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CHAPTER I 

         INTRODUCTION 

 

Spintronics research field was born in 1988, when two research groups, one led 

by Gruenberg (Gruenberg et al., 1989) and the other by Fert (Fert et al., 1988), 

discovered giant magnetoresistance effect in the alternating layer structures of 

ferromagnetic metals and non-magnetic metals. The discovery was made possible with 

the molecular beam epitaxy technique, which enabled them to control the thickness of 

each non-magnetic layer to be of order 1 – 2 nm. This range of thickness was key to 

obtaining the antiparallel direction of the magnetizations in the neighboring 

ferromagnetic layers. They found the resistances of the magnetic multilayers can 

change dramatically with an applied magnetic field. That is, when their magnetizations 

are antiparallel in the absence of an applied field, the resistance of the system is high, 

but in the presence of the field they are in parallel and the resistance is lower. 

Specifically, Gruenberg’s group found that the resistance of a trilayer Fe/Cr/Fe system 

was decreased by 3% at room temperature and by 10% at 5 K (Gruenberg et al., 1989). 

In the case of (Fe/Cr)n, where n is as high as 60, Fert’s group et al. reported a maximum 

resistance decrease of 50% at 4.2 K (Gruenberg et al., 1989). The ability to control the 

“giant” change in resistance with small magnetic field led to the applications in sensors 

and magnetic random access memories, which are capable of quick readout for 

magnetic disks. 
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1.1 Literature review 

Historically the change of resistance of a ferromagnetic metal in an applied 

field, or magnetoresistance, was first discovered in Ni and Fe by Lord Kelvin in 1856 

(Thomson et al. , 1857) .  He measured the change of resistance to be no more than 5% 

at room temperature in an external field.   In 1975, Julliére was first to observe the 

tunneling magnetoresistance effect in a junction consisting of two ferromagnetic 

electrodes, Fe and Co, isolated by a Ge film of 10– 15 nm thick.  He controlled the 

directions of the magnetizations of the two electrodes by varying the strength of applied 

magnetic field. When the field is stronger than the exchange energies of both electrodes, 

the magnetizations were in parallel.  When the field strength is in between the two 

exchange energies, the magnetizations were in antiparallel. He measured the change in 

the conductance G of the junction in a zero field relative to that in the magnetic field 

�⃗� , or the tunneling magnetoresistance ratio 

   MR ≡
𝐺(�⃗� ≠0)−𝐺(�⃗� =0)

𝐺(�⃗� =0)
              (1.1) 

and found its maximum of 14% at 4.2 K (Julliére et al., 1975). Although the effect 

roused research interest for both the underlying mechanism and potential applications, 

due to the difficulties in fabrication process to achieve reproducible and robust tunnel 

junctions the magnetic tunneling junctions were not widely experimentally studied after 

Julliére’s publication until the late 1980s. As soon as more reliable experimental 

techniques that can precisely control the thickness of the insulating layers like 

molecular beam epitaxy and later ultrahigh vacuum dc magnetron sputtering were 

realized, the research interest in magnetoresistance was renewed. As mentioned earlier, 

the thickness in nanoscale of the non-magnetic layers in-between the alternating 
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ferromagnetic layers controls the relative directions of the magnetizations of the 

ferromagnetic layers. Appropriate thickness of the non-magnetic layers causes the 

magnetizations of the two adjacent ferromagnetic layers to have opposite direction 

(Ruderman et al., 1954; Kei et al., 1957; Kasuya et al., 1954). When non-magnetic 

layers are metallic like in the case of Fert’s and Gruenberg’s work, the highest 

magnetoresistance is around add 10-50% (Fert et al., 1988). Once research groups were 

able to make multilayer magnetic junctions with the non-magnetic layers being 

insulators, the systems with higher value of magnetoresistance were discovered. Al2O3 

and MgO are examples of popular insulating oxide layers that have been incorporated 

into tunneling magnetic junction structures. 

In 1995, Moodera (Moodera et al., 1995) and his colleagues found the 

magnetoresistance of 24% at 4.2 K and 12% at room temperature in CoFe/Al2O3/Co 

systems, and Miyazaki (Miyazaki et al., 2010) found a resistance decrease of 30% at 

4.2 K and 18% at room temperature of Fe/Al2O3/Fe junction. A few years later, P. 

K.Wong (Wong et al., 1998) reported that their Nb/Fe/Al2O3-Al/CoFe/Nb multilayer 

junctions had the tunneling magnetoresistance of 6.2% at room temperature and 9.2%  

at 77 K. In 2002, S. Yuasa and his group (Yuasa et al., 2002) had combined molecular 

beam epitaxy technique and the subsequent microfabrication processes to precisely 

control the thickness of each layer in the structure NiFe/Al2O3/Cu/Co. They focused 

their study on how the tunneling magnetoresistance changes with the thickness of the 

Cu layer. They found that the effect of the thickness of the Cu is interpreted in terms of 

the formation of spin-polarized resonant tunneling. The amplitude of the oscillation is 

so large that even the sign of the tunnel magnetoresistance alternates. In 2003, (Hyung 

Yu et al., 2003) were able to achieve the tunneling magnetoresistance of 45.5% for the 
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structure NiFe/Al-oxide/CoFe/IrMn/NiFe/Ta at room temperature. Many other research 

groups had also produced tunneling magnetic junctions with Al-oxide and the 

insulating layer and achieved tunneling magnetoresistance measurements of 50% at 

room temperature (Okamura et al., 2005; Bai et al., 2008; Barraud et al., 2010; Joo et 

al., 2014; shvets et al., 2005). 

In addition to Al-oxide, MgO is also incorporated into tunneling magnetic 

junction as the insulating layer. In 2003, J. Faure-Vincent (Faure-Vincent et al., 2003) 

used the molecular beam epitaxy technique to make Fe/MgO/Fe junctions and reported 

their tunneling magnetoresistance as high as 100% at 80K and 67% at room 

temperature. This value was high than that of the junction with Al-oxide layer and 

sparked more work on the junctions with MgO as the insulating layer and reached the 

tunneling magnetoresistance as high as 138% at 80 K (Philip et al., 2009; Hatanaka et 

al., 2015; Almasi et al., 2017; Ikeda et al., 2010; Yuasa et al., 2004; Tao et al., 2014; 

García-García et al., 2011; Bai et al., 2012; Liang et al., 2014; Tsunegi et al., 2009; 

García-García et al., 2010; Yang et al., 2010). These experimental works implied that 

the material used as the insulating layer affects very much the tunneling 

magnetoresistance. 

There are many approaches one can use to understand the tunneling 

magnetoresistace. Here, we focus on two approaches: Julliére’s and Slonczewski’s. 

In 1975, Julliére, who did the first experiment on the tunneling 

magnetoresistance, was also the first to use a simple theoretical model to describe it. 

He used Bardeen’s description of tunneling across an insulating barrier. In Bardeen’s 

approach, which was based on the standard time-dependent perturbation theory, the 
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tunneling current density is equal to the net rate of transfer of electrons between the 

electrodes (Bardeen et al., 1961):       

  𝐽 =
2𝜋𝑒

ħ
∑ |𝑏𝑖𝑗|

2
[𝑓(휀𝑖 − 𝜇𝐿) − 𝑓(휀𝑗 − 𝜇𝑅)]𝛿(휀𝑖 − 휀𝑗),𝑖𝑗            (1.2) 

where i, j respectively labels the electron states of the left and right electrodes,  𝑏𝑖𝑗 is 

the tunneling matrix element between these states, 𝑓(휀 − 𝜇) is the Fermi-Dirac 

distribution function, and 𝜇 is the associated chemical potential. Using Bardeen’s 

expression for the current and two assumptions: the electron spin is conserved and 𝑏𝑖𝑗 

are the same for all states, Julliére obtained the conductances, GP and GAP, for the 

parallel and antiparallel magnetizations of the two electrodes at zero temperature 

respectively as follows:  

  𝐺𝑃 =
1

𝑅𝑃
=

𝑒2

ħ
|𝑏|2[𝐷𝐿

↑(휀𝐹)𝐷𝑅
↑(휀𝐹) + 𝐷𝐿

↓(휀𝐹)𝐷𝑅
↓(휀𝐹)]            (1.3) 

            𝐺𝐴𝑃 =
1

𝑅𝐴𝑃
=

𝑒2

ħ
|𝑏|2[𝐷𝐿

↑(휀𝐹)𝐷𝑅
↓(휀𝐹) + 𝐷𝐿

↓(휀𝐹)𝐷𝑅
↑(휀𝐹)]           (1.4) 

where 𝐷𝑖
𝑠(휀𝐹) is the density of states of electrode i for spin s and RP, RAP are the 

corresponding resistance. Julliére tunneling magnetoresistance ratio is defined as 

    TMR ≡
𝐺𝑃 − 𝐺𝐴𝑃

𝐺𝐴𝑃
=

𝑅𝐴𝑃 − 𝑅𝑃

𝑅𝑃
             (1.5) 

In term of spin polarization, 𝑃 ≡
𝐷↑−𝐷↓

𝐷↑+𝐷↓,      

      TMR =
2𝑃𝐿𝑃𝑅

1−𝑃𝐿𝑃𝑅
.              (1.6) 

This formula gave a value of 26% for Fe/Ge/Co junctions, which is higher than the 

maximum measured value of 14%. The discrepancy may be due to the spin-flip 

scattering and the magnetic coupling between the two electrodes (Julliére et al., 1975). 
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  In 1989, Slonczewski (Slonczewski et al., 1989) approximated the electron 

energy dispersion relation of two ferromagnetic metals as two parabolic bands shifted 

rigidly by the exchange splitting of the spin bands. He solved the Schrödinger equation 

of two identical ferromagnetic films separated by a rectangular potential barrier, and 

obtained the conductance G as a function of the relative magnetization direction of the 

two films, specified by an angle θ.       

     G(θ) = G0(1 + P2 cos θ),             (1.7) 

where P is the effective spin polarization of tunneling electrons:   

       P = (
k
↑−k

↓

k
↑+k

↓) (
κ2−k

↑
k
↓

κ2+k
↑
k
↓),             (1.8) 

where 𝜅 = √2𝑚𝑈/ħ2, 𝑚 is the electron effective mass, 𝑈 is the barrier potential, 휀𝐹 is 

the Fermi energy of each ferromagnetic metal, and 𝑘↑, 𝑘↓ = √(2𝑚/ħ2)(휀𝐹 ∓ ℎ) are the 

Fermi wave vectors of the bands for spin-up and spin-down electrons respectively. 

  In the 𝑈 ≫ 휀𝐹 limit, Slonczewski’s model provides the same results as Julliére’s 

model. When 𝑈 is not large, the spin polarization is decreased with decreasing 𝑈 and 

flips its sign for small enough barrier potential (Figure 1.1). This result was the first to 

indicate that the spin polarization of the tri-layered system can be affected significantly 

by the physical properties of the middle layer. 
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Figure 1.1 Spin polarization of the tunneling conductance as a function of the 

normalized potential barrier height for various values of 𝑘↑/𝑘↓, taken from Slonczewski 

(Slonczewski et al., 1989). 

The cosine dependence of the conductance, predicted by Slonczewski’s model, 

was experimentally confirmed by Moodera and Kinder (Moodera et al., 1995; Kinder 

et al., 1995). They performed a tunneling experiment on a tri-layered system containing 

different ferromagnetic films in an external field stronger than the coercive field of one 

electrode but lower than that of the other. This condition made the magnetization of the 

harder electrode point in a particular direction during the experiment and made it 

possible to control the direction of the magnetization of the softer electrode by the 

external field. Their resistance measurements showed dependence on the field direction 

with respect to the magnetization of the harder electrode as cos 𝜃 (Figure 1.2). 
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Figure 1.2 Angular dependence (𝜃) of the resistance of a CoFe/Al2O3/Co junction 

measured in an external magnetic field lower than the exchange energy of one electrode 

but higher than the exchange energy of the other electrode (Moodera et al., 1995; 

Kinder et al., 1995). 

In 1998, Yunong Qi, D. Y. Xing, and Jinming Dong showed that the results 

from the Slonczewski’s model with the delta-function as the barrier potential and those 

from the Julliere formula have the same form in the tunneling limit. They confirmed 

the results, which were also obtained by Slonczewski, that tunneling magnetoresistance 

ratio is sensitive to the angle between the magnetization of the two adjacent 

ferromagnetic layers and their exchange energies. Also, the magnetoresistance ratio is 

insensitive to the height and width of the potential barrier in the tunneling limit. Their 

results indicated that Slonczewski’s theoretical model can be used to study wider 

variety of junction types than Julliere’s model (Julliere et al., 1998). In all these 

approaches the researchers did not directly put the applied magnetic field in their 

calculations.  The effect of the applied field magnetic field was indirectly included 

through the difference in densities of states of the spin-up and spin-down electrons (in 
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Julliere’s case) or the change in the direction of magnetization of one of the 

ferromagnetic layers (Slonczewski’s case). 

1.2 Scope and outline of thesis      

 The system that is studied in this thesis is a ferromagnet-barrier-ferromagnet 

structure (as shown in Figure 1.3). We theoretically investigate the effect of material 

choice of the middle layer between two the ferromagnetic metals on the electrical 

transport under external magnetic field. We will assume purely ballistic scattering and 

use a one-electron model in one dimension to describe the trilayer structure. The three 

choices of materials are an insulator, a non-magnetic metal, and a ferromagnetic metal. 

The conductivity, which is the inverse of resistivity, of the trilayers at zero temperature 

is obtained from the transmission probabilities in a small applied magnetic field. We 

use Slonczewski’s model to investigate the tunneling magnetoresistance by directly 

incorporating the magnetic field into the model. 

 

Figure 1.3 Diagram of the geometry of ferromagnet-barrier-ferromagnet junctions. 

Both ferromagnet occupy the spaces where x < 0, x > L and the material choice occupies 

the space where 0 < x < L. The two insulating layers at x = 0 and x = L, which are 

represented by delta-function barrier potentials of height H1 and H2, L is the thickness 

of material choice. 
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In the next chapter, we present the details of the method we use to calculate the 

magnetoresistance of each junction. We present the results from the calculations in 

Chapter III. We provide a summary and discussion of main results in Chapter IV. 
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CHAPTER II 

METHOD OF CALCULATION 

 

  In this chapter, we will describe the method of calculation used in our work to 

calculate the magnetoresistance of our junctions of interest. We adapted Slonczewski’s 

model to do so for our systems. In 1989, he theoretically analyzed the transmission of 

charge and spin currents through a rectangular barrier separating two free-electron like 

ferromagnetic metals (FM). He assumed arbitrary magnetization alignments of two 

ferromagnetic layers isolated by a non-magnetic insulating barrier. His model predicts 

dependence of the magnetoresistance on the angle between the two magnetizations and 

influence of tunneling barrier height on magnetic coupling between the two metals, 

thereby affecting the tunneling magnetoresistance in FM/insulator/FM junctions 

(Slonczewski et al., 1989). 

  In the next section, we will present his one-electron Hamiltonian and how he 

used the quantum scattering calculation to get transmission probability. Later on, we 

will explain how we modified the Hamiltonian to represent our tri-layered systems, in 

which the middle layer is non-magnetic metallic or ferromagnetic metal. We will also 

show how we obtained the magnetoresistance ratio from the transmission probability 

at the end of the chapter. 

 

 

 

 



 
 

12 
 

2.1 The Slonczewski model 

In Slonczewski’s model, the system is divided into 3 regions as depicted in 

Figure 2.1, region 1 (x < 0) and region 3 (x > L) are ferromagnetic metals with the 

molecular fields of  ℎ⃗ 𝐴  and ℎ⃗ 𝐵, respectively. The magnitudes of both fields are related 

to the ferromagnetic exchange couplings in both regions. He took both molecular fields 

to have the same magnitude: |hA| = |hB| = h0, and set an angle of arbitrary θ to define the 

direction between ℎ⃗ 𝐴  and ℎ⃗ 𝐵 as shown in Figure 2.1. The middle layer or region 2 (0 < 

x < L) separates the two ferromagnetic metals. In his calculation, this layer is taken to 

be a non-magnetic insulator giving rise to a tunneling effect.  

 

Figure 2.1 Schematic potential energy for two metallic ferromagnets, separated by an 

insulating barrier of thickness L. The molecular fields h⃗ A and h⃗ B form an angle of θ 

(Slonczewski et al., 1989). 

The effective one-electron Hamiltonian takes the form:              

Ĥ =  −
ħ2

2m

𝑑2

𝑑𝑥2  + 𝑈0[Θ(𝑥) − Θ(𝑥 − 𝐿)] − ℎ0{�̂�Θ(−𝑥) + [�̂� cos 𝜃 − �̂� sin 𝜃]Θ(𝑥 −

𝐿)} ∙ �⃑� − 휀𝐹[Θ(−𝑥) + Θ(𝑥 − 𝐿)],                                       (2.1) 
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where  𝜎  is the Pauli spin operator: 𝜎 = (σx, σy, σz) and 

σx ≡ (
0 1
1 0

)                       σy ≡ (
0 −i
i 0

)                 σz ≡ (
1 0
0 −1

). 

Also, Θ(x) is the Heaviside step function.  

Solving the time-independent Schrödinger equation, we obtain the 

eigenenergies of the electrons in region 1 and 3 as 

𝐸1 = 𝐸3 =
ħ2𝑘1 𝑜𝑟 3

2

2𝑚
∓ ℎ0 − 휀𝐹,             (2.2) 

where the minus and plus signs are for spin-up and spin-down electrons, respectively. 

k is the electron wave vector. The electron eigenenergies in the insulating layer (region 

2) is, 

𝐸2 =
ħ2𝐾2

2𝑚
+ 𝑈0.                                   (2.3) 

𝐾 is the electron wave vector in this region.  U0 is the barrier potential energy, which is 

equal to half of the energy band gap of the insulating layer.  

We consider only a ballistic scattering process; that is, we take 𝐸1 = 𝐸2 = 𝐸3 =

𝐸 < 𝑈0. Consequently, k is real and 𝐾 ≡ 𝑖𝜅 is imaginary. Figure 2.2 is the sketch of the 

energy spectra in three regions. 
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Figure 2.2 The sketches of excitation energy spectra of FM/Insulator/FM junctions. 

The arrows depict the directions of the electron spins.  

 

In the scattering method, the electron wave function in each region can be 

written as follows.  

In region 1 (x < 0) the wave function is a linear combination of one incident and 

two reflected waves. Because there are two possibilities of the spins for the incident 

electrons, in the case of spin-up incident electron, we have 

𝜓1↑ = [
1
0
] 𝑒𝑖𝑘1↑𝑥 + 𝑟↑ [

1
0
] 𝑒−𝑖𝑘1↑𝑥 + 𝑟↓ [

0
1
] 𝑒−𝑖𝑘1↓𝑥.            (2.4) 

In the case of spin-down incident electron, we have 

𝜓1↓ = [
0
1
] 𝑒𝑖𝑘1↓𝑥 + 𝑟↑ [

1
0
] 𝑒−𝑖𝑘1↑𝑥 + 𝑟↓ [

0
1
] 𝑒−𝑖𝑘1↓𝑥.           (2.5) 

𝑟σ are the reflection coefficients of the reflected electron waves with spin σ.  

In region 2 (0 ≤ x ≤ L) the wave function takes the form    

                                                 𝜓2 = [
𝑐↑

𝑐↓
] 𝑒−𝜅𝑥 + [

𝑑↑

𝑑↓
] 𝑒𝜅𝑥             (2.6) 
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𝑐σ and 𝑑σ are the decaying and growing exponential electron waves with spin σ in this 

region.  

In region 3 (x > L) the wave function is the linear combination of two outgoing 

wave functions:        

𝜓3 = 𝑡↑ [
cos

𝜃

2

sin
𝜃

2

] 𝑒𝑖𝑘3↑𝑥 + 𝑡↓ [
sin

𝜃

2

−cos
𝜃

2

] 𝑒𝑖𝑘3↓𝑥.                 (2.7) 

𝑡σ are the transmission coefficients of the outgoing electron waves with spin σ. Is the 

angle between the majority spins of the FM in the region 3 and those of the FM in 

region 1.  

These eight unknowns 𝑟σ, 𝑐σ, 𝑑σ, 𝑡σ, are obtained by solving eight equations of 

matching conditions for the wave functions and their slopes at the boundaries (x = 0 

and x = L) in the system. The equations are 

𝜓1(𝑥 = 0) =  𝜓2(𝑥 = 0)             (2.8) 

                                                       𝜓2(𝑥 = 𝐿) =  𝜓3(𝑥 = 𝐿)             (2.9) 

                                                 
𝑑𝜓2(𝑥=0)

𝑑𝑥
=

𝑑𝜓1(𝑥=0)

𝑑𝑥
                       (2.10) 

                                                  
𝑑𝜓3(𝑥=𝐿)

𝑑𝑥
=

𝑑𝜓2(𝑥=𝐿)

𝑑𝑥
.                                (2.11) 

The main goal is to find the transmission coefficients because we want to obtain the 

total transmission probability 𝑇(𝐸, 𝜃), which is defined as 

𝑇(𝐸, 𝜃) ≡
1

2
[
𝑘3↑(𝐸)|𝑡↑(𝐸,𝜃)|2+𝑘3↓(𝐸)|𝑡↓(𝐸,𝜃)|2

𝑘1↑(𝐸)
+

𝑘3↑(𝐸)|𝑡↑(𝐸,𝜃)|2+𝑘3↓(𝐸)|𝑡↓(𝐸,𝜃)|2

𝑘1↓(𝐸)
]         (2.12) 

The former and the latter terms refer to the transmission probability of an incident spin-

up electron and that of an incident spin-down electron respectively. 
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2.2 Modification of Slonczewski’s model  

The tri-layered systems of our interest are FM/insulator/FM, FM/non-magnetic 

metal/FM, and FM/FM/FM junctions. We take the magnetizations of the two adjacent 

FMs to be in opposite directions, and we want to investigate these systems in small 

applied magnetic field. So, we rewrite the Hamiltonian of for each type of the tri-

layered system under the external magnetic field in the z-direction, based on the 

Slonczewski model, as follows: 

1) FM/insulator/FM junction 

Ĥ𝐼 = −
ħ2

2m

𝑑2

𝑑𝑥2 − 𝑈0[Θ(𝑥) − Θ(𝑥 − 𝐿)] − ℎ0{�̂�Θ(−𝑥) − �̂�Θ(𝑥 − 𝐿)} ∙ �⃑� −

휀𝐹[Θ(−𝑥) + Θ(𝑥 − 𝐿)] + 𝐶𝐵�̂� ∙ �⃑�.              (2.13) 

𝐵�̂� is the external field pointing in the z direction and 𝐶 is an appropriate constant. 

2) FM/non-magnetic metal/FM junctions 

Ĥ𝑀 = −
ħ2

2m

𝑑2

𝑑𝑥2  − ℎ0{�̂�Θ(−𝑥) − �̂�Θ(𝑥 − 𝐿)} ∙ �⃑� − 휀𝐹2[Θ(𝑥) − Θ(𝑥 − 𝐿)] −

휀𝐹[Θ(−𝑥) + Θ(𝑥 − 𝐿)] + 𝐶𝐵�̂� ∙ �⃑� + 𝑈1𝛿(𝑥) + 𝑈2𝛿(𝑥 − 𝐿),          (2.14) 

where 휀𝐹2 is the Fermi energy in region 2. 𝑈1𝛿(𝑥), 𝑈2𝛿(𝑥 − 𝐿) represent the Dirac 

delta-function insulating barrier potential at the two interfaces.  

3) FM/FM/FM junctions 

Ĥ𝐹𝑀 = −
ħ2

2m

𝑑2

𝑑𝑥2
 − ℎ0{�̂�Θ(−𝑥) − [�̂�Θ(𝑥) − Θ(𝑥 − 𝐿)] + �̂�Θ(𝑥 − 𝐿)} ∙ �⃑� − 휀𝐹{Θ(−𝑥) +

[Θ(𝑥) − Θ(𝑥 − 𝐿)] + Θ(𝑥 − 𝐿)} + 𝐶𝐵�̂� ∙ �⃑� + 𝑈1𝛿(𝑥) + 𝑈2𝛿(𝑥 − 𝐿),                    (2.15) 

We take all the ferromagnetic layers to be the same material. Due to the fact that 

the related energy of the applied magnetic field used in the magnetoresistance 
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experiments (typically no more than a few Teslas) is so much smaller the Fermi energy 

of the ferromagnetic material that it only affects the spin parts, we approximate our 

eigenfunctions in all regions to be in the same propagating forms as in the case where 

there is no applied field.   

Due to the RKKY interaction between the two ferromagnetic layers, their 

magnetizations are in opposite directions and we set 𝜃 in Equation (17) is 𝜋 2⁄  to reflect 

this (Simon et al., 2005; Shuo Mi et al., 2011). 

The wave function of electron in region 2 now takes the following form, for 

the case of FM/insulator/FM junctions: 

  𝜓2 = [
𝑐1

0
] 𝑒−𝑘2↑𝑥 + [

0
𝑐2

] 𝑒−𝑘2↓𝑥 + [
𝑑1

0
] 𝑒𝑘2↑𝑥 + [

0
𝑑2

] 𝑒𝑘2↓𝑥.          (2.16) 

𝑘2↑ satisfies 𝐸2 = 𝑈0 −
ħ2𝑘2↑

2

2𝑚
+ 𝐶𝐵 and 𝑘2↓ does 𝐸2 = 𝑈0 −

ħ2𝑘2↓
2

2𝑚
− 𝐶𝐵. Similarly, the 

electron wave function in region 2 of FM/non-magnetic metal/FM interfaces is 

𝜓2 = [
𝑐1

0
] 𝑒𝑖𝑘2↑𝑥 + [

0
𝑐2

] 𝑒𝑖𝑘2↓𝑥 + [
𝑑1

0
] 𝑒−𝑖𝑘2↑𝑥 + [

0
𝑑2

] 𝑒−𝑖𝑘2↓𝑥          (2.17) 

where 𝑘2↑ satisfies 𝐸2 =
ħ2𝑘2↑

2

2𝑚
− 𝐶𝐵 − 휀𝐹2and 𝑘2↓ satisfies 𝐸2 =

ħ2𝑘2↑
2

2𝑚
+ 𝐶𝐵 − 휀𝐹2.  

The electron wave function in region 2 of FM/FM/FM interfaces has the same form as 

FM/non-magnetic metal/FM interfaces, where 𝑘2↑  now satisfies 𝐸2 =
ħ2𝑘2

2

2𝑚
+ ℎ2 −

𝐶𝐵 − 휀𝐹2 and  𝑘2↓  does 𝐸2 =
ħ2𝑘2

2

2𝑚
− ℎ2 + 𝐶𝐵 − 휀𝐹2.  

We also add of the Dirac delta-function potential barriers at the two interfaces 

and the eight probability amplitudes 𝑟↑, 𝑟↓, 𝑐1, 𝑐2, 𝑑1, 𝑑2, 𝑡↑, 𝑡↓ can be obtained from 

slightly different matching conditions from before. These are 

                                                   𝜓1(𝑥 = 0) =  𝜓2(𝑥 = 0)           (2.18) 
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                                                     𝜓2(𝑥 = 𝐿) =  𝜓3(𝑥 = 𝐿)           (2.19) 

                                   
𝑑𝜓2(𝑥=0)

𝑑𝑥
−

𝑑𝜓1(𝑥=0)

𝑑𝑥
=

2𝑚𝑈1

ħ2 𝜓(𝑥 = 0)          (2.20) 

                                     
𝑑𝜓3(𝑥=0)

𝑑𝑥
−

𝑑𝜓2(𝑥=0)

𝑑𝑥
=

2𝑚𝑈2

ħ2 𝜓(𝑥 = 𝐿).           (2.21) 

The total transmission probability 𝑇(𝐸, 𝜃) still takes the same form as Eq. (2.15). 

 

2.3 Conductivity from transmission probability 

We will ultimately calculate the magnetoresistance MR from the conductivity, 

σ. That is, 

                                                    MR =
𝜎𝑃−𝜎𝐴𝑃

𝜎𝐴𝑃
            (2.22) 

where 𝜎𝑃 is the sum of the spin-up conductivity 𝜎↑ and spin-down conductivity 𝜎↓ when 

both ferromagnetic electrodes have parallel magnetizations, and 𝜎𝐴𝑃 is the sum of 𝜎↑ 

and 𝜎↓, when both ferromagnetic electrodes have antiparallel magnetizations. Below, 

we show how to obtain 𝜎↑ and 𝜎↓ from the transmission probability. 

We can write the net current density of spin-𝑠 electrons across a junction, with an 

applied voltage 𝑉 = 𝔼𝑑 across the junction of thickness d and with electric field 𝔼, as 

𝑗𝑛𝑒𝑡
𝑠 = ∑ 𝑒𝑣𝑠𝑇𝑠(𝑘)[𝑓(휀𝑘 − 𝑒𝑉) − 𝑓(휀𝑘)]𝑘           (2.23) 

where e is the magnitude of an electron charge,  𝑇𝑠(𝑘) is the transmission probability 

of a spin-𝑠 electron, 𝑓(휀𝑘) is the Fermi-Dirac distribution function, and �⃑�𝑠 is the 

velocity of the spin-𝑠 electron. Changing the summation in to an integral, one has for 
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one dimensional system,        

    𝑗𝑛𝑒𝑡
𝑠 =

𝐿𝑒

2𝜋
∫𝑑𝑘𝑣𝑠𝑇𝑠(𝑘)[𝑓(휀𝑘 − 𝑒𝑉) − 𝑓(휀𝑘)]         (2.24) 

Because 𝑣𝑠 =
1

ħ

𝑑𝜀𝑘

𝑑𝑘
 , 

                                 𝑗𝑛𝑒𝑡
𝑠 =

𝐿𝑒

2𝜋ℎ
∫ 𝑑휀𝑘𝑇𝑠(휀𝑘)

∞

−∞
[𝑓(휀𝑘 − 𝑒𝑉) − 𝑓(휀𝑘)]         (2.25) 

At zero temperature,         

    𝑗𝑛𝑒𝑡
𝑠 =

𝐿𝑒

ℎ
∫ 𝑑휀𝑘𝑇𝑠(휀𝑘)

𝜀𝐹+𝑒𝑉

𝜀𝐹
           (2.26)

         𝑗𝑛𝑒𝑡
𝑠 =

𝐿𝑒

ℎ
𝑒𝑉𝑇𝑠(휀𝐹)            (2.27) 

          𝑗𝑛𝑒𝑡
𝑠 =

𝐿𝑒2

ℎ
𝑇𝑠(휀𝐹)𝑉.            (2.28) 

When the electric field 𝔼 is not too big, one can approximate the current density 

to be proportional to the electric field as 

                                                                𝑗 = 𝜎𝔼                                                     (2.29) 

Because 𝑗 = 𝜎𝔼 = 𝜎
𝑉

𝑑
=

𝜎

𝑑
𝑉 and compare this equation with Eq. (2.29), one obtains

     
𝜎𝑠

𝑑
=

𝐿𝑒2

ℎ
𝑇𝑠(휀𝐹)           (2.30) 

                                                                     𝜎𝑠 =
𝐿𝑒2𝑑

ℎ
𝑇𝑠(휀𝐹).                                        (2.31) 

 Once we obtain 𝑇𝑠(휀𝐹) for each case, we can examine closely how each property 

of the middle layer affects the giant magnetoresistance. 
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CHAPTER III 

MAGNETORESISTANCE RESULTS AND DISSCUSSION 

 

In this chapter, we present the results of the magnetoresistance calculation for 

all three types of tri-layered systems: an insulating layer sandwiched by two 

ferromagnetic metals, a non-magnetic metal sandwiched by two ferromagnetic metals, 

and junctions with all three layers of ferromagnetic metals. We consider the following 

factors on the magnetoresistance in a small applied magnetic field for each type of 

junctions. 

1) The thickness L of the middle layer.  

2) The strength of the barrier potential of the insulating layer of FM/insulator/FM 

junction. 

3) The quality of the interfaces between layers of FM/non-magnetic metal/FM and 

FM/FM/FM junctions. 

In order to present the results in relatable numbers, for all of our results we take 

the ferromagnetic metal to be Fe and use its relevant physical quantities. That is, the 

Fermi energies 휀𝐹1, 휀𝐹3 of the ferromagnetic layers are taken to be the same and equal 

to 휀𝐹 =11 eV. The molecular field energy ℎ0 is approximately 0.089 eV, which we 

approximate from the Curie temperature of Fe. The proportional constant related to the 

applied field 𝐶 is taken to be the magnetic dipole moment of Fe which is equal to 

2.22𝜇𝐵 = 0.13 meV/T, where 𝜇𝐵 is the Bohr magneton.    
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3.1 Magnetoresistance of FM/insulator/FM systems  

We first show the effect of the insulating layer thickness L on the 

magnetoresistance in a small applied field B in our model. We will make substitution 

of the related parameters in order to set the thickness to be in the range of 9 Å to 18Å, 

which is consistent with most experiments. Also, because Al2O3 and MgO are used as 

the insulating layers in most experiments and their band gaps are between 7.0 eV – 9.4 

eV (Lee et al., 2013; Chayed et al., 2011; Heo et al., 2015), we take our parameter 𝑈0, 

representing the insulating barrier height, to be in the range of 0.3 to 0.5 times of 휀𝐹.  

The plot of the magnetoresistances as a function of the magnetic field for the 

thicknesses of the insulating layer 𝐿 = 6/𝑘𝐹 and with 𝑈0 = 0.4휀𝐹 is shown in Figure 

3.1. Here, kF is the magnitude of the Fermi wave vector of the itinerant electrons in the 

ferromagnetic layers. In our case we use Fe; therefore, 1/kF ~ 2 to 3 Å. 

 

Figure 3.1 Magnetoresistance as a function of magnetic field with thickness of the 

insulating layer 𝐿 = 6/𝑘𝐹 and 𝑈0 = 0.4휀𝐹.  
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 In Figure 3. 1, the magnetoresistance versus external magnetic field curve 

reveals that the magnetoresistance is increased at a small rate with small field. At some 

value, in this case 𝐶𝐵 around 0.4휀𝐹 , the rate of the increase becomes large and the 

magnetoresistance then reaches a maximum at a critical value of magnetic field (𝐶𝐵𝑐).  

 We show the effect of the change in thickness of insulating layer in Figure 3.2. 

In Figure 3. 2( a) , we show a plot of the magnetoresistance as a function of external 

magnetic field for various thickness L ( 𝐿 = 3/𝑘𝐹 ,   4/𝑘𝐹 , 5/𝑘𝐹 , 6/𝑘𝐹)  with 𝑈0 =

0.4휀𝐹 , and (b) we show experimental results of similar junctions. Although, 

qualitatively our theoretical model predicts the right trend of the dependence of the 

magnetoresistance on the thickness, quantitatively it predicts 10 times higher value.  

 

Figure 3.2 (a) Magnetoresistance as a function of magnetic field with varying thickness 

L of the insulating layer and 𝑈0 = 0.4휀𝐹. (b) The Magnetoresistance of 

CoFe/Al2O3/CoFe with very thin tunnel barriers. The Al2O3 barrier was formed by 

oxidizing the Al2O3 thickness. 

 

 As mentioned in the literature part of experimental Al2O3 and MgO are used as 

the insulating layers. The energy band gap of Al2O3 and MgO equal to 7.4 and 7.8 eV 
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respectively. We take our parameter 𝑈0 to be in the range of 0.33 with 0.35 times 휀𝐹 as 

shown in Figure 3.3. 

 

 
Figure 3.3 Magnetoresistance as a function of magnetic field with thickness 𝐿 =

6/𝑘𝐹 of the insulating layer when 𝑈0 = 0.33휀𝐹 and 𝑈0 = 0.35휀𝐹. 

 

 From Figure 3.3, the red dots represent the calculated magnetoresistance of the 

junction with MgO as insulating layer and the black ones do that of the junction with 

Al2O3 as insulating layer. Our simple model does predict that MgO would give higher 

magnetoresistance than Al2O3 would, which qualitatively agrees with experiments.  

As mentioned earlier, the magnetoresistance is saturated, when the magnetic 

field is large enough. We call it a critical magnetic field (𝐶𝐵𝑐/휀𝐹). In Figure 3.4, we 

plot 𝐶𝐵𝑐/휀𝐹 as a function of insulating barrier height 𝑈0/휀𝐹 for = 6/𝑘𝐹. It is linear in 

𝑈0. The plots of the magnetoresistance as (a) a function of L, when 𝑈0 = 0.40휀𝐹 and 

𝐶B = 0.5휀𝐹, and (b) the experiment work of tunneling magnetoresistance with 

thickness of Al2O3 are shown in Figure 3.3. 
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Figure 3.4 The critical magnetic field 𝐶𝐵𝑐/휀𝐹 versus potential barrier 𝑈0/휀𝐹. 

 

 

Figure 3.5 (a) graph magnetoresistance versus thickness when potential barrier 𝑈0 =

0.4휀𝐹 our work. (b) the experiment work of tunneling magnetoresistance with thickness 

of  Al2O3 

Our model predicts that the magnetoresistance is qualitatively increased with 

the insulating-layer thickness. In reality, this increase stops at a particular thickness for 

each system. Our model cannot account for this fact, because it does not include the 
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interaction term known as Ruderman-Kittel-Kasuya-Yosidaand (RKKY) between the 

two ferromagnetic metals. This interaction depends on the thickness of the adjacent 

ferromagnetic layer. 

 

3.2 Magnetoresistance of FM/non-magnetic metal/FM systems 

Now, we show the effect of the non-magnetic metallic layer thickness L and the 

quality of the two FM/non-magnetic metal interfaces on the magnetoresistance in a 

small applied field B. As shown in Chapter II, we model the quality of the interfaces 

with a Delta-function barrier potential. We use a unitless parameter 𝑍 ≡ 
𝑚𝑈

ℎ2𝑘𝐹
 to 

represent the potential. Small and large values of Z identify with metallic and tunneling 

contacts respectively. For our FM/non-magnetic metal/FM junctions, the parameters Z1 

and Z2 represent the quality of contacts at the interface on the left and that on the right 

of the non-magnetic metallic layer respectively. Figure 3.6 contains the plots of 

magnetoresistance vs B when 휀𝐹2/휀𝐹1  = 1.1, mimicking Fe/Cr/Fe systems, and Z1 = 

Z2 = 0.5.  
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Figure 3.6 Magnetoreistance vs B at different values of L. Z1 = Z2 = 0.5 and 

휀𝐹2/휀𝐹1 =1.1. 

 As can be seen in Figure 3.6, the magnetoresistance is increased with the 

magnetic field and reaches a maximum and is then decreased with the field, unlike that 

in the case of FM/I/FM junction. Also, the maximum value of the magnetoresistance is 

insensitive to the thickness of the non-metallic layer. In Figure 3.7 we compare our 

results with those from Fert group. They are qualitatively similar.  

 When the thickness of the metallic layer changes, the magnetoresistance 

oscillates with the thickness as shown in Figure 3.8. In these plots, we take 𝐶B = 0.7휀𝐹 .  

Figure 3.8(a) shows magnetoresistance vs the thickness for two values of εF2/εF1 . The 

plots indicate that there is an optimum value of thickness that will result in a maximum 

value of magnetoresistance, which is consistent with Ruderman-Kittel-Kasuya-
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Yosidaand interaction. Figure 3.8(b) shows the experimental results. (Baibich et al., 

1992). 

 

Figure 3.7 the graph shows MR vs CB/εF (a). Fert group used multilayers of the form 

(Fe/Cr)n resistance decreased at 4.2 K (b). 

 

Figure 3.8 The graph shows MR vs thickness of middle layer (a). Variation of the 

magnetoresistance ratio of both Fe(15 Å)/Cu(tCu) (open symbols) and Co(15 Å)/Cu(tCu) 

(full symbols) superlattices as a function of the Cu layer  thickness (b) (Baibich et al., 

1992). 

 We can consider changing the metallic layer by varying the value of  휀𝐹2/휀𝐹1. 

As we can see in Figure 3.9, changing the ratio results in the change in the maximum 

 



 
 

28 
 

value of the magnetoresistance. It suggests that if we want to obtain a big value for the 

magnetoresistance from FM/nonmagnetic metal/FM system, we should use a 

nonmagnetic metal that has similar value of the Fermi energy to that of the 

ferromagnetic layer. 

 

Figure 3.9 shows the variation of magnetoresistance (MR) values with external 

magnetic fields (CB) which chance 휀𝐹2/휀𝐹1 equal to 0.9 to 1.1 respectively. Z1 = Z2 = 

0.7. 
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3.3 Magnetoresistance of FM/FM/FM systems   

The magnetoresistance at various value of the thickness of the middle 

ferromagnetic layer are plotted in Figure 3.10 for Z1 = Z2 = 1. The maximum of 

magnetoresistance varies very much with the thickness and it happens at different 

values of the field; the thicker the higher. 

 

Figure 3.10 Magnetoreistance vs applied magnetic field at different values of L. Z1 = 

Z2 = 1 and 휀𝐹2/휀𝐹1=1. 

 Changing the thickness of the middle layer affects the magnetoresistance 

changes as seen in the plots in Figure 3.11. In these plots, we take 𝐶B = 0.5휀𝐹. These 

indicate that there is an optimum value of thickness L that will result in a maximum 

value of magnetoresistance, which is qualitatively consistent with result of 

FM/insulator/FM systems in Figure 3.7.  
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Figure 3.11 Represents the change of value magnetoresistance vs thickness L at various 

values of the parameter Z = 0, 0.5, 0.7.  When constant 𝐶B = 0.5휀𝐹. 

           

Figure 3.12 represents the change of value magnetoresistance vs thickness L at various 

values of the parameter Z = 0, 0.5, 0.7.  CB = 0.5εF for these plots. 

 We can consider changing the ferromagnetic metallic layer by varying the value 

of  휀𝐹2/휀𝐹1 as shown in Figure 3.3.3. The results are quite similar to those in the 
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previous section. High magnetoresistance would be achieved when the ferromagnetic 

metals are similar.  

Lastly the results in Figure 3.13 are the plots of the magnetoresistance as a 

function of CB for different qualities of the two junctions:  Z1 = Z2 in Figure 3.13(a) 

and Z1 ≠ Z2 in Figure 3.3.4(b). We take L = 4/𝑘𝐹. 

 

Figure 3.13 Show the result of magnetoresistance in a function of external magnetic 

field (CB/휀𝐹) of (a) Z
1
 = Z

2
 and (b) Z

1
 ≠ Z

2
. 

We can see that the value of Z significantly affects the magnetoresistance. In 

general, the higher value for Z the higher the magnetoresistance as well. 
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CHAPTER IV 

CONCLUSION 

 

In this work, we investigate the magnetoresistance of three types of tri- layered 

systems:  FM/ insulator/FM, FM/non-magnetic metal/FM, and FM/FM/FM junctions 

based on quantum principles to calculate the theoretical values under small external 

magnetic field.  We take into account many factors that may affect the 

magnetoresistance, such as the thickness L of the middle layer, strength of the barrier 

potential (In the FM/insulator/FM junction.), and the quality of the interfaces between 

layers. 

First of all, we present the results of FM/ insulator/ FM junction.  When we 

consider the effect of the thickness of the insulating layer, our model predicts that the 

magnetoresistance is increased with the thickness.  Also, it suggests that certain values 

of the barrier potential, or the band gap of the insulating layer, give the high 

magnetoresistance at each thickness.  

For the FM/non-magnetic metal/FM junction, the effect of the thickness of the 

non-magnetic metallic layer (L) is different from the previous case. That is, the increase 

in thickness does not increase the magnetoresistance. It shows oscillating behavior. In 

we work show that the quality of the two FM/non-magnetic metal interfaces (Z) has a 

huge effect on magnetoresistance. The result from the junction also shows that the (Z) 

value has a significant effect on the resistance. In other words, the resistance value is 
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greater by the Z value. Also in our model, certain thicknesses give the maximum 

magnetoresistance, which is consistent with experiments.  

In the last case, FM/FM/FM junctions have the result of magnetoresistance 

looks like a seam FM/non-magnetic metal/FM such as the effect of thickness and the 

strength of the barrier potential. We emphasize the effect of the delta functions Z1 and 

Z2 which is a very thin insulator between the Ferrero region on the value of 

magnetoresistance on the resistance value in case of Z1 = Z2 and Z1 ≠ Z2: the greater  

the value of Z, the bigger the magnetoresistance. 
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