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CHAPTER 1 

INTRODUCTION 

1.1 Background and rationale 
 Sedimentary and metamorphic rocks normally show well-defined structures in 
the form of bedding plane, foliation, jointing, or fissuring (Gholami and Rasouli, 2014). 
These structures are formed by physical and chemical involving transportation, 
deposition, compaction, and cementation (Hakala et al., 2007). Different orientations 
of three structures have influenced on rock strength and elastic properties. It also 
affects the stability of underground excavation or engineering structures. In 
underground excavation, rock tensile strength dictates the maximum roof span and its 
stability. Tensile strength is usually obtained by various methods in the laboratory, 
including Brazilian test, direct tension test, ring test, and bending test. Four-point 
bending test is however more appropriate for roof span analysis because stress pattern 
is similar to that of roof span in underground excavation (Plangklang et al., 2017). 
Several researchers study transversely isotropic effect on tensile strength by various 
methods (Dou et al. (2019) on three-point bending test, Suwankeeree (2021) on 
Brazilian test, Nova and zaninetti (1990) on direct tension test, Chen and Hsu (2001) on 
ring test). They report that the tensile strength of transversely isotropic rocks changes 
with different bedding plane orientations.  

The effect of transverse isotropy on bending tensile strength and elastic 
parameters on rock has rarely been studied. For underground excavation, these 
knowledges are needed for the analysis and evaluation of roof span stability under 
transverse isotropy effect.  
 

1.2 Research objectives 
The study is intended to determine bending tensile strength and elastic 

properties under transversely isotropic effect. Four-point bending test are performed
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on Phu Phan sandstone with various bedding plane orientations. The elastic 
parameters are based on Amadei’s solutions. The findings can be used to predict the 
transverse isotropic behavior on mechanical properties of bedded sandstone. The 
results for this study also can be used to asses roof span stability of underground 
excavation with different orientations of bedding plane.  
 

1.3 Scope and Limitations 
The scope and limitations of the study include as follows. 
1) The rock specimens are prepared from Phu Phan sandstone. 
2) The nominal dimensions of specimens are 30 mm in width, 30 mm in depth, 

and 200 mm in length. 
3) The specimens are prepared with different bedding orientations at 0°, 15°, 

30°, 45°, 60°, 75° and 90° (The angle is bedding plane with respect to the 
loading direction). 

4) The bedding plane orientations are divided into two cases: bedding plane 
orientations are normal and parallel to main axis. 

5) The test method is performed in according to ASTM D6272-17 standard 
practice.   

6) The applied loading rate at 0.1 MPa/s. 
 

1.4 Research methodology 
The research methodology is shown in Figure 1.1 comprises 7 steps; including 

literature review, samples preparation, four-point bending test, determinations of 
strength and deformation parameters, strength and elastic analysis, discussions and 
conclusions, and thesis writing. 

1.4.1 Literature review 
  Literature review is performed to study previous research about 
classification of anisotropy rock, tension test, effects of transverse isotropy on tensile 
strength and elastic parameters, and analysis of elastic properties on transversely isotropic 
effect. The sources of information are obtained from papers journals, and technical reports. 
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                         Figure 1.1 Research methodology. 
 

A content of the literature review is summarized in chapter 2 of thesis. 
1.4.2 Samples preparation 

       The rock samples are prepared from Phu Phan sandstones. The 
sandstone specimens are prepared as prismatic beam with dimensions of 30 mm in 
width, 30 mm in depth, and 200 mm in length. The bedding plane orientation are varied 
of 0°, 15°, 30°, 45°, 60°, 75°, and 90°. For both cases, the angle is the bedding plane with 
respect to loading direction. The bedding plane orientation are divided into two cases: 
the first case, the beds are parallel the main axis (the bedding plane angles increase 
according to rotation around x-axis). The second case, the beds are normal the main axis 
(the bedding plane angles increase according to rotation around z axis). A total of 13 
samples are prepared in this study. 

1.4.3 Four-point bending test 
  Four-point bending test is performed in according to ASTM D6272-17 

(2020) standard practice. Laboratory tests are carried out in Suranaree University of 
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Technology. The loading points are placed as one-third of support span. The loading is 
applied at a rate of 0.1 MPa/s until failure occurs. The strain gages are installed at mid-
section on top and bottom of specimen surfaces to measure main and lateral strains. 
The strain is recorded from data logger (TC-32K), which is connected to the switching 
box. 

1.4.4 Determination of strength and deformation parameters 
  The measured parameters are plotted in the form of tensile and 

compressive stress-strain curves. Bending tensile strength, elastic modulus, and 
Poisson’s ratio are present as function of different bedding plane angles. The strength 
and deformation parameters for both cases are compared under different orientation 
of bedding plane. Post-test specimens for four-point bending test describe 
characteristics of mode of failures.  

1.4.5 Strength and elastic analysis 
  The Amadei (1966) solutions are used to assess the apparent elastic 

moduli and Poisson’s ratios under different orientations of bedding planes. The elastic 
parameters between testing results and analysis are compared. The discrepancy for 
both data are calculated by mean misfit equation. The tensile strength and elastic 
parameters are analyzed in the form of degrees of anisotropy.  

1.4.6 Discussions and conclusions 
  Discussions describe the reliability and adequacy of the findings here.    

The results are compared with sources of information elsewhere. The future research 
needs are identified in this chapter.  

1.4.7 Thesis writing 
  All research activities and results are documented and complied with 

in the thesis. This research can be applied to analyze and evaluate roof span stability 
of underground excavation obtained effect from transversely isotropic rock. 
 

1.5 Thesis content 
 This thesis is divided into seven chapters. Chapter I introduces about the 
problems and significance of this study, research objectives, scope and limitations, and 
research methodology. Chapter II summarizes previous research about classification of 
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anisotropy rock, bending test, effects of transverse isotropy on tensile strength and elastic 
parameters, and analysis of elastic properties on transversely isotropic effect. Chapter III 
describes sample preparation and classification of bedding plane orientation. Chapter 
IV explains test method about four-point bending test and strain gage installation. 
Chapter V presents four-point bending results and mode of failures. Chapter VI offers 
the analysis of test results with Amadei’s solution. Chapter VII discusses and concludes 
the obtained results for this research. Future studies are recommended about further 
knowledge that should be investigated. 

 



CHAPTER 2 

LITERATURE REVIEW 

2.1 Introduction 
 This chapter summarizes the previous research to understand literature review 
about classification of anisotropy, tension test, Effect of transverse isotropy on tensile 
strength and elastic parameters, and Analysis of elastic properties on transversely 
isotropic effect.  
 

2.2 Classification of anisotropy 
  Hakala et al. (2007) describe the theory of rock anisotropy from Amadei's 1996. 
Sedimentary and metamorphic rocks demonstrate bedding, stratification, foliation, and 
jointing. These types of rock have physical, dynamic, thermal, mechanical, and 
hydraulic properties that vary inherently in anisotropic orientation. Sedimentary rock is 
characterized as intact laminated, stratified, or bedding, such as sandstones, coal, 
limestones, shales and siltstones, etc. These anisotropy rocks are formed by physical, 
and chemical processes involving transportation, deposition, compaction, and 
cementation. 
  Gholami and Rasouli (2014) present rock anisotropy classification (Singh et al. 
1989). The anisotropy rock is classified according to the cleavage or bedding plane. 
Rock anisotropy is found mainly in sedimentary and metamorphic rocks. Anisotropy is 
classified according to the rock's mechanical properties to its highest strength and the 
lowest at the inclined angle, respectively. The orientation of the cleavage or bedding 
plane has different angles of inclination, which  is defined as the angle between weak 
plane and axial load. Types of anisotropy can be classified as follows: 
   1) Inherent anisotropy 
  The foliation metamorphic rock is classified in this category. This type of 
anisotropy is caused by the metamorphism of the rock. The mineral composite and 
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structures affected by pressure and temperature from tectonic process. It causes the 
minerals in the rock to be compressed until the mineral changes its structure and 
forming a parallel orientation to form a foliation. Examples of rocks are schist, slate, 
gneisses, and phyllite. 
 2) Induced anisotropy 
  This type of anisotropy is formed by crystallization or metamorphism of 
minerals. The minerals are arranged in an orientation plane or layer. The degree of 
anisotropy at  = 90° has a rock strength higher than  = 0°. It is mainly found in 
metamorphic, chemical, or crystalline rock. 
  3) Cleavage or planar anisotropy 
  This type of anisotropy is formed by crystallization or metamorphism of 
minerals. This results in the rock being placed in a horizontal plane.   
  4) U-shaped anisotropy 
  This type of anisotropy is formed by cleavage set along the orientation plane 
of mineral. The maximum rock strength is at  = 0° and minimum is at  = 90°. It is 
mainly found in sedimentary and metamorphic rock. 
  5) Undulatory anisotropy 
  This type of anisotropy is formed by rocks with more than one set of cleavage. 
These rocks are mainly found in Coal and biochemical diatomite.   
  6) Bedding plan anisotropy 
  This type of anisotropy is formed by the process of transportation, deposition, 
compaction, and cementation. These processes cause the sediment to align in the 
bedding plane or layer. The maximum strength of rock at  = 0° and the minimum 
strength between  = 20°. and  = 40°. It is mainly found in sedimentary rocks such as 
sandstone, siltstone, mudstone, and shale. 
 

2.3 Tension test 
2.3.1 Bending test 

          American society for testing and materials ASTM (D6272-17) specifies 
method, sample preparation, and calculation for four-point bending test. Testing 
device consists of loading points and bars of rectangular cross-section or support. 
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Loading noses are installed on 2 support points. There are total of 2 supports. The 
distance between loading nose is load span. The load span is both one third and one 
half of the support, as a shown in Figure 2.1. 
  The maximum stress occurs between the two loading points. The flexural stress 
can be calculated from the following equations (ASTM D6272-17, 2020).   

For a load span is the a third of the support: 

  S = PL / bd2                  (2.1) 

For a load span is one half of the support span: 

  S = 3PL / 4bd2                  (2.2) 

where S is stress in the outer fiber throughout the load span (MPa), P is applied load 
(N), L is span length (mm.), b is beam width (mm.), and d is beam depth (mm.). 
  Efe et al. (2019) study the effect of sample size on tensile strength of fine 
crystalline marble. The experiment is carried out on three-point, four-point bending, 
and direct tension tests. The four-point bending result is compared with three-point 
bending and direct tensile tests. The results for all three tests are shown in Figure 2.2. 
The diagram shows that the average four-point bending strengths under size effect are 
less than three-point bending strength. The highest four-point bending strength results 
are found in samples of 32×102×381 mm3 (ASTM). Direct tensile strength is lowest 
value of 3.19 MPa when compared with bending test. For four-point bending test, 
Tensile strengths are 3.35, 2.61, and 4.19 times direct tensile strength, respectively. 
  Hein and Brancheriau (2018) compare the hardness of wood in the three-point 
and four-point flexural tests. The results indicate that three-point bending tensile 
strength is 5.2 % higher than that of the four-point bending tensile strength. The 
different tensile strengths between two tests can be explained from the position of 
the maximum bending moment and maximum axial fiber stress. For the three-point 
bending test, the maximum stress is at the bottom of the upper loading point.  The 
maximum stress for four-point bending test is distributed over the area between 2 
loading points. 
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Figure 2.1 Loading diagram (ASTM D6272-17, (2020)). 

 

 
Figure2.2 Comparison results of flexural and tensile strength (Efe et al., 2019). 
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  2.3.2 Other tension tests 
          Fuenkajorn and Klanphumeesri (2010) conduct direct tension test on 
intact rock by using compression to tension load converter. Intact rocks include 
sandstone, marble, and limestone, they are cut to obtain dog-bone-shaped cylinder. 
The specimens are subjected to uniaxial tension and compression at mid-section. The 
results for all rock types indicate that elastic parameters under tension are lower than 
those under compression. This result is similar to Stimpson and Chen (1993), who study 
the measurement of rock elastic moduli under tension and compression by using 
combined compression-tension test. They also suggest that the pore space of rock 
under tension load dilates easier than under compression. The direct tension test is 
compared with tensile strength of Brazilian and ring tests. The direct tensile strength is 
lowest when compared with three tension methods. The different tensile strengths 
occur from the amount and distribution of pore space of rock. 
  Liao et al. (2019) determine tensile strength of rock under various tension 
methods, including three-point bending, direct tension, and Brazilian tests. The 
specimens are prepared with the same rock type. The experiment is performed in 
laboratory and numerical simulation. Both results are identical trends. The results state 
that bending tensile strength is the highest among those of three methods. These 
results tend to be similar to Coviello et al. (2005), who study tensile strength of soft 
rocks on Brazilian, ring, three-point, and four-point bending tests. They also propose 
that the tensile strength for each method is dependent on specimen shape but 
bending test seems to be independent on specimen geometry. Kear and Bunger (2014) 
suggest that the tensile strengths for various methods differ the value because the 
highest stresses for these tests distribute across dissimilar rock areas. 
 

2.4  Effect of transverse isotropy on tensile strength and elastic 
parameters  
       2.4.1 Tensile strength  
            Berčáková et al. (2017) study the effect of orientations of foliated 
metamorphic rock on mechanical properties. Migmatized gneiss is selected for sample 
preparation. The test method is performed by semi-circular bend tests. There are two 
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types of orientaion:1) foliated planes are perpendicular to the loading direction and 2) 
applied loading is parallel to foliated planes. The results conclude that foliated planes 
perpendicular to the loading direction are higher strength than those parallel foliated 
planes.  
    Huang et al. (2020) study influence of the bedding orientation on failure of 
sandstone. The test is carried out on semi-circular three-point bending test. The 
sandstone specimens are cut to half of the circle and notch at mid-section on the 
bottom of the specimen. Rock specimens have different bedding plane orientations. 
Bedding plane angles () are varied from 0°, 30°, 45°, 60°, and 90. Bedding planes 
perpendicular to applied loading are observed at  = 90°. For  = 0°, bedding planes 
are parallel to loading direction. Test results for semi-circular three-point bending test 
as shown in Figure 2.3. The diagram shows the average fracture loads increase from 
0.93 to 2.1 kN with increasing bedding plane angles from  = 0° to 60°. For  = 90°, 
The average fracture load is slightly increasing.  

 
Figure 2.3 Relationship between Fracture load and various inclination angle (Da 

hang et al., 2020). 
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  Dou et al. (2019) conduct experiments to study the impact of joint parameters 
on shale fracture behavior. The test is performed with the three-point bending test. 
The shale specimens are cut into cubes 80×40×20 mm3, and notched at 10 mm deep 
and 2 mm wide. Bedding plane angles are defined of  = 0°, 30°, 60° and 90° degrees. 
The inclined angle is the oblique angle between loading direction and bedding plane 
orientations. The loading direction is normal to bedding plane orientations at  = 0°. 
The applied loading is at a rate of 0.05 mm/min. The three-point bending tensile 
strengths under different inclined angles are shown in Figure 2.4. The diagram indicates 
that the three-point bending tensile strength decrease while inclined angles of bedding 
planes increase.  
  Liao et al. (1997) study tensile test of transversely isotropic rock. The specimen 
is subjected to direct tensile test. Argillite is cut to obtain cylindrical block with 
dimensions of 54.7 mm in diameter and 136 mm in length. The specimen is pulled by 
a tensile grip machine on its top and bottom. The foliation plane angles are varied of 
 = 0°, 15°, 30°, 45°, 60°, 75°, and 90°. The foliation planes at  = 0° are perpendicular 
to applied loading, they are parallel at  = 90°. Direct tensile strength increases with 
increasing foliation plane angles. The highest value is found at  = 90°. The foliation 
planes at  = 0° give to lowest direct tensile strength. This study tends to be identical 
to results obtained from Shang et al. (2018) on Midgley sandstone, Nova and Zaninetti 
(1990), and Lee and Pietruszczak (2015) on quartzitic gneiss, who study effect of 
transverse isotropic on tensile strength by using direct tensile test. 
  Vervoort et al. (2014) study the behavior of transversely isotropic rock using 
Brazilian test. Rock samples are divided into 5 types: sandstones, shale, slates, schist, 
and gneiss. The different bedding plane orientations are inclined from  = 0° to 90° 
with 10° intervals. The bedding plane orientations are perpendicular to applied load 
at  = 0°. They are parallel to loading direction at  = 90°. Test results for all rock 
specimens state that the maximum fracture loads decrease trend as increasing inclined 
angles of bedding plane orientations. Young's modulus tends to be similar to fracture 
load. Several researchers have studied the transversely isotropic effects of Brazilian 
test. Suwankeeree (2021) study transverse effect on tensile strength of Phu Phan 
sandstone by using Brazilian test. Zhong et al. (2020) study mechanical properties of  
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Figure 2.4  Impact of joint strength on tensile strength (Dou et al, 2019). 

 

layered limestone based on Brazilian tension test, Aliabadian et al. (2019) present the 
fracture initiation in transversely isotropic Hawkesbury sandstone under Brazilian test. 
Tavallali and Vervoort (2010) study the impact of orientation of bedding on failure 
strength and fractures sandstone. Khanlari et al. (2014) explain strength of anisotropic 
foliated rocks under Brazilian tests. Ma et al. (2018) study Brazilian tensile strength of 
anisotropy rock. Xiao-jing et al. (2016) study influence of bedding orientation on tensile 
strength of bedded sandstone under Brazilian disc split test. These researchers tend 
to give identical results. 
  Chen and Hsu (2001) present effect of different orientations of foliation plane 
indirect tensile strength. Hualien marble specimen is selected to conduct on Ring and 
Brazilian tests. Disc specimens for both tests are prepared with identically external 
diameter of 7.4 cm. The specimens for ring test are drilled at center disc with different 
internal diameter of 16.4, 12.8, and 4.8 mm. The internal to external diameter ratios, 
including 0.222, 0.173, and 0.065. The foliation plane varies from 0° (horizontal plane) 
to 90° (vertical plane). Figure 2.5 shows the tensile strength for both tests in the form 
of foliation plane angle. The results indicate that the tensile strengths for both tests 
decrease as foliation plane angle increases. The internal to external diameter ratios of 
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0.065 give highest tensile strength and decrease trend with increasing ratio. For Brazilian 
test, their tensile strength is lower than that for ring test. 
  Pires at el. (2011) study experiments on the flexural strength of slate. The 
experiment is performed by four-point flexure test. The slate specimens are tested in 
three different bedding plane orientations, as shown in Figure 2.6. (a) Load is applied 
perpendicular to the schistosity plane. (b) and (c) applied load is parallel according to 
bedding planes. The bedding planes for (b) are parallel along length of specimen. For 
(c), they are parallel with width. The test results state that the four-point flexural 
strength of orientation (a) is higher than those of orientations (b) and (c). The mean 
four-point flexural strengths of orientations (a), (b), and (c) are 42.5, 32.3, and 0.49 MPa, 
respectively. This experiment concluded that bedding plane orientations have a great 
influence on flexural strength. These results tend to be similar to those obtained by 
Wu et al. (2017) on mudstone and coal; Li et al, (2019); Kramarov et al. (2020); Heng 
et al. (2020); Ren et al. (2021) on shale, who study three orientations of bedding plane 
on three-point bending tensile strength. 
 

 
Figure 2.5 Tensile strength for ring and Brazilian tests as a function of orientations 

of foliation plane (Chen and Hsu, 2001). 
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Figure 2.6 Different bedding plane orientations of slate (Pires et al, 2011). 

 

2.4.2 Elastic parameters 
          Nova and zaninetti (1990) study transverse isotropic behavior of schistose 
rock. The experiments are performed by direct tensile test. Quartzitic gneiss are 
prepared as cores of 50 mm in diameter and 150 mm in length. The rock samples have 
different orientations of schistosity of 0°, 15°, 30°, 45°, 60°, 75°, and 90° (The bedding 
plane angle is loading direction with respect to the schistosity plane). Figure 2.7 shows 
that the elastic moduli tend to increase with decreasing of bedding plane angles. The 
tensile elastic moduli are highest when bedding plane parallel to tensile stress. They 
are the lowest value as the stress normal to bedding plane orientations. 
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  Sui et al. (2023) study mechanical properties of shale anisotropy by using three-
point bending test under three orientations of bedding plane. The bedding planes are 
divided into 3 types, including arrester, divider, and short transverse orientation. 
Arrester orientation is bedding plane normal to loading direction. Divider orientation is 
bedding plane parallel to length of beam specimen. Short transverse orientation is 
bedding plane parallel to depth of beam specimen. The results show elastic moduli 
in the form comparing three orientations as show in Figure 2.8. The diagram shows that 
the divider orientation is largest elastic bending modulus and lowest values on short 
transverse orientation. For arrester orientation, they give medium elastic bending 
modulus. 
 

 
 

Figure 2.7  Elastic moduli of direct tension test under various bedding plane 
angles (Nova and Zaninetti, 1990). 
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Figure 2.8 Comparison of elastic bending modulus under three orientations (Sui 

et al., 2023). 
 

2.5  Analysis of elastic properties on transversely isotropic effect 
  Amadei (1996) proposes theory and prediction of elasticity on anisotropic rock. 
This theory is carried out with various laboratory tests such as: bending, Brazilian, 
multiaxial compression, triaxial compression, triaxial compression, and torsion tests. An 
x, y, and z coordinate system are attached to the specimen. The transverse isotropic 
planes are parallel to z axis. An angle  is x plane with respect to z plane. The required 
elastic parameters for analysis are E, E′, , ′ and G′. The strains for transverse isotropic 
rock can be obtained from equation as follows; 
 
  x = a12;  y = a22;  z = a23               (2.3) 
 
where a12, a22, and a23 are compliance components. These values can be obtained 
as follows: 
 

a12 = -′/E′sin4 - ′/E′cos4 + sin22/4(1/E+1/E′-1/G′)           (2.4) 

a22 = cos4/E′ + sin4/E + sin22/4(1/G′ - 2′/E′)                               (2.5) 

a23 = (′/E′)cos2 - (/E)sin2                                 (2.6) 
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where E and E′ are the intrinsic Young's moduli on parallel and normal to bedding 
plane orientation, respectively,  and ′ are the intrinsic Poisson's ratios characterizing 
the lateral strain response in the bedding plane parallel and normal to loading 
direction, G′ is the shear modulus in bedding planes normal to the transverse isotropy 
plane, and G is not dependent.  
 The compliance component is variable to determine the apparent elastic 
parameters for transverse isotropic rock, it can be calculated as follows; 

 
Ey = 1/a22                           (2.7) 

yx = a23/a22                          (2.8) 

yz = a23/a22                 (2.9) 

 
where Ey is apparent Young’s modulus in x, y and z coordinate systems, yz is 
Poisson’s ratio on y-z plane. 

Cho et al. (2012) study anisotropic effect on deformation of rock. Gneiss, shale, 
schist specimens are conducted on uniaxial compressive test. The deformation analysis 
is based on the theory of elasticity on anisotropic rock by Amadei (1996). Figure 2.9 
shows the test and theoretical data of apparent Young’s moduli of schist in the form 
of anisotropy angle. The results indicate that the highest apparent Young’s moduli 
are observed when applied loading parallel to bedding plane. The applied load 
normal to bedding plane gives the lowest value. The diagram also shows that the 
test data tend to be the same as theoretical line, this result agrees well with the 
theory of Amadei prediction. Several researchers study the effect of transverse 
isotropy on the elasticity of rock based on theory of Amadei prediction. Yun-si et al. 
(2012) analyze elastic parameters of slate under various bedding plane orientations 
on uniaxial compressive and Brazilian tests. Gholami and Rasouli (2014) analyze 
elastic properties of transversely isotropic slate on triaxial compressive test. These 
researchers give the same agreement with the theory.    

Sukjaroen et al. (2021) determine elastic moduli and Poisson’s ratios on 
transversely isotropic rock by using Amadei’s solution. Gypsum specimens under 
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Figure 2.9  Apparent Young’s moduli and theoretical results from Amadei’s 

prediction under various anisotropy ratios of schist (Cho et al., 2012). 

 

various bedding plane orientations are conducted on uniaxial and triaxial 
compressive tests with confining pressure of 0, 3, 7, 12, and 15 MPa. The applied 
loading is a rate of 0.001, 0.01, 0.1, and 1.0 MPa/s. The results are analyzed in the 
form of polar plots of the apparent elastic moduli and Poisson’s ratios, showing in 
Figure 2.10. The results reveal that the elastic moduli under different loading rates 
and bedding plane orientations are similar with increasing the confining pressure. The 
apparent Poisson’s ratios on y-z plane are slight effect on bedding plane orientations. 
The calculated results are compared with Amadei’s prediction. The discrepancy 
between data and prediction is calculated from mean misfit by Riley et al. (1998), 
who study mathematical methods for using physics and engineering. The mean misfit 
can be calculated in equation (2.10). The mean misfit shows that the calculated 
results provide identical trend of Amadei’s prediction. These results tend to  be 
similar to Thongprapha et al. (2022), who study transversely isotropic effect on 
confining pressure of salt.      
  

si = 1/m(
i msi) where si = [(1/n) (j=1

n  n(Xj,p-Xj,t)2)]1/2          (2.10) 
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where si is mean misfit, Xj,p and Xj,t are the predicted and observed data, n is total 
number of observations, and m is number of misfit for each data. 
 

 
Figure 2.10  Polar plots of (a) the apparent elastic moduli and (b) the apparent 

Poisson’s ratios.  (Sukjaroen et al., 2021). 
 

  Amadei et al. (1996) present the degree of anisotropy of rock or ratio of 
maximum to minimum elastic modulus. The maximum and minimum values obtain 
from bedding plane orientation are normal and parallel to loading direction. The 
degree of anisotropy varies as 4 range. The quality of anisotropic rock depends on each 
range of degree of anisotropy. Ramamurthy (1993) classifies the anisotropy ratios as 
shown in Table 2.1. They divide classification into 5 types include low, medium, high, 
very high anisotropy, and isotropic. Sedimentary rock normally shows in isotropy and 
low anisotropic rock. Medium to very high anisotropy can be found in Metamorphic 
rock.    
  Ma et al. (2018) study anisotropic degrees on various layered rocks by using 
Brazilian test. The rock types include shale, sandstone, slate, gneiss, schist, coal, and 
marl. The anisotropic degree of Brazilian test can be calculated from maximum-to-
minimum tensile strength ratios. Figure 2.11 shows the maximum and minimum 
Brazilian tensile strength of various layered rocks. The diagram shows anisotropic index 
(AI) are divided into 4 ranges. The anisotropic index includes weak (1-2), medium (2-3),  
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Table 2.1 Classification of degree of anisotropy 

Anisotropy ratio Class Rock types 
1.0 - 1.1 Isotropic 

Sandstone and Shale 
1.1 - 2.0 Low anisotropy 
2.0 - 4.0 Medium anisotropy 

Slate and Phyllite 4.0 - 6.0 High anisotropy 
More than 6.0 Very high anisotropy 

 
 

strong (3-4), and very strong anisotropy (more than 4). The results show that shale and 
sandstone are normally found weak to strong anisotropy. Slate is weak to very strong 
anisotropy. Gneiss is weak to medium anisotropy. Schist is medium anisotropy. Coal 
and Marl are weak anisotropy. Most metamorphic rocks give high anisotropic degrees. 
For weak to medium anisotropic ratios, they are often found in sedimentary rock. 
 

 
Figure 2.11  Anisotropy ratio of various rocks (Ma et al., 2018). 

 

 

 



CHAPTER 3 

SAMPLE PREPARATION 

3.1 Introduction 

 This chapter describes the sample preparation for four-point bending test. The 

Phu Phan sandstone occurrence, sample preparation, and rock properties are indicated 

in this study. The basic parameters and bedding plane angle of rock specimens are 

determined.  
 

3.2 Phu Phan sandstone occurrence 
Phu Phan sandstone is one of the formations in Khorat group located in Khorat 

Plateau, Northeastern part of Thailand. Khorat Plateau is an area that affects from the 
Cretaceous-Triassic tectonic activities. This event uplifts Phu Phan Mountain range, 
generates continental geosyncline, and creates various secondary structures such as 
folding, faults, and jointing in regional systems (Veeravinantanakul et al, 2018). Phu 
Phan sandstone is formed by deposition of continental molasses sediments, these 
sediments are transported from braided, high-energy and low-sinuosity river (Racey et 
al., 2009). The eminent Phu Phan formation contains very fine to medium grained size. 
The bedding planes can be visually observed by gradations of quartz grains and 
alternating between dark and light brown color. Figure 3.1 shows geological map of 
Khorat Plateau, Northeastern of Thailand and red box is Phu Phan range. All symbols 
are shown formation of Khorat groups. Phu Phan formation in geologic map observes 
as grey color. 
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Figure 3.1 A Geological map of Khorat Plateau, Northeastern part of Thailand 

(Modified from Department of Mineral Resources, 2007).  
 

3.3 Sample preparation 
The sandstone specimen has been obtained from Phu Phan formation, Korat 

Group. Rock specimens are cut to obtain prismatic block with nominal dimensions of 
30×30×200 mm3. Bedding orientations are arranged into two configurations: 1) bedding 
planes parallel to the main axis (Figure. 3.2a) and 2) beddings normal to the main axis 
(Figure. 3.2b). For the first case, the beds are rotated around x-axis. The second case 
shows the beds rotating around z-axis. Normal to the bedding plane makes varied 
angles (β) with the loading axis from 0°, 15°, 30°, 45°, 60°, 75° to 90°, as a shown in 
Figure. 3.3. The average density of the specimens is 2.35 ± 0.04 g/cc. A total of 13 
specimens are prepared to perform four-point bending test. Table 3.1 shows 
dimensions of Phu Phan sandstone specimens for both cases. Specimens for both 
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cases show identical bedding plane orientation at β = 0°. The mineral compositions 
contain 9 minerals, including quartz, oligoclase, albite, chlorite, microcline, anorthite, 
calcite, kaolinite, and muscovite. The percentages of mineral composition are shown 
Table 3.2.  

 

Table 3.1 Physical properties of four-point bending specimens for both cases. 

Case Sample No. 
Width 
(mm) 

Depth 
(mm) 

Length 
(mm) 

Weight (g) 
Density 
(g/cc) 

Case 1 

SS-01-0 30.60 30.72 200.38 441.80 2.32 
SS-01-15 31.10 30.38 200.74 454.45 2.33 
SS-01-30 30.90 30.60 200.30 440.47 2.35 
SS-01-45 29.00 30.62 200.02 411.66 2.32 
SS-01-60 28.86 30.82 200.40 416.92 2.34 
SS-01-75 31.00 30.88 200.80 444.95 2.31 
SS-01-90 28.34 30.20 199.60 397.71 2.33 

Case 2 

SS-02-0 30.60 30.72 200.38 441.80 2.35 

SS-02-15 30.40 30.76 200.20 423.87 2.26 

SS-02-30 31.70 31.42 200.08 453.20 2.27 

SS-02-45 29.60 30.30 199.52 413.23 2.31 

SS-02-60 30.56 30.50 199.60 441.61 2.37 

SS-02-75 30.20 30.40 199.06 435.96 2.39 

SS-02-90 30.70 30.34 200.30 427.57 2.29 

Mean ± SD 2.35 ± 0.04 
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(a)                                                       (b) 

Figure 3.2 Sandstone specimens: (a) bedding planes are parallel to main axis, and 
(b) bedding planes are parallel to main axis. 

 

 
(a)                                                  (b) 

Figure 3.3 Bedding plane orientation for sandstone specimens varies from 0° to 90° 
for (a) case 1, and (b) case 2. 
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Table 3.2 Mineral compositions of Phu Phan sandstone. 

Mineral composition Weight (%) 

Quartz 67.69 
Oligoclase 11.50 

Albite 8.26 
Chlorite 5.58 

Microcline 3.35 
Anorthite 2.01 
Calcite 1.11 

Kaolinite 0.25 
Muscovite 0.25 

Total 100 
 

 

 



 

 

CHAPTER 4 

LABORATORY TESTING 

4.1 Introduction 
 This chapter describes method and calculation for four-point bending test. The 
objectives are to determine bending tensile strength and elastic parameters of bedded 
Phu Phan sandstone under various orientations of bedding plane. 
  

4.2 Test method  
The four-point bending test is performed to determine bending tensile 

strengths and elastic parameters of Phu Phan sandstone specimens under different 
bedding plane orientations. Test method, equation, and calculation for four-point 
bending test are carried out in accordance with ASTM D6272-17 standard. Figure 4.1 
shows components of apparatus for four-point bending test. They are consisting of 
hydraulic pump, hand held data logger, switching box, and pressure gage. Specimens 
are placed on the steel base with 25 mm in diameter. They are placed at the lower 
steel base with a support span of 180 mm. The upper steel base is arranged with a 
load span of 60 mm (one-third of support span). All test arrangements for the four-
point bending test are shown in Figure 4.2.  Loading is applied to the specimens 
through a spherical bearing at a rate of 0.1 MPa/s until failure occurs. Compressive and 
tensile stresses at mid-section for four-point bending test specimen can be calculated 
by ASTM D6272-17, (2020): 

 

C = +PL / bd2                                                                                      (4.1) 

T = –PL / bd2                                                                                        (4.2) 
 

where C is compressive stress, T is tensile stress, P is applied load, L is span length 
(180 mm), b is specimen width (30 mm), and d is specimen thickness (30 mm).  
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Figure 4.1 Four-point bending test arrangement. 

 

 
 

Figure 4.2 Schematic diagram for for-point bending test. 
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 The four-point bending test is a one of indirect tension methods. The specimen 
is obtained applied load in y axis while the induced stress direction occurs along the 
length of specimen. The specimen is subjected to non-uniform stresses across its cross-
sectional area. The maximum stresses are induced on the specimen surface. The upper 
surface is subjected to compressive stress and the opposite surface is to tensile stress. 
The magnitudes of the induced stresses are identical for both sides. The upper surface 
is under contraction when a compressive stress is applied to specimen. They are 
extended at opposite side under tension. Poisson’s ratio under compression (C) and 
tension (T) can be calculated from strain gage measurements.  
 

 
 

Figure 4.3 Direction of elastic parameters (EC and ET) under compression and 
tension, where EC,top, ET,top are compressive and tensile elastic moduli 
at top surface, EC,bottom, ET,bottom are compressive and tensile elastic 
moduli at bottom surface, C and  T are Poisson’s ratio under 
compression and tension. 

 

4.3 Strain gage installation 
Strain gages are installed at mid-section on top and bottom of the specimen 

surfaces, as shown in Figures 4.4(a) and 4.4(b). They are parallel and perpendicular 
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to the main axis to measure compressive and tensile strains. The gage length is 10 

mm, gage resistance is 120±0.5 , and gage factor is 2.12±1 %. Compressive and 

tensile stresses are induced at top and bottom of the specimens, as shown in Figure 

4.5. The strains are recorded with a data logger (TC-32K) connected to a switching 

box. The obtained strains are used to calculate elastic parameters; elastic modulus 

and Poisson’s ratio.  
 

 
(a) 

 
(b) 

 

Figure 4.4 Schematic diagram for strain gage installation at midsection on (a) top 
surface and (b) bottom surface. 
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(c) 

Figure 4.5 Compressive and tensile stresses distribution at mid-section of 
specimens. 

 

 



CHAPTER 5 

TEST RESULTS  

5.1 Introduction 
This chapter describes the test results and mode of failure obtained from four-

point bending test. The obtained data from testing are used to determine tensile 
strength and elastic parameters. The test results are shown in the forms of stress-strain 
curves, tensile strength, and deformation moduli as a function of bedding plane angle. 
The results in this study are analyzed to identify transversely isotropic behavior and 
design roof span of underground excavation.  
 

5.2 Four-point bending test results 
Figure 5.1 shows tensile stress-strain curves with different bedding plane 

orientations for case 1, where T is tensile strain (negative) and lat is lateral strain under 
contraction (positive) on the bottom of specimen surface. The diagram shows that 
slopes of stress-strain curves are steepest when bedding plane orientations are normal 
to loading direction at β = 0°. The lowest slopes are observed for bedding planes 
parallel to main axis at β = 90°. For bedding plane orientations at 0° < β < 90°, the 
curves gradually decrease from 15° to 75° with respect to the rotation around main 
axis. The curves are terminated at tensile failure corresponding to the specimen’s 
tensile strength. Each curve tends to show nonlinear behavior. 

Figure 5.2 shows compressive stress-strain curves with different bedding plane 
orientations for case 1, where C is compressive strain (positive) and lat is lateral strain 
under extension (negative) on the top of specimen surface. The compressive stress-
strain curves for each bedding plane angle are similar to the results in Figure 5.1. The 
curves in this diagram show nonlinear behavior. The compressive stress-strain curves 
are steeper than those under tension. The failure stresses of rock are not found under  
compression as the magnitude of tensile strength is much smaller than that of the 
compressive strength. 
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Figure 5.3 shows tensile stress-strain curves with different bedding plane 
orientations for case 2. The stress-strain curves are steepest at β = 0° (bedding planes 
are normal to loading direction) and gradually decrease when bedding plane 
orientations are rotated around z axis until at β = 90° (bedding planes are parallel to 
loading direction). The tensile stress-strain curves are not linear. The failure points for 
this case are lower than that for case 1.  

Compressive stress-strain curves with different bedding plane orientations for 
case 2 are shown in Figure 5.4. The curves for all bedding plane angles are steep, 
showing nonlinear behavior.  
 

 
Figure 5.1 Tensile stress-strain curves under various bedding plane angles for case 1. 
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Figure 5.2 Compressive stress-strain curves under various bedding plane angles for 

case 1. 

 

 
Figure 5.3 Tensile stress-strain curves under various bedding plane angles for case 2. 
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Figure 5.4 Compressive stress-strain curves under various bedding plane angles for 

case 2. 

5.2.1 Bending tensile strength  
            Bending tensile strength results for both cases are shown in Table 5.1. 
Figure 5.5. presents the bending tensile strength as a function of bedding plane angles 
for both cases. The results indicate that the maximum bending tensile strength is found 
at β = 0° (induced tensile stress parallel to bedding plane). At this angle, both cases 
show identical results. The bedding plane orientations increase from 0° to 90° with 15° 
intervals and bending tensile strengths for both cases continuously decrease as 
bedding plane angles β increases. The minimum bending tensile strengths for both 
cases are found at β = 90°. For all the bedding plane orientations, bending tensile 
strength from case 1 (induced tensile stress parallel to bedding plane strike) tends to 
give higher tensile strength than that from case 2 (induced tensile stress normal to 
bedding plane).  
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Table 5.1 Tensile strengths and elastic properties from four-point bending test 
results. 

Case Sample no. β (degrees) 
T,f 

(MPa) 

Case 1 

SS-01-0 0 8.93 
SS-01-15 15 8.31 
SS-01-30 30 7.80 
SS-01-45 45 7.58 
SS-01-60 60 7.05 
SS-01-75 75 6.10 
SS-01-90 90 5.48 

Case 2 

SS-02-0 0 8.93 
SS-02-15 15 7.84 
SS-02-30 30 6.80 
SS-02-45 45 6.17 
SS-02-60 60 5.44 
SS-02-75 75 5.08 
SS-02-90 90 4.56 
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Figure 5.5 Bending tensile strengths as a function of bedding plane angle β for both 

cases. 

5.2.2 Elastic parameters 
 The results obtained from stress-strain curves are used to determine 

elastic moduli and Poisson’s ratios of the specimens. Table 5.2 gives elastic parameters 
under tension and compression. Elastic moduli can be obtained from the tangent at a 
linear portion of stress-strain curve (about 40-50% of failure stress). The tensile elastic 
moduli for both cases are shown in Figure 5.6. The results show that the tensile elastic 
moduli for case 1 are largest at β = 90° (bedding plane strike parallel to induced stress) 
and gradually decrease to lowest values at β = 0° (bedding plane parallel to induced 
stress). For case 2, tensile elastic moduli are greatest when bedding plane orientations 
are parallel to induced tensile strength. They give smallest value where induced stress 
normal to bedding plane at β = 90°. This diagram also reveals that elastic moduli under 
tension for case 1 are greater than those for case 2. 

 Figure 5.7 shows compressive elastic moduli as a function of bedding 
plane angles for both cases. The results for both cases tend to give identical result 
under tension. For both cases, compressive elastic moduli are higher than those under 
tension. 
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Table 5.2 Elastic properties under tension and compression from four-point bending 
test results. 

Case 
Sample 

no. 
β 

(degree) 

Elastic 
modulus 

under 
tension 
(GPa) 

Elastic 
modulus 

under 
compression 

(GPa) 

Poisson’s 
ratio 

under 
tension 

Poisson’s 
ratio under 

compression 

Case 
1 

SS-01-0 0 7.11 10.69 0.08 0.23 
SS-01-15 15 7.84 11.23 0.08 0.23 
SS-01-30 30 7.92 12.04 0.08 0.22 
SS-01-45 45 8.14 12.47 0.07 0.21 
SS-01-60 60 8.25 12.88 0.07 0.21 
SS-01-75 75 8.30 13.11 0.07 0.20 
SS-01-90 90 8.49 13.30 0.07 0.20 

Case 
2 

SS-02-0 0 7.11 10.69 0.08 0.23 
SS-02-15 15 6.57 10.24 0.10 0.24 
SS-02-30 30 6.26 9.81 0.10 0.24 
SS-02-45 45 5.53 9.58 0.11 0.25 
SS-02-60 60 4.85 9.49 0.11 0.25 
SS-02-75 75 4.38 9.33 0.12 0.25 
SS-02-90 90 4.15 9.17 0.12 0.26 
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Figure 5.6 Elastic moduli under tension as a function of bedding plane angle β for 

both cases. 

 
Figure 5.7 Elastic moduli under compression as a function of bedding plane angle β 

for both cases. 
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  Figure 5.8 shows Poisson’s ratio under tension for both cases. Poisson’s 
ratios are in the form of bedding plane angles. The results state that Poisson’s ratios 
under tension for case 2 consistently increase as the bedding plane orientations are 
rotated toward loading direction around z axis and they are largest at β = 90°. For case 
1, Poisson’s ratio tends to contrary results for case 2, the value slightly decreases from 
β = 0° to 90° with rotating around x axis of bedding plane angles. Poisson’s ratio under 
tension for case 1 tends to be relatively low. 
  Poisson’s ratios under compression for both cases are shown in Figure 
5.9. The diagram indicates that the Poisson’s ratios for case 2 show increasing trend 
with increasing bedding plane angles from β = 0° to 90°. For case 1, the values show a 
decreasing trend. Poisson’s ratios under compression are higher than those under 
tension.  
 

 
Figure 5.8 Poisson’s ratios under tension as a function of bedding plane angle β for 

both cases. 
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Figure 5.9 Poisson’s ratios under compression as a function of bedding plane angle β 

for both cases. 
 

5.3 Mode of failure     
The specimens are bent by four-loading points and fail under tensile stress 

before they fail under compressive stress. The maximum tensile strength occurs at 
mid-section on the bottom of specimen surfaces. Figure 5.10 shows post-test 
specimens for case 1. All specimens for this case show tensile failure induced at the 
mid-section. The fracture is perpendicular to the bedding plane for specimens with β 
= 0° to 90°. 

Figure 5.11 shows mode of failures of four-point bending test for case 2. For 
this case, the specimens show tensile failure and crack at mid-section through the 

bedding plane in the range of 0°  β  30°. For bedding plane angle at β = 45° to 90°, 
specimens show fracture along bedding planes. They indicate that bedding plane 
angles that close to the loading direction significantly affect the failure mode of Phu 
Phan sandstone.   
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Figure 5.10 Post-test specimens for case 1 under bedding plane angles vary from β = 
0° to 90°. 
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Figure 5.11 Post-test specimens for case 2 under bedding plane angles vary from β = 
0° to 90°. 

 

 

 

 

 

 

 



CHAPTER 6 

ANALYSIS OF TEST RESULTS  

6.1 Introduction 
This chapter describes analysis of results obtained from four-point bending test. 

The objective of this analysis is to determine deformability under transverse isotropic 
are compared to the Amadei’s solution. Both elastic moduli and Poisson’s ratios are 
analyzed. 

 

6.2 Amadei’s solution  
The intrinsic and apparent elastic moduli and Poisson’s ratios are compared 

with Amadei (1996) solution who presents the theoretical prediction for deformability 
of anisotropic rocks. Amadei’s solutions have been widely used on various 
anisotropic rock (Amadei, 1996; Cho et al., 2012; Yun-si et al., 2012; Gholami and 
Rasouli, 2014; Sukjaroen et al., 2021; Thongprapha et al., 2022). The required results 
for the calculation are the intrinsic elastic parameters for bedding plane angles  of 
0° and 90°. The intrinsic elastic parameters from the test results are shown in Table 
6.1. Based on generalized Hook’s law, Amadei (1996) offers two variables for Young’s 
modulus and Poisson’s ratio of transverse isotropic material which can be calculated 
as: 

 

Ey = 1/a22                          (6.1) 

yz = a23/a22                          (6.2) 
 

where Ey is apparent Young’s modulus in x, y and z coordinate systems, yz is 
Poisson’s ratio on y-z plane, and a22 and a23 are compliance components. These 
components can be obtained as follows: 
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a22 = cos4β/E′ + sin4/E + sin22/4(1/G′ - 2′/E′)                     (6.3) 

a23 = (′/E′)cos2 - (/E)sin2                        (6.4) 
 

where E and E′ are intrinsic Young's moduli parallel and normal to bedding plane 
orientation, respectively,  and ′ are intrinsic Poisson's ratios characterizing the 
lateral strain response on bedding plane parallel and normal to loading direction, G′ 
is the shear modulus on normal to the transverse isotropy plane, and G is the shear 
modulus on bedding plane. These shear modulus parameters are determined, as 
follows: 

 

1/G′ = 1/E + 1/E′ +2′/E′                                                                   (6.5) 

1/G = E/(2(1+))                                                                              (6.6) 
 

The intrinsic elastic parameters in Table 6.1 are substituted into equations 
(6.3) and (6.4). Substituting these compliance components into equations (6.1) and 
(6.2). the apparent elastic moduli and Poisson’s ratios under different bedding plane 
orientations can be determined. 

Figure 6.1 shows polar plots comparing the apparent elastic moduli (data 
points) with Amadei’s predicted lines under different bedding plane ang les for case 
1. The apparent compressive elastic and tensile moduli under transverse isotropic 
effect show the shape as an ellipse. The apparent compressive elastic moduli are 
higher than those under tension. The maximum apparent elastic moduli are observed 
for bedding plane parallel to loading direction.  

Figure 6.2 shows polar plots of the apparent elastic moduli and Amadei’s 
predicted lines under different bedding plane angles for case 2. The apparent elastic 
moduli for both conditions are highest when bedding plane is normal to loading 
direction. The elliptical shape under compression is larger than those under tension, 
suggesting that Young’s moduli under compression are always greater than those 
under tension. 
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Table 6.1 Intrinsic elastic parameters for both cases. 

Case Type of stress 
E 

(GPa) 
E′ 

(GPa) 
 ′ 

G 
(GPa) 

G′ 
(GPa) 

Case 1 
Compression 13.30 10.69 0.20 0.23 5.47 4.71 

Tension 8.49 7.11 0.07 0.08 3.94 3.55 

Case 2 
Compression 9.17 10.69 0.26 0.23 3.68 4.06 

Tension 4.15 7.11 0.12 0.08 1.88 2.47 

 

The apparent Poisson’s ratios on y-z plane (yz) under compression and 
tension for case 1 are shown in Figure 6.3. The diagram presents in the form of polar 
plots comparing between data points and Amadei’s predicted line. The Poisson’s 
ratios under tensile stress are less than half of those measured under compressive 
stress. Both cases show similar Poisson’s ratio values. Poisson’s ratios are greatest at 
 = 0° and lowest at  = 90°.  The bedding plane angle () has small effect on the 
Poisson’s values.  

Figure 6.4 presents the apparent Poisson’s ratios on y-z plane (yz) under 
compression and tension for case 2. The Poisson’s ratios are highest at  = 90° and 
slightly decrease to  = 0°. Poisson’s ratios for case 2 are larger than those for case 
1.   

The mean misfit can be used to evaluate the discrepancy between the test 
results and Amadei’s prediction. The mean misfit (s i) is calculated as follows (Riley 
et al., 1998):   
 

si = [(1/n) (j=1
n (Xj,p-Xj,t)2)]1/2                (6.7) 

 

 



47 
 

where Xj,p and Xj,t are the predicted and measured apparent elastic moduli or 
Poisson’s ratios, and n is the number of bedding plane angles (β). The mean misfit 
for apparent tensile and compressive elastic moduli are 0.42, 0.51 GPa for case 1, 
and 0.23, and 0.29 GPa for case 2. For the apparent Poisson’s ratios under tension 
and compression si values are 0.005, 0.007 for case 1, and 0.005, and 0.005 for case 
2. The low values of mean misfit suggest that the Amadei’s predictions agree well 
with the test results.  
 

 
 Figure 6.1 Polar plots of apparent elastic moduli under tension and compression for 

case 1. 
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Figure 6.2 Polar plots of apparent elastic moduli under tension and compression for 

case 2. 

 

                              
 Figure 6.3 Polar plots of apparent Poisson’s ratios under compression and tension 

for case 1. 
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Figure 6.4 Polar plots of apparent Poisson’s ratios under compression and tension 

for case 2. 
 

6.3 Degrees of rock anisotropy 
The degree of anisotropy of rock is determined by the maximum and minimum 

tensile strength ratio and maximum to minimum intrinsic elastic moduli ratio. The 
maximum to minimum parameters can be measured normal and parallel to bedding 
plane orientation. Several researchers (Ramamurthy, 1993; Ma et al., 2018) have study 
ratio of rock anisotropy both tensile strength and elastic modulus. Ramamurthy (1993) 
suggests that the degree of anisotropy is normally in the range of 1 to 6, where each 
degree indicates the quality of anisotropic rock, such as low (1.1-2.0), medium (2.0-4.0), 
high (4.0-6.0), and very high anisotropy (more than 6). The rock is under isotropic effect 
where the degree of anisotropy is equal to 1-1.1. Table 6.2 shows degree of anisotropy 
of tensile strength for both cases. The degrees of anisotropy on tensile strength of Phu 
Phan sandstone are shown in Figure 6.5. The diagram shows that each straight line has 
slopes of 1, 2, 3, and 4. The results of this study for both cases show low anisotropy 
because they ranged from 1 to 2. For case 1, degree of anisotropy under tension is 
slightly lower than that for case 2. 

Table 6.3 shows degree of anisotropy for elastic moduli. The results obtained 
from elastic moduli under compression and tension for both cases are shown in Figure 
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6.6. The open data points represent the tensile elastic modulus. Compressive elastic 
modulus is presented by a rectangular symbol. They indicate that the degrees of 
anisotropy in terms of elastic moduli under compression and tension for both cases 
are low, ranging from 1 to 2. Degree of anisotropy is highest under tensile conditions 
for case 1. The lowest degree of anisotropy is found from elastic modulus under 
compression for case 2. 

 

               

Figure 6.5 Relationship between maximum tensile strength (T,max) and minimum   
tensile strength (T,min) of Phu Phan sandstone. 

 

 

 

 

 

 

 

 



51 
 

Table 6.2 Degree of anisotropy on tensile strength for Phu Phan sandstone. 

Case Tensile strength (MPa) Degree of anisotropy 

Case 1 
T,max 8.93 

1.63 
T,min 5.48 

Case 2 
T,max 8.93 

1.96 
T,min 4.56 

 

Table 6.3 Degree of anisotropy on compressive and tensile elastic moduli of Phu Phan 
sandstone. 

Case Elastic moduli 
Degree of 
anisotropy 

Case 1 

Compressive elastic 
moduli, (GPa) 

EC,max  13.30 
1.24 

EC,min  10.69 

Tensile elastic 
moduli, (GPa) 

ET,max  8.49 
1.19 

ET,min  7.11 

Case 2 

Compressive elastic 
moduli, (GPa) 

EC,max  10.69 
1.17 

EC,min  9.17 

Tensile elastic 
moduli, (GPa) 

ET,max  7.11 
1.72 

ET,min  4.15 
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Figure 6.6 Relationship between maximum elastic modulus (Emax) and minimum 

elastic modulus (Emin) under compression and tension for both cases. 

 

6.4 Transversely isotropy effect on tensile strength 
The tensile strength results under transversely isotropic effect in previous 

chapter are described to compare various tensile test obtained elsewhere. The various 
tensile tests consist of three-point bending test, direct tensile test, Brazilian test, and 
ring test. The results in this study indicate that the bending tensile strength decreases 
as bedding plane orientations rotate toward loading direction. The highest tensile 
strength occurs when bedding planes are parallel to induced tensile stress at β = 0° 
and lowest value as they are normal to induced stress at β = 90°. The tensile strengths 
under transversely isotropic effect compared with various test methods are shown in 
Figure 6.7. The tensile strengths for this study are similar to results from several 
researchers (Dou et al., 2019; Huang et al., 2020 on three-point bending test, Nova and 
Zaninetti, 1990; Lee and Pietruszczak, 2015; Shang et al., 2018 on direct tension test, 
Zhong et al., 2020; Xiao-jing et al., 2016; Suwankeeree, 2021 on Brazilian test, and Chen 
and Hsu, 2001 on ring test). This diagram also shows each test method gives different 
tensile strengths. The ring test shows higher tensile strength than other tensile test 
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methods. Brazilian and direct tensile tests have relatively low tensile strengths. For 
bending test (three- and four-point bending), the values give slightly higher than those 
from Brazilian test.  

Four-point bending tensile strengths for this study are compared with previous 
results obtained from Brazilian test of Suwankeeree (2021), who study transversely 
isotropic effect on Brazilian tensile strength of bedded sandstone. Sandstone 
specimens are selected for the same formation. Figure 6.8 shows tensile strength 
comparing between four-point bending and Brazilian tests of Phu Phan sandstone. The 
results for both methods observe that the decrease of tensile strength occur when 
bedding plane angles increase. Bending tensile strengths for this study are higher than 
those the results obtained from Brazilian test. Brazilian tensile strengths are about 
47.47-53.90% for case 1 and 48.96-64.77% for case 2 of bending tensile strengths for 
this study. Tensile strength results for both tests are summarized in Table 6.4. 

Several researchers study three orientations of bedding plane on maximum 
load from bending test. The orientations of bedding plane are divided into 3 types: 1) 
bedding planes normal to loading direction, 2) bedding planes parallel to main axis, 
and 3) bedding planes parallel to loading direction. Figure 6.9 shows a comparison of 
maximum loads of three bedding plane orientations in the form of bar charts. This 
chart shows that the maximum load is highest when bedding plane normal to loading 
direction. Bedding plane parallel to loading direction gives the lowest value. For 
bedding plane parallel to main axis, the values are lower than that for type 1 and 
higher than that for type 3. The results for this study tend to be similar to those of 
Heng et al. (2020), Ren et al. (2021), Wu et al. (2017), Kramarov et al.  (2020), and Li 
et al. (2019). All results for this study and several researchers are summarized in Table 
6.5 
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Figure 6.7 Tensile strengths as a function of bedding plane angle compared to those 
of Dou et al. (2019),  Nova and Zaninetti (1990),  Lee and 
Pietruszczak (2015),  Shang et al. (2018),  Zhong et al. (2020),  Xiao-
jing et al. (2016);  Suwankeeree (2021), and  Chen and Hsu (2001). 
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Figure 6.8 Tensile strengths of Phu Phan sandstone as a function of bedding plane 

angle compared between four-point bending and Brazilian tests. 
 

Table 6.4 Tensile strengths of Phu Phan sandstone from four-point bending and 
Brazilian test results. 

β (degrees) 
Tensile strength of Phu Phan sandstone (MPa) 

This study for 
case 1 

This study for 
case 2 

Suwankeeree 
(2021) 

0 8.93 8.93 4.37 
15 8.31 7.84 4.29 
30 7.80 6.80 4.14 
45 7.58 6.17 3.6 
60 7.05 5.44 3.49 
75 6.10 5.08 3.29 
90 5.48 4.56 2.85 
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Figure 6.9 Comparison of maximum loads under three orientations of bedding 

plane. 
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Table 6.5 Summary of maximum load under three orientations of bedding plane. 

Type of testing Rock type 
Maximum load (kN) 

References 
Type 1 Type 2 Type 3 

Four-point bending 
Phu Phan 
sandstone 

1.432 0.7876 0.716 This study 

 
Three-point 

bending 

Silurian 
Longmaxi 

Shale 
2.032 1.512 0.843 

Heng et al., 
2020 

Silurian 
Longmaxi 

Shale 
5.306 4.919 3.258 

Ren et al., 
2021 

Marcellus 
shale 

0.5036 0.498 0.473 Li et al, 2019 

Semicircular three-
point bending 

Sandy 
mudstone 

4.160 4.023 2.630 
Wu et al., 

2017 

Coal 0.500 0.430 0.272 
Wu et al., 

2017 

Mancos Shale 1.423 0.721 0.783 
Kramarov et 

al., 2020 
 

 



CHAPTER 7 

DISCUSSIONS AND CONCLUSIONS 

7.1 Discussions 
Tensile strength and elastic properties of transversely isotropic sandstone are 

studied by using four-point bending test. Phu Phan sandstones are selected and 
prepared under different bedding plane orientations. The elastic properties of 
transversely isotropic rock are compared with Amadei’s solution.  

The test results indicate that the maximum bending tensile strength occurs 
when bedding planes are parallel to the induced tensile stresses. The minimum tensile 
strength is observed when bedding planes are normal to tensile strength. This is 
because bedding planes normal is more easily separated under tension. The results 
tend to be similar to various tension methods performed elsewhere by Dou et al. 
(2019) on Longmaxi shale; Huang et al. (2020) on sandstone for three-point bending 
test, Zhong et al. (2020) on layered limestone; Xiao-jing et al. (2016) on Bedded 
sandstone; Suwankeeree (2021) on Phu Phan sandstone for Brazilian test, Nova and 
zaninetti (1990) on quartzitic gneiss; for direct tension test, and Chen and Hsu (2001) 
on Hualian marble for ring test.  

The tensile strengths as a function of bedding plane orientation from this study 
are compared with various tensile tests by several researchers as shown in Figure 6.7. 
The ring test by Chen and Hsu (2001) provides the highest strength because the stress 
gradient of ring test occurs along the incipient crack plane (Fuenkajorn and 
Klanphumeesri, 2010). Brazilian and direct tensile tests show relatively low tensile 
strengths as shown by Nova and Zaninetti (1990), Lee and Pietruszczak (2015), Shang 
et al. (2018), Zhong et al. (2010), Xiao-jing et al. (2016); Suwankeeree (2021). Three (Dou 
et al., 2019) and four-point bending (This study) give tensile strengths slightly higher 
than those from Brazilian and direct tension tests but they are lower than that ring 
test. This is because the stress gradient for each method differs around the area that 
is subjected to the maximum tensile stress (Kear and Bunger, 2014). For Brazilian and 

 



59 
 

direct tension tests, high stress gradients under tension regularly distribute at mid-
section on center of specimen. Three and four-point bending test shows highest stress 
gradient at mid-section of the specimen, they give greater tensile strength than those 
of Brazilian and direct tension methods. As a result of Suwankeeree (2021) clearly 
shows that sandstone in identical formation, Brazilian tensile strengths for all bedding 
plane angles are lower than those four-point bending tensile strength for this study. 
The different tensile strengths from various tests have been observed by Liao et al. 
(2019) and Efe et al. (2019), who conclude that tensile strength of bending test is 
highest among those of Brazilian and direct tension tests. Three-point bending test is 
higher than four-point bending test. This is due to maximum three-point bending 
tensile strength that occurs at mid-section. For four-point bending test, maximum 
tensile strength induces between two loading points (Hein and Brancheriau, 2018). 
Each method gives different values because ring, Brazilian, and direct tension tests that 
tensile strengths are dependent on specimen shape (Coviello et al., 2005).  

Bending tensile strength for case 1 (bedding plane strikes parallel to induce 
tensile stress) is lower than that at β = 0° (bedding plane parallel to the tensile 
strength) and higher than that for case 2 at β = 90° (bedding plane normal to the 
tensile strength). This is because the fracture can dilate easily along bedding plane and 
pore space of rock. This result tends to be similar to those obtained from Pires et al. 
(2011) on slate for four-point flexural, Wu et al. (2017) on mudstone and coal; Li et al, 
(2019); Kramarov et al. (2020); Heng et al. (2020); Ren et al. (2021) on Shale for three-
point bending test. They postulate that the that maximum bending tensile strength 
occurs where induced tensile strength parallel to bedding plane. Bedding plane normal 
to induce tensile strength gives lower value than that parallel to it.  

The elastic moduli under tension for case 1 are largest when the induced 
tensile stress is parallel to bedding plane strike (Figure 5.1). When the induced tensile 
stress is normal to bedding planes (Figure 5.3), the tensile moduli are lowest as the 
beds can be separated more easily. This is because strains elongate and contract well 
when bedding plane strikes parallel to induced stress. The compressive elastic moduli 
for both cases tend to show similar behavior with those under tension.  
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Both elastic moduli and Poisson’s ratios under tension are lower than those 
under compression. This is because the pore spaces and fissures in the rock easily 
dilate in the directions normal to bedding plane (Figure 5.6 and 5.7). The results 
obtained here agree reasonably well with those obtained by Fuenkajorn and 
Klanphumeesri (2010) on sandstone, marble, and limestone, Stimpson and Chen (1993) 
on halite, potash, limestone, and granite, who conclude that the elastic parameters 
under tension are significantly lower than those under compression. The difference 
between elastic moduli under both conditions depends on the pore space of rock, 
micro-fissures, and the bond strength of cementing materials and inter-crystalline 
boundaries. 

The apparent elastic moduli for both conditions agree well with Amadei’s 
prediction. Different bedding plane orientations have slight effect on apparent 
Poisson’s ratios on y-z plane (yz) under tension and compression. The apparent elastic 
moduli and Poisson’s ratios under tension are lower than those under compression. 
The low mean misfit values between Amadei’s predicted line and test data suggest 
that they are in close agreement. 

The degree of anisotropy of Phu Phan sandstone in the form of maximum to 
minimum tensile strength and elastic modulus ratios are in the range of 1-2. Phu Phan 
sandstone is considered low anisotropy based on classification of anisotropy by 
Ramamurthy (1993).  
 
7.2 Conclusions 
 The effect of transverse isotropy on tensile strength and elastic properties of 
Phu Phan sandstone is studied by performing four-point bending test, based on 
generalized Hooke’s law. The findings can be summarized as follows. 
 1) Bending tensile strength is largest of 8.93 MPa when bedding planes are 
parallel to induced tensile stress. The lowest tensile strength of the sandstone occurs 
where bedding planes are normal to tensile stress and have a value equal to 4.56 MPa.  
 2) When induced tensile stresses parallel to bedding plane strike (case 1), 
bending tensile strengths for all bedding plane angles are greater than those of case 
2. 
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3) The four-point bending results under transverse isotropy effect tend to be 
similar to various tension methods obtained elsewhere.  

4) The induced tensile stress normal to bedding planes give lowest elastic 
moduli of 8.49 GPa. The highest elastic moduli are found when induced tensile stress 
parallel to bedding planes of 4.15 GPa. Poisson’s ratios under both conditions seem 
to be insensitive to the bedding plane angle. 

5) The elastic moduli and Poisson’s ratios for both cases under tension are 
lower than those under compression. 

6) The apparent elastic moduli and Poisson’s ratios on y-z plane (yx) from test 
data agree well with those predictions by Amadei’s solution. The mean misfits for the 
apparent elastic parameters give low values. 

7) The degree of anisotropy of Phu Phan sandstone used in this study is in the 
range of 1.63 and 1.96 for tensile strength and 1.17-1.72 for elastic moduli under both 
test conditions, which is classified as low anisotropy. 
 

7.3 Recommendations for future studies 

1) Sedimentary and metamorphic rock normally show bedding plane or 
foliation plane that should be considered to study mechanical properties on effect of 
transverse isotropic.  

2) The effect of loading rate, specimen size, and saturated condition on bending 
tensile strength should be investigated on transverse isotropic rock. 

3) Numerical simulation in the form of 3D should be studied to assess roof 
span stability of underground excavation under transverse isotropic effects in different 
axes. 
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