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Chapter 1

Introduction

Almost all important models in physics take the form of nonlinear par-
tial differential equations. After modelling one needs to find solutions of these
equations. There are two ways for finding solutions: applying numerical methods
and methods for constructing exact solutions. One of the methods for construct-
ing exact solutions is group analysis of differential equations. The idea of group
analysis was originally formulated by the outstanding mathematician of the 19th
century, Sophus Lie. However, systematic applications of Lie groups to differential
equations started less than 50 years ago (cf. Ovsiannikov (1978)).

The theory of Lie groups for constructing exact solutions of partial differen-
tial equations has been applied to many differential equations (most of its applica-
tions can be found in the Handbook of Group Analysis, (1994),(1995),(1996)). A
historical review of the development of group analysis can be found in Ibragimov
(1999). Roughly, these applications are separated into applications of point trans-
formations, contact transformations and Lie-Backlund transformations. Many
applications of group analysis are done by point transformations. Contact trans-
formations and Lie-Bécklund transformations are less studied. The goal of these
transformations is to reduce an initial system of partial differential equations to
a system for which it is easier to find solution.

Note that contact transformations were studied in Pucci and Saccomandi
(1994), Momoniat (2001), Ibragimov and Khabirov (2000), Wafo and Mahomed

(2002), Rudra (1999), Popovych (1995), Ludlow, Clarkson and Bassom (1999).



In almost all of these studies the contact transformations are trivial: they are
prolongations of the admitted point transformations.

The targets of contact and Lie-Backlund transformations are similar, one
has to find the coefficients of their generators. The step of the method for find-
ing these coefficients are similar, i.e., the first step consists of constructing the
determining equation. After that one has to split the determining equation with
respect to parametric derivatives. Each step has a large amount of analytical
calculations. For this purpose it is necessary to use a computer system. A brief
review of computer systems can be found, for example, in Davenport (1993). In
our calculations the REDUCE system (cf. Hearn (1999)) was used. REDUCE
is a system for carrying out algebraic operations accurately, no matter how com-
plicated the expressions become. It can manipulate polynomials in a variety of
forms, expanding, substituting and factoring them as required. REDUCE can
also do differentiation and integration.

In this thesis the two-dimensional Navier-Stokes equations are studied. The
Navier-Stokes equations are fluid dynamics equations and they play a central role
in a variety of research within applied mathematics, physics and engineering.

The Navier-Stokes equations in the two-dimensional case are

P\ar "% "y ) T Tor TH\ o2 T a2 )

(81} ov 81}) op (821) 82'0)
P\ oy TUum +v— | = +p + ;
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where p is the density, p is the coefficient of viscosity, p is the pressure, ¢ is time,
u, v are component of velocity in z and y axis, respectively. In the two-dimensional

case these equations are equivalent to the following equation

Q,Dyyt + ¢xmt - ¢y (wacyy + w:mx) + ¢m <¢yyy + wya:ac) = (77Dyyyy + ¢IZ‘$$) + Z@Z)mmyy; (1 . 1)



where 9 is a streamline function and v = 9, v = —,.

The first group classification of the Navier-Stokes equations in the three-
dimensional case was done in Bytev (1972). Several papers Puchnachov (1974),
Lloyd (1981), Boidvert and Ames (1983), Grauel and Steeb (1985), Fushchich
and Popovych (1994), Popovych (1995), Meleshko and Puchnachov (1999) are
devoted to invariant and partially invariant solutions of the Navier-Stokes equa-
tions. The solutions in these articles are based on admitted Lie-groups of point
transformations.

This thesis is devoted to the application of contact and Lie-Backlund trans-
formations to the Navier-Stokes equations in the two-dimensional case.

The result of the thesis research is: the Lie-group of contact transforma-
tions and Lie-Backlund transformations of second order admitted by equation
(1.1) are prolongations of the Lie-group of point transformations.

This thesis is organized as follows. Chapter II mainly introduces back-
ground knowledge and notations of Lie-groups in each applications, namely
point transformations, contact transformations and Lie-Backlund transforma-
tions. Chapter III is devoted to the Navier-Stokes equations in two dimensions,
dimensional analysis of the two-dimensional Navier-Stokes equations and writ-
ing them through the streamline function. The result of the research can be
found in chapters IV and V. These chapters are devoted to finding contact and
Lie-Backlund transformations. The computer programs for seeking contact and
Lie-Béacklund transformations are shown in appendix A and appendix B, respec-

tively.



Chapter 11

Group Analysis Method

In this chapter, Group analysis method for finding point transformations,
contact transformations and Lie-Backlund transformations is discussed. The in-
troduction to this method can be found in textbooks (cf. Ovsiannikov (1978),

handbook of Lie group analysis (1994), (1995), (1996)).

2.1 Lie-point Transformations
Consider transformations
2 =4g'(z0) (2.1)

where i = 1,2,.,N, 2z € V. C Z = RN, a € A is a parameter and A is a

symmetric interval of R'. The set V is an open set in Z.

Definition 1. A set of transformations (2.1) is called a local one-parameter Lie
group if it has the following properties

1. g(z,0) =z forall z€ V.

2. 9(g(z;a),b) = g(z;a+b) for alla,b,a+be A z€ V.

3. If for a € A one have g(z;a) = z for all z € V, then a = 0.

4. g € C=(V,A).

If 2z = (x,u), then one uses the notation g = (f,¢). Here z =
(21,22, ...,x,) € R™ is the vector of the independent variables, and u =

(w1, ug, ..., up,) € R™ is the vector of the dependent variables. The transformation



of the independent variables x, and dependent variables u has the form

' = fi(z,u;a), @ = o (z,u;a) (2.2)

where i = 1,2,...,n, k = 1,2,...m, (v,u) € V C Z = R" x R™, the set V is
an open set in Z, a € A is a parameter and A is a symmetric interval of R!.

Transformation (2.2) is called a one-parameter group of point transformation.

For Lie groups of point transformations, the functions f* and ¢* can written

by Taylor series expansion with respect to the parameter a in the neighborhood

of a =0,
0" = oF (2, u;a) & u+ an®(z,u), (2.3)

= fi(e,uia) ~ @+ af (2,u), @ =

i ~ Of(x,u;a) i _0F(w, usa)
§'(z,u) = v ) n(x,u) = =

In order to apply the Lie group of transformations (2.2) to the study of a

where
a=0

differential equation one needs to know how this group acts on the functions u(x)
and its derivatives. Assume that ug(x) is given. The transformed function u, ()

is obtained in the following way. After substituting uo(z) into (2.2) one has

' = f'(z,uo(); a), (2.4)

a* = o (z,ug(2); a).

Using the inverse function theorem for (2.4) one can find z = 6(Z; a). The trans-

formed function is
(2.5)

ia(7) = @(0(; a), uo(0"(7; a)); a).

2.1.1 Admitted Lie Group

A relation between differential equations and Lie groups is the fol-

lowing.



Definition 2. A group of transformations, which transforms a solution uy(zx) to
the new solution u,(x) of the same equation is called an admitted Lie group of

transformations.

Let us consider the equation

F(z,u)=0. (2.6)

After applying on admitted Lie group of transformations, one has

F(z,u,(z)) = 0. (2.7)

Differentiating with respect to the group parameter a and substituting a = 0, one

has
OF 0" OF Ou*
. =Tl = 2.
(8:1:@ da + ouk 8a) 40 0 (28)
or
oF oft OF Ok
4 2 =0. 2.
8‘TZ a=0 ( aa a:O) " auk a=0 ( aa a:O) 0 ( 9)
Applying (2.3), one obtains
, oF x OF
! — — = 0. 2.1
€, u) O () o o () = 0 (2.10)

The last equation can be expressed as an action of the infinitesimal gener-

ator

9
+ 1" (z,u)

, 0
X:é-z(.f,U,) %

o (2.11)

2.1.2 Prolongation of a Lie Group

Because one apply group analysis to differential equations, one also
need to know the transformation of the derivatives. For the sake of simplicity one

consider here the case where the number of dependent and independent variables



is equal to one. The transformation of the first derivative can be found as follows.

Let us differentiate (2.5) with respect to

_ OUg(x) 0000 Opdugdfd  (Dp  Opduy 00
“="or ~wor Touowor \awtouaw)am PP
Substituting z = 6(z, a) into (2.4) implies the identity
z=f(0(z,a),us(0(z,a));a). (2.13)
Differentiating this identity with respect to z one obtains
of  of .
(a_ 5o (x)) =1 (2.14)
Since
of , _ . 9f = 0 0) —
57 0(%:0),u(0(2,0));0) = 1, =-(6(z, 0), uo(0(z,0)); 0) = 0, (2.15)
then af + 8f up(z) # 0 in the neighborhood of a = 0. Hence,
99 ca)u!
'E[/j _ g;;(x , Up; @ ) + ou (%UO, a)uo(x) = w(x,uo(x),ug(x); a). (2.16)

~(z,uo; a) + %(%Uo;a)u

()

This is the first prolongation of the transformations (2.2). As before, the

o~

function w can be written by Taylor series expansion with respect to the parameter

a in the neighborhood of the point a = 0 :

w(z, u, uy; a) = uy + al (2.17)
where
DI—%+uw§+umaium+

The first prolongation of the generator (2.11) is given by

9
X=X+¢5

T



The second and higher prolongations can be found in the same way.
For the case where the number of the dependent and independent variables

is greater than one, the first prolongation of the generator (2.11) is given by

9
= X +(© =1,...,m). 2.1
X=X+0ge @=1mm (2.18)

Here

¢ = D;(n*) — U?Di(éj), (1=1,2,...,n),

) 0 )
Dz—a—xl—f-za:ll/l%—l—azﬂ:uzﬂa—u%—f—

The second prolongation of the generator X is

0
= & =1,.. 2.19
)2( )1( + 7112 8“?112’ (Oé ) 7m) ( )

where

X = ng( f{) —us Di2(§j), (i17’ig = 1,2, ,n)

1142 Ji1
In the general case, a k-th prolongation of the generator X is

0
— +Co 2.20
i( k)—(l T Qug ( )

where
C?,O;’Lk = ‘le(glolllk) - u?[il...ikleik (£J>7 (/il? Z'27 ) /lk = 17 27 ttt n)

2.1.3 Lie Equations

There is a theorem, which explains a correspondence between a one-

parameter group GG and its infinitesimal generator.

Theorem 1 (Lie). Let a function g(z;a) satisfy the group properties and have
the expansion

Z=g(z;a) =2+&(2)a+ Oa) = z+£(2)a (2.21)



where
9g(z; a)
5(2) - 8@ o :
Then it solves the Cauchy problem
dz
Z = (2), 2laom (222

Conversely, given £(z), the solution of the Cauchy problem (2.22) satisfies the

group properties. Equations (2.22) are called Lie equations.

2.1.4 Determining Equations

Let F' be a differential function of order p. The equation
F(ZL‘,U,U(l),U(g),...,U(p)) =0 (2.23)

composes a manifold in the space of the variables x, u, u), v, ..., u¢). The man-

ifold defined by equation (2.23) and its total derivations

is called a differential manifold [F]. For equation (2.23) one has to prolong the
group of transformations (2.2) to derivatives up to order p. The prolonged trans-
formations form again a one-parameter group, which is denoted by G,. This
group acts on the variables x, u, ug), @), ...,up). The infinitesimal generator of

the group G is

N 0
i1...0p

0
X=X+
p aul

In order to find the infinitesimal generator of the group admitted by a differential

equation (2.23) one can use the following theorem.

Theorem 2. The differential equation (2.23) admits the group G with the gen-

erator X if and only if the following equations hold:

X F|p =0. (2.24)
p
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Equations (2.24) are called determining equations.

2.1.5 Multi-Parameter Lie-Group of Transformations.

Let O be a ball with center at the origin of the space R". Assume
that (O, ) is a pair with the mapping ¥ : O xO — R". This pair is called a local
multi-parameter Lie group with the multiplication law ¢ if it has the following
properties:

1. ¥(a,0) =¢(0,a) = a for all a € O.
2. Y((a,b),c) =(a, (b, c)) for all a,b,c € O for which ¥ (a,b), (b, c) € O.
3. ¥ e C*(0,0).

Let V be an open set in Z. Consider transformations
7' = g'(2a) (2.25)
where i =1,2,..,N, 2 €V Cc Z=R", a € A and a vector-parameter a € O.

Definition 3. A set of transformations (2.25) is called a local r-parameter group
G" if it has the following properties:

1. g(2,0) =z forallz € V.

2. 9(g9(z,a),b) = g(z,1(a,b)) for all a,b,(a,b) € O, z€ V.

3. If for a € O one has g(z,a) = z for all z € V, then a = 0.

Note that if one fixes all parameters except one, for example a;, then the
multi-parameter Lie group of transformations (2.25) composes a one-parameter
Lie group. Conversely, in group analysis it is proven that any r-parameter group

is a union of one-parameter subgroups belonging to it.
2.1.6 Lie Algebra
Let

9
0z

0

X2 = 5;(2) Ozt

Xy = 5;(2)
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be two infinitesimal generators. One define the operator
[X1, Xo] = X1 X — Xo Xy

or

(X1, Xo) = (X1 (&) — X2 (£)) %.

This operator [X;, Xs] is called a commutator of X; and X,;. A commutator
satisfies the axioms :

1. bilinearity:

[c X1, Xo] = [X1,cXs] = ¢[Xy, Xy,

(X, X1+ Xo] = [X, Xa] + [ X, Xo], [X1 + Xo, X] = [ X1, X] + [Xa, X],

where ¢ is an arbitrary constant;

2. skew-symmetry: [Xi, Xo] = — [Xao, X1],

3. Jacobi’s identity:

(X1, [Xo, Xs]] 4 [Xo, [X5, Xu]] + [X5, [X, Xo]] = 0.

Definition 4. A Lie algebra is a vector space L of infinitesimal operators such

that L contains the commutator [ X1, Xs| of any operators X, Xs € L.

Let X1, X5, ..., X, be a basis of an r-dimensional Lie algebra L,.. then each

X in L, can be decomposed
X => X,
p=1

where ¢* = constant. In particular,
(X0, X5) = X, i j=12..r
pn=1
In the theory of group analysis it is proven that if a set of operators Xj, (k =
1,2,...r) composes a Lie algebra L,, then there exists a local r-parameter Lie

group G" of transformations with the generators X, (k=1,2,...,r).
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2.2 Tangent Transformations

Let p = p* be a vector of derivatives of the functions v/ with respect to z;:

& 8|a‘uk alaluk
pa = = aq °
Oz Ox{'...xon
Here a = (o, qq,...,qp) is multi-index, o = o + ag + ... + @, a =

(a1, 0, ..., ), @, F = (a1, 00, ..., 051,05 + 1, ajiq, .0, ).
Here one study the case z = (z,u,p) and ¢ = (f,¢,w). The Lie group
of transformations of the independent variables z, dependent variables u and

derivatives p :

' = fi(z,u,p;a), @ =" (2, u,p;a), Pk =wh(z,u,p;a) (2.26)

is called a one-parameter group of tangent transformations if it preserves the

tangent conditions
du* — phdz; =0, dpl — ph dz; = 0. (2.27)

Similar to point transformations, the functions f?, o* and w® can be written

by using Taylor series expansion with respect to the parameter a in the neighbor-

hood of a = 0:
7 :fi(x,u,p:a) %x+a§i(x,u,p),
" = " (z,u,p: a) = u+an® (z,u,p), (2.28)
Ph = wh (z,u,p:a) = p+all(z,u,p),
where oF ( )
7 _ ' Z,u,p;a
5 (:E,u,p) - aa azo?
o (7,u,p;a)
k s Wy [y
Uy D) = , 2.29
n" (x,u,p) % . (2.29)
OWr (z,u, p; a)
k _ « s Wy [y
Ca <x7 u7p> aa/ a:O
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2.2.1 Contact Transformations

Contact transformations are a special case of tangent transforma-
tions, for which the transformations of the independent and dependent variables
and the first derivatives only depend on the dependent and independent variables
and the first derivatives.

The prolongation formulae of tangent transformations, has the same form
as the prolongation formulae of point transformations. The difference is that
the coefficients of an infinitesimal generator of point transformations depend on
the dependent and independent variables, but for tangent transformations they
depend on the dependent and independent variables and the derivatives.

For contact transformations the following is known.

Theorem 3. If the number of dependent variables is m > 1, then a group of
contact transformations (2.26) is the first prolongation of a Lie group of point

transformations.

Proof. Taking differentials of (2.28), one has

Az’ = 8f or du® + or dp ,
83: 8u 8p] J
aph . Op" dp*
k _ <) B
dut = Zteda? 4+ Ssdu’ + apé,dpj, (2.30)
oWk . Owk owk
ko % j 7 i 16}
dp; = D dx’ + 8u5du apf?dpj’

J

where i,j = 1,2,...,n, k, 5 = 1,2,...,m. After substituting (2.30) into the first

equation of (2.27), one obtains

k k
a(p.dzvi—i-a(p du5~l—agod wk afd +afdﬂ+ or =0,
oz’ ouP 8]?] or’ ouP apj 7

,75,7y=1,2,...,n; k,f=1,2,....m
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Since du’ = pda’, equation (2.31) become

ol 5390 v (Of ﬁaf'y ; " LOf L s
—_— - ' — — Wi 2.32
D +p; 9P — wy B +p i DB dx' + pr Wy (9]95 dp; =0, (2.32)

i,5,vy=12,...n; k,0=1,2,...

The left side of these equations is a linear form with respect to the differentials
dx’, dpf . Since dz', dp; are arbitrary, this implies that the coefficients of these
forms have to be equal to zero

ooF 50" v (Of7 Bﬁf'y o
Yt . - —1,2,.m k,B=1,2,..
axl +p'L auﬁ w'y axl —|— a 07 /1/7]77 b ) 7n7 7/6 b )
(2.33)
Ok af7
i —w’;iﬁ —0, 0,5,y =1,2,n; k,f=1,2, ...
Ip; Ip;

(2.34)
Differentiating (2.34) with respect to the parameter a and substituting a = 0 into

them, one obtains
-2 ) (%] )=
a=0 8}?] a=0 da a=0 |

0 [ 0p* 3 o (of
apf da a=0 ! ’ ap]ﬁ da
(2.35)
Here commutativity of the second order derivatives and the operations - () |a=o

,75,7y=1,2,...n; k,f=1,2,...
and

,3 were used. Using (2.29) this implies

on* L O
S/ gﬁ} i j=1,2n k=12 .. (2.36)
3p] Ip Pj
Replacing the symbol 3, j, by [,s, one can write
o _ 1 0€ 1,2,..,n; k,3=1,2 (2.37)
= M = ey T )
aps p’L ap ) 7j Y Y 7 )

Differentiating (2.36) and (2.37) with respect to p!, and p;, respectively, one has
0t opf o€’

82 gz
8pj opl, apls Gpjﬁ-

D; ,,0,s=1,2,...n; k,B3,1=1,2,...
op’ ol

m, (2.38)
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a?nk agz pk 8251
opLop; 010] op, " oplop!)
Subtracting (2.39) from (2.38), one gets

ijs=1,2,..n; kB,1=1,2....m. (2.39)

k 7 7
apj o (%l, i js=1,2,.n kB1=12 . m. (2.40)
op, 8pj apj Op
Equations (2.40) are valid for every k and [. If k # [ or i # s, then P — 0, which
implies
_ Opi 908" _ opyog' | Ops 0€° opy, 0¢"
—1 . (2.41)
8p] op, op; aps 8pj 8p5 ap] 8p

,7,s=12,...n, k,0,l=1,2,...m

For 5 = k, equation (2.41) can be rewritten as

o¢

0p =0,Vyjs=12,..,n =12 ..m. (2.42)

This means that & only depends on the variables z and u. Substituting (2.42)

into (2.38), one obtains
on*
op}

J

=0,VB=1,2,..n k,j=1,2,...m.

This also means that n* only depends on the variables z and w. Therefore, a
Lie group of contact transformations where the number of dependent variables is
greater than one is a prolongation of a Lie group of point transformations.

In the case where m = 1 the following theorem is valid.

Theorem 4. The infinitesimal generator

, 0 0 o .
X = 57, (aj,u,p) % +1n (x,u,p) % + Cz (.T,U,p) %7 L= 1727 ey T (243)

is a generator of a Lie group of contact transformations (2.26) if and only if there
exists a function W = W (x,u,p) such that

. OW oW oW oW
=an=W=pig— (= +pim—
ox; ou

) 9 5 , — 1,2, ceey . 244
op;’ Opi ! " ( )

The function W occurring in this theorem is called the characteristic function of

the group of contact transformations (2.26).
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Proof. Note that up to formula (2.36) the proof of the previous theorem is valid
for m > 1. Equations (2.40) for m = 1 are reduced to

¢! B 85’“
Opx, 8]91"

ik=1,2,...n. (2.45)

The general solution of (2.45) can be written in the form

ou

fzapi,

i=1,2,...n, (2.46)

with some function U(z,wu, p). Substituting (2.46) into (2.36), one obtains

on ( 0*U ) .
My, —0, j k=12 ..n 2.47
ope P \opom )~ (247)
Since p; (ap?;—aUm) = % (pj%) — %, equations (2.47) become
0 oU
(- ——+U):Q;k:Lzmm. 2.48
e (n PGy J (2.48)

The general solution of (2.48) can be written in the form

oUu
n—pj—+U=H(z,u), j=1,2,..,n. (2.49)
Ip;
Let
W (z,u,p) = —-U + H(z,u). (2.50)
Then
ou oW
= =1,2,...,n. 2.51
op ope R 221

From (2.46) and (2.51) one gets

8W7'=1ﬂwwn (2.52)

After substituting (2.50) and (2.51) into (2.49), one obtains

ow
n=—pi Bp: +W,i=1,2,..,n. (2.53)
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Considering (2.33) where the number of the dependent variables is m = 1, one

can write

dp Oy oft  of
‘—+%%—%Gﬁ+%%i

B0 ) =0,14,5=1,2,...,n. (2.54)

Differentiating (2.54) with respect to the parameter a and substituting a = 0 into

(@ (@) (@ (&)

them, one has

a=0

0 aft 0 aft B
@)L GEE)Le e
Considering each term in (2.55), one has
9 (2 _ (2 (%)) _ 0 (0
da\dxi ) )| _, \0xi\da))|,_, 0Ox7 \da/|,_, (2.56)
:a—n. =12 ..n
ax]7 )y = J )
(9 (9% _ o, (2 (2 _ (2 (9%
i\ 5a \ Bu azo_p] Ju \ da azo_p] ou \ da|,_, (2.57)
on

:p]%’ ] = 1’27_..,71,
DGOV (2 (28 0t
0a\ "0 ) )|ey  \"0a\O27 ) Oxi Da )|,y
_ o (of of o

=t (3 (] L))+ () (&

S .
—pzﬁ‘{’ al'jCZ _pzaxj +C]7 1,] = 172a"'7n7

(2,08 (02 (O1 L OF Owi
Pi\ 9a \*"ou 40 P \%9a  ou Ju Oa

s (3 () - (45) (5

)

ox’ o

a=0 (2.58)

»

a=0

)) (2.59)

ou  Ou
Substituting (2.56)-(2.59) into (2.55), one obtains

——i—p]—u—pz%—cj—p]pZ% —0, 1,] = 1,2,...,%. (260)
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Using (2.52) and (2.53), equation (2.60) becomes

oW oW

i = . i—, 1 =1,2,...,n. 2.61
¢ ox? tp ou " " (2.61)

Therefore there exists a function W = W (x, u, p) which satisfies (2.44).

2.3 Lie-Backlund Transformations

Let us consider the transformations (2.26). Assume that for some N the
functions f*, ©* wk with |a| < N depend only the independent variables, depen-

dent variables and derivatives up to N-th order.

Theorem 5 (Backlund). There are no tangent transformations of finite order
N other than tangent transformations which are prolongations of contact (m > 1)

or point transformations (m = 1) .

This means that for the case m > 1, a tangent transformation is the N-th
prolongation of a group of point transformations, and for m = 1 the tangent
transformation is a contact transformation.

The Backlund theorem requires for tangent transformations which are not
prolongation of contact or point transformations that for any N, one of the func-
tions w”(with |a| < N) must include derivatives of order greater than N. This
means that in the transformation process one must include an infinite number of

derivatives and leads us to the notion of Lie-Backlund transformations.

Definition 5. A transformation

a :(JU(:,U, u7u7u7"‘;a)7 (2'62)
11 172
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where any function in (2.62) is a function of a finite number of derivatives and

satisfies the tangent conditions is called a Lie-Backlund transformation.

For Lie groups of finite order tangent transformations, the number of vari-
ables involved in the transformation is finite. This allows using Taylor series
expansion. In Lie-Backlund transformations the number of variables involved in
transformation is infinite. Thus for Lie-Backlund transformations one has to use

the new object formal power series.

2.3.1 Formal One-Parameter Group

Let Z be the space of the sequences z = (z1,22,...). Consider se-

quences of formal power series in one symbol a:

flzia)=> Ay (2)a*i=12 .. (2.63)
k=0
where each coefficient is an analytic function. Assume that
Al (2)=2"1=1,2,.... (2.64)
and denote the coefficients
£ (z) = Al (2). (2.65)

Let A and p be constant. Linear combination and multiplication of formal series

is defined by

A (Z Akak> + 1 (Z Bkak> = (Ay + uBy)a",
k=0 k=0 k=0

(2.66)

(i Akla]“) (i B]Qak?) = f: Z Alek2>ak,
k1=0 ka=0

k=0 k1+ko=k
and the results are again formal power series.
Formula (2.63) may be thought of as the transformation which transforms

the sequence z = (21,22, ...) into the sequence z = (2%, 7%, ...) with
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Let us do one more transformation with the parameter b:
T =fl(zmh) =) AL @0k
k=0
Definition 6. A sequence f (z;a) = (f! (z;a), f*(2;4a), ...) of formal power series

(2.63) is called a formal one-parameter group, if the coefficients of these series

satisfy the conditions

. (k1) .
A (f(za) = %AH, (2)d',i=1,2,..;k=0,1,2, .. (2.67)
k!
Consider
FU(f (za)50) =Y AL (f (z50)) B (2.68)
k=0
and .
fizia+b) =Y A (2)(a+0d)
k=0
. i k‘ k1 1.k2
=D Ak D, Tl
. (kh:fzkz k) (2.69)
_ 1 2 i k1 pko
= Z Z WAkl'HQ (Z)(l b
ko=0 k1=0
(- (kD!
= Z (Z ol Ap L (z)d | bE
k=0 =0

Comparing (2.68) and (2.69), one has that (2.67) is equivalent to the following:
fi(f(z;a);0) = f' (z;a+b),i=1,2,... (2.70)
For the formal power series (2.63), one introduce the notation
f(2:0) lamo = A4} (2). (2.71)

From (2.64), one can write (2.71) as

fi(za),_,=2" (2.72)
Since
Flaal <Z e ) — 4 (2).
da |, — a
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and by (2.65), this implies

£ (z) = 4 (za) . (2.73)

da 00

For a formal series one can apply Lie’s theorem.

Theorem 6. The sequence of formal series (2.63), constituting a formal one-

parameter group with (2.73), satisfies the differential equations

df? ; -
%—f(f),z—l,Q,.... (2.74)
Conversely, for every sequence & (z) = (€' (2),€%(2),...) of analytic functions

£ (2) of finite number of variables 2, there is one, and only one solution of (2.74)

given by formal power series (2.63) with initial condition (2.72).

Like for contact transformations one can construct an infinitesimal gener-
ator by differentiating (2.62) with respect to the parameter a, and setting it to

zero. The infinitesimal generator

X=¢ 0

oxt tn

o T (2.75)

is called a Lie-Backlund operator.
In practice for relating the coefficients of the Lie-Béacklund operator one

can use the following theorem.

Theorem 7. The formal one-parameter group G is a group of Lie-Bdcklund
transformations if and only if the coefficients of the corresponding generator

(&8, ¢, (2., ...) satisfy the conditions

117 11927

o =D\ G i —uG, i D&, s =12, (2.76)

11%2...15 12...05

Let us consider the operator

A -0 . 0 , 0
X.=&Di =& ——+&uS—+Euli—— + .. 2.
& B T & o T e o + (2.77)

with some coefficients & = £(2)
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Theorem 8. Every operator X, is a Lie-Bdcklund operator.

Let us consider a Lie-Bécklund operator (2.75). Subtracting (2.75) from

the operator (2.77) with £ = &%, one obtains the Lie Bicklund operator

X - lDZ - a_ gl & 2
§D; = (1" =€) 5o + (2.78)
This operator can be rewritten in the form
~ 0
X =n" . 2.79
Uirwries (2.79)

where 7% = n® — u®. The Lie-Bécklund operators (2.79) are called canonical

operators. The prolongation formulas (2.76) for canonical Lie-Bécklund operators

+ ... (2.80)

acquire a simple form
iigis = Dir--Di,(n). (2.81)
Two Lie-Backlund operators, X and Y, are equivalent whenever X — Y € L,.

Here

L,={X. | X, =¢D;}.
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Navier-Stokes Equations

3.1 Continuity Equation

Consider a two-dimensional fluid flow. Let u and v be velocity in the x
and y directions, respectively, and p be density of the fluid. The mass of fluid
passing through a section of area A per unit time, puA is called the mass flow
rate. Consider an elementary rectangle of fluid of side dx, side dy and thickness
b. For the x direction, the fluid mass stored in the fluid element per unit time

can be obtained by subtracting the inlet mass flow rate from the outlet mass flow

rate, i.e.,
pubdy — | pu + Mdm bdy = —dedy. (3.1)
ox ox
Similarly, in the y direction, the fluid mass stored in it per unit time is
9(pv)
————=bdzdy. 3.2
oy 0wy (3.2)

The mass of fluid element in unit time, d(pbdzdy)/0t is obtained by combining

the fluid mass stored in the fluid element per unit time in the  and y directions:

d(pu) 9(pv) _ O(pbdxdy)
o bdxdy oy bdxdy = BT
or
9  Olpu)  pv) _ (3.3)

ot ox oy

Equation (3.3) is called the continuity equation. In the case of an incompressible

fluid, where p is constant, equation (3.3) is reduced to:

ou Ov
L2 =0, 4
o + dy 0 (3.4)
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This equation is applicable to both steady and unsteady flows.

3.2 Motion Equations

Applying Newton’s second law to the elementary rectangle of fluid of side

dx, side dy and thickness b and force F' = (F,, F},) acting on this element one has

pbdmdyg—i; = F,,
9 (3.5)
bdxdy— = F,

The left-hand side of equations (3.5) expresses the inertial force. Let velocity

dx

UZE,

v = %. Since u = u(x,y,t), the differential du can be expressed by the

following equation:

ou Gu ou

Thus,
du Ou Oudr Oudy Ou ou ou

a0 ordt Togar o Mor oy (36)

Substituting (3.6) into (3.5), one has

(8_u + u@_u + v%) bdxdy = F,,

ot ox dy (37)
% 02 09 bdzay - F,.
ot ox dy 4

Because the force F' acting on the elements consist of the body force Fp =

(B, By), pressure force F, = (P,, P,) and viscous force Fy = (S, Sy),

(3.8)
F,=B,+ P, +5,.
The body force Fg acts directly throughout the mass
B, = X pbdzxdy,
(3.9)

B, = Y pbdxdy,
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here X and Y are body forces acting on the mass of fluid in z and y axis compo-
nents. Examples of such forces are the gravitational force, the centrifugal force,
the electromagnetic force, etc.

The pressure force F), is obtained by subtracting the inlet pressure force

from the outlet pressure force, i.e.,

P, = pbdy — (p + @dx) bdy = —@bdxdy,

Ox Ox
P, = —@bdxd .
y By Y.
All fluids are viscous. The viscous force Fj is obtained as follows
Sy =1 (% + %) bdxdy,
o 9o (3.11)
Sy = 1 (@ + 8_3/2) bdxdy,
where the coefficient of viscosity p is constant.
Substituting (3.9),(3.10) and (3.11) into (3.7), one obtains
p(@—i—u@—l—v@) :pX—@+u(@+@>,
ot ox dy ox ox?  Oy? (3.12)

@+u@+v@ — Y_@_|_ @‘l—@
P\at "%z Ty ) TF F\o2 T ay2 )

These equations together with the continuity equation (3.4) are called the two-
dimensional Navier-Stokes equations. In this research, it is assumed that the body

force Fig = 0. Thus, in this thesis the following equations are studied

ou  Ou  Ou op Pu 0%u
P +u—+ - L Wi )

ot ox Ua_y 0x? 8_y2
ov ov ov dp v 0%
i i ) =_-== - 4+ — 3.13
p<8t+u8x+v8y) ay+“(ax2+ay2>’ (3.13)
ou  Ov

7oy ="
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3.3 Dimensional Analysis of the Two-Dimensional Navier-

Stokes Equations
Let us consider the non dimensional variables v*, u*, p*, x*, y*, t* by setting
(3.14)

where V| P, L,T" are velocity, pressure, length and time units, respectively.

Equation (3.14), can be written as

v=Vo*

7u:VU* ’p:Pp*7

r = Lx*

) y:Ly*a

t="Tt".

Differentiating theses functions with respect to the independent variables, one has

ov Vo ov Vo
dr  Loxr ot T ot dx
Ou Vou" du Vou Jp
oy~ Loy ot Tor dy
and
vV v
0x  L20(x")?”
Pu V. Pur
o7~ DO
Substituting (3.15),(3.16) into (3.13), one obtains
pV ou* N pV? (u*au* +U*8u*) _ Pop
T ot* L ox* dy* L Ox*
pV ov*  pV? ( Lovt _Ovt ) P op*
e e (w =+ ==
T ot L ox* oy* L oy*
K@u* N K@v* _0
L ox* Loy ‘

8p_

P op

L Ox*’
P oy (3.15)

Loy
(3.16)

(y*)2> ’

(3.17)

(3.18)

Multiplying equation (3.17) by L/pV? and equation (3.18) by L/V, one has

L Ou* Lout  Out P op* u 0*u* 0*u*
— + [ u +v = — + )
VT ot dr* ' Oy pVZox*  pVL \0(z*)*  O(y*)?
L ov* ov* ov* P Op* L 0*v* 0*v*
= * * = — 3.19
VT ot + (u o 8@/*) pVZ2oy*  pVL \0(x*)2  9O(y*)?2)’ (3.19)
ou*  Ov*

ox*

+
dy*

=0.
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Choosing the units L, V, T, P such that

M—l P L
pVL 7 pV2 T VT

one gets

ou* N Lou* N LOu\ o op N 0?u* N 0?u*
ot~ \“ o oy )T or ’

* * * * 2 2, %
8v+(u*0v+*80): 8p+(8v +8v )7 (3.20)

ot o oy ) T oy \8@)2 | a(y)?
ou* N ov* 0
ox*  Oy*
After omitting (*), one obtains
ou ou ~ Ou\  Op 0*u 0*u
ov ov ov op *v *v
= i ) =_== — .22
at(mn) - at (e tege) 6
Oou  Ov
oe oy =" (3.23)

Equations (3.21)-(3.23) are the dimensionless form of the two-dimensional Navier-

Stokes equations.

3.4 Two-Dimensional Navier-Stokes Equations Written

Through Streamline Function

Let us consider the two-dimensional Navier-Stokes equations (3.21)-(3.23).
In the two-dimensional case there are three dependent variables: u, v, p, and three
independent variables: ¢, x,y. Since by the Backlund theorem, a group of tangent
transformations of equations (3.21)-(3.23) is the first prolongation of a Lie group
of point transformations. This research is devoted to contact transformations.
In order to study contact transformations of the two-dimensional Navier-Stokes
equations one has to reformulate them in equivalent form with only one dependent

variable. This can be done as the follows.
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Excluding the pressure from equations (3.21),(3.22), by differentiating with

respect to x and y respectively, one has

Upy + (Ulgy + Uptty) + (VUyy + UyUy) + Day = Ugay + Uyyy, (3.24)
Uty + (WUzg + V) + (VUyy + VyVs) + Dyz = Vg + Uyya, (3.25)
Uty — Vg + U (Ugy — Vo) + (Uy + vy) (Uy — vz) + 0 (Uyy — Vys)
(3.26)
= (Uyyy — Vazz) + (Uaay — Vyya) -
Note that the general solution of equation (3.23) is
U= —1,, V=1, (3.27)

where 1 is an arbitrary function of ¢,x,y. This function is called a streamline

function. After substituting (3.27) into (3.26) one obtains

wyyt‘i‘wzxt_wy (wxyy + ¢xxz)+% (wyyy + %m) - (wyyyy + %mz)-F?l/mey- (328)

In this thesis the last equation (3.28) is studied.



Chapter 1V

Seeking Contact Transformation

The main goal of the research is to find contact transformations of equa-
tion (3.28). According to theorem2, first one has to construct the determining

equation. The generator X for equation (3.28) is chosen

0 0 0 0
X=€I%+€ya +€t +C”’—+C% + (Vo + (o

5w e T e, Ty

where the coefficients depend on the independent variables x,y,t, the dependent
variables ¢ and the first derivatives ., 1, 4. Because equation (3.28) is a

fourth-order equation, the infinitesimal generator has to be prolonged up to fourth

order
x=x4¢m O o O om0 s O ()
4 ol Oy O O
where the coefficients of (4.2) are defined by (2.20). For example,
(" = DuC¥ = 1 Dal” — Uy Daf? — Dt
(¥ = Dy = 9 DyE” — 4y D&Y — by D€'
(¥ = DiC¥ — 9 DiE” — by Dy — 1y D€',
with
Da= o+ gy + g+
D, awy%wy% (4.3)

8 0
+¢t w‘i‘@/)tta%
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The full expression for (%=, ¢(¥» and (¥* are

acY ocY acY acY acY
Yz
C - a +¢x w+¢mxa¢x+wzya¢y+¢xta¢t

- agw agw oee o¢e o

8
— 4, ( 5y 5 oev e afy)

_+¢xa¢ +¢xma¢$+wzya¢y+wmtawt

t t t t t

oy T Y0y, Vg, T Y5y,
by _ aL oY oY oY ocY
C - +wy8w +¢ywawx+¢yyawy+¢ytawt

o¢” S o¢* S og”
—¢ ( +%aw +wyxa¢$+wyyawy+wytawt>

S agY a¢Y S S
_¢ < ¢y8¢ +¢yza¢x+¢yya¢y+¢yt%)

Bﬁt ¢’ o %3 %3
_wt< +¢yaw+wyzaww+¢yyawy+¢yt w)

=%, afZ e gf; - gi T gf;
0, (%I T ‘Z,f; T giz . gi + gi)
(e
NGO S

The other coefficients are obtained in a similar way by using prolongation formulas

(2.20).
Note that by virtue in the strength of theorem4 for contact transformations,

in the case where m = 1 one has

ow ow ow
= =g &=

W' i’ 0.4
Y _
=W b - wy% s

with a characteristic function W (z,y,t, v, ¥, 1y, ;). Thus, all coefficients in the

prolonged generator (4.2) are rewritten through the characteristic function W.
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Let us consider the manifold [F] defined by equation (3.28) with the func-
tion
F(z,y,t,0, %e, s Yuter) = Vyyt + Vaat — Yy (Vayy + Vawz) + Ve (Pyyy + Vyaa)
— (Yyyyy — Vwaw) + 2¥sayy = 0.
(4.5)
The manifold [F] is considered in the space of variables x, y,t, 1, ¥y, ..., Yy
On the manifold described by equation (3.28) one can choose the indepen-
dent coordinates x,y,t,1, ¥z, ¥y, ..., Yazzw, Vaayy, and the dependent coordinate

Vyyyy
z)Dyyyy = 2ﬂyyt + wm - wy (w;ryy + %m) + % <wyyy + ¢yzx> + wmm + 2¢mzyy- (46)

After substituting the dependent variable 1),,,, into the equation X F' = 0 one
4

obtains the equation which contains the unknown function W, its derivatives

€% &Y. € ¢¥ and the variables x,y, t, 1, 15, Yy, ooy Vazww, Vaeyy- The next step is to

analyze the determining equation

)4(F r) = 0. (S)

Because this equation is cumbersome, one only explain here the main steps of the
calculations.
After differentiating the determining equation with respect to ., and

Vezez, TeSpectively, one has

O*W
—F = 0. 4.7
502 o
The general solution of (4.7) is
W = a1¢z + az, (48)

where a; and ay are functions of z,y,t, v, Y., 1, and 1),. Substituting (4.8) into

the determining equation (S) and differentiating it with respect to ¢, and ¥,,y,
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respectively, one obtains

8a1

— =0. 4.9

0, (4.9)
Differentiating (S) with respect to 14, and t,,,, respectively, one gets

aal

=0 4.10

04, 0

From (4.9) and (4.10), one obtains that the function a; does not depend on ),
and ;. That is, the function a; is only a function of z,y, ¢t and .

Differentiating (S) with respect to 1),,,+ and 1, respectively, one obtains

62612
—F = 0. 4.11
907 Ay
Hence,
ay = agi; + ag, (4.12)

where ag and a4 are functions of z,y,t,¢ and t,. Substituting (4.12) into (5)

and differentiating (S) with respect to 1., and 1., respectively, one has

aal

— =0. 4.13

i (113)
Hence, the function a; does not depend on 1. Differentiating (S) with respect to

Yrzy and y,,, Tespectively, one gets

(9&3
—= 0. 4.14
0, ( )

Thus, ag = az(z,y,t,v). Differentiating (S) with respect to t,,, twice, one

obtains
Par _
8@&5

Therefore

ay = asYy + ag, (4.15)
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where a5 and ag are functions of z,y,t and v. Differentiating (.S) with respect to

Yy, Yy and 1,,, respectively, one has

8a3 o
T 0. (4.16)

Differentiating (S) with respect to 1, ¢, and ,,,, respectively, one gets

aag,

— =0. 4.17

5 (417)
Hence, the functions a3 and as do not depend on . Differentiating (S) with

respect to ¢, and v,,,, respectively, one obtains

(3a3

and differentiating (S) with respect to ¢y and t,,,, respectively, one has

6a3
— =0. 4.1
2 =0 (119

This means that the function ag is only a function of ¢. Differentiating (S) with

respect to v, twice, one gets

82a6
=0. 4.20
- (1.20)
The general solution of (4.20) is
ag = a7y + ag (4.21)

where a7 and ag are functions of x,y and ¢. Substituting (4.21) into (5), and

differentiating (.5) with respect to ¢ and 1),,,,, respectively, one obtains

8&7

— =0, 4.22
e (4.22)
and differentiating (S) with respect to ¢ and ¥, respectively, one has

8a7 .

dar _ 4.2
=0 (423)
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Thus, a7 = az(t). Differentiating (S) with respect to ¢, and 1,,, respectively,

one gets
32615
= 4.24
0xdy ( )
The general solution of (4.24) is
as = ag + a1, (4.25)

where ag is a function of z and ¢, ay¢ is a function of y and ¢. Substituting (4.25)

into (S) and differentiating (S) with respect to y,, and 1., respectively, one

gets
82(11
=0. 4.26
o (1.26)
The general solution of 4.26 is
ay = any + a2, (427)

where a; and a9 are a functions of x and ¢. Differentiating (S) with respect to

¥, and ., respectively, one obtains

8@11

ox

= 0. (4.28)

Thus, the function a;; does not depend on x. Differentiating (S) with respect to

x and .., one has

82a12 —0
0x?
This implies
(12 = a13% + a4, (4.29)

where a3 and ay4 are only functions of ¢. Differentiating (.S) with respect to y, 1,

and 1,,,, one gets
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the general solution of which is
ayp = a5y + ass, (4.30)

where aj5 = aj5(t) and a;6 = a16(t). Differentiating (S) with respect to y twice
and with respect to ..., one obtains

83(18 .
oy?

Thus,

as = arry® + aisy + aig, (4.31)

where a7, a3 and a9 are functions of z and ¢. Differentiating (S) with respect

to x and y, one has

36L17
ox

— 0. (4.32)

The last equation means that the function a7 only depends on t. Differentiating

(S) with respect to z,y and ,,,, one gets

82a18 _ 0
Ox?
Hence,
aig = G0T + A1, (4.33)

where agy and ag; only depend on ¢. Differentiating (S) with respect to x, 1, and

Yyyy, ONE obtains

82a9
=0. 4.34
o2 (4.34)
The general solution of (4.34) is
a9 = Q99X + ass, (435)

where age = ag(t) and agz = ags(t). Differentiating (S) with respect to 1, and
Yzyy, Oone has

a1y + az = 0.
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Substituting in (S), this means that
aj; = —ag. (4.36)
Differentiating (.5) with respect to v, and 1),,,, respectively, one obtains
—a13 + a5 — a7 =0,

or

aig = a5 — ag. (4.37)

Differentiating (.5) with respect to 1, and 1,,,, one gets
ar = 0. (4.38)

Differentiating (S) with respect to ¥,,., one obtains

8&15

ot

—0. (4.39)

Thus, the function a;5 does not depend on t. Differentiating (S) with respect to
y and 1,,,, one has

aop = 0. (440)

Differentiating (S) with respect to x and 1, one gets

84CL19 —0.
Ox?
The general solution of the last equation is
19 — CL24.733 + CL25$2 + Qo + asy, (441)

where asy, ass, ass and agy are functions of ¢. Differentiating (S) with respect to

x twice and with respect to 1,,,, one obtains

Aoy = 0. (442)
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Differentiating (S) with respect to x and t),,,, one has

8&22
2a95 =0
825 + Q25 9
or
1 8(122
= —— : 4.43
azs 5 Ot ( )
Differentiating (.S) with respect to 1., one gets
aag
T 9a5=0
or
Solving the last equation for a;; thus means that
1 8a3
- 77 4.44
and differentiating (S) with respect to 1,,, one obtains
82(13
= 0. 4.45
The general solution of (4.45) is
az = agsl + ag, (4.46)

where ass and agg are constants. After differentiating (S) with respect to 1y,

one has
daig Oags .
815 + 8t +a26—0.
That is
daie Oags
= — — . 4.47
426 (at o (447)

Differentiating () with respect to y and ..., one gets

da
8;2 + 2@17 = 0
Hence,
10
17 = 22 (448)

2 Ot
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Differentiating (S) with respect to ¥;4., one obtains

day
_ -0
ot + a9 ;
or
Oaiy
= . 4.49
21 ot ( )
After all substitutions, the determining equation (S) becomes
826L22
S = =0.
ot?
That is
99 — agot + asy. (450)
Changing

aszy = €1, Q31 = C2, Q8 = C3, A9 = C4, Q14 = f1, Q16 + Q23 = f2, Q27 = f3.
One finds from equation (4.8) that

Cs C3
W = (595 —(at+c)y+ f1> Yy + ((01t+ C2) T + 5Y + fz) Py
dfl dfz &1
+(03t+04)¢t+y%—$ﬁ—5(1’2‘1‘?/2) + f3,

where f1, fo and f3 are functions of ¢, ¢1, ¢co and c3 are constant. Therefore, after

(4.51)

substituting the function W in (4.51) into (4.4), the unknown functions are

C3

§m=(01t+02)y—5$—f1;

v _ _ )
¢=—(at+a)z+Jy+h), .
gt:—(03t+04),

o dh dfs a5 oo

e T A R R )

Observe that in equation (4.52), the function &%, &%, € and ¢¥ depend only on
the independent variables x,y and ¢ but do not depend on first derivatives. Thus
the transformations obtained are not proper contact transformation: they are the

first prolongation of point transformations. This is the result of the research done.



Chapter V

Lie-Backlund Transformations

This part of the research is devoted to finding Lie-Backlund transformations
admitted by equation (3.28). The process of finding Lie-Bécklund transformations
is similar to the study of contact transformations. First one has to construct the

determining equation. The generator Y for this case is taken in a canonical form.

19, 0
+ d]w + "Z)y + _I,_ wtitt
o T B T By, N

In this thesis one suppose that the coefficient (¥ depends on the independent

Y — Cd) (5.1)

variables x, y, t, the dependent variable 1) and the derivatives up to second order:

¢za 77Z)y) wta wzza 77Z)$y7 ¢xt7 ¢yy) ¢tt‘ The coefﬁcients C¢I) Cwya (R3] thttt are deﬁned by

the prolongation formulas (2.76), for example,
(P = D.C?, (" =Dy, ("= D?, (5.2)

where the differential operators D,, D, D; are defined as in the case of contact

transformations (4.3). For example,

a¢Y a¢” a¢¥ a¢Y a¢”

Yo = = -+ T + T + :pt
¢ 5. T Y e 30, Yy o0, (G

aCY aCY aCY a& aCY

8wazy + ¢x:ct ath + 'lvayy 8wyy + wxyt awyt + ¢xtt awtt

w0, 0 oc* e, 0 o
=y Ty gy, P, T au el

oy
a¢Y a¢v Y aCY aCY
+ wy:r:y (%pxy + wyxt aw . + wyyy awyy + ¢yyt awyt _|’ 7%tt awtt

(3C ocY oY oY ocy ocY
+ Y 0 +¢t$8¢x +¢tyawy +1/)tta¢t +¢tm$m
oY oy oy ocy ocY
+ Yay O + Y — Dy + Yy s + Vit — G + Y —— EI

ace

+ Yaa

+ wx:cy

th
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Let us analyze the manifold [F] defined by the fourth-order equation (3.28)

for Lie-Backlund transformations of second order. Since the coefficients of the X F
4

contain derivatives up to sixth-order, then for [F] one needs to use prolongations

of the manifold defined by equation (3.28) up to sixth-order:

Da:F =2 (wyytm + wzxtx - wy (w:vyy:r + w:mmz> - wyw (wxyy + wzzx>
+ % (wyyyx + wymcx) + wx:r: (wyyy + wyxx) - (wyyyyx - wmcxx:c)

+ 2¢xwyyw> - Oa

DyF =2 (wyyty + wxxty - % (wxyyy + wmmxy) - wyy (wxyy + wxmz)
+ djl‘ (¢yyyy + wymcy) + ¢xy (¢yyy + ,lvbym»‘) - (@Dyyyyy - ¢xxxxy)

+ 2¢x$yyy) =0,

DtF =2 (¢yytt + wzxtt - wy (¢xyyt + wxmmt> - wyt <w:1:yy + wa::m)
+ wx (¢yyyt + ¢ymct) + ¢xt (wyyy + wy:c:(:) - (¢yyyyt - ¢xoc:c:r:t)

+ 2¢mxyyt) = 07

DxDa:F =4 (wyytmx + wxa:tmx - wy (wmyymy + wzx:pxaj) - Zwyz <wxyyz + wxasmc)
- wy:r:a: ('@Z}azyy + '@ijcx) + %: <wyyy:r:a: + wyx:r;m:) + 21/1;” (wyyyx + wyxmc>

+ ¢xaca: <¢yyy + wyxa:) + ¢$xyyxx) -2 (¢yyyyzx - wa::cxxxac) = 07

DD F = 4 (Vyyur + Vawrrr — Uy Wayytt + Vazarr) — 200yt (Vayyt + Vozat)
— Yyt (Vayy + Vawa) T e (Qyyyrr + Vyaarr) + 200 (Vyyyt + Vyaat)
+ Varr (Vyyy + Vyea) + Vaayyrt) — 2 (Qyyyyet — Vewaart) = 0.
From these equations one can define ¥yyyyz, Vyyyyy, Cyyyut Coyyyaz Cyyyyzys - Cyyyytt -
Gour = Yyt + Brsts — by Doy + Vrsss) = Vyo (Bryy + Yore)

+ wx (djyyyx + wyx:r:p) + wxz (wyyy + wy:vx) + wmx:r:m: + 22/):vacyy:v7
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¢yyyyy - 1/’yyty + %cmty - ¢y (1/’myyy + %mcy) - ¢yy (wscyy + w:cm)

+ ¢ (wyyyy + wyzry) + Yuy (wyyy + 2/’ym) + Vazazy + 2Vaayyy,

77ZJyyyyt = ¢yytt + wwztt - wy (¢xyyt + ¢xwwt) - 77ZJyt (¢xyy + ¢xx:c)

+ % (wyyyt + 1/}yxzt) + ¢xt <¢yyy + ¢ya;:c) + wxzw:vt + 277Z}axcyyt7

7vbyyyymc =2 (wyyta:x + wxmtazx - wy <w:13yyxaf + wxxmm) - waﬂc (wxyyx + wxmxa})
- wyxa: (,lvbccyy + ¢xa}x) + wx (¢yyyxa: + wyzxx:c) + 277Z)a::c (@ijyya& + wyx:m:) 9

+ wxzx (¢yyy + 77Z)y;tx) + ¢xa¢yy:m:) + w;rxzx:m:;

¢yyyytt - 2 (wyyttt + wa:xttt - ¢y (’lvbocyytt _l' 'l/}mcxtt) - 2¢yt (wocyyt + ¢xxzt)
- ¢ytt (¢wyy + ¢wx:v) + ¢m (wyyytt + ¢y;mtt) + 2’¢xt <¢yyyt + ¢ymact)

+ ¢mtt (wyyy + wywx) + wmzyytt) + Q/Jm:mztt-

(5.3)
This means that in the determining equation
Z/F |7 =0, (S)
the determining equation contains only one unknown function (¥.  The

left side of the determining equation is a polynomial function with re-
spect to parametric derivatives up to six-order. The main derivatives are
wyyyym wyyyyya ¢yyyyt ) wyyyym ) wyyyywy URERS wyyyytt :

The determining equation for Lie-Backlund transformations is more com-
plicated than that for contact transformations. The determining equation (.5) is
a fourth-order polynomial equation with respect to parametric derivatives up to
six-order. It can be split in a similar way as is explained in the example below

(see program in appendix B).
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The main idea of splitting the determining equation is the following. As-

sume that the determining equation S is a second-degree polynomial function of

the variables x and y :

S =Ax*+ By +Cay+ Dx+ Ey+ F =0, (5.4)

where A, B,C, D, E and F' are some expressions which do not depend on x and y.

Differentiating (5.4) with respect to x twice and multiplying by 1/2, one obtains

LOWS) _ 4, (5.5)

Substituting it into (5.4), one gets

S=DBy*+Caxy+ Dr+Ey+F=0. (5.6)

In the Reduce-program substitution is implemented by subtraction of Az? from

S. Differentiating (5.6) with respect to x and y, respectively, one has

*S)
Snoy =C=0 (5.7)

Substituting it into (5.6), one obtains

S=By*+Drx+Ey+F =0. (5.8)

Differentiating (5.8) with respect to y twice and multiplying by 1/2, one gets

10%(9)
h =B=0. 5.9
Hence,
S=Dz+Ey+F =0. (5.10)
Differentiating (5.10) with respect to x, one has
0
S_p_o. (5.11)

=
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In a similar way £ = 0, thus

S=F=0. (5.12)

Therefore all coefficients of the polynomial (5.4) are equal to zero. Note once
more that these coefficients are expressions that do not depend on x and y. This
is a simple example for splitting the determining equation. Moreover, if the
determining equation is not a second order polynomial, then it can be split in the
same way. In the determining equation, the parametric derivatives play the role
of the variables x and y.

The result of calculations using the Reduce program in Appendix B show

that
V= - ((Clt + o)y — C—;x - f1> Yy + ((0175 + co)r + %y + fz) (s
(5.13)
d d
+ (cst + ) Uy + <y£ — x% — % (2® +v°) + f3)

where f1, f2, f3 and g4 are functions of ¢, ¢1, co, c3 and ¢4 are constant.
The obtained canonical operator is Y = (¥d,. Note that the first prolon-

gation of the point transformations is

. C3 0 C3 0
X = ((clt + o)y — EZL‘ - f1> P ((clt + co)x + Ey + f2> 8_y

(5.14)
—(Cgt+C4>2+ (y%—xd—ﬁ—ﬁ(ﬁerQ) +f3) 9

ot a At 2 o

Hence,

. C3 8 C3 a
X-Y= ((clt + )y — 51‘ — f1> pr <(01t—|— c)x + gy + f2> 8_y

st o) Dt [((Clt + o)y — 2w - f1> W

ot 2
— ((ext + )z + Jy+ f2) ¥y — (eat +ca) v % T
2 0 a 0 . PG,

= &g 8 gy (e 8y ) o

= "D, + YDy + €D,
Thus the canonical operator Y is equivalent to the generator of the first prolonga-

tion of point transformations. This means that the Lie-Backlund transformations
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which are restricted to the independent variables x,v,t, the dependent variable
1 and the derivatives up to second order: v, ¥y, ¥y, Vou, Vay, Vat, Yyy, Yy are pro-

longations of point transformations. This is the result of the research.



Chapter VI

Conclusion

6.1 Thesis Summary

This thesis is devoted to the study of contact and second order Lie-
Backlund transformations of the two-dimensional Navier-Stokes equations.
6.1.1 Problem

The two-dimensional Navier-Stokes equations considered in the the-

sis are written in the form

wyyt + ¢mt - wy (w:vyy + wxxx) + wz (wyyy + Qﬁym) = (wyyyy + ¢mm} + 2¢myy

where 1 is a streamline function, which depends on ¢, x,y. The coefficients of the

generator

0 0 0
+ C’/’y + Clbt_

0 0 0 0
X: 17__|_ y_+ t_+ ¢_+ P
o e T a e T oy T g, T By

ox oY

of contact transformations are defined through a characteristic function
W(x,y,t,¢, s, 1y, 1) by formulas (4.4). Prolongations of the generator X are
defined by (2.20). Similarly, for finding admitted Lie-Bécklund transformations,

the problem is to find the coefficient (¥ of the canonical operator:

)
Y
Y=g (6.1)

In this research it is assumed that the coefficient (¥ depends on the independent

variables x, y, t, the dependent variable 1) and the derivatives up to second order:
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%:, wya wta w:m:a wxyv tha ¢yy7 wtt- The coefﬁcients Cd}ma C"l’y’ teey Cdltttt are deﬁned by

the prolongation formulas (2.76).

6.1.2 Result

1. For contact transformations, it is found that the characteristic

function is

W= (So—(at+e)y+ i)+ (et +a)et Sy ),

2 2
df dfs  c1, 5 o
+(c3t+c4)wt+ydt T 2(95 + ) + fs.

The coefficients of the generator X are

c
& =(at+c)y— —Sx—fl,

2
c
fyz—((01t+02)x+§3y+f2>,
&= —(cst+c4),
dfl dfz C1
o _ W1 42 G 2

where fi, fo, f3 are arbitrary functions of ¢t and ¢y, ¢o, c3 are arbitrary constants.
This means that contact transformations are the first prolongation of point trans-
formations.

2. As the result of calculations it is obtained that the coefficient (¥ of the

Lie-Bécklund operator (6.1) is

V= — <(clt + )y — 62—3;1: — f1> Uy + <(clt +co)x + %y + f2> )y
+ (est + ¢4) Uy + (y% —x% — %1 (* + %) —|—f3> .

This also means that the second order Lie-Backlund transformations are

the first prolongation of point transformations.

6.1.3 Limitations

In this thesis, group analysis was applied to the Navier-Stokes equa-

tions in the two-dimensional case written through the streamline function. If was
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assumed that the coefficient (¥ of a canonical Lie-Bécklund operator depends on

derivatives not higher than second order.
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Appendix A

Program of Seeking Contact Transformations

A.1 The REDUCE program for finding the determining

equations of equation (3.28)

In the REDUCE program the following symbols were used to represent the
various variables used in the research

ux = 1, uy = ¢, ut = 4, UXX = Yyy,..., Uttt = Yy,

zetau = (¥, zeta_ux = (¥=,

zeta uy = (%, zeta ut = (¥,

zeta_uxx = Cw“,..., zeta_uyyyy = Cwyyyy,

psix = {7, psiy = &Y, psit = ¢,

equation = F', generator = X, determin = S
and for x,y,t,w the same notation is used. Next one explain identifier and main
commands.

The commands

depend psix,x,y,t,u,ut,ux,uy$
depend psiy,x,y,t,u,ut,ux,uy$
depend psit,x,y,t,u,ut,ux,uy;$
depend zeta_u,x,y,t,u,ut,ux,uy$
depend w,x,y,t,u,ut,ux,uy$

depend ff,x,y,t,u,
ux,uy,ut,
uxx,uxy,uxt,uyy,uyt,utt,
UXXX,Uuxxy,uxxt,uxyy,uxyt,uxtt,
uyyt,uytt,uttt,uyyy,
UXXXX,UXXXY,uxxxt,uxxyy,uxxyt,uxxtt,
UXyyy,uxyyt,uxytt,uxttt,uyyyy,uyyyt,uyytt,uyttt,utttt$
mean that psix, psiy, psit and w are functions of the dependent variables,
depending on x, y, t, u, ut, ux, uy. The function £f depend on x, y, t,
u, ut, ux, uy ,..., utttt.

The command

equation :=uyyyy+uxxxx+2*uxxyy-uyyt-uxxt+uy* (uxyy+uxxx)-ux* (uyyy+uxxy)$

corresponds to (4.5).
The command



generator:=zeta_ux*df (ff,ux)+zeta_uy*df (ff,uy)+zeta_uxxt*df (ff,uxxt)+
zeta_uyyt*df (£f,uyyt) +zeta_uxyy*df (ff,uxyy) +zeta_uxxy+*df (ff,uxxy)+
zeta_uxxx*df (£ff ,uxxx)+zeta_uyyy*df (£f,uyyy) +zeta_uyyyy*df (£f,uyyyy)+
zeta_uxxxx*df (ff,uxxxx)+zeta_uxxyy*df (ff,uxxyy)$

defines the infinitesimal generator of the function ff.
The command

determin := sub(ff=equation,generator)$

substitutes the equation into the generator.

The commands

dx := df(ff,x)+ux*xdf (ff,u)+
uxx*df (£ ,ux) +uxy*df (£f,uy) +uxt*df (££,ut)+
uxxx*df (£ ,uxx) +uxxy*df (£ ,uxy) +uxyy*df (£f ,uyy) +
uxxt*df (£f,uxt) +uxyt*df (£f,uyt) +tuxtt*df (£f,utt)+
uxxxx*df (ff,uxxx) +uxxxy*df (£ ,uxxy) +tuxxyy*df (£f ,uxyy)+
uxxxt*df (£ ,uxxt) +tuxxyt*df (£f,uxyt) +uxxtt*df (£f,uxtt)+
uxyyy*df (£f,uyyy) +uxyyt*df (£f ,uyyt) +tuxytt*df (£f,uytt)+
uxttt*df (ff,uttt)+
uxxxxx*df (£, uxxxx) tuxxxxy*df (£f,uxxxy) +uxxxxt*df (ff,,uxxxt)+
uxxxyy*df (£f ,uxxyy) +tuxxxyt*df (£ ,uxxyt) +uxxxtt*df (£f,uxxtt)+
uxxyyy*df (£f ,uxyyy) +uxxyyt*df (£f ,uxyyt) +uxxytt*df (£f,uxytt)+
uxxttt*df (£f,uxttt) +tuxyyyy*df (£ ,uyyyy) +uxyyyt*df (£f,uyyyt)+
uxyytt*df (£f,uyytt) +uxyttt*df (£f,uyttt) +uxtttt*df (£f,utttt)$

dy := df(ff,y)+uy*df (££f,u)+
uxy*df (£ ,ux) +uyy*df (££,uy) +uyt*df (££,ut)+
uxxy*df (ff,uxx) +uxyy*df (£ ,uxy) +uyyy+*df (£f ,uyy)+
uxyt*df (£f,uxt)+uyyt*df (£f,uyt) +tuytt*df (££,utt)+
uxxxy*df (£f,uxxx) +uxxyy+*df (£ ,uxxy) +tuxyyy*df (£f ,uxyy)+
uxxyt*df (£ ,uxxt) +tuxyyt*df (£f,uxyt) +uxytt*df (£f,uxtt)+
uyyyy*df (£f,uyyy) +uyyyt*df (£f,uyyt) +tuyytt*df (£f,uytt)+
uyttt*df (£f,uttt)+
uxxxxy*df (£f,uxxxx) +uxxxyy+*df (£, uxxxy) +uxxxyt*df (£f,uxxxt)+
uxxyyy*df (£f ,uxxyy) +tuxxyyt*df (£ ,uxxyt) +uxxytt*df (£f,uxxtt)+
uxyyyy*df (£ ,uxyyy) +uxyyyt*df (£f,uxyyt) +uxyytt*df (£f,uxytt)+
uxyttt*df (£f,uxttt) +tuyyyyy*df (£ ,uyyyy) +uyyyyt*df (£f,uyyyt)+
uyyytt*df (£f,uyytt) +uyyttt*df (£f,uyttt) +uytttt*df (£f,utttt)$

dt := df(ff,t)+ut*df (£f,u)+
uxt*df (££,ux)+uyt*df (££,uy)+utt*df (££,ut)+
uxxt*df (£f,uxx)+uxyt*df (£f,uxy) +uyyt*df (£f,uyy)+
uxtt*df (£f,uxt)+uytt*df (££,uyt) +tuttt*df (££,utt)+
uxxxt*df (£f,uxxx) +uxxyt*df (£f,uxxy) +uxyyt*df (£f,uxyy)+
uxxtt*df (£ ,uxxt) +tuxytt*df (£f,uxyt) +uxttt*df (£f,uxtt)+
uyyyt*df (£f,uyyy) +uyytt*df (£f,uyyt) +uyttt*df (£f,uytt)+
utttt*df (ff,uttt)+
uxxxxt*df (£f,uxxxx) tuxxxyt*df (£f ,uxxxy) +uxxxtt*df (ff,uxxxt)+
uxxyyt*df (£f ,uxxyy) tuxxytt*df (£f,uxxyt) +uxxttt*df (£f,uxxtt)+
uxyyyt*df (£f ,uxyyy) +uxyytt*df (£f ,uxyyt) +uxyttt*df (ff,uxytt)+
uxtttt*df (£f,uxttt) +tuyyyyt*df (£f,uyyyy) +uyyytt*df (££,uyyyt)+
uyyttt*df (£f,uyytt)+uytttt*df (£f,uyttt)+uttttt*df (£f,utttt)$

define the operators dx,dy and dt respectively. They correspond to (4.3).
The commands

zeta_ut:=sub(ff=zeta_u,dt)-ut*sub(ff=psit,dt)-ux*sub(ff=psix,dt)-uy*sub(ff=psiy,dt)$
zeta_ux:=sub(ff=zeta_u,dx)-ut*sub(ff=psit,dx)-ux*sub(ff=psix,dx)-uy*sub(ff=psiy,dx)$
zeta_uy:=sub(ff=zeta_u,dy)-ut*sub(ff=psit,dy)-ux*sub(ff=psix,dy)-uy*sub(ff=psiy,dy)$

zeta_uxx:=sub(ff=zeta_ux,dx)-uxt*sub(ff=psit,dx)-uxx*sub(ff=psix,dx)-uxy*sub(ff=psiy,dx)$
zeta_uxy:=sub(ff=zeta_ux,dy)-uxt*sub(ff=psit,dy)-uxx*sub(ff=psix,dy) -uxy*sub(ff=psiy,dy)$
zeta_uxt:=sub(ff=zeta_ux,dt)-uxt*sub(ff=psit,dt)-uxx*sub(ff=psix,dt)-uxy*sub(ff=psiy,dt)$
zeta_uyy:=sub(ff=zeta_uy,dy)-uyt*sub(ff=psit,dy)-uxy*sub(ff=psix,dy)-uyy*sub(ff=psiy,dy)$
zeta_uyt:=sub(ff=zeta_uy,dt)-uyt*sub(ff=psit,dt)-uxy*sub(ff=psix,dt)-uyy*sub(ff=psiy,dt)$
zeta_utt:=sub(ff=zeta_ut,dt)-utt*sub(ff=psit,dt)-uxt*sub(ff=psix,dt)-uyt*sub(ff=psiy,dt)$
zeta_uxxx:=sub(ff=zeta_uxx,dx)-uxxt*sub(ff=psit,dx)-uxxx*sub(ff=psix,dx)-uxxy*sub(ff=psiy,dx)$
zeta_uxxy:=sub(ff=zeta_uxx,dy)-uxxt*sub(ff=psit,dy)-uxxx*sub(ff=psix,dy)-uxxy*sub(ff=psiy,dy)$
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zeta_uxxt
zeta_uxyy
zeta_uxyt
zeta_uxtt
zeta_uyyy
zeta_uyyt
zeta_uytt
zeta_uttt

:=sub(ff=zeta_uxx,dt)-uxxt*sub(ff=psit,dt)-uxxx*sub(ff=psix,dt)-uxxy*sub(ff=psiy,dt)$
:=sub(ff=zeta_uxy,dy) -uxyt*sub(ff=psit,dy)-uxxy*sub(ff=psix,dy)-uxyy*sub(ff=psiy,dy)$
:=sub(ff=zeta_uxy,dt)-uxyt*sub(ff=psit,dt)-uxxy*sub(ff=psix,dt)-uxyy*sub(ff=psiy,dt)$
:=sub(ff=zeta_uxt,dt)-uxtt*sub(ff=psit,dt)-uxxt*sub(ff=psix,dt)-uxyt*sub(ff=psiy,dt)$
:=sub(ff=zeta_uyy,dy) -uyyt*sub(ff=psit,dy)-uxyy*sub(ff=psix,dy)-uyyy*sub(ff=psiy,dy)$
:=sub(ff=zeta_uyy,dt)-uyyt*sub(ff=psit,dt)-uxyy*sub(ff=psix,dt)-uyyy*sub(ff=psiy,dt)$
:=sub(ff=zeta_uyt,dt)-uytt*sub(ff=psit,dt)-uxyt*sub(ff=psix,dt)-uyyt*sub(ff=psiy,dt)$
:=sub(ff=zeta_utt,dt)-uttt*sub(ff=psit,dt)-uxtt*sub(ff=psix,dt)-uytt*sub(ff=psiy,dt)$

zeta_uyyyy:=sub(ff=zeta_uyyy,dy)-uyyyt*sub(ff=psit,dy)-uxyyy*sub(ff=psix,dy)

-uyyyy*sub (ff=psiy,dy)$

zeta_uxxxx:=sub(ff=zeta_uxxx,dx)-uxxxt*sub(ff=psit,dx)-uxxxx*sub(ff=psix,dx)

—uxxxy*sub (ff=psiy,dx)$

zeta_uxxyy:=sub(ff=zeta_uxxy,dy)-uxxyt*sub(ff=psit,dy)-uxxxy*sub(ff=psix,dy)

-uxxyy*sub (ff=psiy,dy)$

define the coefficients of the generator and they correspond to(2.20).

The commands

psix:
psiy:
psit:
zeta_u

-df (w,ux)$
-df (w,uy)$
-df (w,ut)$

r=w-ux*df (w,ux) -uy*df (w,uy) -ut*df (w,ut) $

define psix, psiy, psit,zeta u which correspond to equation (4.4).

The command

Uyyyy : =-UXXXX-2¥uxxyy+uyyt+uxxt-uy* (uxyy+uxxx) +ux* (uyyy+uxxy) $

corresponds to equation (4.6).

The commands

factor

u,ux,uy,ut,uxx,uxy,uxt,uyy,uyt,utt,
UXXX,UXXy,uxxt,uxyy,uxyt,uxtt,uyyt,uytt,uttt,uyyy,
UXXXX,UXXXY,UXXXt,uxxyy,uxxyt,uxxtt,uxyyy,uxyyt,uxytt,uxttt,
uyyyt,uyytt,uyttt,utttt$

sss:=determin$

factor function u,ux, ... ,utttt from the determining equation.
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The next step is to analyze the determining equation for finding the

function w in (4.4).

The commands

df (sss

,UXX , UXXXX) ;

%axdf (w,ux,2)

depend
depend

al,x,y,t,u,ut,uy;
a2,x,y,t,u,ut,uy;

w:=al*ux + a2;
df (w,ux,2);

correspond to equation (4.8).

The commands

df (sss

,UXXyt,uxy) ;

%4xdf (al,ut)
nodepend al,ut;
df (al,ut);

correspond to equation (4.9).

The commands



df (sss,uxyy,uyyy) ;
%6*df (al,uy)
nodepend al,uy; df(ail,uy);

correspond to equation (4.10).
The commands

df (sss,uyyyt,uyt) ;

%d*xux*df (al,ut,2) + 4*df(a2,ut,2)

%df (a2,ut,2)

depend a3,x,y,t,u,uy; depend a4,x,y,t,u,uy; a2:=a3*ut+ad;
4xux*df (al,ut,2) + 4xdf(a2,ut,2);

correspond to equation (4.12).
The commands

df (sss,uxxx,uxx) ;
%10*df (al,u)
nodepend al,u;

df (al,u);

correspond to equation (4.13).
The commands

df (sss,uxxy,uyyt) ;
%2*df (a3,uy)
nodepend a3,uy;

df (a3,uy) ;

correspond to equation (4.14).
The commands

df (sss,uyyy,2);

%6*ut*df (a3,uy,2) + 6*df(ad,uy,2)
depend ab,x,y,t,u;

depend a6,x,y,t,u;

a4:=ab*xuy+ab;

6*ut*df (a3,uy,2) + 6*df (ad,uy,2);

correspond to equation (4.15).
The commands

df (sss,uxxx,uy,ut);
%df (a3,u)

nodepend a3,u;

df (sss,uxxx,uy,ut);
df (a3,u);

correspond to equation (4.16).
The commands

df (sss,uyyy,ux,uy);
%df (ab,u) ;
nodepend a5,u; df(a5,u);

correspond to equation (4.17).
The commands
df (sss,uxxx,ut) ;

%df (a3,y)
nodepend a3,y; df(a3,y);
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correspond to equation (4.19).
The commands

df (sss,uyyy,ut) ;

%-df (a3,x)

nodepend a3,x; df(a3,x);
correspond to equation (4.18).
The commands

df (sss,uyy,2);

%6*df (a6,u,2);

depend a7,x,y,t; depend a8,x,y,t; a6:=a7*u+a8; df(a6,u,2);
correspond to equation (4.21).
The commands

df (sss,uyyy,u) ;

%df (a7,x)

nodepend a7,x; df(a7,x);
correspond to equation (4.22).
The commands

df (sss,uxxx,u);

9%df (a7,y)
nodepend a7,y; df(a7,y);

correspond to equation (4.23).
The commands

df (sss,uyy,uy) ;

%2*df (a5,x,y)

depend a9,x,t; depend all,y,t;
ab:=a9%+al0;

df (ab,x,y);

correspond to equation (4.25).
The commands

df (sss,uxxy,uy,y);

%2*df (al,y,2)

depend all,x,t;

depend al2,x,t;

al:=allxy+al2;

df (al,y,2);
correspond to equation (4.27).
The commands

df (sss,uxx,ux);

% - 2*df (all,x)
nodepend all,x; df(all,x);

correspond to equation (4.28).
The commands
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df (sss,uxxt,x);

% - 2xdf(al2,x,2)
depend al3,t;
depend al4,t;
al2:=al3*x+al4;
df (a12,x,2);

correspond to equation (4.29).

The commands

df (sss,uxyy,y,uy);
% - df (al10,y,2)
depend al5,t;
depend al6,t;
al0:=alb*y+al6;

df (a10,y,2);

correspond to equation (4.30).

The commands

df (sss,uxxx,y,2);

%df (28,y,3)

depend al7,x,t;

depend al8,x,t;

depend al9,x,t;
a8:=al7*y*y+al8xy+al9;
df (a8,y,3);

correspond to equation (4.31).

The commands

df (sss,uxxx,x,y);
%2x*df (al7,x)
nodepend al7,x;
df (a17,x);

correspond to equation (4.32).

The commands

df (sss,x,y,uxxy) ;
% - df(a18,x,2)
depend a20,t;
depend a21,t;
al8:=a20%*x+a2l;
df (a18,x,2);

correspond to equation (4.33).

The commands

df (sss,x,ux,uxyy) ;
% - 2xdf(a9,x,2)
depend a22,t;
depend a23,t;
a9:=a22*x+a23;

df (a9,x,2);

correspond to equation (4.35).

The commands

df (sss,ux,uxyy) ;
% - 2*x(all + a22)
all:=-a22;
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correspond to equation (4.36).
The commands
df (sss,ux,uyyy) ;

% - al3 + al5 - a7
al3:=alb-a7;

correspond to equation (4.37).
The commands
df (sss,uxxx,uy) ;

% - 2*a7
a7:=0;

correspond to equation (4.38).
The commands
df (sss,uxx);

% - 2*df (alb,t)
nodepend al5,t; df(alb,t);

correspond to equation (4.39).
The commands

df (sss,y,uyyy);
% - a20
a20:=0;

correspond to equation (4.40).
The commands

df (sss,x,uy);
%df (a19,x,4)
depend a24,t;
depend a25,t;
depend a26,t;
depend a27,t;
al19:=a24*x**3+a2b*x**2+a26*x+a27;
df (a19,x,4);

correspond to equation (4.41).
The commands

df (sss,x,2,uyyy);

% - 6%a24

a24:=0;
correspond to equation (4.42).
The commands

df (sss,x,uyyy) ;
% - df (a22,t) - 2%a25

a25:=-(1/2)*df (a22,t); - df(a22,t) - 2*a25;

correspond to equation (4.43).
The commands
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df (sss,uxxt);
% - df (a3,t) + 2xalb
al5:=(1/2)*df(a3,t); - df(a3,t) + 2*alb;

correspond to equation (4.44).
The commands

df (sss,uxx);

% - df (a3,t,2)
a3:=a28%*t+a29;
- df(a3,t,2);

correspond to equation (4.46).
The commands

df (sss,uyyy) ;

% - (df(a16,t) + df(a23,t) + a26)
a26:=-(df(a16,t) + df(a23,t));

- (df(a16,t) + df(a23,t) + a26);

correspond to equation (4.47).

The commands

df (sss,uxxx,y);
%df (a22,t) + 2*al7
al7:=-(1/2)*df (a22,t); df(a22,t) + 2*al7;

correspond to equation (4.48).
The commands

df (sss,uxxx);

% - df(a14,t) + a21
a21:=df (al4,t);

- df (a14,t) + a21;

correspond to equation (4.49).
The commands

%2x*df (a22,t,2)
a22:=a30*t+a31;
df (a22,t,2);

correspond to equation (4.50).

A.2 The Program of Finding Contact Transformations

depend psix,x,y,t,u,ut,ux,uy$
depend psiy,x,y,t,u,ut,ux,uy$
depend psit,x,y,t,u,ut,ux,uy;$
depend zeta_u,x,y,t,u,ut,ux,uy$
depend w,x,y,t,u,ut,ux,uy$

depend ff,x,y,t,u,
ux,uy,ut,
uxx,uxy,uxt,uyy,uyt,utt,



UXXX,UXxy,uxxt,uxyy,uxyt,uxtt,

uyyt,uytt,uttt,uyyy,
UXXXX,UXXXY,uxxxt,uxxyy,uxxyt,uxxtt,
UXyyy,uxyyt,uxytt,uxttt,uyyyy,uyyyt,uyytt,uyttt,utttt$

equation :=uyyyy+uxxxx+2*uxxyy-uyyt-uxxt+uy* (uxyy+tuxxx)-ux*(uyyy+uxxy)$

generator:=zeta_ux*df (ff,ux)+zeta_uy*df (ff,uy)+zeta_uxxt*df (ff,uxxt)+
zeta_uyyt*df (£f,uyyt) +zeta_uxyy*df (£f,uxyy)+zeta_uxxy*df (ff,uxxy)+
zeta_uxxx*df (£f,uxxx)+zeta_uyyy*df (ff,uyyy)+zeta_uyyyy*df (£f,uyyyy)+
zeta_uxxxx*df (£ ,uxxxx)+zeta_uxxyy*df (£f,uxxyy)$

determin := sub(ff=equation,generator)$

dx := df(ff,x)+ux*df (ff,u)+
uxx*df (£f ,ux) +uxy*df (£f,uy) +uxt*df (ff,ut)+
uxxx*df (£f ,uxx) +uxxy*df (£f,uxy) +tuxyy*df (£f,uyy)+
uxxt*df (£ ,uxt) +uxyt*df (£f,uyt) +uxtt*df (£f,utt)+
uxxxx*df (£ ,uxxx) +tuxxxy*df (£f,uxxy) +uxxyy*df (£f,uxyy)+
uxxxt*df (£f,uxxt) +uxxyt*df (£ ,uxyt) +tuxxtt*df (£f,uxtt)+
uxyyy*df (£ ,uyyy) +tuxyyt*df (£f,uyyt) +uxytt*df (£f,uytt)+
uxttt*df (£f,uttt)+
uxxxxx*df (£f , uxxxx) +tuxxxxy*df (£, uxxxy) +uxxxxt*df (£f,uxxxt)+
uxxxyy*df (£f ,uxxyy) +uxxxyt*df (£f ,uxxyt) +uxxxtt*df (ff,uxxtt)+
uxxyyy*df (£f ,uxyyy) tuxxyyt*df (£ ,uxyyt) +uxxytt*df (£f,uxytt)+
uxxttt*df (£f,uxttt) +uxyyyy*df (£f,uyyyy) +uxyyyt*df (£f,uyyyt)+
uxyytt*df (£f,uyytt) tuxyttt*df (£f,uyttt) +uxtttt*df (££f,utttt)$

dy := df(£ff,y)+uy*df (£ff,u)+
uxy*df (£f,ux) +uyy*df (£f,uy) +uyt*df (ff,ut)+
uxxy*df (£f ,uxx) +uxyy*df (£f,uxy) +tuyyy*df (£f,uyy)+
uxyt*df (£f,uxt) +uyyt*df (£f,uyt) +uytt*df (ff,utt)+
uxxxy*df (£ ,uxxx) +tuxxyy*df (£f,uxxy) +uxyyy*df (£f,uxyy)+
uxxyt*df (£f,uxxt) +uxyyt*df (£f,uxyt) +uxytt*df (ff,uxtt)+
uyyyy*df (£f,uyyy) +uyyyt*df (£ ,uyyt) +uyytt*df (£f,uytt)+
uyttt*df (£f,uttt)+
uxxxxy*df (£f ,uxxxx) +tuxxxyy*df (£f,uxxxy) +uxxxyt*df (£f ,uxxxt)+
uxxyyy*df (£, uxxyy) +uxxyyt*df (£ ,uxxyt) +uxxytt*df (£ ,uxxtt)+
uxyyyy*df (£f ,uxyyy) +tuxyyyt*df (£f,uxyyt) +uxyytt*df (£f,uxytt)+
uxyttt*df (£f,uxttt) +uyyyyy*df (£f,uyyyy) +uyyyyt*df (£f,uyyyt)+
uyyytt*df (£f,uyytt) tuyyttt*df (£f,uyttt) +uytttt*df (£f,utttt)$

dt := df (ff,t)+ut*df (ff,u)+
uxt*df (£f,ux)+uyt*df (£f,uy)+utt*df (££,ut)+
uxxt*df (£ ,uxx) +uxyt*df (£f,uxy)+uyyt*df (£f,uyy)+
uxtt*df (£f,uxt)+uytt*df (£f,uyt) +uttt*df (£f,utt)+
uxxxt*df (£f,uxxx)+uxxyt*df (£ ,uxxy) +tuxyyt*df (£f,uxyy)+
uxxtt*df (£ ,uxxt) +uxytt*df (£f,uxyt) +uxttt*df (£f,uxtt)+
uyyyt*df (£f,uyyy) +uyytt*df (£ ,uyyt) +tuyttt*df (£f,uytt)+
utttt*df (ff,uttt)+
uxxxxt*df (£f,uxxxx) +uxxxyt*df (£ ,uxxxy) +uxxxtt*df (ff,uxxxt)+
uxxyyt*df (£f,uxxyy) +tuxxytt*df (£ ,uxxyt) +uxxttt*df (£f,uxxtt)+
uxyyyt*df (£f ,uxyyy) +tuxyytt*df (£f,uxyyt) +uxyttt*df (ff,uxytt)+
uxtttt*df (£f,uxttt) +tuyyyyt*df (£ ,uyyyy) +uyyytt*df (£f,uyyyt)+
uyyttt*df (£f,uyytt) +uytttt*df (£f,uyttt) +uttttt*df (ff,utttt)$

zeta_ut:=sub(ff=zeta_u,dt)-ut*sub(ff=psit,dt)-ux*sub(ff=psix,dt)-uy*sub(ff=psiy,dt)$
zeta_ux:=sub(ff=zeta_u,dx)-ut*sub(ff=psit,dx)-ux*sub(ff=psix,dx)-uy*sub(ff=psiy,dx)$
zeta_uy:=sub(ff=zeta_u,dy)-ut*sub(ff=psit,dy)-ux*sub(ff=psix,dy)-uy*sub(ff=psiy,dy)$

zeta_uxx:=sub(ff=zeta_ux,dx)-uxt*sub(ff=psit,dx)-uxx*sub(ff=psix,dx)-uxy*sub(ff=psiy,dx)$
zeta_uxy:=sub(ff=zeta_ux,dy)-uxt*sub(ff=psit,dy)-uxx*sub(ff=psix,dy)-uxy*sub(ff=psiy,dy)$
zeta_uxt:=sub(ff=zeta_ux,dt)-uxt*sub(ff=psit,dt)-uxx*sub(ff=psix,dt)-uxy*sub(ff=psiy,dt)$
zeta_uyy:=sub(ff=zeta_uy,dy)-uyt*sub(ff=psit,dy)-uxy*sub(ff=psix,dy)-uyy*sub(ff=psiy,dy)$
zeta_uyt:=sub(ff=zeta_uy,dt)-uyt*sub(ff=psit,dt)-uxy*sub(ff=psix,dt)-uyy*sub(ff=psiy,dt)$
zeta_utt:=sub(ff=zeta_ut,dt)-utt*sub(ff=psit,dt)-uxt*sub(ff=psix,dt)-uyt*sub(ff=psiy,dt)$
zeta_uxxx:=sub(ff=zeta_uxx,dx)-uxxt*sub(ff=psit,dx)-uxxx*sub(ff=psix,dx)-uxxy*sub(ff=psiy,dx)$
zeta_uxxy:=sub(ff=zeta_uxx,dy)-uxxt*sub(ff=psit,dy)-uxxx*sub(ff=psix,dy)-uxxy*sub(ff=psiy,dy)$
zeta_uxxt:=sub(ff=zeta_uxx,dt)-uxxt*sub(ff=psit,dt)-uxxx*sub(ff=psix,dt)-uxxy*sub(ff=psiy,dt)$
zeta_uxyy:=sub(ff=zeta_uxy,dy)-uxyt*sub(ff=psit,dy)-uxxy*sub(ff=psix,dy)-uxyy*sub(ff=psiy,dy)$
zeta_uxyt:=sub(ff=zeta_uxy,dt)-uxyt*sub(ff=psit,dt)-uxxy*sub(ff=psix,dt)-uxyy*sub(ff=psiy,dt)$
zeta_uxtt:=sub(ff=zeta_uxt,dt)-uxtt*sub(ff=psit,dt)-uxxt*sub(ff=psix,dt)-uxyt*sub(ff=psiy,dt)$
zeta_uyyy:=sub(ff=zeta_uyy,dy)-uyyt*sub(ff=psit,dy)-uxyy*sub(ff=psix,dy)-uyyy*sub(ff=psiy,dy)$
zeta_uyyt:=sub(ff=zeta_uyy,dt)-uyyt*sub(ff=psit,dt)-uxyy*sub(ff=psix,dt)-uyyy*sub(ff=psiy,dt)$
zeta_uytt:=sub(ff=zeta_uyt,dt)-uytt*sub(ff=psit,dt)-uxyt*sub(ff=psix,dt)-uyyt*sub(ff=psiy,dt)$
zeta_uttt:=sub(ff=zeta_utt,dt)-uttt*sub(ff=psit,dt)-uxtt*sub(ff=psix,dt)-uytt*sub(ff=psiy,dt)$
zeta_uyyyy:=sub(ff=zeta_uyyy,dy)-uyyyt*sub(ff=psit,dy)-uxyyy*sub(ff=psix,dy)
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—uyyyy*sub(ff=psiy,dy)$
zeta_uxxxx:=sub(ff=zeta_uxxx,dx)-uxxxt*sub(ff=psit,dx)-uxxxx*sub(ff=psix,dx)
—uxxxy*sub(ff=psiy,dx)$
zeta_uxxyy:=sub(ff=zeta_uxxy,dy)-uxxyt*sub(ff=psit,dy)-uxxxy*sub(ff=psix,dy)
-uxxyy*sub(ff=psiy,dy)$

psix:=-df (w,ux)$
psiy:=-df (w,uy)$
psit:=-df (w,ut)$
zeta_u:=w-ux*df (w,ux)-uy*df (w,uy) -ut*df (w,ut) $

%manifold
Uyyyy : =-uxxxx-2%uxxyy+uyyt+uxxt-uy* (uxyy+uxxx) +ux* (uyyy+tuxxy) $

factor u,ux,uy,ut,uxx,uxy,uxt,uyy,uyt,utt,
UXXX,Uuxxy,uxxt,uxyy,uxyt,uxtt,uyyt,uytt,uttt,uyyy,
UXXXX,UXXXY,UXXXt,uxxyy,uxxyt,uxxtt,uxyyy,uxyyt,uxytt,uxttt,
uyyyt,uyytt,uyttt,utttt$

sss:=determin$

%Start do splitting

df (sss,uxx,uxxxx) ;

%haxdf (w,ux,2)

depend al,x,y,t,u,ut,uy;
depend a2,x,y,t,u,ut,uy;
w:=al*ux + a2;

df (w,ux,2);

df (sss,uxxyt,uxy) ;
%4*df (al,ut)
nodepend al,ut;

df (al,ut);

df (sss,uxyy,uyyy);
%6*df (al,uy)
nodepend al,uy;

df (al,uy);

df (sss,uyyyt,uyt);

%hdxux*df (al,ut,2) + 4*df(a2,ut,2)
%df (a2,ut,2)

depend a3,x,y,t,u,uy;

depend a4,x,y,t,u,uy;
a2:=a3*%ut+ad;

4xux*df (al,ut,2) + 4xdf(a2,ut,2);

df (sss,uxxx,uxx) ;
%10*df (al,u)
nodepend al,u;

df (al,u);

df (sss,uxxy,uyyt) ;
%2*df (a3,uy)
nodepend a3,uy;

af (a3,uy);

df (sss,uyyy,2);

%6*ut*df (a3,uy,2) + 6%df(ad,uy,2)
depend ab,x,y,t,u;

depend a6,x,y,t,u; ad:=ab*uy+ab;
6xut*df (a3,uy,2) + 6*df(ad,uy,2);

df (sss,uxxx,uy,ut);
%df (a3,u)

nodepend a3,u;

df (sss,uxxx,uy,ut);
df (a3,u);

df (sss,uyyy,ux,uy);
%df (ab,u) ;
nodepend a5,u; df(a5,u);

df (sss,uxxx,ut);
%df (a3,y)
nodepend a3,y; df(a3,y);

df (sss,uyyy,ut);



63

%-df (a3,x)
nodepend a3,x; df(a3,x);

df (sss,uyy,2);

%6xdf (a6,u,2);

depend a7,x,y,t;

depend a8,x,y,t; a6:=a7*uta8;
df (a6,u,2);

df (sss,uyyy,u);
%df (a7,x)
nodepend a7,x; df(a7,x);

af (sss,uxxx,u) ;
%df (a7,y)
nodepend a7,y; df(a7,y);

df (sss,uyy,uy) ;
%2*df (ab,x,y)
depend a9,x,t;
depend al0,y,t;
ab:=a9+al0;

df (ab,x,y);

df (sss,uxxy,uy,y);
%2xdf (al,y,2)
depend all,x,t;
depend al2,x,t;
al:=all*y+al2;

df (al,y,2);

df (sss,uxx,ux);
% - 2*df(all,x)
nodepend all,x;
df (a11,x);

df (sss,uxxt,x);

% - 2*df(al2,x,2)
depend al3,t;
depend al4,t;
al2:=al3*x+al4;
df (a12,x,2);

df (sss,uxyy,y,uy);
% - df(al0,y,2)
depend al5,t;
depend al6,t;
al0:=alb*y+al6;

df (a10,y,2);

df (sss,uxxx,y,2);

%df (a8,y,3)

depend al7,x,t;

depend al8,x,t;

depend al9,x,t;
a8:=al7x*y*y+al8xy+al9;
df (a8,y,3);

df (sss,uxxx,x,y);
%2xdf (al7,x)
nodepend al7,x;
df (a17,x);

df (sss,x,y,uxxy);
% - df(a18,x,2)
depend a20,t;
depend a21,t;
al8:=a20*x+a21;
df (a18,x,2);

df (sss,x,ux,uxyy) ;
% - 2xdf(a9,x,2)
depend a22,t;
depend a23,t;
a9:=a22*x+a23;

df (a9,x,2);
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% - 2*x(all + a22)
all:=-a22;

df (sss,ux,uyyy) ;
% - al3 + alb - a7
al3:=alb-a7;

df (sss,uxxx,uy) ;
% - 2*a7
a7:=0;

df (sss,uxx);

% - 2*df(alb,t)
nodepend alb,t;
df (a15,t);

df (sss,y,uyyy);
% - a20
a20:=0;

df (sss,x,uy);
%df (a19,x,4)
depend a24,t;
depend a25,t;
depend a26,t;
depend a27,t;
al9:=a24*x*x*3+a2bxx*x*2+a26*x+a27;
df (a19,x,4);

df (sss,x,2,uyyy);
% - 6%a24
a24:=0;

df (sss,x,uyyy);

% - df (a22,t) - 2%a2b
a25:=-(1/2)*df (a22,t) ;
- df (a22,t) - 2*a25;

df (sss,uxxt);

% - df(a3,t) + 2*alb
alb5:=(1/2)*df (a3,t);
- df(a3,t) + 2*al5;

df (sss,uxx) ;

% - df(a3,t,2)
a3:=a28*t+a29;
- df(a3,t,2);

df (sss,uyyy);

% - (df(a16,t) + df(a23,t) + a26)
a26:=-(df (a16,t) + df(a23,t));

- (df(a16,t) + df(a23,t) + a26);

df (sss,uxxx,y);

%df (a22,t) + 2%alf
al7:=-(1/2)*df (a22,t);
df (a22,t) + 2%alT;

df (sss,uxxx) ;

% - df(al4,t) + a21
a21:=df (al4,t);

- df (a14,t) + a21;

%2x*df (a22,t,2)
a22:=a30*t+a3l;
df (a22,t,2);

w:=w; psix:=psix; psiy:=psiy; psit:=psit; zeta_u:=zeta_u;

end;
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Appendix B

Program of Seeking Backlund Transformations

B.1 The REDUCE program for finding the determining

equations of equation (3.28)

In the REDUCE program the following symbols were used to represent
the various variables used in the research
x(1) =z, x(2) =y, x(3) =t,
u(0,0,0) =1, u(1,0,0) = th,, u(0,1,0) =1, u(0,0,1) = ¢y,
u(2,0,0) = Yy, u(1,1,0) = tyy ,..., u(0,0,2) = Uy,
zeta_u(0,0,0) = (¥, zetau(0,0,0) = (¥, zetau(0,1,0) = (%,
zeta_u(0,0,1) = (¥, zetau(2,0,0) = (¥== ..., zetau(0,0,4) = (Vuu,
equation = F'_eq, generator =Y, determin = S.
Next the identificators and main commands are explained.

The command

equation:=u(0,4,0)+u(4,0,0)+2*xu(2,2,0)-u(0,2,1)-u(2,0,1)+u(0,1,0)
*(u(1,2,0)+u(3,0,0))-u(1,0,0)*(u(0,3,0)+u(2,1,0))$

corresponds to equation (4.5).
The command

operator x, u, psix, dx, zeta_u, Uyyyy, eq ,uu;

declares x, u, psix, dx, zetau, Uyyyy, eq, uu are operators

The procedure

% Declare dependent variables.
PROCEDURE Dep_v (f ,ndmax); begin
integer ndmax;
write f," depend:";
for i:=1:3 do <<depend f,x(i) ; write x(i)>>;
depend f,u(0,0,0); write u(0,0,0);
for nd:=1:ndmax do begin
b:=0; c:=0;
for a:=nd step -1 until O do begin
b:=nd-a;
if b=0 then << depend f,u(a,b,c); write u(a,b,c) >>;
if b>0 then << depend f,u(a,b,c); write u(a,b,c);
while b>0 do << b:=b-1; c:=c+1; depend f,u(a,b,c);
write u(a,b,c)>>;c:=0>>;
end;
end;
end;
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and the commands

% M:=Maximum order of independent variables of zeta_u

% R:=Requirment of maximum order of dx(i)

% 0:=0rder of equation

0:=4; M:=2; R:=M+3; Dep_v(zeta_u,M); Dep_v(F_eq,0); Dep_v(ff,R);

are used to define the coefficient zeta_u depend on the independent variables
x(1),x(2),x(3), dependent variable u(0,0,0) and the derivatives up to
the second order u(1,0,0), u(0,1,0), u0,0,1), u(2,0,0), u(1,1,0)
s..., u(0,0,2). The function F_eq depends on the independent variables
x(1),x(2),x(3), dependent variable u(0,0,0) and the derivatives up to
the fourth order u(1,0,0), u(0,1,0), u(0,0,1), u(2,0,0), u(1,1,0)
,..., u(0,0,4). The function ff depends on the independent variables
x(1),x(2),x(3), dependent variable u(0,0,0) and the derivatives up

to the fifth order u(1,0,0), u(0,1,0), u(0,0,1), u(2,0,0), u(1,1,0)
,..., u(0,0,5).

The subroutine

generator:=zeta_u(0,0,0)*df (F_eq,u(0,0,0))$
for nd:=1:0 do begin
b:=0; c:=0;
for a:=nd step -1 until O do begin
b:=nd-a;
if b=0 then <<generator:=generator+zeta_u(a,b,c)*df(F_eq,ula,b,c))>>;
if b>0 then <<generator:=generator+zeta_u(a,b,c)*df(F_eq,u(a,b,c)) ;
while b>0 do << b:=b-1; c:=c+1;
generator:=generator+zeta_u(a,b,c)*df (F_eq,u(a,b,c))>>;
c:=0>>;
end;
end;

defines the canonical operator (5.1).

The subroutine

% Define dx(i)
dx (1) :=df (£ff,x(1))+u(1,0,0)*df (ff,u(0,0,0))$
dx (2) :=df (£f,x(2))+u(0,1,0) *df (£f,u(0,0,0))$
dx(3) :=df (£f,x(3))+u(0,0,1)*df (ff,u(0,0,0))$
for i:=1:3 do begin
for nd:=1:R do begin
b:=0; c:=0;
for a:=nd step -1 until O do begin
b:=nd-a;
if i=1 then begin
if b=0 then <<dx(i):=dx(i)+u(a+l,b,c)*df(ff,u(a,b,c)) >>;
if b>0 then <<dx(i):=dx(i)+u(a+1,b,c)*df (ff,u(a,b,c));
while b>0 do << b:=b-1; c:=c+1;
dx (i) :=dx(i)+u(a+1,b,c)*df (ff,ula,b,c)) >>; c:=0>> ;
end;
if i=2 then begin
if b=0 then <<dx(i):=dx(i)+u(a,b+1,c)*df(ff,u(a,b,c)) >>;
if b>0 then <<dx(i):=dx(i)+u(a,b+1,c)*df (ff,u(a,b,c));
while b>0 do << b:=b-1; c:=c+1;
dx (i) :=dx(i)+u(a,b+1,c)*df (ff,ula,b,c)) >>; c:=0>> ;
end;
if i=3 then begin
if b=0 then <<dx(i):=dx(i)+u(a,b,c+1)*df (ff,u(a,b,c)) >>;
if b>0 then <<dx(i):=dx(i)+u(a,b,c+1)*df (ff,u(a,b,c));
while b>0 do << b:=b-1; c:=c+1;
dx (i) :=dx(i)+u(a,b,c+1)*df (ff,ula,b,c)) >>; c:=0>> ;

end;
end;
end;
write "dx",i, ":=", dx(i);

end;



defines the differential operator (4.3).
The procedure

% Define differential manifold ,Uyyyy(a,b,c)
eq(0,0,0) :=equation;
PROCEDURE DF_Uyyyy(a,b,c); begin
eq(x,y,z) :=eq(0,0,0);
if a>0 then for i:=1:a do
<<eq(a,b,c) := sub(ff=eq(x,y,z),dx(1)); eq(x,y,z)
if b>0 then for j:=1:b do
<<eq(a,b,c) := sub(ff=eq(x,y,z),dx(2)); eq(x,y,z)
if c>0 then for k:=1:c do
<<eq(a,b,c) := sub(ff=eq(x,y,z),dx(3)); eq(x,y,z)

eq(a,b,c)>>;

eq(a,b,c)>>;

eq(a,b,c)>>;

write "eq(" ,a ,"," ,b, "," ,c, "):=" ,eq(a,b,c);
uu(a,b+4,c):= u(a,b+4,c) - (eq(a,b,c) / df(eq(a,b,c),ula,b+4,c)));
write "uu(",a ,"," ,b+4 ,"," ,c,"):=",uu(a,b+4,c);

end;

and subroutines

for nd:=1:M do begin

b:=0; c:=0;
for a:=nd step -1 until O do begin
b:=nd-a;

if b=0 then << DF_Uyyyy(a,b,c) >>;
if b>0 then << DF_Uyyyy(a,b,c);
while b>0 do << b:=b-1; c:=c+1;
DF_Uyyyy(a,b,c)>>;c:=0>>;
end;
end;

u(0,4,0):=-u(4,0,0)-2*u(2,2,0)+u(0,2,1)+u(2,0,1)-u(0,1,0)*(u(1,2,0)
+u(3,0,0))+u(1,0,0)*(u(0,3,0)+u(2,1,0));
% Instead uu by
for nd:=1:M do begin

b:=0; c:=0;
for a:=nd step -1 until O do begin
b:=nd-a;
if b=0 then << u(a,b+4,c):=uu(a,b+4,c);
write "u(",a ,"," ,b+4 ,"," ,c,"):=",u(a,b+4,c) >>;
if b>0 then << u(a,b+4,c):=uu(a,b+4,c);
write "u(",a ,"," ,b+4 ,"," ,c,"):=",u(a,b+4,c);

while b>0 do
<< b:=b-1; c:=c+1; u(a,b+4,c):=uu(a,b+4,c);

write "u(",a ,"," ,b+4 ,"," ,c,"):=",u(a,b+d,c)>>;
c:=0>>;
end;
end;

correspond to equation (5.3). The determining equation Y F|ip—o

can be found by the following command.

determin := determin$

One can write the determining equation into "data_determining"
file. The procedure program, for splitting using the idea in

chapter V can be written by the commands:

perator fu,sk; sk(1):=u(0,3,3); sk(2):=u(1,3,2); sk(3):=u(2,3,1);
sk(4):=u(3,3,0); sk(5):=u(0,2,4); sk(6):=u(1,2,3);
sk(7):=u(2,2,2); sk(8):=u(3,2,1); sk(9):=u(4,2,0);

sk(10) :=u(0,1,5); sk(11):=u(1,1,4); sk(12):=u(2,1,3);
sk(13):=u(3,1,2); sk(14):=u(4,1,1); sk(15):=u(5,1,0);

sk(16) :=u(0,0,6); sk(17):=u(1,0,5); sk(18):=u(2,0,4);
sk(19):=u(3,0,3); sk(20):=u(4,0,2); sk(21):=u(5,0,1);

sk(22) :=u(6,0,0); sk(23):=u(0,3,2); sk(24):=u(1,3,1);
sk(25):=u(2,3,0); sk(26):=u(0,2,3); sk(27):=u(1,2,2);
sk(28):=u(2,2,1); sk(29):=u(3,2,0); sk(30):=u(0,1,4);
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sk(31)
sk(34)
sk(37)
sk (40)
sk(43)
sk(46)
sk(49)
sk(52)
sk(55)
sk(58)
sk(61)
sk(64)
sk(67)

:=u(1,1,3); sk(32):=u(2,1,2); sk(33)
:=u(4,1,0); sk(35):=u(0,0,5); sk(36)
:=u(2,0,3); sk(38):=u(3,0,2); sk(39)
:=u(5,0,0); sk(41):=u(0,3,1); sk(42)
:=u(0,2,2); sk(44):=u(1,2,1); sk(45)
:=u(0,1,3); sk(47):=u(1,1,2); sk(48)
:=u(3,1,0); sk(50):=u(0,0,4); sk(51)
:=u(2,0,2); sk(53):=u(3,0,1); sk(54)
:=u(0,3,0); sk(56):=u(0,2,1); sk(57)
:=u(0,1,2); sk(59):=u(1,1,1); sk(60)
:=u(0,0,3); sk(62):=u(1,0,2); sk(63)
:=u(3,0,0); sk(65):=u(0,0,2); sk(66)

:=u(1,0,1);

ms:=67; off nat; in data_determining;

%SQUARE TERMS
for m:=1:ms do for l:=m:ms do begin

<<
fu(m,l) := num (ss);
write "fu(",m,",",1,") := ",fu(m,l);
>>;
end; %2

if m=1 then h:=2 else h:=1;
ss:=df (df (oper,sk(m)),sk(1))/h;
oper :=oper-ss*sk(m) *sk(1) ;

if not (ss=0) then

%4LINEAR TERMS
for m:=1:ms do begin

ss:=df (oper,sk(m));
oper:=oper-ss*sk(m) ;
if not (ss=0) then begin
fu(m) := num (ss);
if not (fu(m)=0) then

write ("fu(",m,") := ",fu(m));

end;

end;
oper := num (oper);

end;

These commands are saved in the "splitting" file.

%3

:=u(3,1,1);
:=u(1,0,4);
:=u(4,0,1);
:=u(1,3,0);
:=u(2,2,0);
:=u(2,1,1);
:=u(1,0,3);
:=u(4,0,0);
:=u(1,2,0);
:=u(2,1,0);
:=u(2,0,1);
:=u(0,1,1);

%2

2

ha
%3
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B.2 The Program of Finding Lie-Backlund Transforma-

tions

operator x, u, psix, dx, zeta_u, Uyyyy, eq ,uu;

PROCEDURE Dep_v (f,ndmax); begin
integer ndmax;
write f," depend:";
for i:=1:3 do <<depend f,x(i) ; write x(i)>>;

depend f,u(0,0,0); write u(0,0,0);
for nd:=1:ndmax do begin
b:=0; c:=0;

for a:=nd step -1 until O do begin

b:=nd-a;

if b=0 then << depend f,u(a,b,c);
factor df (f,u(a,b,c));>>;

if b>0 then << depend f,u(a,b,c);
factor df (f,u(a,b,c));

while b>0 do << b:=b-1;
depend f,u(a,b,c);

factor df (f,u(a,b,c));

c:=0>>;
end;
end;

write u(a,b,c);

write u(a,b,c);

c:=c+l;
write u(a,b,c)>>;
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% M:=Maximum order of independent variables of zeta_u

% R:=Requirment of maximum order of dx(i)

% 0:=0rder of equation

0:=4; M:=2; R:=M+3; Dep_v(zeta_u(0,0,0),M); Dep_v(F_eq,0);
Dep_v(£ff,R);

%Start do splitting

%df (zeta_u(0,0,0),u(0,0,2),2) :=0$

depend
b1,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(1,0,1),u(0,2,0),u(0,1,1);
depend
b2,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(1,0,1),u(0,2,0),u(0,1,1);
zeta_u(0,0,0) :=b1*u(0,0,2)+b2; df(zeta_u(0,0,0),u(0,0,2),2);

%df (zeta_u(0,0,0),u(0,1,1),2):=0$

depend
b3,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(1,0,1),u(0,2,0);
depend
b4,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(1,0,1),u(0,2,0);
depend
b5,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(1,0,1),u(0,2,0);
depend
b6,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(1,0,1),u(0,2,0);
zeta_u(0,0,0) :=u(0,0,2)*(b3*u(0,1,1)+b4) + (b5*u(0,1,1)+b6);

df (zeta_u(0,0,0),u(0,1,1),2);

%df (zeta_u(0,0,0),u(1,0,1),2):=0$
depend
b7,x(1),x(2),%(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(0,2,0);
depend
b8,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(0,2,0);
depend
b9,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(0,2,0);
depend
b10,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(0,2,0);
depend
b11,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(0,2,0);
depend
b12,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(0,2,0);
depend
b13,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(0,2,0);
depend
b14,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(1,1,0),u(0,2,0);
zeta_u(0,0,0) :=u(0,0,2)*u(0,1,1)*(b7*u(1,0,1)+b8)+u(0,0,2)*(b9*u(1,0,1)+b10)
+u(0,1,1)*(b11*u(1,0,1)+b12) +b13*u(1,0,1)+bi14;
df (zeta_u(0,0,0),u(1,0,1),2);

%fu(23,56) := 4*(u(1,0,1)*b7 + b8)$
%(u(1,0,1)*b7 + b8):=0;
b7:=0; b8:=0;

%fu(24,56) := 4*(u(0,0,2)*b7 + b11)$
b11:=0;
%fu(24,58) := 4*%(u(0,1,1)*b7 + b9)$
b9:=0;

%fu(23,55) := 4x(df(b7,u(0,2,0))*u(1,0,1)*u(0,1,1) + df(b8,u(0,2,0))*u(0,1,1)
% + df (b9,u(0,2,0))*u(1,0,1) + df(b10,u(0,2,0)))$

%df (b10,u(0,2,0)):=0;

nodepend b10,u(0,2,0);

%fu(23,57) := 4*(df(b7,u(1,1,0))*u(1,0,1)*u(0,1,1) + df(b8,u(1,1,0))*u(0,1,1)
% + df (b9,u(1,1,0))*u(1,0,1) + df(b10,u(1,1,0)))$

%df (b10,u(1,1,0)) :=0;

nodepend b10,u(1,1,0);

%fu(23,60) := 4x(df(b7,u(2,0,0))*u(1,0,1)*u(0,1,1) + df(b8,u(2,0,0))*u(0,1,1)
% + df (b9,u(2,0,0))*u(1,0,1) + df(b10,u(2,0,0)))$

%df (b10,u(2,0,0)):=0;

nodepend b10,u(2,0,0);

%fu(23,66) := 4x(df(b7,u(1,0,0))*u(1,1,0)*u(1,0,1) + 4f(b7,u(0,1,0))*u(1,0,1)
%#%u(0,2,0) + 2%df (b7,u(0,0,1))*u(l1,0,1)*%u(0,1,1) + df (b7,u(0,
%0,0))*u(1,0,1)*u(0,1,0) + df(b7,x(2))*u(1,0,1) + df(



b8%,u(1,0,0))*u(1,1,0) + df(b8,u(0,1,0))*u(0,2,0) + 2%df (b8,
%u(0,0,1))*u(0,1,1) + df(b8,u(0,0,0))*u(0,1,0) + df(b8,x(2
%)) + df(b9,u(0,0,1))*u(1,0,1) + df(b10,u(0,0,1)))$

%df (b10,u(0,0,1)):=0;

nodepend b10,u(0,0,1);

%fu(24,55) := 4x(df(b7,u(0,2,0))*u(0,1,1)*u(0,0,2) + df(b9,u(0,2,0))*u(0,0,2)
% + df (b11,u(0,2,0))*u(0,1,1) + df(b13,u(0,2,0)))$

%df (b13,1u(0,2,0)) :=0;

nodepend b13,u(0,2,0);

%fu(24,64) := 4*(df(b7,u(2,0,0))*u(1,0,1)*u(0,0,2) + df(b8,u(2,0,0))*u(0,0,2)
% + df (b11,u(2,0,0))*u(1,0,1) + df(b12,u(2,0,0)))$

%df (b12,u(2,0,0)) :=0;

nodepend b12,u(2,0,0);

Yfu(24,66) := 4*(df(bli,u(1,0,0))*u(l,1,0) + df(b11,u(0,1,0))*u(0,2,0) + 2%df(
%b11,u(0,0,1))*u(0,1,1) + df(b11,u(0,0,0))*u(0,1,0) + df(

%b11,x(2)) + df (b13,u(0,0,1)))$

%df (b13,u(0,0,1)) :=0;

nodepend b13,u(0,0,1);

Yfu(24,67) := 4*(df(bll,u(1,0,0))*u(2,0,0) + df(b11,u(0,1,0))*u(l,1,0) + 2%df(
%b11,u(0,0,1))*u(1,0,1) + df(b11,u(0,0,0))*u(1,0,0) + df(

%b11,x(1)) + df (b12,u(0,0,1)))$

%df (b12,u(0,0,1)):=0;

nodepend b12,u(0,0,1);

%£u(25,63) := 4*(df(b7,u(1,1,0))*u(0,1,1)*u(0,0,2) + df(b9,u(1,1,0))*u(0,0,2)
% + df(b11,u(1,1,0))*u(0,1,1) + df(b13,u(1,1,0)))$

%df (b13,u(1,1,0)):=0;

nodepend b13,u(1,1,0);

%fu(24,57) := 4*(df (b7,u(1,1,0))*u(0,1,1)*u(0,0,2) + df(b7,u(0,2,0))*u(1,0,1)
%#%u(0,0,2) + df(b8,u(0,2,0))*u(0,0,2) + df(b9,u(1,1,0))*u(0,0

%,2) + df(b11,u(1,1,0))*u(0,1,1) + df(b11,u(0,2,0))*u(1,0,1)

% + df (b12,u(0,2,0)) + df(b13,u(1,1,0)))$

%df (b12,u(0,2,0)):=0;

nodepend b12,u(0,2,0);

%£u(28,57) := 4%( - df(b7,u(1,1,0))*u(1,0,1)*u(0,0,2) + df(b7,u(0,2,0))*u(0,1
%,1)*u(0,0,2) - df(b8,u(1,1,0))*u(0,0,2) + df(b9,u(0,2,0))

%*u(0,0,2) - df(b11,u(1,1,0))*u(1,0,1) + df(b11,u(0,2,0))*u(0,1

h,1) - df(b12,u(1,1,0)) + df(b13,u(0,2,0)))$

%df (b12,u(1,1,0)):=0;

nodepend b12,u(1,1,0);

%fu(24,60) := 4*(df(b7,u(2,0,0))*u(0,1,1)*u(0,0,2) + df(b7,u(1,1,0))*u(1,0,1)
%*u(0,0,2) + df(b8,u(1,1,0))*u(0,0,2) + df(b9,u(2,0,0))*u(0,0

%,2) + df (b11,u(2,0,0))*u(0,1,1) + df(bil,u(1,1,0))*u(1,0,1)

% + df (b12,u(1,1,0)) + df(b13,u(2,0,0)))$

%df (b13,u(2,0,0)):=0;

nodepend b13,u(2,0,0);

%fu(41,64) := 2xdf(b12,u(1,0,0))$
%df (b12,u(1,0,0)):=0;
nodepend b12,u(1,0,0);

%fu(42,62) := 4xdf(b10,u(0,1,0))$
%df (b10,u(0,1,0)):=0;
nodepend b10,u(0,1,0);

%fu(43,57) := 6%df(b10,u(1,0,0))$
%df (b10,u(1,0,0)):=0;
nodepend b10,u(1,0,0);

%fu(25,57) := 4xdf(b14,u(2,0,0),u(1,1,0))$

%df (b14,u(2,0,0),u(1,1,0)):=0;

depend
b15,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(1,1,0),u(0,2,0);
depend
b16,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(2,0,0),u(0,2,0);
b14:=b15+b16; df(b14,u(2,0,0),u(1,1,0));

%fu(41,67) := 2xb10$
b10:=0;



%fu(55,62) := - df(b13,u(0,1,0))$
%df (b13,u(0,1,0)):=0;
nodepend b13,u(0,1,0);

%fu(29,55) := - 4*xdf(b15,u(1,1,0),u(0,2,0))$

%df (b15,u(1,1,0),u(0,2,0)):=0;

depend

b17,x(1) ,x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(0,2,0);
depend

b18,x(1) ,x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(1,1,0);
b15:=b17+b18; df(b15,u(1,1,0),u(0,2,0));

%fu(25,67) := 4xdf(b18,u(1,1,0),u(0,0,1))$

%df (b18,u(1,1,0),u(0,0,1)):=0;

depend b19,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1);
depend b20,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(1,1,0);
b18:=b19+b20; df(b18,u(1,1,0),u(0,0,1));

%fu(58,60) := - df(b12,u(0,1,0)) - 2*df(b16,u(2,0,0),u(0,0,1))$
df (b12,u(0,1,0),u(2,0,0));

%df (b16,u(2,0,0),2,u(0,0,1)):=0;

depend
b21,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(0,2,0);
depend
b22,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(0,2,0);
depend
b23,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(2,0,0),u(0,2,0);
b16:=b21+b22*u(2,0,0)+b23; df(b16,u(2,0,0),2,u(0,0,1));

%fu(28) := 4x( - df(b12,u(0,1,0))*u(0,2,0) - df(b12,u(0,0,0))*u(0,1,0) - df(
%b12,%x(2)) + df(b13,u(1,0,0))*u(2,0,0) + df(b13,u(0,0,0))*u(l,

%0,0) + df(b13,x(1)))$

%df (fu(28),u(2,0,0));

%4*df (b13,u(1,0,0))$

nodepend b13,u(1,0,0);

%df (fu(28),u(0,2,0));
%= 4*df (b12,u(0,1,0))$
nodepend b12,u(0,1,0);

%df (fu(58,60),u(0,0,1));

% - 2*df (b22,u(0,0,1),2)$

depend b24,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,2,0);
depend b25,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,2,0);
b22:=b24*u(0,0,1)+b25;

% df (fu(25,66),u(2,0,0));
% - 4*df(b24,u(0,2,0))$
nodepend b24,u(0,2,0);

% df (fu(42,59),u(1,1,0));

% - df(b20,u(1,1,0),3)$

depend b26,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);
depend b27,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);
depend b28,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);
b20:=(0.5)*b26* (u(1,1,0) **2)+b27*u(1,1,0)+b28;

%fu(58,60) := - 2%b24$
b24:=0;

% df (fu(24),u(1,0,0));
%4*df (b12,u(0,0,0))$
nodepend b12,u(0,0,0);

%df (fu(28),u(1,0,0));
%4xdf (b13,u(0,0,0))$
nodepend b13,u(0,0,0);

%fu(43) := 2%(df(b12,u(0,0,0))*u(0,1,0) + df(b12,x(2)))$
%hdf (b12,x(2)) :=0;
nodepend b12,x(2);

%fu(52) := 2% (2*df(b12,u(0,0,0))*u(0,1,0) + 2*df(b12,x(2)) - df(b13,u(0,0,0))*
%u(1,0,0) - df(b13,x(1)))$

%df (b13,x(1)) :=0;

nodepend b13,x(1);
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%2* (df (b25,u(0,2,0)) + df(b23,u(2,0,0),u(0,2,0)))

depend b29,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(2,0,0);
b25:= -(1/2)*df (b23,u(2,0,0))+b29; 2x(df(b25,u(0,2,0)) +

df (b23,u(2,0,0),u(0,2,0)));

%fu(49,59) := - b26$
b26:=0;

%fu(49,49) := 4xdf(b23,u(2,0,0),2) + 3*b26$

depend b30,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,2,0);
depend b31,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,2,0);
b23:=b30*u(2,0,0)+b31; 4*df(b23,u(2,0,0),2) + 3*b26;

%af (fu(24),x(2));
%4*xdf (b13,x(2),2)$
depend b32,x(3);
depend b33,x(3);
b13:=b32*x(2)+b33;

%fu(41,60) := df(b30,u(0,2,0))$
nodepend b30,u(0,2,0);

%fu(42,59) := 8x(df(b17,u(0,2,0),u(0,0,1)) + df(b21,u(0,2,0),u(0,0,1)))$
%b34:=b17+b21;

depend b34,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1),u(0,2,0);
b21:=b34-b17;

%fu(24) := 4*x(df(b12,x(1)) + b32)$
%df (fu(24) ,x(1));

%axdf (b12,x(1),2)

depend b35,x(3);

depend b36,x(3);
b12:=b35*x(1)+b36;

%fu(25,66) := - 4*df(b34,u(0,2,0),u(0,0,1))$

depend b37,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1);
depend b38,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,2,0);
b34:=b37+b38;

%fu(48,60) := 2*%( - df(b29,u(2,0,0),2)*u(2,0,0) - 2*df(b29,u(2,0,0)))$
depend b39,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);

depend b40,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);
b29:=b39+(b40/u(2,0,0));

%fu(24) := 4x(b32 + b35)$
b32:=-b35;

%fu(25,55) := - 4x(df(b31,u(0,2,0),2) + df(b38,u(0,2,0),2))$
%b4d1:=b31+b38;
depend b41,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,2,0);
b31:=b41-b38;

%fu(41,66) := 4x(df(b19,u(0,0,1),2) + df(b37,u(0,0,1),2))$
%bd2:=b19+b37;

depend b42,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0),u(0,0,1);
b19:=b42-b37;

%fu(42,64) := 2%(df(b27,u(1,0,0)) + df(b30,u(0,1,0)) + 2%df(b39,u(0,1,0)))$
%b4d3:=b27+b30;

depend b43,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);

b27:=b43-b30;

%fu(25,55) := - 4*xdf(b41,u(0,2,0),2)$

depend b44,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);
depend b45,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);
ba1:=bad*u(0,2,0)+bd5;

%fu(44,67) := 4*df(b42,u(0,0,1),2)$

depend b46,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);
depend b47,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);
b42:=b46*u(0,0,1)+b47;

%From output_bl13

%fu(42,55) := 2k( - 3%df (b30,u(0,1,0)) + 2%df (bd4,u(1,0,0)) + 3*df (b43,u(0,1,0)))$
%b48:=b43-b30;

depend b48,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);

b30:=b43-b48;
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%fu(55,65) := - df(b46,u(0,1,0))$
nodepend b46,u(0,1,0);

%fu(55,56) := 7*df(b44,u(0,1,0)) + 6*df(b46,u(0,1,0))$
nodepend b44,u(0,1,0);

%fu(59,66) := - 2*xdf(b46,u(1,0,0))$
nodepend b46,u(1,0,0);

%fu(56,64) := df (b44,u(1,0,0)) + 2xdf (b46,u(1,0,0))$
nodepend b44,u(1,0,0);

%fu(63,67) := - df(b44,u(1,0,0)) - 3*df(b46,u(1,0,0)) + x(1)*b35 + b36$
%df (fu(63,67) ,x(1));

% - df (b44,u(1,0,0),x(1)) - 3*df(b46,u(1,0,0),x(1)) + b35$

b35:=0; b36:=0;

%fu(42,55) := 6*df(b48,u(0,1,0))$
nodepend b48,u(0,1,0);

%fu(42,57) := 10*df(b48,u(1,0,0))$
nodepend b48,u(1,0,0);

%fu(42,67) := - df(b48,u(1,0,0)) + b33$
b33:=0;
%fu(66,66) := - 2xdf(b46,u(0,0,0))$

nodepend b46,u(0,0,0);

%fu(68) := - 2%(df(b46,u(0,0,0))*u(0,1,0) + df(b46,x(2)))$
nodepend b46,x(2);

%fu(62) := - 2%(df(b46,u(0,0,0))*u(1,0,0) + df(b46,x(1)))$
nodepend b46,x(1);

%fu(42,60) := 2%( - df (b48,u(1,0,0)) + 3%df (b48,u(0,1,0)) + 2xdf(b39,u(1,0,0)) +
%df (b43,u(1,0,00))$

Y%2%df (b39,u(1,0,0)) + df(b43,u(1,0,0)):=0

%b49:=2%b39+b43;

depend b49,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);

b43:=b49- (2%b39) ;

%fu(42,60) := 2%df(b49,u(1,0,0))$
nodepend b49,u(1,0,0);

%fu(45,60) := - df(b49,u(0,1,0))$
nodepend b49,u(0,1,0);

% df (fu(41),u(0,1,0));
%2*df (b44,u(0,0,0))$
nodepend b44,u(0,0,0);

% df (fu(44),u(0,1,0));
%2*df (b48,u(0,0,0))$
nodepend b48,u(0,0,0);

%fu(55,55) := 3x(df(b28,u(0,1,0),2) + df(b45,u(0,1,0),2) + df(b47,u(0,1,0),2) + df
%(040,u(0,1,0),2))8$

%b50: =b28+b45 ;

depend b50,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);

b28:=b50-b45;

%b51:=b47+b40;

depend bb1,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);

b47:=b51-b40;

%df (fu(25) ,u0,1,0));
%2*df (b49,u(0,0,0))$
nodepend b49,u(0,0,0);

%fu(41) := 2*df(b44,x(2))$
nodepend b44,x(2);

%fu(55,55) := 3%(df (b50,u(0,1,0),2) + df (b51,u(0,1,0),2))$
%b52:=b50+b51;

depend b52,x(1),x(2),x(3),u(0,0,0),u(1,0,0),u(0,1,0);
b50:=b52-b51;



% df (fu(44) ,x(2));
%2*df (b48,x(2),2)$
depend b53,x(1),x(3);
depend b54,x(1),x(3);
b48:=b53*x (2)+b54;

%fu(55,55) := 3*df(b52,u(0,1,0),2)$

depend b55,x(1),x(2),x(3),u(0,0,0),u(1,0,0);
depend b56,x(1),x(2),x(3),u(0,0,0),u(1,0,0);
b52:=b55%u(0,1,0)+b56;

%fu(44) := 2x(df(b44,x(1)) + b53)$
b53:=-df (b44,x(1));

%df (fu(25) ,x(2),2);

%2*df (b49,x(2),3)$

depend b57,x(1),x(3);

depend b58,x(1),x(3);

depend b59,x(1),x(3);
b49:=(1/2) *b57* (x(2) **2) +b58*x (2) +b59;

%fu(55,57) := 6*df(b55,u(1,0,0))$
nodepend b55,u(1,0,0);

%fu(57,57) := 3%(df(b55,u(1,0,0),2)*u(0,1,0) + df(b56,u(1,0,0),2))$
%df (b56,u(1,0,0),2)):=0;

depend b60,x(1),x(2),x(3),u(0,0,0);

depend b61,x(1),x(2),x(3),u(0,0,0);

b56:=b60*u(1,0,0)+b61;

% df (fu(29),x(2),2);
%2*df (b57,x(1))$
nodepend b57,x(1);

% df (fu(42),u(2,0,0),x(2),2);
%2%b57$
b57:=0;

%df (fu(56),u(1,1,0));
2%b44$ b44d:=0;

%df (fu(56) ,u(2,0,0));
% - df (b44,x(1))*x(2) + b54$
b54:=0;

% df (fu(59),u(1,0,0));
% — 2*df (b55,u(0,0,0))$
nodepend b55,u(0,0,0);

%df (£u(59) ,u(0,1,0));
% - 2%df (b60,u(0,0,0))$
nodepend b60,u(0,0,0);

%From output_bl21
%fu(25) := 2%bb8$
b58:=0;

%df (fu(42),u(2,0,0));
%x(2)*b58 + b59$
b59:=0;

%df (fu(56) ,x(1));
%2*df (b55,x(2) ,x(1))$
depend b62,x(1),x(3);
depend b63,x(2),x(3);
b55:=b62+b63;

% df (fu(66),u(0,1,0));
% - 2*df (b61,u(0,0,0),2)$
depend b64,x(1),x(2),x(3);
depend b65,x(1),x(2),x(3);
b61:=b64%u(0,0,0)+b65;

% df (fu(42),x(2));
%4*df (b60,x(2),2)$
depend b66,x(1),x(3);
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depend b67,x(1),x(3);
b60:=b66+*x(2)+b67;

% df (fu(55),u(0,0,0));
% - df (b64,x(1))$
nodepend b64,x(1);

% df (fu(56),x(2));
%2*df (b63,x(2),2)$
depend b68,x(3);
depend b69,x(3);
b63:=b68*x(2)+b69;

%df (fu(54),x(2));
%4*df (b66,x(1))$
nodepend b66,x(1);

%fu(66) := - df(b46,x(3)) + 2*b68$
b68:=(1/2)*df (b46,x(3));

%df (fu(66),x(2));

% - 2*df (b64,x(2),2)$
depend b70,x(3);
depend b71,x(3);
b64:=b70*x(2)+b71;

%df (fu(42) ,x(1));
%4*df (b62,x(1),2)$
depend b72,x(3);
depend b73,x(3);
b62:=b72*x(1)+b73;

%df (fu(45),x(1));
%4xdf (b67,x(1),2)$
depend b74,x(3);
depend b75,x(3);
b67:=b74*xx(1)+b75;

%df (fu(57),u(0,1,0),x(2));
%2%b70$
b70:=0;

%fu(42) := 4*(b66 + b72)$
b66:=-b72;

%fu(45) := 2%( - df(b46,x(3)) + 2xb74)$

b74:=(1/2)*df (b46,x(3)) ;

%df (fu(64) ,x(1),2);
%2x*df (b65,x(2) ,x(1),2)$
depend b76,x(1),x(3);
depend b77,x(2),x(3);
depend b78,x(2),x(3);
b65:=b76+b77+b78%x (1) ;

%From output_bl26
%df (fu(55),u(1,0,0));
% - 2%b71$

b71:=0;

% df (fu(55),x(2),2);
% - 2%df (b78,x(2),2)$
depend b79,x(3);
depend b80,x(3);
b78:=b79*x(2)+b80;

% df (fu(60),x(1),2);

% - 2%df(b76,x(1),3)$

depend b81,x(3);

depend b82,x(3);

depend b83,x(3);
b76:=(1/2) *b81* (x (1) **2)+b82*x (1) +b83;

% df (fu(55),x(2));
% - df (b46,x(3),2) - 2%b79$
b79:=-(1/2) *df (b46,x(3),2);
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%df (fu(55) ,x(1));
% - (df (b72,x(3)) + b81)$
b81:=-df (b72,x(3));

% df (fu(57),x(1));
% - df (b46,x(3),2)%
b46:=b84*x(3)+b85;

% df (fu(57),x(2),2);

%hdf (b77,x(2),3)$

depend b86,x(3);

depend b87,x(3);

depend b88,x(3);
b77:=(1/2) *b86* (x (2) ¥*2) +b87*x (2) +b88;

%fu(s65) := - (df(b69,x(3)) + df(b73,x(3)) + b80 + b82)$
%b89:=b69+b73;

depend b89,x(3);

b73:=b89-b69;

%b90:=b80+b82;

b82:=b90-b80;

%fu(55) := - (df(b89,x(3)) + b90)$
b90:=-df (b89,x(3));

% df (fu(57),x(2));
%df (b72,x(3)) + b86$
b86:=-df (b72,x(3));

%fu(57) := df(b72,x(3))*x(2) - df(b75,x(3)) + x(2)*b86 + b87T$
b87:=df (b75,x(3));

%hoper := 2xdf (b72,x(3),2)$
b72:=b91*x(3)+b92;

in splitting;
write "zeta_u(0,0,0):=",zeta_u(0,0,0);
end;
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