
 



 



 



 



 



 



 



 



 



 



 



 



*>�Sh1_ A

ALh_P.l*hAPL

�M mbm�H �miQK�i2/ i2HH2` K�+?BM2 U�hJV Bb �M 2H2+i`QMB+ K�+?BM2 7Q` b2`@

pB+BM; +mbiQK2`b #�MFBM; i`�Mb�+iBQMb rBi? BM/BpB/m�H TBM- r?B+? �`2 rBi?/`�rBM;-

/2TQbBiBM;- #BHH T�vBM; �M/ KQM2v i`�Mb72`X AM RNed- e �hJb r2`2 BMbi�HH2/ #v

"�`+H�vb "�MF BM 1M;H�M/ rBi? 9@/B;Bi TBM +Q/2 7Q` rBi?/`�rBM;X h?2 irQ v2�`b

H�i2`- K�;M2iB+ b?BTb r2`2 �//2/ iQ �hJ +�`/b- �M/ �MQi?2` irQ v2�` H�i2` i?2b2

K�+?BM2b +QmH/ #2 �++QmMi +�b? /2TQbBib BMbi2�/ Q7 +?2[m2bX _2+2MiHv- BM C�Mm�`v

kyky BM h?�BH�M/- h?2 h?�B L�iBQM�H "�MF BM+`2�b2/ ?B;?2` b2+m`Biv iQ T`2p2Mi

7`�m/- +QmMi2`72Bi +�`/ 7`�m/ �M/ bFBKKBM;- 7Q` �Mv i`�Mb�+iBQMb QM i?2 �hJbX

h?2 `BbF BM �hJ i`�Mb�+iBQMb r�b `2/m+2/ #v mbBM; b?BT +�`/b BMbi2�/ Q7 i?2

K�;M2iB+ b?BTbX LQr�/�vb- �hJb ?�p2 #2+QK2 H2bb TQTmH�` #2+�mb2 Q7 KQ#BH2

#�MFBM;- �b i`�Mb�+iBQMb +�M #2 K�/2 +QMp2MB2MiHv �i �Mv TH�+2 �HH i?2 iBK2X

h?2 �BK Q7 i?Bb `2b2�`+? Bb iQ T`QTQb2 �M QTiBKBx�iBQM K2i?Q/ iQ 2z2+iBp2

K�M�;2K2Mi Q7 �hJbX �M QT2`�iBQM Q7 i?2 `2TH2MBb?K2Mi +QM+2`Mb �#Qmi i?2

i`2�bm`vǶb �/KBMBbi`�iBQM bm+? �b +�b? K�M�;2K2Mi- r?B+? H2�/b iQ `2TH2MBb? rBi?

�M �TT`QT`B�i2 [m�MiBiv �M/ iBK2 7Q` i?2 +mbiQK2`bǶ /2K�M/X h?2 +�b? `2TH2MBb?@

K2Mi H2ib bQK2 �KQmMi Q7 +�b? ?2H/ BM �hJ r?B+? K�F2b �M QTTQ`imMBiv +Qbi 7Q`

HQbBM; bQK2 #2M2}i Q7 ?B;?2` `2im`M BMp2biK2MiX q?2M `2TH2MBb?K2Mi +�b? 2t+22/b

+mbiQK2`bǶ /2K�M/- i?2 #�MF HQb2b BMi2`2bi BM �Mv BMp2biK2Mi QTTQ`imMBivX PM i?2

Qi?2` ?�M/- B7 +mbiQK2`bǶ /2K�M/ 2t+22/b i?2 `2TH2MBb?K2Mi +�b?- i?2M Bi +�mb2b

KQ`2 /Bbb�iBb7�+iBQM Q7 +mbiQK2`bX

AM i?Bb i?2bBb- r2 mb2 `2;`2bbBQM �M/ +Hmbi2`BM; +H�bbB}+�iBQM- iQ 7Q`2+�bi

 



k

+�b? /2K�M/X h?2 +�b? /2K�M/ /�i� b2i mb2/ BM i?Bb `2b2�`+? rQmH/ #2 �/QTi2/

7`QK i?2 �hJ BM AM/B�- Q#i�BM2/ 7`QK JQmMi _Q�/ #`�M+? Q7 �hJ BM AM@

/B� +QHH2+i2/ 7`QK kyRR iQ kyRdX h?2 /�i� r�b �M QT2M bQm`+2 T`QpB/2/ #v

?iiTb,ffrrrXF�;;H2X+QKfMBib#�if/�i�@Q7@�iK@i`�Mb�+iBQM@Q7@tvx@#�MFX

JQ`2Qp2`- BM kyR3 i?2`2 Bb `2b2�`+? �#Qmi +�b? `2TH2MBb?K2Mi rBi? M2m`�H

M2irQ`F �H;Q`Bi?K iQ T`2/B+i i?2 �KQmMi Q7 +�b? /2TQbBi2/ �M/ i?2v mb2 E@K2�Mb

+Hmbi2`BM; iQ +H�bbB7v i?2 ;`QmT Q7 /�i� UC�/r�H SX EX- C�BM aX- :mTi� lX �M/

E?�MM� SX- kyR3VX

RXR _2b2�`+? P#D2+iBp2b

hQ bim/v i?2 7�+iQ`b- r?B+? �z2+i iQ i?2 +�b? rBi?/`�r�H Q7 +mbiQK2`b

Q7 �hJ BM AM/B� �M/ +QMbi`m+i i?2 KQ/2Hb iQ T`2/B+i i?2 +�b? rBi?/`�r�H Q7

+mbiQK2`b Q7 �hJ BM AM/B�X

RXk a+QT2 �M/ GBKBi�iBQMb

h?2 /�i� Bb Q#i�BM2/ #v rrrXF�;;H2X+QKfMBib#�if/�i�@Q7@�iK@i`�Mb�MiBQM@

Q7 tvx@#�MF- �M/ r2 K�M�;2 i?2 /�i� rBi? i2+?MB[m2 +QMbBbiBM; Q7 K@K2�M �H;Q@

`Bi?K- KmHiBTH2 HBM2�` `2;`2bbBQM �M/ TQHvMQKB�H `2;`2bbBQMX

RXj _2b2�`+? S`Q+2/m`2

h?2 `2b2�`+? T`Q+2/m`2 7QHHQr i?2b2 bi2Tb,

RX aim/vBM; i?2 bB;MB}+�Mi 7�+iQ`b #v KmHiBTH2 HBM2�` `2;`2bbBQMX

kX *QMbi`m+iBM; i?`22 KQ/2Hb Q7 KmHiBTH2 HBM2�` `2;`2bbBQM- TQHvMQKB�H `2;`2b@

bBQM �M/ K@K2�M �H;Q`Bi?K 7`QK i?2 bB;MB}+�Mi 7�+iQ`bX

 



j

jX J2�bm`BM; i?2 �++m`�+v Q7 Qm` KQ/2Hb #v mbBM; `QQi K2�M b[m�`2 2``Q` �M/

K2�M �#bQHmi2 2``Q`

RX9 1tT2+i2/ _2bmHi

q2 +�M �TTHv Qm` KQ/2H rBi? #2bi T2`7Q`K�M+2 iQ 7Q`2+�bi i?2 +�b? /2K�M/

Q7 +mbiQK2` Q7 �hJ BM i?2 7mim`2X

 



*>�Sh1_ AA

GAh1_�hl_1 _1oA1q

kXR J2�M

h?2`2 �`2 b2p2`�H FBM/b Q7 K2�M BM K�i?2K�iB+b- r2 rBHH b?Qr bQK2 FBM/b

Q7 K2�M BM bi�iBbiB+b,

h?2 �`Bi?K2iB+ K2�MU�JV Bb i?2 bmK Q7 �HH Q7 i?2 K2K#2`b BM i?2 }MBi2

b2i �M/ i?2 b2i Bb /BpB/2/ #v i?2 MmK#2` Q7 K2K#2`b BM i?�i b2iX h?2 �`Bi?K2iB+

K2�M Q7 � MmK#2` b2i {x1, x2, ..., xn} Bb /2MQi2/ #v x̄X

x̄ =
1

n

(
n∑

i=1

xi

)
=

x1 + x2 + ...+ xn

n

_2K�`F, B7 i?2 /�i� b2ib �`2 +QHH2+i2/ �b Q#b2`p�iBQMb- i?2 K2�M p�Hm2 Bb +�HH2/

TQTmH�iBQM K2�M �M/ Bb /2MQi2/ #v µX

h?2 ;2QK2i`B+ K2�MU:JV -r?B+? Bb mb27mH 7Q` b2ib Q7 TQbBiBp2 MmK#2`b Bb i?2

QT2`�iBQM Q7 KmHiBTHB+�iBQM Q7 i?2 2H2K2Mib BM � b2i �M/ i?2 KmHiBTHB+�iBQM F22Tb

`QQi2/ #v � MmK#2` Q7 i?2 2H2K2Mi BM i?�i b2i,

x̄ =

(
n∏

i=1

xi

) 1
n

= (x1x2 · · · xn)
1
n

h?2 ?�`KQMB+ K2�MU>JV Bb � FBM/ Q7 �p2`�;2 p�Hm2 r?B+? Bb mb27mH 7Q` b2ib

Q7 MmK#2` r?B+? �`2 /2}M2/ BM `2H�iBQM Q7 bQK2 T?vbB+�H bm+? �b bT22/UBX2X /Bbi�M+2

T2` � mMBi Q7 iBK2V

x̄ = n

(
n∑

i=1

1

xi

)−1
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kXk ai�M/�`/Bx�iBQM

h?2 bi�M/�`/Bx�iBQM K2i?Q/ ?�b i?2 Tm`TQb2 iQ `2b+�H2 i?2 /�i�- bQ i?�i i?2

`2b+�H2/ /�i� ?�b i?2 K2�M �M/ bi�M/�`/ /2pB�iBQM 2[m�H iQ y �M/ R `2bT2+iBp2HvX

G2i A +QMbBbiBM; Q7 MmK#2`b x1, x2, ..., xn #2 � }MBi2 b2iX h?2 2[m�iBQM 7Q` i?2

bi�M/�`/Bx�iBQM K2i?Q/ Bb �b 7QHHQrb-

zi =
xi − x̄

s
,

r?2`2 zi Bb i?2 `2b+�H2/ p�Hm2 Q7 xi, i = 1, 2, ..., n, x̄ Bb � K2�M Q7 i?2b2 2H2K2Mib BM

A- �M/ s Bb i?2 bi�M/�`/ /2pB�iBQMX

kXj E@J2�Mb *Hmbi2`BM;

h?2 irQ TQTmH�` +Hmbi2`BM; �H;Q`Bi?Kb �`2 T�`iBiBQM�H �M/ ?B2`�`+?B+�H +Hmb@

i2`BM;X h?2b2 �H;Q`Bi?Kb ?�p2 #22M mb2/ BM K�Mv �TTHB+�iBQMb #2+�mb2 Q7 i?2B`

bBKTHB+Biv �M/ ~2tB#BHBiv BM �/QTiBQM iQ Qi?2` +Hmbi2`BM; �H;Q`Bi?KbX S�`iBiBQM�H

+Hmbi2`BM; �H;Q`Bi?Kb ?�p2 i?2 K�BM 7Q+mb iQ /Bb+Qp2` i?2 ;`QmTBM; Q7 /�i� #v QT@

iBKBxBM; � /BbiBM+i Q#D2+iBp2 7mM+iBQM �M/ BKT`QpBM; i?2 [m�HBiv Q7 i?2 T�`iBiBQMbX

h?2b2 �H;Q`Bi?Kb MQ`K�HHv `2[mB`2 T�`�K2i2`b rBi? Bib bi�#BHBiv iQ +?QQb2 i?2 `QQi

Q7 TQBMib i?�i BM/B+�i2 2�+? +Hmbi2`X

K@K2�Mb +Hmbi2`BM; Bb KQbiHv mb2/ �b � T�`i Q7 i?2 T�`iBiBQM +Hmbi2`BM;

�H;Q`Bi?KX Aib T`Q+2bb bi�`ib #v +?QQbBM; K `2T`2b2Mi�iBp2b 7Q` i?2 MmK#2` Q7

;`QmTb �M/ TQBMib �b i?2 BMBiB�H +2Mi`QB/b U+2Mi2` TQBMib BM 2�+? +Hmbi2`VX 1�+?

/�i� TQBMi Bb +QKT2HH2/ iQ bi�v BM i?2 b�K2 +Hmbi2` rBi? i?2 +HQb2i +2Mi`QB/

/2T2M/BM; QM +?QQbBM; � T�`iB+mH�` K2�bm`2X q?2M i?2 +Hmbi2`b �`2 7Q`K2/-

i?2 +2Mi`QB/b 7Q` 2�+? +Hmbi2` �`2 mT/�i2/X h?2 �H;Q`Bi?K i?2M `2T2�ib i?2b2

bi2Tb mMiBH i?2 +2Mi`QB/b /Q MQi +?�M;2 i?2 TQbBiBQM Q` �Mv �Hi2`M�iBp2 `2TH�+2/

+QMp2`;2M+2 +`Bi2`BQM Bb K2iX K@K2�Mb +Hmbi2`BM; Bb �M �H;Q`Bi?K r?B+? Bb 2Mbm`2/

 



e

iQ +QMp2`;2 iQ � HQ+�H KBMBKmK #mi i?2 KBMBKBx�iBQM Q7 Bib b+Q`2 7mM+iBQM Bb

FMQrM iQ #2 LS@?�`/ QTiBKBx�iBQM T`Q#H2KX hvTB+�HHv- i?2 +QMp2`;2M+2 +QM/BiBQM

Bb ~2tB#H2 �M/ � r2�FM2bb Q7 +QM/BiBQM mb2/X AM T`�+iB+�H- Bi 7QHHQrb i?2 `mH2 i?�i

Bi2`�iBp2 T`Q+2bb Kmbi #2 +QMiBMm2/ mMiBH �HH /�i� bi�v biBHH Q` RW Q7 i?2 TQBMib

+?�M;2 i?2B` +Hmbi2`X � T`QQ7 Q7 i?2 K�i?2K�iB+�H +QMp2`;2M+2 Q7 K@K2�Mb +�M

#2 7QmM/ UaXwX a2HBK �M/ JX�X AbK�BH- RN39VX

�H;Q`Bi?K E@J2�Mb *Hmbi2`BM;

R, _�M/QKHv b2H2+i K TQBMib �b BMBiB�H +2Mi`QB/bX

k, _2T2�i

j, 6`QK K +Hmbi2`b #v �bbB;MBM; 2�+? TQBMi iQ Bib +HQb2bi +2Mi`QB/X

9, _2+QKTmi2 i?2 +2Mi`QB/ Q7 2�+? +Hmbi2`

8, lMiBH i?2 +QMp2`;2M+2 +`Bi2`BQM Bb `2�+? URW Q7 TQBMi +?�M;2V

:Bp2M /�i� b2i A = {x1, x2, ..., xn} +QMbBbib Q7 n TQBMib �M/ BM/B+�i2 i?2

+Hmbi2` �7i2` �TTHvBM; E@J2�Mb �H;Q`Bi?K #v C = {C1, C2, ..., Ck}X h?2 bmK Q7

b[m�`2 2``Q`b Uaa1V 7Q` i?2 +Hmbi2`BM; Bb /2}M2/ BM i?2 1[m�iBQM UkXjXRV- r?2`2 ck

Bb +2Mi`QB/ Q7 +Hmbi2` CkX h?2 �BK Q7 aa1 Bb iQ }M/ � +2Mi`QB/- r?B+? K�F2b aa1

iQ ?�p2 KBMBKmK p�Hm2X h?2 `2Bi2`�iBQM �M/ `2M2r�H Q7 i?2 +2Mi`QB/ p�Hm2 Q7 i?2

K@K2�Mb �H;Q`Bi?K �BK iQ KBMBKBx2 i?2 aa1 p�Hm2 7Q` i?2 mT/�i2/ +2Mi`QB/bX

SSE(C) =
K∑

k=1

∑

xi∈Ck

||xi − ck||2 UkXjXRV

ck =

∑
xi∈Ck

xi

|Ck|
UkXjXkV

 



d

JBMBKBx�iBQM Q7 amK Q7 a[m�`2 1``Q`

K@J2�Mb +Hmbi2`BM; Bb +`m+B�HHv �M QTiBKBx�iBQM T`Q#H2K rBi? i?2 ;Q�H Q7

KBMBKBxBM; i?2 aa1 Q#D2+iBp2 7mM+iBQMX q2 rBHH T`BM+BT�HHv T`Qp2 i?2 `2�bQM r?v

r2 +?QQb2 i?2 +2Mi`QB/ �b � K2�M Q7 /�i� BM Bib +Hmbi2` �b i?2 `QQi `2T`2b2Mi�iBp2

7Q` � +Hmbi2` BM K@J2�Mb �H;Q`Bi?KX .2MQiBM; Ck �b i?2 kth +Hmbi2`- �Mv xi Bb

�M 2H2K2Mi BM Ck �M/ ck Bb i?2 +2Mi`QB/ Q7 i?2 kth +Hmbi2`X q2 bQHp2 7Q` i?2

`2T`2b2Mi�iBp2 Q7 Cj r?B+? KBMBKBx2b i?2 aa1 #v /Bz2`2MiB�iBM; i?2 aa1 rBi?

`2bT2+i iQ cj �M/ b2iiBM; Bi 2[m�H iQ x2`QX

SSE(C) =
K∑

k=1

∑

xi∈Ck

(ck − xi)
2 UkXjXjV

∂

∂cj
SSE =

∂

∂cj

K∑

k=1

∑

xi∈Ck

(ck − xi)
2

=
K∑

k=1

∑

xi∈Ck

∂

∂cj

(
ck − xi

)2

=
∑

xi∈Cj

2 ∗ (cj − xi) = 0

∑

xi∈Cj

2 ∗ (cj − xi) = 0 ⇒ |Cj| · cj =
∑

xi∈Cj

xi ⇒ cj =

∑
xi∈Cj

xi

|Cj|

h?2M- i?2 #2bi p�Hm2 Q7 � +2Mi`QB/ 7Q` KBMBKBxBM; i?2 aa1 Q7 � +Hmbi2` Bb i?2 K2�M

Q7 i?2 TQBMib BM i?�i +Hmbi2`X AM K@K2�Mb- i?2 aa1 KQMQiQMB+�HHv /2+`2�b2b rBi?

2�+? bi2T Q7 `2T2iBiBQMX h?Bb #2?�pBQm` Q7 QM2@r�v /2+`2�b2 rBHH }M�HHv +QMp2`;2

iQ � HQ+�H KBMBKmKX

6�+iQ`b �z2+iBM; K@J2�Mb �H;Q`Bi?K

h?2 K�BM 7�+iQ`b i?�i +�M BKT�+i i?2 T2`7Q`K�M+2 Q7 i?2 K@K2�Mb

�H;Q`Bi?K �`2 7QHHQrBM;,

 



3

RX AMBiB�H +2Mi`QB/bU}`bi TB+F2/ TQBMibV �z2+ib i?2 `2T2iBiBQMb Q7 i?2 �H;Q`Bi?K iQ

}M/ +2Mi`QB/bX

kX h?2 MmK#2` Q7 +Hmbi2`b KX h?2 bmBi�#BHBiv Q7 � MmK#2` Q7 +Hmbi2`b Bb

+?�`�+i2`BbiB+ 7Q` /BbiBM+i /�i�X

kXjXR h?2 TQTmH�` AMBiB�HBx�iBQM J2i?Q/b

AM i?2 ?BbiQ`v Q7 i?2 BMBiB�HBx�iBQM K2i?Q/b 7Q` i?2 J�+[m22MURNedV Tm#@

HBb?2/ i?2 +H�bbB+�H T�T2` r?B+? Bb � bBKTH2 K2i?Q/ #v +?QQbBM; �Mv BMBiB�H TQBMi

`�M/QKHvX h?Bb T`Q+2bb Bb rQ`H/rB/2 mb2/X JQ`2Qp2`- i?2`2 �`2 TQTmH�` K@K2�Mb

BMBiB�HBx�iBQM K2i?Q/b r?B+? BKT`Qp2 i?2 T2`7Q`K�M+2 Q7 Bib 7Q`K2` K2i?Q/X h?2v

�`2 b?QrM #2HQrX

>�`iB;�M �M/ qQM; (RNdN), h?2 +QM+2Ti Q7 i?Bb K2i?Q/ rBHH #2 ;QQ/ T2`@

7Q`K�M+2 7Q` r2HH b2T�`�i2/ TQBMib �M/ i?2 H�`;2 bBx2 Q7 /�i� rBi?BM bm``QmM/BM;

?B;?@/BK2MbBQM bT?2`2 7Q` BMBiB�H TQBMibX h?Bb K2i?Q/ mb2 i?2 1m+HB/2�M /Bbi�M+2

7Q` +�H+mH�iBM; i?2 /Bbi�M+2 #2ir22M TQBMib BM UkXjX9V �M/ i?2 M2ti +2Mi`QB/b �`2

TB+F2/ #v Q`/2` Q7 /2+`2�bBM; /2MbBiv �M/ K�BMi�BMBM; i?2 b2T�`�iBQM Q7 d1 7`QK

�HH 7Q`K2` +2Mi`QB/bX

d1 =
1

N(N − 1)

N−1∑

i=1

N∑

j=i+1

||xi − xj|| UkXjX9V

JBHHB;�M (RN3R), JBHHB;�M mb2b i?2 `2bmHi Q7 �;;HQK2`�iBp2 ?2B`�`+? 7`QK

q�`/Ƕb K2i?Q/X q�`/Ƕb K2i?Q/ mb2b i?2 bmK Q7 b[m�`2 2``Q`b iQ +�H+mH�i2 i?2

/Bbi�M+2 #2ir22M irQ +Hmbi2`b 7Q` i?2 BMBiB�H +2Mi`QB/ �M/ i?Bb K2i?Q/ F22Tb �M/

�TT`Q�+? i?2 �;;HQK2`�iBp2 ;`Qri? 7Q` bK�HH2bi p�Hm2 �b TQbbB#H2 �b Bi +�MX

"`�/H2v �M/ 6�vv�/(RNN3), h?Bb K2i?Q/ +QMbi`m+ib � bm#b�KTH2 7`QK

 



N

/�i� �M/ �TTHB2b K@K2�Mb iQ +�H+mH�i2 i?2 +2Mi`QB/b #v +?QQbBM; `�M/QKHv BMBiB�H

TQBMib BM J�+[m22M +H�bbB+�H K2i?Q/ 7`QK i?2 bm#b�KTH2 +QMbi`m+i2/X h?2 }M�H

+2Mi`QB/b 7`QK i?2 bm#b�KTH2 rBHH #2 i?2 BMBiB�H TQBMib 7Q` i?2 r?QH2 TQBMi BM /�i�X

.X�`i?mb �M/ aX o�bbBHpBibFBB (kyyd), h?Bb K2i?Q/ +?QQb2 i?2 }`bi +2Mi`QB/

�b � `�M/QK TQBMi Q7 /�i� �M/ i?2 M2ti /�i� Bb +?Qb2M #v i?2 7�`i?2bi /Bbi�M+2

7`QK T`2pBQmb +2Mi`QB/bX h?Bb K2i?Q/ /2T2M/b QM � r2B;?i T`Q#�#BHBiv b+Q`2 �M/

+QMiBMm2b i?2 b2H2+iBQM mMiBH QM2 Q#i�BMb i?2 �KQmMi Q7 i?2 +Hmbi2`b `2[mB`2/X

kXjXk 1biBK�iBM; i?2 LmK#2` Q7 *Hmbi2`

�MQi?2` #B; T`Q#H2K Q7 i?2 K@K2�Mb �H;Q`Bi?K Bb i?2 MmK#2` Q7 +Hmbi2`b

UKVX PM2 i`B2b iQ }M/ i?2 M2r K2i?Q/b 7Q` QTiBKBxBM; i?Bb +?�HH2M;BM; T`Q#H2KX

h?2b2 /BbiBM+i K2i?Q/b �`2 b?QrM #2HQr

*�HBMbFB@>�`�#�bx AM/2t, h?2 *�HBMbFB@>�`�#�bx AM/2t Bb /2}M2/ #v 1[m�@

iBQM UkXjX8V,

CH(K) =

B(K)
(K−1)

W (K)
N−K

UkXjX8V

r?2`2 N Bb i?2 MmK#2` Q7 2H2K2Mib BM /�i� Q` bBx2 Q7 /�i�X h?2 MmK#2` Q7 +Hmbi2`b

Bb +QMbB/2`2/ #v 2p�Hm�iBM; i?2 K�tBKmK p�Hm2 Q7 i?2 ;Bp2M 7mM+iBQM �b 1[m�iBQM

UkXjX8VX >2`2 B(K) �M/ W (K) �`2 i?2 #2ir22M �M/ rBi?BM +Hmbi2` bmK Q7 b[m�`2b-

`2bT2+iBp2Hv UrBi? K +Hmbi2`bVX

�F�BF2 AM7Q`K�iBQM *`Bi2`BQM U�A*V, h?Bb T`Q+2bb Bb BKT`Qp2/ #v i?2

HQ;HBF2HB?QQ/ �M/ �//BM; �//BiBQM�H +QMbi`�BMib Q7 JBMBKmK .2b+`BTiBQM G2M;i?

UJ.GV iQ +�H+mH�i2 i?2 EXJX r?2`2 EXJX Bb i?2 /BK2MbBQM�HBiv Q7 i?2 /�i�X K@
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K2�Mb mb2b �M BKT`Qp2/ �A* �b #2HQrX

KMeansAIC : K = argminK [SSE(K) + 2MK] UkXjXeV

"�v2bB�M AM7Q`K�iBQM *`Bi2`BQMU"A*V, h?2 "�v2bB�M K2i?Q/ ;Bp2b �TT`Qt@

BK�iBQM iQ � i`�Mb7Q`K�iBQM Q7 i?2 "�v2bB�M T`Q#�#BHBivX h?Bb K2i?Q/ Bb bBKBH�` iQ

�A*- �M/ Bib T`Q+2bb �HbQ /2T2M/b QM i?2 HQ;HBF2HB?QQ/X N Bb i?2 MmK#2` Q7 /�i�-

i?2 p�Hm2 K KBMBKBx2b i?2 7mM+iBQM Q7 "A* �b #2HQrX

BIC =
−2× HM(L)

N
+

K × HM(K)

N
=

1

N
× HM NK

L2
UkXjXdV

aBH?Qm2ii2 *Q2{+B2Mi, h?2 aBH?Qm2ii2 *Q2{+B2Mi K2i?Q/ T`QpB/2b �M �T@

T`QT`B�i2 MmK#2` Q7 +Hmbi2`bX h?2 aBH?Qm2ii2 *Q2{+B2Mi ?�b `�M;2 7`QK @R iQ R-

r?2`2 � ?B;? p�Hm2 BM/B+�i2b i?�i +Hmbi2`b �`2 r2HH b2T�`�i2/X PM i?2 Qi?2` ?�M/-

� HQr Q` M2;�iBp2 p�Hm2 BM/B+�i2b i?�i Bi Bb MQi � r2HH b2T�`�i2/ +Hmbi2`X h?2 aBH@

?Qm2ii2 *Q2{+B2Mib �`2 +�H+mH�i2/ �b 1m+HB/2�M /Bbi�M+2X 6Q` � ;Bp2M TQBMi i- i?2

�p2`�;2 BMM2` /Bbi�M+2 Q7 Bib +Hmbi2` Bb ai �M/ i?2 �p2`�;2 Qmi2` /Bbi�M+2 Q7 M2�`2bi

+Hmbi2` Bb biX h?2M i?2 aBH?Qm2ii2 p�Hm2 Q7 i Bb s(i) �b 7QHHQr,

s(i) =
b(i)− a(i)

K�t{a(i), b(i)}

JQ`2Qp2`- i?2 aBH?Qm2ii2 *Q2{+B2Mi Bb i?2 �p2`�;2 aBH?Qm2ii2 p�Hm2 Q7 �HH /�i�

TQBMib i BM /�i�b2iX

kXjXj h?2 p�`B�iBQM Q7 K@K2�Mb

h?2 T`QT2` b+QT2 Q7 i?2 K@K2�Mb K�F2b Bi p2`v ~2tB#H2 iQ �/�Ti �M/

+QMbi`m+i #2ii2` �H;Q`Bi?Kb QM iQT Q7 i?Bb FBM/ Q7 i?2b2 �H;Q`Bi?KbX aQK2 Q7 i?2

/Bp2`bBiv Q7 i?2 �H;Q`Bi?K i`B2/ iQ i?2 K@K2�M �H;Q`Bi?K �`2 /2T2M/2/ QM RV

hQ +?QQb2 i?2 /BbiBM+i `2T`2b2Mi�iBp2 `QQib 7Q` i?2 +Hmbi2`b kV hQ +?QQb2 #2ii2`

BMBiB�H +2Mi`QB/ 2p�Hm�iBQMb- jV �TTHvBM; bQK2 i2+?MB[m2 Q7 72�im`2 i`�Mb7Q`K�iBQMX

 



RR

h?2 KQbi MQi�#H2 p�`B�Mib Q7 K@K2�M +Hmbi2`BM; ?�p2 #22M BKTH2K2Mi2/ �b

+QKTQM2Mib Q7 T�`iBiBQM�H +Hmbi2`BM;X

K@J2/QB/b *Hmbi2`BM;, K@K2/QB/b �M/ K@K2�Mb �`2 �HbQ T�`iBiBQM�H

+Hmbi2`BM; K2i?Q/b r?B+? i`v iQ KBMBKBx2 i?2 p�Hm2 Q7 /Bbi�M+2 #2ir22M H�#2H2/

TQBMib BM i?2 b�K2 +Hmbi2`b �M/ i?2 +2Mi2` TQBMi Q7 i?�i +Hmbi2`- #mi K@K2/QB/bǶ

+2Mi`QB/ Bb �+im�H � /�i� TQBMiX

K@J2/B�Mb *Hmbi2`BM;, h?2 K@K2/B�M +QKTmi2b i?2 K2/B�M 7Q` 2�+? +Hmb@

i2` �b +QKT�`2/ iQ +�H+mH�i2 i?2 K2�M Q7 i?2 +Hmbi2` UK@K2�MbVX h?2 K@K2/B�Mb

+Hmbi2`BM; �H;Q`Bi?K +?QQb2 � MmK#2` Q7 +Hmbi2` �b K i?�i �BK iQ KBMBKBx2 i?2 bmK

Q7 /Bbi�M+2 K2�bm`2 #2ir22M 2�+? TQBMi �M/ i?2 +HQb2bi +Hmbi2` +2Mi2`X h?2 /Bb@

i�M+2 K2�bm`2 mb2/ BM i?2 K@K2/B�Mb �H;Q`Bi?K Bb i?2 L1@MQ`K- r?BH2 i?2 b[m�`2

Q7 i?2 L2@MQ`K mb2/ BM i?2 K@K2�M �H;Q`Bi?KX h?2 2``Q` p�Hm2 7Q` i?2 K@K2/B�Mb

�H;Q`Bi?K Bb /2}M2/ �b 7QHHQr,

Serror =
K∑

k=1

∑

xi∈Ck

|xij −medkj|

r?2`2 xij `2T`2b2Mib i?2 jth �ii`B#mi2 Q7 i?2 2H2K2Mi xi �M/ medij `2T`2b2Mib i?2

K2/B�M 7Q` i?2 jth �ii`B#mi2 BM i?2 kth +Hmbi2` CK X

K@JQ/2b *Hmbi2`BM;, PM2 #B; T`Q#H2K Q7 K@K2�Mb Bb Bib BM�#HBiv iQ /Q

rBi? MQMMmK2`B+�H �ii`B#mi2b Q7 i?2 p�`B�#H2X lbBM; i`�Mb7Q`K�iBQM K2i?Q/b-

+�i2;Q`B+�H /�i� +�M #2 i`�Mb7Q`K2/ BMiQ M2r 72�im`2 bT�+2b- �M/ i?2M i?2

K@K2�Mb �H;Q`Bi?K +�M #2 �TTHB2/ iQ i?Bb M2rHv i`�Mb7Q`K2/ bT�+2 iQ Q#i�BM i?2

}M�H +Hmbi2`bX >Qr2p2`- i?Bb K2i?Q/ ?�b T`Qp2M iQ #2 p2`v BM2z2+iBp2 �M/ /Q2b

MQi T`Q/m+2 ;QQ/ +Hmbi2`bX Ai Bb Q#b2`p2/ i?�i i?2 aa1 7mM+iBQM �M/ i?2 mb�;2 Q7

 



Rk

i?2 K2�M �`2 MQi �TT`QT`B�i2 r?2M /2�HBM; rBi? +�i2;Q`B+�H /�i�X >2M+2- i?2 K@

KQ/2b +Hmbi2`BM; �H;Q`Bi?K ?�b #22M T`QTQb2/ iQ i�+FH2 i?Bb +?�HH2M;2X K@KQ/2b

Bb � MQMT�`�K2i`B+ +Hmbi2`BM; �H;Q`Bi?K bmBi�#H2 7Q` ?�M/HBM; +�i2;Q`B+�H /�i� �M/

QTiBKBx2b � K�i+?BM; K2i`B+ rBi?Qmi mbBM; �Mv 2tTHB+Bi /Bbi�M+2 K2i`B+X h?2 HQbb

7mM+iBQM ?2`2 Bb � bT2+B�H +�b2 Q7 i?2 bi�M/�`/ Lp MQ`K r?2`2 p i2M/b iQ x2`QX

�b QTTQb2/ iQ i?2 Lp MQ`K r?B+? +�H+mH�i2b i?2 /Bbi�M+2 #2ir22M i?2 /�i� TQBMi

�M/ +2Mi`QB/ p2+iQ`b- i?2 HQbb 7mM+iBQM BM K@KQ/2b +Hmbi2`BM; rQ`Fb �b � K2i`B+

�M/ mb2b i?2 MmK#2` Q7 KBbK�i+?2b iQ 2biBK�i2 i?2 bBKBH�`Biv #2ir22M /�i� TQBMibX

kX9 JmHiBTH2 GBM2�` _2;`2bbBQM �M�HvbBb

_2;`2bbBQM �M�HvbBb Bb � bi�iBbiB+�H i2+?MB[m2 7Q` T`2/B+iBM; �M/ BMp2biB;�iBM;

i?2 `2H�iBQMb?BT #2ir22M p�`B�#H2bX JmHiBTH2 GBM2�` _2;`2bbBQMUJG_V Bb � FBM/ Q7

� HBM2�` `2;`2bbBQM KQ/2H rBi? QM2 `2bTQMb2U/2T2M/2MiV p�`B�#H2 �M/ KQ`2 i?�M

QM2 2tTH�M�iQ`vUBM/2T2M/2MiV p�`B�#H2bX h?2 ;2M2`�H 7Q`K Q7 i?2 JmHiBTH2 GBM2�`

_2;`2bbBQM rBi? k BM/2T2M/2Mi Bb �b i?2 7QHHQrb,

Y = β0 + β1X1 + β2X2 + · · ·+ βkXk + ε, UkX9XRV

r?2`2 Y Bb i?2 `2bTQMb2 p�`B�#H2- Xi �`2 BM/2T2M/2Mi p�`B�#H2- βi �`2 i?2 `2;`2bbBQM

+Q2{+B2Mib 7Q` i = 1, 2, 3, ..., k �M/ ε Bb i?2 `�M/QK 2``Q` +QKTQM2MiX

kX9XR h?2 �bbmKTiBQM Q7 i?2 JmHiBTH2 GBM2�` _2;`2bbBQM

q2 +QMbi`m+i bQK2 #�bB+ �bbmKTiBQM QM i?2 KQ/2H �b 7QHHQr,

Yi = β0 + β1Xi1 + β2Xi2 + · · ·+ βkXik + εi, i = 1, 2, 3, ..., n, UkX9XkV

rBi? i?2b2 +QM/BiBQMb
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RX εi �M/ εj �`2 mM+Q``2H�i2/ 7Q` i ̸= j- i?�i Bb *Qp[εi, εj] = 0c

kX εi Bb � MQ`K�HHv /Bbi`B#mi2/ `�M/QK p�`B�#H2 rBi? x2`Q K2�M �M/ p�`B�M+2

σ2- i?�i Bb εi ∼ N(0, σ2)c

jX h?2`2 Bb MQ � T2`72+i HBM2�` `2H�iBQMb?BT #2ir22M i?2 BM/2T2M/2Mi p�`B�#H2b-

i?2`2 Bb MQ KmHiB+QHBM2�`BivX

kX9Xk 1biBK�iBQM Q7 i?2 JQ/2H S�`�K2i2`b

h?2 JmHiBTH2 GBM2�` _2;`2bbBQM BM 2[m�iBQM UkX9XkV- +�M #2 r`Bii2M BM K�i`Bt

7Q`K �b #2HQr,

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y1

y2

XXX

yn

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 x11 x12 · · · x1k

1 x21 x22 · · · x2k

XXX XXX XXX X X X XXX

1 xn1 xn2 · · · x1k

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

β0

β1

XXX

βk

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ε1

ε2

XXX

εn

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Ai +�M #2 `2r`Bii2M �b,

Y = Xβ + ε, UkX9XjV

r?2`2 Y Bb i?2 n +QHmKM p2+iQ` Q7 i?2 Q#b2`p�iBQM-

β Bb � k + 1 +QHmKM p2+iQ` Q7 i?2 `2;`2bbBQM +Q2{+B2Mi-

X Bb �M n× (k + 1) K�i`Bt Q7 i?2 H2p2H Q7 i?2 `2;`2bbBQM p�`B�#H2b-

ε Bb �M n +QHmKM p2+iQ` Q7 `�M/QK 2``Q`bX

.2}MBiBQM kXR U_2bB/m�HVX h?2 /Bz2`2M+2 #2ir22M i?2 Q#b2`p2/U+mKmH�iBp2V p�Hm2

Yi �M/ i?2 +Q``2bTQM/BM; }ii2/ p�Hm2 Ŷi

εi = Yi − Ŷi, UkX9X9V
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G2�bi a[m�`2 1biBK�iBQM Q7 i?2 _2;`2bbBQM *Q2{+B2Mi

h?2 G2�bi a[m�`2 K2i?Q/ Q7 i?2 _2;`2bbBQM +Q2{+B2Mi Bb iQ 2biBK�i2 i?2

`2;`2bbBQM +Q2{+B2Mi BM 2[m�iBQM UkX9XkVX LQr- r2 �bbmK2 b0, b1, b2, ..., bk iQ #2

i?2 2biBK�iQ`b Q7 β0, β1, β2, ... βk `2bT2+iBp2HvX h?2M r2 ;2i i?2 2[m�iBQM Q7 i?2

+Q``2bTQM/BM; p�Hm2 Ŷi �b 7QHHQr,

Ŷ = Xb.

h?2M- i?2 H2�bi b[m�`2 2``Q`USV Q7 i?2 `2;`2bbBQM Bb

S =
n∑

i=1

ε2i =
n∑

i=1

(Yi − Ŷi)
2

=
n∑

i=1

(Yi − b0 −
k∑

j=1

bjXij)
2.

h?2 H2�bi b[m�`2 2``Q` 7mM+iBQM S Kmbi ?�p2 KBMBKmK p�Hm2 #2+�mb2 r2 M22/ i?2

H2�bi 2``Q` p�Hm2- i?2M r2 i�F2 T�`iB�H /2`Bp�iBp2 �M/ i�F2 i?2 T�`iB�H /2`Bp�iBp2

2[m�H iQ y �b #2HQr,

∂S

∂b0
= −2

n∑

i=1

[
Yi − b0 −

k∑

j=1

bjXij

]
= 0 UkX9X8V

∂S

∂bj
= −2

n∑

i=1

[
Yi − b0 −

k∑

j=1

bjXij

]
Xij = 0, j = 1, 2, ..., k UkX9XeV

6`QK 2[m�iBQM UkX9X8V �M/ UkX9XeV- r2 Q#i�BM i?2 2tT`2bb2/ 2[m�iBQM Q7 i?2 H2�bi

b[m�`2 2[m�iBQMb

nb0 + b1

n∑

i=1

Xi1 + b2

n∑

i=1

Xi2 + b3

n∑

i=1

Xi3 + · · ·+ bk

n∑

i=1

Xik =
n∑

i=1

Yi

b0

n∑

i=1

Xi1 + b1

n∑

i=1

X2
i1 + b2

n∑

i=1

Xi1Xi2 + · · ·+ bk

n∑

i=1

Xi1Xik =
n∑

i=1

Xi1Yi UkX9XdV

XXX XXX
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b0

n∑

i=1

Xik + b1

n∑

i=1

XikXi1 + b2

n∑

i=1

XikXi2 + · · ·+ bk

n∑

i=1

X2
ik =

n∑

i=1

XikYi

q2 ?�p2 Q#i�BM2/ k+1 2[m�iBQMb �M/ i?2 k+1 mMFMQrM `2;`2bbBQM +Q2{@

+B2MibX LQr- r2 +�M }M/ i?2 bQHmiBQM U+Q2{+B2Mib b0, b1, ...bkV rBi? i?2 H2�bi b[m�`2

2biBK�iQ`bX

6`QK i?2 H2�bi b[m�`2 2[m�iBQM UkX9XdV �b #2HQr,

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 . . . 1

X11 X21 . . . Xn1

X12 X22 . . . Xn2

XXX XXX X X X XXX

X1k X2k . . . Xnk

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Y1

Y2

Y3

XXX

Yn

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

n
n∑

i=1

Xi1 . . .
n∑

i=1

Xik

n∑

i=1

Xi1

n∑

i=1

X2
i1 . . .

n∑

i=1

Xi1Xik

n∑

i=1

Xi2

n∑

i=1

Xi1Xi2 . . .
n∑

i=1

Xi2Xik

XXX XXX X X X XXX
n∑

i=1

Xik

n∑

i=1

Xi1Xik . . .
n∑

i=1

X2
ik

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b0

b1

b2

XXX

bk

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Ai +�M #2 r`Bii2M BM i?2 �MQi?2` r�v �b #2HQr

XTY = (XTX)b, UkX9X3V

r?2`2 b = [b0, b1, ..., bk]T . Pm` Tm`TQb2 Bb iQ }M/ i?2 bQHmiBQM Q7 i?2 H2�bi b[m�`2

2biBK�iQ`b 7Q` i?2 H2�bi 2``Q`- h?2M r2 bQHp2 i?2 �#Qp2 2[m�iBQM #v KmHiBTHvBM;

(XTX)−1 QM i?2 #Qi? bB/2b Q7 i?2 2[m�iBQM b

(XTX)−1XTY = (XTX)−1(XTX)b

(XTX)−1XTY = Ib,

r?2`2 I Bb i?2 B/2MiBiv K�i`BtX LQr- r2 +�M +QM+Hm/2 i?�i b = (XTX)−1XTY ?�b

i?2 H2�bi 2``Q` 7Q` i?2 `2;`2bbBQM +Q2{+B2MibX

 



Re

kX9Xj h2bi 7Q` aB;MB}+�M+2 Q7 _2;`2bbBQM

h?2 i2bi 7Q` bB;MB}+�M+2 Q7 `2;`2bbBQM Bb FBM/ Q7 +QMbB/2`�iBQM i2bi #2ir22M

`2bTQMb2 p�`B�#H2 �M/ `2;`2bbQ` p�`B�#H2b BM i2`K Q7 HBM2�` `2H�iBQMb?BTX

�bbmK2 i?�i i?2 2biBK�iQ` T�`�K2i2` β0, β1, ..., βk �`2 b0, b1, ..., bk `2bT2+@

iBp2HvX

h?2 bi�i2K2Mi 7Q` i?2 ?vTQi?2b2b Bb,

H0 : β1 = β2 = β3 = ... = βk = 0c

H1 : βi ̸= 0 7Q` �i H2�bi QM2 iX

h?2 bi�iBbiB+- r?B+? +�M #2 mb2/ 7Q` i2biBM; H0 �;�BMbi H1 Bb i?2 t i2bi

bi�iBbiB+ BM i?2 7QHHQrBM; 7Q`K,

t⋆ =
bi

b2(bi)
∼ tα

2 ,n−(k+1), ∀i = 1, 2, 3, ..., k,

r?2`2 b2(bi) =
√
σ2Cii- Cii �`2 i?2 2H2K2Mib QM i?2 K�BM /B�;QM�H Q7 (XTX)−1 �M/

r2 `2D2+i H0 B7 tα
2 ,n−(k+1) < |t⋆|

kX8 SQHvMQKB�H _2;`2bbBQM

h?2 TQHvMQKB�H `2;`2bbBQM Bb � FBM/ Q7 bi�iBbiB+�H i2+?MB[m2 bBKBH�` iQ HBM2�`

`2;`2bbBQMX h?2 TQHvMQKB�H `2;`2bbBQM +�M #2 mb2/- r?2M i?2 `2H�iBQMb?BT #2ir22M

`2bTQMb2 p�`B�#H2 �M/ 2tTH�M�iQ`vUBM/2T2M/2MiV p�`B�#H2b Bb +m`pBHBM2�`X h?2 TQHv@

MQKB�H `2;`2bbBQM KQ/2H b?QmH/ F22T i?2 Q`/2` Q7 BM/2T2M/2Mi p�`B�#H2b �b HQr �b

TQbbB#H2 7Q` �pQB/BM; i?2 bBim�iBQM Q7 Qp2`@}iiBM; Q7 i?2 /�i�X

 



Rd

kX8XR SQHvMQKB�H KQ/2Hb

amTTQb2 2 Bb i?2 ?B;?2bi /2;`22 �b Q`/2` Q7 i?2 TQHvMQKB�H `2;`2bbBQM BM irQ

p�`B�#H2 ;Bp2M #v

Y = β1 + β2x1 + β3x2 + β4x1x2 + β5x
2
1 + β6x

2
2 + ε

r?2`2 Y Bb i?2 `2bTQMb2 p�`B�#H2- x1 �M/ x2 �`2 �M BM/2T2M/2Mi p�`B�#H2b- βi �`2

i?2 `2;`2bbBQM +Q2{+B2Mi 7Q` i = 1, 2, ..., 6 �M/ ε Bb i?2 `�M/QK 2``Q` +QKTQM2MiX

JQ`2Qp2`- i?2 bQHmiBQM 7Q` TQHvMQKB�HǶb +Q2{+B2Mib +�M #2 +QMbB/2`2/ �b JmHiBTH2

GBM2�` _2;`2bbBQM �M/ �HbQ bQHp2/ #v H2�bi b[m�`2 2biBK�iBQMX

kX8Xk J2�M �#bQHmi2 1``Q`

J2�M �#bQHmi2 1``Q` UJ�1V Bb � +QKKQMHv mb2/ iQ K2�bm`2 i?2 /Bz2`2M+2

#2ir22M i?2 Q#b2`p2/ p�Hm2 Yi- �M/ i?2 +Q``2bTQM/BM; }ii2/ p�Hm2 ŶiX Aib 7Q`K Bb

�b 7QHHQr,

J�1 =
1

N

N∑

i=1

|Yi − Ŷi|,

r?2`2 N Bb � MmK#2` Q7 Q#b2`p�iBQMbX

kX8Xj _QQi J2�M a[m�`2 1``Q`

_QQi J2�M a[m�`2 1``Q` Bb �MQi?2` +QKKQMHv mb2/ K2�bm`2 Q7 i?2 /Bz2`@

2M+2 #2ir22M i?2 Q#b2`p2/ p�Hm2 Yi- �M/ i?2 +Q``2bTQM/BM; }ii2/ p�Hm2 ŶiX Aib

7Q`K Bb �b 7QHHQr,

_Ja1 =

√√√√√√

N∑

i=1

(Yi − Ŷi)
2

N
,

 



R3

r?2`2 N Bb � MmK#2` Q7 Q#b2`p�iBQMbX

kX8X9 _2H�i2/ _2b2�`+?

hxQ`ixBb- :X �M/ GBF�b- �X Ukyy3V /2p2HQT2/ F2`M2H K@K2�Mb #v 2ti2MbBQM

7`QK MQ`K�H K@K2�MbX h?2B` �BK Bb iQ �TT`Q�+? iQ F2`M2H@#�b2/ +Hmbi2`BM; #v i?2

;HQ#�H K@K2�M �H;Q`Bi?KX JQ`2Qp2`- i?2v +�M bQHp2/ i?2 BMBiB�HBx�iBQM T`Q#H2K

rBi? i?2 F2`M2H K@K2�M �M/ `2/m+2 i?2 +QKTmi�iBQM +QbiX

GBm- uX �M/ CB�M;- EX UkyR9V }`bi �TTHB2/ �M �LL@#�b2/ #�;;BM; �H;Q`Bi?K

iQ 7Q`2+�bi i?2 /�BHv +�b? /2K�M/ 7Q` i?2 M2ti 72r /�vb- i?2M +QMbi`m+i2/ i?2

QTiBK�H BMi2;2` T`Q;`�KKBM; KQ/2H #v bB;MB}+�Mi 7�+iQ`bX h?Bb K2i?Q/ Bb �HbQ

bmBi�#H2 7Q` �Mv +�b? +B`+mH�iBQM /QK�BM bm+? �b #�MF +�b? BMp2MiQ`v K�M�;2K2MiX

o2MF�i2b?- EX- _�pB- oX- S`BMxB2- �X �M/ o�M .2M SQ2H- .X UkyR9V

}`bi +Hmbi2`2/ �hJ +2Mi2`b BMiQ �hJ +Hmbi2`b ?�pBM; bBKBH�` /�v@Q7@i?2 r22F

rBi?/`�r�H T�ii2`MbX h?2v #mBHi � iBK2 b2`B2b KQ/2H 7Q` 2�+? �hJX 6Q` 2�+?

+Hmbi2` Q7 �hJb- 7Qm` M2m`�H M2irQ`Fb pBxX- ;2M2`�H `2;`2bbBQM M2m`�H M2irQ`F

U:_LLV- KmHiB H�v2` 722/ 7Q`r�`/ M2m`�H M2irQ`F UJG66V- ;`QmT K2i?Q/ Q7 /�i�

?�M/HBM; U:J.>V �M/ r�p2H2i M2m`�H M2irQ`F UqLLV �`2 #mBHi iQ T`2/B+i �M

�hJ +2Mi2`Ƕb +�b? /2K�M/X h?2v Q#b2`p2/ i?�i :_LL vB2H/2/ i?2 #2bi `2bmHi

Q7 18.44W bvKK2i`B+ K2�M �#bQHmi2 T2`+2Mi�;2 2``Q` UaJ�S1V- r?B+? Bb #2ii2`

i?�M i?2 `2bmHi Q7 �M/`�rBb- �iBv�- �M/ 1H@a?Bb?BMv UkyRRVX

1FBM+B- uX- Gm- CX@*X �M/ .mK�M- 1X UkyR8V h?2 #�MF r�Mi iQ i�F2

H2bb `2bQm`+2 7Q` i?2 ~m+im�i2/ /2K�M/ Q7 +mbiQK2`X h?2v ;`QmT �hJb BMiQ

M2�`#v@HQ+�iBQM +Hmbi2`b �M/ �HbQ QTiBKBx2 i?2 �;;`2;�i2b Q7 /�BHv +�b? rBi?/`�rb

 



RN

BM i?2 7Q`2+�biBM; T`Q+2bbX

C�/�H- SXEX- C�BM- aX �M/ E?�MM�- SX UkyR3V 7Q`2+�bi2/ i?2 +�b? /2K�M/

7Q`2+�biBM; Q7 LL8 /�i� 7Q` �hJb rBi? L2m`�H M2irQ`FX h?2 LL8 `2/m+2/ /�i�b2i

Bb � bm#b�KTH2 Q7 RR b2`B2b iBK2 Q7 RRR +QKTH2i2 /�i�b2i Q7 RRR /�BHv iBK2b b2`B2bX

AM i?2B` b2+QM/ KQ/2H- i?2v �TTHv i?2 +Hmbi2`BM; �H;Q`Bi?K iQ i?2B` �hJb- i?2M

�TTHvBM; L2m`�H L2irQ`FX h?2 `QQi K2�M b[m�`2 2``Q` Bb +�H+mH�i2/ 7Q` k KQ/2HbX

h?2v +�M +QM+Hm/2 i?�i i?2 b2+QM/ KQ/2H ;Bp2b i?2 H2�bi `QQi K2�M b[m�`2 2``Q`X

 



*>�Sh1_ AAA

_1a1�_*> J1h>P.PGP:u

h?Bb T�`i rBHH b?Qr i?2 T`Q+2bb- r?B+? +QMbBbib Q7 e T�`ib- mb2/ BM i?Bb

`2b2�`+?X

jXR h?2 *QHH2+i2/ .�i� �M/ .2i2`KBM2/ o�`B�#H2b �b

ai�iBbiB+b

h?Bb `2b2�`+? mb2/ b2+QM/�`v /�i� +QHH2+i2/ 7`QK kyRR C�Mm�`v mMiBH kyRj

J�v- NRy /�i� b2i BM iQi�HX h�#H2 UjXRV #2HQr b?Qrb i?2 /2i2`KBM2/ `QH2b Q7 2�+?

p�`B�#H2b BM Qm` /�i� T`QpB/2 #v ?iiTb,ffrrrXF�;;H2X+QKfMBib#�if/�i�@Q7@�iK@

i`�Mb�+iBQM@Q7@tvx@#�MFX

h�#H2 jXR � i�#H2 rBi? `QH2b Q7 +QHH2+i2/ /�i�X

o�`B�#H2b hvT2b

h?2 �KQmMi Q7 qBi?/`�r�H _2bTQMb2

q22F/�v AM/2T2M/2Mi

qQ`FBM; .�v AM/2T2M/2Mi

.�i2 AM/2T2M/2Mi

JQMi? AM/2T2M/2Mi

J2�M qBi?/`�r�H Q7 S`2pBQmb q22F AM/2T2M/2Mi

qBi?/`�r�H Q7 S`2pBQmb a�K2 .�v AM/2T2M/2Mi

h?2 /�i� BM h�#H2 jXR Bb b�p2/ BM 7Q`K Q7 � *ao }H2 #2+�mb2 *ao Bb �p�BH�#H2

 



kR

7Q` T`Q;`�K _X JQ`2Qp2`- Qm` /�i� Bb �M�Hvx2/ #v �M _@T`Q;`�K �M/ _�TB/KBM2`

T`Q;`�KX

jXk S`Q;`�K

q2 mb2 i?2 7`22 bQ7ir�`2 2MpB`QMK2Mi 7Q` �M�HvbBb �M/ +QKTmi�iBQMX Pm`

T`Q;`�K +QMbBbi Q7 _ aim/BQ T`Q;`�K rBi? p2`bBQM RXjXRyNj- _�TB/KBM2` rBi?

p2`bBQM NX3XyyR �M/ Svi?QM j p2`bBQM jX3Xe- rQ`FBM; QM Ja qBM/Qrb Ry QT2`�iBQM

bvbi2KX

jXj aim/v �M/ �M�Hvx2 i?2 _2H�iBQM #2ir22M AM/2T2M/2Mi

�M/ `2bTQMb2 o�`B�#H2b

q2 +QMbi`m+i i?2 JmHiBTH2 GBM2�` _2;`2bbBQM JQ/2H Q7 �HH p�`B�#H2b iQ �M�H@

Bx2 i?2 bB;MB}+�M+2 Q7 BM/2T2M/2Mi p�`B�#H2b r?B+? �z2+i iQ i?2 �KQmMi Q7 rBi?@

/`�r�H #v 7QHHQrBM; 2[m�iBQM,

hQi�H = β0 + β1q22F/�v + β2qQ`FBM;.�v + β3.�i2 + β4JQMi?

+ β5J2�MQ7S`2p + β6a�K2/�vS`2p,

r?2`2

RX qQ`FBM;.�v K2�Mb i?�i /�v Bb ?QHB/�v Q` rQ`FBM; /�vc

kX J2�MQ7S`2p Bb J2�M qBi?/`�r�H Q7 S`2pBQmb q22Fc

jX a�K2/�vS`2p Bb qBi?/`�r�H QM i?2 .�v BM i?2 S`2pBQmb r22FX

h2bi 7Q` aB;MB}+�M+2 Q7 _2;`2bbBQM

 



kk

q2 mb2/ i?Bb i2bi 7Q` BMp2biB;�iBM; i?2 BM/2T2M/2Mi p�`B�#H2b r?B+? KQbi

�z2+i i?2 �KQmMi Q7 rBi?/`�r�H BM KQ/2H Q7 JmHiBTH2 GBM2�` `2;`2bbBQMX

�bbmK2 i?�i i?2 2biBK�iQ` T�`�K2i2` β0, β1, ..., β6 �`2 b0, b1, ..., b6 `2bT2+@

iBp2HvX

h?2 bi�i2K2Mi 7Q` i?2 ?vTQi?2b2b Bb,

H0 : β1 = β2 = β3 = ... = β6 = 0c

H1 : βi ̸= 0 7Q` �i H2�bi QM2 iX

h?2 bi�iBbiB+- r?B+? +�M #2 mb2/ 7Q` i2biBM; H0 �;�BMbi H1 Bb i?2 t i2bi

bi�iBbiB+ BM i?2 7QHHQrBM; 7Q`K,

t⋆ =
bi

b2(bi)
∼ tα

2 ,n−(k+1), ∀i = 1, 2, 3, ..., 6.

r?2`2 b2(bi) =
√
σ2Cii- Cii Bb �M 2H2K2Mi QM i?2 K�BM /B�;QM�H Q7 (XTX)−1

�M/ r2 `2D2+i H0 B7 tα
2 ,n−(k+1) < |t⋆|

AM i2`K Q7 i2+?MB+�H K2i?Q/- r2 mb2/ 5W Q7 � bB;MB}+�Mi H2p2H Uα = 0.05V-

�M/ � MmK#2` Q7 i`�BMBM; /�i� 2[m�H iQ dkN Un = 729VX h?2M i?2 i2`K Q7 i@

/Bbi`B#miBQM t0.025,727 Bb 2biBK�i2/ BM i@.Bbi`B#miBQM i�#H2 �TT`QtBK�i2Hv iQ RXNe8X

jX9 *`2�iBM; � 6Q`2+�biBM; JQ/2H

�7i2` r2 ?�/ Q#i�BM2/ i?2 bB;MB}+�Mi 7�+iQ`b �z2+iBM; i?2 �KQmMi Q7 rBi?@

/`�r�H- r2 +QMbi`m+i2/ i?2 �TT`QT`B�i2 KQ/2H 7Q` 7Q`2+�biBM; i?2 p�Hm2 Q7 i?2

 



kj

�KQmMi Q7 rBi?/`�r�H #v

RX JmHiBTH2 GBM2�` _2;`2bbBQMc

kX K@K2�M *Hmbi2`BM; iQ;2i?2` rBi? JmHiBTH2 GBM2�` _2;`2bbBQMc

jX K@K2�M *Hmbi2`BM; iQ;2i?2` rBi? SQHvMQKB�H _2;`2bbBQMX

h?2 K@K2�M *Hmbi2`BM; Bb � FBM/ Q7 +H�bbB}+�iBQM BM UmMbmT2`pBb2/V J�+?BM2

G2�`MBM; iQ b2T�`�i2 i?BM;b BMiQ i?2 b�K2 +Hmbi2` U;`QmTV rBi? �M �TT`QT`B�i2

MmK#2` Q7 +Hmbi2`X

J2i?Q/ 7Q` b2H2+iBM; �M �TT`QT`B�i2 MmK#2` Q7 +Hmbi2`

Ç aBH?Qm2ii2 *Q2{+B2MiX

jX8 S`2/B+i2/ .�i�

h?2 T`2/B+i2/ /�i� Bb mb2/ 7Q` i?2 �#Qp2 KQ/2H 7`QK kyRj C�Mm�`v mMiBH

kyRj J�v- mbBM; i?2 `2K�BMBM; R3R /�i�X

jXe J2�bm`2K2Mi Q7 6Q`2+�biBM; JQ/2H

q?2M r2 i`v iQ 7Q`2+�bi i?2 7mim`2 p�Hm2- r2 Kmbi ?�p2 �M BM/B+�iQ` Q7 i?2

2``Q` iQ b?Qr i?2 �++m`�+v Q7 i?2 7Q`2+�biBM; KQ/2H

h?2 BM/B+�iQ` Q7 2``Q` p�Hm2 7Q` 7Q`2+�biBM; KQ/2H

RX _QQi J2�M a[m�`2 1``Q`

kX J2�M �#bQHmi2 1``Q`

 



*>�Sh1_ Ao

_1alGha

h?Bb T�`i rBHH b?Qr i?2 `2bmHi Q7 i?2 T`Q+2bb 7`QK T`2pBQmb *?�Ti2`X Pm`

;Q�Hb Bb iQ b?Qr i?2 +QMb2[m2M+2 +QKTmi2/ BM j KQ/2HbX JQ`2Qp2` r2 +QmH/ ;�BM

i?2 FMQrH2/;2 i?Q`Qm;?Hv �#Qmi i?2 T`Q+2bb Q7 }M/BM; i?2 bB;MB}+�Mi 7�+iQ`b �z2+i

iQ i?2 �KQmMi Q7 rBi?/`�r�H- +?QQbBM; � MmK#2` Q7 +Hmbi2` #v bBH?Qm2ii2 +Q2{+B2Mi-

+QM+Hm/BM; i?2 #2bi KQ/2H �KQM; i?2K 7Q` i?Bb /�i�X

9XR .2b+`BTiBp2 ai�iBbiB+b Q7 h`�BMBM; .�i�

.2b+`BTiBp2 bi�iBbiB+b Bb � bmKK�`v bi�iBbiB+b i?�i [m�MiBi�iBp2Hv /2b+`B#2b

Q` bmKK�`Bx2b 72�im`2b 7`QK i?2 +QHH2+iBQM Q7 i?2 i`�BMBM; /�i� i?�i Bb 2bb2MiB�H BM

T�`i Q7 J�+?BM2 G2�`MBM;

h�#H2 9XR � /2i�BHb Q7 i?2 i`�BMBM; /�i�X

o�`B�#H2b JBMBKmK J�tBKmK �p2`�;2

hQi�H 8Ndyy RkNeeyy 89eRddXdyN

q22F/�v R d jXNNe

qQ`FBM; .�v R k RXj8d

.�i2 R jR R8Xdd3

JQMi? R Rk eX8j8

J2�MQ7S`2p j8kkdk NjdRkN 8988N8X9N3

a�K2/�vS`2p 8Ndyy RkNeeyy 89dkeyXRR8

_2K�`F, aBM+2- i?2 q22F/�v Bb 7`QK amM/�v iQ a�im`/�v �M/ r2 bm#biB@

 



k8

imi2 7`QK MmK#2` R iBHH MmK#2` d BX2X amM/�v 4 R- JQM/�v 4 k- XXX - a�im`/�v

4 dX qQ`FBM; Bb �HbQ bm#biBimi2/ �b qQ`FBM; .�v 4 R �M/ >QHB/�v 4 k �M/ h?2

7�+iQ` JQMi? Bb �HbQ bm#biBimi2/ 7`QK R iQ Rk rBi? BMBiB�H JQMi? �b C�Mm�`vX

9Xk h?2 aB;MB}+�Mi 6�+iQ`b

h?Bb bi2T Bb �M �M�HvbBb Q7 i?2b2 BM/2T2M/2Mi 7�+iQ`b �z2+iBM; i?2 �KQmMi

Q7 rBi?/`�r�H #v mbBM; JmHiBTH2 GBM2�` _2;`2bbBQM rBi? 5W Q7 bB;MB}+�Mi H2p2HX

"27Q`2 �M�HvbBM; i?2 7�+iQ`b- r2 ?�p2 iQ `2b+�H2 i?2 /�i� BMiQ i?2 b�K2

bi�M/�`/ #v i?2 bi�M/�`/Bx�iBQM K2i?Q/X i?2 `2b+�H2/ /�i� ?�b i?2 K2�M �M/

bi�M/�`/ /2pB�iBQM 2[m�H iQ y �M/ R `2bT2+iBp2HvX h?2 2[m�iBQM 7Q` i?2 bi�M/�`/@

Bx�iBQM K2i?Q/ Bb

zi =
xi − x̄

σ
,

L2ti- 7�+iQ`b `2bmHiBM; BM i?2 HQr2bi `QQi K2�M b[m�`2 2``Q` bBM;H2/ Qmi

iQ #2 mb2/ BM i?2 KQ/2HX h?2M- r2 ;2i j bB;MB}+�Mi 7�+iQ`b �z2+iBM; i?2 �KQmMi

Q7 rBi?/`�r�H M�K2Hv qQ`FBM; .�v- .�i2- qBi?/`�r�H Q7 S`2pBQmb i?2 .�v

BM T`2pBQmb r22FX h?2B` +Q2{+B2Mib �`2 b?QrM BM h�#H2 9Xk +QKKTmi2/ #v _

T`Q;`�K rBi? i?2 7QHHQrBM; +QKK�M/,

> }i 4 HKUhQi�H ∼ q22F/�v Y qQ`FBM;/�v Y .�i2 Y JQMi? Y J2�MQ7@

S`2p Y a�K2.�vS`2p- /�i� 4 .�i�V

 



ke

h�#H2 9Xk h?2 +Q2{+B2Mib �M/ bi�iBbiB+�H BM7Q`K�iBQM Q7 i?2 i`�BMBM; /�i� rBi?

5W Q7 � bB;MB}+�Mi H2p2HX

o�`B�#H2b *Q2{+B2Mi bi/X2``Q` i p�Hm2 T@p�Hm2

AMi2`+2Ti @kXkRe2@Ry jXjRk2@yk yXyyy RXyyyyy

q22F/�v @8X9882@yj 9X9Rd2@yk @yXRkj yXNyRd

qQ`FBM; .�v @RXyy92@yR @9X9yj2@yk @kXkdN yXykkN

.�i2 @yX9R3 jXj8e2@yk @RkXdy9 < k2@Re

JQMi? 8XNeN2@yk jXjk92@yk RXdNe yXydkN

J2�MQ7S`2p @eX3kk2@yk 9Xyj82@yk @RXeNR yXyNRj

a�K2/�vS`2p RXkN82@yR 9XyRy2@yk2@yk jXkk3 yXyyRj

9Xj *QMbi`m+iBM; i?2 7Q`2+�biBM; KQ/2H rBi? i?2 bB;MB}+�Mi

7�+iQ`b

>�pBM; Q#i�BM2/ i?2 i?`22 bB;MB}+�Mi 7�+iQ`b- r2 iQQF i?2b2 7�+iQ`b iQ

+`2�i2 i?2 KQ/2H #v mbBM; i?2 _�TB/KBM2` T`Q;`�K �M/ Svi?QMX q2 +QMbi`m+i2/

j KQ/2Hb 7Q` 7Q`2+�biBM; i?2 �KQmMi Q7 rBi?/`�r�HX

JQ/2H A, JmHiBTH2 GBM2�` _2;`2bbBQM JQ/2H

q2 +`2�i2 i?2 JmHiBTH2 GBM2�` _2;`2bbBQM KQ/2H #v mbBM; _�TB/KBM2`

 



kd

6B;m`2 9XR *QMbi`m+iBM; JmHiBTH2 GBM2�` _2;`2bbBQM KQ/2H BM _�TB/KBM2`X

h�#H2 9Xj h?2 +Q2{+B2Mib �M/ bi�iBbiB+�H BM7Q`K�iBQM Q7 i?2 bB;MB}+�Mi i`�BMBM;

/�i�X

o�`B�#H2b *Q2{+B2Mi bi/X2``Q` i p�Hm2 T@p�Hm2

AMi2`+2Ti @kXkjk2@Ry jXjRN2@yk yXyyy RXyyyyy

qQ`FBM; .�v @RXy992@yR jXjkR2@yk @jXR99 yXyyRdj

.�i2 @yX9R3R jXjjR2@yk @RkX889 < k2@Re

a�K2/�vS`2p NX8Nd2@yk jXjjy2@yk kX33R yXyy9y3

h?2M i?2 2[m�iBQM 7Q` 7Q`2+�biBM; BM KQ/2H A �b 7QHHQr,

hQi�H = −0.1044×qQ`FBM; .�v−0.4181×.�i2+0.09597×a�K2/�vS`2p−2.232e−10

AM i?2 M2ti bi2T- r2 Tmb? i?2 i2bi /�i� �;�BMbi i?2 �#Qp2 KQ/2HX q2 +�M ;2i

i?2 +QMb2[m2M+2 #v _�TB/KBM2` BM 6B;m`2 9Xk- �M/ +QKTmiBM; i?2 �++m`�+v Q7 i?2

KQ/2H #v _QQi J2�M a[m�`2 1``Q`U_Ja1V �M/ J2�M �#bQHmi2 1``Q`UJ�1VX h?2

_Ja1 �M/ J�1 Q7 i?Bb KQ/2H Bb 2[m�H iQ RXyjey �M/ yXd938 `2bT2+iBp2HvX

 



k3

6B;m`2 9Xk h2bi /�i� �;�BMbi JmHiBTH2 GBM2�` _2;`2bbBQM KQ/2H BM _�TB/KBM2`X

AM i?2 `2K�BMBM; irQ KQ/2Hb- � +Hmbi2`BM; T�`i Bb BMb2`i2/ #27Q`2 +QMbi`m+i@

BM; #Qi? KQ/2HbX aQ- r2 2tT`2bb i?2 +Hmbi2`BM; �H;Q`Bi?K ?Qr Bi rQ`Fb 7Q` Qm`

/�i�X P7 +QM+2`M �`2 i?2 BMBiB�H TQBMi �M/ 2biBK�iBM; i?2 MmK#2` Q7 +Hmbi2`bX AM

Qm` T`Q+2bb- r2 B;MQ`2/ i?2 T`Q#H2K Q7 TB+FBM; i?2 BMBiB�H TQBMi #2+�mb2 r2 �`2

MQi BMi2`2bi2/ BM i?2 MmK#2` Q7 Bi2`�iBQMb Q7 K@K2�M +Hmbi2`BM;X q2 �`2 QMHv

+QM+2`M rBi? i?2 T`Q#H2K Q7 � MmK#2` Q7 +Hmbi2` �M/ r2 bQHp2 i?Bb T`Q#H2K #v

aBH?Qm2ii2 *Q2{+B2Mi K2i?Q/ K2MiBQM2/ #2HQrX

aBH?Qm2ii2 *Q2{+B2Mi J2i?Q/
h?2 aBH?Qm2ii2 *Q2{+B2Mi K2i?Q/ T`QpB/2b �TT`QT`B�i2 MmK#2` Q7 +Hmbi2`X

aBH?Qm2ii2 *Q2{+B2Mi ?�b `�M;2 7`QK @R iQ R- rBi? � ?B;? p�Hm2 BM/B+�iBM; i?�i

+Hmbi2`b �`2 r2HH b2T�`�i2/X PM i?2 Qi?2` ?�M/- � HQr Q` M2;�iBp2 p�Hm2 BM/B+�i2b

i?�i Bi Bb MQi � r2HH b2T�`�i2/ +Hmbi2`X h?2 aBH?Qm2ii2 �`2 +�H+mH�i2/ �b 1m+HB/2�M

/Bbi�M+2X

6B`bi- �bbmK2 i?2 /�i� �`2 +Hmbi2`2/ #v K@K2�Mb i2+?MB[m2 BMiQ k +Hmbi2`b

 



kN

6Q` �Mv TQBMi x ∈ Ci U/�i� TQBMi BM Bib +Hmbi2`V H2i a(x) /2MQi2 Bib BMM2` �p2`�;2

/Bbi�M+2 U�p2`�;2 /Bbi�M+2 #2ir22M TQBMi i �M/ Qi?2` TQBMi BM b�K2 +Hmbi2`V

a(x) =
1

|Ci|− 1

∑

y∈Ci,x ̸=y

||x− y||2

r?2`2 || · ||2 Bb 1m+HB/2�M /Bbi�M+2 �M/ |Ck| Bb � MmK#2` Q7 2H2K2Mib BM

+Hmbi2` kX b(x) Bb �M �p2`�;2 /Bbi�M+2 Q7 TQBMi x iQ �HH TQBMib Q7 M2�`2bi +Hmbi2`X

amTTQb2 +Hmbi2` k Bb M2�`2bi +Hmbi2` iQ TQBMi x- i?2M r2 ;2i �p2`�;2 /Bbi�M+2 b(x)

�b 2[m�iBQM,

b(x) =
1

|Ck|
∑

y∈Ck

||x− y||2

LQr- r2 /2}M2 � bBH?Qm2ii2 p�Hm2 s(i) Q7 TQBMi i #v

s(i) =
b(i)− a(i)

K�t{a(i), b(i)} , |Ci| > 1 U9XjXRV

AM +�b2 |Ci| = 1- i?2M s(i) = 0X AM /2b+`BTiBQM Q7 s(i)- 2[m�iBQM U9XjXRV b?Qrb i?2

`�M;2 Q7 s(i) H2bb i?�M R �M/ KQ`2 i?�M @R (−1 ≤ s(i) ≤ 1)X Ai +�M #2 r`Bii2M �b,

s(i) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1− a(i)/b(i), a(i) < b(i)

0, a(i) = b(i)

b(i)/a(i)− 1, a(i) > b(i)

h?2 �p2`�;2 Q7 aBH?Qm2ii2 p�Hm2 Q7 i?2 2MiB`2 /�i�b2i 7Q` bT2+B}+ k Bb /2MQi2/ #v

s(k)X h?2M- i?2 aBH?Qm2ii2 *Q2{+B2MiUa*V 7Q` K�tBKmK s(k) Bb

SC = K�t
k

{s(k)}

q2 +�H+mH�i2/ i?2 aBH?Qm2ii2 *Q2{+B2Mi pB� Svi?QM jX3XeX 6B`bi- r2 b?Qr i?2 /�i�

BM 7Q`K Q7 ai�M/�`/Bx�iBQM BM 6B;m`2 9Xj

 



jy

6B;m`2 9Xj h`�BMBM; .�i� ai�M/�`/Bx�iBQM 7Q` i?2 j bB;MB}+�Mi p�`B�#H2bX

L2ti- r2 }M/ i?2 �TT`QT`B�i2 MmK#2` Q7 +Hmbi2`b rBi? aBH?Qm2ii2 *Q2{@

+B2Mi K2i?Q/ #v bmTTQbBM; � MmK#2` Q7 +Hmbi2`b bi�`iBM; 7`QK k +Hmbi2`b mT iQ Ry

+Hmbi2`bX h?2M- r2 Q#i�BM2/ i?2 `2bmHi �b b?QrM BM 6B;m`2 9X9

 



jR

k *Hmbi2`b j *Hmbi2`b

9 *Hmbi2`b 8 *Hmbi2`b

e *Hmbi2`b d *Hmbi2`b

3 *Hmbi2`b N *Hmbi2`b

6B;m`2 9X9 h?2 aBH?Qm2ii2 *Q2{+B2Mib 7`QK k +Hmbi2`b iQ Ry +Hmbi2`bX

 



jk

Ry *Hmbi2`b

6B;m`2 9X9 U*QMiBMm2/V h?2 aBH?Qm2ii2 *Q2{+B2Mib 7`QK k +Hmbi2`b iQ Ry +Hmbi2`bX

h�#H2 9X9 aBH?Qm2ii2 *Q2{+B2Mib Q7 N +Hmbi2` 7Q`KbX

LmK#2` Q7 *Hmbi2`b aBH?Qm2ii2 *Q2{+B2Mib

k yXjdNNye

j yXj83j88

9 yXjdNjyN

8 yX9ydy89

e yX9j9RyN

d yX9y8kye

3 yX9yejk9

N yX9yNj8d

Ry yX9y99Ry

 



jj

q2 +�M /2i2+i i?�i i?2 #2bi aBH?Qm2ii2 *Q2{+B2Mi p�Hm2 Bb yX9j9RyN 7`QK

/�i� rBi? e +Hmbi2`bX h?mb- r2 +QM+Hm/2 i?�i i?2 #2bi MmK#2` Q7 +Hmbi2`b 7Q` i?Bb

/�i� Bb e +Hmbi2`bX

K@K2�M *Hmbi2`BM;
L2ti- r2 mb2 K@K2�M +Hmbi2`BM; iQ b2T�`�i2 i?2 /�i� BMiQ e +Hmbi2`bX h?2

MmK#2` Q7 /�i� �M/ i?2B` +2Mi`QB/b BM 2�+? +Hmbi2` �7i2` +Hmbi2`BM; �`2 b?QrM BM

6B;m`2 9X8 �M/ h�#H2 9X8X

6B;m`2 9X8 � MmK#2` Q7 /�i� BM 2�+? +Hmbi2`bX

 



j9

h�#H2 9X8 h�#H2 b?Qrb i?2 +2Mi`QB/b Q7 2�+? +Hmbi2`bX

*Hmbi2` qQ`FBM; .�v .�i2 a�K2/�vS`2p

y @yXd99e @yXkey9 yXNNN

R RXj9jR @RXRy83 @yXdkNe

k RXj9jR yXNjR9 @yX8dR

j @yXd99e yXNekd @yXjNye

9 @yXd99e @RXR38R @yX89eR

8 RXj9jR @yXRNe9 RXR3yj

JQ`2Qp2`- r2 b?Qr � pBQHBM THQi BM 6B;m`2 9Xe 7`QK i?2b2 7�+iQ`b iQ mM/2`bi�M/ i?2

p�Hm2 Q7 p�`B�#H2b BM 2�+? +Hmbi2`X

6B;m`2 9Xe o�Hm2 Q7 p�`B�#H2b BM 2�+? +Hmbi2` �b pBQHBM THQiX

 



j8

JQ/2H AA, *Hmbi2`BM; Y JmHiBTH2 GBM2�` _2;`2bbBQM JQ/2H

�7i2` b2T�`�iBM; i?2 /�i� #v K@K2�M +Hmbi2`BM;- r2 +QMbi`m+i i?2 JmHiBTH2

GBM2�` _2;`2bbBQM KQ/2H BM 2�+? +Hmbi2` 7`QK i`�BMBM; /�i� #v _�TB/KBM2`X h?Bb

K2�Mb i?2b2 KQ/2Hb �`2 mMB[m2U/BbiBM+i �KQM; i?2KVX

h?2 2[m�iBQM Q7 i?2 KQ/2H BM *Hmbi2` y,

hQi�H = −0.588× .�i2 + 0.05× a�K2/�vS`2p − 0.035.

h?2 2[m�iBQM Q7 i?2 KQ/2H BM *Hmbi2` R,

hQi�H = −1.264× .�i2 + 0.33× a�K2/�vS`2p − 1.012.

h?2 2[m�iBQM Q7 i?2 KQ/2H BM *Hmbi2` k,

hQi�H = 0.1831× .�i2 + 0.2472× a�K2/�vS`2p − 0.6188.

h?2 2[m�iBQM Q7 i?2 KQ/2H BM *Hmbi2` j,

hQi�H = −0.1212× .�i2 + 0.1046× a�K2/�vS`2p − 0.2939.

h?2 2[m�iBQM Q7 i?2 KQ/2H BM *Hmbi2` 9,

hQi�H = −0.552× .�i2 − 0.117× a�K2/�vS`2p − 0.071.

h?2 2[m�iBQM Q7 i?2 KQ/2H BM *Hmbi2` 8,

hQi�H = −0.398× .�i2 + 0.136× a�K2/�vS`2p − 0.065.

AM i?2 M2ti bi2T- r2 +H�bbB7v i?2 i2bi /�i� BMiQ � +Hmbi2` Q7 � M2�`2bi +2Mi`QB/

BX2X bmTTQb2 /�i� TQBMi i Bb M2�`2bi iQ i?2 +2Mi`QB/ Q7 +Hmbi2` k- i?2M r2 +H�bbB7v i?2

/�i� TQBMi i BMiQ *Hmbi2` KX �M/ r2 7QmM/ i?�i jd- R3- j9- 9j- jk- Rd /�i� TQBMib

�`2 BM +Hmbi2` y- R- k- j- 9- 8 `2bT2+iBp2HvX LQr- r2 Tmb? i?2 i2bi /�i� �;�BMbi

i?2 KQ/2H Q7 Bib +Hmbi2`X q2 Q#i�BM i?2 `2bmHi #v _�TB/KBM2` BM 6B;m`2 9Xd- �M/

+QKTmi2 i?2 �++m`�+v Q7 �HH KQ/2H #v _QQi J2�M a[m�`2 1``Q` U_Ja1V �M/ J2�M

�#bQHmi2 1``Q` UJ�1VX h?2 _Ja1 �M/ J�1 Q7 i?Bb KQ/2H �`2 2[m�H iQ RXyRjd

�M/ yXd9N3- `2bT2+iBp2HvX

 



je

6B;m`2 9Xd h2bi /�i� �;�BMbi JmHiBTH2 GBM2�` _2;`2bbBQM KQ/2H �7i2` +Hmbi2`BM;

BM _�TB/KBM2`X

JQ/2H AAA, *Hmbi2`BM; Y SQHvMQKB�H _2;`2bbBQM JQ/2H

AM i?Bb T�`i- r2 T2`7Q`K 2p2`v bi2T bBKBH�` iQ KQ/2H AA #mi `2TH�+BM; JmH@

iBTH2 GBM2�` _2;`2bbBQM #v SQHvMQKB�H _2;`2bbBQMX

>�pBM; b2T�`�i2/ i?2 /�i� #v K@K2�M +Hmbi2`BM;- r2 +QMbi`m+i i?2 SQHv@

MQKB�H _2;`2bbBQM KQ/2H BM 2�+? +Hmbi2` 7`QK i?2 i`�BMBM; /�i� #v _�TB/KBM2`X

h?Bb K2�Mb i?2b2 KQ/2H �`2 �HbQ mMB[m2X

h?2 2[m�iBQM Q7 i?2 KQ/2H BM *Hmbi2` y,

hQi�H = −0.365× .�i23 + 0.113× a�K2/�vS`2p − 0.008.

h?2 2[m�iBQM Q7 i?2 KQ/2H BM *Hmbi2` R,

hQi�H = 0.576× .�i22 + 0.017× a�K2/�vS`2p4 − 0.622.

h?2 2[m�iBQM Q7 i?2 KQ/2H BM *Hmbi2` k,

hQi�H = 0.203× .�i2 − 0.04× a�K2/�vS`2p4 − 0.76.

 



jd

h?2 2[m�iBQM Q7 i?2 KQ/2H BM *Hmbi2` j,

hQi�H = −0.137× .�i2 + 0.022× a�K2/�vS`2p2 − 0.234.

h?2 2[m�iBQM Q7 i?2 KQ/2H BM *Hmbi2` 9,

hQi�H = 0.045× .�i24 − 0.142× a�K2/�vS`2p + 0.423.

h?2 2[m�iBQM Q7 i?2 KQ/2H BM *Hmbi2` 8,

hQi�H = −0.297× .�i23 + 0.154× a�K2/�vS`2p − 0.051.

AM i?2 M2ti bi2T- r2 +H�bbB7v i?2 i2bi /�i� BMiQ � +Hmbi2`b Q7 � M2�`2bi +2M@

i`QB/- �M/ Tmb? i?2 i2bi /�i� �;�BMbi i?2 KQ/2H Q7 Bib +Hmbi2`X h?2 `2bmHi Q#i�BM2/

#v _�TB/KBM2` BM 6B;m`2 9X3X h?2 �++m`�+v Q7 �HH KQ/2Hb Bb +QKTmi2/ #v _QQi

J2�M a[m�`2 1``Q`U_Ja1V �M/ J2�M �#bQHmi2 1``Q`UJ�1V- �`2 2[m�H iQ yX3jR3

�M/ yXejy8- `2bT2+iBp2HvX

6B;m`2 9X3 h2bi /�i� �;�BMbi JmHiBTH2 GBM2�` _2;`2bbBQM KQ/2H �7i2` +Hmbi2`BM;

BM _�TB/KBM2`X

 



j3

h�#H2 9Xe b?Qrb � +QKT�`BbQM Q7 i?2 _Ja1 �M/ J�1 2``Q`b Q#i�BM2/ #v

i?2 i?`22 KQ/2Hb,

h�#H2 9Xe _QQi J2�M a[m�`2 1``Q` �M/ J2�M �#bQHmi2 1``Q` Q7 i?`22 T`QTQb2/

KQ/2HX

�ii`B#mi2 JG_ *Hmi2`BM; �M/ JG_ *Hmbi2`BM; �M/ SQHvMQKB�H

_Ja1 RXyjey RXyRjd yX3jR3

J�1 yXd938 yXd9N3 yXejy8

6BM�HHv- i?2 ;`�T? Q7 T`2/B+iBQM BM i?`22 KQ/2H BM i2`K Q7 `2b+�H2/ /�i� �b

bi�M/�`/Bx�iBQM K2i?Q/ Bb b?QrM BM 6B;m`2 9XNX

6B;m`2 9XN h?2 ;`�T? Q7 i?2 7Q`2+�bi2/ p�Hm2b #v i?2 i?`22 KQ/2Hb �M/ i?2 `2�H

p�Hm2 Q7 i?2 �KQmMi Q7 rBi?/`�r�H Q7 i?2 +mbiQK2`bǶ /2K�M/X

 



*>�Sh1_ o

*PL*GlaAPL

h?Bb `2b2�`+? +QMbi`m+i2/ �M QTiBK�H KQ/2H iQ 7Q`2+�bi i?2 �KQmMi Q7 rBi?@

/`�r�H Q7 +mbiQK2`Ƕb /2K�M/ #v SQHvMQKB�H `2;`2bbBQM �M/ *Hmbi2`BM; �H;Q`Bi?KX

h?2 7�+iQ`bǶ �M�HvbBb b?Qrb i?�i i?2`2 r2`2 j 7�+iQ`b r?B+? �z2+i2/ iQ i?2 rQ`F@

BM; /�v- /�i2- rBi?/`�r�H Q7 T`2pBQmb b�K2 /�v- rBi? 5W bi�iBbiB+�H bB;MB}+�M+2X

h?2 b�K2 /B`2+iBQM 7�+iQ`b r2`2 rQ`FBM; /�v �M/ /�i2- #mi i?2 QTTQbBi2 /B`2+iBQM

7�+iQ` r�b rBi?/`�r�H Q7 T`2pBQmb b�K2 /�vX h?2 p2`B}+�iBQM #v mbBM; /�i� Q7

i?2 �KQmMi Q7 rBi?/`�r�H Q7 +mbiQK2`Ƕb /2K�M/ 7`QK kyRj C�Mm�`v mMiBH kyRj

J�v b?Qr2/ i?�i Qm` TQHvMQKB�H KQ/2H T`QpB/2/ i?2 H2�bi 2``Q` Q7 #Qi? _Ja1

�M/ J�1- yX3jR3 �M/ yXejy8 `2bT2+iBp2Hv- QMHv r?2`2�b i?2 +H�bbB+�H KmHiBTH2 HBM@

2�` `2;`2bbBQM KQ/2H T`QpB/2/ _Ja1 �M/ J�1 RXyjey �M/ yXd938- `2bT2+iBp2HvX

h?2`27Q`2- r2 +H�BK i?�i i?2 KQ/2H mbBM; i?2 TQHvMQKB�H `2;`2bbBQM �M/ +Hmbi2`BM;

�H;Q`Bi?K ;Qi #2ii2` _Ja1 �M/ J�1 p�Hm2b i?�M i?2 +H�bbB+�H KmHiBTH2 HBM2�`

`2;`2bbBQMX
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"Bb?i- LX UkyRNVX "�MF h`�Mb�+iBQMb .�i� Q7 �hJ i`�Mb�+iBQM Q7

suw #�MFX UQMHBM2V �p�BH�#H2, ?iiTb,ffrrrXF�;;H2X+QKfMBib#�if/�i�@Q7@

�iK@i`�Mb�+iBQM@Q7@tvx@#�MFX

"`�/H2v- SXaX �M/ 6�vv�/- lXJX URNN3VX _2}MBM; AMBiB�H SQBMib 7Q` E@J2�Mb *Hmb@

i2`BM;X S`Q+22/BM;b Q7 i?2 6B7i22Mi? AMi2`M�iBQM�H *QM72`2M+2 QM J�@

+?BM2 G2�`MBM;X J�/BbQM- qA- k9@kd CmHv RNN3- S�;2b NR@NNX

.�pB/- �X �M/ a2`;2B- oX UkyydVX F@K2�MbYY, i?2 �/p�Mi�;2b Q7 +�`27mH b22/BM;X

S`Q+22/BM;b Q7 i?2 2B;?i22Mi? �MMm�H �*J@aA�J bvKTQbBmK QM

.Bb+`2i2 �H;Q`Bi?KbX C�Mm�`v kyyd- S�;2b RykdĜRyj8X

1FBM+B- uX- Gm- CX@*X �M/ .mK�M- 1X UkyR8VX PTiBKBx�iBQM Q7 �hJ +�b? `2TH2MBb?@

K2Mi rBi? ;`QmT@/2K�M/ 7Q`2+�bibX 1tT2`i avbi2Kb rBi? �TTHB+�iBQMbX

9kUdV, j93y@j9NyX

C�/r�H- SXEX- C�BM- aX- :mTi�- lX �M/ E?�MM�- SX UkyR3VX E@K2�Mb *Hmbi2`BM;

rBi? L2m`�H L2irQ`Fb 7Q` �hJ *�b? _2TQbBiQ`v S`2/B+iBQMX *QM72`2M+2,

AMi2`M�iBQM�H *QM72`2M+2 QM AM7Q`K�iBQM �M/ *QKKmMB+�iBQM h2+?@

MQHQ;v 7Q` AMi2HHB;2Mi avbi2Kb UA*hAa kyRdVX Rc 833@8NeX

CQM;- SX.X- �M/ >2HH2`- :XwX Ukyy3VX :2`�HBx2/ GBM2�` JQ/2Hb 7Q` AMbm`�M+2 .�i�X

*�K#`B/;2 lMBp2`bBiv S`2bbX

GBm- uX �M/ CB�M;- EX UkyR9VX �M QTiBK�H �hJ +�b? `2TH2MBb?K2Mi bQHmiBQM mbBM;

�LL@#�b2/ #�;;BM; �H;Q`Bi?KX Ni? AMi2`M�iBQM�H avKTQbBmK QM GBM2�`
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.`Bp2b 7Q` AM/mbi`v �TTHB+�iBQMbX >�M;x?Qm- d CmHv kyRj @ Ry CmHv kyRjX

kdyURV, kRd@kk9X

J�+[m22M- CX URNedVX aQK2 K2i?Q/b 7Q` +H�bbB}+�iBQM �M/ �M�HvbBb Q7 KmHiBp�`B@

�i2 Q#b2`p�iBQMbX AM T`Q+22/BM;b Q7 i?2 }7i? "2`F2H2v avKTQbBmK QM

J�i?2K�iB+�H ai�iBbiB+b �M/ S`Q#�#BHBivX R, k3R@kNd- "2`F2H2v- *a-

la�- RNedX

J�MMBM;- *X.X- _�;?�p�M- SX �M/ a+?mix2- >X UkyydVX _Qm;? b2i #�b2/ ;2M2`�HBx2/

7mxxv +@K2�Mb �H;Q`Bi?K �M/ [m�MiBi�iBp2 BM/B+2bX A111 h`�Mb�+iBQM QM

avbi2Kb- J�M- �M/ *v#2`M2iB+b- jdUeV, R8kN@R89yX

JBHHB;�M :H2MM- qX URN3RVX � _2pB2r P7 JQMi2 *�`HQ h2bib P7 *Hmbi2` �M�HvbBbX

JmHiBp�`B�i2 "2?�pBQ`�H _2b2�`+?- ReUjVc jdN@9ydX

a2HBK- aXwX �M/ AbK�BH- JX�X URN39VX E@K2�Mb@ivT2 �H;Q`Bi?K, � ;2M2`�HBx2/ +QM@

p2`;2M+2 i?2Q`2K �M/ +?�`�+i2`Bx�iBQM Q7 HQ+�H QTiBK�HBivX A111 h`�Mb�+@

iBQMb QM S�ii2`M �M�HvbBb �M/ J�+?BM2 AMi2HHB;2M+2X eURV, 3R@3dX

hxQ`ixBb- :X �M/ GBF�b- �X Ukyy3VX h?2 :HQ#�H E2`M2H F@J2�Mb *Hmbi2`BM; �H;Q@

`Bi?KX kyy3 A111 AMi2`M�iBQM�H CQBMi *QM72`2M+2 QM L2m`�H L2i@

rQ`Fb UA111 qQ`H/ *QM;`2bb QM *QKTmi�iBQM�H AMi2HHB;2M+2VX >QM;

EQM;- *?BM�- CmM2 R@3- kyy3- S�;2b RNdd@RN39X

o2MF�i2b?- EX- _�pB- oX- S`BMxB2- �X �M/ p�M /2M SQ2H- .X UkyR9VX *�b? /2K�M/

7Q`2+�biBM; BM �hJb #v +Hmbi2`BM; �M/ M2m`�H M2irQ`FbX 1m`QT2�M CQm`M�H

Q7 PT2`�iBQM�H _2b2�`+?- kjkUkV, j3j@jNkX
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L�J1 , S�MM�rBi EQM;Km�M;T�F :1L.1_ , J�H2

1.l*�hAPL "�*E:_PlL.,

Ç "�+?2HQ` Q7 a+B2M+2 UJ�i?2K�iB+bV- am`�M�`22 lMBp2`bBiv Q7 h2+?MQHQ;v-

h?�BH�M/- kyR3

a*>PG�_a>AS,

Ç .2p2HQTK2Mi �M/ S`QKQiBQM Q7 a+B2M+2 �M/ h2+?MQHQ;v h�H2Mib S`QD2+i

a+?QH�`b?BT

*PL61_1L*1,

Ç h?2 Rbi AMi2`M�iBQM�H oB`im�H *QM72`2M+2 QM a+B2M+2 �M/ h2+?MQHQ;v Ualh@

Ao*ah kykyV �m;mbi k3i?- kyky

Ç h?2 k8i? �MMm�H J22iBM; BM J�i?2K�iB+b U�JJkykRV J�v k3i?- kykR

1sS1_A1L*1,

Ç h2�+?BM; �bbBbi�Mi BM +Qm`b2 Q7 *�H+mHmb �i am`�M�`22 lMBp2`bBiv Q7 h2+?MQH@

Q;v- b2K2bi2` 7`QK kfkyRN iQ Rfkyky

Ç ai�z Q7 .Sah bmKK2` +�KT �i E?�Qv�B CmM2- kyRN
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