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�*ELPqG1.:1J1Lha

A rQmH/ HBF2 iQ 2tT`2bb Kv �TT`2+B�iBQM iQ �HH bmTTQ`ib �M/ BMbTB`�iBQMb

BM Kv T?vbB+b bim/2Mi HB72X 6B`bi Q7 Kv �TT`2+B�iBQM ;Q2b 7Q` Kv bmT2`pBb2`b

.`Xq�`BMiQ`M a`22i?�rQM; �M/ �bbiXS`Q7X S�iBT�M lii�v�`�i 7`QK a`BM�F?�`@

BMrB`Qi lMBp2`bBiv- h?�BH�M/X h?2v ;Bp2 K2 �HH #2bi bmTTQ`ib- �/pBb2b �M/ BMbTB@

`�iBQMbX 1bT2+B�HHv- �bbiXS`Q7X.`X S�iBT�M lii�v�`�i r?Q +�HKHv i2�+?2b K2 ?Qr

iQ /2�H rBi? mM2tT2+i2/ `2bmHibX qBi?Qmi /Qm#i- Ai Bb � rQM/2`7mH `2b2�`+? 2tT2@

`B2M+2bX

L2ti- A rQmH/ HBF2 iQ 2tT`2bb Kv ;`�iBim/2 7Q` S`Q7XumT2M; u�M �M/ �bbiX

S`Q7X .`X �vmi GBKT?B`�i r?Q �Hr�vb bmTTQ`i �M/ ;Bp2 K2 i?2 #2bi QTTQ`imMBiB2b

BM K�Mv T�`iB+H2 T?vbB+b +QM72`2M+2b Q` ;`QmT /Bb+mbbBQMbX L2ti- A rQmH/ HBF2 iQ

i?�MF �HH Q7 Kv T?vbB+b H2+im`2`bX h?2v i�m;?i K2 MQi QMHv �+�/2KB+ FMQrH2/;2

#mi �HbQ ?Qr iQ i?BMF �b b+B2MiBbiX A �HbQ rQmH/ HBF2 iQ i?�MF Kv 7`B2M/b BM i?2

?B;? 2M2`;v �M/ T�`iB+H2 T?vbB+b ;`QmT �i alh �M/ i?2 i?2Q`2iB+�H ?B;?@2M2`;v

T?vbB+b �M/ �bi`QT?vbB+b ;`QmT �i aql- r?Q 7mH}HH Kv [m2biBQMb �M/ �Mbr2`b BM

K�Mv T?vbB+b +H�bb2bX

G�bi #mi MQi H2�bi- A rQmH/ HBF2 iQ i?�MF Kv 7�KBHv- r?Q 2p2M /Q2b MQi

FMQr r?�i Kv `2b2�`+? Bb Q` r?�i �K A bim/v #mi i?2v �Hr�vb bmTTQ`i K2 BM

2p2`vi?BM; �#Qmi Kv bim/vX h?2B` �HH mM+QM/BiBQM�H HQp2 �M/ +�`2 KQiBp�i2/ K2

iQ /Q �HH Kv #2bi BM i?Bb i?2bBbX qBi?Qmi /Qm#i �;�BM- A rQmH/ HBF2 iQ ;Bp2 Kv

bBM+2`2 ;`�iBim/2 7Q` i?2KX

q�`�`�i h`22bmF`�i
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aJ ai�M/�`/ JQ/2H

aLP am/#m`v L2mi`BMQ P#b2`p�iQ`v
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ALh_P.l*hAPL

PM2 Q7 i?2 2H2K2Mi�`v T�`iB+H2b r?B+? ?�b MQ +?�`;2- bTBM@Rfk �M/ BMi2`�+ib

p2`v r2�FHv rBi? Qi?2` T�`iB+H2b Bb +�HH2/ i?2 M2mi`BMQX h?2`2 �`2 bQK2 mM/2i2`@

KBM2/ T`QT2`iB2b bm+? �b K�bb2b �M/ KBtBM; �M;H2b i?�i T�`iB+H2 T?vbB+Bbib r�Mi

iQ }M/ QmiX L2mi`BMQ +�M mM/2`;Q � [m�MimK T?2MQK2MQM FMQrM �b M2mi`BMQ

Qb+BHH�iBQM» mM/2` r?B+? M2mi`BMQ +?�M;2b ivT2X h?Bb T?2MQK2MQM r�b +QM}`K2/

#v i?2 amT2`@E�KBQF�M/2 UamT2`@EV BM C�T�M U6mFm/� 2i �HX- RNN3V �M/ i?2 am/@

#m`v L2mi`BMQ P#b2`p�iQ`v UaLPV BM *�M�/� U�?K�/ 2i �HX- kyyRVX Ai BKTHB2/

i?�i M2mi`BMQ Kmbi #2 � K�bbBp2 T�`iB+H2 r?B+? Bb BM +QMi`�/B+iBQM rBi? i?2 ai�M@

/�`/ JQ/2H UaJV Q7 T�`iB+H2 T?vbB+bX h?Bb Bb � /B`2+i 2pB/2M+2 i?�i i?2 aJ ?�b iQ

#2 2ti2M/2/ iQ �++QKKQ/�i2 � K�bbBp2 M2mi`BMQX

6`QK T`2b2Mi 2tT2`BK2Mi�H /�i� i?2 K�bb Q7 M2mi`BMQ Bb p2`v HB;?i- mν <

2 2o Uh�M�#�b?B 2i �HX- kyR3V- Km+? HB;?i2` i?�M Qi?2` T�`iB+H2bX h?2`2 �`2 KQ/2Hb

i?�i +�M ;2M2`�i2 HB;?i M2mi`BMQ K�bb bm+? �b b22b�r KQ/2Hb r?B+? +QMM2+i i?2

K�bb Q7 i?2 M2mi`BMQ rBi? i?2 K�bb Q7 � ?2�pv M2r T?vbB+b T�`iB+H2X h?2`2 �`2

K�Mv `2�HBx�iBQMb Q7 b22b�r KQ/2Hb U�F?K2/Qp- kyR9V- 2�+? Q7 r?B+? /2T2M/b QM

�//BiBQM�H M2r ?2�pv T�`iB+H2b, ivT2 A- AA �M/ AAA +Q``2bTQM/BM; iQ ?2�pv bi2`BH2

M2mi`BMQbÞ- ?2�pv alUkVL@i`BTH2i >B;;b b+�H�`b �M/ ?2�pv i`BTH2i 72`KBQMb- `2bT2+@

iBp2HvX

�MQi?2` b?Q`i+QKBM; Q7 i?2 aJ Bb i?2 H�+F Q7 2tTH�M�iBQM Q7 r?v i?2`2
»AM kyR8- h�F��FB E�DBi� UamT2`@EV �M/ �`i?m` "X J+.QM�H/ UaLPV `2+2Bp2/ i?2 LQ#H2 S`Bx2
BM S?vbB+b 7Q` � /Bb+Qp2`v Q7 M2mi`BMQ Qb+BHH�iBQMX

ÞPM2 bT2+B�H ivT2 Q7 M2mi`BMQ BM i?2 2ti2MbBQM Q7 i?2 aJ r?B+? /Q2b MQi ?�p2 i?2 aJ ;�m;2
BMi2`�+iBQMbX



k

�`2 QMHv i?`22 ivT2b Q7 H2TiQM ~�pQ`X h?2 MmK#2` Q7 H2TiQM ~�pQ`b +QmH/ #2 2t@

TH�BM2/ #v "2vQM/ i?2 ai�M/�`/ JQ/2H U"aJV T?vbB+bX AM i?2 aJ- i?2`2 Bb �M

�TT`QtBK�i2/ alUjVl × alUjVE bvKK2i`v BM i?2 H2TiQM b2+iQ` r?B+? Bb #`QF2M

#v i?2 H2TiQM umF�r� +QmTHBM;X PM2 +QmH/ +QMbB/2` "aJ b+2M�`BQ BM r?B+? i?Bb

bvKK2i`v Bb 2t�+i- bm+? �b KQ/2H rBi? ;�m;2/ H2TiQM ~�pQ` bvKK2i`v U�HQMbQ

2i �HX- kyReVX h?Bb KQ/2H 2tTH�BMb i?2 MmK#2` Q7 ~�pQ`b #v 2[m�iBM; Bi iQ i?2 bBx2

Q7 i?2 alUjVl×alUjVE `2T`2b2Mi�iBQM mM/2` r?B+? H2TiQMb i`�Mb7Q`KX h?`22 2ti`�

72`KBQM bT2+B2b r2`2 BMi`Q/m+2/ iQ +�M+2H ;�m;2 �MQK�HB2bX AM i?Bb KQ/2H- QM2 Q7

i?2 2ti`� 72`KBQM }2H/b +�M #2 BMi2`T`2i2/ �b � `B;?i@?�M/2/ M2mi`BMQ- r?B+? +�M

;2M2`�i2 bK�HH M2mi`BMQ K�bb pB� � b22b�r K2+?�MBbKX

AM i?Bb rQ`F r2 rBHH bim/v M2mi`BMQ T`QT2`iB2b BM i?2 7`�K2rQ`F Q7 ;�m;2/

H2TiQM ~�pQ` bvKK2i`vX � i?2Q`2iB+�H i2+?MB[m2 +�HH2/ T�`iB�H r�p2 mMBi�`Biv +QM@

bi`�BMi USql*V rBHH #2 miBHBx2/ iQ +QMbi`�BM i?2 K�bb Q7 ~�pQ` ;�m;2 #QbQMbX h?Bb

Bb �+?B2p2/ #v 2p�Hm�iBM; �HH TQbbB#H2 ~�pQ` ;�m;2 #QbQM b+�ii2`BM; �KTHBim/2bX

Sql* BKTHB2b i?�i i?2 �KTHBim/2 +�MMQi ;`Qr �`#Bi`�`BHv H�`;2c i?Bb TH�+2b �M

mTT2` #QmM/ QM i?2 K�bb Q7 ~�pQ` ;�m;2 #QbQM r?B+? Bb BMp2`b2Hv T`QTQ`iBQM�H iQ

i?2 K�bb Q7 M2mi`BMQX

h?2M r2 +�M 2p�Hm�i2 i?2 Sql* BM � T�`iB+mH�` #�bBb #v b+�MMBM; i?2

KQ/2H T�`�K2i2` bT�+2 7Q` pB�#H2 M2mi`BMQ bT2+i`�X hQ BMp2biB;�i2 M2mi`BMQ KBtBM;-

i?2 Sql* Bb Q#i�BM2/ BM �MQi?2` #�bBb +?QB+2X h?Bb #�bBb ;Bp2b KBtBM; T�`�K2i2`b

2M+Q/2/ BM ;�m;2 #QbQM K�bb K�i`BtX h?2M mMBi�`Biv T2`im`#�iBp2 `2;BQM rBHH #2

mb2/ iQ +QMbi`�BM � +QMb2`p�iBp2 #QmM/ Q7 KBtBM; T�`�K2i2`X

h?Bb i?2bBb Bb Q`;�MBx2/ �b 7QHHQrbX AM +?�Ti2` A- r2 `2pB2r i?2 b?Q`i+QKBM;b

Q7 i?2 aJ �M/ ?Qr i?2 KQ/2H rBi? ;�m;2/ H2TiQM ~�pQ` +QmH/ �//`2bb i?2KX h?2M

r2 ;Bp2 �M Qp2`pB2r Q7 i?2 KQ/2H BM +?�Ti2` AAX Ai BM+Hm/2b i?2 i`�Mb7Q`K�iBQM

T`QT2`iB2b- BMi2`�+iBQMb �M/ K�bb K�i`B+2b Q7 ;�m;2 #QbQMbX h?2b2 BMi2`�+iBQMb H2�/



j

mb iQ 2p�Hm�i2 i?2 HQM;Bim/BM�H ;�m;2 #QbQM b+�ii2`BM; �KTHBim/2b �i i`22@H2p2H BM

+?�Ti2` AAAX AM Q`/2` iQ +QMbi`�BM M2mi`BMQ T`QT2`iB2b- �KTHBim/2b �M/ ;�m;2 #QbQM

K�bb rBHH #2 bm#D2+i2/ iQ i?2 T�`iB�H r�p2 mMBi�`Biv +QMbi`�BMi i2+?MB[m2 �M/ r2

rBHH 2tT`2bb i?2K BM +?�Ti2` AoX L2ti- i?2 `2bmHib Q7 b+�MMBM; i?2 KQ/2H T�`�K2i2`

bT�+2 7Q` pB�#H2 T�`�K2i2`b bm+? �b M2mi`BMQ bT2+i`mK �M/ KBtBM; �M;H2b rBHH #2

T`2b2Mi2/ BM +?�Ti2` o �M/ oA `2bT2+iBp2HvX 6BM�HHv- r2 +QM+Hm/2 i?2 i?2bBb �M/

/Bb+mbb Qm` `2bmHib BM +?�Ti2` oAAX
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h?Bb +?�Ti2` T`2b2Mib i?2 al(3)ℓ × al(3)E ;�m;2/ H2TiQM ~�pQ` KQ/2H BM

Q`/2` iQ �//`2bb b?Q`i+QKBM;b Q7 i?2 aJ BM i?2 MmK#2` Q7 H2TiQM 7�KBHB2b �M/

M2mi`BMQ K�bb2b, q?v Bb i?2 72`KBQM ~�pQ` bi`m+im`2 i?2 r�v Bi Bb\ q?v �`2 i?2`2

i?`22 7�KBHB2b Q7 [m�`Fb �M/ H2TiQMb\ q?�i Bb i?2 K2+?�MBbK #2?BM/ p2`v HB;?i

M2mi`BMQb\ h?2 bi`m+im`2 Q7 i?2 KQ/2H bm+? �b i`�Mb7Q`K�iBQM T`QT2`iB2b Q7 �HH

}2H/b- i?2B` BMi2`�+iBQMb �M/ ~�pQ` ;�m;2 #QbQM K�bb K�i`Bt �`2 T`2b2Mi2/ BM i?Bb

+?�Ti2` `2bT2+iBp2HvX

AM i?Bb KQ/2H- H2TiQM ~�pQ`b �`2 T`QKQi2/ iQ ;�m;2 bvKK2i`vX h?Bb H2�/b

iQ H2TiQM ~�pQ` ;�m;2 �MQK�HB2bX h?2b2 ;�m;2 �MQK�HB2b +�M #2 +�M+2H2/ #v BMi`Q@

/m+BM; i?`22 2ti`� 72`KBQMb- ER- EL �M/ NRX JQ`2Qp2`- QM2 Q7 M2r 72`KBQMb �+ib �b

� `B;?i@?�M/2/ M2mi`BMQ r?B+? i?2M ;2M2`�i2b � bK�HH M2mi`BMQ K�bbX h?2 umF�r�

+QmTHBM;b �`2 T`QKQi2/ iQ b+�H�` }2H/b U~�pQM }2H/bV- YE �M/ YN - r?B+? i`�Mb7Q`K

mM/2` al(3)ℓ × al(3)E ;�m;2 i`�Mb7Q`K�iBQM iQ T`2b2`p2 ~�pQ` bvKK2i`vX h?2B`

i`�Mb7Q`K�iBQM T`QT2`iB2b �`2 HBbi2/ BM h�#H2 kXRX

h�#H2 kXR h`�Mb7Q`K�iBQM T`QT2`iB2b mM/2` SU(2)L, U(1)Y , SU(3)ℓ �M/ SU(3)E
Q7 aJ H2TiQMb- ~�pQ`@KB``Q` }2H/b- ~�pQMb �M/ >B;;b }2H/X

SU(2)L U(1)Y SU(3)ℓ SU(3)E
L ≡ (νL, eL) k @Rfk j R

eR R @R R j
ER R @R j R
EL R @R R j
NR R y j R
YE R y 3̄ j
YN R y 6̄ R
H k Rfk R R



8

RX AMi2`�+iBQMb

h?2 KQbi ;2M2`�H `2MQ`K�HBx�#H2 G�;`�;B�M 7Q` al(3)ℓ × al(3)E ;�m;2

bvKK2i`v U�HQ- V Bb

L =i
∑

ψ

ψ̄ /Dψ − 1

2

∑

I

h`
(
F I
µνF

µν
I

)
+
∑

B

h`(DµYBD
µY†

B)

+DµH
†DµH + LY uk − V (H,YE,YN)

UkXRV

r?2`2 ψ `272`b iQ �HH H2TiQM bT2+B2b BM h�#H2 kXRX h?2 BM/B+2b I = l, E `2T`2b2Mi

H2TiQM BM/B+2b �M/ B = E,N H�#2H ~�pQM BM/B+2bX 6Q` b+�H�` BMi2`�+iBQMb- i?2v �`2

?B//2M BM i?2 b+�H�` TQi2MiB�H r?B+? Bb `2H2p�Mi iQ ~�pQ` p2pb �7i2` ~�pQ` bvKK2i`v

#`2�FBM;X h?Bb TQi2MiB�H ?�b #22M bim/B2/ #v �HQMbQ �M/ ?Bb +QHH2�;m2b U�HQMbQ

2i �HX- kyRkc �HQMbQ 2i �HX- kyRj�c �HQMbQ 2i �HX- kyRj#VX

h?2 T�`i Q7 i?2 ;2M2`�H `2MQ`K�HBx�iBQM G�;`�M;�BM `2H2p�Mi 7Q` i?Bb rQ`F

Bb

L ⊃ iψ̄ /Dψ +
∑

B

h`(DµYBD
µY†

B) + LY uk − V (H,YE,YN). UkXkV

h?2 +Qp�`B�Mi /2`Bp�iBp2b Q7 NR,YN , �M/ YE �`2

DµNR =(∂µ + igℓA
ℓ
µ)NR,

DµYN =∂µYN − igl(A
ℓ
µ)

TYN − igℓYNA
ℓ
µ,

DµYE =∂µYE − igEA
E
µYE − igℓYEA

ℓ
µ.

UkXjV

>2`2- Aℓ
µ �M/ AE

µ �`2 BM alUjV bi`m+im`2 Q7 i?2 7Q`K

Aℓ
µ ≡

8∑

a=1

Aℓ,a
µ T a,

AE
µ ≡

8∑

a=1

AE,a
µ T a,

UkX9V



e

r?2`2 T a �`2 i?2 alUjV ;2M2`�iQ`b /2}M2/ �b ?�H7 Q7 i?2 :2HH@J�MM K�i`B+2b-

T a ≡ λa/2X h?2v b�iBb7v (T a)αβ = (T a)∗βα �M/
[
T a, T b

]
= ifabcT cX

L2ti- r2 rBHH 2tT`2bb i?2 7Q`K Q7 ;�m;2 #QbQM K�bb2b 7`QK i?2 ;�m;2 G�@

;`�M;B�M �7i2` ~�pQ` bvKK2i`v #`2�FBM;X

kX 6H�pQ` ;�m;2 H2TiQM K�bb

�HH K�bb2b Q7 bBti22M ;�m;2 #QbQMb �`2 T`Q/m+2/ �7i2` ~�pQ` bvKK2i`v

#`2�FBM; r?2`2 i?2 ~�pQ` ;�m;2 G�;`�M;B�M #2+QK2b

L;�m;2 ⊃
1

2

∑

I=ℓ,E

h`
(
F I
µνF

µν
I

)
+

1

2

16∑

a,b=1

χa
µ

(
M2

A

)

ab
χb,µ −

∑

I=l,E

gI h`
(
AI

µJ
µ
AI

)
,

UkX8V

r?2`2

χµ ≡ {Aℓ,1
µ , · · · , Aℓ,8

µ , AE,1
µ , · · · , AE,8

µ }. UkXeV

h?2 H2TiQM +m``2Mib �`2

[
Jµ
Aℓ

]
ij
=L̄jγµLi + E j

Rγ
µE i

R +N j
Rγ

µN i
R,

[
Jµ
AE

]
ij
=ējRγ

µeiR + E j
Lγ

µE i
L,

UkXdV

�M/ i?2 K�bb K�i`Bt Q7 i?2 ~�pQ` ;�m;2 #QbQMb Bb BM #HQ+F /B�;QM�H 7Q`K

M2
A =

⎛

⎜⎝
M2

ℓℓ M2
ℓE

M2
Eℓ M2

EE,

⎞

⎟⎠ UkX3V



d

r?2`2

(M2
ℓℓ)ab = g2ℓ

[
h`

(
YE{T a, T b}Y†

E

)
+ h`

(
YN{T a, T b}Y†

N

)
+ h`

(
Y†

N{T a T , T b T}YN

)

+2h`
(
Y†

NT
a TYNT

b + Y†
NT

b TYNT
a
)]

,

(M2
ℓE)ab = (M2

Eℓ)ba = −2gℓgE h`
(
T aY†

ET
bYE

)
,

(M2
EE)ab = g2E h`

(
Y†

E{T a, T b}YE

)
.

UkXNV

aBM+2 YN ≫ YE- Aℓ,a
µ �`2 �TT`QtBK�i2Hv i?2 ?2�pB2bi ?2�pv ~�pQ` ;�m;2

#QbQMbX h?2M i?2 K�bb K�i`Bt Bb �TT`QtBK�i2Hv /B�;QM�H #v /QKBM�iBQM Q7 (Mℓℓ)ab-

(M2
ℓℓ)ab ≃ g2ℓ

[
h`

(
YN{T a, T b}Y†

N

)
+ h`

(
Y†

N{T a T , T b T}YN

)

+2h`
(
Y†

NT
a TYNT

b + Y†
NT

b TYNT
a
)]

.

UkXRyV

L2ti- r2 rBHH b?Qr ?Qr i?Bb ;�m;2 #QbQM K�bb Bb `2H�i2/ iQ i?2 M2mi`BMQ

K�bbX hQ B/2MiB7v H2TiQM K�bb- i?2 umF�r� BMi2`�+iBQMb `2H2p�Mi iQ i?2 72`KBQM

K�bb �`2

LY uk =λEℓLHER + µEELeR + λEELYEER

+λνℓLH̃NR +
λN

2
N c

RYNNR + ?X+X.
UkXRRV

�7i2` #Qi? 2H2+i`Qr2�F �M/ ~�pQ` bvKK2i`B2b �`2 #`QF2M bTQMi�M2QmbHv #v



3

#�+F;`QmM/ Q7 i?2 b+�H�`b

H ≡ 1√
2

⎛

⎜⎝
0

v + h

⎞

⎟⎠ ,

YE ≡⟨YE⟩+ φE/
√
2,

YN ≡⟨YN⟩+ φN/
√
2,

UkXRkV

i?2 K�bb K�i`B+2b 7Q` i?2 +?�`;2/ �M/ M2mi`�H H2TiQMb �`2
⎛

⎜⎝
0 λEv/

√
2

µE λE⟨YE⟩

⎞

⎟⎠+ ?X+X, 1

2

⎛

⎜⎝
0 λνv/

√
2

λνv/
√
2 λN⟨YN⟩

⎞

⎟⎠+ ?X+X, UkXRjV

r?2`2 2�+? 2Mi`v Bb � j #v j K�i`BtX "Qi? K�bb K�i`B+2b �`2 BM � ivTB+�H b22@b�r

7Q`KX h�FBM; ⟨YE⟩ ≫ v, µE �M/ ⟨YN⟩ ≫ v- r2 }M/ i?2 K�bb K�i`B+2b 7Q` i?2 HB;?i

H2TiQMb- ml(ν)- �M/ i?2 ?2�pv H2TiQMb- ME(N)- b�iBb7v

ME ≃λE⟨YE⟩, mlME ≃ λEµEv/
√
2, �M/

MN ≃λN⟨YN⟩, mνMN ≃ λ2
νv

2/2.

UkXR9V

hQ /B`2+iHv bim/v i?2 M2mi`BMQ K�bb- r2 rQ`F BM i?2 #�bBb r?2`2 ⟨YN⟩ Bb

/B�;QM�H- r2 /2/m+2

⟨YN⟩ ≃
λ2
νv

2λN
/B�;

(
v

mν1

,
v

mν2

,
v

mν3

)
,

⟨YE⟩ ≃
λEµE√
2λE

U †/B�;
(

v

me
,
v

mµ
,
v

mτ

)
V,

UkXR8V

r?2`2 U �M/ V �`2 ?2�pv H2TiQM KBtBM; K�i`B+2bX qBi?Qmi HQbb Q7 ;2M2`�HBiv- r2

i�F2 mν1 < mν2 < mν3 X h?mb N1(N3) Bb i?2 ?2�pB2bi UHB;?i2biV ?2�pv M2mi`BMQX

LQiB+2 i?�i ⟨YE⟩ �M/ ⟨YN⟩ +�MMQi #2 bBKmHi�M2QmbHv /B�;QM�HBx2/X h?mb-

i?2`2 �`2 irQ +?QB+2b Q7 #�bBb r?B+? +�M �//`2bb QM ;�m;2 #QbQM K�bb BM UkXRyVX



N

6B`bi- ⟨YN⟩ Bb b2H2+i2/ iQ #2 /B�;QM�HX h?Bb +?QB+2 T`Q/m+2b irQ ?2�pv H2TiQM

KBtBM; K�i`B+2b- U �M/ V - iQ ⟨YE⟩X h?2 b2+QM/ #�bBb +?QB+2 Bb /B�;QM�H YE �M/

i?2M i?2 r2HH@FMQrM HB;?i H2TiQM KBtBM; K�i`Bt- i?2 SJLa K�i`Bt- rBHH #2 2M+Q/2/

BM YN X

h?2 K�bb K�i`Bt Q7 i?2 Aℓ,a
µ ;�m;2 #QbQM BM i?2 HBKBi ⟨YE⟩ ≫ ⟨ YN⟩ Bb

M2
ℓℓ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

M11 0 0 0 0 0 0 0

0 M22 0 0 0 0 0 0

0 0 M33 0 0 0 0 M38

0 0 0 M44 0 0 0 0

0 0 0 0 M55 0 0 0

0 0 0 0 0 M66 0 0

0 0 0 0 0 0 M77 0

0 0 M83 0 0 0 0 M88

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, UkXReV



Ry

r?2`2 K�i`Bt 2H2K2Mib BM mMBi Q7 g2ℓ (
λ2
νv

2λNmν3
)2 �`2

M11 = (x+ y)2,

M22 = (x− y)2,

M44 = (x+ 1)2,

M55 = (x− 1)2,

M66 = (y + 1)2,

M77 = (y − 1)2,

M33 = 2(x2 + y2),

M88 =
2

3

(
x2 + y2 + 4

)
,

M38 =
2√
3
(x− y)(x+ y),

M83 =
2√
3
(x− y)(x+ y),

UkXRdV

�M/ x ≡ mν3/mν1 - y ≡ mν3/mν2 X

LQiB+2 i?�i i?2 i?B`/ �M/ 2B;?i? +QKTQM2Mib �`2 MQi BM K�bb 2B;2Mbi�i2bX

AM Q`/2` iQ ?�M/H2 i?2K- r2 r`Bi2 i?2B` 2H2K2Mib BMiQ � 2× 2 K�i`Bt

M2
± =

⎛

⎜⎝
M33 M38

M83 M88

⎞

⎟⎠ , UkXR3V

�M/ /B�;QM�HBx2 Bi #v KBtBM; ~�pQ` 2B;2Mbi�i2bX G2i
⎛

⎜⎝
Aℓ,3

µ

Aℓ,8
µ

⎞

⎟⎠ =

⎛

⎜⎝
cα −sα

sα cα

⎞

⎟⎠

⎛

⎜⎝
Aℓ,−

µ

Aℓ,+
µ

⎞

⎟⎠ , UkXRNV



RR

i?2M bm#biBimi2 Bi BMiQ i2`K Q7 ~�pQ` ;�m;2 #QbQM K�bb- Aℓ,a
µ -

(
Aℓ,3

µ Aℓ,8
µ

)
M2

±

⎛

⎜⎝
Aℓ,3

µ

Aℓ,8
µ

⎞

⎟⎠

=

(
Aℓ,−

µ Aℓ,+
µ

)
⎛

⎜⎝
cα sα

−sα cα

⎞

⎟⎠

⎛

⎜⎝
M33 M38

M83 M88

⎞

⎟⎠

⎛

⎜⎝
cα −sα

sα cα

⎞

⎟⎠

⎛

⎜⎝
Aℓ,−

µ

Aℓ,+
µ

⎞

⎟⎠ ,

=

(
Aℓ,−

µ Aℓ,+
µ

)
M̂2

±

⎛

⎜⎝
Aℓ,−

µ

Aℓ,+
µ

⎞

⎟⎠ ,

UkXkyV

r?2`2

M̂2
± =

⎛

⎜⎝
M±

33 M±
38

M±
83 M±

88

⎞

⎟⎠ , UkXkRV

�M/
M±

33 =M33c
2
α + 2M83sαcα +M88s

2
α

M±
38 =M83c

2
α −M33sαcα +M88sαcα −M83s

2
α

M±
83 =M83c

2
α −M33sαcα +M88sαcα −M83s

2
α

M±
88 =M88c

2
α − 2M83sαcα +M33s

2
α

UkXkkV

sα =

√
1

2
+

x2 + y2 − 2

4
√
x4 + y4 − x2y2 − x2 − y2 + 1

,

cα =

√
1

2
− x2 + y2 − 2

4
√
x4 + y4 − x2y2 − x2 − y2 + 1

.

UkXkjV



Rk

6BM�HHv- i?2 Aℓ,a
µ K�bb K�i`Bt ;Bp2b T�B`rBb2 2B;2Mp�Hm2b-

M̂2
A1 = M̂2

A2 + 4xy = x2 + y2 + 2xy,

M̂2
A4 = M̂2

A5 + 4x = x2 + 2x+ 1,

M̂2
A6 = M̂2

A7 + 4y = y2 + 2y + 1,

M̂2
A± =

4

3

(
x2 + y2 + 1±

√
x4+y4−x2y2−x2−y2+1

)
,

UkXk9V

r?2`2 Aℓ,±
µ �`2 K�bb 2B;2Mbi�i2b BM i?2 mMBi Q7 g2l v

4λ4
ν

4λ2
Nm2

ν3

rBi?

⎛

⎜⎝
Aℓ,−

µ

Aℓ,+
µ

⎞

⎟⎠ =

⎛

⎜⎝
cα sα

−sα cα

⎞

⎟⎠

⎛

⎜⎝
Aℓ,3

µ

Aℓ,8
µ

⎞

⎟⎠ . UkXk8V

LQr- r2 ?�p2 `2H�i2/ i?2 K�bb2b Q7 ~�pQ` ;�m;2 #QbQMb iQ i?`22 M2mi`BMQ

K�bb2bX AM i?2 M2ti +?�Ti2`- r2 rBHH +�H+mH�i2 i?2 b+�ii2`BM; �KTHBim/2 7Q` p�`BQmb

T`Q+2bb2b r?2`2 ;�m;2 #QbQM K�bb2b rBHH #2 BMpQHp2/X



*>�Sh1_ AAA

a*�hh1_AL: �JSGAhl.1a

AM i?Bb +?�Ti2` r2 rBHH 2p�Hm�i2 i?2 b+�ii2`BM; �KTHBim/2b r?B+? TQi2MiB�HHv

+�M ;`Qr rBi? +2Mi2` Q7 K�bb 2M2`;vX h?2`2 �`2 }p2 T`Q+2bb2b �i i`22@H2p2H, F iF̄ i →

F jF̄ j- Aℓ,a
L Aℓ,a

L → Aℓ,b
L Aℓ,b

L - Aℓ,a
L Aℓ,b

L → Aℓ,a
L Aℓ,b

L - F iF̄ j → Aℓ,a
L Aℓ,b

L �M/ F iF̄ i →

Aℓ,a
L Aℓ,a

L X q2 rBHH bi�`i #v HBbiBM; �HH BM;`2/B2Mib 7Q` +�H+mH�iBM; 62vMK�M /B�;`�KbX

h?2M- r2 rBHH 2t�KBM2 r?B+? b+�ii2`BM; �KTHBim/2b �`2 �#H2 iQ +QMbi`�BM M2mi`BMQ

K�bb #v T�`iB�H r�p2 mMBi�`v i2+?MB[m2X LQi2 i?�i �HH BMi2`�+iBQMb �M/ +QmTHBM;b

+QK2 7`QK i?2 G�;`�M;�BM Q7 i?2 KQ/2H rBi? ;�m;2/ H2TiQM ~�pQ`X

AM;`2/B2Mib 7Q` b+�ii2`BM; �KTHBim/2b,

h?2 bBKTH2bi +�H+mH�iBQM �bbmK2b i?�i irQ BM+QKBM;UQmi;QBM;V T�`iB+H2b �`2

B/2MiB+�HX q2 +�M r`Bi2 9@KQK2Mi� Q7 i?2 T�`iB+H2b �b

p1 = (
√
s/2, 0, 0, p),

p2 = (
√
s/2, 0, 0,−p),

p3 = (
√
s/2, p

√
1− x2, 0, px),

p4 = (
√
s/2,−p

√
1− x2, 0,−px),

UjXRV

r?2`2 x ≡ +Qb(θ)X q2 i�F2 p1, p2 (p3, p4) iQ #2 KQK2Mi� Q7 i?2 BM+QKBM; UQmi;QBM;V



R9

T�`iB+H2bX J�M/2Hb�H�KǶb p�`B�#H2 �`2 ;Bp2M #v

s =(p1 + p2)
2 = (2

√
s)2 = 4s = E2

cm,

t =(p1 − p3)
2 = −2p2(x− 1),

u =(p1 − p4)
2 = −2p2(x+ 1),

UjXkV

r?2`2 Ecm Bb i?2 +2Mi2` Q7 K�bb 2M2`;vX

6Q` T`Q+2bb2b F iF̄ i → F jF̄ j �M/ F iF̄ i → Al,a
L Al,a

L - i?2`2 �`2 irQ BM+QKBM;

72`KBQMbX h?2B` bTBM T`QT2`iB2b b?QmH/ #2 +QMbB/2`2/ �b r2HHX "v bQHpBM; .B`�+

2[m�iBQM- i?2`2 �`2 7Qm` BM/2T2M/2Mi bTBMQ` #�b2b

ξ1 =

⎛

⎜⎝
1

0

⎞

⎟⎠ , ξ2 =

⎛

⎜⎝
0

1

⎞

⎟⎠ , ξ3 =

⎛

⎜⎝

√
1+x
2

√
1−x
2

⎞

⎟⎠ , ξ4 =

⎛

⎜⎝
−
√
1−x
2

√
1+x
2

⎞

⎟⎠ . UjXjV

hvTB+�HHv- i?2 7Q`Kb Q7 i?2 bTBMQ` �`2

u(p1) = u1 =

⎛

⎜⎝
√
p1 · σξ1

√
p1 · σ̄ξ1

⎞

⎟⎠ , v(p1) = v1 =

⎛

⎜⎝
√
p1 · σξ1

−
√
p1 · σ̄ξ1

⎞

⎟⎠ ,

u(p2) = u2 =

⎛

⎜⎝
√
p2 · σξ2

√
p2 · σ̄ξ2

⎞

⎟⎠ , v(p2) = v2 =

⎛

⎜⎝
√
p2 · σξ2

−
√
p2 · σ̄ξ2

⎞

⎟⎠ ,

u(p3) = u3 =

⎛

⎜⎝
√
p3 · σξ3

√
p3 · σ̄ξ3

⎞

⎟⎠ , v(p3) = v3 =

⎛

⎜⎝
√
p3 · σξ3

−
√
p3 · σ̄ξ3

⎞

⎟⎠ ,

u(p4) = u4 =

⎛

⎜⎝
√
p4 · σξ4

√
p4 · σ̄ξ4

⎞

⎟⎠ , v(p4) = v4 =

⎛

⎜⎝
√
p4 · σξ4

−
√
p4 · σ̄ξ4

⎞

⎟⎠ ,

UjX9V

r?2`2 σ Bb S�mHB K�i`BtX h?2 ;2M2`�H 72`KBQM bTBMQ`b �`2



R8

u1 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

√√
s
2 − p

0
√√

s
2 + p

0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

, ū1 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

√√
s
2 + p

0
√√

s
2 − p

0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

T

,

u2 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
√√

s
2 − p

0
√√

s
2 + p

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

, ū2 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
√√

s
2 + p

0
√√

s
2 − p

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

T

,

u3 =
1√
2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
1 + x

√√
s
2 − p

√
1− x

√√
s
2 − p

√
1 + x

√√
s
2 + p

√
1− x

√√
s
2 + p

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

, ū3 =
1√
2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
1 + x

√√
s
2 + p

√
1− x

√√
s
2 + p

√
1 + x

√√
s
2 − p

√
1− x

√√
s
2 − p

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

T

,

u4 =
1√
2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
1− x

√√
s
2 − p

−
√
1 + x

√√
s
2 − p

−
√
1− x

√√
s
2 + p

√
1 + x

√√
s
2 + p

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

, ū4 =
1√
2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

−
√
1− x

√√
s
2 + p

√
1 + x

√√
s
2 + p

−
√
1− x

√√
s
2 − p

√
1 + x

√√
s
2 − p

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

T

,

UjX8V



Re

v1 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

√√
s
2 − p

0

−
√√

s
2 + p

0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

, v̄1 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

−
√√

s
2 + p

0
√√

s
2 − p

0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

T

,

v2 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
√√

s
2 − p

0

−
√√

s
2 + p

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

, v̄2 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

−
√√

s
2 + p

0
√√

s
2 − p

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

T

,

v3 =
1√
2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
1 + x

√√
s
2 − p

√
1− x

√√
s
2 − p

−
√
1 + x

√√
s
2 + p

−
√
1− x

√√
s
2 + p

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

, v̄3 =
1√
2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

−
√
1 + x

√√
s
2 + p

−
√
1− x

√√
s
2 + p

√
1 + x

√√
s
2 − p

√
1− x

√√
s
2 − p

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

T

,

v4 =
1√
2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

−
√
1− x

√√
s
2 − p

√
1 + x

√√
s
2 − p

√
1− x

√√
s
2 + p

−
√
1 + x

√√
s
2 + p

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

, v̄4 =
1√
2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
1− x

√√
s
2 + p

−
√
1 + x

√√
s
2 + p

−
√
1− x

√√
s
2 − p

√
1 + x

√√
s
2 − p

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

T

,

UjXeV

r?2`2 √
s Bb +2Mi2` Q7 K�bb 2M2`;v �M/ ū(pi) Bb /2}M2/ �b u(pi)γ0X uiUviV Bb �M BM@

+QKBM; 72`KBQMU�MiB@72`KBQMV rBi? KQK2MimK piX ūiUv̄iV Bb Qmi;QBM; 72`KBQMU�MiB@

72`KBQMV rBi? KQK2MimK piX

hQ `2H�i2 �HH p�`B�#H2b BM i?2 2M2`;v 7Q`K- r2 rBHH i`�MbH�i2 i?2K BM i2`K Q7



Rd

+2Mi2` Q7 K�bb 2M2`;v- 6Q` 2t�KTH2 BM F iF̄ i → F jF̄ j- r2 bm#biBimi2

p =

√
s

4
−mf

t =− (
s

2
− 2m2

f )(1− x)

u =− (
s

2
− 2m2

f )(1 + x)

UjXdV

r?2`2 mf Bb �M BM+QKBM; 72`KBQM K�bb �M/ x = +Qb θX

RX F iF̄ i → F jF̄ j

AM i?Bb KQ/2H ~�pQ` ;�m;2 #QbQMb BMi2`�+i rBi? i?2 2ti`� 72`KBQMbX PM2

Q7 i?2 i?`22 2ti`� 72`KBQMb Bb Q7 BMi2`2bi BM i?Bb rQ`F #2+�mb2 Bi ?�b i?2 b�K2

T`QT2`iB2b �b i?2 `B;?i@?�M/2/ M2mi`BMQX .m2 iQ ;�m;2 7`22/QK- r2 +�M +?QQb2 iQ

+�H+mH�i2 BM mMBi�`v ;�m;2X q2 rBHH 7Q+mb QM i?2 �KTHBim/2b r?2`2 ;�m;2 #QbQMb

�`2 #2BM; 2t+?�M;2/X :�m;2 BMp�`B�M+2 2Mbm`2b i?�i ?B;? 2M2`;v #2?�pBQ` Q7 i?2

7mHH �KTHBim/2 Q#2vb mMBi�`BivX

.m2 iQ i?2 al(3)ℓ ~�pQ` bim+im`2- r2 ?�p2 3 ;�m;2 #QbQMb iQ;2i?2` rBi?

alUjV ~�pQ` ;`QmT ;2M2`�iQ` T aX h?2b2 ;�m;2 #QbQMb +�M BMi2`�+i rBi? 72`KBQMb

�M/ �MiB@72`KBQMbX h?mb �HH TQbbB#H2 T`Q+2bb2b �`2 liLl̄
i
L → ljLl̄

j
L �M/ E i

RĒ i
R → E j

RĒ
j
RX

>Qr2p2`- i?Bb rQ`F 7Q+mb2b QMHv QM i?2 HB;?i M2mi`BMQbX aQ i?2 T`Q+2bb F iF̄ i →

F jF̄ j `2T`2b2Mib i?2 HB;?i M2mi`BMQ b+�ii2`BM;b r?2`2 i �M/ j �`2 ~�pQ` BM/B+2bX

b@+?�MM2H,



R3

F i

F̄ i

Aℓ,a
µ

F j

F̄ j

iMAa
ℓ :b@+?�MM2H =(−iglT

a
ij)

2v̄i2γ
µ1− γ5

2
uj
1

i

s−M2
A

(gµν − (p1 + p2)µ

M2
A

)ūi
3γν

1− γ5

2
vj4,

MAa
ℓ :b@+?�MM2H =− (glT

a
ij)

2 −1

s−M2
A

(v̄2γ01− γ5

2
u1ū3γ

01− γ5

2
v4

−v̄i2γ
11− γ5

2
uj
1ū

i
3γ

11− γ5

2
vj4

−v̄i2γ
21− γ5

2
uj
1ū

i
3γ

21− γ5

2
vj4

−v̄i2γ
31− γ5

2
uj
1ū

i
3γ

31− γ5

2
vj4),

MAa
ℓ :b@+?�MM2H =− (glT

a
ij)

2
(x+ 1)(

√
s+

√
s− 4m2

f )
2

4(s−M2
A)

.

UjX3V

i@+?�MM2H,

Aℓ,c
µ

F i

F̄ i

F j

F̄ j



RN

iMAa
ℓ :i@+?�MM2H =(−iglT

a
ij)

2v̄i2γ
µ1− γ5

2
vj4

i

t−M2
A

(gµν − (p1 − p3)µ

M2
A

)ūi
3γν

1− γ5

2
uj
1,

MAa
ℓ :i@+?�MM2H =− (glT

a
ij)

2 −1

t−M2
A

(v̄2iγ01− γ5

2
vj4ū3

iγ01− γ5

2
uj
1

−v̄i2γ
11− γ5

2
uj
1ū

i
3γ

11− γ5

2
vj4

−v̄i2γ
21− γ5

2
uj
1ū

i
3γ

21− γ5

2
vj4

−v̄i2γ
31− γ5

2
uj
1ū

i
3γ

31− γ5

2
vj4),

MAa
ℓ :i@+?�MM2H =− (glT

a
ij)

2
(x+ 1)(

√
s+

√
s− 4m2

f )
2

4M2
A + 2(1− x)(s− 4m2

f ))
.

UjXNV

m@+?�MM2H,

Aℓ,c
µ

F i

F̄ i

F j

F̄ j



ky

iMAa
ℓ :m@+?�MM2H =(−iglT

a
ij)

2v̄i2γ
µ1− γ5

2
vj3

i

u−M2
A

(gµν − (p1 − p4)µ

M2
A

)ūi
4γν

1− γ5

2
uj
1,

MAa
ℓ :m@+?�MM2H =− (glT

a
ij)

2 −1

u−M2
A

(v̄i2γ
01− γ5

2
uj
1ū

i
3γ

01− γ5

2
vj4

−v̄i2γ
11− γ5

2
vj3ū4

iγ11− γ5

2
uj
1

−v̄i2γ
21− γ5

2
vj3ū4

iγ21− γ5

2
uj
1

−v̄i2γ
31− γ5

2
vj3ū4

iγ31− γ5

2
uj
1),

MAa
ℓ :m@+?�MM2H =− (glT

a
ij)

2
(x− 1)(

√
s+

√
s− 4m2

f )
2

4M2
A + 2(1 + x)(s− 4m2

f )
.

UjXRyV

kX Aℓ,a
L Aℓ,a

L → Aℓ,b
L Aℓ,b

L

h?Bb T`Q+2bb ?�b B/2MiB+�H BM+QKBM; UQmi;QBM;V ;�m;2 #QbQMb rBi? KQK2Mi�

k1, k2 Up1, p2V�M/ K�bb MaUMbX q2 7Q+mb QM i?2 HQM;Bim/BM�H +QKTQM2Mi Q7 #Qi?

;�m;2 #QbQMbX h?mb- i?2b2 ;�m;2 #QbQMb �`2 BM HQM;Bim/BM�H TQH�`Bx�iBQM bi�i2b

mM/2` +QM/BiBQM ϵpi · pi = 0X LQi2 i?�i i?Bb T`Q+2bb Bb � bBKTH2 +?QB+2 Q7 ~�pQ`

BMi2`�+iBQM �M/ �/2[m�i2 7Q` Qm` T2`im`#�iBp2 +QMbi`�BMiX

6Q` T`Q+2bb Aℓ,a
L Aℓ,a

L → Aℓ,b
L Aℓ,b

L - i?2`2 �`2 7Qm` TQH�`Bx�iBQM p2+iQ`b BM HQM@

;Bim/BM�H KQ/2 r?B+? b�iBb7v ϵ(pi) · pi = 0-



kR

ϵ1 =
1

MAa
(pi, 0, 0,

√
s

2
),

ϵ2 =
1

MAa
(pi, 0, 0,−

√
s

2
),

ϵ3 =
1

MAb

(pf ,

√
s

2
(1− x2), 0,

√
sx

2
),

ϵ4 =
1

MAb

(pf ,−
√
s

2
(1− x2), 0,−

√
sx

2
).

UjXRRV

6B`bi- H2i +QMbB/2` i?2 �KTHBim/2 rBi? ;�m;2 #QbQM 2t+?�M;2 BM i?2 b@

+?�MM2H- r?2`2 Aℓ,c
L Bb i?2 BMi2`K2/B�i2 ;�m;2 #QbQMX h?2 p2`i2t 7�+iQ` Bb faac · fbbc

r?B+? p�MBb?2b #v +QKKmi�iBQM Q7 i?2B` ;`QmT ;2M2`�iQ`bX h?2`27Q`2 r2 /Q MQi

?�p2 i?2 b@+?�MM2H 7Q` Aℓ,a
L Aℓ,a

L → Aℓ,b
L Aℓ,b

L X

LQr- H2iǶb +�`27mHHv +QMbB/2` i?2 �KTHBim/2 BM i@ �M/ m@ +?�MM2HX P#pBQmbHv-

i?2B` p2`i2t 7�+iQ`b /Q MQi p�MBb?X LQi2 i?�i i?2`2 �`2 2B;?i ~�pQ` ;�m;2 #QbQMb

�M/ i?2B` ~�pQ` BMi2`�+iBQMb �`2 2M+Q/2/ BM bi`m+im`2 +QMbi�MiX

i@+?�MM2H,

Aℓ,a
µ

Aℓ,a
µ

Aℓ,b
µ

Aℓ,b
µ

Aℓ,c
µ



kk

iMAℓ,c
L :i@+?�MM2H = ϵk1,µϵk2,νϵ

∗
p1,αϵ

∗
p2,β

(−igAf
abc)

(
gµλ((k1 − p1) + k1)

α + gλα(p1 − (k1 − p1))
µ

+ gαµ(−k1 − p1)
λ
)

i

t−M2
c

(
gλρ − 1

M2
c

(k1 − p1)
λ(p2 − k2)

ρ
)

(−igAf
abc)

(
gνβ(k2 + p2)

ρ + gβρ(−p2 − (p2 − k2))
ν

+ gρν((p2 − k2)− k2)
β
)
,

MAℓ,c
L :i@+?�MM2H = ϵk1,µϵk2,νϵ

∗
p1,αϵ

∗
p2,β

(−igAf
abc)2

(
gµα(k1 + p1)

λ + gαλ(k1 − 2p1)
µ + gλµ(p1 − 2k1)

α
)

1

t−M2
c

(
gλρ − 1

M2
c

(k1 − p1)
λ(p2 − k2)

ρ
)

(
gνβ(k2 + p2)

ρ + gβρ(k2 − 2p2)
ν + gρν(p2 − 2k2)

β
)
.

UjXRkV

m@+?�MM2H,



kj

Aℓ,a
µ

Aℓ,a
µ Aℓ,b

µ

Aℓ,b
µ

Aℓ,c
µ

iMAℓ,c
L :m@+?�MM2H = ϵk1,µϵk2,νϵ

∗
p1,αϵ

∗
p2,β

(−igAf
abc)

(
gµβ(k1 + p2)

λ + gβλ(−p2 + (k1 − p2))
µ

+ gλµ(−(k1 − p2)− k1)
β
)

i

u−M2
c

(
gλρ − 1

M2
c

(k1 − p2)
λ(p1 − k2)

ρ
)

(−igAf
abc)

(
gνα(k2 + p1)

ρ + gαρ(−p1 − (p1 − k2))
ν

+ gρν(k2 − (p1 − k2))
α
)
,

MAℓ,c
L :m@+?�MM2H = ϵk1,µϵk2,νϵ

∗
p1,αϵ

∗
p2,β

(−igAf
abc)2

(
gµβ(k1 + p2)

λ + gβλ(k1 − 2p2)
µ + gλµ(p2 − 2k1)

β
)

1

u−M2
c

(
gλρ − 1

M2
c

(k1 − p2)
λ(p1 − k2)

ρ
)

(
gνα(k2 + p1)

ρ + gαρ(k2 − 2p1)
ν + gρν(p1 − 2k2)

α
)
.

UjXRjV



k9

LQi2 i?�i i?2B` b+�H�` T`Q/m+ib rBHH #2 b?QrM BM �TT2M/Bt "X

jX Aℓ,a
L Aℓ,b

L → Aℓ,a
L Aℓ,b

L

6Q` T`Q+2bb Aℓ,a
L Aℓ,b

L → Aℓ,a
L Aℓ,b

L - i?2`2 �`2 7Qm` TQH�`Bx�iBQM p2+iQ`b BM HQM@

;Bim/BM�H KQ/2 r?B+? b�iBb7v ϵ(pi) · pi = 0-

ϵ1 =
1

MAa
(pi, 0, 0, E1),

ϵ2 =
1

MAb

(pi, 0, 0, E2),

ϵ3 =
1

MAa
(pf , 0, E3

√
(1− x2), E3x),

ϵ4 =
1

MAb

(pf , 0,−E4

√
(1− x2),−E4x),

UjXR9V

�M/ 9@KQK2Mi� �`2
p1 =(E1, 0, 0, pi),

p2 =(E2, 0, 0,−pi),

p3 =(E3, pf
√
1− x2, 0, pfx),

p4 =(E4,−pf
√
1− x2, 0,−pfx),

UjXR8V

r?2`2 E2
1 = p2i +M2

a - E2
2 = p2i +M2

b - E2
3 = p2j +M2

a �M/ E2
4 = p2j +M2

b X

6Q` �KTHBim/2 BM i@+?�MM2H Q7 i?Bb T`Q+2bb- r2 rBHH +�H+mH�i2 �HH T`Q/m+ib

BM i?2 b�K2 r�v r2 /B/ 7Q` Aℓ,a
L Aℓ,a

L → Aℓ,b
L Aℓ,b

L i@+?�MM2H �KTHBim/2X AM +QMi`�`v

iQ Aℓ,a
L Aℓ,a

L → Aℓ,b
L Aℓ,b

L - i?Bb T`Q+2bb /Q2b MQi ?�p2 �KTHBim/2 BM m@+?�MM2H #mi ?�b

MQMp�MBb?BM; b@+?�MM2H QM2X



k8

b@+?�MM2H,

iMAℓ,c
L :b@+?�MM2H = ϵk1,µϵk2,νϵ

∗
p1,αϵ

∗
p2,β

(−igAf
abc)

(
gµλ((k1 + k2) + k1)

ν + gλν(−k2 − (k1 + k2))
µ

+ gνµ(−k1 + k2)
λ
) i

s−M2
c

(
gλρ − 1

M2
c

(k1 + k2)
λ(p1 + p2)

ρ
)

(−igAf
abc)

(
gαβ(−p1 + p2)

ρ + gβρ(−p2 − (p1 + p2))
α

+ gρα((p1 + p2) + p1)
β
)
,

MAℓ,c
L :b@+?�MM2H = ϵk1,µϵk2,νϵ

∗
p1,αϵ

∗
p2,β

(−igAf
abc)2

(
gµλ(2k1 + k2)

ν + gλν(−k1 − 2k2)
µ + gνµ(−k1 + k2)

λ
)

1

s−M2
c

(
gλρ − 1

M2
c

(k1 + k2)
λ(p1 + p2)

ρ
)

(
gαβ(p2 − p1)

ρ + gβρ(−p1 − 2p2)
α + gρα(2p1 + p2)

β
)
.

UjXReV

LQi2 i?�i i?2B` b+�H�` T`Q/m+ib rBHH #2 b?QrM BM �TT2M/Bt *X

9X F iF̄ i → Aℓ,a
L Aℓ,a

L

AM i?Bb T`Q+2bb- i?2`2 �`2 irQ BM+QKBM; 72`KBQMb rBi? ~�pQ` i �M/ irQ

Qmi;QBM; ~�pQ` ;�m;2 #QbQMb rBi? ~�pQ` aX h?2 p2`i2t Q7 ;�m;2 #QbQM BMi2`�+iBQM

/2T2M/b QM bi`m+im`2 +QMbi�Mi- fabc �b



ke

6Q` i?2 b@+?�MM2H rBi? ;�m;2 #QbQM 2t+?�M;2- bi`m+im`2 +QMbi�Mi Bb x2`Q �b

b?QrM BM �TT2M/Bt �X h?2`27Q`2- Bi /Q2b MQi ?�p2 ;�m;2 #QbQM 2t+?�M;2 BM i?Bb

b2+iQ`X h?2`2 �`2 QMHv /B�;`�Kb BM i@ �M/ m@+?�MM2Hb 7Q` 72`KBQM 2t+?�M;2X

i@+?�MM2H,

F i

F̄ i

Aℓ,a
µ

Aℓ,a
µ

iMf :i@+?�MM2H =v̄2(−igℓγ
µT a)ϵ4

−i(γµ(p1 − p3 +mi))

t−mi
(−igℓγνT

a)ϵ3PRu1,

Mf :i@+?�MM2H =
(gℓT a)2

t−mi
v̄2γµϵ4PRγµ(p1 − p3 +mi)γνϵ3PRu1

=
(gℓT a)2(

√
s− 4m2 +

√
s)

8M2
A

(
(1− x)(M2

A +m2
f − s/2)−m2

i

)
(√

s
(
− 2mi(

√
s− x

√
s− 4M2

A)

+i
√
1− x2

√
s− 4m2

f (x
√
s−

√
s− 4M2

A)
)

+M2
A(4mi − 2i

√
1− x2

√
s− 4M2

A)
)
.

UjXRdV

m@+?�MM2H,



kd

F i

F̄ i Aℓ,a
µ

Aℓ,a
µ

iMf :m@+?�MM2H =(−igℓT
a)v̄2γ

µϵ3
−i(γµ(p1 − p4 +mi))

u−mi
(−igℓT

a)γνϵ4PRu1,

Mf :m@+?�MM2H =
(gℓT a)2

u−mi
v̄2γµϵ4PRγµ(p1 − p4 +mi)γνϵ3PRu1

=
(gℓT a)2(

√
s− 4m2 +

√
s)

4M2
A

(
− 2(x+ 1)M2

A − 2m2
f (x+ 1) + 2m2

i + sx+ s
)
(
i
√
s(
√
1− x2

√
s− 4m2

f (
√

s− 4M2
A +

√
sx) + 2imi(x

√
s− 4M2

A +
√
s)

+M2
A(4mi + 2i

√
1− x2

√
s− 4M2

A)
)
.

UjXR3V

8X F iF̄ j → Aℓ,a
L Aℓ,b

L

h?Bb T`Q+2bb Bb � KQ`2 ;2M2`�H +�b2 rBi? � /Bz2`2Mi BM+QKBM; �M/ Qmi;QBM;

T�`iB+H2bX h?2B` 9@KQK2Mi� �M/ TQH�`Bx�iBQM p2+iQ`b �`2



k3

p1 =(E1, 0, 0, pi),

p2 =(E2, 0, 0,−pi),

p3 =(E3, pf
√
1− x2, 0, pfx),

p4 =(E4,−pf
√
1− x2, 0,−pfx),

UjXRNV

r?2`2 E2
1 = p2i + M2

i - E2
2 = p2i + M2

j - E2
3 = p2j + M2

a �M/ E2
4 = p2j + M2

b X h?mb

BM+QKBM; KQK2MimK- Qmi;QBM; KQK2MimK �M/ J�M/2HbH�KǶb p�`B�#H2b BM i2`K Q7

2M2`;v �`2

pi =
M4

i + (M2
j − s)2 − 2M2

i (M
2
j + s)

2
√
s

,

pf =
M4

a + (M2
b − s)2 − 2M2

a (M
2
b + s)

2
√
s

,

t =M2
a +M2

i − 2

√
M2

a +
M4

a + (M2
b − s)2 − 2m2

a(M
2
b + s)

4s

√

M2
i +

M2
i + (M2

j − s)2 − 2m2
a(M

2
j + s)

4s

+
1

2s

√
M4

a + (M2
b − s)2 − 2M2

a (M
2
b + s)

√
M4

i + (M2
j − s)2 − 2M2

i (M
2
j + s)x,

u =M2
b +M2

i − 2

√
M2

b +
M4

a + (M2
b − s)2 − 2m2

a(M
2
b + s)

4s

√

M2
i +

M2
i + (M2

j − s)2 − 2m2
a(M

2
j + s)

4s

− 1

2s

√
M4

a + (M2
b − s)2 − 2M2

a (M
2
b + s)

√
M4

i + (M2
j − s)2 − 2M2

i (M
2
j + s)x.

UjXkyV

q2 rBHH +�H+mH�i2 �KTHBim/2b BM #Qi? i@�M/ m@+?�MM2H 7QHHQrBM; i?2 b�K2

T`Q/m+ib �b BM F iF̄ i → Aℓ,a
L Aℓ,a

L �KTHBim/2bX



*>�Sh1_ Ao

S�_hA�G q�o1 lLAh�_Ahu *PLah_�ALh

h?Bb +?�Ti2` /Bb+mbb2b i?2 �TTHB+�iBQM Q7 T�`iB�H r�p2 mMBi�`Biv +QMbi`�BMi

USql*V QM Qm` i`22 H2p2H �KTHBim/2bX Ai BKTHB2b i?�i i?2 bmK Q7 �HH �KTHBim/2b

+�MMQi ;`Qr �`#Bi`�`BHv H�`;2 rBi? i?2 2M2`;vX h?2 B/2� Q7 mMBi�`Biv r�b Q`B;BM�i2/

7`QK i?2 �bbmKTiBQM i?�i i?2 T`Q#�#BHBiv Kmbi #2 +QMb2`p2/X hQ �TTHv i?Bb mMBi�`v

#QmM/- i?2 b+�ii2`BM; �KTHBim/2 rBHH #2 /2+QKTQb2/ BMiQ T�`iB�H r�p2 2B;2M#�b2bX

h?2 +Q2{+B2Mi Q7 2�+? 2B;2MKQ/2 Kmbi #2 +QMbBbi2Mi rBi? i?2 mMBi�`v +QM/BiBQMX

6Q` i?2 bBKTH2bi T`Q+2bb Q7 i?Bb i?2Q`2iB+�H #QmM/ Ua+?r�`ix- kyR9V- +QMbB/2`

� 2 → 2 2H�biB+ b+�ii2`BM; BM i?2 +2Mi2`@Q7@K�bb 7`�K2, A(p1) + B(p2) → A(p3) +

B(p4)X h?2 iQi�H +`Qbb@b2+iBQM Bb

σtotal(AB → AB) =
1

32πE2
cm

∫
d +Qb θ|M(θ)|2. U9XRV

h?2M- i?2 �KTHBim/2 +�M #2 r`Bii2M BM i2`Kb Q7 T�`iB�H r�p2b r?B+? �`2 `2H�i2/ iQ

G2;2M/`2 TQHvMQKB�Hb Pj(+Qb θ)-

M(θ) = 16π
∞∑

j=0

aj(2j + 1)Pj(+Qb θ). U9XkV

"v mbBM; i?2 Q`i?Q;QM�HBiv Q7 G2;2M/`2 TQHvMQKB�Hb

∫ 1

−1

Pj(+Qb θ)Pk(+Qb θ)d +Qb θ =
2

2j + 1
δjk, U9XjV



jy

iQ;2i?2` rBi? i?2 QTiB+�H i?2Q`2K-»

AKM(AB → AB)|θ=0 ≥ 2Ecm|p⃗i|σtotal(AB → AB), U9X9V

QM2 ;2ib
∞∑

j=0

(2j + 1)AK(aj) ≥
2|p⃗i|
Ecm

∞∑

j=0

(2j + 1)|aj|2. U9X8V

h?Bb BM2[m�HBiv ;Bp2b �M mTT2` #QmM/ QM 2�+? +Q2{+B2Mi |aj|X 6Q` �Mv +QKTH2t

MmK#2` z- i?2 K�;MBim/2 Q7 z b?QmH/ MQi #2 H2bb i?�M i?2 BK�;BM�`v T�`i Q7 zX Ai

;Bp2b mb |aj| ≥ AK(aj) Q` i?2 HQr2` #QmM/ Q7 |aj|X hQ +H2�`Hv mM/2`bi�M/ i?2b2 irQ

+QM/BiBQMb- H2iǶb �bbmK2 i?Bb b+�ii2`BM; BM i?2 ?B;? 2M2`;v HBKBi- Ecm ≫ mA,mB

Q` |p⃗| = 1
2EcmX h?2M r2 ;2i AK(aj) = |aj|2 �M/ Bi BKTHB2b i?2 #QmM/�`v Q7 |aj| �b

b?QrM BM 6B;m`2 9XRX h?Bb +�M #2 i`�MbH�i2/ iQ #QmM/b QM +QKTQM2Mi Q7 aj,

|aj| ≤ 1, 0 ≤ AK(aj) ≤ 1 �M/ |_2(aj)| ≤
1

2
. U9XeV

6B;m`2 9XR "QmM/�`v Q7 aj 7Q` AB → AB T`Q+2bb �i ?B;? 2M2`;v HBKBiX

h?2b2 #QmM/b +QMbi`�BM i?2 #2?�pBQ` Q7 2H�biB+ b+�ii2`BM;- AB → AB- BM i?2

?B;? 2M2`;v HBKBiX �b �M �TTHB+�iBQM Q7 T�`iB�H r�p2 mMBi�`Biv +QMbi`�BMi G22- ZmB;;
»h?Bb i?2Q`v b?Qr2/ i?2 `2H�iBQMb?BT #2ir22M i?2 b+�ii2`BM; �KTHBim/2 �M/ 2tT2`BK2Mi�H [m�M@
iBiB2b- BX2X +`Qbb@b2+iBQM �M/ /2+�v `�i2- i?2M Bi +�M BKTHv i?�i AKM ≤ |M|2



jR

�M/ h?�+F2` UGZhV /2`Bp2/ i?2 #QmM/b QM i?2 >B;;b #QbQM K�bbX h?2`2- i?2v +QM@

bB/2`2/ bBt /Bz2`2Mi b+�ii2`BM; �KTHBim/2b BMpQHpBM; i?2 2H2+i`Qr2�F ;�m;2 #QbQMb

�M/ i?2 >B;;b #QbQM bm+? �b W+
L W−

L → W+
L W−

L , HZL → HZL �M/ HH →

W+
L W−

L UG22 2i �HX- RNddVX h?2 �KTHBim/2b �i ?B;? 2M2`;v r2`2 /2+QKTQb2/ BM

T�`iB�H r�p2b r?B+? r2`2 i?2M bm#D2+i2/ iQ mMBi�`BivX aBM+2 i?2 �KTHBim/2 Bb T`Q@

TQ`iBQM�H iQ >B;;b #QbQM K�bb- mMBi�`Biv �HHQrb QM2 i?2 2ti`�+i i?2 mTT2` #QmM/

QM >B;;b #QbQM K�bbX

h?2 b�K2 B/2� +�M #2 �TTHB2/ iQ "aJ KQ/2HbX :2M2`B+�HHv i?2`2 rBHH #2 �/@

/BiBQM�H +QMi`B#miBQMb iQ i?2 ;�m;2 #QbQM b+�ii2`BM; �KTHBim/2 �M/ � T�`iB�H r�p2

mMBi�`Biv #QmM/ rBHH #2 �TTHB2/ QM �HH �KTHBim/2bX 6B`bi- r2 2p�Hm�i2 �KTHBim/2b

�i ?B;? 2M2`;v HBKBiX �7i2` r2 bmK �HH /B�;`�Kb- i?2 T�`i Q7 �KTHBim/2 r?B+?

;`Qrb rBi? 2M2`;v rBHH #2 +�M+2H2/ #v ;�m;2 BMp�`B�M+2 �M/ `2MQ`K�HBx�#BHBiv Q7

i?2 KQ/2HX h?2`27Q`2- QMHv i?2 T�`i Q7 �KTHBim/2 �i Q`/2` O(s0) rBHH #2 2KTHQv2/

BM i?Bb T2`im`#�iBp2 #QmM/X

RX F iF̄ i → F jF̄ j

b@+?�MM2H,

MAa
ℓ :b@+?�MM2H =− (glT

a
ij)

2
(x+ 1)(

√
s+

√
s− 4m2

f )
2

4(s−M2
A)

. U9XdV

�i ?B;?i 2M2`;v- s → ∞-

MAa
ℓ :b@+?�MM2H|O(s0) =− (glT

a
ij)

2(x+ 1), U9X3V

r?2`2 x ≡ +Qb θX

i@+?�MM2H,



jk

MAa
ℓ :i@+?�MM2H =− (glT

a
ij)

2
(x+ 1)(

√
s+

√
s− 4m2

f )
2

4M2
A + 2(1− x)(s− 4m2

f ))
. U9XNV

�i ?B;?i 2M2`;v- s → ∞-

MAa
ℓ :i@+?�MM2H|O(s0) =− (glT

a
ij)

22(x+ 1)

x− 1
. U9XRyV

m@+?�MM2H,

MAa
ℓ :m@+?�MM2H =− (glT

a
ij)

2
(x− 1)(

√
s+

√
s− 4m2

f )
2

4M2
A + 2(1 + x)(s− 4m2

f )
. U9XRRV

�i ?B;?i 2M2`;v- s → ∞-

MAa
ℓ :m@+?�MM2H|O(s0) =(glT

a
ij)

22(x− 1)

x+ 1
. U9XRkV

amK Q7 �HH +?�MM2Hb,

MAa
ℓ :bmK|O(s0) =− (glT

a
ij)

2x
3 + x2 − 9x− 1

x2 + 1
. U9XRjV

hQ ;2i i?2 #QmM/ QM ~�pQ` ;�m;2 #QbQM K�bb r?B+? Bb BMp2`b2Hv T`QTQ`iBQM�H iQ

i?2 HB;?i H2TiQM K�bb- i?Bb ;�m;2 #QbQM K�bb Kmbi #2 2M+Q/2/ BM i?2 �KTHBim/2X

lM7Q`imM�i2Hv- i?Bb �KTHBim/2 �i ?B;? 2M2`;v /Q2b MQi /2T2M/ QM i?2 K�bb Q7

~�pQ` ;�m;2 #QbQMX aQ i?Bb �KTHBim/2 +�MMQi ;Bp2 i?2 +QMbi`�BMi QM i?2 HB;?i

H2TiQM K�bbX

kX Aℓ,a
L Aℓ,a

L → Aℓ,b
L Aℓ,b

L

h?Bb T`Q+2bb Bb KQ`2 +QKTH2t i?�M T`2pBQmb T`Q+2bb2b #2+�mb2 i?2B` �KTHB@

im/2b /2T2M/ QM � ;�m;2 #QbQM K�bb- Mc- �M/ r2 /Q MQi ?�p2 BM7Q`K�iBQM �#Qmi

?Qr H�`;2 Bi +�M #2X



jj

h?2 �KTHBim/2 BM i@+?�MM2H Bb

M ∼ 1

t−M2
c

. U9XR9V

AM ?B;? 2M2`;v HBKBi s → ∞- i?2`2 Bb � T`Q#H2K i?�i t ≈ s
2(1 − +Qb θ) ?�b �

bBM;mH�`Biv �i 7Q`r�`/ /B`2+iBQM Uθ ≈ 0VX

aBM+2 Mc +�M #2 �`#Bi`�`v H�`;2- Bi �HbQ H2�/b iQ � /Bp2`;2M+2 Q7 i?2 �KTHB@

im/2 �i ?B;? 2M2`;vX hQ /2�H rBi? bm+? BM}MBiv- r2 `2r`Bi2 ;�m;2 #QbQM K�bb �b

M2
c = ϵs bQ i?�i

M ∼ 1

t− ϵs
. U9XR8V

h?2 `2�bQM r2 +�M �bbmK2 M2
c → ϵs Bb i?�i � ;�m;2 #QbQM K�bb b?QmH/ #2 }MBi2

r?2M 2M2`;v ;`Qrb mTX hQ `2;mH�i2 i?2 b+�H2 Q7 ;�m;2 #QbQM K�bb- ϵ r�b BMi`Q/m+2/

iQ +mi Qz �M BM+`2�bBM; Q7 i?2 2M2`;v sX >2M+2- ϵ b?QmH/ #2 � bK�HH p�Hm2 �M/

/BK2MbBQMH2bbX

i@+?�MM2H,

M�Mb�ix, i@+?�MM2H = ϵk1,µϵk2,νϵ
∗
p1,αϵ

∗
p2,β

(−igAf
abc)2

(
gµα(k1 + p1)

λ + gαλ(k1 − 2p1)
µ + gλµ(p1 − 2k1)

α
)

(
gλρ − 1

M2
c

(k1 − p1)
λ(p2 − k2)

ρ
)

(
gνβ(k2 + p2)

ρ + gβρ(k2 − 2p2)
ν + gρν(p2 − 2k2)

β
)
.

U9XReV

m@+?�MM2H,



j9

M�Mb�ix, m@+?�MM2H = ϵk1,µϵk2,νϵ
∗
p1,αϵ

∗
p2,β

(−igAf
abc)2

(
gµβ(k1 + p2)

λ + gβλ(k1 − 2p2)
µ + gλµ(p2 − 2k1)

β
)

(
gλρ − 1

M2
c

(k1 − p2)
λ(p1 − k2)

ρ
)

(
gνα(k2 + p1)

ρ + gαρ(k2 − 2p1)
ν + gρν(p1 − 2k2)

α
)
.

U9XRdV

bmK Q7 �HH +?�MM2Hb,

MbmK =
M�Mb�ix, i@+?�MM2H

t− ϵs
+

M�Mb�ix, m@+?�MM2H
u− ϵs

. U9XR3V

L2ti- J�M/2HbH�KǶb p�`B�#H2 t �M/ u +�M #2 r`Bii2M BM i2`K Q7 ;�m;2 #QbQM K�bb2b

�M/ i?2 +2Mi2` Q7 2M2`;v BMiQ i?2 �KTHBim/2,

t = −
(s
2
− (M2

a +M2
b )
)
+

sx

2

√(
1− 4M2

a

s

)(
1− 4M2

b

s

)
,

u = −
(s
2
− (M2

a +M2
b )
)
− sx

2

√(
1− 4M2

a

s

)(
1− 4M2

b

s

)
.

U9XRNV

h?2 �KTHBim/2 �i ?B;? 2M2`;v- s → ∞- Bb

MbmK ∼ O(s0) +O(s1). U9XkyV

.m2 iQ i?2 ;�m;2 BMp�`B2M+2- i?2 i2`K BM O(s) rBHH #2 +�M+2H2/ B7 r2 2t�+iHv bmK

�HH TQbbB#H2 +?�MM2Hb BM+Hm/BM; aJ ;�m;2 #QbQM +?�MM2HbX LQr- +QMbB/2` i?2 Q`/2`

s0 T�`i Q7 i?2 �KTHBim/2

MbmK ∼ O(s0). U9XkRV

q2 �TTHv Sql* QM i?Bb bmK Q7 �KTHBim/2b #v /QBM; T�`iB�H BMi2;`�iBQM x = +Qb θ



j8

BM `�M;2 [−1, 1]X q2 ;2i

∫ 1

−1

MbmK dx ∼ O(HQ;(ϵ)). U9XkkV

P#pBQmbHv- i?Bb i2`K K�F2b �KTHBim/2 /Bp2`;2 r?2M ϵ Bb bK�HHX hQ ?�M/H2 rBi?

BM}MBiv T�`i- r2 bm#i`�+i i?Bb i2`K O(HQ;(ϵ)) /B`2+iHv 7`QK �KTHBim/2-

M =

∫ 1

−1

MbmK dx−O(HQ;(ϵ)). U9XkjV

h?2M r2 i�F2 i?2 HBKBi ϵ → 0 iQ ;2i � T?vbB+�H �KTHBim/2X *QMb2[m2MiHv i?2

�KTHBim/2 Q7 Aℓ,a
L Aℓ,a

L → Aℓ,b
L Aℓ,b

L rBi?Qmi /Bp2`;2M+2 i2`K Bb

M+mi Qz K�bb
aa→bb |ϵ→0 =(gAf

abc)2
M4

a

M2
bM

2
c

+
M4

b

M2
aM

2
c

+ 10
M2

a

M2
b

+ 2
M2

b

M2
a

−M2
a

M2
c

− 8
Ma

Mb
+ 8

Mb

Ma
− M2

b

M2
c

.

U9Xk9V

>Qr2p2`- i?2`2 Bb �MQi?2` r�v iQ ?�M/H2 rBi? /Bp2`;2M+2X aBM+2 i?2 7Q`@

r�`/U#�+Fr�`/V /B`2+iBQM BM i@Um@V+?�MM2H H2�/b iQ i?2 /Bp2`;2M+2 Q7 i?2 �KTHB@

im/2 �i ?B;? 2M2`;v HBKBiX hQ �pQB/ i?Bb bBM;mH�`Biv- r2 +�M +mi Qz i?2 BMi2;`�iBQM

#QmM/�`v M2�` i?2 TQH2 bm+? �b BMi2;`�i2 Qp2` +Qb θ BM `�M;2 [−1, 1−ϵ] Q` [−1+ϵ, 1]

r?2`2 ϵ Bb �`#Bi`�`v bK�HH MmK#2`X h?Bb Bb #`B2~v 2tTH�BM2/ �b 7QHHQrbX

h?2 �KTHBim/2 BM i@+?�MM2H �i ?B;? 2M2`;v HBKBi Bb

Mi@+?�MM2H ∼
1

s(1− x)
, U9Xk8V

r?2`2 x ≡ +Qb θX q2 i�F2 i?2 BMi2;`�H BM `�M;2 [−1, 1 − ϵ] iQ /2+QKTQb2 Bi BMiQ

T�`iB�H r�p2 KQ/2-
∫ 1−ϵ

−1

Mi@+?�MM2H dx ∼ O(HQ;(ϵ)). U9XkeV



je

L2ti- r2 bm#i`�+i i?2 /Bp2`;2M+2 i2`K Qmi bBKBH�`Hv rBi? T`2pBQmb i2+?MB[m2-

M =

∫ 1−ϵ

−1

Mi@+?�MM2H dx−O(HQ;(ϵ)). U9XkdV

h?2M- r2 i�F2 i?2 HBKBi ϵ → 0 QM M bQ i?�i r2 ;2i i?2 �KTHBim/2 BM i@+?�MM2H

rBi?Qmi i?2 /Bp2`;2M+2 i2`KX 6Q` m@+?�MM2H- r2 �HbQ ?�M/H2 Bi rBi? i?2 b�K2

K2i?Q/ r?2`2 i?2 +mi Qz #QmM/�`v Bb [−1 + ϵ, 1]X

6BM�HHv- i?2 �KTHBim/2 Q7 Aℓ,a
L Aℓ,a

L → Aℓ,b
L Aℓ,b

L #v i?Bb +mi Qz #QmM/�`v i2+?@

MB[m2 #2+QK2b

M|+mi Qz #QmM/�`v
aa→aa =(gAf

abc)2
1

4M3
aM

2
bM

2
c

(
4M7

a −M5
a

(
4M2

b +M2
c (HQ;(65536)− 44)

)

+2M4
aMbM

2
c (HQ;(16)− 16)− 4M3

a (M
4
b +M2

bM
2
c (2 + HQ;(16))− 3M4

c )

+8M2
aMbM

2
c (4M

2
b +M2

c (HQ;(4)− 4)) + 2Ma

(
2M6

b + 6M4
bM

2
c

+2M2
bM

4
c (HQ;(16)− 5)−M6

c (HQ;(256)− 2)

−4M5
bM

2
c HQ;(4) +MbM

6
c HQ;(256)

))
.

U9Xk3V

jX Aℓ,a
L Aℓ,b

L → Aℓ,a
L Aℓ,b

L

h?Bb �KTHBim/2 Bb � KQ`2 ;2M2`�H +�b2 r?2`2 i?2 BM+QKBM;UQmi;QBM;V ;�m;2

#QbQMb �`2 BM /Bz2`2Mi ~�pQ`bX >Qr2p2`- i?2 /Bp2`;2M+2 7`QK 7Q`r�`/U#�+Fr�`/V

/B`2+iBQM biBHH �TT2�` BM i?Bb T`Q+2bbX hQ ?�M/H2 rBi? i?2 bBM;mH�`Biv- r2 �HbQ �TTHv

i?2 +mi Qz #QmM/�`v i2+?MB[m2 BM #Qi? b@ �M/ i@+?�MM2HX

h?2 �KTHBim/2 Q7 Aℓ,a
L Aℓ,b

L → Aℓ,a
L Aℓ,b

L Bb



jd

M+mi Qz #QmM/�`v
ab→ab =(gAf

abc)2
1

48M2
aM

3
bM

2
c

(
48M6

aMb + 84M5
aM

2
c

−2M4
aMb(24M

2
b − 122M2

c ) + 24M3
aM

2
bM

2
c

+4M2
aMb(−12M4

b +M2
bM

2
c (52− 4 HQ;(4096))

+3M4
c (HQ;(256)− 12))

−3MaM
2
c (36M

4
b + 4M2

bM
2
c (HQ;(16)− 8) + 4M4

c HQ;(4))

+Mb(48M
6
b − 68M4

bM
2
c + 6M2

bM
4
c (HQ;(256)− 12)

−3Mc6(4 HQ;(64)− 20))
)
.

U9XkNV

9X F iF̄ i → Al,a
L Al,a

L

i@+?�MM2H,

�i ?B;? 2M2`;v Us → ∞V,

Mf :i@+?�MM2H =
(gℓT a

ij)
2

2M2
a (x+ 1)

(
− 2mkx(x+ 1)

√
s+ 2m2

k

√
1− x2,

+(2M2
a −M2

i + s)(x− 1)
√
1− x2

)

Mf :i@+?�MM2H|O(s0) =
(gℓT a

ij)
2

2M2
a (x+ 1)

(
2m2

k

√
1− x2 + (2M2

a −M2
i )(x− 1)

√
1− x2

)
.

U9XjyV

m@+?�MM2H,



j3

�i ?B;? 2M2`;v Us → ∞V,

Mf :m@+?�MM2H =
(gℓT a

ij)
2

2M2
a (x+ 1)

(
2mkx(x+ 1)

√
s+ 2m2

k

√
1− x2,

−(2M2
a −M2

i + s)(1 + x)
√
1− x2

)

Mf :m@+?�MM2H|O(s0) =
(gℓT a

ij)
2

2M2
a (x+ 1)

(
2m2

k

√
1− x2 − (2M2

a −M2
i )(1 + x)

√
1− x2

)
.

U9XjRV

amK Q7 �HH +?�MM2Hb,

Mf :bmK|(O)s0 =(gℓT
a
ij)

2 m2
kx

M2
a

√
1− x2

. U9XjkV

L2ti- r2 /2+QKTQb2 i?Bb �KTHBim/2 BMiQ � T�`iB�H r�p2 KQ/2 #v i�FBM; �

T�`iB�H BMi2;`�iBQM BM `�M;2 [−1, 1] 7QHHQrBM; i?2 K2i?Q/ Q7 Sql*X q2 Q#i�BM

∫ 1

−1

Mf :bmK|(O)s0 x dx = (gℓT
a
ij)

2m
2
kπ

M2
A

. U9XjjV

8X F iF̄ j → Al,a
L Al,b

L

i@+?�MM2H,

�i ?B;? 2M2`;v Us → ∞V,

Mf :i@+?�MM2H =
(gℓ)2T a

ikT
b
kj

4MaMb(x− 1)

(
4mkx

√
s+ 4mk

√
1− x2

+(2M2
a + 2M2

b −M2
i −M2

j + 2s)(x− 1)
√
1− x2

)
,

Mf :i@+?�MM2H|O(s0) =
(gℓ)2T a

ikT
b
kj

√
1− x2

4MaMb(x− 1)

(
M2

i +M2
j + 4m2

k

+ (x− 1)(2M2
a + 2M2

b )− x(M2
i +M2

j )
)
.

U9Xj9V

m@+?�MM2H,



jN

�i ?B;? 2M2`;v Us → ∞V,

Mf :m@+?�MM2H =
(gℓ)2T a

ikT
b
kj

4MaMb(x− 1)

(
4mkx

√
s+ 4mk

√
1− x2

−(2M2
a + 2M2

b −M2
i −M2

j + 2s)(x+ 1)
√
1− x2

)
,

Mf :m@+?�MM2H|O(s0) =
(gℓ)2T a

ikT
b
kj

√
1− x2

4MaMb(x+ 1)

(
4m2

k

−(2M2
a + 2M2

b −M2
i −M2

j )
)
.

U9Xj8V

amK Q7 �HH +?�MM2Hb,

Mf :bmK|O(s0) =(gℓ)
2T a

ikT
b
kj

2m2
kx

MaMb

√
1− x2

. U9XjeV

�;�m#- q2 /2+QKTQb2 i?Bb �KTHBim/2 BMiQ � T�`iB�H r�p2 KQ/2 #v i�FBM;

� T�`iB�H BMi2;`�iBQM BM `�M;2 [−1, 1] 7QHHQrBM; i?2 K2i?Q/ Q7 Sql* �M/ Q#i�BM

∫ 1

−1

Mf :bmK|(O)s0 x dx = (gℓ)
2T a

ikT
b
kj

m2
kπ

MaMb
. U9XjdV

6BM�HHv- i?2b2 irQ T`Q+2bb2b Q7 72`KBQM 2t+?�M;2 +�M #2 mb2/ iQ +QMbi`�BM

M2mi`BMQ K�bbX

lMBi�`Biv #QmM/

�7i2` �KTHBim/2b �`2 /2+QKTQb2/ BMiQ T�`iB�H r�p2 KQ/2- i?2v Kmbi b�iBb7v

mMBi�`v #QmM/ �b /2b+`B#2/ 2�`HB2`X h?2 ;2M2`�H �KTHBim/2 +�M #2 r`Bii2M BM T�`iB�H

r�p2 KQ/2 �b

M(θ) = 16π
∞∑

j=0

aj(2j + 1)Pj(+Qb θ). U9Xj3V

6Q` bBKTHB+Biv- KQ/2 j = 0 Bb b2H2+i2/-

M(θ) = 16πa0P0(+Qb θ), U9XjNV



9y

r?2`2 P0(x) = 1- �M/

a0 =
1

16π

∫ 1

−1

M
2
dx. U9X9yV

�7i2` BKTH2K2MiBM; T�`iB�H r�p2 mMBi�`Biv +QMbi`�BMi- |_2(aj)| ≤ 1
2 - r2 ;Qi

1

16π
M0 ≤

1

2
,

Q` M0 ≤ 8π,

U9X9RV

r?2`2 2M0 =
∫ 1

−1 Mdx Bb `2�HX h?2`27Q`2 i?2 �KTHBim/2b BM T�`iB�H r�p2 KQ/2

rBi? T2`im`#�iBp2 +QMbi`�BMi b�iBb7v

M+mi Qz K�bb
aa→bb ≤8π,

M+mi Qz #QmM/�`v
aa→bb ≤8π,

M+mi Qz #QmM/�`v
ab→ab ≤8π.

U9X9kV

L2p2`i?2H2bb- i?2 �KTHBim/2b 7Q` F iF̄ i → Al,a
L Al,a

L �M/ F iF̄ j → Al,a
L Al,b

L +�M

#2 /2+QKTQb2/ BM j = 1 KQ/2 Q7 T�`iB�H r�p2-

16π(2a1) =

∫ 1

−1

M(θ) +Qb θd(+Qb θ),

a1 =
M1

16π

U9X9jV

r?2`2 P1(x) = x �M/ 2M1 =
∫ 1

−1 M(θ) +Qb θd(+Qb θ) Bb `2�HX h?2v �HbQ b�iBb7v

|_2(aj)| ≤ 1
2 - bQ r2 ;Qi

(gℓT
a
ij)

2m
2
kπ

2M2
a

≤ 8π, U9X99V

�M/

(gℓ)
2T a

ikT
b
kj

m2
kπ

2MaMb
≤ 8π. U9X98V

6BM�HHv- r2 Q#i�BM2/ i?2 #QmM/b QM �KTHBim/2 BM T�`iB�H r�p2 KQ/2 BM

2�+? T`Q+2bbX L2ti +?�Ti2`- r2 rBHH +QK#BM2 i?2b2 i?2Q`2iB+�H +QMbi`�BMib rBi?



9R

2tT2`BK2Mi�H /�i� iQ +QMbi`�BM � HQr2` #QmM/ QM M2mi`BMQ bT2+i`mKX



*>�Sh1_ o

L1lh_ALP aS1*h_lJ

AM i?Bb +?�Ti2` r2 2KTHQv � +?QB+2 Q7 #�bBb r?2`2 ⟨YN⟩ Bb /B�;QM�HX q2

mb2 i?2 +QMp2MiBQM mµ1 < mµ2 < mµ3 7Q` i?2 Q`/2`BM; Q7 M2mi`BMQ K�bb2b BM i?Bb

rQ`F 7Q` #Qi? i?2 MQ`K�H �M/ i?2 BMp2`i2/ ?B2`�`+?vX AM Q`/2` iQ Q#i�BM � HQr2`

#QmM/ QM i?2 HB;?i2bi M2mi`BMQ K�bb- r2 ?�p2 iQ FMQr r?�i +QMbi`�BMib QM M2mi`BMQ

K�bb2b BM `2+2Mi 2tT2`BK2Mib �`2X h?2M r2 rBHH +QK#BM2 +QMbi`�BMib 7`QK M2mi`BMQ

/�i� �M/ i?2Q`2iB+�H +QMbi`�BMi r?B+? r2 ?�/ +�H+mH�i2/ BM i?2 T`2pBQmb +?�Ti2`X

6BM�HHv- r2 rBHH T`2b2Mi � THQi Q7 i?2 `�iBQ Q7 M2mi`BMQ K�bb2b �M/ i`�MbH�i2 Bi iQ

i?2 HQr2` #QmM/ QM i?2 HB;?i2bi M2mi`BMQ K�bbX JQ`2Qp2`- r2 +�M `2p2`b2 Qm` `2bmHi

iQ /2i2`KBM2 Qi?2` aJ M2mi`BMQ K�bb2bX

6B`bi- r2 HBbi i?2 H�i2bi M2mi`BMQ BM7Q`K�iBQM 7`QK 2tT2`BK2Mib BM i�#H2 8XRX

q2 r�Mi iQ 2KT?�bBx2 i?�i i?Bb rQ`F mb2b � bT2+B�H +QMp2MiBQM 7Q` i?2 Q`/2`BM;

Q7 M2mi`BMQ K�bbX 6Q` BMbi�M+2- mν1Umν3V r�b H�#2H2/ iQ #2 i?2 HB;?i2biU?2�pB2biV

M2mi`BMQ K�bb BM #Qi? MQ`K�H �M/ BMp2`i2/ ?B2`�`+?vX h?Bb Bb BM +QMi`�bi rBi? �

;HQ#�H +QMp2MiBQM- r?2`2 mν1 Bb i?2 HB;?i2bi M2mi`BMQ K�bb BM i?2 MQ`K�H ?B2`�`+?v

�M/ mν3 Bb i?2 HB;?i2bi 7Q` i?2 BMp2`i2/ ?B2`�`+?v �b b?QrM BM };m`2 8XRX

h�#H2 8XR *m``2Mi M2mi`BMQ /�i� 7`QK M2mi`BMQ Qb+BHH�iBQMX

S�`�K2i2` #2bi@}i 3σ

m2
ν3 −m2

ν1 UL>V(10−3 2o) kX8e kX98@kXeN
m2

ν2 −m2
ν1UL>V (10−5 2o) dXjd eXNj@dXNe

m2
ν3 −m2

ν1UA>V(10−3 2o) kX89 kX9k@kXee
m2

ν3 −m2
ν2UA>V(10−5 2o) dXjd eXNj@dXNe

AM �//BiBQM- i?2`2 �`2 +QMbi`�BMib 7`QK i?2 +QbKB+ KB+`Qr�p2 #�+F;`QmM/



9j

NH NHIH IH
Global convention Our convention

𝑚𝑣3
2

𝑚𝑣3
2

𝑚𝑣3
2 𝑚𝑣3

2

𝑚𝑣2
2

𝑚𝑣1
2

𝑚𝑣2
2

𝑚𝑣1
2

𝑚𝑣2
2

𝑚𝑣1
2

𝑚𝑣2
2

𝑚𝑣1
2

6B;m`2 8XR *QKT�`BbQM #2ir22M ;HQ#�H +QMp2MiBQM �M/ i?Bb rQ`F +QMp2MiBQM

�M/ #�`vQMB+ �+QmbiB+ Q+BHH�iBQM Uh�M�#�b?B 2i �HX- kyR3V-

∑
mνi ≤ 0.17 2o 95W*GX. U8XRV

h?Bb 2[m�iBQM U8XRV 2tTH�BMb i?�i i?2 bmK Q7 �HH HB;?i M2mi`BMQ K�bb2b Bb HQr2` i?�M

0.17 2oX P#pBQmbHv- i?2b2 BM7Q`K�iBQM b?Qr i?�i QMHv 2tT2`BK2Mi�H /�i� +�MMQi

/2i2`KBM2 i?2 HQr2` #QmM/ Q7 i?2 HB;?i2bi M2mi`BMQ K�bb- mν1 X AM Q`/2` iQ +QK@

TH2i2 i?Bb #QmM/- r2 ?�p2 iQ +QK#BM2 Bi rBi? i?2Q`2iB+�H +QMbi`�BMi 7`QK T`2pBQmb

+?�Ti2`X

aBM+2 i?2 �KTHBim/2 BM 2[m�iBQM U9X9kV /2T2M/b QM i?2 ~�pQ` ;�m;2 ;`QmT

bi`m+im`2 +QMbi�Mi- r2 ?�p2 iQ +�H+mH�i2 �HH TQbbB#H2 ~�pQ` BMi2`�+iBQMb �M/ i?2M

2t�KBM2 i?2 KQbi 2z2+iBp2 T`Q+2bb QM M2mi`BMQ K�bb �M/ KBtBM; #QmM/X h?2

MmK#2` Q7 iQi�H +�H+mH�i2/ �KTHBim/2b Bb 3×3 4 e9X

6Q` i?2 `2bmHi- i?2 T`Q+2bb Aℓ,a
L Aℓ,a

L → Aℓ,b
L Aℓ,b

L �M/ Aℓ,a
L Aℓ,b

L → Aℓ,a
L Aℓ,b

L

BMpQHp2 /Bp2`;2M+2 BM i?2 7Q`r�`/ /B`2+iBQMX aBM+2 i?2`2 Bb �M �K#B;mBiv BM ?Qr

i?2 bBM;mH�`Biv Bb `2KQp2/ Ub22 U9Xk9V �M/ U9Xk3VV- r2 rBHH MQi mb2 i?2K BM Qm`
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0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

mν1 / mν3

m
ν 2
/m

ν 3

6B;m`2 8Xk h?2 `2;BQM Q7 T2`i�#�iBp2 mMBi�`v #QmM/ QM M2mi`BMQ bT2+i`mK r?2M
⟨YN⟩ Bb /B�;QM�HX

MmK2`B+�H �M�HvbBbX

h?2 T`Q+2bb2b F iF̄ i → Al,a
L Al,a

L �M/ F iF̄ j → Al,a
L Al,b

L ;Bp2 mb i?2 +QMbi`�BMi

QM M2mi`BMQ K�bb2b �b b?QrM BM };m`2 8XkX AM Q`/2` iQ BMp2biB;�i2 i?2 HQr2bi #QmM/

QM i?2 HB;?i2bi M2mi`BMQ- r2 7QHHQr i?2b2 bi2Tb,

RX SB+F mT p�Hm2b Q7 M2mi`BMQ K�bb 7`QK +m``2Mi M2mi`BMQ /�i� BM i�#H2 8XR

�M/ 2[m�iBQM U8XRVX

6Q` i?2 MQ`K�H ?B2`�`+?v mν1 ! mν2 ≪ mν3 - i?2 `�M;2 Q7 i?2 b2H2+i2/

p�Hm2b �`2
m2

ν3 −m2
ν1 ∈ [2.45, 2.69]× 10−3,

m2
ν3(1−

m2
ν1

m2
ν3

) ∈ [2.45, 2.69]× 10−3,

m2
ν1

m2
ν3

∈ [1− 2.69× 10−3

m2
ν3

, 1− 2.45× 10−3

m2
ν3

],

U8XkV
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�M/
m2

ν2 −m2
ν1 ∈ [6.93, 7.96]× 10−5,

m2
ν3(

m2
ν2

m2
ν3

−
m2

ν1

m2
ν3

) ∈ [6.93, 7.96]× 10−5,

m2
ν2

m2
ν3

∈ [
m2

ν1

m2
ν3

+
6.93× 10−5

m2
ν3

,
m2

ν1

m2
ν3

+
7.96× 10−5

m2
ν3

],

U8XjV

r?2`2 mν3 ∈ [
√
2.69× 10−3, 0.17]X

6Q` i?2 BMp2`i2/ ?B2`�`+?v mν1 ≪ mν2 ! mν3 - i?2 `�M;2 Q7 i?2 b2H2+i2/

p�Hm2b �`2

m2
ν3 −m2

ν1 ∈ [2.42, 2.66]× 10−3,

m2
ν3(1−

m2
ν1

m2
ν3

) ∈ [2.42, 2.66]× 10−3,

m2
ν1

m2
ν3

∈ [1− 2.66× 10−3

m2
ν3

, 1− 2.42× 10−3

m2
ν3

],

U8X9V

m2
ν3 −m2

ν2 ∈ [6.93, 7.96]× 10−5,

m2
ν3(1−

m2
ν2

m2
ν3

) ∈ [6.93, 7.96]× 10−5,

m2
ν2

m2
ν3

∈ [1− 7.96× 10−5

m2
ν3

, 1− 6.93× 10−5

m2
ν3

],

U8X8V

r?2`2 mν3 ∈ [
√
2.66× 10−3, 0.17]X

kX a+�M Q7 p�Hm2b Q7 M2mi`BMQ K�bb2b mM/2` +QbKQHQ;B+�H �M/ T�`iB�H r�p2

mMBi�`Biv +QMbi`�BMi

mν3(
mν1

mν3

+
mν2

mν3

+ 1) ≤ 0.17 2o, U8XeV

�M/

M ≤ 8π. U8XdV
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"v 7QHHQrBM; �#Qp2 bi2Tb- i?2 `2bmHi Q7 M2mi`BMQ bT2+i`� BM #Qi? ?B2`�`+?B2b Bb b?QrM

BM };m`2 8Xj

6B;m`2 8Xj oB�#H2 M2mi`BMQ bT2+i`� 7Q` MQ`K�H ?B2`�`+?v U`2/VX _2;BQM +QKT�iB#H2
rBi? T2`im`#�iBp2 mMBi�`Biv Bb b?QrM BM ;`22MX

LQiB+2 i?�i i?2`2 Bb MQ pB�#H2 M2mi`BMQ bT2+i`� 7Q` BMp2`i2/ ?B2`�`+?v BM

};m`2 8XjX h?2 `2�bQM Bb i?�i i?2 T2`im`#�iBp2 mMBi�`Biv `2;BQM Bb MQi H�`;2 2MQm;?

iQ �++QKKQ/�i2 i?2 BMp2`i2/ ?B2`�`+?v K�bb `�iBQX h?2`27Q`2 i?2`2 Bb QMHv i?2 `2/

`2;BQM 7Q` MQ`K�H ?B2`�`+?vX

aBM+2 p�Hm2b Q7 M2mi`BMQ bT2+i`� BM };m`2 8Xj �`2 ;Bp2M BM i2`Kb Q7 i?2 `�iBQ

#2ir22M irQ /Bz2`2Mi HB;?i M2mi`BMQ K�bb- iQ 2p�Hm�i2 i?2 HQr2` #QmM/ Q7 i?2

HB;?i2bi M2mi`BMQ K�bb mν1 - r2 rBHH KmHiBTHv Bi #v mν3 X h?mb- i?2 `2bmHi Q7 HQr2`

#QmM/ QM M2mi`BMQ bT2+i`mK Bb mν1 ≥ 6.11× 10−4 2o 7Q` i?2 MQ`K�H ?B2`�`+?vX

6`QK i?2 HQr2` #QmM/ QM mν1 - r2 +�M /2/m+2 i?2 HQr2` #QmM/ QM i?2 Qi?2`

irQ M2mi`BMQ K�bb2b #v mbBM; M2mi`BMQ K�bb b[m�`2/ /Bz2`2M+2b 7`QK i�#H2 8XR-

�b b?QrM BM };m`2 8X9X 6B;m`2 8X9 b?Qrb ?Qr /Q2b i?2 HB;?i2bi M2mi`BMQ K�bb Bb

`2H�i2/ iQ i?2 Qi?2` M2mi`BMQ K�bb2bX A7 � HQr2` #QmM/ QM i?2 HB;?i2bi M2mi`BMQ
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K�bb mν1 Bb B/2MiB}2/- i?2 HQr2` #QmM/b QM mν2 �M/ mν3 rBHH #2 /2i2`KBM2/X

NH IH

𝑚𝑣3
2 𝑚𝑣3

2

𝑚𝑣2
2

𝑚𝑣1
2

𝑚𝑣2
2

𝑚𝑣1
2

(6.11 × 10−4)2= 3.73 × 10−5

2.56 × 10−3 2.54 × 10−3

7.37 × 10−5

7.37 × 10−5

Cannot identify

6B;m`2 8X9 a+�H2 Q7 M2mi`BMQ K�bb b[m�`2/ /Bz2`2M+2b BM MQ`K�H �M/ BMp2`i2/
?B2`�`+?vX

>Qr2p2`- MQiB+2 i?�i i?2 #QmM/ QM M2mi`BMQ K�bb +QK2b 7`QK � ⟨YN⟩ /B�;Q@

M�H #�bBb +?QB+2X h?2`2 Bb �HbQ � +?QB+2 Q7 /B�;QM�H ⟨YE⟩X q2 rBHH M2ti rQ`F BM i?Bb

#�bBb r?2`2 M2mi`BMQ KBtBM; Bb �TT�`2MiX AM i?2 M2ti +?�Ti2`- r2 rBHH ;Q #�+F iQ

Qm` G�;`�M;B�M �M/ BM/B+�i2 ?Qr H2TiQM KBtBM; K�i`Bt �TT2�` BM �M BMi2`�+iBQMX

h?2M r2 rBHH 2KTHQv � Sql* iQ +QMbi`�BM M2mi`BMQ KBtBM; �M;H2bX



*>�Sh1_ oA

L1lh_ALP JAsAL:

AM i?Bb +?�Ti2` r2 /Bb+mbb ?Qr iQ Q#i�BM � +QMb2`p�iBp2 #QmM/ Q7 M2mi`BMQ

KBtBM; T�`�K2i2`X aBM+2 ⟨YE⟩ �M/ ⟨YN⟩ +�M MQi #2 /B�;QM�HBx2/ bBKmHi�M2QmbHv-

H2TiQM KBtBM; �M;H2b �`2 QMHv 2M+Q/2/ BM ⟨YN⟩ r?2M r2 +?QQb2 #�bBb Q7 /B�;QM�H

⟨YE⟩X h?mb- � bmBi�#H2 #�bBb +?QB+2 7Q` bim/vBM; M2mi`BMQ KBtBM; +QMbi`�BMi Bb i?2

QM2 r?2`2 ⟨YE⟩ Bb /B�;QM�HX

AM Q`/2` iQ bim/v KBtBM; T�`�K2i2`- i?2 `2H2p�Mi BMi2`�+iBQMb BM i?2 G�@

;`�M;B�M �`2 i?2 umF�r� BMi2`�+iBQMbX 6Q` i?Bb ;�m;2/ H2TiQM ~�pQ` KQ/2H- Bi ?�b

i?`22 2ti`� 72`KBQMbX h?2B` umF�r� BMi2`�+iBQMb �`2

LumF = λEℓLHER+µEELeR+λEELYEER+λνℓLH̃NR+
λN

2
N c

RYNNR+?X+X, UeXRV

r?2`2 H̃ ≡ iσ2H∗ rBi? ?vT2`+?�`;2 −1/2X �7i2` #Qi? 2H2+i`Qr2�F �M/ ~�pQ`

bvKK2i`B2b �`2 #`QF2M bTQMi�M2QmbHv #v #�+F;`QmM/ Q7 i?2 b+�H�`b

H ≡ 1√
2

⎛

⎜⎝
0

v + h

⎞

⎟⎠ ,

YE ≡ ⟨ YE⟩+ φE/
√
2,

YN ≡ ⟨ YN⟩+ φN/
√
2,

UeXkV

i?2 umF�r� BMi2`�+iBQM #2+QK2b
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LumF =λE

(
νL eL

)
1√
2

⎛

⎜⎝
0

v + h

⎞

⎟⎠ ER + µEELeR + λEEL⟨YE⟩ER

+λν
1√
2

(
νL eL

)
iσ2

⎛

⎜⎝
0

v + h

⎞

⎟⎠NR +
λN

2
N c

R⟨YN⟩NR + ?X+X,

UeXjV

LY uk ⊃
λEv√

2
eLER + µEELeR + λEEL⟨YE⟩ER +

λνv√
2
νLNR +

λN

2
N c

R⟨YN⟩NR + ?X+X.

UeX9V

h?2 H2TiQM K�bb2b +�M #2 r`Bii2M �b BM UkXRjVX �bbmKBM; ⟨YE⟩ ≫ v, µE

�M/ ⟨YN⟩ ≫ v- i?2 G�;`�M;B�M Q7 i?2 HB;?i H2TiQM K�bb Bb ;Bp2M #v

LHB;?i K�bb ⊃ eLmleR + νLmννL, UeX8V

r?2`2 mlUmνV Bb � HB;?i 2H2+i`QMUM2mi`BMQV K�bbX

aBM+2 eL �M/ νL �`2 BM 2H2+i`Qr2�F /Qm#H2ib- i?2v i`�Mb7Q`K 2[mBp�H2MiHv

mM/2` i?2 Q`i?Q;QM�H K�i`BtX hQ Q#i�BM � /B�;QM�HBx2/ K�bb K�i`Bt- �M Q`i?Q;QM�H

K�i`Bt Bb b2H2+i2/ iQ `Qi�i2 i?2 ~�pQ` #�bBbX AM +�b2 i?�i HB;?i 2H2+i`QM K�bb Bb

/B�;QM�HBx2/ #v V e
L - i?2 2H2+i`Qr2�F /Qm#H2i i`�Mb7Q`K �b

ℓL =

⎛

⎜⎝
νL

eL

⎞

⎟⎠ ,

V e
LℓL =

⎛

⎜⎝
V e
LνL

V e
LeL

⎞

⎟⎠ =

⎛

⎜⎝
V e
L(V

ν†
L V ν

L )νL

V e
LeL

⎞

⎟⎠ =

⎛

⎜⎝
V e
LV

ν†
L ν̂L

êL,

⎞

⎟⎠ =

⎛

⎜⎝
USJLaν̂L

êL,

⎞

⎟⎠ ,

UeXeV

r?2`2 USJLa ≡ V e
LV

ν†
L Bb i?2 SQMi2+Q`pQ@J�FB@L�F�;�r�@a�F�i� USJLaV K�i`BtX

h?Bb K�i`Bt +QMi�BMb i?2 j �M;H2 T�`�K2i2`b, θ12- θ23 �M/ θ13- iQ;2i?2` rBi? � *S@



8y

pBQH�iBM; T?�b2 Q` .B`�+ T?�b2 �M/ irQ J�DQ`�M� T?�b2b, δ- α21 �M/ α31X h?2

SJLa K�i`Bt +�M #2 r`Bii2M �b

USJLa =

⎛

⎜⎜⎜⎜⎝

c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13

s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

⎞

⎟⎟⎟⎟⎠
/B�;(1, ei

α21
2 , ei

α31
2 )

UeXdV

r?2`2 sij ≡ bBM θij- cij ≡ +Qb θij �M/ USJLa Bb i?2 mMBi�`v K�i`Bt r?B+? b�iBb}2b

U †
SJLaUSJLa = 1X

h?2 G�;`�M;B�M Q7 HB;?i H2TiQM K�bb �7i2` HB;?i +?�`;2/ H2TiQM K�bb r�b

/B�;QM�HBx2/ Bb

LHB;?i K�bb ⊃ êLm̂lêR + ν̂LU
†
SJLam̂νUSJLaν̂L, UeX3V

r?2`2 m̂l = V e
LmeLV

e†
L Um̂ν = V ν

LmνLV
ν†
L V Bb i?2 /B�;QM�H HB;?i 2H2+i`QMUM2mi`BMQV

K�bb �M/ i?2 K�bb 2B;2Mbi�i2 i`�Mb7Q`Kb �b

êL =V e
LeL,

ν̂L =V ν
L νL,

UeXNV

r?2`2 V e
LUV ν

L V Bb �M Q`i?Q;QM�H K�i`Bt 7Q` `Qi�iBM; i?2 ~�pQ` #�bBb eLUνLV iQ i?2

K�bb #�bBb êLUν̂LVX

6Q` bBKTHB+Biv- r2 B;MQ`2 2z2+i 7`QK *S@pBQH�iBM; T?�b2 �M/ J�DQ`�M�

T?�b2bX aBM+2 i?2 ?2�pv H2TiQM K�bb Bb BMp2`b2Hv T`QTQ`iBQM�H iQ i?2 HB;?i H2T@

iQM K�bb BM i?2 ;�m;2/ H2TiQM ~�pQ` KQ/2H bm+? �b MN ∼ m−1
ν ∼ ⟨ YN⟩X h?2

Qi?2` #�bBb +?QB+2 Bb

ˆ⟨YE⟩ ≃
λEµE√
2λE

/B�;
(

v

me
,
v

mµ
,
v

mτ

)
, UeXRyV
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�M/
ˆ⟨YN⟩ ≃

λ2
νv

2λN
U∗

SJLa/B�;
(

v

mν1

,
v

mν2

,
v

mν3

)
U †

SJLa. UeXRRV

h?Bb #�bBb +?QB+2 H2�/b iQ i?2 2M+Q/BM; Q7 i?2 KBtBM; T�`�K2i2`b BM i?2 ;�m;2

#QbQM K�bb

(M2
ℓℓ)ab ≃ g2ℓ

[
h`

(
ŶN{T a, T b}ŶN

†)
+ h`

(
ŶN

†{T a T , T b T}ŶN

)

+2h`
(
ŶN

†
T a T ŶNT

b + ŶN
†
T b T ŶNT

a
)]

.

UeXRkV

AM T`2pBQmb +?�Ti2`- i?2 ;�m;2 #QbQM K�bb K�i`Bt �TT2�`b BM b+�ii2`BM;

�KTHBim/2bX h?mb- i?2b2 KBtBM; T�`�K2i2`b +�M �HbQ #2 2M+Q/2/ BM �KTHBim/2bX

RX *QMbi`�BMi QM M2mi`BMQ KBtBM; T�`�K2i2`

AM Q`/2` iQ +QMbi`�BM M2mi`BMQ KBtBM; T�`�K2i2`b r?B+? �`2 2M+Q/2/ BM

UPMNS- r2 B;MQ`2 i?2 .B`�+ T?�b2 �M/ J�DQ`�M� T?�b2 7Q` bBKTHB+BivX PMHv bBM θ23-

bBM θ12 �M/ bBM θ13 �`2 bim/B2/ BM i?Bb rQ`FX "v p�`vBM; i?2b2 i?`22 KBtBM; �M;H2b-

bBM θ23 Bb i?2 KQbi b2MbBiBp2 T�`�K2i2` rBi? mMBi�`v +QMbi`�BMiX Ai Bb MQi bQ bm`@

T`BbBM; #2+�mb2 bBM θ23 Bb i?2 H�`;2bi p�Hm2 BM i�#H2 eXR +QKT�`2/ rBi? �MQi?2` irQ

�M;H2bX h?2`27Q`2- r2 }t bBM θ12 �M/ bBM θ13 i?2M b+�M i?2 bBM θ23 7Q` #Qi? MQ`K�H

�M/ BMp2`i2/ ?B2`�`+?B2bX

6B;m`2 eXR b?Qrb ;`B/ +?�`i Q7 b+�MMBM; KBtBM; T�`�K2i2` bBM θ23 �i 2�+?

Q`/2` T�B` Q7 (bBM θ13, bBM θ12)X _2/ /Qib �`2 � TQbBiBQM Q7 b+�MM2/ bBM θ23X �``Qrb

b?Qr ?Qr r2 bi2T i?2 p�Hm2 Q7 bBM θ12 �M/ bBM θ13 BM `�M;2 3σX

AM };m`2 eXk- #Hm2 `2;BQM r�b +QMbi`�BM2/ BM i?2 KBtBM; T�`�K2i2` b+�MX

lM7Q`imM�i2Hv- Bi +�MMQi +QMbi`�BM bBM θ23 BM MQ`K�H ?B2`�`+?v #2+�mb2 �HH pB�#H2

M2mi`BMQ bT2+i`mK Bb BM T2`im`#�iBp2 `2;BQMX Ai K2�Mb i?�i i?2 2z2+i Q7 M2mi`BMQ

KBtBM; T�`�K2i2` /Q2b MQi ;Bp2 �//BiBQM�H +QMbi`�BMi 7`QK Qm` T2`im`#�iBp2 `2;BQM
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h�#H2 eXR h?2 #2bi@}iU±1σV Q7 i?`22 M2mi`BMQ Qb+BHH�iBQM 7`QK i?2 T`2b2Mi 2tT2`B@
K2Mi M2mi`BMQ /�i�US�i`B;M�MB 2i �HX- kyReV �M/ bBM θ23 (L>fA>) 7`QK T`QT�;�iBM;
2``Q`b Uh�M�#�b?B 2i �HX- kyR3VX

S�`�K2i2` #2bi@}iU±1σV
∆m2

21[10
−5eV 2] dXjd ±0.17

∆m2
31(23)[10

−3eV 2] kX8e±0.04UkX89±0.04V
bBM2 θ12(L>fA>) yXkNd±0.017

bBM2 θ23(L>) yX9k8±0.039
bBM2 θ13(L>) yXykR8±0.0025
bBM2 θ23(A>) yX83N±0.042
bBM2 θ13(A>) yXykRe±0.0026

bBM θ23(L>) yXe8k±0.030
bBM θ23(A>) yXde3±0.027

−0.5𝜎−𝜎−3𝜎/2 𝜎0.5𝜎 3𝜎/2

0.5𝜎

𝜎

3𝜎/2

−𝜎

−0.5𝜎

−3𝜎/2

0

0

sin 𝜃12

sin 𝜃13
6B;m`2 eXR :`B/ +?�`i 7Q` b+�MMBM; KBtBM; T�`�K2i2` r?2M `2/ /Qib bi�M/ 7Q`
(bBM θ23)ij �i (bBM θ13)i- (bBM θ12)jX

BM #Qi? ?B2`�`+?B2bX



8j

6B;m`2 eXk _2bmHi 7`QK b+�MMBM; KBtBM; T�`�K2i2`b BM `�M;2 2σX "Hm2 `2;BQM Bb
i?2 T2`im`#�iBp2 `2;BQMX _2/ HBM2 Bb pB�#H2 M2mi`BMQ bT2+i`mK 7Q` MQ`K�H ?B2`�`+?vX



*>�Sh1_ oAA

*PL*GlaAPL �L. .Aaa*laaAPLa

AM i?Bb rQ`F- r2 bim/v +QMbi`�BMib QM M2mi`BMQ K�bb2b �M/ KBtBM;b BM i?2

al(3)ℓ × al(3)E KQ/2HX q2 mb2 irQ /Bz2`2Mi #�b2b 7Q` i?2 ~�pQM p2pX AM

Q`/2` iQ #QmM/ M2mi`BMQ K�bb2b- r2 +?QQb2 i?2 #�bBb r?2`2 ⟨YN⟩ Bb /B�;QM�HX

hQ +QMbi`�BM M2mi`BMQ KBtBM;- QM i?2 Qi?2` ?�M/- r2 +?QQb2 i?2 #�bBb r?2`2

⟨YE⟩ Bb /B�;QM�HX 6B`bi r2 7QmM/ i?�i i?Bb ;�m;2/ H2TiQM ~�pQ` KQ/2H ;Bp2b

mb i?2 `2H�iBQMb?BT #2ir22M ~�pQ` ;�m;2 #QbQMb K�bb2b �M/ i?2 HB;?i M2mi`BMQ

K�bb2bX hQ +QMM2+i Bi rBi? i?2 T�`iB�H r�p2 mMBi�`Biv +QMbi`�BMi- r2 ?�p2 iQ

+QKTmi2 k@k b+�ii2`BM; �KTHBim/2b �i i`22@H2p2H Q7 }p2 T`Q+2bb2b, F iF̄ i → F jF̄ j-

Aℓ,a
L Aℓ,a

L → Aℓ,b
L Aℓ,b

L -Aℓ,a
L Aℓ,b

L → Aℓ,a
L Aℓ,b

L - F iF̄ i → Aℓ,a
L Aℓ,a

L �M/ F iF̄ j → Aℓ,a
L Aℓ,b

L X

lM7Q`imM�i2Hv- T`Q+2bb2b F iF̄ i → F jF̄ j-Aℓ,a
L Aℓ,a

L → Aℓ,b
L Aℓ,b

L �M/ Aℓ,a
L Aℓ,b

L →

Aℓ,a
L Aℓ,b

L +�MMQi ;Bp2 mb � K2�MBM;7mH +QMbi`�BMiX PMHv i?2b2 irQ T`Q+2bb2b, F iF̄ i →

Aℓ,a
L Aℓ,a

L �M/ F iF̄ j → Aℓ,a
L Aℓ,b

L - ;Bp2 mb i?2 T2`im`#�iBp2 mMBi�`v +QMbi`�BMibX "v

BKTQbBM; mMBi�`Biv +QMbi`�BMi- r2 B/2MiB7v i?2 pB�#H2 M2mi`BMQ K�bb bT2+i`�X

h?2 `2bmHi BM +?�Ti2` o r�b Q#i�BM2/ #v +QK#BMBM; `2+2Mi 2tT2`BK2Mi�H

/�i� QM M2mi`BMQ K�bb2b �M/ T�`iB�H r�p2 mMBi�`v #QmM/X q2 ;Qi i?2 HQr2` #QmM/

QM i?2 HB;?i2bi M2mi`BMQ K�bbX Ai Bb ;`2�i2` i?�M 6.11 × 10−4 2o 7Q` MQ`K�H ?B2`@

�`+?vX JQ`2Qp2`- r2 7QmM/ i?�i i?2 BMp2`i2/ ?B2`�`+?v +�b2 Bb BM+QKT�iB#H2 rBi?

i?Bb KQ/2HX 6Q` i?2 `2bmHi BMpQHpBM; KBtBM; T�`�K2i2`b BM +?�Ti2` oA- r2 +�MMQi

+QMbi`�BM i?2K BM #Qi? ?B2`�`+?B2b bBM+2 i?2 2z2+i Q7 KBtBM; T�`�K2i2`b /Q MQi

`mH2 Qmi i?2 T2`im`#�iBp2 `2;BQM 2MQm;? �b i?2B` +QMb2`p�iBp2 `�M;2 +�M #2X

AM bmKK�`v- Qm` `2bmHib +�K2 7`QK QMHv F iF̄ i → Aℓ,a
L Aℓ,a

L �M/ F iF̄ j →



88

Aℓ,a
L Aℓ,b

L X Ai /Q2b MQi 2z2+iBp2 2MQm;? iQ +H�BK QM i?2 #QmM/ Q7 M2mi`BMQ K�bb2bX

hQ BKT`Qp2 i?Bb i?2Q`2iB+�H #QmM/- r2 +QmH/ bim/v KQ`2 bT2+B�H bvKK2i`v KQ/2H

BM i?2 H2TiQM b2+iQ` iQ ;2i KQ`2 BM7Q`K�iBQM �#Qmi 2ti`� 72`KBQMb Q` �MQi?2` ;�m;2

#QbQMb U�HQMbQ 2i �HX- kyReVX 6m`i?2`KQ`2- i?2`2 �`2 bQK2 bT2+B}+ KQ/2Hb r?B+?

+�M �HbQ ;2M2`�i2 i?2 M2mi`BMQ K�bb FMQrM �b b22b�r@ivT2 A-AA �M/ AAA UsBM; �M/

w?Qm- kyRRV rBi? /Bz2`2Mi M2r T?vbB+b T�`iB+H2bX G�biHv- r2 biBHH HQQF 7Q`r�`/ iQ �M

mM2tT2+i2/ /�i� BM M2mi`BMQ 2tT2`BK2Mib 7Q` bmTTQ`iBM; i?2 2ti2MbBQM Q7 bi�M/�`/

KQ/2HX
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�?K�/- ZX _X- �HH2M- _X *X- �M/2`b2M- hX *X- �M;HBM- CX- "m?H2`- :X- "�`iQM- CX-

"2B2`- 1X- "2`+QpBi+?- JX- "B;m- CX- "BHH2`- aX- "H�+F- _X- "H2pBb- AX- "Q�`/K�M-

_X- "Q;2`- CX- "QMpBM- 1X- 2i �HX UkyyRVX J2�bm`2K2Mi Q7 i?2 `�i2 Q7 νe + d →

p+p+e− BMi2`�+iBQMb T`Q/m+2/ #v 8B bQH�` M2mi`BMQb �i i?2 am/#m`v L2mi`BMQ

P#b2`p�iQ`vX S?vbX _2pX G2iiX 3d, ydRjyRX

�F?K2/Qp- 1X UkyR9VX J�DQ`�M� M2mi`BMQb �M/ Qi?2` K�DQ`�M� T�`iB+H2b, h?2Q`v

�M/ 2tT2`BK2MiX �`sBp T`2T`BMi �`sBp, R9RkXjjkyX

�HQMbQ- _X- 62`M�M/2x J�`iBM2x- 1X- :�p2H�- JX- :`BMbi2BM- "X- J2`HQ- GX- �M/

ZmBH2x- SX UkyReVX :�m;2/ H2TiQM ~�pQm`X CQm`M�H Q7 >B;? 1M2`;v S?vbB+b-

kyReURkV, RRNX

�HQMbQ- _X- :�p2H�- JX "X- >2`M�M/2x- .X- �M/ J2`HQ- GX UkyRkVX PM i?2 SQi2MiB�H

Q7 G2TiQMB+ JBMBK�H 6H�pQm` oBQH�iBQMX S?vbX G2iiX- "dR8, RN9ĜRN3X

�HQMbQ- _X- :�p2H�- JX "X- >2`M�M/2x- .X- J2`HQ- GX- �M/ _B;QHBM- aX UkyRj�VX

G2TiQMB+ .vM�KB+�H umF�r� *QmTHBM;bX C>1S- y3, yeNX

�HQMbQ- _X- :�p2H�- JX "X- AbB/Q`B- :X- �M/ J�B�MB- GX UkyRj#VX L2mi`BMQ JBtBM;

�M/ J�bb2b 7`QK � JBMBKmK S`BM+BTH2X C>1S- RR, R3dX

6mFm/�- uX- >�v�F�r�- hX- A+?B?�`�- 1X- AMQm2- EX- Ab?B?�`�- EX- Ab?BMQ- >X- AiQr-

uX- E�DBi�- hX- E�K2/�- CX- E�bm;�- aX- EQ#�v�b?B- EX- EQ#�v�b?B- uX- EQb?BQ-

uX- JBm`�- JX- L�F�?�i�- JX- 2i �HX URNN3VX 1pB/2M+2 7Q` Qb+BHH�iBQM Q7 �iKQ@

bT?2`B+ M2mi`BMQbX S?vbX _2pX G2iiX 3R, R8ekĜR8edX

G22- "X qX- ZmB;;- *X- �M/ h?�+F2`- >X "X URNddVX q2�F AMi2`�+iBQMb �i o2`v

>B;?@1M2`;B2b, h?2 _QH2 Q7 i?2 >B;;b "QbQM J�bbX S?vbX _2pX- .Re, R8RNX
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S�i`B;M�MB- *X- q2BM#2`;- .X- qQQ/v- *X- *?BpmFmH�- _X- "m+?Km2HH2`- PX-

Emv�MQp- uX oX- "Hm+?2`- 1X- qBHHQ+[- aX- >ƺ+F2`- �X- GBTTK�MM- *X- 2i �HX

UkyReVX _2pB2r Q7 T�`iB+H2 T?vbB+bX *?BMX S?vbX- 9y, RyyyyRX

a+?r�`ix- JX .X UkyR9VX Zm�MimK 6B2H/ h?2Q`v �M/ i?2 ai�M/�`/ JQ/2HX *�K@

#`B/;2 lMBp2`bBiv S`2bbX

h�M�#�b?B- JX- >�;Br�`�- EX- >BF�b�- EX- L�F�Km`�- EX- amKBMQ- 2i �HX UkyR3VX

_2pB2r Q7 T�`iB+H2 T?vbB+bX S?vbX _2pX .- N3, yjyyyRX

sBM;- wX �M/ w?Qm- aX UkyRRVX L2mi`BMQb BM T�`iB+H2 T?vbB+b- �bi`QMQKv �M/ +Qb@

KQHQ;vX aT`BM;2` a+B2M+2 � "mbBM2bb J2/B�X
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�SS1L.As �

ah_l*hl_1 *PLah�Lha

AM ~�pQ` ;�m;2 bvKK2i`v al(3)ℓ- h?2`2 �`2 2B;?i ;2M2`�iQ`bX h?2v �`2

3× 3 K�i`B+2b r?B+? +�HH2/ i?2 :2HH@K�MM K�i`B+2b λaX

T a ≡ 1

2
λa U�XRV

[
T a, T b

]
= ifabcT c U�XkV

aBM+2 r2 ?�p2 iQ /B�;QM�HBx2 ~�pQ` K�bb K�i`Bt- h?mb bi`m+im`2 +QMbi�Mib

b?QmH/ #2 +�H+mH�i2/ h`�/BiBQM�H al(3) ;2M2`�iQ`b +�M r`Bi2 BM i?2 i2`K Q7 M2r

;2M2`�iQ`b

T 3 = cαT
3′ + sαT

8′ ,

T 8 = −sαT
3′ + cαT

8′ ,

U�XjV

�M/ i?2 BMp2`b2 `2H�iBQM Bb

T 3′ = cαT
3 − sαT

8,

T 8′ = sαT
3 + cαT

8.

U�X9V

h?2M r2 mb2 +QKKmi�iBQM `2H�iBQMb [T a, T b] = ifabcT c iQ /2i2`KBM2 M2r

bi`m+im`2 +QMbi�Mib

6Q` i`�/BiBQM�H bi`m+im`2 +QMbi�Mi f 123 = 1, f 345 = −f 367 = 1
2 , f 458 =



eR

f 678 =
√
3
2 �M/ i?2 +QKKmi�iBQMb �`2

[
T 1, T 2

]
= if 123T 3 + if 128T 8 + if 12cT c,

[T 4, T 5] = if 453T 3 + if 458T 8 + if 45cT c,

[T 6, T 7] = if 673T 3 + if 678T 8 + if 67cT c.

U�X8V

h?2`27Q`2- M2r bi`m+im`2 +QMbi�Mib �`2

f 123 = −f 213 = cα

f 128 = −f 218 = sα

f 147 = f 516 = f 246 = f 257 = −f 417 = −f 156 = −f 426 = −f 527 =
1

2

f 345 = −f 435 =
1

2
cα −

√
3

2
sα

f 367 = −f 637 = −1

2
cα −

√
3

2
sα

f 458 = −f 548 =

√
3

2
cα +

1

2
sα

f 678 = −f 768 =

√
3

2
cα − 1

2
sα

U�XeV



�SS1L.As "

Aℓ,a
L Aℓ,a

L → Aℓ,b
L Aℓ,b

L

a+�H�` T`Q/m+ib, kiUpiV Bb �M BM+QKBM;UQmi;QBM;V ;�m;2 #QbQM �M/ ϵkiUϵpiV

Bb TQH�`Bx�iBQM Q7 BM+QKBM;UQmi;QBM;V ;�m;2 #QbQMX

k1 · k1 =k2 · k2 = M2
a

k1 · k2 =
s

2
−M2

a

p1 · p1 =M2
b

p1 · p2 =
s

2
−M2

b

k1 · p1 = = k2 · p2 = − t

2
+

M2
a +M2

b

2

k1 · p2 = = k2 · p1 = −u

2
+

M2
a +M2

b

2

ϵk1 · ϵk1 =ϵk2 · ϵk2 = ϵp1 · ϵp1 = ϵp2 · ϵp2 = −1

ϵk1 · ϵk2 =
s

2M2
a

− 1

ϵp1 · ϵp2 =
s

2M2
b

− 1

ϵk1 · ϵp1 =ϵk2 · ϵp2 =
s

4MaMb

(√
1− 4M2

a

s

√
1− 4M2

b

s
− x

)

ϵk1 · ϵp2 =ϵk2 · ϵp1 =
s

4MaMb

(√
1− 4M2

a

s

√
1− 4M2

b

s
+ x

)

U"XRV



ej

ϵk1 · k1 =ϵk2 · k2 = ϵp1 · p1 = ϵp2 · p1 = 0

ϵk1 · k2 =ϵk2 · k1 =
s

2Ma

√
1− 4M2

a

s

ϵp1 · p2 =ϵp2 · p1 =
s

2Ma

√
1− 4M2

b

s

ϵk1 · p1 =ϵk2 · p2 =
s

4Ma

(√
1− 4M2

a

s
−

√
1− 4M2

b

s
x
)

ϵk1 · p2 =ϵk2 · p1 =
s

4Ma

(√
1− 4M2

a

s
+

√
1− 4M2

b

s
x
)

ϵp1 · k1 =ϵp2 · k2 =
s

4Ma

(√
1− 4M2

b

s
−
√
1− 4M2

a

s
x
)

ϵp1 · k2 =ϵp2 · k1 =
s

4Ma

(√
1− 4M2

b

s
+

√
1− 4M2

a

s
x
)

U"XkV



e9

i@+?�MM2H,

MAℓ,c
L :i@+?�MM2H = ϵk1,µϵk2,νϵ

∗
p1,αϵ

∗
p2,β

(−igAf
abc)2

(
gµα(k1 + p1)

λ + gαλ(k1 − 2p1)
µ + gλµ(p1 − 2k1)

α
)

1

t−M2
c

(
gλρ − 1

M2
c

(k1 − p1)
λ(p2 − k2)

ρ
)

(
gνβ(k2 + p2)

ρ + gβρ(k2 − 2p2)
ν + gρν(p2 − 2k2)

β
)

MAℓ,c
L :i@+?�MM2H =(−igAf

abc)2
1

t−M2
c

(
ϵk1 · ϵ∗p1

(
(k1 + p1) · (k2 + p2)ϵk2 · ϵ∗p2 + ϵk2 · (k2 − 2p2)ϵ

∗
p2 · (k1 + p1)

+ϵk2 · (k1 + p1)ϵ
∗
p2 · (p2 − 2k2)

)

+ϵk1 · (k1 − 2p1)
(
ϵ∗p1 · (k2 + p2)ϵk2 · ϵ∗p2 + ϵ∗p1 · ϵ

∗
p2ϵk2 · (k2 − 2p2)

)

+ ϵ∗p1 · ϵk2ϵ
∗
p2 · (p2 − 2k2)

)

+ϵ∗p1 · (p1 − 2k1)
(
ϵk1 · (k2 + p2)ϵk2 · ϵ∗p2 + ϵk1 · ϵ∗p2ϵk2 · (k2 − 2p2)

)

− 1

M2
c

(
ϵk1 · ϵ∗p1(k1 + p1)(k1 − p1) + ϵ∗p1 · (k1 − p1)ϵk1 · (k1 − 2p1)

+ϵ∗p1 · (p1 − 2k1)ϵk1 · (k1 − p1)
)(

(p2 − k2) · (k2 + p2)ϵk2 · ϵ∗p2

+ϵ∗p2 · (p2 − k2)ϵk2 · (k2 − 2p2) + ϵk2 · ϵ∗p2(p2 − 2k2)
))

U"XjV



e8

m@+?�MM2H,

MAℓ,c
L :m@+?�MM2H = ϵk1,µϵk2,νϵ

∗
p1,αϵ

∗
p2,β

(−igAf
abc)2

(
gµα(k1 + p2)

λ + gαλ(k1 − 2p2)
µ + gλµ(p2 − 2k1)

α
)

1

u−M2
c

(
gλρ − 1

M2
c

(k1 − p2)
λ(p1 − k2)

ρ
)

(
gνβ(k2 + p1)

ρ + gβρ(k2 − 2p1)
ν + gρν(p1 − 2k2)

β
)

MAℓ,c
L :m@+?�MM2H =(−igAf

abc)2
1

u−M2
c

(
ϵk1 · ϵ∗p1

(
(k1 + p2) · (k2 + p1)ϵk2 · ϵ∗p2 + ϵk2 · (k2 − 2p2)ϵ

∗
p2 · (k1 + p2)

+ϵk2 · (k1 + p2)ϵ
∗
p2 · (p1 − 2k2)

)

+ϵk1 · (k1 − 2p2)
(
ϵ∗p1 · (k2 + p2)ϵk2 · ϵ∗p2 + ϵ∗p1 · ϵ

∗
p2ϵk2 · (k2 − 2p1)

)

+ ϵ∗p1 · ϵk2ϵ
∗
p2 · (p1 − 2k2)

)

+ϵ∗p1 · (p2 − 2k1)
(
ϵk1 · (k2 + p1)ϵk2 · ϵ∗p2 + ϵk1 · ϵ∗p2ϵk2 · (k2 − 2p2)

)

− 1

M2
c

(
ϵk1 · ϵ∗p1(k1 + p2)(k1 − p2) + ϵ∗p1 · (k1 − p1)ϵk1 · (k1 − 2p2)

+ϵ∗p1 · (p2 − 2k1)ϵk1 · (k1 − p2)
)(

(p1 − k2) · (k2 + p1)ϵk2 · ϵ∗p2

+ϵ∗p2 · (p1 − k2)ϵk2 · (k2 − 2p1) + ϵk2 · ϵ∗p2(p1 − 2k2)
))

U"X9V



�SS1L.As *

Aℓ,a
L Aℓ,b

L → Aℓ,a
L Aℓ,b

L

a+�H�` T`Q/m+ib, kiUpiV Bb �M BM+QKBM;UQmi;QBM;V ;�m;2 #QbQM �M/ ϵkiUϵpiV

Bb TQH�`Bx�iBQM Q7 BM+QKBM;UQmi;QBM;V ;�m;2 #QbQMX

k1 · k1 =M2
a , k2 · k2 = M2

b ,

k1 · k2 =
√

M2
a + p2i

√
M2

b + p2i + p2i ,

p1 · p2 =
√

M2
a + p2f

√
M2

b + p2f + p2f ,

k1(2) · p1(2) =
√

M2
a(b) + p2f

√
M2

a(b) + p2i − pipfx

k1(2) · p2(1) =
√

M2
a + p2i(f)

√
M2

b + p2f(i) + pipfx

ϵk1 · ϵk1 =ϵk2 · ϵk2 = ϵp1 · ϵp1 = ϵp2 · ϵp2 = −1,

ϵk1 · ϵk2 =
√

M2
a + p2i

√
M2

b + p2i + p2i
MaMb

ϵp1 · ϵp2 =

√
M2

a + p2f

√
M2

b + p2f + p2f

MaMb
,

ϵk1(2) · ϵp1(2) =
pfpi − x

√
M2

a(b) + p2f

√
M2

a(b) + p2i

M2
a

ϵk1(2) · ϵp2(1) =
pfpi + x

√
M2

a + p2i(f)

√
M2

b + p2f(i)

MaMb
,

U*XRV



ed

ϵk1 · k1 =ϵk2 · k2 = ϵp1 · p1 = ϵp2 · p1 = 0

ϵk1 · k2 =
pi
Ma

(
√

M2
a + p2i +

√
M2

b + p2i )

ϵk2 · k1 =
pi
Mb

(
√
M2

a + p2i +
√

M2
b + p2i )

ϵp1 · p2 =
pi
Mb

(
√
M2

a + p2i +
√

M2
b + p2i )

ϵp2 · p1 =
pf
Mb

(
√
M2

a + p2f +
√

M2
b + p2f )

ϵk1 · p1 =
pi
√

M2
a + p2f − pfx

√
M2

a + p2i

Ma

ϵk2 · p2 =
pi
√

M2
b + p2f − pfx

√
M2

b + p2i

Mb

ϵk1 · p2 =
pfx

√
M2

a + p2i + pi
√

M2
b + p2i

Ma

ϵk2 · p1 =
pi
Mb

(
√
M2

a + p2i +
√

M2
b + p2i )

ϵp1 · k1 =
pf
√
M2

a + p2i − pix
√

M2
b + p2f

Ma

ϵp2 · k2 =
pf
√
M2

a + p2i − pix
√

M2
b + p2f

Mb

ϵp1 · k2 =
pix

√
M2

a + p2f + pf
√

M2
b + p2i

Ma

ϵp2 · k1 =
pf
√
M2

a + p2i + pix
√

M2
b + p2f

Mb

U*XkV



e3

b@+?�MM2H,

MAℓ,c
L :b@+?�MM2H = ϵk1,µϵk2,νϵ

∗
p1,αϵ

∗
p2,β

(−igAf
abc)2

(
gµλ(2k1 + k2)

ν + gλν(−k1 − 2k2)
µ + gνµ(−k1 + k2)

λ
)

1

s−M2
c

(
gλρ − 1

M2
c

(k1 + k2)
λ(p1 + p2)

ρ
)

(
gαβ(p2 − p1)

ρ + gβρ(−p1 − 2p2)
α + gρα(2p1 + p2)

β
)

MAℓ,c
L :b@+?�MM2H =(−igAf

abc)2
1

s−M2
c

(
ϵk2 · (2k1 + k2)

(
ϵk1 · (p2 − p1)ϵ

∗
p1 · ϵ

∗
p2 + ϵk1 · ϵ∗p2ϵp1 · (−p1 − 2p2)

+ϵk1 · ϵ∗p1ϵ
∗
p2 · (2p1 + p2)

)
+ ϵk1 · (−k1 − 2k2)

(
ϵk2 · (p2 − p1)ϵ

∗
p1 · ϵ

∗
p2

+ϵk2 · ϵ∗p2ϵ
∗
p1 · (−p1 − 2p2) + ϵk2 · ϵ∗p1ϵ

∗
p2 · (2p1 + p2)

)

+ϵk1 · ϵk2
(
(−k1 + k2) · (p2 − p1)ϵ

∗
p1 · ϵ

∗
p2

+(−k1 + k2) · ϵ∗p2ϵp1 ∗ ·(−p1 − 2p2) + (−k1 + k2) · ϵ∗p1ϵp2 ∗ ·(2p1 + p2)
)

− 1

M2
c

(
ϵk2 · (2k1 + k2)ϵk1 · (k1 + k2) + ϵk2 · (k1 + k2)ϵk1 · (−k1 − 2k2)

+ϵk1 · ϵk2(−k1 + k2) · (k1 + k2)

)(
ϵ∗p1 · ϵ

∗
p2(p1 + p2) · (p2 − p1)

+ϵ∗p1 · (−p1 − 2p2)(p1 + p2) · ϵ∗p2 + ϵ∗p1 · (p1 + p2)ϵ
∗
p2 · (2p1 + p2)

))

U*XjV



*l__A*lGlJ oAh�1

L�K2, q�`�`�i h`22bmF`�i

.�i2 Q7 "B`i?, C�Mm�`v Rk- RNN9

SH�+2 Q7 "B`i?, S?`�2- h?�BH�M/

1/m+�iBQM,

kyRe- "X a+X .2T�`iK2Mi Q7 S?vbB+b- a`BM�F?�`BMrB`Qi lMBp2`bBiv h?�BH�M/X

Sm#HB+�iBQMb,

q a`22i?�rQM;- q h`22bmF`�i �M/ S lii�v�`�i- L2mi`BMQ bT2+i`mK BM

al(3)ℓ × al(3)E ;�m;2/ H2TiQM ~�pQ` KQ/2H- CQm`M�H Q7 S?vbB+b, *QM72`@

2M+2 a2`B2b- oQHmK2 RR99- +QM72`2M+2 RX
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