38)

/
™

—00

b
Multiply (2.38) by exp (51’2), then we obtain

b N , b
exp <§x2> = \/; /Oodk; exp [—d'(k 4+ m)?] exp (§x2)
a > [ / 2 b 2
=1/— [ dk exp|—d(k+m)*+ =x
T J_ oo i 2

/ 00 i b
— 2/ dk exp |—a'(k* + 2mk +m?) + §$2]
7r

—00

/ [e'e]
—J& / dk exp (—a’k2 —2a'mk — a'm? + gaﬁ) (2.39)

™

—00

b
We choose a’ = 5 M=1, then (2.39) becomes

exp <g:c2) = \/Qi/ dk exp (—gk2 — bkx — gxz + g:ﬁ)
™ —00
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[b [~ b,
= %/_oodk exp <—§k — bkx). (2.40)

Multiply (2.40) by exp (cz), we obtain

b b [~ b
exp <§x2 + cx) = “% /_Oodk: exp (—51{32 — bk:x) exp (cx)
b [~ b
— 1/% /_Oodk exp (—§k2> exp [(c — bk)x] (2.41)

2

2 da?

a d? b ,
exp > de? exp ix +cx
YR b, a d?
=\/5: /Oodk: exp (_§k ) exp (E_dﬂ) exp [(c — bk)x]
_ 2 /oodk exp —9k2 exp [(c — bk)z] exp [g(c - bk:)ﬂ
Vor ) . 2 2
Y b o a 9
= “2# /_Oodk exp[ 21{: + (¢ — bk)x + 2(0 bk) ]
b oo
_ ,/%/mdk expl -] (2.42)

Then, we operate exp (a ) to (2.41), we obtain

where
by a 2
[-] :_§k +(c—bk)x+§(c—bk)
= 0t~ b+ % — abek + L0282
2 2 2

(b e a
—(Qb 2>k (b:c+abc)k+c<x+2c)



Let

then

and

We substitute &k from (2.45) in

¢+

q+

q+

b

2

—(1 —ab)k* = ¢*
k= q
(1 — ab)
d
Ik = — ¢

blx + ac
Metad

g(l — ab)

b(z + ac)

2

b(z + ac)

2

g(l — ab)

2

é(1 — ab)

c :c—l——c)

(2.43), we obtain

—c(:c—l—

é(1 —ab) k* + b(z + ac)k —

2°

— 2 ab— 1) k2 — a
= 2(ab 1)k b(x—l—ac)k—i—c(m—l—Qc)

b(x + ac)

\/ (1 — ab)

x+ac

1—ab

Substitute | - | from (2.47) in (2.42) and by using (2.46), we obtain

2

16

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)
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b(:v + ac)
————uxp |~ [ g+ . (2.48)
/ 1 ab) |: ( 2\/ —(1- ab)) ]

Compare the integral in (2.48) with (2.37), we obtain

% dq b(x + ac) 1
/ exp |— | g+ = v
—o0 g(l_ab) |: ( 2“;(1(11)))] g(l—ab)

Substitute (2.49) in (2.48), we obtain (2.35), that is

a d? b,
exp > A2 exp §IE +cx
A a , b(ac + x)? 27
— Vo &P (Cw + 2° > P { 2(1 — ab) % b(1 — ab)
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Lemma 2.1.2

o b Aa Ao
exp <)\Z 55, 6Ka> exp (Z 7K02‘> exp ( 75‘5)

«

(- o [ 3 25
S\ e )T AT e

Ao K2 AaS2
X exp <Z m) exp (2&: m) : (2.51)

«

To obtain above expression, we have

exp (a%)f(x) = exp (a%) /_oo g ek f(k)
_ /OO % eika elkmfN(k)
= fla+z). (2.52)

Consider

Consider the right-hand side of above equation and use (2.52) to obtain

5O b Aa oo
exp (/\5Sa 6Ka) exp (?Ka)

Ao 5\
= exp [? (Ka‘l‘AéSa)]
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Ao 1o d Ao (o 82
= exp <7Ka> exXp ()\QAKQE> exXp (7)\ 652) . (254)
Ao o2 .
Operate the operator from (2.54) to exp 78‘” , we obtain
5 b Ao 1o Ao oo
exp <)\E 6Ka> exp <7Ka) exp (75a>

A ) A 52 A
= _— ANK = N s
exp(2 a)exp( 6Sa>exp(2)\652>exp<25a)

By using (2.52), we obtain

exp ()\a)\Ka%> exp (%Sﬁ)

Ao
2

= exp

(Su + )\)\QKQ)Q]

M .
—oxp |22 (524 QAAQKQSQ)} exp (?)\2)@[(2)

Aa Ao
= exp (7)\2 A2 K§> exp [7 (S2+ 2AAQKQSQ)] : (2.56)

Substitute (2.56) in (2.55), we obtain
o & Ao 19 Ao oo
exp ()\5&1 6Ka) exp (?Ka) exp (75a>
= exp (%Ki) exp (%/\2/\3}(2)

Ao o 02
X exp (7A2@

> exp {% (52 + 2AAQKQSQ)} (2.57)
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where

K2
exp (%Ki) exp (%/\2)\2.7(2) = exp {)\2 < (1 + /\2>\i)] . (2.58)

Substitute (2.57) in (2.53), we obtain

exp ()\Z %6[6(&) exp (Z %Kﬁ) exp (Z %Sﬁ)

«

Ao A2 52 Ao o2 9
— K : 2.
xexp( 5 6S§>exp<25a+)\)\a aﬁ%)} (2.59)
By using Lemma 2.1.1, we obtain

AN\ 82 Ao
exp < ) m) exp (75’2 + )\)\iKaSa)

AN K2
2 a o
exp (/\)\aSaKa + 5 ) i o (BB, + SQ)Q 260
a V1 — A2 2(1—-22)2) '
: MK 242 -
Multiply (2.60) by exp 5 (1 + A )\a) , we obtain
Ao K2 AaA? 2 Ao
exp {T (1+ )\2)\(21)} exp ( 5 @> exp (752 + AAiKaSa>
1 A2 (14 A%02) 9 MNS K2
= m exp [ 5 ] exp <)\/\aSaKa + T)
Ao (AONE K2 + 52 + 20302 K,S,)
X exp
2(1—A2)2)
1 MK (14+A202)  MAK? 9
= mexp [ 5 + 5 } exp ()\)\aSaKa)
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[AGALKg +AaS2 4 2)\3>\4aKaSa]
X exp

2(1— A2X2)

1 5 [AaKg (14 X202 + M)

NESOvRS 2

]exp(AAgsaK;)

[mgKg + A2 + 2/\3A4QKQSQ}
X exp

2(1— A222)

1 [AaKg (14 N2AZ 4+ X108 NN K2 ]
p

JTo e 2 HEIE BTy

X exp [)\)\iSaKa +

NAL K, S, oS2
g e | 52 (261)

1—2e) | P l2a 2|

Eq. (2.61) can be simplified as

NI AaA? 82 Ao
exp [ 5 (1+ /\2/\2)] exp ( 5 W) exp (?Si + )\/\iKaSa)

1 K2\, ]

V1= X2N2 P {2 (1—A2)2)

xexp{

AaS? A2AS, K,
| e | 35500 (2.62)

2(1— A2\2 (1— A2A2)

Substitute Eq. (2.62) in Eq. (2.59), we obtain Lemma 2.1.2

exp <)\Z 62’a 6fé{a> exp (Z %Kg) exp (Z %Sﬁ)

«

1 Kaha
B (1;[ V= /\2)\3> P [Za: 21— )\2)\3)]

A NAS, K,
X exp [Z m] exp [Z m] . (2.63)

«
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The Trial Two-Particle States

Upon setting z = z(x,¢) and introducing trial two-particle states (Dyson,

1967)
k
G(2,2) = 3 _ Aata(2)cale)a(X)1a(X) (2.64)
a=0
where Wy(x), ..., ¥i(x) are mutually orthonormal and k will be conveniently

chosen, with coefficients in (2.64) chosen (Dyson, 1967) as given by

Ao = (2.65)

1
—, a=0
cale) = 4 V2 (2.66)
€
—, a=1,...,k
ﬁ? Y )
where ¢ = +1, then
1
lca(e)] :E, a=0,...,k (2.67)
and
Y el = =1. (2.68)
e=%1

e Consider Z eca(e)es(e), for a =0, =

e==£1

e=0. (2.69)
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e Consider Z ecq(e)cp(e), for a =0, f#0:

e==£1

1 3
Z ecq(e)cple) = Ezﬂe VARG

e==+1

g2 = %(1 +1)=1. (2.70)

1
25:11

e Consider Z ecqa(e)cp(e), for a #0, =0
e=%1

= %(1 +1)=1. (2.71)

e Consider Z eco(e)esle), for a £ 0, B#0 -

e==+1
3
cen(ep(e) = S e
e==+1 e==+1 vr- \/_

:_25:1 1> +1%] = 0. (2.72)

2
e==+1

Then, from (2.69)-(2.72), we obtain

Z&tca g)es(e Zg[H@ )+6(5 (2.73)

e==+1 e==+1

where the step function ©(a) =1, @ > 0 and O(«a) =0, a < 0.

2 N-Particle Wavefunction



We can define a 2N-particle wavefunction as follows

\IJQN(Zl, ey ZQN) = Z G(Z(ﬂ'l), Z(?Tg)) cee G(Z(TQN_l), Z(?TQN))

24

(2.74)

Here, the sum is over all permutations (my,...,mon) of (1,...,2N), and Woy is

not yet normalized and G(z,2’) symmetrize with respect to z. Since Won does

not necessarily coincide with the ground-state wavefunction of H, then Eq. (2.34)

will be obtained, i.e., Eonon < Han.

To evaluate Eq. (2.34), one may define the generating functions (Dyson,

1967)
HOZ) = 3 (s (aw H0as).
N2 = 3 (5 s

Hence from (2.15), (2.75) and (2.76), we find

coeff. of (A2)Y of H()\?)
coeff. of (A\2)N of N/(A\2)’

H2N =

To evaluate (2.77), we use the Schwinger Functional Technique.

Schwinger Functional Technique

From Eq. (2.64), we have Wyy for N = 1,2

Uy (21, 29) = G(21, 22)

and

(2.75)

(2.76)

(2.77)

(2.78)

\1/4(2’1, ceey 24) = G(Zl, ZQ)G(Z:J,, 24) —|—G(2’1, Zg)G(ZQ, 2’4) —|—G(Zl, Z4)G(22, 2’3) (279)
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where z = (x,¢).
Let
F[K] = exp B /(dz)(dz') K(z)G(z,z’)K(z’)} : (2.80)

Then, W,y can be obtained from

\IJZN(ZI ,,,,, ZQN) - 6K<Zl) o 6K<ZQN)F[K] Ko
s 5
=KG) 6K(z2N)F[K]O' (2.81)
For arbitrary function f(x), we have
2}{53 = 5(x —x). (2.82)

Then, we will show how to find Wyy for N = 2. By using (2.81) we have

5 5
SK(z) 8K(z)

Uy(21, 29, 23, 24) = F[K]p. (2.83)

Consider
6K5(Z4)F[K] - F[K]% / (d2)(d?) Gz, ) [K(z) sg((;)) ;}f ((;))K(z’)
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— FIK] / (d2) Gz, 20) K (2). (2.84)

Multiply (2.84) by

= F[K]|G(z3, 24)
+ F[K] (/(dz) G(z, 23)K(z)) (/(dz) G(z,z4)K(z)) (2.85)

then, multiply (2.85) by , we obtain

o
OK (29)

d d d
OK (29) 0K (z3) 0K (z4)

d
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(2.86)



28

we obtain

dK(21)’

Multiply (2.86) by

— =)
— I
R )
> X
= @)
8 A~
x —~
— 2
O >
N -
- Q

— X2

~__ 3
o N
S =
(znw —
G N———
=, =,
F 1 F 1
= =

oS |
e NS
[Ze] [Ze)
+ +

b PIK|G (21, 2)C (25, 24) + FIK] ( / (d2) G(z, zl)K(z))

+ F[K] (/(dz) G(z, zg)K(z)> G(z1, 23) (/(dz) G(z,z4)K(z))

+ FK] < / (d2) Gz, z2>K(z)> < / (d2) G(z,23)K(z)) G2, 2)

+ FK] ( / (d2) Gz, ZI)K(Z)> (29, 2) ( / (d2) G(z,z4)K(z))
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+ F[K]G(ZQ, Z3)G(21, 24)

+ FK] < / (d2) Gz, zl)K(z)> ( / (d2) G(z,23)K(z)) (29, 2)

+ F[K]G(z1, 23)G(22, 24).

(2.87)
From (2.80), we have
lim F[K] = lim exp B / (d2)(d2') K(2)G(z, 2)K ()| =1 (2.88)
and
lim [(d2) Gz, 2)K (=) = 0. (2.89)

Then, by using (2.88) and (2.89), Eq. (2.87) becomes

5 5
SK(z1) 0K (zy)

= G(Zl, ZQ)G(Zg, 24) + G(ZQ, Zg)G(Zl, 24) + G(Zl, Zg)G(ZQ, 24)

=Uy(z1,...,24)- (2.90)

The above derivation of Wy and Wy shows that Wy can be derived by using (2.81).
We have

/ (dz) = ;i:l / d’x, (2.91)

[ vals() = 305 (2.92)
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From (2.64) and by using (2.91), we obtain

/(dz)(dz') K(2)G(z,2")K(Z)

-y % /d3x /d3x’ K(2) S Aatale)cale)a(3)0u(x) K ()

e=x1¢e/=+1

k
= MK (2.93)

where

Ko=) cale) / A*x K (2)1ha(x). (2.94)

e==1

Compare (2.93) with (2.80), then we obtain

FIK] = exp (% i )\QKO%> | (2.95)

Let

0 =y 0o O (2.96)

From (2.94), we obtain

6KO¢ 6 / 3,/ / /
R = FRE (Z ca(s)/d X K (2 )ha(x ))
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B , 3, dK 2
= Xl [ )5y
= cald)bew /d3x' Vo (x)0(X — x)
e'==%1
= Ca(€)¢a(X). (2.97)
Substitute (2.97) in (2.96), then we obtain
d d
SK(:) za:ca( )l )K- (2.98)
By using (2.98), we consider
5 o
/ (d2) 57 = / d’x an JNES Z ca(e)s(X) 3
e==+1 Jé] B
d
=3 cale)e 5K 55, /d3x Yo (X)15(x)
e a,p
d
N ;;C“ Jeole 6K 555
d> b
— 26: za: Ca(E)Ca(S)EE
d> b
- ¥ (T g1
=, 5 b
£~ 8K, 85,
)
=> K55, (2.99)

where ¢2 = 1.
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A: Normalization of the Many-Particle Wavefunction

Consider ||¥yy]|?, from (2.81), we have

||‘I’2NH2 = /(dzl) s (dZZN) \I%N(zl, S ZQN)

5 5 5 2
_ /(dzl) - (dzan) T 5K<22N>F[K]065(Z1) e

- /(dZI) o {daaw) (%%) (5K(62'2N) 65(2@) FIKLELSly

5 5 2N
_ ( / (d2) WW) FIK]oF[So. (2.100)
e 2N
Multiply (2.100) by Z and %, we obtain
N=0 ’
2NN - | 5 & \*N
— _ F[K]oF
NZ:D el szo [(2]\7)! (A /<dz) SK(2) 65(2)) FELS)
= N(M\?). (2.101)
Consider
e X2N XO X2 X4
2w o tatat
/X0 XU X? X0 Xt X
AR T T HR TR TR

= % [exp (X) + exp (—X)] . (2.102)
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Then, by comparing (2.102) with (2.101), we obtain

{eXp (A J9) s 586<z>)

+exp (—A /(dz) 6[(6(z) 656(;:))} F[K]oF[S]o. (2.103)

N(H2) =

N | —

1
Consider the 1% term in (2.103) without the coefficient 2 by using (2.99) and

(2.95), we obtain

exp <)\ / (d2) 5;(2) - ;(Z))F[K]F[S]

k k k
5 8 1 1
= exp (/\ E SK. 59 ) exp (5 g /\QK2> exp (5 E )\QS§> (2.104)
a=0 @ @ a=0 a=0

where K — 0, S — 0. From Lemma 2.1.2, we rewrite Eq. (2.104) as

d 1 "LOR2),
= (1l JT—me | P 2 2(1=22A2)
a=0 a a=0 «
W L O2ASL K,
X exXp Z m exp Z m . (2105)
From (2.94), we obtain
lim K, =0 (2.106a)
K—0

lim S, = 0 (2.106b)
S—0
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then Eq. (2.105) becomes

exp <—)\ / (1) < I;’(Z) - Sé(z))F[K]F[S]

bl

S22\, A2(=N)Sa K,
X exp LZ:_O 5 (1 — (_)\)2)\3)] exp [Z (1 — (_/\)2/\3)] . (2.109)

a=!

From (2.106), we obtain

k

d b 1
exp | —A [(dz FIK| F|S]y = —_— 2.110
P ([0 5555ty PO = @

Then from (2.107) and (2.110), we obtain (2.103) as below
k k
1 1 1
) [H / 212 + H / 2312
a=0 1_)\)\a a=0 1_)\/\04

(2.111)

Hm
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B: The Potential Energy

ZV(zi,zj)

1<j

Consider the interaction term ( Uop

\I/2N> , where

e’eie;
Zv %, %) Z -~ (2.112)

Then, we have

<‘1’2N

ZV(ZZ',ZJ')

1<j

\I’2N> = /(le) e (dZ2N) Z ‘/(Zi7 Zj)\llgN(Zl, e ,ZQN)

1<j

_ /(dzl)---(dzm) 6[;221) 6K(522N)F[K]0

)
X V zz,z 2 113
55(21) Z2N O; ! )

Consider the elements a;; of arbitrary matrix A of (2N x 2N):

an ai2 a13 T A1(2N)
A a1 a22 23 T A2(2N) (2'114)
a@eN)y1 Ai2N)2 G@2N)3 c Q(2N)(2N)

From above definition, it is obviously shown that number of elements of A is
(2N)2. Number of diagonal elements; n(i = j); is (2N) and number of (i < j)

elements; n(i < j); is equal to number of (i > j) elements; n(i > j).

(2N)? =n(i < j) +n(i > j) +n(i = j)

= 2n(i < j) + (2N) (2.115)
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then number of elements where ¢ < j is

(2N)? — 2N

5 = N(2N —1). (2.116)

n(i <j) =

By using (2.116), we can rewrite (2.113) as below

<‘I’2N ‘I’2N>
d d o

d
- /(dzl)--'(dng) 5K (21)85(21) 8K (zan) 8S(20n)

Z V(ZZ, Zj)

1<j

X > V(zi, ) FIK]oF[S]o

i<j

= N(2N - 1) /(dz)(dz') 6K6z d ° °

—
N~—
[ogdl
!
—
I
~—

x (/(dz) 5;(2) 555(2))  FIK]oF[STo. (2.117)

Multiply (2.117) b

), where ©(N —1) is the unit step function,

we obtain

> Viz,2)

o0
N=0 i<j

)\ZN
— (2N)! <‘I’2N

%N> O(N — 1)

= V(\?). (2.118)
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Let

and

m=N —1, (2.120)

N=m+1. (2.121)

Substitute (2.120) and (2.121) in (2.119), then we obtain

00 A\20m+1) 6 ) 2m
w= NN - 1)(2N)(2N —1)(2N —2)! (/(dz> 0K (z) 55(2))

m=0

> A2 )2 5 5 \*™
Z: NCN =D oneN - Dem) ( / (=) SR 55(2))

m=0

N1 5 5 \™"
:?ZWQ/(CIZ)SK(z)éS(z)) . (2.122)

m=0

Compare (2.122) with (2.102), then we obtain

= {exp (A [ 55 %@)) e <_A/ @) 550 656(z)>] |

Substitute u from (2.123) in (2.118), we obtain

2

oy A / !
VO = 5 ) e sV e s s
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From (2.105) and (2.109), Eq. (2.124) becomes

o) (£

X [exp (Z )12:\6:\2{\(2 ) + exp (Z A% )\2/\2) )] (2.125)

«

where K,, S, — 0.

Consider the integral in (2.125), by using (2.91) and (2.98), we obtain

P P
/(dz)(dz ) 58550 ¥ 5K 550

=3 [ex Y fax 'zca il

e==+1 e'==+1 ,3:0
X Ve X)) e (o (g D e (M () g
a'=0 “ =0
> o0 & b

_ZZCO‘ SJen(e)ea ()er (&) S35, 5K, 55,



) / d*x % Ya (X)) V (x, £, %, &) o (X)) 5 (X')

where

Vi(x,e,x,¢') = x|

Substitute (2.127) in (2.126), then we obtain

= 303 ceulehenle) [Pxd’x valx)s()

a,f e,&

a/’ﬁl

d

X &'cor(€)cp (€ o (X )1hp (X)
where we use (2.73), i.e.,

1, a=0,3#0 or
> ecale)esle) =

e=+1 0, otherwise.

Multiply (2.129) by Z 'car(e') e (€"), we obtain
e/'==%1

> ccale)es(e)e’ca(e)en (€)

e,e’

_ {%(1 — 8g0) + (1 — 5a0)550] [5a,o<1 — 8g0) + (1 — Gur0) B30 -

Consider the right-hand side of (2.128), by using the (2.130), we obtain

Y ecale)esle)e e (e)ep (<)

e,e’

0K, 555 8Ky 5S4

a#0, =0
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(2.126)

(2.127)

(2.128)

(2.129)

(2.130)



e? T T T T

% /dgxd?’x' wa(x)wﬁ(x)mlﬁa’ (x") g (x) 8K, 855 8K, 8Sa

= [(Lo(l - 5ﬁ0) + (1 - 5&0)530} [5(1’0(1 - 5ﬂ’0) +(1- 5&’0)5,3’0]

5 5 5 6
5K, 555 8Ky 5S4

X [aﬁ,a/ﬂ’
_ [5a0(1 — 850)0w0(1 — 30) + Sa0(1 — 850) (1 — Garg)d0

+(1 — 000)8300070(1 — 0g0) + (1 — 6a0)080(1 — dar0)dp0

5 5 5 6
5K, 555 8Ky 5S4

X Iaﬁ,a/ﬂ’
_ [5a0(1 — 850)00(1 — 850) + Fa0(1 — 50)(1 — Sur0) 0

+(1 — 000)8300070(1 — 0g0) + (1 — 6a0)080(1 — dar0)dpr0

> & & b
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log o 2.131
B S K L 555 5K o 8 (2.131)
where
3. 13,1 e’ ' '
[aﬁ,a’ﬁ’ = d Xd X wa(X)wﬂ(X)mwa/<X )’lpBI(X ) (2132)
Multiply (2.131) by Z Z, we obtain
a,[@ Oél7ﬁl
O b B )
Z Z €Ca(5)0ﬂ<€)glca/(gl)c,g/ (€,>Ia[3,o/ﬂ’ 6K 65’5 6[( / 6SB,
a,B e,e’ @ @
04,75/
5 b ) )

_ 1 _ 5ﬁ0 /0<1 — 55/0)[a,@7a/ﬂ/6K 65]3 6K f 65,6/
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5 5 & b
5K, 555 5K o 59y

+ Z 3a0(1 = 650) (1 — ar0)0pr0Lap.arp

a?ﬁ
a/,ﬂ’
6 & &6 b
- ! - 5 / ] 1731
+ azﬁ(l 5&0)5606a 0(]- ,@0) af,a'B 6Ka 656 6Ka/ 655/
a':ﬂ’
O o6 o b
1_ 1—0/ 5’]040/’
+;( %a0)0a0(1 = doo)Op0losers g7 5o B85,
a':ﬁ’
= 03,08’ 083,a/0
61 1 6K0 055 6K0 65[3/ vt 8K 655 8K 65

k k
5 5 5 8 5 5 5 8
, I
+2 2 Tooor g 55y 5K, 8 ZZ N Ky 850 8K o Sy

a=1 (=1 o=
(2.133)
From (2.30), we can write
lopory = Igaaps (2.134)
lpory = lapgar- (2.135)
By using (2.134) and (2.135), Eq. (2.133) becomes
o & & b
eca(e)eg(e)e car (e e () aparp
; Z 5K, 555 Ko 535
a/,ﬁ/
koo k kook
> o0 o0 b > 0 b b
— 1 / I o
;Bzzl V0% § Ky 855 51 8S *ﬁzlazl 000 5 K 855 8K 8,

k k
5 5 5 b 5 5 5 8
[ [aa
+ 2.0 s 555,58 85 ZZ 0000 8 K o 880 8 o1 85

a=1p'=1 o=l
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_ I 1
ZZ 08,08’ 6K06556K055ﬁ/ +ZZ 08,08’ 5K 5Sﬁ6K5, dSo

B=1p=1 B=1p3'=1
k k k k
5 8 5 & & &
I Losop
+;gz:1 0T S K5 85, 6Ko 5sﬁ, +szzl OO S K5 S0 8K g 85y

k

zkjl { 5 & & & 5 &5 5 5
= 03,08’
p=1p'=1 6K 855 6K Sy 5K0 0S5 0Kz 5

5 &5 & b 5 &5 &5 6
(2.136)

T 8K, 55, 6K, 55, | 5K, 55, 5Ky 55
We use the symmetric property of K, and S, to obtain

5 5 5 5 85 5 5 5 85 &5 & 8
5[y 585 0K 55y 050 8K505, 0Ky 8K 85, 5K 55,

(2.137)

5 5 5 &5 5 5 &5 5 85 85 & &
5K 555 0Ky 55, 0500k 055 0Ky 8K 850 0K, 855"

(2.138)

Substitute (2.137) and (2.138) in (2.136), then we obtain

o &6 o6 b
Z cha(s)%(s)g’ca/ (&)ep (€N aparp 5K, 555 6K 65

k k
5 &5 & b 5 & & 6
:2 ] 4
2.2 1050t | Sk 55, 5K, 65, T 5K 55 5K 55
i 5 8 8 7

_z’“:z’“: 5 5 5 5] 8 s 2.139)
e Tos00 | 516,55, 5K 55, | 5K 555 |

Substitute (2.139) in (2.126), then we rewrite (2.125) as below
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I[85 8 8] 8 5 §: K2\, + S2),
1 . Koo+ S3ha
2 |8K,855 | 8K5085,) 5Ko 85y T4\ 2(1— A2AZ)

k k
NS, K CA2ASL K,
X [exp ( E AQ)\Q ) exp ( E m)] (2140)

a= a=0

where K,, S, — 0.

Let

k
A= eXpZ (
a=0

X {exp (ZO %) exp (Z s Ai;( )} (2.141)

a= «

K2\, + 52\
2(1 — \2\2)

and

k
B = expz <
a=0

2 k 2
X {exp (Z ()\)\%) — exp (Z A A;)\[j )} (2.142)

a=0 fo

K2\ + S\,
2(1— A2\2)

Substitute (2.141) in (2.140), then we obtain

) 5 b 5 b
A. 2.14
[MQ@&3+5K¢&%]5KbM%, (2.143)
We use the functional derivative, for X # Y,
d0X, Yo
5)(0,'_'5““” st =" (2.144)
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A
to obtain ——, which is given by

6Sﬁ/
A _ 5 | Z’“: K2\, + S2A,
—_— X s
555 85y | DA \2(1- A2l

X
—N
@
>

o]
~~
-
=l >
I
|| >
| N
5l
ofs
~__—
+
@

]
o]
-~
]~
=

A2AS, K,
— X202

+
@
g
(]~
VRS

K2 Mo + S\,
2(1— A2\2)

on
L
—
@

i)
o}
-~
Mk
= >

SN
[ >
| 0
MQ
ols
~_—
@

"
o}
P
]~
Al

A2AS, K,
TA?)) } (2.145)

Consider the first term in above equation,

K2 + 52, Ay Sy CL K2+ S20,
= -2 - o — 2.146
5 p; (Zr) (- P (=) @10

a=0
and the second term,

5 b AN, K, b _A2AS, K,
55 {eXp (az (1- )\2)@)) e (az (1—A2A2) ) }

=0 =0

AN Ky L N2ASLK, AN Ky L X2ASLK
_ BT Aatalla |\ AT “atPalla
BT (Z T—a22) )~ (T—xg) P 20 e

a=0 a=0

M2, K F A2 K, F2)\SLK

J— ﬁ ﬂ o (e} (e}
(-2 { (Z ey | P 2 (1—=x22) /|

a=0 «

«

(2.147)
Then, from (2.141), (2.146) and (2.147), we obtain

5 DSy MiKs

89y (1—=A2%) " (1—A2)%) (2.148)
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where A and B are defined in (2.141) and (2.142), respectively.
dK,
dKy

o
Operate (2.148) by TR where =0,a=1,2,...,k, then we obtain
0

/Sy AN Ky
55, { Ay MK B}
8Ko8Sy 8Ko | (1-A20%) (1—A%2\3)

)\g/Sgl 6 6 /\)\%/Kﬁ’
- 212 A 212
(1—X2)2)) 8K, 0Ky (1—A2)2,)

MELKy 8

i " Aﬂ%/) e (2.149)
where
2

o= T g (2150)

2 ’
620 (ﬁiﬁgﬁ%/) =0, (2.151)
S po Moo g ANS (2.152)

Ko (- XA (1- A

Substitute (2.150), (2.151) and (2.152) in (2.149), we obtain

5 8, Ay {( MKo o ARS, )B}

885y (1—=X2A%) L(1=22A3)" (1 -2\

A2 Ky MoK ANZS
B252 { - QOQB+ 0202 A}
(T—a22) 11— " (12203

 AgSy Mo Ko A+ A5 Ky ANZS, )
(=) (1237 (1= A202) (1-A2)3)

A Sp ANZS, MG K MoK

(1=2222) (1 = A2X) (1=A2)3) (1 - A?A%)B

~ (MoAgEoSp + NAAL K So)
(1=X22%) (1— A 2\3)
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(AMoAZ KoKy + AA3S0Ss)
(1=A223) (1= A2)3)

=C (2.153)
where
(Mods EKoSg + NX2N5 K Se)  (MoXy KoKy + ANy SoSs) B. (2.154)
(=) (1 - 2N (1=X22%) (1—A2\3) S
From (2.153) and (2.154), Eq. (2.143) becomes
pRp 5 5 8 b
V(\?) = Tog.0p { + C. (2.155)
2:1; .00 (H 1/7A2A2> 5K 5855  8K38S,
Operate C' by %, where =1, 2 , k then 2:2; = (0, we obtain
5 _ 8 (Modg Ko Sy + A2A2A% K5 Sp)
555 555 (T—=A2X2) (1= A2)3)
(/\)\0)\%/KOK5/ + )\/\3/\5/5085/)
(T—=A2X3) (1= A2)3)
B ) (Ao)\ﬂ/K()Sﬂ/ + /\2/\(2)>\2,Kﬁ/50)
355 (T=A2X3) (1= A2)3)
(AoAﬂ/KQSﬂ/ + )\2)\%>\2/Kﬁ’50) ey A
(1=X22%) (1—A2\3) 855

. ) ()\)\0)\/23/K0K5/ + )\)\%)\5/5055/)
555 (1=X22%) (1—A2\3)

5
555

AMoN2 KoK 5 + ANZA 3505
[(“5°ﬁ+ 1A 50Sp) B (2.156)

(1= A222) (1 - A2A2)
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where

o 1)
()\OAB’KOWSB/ + )\2/\2/\2/Kg/6355 >
(1= 222 (1 - 22A2)

) ()\QAﬁIKOSﬁ/ + )\2>\3A%/K5/SO) B
555 (1=22)2) (1= A273) B

)\0)\@/K055g/

= : 2.157
(1=A2X3) (1= A2)3) (2.157)
5A A MK
L N L (2.158)
55, =) - ey
65’0 555
2
5 [ (oA KoKy + Mg SSy) ] 055,57 ANGAs So 52— 5,
885 | (1-223) (1= | (1-A3) (1= A%
AN Sod 55
B’ 0
5B A3 MK
= ol (2.160)

89 (1—A2223) " (1—X2\2)

Substitute the results from (2.157)—(2.160) in (2.156), we obtain

o C = )\0)\5/[(0555/
85 (1= A2A%) (1—A2A3)

(Mo KoSp + A2A2N% K Sp)
(1— 2222 (1 - A2\2)

AsSs 4 ANGE
(1 — )\2)\%) (1 — /\2)\%)

L MAeSedss
(1=X22%) (1— A 2\3)

(AMoAG KoK g + AGA3S0Ss) NSy g MK
(1=A2X3) (1= A2)3) (1—A2)2) (1—A2)2)

_ )\OAglKgégg/
(12222 (1 - A2A3)
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()\oAﬂ’KOSﬂ’ + )\2)\3)\%/[(5/50) )\BSB
(T=2223) (1= A203)  (1—22)3)

(Mods KoSs + N2N2A% K5S))  AN2Kj
(T=2222) (1=22X3)  (1—2222)

+ AA%Aﬁ/SOéBﬁ/
(1—A2)2) (1—A2)2)

(Mor3 KoKg + M3AaS0Ss)  AsS;
(1=2225) (1-2228)  (1-223)

(AMoAZ KoKg + AAsS0Ss)  ANZK

2.161
- 2) (-2 (1- ) (2.161)
Rewrite (2.161), we obtain
R Aodg Kodap (MoAg K0S + N2AZAL K 5S0) AsSs
855 (T=2223) (1=2203)  (1=A223) (1= A2)3) (1 —A2)A2)

(AMoAZ KoKy + ANA350S5 ) ANGEK 3
(T=22X3) (1= A2)3) (1= A2\2)

ANEN g1 Sod 5 (MM KoKy + AA35055) AaSs
(T=2222) (1=A223)  (1=2223) (1= A2A3) (1 — A2)\2)

Aodg KoSa + A2A2A2, K 5 S0) M2K
(oAy KoSs 5\ K o) s p (2.162)

(T=22X2) (1= A2)3) (1—A2)A2)

o dK
Operate (2.162) by 7 where S_KB = 0, then we obtain
0 0

5 b
5Ky 555"

_ 3 XoAg KOs N (AoAs KoSg + N2AINZ K 3.50) AsSs
OKo | (1—X2X%) (1—=A2X3) (1 —X2%) (1—A2X) (1 —A2\3)



(AMoAG KoKy + ANA3 5055 ) ANGEK 3
(T=X2%) (1 —22)3) (1 —A2\%)

+ A())\I@/Ko(SﬁIB/ ()\0)\[3/[(08]3/ + )\2)\3)\%,[(’@/50) )\ﬂSﬁ
(T=22X2) (1=2223) (1= X2X%) (1= A203) (1= A2\3)

(ANoAL KoKy + AM3A3S0Sy) ALK 5 } 5A

(T=22X3) (1= A203) (1= A2)\3) [ 3K
L8 AN\ S0 (AMoAZ KoKy + ANA35055) AaSs
OKo | (1—A2X%) (1=2223)  (1—=A223) (1—A2)3) (1 —A2)2)
(MoAs KoSs + A2A2A%, K S0) AMEK
(T=22X2) (1= A2)3) (1 —A2)A2)
M2 AgSod3s (AMoAZ KoKy + ANiA3505) AsSs
(T=22X2) (1=2223)  (1=2223) (1= A2)3) (1 —A2)\2)
(AoAg KoSs + A2A3N% K5 So) AMN3Ks | 6B
(T=A2X2) (1= X203) (1= A2\3) | 8K,
6K0 6K0 6K5/
B )\0)\/8,6_}(06ﬂ/8, + ()\OA,@’ 6K0 Sﬂ/ + A2>\(2))\2/6—I{080 )\ﬁSﬁ
) (=26 (1= 2N (1= X202 (1= A2X3) (1 — A2)2)
8 Ko
()\)\OA%,(S—KOKBI> MK
+
(T=A2X%) (1= A2)23) (1 —A2\2)
0Ks
()\Ao)\%/KoKﬂ/ + )\)\3)\5/5@8]3/) )\)\%6?
+ 0

(T=2223) (1= A2)3) (1 —A2\3)

+ /\0>\,3’K05ﬁ,3' ()\0)\[3/[(05[3/ + )\2)\(2))\?3’[(,8/50) )\ﬂSﬁ
(T=22X2) (1=2223) (1= X2X%) (1= A2X3) (1= A2\3)
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(ANAZ KoKy + M35 oS5 ) AMAKs | 5A
(T=X22) (1—2203) (1= X2\2) [ 8K,
(AAOAg,g—gzKﬂ,) AsSs

(1—=2222) (1= 2223) (1 — A%)%)

_l_

OK OK g
()\0)\5/ 6K2 Sﬁ/ + )\2>\(2)>\%/6—I{i50) )\)\%Kﬁ

" (1=2222) (1= A2A3) (1 — A2)%)
0K
(/\0/\5’K055/ + AQ)\g)\Z/K/g/SO) A)\%é_f(i
" (T=A2X2) (1= A2)3) (1—A2)\2)
M2 A3So03 (AMoAZ KoKy + A3A3505) AsSs
(T=220%) (1—A273)  (1—=A22%) (1—X2A2) (1—A2A2)

(Mods KoSs + N2A2N% K 5S)) /\)\%Kg} 5B

(T=22X3) (1= A203) (1—A2)\3) [ 0K,
_ )\0)\[3/65@ ()\0)\5/5[3/ + O) )\ﬂSg
(T=2222) (1= 2223)  (1—=A222) (1= A223) (1 — A2\%)
(ANoA% Kg) ANZK 5
A
Ty ey e
_l_ >\0)\,3/K055,3/ + ()\())\ﬂ/KOSﬂ/ + )\2)\(2))\?3/Kﬁ/50) )\ﬁs/g
(T=X222%) (1= A223)  (1=222%) (1= A2X3) (1 —A2\3)

(Ao KoK + M35 5085 ) AN3Ks | 6A
(T=X22) (1= X203) (1 —X2\2) [ 8K,

(AMoAL Kg) AsSs
T a2 (- A (1 - A2

20
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+

(Aodar Sy +0) M3 K
=) () (1) (7
B 0 g

Mg S0 55 (ANoAG KoKy + AN A3 SoSs) AsSs
(T=X222) (1—=X223) (1= 222%) (1= A2A3) (1 — A2)2)

(Mods KoSg + N2X2\% K 5S)) M%KB} 5B

(T=22X3) (1= A203) (1= A2\3) [ 0K,
B XoAg O N (MoAsAaSaSs + N2 XAZNL Ky K )
L= AE) (1= A203) (12202 (1-A203) (1 - A%\3)
+ )\0/\/3/K05551 (/\())\ﬁ/KoSﬁ/ + )\QAgA%/Kﬂ/SQ) )\ﬁSﬁ
(T=22X2) (1= A223)  (1—=A2X%) (1= A2)3) (1= A2\3)

(AN KoKy + AA350S5) AMGKs | 64
(T=22X2) (1= A203) (1= A223) | 8K

(AXoAsAZ K S5 4+ AMoAZ s K3Sy)
(1=2222) (1= 22)3) (1 —2)%)

A2 \3S0035 (AXoAS KoKy + AN3A3505) A3Ss
(T=220%) (1—A223)  (1—A20%) (1—A2A2) (1— A%A2)

(Aods KoSp + A2A2N% K 5Sp) M%Kﬁ} o8 (2.163)

(T=22X3) (1= A203) (1= A223) [ 0K,

where

2
o4 {( Yoo, Ao B}, (2.164)

5K, (=3 T

5B MoK AZS,
B+ ——— A}, 2.165
57, {a B O PN TS Oy (2.165)
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Substitute (2.164) and (2.165) in (2.163), we obtain

L

5K 055
B XoAs 05 . (AoAgAsSsSa 4+ N XAZAS K K )
(T=22X2) (1=2223)  (1=2223) (1= A2)3) (1—A2)2)

AO)\ﬂ’KO(Sﬁﬁ’ + (AO)\ﬁ’KOSﬁ’ + AZA%AQ/KBISO) )\ﬁSﬁ
(T=2222) (1=2223) (1= X20%) (1—A223) (1 — A2X3)

+

(AMoAL KoKy + A3A3S0Se ) ALK Mo Ko N A28, B
(T=A2X2) (1= A2)A3) (1 —A2)2) (1 —A2\2) (1—X2)3)

(AMoAsAZ K3 S5+ AoAZAs KSp)
(1=22)2) (1= A223) (1 —A22%)

A2\ 8085 N (A% KoK + A3 SoSs) AsSs
(T=X22) (1= 2223) (1= 220%) (1= A2X3) (1 — A2)2)

(Ao)\ﬁ/K()Sﬁ/ + )\2)\3)\/26,1(5/80) )\)\%Kﬁ )\OKO N )\)\350 A}
(T=22X3) (1= A2)3) (1 —A2)3) (1—22)2) (1—-X2)2)" [~

(2.166)

Now, we will operate C', from (2.153), by % where % = % =0 for
0 0 0

3,8 =1,2,...,k, we obtain

5C & | (Mg KoSy + NAGAE Ky So)
5Sy Sy (T=A2X3) (1= A2)3)

_|_

(AMoAZ KoKy + AA3 5055 )
(1= X20%) (1= X2))

Noda K222 4 aeazaz i, O
53, 55/ ,

(T=A2X%) (1= A2)3)
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(AoAg KoSe + N2AZAZ K 3S0) 5A
(1=X202) (1= X2)3) 85y

55, ,
ANy 2 5 4 ngﬁ,so%
55, 550 )

(1=A2X3) (1= A2)3)

(AoAZ KoK g 4+ AiAS0Ss) 8B
(T=X2X%) (1—=X2\3) 85

_ 0+ NG Ky) (AoAg KoSs + A2AA% K So) 6A
(1T=A2X3) (1= A2)3) (T=22X%) (1—=X2)3) 85
()‘)‘(2))‘,3/5,6’ + O) B ()\Ao)\%/KoK/g/ + /\)\(2))\5/805[5/) 6B
(1= A2X%) (1—A2)3) (T=22X3) (1= A2\3) 85
_ AQA%A%/KQI ()\0)\5/[(055/ + /\QA%A%/KWSO) SA
(1=X22%) (1—A2\3) (1=X22%) (1—A2)3) 850
n /\)\g)\ﬁxsﬁ/ ()\Ao)\%/KoKﬁ/ —+ )\)\(2))\5/505’3/) 5B (2 167)
(1=X22%) (1—A2\3) (1—=222%) (1 —A203) §So
where
5A )\050 )\)\%KO
= A4+ L2 B 2.1
55, { T T a [ (2.168)
6B )\()So )\)\%KO
— B+ 0 A%, 2.1
55, { e T 1= (2.169)
Substitute (2.168) and (2.169) in (2.167), we obtain
5C NNAG K
850 (1—A2A%) (1—A2A3)
(AoAs KoSp + NAGNE K So) AoSo MG, B
(1=A2X3) (1= A2)3) (1 — A2\2) (1—A2)3)

(T—=A2X%) (1—A2)3)




54

(A)\O)\%/K@K/B/ + )\)\3)\5/505ﬁ/) oS0 B )\A%Ko A
(1= 222) (1—A202) xR (1=

_ AQ)\%)\%/K@ n ()\Q)\ﬁ/KOSﬁ/ -+ )\2)\3)\%/[(5/50) )\OSO
(T=X22%) (1—A2\3) (T=2223) (1=2223)  (1—A229)

(AN KoK + AM2A3S0Ss)  ANZK, 4
(T=22X3) (1=2223) (1 —2A2)\9)

N AZA3 S (MoAs KoSs + AN K S)  A2K,
(1=X222%) (1— A 2\3) (T=2223) (1=2223) (1= A209)
AMoAZ KoK g 4+ A2 350S4
(MoXy KoKy + MiAsS0S5)  MSo | 5 (2.170)
(T=2222) (1—=2223) (1= 22)\)
Rewrite above equation
5C NINZNL K . (MoAg K0Sy + A2AZAZ K 5.S5) AoSo
850 | (1—A2A23) (1—A2X3) (1-22)3) (1 —A2)2)°
. (AMoAZ KoKy + AN S0Ss ) ANGK, p
(1—22)3) (1 - A2)2)°
A5 Sy N (AoAg KoSe + A2AZA3, KgSo) AN K
(1=2222) (1= X2A2) (1=A2)23) (1= A2x3)°
MoA2, KoK g + AZA35055) AoS
+ AN o _~ 05202@) OO}B (2.171)
(1=X22%) (1—A2\3)
& .
Then, operate (2.171) by ——, we obtain
5K
5 8C 8 NN Ky N (AoAg KoSs + A2A3A% K 5.S0) AoSo
dK58S5) 8K | (1—A20%) (1—A2\3) (1-22)2) (1 - A203)°

()\AQ/\%/K()KQ/ + /\)\3)\6/5055/) )\)\%K() A
(1=A223) (1= A2x3)°



. NN K - oAsKoSy + NAGNG Ky So) doSi
(1=220%) (1 —A2)3) (1= 2202) (1—A2A3)°

(ANoAL KoKy + AN2A3S0Ss) AN K } 5A

(1=2222) (1 —A2x3)° 0K
= A5 S (Ao K0Sy + N2AZN3 K 3.S0) AN2K,
8K | (1—A2A3) (1—A2A2) (1-22)2) (1—A2)2)°
(AMoAL KoK + AN3A3S0S5) AoSo 5
(1—22)2) (1 —A2x3)°
N AZ\g S (Mo K0Sy + N2AZN3 K 3.S0) AM2K,
(1= X223 (1= A2A2) (1—22)2) (1 —A2)2)°
(AMoAL KoKy + ANA3S0Ss) MoSo | 6B
(1-2222) (1 - A2x3)° 5K
xeazaz, O
_ 078 5K,8 i o (Ag)\ﬁ/KgSﬁ/ + )\ZA%)\%/K@S()) oS
(1-A222) (1 - A23) 8K, (1= 2202 (1 —A2x3)°
. ) (A)\o)\%/KOKﬁl + )\)\3)\5/505%/) )\)\%K@
5K (1=22)3) (1 —A2)2)°
. NIN3NZ K (Moda oSy + A2AZAL K 5S0) AoSo
(1—>\2>\2)(1—/\2>\2)+ 1—A2)%) (1 — A223)°
2, 5 ( 2) (1= X273)
N (AMoAG KoKy + AA3S0Ss) AMGKy | 6A
(1=22)23) (1 —A2x3)° 0Ky
R A2\ g S
OKs (1—A222%) (1 — A2\2)

5 (MoAgKoSs + NN K Sy) MK,
5K (1—22)2) (1 - A23)°

95
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n o ()\)\DA%/KOKg/ + )\)\%)\5/505/@/) A0S0 B
5K (1—22)2) (1= A2x3)°

N AN\ g S (Ao KoSs + N2AZNE K3.S0) AN2K,
(1= 222%) (1 — A2A2) (1=22)2) (1 —A2)2)°

()\)\OA%/KOK[;/ + )\)\%)\5/505'5/) oS0 0B
(1—2222) (1 - A2x3)° 5K

_ NIN2NZ, 651 . NININZ, So Mo S30 5
(1=2203) (1= 2203)  (1-A20%) (1 - A22)°

NN K30
4 oN\g o vp'B ~ A
(T=A2X3) (1= A2)3)

. N2 K . (Mods KoSe + A2AZN2 K 550) AoSo
(1= X223 (1= A2A2) (1—22)3) (1 —A2)2)°

(AoAZ KoKy + AN3A35055) ANGKo | 64
(1= 2202) (1 —A2)3)° 5K

NNNZ Ko Sodss A2, Ko Sodss
(1=2202) (1= A22)7  (1—A2\%) (1 — A203)°

N MENs S (AoAs KoSg + N2AGA% Ky So) AMGK
(1—=22%) (1 - A2A2) (1—22)3) (1= A2x2)°

(MG KoKy + A5 50S5) AOSO} B (2.172)

(1-A222)(1— A2)2)? 5K

where

5A AsK 5 AN5Ss
A4 20828 _pl 2.173
5K, {(1—/\2>\%) TN (2.173)

5B As K5 AN5Ss
B+ -——F——-A%. 2.174
5K, { -y T =) (2.174)
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Substitute (2.173) and (2.174) in (2.172), we obtain

5 &C B A2A8A%Aiyg n A2A8A%u9bA05€5@ﬁ
8K58Sy | (1—=A23) (1= A23)  (1-A22) (1-A20)°

. NININZ, K205
(1—2222,) (1= A2x3)°

. NN Ky . (Mg K0Sy + N2A2A2 K5S) MoSo
(1= X222 (1= X2A2) (1—2222) (1= A2x3)°

(AMoAG KoKy + AiA350S5 ) ANGKo MoKy . AN3S 5
(1=22)2) (1 —A2x3)° (1-2202)7  (1—A2)%)

+ )\3)\0)\6/KOSO(5ﬁ/ + A)\%A%/K{)S(]aﬂ/ﬁ
(1=2A222) (1= A23)°  (1—A20%) (1 —A22)°

N A2 Aﬁ,sﬂ, N (AoAs KoSa + A?AZA%, K So) MK,
(1—A2)2) (1 —A2)2) (1= X202) (1 —a2x3)°

(ANoAL KoKy + A3A3:S0S5) AoSo MK o A3,
(1—22)2) (1 —A2x3)° (T=X222) 7 (1—A2))

(2.175)
Because
Ko=) cale) [Ex v, 0K ()
e==+1
then
lim K, =0, (2.176)
K(2)—0
lim S, = 0. (2.177)



By using (2.176) and (2.177), from (2.141) and (2.142), we obtain

lim A=2,
K(z),5(z)—0

lim B =0.
K (2),5(2)—0

Then, substitute (2.178) and (2.179) in (2.166), we obtain

6 5 6 6 - 2)\0)\[3/55@
8K 8S58K0 855 (1—A2\2) (1 — A2A3)

and (2.175) becomes

5 & &5 b 2N2AGAZ 013
8K 850 8K08Sy ™ (1—A2A3) (1 —A2\3)

Therefore

o8

(2.178)

(2.179)

(2.180)

(2.181)

1{ 5 & 5 & 5 & b 5} 1 (2MAgdps + 202 A5AE0p5)
T2

5K, 55, K0 555 | 8Ky 550 5Ko 555

(1-X2%) Q1

— NN

(Aodg + NA3A%) b

e (-

AZ\2)
(2.182)

Substitute (2.182) in (2.155), where C' is from (2.153), we obtain

k

(Aodg + A2A3NL) 645

— \2 Togos
ﬁzmzl 7,00 (H\/ )\2)\2) (1= (1

MM+V%%)

(H \/W) Bz — A202) (1= A2)\3)

— NN

(2.183)
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C: Kinetic Energy

Consider the kinetic energy part <\I/2 N

1 )
) ) ) b

Y /(d oozt PIK]FS]

+

_|_

) h? b
{/( v) 8K (22n) (_%V N) 65( N)]
) ) B B

x/(dz)...(dzle)éK( S SR 850 P ISl

where

T = (—h—Qvf) . (2.185)
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*© 22N
Multiply (2.184) by Z EQ])V)' and O(N — 1), we obtain
N=0 '

e A 2N
> Em)v)!@(N —1) <xp2N

N=0

= T(\2). (2.186)

(N —=1)

0 A 2 A3
HWXO —X1+ X2+3X3 }

oo Mo M N
—{ax R G G ”

o0

A M
:5{]\;)MX —Z(Mz X }

M=0

= % {exp (AX) — exp (—AX)}. (2.187)
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Substitute (2.187) in (2.186), then we obtain

707 =3 (et o0 (0 foo sz

DO | >

() = (S o)

k k
S2\, A2 (£N)S, K,
X exp Z _a 2)\2 exp Z (_ )2 2
—2(1 - A2)2) (1= N2N2)

(A K2 + X0 S2)
(H / )\2)\2) <Z ( )\2)\2) >
X exp (g j(?iai&é;) _ (2.189)

By using (2.189), we obtain

= ([ 5s) o (2 s sa )| P

k k
AK2+)\ 52 /\)\QSK
(H m)e}(p Z 2 1_)\2)\2 > (Z 1_)\2)\2>

a=0 o
k k k
(Ao K2 + A, 52) “ANS, K,
(U m2>eXp (az_o 2(1—A2\2) ) (; 1= A2)2) )

i B (MaK2 + 152
B

(e}
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X
| — |
@

]

=
-~
]~
=l >

>~
S
> | N
5l e
>
s
~
|

@

]

o]
~~
-
=]

AN2S, K.
— A2A2)

i 1
= (L[O Jl——w> B (2.190)

where B is defined in (2.142) and expressed by

k
(NaK2 + AS2)
B = exp (Z 2(1— 22)2)

a=0

Substitute (2.190) in (2.188), then we obtain

T(\?) = % (/(dz)éKé(Z) (—%W) 5;(2)) (flo ﬁ) B. (2.191)

From (2.98) we have

then

()

6o b
-5 3 a@algeze (v

B e=+1

)
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=> Y ca(a)c/g(e)Tw%% (2.192)

a8 e=%£1
(|27

Substitute (2.192) in (2.191), then we obtain

where

¢6> = Taﬁ- (2193)

5 5
(H \/W) 2 2 ole)es(&) Toge 55,0 (2194)

a,8 e=%£1

and from (2.160) we have

OB B A\gS3 Bt /\)‘%Kﬁ
855 (1—A2)2) 7 (1—A2)2)

Then

e s dKj
b OB o /\ﬂSﬁ 0B 66[( A )\)\%Kg A

= -
8Ka 0S5 (1—-X2A2) 8K, (1—-A2A2)" ' (1—\2A2) 8K

AsS { Moo g ANS.
( )

(=) L (1-a22) (1— 22
ANZ6, ALK 2
+ : 2 ﬁ2 A + : 2 62 { Aﬁ]ia 2 A + A)\afa2 B}
(1—X2)%) (T—=2222) L (1—-2222) (1—A2)2)
IANZH,
_ paop (2.195)
(1= 33))

since K,, S, — 0. Substitute (2.195) in (2.194), then we obtain

2X\A\26,5

k A2
- (H m) 2, 25, o TS
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k
1 A2
A —— | Y 1 (2.196)
(1) S i
where Z ca(e)cale) = Z lca(e)]? =1, Taa = T
e=+1 e==1

D: The Expectation Value of H
From (2.183) and (2.196) we have

H()\Q) = T(Az) + V()\z)
i ANZ
_)\<Hm>z 1_)\2)\2)

%M+Vﬁ%)

k k
( m) BZ POT—NeAZ) (1 - A2

k
N <H m)
k
X9 L S S CI GO e a3 TodA* |
1= 250 TN (1- NN | 1 AR
(2.197)

From (2.111), we have

and \g = 1,\, = —¢&, where £ > 0, = 1,..., k. Then, rewrite (2.197) as below

[ TN (=€ +E2) L)\
H()‘z) = N()‘Q) {; |:1i—§2)\2 + ]OB,OB)‘Z(l — A262)(1 — )\2)} T 1 i A2 ([

(2.198)
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From (2.100) and (2.101), we have

o0

- oy

N:O

(2.199)

and from (2.15) we define

(Won | H|Woy)

= HQN-
12

From (2.184), (2.186), (2.117) and (2.118), we have

H() = ;} 8?\0 (Wow [T + V| U)

). (2.200)

Therefore, the expectation value Hon from (2.15) and be obtained from (2.199)

and (2.200)
coeff. of (A2)N of H(A\?)
coeff. of (A2)N of N (\2)

Hon = (2.201)

Consider the coefficient of Ing g in (2.198)

N(=E+EN) — N2 iy
- re) ) Q- rey )

B a2
- TE - WaTE

1+6) - (1+ )N

_ X%
Ry

€02+ (1 -2

+

=% 3 1
C(14¢) [1— a2 1—A2]
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B g )\2€2k /\2£2k )\25 /\2
(149 {1-%52_ 1—A22  1-x22 1-x2|°

(2.202)

By using the result from (2.202), Eq. (2.198) will be rewritten as

k
2y _ 2 Tﬁ§2)\2 §

WSS ek N X DS
122 122 1-)2¢ 1-X 11—\

ToN?
1— A2

= N(\?) ex k k

= N( 1 —&£2)2 Z B+ 1—1—5 ; ( ) i
\? A% y

N (1 v AQSZ) gz }
€232 k 5 1\ <

— N () {1_@2 [Z R () (k_5>;loﬁ]

A2 A&k 3 A2 NEE N\ ¢
+T0(1—A2 1—A2§2>_(1+£) <1—A2 1_)‘252)ZIM}

k

SN

:N()\2){1_§2)\2
B=

A2 A2€2k ¢ &
+ L_VJF 1—A2§2] (To——<1+§);log>}. (2.203)
Let
\2 A2k
AN) = et 1o e (2.204)
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and the expansion of A/(A\?) in (2.111) gives

1 1

N()\Q) = m ) [1 — )\252]k/2

(2.205)

where A\g = 1 and \, = —&, = 1,2,... result (2.205). By using (2.204) and

(2.205), then we obtain

k

¢ 1) v
;Tﬁ‘”” i (- g) ;“ﬁ]

52)\2

V) = N Oy

+ N (A3 AN ( ) (2.206)

We can see from (2.206) that

coeff. of (A*)Y of H(N?*) = (coeff. of (A*)N of N'(N?) : fziz 52)

k

S0 K+ g (- )ZIM]

B=1

X

+ (coeff. of (A*)N of N(A?)A(N?)) (

(2.207)

Substitute (2.207) in (2.201), we obtain

)\252
coeff. of (A\2)N of N(/\Z)l 2

coeff. of (A\2)N of N'(\?)

H2N =

X ZTg—/{?TO—l—(l_i_g) (k—E)ZIOﬁ]

B=1



68

coeff. of (A2)N of N(\2)A(\?) ¢ k
- ( coeff. of (A\2)N of N'()\2) ) (TO - 1+6 ;%;;) . (2.208)

Now, we will consider (2.205)

1 1 N S 1
(L= w)s[1-x22s - 2VI= A [1 - pegat!

d .o 1
N =3

B L )\2 N k§2>\2
T 2)\2 (1— )\2)3[1 _ )\zgz]g VI [1— Azfz]gﬂ

1 1 XL keN
2R VI-N - xe] | (1-N) - e

1 2 2
= SN (AR, (2.209)

Let
N =D an(\)Y (2.210)

N0

where ay is the coefficient of (A\?)Y of A/(A\?), then

iN(V) =) axN()N (2.211)

d\2
N0

Multiply (2.211) by 2A? and compare the result with (2.209)

2A2iN(A2) =) an2NO)N = N(W)AN). (2.212)

dA?
N>0
Then, from (2.210) and (2.212), we obtain

coeff. of (A2)Y of N(A\?)A(N?)  (2N)ay

coeff. of (A2)N of N(N2) ay

= 2N. (2.213)
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Substitute (2.213) in (2.208), we obtain

A2€2
coeff. of (A2)N of N'(\?) 1— 22

coeff. of (A2)N of N'(\2)

Hyn =

k
> Ty - kT
=1

¢ 1 < £
i <k—g)zfozf +2N(TO—<H£);IOB)- (2.214)

p=1

Binomial Expansion
We can use the binomial expansion® to find such coefficients. Some useful

expressions are given below

-1 —1)(n—2
Binomial series: (14 2)" =1+ nx + %ﬁ + nin 3)|(n ):1:3 +...,
(2.215)
. . : n n!
Binomial coefficient: "C, = =—, (2.216)
r ri(n —r)!
Binomial theorem: (a +b)" = (Z) a" Rk, (2.217)
k=0
22
Taylor series:  f(a+xz) = f(a) + zf'(a) + EfQ(a) +...
T el | (2.218)
T ey :
. (x-V)?
Taylor series: f(a+x)= f(a)+ (x-V)f|,+ 51 fl +....  (2.219)
Now, we will define
A2§2
coeff. of (A\*)V of N(A2)1 SSvTh by (2.220)

*) See Woan (2000) p. 28.
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coeff. of (A%)Y of N(A\?) = Dy (2.221)
and
By = v (2.222)
N Dy :

Substitute (2.222) in (2.214), we obtain

k k
¢ 1
= —k k— =
=[St g (1) 350
+2N TO—LZIC:IW . (2.223)
(1+8) ¢

Then, we will consider by : let A* = x, by using Taylor series (about 0),

for any functions f(z) and g(z)

F@)g(z) = Ni o ()] 221
where
<de é?\/g(x)) - F™(0)g(0) + MNLLD' F-1(0)4D) )
+ 2;(NN1 il ©g?(0) +
+ e 000 + 5 050
= i . NNi ikl N=1(0)9" (0) (2.225)
and

(2.226)
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By using (2.225), Eq. (2.224) becomes

and from (2.215) we have

n(n — 1)3':2+ n(n — 1)(n—2)x3 N

(1+2)"=14+nx+

2l 3!
= g [f_‘tﬁ 11 (n—(i— 1))] : (2.228)
Then, for f(z)g(x) = (1 + )", we compare (2.224) with (2.228), we obtain
dt(ld;l")” -G i 3 13 (n (- 1)) . (2.229)
Let
flz)=(1—x)2, (2.230)
gla) = (1— 26~ % (2.231)

1
By using (2.229), we obtain Eq. (2.230), for n = —5 &= =T,

_ i 5:(_1)t (%)t 't (1-2i). (2.232)
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Compare (2.232) with (2.224), we obtain

f(t)(()) _ (_1>t <%> H (1 — 2i> . (2.233)

S[Eeer (D 1(5)

- [meer () (3) 7 e

::§; g;—éﬁs(—%)(%>srﬂ(—k—2ﬂ
Epor (@ o] e

99(0) = (=1)* (_%> (%) ; <—k—2j). (2.235)

J

By using (2.225), (2.233), (2.235) and (2.227) we have

Flagla) = (1 =a)F (1=ag?) F
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= i e NZ; rl(N —(Il—) J:;?N” (52_2) (_%>

x [Nl_l (1 2@')] I (=& —2j). (2.237)

From (2.205) and (2.220), where x = \?, we can write

)\252

o€ (@)g(x) = NO) Ty

(2.238)
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By comparing (2.237) with (2.238), we obtain by as follow

by = (=) (_%) ¢ i {r!(N -1 —17“)! 2r <§)

(—k - 2j)} (2.239)

where N > 1,5y = 0.

1
For &2 = T

[Nﬁr (1 —2i) ] H (—k—2j). (2.240)

Simplify (2.240), we obtain

e (%)2 =™ (_—kl) Nol {QN—l ri(NV i 1—7r)l2-r @)&

r=

x (=N (1) [Nﬁ (2i — 1) ] H (2j+k:)}

N— —1)N+1
{22’“ rl(N —1—r)!

,_.

I
VR
N | —
~
=
L
+
[\
2

r=0
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=0 =0
(_1)N+N+1 1 N-1 1
INFL | £ {227“7"!(]\7—1—7“)'
r=0
N—1—r T
X [ (2i — 1)] (2]—|—k)}
i=0 §=0
N—-1—-r r
L [ 11 (21—1)] [H(2j+k)
=0 j=0
Tk 2Nt 22 I(N — 1 — 1) ' (2.241)

1
Rewrite (2.223) with £ = 5 We obtain

k 1 k
Hon = By ZTa_kTO++(k_2)Z[Oa
a=1 (1+§) a=1
1 k
+2N [Ty — —2— IOa]
(1+%) a=1
k 1 k 1 k
= Ty, — KTy +=(k—2 Toa 2N Ty — = Toa 2.242
5N; 0+3( );0 + 0 3;0] ( )
and
h2 2
Ta:/d3x¢;(x) (— 2V )wa(x), a=0,1,....k (2.243)
m
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T = /d3xd3x’ 0 ()0 () GV ba(x), a=1,... k. (2.244)

|x — x|

The purpose of this work is to carry out a rigorous analysis of the expression
in (2.242) in conjunction with the inequality in (2.34) to finally obtain an upper

bound for Ey n. To this end basic estimates are derived in Sect. 2.2 followed in
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Sect. 2.3 by the derivation of the upper bound. Such an upper bound will be
useful if it is, for example, less than the ground-state energy of N isolated boson-
equivalent of positronium atoms. This, as we will see, puts a self-consistency
restriction on N. We were able to obtain a sharp estimate on the Dyson co-
efficient (cf. (2.222)) 3, (Proposition 3), and have developed a way of counting
(Proposition 6) the quantum states which is of central importance in establishing

the upper bound of the ground-state energy.

2.2 Basic Estimates

1
For €2 = 7 We have

1
)\252 4_1)\2
1—xe - 1
1 — -2
4
)\2
- (2.245)
then
2\ N oy A 2N oy N
coeff. of (A*)" of N (A )1_—)\252 = coeff. of (A\*)"™ of N'(\ )4_ 3z
= by. (2.246)
Let
NS 2\ N
NN 5 = > by (N (2.247)

N>1

where by = 0.
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Proposition 1

Dy =4by.1 — by. (2.248)
. . v V(A2 4— X\ )\ .
To establish this result, we multiply A (\*) by 2 1o we obtain
4 — )2 A2
2y 2
4 g A2 o A2
= NN N5
4
=5 > bWV =3 T by(A)Y
N>l N>1
=) Aby(M)NT =D o (W)Y
N>1 N>l
=) by (V)N =D (W)Y
N0 N>0
=) (4bygr — by) ()N, (2.249)
N0
From (2.221) and (2.249), Eq. (2.248) follows. O]

Also, together with (2.222), we have the important equality

bn
= 2.250
Ow 4bn 1 — by ( )
Proposition 2
For N > 2, k<2N
3
ZbN < by < by (2.251)

where by is defined in (2.241).
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By using (2.241), we obtain

(N+1)—1—r r
(N+1)-1 |: H (% - 1)] [H (27 + k)
1 1 ' =0

b1 = ~ k 2(N+1)+1 Z 22r ! [(N +1)—1- 7”}!

r=0

i} [Ng (2 - 1)] L]_]O (2 + k)

1 1
 k oN+2 Z 227 pl(N —r)!

[H (20 —1) [H 2j + k)

v - 22 r|(N —

11 (=) &,
“rve el @R
=0

=

Nl [Nﬁ_r(m — 1)] [H (27 + k)

B _1 1 1 Z i=0 =0 _ [2(N—7”)_1}
k2Nl g - 22 (N — 1 —1)! N —r
1 1 1 ( pl= (2N +k)
Tk 2N+ g 2(N- '[HO 20| Ty
J:
N—1—r
22—1 2j+k‘
11 Nzllll ”JH 2(N —7) —1]
k 2N+ 22 (N —1—1)! 2(N —7)
r=0
11 ( Pl (2N +k)
L 9N+1 92(N )l [H) 2J+k SN
j:




79

1 (=1) = 2(N — (N = 1)) — 1]
T L 9N+1 92(N-1) (N —1)! _jH) (2j—|—k) . = (V=1
1 -1 = ON 1k
k2Nl 22(N—1() (]\? 1) ;1:[0 (27 + k) ( N ) (2.252)

Accordingly, by a rearrangement and a grouping of terms, we have

\

=

( » [Nﬁ (2@'—1)] [H (2 + k)

i=0 =0 ‘
221l (N —1—r)! 2(N —r)

1
by = T oN+T

\3
Il
o

N-—1
(27 + k)

J=0

(% L2 k) . (2.253)

1 (1)
k2N 22(N-D) (N — 1) 8N

2(N—-r)—1

Consider 2N =1

on the right-hand side of first term in (2.253) for N > 2,

for
0<r<N-2,
we multiply above inequality by (—1), and then add the result by N, we obtain
N>N—r3>N—(N-2).

The above inequality leads to

=1 w
N
—_
|
I
A
—_

(2.254)
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2 8N
for N > 2, k < 2N, we have

1 2N +k
Consider (— + il ) on the right-hand side of second term in (2.253),

0< k< 2N.

1
Add above inequality by 2N and multiply the result by R then add the result

1
by g We obtain

1+1 1 2N+k 1 1
2 4 2 SN 2 2
then
3 1 2N+k
- 1. 2.2
1S3 gy © (2.255)

From (2.253)—(2.255)

) Vs [Nfg 21—1] [ﬁ(2j+k)

3.1
4\ k2N+) 22r (N —1—1)!
N—1-r r
IT (2i- 1)] [H (2 + k)
<(_ 1 = [ i=0 =0 2N =) 1]
S\ k2N ) 227 (N — 1 —7)! 2(N —r)
N—-1-r r
NQIH 2Z_1][H(2j+k)
! = " 2.256
ke 2Nt ) e 22rpl(N — 1 —r)! (2256)
and

3 1
Z(_kQNJrl) 92(N IH 2j+k
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1 N-1
S (_k: 2N+1) 92(N— 1) [H 2j + k)

N-1
1
< <_k 2N+1) 92(N— 1) 1! H 2j + k) (2.257)

The addition of inequalities in (2.256) and (2.257) gives

| N2[Nﬁr 2@—1][ﬁ(2j+k)

Jj=0

B~
/T\
ol
)
2}—‘
+
—_
\_/
)
(3]
=
<
’2
|
—_
|
3
N—

2 SN

- P N+k
Tk 2}v+1 22(1\7—1() (]1\3 Y []11) (2 + k) (1 + 2N ) . (2.258)

Grouping the left-hand side of above inequality leads to

3<_ | ) N [Nljo 22_1] [jli[o(2j+k;)

221l (N — 1 —r)!
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( [N—1—r r
s [ I] (2i- 1)] [H (2] + k)

< 1 Z i=0 =0 . 2(N —r) —1]
Tkt & 227 pl(N — 1 —7)! 2(N —r)

\ Vs

N-1
1 2N + k
(2j + k) . 2.2
2N+ 22(N- —1)! L[IO + < 8N ) (2259)

Compare (2.259) with (2.241) and (2.253), then
3
“by < by (2.260)

Again, the addition of inequalities in (2.256) and (2.257) gives

( )

T 2 — 1 : 2j + k

R G

_W; 2 (N —1—r)] 2N =)

(2 + k)

lrg P

2N+1 2 (N-1) <§+ SN )
o [H (22’—1)] [H(2j+k)

< ( k2N+1) — - 22rr!(N—1]:T)!

ﬁ_[_: (27 + k)

1
- <_k 2N+1) (=1 2w (N —1)! (2:261)
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Grouping the right-hand side of above inequality leads to

—1—r 22_1 r 2 k )
1 = [11 ( )] [jgo(j+> 2N —r) -1
k2N H 29 22 rI (N —1—r)! 2N —7)

N—-1

(27 + k)

j=0 1 n 2N + k
(N=1) (N —1)! \ 2 8N

Vi [Nﬁ_ 21—1] [ﬁ(2j+k)

i=0 §=0

o L 2N+1(_1) 92

= ( kQNH) — 227l (N =1 —7)! (2262)
Again, compare (2.262) with (2.241) and (2.253), then
b1 < bw. (2.263)
From (2.260) and (2.263), we obtain Proposition 2
3
Tbx < by < by (2.264)
0J
Proposition 3
% < By < % (2.265)

where By is defined in (2.222) and is the critical coefficient appearing in (2.242),
for N > 2,k <2N.
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To obtain above inequality, we multiply (2.264) by 4 and then add by (—by)

SbN — bN < 4bN+1 — bN < b4N — bN.

Rewrite above inequality

QbN < 4bN+1 — bN < 3bN

1
then, multiply above inequality by b we obtain
N

2b o 4bniy — by 3by
by by by
then
2 < 4by41 — by <3
by

We obtain the useful bound

—_

b

1

_>—>_
27 dby —by 3

and from (2.250) we rewrite (2.267)

1 1
— < g
3 <O

(2.266)

(2.267)

(2.268)

Then, Proposition 3 is obtained and is of central importance in the entire inves-

tigation and (2.267) embodies basic inequalities used below.

0
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We rewrite the expression in Eq. (2.242) as

Hyy = lﬁN > To— BykTy — —ﬁN ( Z m)]

INT, + 2N( ZIM)]

k
:ﬁN;Ta+(2N—kﬁN)To+é[2N (k—2) 5N< ZIOQ>. (2.269)

k
Later in (2.398), we will bound (— Z ]0a> above by a strictly negative expres-

a=1

k
sion. Also, Z T, and Ty are positive. With k chosen such that £ < 2N, as before,

a=1

we find, from the inequalities in (2.268), bound (2.269) will be derived below:

N —

k k
By To< 5y Ta (2.270)
a=1 a=1

1
Since KTy > 0 and —(y < —3 then
1
—5N]€T0 < —gk/’T()
add 2NTj to above inequality, we obtain

k
Since (k —2) > 0 and (— Z IOOé) is strictly negative, then

a=1

(k — 2).

N —

(k—2)8n <
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Multiply above inequality by —1, we obtain

k
1
Multiply above inequality by 3 (—Z 10a> , we obtain
a=1

%[2]\[ — (k—2)8y] <-é[0a> < % {QN _(k ; 2)} <— ; 10a> . (2.272)

The addition of (2.270), (2.271) and (2.272), by comparing with (2.269), gives

k k
1 ki 1 (k—2)
Hoy < 5 ;:1 T, + <2N - §> Ty+ 5 [QN - } (— ;:1 10a> (2.273)

where N > 2. We replace 2N by N in (2.273), then we obtain our basic bound

Enn < %iTﬁ (N— g) To—i—% [N— (k;Q)} (—gf()a) (2.274)

a=1

where we note that with & < N, in particular, that the coefficients of Ty and

k
(—Z IOQ> are strictly positive.

a=1

To the above end, for each triplet (n1,ns, n3) of natural numbers, we define
a state specified by the tip of the vector n = (ny, ng, n3). A non-trivial permutation
of (n1,ng,ng) defines a different state. For example, (1,1,2),(1,2,1) and (2,1,1)
define three distinct states all satisfying, however, the constraint n? = n? +n3 +

2 _
ns = 6.
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For any given such an allowed n? (a natural number), let k& denote the
number of distinct states, excluding the state (1,1,1), with the constraint that
the length squared of each vector specifying such a state is less or equal to n?.
These are the total number of states, excluding the state (1,1, 1), lying within, or
falling on, the surface of % of a sphere of radius n in the so-called first quadrant,
i.e., for which ny > 1, ny > 1, ng > 1.

Since, by definition, the state (1,1, 1) is excluded, the lowest possible value
of n? is 6. For n? = 6, we have k = 3, corresponding to the non-trivial permuta-
tions of (1,1,2). The next allowed value for n? is 9, with & = 6 corresponding to
the non-trivial permutations of the states (1,1,2) and (1,2, 2), and so on for the

other allowed values of n? = 11,12, 14, .... We now establish the following.

Proposition 4
For any allowed n?, as defined above, we have the following inequality for the

number of states k, also defined above, in terms of n:

3 n 4dn 2 ns

%2 1_3(1_L§>_<3+2\/§)_(3_2‘/§)i. (2.275)

Further, the right-hand side of this inequality is strictly positive for allowed values

of n? > 76.

To establish this inequality, we consider s boxes each of height of one unit

with square bases of areas N; x Ny,..., Ny, x Ny with 1 < N, < --- < N; are
1

stacked on top of each other as shown in the Fig. 2.1 inside a 3 section of a sphere

of radius n.
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Since the height of each box is one unit, we choose Ny,..., N, to be the

largest positive integers such that
ONZ +1<n? ... 2N + 5* < n? (2.276)

1
to make sure that the boxes fall within or touch the surface of a 3 section of a

sphere of radius n. That is, we take

2 2 _ 2
Ny +1> "2 >N,... N.+1> "28 > N.. (2.277)
We obtain from (2.277) that,
2 j?
Nj+1> 5 >N, (2.278)
n? — s?

where 1 < j <s. Also, Ny > 1, requires that 1 < . Hence s is taken to

be the largest positive integer such that
s<Vn?—2<s+1. (2.279)

For any N;, 1 < j < s, we have Nj2 states such that

(7,1,1),(5:1,2), (5, 1,3), ..., (4, L, Nj),

(7,2,1),(4:2,2),(5,2,3), ..., (4,2, Ny),

(ja Nj7 1)7(]a Nj72)7 (jaNj73)a SRR (]7 NjaNj>' (2280)
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n3y a

n2

ni

Figure 2.1: s boxes of unit height and square bases of area Ny X Ny, ..., Ny x Ny,
with 1 < Ny < - -+ < Ny, are stacked on top of each other inside a 1/8
section of a sphere of radius n. Bounds are obtained on Ny,..., N,
and s in the text such that the boxes are within or just touch the
surface of the 1/8 section of the sphere.

Excluding the state (1,1,1), the total number k of state (nj,ns,ng) which lie

1
within or on the surface of a 3 section of a sphere of radius n clearly satisfies

k=) N -1 (2.281)
j=1
Upon using the left-hand side of the inequalities in (2.278),

~1 (2.282)

then
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2
S S 2 -9
2 n-—J
§ NZ—1> ( 5 1> —1. (2.283)

Eq. (2.281) yields

2
s 2 __ 2
k> ( n 2j —1) ~1 (2.284)
j=1
We have
n? — ;2 2 n? — j2 n? — ;2
1| = —2 +1
2 2 2
n2_j2
= — V2 /(n=j)(n+j) + 1. (2.285)

Since (n — j) < (n+j), then

V=35 (n+j) < (n+ 7).

(n* — j°)

Multiply above inequality by —v/2 and add the result by 5

+ 1, we obtain

2 12

~ V2= )+ i) +12 L = Ve +j) + L

n2—j2
2

Using the right-hand side of (2.285), we can rewrite above inequality

2
2 2 2 9
< L —1) > St Ve + ) +1

then multiply above inequality by Z, we obtain
j=1

2
S n2_j2 S n2_j2 ‘
( 51 22{ 5 —V2(n+j)+1|.

Jj=1
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Add above inequality by —1, we obtain

j=1

Substitute (2.286) in (2.284), we obtain

k>i{”2;j2—\/§(n+j)+1] —1. (2.287)

Jj=1

To obtain the bound of k£, we use some elementary sums

2 )

ij _ st (2.288)

~ _s(s+1)(25s+1)
Zj o 6

. (2.289)

j=1

Consider the right-hand side of (2.287), by using the help of (2.288) and (2.289),

we obtain

i{n2;j2—\/§(n+j)+1} —1

i=1
S 2 S S S S

D DL DEARIVC) SURIVC) SERD SRR

1 7=1 7=1

<
Il

3

s s(s+1)(@2s+1) Jans — V2s(s+ 1)

[ — -~ @@ 7 _1
2 12 5 F
n%s 252+ 352+ s 52 s

=2 T T Voams— 2= — 451
> 12 2 B

L\D|3w

+1)s— {%3+<}1+%)32+(%+\/§n+%)3+1}

("2+1>s—i [253+<3+6\/§) 82+(1~|—12\/§n+6\/§>s+12]

2 12
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_ (n_2+1)8—%[283—1-3(1—1-2\/5)82—1-<1+6\/§(2n+1)>8+12].

(2.290)

By using (2.279), we can find the bounds of s

2
s<Vn?—=2=mn/1—— = sy, (2.291)
n

s>Vn?2—2—1= sy — L. (2.292)

Using (2.291) and (2.292), Eq. (2.290) will be rewritten and the substitution of

(2.290) in (2.287) gives

2
k 2 (%"’1) (Smax_ 1)

1
- [%f’nax +3 (1 + 2@) 2+ (1 +6v2(2n + 1)) Stmax + 12}

77/2 712
=\ = 1 max — | & 1
(5 #1) = (5 )

= [2s§nax 43 (1 + 2\/§> 2 4 (1 +6v2(2n + 1)) Smax + 12}

1
= _E |:28ilax +3 (]' + 2\/5) 812nax

n?+2
2

+ (1 4 6v2(2n + 1) — 6(n? + 2)) S + 12] -
_ 1 3 2
- _E |:28max + 3 (1 + 2\/§> Smax

+ (1 4 6v2(2n + 1) — 6(n? + 2)) Smax + 12+ 6(n? + 2)}

= 715 |:2S:13nax +3 (1 + 2\/§> Srznax
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n (—6n2 F12v2n + (6v2 — 11)) Smax -+ 6(n? + 4)} . (2.203)

Substitute syay from (2.291) in (2.293), we obtain

k> —1—12 [2 <n\/¥>3 +3 (1 + 2\/5) GH)
+ (=61 + 1220 + (6v2 — 11)) GH) +6(n? + 4)
= —1—12 [2n3 (1— %)S + 3n? (1+2\/§> ( — %)

+n (—Gn2 +12V2n + (6V2 — 11)) (1 - 3)é +6(n?+4)

n2

2

+% (—6n2 +12v2n + (6V2 — 11)) (1 - %) + %(nQ +4)| . (2.294)

1
Multiply (2.294) by — then
n

n2

% > L (1 - 3>é [2 (1 . %) + L (—6n% +12v2n + (6v2 - 11))}

_ <1—%)é [1 <3—1) 4 (6n2—12\/§n—6\/§+11>]

12n2

1 2 42 12
(1= vl B .
4n ( n? +2v2 n? ) (2n N n3>
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N

(-3

3 n 12n2

Il
VR
—_
|
3.\>| ')
~~
SIS

1 V2 (15— 6\/5)]

4n n? 2n  n3
(o 2) ! \/§+(5—2¢§)
B n? 3 n 4n?
(1+2v2) 1 2(1+2v2) 2
4n 2n 4n3 n3
(2N ve G-2vD)] (3+2vR)  (3-2v2) (2.205)
B n? 3 n 4n? 4n 2
1
The coefficient of — in the first brackets in (2.295) is positive value, i.e.,
n
(5-2v2)
—F—F—= 2 0. 2.296
4n? ( )
Eq. (2.295) becomes
1
k 2\2 |1 2 3+ 2v2 3—2v2
~>(1-= Loval (3+2v2) \ﬂ. (2.297)
n3 n? 3 n 4n 2n3
Then, Proposition 4 follows. O

Estimates of the sort in (2.295), involving corrections, are available in the
literature. A classic example of this is filling a sphere with smaller ones (the so-

called Swiss-Cheese theorem) see, e.g., Thirring (1983), Fisher (1964). For further
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reading, see Pfender and Ziegler (2004) and Casselman (2004). The estimate in
(2.295), as it stands, is not, however, what is ultimately needed. What we need
is a more involved one which allows to count (k — k') states corresponding to two
consecutive n? > n'? values which is of central importance in deriving the upper
bound for the ground-state energy in Sect. 2.3. This is established in Proposition 6

and will be used extensively in Sect. 2.3, particularly, in (2.388) and (2.398).

Proposition 5

Let n'? < n? be consecutive allowed values of n®. Then

3
—n' <1+ — 2.298
n—n + 57 ( )
and
1 3

where the coefficient of n on the left-hand side of the latter inequality is positive

for all allowed n'?.

To establish the validity of (2.298), note that although n'? is a natural
number, n' is not necessarily so. Accordingly, let nj, be the largest positive integer

such that ny < n’. That is, we have

n=ny+z, 0<z<l1 (2.300)

then

n' < nj+1. (2.301)

Next, consider the state specified by the vector n”, where

n’ = (n)+1,1,1). (2.302)



The length of n” is n” where

n = (ny+1)2+12+1>=(nj+1)> +2 > n” + 2.

Clearly,

/! /'
n" > n”2.

Since, n? and n'? are consecutive, with n > n’, it follows that n < n”.

From (2.300) and (2.303) we have

n"? —n? =i +1)*+2— (n) +)?

2

=ng +2ny+1+2—nf — 2nyz — 2°

=2ny(1 —z)+ (3 — 2?).

Since
(n// _ n/)Q — nl/2 + le _ 2n//nl 2 O
then
"1 12 12
2n'n < n'" 4 n'c.
We have

2n'(n" —n') = 2n'n" — 2n/%

96

(2.303)

(2.304)

(2.305)

(2.306)

(2.307)

(2.308)

By adding (2.307) with —2n/?, we obtain the right-hand side of (2.308) and by

comparing with (2.305)

on'n" — 2%’2 < n//2 + n/2 o 2n/2

"2 12

I
3
|
3
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=2ny(1 —z) + (3 — 2?). (2.309)
Then, from (2.308), Eq. (2.309) can be rewritten as
2n'(n” —n') < 2nH(1 — x) + (3 — 7). (2.310)

1
Multiply (2.310) by gy therefore, with (2.300), we obtain
n

" n < 2”6(1 B .CE) + (3 B 3:2)
2n/ 2n/

2ny(1—z) (3 —1x?)

2 (ny+ x) 2n/

2ny(1 — x) N (3 —2?)
ot ( 1+ T 2n/
/”L —_—

0 n{)

l—z (3—12?

= + . (2.311)
Xz /
L+ 2n
0
For x > 0, we have
1—2<1. (2.312)
, x
Since — > 0 then
n,
’ 1
— <1, (2.313)
L+
0
Since 22 > 0 then
3— 2 3
< —. 2.314
2n/ 2n/ ( )

We multiply (2.312) by (2.313) and then add by (2.314), we obtain

11—z
<1

1+—,
U
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1 3 — 22 3
- 4 f’j)<1+—/. (2.315)
/
T

Substitute (2.315) in (2.311) we get

3
"—n <14 —. 2.316
n" —n + o ( )
For n < n”, we have
3
n—-n<n —-n <1+ —
2n/
then
, 3

The above expression is the first inequality expressed in Proposition 5. Eq. (2.317)

can be rewritten as

1 3
1—— 1+ — <n. 2.31
n{ n( +2n’)} n (2.318)

For n > n’, we have

1 3 1 3
l——(1+= )| zn|1—=(1+=]]. 2.31
s Gzl (o)) e
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Then, by comparing (2.318) with (2.319), the latter inequality in Proposition 5

n' >n [1 1 (1 + i)} . (2.320)

OJ

follows,

For any consecutive n? > n'?, we label the (k — k') state specified by those
vectors all of length squared equal to n?, in arbitrary orders, as a = k' + 1, k" +
2,...,k

k>a>k (2.321)

1
where &/ = number of states in 3 sphere of radius n'.

Proposition 6

We have the inequality

A 1+i 3C(n’) (2.322)
n' 2n’ '
where
2\2 (1 V2| 3422 3-2V2
C(n') = (1 — m) [§ T s (2.323)
forn? > 76
From (2.297), let
2Nz [1 v2] 3422 3-2°
L2V LoV o3+2v2 \/_EC(n) (2.324)
n?2 3 n 4n, 2n3
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then Eq. (2.297) can be rewritten as
K >n"CM0). (2.325)
From (2.320), we can rewrite (2.325) as

K >n? {1 1 (1 + i)] 3 C(n). (2.326)

n' 2n'

Using (2.321), a > k', then, with (2.326), Proposition 6 follows, i.e.,

a>n? {1 - % <1 + i)} 3 C(n)). (2.327)

2n!

The constraint n'? > 76 just ensures the positivity of C'(n’). (As an example, note

that n'? = 76 for the state specified by the vector n’ = (2,6,6).) O]

Proposition 3 and 6 contain two of the key new estimates obtained in this
work. For example for n? > 1002, n = (36, 48, 80), the consecutive allowed values

isn' = (1,14,99), n’ = 99.9899 then, for n > 100,

- nl (1+%)}3C(n’)

n3

3.3852°

a>n’

>

(2.328)

2.3 Derivation of the Upper Bounds

For orthonormal trial functions, we choose the Dyson ones (Dyson, 1967):

dn(x) = (%)3 ﬁsin (%) (2.329)

i=1
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for 0 < x; < L, and vanishing outside this interval, we label the states as a = 0
forng = (1,1,1), a = 1,2,3 for n = (1, 1,2),(1,2,1), (2,1, 1), respectively, and so
on.

With our effort in deriving the bound given in this work, we have found
the Dyson trial functions most suitable for the problem at hand for the following
reasons:

(1) We need an orthonormal set of functions defined on a bounded interval,
vanishing at its endpoints, with the length of the interval (chosen optimally)
becoming smaller and smaller as /N increases, representing the localization of the
particles and eventual collapse for large N.

(2) The trial orthonormal functions in (2.329) are simple enough to allow
for explicit sharp analytical estimates, as seen below.

(3) We have tried other orthonormal trial functions, such as the Hermite
functions with an arbitrary scale parameter, and in all cases, we have found that
the negative interaction becomes very small in comparison to the kinetic energy
part for large n and hence that these functions are not appropriate as trial func-
tions. In particular, while the normalization constant in (2.329) is independent of
n, this is not true, for example, with Hermite functions.

(4) The trial functions in (2.329) overlap. This is necessary for the interac-
tion term in (2.331) to be non-vanishing, and thus non-overlapping orthonormal
states defined on sub-intervals of (0, L) are not useful.

(5) Based on the estimates established in Sect. 2.2, the trial functions in
(2.329) already lead to an improvement to the classic Dyson bound.

Let

T — <¢n

VA
() |on)
2

- ;—m Px (VX)) (2.330)



102

o2
10 = [ Gy ()00 (0 s (). (2331)
For x = (21, x9,x3), we have
o. 0. 0 &
V = 8x11+ 8x2']+ o (2.332)
then
_ 99n(x). | 9du(x). | Idu(x)
Von(x) = 2y Hull)y, DnBg (2.333)
0pu(x)|* | |06n(¥)[* | |0¢n(x) [
T e e IR ) IR CE -1
On(x
3 3 n
/dx |V o (x Z/d ’ 0952 (2.335)
We consider only for the case of i =1 :
Opn(x) (2 2 0 . /miTx1\ . [(MoTTy\ . [N3TI3
= (1) g (i (s ()
B 2 % nym nymxry NoT X9 . n3mIs
= (7) (57 eos (M) sin (M) sin (MF7) 2390
then
On(x) 2_ 2\? fnymy2 o (TMITXL\ . o (MaTX2\ . o (N3TT3
] = (F) () cost (B s (M) s (M) 257

Multiply above equation by / d3x, then

5. |00a(x)|”
/d X ‘ e
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- (T) . (2.338)

Then, from (2.338), we have

O¢n(x)
/ d3x ‘ —&Ui

2

- (%)2 (2.339)

Substitute (2.339) in (2.335), then we obtain

[t 9ol = (BT) o (R5) 4 ()
— (T)Q (2.340)

where n? = n? + n2 + n2. Then, by using (2.340), we obtain

T™ — 7;22;2 (2.341)

From (2.329), we obtain
oo = (3) s (252 (M (M) e
onte) = (7) s () () (7)o

then
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2\° L i M Tx ) mimT
= <Z) {/o dxz; sm2< ! 1)81112( lL 1)}
. -
) NoTTTo\ . ML
X _/0 dzs 51112( 2 2>sm2( 2L 2>_
[ [F , N3mr3\ . msmrs\ |
X _/o dzs s1n2< 3 3>sm2< 3L 3)_
_(2 Gﬁ / "oy sin? (nm) sin? (mimi) (2.344)
L) 2l L L ‘
where the integral on the right-hand side of (2.344) is given by
L
o (TN o (T _£
/0 dz; sin ( )sm ( ) =7 (2.345)
Substitute (2.345) in (2.344), then we obtain
2\° /1 L\*
d3 n m == -
Jex ool = (£) (%)
1
Let
d3k ik-x
0u(X)om(x) = [ 55 Plk)e (2.347)
then
dSk . ik-x
V hn(X)pm (x) = on)? F(k)(ik) e™™. (2.348)

We square above equation, then

3K

d3k

(ik) - (—ik')F(k)F*(K') oilk—K)x

Vonix)om( = [ G

d’k

/

(27)?

3K

-/

2m)3

k- k/ F(k)F*(k/) ei(k—k’).x.

/

(27)?

(2.349)
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Multiply above equation by / d3x, we obtain

Jox (ot = [ X [ wrgR ) fax et

— / (;1;1;3 /d3k’ k- kK F(k)F* (k') (/S?’T”‘)3 ei(kk’).x>

_ / (3371;3 / PK k- K F(K)F*(K)5(k — K)

:/(37:;3 k|* |F(k)|*. (2.350)
From (2.347), we obtain
[ () (%) [* = / (;iﬂl}, / gﬂk)g (I F* (k) 0, (2.:351)

Multiply (2.351) by /dgx, we obtain

Jex oaomtol = [ S [airaora ([ 525 o)

d3k 31,/ * 1,/ .
:/(%)3 /d K F(k)F*(K)5(k — ¥

&k )
- / Gy FOOF. (2.352)

From Schwarz inequality (Woan, 2000),

(/abdx f(a:)g(:c))2 < /abda: [f(:c)]Q/abdx g(2)]. (2.353)

Eq. (2.352) can be rewritten as

Jex 16aiont = [ 5 F00F
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d3k
= [ G 1P 91Kl g PO (2354)

By using (2.353), we obtain

( [ |¢n<x>¢m<x>|2)2 < ( / (;17}; |F(k)|2|k|2> ( [ (;1%1; |F|l<{1|<2>|2>

Consider

efik-(xfx’) 27 77r/2 71|k| |IR|cos @
Jox— = [ / /dkk231n92—
k| 0 k[ — 2
71]€RC089
e / i 12 / Aeost) "y (2.356)

where ¢ — 0, R = x — X/, let cos# = p, then (2.356) becomes

/d3 efik-(xfx’) ) /oodk k2 /1d efikRp
X ———5— =27
|k|2 0 1 p k? _ 52
dk k2 (e P\ P
=2
7r/0 "ikR (k2 - 52> -

op [0 o—ikR _ (kR
=T k(S
—iR J, < k? — &2 )

[e'e) —ikR ikR
_2r dk k——— +27T/dk:k:ke—

iR J, k? —e?2 iR 2 g2

o 0 kR oo ik
=——(-1) | dk k——— dk k——

iR( ) o k2—52+1R/ k? — €2

or [0 e—i(=F)R o olkR
Y ) _Ood(_k) (_k) (—k)2 ) + IR/ dk kkz e2
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or [0 ik R o [ oihR
= — dk k————+ — dk k———=
iR J_o k2—52+iR 0 k? — g2
ot [e) eikR
=) Whpa
ot eikR
=7 dk k—kQ =
_2m fan 9t
iR OR k% —¢?
ikR
= 20 ?Qdk <
R OR (k—¢e)(k+e)
21 0 et
= (2ri
Ror"™ 5%
212
- %eIER (2.357)

for ¢ — 0. Then (2.357) becomes

—ik-(x—x) o2
/ dBx =T (2.358)
k| |x — x|

From (2.347) we have

F(k) = / d*X P (X) Py (x)e >, (2.359)

We square above expression, then we obtain

F(k)[2 = / ExPK 3(3)ben(3)e ) G (5 )in (). (2.360)
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Multiply (2.360) by /d3k k| %, we obtain

/ 4Pk % - / Bx K Go(X)ben(x) ( / 4Pk eiT;TQ XI)) (X ) ben(x).

(2.361)

Substitute (2.358) in (2.361), then we obtain

Jan EOE_ e om0 () () 6l

k| |x — x/|

1

[x — x|

= 2r? /d?’x d*x’ i (X) P (X) On(X)Ppm(X'). (2.362)

2
: e
Multiply (2.362) by 52 then

e2

&k |F (k)
o )onto) = [ 55 1200

X 60 (x)0m()

|x — x|

e [ IFOP
—4 /(%)3 T (2.363)

Let m = (1,1,1) = ng, Eq. (2.363) becomes

62

JERER 0y (0100 30) i, (K0 = [

x—x|

@k [F (k)
ZER

e / &k |F(k)[*
(27)3 |k|2

= J® (2.364)

where

JERER 0, (0)600) KN = I (2365)

|x — x|
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Substitute (2.364) in (2.355), we obtain

(fex |¢no<x>¢n<x>\2)2

I® > 4re? (2.366)
Jax [V m00n ()
From (2.346), Eq. (2.366) becomes
1 2
Ame? <ﬁ)
1™ > (2.367)

/d3x 1V 60 ()b ()[*

We can find the denominator of above equation by consider, for x = (1, 2, 23),
2\° (. 0
V¢n(x)¢m<x> = (z> {ia—xl [Sin (nlle> Sin <m1[7j$1)i|
. (ng’ﬂ'l’g) . (mgwx2> . <n37rx3> . (m371'1’3>
X sin sin sin sin (| ———
L L L L

Y <n17m:1> , (mlﬂm) 0 [ (ngmrg> . (mym@)}
1m 11 - 11 1n
R U A L

. n3mrs . msmxs
X sin L S1n

L
—|—l; . (nlﬂx1> . (mnm‘l) . (’I’LQTI’I’Q) . <m27mc2)
S1n I Sin I S1n I Sin I
y 0 [s' (ngwx;z,) i (m37T£173>:| (2.368)
ax3 11 I 111 I . .

The square of above equation is given by

|V 6 (%) Pm (%)
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X sin? <n27rx2> sin? <—m2’ﬂ'l’2> sin® (ngﬂxg) sin? <m37r:v3>
L L L L
s (M) g (M) [ (e g (e |
L L dzs L L
w sin? (102 ) gy (T2
L L
. nmry .o (TMUTXY . o (M2TTX2 . o (MMoT T2
—+ sin? ( ) s ( ) s ( ) sin ( )
L L L L
" d . (ngﬂ'l’g) . <m37m:3) 2 (2.369)
dzs Sin 7 sin i . .

Multiply (2.369) by /d3x, we obtain

[ 196ux) om0
= (2) ] [am [k (B (|
~\L o 1 lday L L
L
. NoT T .92 ToTT XL
x [ dxy sin? sin
e s (s (P22)
L
. n3mrs . 92 mamaxs
x [ dxs sin? sin
s s (st ()
L ) T\ . mimx
+/0dzvl 81n2< 1L 1>s1r12< 1L 1)
L d | /nomasN . mamaan |’
X/deg {dx281n< 7 )sm( 7 ﬂ
X / Ld:c sin? <n37TZL'3> sin® (m37rx3>
. L L
o [ it (M) g (T
0 L L




111

X /0 Ldzr;g sin’ (mz@) sin? (m22x2>
x /Odeg {dixg sin (n?’zx?’) sin <m32x3)} 2}
_ (%)6 (g)zi /O "t { d‘ii sin (”T) sin (m;x>r (2.370)

The integral on the right-hand side of (2.370) can be derived as follow

= de S11 L S1n L S1n L dl‘z S1n L
= i COs I S i 7 Sin i COs i3 .

(2.371)

The square of (2.371) gives
2
d . <nz7rarz> . (mﬂmz)
in

{dxi sin 7 s 7

(nm)2 9 <nl7r:cl) . 9 <mimti) N (mﬂr>2 . 9 (nﬂr:cz> 9 (mim:i>
= ——— ) sin” [ ——— in® ( ——

7 ) cos 7 )8 7 7 s 7 ) cos 7

19 (nm) <ml7r> oS (HZWJTZ) i <ml7mz> i (nﬂ?‘l’z> oS (mmm,)
L/\L F7 A N T A N7 L /)
(

L

Multiply (2.372) by / dz;, we obtain
0

/Ld ‘ d i (nﬂml)S. (mmm,) 2
i x; iz in 7 in 7
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=) eos (F17)
< )(%) n? +m?) (2.373)

Substitute (2.373) in (2.370) then

[ox wontomr = (2) (%)233 () () e

(n1+n2+n3+m1—l—m2+m3)

X sm(

= — (n2 + m2) . (2.374)

For m = ng, m?* = n3 = 3, then (2.374) becomes

2

/d3x |V (X) (%) |* = 5 (n® +3). (2.375)

Substitute (2.375) in (2.367), then we obtain

2
4re? (%)
s L

2
75 (02 43)
4e? 1
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From (2.327), let

1 3 - —2, N
then we can rewrite (2.327) as
3
n
or
n* < a*3c (2.379)

from which ¢ is determined. For example, for n’ > 100, ¢ = 2.25456. Accordingly,

we may write from (2.243) and (2.341),

k
Tt =3"1, (2.380)
n a=1

Let k,, is the number of distinct state in state n (see Appendix A), then

k
Y To=Ti+T+-+Tk

a=1

h2m?
~ omL?

{02 = 6)[ks = 3] + (n? = 9)[ko = 3] + (n* = 11)[kyy = 3]

(2 =1k = 1]+ + (0% = 1) k] + () = (k= )]}

(2.381)

1
where k' = number of state in 3 sphere of radius n’ exclude state (1,1, 1), then

nl

K= [k). (2.382)
n>3



Eq. (2.381) can be rewritten as

k n’
h2ﬂ.2 2772
o= n>
h2m?

where

a= "Z (n2/{5n)

n>v/3
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(2.383)

(2.384)

The quantity k, multiplying n? corresponds to all those vectors representing states

with length squared precisely equal to n?.

Because

and from (2.379), we obtain
n? < o*3c < k%3¢,
Multiply (2.386) by (k — k'), then
n*(k — k) < E*Pce(k — k)
add above inequality by a, we obtain

la+ (k — k)] < [a+EBe(k — k)]

22
Multiply above inequality by —W, we obtain
2mL?

h27?

2m L2

h2 72

2mL2

[a + (k — /{:/)nﬂ <

[a + k¥ Bc(k — ).

(2.385)

(2.386)

(2.387)



Compare (2.387) with (2.383), then we obtain

k 2

h?r? 9
/3 ot
> Ta < 5 [at K ek — k)]

a=1

Similarly, from (2.365) and (2.376), we have

k
Z ™ = Z Ton.
a=1

n>v/3

Multiplying (2.376) by (—1) gives

2
_ @) _4e 1
wL (n?+3)
then
k

4e? Kn)

_ T — _ Tow < —— n
> Dha<——7 Y

n>v3 a=l n>v3

L [ 1
2. n2+3_2\[n2+3+a2 n?+3

Let

and we have

5 1 (k—=k)
n2+3 n2+3°
a=k'+1

Then, by using (2.391), (2.392) and (2.393), Eq. (2.390) becomes

k
4e? (k— k)
S e <~ b+
;O WL{+n2+3}
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(2.388)

(2.389)

(2.390)

(2.391)

(2.392)

(2.393)

(2.394)



From (2.378) and (2.385), we obtain

then

2
n
Cc

Multiply above inequality by ¢, we obtain

n? < ca?/? < ck?/3

add above inequality by 3, we obtain

n?+3 < ca?P +3 < ck?P + 3 < kP 4+ 3K = (c+3)k:2/3

then

n?+43 < (c+3)k¥3,

1 1
> .
n?+3 " (c+3)k%3

Multiply above inequality by (k — k), we obtain

k—Fk - k—Fk
n?+3 " (c+3)k¥3

add above inequality by b, we obtain

k—Fk - k—Fk

b -
T3 (c+ 3)k2P

4e?
multiply above inequality by T we obtain
T

R < R —
mL n?2+3 wL

_462 b—f—k_k/ 4e? ; E—Fk
(c 1 3)k23
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(2.395)

(2.396)

(2.397)
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Compare (2.397) with (2.394), then we obtain

k
4e? k—Fk
— loo L — b+ —= | . 2.398
; 0o S 7O { +(c+3)k2/3] (2.398)
Multiply (2.388) by 5 we obtain
k
1 1 h2m?
50 To < 555 a+ Kok — k)] (2.399)
a=1
and we have
k 3h2m? k
(N - g) Th=5 = <N - 5) . (2.400)

1 1
Multiply (2.398) by 3 [N — (k- 2)5}, we obtain

-] () edo-e-ot] () bt

(2.401)
The addition of (2.399)—(2.401) leads to the following bound
k k

1 k 1 1
§;Ta+(N_§>TO+§|:N_(k_2)§:| <_;IOO¢>

1 [ h?r? 9 3n*n? k

- Belk — K N — =~

=3 (2mL2> [CH_ Wk =k )} * 2mL? ( 3)
SN gt (LA [py A2 X (2.402)
3 2| 7L (c+3)k23 | ‘

Compare (2.274) and (2.402), we obtain

27 9 3h?m? k
/3 ! _
EN,N < L2 [G+ k C(k k ):| =+ o2 (N 3)
1 1 4e? k—k
—IN—(k—-2)=||— ) |b+ —=
T3 [ ( )2} ( WL) [ * (c+3)l<:2/31
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= f(A) (2.403)

where f(A) is defined by

AmL? 2mL? 3
1 1 4e? k— K
AN (k=922 [ === v
e5 |V -e-23] (=52) [+ ]
=pA® —qA (2.404)

where p, ¢ > 0. We want to find the minimum point of the right-hand side of

(2.404). The optimization of f(A) is given below

df(4)
dA |, 4,
d*f(4)
=2p = 0. 2.4
Ve p >0 (2.406)
From (2.405), we obtain
q
Ay = — 2.4
o= (2.407)
gives the minimum point f(Ay) then
EN,N < f(Ao) (2408)
Let
L_ (M€ ysy (2.409)
L\ h2m3 '

1
where A will be determined optimally. Substitute T in (2.404), we obtain

h2m2 (m2€4N2/5

P > A? [a + k¥ 3e(k — k’)}



3h27r2 m264N2/5 k
A (N2
+ 2m < Rt ) < 3)

ey [t (F5 ) 4 b e
(3) A ot -] + o (A0) 2 (- )
L % {N — (k- 2)%} (—2;: ff) ]\%5 {b+ %}
() ] 22 (s
A fr-nent) o e )
()b b
—§A {1 — (k= 2)%1 N11/5 {b * %] }
_ (%) ]\;/5 () (2.410)
where
B )
—gA {1 — (k- Q)Wl N11/5 {b e i;)]z;/?’} } 24
Since k < N, then
1_3%>1_3%_§>0 (2.412)

For k > k', then

119



Compare (2.411) with (2.404), we have

me*\ N7/5 k 1
= - 1— — E2Be(k — k)| =—
P (277:2) o [3< 3]\1)+[CLJr el — K] 2N}>O

where (2.412)—(2.413) imply that p > 0.

1
For [1 — (k- 2)ﬁ} is strictly positive, then

k—Fk

&

Then

me*\ N7/°8 1] 1 k—FK
— (e ok —2)— b
a (2h2> - 3{ ( )2N] N1/ { +(c+3)k2/3} >0

where (2.415) imply that ¢ > 0.
By using (2.414) and (2.416), and from (2.407), we obtain

-] s [ ]
) b,

From (2.408), we obtain
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(2.414)

(2.415)

(2.416)

(2.417)

(2.418)
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Substitute p, ¢ in (2.418) then

me* N7/58 1 1 b — & 9
f(Ag) = —1{<W) ' 3 {1_ (k_2>ﬁ] N1/5 [H (c+3)k:2/3]}

4 me*\ N7/5 k 1
- _ 2/3 VAN e
(2h2> 7r4 [3(1 3N>+[a+k ek ’”]2 ]

_ (me*\ N5 (16
a 2r2 ) w4 \ 27

{1 2 1}2 1 {b(c+3) k1/3 1% r

TOIN TN N5 | eh3) T (et13)  (cr3)kn

k L e + k3¢ k2K e
3N 6N 6N

~ (me*\ N5 (16 1
B 22 ) m \27) (c+ 3)2

( k l>2[b(c+3) /3 oo

N1/5 T N1/5  N1/5k2/3
k L8 +kBe  KPEc
3N 6N 6N

where

N1/5 N1/5 — N1/5E2/3
k N a—+ k3¢ kBEc
3N 6N 6N

n (1_£+i)2{b(c+3)+ BAF r -

Eo1\? k>
(1—ﬁ+ﬁ) >(1—ﬁ>. (2.421)



122

b 3
For % > 0, we have
b 3 E1/3 L’ 2 L1/3 K’ 2
ct3) - } > { - (2.422)
N1/5 N1/5 — N1/5E2/3 N5 N1/5E2/3
Fi i >0 h
or — we have
g~ e .
—— < 0. 2.423
3N ( )
]{52/3]{2/
For 6N ¢ > (), we obtain
1 1
> . 2.424
. k +a—|—k5/3c K23k ¢ 1_|_a+k5/3c ( )
3N 6N 6N 6N
From (2.421)-(2.424), we obtain
Lk 1V[blet3) R ool
9N + N N1/5 + N1/5  N1/5%2/3
Lok a+kPc KK
3N 6N 6N
(1 o) [ ~ o]
1 — — —
1/5 1/51.2/3
>N 2N NP ONPRPP] (2.425)
1L + k3¢
6N
Compare (2.425) with (2.420), then we obtain
(1 k )2[1&/3 Koo’
9N N1/5  N1/5k2/3
> 2.426
[-] 1L + kP3¢ ( )
6N
me*\ N7/5
Multiply (2.426) by — (2—712) — and compare the result with (2.419), then we
T
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obtain

me*\ N7/° (16 1
a0 =~ (5) T (3) el

< E N2 L3 % 2
4 7/5 1/5 1/51.2/3
<_ me N 16 2N N N1/°E . (2.427)
2h2 ) (c+3)2 \ w427 - 1 (a+ k3¢
6\ N

Substitute (2.427) in (2.408), we obtain the bound

k[ &Y Koo
1— — —
4 16 N7/5 ( 2N) |:N1/5 N1/5 2/3:|
Enxy < — <m6 ) ( ) MELL (9.408)

2h2 ) \ w427 ) (c+ 3)2 - 1 (a+ ke
6 N
1/3 5/3
The N5 term in the numerator and the term N in the denominator dictate the

choice k ~ N3/, More precisely, optimization of the coefficient of N7/ in (2.428)
for N — oo, recalling that £ must be a positive integer, leads to the choice of k

as the largest positive integer such that
k ~ (BN)*?® (2.429)

where B > 0. Then consider the right-hand side of (2.428)

k[ kY2 Koo
<1 N ﬁ) {N1/5 N N1/5k2/3}

1 (a+ k3¢
14— (2 -
5 ()

)

2
((BN))" v
N1/5 B N1/5((BN)3/5)2/3

1 (a+ ((BN)¥3)*?¢
Hg( v )
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3/5 \ 2 / 2
BN s K
2N2/5 BQ/5N3/5

= ¢(B). (2.430)

Optimization of g(B) over B where N — oo gives
d B35 \* ¥t d a B\
B =(1- Bt | S (1422
ag?P) ( 2N2/5> { BQ/5N3/5] dB( TEN T 6>

3/5 \ 2 2
1 — B_ i BY5 — L
2N2/5 ) dB B2/5N3/5

2 2
d (- B B/5 _ _ K
N dB IN2/5 B2/5N3/5

2 2
—(1= ﬁ BY5 _ L (-1)
o IN2/5 B2/5 N3/5

B35 \? . K d K
- = /| s _
N (1 2N2/5) @) {B B2/5N3/5] dB {B B2/5N3/5]
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then
o d cB*° 2B!/5B=4/5
]\}Enood_Bg(B)__ cB 2+5 1+CB
6 (1 i ?) -
Bl/5 2B—4/5 cBl/B
= B F B ) (2.432)
14+ — 6(1+—
6 6
B will be obtained from
d
1 —qg(B)=0
Jim - g(B) =0,
then from (2.432), we have
2B~/ cB'/?
5 6( LB '
6
2B—4/5 CBI/B
5 B
6(1+—
(1+F)
2 cBY/5
5B45 6+ cB
12 + 2¢B = 5Bc
4
B=-. (2.433)

C

Substitute B in (2.429) and because k is the largest positive integer, then

AN\
k< (—) <k+1 (2.434)
C
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then

AN 3/5
k< (—) , (2.435)

3/5
k> (ﬂ) —1. (2.436)

From (2.435), we obtain

which leads to

() = [ ()T 90

From (2.436), we have
kY3 > [(ﬂ) — 1]
c

1
multiply above inequality by N5 we obtain
1/3

kU3 1 [ faN\P®

From (2.436), we have
3/5 2/3
L2/3 > [(ﬂ) _ 1]
c
which leads to
K’ K

e 2 (2.439)

3/5 2/3 :
[(ﬂ) B 1] Ny
C

E5/3 < ﬂ
C

From (2.434), we have
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then

. AN
a + ckd/3 . eTel
6N 6N '

Add above inequality by 1, we obtain

a+ ck®/? a+ 4N
1+ 27 <
TN TN
then
1 > ! 2.440
a+ck5/3/1+a+4N' (2.440)
6N 6N
From (2.430) and by using (2.437)—(2.440), we obtain
O\ K2 Ko
(1 - ﬁ) {N1/5 - N1/5k2/3]
. 1 (a+ k3¢
6 N
1 /4N\*?]
z [1l—cs | —
QN( c >
1/3 —2/3Y 2
1| [4aN\?/° 1/ K| (AN\*° X /
N/A|\e ) SN\ e )
X i (2.441)
1
6N

Consider the first term on the right-hand side of (2.441)
3/572 1/5 2/5 2
1 (4N 174 4 1
11— — (= —l1—Z(Z ) I
[ 2N < c ) ] [ 2 (C) (C) N2/5]
9 2/5 43/5 \ 2
- (1 - ETW)

- {1 - % (ﬁ)%] g (2.442)
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Consider the term in the square bracket on the right-hand side of (2.441)

1 AN NP [ AN\
N (—) e <—) -1
15 1/3
1 4\ 5 K
:{W [(E) Nt } 4N\ 35123
(2 -G e

—2/3

c 4N

() -G ()(MH]

AN

C

O - @ - S e

S

Consider the denominator term on the right-hand side of (2.441)

a+ 4N a 4
=14 —+-

|
TN 6N 6

_2, 4 (2.444)

Substitute the results from (2.442) and (2.444) in (2.441), then we obtain

k 2 L1/3 % 2
(1 - W) {N1/5 - N1/5k2/3}

1—|—1 a+ kP3¢
6 N

> [ 2 ()T (%)“ﬁ

3 6N
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1 T

_ (%)2/5{ ) (2.445)
where
O (6 O [ T

(i) NN

Replace the result from (2.446) in (2.428), we obtain the upper bound for the

(2.446)

ground-state energy of “bosonic matter”

iy < - (7;;24 ) <£7) (c]\—[l—?/;)Z (%)2/5{ Bk (2.447)

For all allowed n > n’ = 100, (up to infinity!), our estimate (2.377) gives ¢ =

2.25456 as quoted earlier. On the other hand and elementary computer analysis
(see Appendix A), involving a finite number of terms, yields the exact integer

values:

k' = 511775, a = 3081771357. (2.448)

Hence, for realistic N > 10'° (2.446) gives

2
e 9 2.25456 \ /° 1
2.25456 \ 4 x 1015 §+ a
3 6 x 101
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o (225456 3/5
4 x 1015

2.25456 \ 5] *"*
b= (4 X 1015> )

, 1 (16 (4\?° ,
Multiply (2.449) by erae \27) & , we obtain
c c

(2.449)

9.25456\ *°] "
x |1 = (2222 -
<4><1015)

1 16\ /4\*° 1 1
AN L 2.450
(ct3)? <27) (c) U1>5im: ~ & (2.450)

By using the result from (2.450), then (2.447) becomes

4 N7/5
e ) (2.451)

Exn < — (2 .
NN < (2h2 621

By comparing with Dyson bound (Dyson, 1967)

me4 N7/5
W) 1944 7

me*\ N7/5 1
o <2h2) 6274 (31.3548)

1
< EnnNo- 2.452

EDyson <= <

1
= Fy N—————
N (31.3548)

Then, our bound improve the Dyson bound by a factor of 31. For a more conserva-
tive bound, elementary computer analysis shows that, at n? = 6, we have k' — 0,
then @ — 0 and we have a = 1,2,3 for (1,1,2),(1,2,1),(2,1, 1), respectively.

Then for v/6 < n? < 100 we have a > 1, then

100 > n® > 6.
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1
Multiply above inequality by —, we obtain
c

100 _ n?
c

then
100%2 _ n® _ 692
32 T 32 7 3720

(2.453)

Compare (2.453) with (2.377), then we obtain ¢ = 6 for v/6 < n? < 100, a > 1,

and Eq. (2.447) becomes

4 N7/5
o ) (2.454)

E Y I I
NN < <2h2 267 1

improving the Dyson bound by a factor of 7.



CHAPTER III
IS ‘BOSONIC MATTER’ UNSTABLE IN 2D?

3.1 Introduction and Orientation

With the mathematically rigorous analysis of the instability of the bosonic
system carried out in the last chapter, it has become important for us to enquire
whether the instability of bosonic system is a characteristic of the dimensionality
of space, and if instability is tied up with the dimensionality of space. It is also an
important question to investigate if the change of the dimensionality of space will
change such matter from an “implosive” to a “stable” or to an “explosive” phase.
Our analysis in this chapter and the remaining part of the thesis shows that this
does not happen and instability happens in all dimensions. As a first step in
investigating and answering this question, in this chapter, we have carried out
an analysis of such systems in 2D. In recent years there has been much interest
in the physics of 2D and the connection of the Spin and Statistics (e.g., Geyer,
1995; Bhaduri, Murthy and Srivastava, 1996; Semenoff and Wijewardhana, 1987;
Forte, 1992), and it is essential to investigate such bosonic systems, of central

importance, in 2D. One of our upper bounds for the ground-state energy in 2D

me4 N3/2
Evn< — (== | =— 3.1
N (2h2) 5072 (3:1)

is given by

for large N implying, in particular, collapse and, in general, a more ‘violent’” one for
large N than in 3D. Such collapsing matter may be also considered as collapsing
planar matter sheets set side by side in 3D. Several other bounds are also derived
for different range of values for N.

A general expression of the ground-state energy Ey y is derived in Sect. 3.1.
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Surprisingly, the mathematical analysis turns out to be also complicated in 2D
and several new Propositions and many more estimated are freshly derived in this
case in Sect. 3.2. In Sect. 3.3, several upper bounds are obtained including the

one in (3.1)

3.2 General Upper Bound Expression of Ey y

The Hamiltonian in concerned is given by (2.1). Then we have the expec-

tation value of above the Hamiltonian

2N 2 2N €2€'€'
(¥ H U) U — |y
1Y) 2::< ‘27"% >+;< i — ;] >
= H)y (3.2)

2
where U is a trial function and will be defined later. Since <\IJ ‘;i

2 2
2m; 2m

where m is the smallest of the masses involves in (2.1). Let Hyy is the expectation

\IJ> is positive,

then

qf> (3.3)

value of the Hamiltonian H

2N p? e2e;e;
Hon = U —|U U — 3.4
w= 3 () + () &4
=1 1<J
where
2N p? 2N 2
H= : — 35
— 2m * Z |xi — X; (3.5)
i=1 1<j

then from (3.2) and (3.3) we have

Hjy < Hoy (3.6)
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and from Chapter II, Hyy can not less than the ground-state energy Esn o, i.€.,
that

Esnan < Haon (3.7)

where Ey y denotes the ground-state energy H’ of (N + N) particles.

We set z = (x,¢) and introduce trial two-particle states (Dyson, 1967)

G(2,2) = Aatal€)cal€)a(x)10a(x) (38)

where (%), 11(x), . . ., ¥x(x) are mutually orthonormal and the integer k& will be

conveniently chosen later, with coefficients in (3.8) given by Dyson (Dyson, 1967)

1, a=0
A=1 (3.9)
—57 04:1,. ,k
and
1
—, a=0
cale) = 4 V2 (3.10)
c a=1,...,k

57

One may then define a 2/N-particle wavefunction as follows:
\IIZN(Zl, e ZQN) = Z G(Z(?T1>, Z(ﬂ'g)) cee G(Z(’TFQN,1>, Z(WQN)). (311)

The sum is over all permutations (mq,...,my) of (1,...,2N). The wavefunc-
tion oy is not yet normalized. Since Won/ ||Wapy|| does not necessarily coincide
with the ground-state function of H, the expectation value of H with respect to
Uon/ ||¥an]|| cannot be less than the corresponding ground-state energy. That is,
the expression in (3.11) can only provide an upper bound for the ground-state
energy.

Derivation of a general upper bound expression for Ey y by carrying out,
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in the process, the expectation value of H with respect to Won/ || Wan|| turns out
to be very tedious (Dyson, 1967; Manoukian and Muthaporn, 2002) as you have
seen in Sect. 2.1. To give the general expression for this upper bound, we define

the following expectation values with respect to single particle trial wavefunctions

Ya(X) :

2
T, = /d2x Y (x) (— h;z ) Vo(x), a=0,1,...,k, (3.12)
2
To = /d2xd2x' wg(xmg(x)b{i—ﬂwo(x’)%(x'), a=1,2.. .k (313

We then have the following general expression-bound from (2.274) (Manoukian

and Muthaporn, 2002, Eq. (2.18)):
1< k 1 (k —2) i
Exn<=S T+ NSV + 2 IN-2—2 [ =51, 3.14
wetgne (et () e

k
where k < N and we note, in particular, that the coefficients of T; and (— > I()a)
a=1

are strictly positive.

3.3 Basic Estimates

To derive the bound in (3.1), we need, in the process, to establish the
bounds given, in turn, in (3.15), (3.38), (3.39) and (3.58).

To the above end, we consider the following construction. For each doublet
(n1,n2) of two natural numbers, we define a state specified by the tip of the vector
n = (ny,n2). A non-trivial permutation of (ny,ns) defines a different state. For
example, (1,2), (2,1) define two distinct states satisfying, however, the constraint
n?=5.

For any given such an allowed n? (a natural number), let k denote the
number of distinct states, excluding the state (1, 1), with the constraint that the

length squared of each vector specifying such a state is less than or equal to n?.
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This is the total number of states, excluding the state (1, 1), lying within, or falling
on, a quarter of a circle of radius n in the so-called first quadrant, i.e., for n; > 1,
ng = 1.

Since by definition the state (1, 1) is excluded, the lowest possible value of n?
is 5. For n? =5, we have k = 2 corresponding to the states (1,2),(2,1). The next
allowed value for n? is 8, with k = 3, corresponding to the states (1, 2), (2,1), (2, 2),

and so on for other values of n? = 10, 13,17, .... We now establish the following.

Proposition 7
For any allowed n?, as defined above, we have the following inequality for the

number of states , also defined above, in relation ton :

k 1 3 1 1
S (1-2) - -2 1
n? nz( 2n) n 2 (8.15)

and the right-hand side of this inequality is strictly positive for allowed values of

n? > 29.

To establish (3.15), s rectangles each of unit height and bases of sizes Ny,
Ns,. .., Ny, where the N; are positive integers defined below with 1 < Ny < -+ - <
N, are stacked on top of each other as shown in the Fig. 3.1 inside of a circle of
radius n. Since the height of each rectangle is of one unit, we choose Ny, Ns,..., N

to be the largest positive integers such that
NE+12<n? ... N2+s*<n? (3.16)

to make sure that the rectangles fall within or just touch the circumference of a
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Figure 3.1: s rectangles, each of unit height and bases of sizes Ny, Ns,..., N,
where the N; are positive integers, with 1 < Ny < --- < Ny, are
stacked on top of each other inside a quarter of a circle of radius n.
Bounds are obtained on Ny, Ns,..., N, such that the rectangles are
within or just touch the circumference of a quarter of a circle.
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quarter of the circle of radius n. That is, we take
N <VR2—1< N +1,...,Ny< V2 — 2 < N, + 1. (3.17)
Then, from (3.17), we have
N; < /n?2 — 2 < N; +1, (3.18)
N; >+/n2—j2—1 (3.19)
where 1 < 7 <. Also Ny > 1 requires that 1 < vVn2 = s2 < N, + 1. Then
1<n?—s°

or

2 <n?—1.

Hence s is taken to be the largest positive integer such that
s<VvVn?Z—-1<s+1. (3.20)
From (3.20), we obtain

s<vn?—-1, (3.21)

s=>2vnt—1-1 (3.22)

For any N;, 1 < j < s, we have the number of distinct states which lie

within the rectangle of area N; x 1 such that

(]al)’(]72)7(]73)77(]7NJ) (323)
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then we have the total number of distinct states k, for 1 < j < s such that,

exclude state (1,1),
j=1

Because

ntjzn-—j

multiply above inequality by (n — j), then we obtain
(n—=3)(n+j) = (n—j)?

or

n? —j% > (n—j)?

then

n’—j*zn—j

add above inequality by (—1) we obtain
V=2 —12n—j—1.
Compare the left-hand side of (3.25) with (3.19), then we obtain
Ni>zn—j—1.

Multiply above inequality by Z we obtain
j=1

Jj=1

ile>Z(n—j—1)

(3.24)

(3.25)

(3.26)



add above inequality by (—1) we obtain

S

iNj—IZZ(n—j—l)—l.
j=1

j=1
Compare (3.27) with (3.24), we obtain

E2) (n—j-1)-1
7=1

Consider the right-hand side of (3.28)

s

j=1
=(n—1)s—
Substitute (3.29) in (3.28), we obtain
E>(n—1)s— s+ 1) -1
2
2
:(n—l)s—s——f—l

For (n — 1) > 0, and from (3.21)—(3.22), we have

then

s<Vvn2—1, $2<n?*-1
JnZ =
<

2 2 T 2

| »

Multiply above inequalities by (—1), we obtain

n?—1

[NV
(\V]

Z(n—j—l)—lzin—ij—il—l

s(s+1)
2

1 s2<n2—1

140

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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s n?—1
LA 3.33
Also, for s > v/n? —1 — 1, we have
(n—1)s=n—1) (\/712 1 - 1) . (3.34)

The addition of (3.32)-(3.34) gives the right-hand side of (3.30) becomes

1 3 1 1
2
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1
Multiplying of (3.37) by —; leads to (3.15). O
n

Many estimates of the sort in (3.15), involving corrections, are available in
the literature. A classic example of this is filling a sphere with smaller spheres
(the so-called Swiss-Cheese Theorem) see, e.g., (Thirring, 1983; Fisher, 1964).
The estimate in (3.15), as it stands, is not, however, what is ultimately needed.
What we need is a more involved one which allows us to count (k — k') states
corresponding to two consecutive n? > n'? values which is of central importance
in deriving the upper-bound for the ground-state energy in Sect. 3.4 This estimate

is given in Proposition 9. We first establish the following result.

Proposition 8

Let n* < n? be consecutive allowed n? values, then
n—n' <1+ = (3.38)

and

n [1 L (1 + 1)] <. (3.39)

To derive (3.38), note that although n is a natural number, n’ is not
necessarily so. Accordingly, let nj, be the largest positive integer such that n{ < n.

That is, we may write

n' =ng+ x, 0<z<1, (3.40)

n' <ng+ 1. (3.41)
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Consider the state specified by the vector n” where

n’ = (n)+1,1), (3.42)

the length squared of n” is given by

n"? = (nf+1)* + 1. (3.43)

From (3.41), we have (n{, + 1)? > n’?, then

(ng+1)*+1>n?+1. (3.44)

Compare (3.44) with (3.43), clearly

n"? >n"?+1 (3.45)

or

n" >n'. (3.46)

Since n?, n'? are consecutive with n? > n/2, it follows that n” > n.

By using (3.43) and (3.40), we obtain

n"? —n? =i +1)*+1— (n) + )

=ng +2ny+1+1—nf—2n)z — 2

=ni —ng + 2ny — 2npr — 12 + 2

=2nH(1 — ) + (2 — 2%). (3.47)

Also

(0" —n')? =n"?4+n?—20'n" >0 (3.48)
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and from (3.48), we obtain

"2

on'n" < n'"? +n'.

Add above inequality by (—2n'?), we obtain
n'n" — 2n/2 < (n//2 + n/2) _ 2n/2

then

2n' (n” —n') < n — 02 (3.49)

Substitute (3.47) in (3.49), then we obtain
2n' (n” —n') < 2nH(1 — ) + (2 — 2?) (3.50)

which is from n < n’ and 0 < x < 1. The above inequality leads to

2ny(1—xz) 2—2a?
n_ < 0
oS 2n’ * 2n/

ny(l—x) 2 — 22

ny + 2n’

ny(l — ) 2 — 22

=—+ . (3.51)

1—=z 2 — 2 1-0 2—-0
_|_

<
X y 0 /
o ng
1
=1+— (3.52)
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and compare (3.52) with (3.51), then we obtain

n —n' <1+ - (3.53)

By using the fact that n” > n, we have

"

add above inequality by (—n’) and by using (3.52), we obtain
- (3.54)

Then, Eq. (3.38) follows.

From (3.54), we have

:n{l—%(le%)] (3.55)

Because

then

1
Multiply above inequality by (1 + —,), we obtain
n

1 1 1 1
W\ w2 et )
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add above inequality by 1 and multiply the result by n, we obtain

n{b—%(k+%)]>n{k—%<l+%0}. (3.56)

By comparing with (3.55), Eq. (3.39) follows. O]

For any consecutive n? > n/?, we label the (k — k') states, specified by
those vectors all of length squared equal precisely to n? in an arbitrary order, as

a=Fk+1,k+2 ...k Let

am:[1_%50_%a_%_%] (3.57)

which coincides with the right-hand side expression in (3.37) when n is replaced

by n’. We then have the following important result.
Proposition 9
1 1\1°
a}ﬁb—7<H~»}CW) (3.58)
valid for n* > 29.
This inequality follows from that in (3.37) which leads, by using (3.57), to
kE>---> (K +1) >k >n?C0) (3.59)

and the one in (3.39). The constraint n'* > 29 just ensures the positivity of C'(n’).

(For the state specified by the vector n’ = (2,5), for example, n"? = 29.) O
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Let

c= [1 L <1 - i,)] N c~(n'). (3.60)

n' n

By using (3.58) and (3.60), we obtain

(3.61)

n2
az —
c
Consider the case of 5 < n? < 29. For n? = 5, we have k' = 0, a = 1,2 for the

states (1,2), (2,1), respectively. Then, we have the bound « > 1. This case of

5 < n? <29 leads to ¢ = 5 as given below
n2
>, 5< n? < 29. (3.62)

Consider the case of 30 < n? < 109, an elementary computer analysis shows that

(see Appendix B)
2
a> % 30 < n? < 109. (3.63)

On the other hand, for n? > 109, we can use our explicit inequality in (3.58) (valid

for n? up to infinity!) to conclude that

n? n?

104804 ~ 5

a >

, n*>109. (3.64)

7’L2
Oé)g

That is, for all allowed n?

O1‘| 3,

(3.65)
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3.4 Derivation of Upper Bounds

For orthonormal trial functions, we choose the Dyson ones (Dyson, 1967)

On (x) = %sin (77/17;371> sin (7122332) (3.66)

for 0 < x; < L, and vanishing outside this interval. We label the states as a = 0
for ng = (1,1) and for a > 1, a = 1,2,3 for n = (1,1),(2,1), (2, 2), respectively
and so on.

With our effort in deriving the bound given below, we have found the Dyson
trial functions most suitable for the problem at hand for the following reasons.

(1) We need an orthonormal set of functions, defined on a bounded interval,
for each z;, vanishing at its end points with the length of the interval, chosen
optimally, becoming smaller and smaller as N increases, implying the localization
of the particles and eventual collapse for large V.

(2) The trial orthonormal functions in (3.66) are simple enough to make
explicit sharp analytical estimates as is seen below.

(3) We have tried other orthonormal trial functions, such as the Hermite
functions, with an arbitrary scale parameter, and in all cases analyzed, the neg-
ative interaction part becomes very small in comparison to the kinetic energy
part for large n, and hence are not appropriate as trial functions. In particular,
the normalization constant in (3.66) is independent of n unlike the situation, for
example, with Hermite functions.

(4) The trial functions in (3.66) overlap, which is what is needed for the in-
teraction term in (3.68) below to be non-vanishing, and a choice of non-overlapping
orthonormal states defined on sub-intervals of (0, L), for each z;, for example, is

not useful.
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Let

h2v2

2

h
= d%x [V, (x)]?, (3.67)

1™ = /d%cd?x' B (X)00(3) 60y ()80 () (3.68)

where we note that the functions in (3.66) are real. The evaluation of the integral
n (3.67) is given below.

For x = (21, 23), we have

o, 0.

then
_ 09n(x). | 0¢n(x).
Vo, (x) = o1, i+ 0 3 (3.70)
Vo (x)[* = 99n(x) 2+ 00u(x)|" (3.71)
" 6901 8$2 )
Multiply above equation by / d?x, we obtain
Opn(x
2 2 n
/dx IV 6 (%)) _Z/d ’ &BZ (3.72)

Consider above equation only the case of i = 1, we have
O (x) 2\ 0 [ . <n1m;1> , (nﬂxgﬂ
=|(—=) = [sin sin
8:161 L 823'1 L L

N @) () eos (77 ) sin (1) (3.73)
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then

‘ O (x)
8x1

2 2\ 2 nim\ 2 niTL1 NoT X9
(7)) (F) e (T (MF2) - 6

Multiply above equation by / d?*x, we obtain

2 (%)2 (%)2 /OLdili'l cos? (n12$1> /OLdajg sin? <n2z$2>

Jo

= (1) (3.75)

Eq. (3.75) leads to

2

fo

oz, | (nTﬂ)z ' (3.76)

Substitute (3.76) in (3.72), then we obtain
2 Mo\ 2
% |V, (x)|* = (E) <L)
Jax Vool = (B5) (2

nm 2
=(— 3.77
(7) 377

where n? = n? + n3. By using (3.67), we obtain

() _ 7r2h2n2

T T
2mL? ’
2h2
7o) =~ 3.78
L2 (3.78)

where n2 = 2.

From (3.66), we have

= (a5, am




151

ono) = () sin (M) sin (M272) (3.50)

where

Then (3.81) becomes

Jox tnontol = (2) (%) = & (3.82)

To obtain an appropriate bound for (3.68), we define

F(k) = / d?x @ (X) Py (x) €75 (3.83)
and hence
X)) = [ (‘;T‘; F (k) o (3.84)
then
V 6 (X) (X)) = / % F(k)(ik) ™™, (3.85)

The square of above equation is given by

V6,00 = [ty [ (- () FQ (1) S0 (356)
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and multiply (3.86) by /d2X, we obtain

[exIVan ool = [ 555 [ S5k Ror ) [exatos

/ éj; [ Fag ) ( / (gj:; e“kk')"‘)

/ I’k / A’k k- K F(k)F*(K')0(k — k')

(2m)?
_/<dk k|* [F(k)[*. (3.87)
From (3.84), we have
|60 (x) i () |* = / Pk / ((;rk)/ F(k)F*(K') eltk=K)x (3.88)

Multiplying (3.88) by / d*x gives

/d2x |6 ()b (x)]” = / K / d’k’ F(k)F*(K') < / (‘;TX)Q ei<k—k/>'><>

d2k 21,/ * / . /
/(%)2 /d K F(k)F*(K)5(k — K

/ (;12 1F(k)|”. (3.89)

From the elementary Schwarz inequality (Woan, 2000), we also have

(/abda: f(x)g(a:))2 < /abdx [f(:t:)]2/abda: [9(2)]*. (3.90)

Eq. (3.89) can be rewritten as below

/d2x|<j>n (x)|” —/dk F(k)|”
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= [ 00l VR

k)| (3.91)

Tl

By using (3.90), Eq. (3.91) becomes

(ﬁ%hmm%qu<(/§$mmmfwD(/égzwﬁw)-

From (3.83), we have

!F%k>F:=l/h?xd2x'¢m<x>¢m<x>e-*<x-f>¢ncxv¢m<xv. (3.93)

Multiplying of (3.93) by /ko k|~ gives

2

2 |F<k)‘ o 2X QX/ < < 2 w X/ X/
Jor = N 60 { [ S ) on6om 6

(3.94)

Consider the integral of k on the right-hand side of (3.94)

—1kx —1krcos€
kd@dk
Jessgr =]
/ / dodk e —ikx cos 6
00 21 )
= / dk / df e—ihecost, (3.95)
0 0

Because

e—ika:cos@ _ f: (—lkfﬂ COS 6)”

n!

_ Z (—ilm);!(cos 0)" (3.96)



then

/280 e—ikmcosﬁ — f: /2210 (—1/{.17)” (COS 9)”
0 n=00 n!

n=0

Since

cos" 6 =

n

(eie + e—i@) n

2n

s n 2m
( 1l<;'x) / df (cosh)".
oo

—9n (e—ie + ei@)"

and from the binomial expansion, we have

n

(a+b)y=3" (Z) kb

k=0

3

then

3

(e—iG + ei@)”

£
I
o

3

£
I
o

From (3.98)—(3.100), we obtain

| k!l(n — k)!

| Kl(n — k)!

n!

n!

e—lO(n—k) el@kz:|

e—i9(n—2k)j| ]

27 27
/ df cos™ 0 = / do 2" (e_ie + eie)n
0 0
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(3.97)

(3.98)

(3.99)

(3.100)
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2 n ’I’L' )
_ dg 2~ —i0(n—2k)
/0 2 [kz!(n ") ©

k=0

n

B o P AP 3.101
- Kn— k) Jy & ° (8.101)
k=0

where the integral of 6 on the right-hand side of (3.101) is
2T ] 2T
/ df e =20 — / df [cosO(n — 2k) — isinf(n — 2k)]
0 0
=27 d(n — 2k). (3.102)

Then n should be even integer (0,2,4,...). Substitute (3.102) in (3.101), then we

obtain

2 " n!
g =23 | or§(n—2
/0 df cos™ 0 Z {k’!(n— Al wd(n — 2k)

k=0

_ 2w n!
T LGE)E)
2/ \2/)°

For j =0,1,2,..., and n = 27, substitute (3.103) in (3.97) we obtain

(3.103)

/2119 e—ik;:ccos@ — 9 f: (_lkl?: (n'?ﬂb
o D@




The expression of Bessel function is given by

RO o e

j=0

Compare (3.105) with (3.104), we obtain
27 )
/ df e kst — on Jo (k).
0
Substitute (3.106) in (3.95), then we obtain
e—ik-x 0
/ko = 27r/ dk Jo(kzx).
K| 0
It was shown by Lipschitz*) that
o0 1 o0 ™ .
/ dt e Jy(bt) = — / dt e~ / dg eibtcost
0 T Jo 0

L
1)y a—ibcosf
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(3.104)

(3.105)

(3.106)

(3.107)

*) Watson, G. N. (1966). A treatise on the theory of bessel functions (Chap. XIII, p.

384, Section 13.2). New York: Cambridge University Press.
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1
= — 3.108
N (3.108)
then
lim [ dt e"*Jy(bt) = / dt Jo(bt)
a—0 0 0
1
— (3.109)
0]
Compare (3.107) with (3.109), we obtain
e—ik-(x—x’) o
d’k = : 3.110
e = 10

Substitute (3.110) in (3.94), then we have

/d?k P _ /d2xd2x' b (X)bm(X) —— 6 (Nm(x). (3111

K| [x — x|

2 2
Multiply (3.111) by ((27:)62

and let m = ny = (1, 1), then

m) et [ D [t o, (396030 6, ()60 (3)
_ [ (3.112)

Multiply inequality (3.92) by (27)e?, by using (3.112), gives

n)e ( fa r¢n0<x>¢n<x>|2)2

< (/((21271)(2 |F (k)| |k|) (27) €2 </(;1jr];2 |F|(Tkl)|2>




(% )

Therefore

Because

VT 6, 000n(x) = [ FlK) K e

158

(3.113)

(3.114)

(3.115)

By using (3.84) and the multiplying of (3.115) by /d2X Gy (X)Pr(x), we obtain

/dZX (bno (X)(bn(x) \ -V’ ¢”0 (X)(b”(x)

- [ B 00 1 [ ) [

N / é;; F(k) [k| [d*k F*(K)d(k — k)

a2k )
= [ 10 M.

Substitute (3.116) in (3.114), we obtain

(fex |¢no<x>¢n<x>|2)2

/ %X Gy (X) D0 (X)V =V g (X)%(X)'

I™ > (27) e?

Let we define an operator, GG, as

0? 0?
AT h

vk G

(3.116)

(3.117)
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we have

= () (P (252

- (D) {5 ()
g (M5 (4))

() {5y () (22)
() (P ()

= (7)o (T o (M) e ()

() () () ().

Then from (3.118), we obtain “the eigenvalue equation”

(_V2)¢n<x> = _V2¢n(x)

— gudalx) (3.119)

2
where g, = n? (%) . For a function f of GG defined by series

(@) =) gmG™" (3.120)
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then we have

f(G)pn(x) = £ (gn) Pn(x) (3.121)

or

J(G@)on(X)Pm(x) = [ (gn + gm) ¢n(X)Pm (X). (3.122)

Then, by using (3.122), we have

VT2 00y (x)6n(x) = [ () 02 (T) 60006n(x)
= (F) V0 + 1) 60, (x)n(x). (3.123)
Multiplying of (3.123) by /d2x Ono (X)Pn (%), gives

/d2X ¢no (X)¢n(x) \ -V’ ¢n0 (X)¢" (X)

() [ 600006061 0+ 12) 0, ()0
(%) \ 16+ n? /d2x |G ()b (%) (3.124)

Substitute (3.124) in (3.117), and by using (3.82), we obtain

2
ore? ( [ r¢m<x>¢n<x>ﬁ)
10>
() /rin [ fon, Goonf
2L e2
N

2L e? 1

o

d*x | Do (X) P (X) ’2
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2¢?
= — 3.125
Ly/n¢ + n? ( )
where n? = 2.
2
From the basic estimate in (3.65), we have o > %, then
n® < 5a. (3.126)
2,2
Multiply (3.126) by o2’ and from (3.78), then we obtain
h?7?
T, < A2
o 52mL2 a (3.127)

with T, defined in (3.12). From (3.126) we have

n?+2 < 5a+2<5a+ 2

then

vVn?2 +2 < Vbha + 2a

or
1 1

> .
vVn2+2 VT«

2 2
Multiply above inequality by Te and compare the result with (3.125), then we

obtain
2 2

Iy, > . 3.128
Since o < k, then

VTa < VTk
then

L > L (3.129)
Via T Tk '
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2 2
Multiply (3.129) by Te, and compare the result with (3.128), we then obtain

L (3.130)
O0a = I /_7]{,‘ .
with Iy, defined in (3.13).
For
k
Sy
n a=1
and by using (3.127), we obtain
k k
h2 2
So1 < (G 2o
a=1 a=1
SR\ k(k +1)
= . 131
(QmLQ) 2 (3.131)
For
k
103
n a=1
and by using (3.130), we obtain
k k
2¢e?
N, < -
(Ze) <L
2e*Vk
_2eVk (3.132)
V7L

The inequalities in (3.131) and (3.132) are needed in our upper bound in (3.14),

which is given by

k k
1 k 1 (k—2)
FE —E T, N—-——=|Ty+-=|N — —E 1 .
N,N<2a:1 a"’( 3> o+3{ 5 }( 2 Oa)
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k—2
Because {N — ( 5 )] is strictly positive, and by using (3.132)

R T

From (3.78), we obtain

k h’m? k
(5 5)n () (134

1
Multiplying of (3.131) by 2 gives

k
1 522 k(k + 1)
N . 1
2; Somiz 4 (3.135)

The addition of (3.133), (3.134) and (3.135) gives

R*r? \ bk(k+1)  him? k 1 (k—2)] 2¢*Vk
Ewn < (QmL2) VR (N_§) "3 [N_ 2 ] Na?
= £(A). (3.136)

We want to find the minimum point of the right-hand side of (3.136), where

o (Zﬁ?) 5k(k4+ b, ijz <N_ E) _% [N_ (k;m} 2\62/5

3
= pA? — gA. (3.137)

where p, ¢ > 0 and A will be optimally determined.
Let

VA _opa,—q=0, (3.138)
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d*f(4)
=2p > 0. 139
Ve p=>0 (3.139)
Then from (3.138), we have
q
Ay = — 3.140
o= (3.140)

which gives the minimum point f(Ag) then

f(A) = f(Ao) (3.141)

then
EN,N < f(Ao) (3142)

where the minimum point of f(A) is given by

f<A0) = pAg —qAo

= ——. 3.143
. (3.143)
Let
1 me>
— = N*A 144
L (h27r2) (3:144)

where o will be optimally determined. Substitute (3.144) in (3.137), we obtain
22\ (mPetN?2 A2\ [5k(k +1)
A) =
=) () 5]
N B2\ (mPet N2> A2 N k
m him4 3

Sl ()
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- (7;;;) (N:;a> [ (3.145)

where

{-}z{A2{2(1—%>+%]—§{1 (h 2)}1‘;//_]\1;1} (3.146)

Compare (3.145) with (3.137), we obtain

() () () )

D o
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k—2
where [1 — ( 5N )] is strictly positive. From (3.140), optimally we choose
met\ [ N1T2\ 4 . (k—2)]1 kY2 1
212 = )3 ON | /7 Ne
Ay =

(5) (%) Ooa) ]

4 {1_ (k—Z)} kY21

3 N | A Ne

:2[2<1—3%)+%§1>]

[1 — (k_Q)} ﬂ/?i
2N ] 7 N (3.149)

e

Substitute (3.154) in (3.143), we obtain

- AGCL- 52 o)
(50 b))

2
3

ko177 k
4 1+2a l— oo+
_ [ me N 3 2N  N| N2 (3.150)
B 2h2 2 63) kK 5k(k +1) ‘
3N SN
Since N > 0, then
1 >0
N/
then
1
R R
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which leads to

ko1’ k\?
l———+—=) 2 (1-——] . 151
( 2N * N> < QN) (3.151)
Since - >0, th
ince o > 0, then )
—ov S
3N 0
then
k bk(k+1) Sk(k +1)
l— — 2 T 2 )
3N TSN Y
The inverse of above inequality gives
1 1
> . .
[k SR T k(1) (3.152)
3N 8N 8N
Multiplying of (3.151) by (3.152), gives
k1N &k k\? k
l— —+— 1— —
2N N /) N2« < 2N ) N2«
_£+5k(k+1) - 1+5k(k—|—1)
3N 8N 8N
(-7) =
2N ) N2
= . 3.153
R ok (215
8N 8N

The term on the right-hand side of (3.153) should finite when N — oco. Consid-
2
ering of N in the denominator leads to

k ~ N1/2
2«

k
and the term Vo in the numerator dictates the choice

W = constant.



Therefore, let

k=(BN)Y2,  B>0

then
k (BN)'/?
Nia = Nia = constant.
Eq. (3.155) leads to
Nl/2 _ N2a
then
N = Nie,
which gives
1
o= 1

1
For a = —, k = (BN)"? Eq. (3.153) will be rewritten as below

W

2 g2p1/2

2 1/2 A71/2
<1_£+i> k (1_3 N

5Bl/2N1/2

2N N/ Nee 2N

k Sk(k+1) = 5BN
1— — 422

vt aw 1+t

where

168

(3.154)

(3.155)

(3.156)

(3.157)

(3.158)
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Optimization of g(B) with respect to B where N — oo, is given by

lim

L = (). 3.159
Jim = (3.159)

From (3.157), we obtain

B1/2\?
1= B pue
we o (3

= e = i e 5B 5Bl2

1+ 3 +—8N1/2

1/2 \ 2
— lim (1— B B4 !
ON1/2 dB (1 5B 531/2)

8 Jr8N1/2
d B2 \?
— (1=
s ()
+J\}EI<1>O 5B 5B/2
14+ —

1/2

B'21" d
ON1Z| dB

BY/? 4 {1 —

8 * 8N1/2

d
_Bl/2
___ B d (5B 4B
5B\2dB \ 8 1+§
s 3

B 5B/2 N 1
- B
2B1/2 (1 + %)

58\ 2
g1+ =2

1 1 Bl/2
_ _ > | (3.160)

B 1/2 B
2<1+%) b 4(1+%>

Then from (3.159), we have

1 5B1/2

Bl/2 58
s (1 + g)

—0 (3.161)
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leads to

B=-. 3.162
¥ (3162)

Since k is the largest integer, we substitute (3.162) in (3.154), then we obtain

k< (%)1/2 <k41 (3.163)

or
k< (%)1/2, (3.164)
k> (%)m Y (3.165)

From (3.164), we obtain
2 1/272
[ S O
2N 2NV/5

k
Multiplying above inequality by N2 and by using (3.165), we obtain

(o) > e -] [(3) ]

Also, (3.164) gives

then

2 <1 (3.167)

and



171

_ (8%)1/2. (3.168)

The addition of the latter two inequalities, gives

1+5k2+5k<2+ 5\ /2
SN 8N ° SN

or

1 S 1
" 5k? N 5k 7 5\ /2
SN s8N 2t (8_N>
Multiplying of (3.166) by (3.169), and compare the result with (3.157), gives

2
9 1 N1/2 N 1/2
ok oy e L BN (8_) .
ON ' N ) N1/2 N N1/ INV5 5
k 5]€(k+1> = 5 1/2

(3.169)

3N SN SN
L |, _1(3 V2% T g V2 X
N1/2 2 \bN )
5\ 2
2 -~
()
1_1 B 1/272 8 1/2 . 5 1/2
2 \ObN ) SN
5\ 2 :
2 -
(&)

(3.170)

Substitute (3.170) in (3.150), we obtain

- () () @) ()
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= — (7;1_7?) <Z\:2/2) {1 (3.171)

el @ T
O e

Consider the case of large N,

1
dm (=g () (3) Bk

1 1
—. 1
49.8059 ” 20 (8:173)
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Substitute (3.173) in (3.171), we obtain (3.142) as below

4\ N3/2
o ) (3.174)

Evy < — | —— .
NN (2h2 5072



CHAPTER IV
N°/3 LAW FOR BOSONS FOR ARBITRARY

LARGE N

4.1 Introduction

The rather complex problem involving the investigation of the collapse of
“bosonic matter” in the bulk began in a classic paper by Dyson (Dyson, 1967) over
three decades ago. This gave the famous N7/ law for the interaction of (N + N)
negatively and positively charged bosons via the Coulomb interaction. For a re-
cent investigation of this law and of the improvement of Dyson’s estimate, we
refer the reader to our recent paper Manoukian and Muthaporn (2002) and elab-
orated upon in Chapter II. As mentioned in the introduction to the thesis, such a
power law behaviour N, with a > 1, implies a collapse of “bosonic matter” since
the formation of such matter consisting of (2N + 2N) particles will be favourable
over two separate systems brought into contact, each consisting of (N + N) par-
ticles, and the energy released upon collapse of two separate systems into a single
system, being proportional to [(2N)® — 2(N)®], will be overwhelmingly large for
realistically large N, e.g., N ~ 10?3, One of the difficulties in such investigations,
and the present one in the present chapter, is that both attractive and repulsive
interactions occur, which are not necessarily globally attractive, in contrast to
analyses involving only attractive, or globally attractive, ones (e.g., Hall, 2000;
Perez, Malta and Coutinho, 1988). Also analyses dealing with instability prob-
lems, as necessary conditions, rather than stability ones (Weidl, 1996; Conlon,
Lieb and Yan, 1988), as sufficiency conditions, turn out to be more complicated.

Physically, what maybe more relevant to the problem of instability of “bosonic
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matter” is the Coulomb interaction of the negatively charged particles with fixed
massive positively charged ones (Lieb, 1979). This is certainly non-academic. The
reason for this is that by doing so, one does not dwell on the fate and dynamics
of the so-called positive core which, undoubtedly, has a rather very complex dy-
namics at distances of nuclear dimensions. Such an investigation, by deriving an
upper bound for the ground-state energy in question as a function of N, maybe
then relevant to the collapse of “bosonic matter” down to the nuclear level beyond
which some new physical insights may be needed. Unfortunately, the correspond-
ing N°/3 law (Lieb, 1979) for the upper bound has been given (Lieb, 1979) only for
restrictive selected values for N given for N = 8,64, 216, .... The purpose of this
chapter is to complete this task and provide a complete and rigorous derivation
for and upper bound of the ground-state energy for arbitrary N > 8. This is
achieved by careful new methods of grouping of the particles in a non-trivial way.

The Hamiltonian under study is given by

2

p2 e N 62 N 62
H:Z2m-_ Z|Xi—Rj!+Z\Xi—Xj\+Z|Ri— il (4.1)

i=1 v j=1 i=1 i<j i<j

where the x; refer to the negatively charged particles, while the R; refer to the
positively charged ones. Here the masses m;, as before, may be replaced by the
smallest of the masses of the negatively charged bosons.

It is of some historical importance for us that we have initially tried to
group the particles within spheres packed on various consecutive surfaces of larger
spheres to obtain our bound. This turned out to be hopeless and we have soon
realized that this is an unsolved problem in mathematics as announced in the
Notices of the American Mathematical Society (Pfender and Ziegler, 2004; see

also Croft, Falconer and Guy, 1991).
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4.2 Derivation of Upper Bounds

With N > 8 denoting the number of negatively (or positively) charged

1/3
particles, and (g) being a real number, it may be written as

(ﬁf/g —nte (12)

where n is a strictly positive integer and 0 < e < 1. Let
k = 8n®. (4.3)

From (4.2), we obtain

N 3 3 €\3
Nu=8n3<1+-5>3
n
By using (4.3), we have
e\3
N:k@+ﬁ). (4.4)
Add (4.4) by (—k), then
N-k—k@+ff—k
B n

[0 (5 e ()
(@[5 o 03



SE 04D 5y

Since n > 1, we have

0 ¢ 1
“<fco«l
n o n n
By adding (4.7) by 1 gives
1<+ <2
n
then, we have
(1+2) <2
n
The inverse of (4.9) leads to
1 - 1
7
n
From (4.8), we have
(1+2) =1
n
The inverse of (4.11) leads to
1

— < L
(+2)
n

The addition of (4.9) and (4.12) gives

177

(4.5)

(4.6)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)



and the addition of (4.10) and (4.11) gives

€ 1 1
(1+5)+ e+ 1> 14541
n
5
=259
2

and

also 1 < <1 + %) < 2. Our main result will apply for € = 0 as well.

We introduce an N-particle trial function

178

(4.14)

(4.15)

(4.16)

(4.17)

VO 300) = e 300 0 (7)) s ) - v ()
(4.18)
where the sum is over all permutations {m,..., 7y} of {1,..., N} such that

/ d*x P (x)1;(x) = b5,

[ax 6 st = o
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/d3x 6(x)2 = 1. (4.19)

Since ¥ does not necessarily coincide with the ground-state wavefunction, we have

for the ground-state energy En n

By < (U|H|V). (4.20)

Example of Creation of ¥y

For case of N =4, k = 2 (N! = 24, k! = 2), we will consider the sum of

over all permutations {m, 7o, 73, T4}, let

A= 37 6 (xlm)) & (x(ma)) v (x(m3)) v (x(m)

= Z A, (4.21)
n=1
Let
¢ (x(m;)) = (1), (4.22)
g (x(75)) = [1lg (4.23)
where A,, is the n'® permutation term of {m,...,m;}, then we can choose
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Aos = (2)(D[4]1[3]2,  Asa = (4)(3)[2]1[1]>. (4.24)
Let
Y =Py.Py... PP (4.25)
where .
Pu=1+> (Pu) (4.26)

?M {71'1 ..... TMy-- -, 7TN} = {71'1 ..... WM_l,FM{TrM ..... 7TN}} (427)
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where the definition of P, is given by

ﬁM{TrMy oy TN} = {1, T2, - TN T}
= the left-cyclic permutation of {mys,..., 7N} (4.28)
Example :
?l{ﬂ-l?' - 77TN} = {7.‘—2777-37 s 77TN77T1}7

F2F1{7T1, e 77TN} = Fz{ﬂmﬂ?n - TTN, 7T1}
= {71'2,?2{71’3, ..., TN, 7T1}}
= {mo, Ty, W5, ..., TN, T1, T3} (4.29)

In case of N = 4, we have

P=1+Y (Pu)" (4.30)

=1

Then, the operation of P, on {my,...,m4} gives
P{my,...,m} = <1 + P, —i—?? —i—?i) {m,..., ™}
={m,..., M} —l—Fl{Wl,...,7T4}—|—]_Df{71'1,...,7T4}+]_3i){71'1,...,7T4}
={m,...,ma} + {mo, 3, w4, m1 } + {73, 74, M1, W2} + {74, M1, T2, W3} (4.31)
Operate above equation by P,, we obtain

P2P1{7T1,...,7T4}: <1+F2+F3)
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X [{ﬁ, ooy Ta} A+ e, s, my i} A+ {7, T, T, T} A+ {7T4,7T1,7T2,7T3H

— [{77'1, 9, 7T377T4} + {7T27 T3, 7T477r1} + {7T37 Ty, 7T177r2} + {7T47 T, 7T277T3}j|
+ FQ [{71-17 T, T3, 7T4} + {7T27 T3, T4, 7T1} + {71-37 T4, T, 7T2} + {71-47 1, T2, 7T3}j|

—2
+ P, [{W17W2,7T3,7T4} + {72, 73, Ty, 1} A+ {73, Ty, T, T} A+ {7T4,7T1,7T2,7T3H

= [{W1,7T2,7T3,7T4} + {ma, w3, w4, 1} + {73, T4, T, T2} A+ {7T4,7T1,7T2,7T3}}
+ |:{7T1,7T3,7T4, 7T2} + {7T2,7T4,7T1, 7T3} + {7T3,7T1,7T2, 7T4} + {7T4,7T2,7T3, 7T1}:|

+ ﬁ? [{ﬂ'l? T3, T4, 72} + {7T27 T4, T, 73} + {7T37 Ty, T2, 7T4} + {7T47 T2, T3, 7Tl}}

= [{717 T2, 7T377T4} + {7T27 T3, 7T477T1} + {7T37 T4, 7T177T2} + {7T47 1, 7T277T3}:|
+ [{71-1771-377(47 7T2} + {7T277T477T17 7T3} + {7T377T177T27 7T4} + {7T477T277T37 Trl}

+ [{71-177477.‘-27 7T3} + {71'2,71'1,77'3, 7T4} + {7T377TQ77T47 7T'1} + {7T477T377T17 7T2}j| .

(4.32)

Operate above equation by Pj, we obtain

PyPyP{my, ... w4}
= (1 —I—ﬁs)

X [{m1, 7o, w3, wa} + {7, 3, w4, W1} + {73, T4, 1, Mo} + {74, 71, T2, T3}
+ (1+Ps)

X [{my, w3, wa, o} + {2, ma, w1, W3} + {73, 0, o, W} + {4, W2, 5, M1}
+ (1 +F3)

X [{W1,7T477T2,7Tz} + {ma, w1, W3, Ma} A {3, Mo, Ty, T} F {7T4,77377T1,7TQH

- |:{7T177T277T37 7T4} + {71-277]-377(47 ﬂ-l} + {7T377T477T17 7T2} + {7T477T177T27 7T3}]
+ Ps [{W1,7T2,7Ts,7T4} + {mo, w3, T4, M1} A+ {73, Ty, T, T2} A {7T4,7T1,7T2,7T3H

+ [{77-17 T3, 7T477T2} + {7T27 Ty, 7T177T3} + {7T37 T, 7T277T4} + {7T47 9, 7T377Tl}j|
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+ F3 [{77-17 3, 7T477T2} + {7T27 Ty, 7T1,7Tg} + {7T37 T, 7T2,7T4} + {7T47 9, 7T377T1}j|
+ [{77'1, Ty, 7T277T3} + {7T27 T, 7T377T4} + {7T37 9, 7T477T1} + {7T47 3, 7T177TQ}j|

+ Ps [{W1,7T4,7T2,7T3} + {mo, w1, w3, my} + {3, Mo, Ty, T} A {7T477T3,7T177T2}}

= [{7?1,7T2,7T3,7T4} + {7r2,7T3,7T4,7T1} + {7T3,7T477T1,7T2} + {7T4,77177T2,7T3}]
{71, mo, my, w3} A {2, w3, W1, Wy} + {73, T4, W, W} A {7y, T, T3, T}

{7T17 T3, 7T4,7TQ} + {7T27 T4, 7T1,7T3} + {7T37 71, 7T2,7T4} + {7T47 T2, 7T3,7T1}

]

]

]
{m, T4, o, w3} + {mo, w1, w3, Ta} + {73, T2, M4, 1} + {7, T3, 7o, TR Y]

] (

+ |
+ [
+ [{m, s, mo, ma} + {ma, my, w3, 1} + {73, T, T4y W2} A {7, T2, T, R}
+ [
T 4.33)

{7"17 T4, 7T377TQ} + {7727 1, 7T47773} + {7]'37 T2, 7T177T4} + {7T47 3, 7T277T1}

Then, compare (4.33) with (4.24), we obtain

24

;{wl, o, W3, Ma} = PyPyP{my, mg, w3, T4} = nZlAn.
Consider
- (§4) (£
= (1)"(2)"[B]i[4)2 (i:l Am> + (1) (3) 4] [2]5 (g; Am>
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[{the sum of all permutations of {7y, mo} of {(1 }} Ao+ {-- }]
+ (1)"(3)"[4]1[2]5
[{the sum of all permutations of {my, 73} of {(1) }} 2l +{-- }]

+

(4)"(3)"[211[1]3
[{the sum of all permutations of {my, 73} of {(4) }} 1o +{-- }]
(4.34)

where {---} is the sum of other all possible permutations. Then

(£ (5

= (1)) B[A5 [{(DE) + @D} Bl1[4]2 + -]
+ ()@ [R5 [{WG) + )W)} [Hh2e+ {3
oot

(@ (3) 2015 [{(G) + (3) @)} 211 [z + {- -]

= [{IOPI@F +1@F WP }I (1)*(2)*{'“}[3]1‘[4]5}
[{l 3 +13)° (1) }I + (1)) {4 [2]
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_l’_
{IOPIGP + 1B IOF ) +(4) 3)" {2 [13)
= {21/ 11BL 1" [[4o]* + (1)) -} Bli[4]3}
+ {2!| )G I[41* [2]) + (1) (3)" {-- -} [4]3 213}
_|_
_l’_
20O PIG)PII P 2] + @) (3)" -} 215 (13} (4.35)

Then

/d3x(7r1)...d3x(7r4) AN = /d3x(7r1)...d3x(7r4) <ZA;> (Z Am>

=/dSX(m)mdSX(m){2!|(1)|2|(2)I2|[ B (4l + (W) @)* - [3)5[4]5}

+/d3X(m).--d3X(7r4){2!!(1)I2!(3)|2H JP 120" + (D)7 (3)" -} (413213}

Jex(m) . @) (2P (B 21 107+ (4)°3) - 2111}
= {2t farxtm) IO [ax(ma) Q) [extm) 30 [axtr) [
b [ ) ) (LB

+ {2!/d3X(7T1) (WP [d*(ms) [((3)° [ d*x(ma) [4h]” [ d*x(m2) |[2]2]
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b)) ) (L2
+...+
{2t farxra | @F [extr) (0F [axtm 21 [xtm) [P

+ faxm) . xm ) () () [2]’{[1];}

= {2140} + {2'+ 0} +... + {2/ + 0}

4! terms

= 412! = NIkl (4.36)
Therefore, for any N, we define

A=) (x(m)) é (x(m)) .. (x(mk)) 1 (xX(Tp41)) - nv (x(7n))

=> A, (4.37)

and from (4.36), we obtain

/d3x(7r1) () A = [dPx(ry) . dx(r) (Z A;;) (Z Am>

n=1 m=1

= NI (4.38)

Substitute (4.37) in (4.18), then we obtain

U(xy,...,Xy) = ! > A (4.39)




By using (4.38), we obtain

/d3X1 .. .d3XN |\I’(X1, e ,XN)|2

We choose single-particle trial wavefunctions

3

o) =T (T eos (3) ) =ou0, Il <L

=1

and is zero otherwise, and for j =1,..., N — k

3

vix) =]] (%cos (%)) = o1, (x —Ly),  |ai — Lji] <

=1

and are zero otherwise, also

Lj - ]D(l, 1, 1)
IL;| = jDV12 + 12+ 12 = jDV3.
From (4.44) and Fig. 4.2, we obtain
ILy| = V3D > V3L + V3L,
[Lo| = 2v3D > V3L + 2v/3Lo + V3Lo > V3L + 3V/3Ly,

|Ls| = 3v3D > V3L + 5V/3L,

187

(4.40)

(4.41)

Lo

(4.42)

(4.43)

(4.44)
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v/

X1

Figure 4.1: The figure shows the regions (non-overlapping boxes) where particles
are localized. The centers of the boxes are situated at 0, Ly, ..., Ly_g
with the latter (N — k) vectors being along the vector (1,1,1). The
sides of the box at the origin are 2L, 2L, 2L, while the ones of the other
(N—Fk) boxes are 2L, 2Lg, 2Lg, where Ly > L. The Coulomb potential
being of long range, there are non-trivial interactions between particles
in different boxes as well.



V2L

L,

2L

Figure 4.2: The figure displays the vectors Ly, . ..

Lo

Lo

Lo

V2Lo

Lo

Ly

Ly

V2Lo

Ly Lo
2L
,/
Lo
L
V2L
) LN—k

189
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IL;| = jV3D > V3L + (2 — 1)V3Ly. (4.45)

Then
jD > L+ (2j — 1)Ly = (L — Lg) + 2jLo. (4.46)

Since Lo > L, we have

L—Ly<0 (4.47)
then (4.46) becomes
JD > 2751
therefore
D
5 > Lo. (4.48)
Then, from (4.47), we obtain
D
L<Ly< . (4.49)
Since |z;| < L, then
L<u <L (4.50)
and since |x; — Lj;| < Lo, then

Add (4.51) by Lj;, then we obtain

Since L; = jD(1,1,1), then
L, = jD. (4.53)
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Substitute (4.53) in (4.52), we obtain

From (4.48), we may choose any D such that

D > xLy (4.55)
where x > 2, we choose
X =6 (4.56)
then, for Ly > L, we have
D >6Ly > 6L. (4.57)

With L < Ly < g, the intervals {—L < x; < L}, {jD — Lo < x; < jD + Lo}, for
j=1,...,N —k, (i =1,2,3) are all disjoint and the wavefunctions ¢(x), ¥;(x)
are non-overlapping and automatically satisfy (4.19). Physically, they correspond,
respectively, to particles localized in boxes of side (2L, 2L, 2L) and (2Lg, 2L, 2Ly)
with the center of the first at the origin of the coordinate system and the cen-
ters of the other boxes for ¥ (x),...,¥n_r(x) defined by the tips of the vectors

Li,...,Ly_x (see the Fig. 4.1). We will actually choose D > 6Ly > 6L.

The single-particle average kinetic energies are derived below

2

T = ;—m Px |Vo(x))? (4.58)

and

FLQ
Ty = 5 [d' [V (). (4.59)



From (4.41), with x = (z1, 2, 23), we have

o) = e (5) o= (5) = (32)

43 0 (71'1’1) (7T{L‘2) (ﬂ'x?’)
—— oS [ —— ) cos [ —= ) cos [ =—=
Jf)xg 2L 2L 2L

—|—f( 0 <7T331> <7T.T2> <7rgj3>
0xy o \2r ) \ap ) P\
. 1 {i' <7r:v1> (7T332> <7m:3>
~ oprar VP \ar ) P \er ) P \ar
+,\ <7Tl’1) . (71'1}2) (77'1*3)
— ) sin ( —= s
J COS 5L S 5L cos 5T

o LS| Tx\ . (TT3
teos (57 ) eos (57) s (57) }

then

2

Vo(x)[* = % {Silfl2 <7;—:21> cos® <7;—:CLZ> cos” <7;_:23>
et (o (52 ()
+ cos? <7;—521> cos? <7;_?> sin? (%)} .
Multiply (4.61) by /dgx, we obtain

[ 1o

w2 L sy [T L (mway [F e
=1 {/del sin (E> /dez cos (E) /deg cos (

L I .

UED . ML X3

+ [ d 2<—>/d 2<—>/d 2(_
/_L 2 cos” (5p B T2 sin” (5 X r3 cos® (3

192

(4.60)

(4.61)
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32 3 372

Substitute (4.62) in (4.58), we obtain

T 3m2h?

= —. 4.
Sm L2 (4.63)

From (4.42), we have

. 1 N 0 7T($1 - le) 7T($2 - Lj2) 7T($3 - ng)
ij(X> - W {187 COs (2—L0 COS 2—L0 COS 2—L0

.. 7T<£IZ'1 — le) 7T<£C2 — ng) 7T<£C3 — ng)
X {1 Sin ( 2L0 ) COS ( 2LO COS 2LO

R m(x1 — Lj)\ . [7(x2— Ljs) (x5 — Ljs)
+J cos < oLy ) sin ( oL, Cos oL,
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then
v F =
" {sin2 <7T(9512£0Lj1)) cos? (W(@z;fﬂ)) cos? (W(%z;fjs))
+ COS2 (—W(xlzzol/ﬂ)) sin2 (—W(Iz;OLﬂ)) C()S2 (.W<x32;0[/j3))
+ cos? (—W(x;;fﬂ)) cos? <—7T(x22;0L‘72)) sin? (—W(xi;;fj?’)) } .
(4.65)
Let
a; = Ly; — Lo, (4.662)
bi = Ly; + Lo. (4.66b)

Multiply (4.65) by /d3x, and by using (4.66), we obtain
Jax 1960
i (o () [ o (55)
X /ajgdxg cos? (W(x?)QZOLjZ%))
—I—/:ld:vl cos? (—7@12;0[1]‘1)) /(jdxz sin? (—7(1'22;0%2))

b3 — L.
X /CLS dl'?, C082 (WZ—LOJ?’))



by — L. b2 — L.
+/(n dz cos” (W(:ElQLo Jl)) /a2 drz cos” (ﬂ(@?Lo ]2)>
b3 — L.
X / dzs sin? <—7T($3 ]3))}
as 2L

b i — Ly
/a. dx'L Sil’l2 (WTOJ)) = LO

3

b
¢ m(x; — Li;
/w dflfl COS2 <(TOJ)) = LO.

7

where

and

Substitute (4.68) and (4.69) in (4.67), we obtain

7T2

2
/d3x VU = 47 {L3+L3+Lg}

B 32
AL2
Substitute (4.70) in (4.59), we obtain
3m2h?
= =,
7 8mlL?
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(4.67)

(4.68)

(4.69)

(4.70)

(4.71)

If Z is over all the permutations {my,ms,..., 7y} of {2,..., N} and m

is fixed. Example, for N = 4, we have

/
Z {7T177T277T357T4} = {71571'277(377]—4} + {71571'277(477]—3}
+ {71, w3, Ty, Mo} A {71, T, T, Ta}
+ {7T177T477T27 7T3} + {7T177T477T37 7T2}7

/
Z {7T277T177T377T4} - {7T277T177T377T4} + {7T277T177T477T3}
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+ {73, 1, My, Mo} + {3, Ty, T, T4}

+ {m4, 1, Mo, wy} A+ {7y, T, T3, TR} (4.72)

we can see from above equations that there are 3! terms for each sum of permu-
tation Z,. Thus, in case of N, we will have (N — 1)! terms for all of the sum in
Z {m, 79, ..., 7N}

Therefore, by using the method of permutations from (4.72), we can write

U(xy,...,xy) in the way such that

X 1 (K1) (X(ma12)) - (X ()|
£ 3 [Bexm))ox(m)ole(ns)) .- o(x(m)

X 1 (X(meen) U (X(mas2)) - k(X ()|
£ 3 [sm)otx(m)otem)) .. o(x(m)

X 1 (x(ms) U (x(mg)) - v (X()|

+

+

S [sxm)lx(m) .. ox(me) o (x(m))

X 1 (X(Th41)) P2 (X(Thr2)) - PNk (X(7n))



£ 3 [Bxm))ox(m)) .. d(xm))(x(mssn))
X U1 (X(m)a (X(mes2)) - Y w(x(7v)|

£ 37 [oxm)olx(m) . dlx(m))o(x(mic)
X 1 (X)W (x(71)) - ok (X()|

+

£ 37 [oloe(ma))o(x(ma)) .. oox(m)) (i)

197

X 1 (X(Thy2)) P2 (X(Tht3)) - - UN—k-1 (X(WN))l/JN—k(X(Wl))} }

e TDIED DR SRS SRR B

where we denote

X 1 (x(m) o (x(ms2)) - v (k)|

(4.73)
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K] = |ox(m))ox(m) .. o(x(m) o (x(m1))
X (k) e (x(ms2)) - v ()
k41 = [o0x(m)o(x(m) .- S(x(m)) o (x(mesn)
() a(x(mes2) - (x|
k+2) = [o(x(m))o(x(ms)) .. Slx(m))o(x(menn))

X (o) W x(m)) - - (x(my)|

[N] = | p(x(m2))p(x(m3)) - . . p(x (7)) (X (Tk11))

X b1 (X(hy2) ) o (X(Tht3)) - YNk (X(WN))@DN-k(X(Wl))]

(4.74)
and (-1
Y lnl= 3 [l (1.75)

where [n]; is the j™ term in the Z n], 1<j<(N—-1)and 1 <n < N. Then

we can rewrite (4.73) as
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N  (N-1)!

\/_'k Z Z (4.76)

Consider the kinetic energy
N
<\p

: 2m
=1

> 2m2/d3x1 Pxy |V, 0]

Z/d3 x(m) x(ry) |V (4.77)

where x = (1, 9, z3) and

0 0
i ; & . 4.
Vm l@xl (7'(1) + 0z (7TZ) + 03 (ﬂ-z) ( 78>

From (4.76), we obtain
/ Px(ry) .. dPx(ry) Vo 0[?

= /d3x(71'1) L dPx(my) (Vm\lf)* -V, U

N (N-1) ¥
/ (71—1) d3X<7TN) (VMZ Z [n]J) -Vm\IJ

n=1 j=1

(N-1)!

Z1 Zl / 3X(7TN> (Vﬂz[n]J)*Vm\Ij (479)

Since, for any [n];, [m],

/d3x(7r1) L dPx(ry) (Van];) - Vi, U
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_ /d3x(771) L Bx(ry) (Vaml) - ViU (4.80)

then, we can choose any [n];. Let we choose

X 1 (X(mee1) U (X(mis2) - o n(x(m)| (4.81)

Substitute (4.81) in (4.79), we obtain

/d?’x(m) L dPx(ry) |V, U

Z / Ax(r) (Vi [0) - Vo0

||M2

= N /d?’x(m) L dx(my) (Vm [0])* -V, V. (4.82)

3

Consider V. [0],

V0] = Vo, [6(x(m1)¢(x(m2))p(x(73)) - .. d(x (1))
X 1 (% () W2 (x(Th12)) - ok (x(7) )]

= (Vro(x(m))) ¢(x(m2))d(x(73)) . .. o(x(m))
X 1 (X(Th11) )2 (X (Thr2)) - N (x(Tw))

+ ¢(x(m1)) (Va,0(x(72))) ¢(x(m3)) . . . p(x(71))
X 1 (X(Tg41) )2 (X(Tht2)) - - - Yn—k(X(7N))

+ ¢(x(m1))p(x(m2)) (Vr, ¢(x(73))) - . d(x(mi))
X 1 (xX(mh12)) 2 (X(Thr2)) - -k (X(7n)
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_I_
P(x(m))o(x(m2))p(x(3)) . . . P(x(7x))
X 1 (X(7hr1) )2 (X(Thi2)) - - - (VmwN—k(X(WN)))

N
-3 Gy (4.83)
/=1

where

Gii = (Vro(x(m))) o(x(m2))¢(x(73)) . .. d(x(mk))
X Y1 (X(Thy1)) 2 (X(Thg2)) - - UN -k (X(TN)),

Giz = ¢(x(m1)) (Vr,d(x(m2))) (x(73)) . .. $(x(mr))
X 1 (X(My1) )02 (X(Tpp2)) - - vk (x(7)),

Gis = p(x(m))(x(m2)) (Vr,$(x(m3))) - . p(x (k)
X 1 (X(Me41) )2 (X(Thp2)) - - v k(X (7)),

_|_
_l’_
Gin = ¢(x(m))o(x(m2))d(x(m3)) . .. S(x(mk))
X 1 (x(mp11) )02 (%(Ter2)) - - - (Vi bk (X(7n))) - (4.84)

Substitute (4.83) in (4.82), we obtain

/ Px(ry) .. dPx(ry) [V 02



We have 2 cases; 1 << kand k+1< (<N,

1. For 1 </ <k:

% d3x(7r1) .. dSX(ﬂ'N) G-V, ¥
— Zh_m dPx(my) ... dx(mn) ¢ (x(m1))¢* (x(m3)) - . . [V, d(x(m0))]" - ..

X @ (x(m) )07 (X (Th41))03 (X (Thp2)) - Oy 4 (xX(Tw)) « Vi, W

T
VNI 2m

dPx(m) ... PPx(1y) ¢*(x(m1))d* (x(m2)) . ...

202

(4.85)

(4.86)

X [V, d(x(me))]" - - 0" (x(mi) )7 (x(e41)) 005 (X (Tr42)) - - R (X (7))

<k ox(m))o(x(m)) . [V, d(x(me))] .. 6" (x(me)
X LK) (K(mh2)) - Uy (x(mv)) }

k! ) )
:W/ *x(m) [o(x(m))* [d*x(m) [o(x(m))*..

2

<o [dx(m) [V olx(m)f /dem) ()
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< /d3x<7rk+1> (e ) [ dx(mipe) a2 .

X /d?’x(mv) [ (x(mn))[*

k' R?

~ VNTK 2m / d*x(me) |V, (x(m))[ (4.87)

By using (4.58), Eq. (4.87) becomes

h? . k!
% d3X<7T1) ce d3X(7TN) Gz’é . Vm\ll = WT(S,[ (488)

2. Fork+1< /(< N:

h? .
% d3X<7T1) Ce d3X(7TN) G;ké . Vﬂ-lqj

= D2 fix(m) . dix(my) 6 (x(m))6 (x(m) . 67 (x(m)

- 2m
X T (%1 ))Y5 (X(Tr2)) - - [V e (1)) - iy _i(x(w)) - Vi, U
1 h?
~ VNIkI2m
X T (x(m1) )05 (X(Tr2)) - - [V e (X(m))] - R i (x(v)

d*x(my) ... d*x () &7 (x(m1))" (x(2)) . .. ¢ (x(7k))

< k{6 (x(m))p(x(2)) . 6 (x(m))
X 1 (X () P2 (X(Trs2)) - - [V ek (x(me))] - wak(X(WN))}

Z\/Z—'—,k, d*x(m) [¢(x(m))[* 013><(7r2)|<z5(><(7r2))|2---/613><(7Tk)ch(X(mc))I2

x /d3x<wk+1> (e ) [ dx(mipe) a(e(mep)) ..
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< I fix(m) (Ve axm) /d3x<m> ()

— o [ [V (4.89)

By using (4.59), Eq. (4.89) becomes

h2
% d3X(7T1) ce dSX(ﬂ‘N) G:} . Vﬂ—z\p =

k!

— Tobir (4.90)

Substitute (4.88) and (4.90) in (4.86) we obtain the kinetic energy part,

-
%Z /dgx(m)...d?’x(ﬂN) V.., U|?
=1

NIk i {i” i s }
Y e A + 0044
VNI VN & | &=

l=k+1

= KT + (N — k)Tp. (4.91)

Consider the interaction term,

N N 9

1
X D20 Gelm)) -0 (x(m) 1 (i) v () s

e N 5 , N - )
— N!k!ZZ/d x(m) ... dPx(my) Y [n]mmqf (4.92)
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where, for any 1), [plk,

N (V1)
/d3x(7r1) d*x(mn) Y ["];‘\x(m)l_ Rj‘xp
N (V1) .
_/dsx(m) dx(my) S Y D . A
N (V1) .
—/d3x(7r1) d*x(mn) ) [O]*|x(m)—Rj|‘P
N\ /d3x(771)...d3x(7rN) [okmxp (4.93)

where [0] is defined in (4.81). Substitute (4.93) in (4.92), we obtain

s ')

— 6]\][\![]{!_' ZZ/d?’x(m) L dPx(my) [0]*]X(T1—RJ]\D (4.94)

Cj=1 i=1

N

N 62
ZZ % — Ry

j=1 i=1

Consider the integral on the right-hand side of (4.94),

1

/d3X(7T1) Ce d3X(7TN) [O]*mqj

= /d3X(7T1) - dPx(my) ¢ (x(m))¢ (x(72) )97 (x(3)) - 67 (x (k)

1

X T (X (k1) ) (X(Ty2)) - -@ZJ;KV—I@(X(WN))M\P' (4.95)

For 1 < i <k and |z;| < L, we have

1

/dgx(m) L dPx () [O]*M\P
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k!

= T /d?’x(m) Cdx(m) L dPx(ny)

x ¢ (x(m1)) 9" (x(72)) . .. % (x(m:)) . .. 6" (x(7r))

K () - Uy (X)) e
k! 3 ‘ ; 2(x (s
= Wil d°x(m;) () — ijqb (x())
3 1

X

k!
= d P Rj|q§2(x). (4.96)

Fork+1<2<Nand|xz—Lﬂ|gLO,

We define
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d*x(m;) = d*x. (4.98c¢)

Substitute (4.98) in (4.97), we obtain

1 k! , 1

U = d’x 2 (x).
x(m;) — R VNE! |x + Li—, — Ry 710(%)

(4.99)

/dgx(m) o dPx () [O)F

Substitute (4.96) and (4.99) in (4.94), we obtain

= d3 1 2

i=k+1

N
= ¢? Z {k/d3X|X —1R-|¢%(X)

j=1

N—k 1

+ / Px— @2 )b (a100)
1 x +L; — Ry| ™

1=

Multiply (4.100) by (—1), we obtain

_<q,

N N o2
22w

N
1
xp> = —e2k;jzl/d3x e j|¢i(x)

j=1 i=1
N N-k 1
_ 2 Bx — 2
) lezzl/ B |X+Li—Rj|¢L°(X)
= (). (4.101)

Consider the interaction term,

sl

x; — X

1<j
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, N j-1 1
—° ;“-:1 <\I] |x; — % LIJ>
o XL N (VD) |
~ VN ; — /d x(m)... dx(mw) ; — [n]m\x(m) - x(m)flp
(4.102)
where, for any 1), [plk,
N (N=-1)! 1
/d3x(7r1) () 3 "l |x(m:) — x(m;)] v
N (N-1)!
:/d3x( x(my 2 ’; [p _X%)'\I/
N (N-1)! 1
:/d3x(7r1)...d3x(7rN)Z > 0 e
= N! /dgx(m) L dPx(my) [0]*|X(m) iij”qf. (4.103)
Then Eq. (4.102) becomes
< ;‘XZ_X]’ >
AR 3 % 1
— Z ‘ / x(m) ... d*x(my) [0] ey _X(quf. (4.104)

<.
[|
¥
-
Il
—

e k+1<i<N, k+2<j<N.
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1. For 1 <i<k, 2<j<k

/dgx(m) . dx(my) [0 ! v

[x(m:) = x(m;)]|

- / d3x(m1) ... dPx(my) & (x(m1)) ... ¢" (x(m)) ... " (x(1})) ... d" (x(mp))

X ] (X(11)) - Wy (X(7N))

[x(m:) = x(m;)]

k!

= N /d3x(7rl) L dx(m) L dPx () L dPx ()

1

[x(mi) = x(m;)|

X U} (X(Mp1)) - PR (X(T))

= \/]lj/—'Tkl d*x(m;) d*x(7;) ¢* (x(m;)) :

| 1
= \/% d*x d*x’ ¢3 (x)

o7 (x'). (4.105)

x—x
2. For 1 <1<k, k+1<j<N

/d3x(7r1) L dPx(my) [0 ! v

[x(mi) — x(7;)|

X Y7 (X(Tg41)) Vi (x(7;)) -+ Uy, (x(7n)) Ix(7;) — x(7rj)|\Ij
k! 3 3
— = d°x(m) ... d°x(m;) ... d°x(mj) ... d°x(7n)
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= P () dix(m,) 6 (x(m) et (x()
NIK] 1 ! U x(mi) = x(my)| TR
k! 3 3 2
— ot dx(m;) d°x(m;) 7, (x(m;))
1 ? (x(m;) — L;
* |x(7;) —x(ﬂj)|¢Lo( (m) = Lij—s)- (4.106)
Let
X)) — Ly 5 = X, (4.107a)
X(Tl’j) =x'+ Lj—k; (4107b)
d3x(m;) = d*x', (4.107c)
Substitute (4.107) in (4.106) we obtain
3 3 * 1
/d x(my) ... d°x(7y) [0] () = X(ﬂj”\lf
1

d*x d°x’ ¢7 (x) o7, (x'). (4.108)

k!
-~ VNIE!

[x —x' — L4
3. Fork+1<i1< N, k+2<j<N

/d3x(7r1) L dPx(my) [0 ! v

[x(m:) = x(7;)|

B / Ex(m)... Px(m) ... dx(r). .. dx(my)

X ¢" (x(m1)) ... ¢" (x(7k))
Xy (%)) - iy (x(m)) iy () -y (x ()



1
) =)
k!
= g ] 4 dx(m) ()

k! 3 3 ) 2 x(T
= \/ﬁ d X<7Tz>d X(ﬂ-]) wz k( ( 1)) |X(7TZ')
k!
= d*x(m;) d*x(7;) o7, (x(m;) — Li_y)
1 2
- |x(m;) — X(W])|¢LO(X(7T]) L)
Let
x(m) — Lk =%
x(m;) =x+ Li_y
d*x(m;) = d*x
and

211

(4.109)

(4.110a)

(4.110D)

(4.110c¢)

(4.110d)

(4.110¢)
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dP*x(m;) = d°%. (4.110f)

Substitute (4.110) in (4.109), we obtain

/d3x(7r1) L dPx () [0 ! v

[x(7:) = x(m;)]

1

d3 d3 /2
xax ¢LO<X) ’X + LZ;]C —x' — Ljfk|

1, (x)

1
|X —x' 4+ Li—k — Lj—k|

’xd*x’ ¢7 (x)

k
V NIE!
k' 2 / 4
N 63, (x).  (4111)

By using (4.105), (4.108) and (4.111), Eq. (4.104) becomes

2 Sl 1
3 ==
e*N! = o 3 3 x 1
RV {Z et o) D1
N k , 1
+ Z Z/d x(m1) ... d°x(7n) [0] () X(ﬂj)|\11

3 <(7 x(7 * 1
+ Z Z /d 1 ( N) [O] |X(7Ti)—X(7Tj)|\II}

Jj=k+2i=k+1
2N J—1

d 3 3/ 1 2 !
mm{;;/dm% ) e 7 O

1

— Ll

o1,(x)

+ Z Z/d?’ d*x’ ¢% (x | —

j=k+1 =1
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N Jj—1 1
3¢ 13/ 42 2 (¢
+ E E /d xd’x LO(X)|X—X/+L¢7k_Ljfk|¢LO< )}

j=k+2i=k+1

k -1 1 ) ,
— 2 {Z /d3xd3x’ b3 (x) x— x| (x')

j=2 i=1

N k ) 1 ) ,
4 Z Z/d?’xd?’x' o7 (x) |X—X'—L‘—k’¢LO(X>

j=k+1 i=1

N j—1 1
3 13! 42 2 (!
+ Z Z /d xd™x LO<X)|x—X’—|—Lz’—k—Lj_k|¢LO<X>}

j=k+2 i=k+1

= 62@ /d3xd3x' ¢7 (x) #Q% (x')

[x — x|

N
1
+§k§:/$m%wﬁ@Mx_y_h%|i@U
j=k+1

N j—1 1
2 3 13/ 42 2 (ol
te E E /d xd’x" ¢7,(x) P Lj_k|¢Lo(X)

j=k+2i=k+1
k(k —1 1 ,
=B [t o (0 e ()
iy 1 2 /
+ %k z; /dsxd?’x’ P2 (x) mﬁbLO (x')
p=
= 3 2 1 2
2 3 / /
*62;2;/5““‘%J”m—xwiﬁ—uﬁm@)
J=2 i=
k-1 , 1 ,
=B [ o (00 2ot ()

N—k 1
+e’k Y / d’xd’x’ ¢7 (x) T—Lﬂ(bio (x')
j=1

|x
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= (V). (4.112)

Consider the interaction term,

N ) N 2
¢ e
U = (W) = (U(xy, ¢y
< Z’Ri_ il > <(X1, >XN)Z‘RZ,_ i (x1, ,XN)>
1<) oy
N .2
v Y
;|RZ—Rj|< (X150 xn) [ W (%1, -0, X))
N 2
- (4.113)
;‘Ri_Rﬂ

(W|H|¥) = <w N P m> - ii (o] ¢ . v)
+Z< el >+i<‘1’ ")
= KT+ (N = k)To] + (V1) + (Va) +Z|R 2R| (4.114)

We set Ry1; = Lj, from (4.101), we obtain

al 1
_ 2 3 2

— 3 1 2
‘ Z/d (‘X—FLl— |+ ‘X+LN_k—Rj|)¢LO(X)
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— —ezk;/d%cb( _1 — ek Z /d3 —— 7 (x)

j=k+1

3 ]‘ 2
‘ez/d (\xm— R, " |x+LN_k—Rj|>¢LO<X)

1
2 d3 ( ) 2 )
Z / |X—|—L1— ‘ |X+LN7k—Rj’ LO(X)

j=k+1

(4.115)

Because

e’k Z /d3 -~ 2(x)>o (4.116)

j=k+1

and

1
d3x 2 >0 4.117
¢ Z/ <|X+L1 _ ’ + |X+LN—k_Rj|) ¢L0(X) ( )

then, the addition of (4.116) and (4.117) gives

- 1
2 3 2
(1) < —e k;/d XmG%(X)

2 3 1 ,
Z/d (|x+L1_ ‘+ |X+LNk—Rj]>¢L°(X)'

j=k+1

(4.118)
For 1 << N — k, we have

1 1

+ ...+
;1|X+L R‘ |X+Li—Rk+1| ‘X+Li—Rk+i|

1
+
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1 1 1
= ot ..+
|X+LZ—Rk+1| |X—|—LZ—LZ| |X+LZ—RN|

1 1 1
= b —
|X—f-LZ —Rk+1| |X| |X+LZ —RN|
> L (4.119)
= Ix[ ‘
Then, by using (4.119), we obtain
N N
1 1 1
4+ > —
j§1(|x+L1—Rj| |X+LN—k—Rj|> j:,;l ]|
N —k
_WN-k) (4.120)
]
Therefore
S fox (o L)
j=k+1 |X+L1 | |X+LN =Ryl
(N —k)
< _62 /d3 |X| ¢%0( )
2 3, 1
— (N —k) /d x 270k, () (4.121)
X

Substitute (4.121) in (4.118), we obtain
: 1 1
(Vi) < =€’k /d3x ﬁ¢%(x) —e*(N — k) /d3x ‘;lgb%o(x). (4.122)
=1 !
Consider the second integral in (4.122), where |z;| < Lo,

x| =22 + 22 + 22 < L2+ L2+ L2

x|* < 3L,



x| < V3L

then
1 1

— > )
x| \/gLo

Multiply (4.124) by / d*x ¢7_(x), then we obtain

2

V3L

By using (4.125), we have

—*(N — k) /d3x ’;1|¢io(x) < —6(\/]%—20@.

Substitute (4.126) in (4.122), we obtain

(Vi) \—GQkZ/dS - ¢L( )_M_

V3 Lo

For j > 1, |L;| = /3 D, then

IL;| > V3D

and, fori > j,1—75>1,

L, —L; =iD(1,1,1) — jD(1,1,1)

= (Z _j)D(lel)

217

(4.123)

(4.124)

(4.125)

(4.126)

(4.127)

(4.128)
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then

Li — Lj| = /(i — j)>V3D
>V3D. (4.129)
For x —x' —L; = (x — x') — L;, we have
x = x' = Ly[* = [x = X" + L, " - 2(x - x) - L
> |x =X+ [Ly[* = 2 x — x| |L|

2
> |Ly|" = 2[x — x| L]

|x — /|
= L[ (1 —2 i : (4.130)

jl

For L < Lg, we have

Ix — x| < V3L +V3Lo = V3(L + Ly) < V3(Lo + Lo) = 2v/3Ly

then

2|X—x" \2.2\/3110’
L] L]

|x — X/| < 2v/3 Ly
L]~ L;|
—x 2V 3L

Ltk d B \/_0,

L] |L;|

—x 2v/3L
L] (1—2|X X|> > L, (1—2- \/g 0). (4.131)
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Substitute (4.131) in (4.130) we obtain

2V3L
x—x — L] > L] (1— T;O) . (4.132)
J

From (4.128) and (4.57), |L;| = v/3 D, then

1

<
L;|

>[Z %‘H
>

Ly <

The multiplication of the latter two inequalities, gives

Lo D
|L; | 6 f
then
2\/_L0 2\/_D 1
L ST TG V3D

or

2\/_L0 2
L ® 73

By adding above inequality by 1, leads to

1/2
2v/3 L, / 1\ 2
1—-92. > (=
L 3

then

=D. (4.133)
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Substitute (4.133) in (4.132), we obtain
x—x"—L;| > D (4.134)
Now, we will consider |x — x" + L; — L;|, we have
x =X+ Li - Lj|" = [x = x| + L = " = 2(x = x) - (L, — L)
> |x = X'|* + L — Lj|* — 2[x — x| |L; — Ly|

> L — Ly|* = 2|x — x| |L; — Ly|

x — x|
= |L; — L;? (1—2— (4.135)
! |L; — L]
then
|x — x'| 1/2
—-x+L,-L)|>L;,-L|[1-20—""— . 4.136
X=X+ L Ll > -1yl (12221 (4.136)
For
|X — X/| < \/gL() —|— \/gL()
= 2V/3L,. (4.137)
C 2
and multiplying (4.137) by ————— leads to
[L; — Ly
5 Ix — x| _— 2v/3 Ly ‘
IL; — Ly L; — L]

By adding above inequality by 1 gives

1/2
|x — x/| 12 2v/3 Ly
L — L, (1—2m > L (12 g ) (as)
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Since, |L; — L;| > V3D, then

1 1
<
IL; - L;| ~ /3D

and we have

Ly <

IS

The multiplication of the latter two inequalities, gives

-

Lo < 1
L, —L;| ~ 63D

Multiplying above inequality by —4+/3, leads to

L, 2Bl 2
|L; — L] 3
then
2v/3L 2
1_2.A>1__
L, — L;| 3
or

1/2
20aL, \ 1\ 2
1—2. 20 ) > (2)
L — L] 3

1/2
2v/3Lo 1
L,—-Lj||1—-2- —— > |L; — L;| —

1
> V3D—
V3

=D. (4.139)
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Then, with ¢ < j, substitute (4.139) in (4.136), we obtain
Ix —x' 4+ L; —L;| > D. (4.140)

From (4.134), we obtain

1 < 1
x-x —L;| = D

then multiply above inequality by ¢7 (x) ¢7, (x'), we obtain

1 1
07 (%) ——— 01, (x) < ¢ (x) 67, (X).
Ix — x' — L] D
j
Then
N—k 1
e’k /d3xd3x’ 7 ) T 7, (x)
j=1
N—k 1
<Y [Exdx o} (x) 108, ()
j=1
€2k = 3¢ 134/ 42 2 (o
- d*xd’x’ ¢7, (x) o7, (X')
j=1
- ez_k:N_kl
=5 .
j=1
ek
= —(N — k). 4.141
N - R) (4.141)
From (4.140), we obtain
1 1

g_
X—X’+Li—Lj| D



then multiply above inequality by ¢7 (x)¢7, (x'), we obtain
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1 1
qb%() <X) _ / L . gb%g (X,) < gb%o (X)_QS%O (X/)
|x —x'+L; — Ljj D
i~y
Then
N—k 1
2 3y 13/ 12 2
e ; /d xd’x’ b1, (x) P LqubLO(X,)
N—k 1
<Y [ of, (x) o, ()
1<J
o2 Nk
=5 Z /d3xd3x' gb%o (x) 2L0 (x')
i<j
o2 Nk
=5 M1 (4.142)
i<j
where we have
2 Nk 2
e e*(N—k)(N—-Fk—1)
5 d 1= ) . (4.143)
i<j
Substitute (4.143) in (4.142), we obtain
N—k
1 (N —k)(N —k—1)
2 3y 13/ 12 2 (o
< .
e Z/dxdx¢L0(x>|X_X,+Li_Lj| 2 () < o

i<j
The addition of (4.141) and (4.144), gives

) = M fatnatx 6 o) ot ()

1
o 91,(X)
[x —x/ = L;|

N—k
+ e’k Z /d3xd3x’ ¢7 (%)
=1

(4.144)
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N—k
1
2 33 2 2
+e ; /d xd’' 6, () g Lj|¢LO(x’)

x x|

(4.145)

where we have

ﬁ(N—k:)—ke(N_k)(N_k_l):%(N—k:) <k+N—2k:—1>

D 2D

_ e - k);g TR e

Substitute (4.146) in (4.145), we obtain

/ Exdx G (x) —— 6 (x)

[x — x|

k(k—1)

(Vo) < é? 5

P k);g TRl (4.147)

Now, we will consider the repulsive term

(4.148)

j=k+1 i=1 IR il

Weset Rj =L, for j =k +1,..., N, then for j > k + 1, we have

IR,| = |L; x| > V3D. (4.149)



And for j < k, we have

IR;| < V3L
D /3D
<V3I— < ——.
6 3
Since
R, — R;|" = [Ri|" + [R;|" — 2R, - R,
then
R — R;” > R’ + R,[* — 2Ry [R]
> [Ry|* — 2 |Ry| IR
IR
= |R,|? (1 —2
! IR
or

|RZ| 1/2
R R[> R (1-2 -
g g IR

By considering the case of 1 <i <k, k+1<j <N, i<y, we have

R VL D11
R;| V3D " 3D 3
then
R, 2
LR
IR 3
then we obtain
; 2
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(4.150)

(4.151)

(4.152)

(4.153)



By using (4.149) and compare (4.153) with (4.152), we obtain

|RZ’ 1/2 1 1/2

then we have

R, —R;|>D, for1<i<k k+1<j<N, i<j

Consider the case k+1<i< N, k+2<j <N, i<j, we have

IR — Rj| = |Li—p — L]
> V3D

> D.

Then, from (4.155) and (4.156), we conclude that

R, —R,;| > D.
The inverse of (4.157) gives
1 1
R, —R;| D
then we have
N -1 N j—1

226

(4.154)

(4.155)

(4.156)

(4.157)
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LN
=5 2. 2.1
j=k+1 i=1
1 (N—=Ek)N+EkE-1)
= — . 4.1
D 5 (4.158)
Substitute (4.158) in (4.148) we obtain
N 2 k 2 2
e e e(N—Fk)(N+k—-1)
——— < . 4.1
Z|R,-—Rj| Z|RZ-—Rj| * 2D (4.159)
1<j 1<)

The addition of (4.127), (4.147) and (4.159) and by using (4.114), lead to
N o2
V| H|U) = kT + (N — k)T; \% V —_—
(HIHIP) = T (V= T+ (03 + 05+ 3 O

< [kT + (N — k)Tp)

i 1 e2(N — k)
— &2k a3 2 _
‘ Z/ R A T

+ 62@ /d3xd3X' % (x) ;Qﬁ% (x')

[x — x|

AN — k) (N+k—1)
+ %)

k 2 2
e e(N—Fk)(N+k—-1)
+Z\R,-— T 2D

1<j

k
1
= kT — ke® § /d3x ﬁ¢%(x)
X —_— .
=1 !
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k(k—1)e* (15 5, 1 2 (o - e?
MVT P [ 3xd - _°
+ S fn ¥ O ) L Ry
(N —k)(N+k—-1) €*(N—k)
+ (N —k)Ty+ — . 4.160
( ) 0 D \/gLo ( )
Therefore
eA(N+k—1) e
VIH|\V) KT+ (Hy)+ (N —k)|Ty+ — 4.161
(V[H|W) (Hy) + ( ) | To D NP (4.161)
where, for |z;| < L,
: 1
(Hy) = —ke? Z/dgx ﬁ@ﬁ%(x)
=1 !
k(k—1)e* [ 5 1 i e?
——— [d*xd* ¢? 7 (X —. (4.162
MRS [t of (0 )+ L gy (4169
Because k(k — 1) < k?, then
- 1
(1) <~k Y. [atx—gotx)
=1 !
+ e—2k2 /dSXd3X'¢2 (x) #ﬁ (x') + i e
2 P x —x Tt — [Ri = Ry
= H,(k,R) (4.163)

where we set R = {R4,..., Ry} and

Ix — Ry

i 1
Hi(kR) = ~ke’ Y [d 6 (%)
j=1

2
1
+ %1& / Bxd®x' 62 (x) 2 (x')

[x — x|
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k 2
(&
Sy (4.164)
;j R; — Ry
We define
i 1
A1<k, R) = —k62 Z /d3X ﬁ %(X), (4165&)
j=1 B
Ay(k) = e / Pxdx 62 (x) —— 2 (X)) (4.165b)
2 9 L |X . X/| L ) .
k 62
As(k,R) = _ 4.1
1<) J
then

Therefore, to derive the upper bound of (H;), we partition the interval [0, L] into

n subintervals: 0 = aj < aj < ay < ... <a, = L and we choose a, a;_, such that

1 (% ; @ 1
I /a,_j dz; cos® <7;Z) = /QI_J dz; g*(w;) = o (4.167)
j—1 j—1
where
1 i
g(z;) = 77 cos (%) (4.168)

for j = 1,...,n. By doing so, we divide the box of side 2L,2L,2L into (2n)? =
8n3 = k smaller boxes which labeled B'(m).
Let

O=ay<dad)<ay<---<a, =1L, (4.169)

o =ah —aj_y, j=1,...,n (4.170)
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where

> df =L (4.171)

Let m = (j17j2)j3)7 then

/

B'(m) is equivalent to box of sides o

X ah, Xl (4.172)

J

where we have the normalization condition that

1\° 1% aj, aj ,
(L) o (52 [ o (52 [0 o (52)

Jj1—1 Jja—1 j3—1
a. a’. a'.
J1 J2 73
2 2 2
:/ dzi g (;1:1)/ dzs g (:zcg)/ das g°(z3)
a/'l—l a;.2_1 a;'s—l

- [ @xai

B'(m)
1 1
p— p— . 4.].
(2n)®  k (4.173)
Therefore
k/(2)3
Jexs-@F > [ exdiw)
B’(m):lB,(m)
k/(2)3 1
- 3 (5)
B’(m)=1
k1
= (2 — =
=1. (4.174)

Now we place R; in box B’(m) = 1, Ry in box B'(m) = 2,..., Ry in box
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B'(m) = k, and then we average H;(k,R) over the positions, Ry, ..., Ry, of the
positive particles within the boxes with a relative weight ¢% (R,), ..., ¢%(Ry) in

box B'(m)=1,...,B'(m) = k, respectively.

The Average of A;(k,R):
The term A;(k, R) may be rewritten as sums of integrals over such boxes

as follows:

k/23  k/23

Ay(k,R) = Y / —Rj| £(x)
m)

B/'(m)=1 j= lB’

> /d3 960

B/'(m)=1 j= lB’

=—(2°ke* Y /d3x d)%(x)Zﬁ. (4.175)

B’(m):lB,(m)

Then (A;(k,R)) will be derived below. Since

n3‘

3 L S S
p= x-R;|] [x—Rij =~~~ |x—-R

then we have

n3 |X_X,| |X_X/|
<Z > __B@)=t . _‘_B'(J):"d

j=1 ‘X — R]’ average / d3xl¢% (X,> / d3xl¢% (X/)
B'(j)=1 B'(j)=n?

/ 3%’ ¢L( ) / d3x’ qb%(x/)

k—x\ |x — x/|
B'(§)=1 B'(j)=n3

1
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o [t [ et

|x — x/| |x — x/|
B(j)=1 B/(j)=n?
n? 2 /
s / gy L) (4.176)
BI(Q):lB/(q) |X - X |

Then

(A1 (k,R)) = —(2)3ke? Z /dBX &2 (x)k /ds / ¢L( )

[x — x|
B(m)=1p/(m) Bla)=1pi(q)

BIEES Z [ @ [ it

B’(m)=1 B’(q 1B’(m B'(q)

(4.177)

The Average of Ay(k):

The term As(k) may be rewritten as sums of integrals over such boxes

directly as follows:

2
As(k) = %k? / Bxd®x ¢2 (x)

[x — x|

k2 Z Z / / P’ gbi(x)ﬁqﬁ%(x’). (4.178)

BUm=1 B O=1pm)  pB/(g)

The Average of A3;(k,R):
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k n3
1 e? (2)3 e
As(k, R — = 4.179
(k. R) 2;|RZ—RJ| 2 ;|RZ—R]| (4.179)
then we have
TL3
i#]j ‘RZ B R]’ average over R;
i=1 j(#i)= ( RJ|> average over R;
( / dc} / ¢L< ) / d3 / ¢L( ) )
w3 \R — x| |R — x|
= 1(i)=n3
— Z B'()=1 IL©)
i(#i)=1 / d*x'¢7 (x') / d*x'¢7 (x')
\ B'()=1 B/(j)=n? )
(/d3’¢L() /d?)/(bL()\
3 |IR; — x| |IR; — x|
_ B'(j)=1 B(§)=n3
= - +ot -
i(#)=1 = -
\ V,
.
C P ) / s OL(X)
k d*x’ L+ k d*x’
P L e R R, — ]
(#)=1 L B'(h)=1 B/(j)=n3
— k Z Z / aix L) (4.180)
|R; — x| '

i(#£5)=1 B'(j)= 1B’( )

average



( / d3X %(X)
n3 |X - X/|
' /d3x/¢L( ) E0= +
BIGE)=15) / d*x47, (x)
| Br()=1
( / d3X %(X>
n3 |X - X,‘

=k Y /d3x’¢’i(x’) — +.. 4
B/(j(7éi)):13/(j) 'R

n3

=k Y /d3x'¢>L Zk/3 |X(X),|

B'(j(#0)=1p} ;) B'()=1 g

Z Z [ [ax ¢%<x>ﬁ%

B/(m)=1B'(¢(#m)=1p/(,,)  Bi(g)

Then we obtain the average of A3(k,R) as follows:
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(). (4.181)

arry=Deop 3% [ @ [ a0 —otx).

B’(m)=1 B'(q(#m))= 1B’(m) B'(q)

Then, the average of H;(k,R) will be obtained below

(4.182)

ke Z) Z [ex [ d3x’¢%(x>ﬁ¢%<x’)

LBU(D=1p/(m)  Bi(g)

r Z 3 [ [

=P @O=E(m) B

1 /
) p s )
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(T Z Z / d*x / d3x'¢%(x)ﬁ 2 (x)

=LB(aFm)=1pi(n)  Bi(q)

S 2)(/ x [ a0 =0t )

? mime1 pa- Bm) B

2 Z > [ @ [ a0 o)

=1B'(¢(Fm)=1p/ ) BI(g)

‘ 2k2 n3 n3
—— 5 Y Y [ex [exse Lo,

B'(m)=1B'(q)= 1B’(m) B'(q)

(4.183)

Eq. (4.183) may be rewritten as

(HkR) =" T Y [ xS ). (1184)

[x X’I
By the definition of an average, there must be at least one set of R such that

Then, by using (4.163), we obtain

n3

)< —@° S Y [ @t G0t (4186)

x — x|
B’(m):lB,(m)

X
We may scale x to T = u, then

1 (% TT; G/l T (X
[ e 2( ) _/ d (—) 2 (— (—)) 4.187
7 /a;1 zi cos” (o7 o\ cos” (5 (7 ( )
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then we obtain

1 a’. ; aj :
z/a/‘ dz; cos® (752) :/a 1dui cos’ (Wg ) (4.188)

or
a; a; 1
/ dIz’QQ(%) :/ duig%(ui) = o (4.189)
a;71 aj_1
where
g1(u;) = cos (W;LZ) . (4.190)
For
a, a), al al
0="l<ltcZ<c...c=1
L L L L
then
OD=agy< a1 <ay <---<a,=1, (4.191)
a; = a; — a1, j: ]_,...,TL, (4192)
» a;=1 (4.193)
j=1
Let
B(m) = a box of sides aj, X aj, X aj,. (4.194)

Therefore, we have the normalization condition such that

lljl 9 aj2 9 ajB 9
/ duy g2 (us) / duz g (uz) / dug g2 ()

aj1—1 Ajg—1 Ajz—1

- [ @i

B(m)

(4.195)
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where
3
= Hcos (%) : |z;| < 1. (4.196)
i=1
Then, we rewrite the integral on the right-hand side of (4.186) as below

n3

> [ i ) e )
B’(m):lB,(m)
7L3 1
= > [t o i)
B(m):lB(m)
1 & 1
=7 dPud’’ ¢§(u)| -y HUY! (4.197)
B(m):lB(m)

where 0 < u; < 1. Substitute (4.197) in (4.186), we obtain

1 (x) (4.198)

X’|

where 0 < z; < 1.

Since x and x’ lie within a box B(j1, j2, j3) of sides a;, X oy, X cj,. Then,

we may insert this box in a sphere of radius —\/ s + a o+ a . And from the
normalization condition (4.195), let ¢?(u) denotes the charge density in B(m) of
total charge %, ie.,
/ d*x ¢7(x) = % (4.199)
B(m)

Then, we obtain

1

d*xd*x’ ¢%(x) P (x) =
/ P = LR
B(m) 2
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2

— . (4.200)
k2 \/ %2'1 + a?Q + aJZ-S

By substituting (4.203) in (4.198) and using

Z Z Z Z (4.201)

B(m)=1  j1=1j2=1j3=1

then we have

() < 3ekzzzj

j1=1 jo=1 j3= \/(l’ ‘|‘Oé +OZ

2 n 1
<8 3 , (4.202)

= L 2 2 2
J1,42,73=1 \/O‘jl + o, +aj,

To obtain the bound of above summation, we consider

d 1=n (4.203)

then, for f(oj,) > 0,

Z v/ faj) (4.204)

J1=1

where

floy,) = \/0431 + a3, + a2 (4.205)
From Cauchy-Schwarz inequality,

(imf SO,

i=1

we have
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or
n 1 2
Zf( 1> L (4.206)
- Qy
n=t 1 Zf(ajl)
Jji=1
Substitute f(«;j,) in above inequality, we obtain
Y n (4.207)
j1:1\/04§1+aj2~2~|—aj Z\/O‘ +a2 +al
Ji=1

Multiply above inequality by Z, we obtain
Jo=1

2

n n 1
ZZ 2 2 Z
j2=1j1=1 \/O‘j1+0‘jz+aj jo= 12\/a + ok 4 o2

J1=1

=n Z ! . (4.208)
J2= 12\/04 —I—a —1—045

Jji=1
Let
1
fla) = . (4:209)
Z\/ s+ oz , T a
Jji=1
From Cauchy-Schwarz inequality, we have
1 n?
— flap) ~ &
2=l " Zf(ajé)
Jo=1
then
> flag,) = O (4.210)
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Replace f(aj,) in above inequality, we obtain

= 1 n?
J2= 12\/04 +a +oz Z 1

Jji=1 jo=1

n

Z\/a +a —|—a

Jj1i=1

n2

(4.211)
ZZ\/& +a +a
J2=1j1=1
Then, from (4.208), we have
 « 1 1
> >n (4.212)

4 4 2 2 2
Jje=171=1 \/O‘jl +O‘j2+aj3 ZZ\/Q —i—a +a

Jje=1751=1

Multiply above inequality by Z, we obtain
J3=1

zn: zn: zn: ! > nt zn: ! . (4.213)
Js=1j2=1j1=1 \/04?1 + Oéj2'2 + ajz's Js=1 Z Z\/Oé + CY , T Oz

Jj2=1751=1

The Cauchy-Schwarz inequality then yields

= 1 1
> n : (4.214)

D Sy e 5
]17]27.73:1 \/ajl + 04]2 + a]B \/CY _'_ a _|_ Oé

Ji,j2,93=1

Consider the right-hand side of (4.214)

Oé.?l + Oéj2-2 + a]2'3 < (ajl + gy + @jg)z (4.215)
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then, by using (4.193),

n

Z \/ajzi + ajzz + ajz:s < Z (aﬁ +aj, + aj;a)

Ji,J2,93=1 J1,32,33=1

n

= ) (naj, +nay, +1)

J1,j2=1

= Z(nQOéjl +n+n)

j1=1

= (n? +n?+n?

= 3n” (4.216)
Substitute (4.216) in (4.214), we obtain
B 1 n®
> ﬁ
et \Jod, 0%+l
4
n
= —. 4.217
d (1.217)
By substituting (4.217) in (4.202), we obtain the upper bound of (H;)
8e? nt
A )
s (4.218)
=7 .

since k = (2n)3.
Substitute (4.218) in (4.161), we obtain
N+k—1) e?

e? e2(
U|H|UY <kT — —Kk3 + (N — k) |T, - . (421
(V|H|W) 6L + ( ) | To + i) 3L, (4.219)
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Substitute T', Ty and D > xLg, where y > 6, hence

= B,(L) + Bs(Lo) (4.220)

where
By(L) = 2:522 — 6€L 43, (4.221)
Bo(Lo) = (N — k) Bﬁ; + ez(N;le - _ \/B;LO . (4.222)

Optimization of the right-hand side of equation (4.197) over L and Ly :

dBy(1)
dL

a% (BI(L) + BQ(LO)) -

S

7 LA GV (4.223)

- (-2)

then, L is obtained by

dB (L)
dL

= 0’
2%2 2

_M + e_k4/3 =0,

AmL3 612

e2k4/3 B 3m2h2k
6L2  4mlI3

that is

I 3Rk 6
a dm e2k4/3



243

B 9r2h? 1

Optimization of the right-hand side of equation (4.197) over Ly is given by

a%) (Bl(L) + BQ(L0)> _ dezL(fo)
- d [3x*h® E(N+k-1) €
-0 = [ (0 o ]
= (N —k) _(—2>2Wm—§g B Z_g (U”XLU _ %)} o)

then, Ly will be obtained from

dBs(Ly)
dLg

1 (Nk-D)Y]
AmLy  L§ \V3 X 7

3mih? e ( I (N—I—k—l))

=0,

amLy L3 \V3 X

Then,

3m2h? 1

Ly =
4me? (i N A+E- 1))
V3 X
or
3V 3m2h? 1
Lo = V3n (4.226)
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Because Ly > L, then

3v/3m2h? 1 L 9mn? 1
2me? - 2V3(N +k—1) ~ 2me? k1/3
X
leads to
2 — 2V3(N k- 1) < \/—§k1/3. (4.227)
X 3
Since Ly > 0, then
2vV3(N +k—1
g W HE-D) g (4.228)
X
then
2 N —1
0<o_ 2VBWHE-1) V3, (4.229)
X 3
and with k'3 > 2, we may choose
X =2V3(N +k—1) (4.230)
which is obviously larger than 6, giving Ly > L, where
I 3v/3m2h? 1
0 et
2me? , 2V k1)
2V3(N +k —1)
3v/3712h2
= — 4.231
2me? (4.231)

Substitute (4.231) in (4.222), we obtain

3m2h2 [ 4mZet
Ba(Lo)| y—ssszz = (N — k) [ o (277r4h4)

i () - 7 ()
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me* me*  2me?
= (N —k —
( ) 1872h? * 9m2h?  9mw2h?
= —(N —k) me’ (4.232)
B 18722 '
Since (N — k) > 0, then
By(Lg) < 0. (4.233)
Then, the addition of (4.233) and (4.221) leads to
(U[H[V) < Bi(L) + B2(Lo) < Bi(L)
= — — k3 4.234
8mL? 6L (4.234)
: Ir*h?\ 1 . . .
Substitute L = (W) T in above expression, we obtain
3m2h2k [ 4m?e? kY3e? [ 2me?k!/?
U H|W) < 23—
(PIHI) 8m (817?4h4) 6 ( 9m2h? )
m€4 k5/3 5 me4 k5/3
B (2_712) 2772 (2_h2> 2772
met\ k53
N 4.2
(2h2) 2772 (4.235)
N
for all N > 8, where we have used the fact that k = —————. Then
(1+¢/n)
N5/3
PP = (4.236)
€
(1+3)
n
Since Eyy < (V|H|V), we substitute (4.236) in (4.235), then we obtain
me*\ N°/3 1
Envy < — : 4.237
n
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For the rather restrictive case with € = 0, corresponding to N = 8n3, n=1,2,...,

ie., for N =8,64,216,..., we have

(4.238)

me4 N5/3
W) 272’

EN,N < — (
And more interestingly for larger systems, e.g., with n > 5000, i.e., for
N > 10", the term (1 +¢/n)® ~ 1. Therefore, the upper bound of such a system

is the same as the one given in (4.238).



CHAPTER V
N? LAW FOR BOSONS IN 2D

5.1 Introduction

There has been much interest in recent years in physics in 2D (e.g., Geyer,
1995; Bhaduri, Murthy and Srivastava, 1996; Semenoff and Wijewardhana, 1987;
Forte, 1992) and the role of the Spin and Statistics Theorem which is tied up to
the dimensionality of space (e.g., Forte, 1992). It has thus become important to
investigate the nature of matter in 2D in the simplest case when the system is
not being subjected to stringent constrained statistics. It is equally important
to study the nature of such “bosonic matter” to see if the well known instability
(implosive character) of such matter in 3D (Dyson and Lenard, 1967; Lenard and
Dyson, 1968; Lieb, 1979; Manoukian and Muthaporn, 2003) will persist in 2D or
it will turn it to a stable or even to an explosive phase. To answer such questions,
we derive a rigorous upper bound for the ground-state energy Ey y of the system
with N negatively charged bosons and N motionless, i.e., fixed NV positive charges,
with Coulombic interactions. By doing so, in particular, we do not dwell on
the fate and dynamics of the positive background which undoubtedly involves
complicated dynamics. We obtain an N? behaviour which is to be compared to
the N°/3 one of Dyson (Dyson and Lenard, 1967; Lenard and Dyson, 1968; Lieb,
1979; Manoukian and Muthaporn, 2003) in 3D, implying even a more violent
collapse of such a system in 2D since the system of (2N + 2NV) particles will be
favourable over two systems each with (N4 V) particles, brought into contact, and
the energy release upon collapse will be proportional to ((2N)?—2(N)?) which will

be overwhelmingly large for large N, e.g., N ~ 10?3, Thus the system becomes
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unstable and stable planar configurations, for example, do not even arise. The
present chapter deals with a mathematically rigorous treatment of such a system
by deriving an explicit upper bound for the exact ground-state energy En .

For N > 4 denoting the number of the negative (or positive) charges,
(N/4)Y? being a real number may be written as

N V2
(Z) =n+e, 0<ex<1 (5.1)

In this chapter we prove the following bound.

Theorem 5.1.1

me? N?
1) < — 5.2
N <2h2) 3272(1 + ¢/n)* (5:2)

for all N > 4. Here m denotes the smallest mass of the negatively charged bosons.

This is to be compared with the corresponding N°/3 law derived in Chap-
ter IV. The investigation carried out in this chapter then raises the serious ques-
tion: Is instability a characteristic of the dimensionality of space? The answer to

this question will be subject matter of our final chapter.

5.2 Derivation of Upper Bounds

The Hamiltonian under study is given by

N

2
=3 5

N

N 62 N 62 N 62
_;Z|Xi—Rj|+Z|Xi—Xj|+Z\Rz‘—Rj| (5:3)

=1 j=1 i<j i<j

where the x; and R; refer, respectively, to the negative and positive charges, and

m is taken to be the smallest of the masses of the negative charges.



We introduce an N-particle trial function :

1
Vv IN

\I/<X1,...,XN) =

where k = 4n? (see (5.1)). The sum is over all permutations {7y, ..

{1,..., N} such that
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1! Z ¢ (x(m1)) .. o (x(m)) Y1 (X(Thr1)) - - Nk (X(7N))

(5.4)

.,7TN} of

/d2x Ui (x)Y;(x) = 044, /dzx " (x)i(x) =0, /dQX |qz§(x)|2 =1.  (5.5)

For the single-particle trial functions, we take

2

o) =T (reos (37) ) ot lal<z

=1

and is zero otherwise, and for j =1,..., N — k

(5.6)

2 1 T (QZZ — L,L> o
Y (x) = g (\/_L_o cos (TOJ>) = ¢, (x —Lj), |z — Lji| < Lo

and are zero otherwise, also.

L; =jD(1,1)

then

IL;| = jv2D

where D is a positive constant. We can see from Fig. 5.1 that

ILy| = V2D > V2L + V2L,

|Lo| = 2v2D > V2L + 2V2Lo + V2Lo = V2L + 3V2Ly,

|Ls| = 32D > V2L + 5v2Ly,

(5.7)
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IL;| = jV2D > V2L + (2 — 1)V2L, (5.10)

then

jD > L+ (2 —1)Lo = (L — Lo) + 2jLo. (5.11)

Since Lo > L, then

L— Ly <0. (5.12)
Then (5.10) becomes
JD > 2751
therefore
D
Z > L (5.13)
2
Then, from (5.11), we have
D
L<Ly< . (5.14)
Because |z;| < L, then
L<a <L (5.15)
Because |z; — Lj;| < Lo, then
add (5.15) by Lj;, then we obtain

Because L; = jD(1,1), then

Lj = jD. (5.18)
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Ly Lo

Ly

L, Lo
Lo

Ll Lo

Figure 5.1: The figure displays vectors Ly, ..., Ly
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Substitute (5.17) in (5.16), we obtain
From (5.13), we choose any D that

D > xLo (5.20)

g, and will be

where y > 2. Therefore, D constrained such that L < Lo <
optimally chosen later on below Lemma 5.2.1. The intervals {—L < z; < L},
{jD—Ly<z; <jD+ Lo} for j =1,...,N —k, (i = 1,2) are then all disjoint
and the functions ¢(x), 1;(x) are non-overlapping and automatically satisfy (5.5).
Physically, they correspond, respectively, to particles localized in boxes of sides
2L and 2L, with the center of the first at the origin of the coordinate system,
while the others, of sides 2Ly, are translated by the vector L; from the origin.
Such localizations of the particles in these (N — k + 1) boxes make the analysis
manageable. The Coulomb interaction being of long range, there are non-trivial
interactions between particles in different boxes as well. The key point is that we
localize k = 4n? of the negative particles in the first box. Below, we will also set
k of the positive charges in the first box too.

Since ¥ does not necessarily coincide with the ground-state wavefunction,

we have for the ground-state energy the upper bound
En < (U|H|T). (5.21)
The single-particle average kinetic energies are given by

T = L d’x |Vo(x)|? (5.22)
2m '
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and
2

h
T = oo [dx (Ve (5.23)

From (5.6), with x = (21, x2), we have

2L 2L
then
_ 1 0 st X2
Vo) =7 {% cos (51 ) eos (57)
-~ T )
5, < (5) e (ﬁ)}
= —ll {ism (W—zl> cos (sz>
2L L 2L 2L
+J cos (%) sin (%)} (5.24)
and

2
Vo0l = i (s (5 ) o (51)
+ cos <2L>sm <2L>}' (5.25)
Multiply (5.25) by /d2 x, we obtain

2

L L
2 2 T e (22) : (222)
/d x |Vo(x)| 1A {/_Ld:vl sin” (57 /_deg cos” (57
L L
X _ T
—i—/del cos? (2_Ll> /deg sin? (2—;>}
272 L o [(TT1 L o (TTo
= m {/_de1 Sin (E) /_de2 COS <E>}
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573 (5.26)

then

Consider

then

+ cos? (W;_;%)) sin? <W22—Z()Lﬂ)) } : (5.29)

Let
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by = Lji + Lo (5.31)

then

2

2 m
[ v = 1

b (1 — Lj1) b2 7(xe — Ljo)
d . o [ T\T1 71 / 2 2 2
X { /a 1 Ty sin <—2L0 5 dzs cos — o I
b1 . b2 — L.
—l—/ dz, cos? (WB—LO]IU/ dzs sin’ (mz—%ﬂ)>} (5.32)

b.
' i — Lyji
/ diUZ Sin2 (WZ—[JOJ)) — LO, (533)

i

b;
' i — Ly
/ dl‘z C082 (WQ—I/OJ)> = LO. (534)

7

where

Substitute (5.33) and (5.34) in (5.32), then

2
T
[ I = T {2+ 1)
2
T
= o (5.35)

Eq. (5.23) becomes
m2h?
= = 7, (5.36)
T Amk

From Chapter IV, we have the total kinetic energy

N

h2
Z%/dQXI...dQXN IV (x4, ..., xn)|° = [kT+ (N —k)T°]  (5.37)
j=1
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and the expectation value on the right-hand side of (5.21) is given by

2

(UHI) = [T+ (N =BT+ A+ (5 + 3 e (539)

where

(V3) = —62Z/d2x [b(_L (Z |X+L - |> qsio(x)] (5.39)

and

62 / 1 /
04) = Gk = 1) [ P 60 a0t ()
N—k 1
2 2 2,0 12 2 /
+e ;/d xd*x 6 (x) 0t ()

1
+ ¢ Z/d2 d*x’ 67 (x )|X O |¢io(x'). (5.40)

1<]

We set Ri4; = L; and choose the vectors Ry, ..., Ry to lie within the first box,
with center at the origin, thus placing k£ positive charges in this box. We then

establish the following key inequality embodies in the following lemma.

Lemma 5.2.1

(V| H V) < kT + (Hy) + (N — k) {T0+e2(Nj;k_1) _\/%10

(5.41)

where

(Hy) :—kez/| e 00+ St — 1) [exa 0, ()

k

+€22|R 1 N (5.42)

i<j TV il
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To derive the above inequality, we note that (V7), defined in (5.39), may

be bounded as follows

N
N L

1

_ 2 2 2
€Z/d (o \x+LNk—Rjr>¢L°(X)

——esz/dQ —R|¢L %Z /d2 —— 7 (x)

j=k+1

1

2 2
‘ez/d <\x+L1— R, \x+LN_k—Rj|)¢L°(X)

1
. Z/d (\x+L1 iy P ey e Rj,) 92, ().
(5.43)
Since
ok Z / dx 91(x) > 0 (5.44a)
j=k+1
and

k

1
2 d2 2 2 44b
eZ/ (|x+L1— |+ |X+LN_k—Rj|)¢LO(X) 0 (5:44b)

then, by using the sum of inequalities in (5.44), we obtain

: 1
2 2 2
(V1) < —e k;/d X m%(x)

1

2 2
d Z/d (\x+L1— |+ \x+LN_k—Rj|>¢L°(X)‘

j=k+1

(5.45)
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By setting Ry.1 = Ly, ..., Ry = Ly_k, then we have

1 1
_ > — 5.46
Z x4+ L, — R, x| (5.46)

Above inequality leads to

al 1 1 AN
- 44 > —
2 <|X+L1—Rj| |X+LN—k—R'|> Z x|

j=k+1 J j=k+1
> (N|_| k) (5.47)
X
Then,
al 1 1
—e? /d2x <—+...+ >¢2 (x)
j:zk;rl x + L1 — Ry [+ Ly — Ry ) 7
(N —k)
< _62 /d2x |X| gb%()(x)
1
— (N —k) / P 01,00 (5.48)

Substitute (5.48) in (5.45), we obtain the bound

) <~ / ax ﬁ&(x) _ (N k) / dx élas%o(x) (5.49)

where we have noted the overall negative sign of (V), and we have conveniently
chosen an upper bound with the summation going up to k instead of up to N.

Consider the second integral in (V}), where |z;| < Ly:
[x|* = 2% + 25 < L§ + L§,

x|* <2L§



then
1 1

— > )
x| \/iLo

Multiply above inequality by / d? x, we obtain

2 (b%o(x) 1 2
/dx ] 2\/§L0/dx

1

which leads to

Then, we obtain

vl\—e%Z/dQ ) -

Now we use the following bounds,

V2D > V2D

then

IL;| > V2D.

For i # j, we have

F1,(%)

L, —L; =iD(1,1) — jD(1,1)

= (@ —5)D1,1)

e2(N — k)
V2L,
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(5.50)

(5.51)

(5.52)

(5.53)
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then
IL; — L;| > V2D. (5.54)

By considering x — x’ — L; = (x — x') — L;, we have

x =X —Lj* = [x = x| + || = 2(x = x) - I
then

x —x —L;[" > |x = X" + |L;)* — 2 |x — ¥| ||

> |L,[* - 2 |x — x| [L|

|x — x|
= |L,? (1 —2 T ) (5.55)
J

Since L < Ly, then

Ix — x'| < 2v2L,

the above inequality leads to

1/2
: QﬁLO) (5.56)

x —x' —L;| > |L;|[1-2
! ! L]

D
where |L;| > V2D, Ly < —. We may choose y > 8, to obtain
X

Ly 1

0 < '
IL;| ~ 8v2

This leads to
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=D. (5.57)

Then, we obtain

x —x'—L;| > D. (5.58)

By considering |x — x’ 4+ L; — L;|, we have

x —x' + L — L;|* = [x = x'|? + |L; = L;|* = 2(x = x') - (L; — L))

then
|X—X,+Li—Lj|2>|X—X,|2+|LZ‘—L]‘|2—2|X—X,||Li—Lj|
> |L; — L;” — 2|x — x| |L; — L]
~ L L\2(1 2|X_XI|) (5.59)
B |L; — L] '
or
|X—X/| 1/2
—x+L,-L;|>L;,-L|(1-2—— . 5.60
x =%+ L Ll > -1yl (1- 225 (5.60)
Since
Ix — x'| < 2v2L,
then

1/2
|x — x'| 1/2 2v/2L
|L; — L] (1—2m > |L; — L] 1—2-m : (5.61)

Since |L; — L;| > V2D and Ly <

|

, then

1/2
2v/2L0 1
L,-Lj||1—-2- — > |L; — L;| —
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=D. (5.62)

Then, for ¢ # 7,
x —x'+L;,—L;| > D. (5.63)

By using (5.58), we obtain
1
%Z /d? 6} 00 0k () \e%z /d? @ 6, (x) 6%, (X)

N—k
- e%k Z /d2x ’x" ¢7 (x) o7, (X)
=1

o2 Nk

— D 2!

j=1

ek

=—(N—k .64
- (5.60)

and by using (5.63), we obtain
1
22/d2 X 6,00 o)

1<J

N—-k
1
@Y [xdx ot (05508, )
1<j

2 Nk
5 [ 6 0k, (x)

1<j

— % Z 1 (5.65)
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where
e_QNX_:kl_eQ(N—k)(N—k—l) (5.66)
D B 2D ' '
Then
N—k
1 (N —k)(N—-k—-1)
2 2 127 12 2
e ;/d xd*x’ ¢L0(X)|X—X/+Li—Lj|¢LO(X/)< s .
(5.67)
Substitute (5.52) and (5.67) in (5.40), we obtain
k(k—1) 1
(V2) < BQT /dQX d*x’ ¢7 (x) x— x| 7 (x)
2k (N —-Kk)(N—-k—1
+ %(N gy L )2(17 ). (5.68)
Consider the right-hand side of above inequality, we have
ek (N —k)(N—-k—-1) ¢ N—-k-1
DW=k 2D =pV-H (’“*T)
(N —k)(N+k—1)
= 5D : (5.69)
Then
k(k—1) 1
1) < T fatdx 6 () =0t ()
(N —k)(N +k—1)
+ 5D : (5.70)
Also

N 1 N j—1 1
L R-R| 5L R-R)
1<)

§=2 i=1
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kg1 ] N j-1 ]
= + . (5.71)
R R TP IP I e
Weset R;j =L, 4, for j=k+1,...,N, then for j > k+ 1,
IR,| = |L; & > V2D. (5.72)
And for j < k, we have
IR;| < V2L
D V2D
<V2Z < YT .
T <1 (5.73)
Consider |R; — R;|*, we have
IR, — R[* = |R,|" + [R;|” - 2R, - R,
then
R, — Ry|” > [Ril” + |Ry|” — 2|R,[ R,
>[R[ = 2|Ri| Ry
R
= |Ry|” (1 —2 (5.74)
’ R,
then, we obtain
Ri| 1/2
R, —R;| > |R;| (1 -2 : (5.75)
IR;|

Consider the case of 1 =1,... .k, j=k+1,..., N with ¢ < j, we obtain
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The above inequality leads to

R, 1/2 1\ /2
A _ S R(Z
RI(1-250) =R (S

1
>V2D—
V2
=D (5.76)
then
R,—R;|>D, i=1,....k, j=k+1,...,N. (5.77)

Consider the caseof i =k+1,..., N—1,7=k+2,...,N, with i < j, we

obtain

IR; — Rj| = |Li_p — Lj_|

> V2D
> D, (5.78)
then from (5.77) and (5.78), we have
R, — R[> D (5.79)

for j=k+1,...,N, and all ¢ such that 1 <i < j. Then

1 _1
R, —R;| ~ D
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which leads to

N -1

1 1 (N—-K(N+k-1
}:E:—g—( W +E—1) (5.80)
2. 2R, -R, D 2
j=k+1 =1

Substitute (5.80) in (5.71), we obtain

N 2 k 5 5
e e e(N—Fk)(N+Ek—-1)
< + . (5.81)
2 R, - R, ; R, - R, 2D

1<J

Then, by using (5.70), (5.52) and (5.81), we obtain Lemma 5.2.1 as follow.

The expression for the expectation value of H is given by

2

(W [H|) = KT + (N = K)To] + () + (Vo) + 3 |R1,6_—Rj,

k
1
KT —ke? Y / d2xﬁ¢%(x)
i=1 Y

k(k—1)e* [ 1o s 1 2 (o - e?
27 [32xd - - -

1<j

e(N—k)(N+k—1) €(N—k)
+ (N — k)T + D RNGTS

e*(N+k—1) e? ]
=K'+ (H)+ (N —Ek) |1+ — . 5.82
(0 + v =) |1+ SEEEED - s
By rewriting (5.41), that is
eA(N+Fk—1) e? 1
VIH\V) <KT+ (Hy)+ (N —k)|To+ — . 5.83
(W IHI) < KT 4+ () + (V= 0) [T+ S o )

We finally use the following lemma, proved below, which gives an upper

bound for (H;) defined in (5.42). O]
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Lemma 5.2.2
o21:3/2
< — 5.84
() < -5 (581)
Since k(k — 1) < k?, then
i 1
(Hi) < _k"eQZ/ngﬁ(b%(X)
j=1 -
+ €—2k:2 / d*xd*x 97 (x) L (x') + ii
2 P x —x Tt — [Ri = R,
= Hi(k,R) (5.85)
where R = {R4, ..., Ry} and
i 1
Hl(kI,R) = —kIGQ Z/dQXb(_—’¢%(X)
=1 !
e? 2 [ 1209207 42 1 2 (ot
k o2
+ _ (5.86)
; R; — Ry
We define
i 1
Ak R) = ke Y /dzxﬁqﬁi(x), (5.87a)
j=1 !
e? 2 [ 12927 42 1 2 (ot
Aall) = G [0 () 0t (). (5.87h)

2

k
e
i<j Tt J
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then

Hy(k,R) = A (k,R) + Ay (k) + As(k, R). (5.88)

Therefore, to derive the upper bound of (H;), we partition the interval [0, L] in

to n subintervals: 0 = ay < @) < ay < ... <a, = L and we choose a},a; , such
that
1 /agd *(32) /a;d ay) = o (5.89)
L a/_i1 2L CLI-71 g 2n
where
1 T,
i) = ——= — 5.90
o) = —=cos (57 ) (5.90)

for j =1,...,n. By doing so, we divide the rectangle of side 2L, 2L into (2n)? =
4n? = k smaller rectangles which labeled B’(m).

Let
O=ay<a)<ay<---<a, =1L, (5.91)
o) =aj —aj_y, j=1,...,n (5.92)

where

> o =L (5.93)

Let m = <j17j2)7 then

B'(m) is equivalent to rectangle of sides o x o (5.94)

2

where we have the normalization condition such that

1\* [% 5 (X1 s o (TT2
(z> / dry cos? (37 / dry o (37)
J1—1 Jo—1
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B'(m)
1 1
Therefore
k/(2)?
Jexd=er 3 [ exd

B’(m):lB,(m)
k/(2)? 1

-er 3 ()
B/(m)=1
k1

= (2)?— =

=1. (5.96)

Now we place Ry in rectangle B’(m) = 1, Ry in rectangle B'(m) =
2,..., Ry in rectangle B’(m) = k, and then we average H;(k,R) over the po-
sitions, Ry, ..., Ry, of the positive particles within the rectangles with a relative

weight ¢% (Ry),. .., ¢%(Ry) in rectangle B'(m) =1,..., B'(m) = k, respectively.

The Average of A;(k,R)

The term A;(k, R) may be rewritten as sums of integrals over such rectan-

gles as follows:

k/22  k/22

Ak R) = -2 3 Y /d? ¢ (x)

B/(m)=1 j= 1B,
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22/ e e

B(m)=1j=1p(,, 7

= —(2)%ke* > / 2% @2 (x }:k_ R (5.97)

B/(m)le/( )

Then (A;(k,R)) will be derived below. Since

then we have

’I’L2
(Z ) _ B(j)=1 I +B'(J)_"2
TR e [ e e0) [ ax )
B'(3) B'(j)=n?
oy LX) [ w5
x — x| x — x/|
__ B'(j)=1 B'(j)=n?
— i 4+ ..+ 1
k k
2 (ot 2ot
— L /d2/¢L( )/+..+k: / d2/¢L(X>/
- |x — x/| - |x — x/|
! )= / j)=n
n? 2 /

then
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2)%k?%e? i i /d2x /dgxl gb%(x)ﬁ 2(x).

B m)=1 B (@)=1pi(m)  Bi(g)

(5.99)

The Average of Ay(k)
The term As(k) may be rewritten as sums of integrals over such rectangles

directly as follows:

1 2

7 (%)

2
As(k) = %kz /d2xd2x’ ¢7 (x)

[x = x|

2, 12 1 2 /
Z Z / /dx m&)mm(x). (5.100)

=P O=p(m) B

The Average of A3;(k,R)

Since

k
1 e?
- 101
2;|Ri—R Z|R R)| (5.101)

then we have

7’1/2
— [Ri — Ry

_ZZ< |>

=1 j(#i)=

average over R

average over R
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( / d2x’ ¢%(X/) / d2x’ (b%(X,) )
n? IR; — x| IR; — x|
B'(j)= B'(j)=n2
_ Z (=1 T (4)
i(#£5)=1 / d*x ¢2 (x) / d*x" ¢7 (%)
[ B'(j)=1 B'(j)=n? )
( d2X/ Qb% (X/) / dQX/ QS% (X/) )
n2 ‘Rz —X,| |Rz —X,|
B/(j)=1 B'(j)=n2
_ Z (4) - T () ;
i(#1)=1 - -
\ Vs
- 93 (%) 93 (%)
X X
k /dQX/L——}-...—i—kZ / dix) =
A 21 R, — x/| R; — x|
i(#5) B'(j)=1 B’ (j)=n?
G 2 (x')
X
=k ) / dPx (5.102)
( ) lB'(J) B’( ) |RZ - X |

The average of above equation over R; is given by

W)

(S

i#]

B/(j(7éi)):13/(j)

D

B,(j(fi))le/(j)

average

( 2 2 \
d2x | (X)/’ / d2x | L(X)/|
X — X X —X
(7)) = '(1)=n2
d2xl¢%(xl) B() 1 + B()
d?x ¢2 (x) / d*x ¢7 (x)
L B'(i)=1 B’ (i)=n? J
( 2 \
L] [ e 0
X —X X —X
(1)= (i) =n2
d2x’ ¢2 (x') ¢ P2 T .. 42 -
k k
Y,
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= k? d’x /dzx' gb%(x)x% 2 (x). (5.103)

Then we obtain the average of A3(k,R) as follows:

(As(h,R)) = Z > / P [ 60—t (x)
=1 B'(q(#m)) =1p/(m B'(q)
(5.104)

The average of Hi(k,R) is given by

(Hi(k,R)) = (Ai(k,R)) + Aa(F) + (As(k, R))

PHe Z 5 [ @ [ st

m)=1 B (@=1pr(m)  Bi(q)

2 2
2)2¢2 = = 1
i ( )26 12 d2x d2x’ %(X) 2

Bm=1B(@=1pim)  Bi(g)

Z [ @ [ =)

=1 B/(q(#m))= lB’(m) B'(q)

SIS [ @ [ o)

B/(m)=1B'(q)= 13/( ) B'(q)

2R Z Z [ex | d2x’¢%<x>ﬁ 2 (x)

B’(m =1 B’'(g(#m))= 1B,( ) B'(q)

. ’“2 Z/ x [ G0 R )

Bi(m)=1 B @)=1p/(m)  Br(g)

(5.105)
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Eq. (5.105) may be rewritten as

(Hi(k,R)) = —(2) — Y_ d?xd?x’ ¢§(X)L¢§(x'). (5.106)

[x — x|

By the definition of an average, there must be at least one set of R such that

Hi(k, R) < (i (k, R)) (5.107)
Then, we obtain
2 e’ k? - 20127 42 1 2ot
B’(m):lB,(m)

e
We may scale x to T =u, then

1 [% TE; a;/L T; T[T
[ ds 2( ) :/ d (—) 2 [— (—)] 5.109
L /1 R \SY7 o o NL) R\ (5.109)

then we obtain

or /
[ et = [ augion = o 111
o, a1 2n
where
91(w;) = cos <7T§Z> (5.112)
For



then
O=ay<a1 <as <---<a,=1,
o = a; — a;_q, 7=1,...,n,
where
n
Zozjzl.
j=1
Let

B(m) = a rectangle of sides a;, x aj,.

Therefore, we have the normalization condition such that

j1—1 j2—1

B(m)

where

2
T,
= i < L
gcos<2>, | ;]

Then, we rewrite the integral on the right-hand side of (5.108) as below

n2 1
> [ i ) e )

B/(m)le/(m)

1

/ dmﬁwo/ dmﬁ@ﬁz/ﬁ%ﬁm)

— 2 2.1 42 -
- /d P i)
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(5.113)

(5.114)

(5.115)

(5.116)

(5.117)

(5.118)

(5.119)
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where 0 < u; < 1. Substitute (5.119) in (5.108), we obtain

H(x) (5.120)

() < Z [ e ot =

1B (m)

where 0 < z; < 1.

Since x and x’ lie in rectangle B(m) of the length «;, X cj,. Then the

maximum magnitude of [x — x| is the diagonal line in B(m) of length /a3 + a3,

x — x| < /a2 +af, (5.121)
or
1 1
e (5.122)
oj, +aj,

Let m = (j17j2)7 then
D 99 120
B(m)=1 j1=1j2=1

By using (5.122), we have

n2

)< -@F G 3 [ dxdx 60— —dix)

- 26LZZ

[ axx o)
J1=1j2=1 o2 +a

Ji Jz B(j1,j2)

= _( 2 6 k2 / d2X ¢1 / dQX/ Qb%(xl)

1 1 Oé + ;
71=1j2= J1 J2 B(j1,j2) B(j1,j2)

- Yy ﬁ @) (%)

Jj1=1j72=1 i1 o



n n 1

ST

2 2
Jj1=1j2=1 a]1+04j2

We define f(a;,) as

f(a.h) = Oé?l + &?2'

Since Z 1 =n, then

Jji=1

> ( o)) = n

Jji=1

From Cauchy-Schwarz inequality,

n 2 n n

=1 i=1 i=1

we have
(21 \/ ) ) Z1f Qj, Zl
or
- 1 n?
j1=1 fley,) Zf(o%)

Substitute f(c; ) in above inequality, we obtain

1 n?
D ——2>= '
n=14/05 +Q; 2 2
n Ty e e,

ji=1

Multiply above inequality by Z, we obtain
Jo=1

Jo= 131 1 Jl j2 Jo= 1 E /a11+a

J1=1
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(5.124)

(5.125)

(5.126)

(5.127)

(5.128)
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—n Z (5.129)
J2=1 Z ozh —l—oz

Jji=1
Let
1
flag,) = = : (5.130)
Do+,
j1=1
From Cauchy-Schwarz inequality, we have
- 1 n?
— flap) ~ &
=1 " Zf(ah)

Jo=1

then
2

3 Hlag) = (5.131)

J2= Z f

Jj2=1

Substitute f(«; ,) in above inequality, we obtain

i 1 n?
Z n > n 1
Go=1 2 2
’ Z\/ of +ai, Y T

Jj1=1 Jo=1

n

2+,

Ji=1
2
SR . (5.132)
2D e+ e,
Je=1j1=1
Substitute (5.132) in (5.129), we obtain
(5.133)

n
1 n
2D 2T
je=1j1=1 4/ O, + 5, E E A /04]2.1 + aj2.2

Jje=171=1
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where Z aj, =1, Z o, = 1. We have

Jji=1 j2=1

2 _ 2 2 o 2 2
(ajl + Q]Q) - ajl _|— ajz _'_ 2a]1a]2 2 ajl + a]g

then

, , 2 2
ajy + oy, 24 /ag + o,

Multiply above inequality by Z, we obtain
Ji=1
Z (aﬁ + ajz) > Z \/ a?l + aj2'2

Jji=1 j1=1

or

<Z aj + ) %> > i +a,

Jj1=1 Jj1=1 ji=1

then

(1+nay,) > Z,/ a2 + (5.134)

J1=1

Multiply above inequality by Z, we obtain

j2=1
n

Z 1+na72 ZZ V J1 ]2’

J2=1 J2=171=1

n n n n
(SrenSa) >S5 e,

Jj2=1 ja=1 je=151=1

=YY o+
Je=1j1=1

We obtain the bound

z": Zn: \/ a5, +az, <2n (5.135)
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or

1
Z
n . . 2n
Z \/ aj + a;,

jl)j2:1
Then, we obtain
4 4
n n
> —. 5.136
> (5.136)
Z \V @ + @,
jl»j2:1

Substitute above inequality in (5.129), we obtain

3

n n 1
Y= (5.137)
Je=171=1 \/ aj2'1 + Oé?z "

This above inequality leads to

2 3 2,3
< —(9)? en__on .
(H) <=(2)° 575 7 (5.138)
For k = (2n)?, we obtain
k3/2 k‘2/3
3 _ _
Then, Lemma 5.2.2 follows
021:3/2
(Hi) < ——=7 (5.140)
OJ
This inequality then leads to
e2k3/? A(N+k—1) e? }
U |H|V) < kT — + (N —Fk)|Ty+ — ) 5.141
(v |H}w) ot wen|ns SN |

Substitute T, Ty and D > Lo, where xy > 8

m2h? e?k3/? mh? (N +k—1) e?
UH|W) < k— N —k -
(VIH|P) 4mL? 8L ( ) {4ng + xLo \/§L0]
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= By(L) + Bs(Lo) (5.142)
where
Bi(L) = 47::222 - ez; 2/2, (5.143)
Bs(Lo) = (N — k) { 47::22% + QQ(N;LIS -V _ \/Q;LO . (5.144)

Optimization of the right-hand side of equation (5.142) over L and Ly :

dBy(L)
dL

6% <B1(L) + BQ(LO)) =

T2 k2 k?3/262

= (k- 5

7T2h2k k,3/262

== — -].4
2ml3 + 812 (5.145)
then L will be obtained below
dBi(L) _,
dL 7

w2h2k  k3/2e?

“omir T sz

then

I m2h2k 8
~\ 2m e2k3/2

4 2h2
= T (5.146)

me2kl/2°
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Optimization of the right-hand side of equation (5.142) over Ly is given by

0 dBy (L)
— | B1(L Bsy(L =
8L0< (L) + By(Ly) Lo
d 2p? ((N+k—-1 2
— (N —k) V Il Gl ) B 1
dLO 4mL0 XLO \/§LO
[ m2h? AN+k—-1 2
(V) | - S
L 2mLO XLO \/§L0
I A A | (N—l—k:—l))}
=(N-k) |- + ==
w-nlmrala -t
(5.147)
then Ly will be obtained below
dBs(Ly) _0
dLg ’
R @1 (NE-DY
2mLy  L§ \V2 X 7
e_Z(L_ (N—i—k—l)) R
Li \V2 X 2mLg
then
w2 h? 1
Lo
2m é(i— (N+k:—1))
V2 X
2V 212 h? 1
_ 2Var (5.148)




Because Ly > L then

24/ 272 h?

1

A% h?

me24
1 —

For Ly > 0, then

X

>
V2(N + k- 1)) me’k

1/27

2/ 212 K2 1
5 > 0,
me*4 1_\/§(N+k—1)
X
2N +k—1
L ; ) >0,

Then we obtain

0<4(1—

442

X

2

V2(N +k — 1)) L V2

We choose x = T(N +k —1) > 8, we obtain L

Lo

_2V/2r%R? 1
 me24
V2(N +k—1)
1-— 4\/5
—(N+k-1)
3
C2Vernr 1
- 2
me24 (1 B §)
4
B 2/ 2722

me?

283

(5.149)

(5.150)

(5.151)

(5.152)
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and

B2 (LO) |L0: 2v272h2

me

w2 h? <m264) N 3¢(N +k—1) ( me* )

= (N -k
( ) { dm \ 8mih? 4v2(N + k — 1) \2v/2m2h2

5 (s

(N_)[me‘l 3me’ me4}

3or2m2 T 16722 Antie

4

me
= (N =k [1+6 3]
( ) 2h? 1672 -8
met 1
=—(N—-k)— : 1
( )2h2 1672 (5.153)
Since (N — k) > 0, then
By(Lg) < 0. (5.154)
Add above inequality by Bi(L), then
Bi(L) + By(Lo) < Bi(L)
2h2 €2k3/2
= — . 1
A4ml? 8L (5.155)
4 2h2
Substitute L = % in above inequality, then
me
2R’k m2etk e2k3/? [ me2k!/?
Bi(L) < —
(L) dm (167?4714) 8 ( Am2h? )

. me4 k?_z _ me4 k’_Q
C2m2h2 \ 32 2m2h2 \ 16
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me* [ k?
T 2R (32#) (1-2)

me* k2
T (W) 3272 (5.156)
which leads to
me*\ k2
(V|H|V) < — (2_h2) 392" (5.157)
Since we have
N2
= (5.158)

1
(1+3)
n
then, for Eyy < (V|H|VU), we obtain the upper bound

4 N2
Enny < — (me > . (5.159)
3272

) s (15)

for all N > 4, where we have used the fact that k = N(1 + ¢/n)~2 = 4n%. Since

(14 ¢/n) < 2, we also have the conservative bound

4 N2
Exx < — (me )

282 ) 51272

for all N > 4.

For large bosonic systems, e.g., for n > 50, i.e., for N > 10?,

me4) N?2

E < — | = .
N (252 3672



CHAPTER VI
INSTABILITY OF “BOSONIC MATTER” IN

ALL DIMENSIONS

6.1 Introduction

In this final chapter, we will answer the question raised at the end of the
introduction to the last chapter: Is instability of “bosonic matter” a characteristic
of the dimensionality of space? We will prove that instability is not a characteristic
of the dimensionality of space and that such systems are unstable in all dimensions.
We have been seriously concerned with this question since the beginning of this
project and have succeeded in answering the above question. We were able to

derive an explicit upper bound for the exact Ey y in all dimensions v

4 N(2+V)/V
e ) (6.1)

E _
NN < (2h2 167213 (2)

for all N > (2)”, where m is the smallest of the masses of the N negatively charged
bosons. Thus we conclude, in particular, that the instability of such matter
is not a characteristic of the dimensionality of space. For example, no stable
planar configurations may be formed corresponding to v = 2. There has been
much interest in recent years in the physics of arbitrary dimensions (Geyer, 1995;
Bhaduri, Murthy and Srivastava, 1996; Semenoff and Wijewardhana, 1987; Forte,
1992) and the role of the Spin and Statistics Theorem in such dimensions. It is well
known that the latter is tied up (Geyer, 1995) to the dimensionality of space and
we learn that such a system not being subjected to stringent constrained statistics

is necessarily unstable in all dimensions. It is also an important theoretical
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question to investigate if the change of the dimensionality of space will change
such matter from, e.g., an “implosive” to a “stable” or to an “explosive” phase.
The present work shows that this does not happen. (Some of present field theories
speculate that at early stages of the universe the dimensionality of space was not
necessarily three and, by a process, which may be referred to as compactification of
space, the present three dimensional character of space arose upon the evolution
and the cooling of the universe.) The potentials considered are the 1/r type,
and we do not dwell on the fate and the dynamics of the positive charges which,
undoubtedly, involve complicated interactions, and instability is established down
to and above the nuclear level. Also since both signs of the charges are involved in
this work, the analysis becomes more involved than one dealing with one sign of
the charges only (Hall, 2000). Needless to say, if for some v, Ex x goes to minus

infinity, then (6.1) is automatically satisfied.

6.2 Derivation of Upper Bounds

The Hamiltonian under study is given by

2 2
%

p Al e N e2 N o2
=2 om 22 R/ 2k o w w2

i=1 v i=1 j=1 i<j i<j

the x;, R; refer to the negative and positive charges, respectively. Quite generally,

we may write for any N > (2)”,

(g) R (6.3)

then

N =2"(n+¢)"
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v

= (2n)" (1 + f) <@2n)"©2)”, (2 =k (6.4)
n
where 0 < e <1,n=1,2,.... We introduce an N-particle trial function

U(x1,...,Xy) = \/ﬁ Eﬁ: ¢ (x(m1)) .. & (X(mk)) Y1 (X(Tpt1)) - - vk (X (7))
(6.5)
with the sum over all permutations {my,...,7x} of {1,..., N}, such that ¢(x),

;(x) are pairwise orthonormal,

/d”xw:<x>wj<x>=aij, /d”xqb*(x)wj(x):o, /d"x bF=1  (6.6)

For the single-particle trial functions, we take

z 1 T,
o) =T (reos (3) ) ot Il <2 (6.7
[1( e (52)
and is zero otherwise, and for j =1,..., N — k

500 =TT (Smeos (CB220) ) 2on, k- L), o= Lyl < L

i=1
(6.8)
and are zero otherwise. Let
L; =3jDy(1,1,...,1) (6.9)
then
IL;| = jDoV12 + 12 + ... + 12 = j\/uDj. (6.10)
We have

ILy| = VvDy > VL + /v Ly,



Lo = 2¢/wDy > VUL + 2y/vLo + vLo = Vv L + 3v/v Ly,

|Ls| = 3v/vDy > VL 4 5\/vLy,

Then,

Do > L+ (2 — 1)Lo = (L — Lg) + 2j L.

Since Lo > L, then

L—Ly<0
We obtain
JDo > 27 Ly,
D,
— > L.
5 0
We have
D
L<Ly< =
2
Because |z;| < L, then

Because |z; — Lj;| < Lo, then

—Lo <7 — Lj; < Lo,

L

Because L; = jDy(1,1,...,1), then

Lj; = jDy.

ji — Lo <y < Lj; + L.
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(6.11)

(6.12)

(6.13)

(6.14)

(6.15)
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Then substitute (6.15) to (6.14), we obtain

D
From 70 > Ly > L, we can choose any Dy that

where y > 2.
Let
T = L d’x |[Vo(x)|? (6.18)
2m ’ '
and
h? 5 9
Ty =5 [ [Vx). (6.19)

The elementary computation gives

2
v
/d”x IVo(x)|> = 17 (6.20)
Substitute (6.20) to (6.18), we obtain
vr?h?

Also, we have

= . (6.22)
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Substitute (6.22) in (6.19) we obtain

h2  vn?

T = —
J 2m4(L0)2

2h2
S LR, (6.23)
&m (L0>
and we use the results from Chapter V, to obtain
R )
= Z/ vx(m)...d"x(ry) |V, 9
i=1
NI BN k N
= Toi + To6;
= kT + (N — k)T, (6.24)

il

— \1;> Yy [ g

N N-k

1
) B L A

j=1 =1

= (W), (6.25)
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+62kZ/VXdVXI o7 (x ﬁ 7,(x)

+e? Z/”xd”x’ ¢L0( )|x < !

2 /
YL, L |¢L°(X)
1<)

= (1a), (6.26)

and

N 2

N 2
€ e
U3 ) = (W) [ e W x)
— |[Ri — R . |R; — R,|
i<j J i< j

= Z m (6.27)

From (6.24), (6.25), (6.26) and (6.27) we obtain the expectation value of

the Hamiltonian

(V| H|W) = <xy

2

o) (e

1<J A i<j ]l

)

= [kT + (N — k)To] + (Vi) + (Vo) + Z W (6.28)

1<j

The upper bound of (V;) will be derived below. Then, from (6.25), we
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obtain

<‘/1> = _62]{32/ Yx ﬁéi(X)

v ]_ )
- Z/ <|X+L1_ | |X+LN—k_Rj|>¢LO(X)

:—e%ji/ux |X_1 2 Z /V R

v 1 )
—e Z/ <|X+L1 | |X+LN—k—Rj|>¢LO(X)

Since
<k Z /V —R 01X =0 (6.30a)

and

k
1 1
e2 /VX (—+—|— > 2 x) > 0 6.30b
; |X+L1_Rj‘ |X+Lka_Rj| Lo<) ( )

then, by using (6.30), Eq. (6.29) becomes

k
<‘/1> < —e2l{;2/ VX ﬁqﬁ%(){)
Jj=1 J

v 1
Z / <‘X+L1_ | \x—l—LNk_Rj’)‘bio(X)-

Jj=k+1

(6.31)
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Fori=1,...,N —k, we set Ryy1 = L1, Ry = Lo, ..., Riy; = L;. We

obtain the bound

1
Z yx+L— ’ o (6.32)

j=k+1

Eq. (6.32) leads to

Y 1 1 A
j_zkil (!X+L1 R, !X+LN—k—Rj|> 2;%@
= <N’;| k) (6.33)
Substitute (6.33) in the second term of (6.31), we obtain
];ﬂ/y <|x+L1— R, |X+Lle—Rj])¢%O(X)
<o fax S
— _ (N —F) / 4'x §¢%O(X). (6.34)
Then, substitute (6.34) in (6.31), we obtain
W) < —e%Z/ X g 00— /d”:x % 2 (x).  (6.35)

Consider the second integral in (V}), where |x;| < Ly:

xP =22+ . 422 <LE+... +1L2

then

x| < VLo (6.36)
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or
1 1

> )
x| = VLo

Multiply above inequality by / d"x ¢7_(x), we obtain

Jors > o oo

1
= (6.37)
Multiply above inequality by —e?(N — k), we obtain
1 e2(N — k)
—ZN—k/d” —¢7 (x) < — 6.38
N =) farx ot ) < - (6.39)
Substitute (6.38) in (6.35), we obtain
2(N — k)
\_%;g/v Gt} .
() < =k 3 farx gt - UL (6.39)

The upper bound of (V) will be derived below. For j > 1, |L;| = j\/vDy,

we have

Ly > VoD, (6.40)

and for i # j, we have
L —L; =iDy(1,1,...,1) — jDo(1,1,...,1)
= (i — j)Do(1,1,...,1),
ILi —Lj| = /(i — j)*VvDy

> /v Dy. (6.41)
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Consider x — x' — L; = (x — x’) — L;, we obtain

x = x' = Lj" = [x = x|" + |L," — 2(x = x) - L
then

x =% Ly > x— %[+ L[ - 2x — x| |L|

2
> |Lj|" = 2|x — x| |L]

|x — x|
= |L,|? (1 —2 . (6.42)
’ L

J

We consider |x — x’| in (6.42), for L < Ly, we have
Ix — x| < 2vviy.

Substitute above inequality in (6.42), we obtain

x —X/|

Ly

27 Lo

\
2 .
Ly

<2

The above inequality leads to

Ix — X/| 2\/vL
IL;|° (1—2 i > L2 (1-2- |L‘|° . (6.43)
J J

Then, from (6.42) and (6.43), we obtain

2 I 1/2
J

D
From (6.40), we have |Lj| > /D, and from (6.17), we have Ly < — where
X



X > 2, these equations leads to

which gives

Compare (6.45) with (6.44), we obtain

|X—X/—Lj| = Do.

Consider |x — x' 4+ L; — L;|, we have

|X — X/ + Ll — Lj|2 = ‘X — X/|2 + ’Lz — Lj|2 — 2(X — X,) . (L, — LJ)

then

x =X +L; — Lj|* > |x = x|" + |L; = L;]” = 2|x — x| |L; — L.

This leads to

X%+ L —Lj| > [L— L] (1- 2 X=X v
X—X i — Ll = L — L — 20—
’ ’ L; — Ly

where

Ix — x| < 2vvL.
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(6.45)

(6.46)

(6.47)
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Then,
|x — x| 2\/vLy

2 <2-
L — Ly IL; — Ly|

which gives

/2
x — X/| )1/2 < 2/ Lo )1
Li—Ll(1-2 221} s, L (1-2. 2220 ) 6.48

D
From (6.41), we have |L; — L;| > /wDy, and for Ly < —, then
X

Ly < 1
L, —L;| ~ xyv

This inequality leads to

27 Lo )1/2 ( 4)1/2
Li—Lj|(1-2- ") >|L—Lj(1-—

AN\ 12
> \/vDy <1 - —)
X

> D. (6.49)
Compare (6.49) with (6.48), we obtain
|X—X/+Li —Lj| 2 Do. (650)

From (6.46), we have |x —x’ — L;| > Dy, then

1 < 1
|X—X/—L]‘ = DO'

Multiply above inequality by ¢7 (x) ¢7 (x'), we obtain

1 1
X—x—Lj| £ () < 61 () oo, ()

o1, (x)
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N—k
Multiply above inequality by erZ / ¥x d"x’ we obtain
j=1
N—k 1
2 v v 2 2
N—k 1
<Ry [ 6 (0 5ot ()

j=1

2y Nk
= eD—O Z / "xd"x' ¢7 (x) ¢7,(x)

Jj=1

= 5N - k). (6.51)

From (6.50), we have |x —x’' 4+ L; — L;| > Dy, then

1 < 1
|X—X/+Li—Lj| = DO.

Multiply above inequality by ¢7 (x) ¢7 (x'), we obtain

1

2
oL ) e L oL,

G (X) < 6, (x) 5%, ().
0

N—k
Multiply above inequality by 62/{72 / "xd"x’, we obtain

i<j
N—k

&3 farxdrx 6 00— 6 )

— |X—X/+Li—Lj|
1<]

N-k

1
<ée? /d”x d’x’ gbio (X)F¢%O (x')
— 0

1<)
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9 N—k

€ 12 v
= D ; /d xd"x' ¢7, (x)¢7,(X)
2 Nk
= — 1 6.52
P> (652
where
2 N—k 2
e _e(N—k)(N—-k—-1)
- Z 1= Vo . (6.53)
1<J
Then, (6.52) becomes
N—k
b 1 (N —k)(N —k—1)
DI s T A JTokD
i<j !
(6.54)
From (6.51), (6.54) and (6.129), we obtain the upper bound of (V3)
k(k—1 1
) < MEED farwarx o ) ot )
ek (N —k)(N —k—1)
—(N — .
+ Do ( k) + oDy (6.55)

where the sum of the latter two terms on the right-hand side of (6.55) is given by

ek (N —k)(N—-—k—-1) ¢ N—-k-1
BV k) 2D, —HO(N—k)(k+—2 )

N -k)(N+kE—-1)

- 3D, . (6.56)

Substitute (6.56) in (6.55), we obtain
k(k—1 1
o) < AHESD famare ) ot )
(N —k)(N +k — 1)‘ (6.57)

2D,



Consider the interaction term of positive charged particles,

N
ZR DD
R R, 2y

1<j

=2 i=1 j=k+1 i=1 v

Weset R; =L, for j=k+1,...,N, then for j > k + 1,
IR = [Ljx| = VvDy.
For j < k, and from (6.17) we obtain

IR;| < VvL
< 1/&.
Since |R; — R;|* = |[R:|> + |R,|* — 2R, - R;, then

R, — R, > R,* + |R;|* — 2|R,| |R|

> |R;|* — 2|Ri| |R;|
IR,
= |R,|? (1 —2
g IR

|RZ| 1/2
R, — R, > R (1—2 |
’ ’ IR

or

1. Consider the case of 1 =1,... .k, j=k+1,...,N, i <j.
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(6.58)

(6.59)

(6.60)

(6.61)

(6.62)
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We have

The above inequality leads to

R, 1/2 9\ 1/2
|Rj|(1—2' ‘) >|Rj|(1——)
R, X

> Dy. (6.63)

Then compare (6.63) with (6.62), we obtain

IR, — R;| > Dy. (6.64)

2. Consider thecasei=k+1,... N—-1, j=k+2,...,N, 1 <j.
We have

IR — Rj| = |Li—p — L]

> /vDy

> D (6.65)

Therefore, from (6.64) and (6.65), we obtain

R, ~ R,| > Dy (6.66)
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then
1 1
[Ri —Ry| =
This inequality gives
N j-1 N ity
2 Z| —R S X LD
j=k+1 =1 j=k+1 i=1
A !
DI
j=k+1 i=1

1 (N—R)(N+k—1)
- . . (6.67)

Substitute (6.67) in (6.58), we obtain

2(N—k)(N+k:—1)
Z|R R;| \Z|R R;| 2D, ‘ (6.68)

1<)

Then, substitute (6.39), (6.57) and (6.68) in (6.28), we obtain the upper
bound

k
1
(V%) < AT = ke Y fa'x =i
j=1 !

k<k_1)62 v v/ 1

(N —k)(N+k—1) (N —k)
+ (N — k)T + D, -~ (6.69)

therefore

2
(U|H|W) < kT + (Hy) + (N — k) | Ty + &
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where

(1) = ket 3 [0 = di0

k(k —1)e? 1 i 2
% /dVXdVX’ ¢% (X) —gb% (X/> + Z: m,ze——R,]’ (671)

[x — x|

Since k(k — 1) < k?, then

k
1
H —k2 v 2
() < ke )2 [ ot

e? 1 b e?
—|——/{?2/dUXdVX/ ¢2 x —¢2 X/ 4 -
2 L<>|X—X,| L( ) ;|RZ_R]|
= H,(k,R) (6.72)
where R = {Ry,..., Ry} and
Hy(k,R) = A1(k,R) + As(k) + As(k, R). (6.73)
We define
F 1
AR = ket 3 [0 ot ) (6.742)
i=1 -
A(l{:)—e—Qk?/d” 4% 62 (x) — 62 (x) (6.74D)
2(k) = XXLX]X—X’\LX’ .
k o2
A3(B,R) =) ———. (6.74c)
IR; — Ry

i<j

Therefore, to derive the upper bound of (H;), we partition the interval [0, L] in

to n subintervals: 0 = ay < ay < aj < ... < a, = L and we choose a}, a;_, such
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that
! /ag- dx; cos® <7sz) = /a3 dz; g*(z;) = L (6.75)
a;71 (2 2L - a971 (2 g 1) T 2n .
where
1 i
g(x;) = NG cos (%) (6.76)

for j = 1,...,n. By doing so, we divide the box of sides 2L,2L,...,2L into

(2n)” = k smaller boxes which labeled B’(m), where m = (j1, j2, ..., ju)-

Let

O=aqy<a)<ay<---<a,=1L, (6.77)
o =ah —al_y, j=1,...,n, (6.78)

where
> o =L (6.79)

j=1

Then

B'(m) is equivalent to boxes of sides o), x o, x ... x aj, (6.80)

where we have the normalization condition such that

1 [% 1 (% ,
z/alldarl COS2<7;—521>...E/(; d:v,,<3052<7;:2>

j1—1 Jv—1

/_ /_
j1—1 Jv—1

a;l a;u
= / dzy ¢* (z1) ... / dz, ¢° (z,)

[ ax ot

B!(m)

(6.81)
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Therefore,
k/(2)
Jarx i Z [ ax i
=1 B’(m)

k/(2)" 1

o ()
B/(m)=1
k1

= (2)" ——

=1 (6.82)

Now we place Ry in box B’(m) =1, Ry in box B'(m) = 2,..., Ry in box
B'(m) = k, and then we average H;(k,R) over the positions, Ry,..., Ry, of the
positive particles within the box with a relative weight ¢2 (Ry), ..., ¢%(Ry) in rec-

tangle B'(m) =1,..., B'(m) = k, respectively.

The Average of A;(k,R)

The term A;(k,R), for k = (2n)”, may be rewritten as sums of integrals

over such boxes as follows:

kj2r  kj2v

Ak, R) = DYDY / ;Rﬂ 7(x)

B/(m)=1 j=1 B'(m)

n? v

= —(2)ke? Z / d"x ¢7 (x) Z ’X_—lR” (6.83)

B/(m)=1 B'(m)

Then (A;(k,R)) will be derived below and it is obtained by the average of
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then we have

g G [ a0
- x - x| , x — x|
(Z 1 > _ B(j)=1 L B
R ' 62 (x) [ ax i)
B'(j)=1 B'(j)=n¥
2 / 2 /
dI/XI ’iL_(XX%‘ / dl/ / |iL_(XX>I’
B'(j)=1 B'(j)=n¥
= I + ...+ 1
k k
2 / 2 /
:k / dl/ / ¢L(X>/ 4 +k / dl/ / ¢L(X),
|x — x/| |x — xX/|
B'(5)=1 B'(j)=n¥
=k /d“ / |¢L( 3| (6.84)
X—X
B/(Q)le/(q)
Then, we obtain
. v 2 > v 2 - v/ ¢L( )
Wk R) = -k Y [ dxdeon a1

B/ (m)=1p/(m) Bl a)=1pi(q)

= —(2)"k%? Z Z / vx [ d¥x 1X,‘ 2 (x).

B’'(m)=1B’(q 1B’(m B'(q)

(6.85)
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The Average of Ay(k)

The term As(k) may be rewritten as sums of integrals over such boxes

directly as follows:

Ay(k) = %2k2 /d”x d"x’ ¢ (x) ! 2 (%)

x x|

Z Z /d”x /d”X’ ¢7 (%) ’X_lx,‘ 2 (x'). (6.86)

Bm=1 BO=1 pitm)  Bi(g)

The Average of A;(k,R)

Since

k nY
1 e? (2)” e?
— § = E 6.87
2 vy IR; — R, 2 vy R, — R, ( )

then, the average of A3(k,R) over R; is given by

average over R

_2323 ( RA)

i=1 j(#i)=

¢7(x') / ¢7(x) )
v,/ du /
y / R T y— * R, — x|

B'(j)= B'(j)=n¥
_ (5)=1 PO
a| ] ax e [ ax i)

[ B'(j)=1 B'(j)=n" ),

average over R
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( 1(x') ¢1(x) )
dr/ / L / dl/ / L
,nu / ‘R/L—X/‘ |R1_X/’
B B'(j)= B'(j)
= Z i et I
i(#7)=1 2 2
\ J

$- () [ e 20
= vx! d’x’
k /dx |RZ-—X/|+ + k X R, — x|

i(#75)=1 B'(j)=1 B'(j)=n¥

\

=k Z 5 / @ ’,R (_Xi, (6.88)

#J)=1B'(j)= 13/( )

Now, we average above inequality over R,

i#] average
.
/ dy ¢L( ) / dVX ¢L( )
n |x — x| [x — x|
B (i)= B/ (i)=n¥
N> d'x’ g2 (x') { P07 + o >
B(i(0)=1p( ;) / d"x ¢7,(x) / d"x ¢7,(x)
| B/(i)=1 B’ (i)=n¥ J
( / dl/ QSL(X) / dy QSL( )
v |x — x/| Ix — x|
_ vl 12 B'(i)=1 B’ (i)=nV
=k > d'x’ ¢% (%) i + 1
Bl(J(?'éi)):lB/(j) 'R 7
\ J

=K > d"x /d”x’ qb%(x)‘x_l 7(x). (6.89)
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Then, we obtain

1/ 2k2 n”

(As(k, R)) =

B'(m)=1 B'(q(#m))= 1B’(m) B'(q)
(6.90)

From (6.73), we have the average of H;(k,R) as below

(Hi(k,R)) = (A1 (K, R)) + Az(k) + (As(k, R))

e 33 [ ax [ ax oo =i

Bm=1 B0=1pim)  Bi(g)

nY

Z 3 [ax [ d”x'¢%<x>ﬁ¢%<x'>

=1B'(q)= lB’( ) B'(q)

V 2k2

n?

v, 21.2 n”
n <2>2€ k Z Z /d”x /d”x’ qﬁ%(x)rlx,‘ﬂﬁ(xl)

B'(m)=1 B'(q(#m))= 1B’(m) B'(q)

v v

(2)" e’k <= < v v 1
= - d"x | d"x’ gb%(X)m 7(x)
B'(m)=1 B"(0)=1p/(;,)  Bi(q)
2 ek & - . y L
5 d"x [ d"x’ ¢%(X)m¢i(x/)
B'(m)=1 B'(¢(#m))=1 /() B'(q)

e [ [ @ G0

[x — x|
Bm=1 B @=1pm)  Bi(g)

(6.91)
Eq. (6.91) may be rewritten as

(ER) = =27 G- > [ awa G o). (692)

B/(m)zl B’(m)
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By the definition of an average, there must be at least one set of R such that

H, (k,R) < (Hy(k,R)). (6.93)
Then, (6.73) becomes
(27K & Vo 1
(i) < 2 FxdX GRS AN (09
B’(m)=1 B'(m)

X
We scale x to T =u, then

1 [% TX; G/l T (X
pf et (Gp)= [ a(3) e (5(7) 6o
L /1 R \SY7 o o D) 2\T (6.95)

or
1 (% ; % ; 1
zﬁf@m“Z):Afmm%?>:% (6.96)
or
“ 2 “ 2 1
/ " da; () = / du g} (u) = 5 (6.97)
aj_4 aj_1
where
g1(u;) = cos (W;ﬂ (6.98)
and
ag, _a) at a,
0 7 < 7 < 7 < < 7
Then
O=ap<a; <ay<--<a,=1, (6.99)

Q; = a; — a1, j: 1,...,7’L, (6100)



where
n
E Oéj =1.
=1

Let

B(m) = a box of sides aj, X aj, X ... X v, .

Therefore, we have the normalization condition such that

/ duy g%(ul) .. / du, g%(ul,) = /d”u qb%(u)
a;, — aj, 1

1
. v B(m)

where
z TE;
:Hcos (#), |z;| < 1.
i=1

Then, we rewrite the integral on the right-hand side of (6.94) as below

1
Zl / ' G001 ()
B/

v

Y 1
= > /d”ud”u' (]ﬁ(u)r t(u)

Lu/|
B(m)=1 B(m)

b' |

/ W () o)
where 0 < u; < 1. Substitute (6.105) in (6.94), we obtain
(2)V62k2 - v v 2 1 2
(Hi) < oL Z d"xd"x’ ¢1(X)m 1(x)
B(m)=1 B(m)

where 0 < z; < 1.
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(6.101)

(6.102)

(6.103)

(6.104)

(6.105)

(6.106)
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Since x and x’ lie in box B(m) of the length a;, X oj, X ... X a,.

Then the maximum magnitude of |x — x| is the diagonal line in B(m) of length

\/04]2'1 +a3, +...+ a2 . That is,

Ix — x| < \/0451 +ai,+... ol (6.107)
or
1 1
o > . (6.108)
X — X 2
\/oz?1+oz§2+...+ajy
For m = (j1,j2, ..., jv), we have

Z ZZ Z (6.109)

m)=1  j1=1j2=1 Jv=1

Substitute (6.108) and (6.109) in (6.106), we obtain

N 1
iy < =R S [ara g —— —3(x)

UKL )3y —

2 2
n=lp=1 ju= 1\/0‘3'1+0‘j2+-~+o‘ju

< / Exd’x’ (x)6(x)

B(j1,525--,Jv)

LS S 3y S—

2 2
j=ljp=1 ju=1 \/O‘J'IJF%QJF-“JF%V

<[ axée [ aw e,

B(j1,J2,-dv) B(j1,52-+,Jv)
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From (6.103), we obtain above inequality as below

< -2E S 1 - (1) ()

2 2
J1=1jo=1 Jl,_l\/ajl—FOép—l-—l—OéJV

:_%ZZZ ! : (6.110)

: . : 2 2 2
]1:1]2:1 ]1/21 \/ajl + a]Q + e + a]u

Now, we define f(a;,) as

flag) = Jod +a3, +.. +al. (6.111)
Since
1o
J1=1
then

i ( f(%)f(%jl)) =n. (6.112)

Jji=1

By using the Cauchy-Schwarz inequality,

(> ) SO,

then, we have

S

J1=1

n

(6.113)
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or
n
1 2
3 t . (6.114)
, 2 2 2
Ji=1
Multiply above inequality by Z ,we obtain
jo=1

n n 1

ZZ 2 2 2 Z
Ja=1j1=1 \/aj1+aj2+"'+aju J2= 12\/05 —i—Oz t...ta ?u

J1=1

1

=n Z . (6.115)
J2lz\/a +al +... +a?

J1=1
Let
1
flag,) = : (6.116)
Z\/ a2 a2 4. +a2
Ji=1
From Cauchy-Schwarz inequality
- 1 n?

2 FaiZ
Jo=1 f( J2) Zf(OéjQ)

J2=1

> fon) > (6.117)
2 o)

J2=1




Substitution of f(ca;,) gives
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- 1 n?
B a3 1
Jji=1 J2=1
Z Vod +ad o+ ad
Jji=1
2
z . (6.118)
S e
Je=1j1=1
Substitute (6.118) in (6.115), we obtain
% z (6.119)
j2=1j1:1\/a§1+a322+...+ozi ZZ\/O‘ tad 4. +a2
Je=1j1=1
which leads to
n n 1 20
Dy = n (6.120)
; , 2 2
Jj1=1 Juzl\/aj1+aj2+"'+o‘ju Z Z\/a +a +...+ozj2-
J1=1 Jv=1
where Zajl = I,Zaj2 = 1,...,20% = 1. We have
ji=1 ja=1 ju=1
(aj, +aj,+...+a;,) 2a) +a, +...+a),
or
Qg + g, + +a]u/\/a —|—Oé t... to ?u
then

D oy +ag, + .

ji=1

Z\/a +ai, +...+ad,

Jj1=1

+ o)



(Zaj1+2aj2+...+2ajy> Z\/a +af, + .. tad

j1=1 j1=1 jy=1 ]1 1

Then, we obtain
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(1+naj, + ... +na;,) > Z\/a +ad 4. 4k (6.121)
Jji1=1
Multiply above inequality by Z, we obtain
Jo=1
Z(1+naj2+...+naju ZZ\/& +ai, +...+a,
J2=1 J2=1j1=1
PIIRED TIRINEES S ED 9 SRR
J2=1 J2=1 Jo=1 Je=1j1=1
(n+n+...+n’q,) > ZZ\/a +ai +... 4o
Je=151=1
which leads to
Z Z\/a +aZ +...+al < T !
]1 1 JV—]-
=wvn"! (6.122)
or
1 1
n n = ]/nu—l’
Z...Z\/ozfl—i-oci—i—...—i—ai
A=l ju=1
n n 1 nzy

- 2 2 2~ vpvl
]1:1 JV:]_ ajl + Oéj2 + e + O[J



nV+1
v
Substitute (6.123) in (6.110), we obtain
62 nu-‘rl 21/—162 nl/+1
H) < - —
() 2) 2L v vL
Since k = (2n)¥, then
kl/y
=n
2

then

kl/V v+1
2y—1€2
- < 2 ) er.(V—‘,—l)/V

(H1) < — =—

vL v

Substitute (6.126) in (6.70) we obtain

2k(u+1)/u
(U |H|T) < kT - ©

E(N+k-1)

+ (N —k) {Tg%—

v Dy

Substitute T, Ty and Dg > x Lo, then
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(6.123)

(6.124)

(6.125)

(6.126)

vr?h? 2k /Y v?h? (N +k—1) e?

VIHT) < k — N —k —

= By(L) + Bs(Lo) (6.128)
where
vilh? er(u+1)/u
By(L) = k — .
(L) = g7 YT (6.129)
2 E(N+k—1) €

By(Lo) = (N — k) | = cN+k-l) e (6.130)
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Optimization of the right-hand side of equation (6.148) over L and Ly :

0 _dBi(L)
6_L(Bl(L) + Ba(Ly)) = aL
U2 h2 L) /v 2
=(— k 6.131
( )8mL3 + 4qul? ( )
Then, L will be obtained from
dB(L) 0
a7
vl h2 k(y+1)/u€2
(—2) 8mL3k + oz = 0 (6.132)
then
V2mlh?
We can find Ly from,
0 dBs(Lo)
—(B1(L) + By(Lg)) = ————=
8L0( 1(L) + Ba(Ly)) L
(N =R d vm2h? +62(N+k—1)_ e?
dLO 8m(L0)2 XLO \/;LO
Y G O O e ]
| 8m(Lo)? X(Lo)? VV(Lo)?
R )]
L 4Am(Lo)®  (Lo)® \VV X
(6.134)
and

dBy(Lo) _
dL,



then
v h? e? ( 1 (N—i—k—l))_o
Am(Lo)* ~ (Lo)* \VV X ’
e? ( 1 (N—l—k—l))_ v?h?
(Lo)? \VVv X 4m(Lo)?
then
I v2m2h? 1
07 me? (4\/__ w(N+k— 1))'
X
Because Ly > L, then
v2m2h? 1 v2m2h?
me? 4v(N + k —1) > me2k/v’
(7~ )
X
N Av(N +k —1) < K
X
Since Lo > 0, then
w(N+k—1
4V — V(N + ) > 0.
X
Then, we have the bound
4v(N —1
4
We may choose y = %(N + k—1) > 2, then Ly is given by
v2m2h? 1
Lo —
0 me? w(N+k-1
4V — 4\;& +k=1)
NMUN+k—1)
3
v2m2h? 1

me? (4/v — 3\/v)
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(6.135)

(6.136)

(6.137)

(6.138)
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U322 2
= (6.139)
From (6.130), we obtain
vr?h? [ m2e?
B2(L0)|L0:V3/772Lz2h2 - (N - k) |: 8m (7T4h4V3>
N 3¢3(N + k — 1)me? me*
42(N + k — 1)m2h?  v2m2h?
me? 3me* me?
=(N—-k —
( ) {87?27121/2 * 4m2h2p? 71'2h21/2}
met [1 3
— (N 129
-0 [543
= —(N—k) me! (6.140)
B 8m2h2v?’ '
Since (N — k) > 0 then
Bs(Lg) < 0. (6.141)
Add (6.141) by By from (6.129), we obtain
Bi(L) + By(Lg) < By(L)
. P B YN ORE )V
= k — 142
8mL? 4vL (6.142)

V27T2h2

epYRYPE then (6.129) becomes

Replace L =

Bi(L) <

vilh? [ m2etk2/v L LD e k1Y
8m ( vimipd ) 4y ( 222 )
met kG et (542)

N m2h2 8u3 o m2h2 A3




322

met* kG /11
TRz 13 \8 4

met k(3+1)

T 2R 813

me* k:(%H)

From (6.142), (6.128) and (6.143), we obtain the bound

me* k(%ﬂ)
VIHWY LS — | — | ——. 6.144
i < - (i) e (6.144)
. €\
Since N =k (1 + —> , then
n
(2+v)/v
2.9 N
(1+3)
n
Since Ey y < (V|H|¥), and by substituting (6.145) in (6.144), then
me? N(2+I/)/l/ 1
EN,N < — (2h2) 123 Nt (6146)
(1+3)
n
Since 0 < ¢ < 1 and n > 1, therefore
24v
(1 + 5) < 27
n
or
1 1
(6.147)

= .
(1 R £>2+V 4(2)1/
n

Upon substituting (6.147) in (6.146), we obtain the following upper bound
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for the ground-state energy

me4) N(Z—i—u)/u

E < — .
NN <2h2 16m213(2)"

(6.148)



CHAPTER VII
CONCLUSION AND DISCUSSION

In this work, we have provided a detailed rigorous quantitative analysis of
the collapse of “bosonic matter” in the bulk with Coulomb interactions. To do
this, we have derived several upper bounds for the exact ground-state energy of
such matter as functions of the number of the charged particles involved which
may be as large as 103 or even more, and we have also considered numbers as
low as 8. As every step in the derivations was justified and the results were stated
in the form of Propositions, the complexity encountered in the analysis were of
the following nature: (i) Estimates were needed that control the negative part
of the interaction of the Hamiltonians in question over their positive repulsive
parts and the positive kinetic energies part. (ii) Both signs of the couplings were
needed which complicated the investigation to a large extent. (iii) Special choices
of trial functions were needed to be considered in an optimal way. (iv) Detailed
estimates were needed for counting the states available for the trial wavefunctions
corresponding to large numbers of particles as large as 10 and even more. (v)
Several new Theorems had to be introduced and proved, one of which we have
found is an unsolved problem in mathematics which we had to modify in order
to obtain the upper bound of the ground-state energy of central importance in
Chapter IV and is quoted below in (7.1). As mentioned above, several upper
bounds of the exact ground-state energy were derived in this thesis. We have
been able to obtain a new bound corresponding to the Hamiltonian in (1.1) which
improved the classic bound of Dyson by a factor of 31. This result was also
extended for the first time in 2D. An upper bound of central importance in the

entire project was obtained in Chapter IV for the corresponding Hamiltonian in
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(1.2) with fixed positive charges, given by

(7.1)

4 N5/3
Bxx < — (me )

22 ) 27m?
for N > 10'2, in 3D, where m is the smallest of the masses of the negative charged
particles involved in the system. Other bounds were also obtained in analogy to
(7.1) valid for N as low as 8. To obtain (7.1), we had to group our particles,
which may be as large as 10?® or even more, in a very special way to obtain our
bound. One of the interesting results embodied in (7.1) is that the more matter
is added to the system, the more negative the ground-state energy becomes and
this occurs in a non-linear way and a more violent collapse is encountered. This is
unlike the situations with standard fermionic matter were the ground-state energy
becomes more negative only linearly and guarantees its stability. We have proved
for the first time that instability of “bosonic matter” is not a characteristic of
the dimensionality of space and is not a mere property of the dimension of space
chosen by nature. Our interest in this latter investigation came about our curiosity
in finding out whether the instability of such matter in 3D would change in other
dimensions from an “implosive” to a “stable” or even to an “explosive” phase. Our
rigorous investigation shows that this does not happen. As is well known, there
has been much interest in recent years in physics in arbitrary dimensions such
as in 2D superconductivity and eleven dimensions of supersymmetric string field
theories. It has thus become important for us to investigate the nature of such
matter in arbitrary dimensions in the simplest case when the system is not being
subjected to stringent constrained statistics. In Chapter VI, we have derived the

following remarkable inequality in a unified manner valid in all dimensions v:

(7.2)

4 N(2+V)/1/
Exx < — (me )

2% ) 167213 (2)
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and for all N > (2)”, where m, as before, is the smallest of the masses of the
negatively charged particles, corresponding to the Hamiltonian in (1.2). As in
all of our derivations, the bounds obtained are for the exact ground-state energy
En n and the result embodied in (7.2), as a proven Theorem, we hope will be
valuable in the future of the quantum physics of bulk matter. In particular we
note, that the collapse of “bosonic matter” is more violent in 2D than 3D and
becomes less violent with increasing v for large N. It states, for example, that not
even two-dimensional stable planar configurations may arise. Our precise estimate
in (7.1) together with the lower bound obtained by our group (Manoukian and
Sirininlakul, 2005) as a byproduct of its investigation on fermionic matter (see
Appendix C) allows us to estimate the range of the energy released upon the
collapse of two objects of relatively small N and is found to be of several orders of
magnitude higher than that of the Hiroshima and Nagasaki bombs in conformity
with Dyson’s famous statement quoted in the introduction to this project and
such matter is surely unpleasant stuff to have around the house. The energy
release estimated is even higher than that of the Tsunami disaster off the west
coast of northern Sumatra on December 26, 2004. As is often stated, the Spin
and Statistics connection is indeed a very clever design of nature and without it

the whole of the universe would collapse.
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APPENDIX A

NUMBER OF DISTINCT STATES IN 3D

Table A.1: Number of distinct states for 6 < n? < 51

ny Me N n n®> k ny ne N n n®> k
1 1 2 2449490 6 3 1 2 5 5477226 30 59
1 2 2 3000000 9 6 1 4 4 5744563 33 65
1 1 3 3316625 11 9 3 3 4 5.830952 34 68
2 2 2 3464102 12 10 1 3 5 5.916080 35 T4
1 2 3 3.741657 14 16 2 4 4 6.000000 36 77
2 2 3 4.123106 17 19 2 3 5 6.164414 38 &6
1 1 4 4242641 18 22 3 4 4 6.403124 41 95
1 3 3 4.358899 19 25 1 4 5 6480741 42 101
1 2 4 4582576 21 31 3 3 5 6.557439 43 104
2 3 3 4.690416 22 34 2 2 6 6.633250 44 107
2 2 4 4898979 24 37 2 4 5 6.708204 45 113
1 3 4 5099020 26 43 1 3 6 6782330 46 119
3 3 3 5.196152 27 47 4 4 4 6928203 48 120
2 3 4 5.385165 29 53 1 1 7 7.141428 51 138




Table A.2: Number of distinct states for 53 < n? < 101

341

ny Ng ns n n® k ny Ng N n n®> k

1 4 6 7.280110 53 144 4 5 6 8774964 77 277
3 3 6 7.348469 54 156 2 5 7 8831761 78 283
2 4 6 7.483315 56 162 4 4 7 9.000000 &1 295
4 4 5 7549834 57 168 3 3 8 9.055385 82 298
3 5 5 7.681146 59 177 3 5 7 9110434 83 307
3 4 6 7.810250 61 183 2 4 8 9.165151 &4 313
2 3 7 T7.874008 62 195 5 5 6 9.273618 86 328
2 5 6 8062258 65 201 4 6 6 9.380832 &8 331
4 5 5 8124038 66 213 3 4 8 9433981 &89 346
3 3 7 8185353 67 216 4 5 7 9486833 90 358
4 4 6 8.246211 68 219 1 3 9 9539392 91 364
2 4 7 8306624 69 231 2 5 8 9643651 93 370
3 5 6 8366600 70 237 3 6 7 9.695360 94 382
2 2 8 8485281 72 240 4 4 8 9797959 96 385
1 6 6 8544004 73 243 5 6 6 9.848858 97 388
3 4 7 8602325 74 255 3 5 8 9899495 98 400
5 5 5 8.660254 75 262 5 5 7 9949874 99 409
2 6 6 8717798 76 2065 4 6 7 10.049876 101 427




Table A.3: Number of distinct states for 9933 < n? < 9974

S

no

ns

n

n2

k

—
[\

— = 00 = TN O Wk 00 W oo WwrH N

68
43
47
45
26
47
43
50
12
47
41
18
43
19
19
12
13
38
o4
o7

72
90
38
89
96
88
90
86
99
88
91
98
90
98
98
99
99
92
84
82

99.759711
99.764723
99.769735
99.774746
99.779757
99.784768
99.789779
99.799800
99.804810
99.809819
99.814829
99.819838
99.824847
99.829855
99.844880
99.849887
99.854895
99.859902
99.864909
99.869915

9952
9953
9954
9955
9956
9957
9958
9960
9961
9962
9963
9964
9965
9966
9969
9970
9971
9972
9973
9974

208133
508259
508475
208523
208589
208703
508757
508805
208901
509027
509105
509141
509237
209393
209483
209543
509678
509720
509786
510041

342



Table A.4: Number of distinct states for 9976 < n? < 10000

ny ng ns n n? k
2 54 84 99.879928 9976 510071
2 B7 82 99.884934 9977 510185
4 41 91 99.889939 9978 510275
3 13 99 99.894945 9979 510335
3 54 84 99.904955 9981 510557
1 66 75 99.909959 9982 510605
2 66 75 99.924972 9985 510695
1 24 97 99.929975 9986 510788
1 31 95 99.934979 9987 510866
4 54 84 99.939982 9988 510908
2 24 97 99.944985 9989 511070
2 31 95 99.949987 9990 511166
& 18 98 99.959992 9992 511223
1 34 94 99.964994 9993 511301
3 24 97 99.969995 9994 511439
3 31 95 99.974997 9995 511559
2 34 94 99.979998 9996 511613
4 66 75 99.984999 9997 511661
1 14 99 99.989999 9998 511763
36 48 80 100.000000 10000 511775

343



APPENDIX B

NUMBER OF DISTINCT STATES IN 2D

Table B.1: Number of distinct states for 5 < n? < 58

ny no n n®> k ny nNo n n® k
1 2 2236067977 5 2 4 4 5.656854249 32 19
2 2 2.828427125 8 3 3 5 5.830951895 34 21
1 3 316227766 10 5 1 6  6.08276253 37 23
2 3 3.605551275 13 7 2 6 6.32455532 40 25
1 4 4123105626 17 9 4 5 6.403124237 41 27
3 3 4.242640687 18 10 3 6 6.708203932 45 29
2 4 4472135955 20 12 5 5 7.071067812 50 32
3 4 5 25 14 4 6 7.211102551 52 34
1 5 5.099019514 26 16 2 7 7.280109889 53 36
2 5  5.385164807 29 18 3 7 T7.615773106 58 38




Table B.2: Number of distinct states for 61 < n? < 178

ny  no n n®> k ny no n n®> k

5 6 7.810249676 61 40 6 9 10.81665383 117 &2
4 7 8.062257748 65 44 1 11 11.04536102 122 &4
2 8 8246211251 68 46 5 10 11.18033989 125 &8
6 6 8.485281374 72 47 8 8 11.3137085 128 &9
3 8 8.544003745 73 49 7 9 11.40175425 130 93
5 7 8.602325267 74 51 6 10 11.66190379 136 95
4 8 894427191 80 53 4 11 11.70469991 137 97
1 9 9.055385138 82 55 & 9 12.04159458 145 101
6 7 9.219544457 85 59 5 11 12.08304597 146 103
5 8 9.433981132 89 61 2 12 12.16552506 148 105
3 9 9.486832981 90 63 7 10 12.20655562 149 107
4 9 9.848857802 97 65 3 12 12.36931688 153 109
77 9.899494937 98 66 6 11 12.52996409 157 111
6 8 10 100 68 4 12 12.64911064 160 113
1 10 10.04987562 101 70 9 9 12.72792206 162 114
2 10 10.19803903 104 72 8 10 12.80624847 164 116
5 9 10.29563014 106 74 5 12 13 169 118
3 10 10.44030651 109 76 7 11 13.03840481 170 122
7 8 10.63014581 113 78 2 13 13.15294644 173 124
4 10 10.77032961 116 &0 3 13 13.34166406 178 126

345



APPENDIX C
THE MANOUKIAN-SIRININLAKUL LOWER
BOUND FOR THE GROUND-STATE ENERGY

FOR BOSONIC MATTER

Although it is sufficient to obtain an upper bound for the ground-state
energy for bosonic matter to infer its instability, the knowledge of a lower bound
is also important to get an actual estimate of a range for the ground-state energy.
As a byproduct of their analysis of the stability of fermionic matter, Manoukian
and Sirininlakul (2005) were able to obtain a lower bound to the exact ground-
state energy of bosonic matter. At present it is the best bound obtained in the
literature even better than the one given by Lieb (1978). Here for completeness,
we sketch their derivation of the lower bound.

The Hamiltonian in question is given by

N P2 N p2 N N
:ZW+sz‘22\xz—R|+Z\xz—xjr Zm ryj (Y

=1 =1 7j=1 1 1<J 1<)

where the x; denote the positions of the negatively charged particles, and the R;

those of the positive charges.
2

Since —- >0 is a positive operator, H' is bounded from below by the
Hamiltonian
N p? N N
H = i C.2
2o ZZ‘XZ R S e ,Xl_xj, Z|R Ry (@2

1<j 1<)

which is the same Hamiltonian used in Chapter IV, V and VI. For any positive
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real numbers Ay, ..., Ay they derive the following lower bound for the repulsive

parts of the Coulomb potentials

€ AA 2 /3 p(X) 277'62/3 2
e“A; [d°x — d°x p*(x)
;\xz—le 2L IR
e 2 . 1 )
S [k 0 ) (C3)
st |x — x|
i e?A;A; i p(x) 2me?
> e’A; [d’x — /d3xp2x
;|R Rj| Z ‘X— | 22 ( )
1
2_ - 3 3/ / 4
ZA S Jxax L) c
Here
p(x) =N [d¥x,... &%y ‘@ZJ(X,XQ,...,XN)‘Q (C.5)

This is a generalization of an inequality derived by Hertel, Lieb and Thirring

(1975).
In particular for k = N, A =... = Ay =1, (C.2), (C.3) and (C.4) lead to
4ye? Ae?
(wlHlw) > T - T3 [dx ) - 5 2) (C6)
p?
where T' = <w Z ﬁ w> Optimizing over A, this gives the remarkably simple
J
bound
3rl/362 1/3
O e O ) ()
N 2
[It is of utmost importance that k > 2, otherwise the Z |R R, term will
1<j

be absent in the expression for H in (C.2), and there will be an additional term

—e?N [d3x | p(X%u on the right-hand side of the inequality in (C.7), after having
X —
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62

omitted the positive term B /d3x d*x’ p(x)

p(x'). The numerical factor
[x — x|
3 would be also replaced by 3/2.] This suggests to use a lower bound to T" which
is some power of an integral of p?.

To the above end, given a function g(x) > 0, the Schwinger bound
(Schwinger, 1961) for the number of eigenvalues (counting degeneracy) < —&,

2
(if any) of a Hamiltonian 2p_ — g(x), for £ > 0, satisfies the inequality
m

Ve (B o) < () 2 fateao (C3)

Hence for any 6 > 0, we may choose

=D (' (farxgr) (©9)

2
so that N_g (p_ — g(x)) < 1, which implies that N_; <2p_ — g(x)) =0, and
m

2m
the right-hand side of (C.9) provides a lower bound to the spectrum of

2
<p_ — g(x)) since its spectrum would then be empty for energies < —£.

2m
Accordingly, with

g(x) = 3T o)

(frere)

we obtain from (C.9), the following inequality involving 7', by noting, in the

(C.10)

process, that for bosons, we may put all of the N particles at the bottom of the
2
spectrum of (QP— — g(X)),

m
32 28 1 23
T>————(ﬂ — /& 2 , 11
2mN3 \2 1+a( xp(x) (C.11)

for any ¢ > 0 , where we have set (1 +6)"/2=1+e¢.
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Upon setting (/d3X pQ(x)) = A and S <z> ¢, (C.7),

2m \2 1+e¢
(C.11) lead to (k > 2)

C 42
Z N1/3A - 22/3

c 3e2rl/BNL/3 2/3 ° 9 et g3 1
__c I S e /3 4/3
= (A SR (2N) ) S915 L —N/?(2N)

o2rl/3 (2N)2/3A

4
— —1.89 (E> NY3 (2N)¥3 (C.12)
Then,

W |H‘¢> —1.89 ( 572 ) N1/3(2N)4/3

= —4.7625 (2h2 ) N°o/3 (C.13)

where we have taken e arbitrarily small for N sufficiently large to be used below.

From Chapter IV, we have the upper bound for the ground-state energy

med\ N°/3
Enn < — (2—712) 572 (C.14)

for N ~ 10?3 or larger

Then for the exact ground-state energy of bosonic system corresponding to our
Hamiltonian, with a common mass m of negatively charged particles, we have the

following range

4 N5/3
—4.762 NP < Byn < — (e
7625 ( 202 > N ( 2h2 ) 27n?

or

—4.7625 (% ) N°/3 < Eyxn < —0.0038 <2h2 ) N°/3 (C.15)
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Therefore the energy released upon collapse of two bodies each contain-

me4

ing (N 4+ N) particles will be between 0.0038 (—) [(2]\7)5/3 —2(N)?| and

2N
me* 5/3 5/3
4.7625 (W) [(2N) —2(N) ]

To obtain an order of magnitude estimate suppose that N ~ 10?3, For
definiteness consider the minimum energy release and take m to be of the order of
the magnitude of the mass of the electron. A larger mass will lead even to a larger
energy release. This leads to an energy release about 2.095 x 10! J. We recall
that this energy bound is based on fixed positive charges, i.e., with corresponding

arbitrary large masses. The rest mass energy of the total system of positively
2N

and negatively charged bosons is ZMZ'C2. This is to be compared with our
i=1
me? 5/2 .
o N°/2 where m is the smallest mass of the
negatively charged bosons. Accordingly, the total rest mass energy will be greater
AN
than our binding energy estimate for — M; >
& CHEISY m Z; ~ 5264

1=

binding energy estimate 0.0038 <

, where « is the fine-

2N
1
structure constant. For N ~ 10?3, this gives the lower bound — E M; > 2 x 103
m
=1

as a sufficiency condition.
In terms of TNT units, (1 kiloton of TNT = 4.184 x 102 J)*)| the energy

released is between
5.007 x 10° kilotons of TNT and 6.2767 x 10° kilotons of TNT (C.16)

This is to be compared with the Hiroshima bomb which was about 13
kilotons of TNT, and the Nagasaki bomb which was about 20 kilotons of TNT
which much smaller than the minimum energy estimate in (C.16). The energy
content of the Tsunami disaster off west coast of northern Sumatra on December

26, 2004 was about 4.75 x 10° kilotons of TNT.

*) cf. Wikipedia (2005)



APPENDIX D
SOME BASIC INTEGRALS AND SUMS

ENCOUNTERED IN THIS THESIS

In this appendix, we spell out details of computations of some integrals and

sums used in this thesis :

%)3/ dry / das / day cos? (52 cos® 2L>COS2 <%>
) [ o (50)]

fox -

a; = Lji + LO



b =

then, we have
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Lji — Lo (D.2)

Ji

bi R R
/ dx; sin? —W(% Lyi) = 1/ dx; |1 —cos —W(xz Lyi)
a 2Ly 2 Ly

b.
) i — Lji
/a. dxz C082 (m2—[joj)

-+

—_

— Lﬂ)
Ly

[ini= [ o (L)

- (g2 ]
(Lji + Lo — Lj; + Lo)

%% { - (W(Lﬁ +LLOO Lj,.))

(2Lo) — 5— [sin () —sin (=) ]

W(Ii — Lﬂ)
Lo

[ [ (52
[ oo (2529

‘ L = L)\ |
(bi — ai) + ?0 sin <7T(ZL‘ - j >> Ii:ai]




(Lji + Lo — Lyi + Lo)

N | —

+ 1@ [Sin <7T(Lji + Lo — Lji))

™

Sl %

ol %
T 1
[\
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(D.4)

(D.5)
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For

Vot = s gy s (57) oo (5)

+

+ j”ﬁixl, cos (%) ...COS (7;92/)}

T~ 1 |. . /1 X9 Xy
:—im JISIIl(E)COS(E)...COS(QL)

+ J, cos (W—xl> cos <7r_x2> ...sin (nxl,) ] (D.6)

then

and then we obtain,

/d”x Vo)
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or



APPENDIX E
SOME TRIAL WAVEFUNCTIONS FOR THE
BOSONIC SYSTEMS INVESTIGATED

1. Let
2
2 . /nmx nwx
fl(.f) = ; |:% Sin <T) COS <T>:| (E].>
1 -0.5 0.5 1
Figure E.1: The figure displays plot of fi(x)
For

A:/_ldx @) =A@ (E.2)

then, we have

2
= 7.4022 (E.3)

T~ L [



2. Let

For
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wo -3 [T () ()] e

0.5 0.5 1

Figure E.2: The figure displays plot of fy(x)

Az[ﬁﬂﬁ@ﬁg“ﬁﬂw (E.5)

then, we have

3. Let

f3()

3 L4 2
T = —/ dz |— fo(z)| =13.324 (E.6)
@) S 1de
0, —oco<r <1
(1—a)™ I e
A+ Plel—ar kQ+a)"] rs
1+COSE, —a<z<a (E.7)
2a

(1—a)™ 1 1 S
Q-2 “Pled—ar kQ—or] “°F
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where n =1, k = 4, m = 1. We have to find the best value of a which give

the smallest minimum of 7', where

2

L hyiw)

3 1
T'=—— [ dz
| £3(2) /—1

Table E.1: Values of expectation value of T" of the kinetic energy for 0.43 < a <

0.58

a T a T
0.58 13.391345785413233 0.5 12.072676208531734
0.57 13.109685669005511 0.49 12.029862837135562
0.56 12.867383132649215 0.48 12.00855843556944
0.55 12.660911745442522 0.47 12.007711480451206
0.54 12.487223544860774 0.46 12.026442205825708
0.53 12.343682846474547 0.45 12.064027138233175
0.52 12.228011060315506 0.44 12.119886499060446
0.51 12.138240581798241 0.43 12.193574144234809

From Table E.1, we see that T" > 12.

4. Let

-1 0.5 0.5 1

Figure E.3: The figure displays plot of fy(x)
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For
/_1d:c |fu@)* = || ful)|)? (E.10)

then, we have

2
— 8.36639 (E.11)

T m/}lx '%ﬁ@)

5. Let
f5(x) = cos W—; (E.12)
1 -0.5 0.5 1
Figure E.4: The figure displays plot of f5(x)
For

/ da | H@f = @) (F.13)

then, we have

2
= 7.4022 (E.14)

T m/_}m ‘d%fS(x)
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6. Let

(E.15)

By using the elementary computation, we can find the minimum value of T,

at point ¢ = 0.01, a = 0.051, 8 = 4.606, which gives T' = 7.73152.

7. Let
64 16 32 16
— 2 pyr) - = o2 — .
File) = SLP@) — CRe) ¢ pe) 4 SR (E16)
-1 -0.5 0.5 1
Figure E.5: The figure displays plot of f7(x)
For

/_ld:z: |f(@)|* = || fo(2)| (E.17)

then, we have

2
— 8.16279 (E.18)

T T Mi)ng / tdx 'd%f?(x)
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