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the classical Boltzmann cquation. This thesis is devoted to applying preliminary group
classification to the Boltzmmann cquation with a source function by using the Lic group
L1y admitted by the classical Boltzmann cquation.
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CHAPTER 1

INTRODUCTION

The classical Boltzmann equation plays a central role in the kinetic theory of
rarefied gases. For many physical processes, there is the need to include additional
terms into the classical Boltzmann equation for describing some realistic physical sit-
uations. This chapter is devoted to review the Boltzmann equation, and the group

analysis method.

1.1 The full Boltzmann equation

The Boltzmann equation is an integro-differential kinetic equation which de-
scribes the time evolution of rarefied gas in terms of a distribution function of molecules
of the gas which interact through binary elastic collision. The distribution function
f(x,v,t) depends on seven independent variables: space variable x € R3, molecular
velocity v € R3, and time ¢ > 0. The function provides the probability distribution
of molecules in the phase space R® x R? at time ¢t. The Boltzmann equation has the

following form

of B
with the collision integral
0 = [ [ Blo.or i = f )y dnaw, (12)
R3 §2

where
o x=(z,y,2) €R%

o v=(u,v,w), w= (up,v;,w;) € R are the pre-collision velocities of two particles

having the post-collision velocities: v*, w*, respectively;



e g = v — w is the relative velocity of the colliding particles, and g = ||g]|2;

dw = du;dv,dw; is a volume element in R?;

L f:f<x7v7t)7 f]. :f(X7W7t)7 f* :f(X7V*7t)7 fik :f<X7W*7t);

e n is a unit vector varying on the unit sphere S* = {n € R?| ||n||; = 1}, such as
n = (ny,ng,n3) = (sin by cose, sin by sine, cos b)),

where €, 6; are the angles identifying a point on the sphere in spherical coordi-
nates, and the angle #; which is called the scattering angle is the angle between

)

the vectors g and n, i.e., cosf; = gg’)—n'

e dn is a surface element of unit sphere in R?, i.e.,

dn = sin6,dfde, 6, € [0,7], € € [0,2n].

Because of the elastic collision of two particles of the gas, the velocities v* and w* are

determined by following formulae

1 1
v*:§(v+w—|—gn), W*:§(V+W—gn). (1.3)

The function B is called the collision scattering function, defined by
B = go (g,cos0,), (1.4)

where the function o : RT x [—1,1] — R* is called a differential cross-section.
Determination of the scattering function depends on the potential of intermolec-
ular interaction of a gas. One of several types of the scattering function considered in
the Boltzmann equation is a description of the particle interaction by inverse power
intermolecular potential U(r) oc r~*~V (v > 2). The scattering function has the form

vV—2>5

B:b 0 2 =
y(cosbh) g7 v =——

, (1.5)



where b, (cos ) is a known function.

Molecules of a gas with v =5, i.e., v = 0, are called Mazwell molecules with

B = by (cos bq) (1.6)

independent of g.

1.2 Exact solutions of an equation with source function

As the Boltzmann equation is widely used in rarefied gas dynamics, constructing
exact solutions of this equation is of immense interest. In the case of no collision
integral, i.e., J(f, f) = 0, the equation is known as free motion equation and has the

general solution in the following form,

f(x,v,t) = F(v,x —tv). (1.7)

A well-known exact solution of the Boltzmann equation for which the collision integral

vanishes is the Mazwell-Boltzmann distribution function

3
mo 2 mv?
=4 Yo T 1.8
VOE (27rkT> \ gl (18)
where v = ||vl]|2, m is the molecular mass, k is the Boltzmann’s constant, and T is

the constant kinetic temperature. However, the presence of the complicated collision
integral is one of the main difficulties for finding solutions of the Boltzmann equation.
Researchers have tried to find solutions of the Boltzmann equation with simplified
collision integral.

In 1975, Bobylev found a particular solution of the spatially homogeneous Boltz-
mann equation with Maxwell molecules by applying the Fourier transform, and repre-
senting the solution in a special form (Bobylev, 1975). Later, in 1976, Krook and Wu
obtained the same solution by using the moment generating function (Krook and Wu,

1976). This solution is now called the BKW solution. The solution has the following



form:

=) =10 A= (w/2) [ dpg(p)(1 - 2), 120,
where f(v,t) >0 for 0 <0 < 2/5, (for more details, see (Bobylev, 1984)).

In order to model some physical situations by the Boltzmann equation, one
needs to include additional terms into the classical equation such as removal events
(e.g., chemical reactions), interactions with a background host medium, and presence
of an external source (Spiga, 1984; Boffi and Spiga, 1982a; Boffi and Spiga, 1982b).

In 1984, Spiga studied the spatially homogeneous Boltzmann equation with

Maxwell molecules including removal (Spiga, 1984),

ft(v> t) by J(f, f) 3 _CRn(t)f(Vv t)? (1'10)

where a particular solution of Equation (1.10) was sought in the form of the BKW
solution. However, the authors of (Santos and Brey, 1985) showed that using the

equivalence transformation

In (1 +neCrt), f = T)f’ (1.11)

No
g =
noCR n(
one can reduce Equation (1.10) to the classical Boltzmann equation: to Eq. (1.10)
with CR =0.
In 1984, Nonenmacher (Nonenmacher, 1984) studied the Boltzmann equation

for the spatially homogeneous case with a source function,

fe(v,t) = C(f, f) + Qv 1). (1.12)

Using the moment generating function, he obtained the nonlinear second-order partial
differential equation

(zu), — u? + u(0)(zu), = g, (1.13)

where u = wu(z,t) is the moment generating function for the distribution function



f(v,t), g = g(z,t) relates to the moment generating function for source function (v, t)
and u(0) = u(0,t). Using the classical group analysis method, some forms of invariant
solutions were found. However, because of the presence of a nonlocal term, u(0), in
Equation (1.13), the classical group analysis method cannot be applied to the equation.
The results of Nonenmacher were corrected in (Grigoriev and Meleshko, 2012; Grigoriev
et al., 2014), where the authors obtained the determining equation by using the method
developed for equations with nonlocal terms, and the complete group classification of
(1.13) was obtained.

The determining equation of the Fourier image of the spatially homogeneous

and isotropic Boltzmann equation with a source,

o)+ ol 0000 = [ plos 00 — s 0ids =g (114)

was studied in (Grigoriev et al., 2015; Suriyawichitseranee et al., 2015; Long et al.,
2017). Equation (1.14) with ¢ = q(x,t) and ¢ = g(z,t,p) was analyzed in (Grigoriev
et al., 2015) and (Long et al., 2017), respectively, using the analysis which was applied
in (Grigoriev and Meleshko, 2012; Grigoriev et al., 2014). Later, in (Suriyawichitser-
anee et al., 2015), it was shown that the group classification obtained in (Grigoriev
et al., 2015) is complete. The method used in (Grigoriev and Meleshko, 2012; Grig-
oriev et al., 2014) was also applied to other types of equations in (Long et al., 2017).
Among them the following equations were considered:

the Burgers equation with a source term,
Uy — Ully + Upy = [, (1.15)
and a nonlinear heat equation with delay in a source term,

wy (2, 1) — (U (2, ug (2, 1), = f(2, t,u(z,t), u(z,t — 7)), (k# —;1,0). (1.16)



This thesis is devoted to the full Boltzmann equation with a source function

0
V- ) =4 (1.17)

where the source function ¢ depends on both the independent and the dependent

variables, i.e., ¢ = q(x,y, z,u, v, w,t, f).

1.3 Investigations of the Boltzmann equation by the group

analysis method

One of the powerful general methods for finding exact solutions of differential
equations (Ovsiannikov, 1978; Olver, 1986) and equations with nonlocal terms (Grig-
oriev and Meleshko, 1986; Grigoriev et al., 2010) is the group analysis method (Lie,
1883; Lie, 1891). The main concept for constructing solutions by this method is the
concept of an admitted Lie group. Solutions invariant with respect to an admitted Lie
group allow for a reduction of the number of independent and dependent variables. This
means that the problem of finding invariant solutions is simpler than that of finding
the general solution. The direct relation between a Lie group and its Lie algebra allows
one to use the power of linear algebra. In particular, the algebraic structure of the Lie
algebra corresponding to an admitted Lie group! introduces an algebraic structure into
the set of invariant solutions. For finding an admitted Lie group, one needs to solve
determining equations. The general solution of the determining equations generates a
principal Lie algebra of an equation being studied.

The first application of group analysis to integro-differential kinetic equations
was in (Taranov, 1976), where the Vlasov equations of collisionless plasma were re-
duced to a system of equations for moments, and the classical group analysis method
was applied to a subsystem which consists of finite number of partial differential equa-

tions. Then the number of studied equations was extended to infinity. The method

IThis Lie algebra is also called admitted.



(Taranov, 1976) was applied in (Bunimovich and Krasnoslobodtsev, 1982; Bunimovich
and Krasnoslobodtsev, 1983) to the Bhatnagar-Gross-Krook (BGK) equation, which
is a simplified model of the Boltzmann equation. In particular, in (Bunimovich and
Krasnoslobodtsev, 1982; Bunimovich and Krasnoslobodtsev, 1983) it was found that

the BGK equation admits the Lie algebra L;; spanned by the basis generators:

X1 = 0y,

Xy =0,

X3 =0,

Xy =10y + Oy,

X5 =10, + 0Oy,

X =t0, + 0y, (1.18)

X7 =90, — 20, + v0,, — WOy,

Xg = 20, — 20, + w0, — u0,,

Xg = 20y — Y0y + u0y, —v0,,

Xl() = at7

X1 =t0 + 20, + y0, + 20, — fOy.

The authors (Bunimovich and Krasnoslobodtsev, 1982; Bunimovich and Kras-
noslobodtsev, 1983) stated that this Lie algebra is also admitted by the Boltzmann
equation (1.17). Later, using a representation of the admitted transformations it was
directly verified in (Grigoriev and Meleshko, 1986) that the generators (1.18) are ad-

mitted by the Boltzmann equation (1.17).



In (Grigoriev and Meleshko, 1986; Grigoriev and Meleshko, 1987), a direct
method for applying group analysis to integro-differential equations was developed.
In (Bobylev and Dorodnitsyn, 2009) this method was applied to the Boltzmann equa-
tion. Furthermore, this method was applied to other integro-differential equations such
as the kinetic equations of collisionless plasma (Kovalev et al., 1992; Grigoriev et al.,
2010)2, viscoelastic equations (Meleshko, 1988; Ozer, 2003; Zhou and Meleshko, 2015),

and population balance equation (Lin et al., 2016).

1.4 Preliminary group classification

Equations appearing in science usually include some arbitrary elements: con-
stants and functions of the independent and dependent variables. Hence, the ad-
mitted Lie group also depends on these elements. A transformation that preserves
the equations, while only changing their arbitrary elements is called an equivalence
transformation. Among all equivalence transformations, a Lie group of equivalence
transformations® plays a special role, since there is an algorithm available for its com-
putation. This algorithm essentially consists of solving determining equations (Ovsian-
nikov, 1978; Meleshko, 1994; Grigoriev et al., 2010). Since equivalent equations possess
similar group properties, this leads to the problem of group classification, which con-
sists of finding all principal Lie groups admitted by the studied equation. The part
of these groups, which is admitted for all arbitrary elements, is called the kernel of
the group. Another part depends on the specification of arbitrary elements. This part
contains nonequivalent extensions of the kernel. Equations defining this part are called
classifying equations. A Lie group of equivalence transformations allows one to choose
a simple representation of the arbitrary elements of a physical problem.

Solving determining equations in general is a nontrivial task: the presence of ar-

2See also references therein.
3Recently the authors of (Dos Santos Cardoso-Bihlo et al., 2011) proposed a method for finding
discrete equivalence transformations for a system of partial differential equations.



bitrary elements leads to cumbersome compatibility analysis. One alternative method
for solving determining equations consists of an algebraic approach. This approach
takes into account the algebraic properties of an admitted Lie algebra, thus allowing
for a significant simplification of the group classification. For example, the group clas-
sification of a single second-order ordinary differential equation, done by the founder of
the group analysis method, S. Lie (Lie, 1883; Lie, 1891), still has no solution without
using the algebraic structure of admitted Lie groups. Recently the algebraic approach
was applied for group classification in (Dos Santos Cardoso-Bihlo et al., 2011; Bihlo
et al., 2012; Popovych and Bihlo, 2012; Popovych et al., 2004; Popovych et al., 2010;
Chirkunov, 2012; Kasatkin, 2012; Mkhize et al., 2015; Grigoriev et al., 2014; Suriyawi-
chitseranee et al., 2015).

Besides complete group classification, there is a method proposed in (Akhatov
et al., 1991) which is called preliminary group classification. Further development
of this method is given in (Ibragimov et al., 1991; Dos Santos Cardoso-Bihlo et al.,
2011). The main idea of preliminary group classification is based on the study of
only those extensions of the kernel that are induced by the transformations from the
corresponding equivalence Lie group. The problem of finding inequivalent cases of such
extensions of symmetry is then reduced to the classification of inequivalent subgroups
of the equivalence Lie group. In particular, if a Lie group is finite-parameter, then one
can use an optimal systems of its subgroups.

For some classes of differential equations the results of preliminary group clas-
sification and complete group classification coincide. However, there are also examples
where a preliminary group classification cannot reach the complete group classification.

One of these examples is the nonlinear heat equation with a source term g(u):

u = (U7us ) = q(u). (1.19)
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The complete equivalence Lie group of this equation is defined by the generators

X{ =0, X§=0, X§=2t0+ 20, —2q0,, X{=0td —ud, — (0 +1)q0,.

It is found in (Dorodnitsyn, 1982) that for ¢ = u, Equation (1.19) admits the generator

Y = €_Ut(at + u@u)

Because the generator Y does not belong to Span(Xy, X§, X$, X§), preliminary group
classification cannot separate out Equation (1.19) with ¢ = u.

The basic idea of this thesis is as follows. Consider a homogeneous equation

®(f) =0, (1.20)

where @ is a differential or integro-differential operator, and f is the solution sought.
As a result of group analysis of Equation (1.20), there are many situations where are

of interest to classify an inhomogeneous equation of the form

(f) =q, (1.21)

where ¢ is an arbitrary function*. As mentioned, the preliminary group classification
method exploits an equivalence Lie group. Using an infinitesimal approach, the equiva-
lence Lie group is found by solving the determining equations. In this thesis we applied
a particular equivalence Lie group for which there is no necessity to solve the deter-
mining equations. The basic idea is to exploit group properties of the homogeneous
equation (1.20) such as admitted Lie algebra, an optimal system of subalgebras of the

Lie algebra, and representations of invariant solutions. Details of the approach are

described in Chapter III.

4Tn many equations of mathematical physics the function ¢ plays the role of a source.
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1.5 The studied equation

The research considered in the thesis is related with the full Boltzmann equation

with a source function

fetufetofy+wf.—J(f, f)=q, (1.22)

with the collision integral

I(f, f) ://B(g,el)(f*ff — [ f1)sin 6 d6, de duy dvy duw, (1.23)
R3 S2

where ¢ = q(z,y,z,u,v,w,t, f). The problem is to use the method of preliminary
group classification for group classification of equation (1.22) with respect to the source
function ¢ using the Lie group L.

The objective of the research is to classify the full Boltzmann equation with a
source function (1.22) by the group analysis method, find representations of invariant

solutions, and find the reduced Boltzmann equation.



CHAPTER 11

THE GROUP ANALYSIS METHOD

This chapter is devoted to the background knowledge of Lie Group analysis:
the main definitions, admitted Lie groups of partial differential equation and Integro-

differential equation, etc.

2.1 The main definitions

2.1.1 Local Lie group of transformations

Let V be an open set in Z = R¥, A be a symmetric interval in R. Assume that

the point transformations involving a parameter a:
5= g(ma), (i=12...,N) (2.1)

are invertible. Here z = (z1,22,...,2ny) € V. C Z, 2 = (Z1,%2,...,2n), and the

parameter a € A.

Definition 2.1.1. A set of transformations (2.1) is called a local one-parameter Lie

group, denoted by G, if it has the following properties:

1. ¢(z;0) = z; for all z € V;

2. ¢'(g(z;a);b) = g'(z;a +b) for all a,b,a+ b€ A, z € V;
3. if a € A and ¢'(z;a) = z; for all z € V, then a = 0;

foralle=1,2,..., N.
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Definition 2.1.2. A Lie group! G! is called a continuous Lie group of the class C* if
the functions ¢'(z;a), (i = 1,2,..., N) belong to the class C*(V), the class of functions

which are k times continuously differentiable on V.

Remark. In applied group analysis the functions ¢°, (i = 1,2,..., N) are all assumed
to be sufficiently many times continuously differentiable with respect to z;, (i =

1,2,...,N).

2.1.2 Generator of a one-parameter group

The expansion of the functions ¢'(z; a) into the Taylor series with respect to the
parameter a in a neighborhood of a = 0, and the first property of the group G*, i.e.,

g'(z;0) = 2, yield the infinitesimal transformations of the group G (2.1):

Zim 2+ (M=), (i=1,2,...,N), (2.2)
where
(i(z) = % éz ) . (2.3)
The vector
¢(z) = (¢'(2),3(2), ..., ¢V (2)) (2.4)

with the components (2.3) is the tangent vector at the point z to the curve described by
the transformed point z. Hence, the tangent vector is called the tangent vector field of
the group G'. The tangent vector field (2.4) is also written as a first-order differential
operator

X = Cl(z)azl + Cz(z)az2 +eet CN(Z>82N Cl(z)azw (25)

which is called the infinitesimal generator® of the group G!, and the functions (* are

called the coefficients of the generator X. Here the notation (%(z)d,, is the Einstein

'In short, a local Lie group of transformations will be also called a Lie group or a group.
2For brevity the infinitesimal generator will also called the generator.
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summation notation to express the summation over the index 7 for all possible values

of the index 3.

2.1.3 Construction of a group with a given generator

Let an infinitesimal transformations (2.2), or the infinitesimal generator (2.5)
be given. A one-parameter Lie group of transformations (2.1) is defined by the solution

of the Cauchy problem for the first-order ordinary differential equations:

Az . |
- =("(2), Zilamo =2, (i=1...,N) (2.6)

which are known as the Lie equations.

Theorem 2.1.1 (Lie Theorem). Let ¢ € C*(V') with {(zy) # 0 for some z € V. The
solution of the Cauchy problem (2.6) generates a local Lie group of transformations

with the infinitesimal generator (2.5).

The Lie theorem establishes a one-to-one correspondence between the Lie group

of transformations G! (2.1) and the infinitesimal generator (2.5).

2.1.4 Prolongation of a generator

The space Z = RY = R"™ x R™ consists of the space of n independent vari-

ables x = (x1,...,2,) = (z;) € R", and the space of m dependent variables
u= (ul,...,u™) = (/) € R™. The space Z is prolonged by introducing the vari-
ables
P = (pr)’ (2 7)
where
, oledqd olalyi
=21 “ , |l > 0. (2.8)

oxe 0z 0xs? ... Oxon
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Here oo = (o, g, ..., v,) is a multi-index, and |a| = a3 + ag + -+ + a,. Introduce
the notations o, k = (o, ..., a5_1, 0 + 1, 1, ..., qp), and
. o [y olal+1y,d
p]aJC = B ( oxe = k—19,.05+1 g Okt1 an (29)
T X 81‘1 awk 1 aZL‘ 6 k+1 e 8:En”
Remark. In the case of |a| =0, i.e., a = (0,0,...,0), we set pJ, = u/.

The space J! of the variables:

X = (ZEi), u= (Uj)7 P= (p{x)’

(2.10)
(t=1,2,...,n; j=1,2,....m; |a| <)
is called an I*" prolongation of the space Z. For | = 0 we set J° = Z.
Let the generator
X = £(x,0)0,, + 17 (x, 1)y (2.11)

be an infinitesimal generator of a one-parameter Lie group of transformations G*,

LS fi(x,u;a), W = ¢ (x,u;a),

(2.12)
(Z:1727 7n;j:1727 7m)
Definition 2.1.3. The generator
X=X+ Z A0, (2.13)
7,
with the coefficients
Cak_Dk na Zpal (214>

is called the I"* prolongation of the generator X (2.11).

Here the operators Dy, are the total derivatives with respect to xj, defined by

D 0 -0 0 0
k= +u + uzka _7 llzgka J

e (k=120 ) 2.1
al’k ka zl'Lg i 7 ( o 7n) ( 5>
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The generator )l( induces the local Lie group of transformations on the space .J'

with the prolonged generator )l( . This group is called the [*"

G' (2.12), denoted by G'.

(2.16)

prolongation of the group

Given a group of transformations G* (2.12) with the generator X (2.11), the 1%

prolongation of the generator X is
X=X+¢0,

1

with the coeflicients
(L= Di() — ul Di(&).

The 2" prolongation of the generator X is

2

| J )
£ =X+ Cars0g
with the coefficients

glzlkz = Dk2 (Clzzl) - uilkaQ (52)

= Dksz1 (Uj) - U’iQkal (51) - uszQDkl <€l> - ume,@(ﬁ’)

lth

By repetition, the ["* prolongation of the generator X is

_ J _
%( o fz{; + Ckl‘“kla“?cl-“kz

with the coefficients

Gty = D (G o) — oy D (€)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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2.2 Admitted Lie group of a partial differential equation

2.2.1 Invariant manifolds

Consider a system of s differential equations of [ order
FF(x,u,p) =0, (k=1,2,...,5), (2.23)
where x = (1,...,x,) € R" is the vector of independent variables, u = (u!,... u™) €

R™ is the vector of dependent variables, p is the vector of partial derivatives of v/ with
respect to x;, (i =1,2,...,n; j=1,2,...,m), n+m =N, and s < N.

Let M be the manifold defined by the system (2.23),
M = {(x,u,p) € J'|FF(x,u,p) =0, (k=1,2,...,5)}. (2.24)

If the rank of the Jacobi matrix is equal to s, i.e.,

oF*)\ .
rank (8(){, u)) = (2.25)

at all point z = (x, u, p) satisfying Equations (2.23), then the locus of solutions z of

Equations (2.23) is an (N — s)-dimensional manifold M/ C RV,

Definition 2.2.1. The system of equations (2.23) is said to be invariant with respect

to a Lie group of transformations G*
x = f(x,u;a), u=p(x,u;a) (2.26)

if each solution u = uy(x) of the system of equations (2.23) is mapped to a solution

u = u,(X) of the same system of equations in new variables, i.e.,
FF(x,a,p) =0, (k=1,2,...,5). (2.27)

Geometrically, the invariance of (2.23) means that each point z on the surface

M (the manifold defined by (2.23)) is moved by G! along the surface M, i.e., z € M
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implies that z € M. The manifold M is also called an invariant manifold with respect

to G.

Theorem 2.2.1. The system of equations (2.23) is invariant with respect to a Lie

group of transformations G with an infinitesimal generator X if and only if
XF*z, u,p)|y =0, (k=1,2,...,5), (2.28)

where the symbol |y means that the equations X F* are considered on the manifold M.

2.2.2 Definition of an admitted Lie group

Definition 2.2.2. A local Lie group of transformations G' (2.12) with a generator X
(2.11) is admitted by the system (2.23) (or the system (2.23) admits the Lie group G')
if the manifold (2.24) is an invariant manifold with respect to the prolonged group Clil.
The generator X of the admitted Lie group G' is also called admitted by the system

(2.23).

Theorem 2.2.2. The system of equations (2.23) is invariant under a Lie group of

transformations G' with an infinitesimal generator X if and only if
k _ _
‘?(F (III, u,p)|M =0, (k_ 1727"'75)7 (229)

where %( is the prolonged infinitesimal generator of X, and the symbol |y means that

the equations X F* are considered on the manifold M.

Equation (2.29) is called the determining equation and denoted by (DE).
Consider the system of equations (2.23), denoted by (S). The algorithm of

finding an admitted Lie group is as follows.

Step 1 Give the form of the admitted generator (2.11) with the unknown coefficients

§'(x,u), 7’(x, ).
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Step 2 Construct the prolonged infinitesimal operator )l( with the coefficients defined

by the prolongation formulae (2.14).
Step 3 Apply the prolonged operator X to each equation of the system (S5).

Step 4 Solve the determining equations
(DS) : XFMg) =0, (k=1,2,...,s). (2.30)

which are linear homogeneous differential equation for the unknown coefficients

¢'(x,u), 7'(x, ).

As the coefficients of the generator X do not depend on the derivatives p/,, splitting
the determining equations with respect to the parametric derivatives one obtain an
overdetermined system. The general solution of the determining equations generates a
principal Lie algebra, denoted by LS, of the system (S). The set of transformations,
which is finitely generated by one-parameter Lie groups corresponding to the generators
X € LS is called the principal Lie group admitted by the system (.5), denoted by G'S.

The above approach for finding an admitted Lie group which is based on the
manifolds is called the geometrical approach. In this approach there is no necessity to
have the existence of a solution of the system (5). Other approaches require existence

of a solution of system (.9).

2.3 Admitted Lie group of an integro-differential equation

2.3.1 Lie-Backlund operator

This subsection gives definitions of a Lie-Backlund operator and a canonical

Lie-Béacklund operator, and their properties (Grigoriev et al., 2010).

Definition 2.3.1. A locally analytic function (i.e., locally expandable in a Taylor

series with respect to all arguments) of a finite number of variables x,u, p is called
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a differential function. The highest order of derivatives appearing in the differential
function is called the order of this function. The set of all differential functions of all

finite orders is denoted by 7.

Definition 2.3.2. Let £',77 € « be differential functions depending on any finite

number of variables x, u, p. A differential operator
X =0, + 000 + (0, + 0y o (2.31)
172

where
¢l = Di(n’ — &ul) + i,

(ks = Dy Dy (7 — E']) + E'utf, (2.32)

is called a Lie-Bdcklund operator. The Lie-Bécklund operator (2.31) is often written
in abbreviated form

X = glazz + nj8uj7 (233>

where the prolongation given by (2.31)-(2.32).

Remark. The operator (2.31) is formally an infinite sum. However, it truncates when

acting on any differential function.

The set of all Lie-Béacklund operators is an infinite dimensional Lie algebra,

denoted by L. This Lie algebra is endowed with the following properties:

1. The total differentiation D; is a Lie-Bécklund operator, i.e., D; € Lg. Further-
more,

X,=¢D; € Ly (2.34)
for any & € .

2. Let L, be the set of all Lie-Bécklund operators of the form (2.34). Then L, is an
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ideal of Ly, i.e., [X, X,] € L, for any X € Ly. Indeed,
X, X.] = (X(€) — X.(€N)D € L.
3. Two operations X1, Xy € Ly are said to be equivalent (i.e., X1 ~ Xy)if X;—X, €
L,.
Definition 2.3.3. The operators of the form
X =00, +¢0, + {0y + -, (2.35)
k kqko
are called canonical Lie-Bdcklund operators.

Remark. Any Lie-Béacklund operator X is equivalent to a canonical Lie-Backlund oper-
ator X. Namely, X ~ X, where X = X — ¢'D;,. The canonical Lie-Bécklund operator

and its coeflicients have formulae as follows.
X =X-¢D;

_ i W i . J '
— é— a.El + njauj + Ckaui‘ + Cklk2 74}7€le

— (B, + 0y + uiiﬁu)i + uilkﬁa +oe)

uilkg
= (7 = €ul)0w + (G = €u)0,y + (Clipy = E i)y + oo
= ﬁjéaﬂ +_Z)k(ﬁj)éa¢ +_l)kll)k2(ﬁj)a N (2'36)

Yk ko

where 7/ = nf — &l

2.3.2 Definition of an admitted Lie group

Consider an abstract system of integro-differential equations:

d(x,u) = 0. (2.37)
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Let G! be a Lie group of transformations with one-parameter a:

x = f(x,u;a), u=p(x,u;a) (2.38)
with the infinitesimal generator

X = £'(x,u)0,, + 17 (x,1)0,;. (2.39)

This group of transformations (2.38) maps a solution u = uy(x) of Equation (2.37)

into a solution u = u,(x) of the same equations in new variables, i.e.,
O(x, 1) = 0. (2.40)
The transformed function u,(X) is determined by the formula
u,(X) = p(x,up(x); a), (2.41)
where x = F'(X; a) is the solution of the equation
x = f(x,u9(x); a). (2.42)

Differentiating the equation ®(x,u,(x)) = 0 with respect to the parameter a, and

setting a = 0, we obtain the equation

<§a<b(x, ua(x))> a:O =0. (2.43)
This equation coincide with the equation
(XCD)(X, up(x)) =0, (2.44)

where X is the prolongation of the canonical Lie-Bécklund operator which is equivalent

to the generator X (2.39):

.0 > >
X = 77]% + Dk(ﬂj)w + Dy, Dy, (17)

o (2.45)
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where 7 = 1 —&'ul. Equation (2.44) can be constructed without requiring the property

that the Lie group should transform a solution into a solution.

Definition 2.3.4. A one-parameter Lie group G' of transformations (2.38) is a Lie
group admitted by (2.37) if G! satisfies the equation (2.44) for any solution ug(z) of
(2.37). Equations (2.44) are called the determining equations.

2.4 Lie algebra of generators

Let X7, X5 be two generators defined by
Xy =&.(2)0.,, k=1,2. (2.46)

Definition 2.4.1. The commutator of the generators X; and X5, denoted by [ X7, X5],
is a generator defined by

[Xl-/ XQ] = XlXQ - XQXl, (247)

or equivalently

X1, Xo] = (X1 (8(2) — X:(E(2))) 0. (2.48)

Let X1, X5, X3 be any generators, and «, 3 be constant. The operation of com-

mutation satisfies the following properties:

bilinearity :
[a Xy + BXs, X3] = a[ Xy, X3] + B[X,, X3), (2.49)

[Xl,OéXQ—f—ﬁXg] :Oé[Xl,XQ] +6[X1,X3]; (250)

skew-symmetry :

[X1, Xo] = —[Xo, Xi]; (2.51)
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the Jacobi identity :

(X1, [Xo, Xs]] 4 [Xo, [ X5, Xu]] + [ X5, [X3, Xo]] = 0. (2.52)
Definition 2.4.2. A vector space L of generators is called a Lie algebra if it is closed
under the commutator, i.e., [ X7, Xs] € L for any Xy, Xy € L.

Remark. The Lie algebra is denoted by the same letter L, and its dimension is the

dimension of the vector space L. An r-dimensional Lie algebra is denoted by L,

Definition 2.4.3. Let L, be a Lie algebra spanned by X;, (i =1,2,...,7). A subspace
Ly of the vector space L, is called a subalgebra of L, if [X,Y] € L, for any X,Y € L.

Furthermore, L, is called an ideal of L, if [X,Y] € Ly whenever X € Ly, Y € L,.

Definition 2.4.4. Two Lie algebras of generators L and L' are similar if there exists

a change of variable that transforms one into the other.

Remark. If L and L' are similar Lie algebras, then we obtain that the generators

X =(P(2)0., € L and X = (%(2)0:, € L' of these algebras are related by the formula

¢’(2) = X(¢’(2)

a=q~1(2)

A linear one-to-one mapping F' of a Lie algebra L onto a Lie algebra L’ is called
an isomorphism (algebra L and L’ are said to be isomorphic) if for any XY € L, the
equality

F(X,Y]) = [F(X), F(V)]

holds, where the symbol [, | and [, | are the commutators in L and L', respectively.

An isomorphism of Lie algebra L onto itself is called an automorphism of L.
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2.5 Classification of subalgebras and optimal system of sub-

algebras

Consider an r—dimensional Lie algebra L,. Let X;, Xs,...,X, be a basis of the

vector space L,. In particular, [X;, X;| € L, hence
[(Xa, Xp] = 05Xy, (a,8=1,2,...,7). (2.53)

The constant coefficients ¢/ 5 are called the structure constants of the Lie algebra L.
Using relations (2.53), we can write them in the form of a table of commutators
whose entry at the intersection of the X, row with the Xz column is [X,, X3].

If X =2°X, and Y =y’ Xj belong to L,, then
(X, Y] = xo‘yﬁ[Xa,Xg] = :cayﬁczﬁXv.

Therefore, for the coordinates x = (z', 2%, ...,2") and y = (y', 9% ...,y") of the

generators X and Y, we can define an operation of commutation [x, y]:

[x,y]" = xayﬁclﬁ, (v=1,2,...,7).

With this operation the vector space R"(x) becomes an isomorphic Lie algebra. This
Lie algebra is also denoted by L.

An automorphism A, (t) of R is defined by
x = A,(t)x,
where X = (2!, 22, ...,2") is the solution of the equations
%:%7 = iay'gczyﬁ, Tjmp = 7.

The set of all automorphisms A, (t) is called the set of inner automorphisms of the Lie

algebra L,, denoted by Int(L,). Any subalgebra L, C L, is transformed by A,(¢) into a
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similar subalgebra. Similar subalgebras of the same dimension compose an equivalence

class, and select a representative of each class.

Definition 2.5.1. A set of the representatives of each of these classes is called an

optimal system of subalgebras.

Thus, an optimal system of subalgebras of a Lie algebra L with inner automor-

phisms A = Int(L) is a set of subalgebras © 4(L) such that

(1) there are no two elements of this set which can be transformed into each other

by inner automorphisms of the Lie algebra L;

(2) any subalgebra of the Lie algebra L can be transformed into one of the subalgebras

of the set ©4(L).

In group analysis the problem of finding all inner automorphisms is reduced to

k

Y

the problem for finding inner automorphisms A, for the canonical basis vectors y = e

(k=1,2,...,r)in R":

d
—37 =z

s ohs o =127, (y=12,...,7).

The inner automorphisms A, corresponds to the Lie group of transformations with the
generator

x4, 0.

2.6 Invariant solutions

Definition 2.6.1. Let a system (S) of differential equations admits a group G, and let
H be a subgroup of G. A solution u = U(x) of system (S) is called an H —invariant
solution if the manifold u = U(x) is an invariant manifold with respect to any trans-

formation of the group H.
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Let a system (S) of differential equations admit a group G, and let H, be its

r—parameter subgroup generated by
Xp = E(x,0)0,, + 70(x, 1)y, (K=1,2,...,7). (2.54)

Let r, = rank||&., n]||. Hence, H, has m + n — r, functionally independent invariants
Ji(x,u),. .., Jpin—r, (X,u). Suppose that the Jacobian of J with respect to u is of

rank m, without loss of generality we can choose the first m invariants such that

0J,(x,u)

5| =m (2.55)

rank H

where «, 5 = 1,...,m. Hence, setting

:U’a - JB(Xv U), >‘B - m+l/(X7 u)7

(2.56)

(a=1,2,....m; v=1,2,....n—1,),

we can write the invariant solution of system (.5) in the form
pt = o\ ), (a=1,2,...,m). (2.57)

The functions ®* are determined by a system of differential equations, denoted by
S/H,. The system S/H, is called a reduced system, the number n — r, is the number
of independent variables in factor system S/H, and it is called a rank of the invariant

solution.

Remark. In most applications, we can choose invariants (2.56) such that the invariants
M (v =1,...,n—r,) don’t depend on the dependent variables u/. This facilitates
the calculation of invariant solutions. The condition (2.55) guarantees that equations
(2.57) can be solved for u/. Substituting them into original system (.S), we can obtain

reduced system S/ H,.

The algorithm of obtaining invariant solutions of differential equations consists

of the following steps.
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Step 1 Find the admitted Lie group of the differential equations by solving the deter-

mining equation. All admitted Lie groups form a Lie algebra.

Step 2 Choose a subalgebra and find invariants of the subalgebra.

Step 3 Construct a representation of an invariant.

Step 4 Substitute the representation into the original system of differential equations,

to obtain equations with reduced number of independent variable.



CHAPTER III
PRELIMINARY GROUP CLASSIFICATION OF
THE FULL BOLTZMANN EQUATION WITH A

SOURCE

The purpose of this chapter is to give a preliminary group classification of the

full Boltzmann equation with a source function of the form

ferufe+ofy+wf. = J(f, f) = q(z,y, 2,u,0,w, 8, f). (3.1)

Solving the problem of preliminary group classification is divided into three parts. The
first part provides the derivation and simplification of the determining equation of an
equation with nonlocal operator in general form. The next part is about finding the
determining equation of Equation (3.1). Finally, how to obtain source functions is

illustrated by examples.

3.1 Derivation of determining equations for a source function

(general case)
Consider an equation with nonlocal operator
d(x, f) =0, (3.2)

where x = (x1,...,2,) is the vector of the independent variables, f is the dependent

variable, and ® is a nonlocal operator acting on f.
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Let Lie group of transformations G with scalar parameter a:

X = g(X7 ;CL), f = 77Z}(Xa f; CL), (33)

be admitted by Equation (3.2) with the generator
X =& (x, )0y, +n(x, f)0y. (3.4)
The latter property provides that
X(®) +£Di(®) = hx®, (3.5)

where hx is a function of the independent and dependent variables and their deriva-
tives, D; are the total derivatives with respect to z;, (i = 1,2...,n), and X is the

prolongation of the canonical Lie-Béacklund operator which is equivalent to the gener-

ator X:
X = ii0f + D(7)dy,, +--- . (3.6)

Here 7 = n — &' f,,, and the actions of the derivatives d; and 9y, are considered in
terms of the Fréchet derivatives.

For the preliminary group classification of the equation

(x,f) =q (3.7)

we use the Lie algebra admitted by the homogeneous equation (3.2). Here ¢ is an
arbitrary function of the independent and dependent variables, i.e., ¢ = ¢q(x, f).

First, we define the determining equation for a Lie algebra admitted by Equation
(3.7), and then this determining equation is simplified by using the property that the
admitted generator belongs to a Lie algebra admitted by Equation (3.2).

According to the definition for a Lie group G to be admitted, the group of

transformations (3.3) maps a solution fy(x) of Equation (3.7) into a solution f,(x) of
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the same equation in the new variables:

O(x, f) = q(x. f)- (3.8)

The transformed solution f,(X) is defined by the formula

fa(}_(> :w(xv fO(X);a)v (39)

where x = G(X; a) is the solution of the equation

x = g(x, fo(x);a). (3.10)

Differentiating the equation

D(x, fa(X)) = a(x, fu(x)) (3.11)

with respect to the parameter a, and setting a = 0, we obtain the relation
0 ~ | _ _
55 (2% fa(X)) — (X, fal(X))) =0 (3.12)
a |a=0
which is called the determining equation.
The determining equation (3.12) is derived under the assumption that the so-
lution of Equation (3.10):

x = G(x;a), (3.13)

is defined on a set sufficient for substituting G(x;a) into (3.11).

In general, because of the localness of the inverse function theorem, Equation
(3.10) provides a local solution whereas for nonlocal Equation (3.7) one needs that the
solution (3.13) is nonlocal.

However, notice that (3.12) coincides with the equation

X(® = q)(x, fo(x)) = 0. (3.14)
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As fo(x) is a solution of Equation (3.7), the latter equation can be written as

(X(®—q))ysm =0, (3.15)

which is further used for the group classification.
For the preliminary group classification studied in the thesis the generator X
is assumed to belong to a Lie algebra admitted by the homogeneous equation. Hence,

the generator X satisfies the property (3.5). Using this property, we obtain that

X(® —q) = X(®) - X(q)
= hx® — £'D;(P) — (X*(q) — £'Di(q))
=hx® = X?(q) — £'Di(® — q), (3.16)

where X7 is the prolongation of the generator X: X? = X + £'D,. As the function ¢
does not depend on derivatives, then X?(q) = X (¢). Considering Equation (3.16) on

any solution of Equation (3.7), we obtain the determining equation,
hxq = X(q) =0, (3.17)

where hy = (hx)i3.7)-

Thus, we come to the following algorithm for a preliminary group classification
of non-homogeneous equation (3.7) with the help of a Lie group admitted by the
homogeneous equation (3.2).

Let L, be a finite-dimensional Lie algebra and its basis generators

X1, Xyt X

Step 1 Take a subalgebra Ly, (k < n) from an optimal system of subalgebras of L,

with the basis generators Y; = CZX]-, (1=1,2,...,k).

Step 2 Compute the prolongation Y; of the canonical Lie-Biacklund operator corre-

sponding to the generator Y; (i =1,2,... k).
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Step 3 Solve the overdetermined system of k partial differential equations
hy,q—Yi(q) =0, (i=1,2,...,k), (3.18)

where hy, = (hy, )i3.7)- The found solution provides a function ¢(x, f) such that

Equation (3.7) admits the Lie algebra Ly.

Here k is the dimension of subalgebra Lj.
As the Lie algebra L,, is determined by its basis generators Xi, Xs, ..., X, the

function hy, in Equations (3.18) can be also written through the functions hy,, (j =

1,2,...,n). In fact, because of the linearity of the Lie-Backlund operator,
Y, =cX;. (3.19)
As
Vi=c X+ + X, =X

= i (3,0 + - + €5, 00) + -+ (Ex, Oy + - + €, Ony)

= (ci€x, T+ €k, )0ny o (Ci€R, o+ CER,)O,

= )&, Ot - +.CLE% On, = s By
then 55’2 = cJ¢k . Hence,

= clhx ®. (3.20)
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Thus, the determining equation (3.18) becomes

c(hx,q— X;(q)) =0, (i=1,2,....k). (3.21)

3.2 Determining equation for a source function of the Boltz-

mann equation

Let ® be an integro-differential operator acting on f

O(f) = frtufe+ofy +wf. = J(f, f), (3.22)

where J(f, f) is the collision integral.

As mentioned in the Introduction, the Boltzmann equation ®(f) = 0 admits
the Lie algebra L;; with the basis generators (1.18). The Lie algebra L is isomor-
phic to the Lie algebra L{, admitted by the gas dynamics equations (Grigoriev et al.,
1999; Grigoriev and Meleshko, 2001). In (Ovsiannikov, 1999), an optimal system of
subalgebras of LY, is constructed (see Appendix C). Because of the isomorphism of Ly;
and LY,, we can apply the method described above for solving the preliminary group

classification problem of the Boltzmann equation with a source,

O(f) =q, (3.23)

where ¢ = q(z,y, z,u, v, w,t, f).

First, we provide definitions, equations, and their variables which are useful for
the next four subsections.

Let f = fo(z,y,2z,u,v,w,t) be a function; the transformed function is denoted

form

(5 = [ [ B0 fi = fhdnas, (3.24)

R3 S2
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where

_ 1,_ _ _ _
w=o(Vtw—gn), g=v-w g=|g[ (3.25)

In this section we show that Equation (3.21) for the Boltzmann equation (3.23)
is
¢i'(20) + (X;(@) =0, (i=1,....k). (3.26)
3.2.1 Derivation of the function hy,

The group of transformations corresponding to the generator X, is

T=x+4+a, §y=y, 2=z, U=u, V=0, W=w, t=t, f=f. (3.27)

This group of transformations maps a function f = fy(z,v, 2, u, v, w,t) to the function

f(z,y,z,u,0,w,t) = fo(T —a,y,z,u,0,w,t). (3.28)

It follows that

fz(x,ya%UaU,W, ) = fOZ(i‘ - aag7 577176’@’1;)7 (329)
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and

_ __ 1, _ 1 _ _ 1 _ B
f*:fO(x_a7y7Z7§(u+u1+gn1)7§(v+v1+gn2)7§(w+wl+gn3)ut)7
= _ R _ 1 _ _ 1, _ _ -
fl = fo(x—a,y,z,§(u—l—u1 _gn1)7§(v+vl _gn2)7§(w+w1 _gn3)7t)7

fi = fol@ = a,§,Z,ur, 01, w1, 1), (3.30)

Using (3.27), one finds that

§=1/(u— )2+ (=) + (w—w)2 (3.31)

Substituting (3.28), (3.30), (3.31) into (3.24), the collision term becomes

(‘](.ﬁ ))(i,yj,é,ﬂ,@,w,f) = (‘](.]607]0(]))(:E - CL,’IJ, 271]767@7{)' (332)

Then

— J(fo, fo))(@ — a,y, 2, u,0,w,1)
= (®(f))(Z — a, i, 2,0, v,w,t). (3.33)
Differentiating the latter relation with respect to a and setting a = 0, we derive
X1(®) = =D, (D). (3.34)
As X; = 0, then

hyx,® = X1 (®) + Do (®) = —Do(®) + D,(P) = 0. (3.35)

This means that

hx, = 0. (3.36)
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Similarly, we derive that (see Appendix B),

hx. =0, (j =2,3,10). (3.37)

3.2.2 Derivation of the function hx,

The group of transformations corresponding to the generator Xj is

T=x4at, y=vy, 2=z U=u+a, V=0, W=w, t=t, f=Ff (3.38)

This group of transformations maps a function f = fy(z,y, z, u, v, w, t) to the function

f(Z,9,z,u,0,w,t) = fo(T — at,y,z,u — a,v,w,t). (3.39)
It follows that

ﬁ(j7g72aﬂ767w7 _) = (_afOx + fOt)(f - alf_,gj,Zﬁ - a’767w7 _>a

f_(i7g7 27 "EL,'I?,QI}, ) -~ fOCE(j - at7g727ﬂ’ N CL,’E,QD, )7
f3(%, 0, 2,1, 0,0, 1) = fo (T — at,§, 2,4 — a, v, W,1),
f;(jag72aa>67wa _> =3 fOz(-{f " CLE,:IJ,Z,'{_L B G,,Q_J,U_J,l?), (340)

and

_ 1 1 1
[ = folx —at,y, 2, i(ﬂ +uy + gni) — a, 5(5 +v1 + gna), 5(15 +wy + gns), t)

_ 1, _ 1, _
:fo(:v—at,y,z,ﬁ((u—a)%—(ul—a)~|—gn1),§(v+v1~|—gn2),

1 _ _
i(w + wy + gns), t),

— B - 1 B 1, _ 1 _ _ _
f1*:fo(x—atayaza§(u+ul—in)_%5@4’@1—gn2>7§(w+w1—gn3)’ )
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_ —__ 1, _ _ 1. _
= fO(x - ataya Z, 5((“ - CL) + (ul - CL) - gnl)a i(v + v — gnQ)v
1 _ _ _
§(w+w1 — gns), ),
fl:fO(i‘_a’ﬂg727u1_avvhwlaf)’ (34.1)

Using (3.38), one finds that

f/:\/(u+a—u1)2+(U—v1)2—|—(w—w1)2

= J(u—(u—a)2+ (0 — v1)2 + (0 — wy)> (3.42)

Substituting (3.39), (3.41), (3.42) into (3.24), and using the change of variables: @; =

u1 — a, the collision term becomes

Then

= (for + ufou + vfoy +wfo. = J(fo, f0))(z — at, y, 2,4 — a,,w,t)
= (®(fo)) (T —at,y,z,u— a,v,w,t). (3.44)
Differentiating the latter relation with respect to a and setting a = 0, we derive
X4(®) = —(tD(®) + D, ()). (3.45)
As X, =t0, + 0, then

hx,® = Xy(®) + (tD,(®) + D, (D))



= —(Dx(®) + Du(®)) + (tD2(®) + Du(®)) = 0.

This means that

hx, = 0.

Similarly, we derive that (see Appendix B),

3.2.3 Derivation of the function hy.

The group of transformations corresponding to the generator X7 is
r=ux, y=ycos(a) — zsin(a), z=ysin(a) + zcos(a),

% =u, v=uvcos(a) —wsin(a), w = vsin(a) +wcos(a), t =t, f=f.

39

(3.46)

(3.47)

(3.48)

(3.49)

This group of transformations maps a function f = fy(x,y, z, u,v,w,t) to the function

v cos(a) + wsin(a), w cos(a) — vsin(a), t).

It follows that

v cos(a) + wsin(a), w cos(a) — vsin(a),t),

v cos(a) + wsin(a), w cos(a) — vsin(a), ),

(3.50)
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— ysin(a), u, v cos(a) + wsin(a), w cos(a) — vsin(a), t),

— ysin(a), u, v cos(a) + wsin(a), w cos(a) — vsin(a),t), (3.51)

and

fi1 = fo(x,ycos(a) + zsin(a), z cos(a) — ysin(a), uy, vy cos(a) + wy sin(a),

wy cos(a) — vy sin(a), t)

= fo(Z,y cos(a) + zsin(a), z cos(a) — ysin(a), @y, U1, Wy, t),
1
= fo(z,ycos(a) + zsin(a), z cos(a) — ysin(a), i(ﬂ + uy + gny),
1, _ _ 1, _ _ )
5(@ + v1 + gng) cos(a) + i(w + wy + gns) sin(a),
1, _ |\ 4 . -
§(w + wy + gns) cos(a) — §<U + vy + gne) sin(a), t)

= fo(Z,ycos(a) + zZsin(a), z cos(a) — ysin(a), = (u + @1 + gny),

1 1 _
5(6 cos(a) +wsin(a) + vy + gna), 5(&; cos(a) —vsin(a) + Wy + gns), t),

f{" = fo(Z,y cos(a) + zsin(a), z cos(a) — ysin(a), ;(u +ur — gna),

1 1
5(17 + v — gns) cos(a) + 5(12) + wy — gng) sin(a),

1 1 _
5(@ + wy — gng) cos(a) — 5(17 + v1 — gno) sin(a), t)

= fo(x,y cos(a) + zsin(a), z cos(a) — ysin(a), ;(ﬁ + Uy — gny), ;(77 cos(a)

1
+ wsin(a) + 01 — gna), 5(6/ cos(a) — vsin(a) + w; — gns),t), (3.52)
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where

QW = uy, 0; = vy cos(a) 4+ wy sin(a), w; = w; cos(a) — vy sin(a),

N1 = nq, Ng = cos(a)ny + sin(a)ng, ng = cos(a)ng — sin(a)ns. (3.53)

Using (3.49), one finds that

g= \/(u —u1)? + (veos(a) — wsin(a) — v1)? + (vsin(a) + wcos(a) — wy)?

= /(@ — )2+ (0 — 01)? + (@ — )2 (3.54)

Substituting (3.50), (3.52), (3.54) into (3.24), and using the change of variables:

U1, U1, w; defined by (3.53), the collision term becomes

v cos(a) + wsin(a), w cos(a) — vsin(a),t). (3.55)

Here we have used the properties that ||(721, 722, 73)|]2 = 1, and ]%\ =1

Hence,

+ (vsin(a) +w cos(a))(foy sin(a) + fo- cos(a)) = J(fo, f0)) (T, cos(a)

+ zsin(a), z cos(a) — ysin(a), u, v cos(a) + wsin(a), w cos(a) — vsin(a), t)

= (fOt + Uff(];r: + Uny + waz - J(an fo))(zi",gjcos(a) + ZSiH(CL),

Z cos(a) — ysin(a), u, v cos(a) + wsin(a), w cos(a) — vsin(a), t)
= (®(fo))(x,y cos(a) + zsin(a), z cos(a) — ysin(a), u, v cos(a) + wsin(a),

wcos(a) — vsin(a), t). (3.56)
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Differentiating the latter relation with respect to a and setting a = 0, we derive
X7(®) = —yD,(®) + 2Dy (®) — vD(P) + wD, (D). (3.57)
As X7 =90, — 20, +v0,, — w0, then
hx,® = X7(®) + (yD=(®) — 2Dy(P) + vDy(®) — wD,,(®))
= (—yD,(®) + 2Dy (®) — vDy,(P) + wD,(P))
+ (yD,(P) — 2Dy (P) + vDy,(P) — wD,(P)) = 0. (3.58)

This means that

hx, = 0. (3.59)

Similarly, we derive that (see Appendix B),

hx, =0, (j =8,9). (3.60)

3.2.4 Derivation of the function iy,
The group of transformations corresponding to the generator X, is

T=zxe y=ye, Z=ze", u=u, 1=v, W=w, t=te?, f=fe " (3.61)

This group of transformations maps a function f = fy(z,y, z, u, v, w, t) to the function

f_if(xvya z,u,v,w,t_) = 672&.]”03?:(586 7@6 ) 2€ 717’7177@7 67(1)7



and

1 1
fr=efolwe™ ge™, 2e7, S(u + ur + gm), 5 (0 +v1 + gna),

1
5(71) -+ w1 + §n3), te_“),

£% —a ~,—0 S,.—a Z,— 1 ~ -~ 1 -~ -

fl =e fo(l’@ ,yye —, ze aai(u+ul_gn1>’§(v+vl_gn2)u
1 - = r,—a
§(w+w1 —gng),te™?),

fi=efolze ™ ye™® ze=% uy, v, wy, te™%).

Using (3.61), one finds that

g= \/(u —u1)2+ (v—01)2+ (w—wp)?

Substituting (3.62), (3.64), (3.65) into (3.24), the collision term becomes

Then

(@(f))(l’, Yy,z,u,v,w, E) = (e_zafot + ue_2af0r + U6_2af0y + w6_2af0z
—e 2 J(fo, fo))(ze ™, jje ", Ze ™, u, v, w, te”*)
= ei2a<f0t + ufOx + Uny + wf[)z - J(f07 fO))(ijeiav yeiau Zeiav u

= e 2(D(fo))(ze ™, ye *, ze ™, u, v, w, te ™).
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(3.64)

(3.65)

(3.66)
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Differentiating the latter relation with respect to a and setting a = 0, we derive
X11(®) = =20 — £D,(®) — yDy (D) — 2D.(P) — tDy(P). (3.68)
As X1 =t0, + 20, + y0, + 20, — fOy, then
hx, ® = X11(®) + (Do (®) + yDy(®) + 2D.(P) + tDy(P))
= (=20 — 2D, (P) — yD,(P) — 2D, (®) — tDy(P)(P))
+ (xDy(P) + yDy(P) + 2D, (P) + tDy(D)) = —20. (3.69)

This means that

By, =-2. (3.70)

3.3 Illustrative examples of obtaining the source function

This section gives examples which illustrate the application of the above strat-
egy. Complete results of the preliminary group classification are presented in Appendix
D.

For solving differential equations corresponding to a subalgebra of the Lie alge-
bra Li; one needs to find their integrals. Among these subalgebras there are subalgebras
containing the generators of the rotations X7, Xg, and Xy. In some of these cases it
is appropriate to write the determining equations (3.26) in the cylindrical or spherical
coordinate systems. It should also be mentioned that the necessity of the changing the
coordinate system depends on the complexity of the system of determining equations.
As different coordinate systems are used we provide illustrative examples in all of these

systems.
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3.3.1 Illustrative examples in the Cartesian coordinate system

This section provides two examples of obtaining the source function for 1-

dimensional and 2-dimensional subalgebras.

Example 3.3.1. (A source function corresponding to the subalgebra 1.8 : {Xj;}.)

Substituting
Al=1d =0, j#11
into (3.26), we obtain the partial differential equation
2q — fqr +tq + xq, + yg, + 2q. = 0. (3.71)

The solution of Equation (3.71) can be obtained by the method of characteristics. The

characteristic system of Equation (3.71) is

Yy 0 0 0 t  —f —2q (8:72)
The independent first integrals are
%7%7§7u7v7w7ft7qt2' (3.73>
Hence, the general solution of Equation (3.71) has the form
q:t72q}(%7%’§7u7v7w7 ft>7 (3'74)

where WU is an arbitrary function of 7 variables.

Example 3.3.2. (A source function corresponding to the subalgebra 2.13 : { X}, X1;}.)

For this subalgebra,
a=1d=0j#4 a'=1, g=0,j#1L

Substituting these coefficients into (3.26), we obtain the system of two partial differ-



ential equations:
Qu +1q: = 0,
2q — fqr +tq + xqu +yqy + 2q. = 0.

The characteristic system of Equation (3.75) is

Then, the independent first integrals are
x
Y, 2, u — ?7U7w7t7f7Q'
Hence, the general solution of Equation (3.75) is

q:\Ill(y7z7ﬁ7U7w7t7f)7 ”EL:U—§
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(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

where W, is an arbitrary function of 7 variables. Substituting the latter representation

into Equation (3.76), we derive

2\111 3 f\Iflf a4 t\Iflt i y\Illy + Z\Illz =0.

The characteristic system of the latter equation is

which has the independent first integrals:

% ,ﬂ,v,w,ft,\Ilth.

| N

Y

Hence, the general solution of Equation (3.80) is

Uy = 120(

<

z
,;,ﬂ,,v,w,ft),

(3.80)

(3.81)

(3.82)

(3.83)
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where W is an arbitrary function of 6 variables. Thus, the general solution of system

of equations (3.75)-(3.76) has the form

q:t_z\lf(%?u— %,U,w,ft). (3.84)

3.3.2 Illustrative examples in the cylindrical coordinate sys-

tem

Here we give two examples of solving a system of partial differential equations

where the cylindrical coordinate system is used.

Example 3.3.3. (A source function corresponding to the subalgebra 1.2 : {X, +
X7}7 5 7é O)

Substituting
cl =8, c =1, A =0,5#4,7
into (3.26), we obtain the equation
Bau + Btas — wqy + vqw — 2¢y +yq. =0, (3.85)

where ¢ = q(z,y, z,u,v,w,t, f). Using change of variables in cylindrical coordinates,

Equation (3.85) becomes

where ¢ = q(z,7,0,u, V,W,t, f). Thus, the general solution of Equation (3.85) in the

cylindrical coordinate system has the form
x x
q:\p(tar760_¥7u_¥7v7mf)u (387)

where VU is an arbitrary function of 7 variables.
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Example 3.3.4. (A source function corresponding to the subalgebra 2.2 : {aX, +
X7, X4+ X1u1}.)

For this subalgebra,
d=a,d=1,¢=0,j#4T =0, d"=1, =0, j#4,1L

Substituting these coefficients into (3.26), we obtain the system of two partial differ-

ential equations:
agy — W4, + vy, + atq, — 2qy +Yq. = 0, (388)
2q — fag +ta + Bau + (z + Bt)qs + ygy + 2q: =0, (3.89)

where g = q(x,y, z,u, v, w,t, ). Using cylindrical coordinates, Equations (3.88)-(3.89)

become
agq, + atgy + o = 0, (3.90)
2¢ = far +ta + Bau + (2 + Bt)gs +7g, =0, (3.91)
where ¢ = q(z,7,0,u, V,W,t, f). The general solution of Equation (3.90) is
q=V(t,r,p,a, VW, f), (3.92)

where 4 = u — af,p = x — atf, and ¥, is an arbitrary function of 7 variables. Substi-

tuting ¢ into Equation (3.91), it becomes
22Uy — fUyp+ (p+ Bt) Vi + 10y + V1 + 1V, = 0. (3.93)
The general solution of the latter equation is

Uy =t 2Y(

~+ 3>

— plnt,a— Blnt, V,W, ft), (3.94)

Y

~ | =3

where WU is an arbitrary function of 6 variables. Thus, the general solution of system



49

of equations (3.88)-(3.89) in the cylindrical coordinate system has the form

q:t_Q\I/(g,§—a&—ﬁlnt,u—a@—6lnt,V,VV,ft). (3.95)

3.3.3 Illustrative examples in the spherical coordinate system

In this section we give two examples of solving a system of partial differential
equations corresponding to the generators of the rotations X7, Xg, and Xy. For the first
one we use a change of variables to the spherical coordinate system. For the second

one, there is no necessity of changing variables.

Example 3.3.5. (A source function corresponding to the subalgebra 3.8
{X77X87X9}‘)

Substituting the coefficients
i=1,cd=0,j#7 =1,3=0,j#8 =1, ¢ =0, j#9

into (3.26), we obtain the system of three partial differential equations:

—Wqy + Vqw — 2qy + Yq. = 0, (3.96)
UGy + UGy — Yz + TGy = O, (398)

where ¢ = q(z,y, z,u,v,w, t, f). Using a change of variables to the spherical coordinate

system, Equations (3.96)-(3.98) become

—sin(¢)gg — cos(p) cot(8)gq, — CS(:ISIE?; (Way —Vaw) =0, (3.99)
. _sin(p) B B
cos(¢)ge — sin(p) cot(8)q., Sn(0) (Wav —Vaw) =0, (3.100)

g, =0, (3.101)
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where ¢ = q(r,0,¢,U, V,W.t, f). Because of Equation (3.101), ¢ does not depend on

o, e, ¢q=q(r,0,U,V,W,t, ). Equations (3.99)-(3.100) become
sin(0) sin(p)qg + cos(¢)(Waqy — Vaw) = 0, (3.102)
sin(0) cos()q — sin(@)(Wqy — Vaw) = 0. (3.103)
The latter system of equations can be rewritten in the form
g0 = 0, (3.104)
Waqy — Vagw = 0. (3.105)

Thus, the general solution of system of equations (3.96)-(3.98) in the spherical coordi-

nate system has the form
q=V(t,r,UvV2+W2 f), (3.106)

where U is an arbitrary function of 5 variables.

Example 3.3.6. (A source function corresponding to the subalgebra 6.10
{ X1, Xy, X3, X7, X3, Xo}.)

Substituting the coefficients
ad=1,d=0,j#1 c=1,64=0,j#2 =1 d =1, j#3;
h=1,4=0,j#7 c=1,d=0j#8 g=1, ¢ =0, j #9,
into (3.26), we obtain the system of six partial differential equations:
¢z = 0, (3.107)
qy =0, (3.108)

q. = 0; (3109)
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—wWqy + v — 2qy +yq. = 0, (3.110)
WGy — UGy + 2qy — Tq, = 07 (3111)
—UGu + UGy — Yo + 2y = 0, (3.112)

where ¢ = q(x,y, z,u,v,w,t, f). Because of Equations (3.107)-(3.109), ¢ does not

depend on z,y and z. Hence, Equations (3.110)-(3.112) become

—wW@qy + vgy =0, (3.113)
—vqy + ugy = 0, (3.115)

where ¢ = q(u,v,w,t, f). Notice that these equations are linearly dependent. The

general solution of Equation (3.113) is
q=V(u,0,t, f),0 = Vo2 + w? (3.116)

where W, is an arbitrary function of 4 variables. Substituting the latter solution into
Equation (3.114), it becomes

Uy, — 205 =0, (3.117)
v

Thus, the general solution of system of equations (3.107)-(3.112) in the spherical coor-

dinate system has the form
qg=VY(Vu?+v2+w?t,f), (3.118)

where WU is an arbitrary function of 3 variables.



CHAPTER 1V

INVARIANT SOLUTIONS

This chapter is devoted to obtaining representations of invariant solutions of the
Boltzmann equation with a source function. Complete results of the representations of
invariant solutions are presented in Appendix E.

Besides discussing representations of invariant solutions, this chapter is also de-
voted to finding reduced equations. It should be noted that for some of representations
of invariant solutions, the problem of obtaining a reduced equation is extremely diffi-
cult. In this chapter we give several simple examples of obtaining reduced equations.
For some subalgebras, results of the reduced Boltzmann equations are presented in

Appendix F.

4.1 Representations of invariant solutions

In the previous chapter we obtained source functions ¢ for all subalgebras Lj
of the optimal system of the Lie algebra L;; such that the Boltzmann equation with
the source function ¢ admits the Lie algebra L.

Let L be any subalgebra of L,. As Lj is a subalgebra of Li;, then L is a
subalgebra of Li;. According to the definition of an optimal system of subalgebras,
L is equivalent to one of subalgebras of the optimal system of subalgebras of the Lie
algebra Ly, say L. Hence, invariant solutions with respect to these subalgebras L and
L are equivalent.

As the set of representations of invariant solutions of all subalgebras from the
optimal system of subalgebras will be found, the solutions invariant with respect to

the subalgebra L and the subalgebra L are also equivalent.
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In this chapter we will construct representations of invariant solutions for all
subalgebras of the optimal system of subalgebras. This study will provide representa-

tions of all possible invariant solutions of the Boltzmann equation of the form (3.23).

4.2 Illustrative examples of obtaining the representation of
invariant solutions
In this section we give examples which illustrate the method of finding a repre-

sentation of an invariant solution in the Cartesian, cylindrical, and spherical coordinate

systems.

4.2.1 Illustrative examples in the Cartesian coordinate system

This section provides two examples of obtaining a representation of invariant

solutions for 1-dimensional and 2-dimensional subalgebras of the Lie algebra L.

Example 4.2.1. (A representation of invariant solutions corresponding to the subal-
gebra 1.8 : {X11}.)

For this subalgebra, finding invariants one needs to solve the equation
X11(J) =0,
ie.,
th+ad, +yJ,+2J,— fJr =0, (4.1)

where J = J(x,y, z,u,v,w,t, f). A solution of Equation (4.1) can be obtained by the

method of characteristics. The characteristic system of Equation (4.1) is

de dy dz _du dv dw dt df (4.2)
r vy =z 0 0 0 t —f ’
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The independent invariants are

i
JIZZ,(]Q:

~+ <

,h:?hzm%:uk:mhzﬁ. (4.3)
The general solution of the latter equation is
7%7§7u7v7w7ft>7 (4'4)

where €); is an arbitrary function of 7 variables. Thus, a representation of invariant

solutions for this subalgebra has the form

f =179

9

SRS
<

,;,u,v,w), (4.5)

where €2 is an arbitrary function of 6 variables.

Example 4.2.2. (A representation of invariant solutions corresponding to the subal-
gebra 2.13 : {X4, X11}.)

For this subalgebra, finding invariants one needs to solve the system of equations
Xy(J) =0, Xuu(J) =0,
ie.,
AT S0, (4.6)
th+axd, +yJy +2J,— fJ;r =0, (4.7)
where J = J(z,y, z,u,v,w,t, f). The general solution of Equation (4.6) is

(4.8)

J:J(y727ﬁavawut7f)7 ﬁ:u—%

where J is an arbitrary function of 7 variables. Substituting the latter representation

into Equation (4.7), we derive

thy+ydy+2J. — fJp = 0. (4.9)
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The general solution of the latter equation is

z xXr
J:Ql(%,;,u—?v,w,ft). (4.10)

where {2; is an arbitrary function of 6 variables. Thus, a representation of invariant

solutions for this subalgebra has the form

f :t_lﬂ(%?u— %,v,w), (4.11)

where () is an arbitrary function of 5 variables.

4.2.2 Illustrative examples in the cylindrical coordinate sys-

tem

Here we give two examples of solving a system of partial differential equations,

where the cylindrical coordinate system is used.

Example 4.2.3. (A representation of invariant solution corresponding to the subalge-
bra 1.2 : {X4+ X7}, 5 #0.)

In the cylindrical coordinate system, the generator of this subalgebra is
BXse + Xre, (4.12)

where Xy. = t0, + 0,, X7. = 0y. For this subalgebra, finding invariants one needs to

solve the equation

(BX4e + X7e)(J) = 0, (4.13)

ie.,
Bty + Ju) + Jo =0, (4.14)
where J = J(x,r,0,u,V,W,t, f). The independent invariants are

Jl:t,Jzzr,ngﬁe—%A:u—%,J5:v,J6:W,J7:f. (4.15)
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The general solution of Equation (4.14) is
x x
J:QI(t,T,50—¥,U—?,MW,f)7 (416)

where (27 is an arbitrary function of 7 independent variables. Thus, a representation

of invariant solutions in the cylindrical coordinate system for this subalgebra is

f:Q(t,r,BH—%u—%V,W), (4.17)

where () is an arbitrary function of 6 independent variables.

Example 4.2.4. (A representation of invariant solution corresponding to the subalge-
bra 2.2 : {OéX4 + X7, BX4 + Xn}.)

In the cylindrical coordinate system, the generators of this subalgebra are
aX4c + X?ca /BX4C + Xllc (418)

where X1, = t0; + 20, + r0, — fOs. For this subalgebra, finding invariants one needs

to solve the system of equations

(aXge + X7e)(J) =0, (BXue+ X11)(J) =0 (4.19)

ie.,
altd, +Ju) +Jp =0, (4.20)
B(tTy + Ju) +tJy+xdy+rd, — fJp=0. (4.21)

where J = J(z,r,0,u,V,W,t, f). The general solution of Equation (4.20) is

J:Ql(taraﬁaaa VaI/Vaf)a (422)

where &« = u — af, p = x — atf, and €2; is an arbitrary function of 7 variables.
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Substituting the latter solution into Equation (4.21), it becomes

(D + Bt)yp + Ba + tQ1 + 7, — fQip = 0. (4.23)

The general solution of the latter equation is

J ==, 2 — Blnt, o — Blnt,V, W, ft), (4.24)

Y

~+~ | =
~+ 3>

where )y is an arbitrary function of 6 variables. Thus, a representation of invariant

solutions in the cylindrical coordinate system for this subalgebra is
f:t—lQ(;f,f—ae—ﬁlnt,u—ae—mnt,\/,vv), (4.25)

where €2 is an arbitrary function of 5 variables.

4.2.3 Illustrative example in the spherical coordinate system

In this section we give an example of obtaining a representation of invariant

solutions in the spherical coordinate system.

Example 4.2.5. (A representation of invariant solutions corresponding to the subal-
gebra 3.8 : {X7, Xs, Xo}.)

In the spherical coordinate system, the generators of this subalgebra are
X7s7 XSsa X937 (426)

where X7, = —sin(y)0dy — cos(p) cot(6)0, — ‘;fzgz’)) (Woy — Vow), Xgs = cos(p)dy —

sin(yp) cot(0)0, — lei((‘g)) (Woy —Vow), Xos = 0,. For this subalgebra, finding invariants

one needs to solve the system of equations

X?s(J) = 07 X8S(J) = 07 XQS(J) = 07 (427)
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ie.,

cos ()

—sin(¢)Jy — cos(p) cot(8)J, — M(WJV —VJw) =0, (4.28)
cos(p)Jy — sin(p) cot(8)J, — Zm(WJV —Viw) =0, (4.29)

J, =0, (4.30)

where J = J(r, 0,0, U, V,W,t, f). Because of Equation (4.30), J does not depend on

w, e, J=J(r0,UV,Wt, f). Equations (4.28)-(4.29) become
sin(0) sin(p)Jy + cos(p)(WJy — VJy) =0, (4.31)
sin(6) cos(¢)Jyp — sin(@)(W Jy — VJy) = 0. (4.32)

By the same reason as Example 3.14, the general solution of the system of equations
(4.28)-(4.30) is

J =0t U VVE+ W2, f), (4.33)

where €); is an arbitrary function of 5 variables. Thus, a representation of invariant

solutions in the spherical coordinate system for this subalgebra is
f=Qt,r,UVV2+W?), (4.34)

where €2 is an arbitrary function of 4 variables.

4.3 Illustrative examples of obtaining the reduced Boltzmann
equation
According to Appendix A, the full Boltzmann equations with a source function

in the cylindrical, and in the spherical coordinate systems are provided. Substituting

the source function and the representation of an invariant solution from the two previ-
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ous sections into the Boltzmann equation, we obtain the reduced Boltzmann equation
with source function. In this section we give some examples for obtaining the reduced
Boltzmann equation with a source function in Cartesian, cylindrical, and spherical

coordinate systems.

4.3.1 Illustrative examples in the Cartesian coordinate system

Example 4.3.1. (The reduced Boltzmann equation corresponding to the subalgebra

1.8: {Xll})

Recall the source function and the representation of invariant solutions corresponding

to subalgebra { X }:
q:t_2\11(p17p27p39u7v7w7ft)7 (435)
f 3 tilQ(plap%pfSaua/va)v (436)

— T _z
Wherepl_?, p2=7%, P3= 3-

Then
fi=t2(=Q —at7'Q,, — yt7'Q,, — 2t71Q,,),
Fe =t 2 fy =t 2y fo =170, (4.37)
Hence, the differential part of the Boltzmann equation (1.22) becomes
fi+ufe+ofy+wf, = 2=+ (u— 1)y, + (v —p2)Qp, + (0 —p3)y,).  (4.38)
As f=t71Q(2,% 2 y,v,w), then

)t

f1 — tilg(

~+ | 8
~+ =

~ |

y >ulavlawl)>

o - 1 1
ff=t10(=,2, 2, (u+u1+gn1),§(v+v1+gn2),§(w+w1—|—gn3)),

~+ | 8
~+ =
~ |
DO | =
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i =79

Y

~+ | 8
~+ =

1 1
(u~+uy — gny), 5(1} +v1 — gna), §(w +w; —gn3z)),  (4.39)

N | —

z
? t?
and the source function (4.35) becomes
q= t_z\Ij(plvp%pSau?vawaQ)' (440)

Substituting (4.39) into the collision integral of the Boltzmann equation (1.22), we

obtain
JUZf):152/:/E%%0Q(Qﬂﬁ——QQQSHMhd&¢kdu1mndwh (4.41)

R3 S2

where
0= Q(plaPQaPSauvvaw)a Ql = Q(pl,p?apSaulavlawl)a

. 1 1 1
O = Q(p1, p2, p3, = (u+uy + gny), §(v + vy + gna), §(w + wy + gns)),

2
. 1 1 1
07 = Q(p1, p2, ps, 5(“ + Uy — gna), 5(” + v1 — gna), 5(@0 +wy — gng))
x z
9= \/(U —u)? + (v —v1)? + (w—w1)? p = rE P2 = %, P3 = . (4.42)

Substituting (4.38), (4.41), and (4.40) into the Boltzmann equation (1.22), and multi-

plying the obtained equation by ¢2, the reduced Boltzmann equation is
—Q+ (u _pl)Qm + (v _p2)Qp2 + (w — p3Qp3) - J(Q,Q)
= U(py, p2, p3, u, v,w, ), (4.43)
where

J(9,Q) = / / B(g,0,)(QQ% — Q) sin 6, db, de duy dvy duw,. (4.44)

R3 S2
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Example 4.3.2. (The reduced Boltzmann equation corresponding to the subalgebra
2.13: {X4,X11}.)
Recall the source function and the representation of invariant solutions corresponding

to subalgebra { Xy, X1}
q= t_Q\I/(pl,pg, u,v,w, ft), (4.45)
f = t_lg(plap%aa/uaw)a (446)

_y A
where p1 =%, py =7, Ut =u—

+|8

Then
fi=t2(=Q —ytT'Q, — 271, + 2t Qy),
fo=—t7Qa, fy=17"Q, f: =17"Qy,. (4.47)
Hence, the differential part of the Boltzmann equation (1.22) becomes
fetufe+vf,+wf, =t7(=Q+ (v —p1)Q,, + (W — p2)Qyp, — @y). (4.48)

As f=t71Q(%, 2, u— £,v,w), then

_ z X
fl =1 19(%’ ;7u1 > ¥>Ul>w1)7

z 1 x 1 1
fr= t’lﬁ(%, o §(u +uy +gny) — - 5(1} + vy + gna), §(w + wy + gng))

1
:t’lﬂ(%, )+ (ug —g)—l—gnl),i(v—l—vl—l—gng),

((u—

T T
t

~+ | W
N —

Y

1
§(w + wy + gng)),
1 1 1
Ji =0, 2 S = gni) = 15 (0 01— gna), S (w - wi = gna))

1 1
=70 S (= D)+ (= 5) = gm), S (04 v = gna),
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;(w +wy — gng)), (4.49)

and the source function (4.45) becomes
q = t"2U(py1, p2, U, v, w, ). (4.50)

Substituting (4.49) into the collision integral of the Boltzmann equation (1.22), and
integrating by change of variable: 4; = u; — %, we obtain
I(f, f) :t*Q//B(g,Ol)(Q*Q}‘ — Q) sin 6y d6, de diiy dvy du, (4.51)

R3 S2

where
0= Q(plap%avvvw)v Ql 5 Q(plaanﬁ'hvlawl)v

1 = 1 1
O = Q(p1, p2, 5 (@ + Uy + gny), 5(7) + vy + gng), §(w + wy + gns)),

2
N 1, & 1 1
07 = Q(p1, p2, §(U+U1 — gny), 5(11 + v — gna), i(w + wy — gns)),
O z x
9= \/(“ —U1)? 4 (v — )+ (w —wn)?, pr = % = i=u— o (4.52)

Substituting (4.48), (4.51), and (4.50) into the Boltzmann equation (1.22), and multi-

plying the obtained equation by ¢2, the reduced Boltzmann equation is
—Q 4 (v —p1)Q, + (W —p2)Qy, — s — J(2,Q) = V(py, po, 4, v,w,Q),  (4.53)
where

J(Q,Q) = / / B(g,0,)(¢* ¢ — o) sin b db, de dii, dv, dw,. (4.54)
R3 S2
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4.3.2 Illustrative examples in the cylindrical coordinate sys-
tem

Example 4.3.3. (The reduced Boltzmann equation corresponding to the subalgebra

1.2 {BX,+ X7}, B#0.)

Recall the source function and the representation of invariant solutions corresponding

to subalgebra {8X, + X7}:
q=Y(t,rpua V,W ), (4.55)
f=Qt,rpuaV,W), (4.56)

where p =60 — =, @ =u —

I8

Then

fi =+t 2Q, + 1t 2Qy, fo=—t71Q, —t71Q4,

o= fo= B fv =Qv, fw = (4.57)
Hence, the differential part of the Boltzmann equation (A.14) becomes

W2 4% W @ ;
fetufe+ Vit — h+—*h———mwihﬂﬁ %Q+VQ—%%

As f=Q(t,r, 80 — %, u—%,V, W), then

s s
fl - Q(tar7ﬁ8 - ;aul - ;7‘/17W1)7

1 z 1 1
f = (t r, 50 2(u+ul+gcnlc)_;75(‘/—’_‘/1+gcn20)7§<w+wl+gcn3c>>
rz 1 x T 1
= Q(tvr7 BQ - ;a 5((“ - ?) + (ul - ?) + gcnlc)y §(V + VYI + gcn20)a
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1
§(W + Wi + gense)),

z 1 z 1 1
ff = Q(t,?’, 60 - ;7 i(u + Uy — gc”lc) T i(v + ‘/1 - gcn2c)a i(W + Wl - gcn3c))
= 06,7, 00— % S (w5 + (1 = 5) = ), 5 (V + Vi — gona)
- 7T7 ’]"7 2 (% t ul t gcnlc ) 2 1 gcn2c )
1
§<W+W1 — geMae)), (4.59)

and the source function (4.55) becomes
q - ql<t7 T7p7 a?MW7 Q)' (4.6())

Substituting (4.59) into the collision integral of the Boltzmann equation (A.14), and

i w'

+, we obtain

integrating by change of variable: @, = uy
I(f. f) = //B(gc, 0.)(QQ — QQ)sin b db, de day dVi AWy, (4.61)

R3 SQ

where
0= Q(t,?“,p, ﬂv V7 W)7 Ql == Q(t,'f’,p, ﬂla Vvla Wl)7
. L 1 1
0= Q(ta D, i(u +uy + gcnlC)v i(v o ‘/1 + gcn26)7 §(W + Wl + gcn3c>>7

1 1 1
Q7 = Q(t,rp, i(u + Uy — genie), 5(\/ + Vi — genae), §(W + Wi — gense)),

gcz\/(ﬂ—01)2+(V—1/1)2+(W—W1)2, p:ﬁe_; 4= —

|8

L (4.62)

Substituting (4.58), (4.61), and (4.60) into the Boltzmann equation in the cylindrical

coordinate system (A.14), the reduced Boltzmann equation is

AW @ i W2 VW

Ut (5= = D)+ VO — Qi+ — Qv = ——Qw = J(2,9)

=V(t,r,p,a,V,W, Q), (4.63)
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where

J(9,Q) = / / B(ge, ) (0" — Q) sin by d6; de diiy dV; dW. (4.64)

R3 §2
Example 4.3.4. (The reduced Boltzmann equation corresponding to the subalgebra
2.2 {aXy+ X7, BXs + X11})
Recall the source function and the representation of invariant solutions corresponding

to subalgebra {8X, + X7}:
q=1t"V(p1,p2, 0, V. W, ft), (4.65)
f - tilQ(p17p27rL~l/7 V7 W)7 (4.66>

where py =%, pp =7 —af — flnt, u=u—ab — FInt.

Then
fi=t2(=Q —rt7'Q,, + (=2t = B)Qy, — B), fo =172,
fr =172, fo =t 2 (—at,, — atQa), fv =t 2(tQv), fw =t 2(tQ).

Thus, the differential part of the Boltzmann equation (A.14) becomes

w W2 wv
Jitufe +V i+ 7f9 B va - wa =172+ (V = p1)Qy,
5 aW aW w2 VW
+(@—pr—B——)p — (— +8)Qu+ —Qy — Qw). (4.67)
P1 p1 D1 P1

As f=t7'Q(%,2 —af — flnt,u —af — f1Int,V, W), then

o
£ = t‘lﬂ(g, % —af — Blnt,u —ab — Blnt, Vi, W),

1
= t_lQ(g, % —af = Blut, (u+ui +geme) — af — flnt

1 1
) i(v + ‘/1 + gcn2c)7 §(W + Wl + gcn3c))
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T X

=t1Q
<t’t

af — flnt, ;((u —af —flnt)+ (uy —ab — Blnt) + gni.)

1 1
) §<V + ‘/1 + gcn2c>7 §<W + Wl + gcn3c))7

1
fr= t’lﬂ(g, % —af = Blut, S(u+us - gme) - af - lnt
1 1
) g(v + ‘/1 - gcn2c>7 §(W + Wl - ganC))
4~ 1
=t Q(;, T af — flnt, 5((11 —af — flnt) + (uy — b — Blnt) — gny)
1 1
) i(v + ‘/1 - gchC)a §(W + Wl | gcn?;c))7 (468)
and the source function (4.65) becomes
q= t_Q\Il(pprvﬂv‘/aVV?Q)' (469)

Substituting (4.68) into the collision integral of the Boltzmann equation (A.14), and

integrating by change of variable: i, = uy — afl — f1nt, we obtain

J(f. f) =12 / / B(ge, 0) (0" — Q) sin by d6; de diiy dV; dWr, (4.70)

R3 S2

where
Q= Q(p1,p2, 4, V,W), Qi = Qp1,p2, %, Vi, Wh),

1 1 1
0" = Q(p1, 2, 5(“ + U1 + genae), §(V + Vi + genae), §(W + Wi+ genae)),

1, 1 1
Q7 = Q(p1, pas 5(“ + Uy — genie), §(V + Vi — genae), §(W + Wi — gense)),

ge = (@ =)+ (V = Vi)2+ (W — W))2,

Plzgy P2=%—a9—ﬁlnt,a:u—oa?—ﬁlnt. (4.71)

Substituting (4.67), (4.70), and (4.69) into the Boltzmann equation in the cylindrical
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coordinate system (A.14), and multiplying the obtained equation by ¢, the reduced

Boltzmann equation is

. aW aW W2
Q4+ (V=p) + (@ —p2—B———), — (— + 8)% + —Qy
N p1 P
VW
- p QW - J(Q7 Q) = \Ij(php%ﬂa ‘/7 W> Q)7 (472)
1

where

J(9,Q) ://B(gc,el)(sz*m—QQl)smel d6, de da, dV; dW,.

R3 S2
4.3.3 Illustrative example in the spherical coordinate system

Example 4.3.5. (The reduced Boltzmann equation corresponding to the subalgebra
3.8 : {X7, Xg, Xg})
Recall the source function and the representation of invariant solutions corresponding

to subalgebra { X7, Xg, Xo}:
q — W(t’ r? U7 ‘77 f)7 (4'73)
f = Q(t7 T? U7 ‘7>7 (4.74>

where V = V2 + W2,
Then

ft:QtJ fT:Q'N f(p:()? ft9:07 fU:QUJ

V w
fv = WQ\% fw = WQV (4.75)

Thus, the differential part of the Boltzmann equation (A.29) becomes

%% v V24 W2 W?2cotd —UV

ft+Ufr+.7pr+7f0+ fU+ fV
rsind r r r
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- -
S +TV cot6) fw=Q+UQ, + ‘;QU — U:/QV, (4.76)

As f = Q(t,r, U, v/VZ+ W?2), then
fl = Q(t,?“, U17 Y VY12 + W12)7

1 1 1
f*_Q@nzgﬁ+m+gmh%¢$Oﬁ+%+gm%»1+%OV+Wﬁ+%%QP%

1
fl* = Q(t7 r, Q(U + Ul - gsnls)a

1 1
O V8 g+ B W1 = g (@.77)
and the source function (4.73) becomes
q=V(trUV,Q). (4.78)

Substituting (4.77) into the collision integral of the Boltzmann equation (A.29), we

obtain

J(f, ) = //B(gs,el)(ﬂ*m —QQ)sinfy d6, de dU, AV dWy,  (4.79)

R3 S2

where

Q= Q(t,?”, U, \/W, Ql - Q(t7T7 U17 V ‘/12 + W12)7

1 1
QO = Q(t,r, §(U + Uy + gsnis), 5\/(‘/ + Vi + gsnns )2 + (W + Wy + gona,)?,

1 1
QT = Q(ta r, §(U + Ul - gsnls>7 5\/(‘/ + ‘/1 - gsn25)2 + (W + Wl - gsn3s)27

ge = (U = U2+ (V = V)2 + (W — W) (4.80)
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Substituting (4.76), (4.79), and (4.78) into the Boltzmann equation in the spherical

coordinate system (A.29), the reduced Boltzmann equation is

) )
O+ UQ, + ‘;QU - UTVQV —J(Q.Q) = U(t,r, U, V,Q), (4.81)

where

J(Q,Q) = / / Bl(gs, 0:) (27 — QQ,) sin 8, df de dU, dV; dW. (4.82)

R3 §2
Remark. Consider the term g, in (4.80). It is difficult to write (V — V4)? + (W — Wy)?

in the new variable V = /VZ + W2 (or V = V2 + W?).



CHAPTER V

CONCLUSION

This thesis is devoted to group classification of the full Boltzmann equation with

a source term

ft+?fo+Ufy+wfz_J(f>f)ZQ7 (51)

where ¢ = q(x,y, z, u, v, w, t, f). The main idea of the applied method is to use the Lie
algebra Li; admitted by the equation without the source term.

The thesis is separated into three parts. The first part of the thesis is devoted
to the general study of deriving determining equation of the Lie group admitted by
nonlocal equation ®(f) = ¢ using the group properties of the homogeneous equation
O(f) = 0: a strategy for constructing the determining equation for the source function
q is derived.

The developed strategy is applied to Equation (5.1) in the next part. The
determining equation for the function ¢(z, vy, z,u, v, w,t, ) for each subalgebra of the
optimal system of subalgebras of the Lie algebra L;; were studied. Obtaining the source
function is illustrated by some examples. The complete results of the preliminary group
classification are presented in Appendix C.

The third part of the thesis provides representations of invariant solutions of
Equation (5.1). Complete results of the representations of invariant solutions are given
in Appendix D. The reduced equations are also considered in this part. It should
be noted that for some representations of invariant solutions the collision integral is
difficult to write in new variables. A few illustrative examples of reduced equations are

given. More results on the reduced Boltzmann equation are shown in Appendix E.



REFERENCES



REFERENCES

Akhatov, 1. S., Gazizov, R. K., and Ibragimov, N. H. (1991). Nonlocal symmetries.

Heuristic approach. J. Math. Sci. 55 (1).

Bihlo, A., Dos Santos Cardoso-Bihlo, E., and Popovych, R. O. (2012). Complete
group classification of a class of nonlinear wave equations. J. Math. Phys.

53 (123515): 32.

Bobylev, A. V. (1975). On exact solutions of the Boltzmann equation. Dokl. Akad.

Nauk SSSR. 225 (6): 1296-1299.

Bobylev, A. V. (1984). Exact solutions of the nonlinear Boltzmann equation and the
theory of relaxation of a Maxwellian gas. Teor. and matem. physika. 60

(20): 280-310.

Bobylev, A. V. and Dorodnitsyn, V. A. (2009). Symmetries of evolution equations with
non-local operators and applications to the Boltzmann equation. Discrete

Contin. Dyn. Syst. 24 (1): 35-57.

Boffi, V. C. and Spiga, G. (1982a). Global solution to a nonlinear integral evolution

problem in particle transport theory. J. Math. Phys. 23 (11): 2299-2303.

Boffi, V. C. and Spiga, G. (1982b). Nonlinear diffusion of test particles in the presence

of an external conservative force. Phys Fluids. 25: 1987-1992.

Bunimovich, A. I. and Krasnoslobodtsev, A. V. (1982). Invariant—group solutions of

kinetic equations. Mechan. Jzydkosti i Gasa. (4): 135-140.

Bunimovich, A. I. and Krasnoslobodtsev, A. V. (1983). On some invariant trans-
formations of kinetic equations. Vestnik Moscow State Univ., Ser. 1.,

Matemat. Mechan. (4): 69-72.



73

Chirkunov, Y. A. (2012). Generalized equivalence transformations and group classifi-
cation of systems of differential equations. Journal of Applied Mechanics

and Technical Physics. 53 (2): 147-155.

Dorodnitsyn, V. A. (1982). On invariant solutions of a nonlinear heat equation with a

source or a sink. Zh. Vychisl. Mat. Mat. Fiz. 22 (6): 1393-1400.

Dos Santos Cardoso-Bihlo, E., Bihlo, A., and Popovych, R. O. (2011). Enhanced
preliminary group classification of a class of generalized diffusion equations.

Commun. Nonlinear Sci. Numer. Simul. 16: 3622-3638.

Grigoriev, Y. N., Ibragimov, N. H., Kovalev, V. F., and Meleshko, S. V. (2010). Sym-
metries of Integro-differential Equations and their Applications in

Mechanics and Plasma Physics. (Vol. 806). Springer, Berlin / Heidelberg.

Grigoriev, Y. N. and Meleshko, S. V. (1986). Investigation of invariant solutions of the
Boltzmann kinetic equation and its models. Preprint of Institute of The-

oretical and Applied Mechanics of Akad. Nauk SSSR. Sib. Otdelenie.

Grigoriev, Y. N. and Meleshko, S. V. (1987). Group analysis of the integro—differential

Boltzman equation. Dokl. Akad. Nauk SSSR. 297 (2): 323-327.

Grigoriev, Y. N. and Meleshko, S. V. (2001). Group classification and representations
of invariant solutions of the full Boltzmann equation. AIP Conference

Proceedings. 585: 109-116.

Grigoriev, Y. N. and Meleshko, S. V. (2012). On group classification of the spatially
homogeneous and isotropic Boltzmann equation with sources. Int. J. of

Non-Lin. Mech. 47: 1014-1019.

Grigoriev, Y. N.; Meleshko, S. V., and Sattayatham, P. (1999). Classification of in-
variant solutions of the Boltzmann equation. J. of Physics A: Math. and

General. 32: 337-343.



74

Grigoriev, Y. N., Meleshko, S. V., and Suriyawichitseranee, A. (2014). On group
classification of the spatially homogeneous and isotropic Boltzmann equation

with sources II. Int. J. Non-Lin. Mech. 61: 15-18.

Grigoriev, Y. N., Meleshko, S. V., and Suriyawichitseranee, A. (2015). Application of
group analysis to the spatially homogeneous and isotropic Boltzmann equa-

tion with source using its Fourier image. J. Phys.: Conf. Ser. 621 (012006).

Ibragimov, N. H., Torrisi, M., and Valenti, A. (1991). Preliminary group classification

of equations vy = f(2,v;)Up + g(x,v,). J. Math. Phys. 32: 2988-2995.

Kasatkin, A. A. (2012). Symmetry properties for systems of two ordinary fractional

differential equations. Ufimsk. Mat. Zh. 4 (1): 71-81.

Kovalev, V. F., Krivenko, S. V., and Pustovalov, V. V. (1992). Group symmetry of the

kinetic equations of the collisionless plasma. JETP Lett. 55(4): 256-259.

Krook, M. and Wu, T. T. (1976). Formation of Maxwellian tails. Phys. Rev. Lett.

36 (19): 1107-1109.

Lie, S. (1883). Klassifikation und Integration von gewohnlichen Differentialgleichungen
zwischen z, y, die eine Gruppe von Transformationen gestatten. III. Archiv
for Matematik og Naturvidenskab. 8 (4): 371-427. Reprinted in Lie’s

Gesammelte Abhandlungen, 1924, 5, paper XIY, pp. 362-427.

Lie, S. (1891). Vorlesungen iiber Differentialgleichungen mit bekannten in-
finitesimalen Transformationen. B.G.Teubner, Leipzig. Bearbeitet und

herausgegeben von Dr. G.Scheffers.

Lin, F., Flood, A. E., and Meleshko, S. V. (2016). Exact solutions of population balance

equation. Commun. Nonlinear Sci. Numer. Simul. 36: 378-390.

Long, F. S., Karnbanjong, A., Suriyawichitseranee, A., Grigoriev, Y. N., and Meleshko,

S. V. (2017). Application of a Lie group admitted by a homogeneous equation



75

for group classification of a corresponding inhomogeneous equation. Com-

mun. Nonlinear Sci. Numer. Simulat. 48: 350-360.

Meleshko, S. V. (1988). Group properties of equations of motions of a viscoelastic

medium. Model. Mekh. 2 (19): 114-126.

Meleshko, S. V. (1994). Homogeneous autonomous systems with three independent
variables. Prikl. Matem. Mech. 58(5): 97-102. English transl. in J. Appl.

Maths. Mechs. 1994, 58 (5).

Mkhize, T. G., Moyo, S., and Meleshko, S. V. (2015). Complete group classification of
systems of two linear second-order ordinary differential equations. Algebraic
approach. Mathematical Methods in the Applied Sciences. 38: 1824-

1837.

Nonenmacher, T. F. (1984). Application of the similarity method to the nonlinear

Boltzmann equation. J. Appl. Math. Physics (ZAMP). 35 (5): 680-691.

Olver, P. J. (1986). Applications of Lie groups to differential equations.

Springer-Verlag, New York.

Ovsiannikov, L. V. (1978). Group Analysis of Differential Equations. Nauka,
Moscow. English translation, Ames, W.F.; Ed., published by Academic Press,

New York, 1982.

Ovsiannikov, L. V. (1994). The “PODMODELI”program. Gas dynamics. J. Appl.

Maths. Mechs. 58 (4): 601-627.

Ovsiannikov, L. V. (1999). Some results of the implementation of the “PODMOD-
ELI"program for the gas dynamics equations. J. Appl. Maths Mechs. 63

(3): 349-358.

Ozer, T. (2003). Symmetry group classification of two-dimensional elastodynamics

problem in nonlocal elasticity. Int. J. Eng. Sci. 41 (18): 2193-2211.



76

Popovych, R. O. and Bihlo, A. (2012). Symmetry preserving parameterization schemes.

J. Math. Phys. 53 (073102): 36.

Popovych, R. O., Ivanova, N. M., and Eshraghi, H. (2004). Group classification of
(141)-dimensional Schrodinger equations with potentials and power nonlin-

earities. J. Math. Phys. 45 (8): 3049-3057.

Popovych, R. O., Kunzinger, M., and Eshraghi, H. (2010). Admissible transforma-
tions and normalized classes of nonlinear Schrédinger equations. Acta Appl.

Math. 109: 315-359.

Santos, A. and Brey, J. J. (1985). Comments on "a generalized BKW solution of the
nonlinear Boltzmann equation with removal”. Physics of Fluids. 29 (5):

1750.

Spiga, G. (1984). A generalized BKW solution of the nonlinear Boltzmann equation

with removal. Phys. Fluids. 27: 2599-2600.

Suriyawichitseranee, A., Grigoriev, Y. N., and Meleshko, S. V. (2015). Group analysis of
the Fourier transform of the spatially homogeneous and isotropic Boltzmann

equation with a source term. Comm. Nonlin. Sci. Num. Simul. 20: 719-

730.

Taranov, V. B. (1976). On symmetry of one-dimensional high frequency motion of

noncollision plasma. Journ. Techn. Physiki. 46 (6): 1271-1277.

Zhou, L. Q. and Meleshko, S. V. (2015). Group analysis of integro-differential equations
describing stress relaxation behavior of one-dimensional viscoelastic materials.

International Journal of Non-Linear Mechanics. 77: 223-231.



APPENDICES



APPENDIX A

CHANGE OF VARIABLES TO CYLINDRICAL

AND SPHERICAL COORDINATES WITH

VELOCITIES

In this appendix, we provide change of variables to cylindrical and spherical

coordinates with velocities. Solving some systems of partial differential equations re-

quires such a change of variables. The differential terms in the Cartesian coordinates

are changed to the cylindrical coordinates and in the spherical coordinates as well. The

full Boltzmann equations in cylindrical and in spherical coordinates are also provided

for reducing the equations. Recall the full Boltzmann equation and the admitted Lie

group of the equation. The full Boltzmann equation is

fi +ufe+vfy+wf. = J(f, f),

with the collision term

J(f, f) ://B<g>91)(f*f1*_ffl)smeld@ldﬁdul dvy dwy,

R3 S2
where
f=f(z,y, z,u,0,w,1), fi = f(@,y, 2,u, 01, w1, 8),
o= 1y 2z ut ot wh ), JT = fa,y, 2,01, 07, wis ),
and

c 1 .1 .1
U :i(u—l—ul +gny), v :§(v—|—vl+gn2), w :§(w+w1+gn3),

(A.1)
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1 1 1
uy = 5(“ +ur —gm), v = 5(’0 + U1 — gne), wi = 5(10 + wi — gng),
g=v—-—w=(u—u,v—uv,w—wp), g=|glz2, n=(n1,no,ns),|nl =1
The admitted Lie algebra Li; of the Boltzmann equation (A.1) is
X1 =0, Xo=0,, X3=20,, Xy =10, + 0y, X5 =10, + 0y,

X =10, + 0y, X7 =90, — 20, + 00, — w0,, Xg = 20, — 20, + w0, — U0y,

Xg = a:(?y — y@x + u@v — v@u, X10 — 0t, X11 = t@t + x@x + y8y + Z@Z — f8f (A?))

A.1 Change of variables to cylindrical coordinates

Consider the following change of variables (Ovsiannikov, 1994)
z=rsinf, y=rcost, v =Veost — Wsinf, w=Vsinf + W cosf (A.4)
where 6 € [0,27), r > 0. Then
r= \/m, 0 = arctan(;), V =wvcosf +wsinf, W = —vsinf + wcosf. (A.5)

Let ¢ be a function in Cartesian coordinates with velocities and @) be a function in

cylindrical coordinates with velocities relating with ¢ as
Q(‘/L‘7 y’ 27 u? U? w? t) = Q(x7 r(y? Z)) 8(y7 z)? u? V(/U7 w? e(y’ Z))7
W(v,w,0(y, 2)),t, f). (A.6)

Using the change of variables rule, some differential relations between the two systems

are

4z = Qx: Qu = Qu: qt = Qta qr = Qf? Yq> — 2Qy + UGy — WGy = QOa
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Yqy + 2q, = TQT? VGy + WGy = VQV + WQWa WGy — VG = WQV - VQW (A7>

A.1.1 The corresponding basis generators

Let X;. be a basis generator in cylindrical coordinates with velocities corre-
sponding the basis generator X;, ¢ = 1,2,...,11. Using the change of variable to

cylindrical coordinates, we obtain

sin 0 W sin 0 V sin @

Xie = 0y, Xo. = cosbO, — . Oy — . oy + . ow

X, = sin 60, + 00:909 + W(fseav Vst X = 10, + .

X5. = tcos 00, — tsjneag + (cos 6 — §V sinQ)av + (tV L sin 0) Oy,

Xo, = tsin 00, + <509, 4 (sin6 + M)av + (cost— iosg)aw, Xro = 05,

) ) x cos b
Xg. =rsinf0, — rsinfo, —

Oy + (V'sin 6 + W cos 0)0,

+(—using — xWCOSQ)aV ™ (xVCOSG
r

— ucos )y,

zsin 6

X9 = —1 cos 00, + x cos 00, — g + (=V cos O + W sin 6)0,

ind
+ (ucosf — M)ﬁv — w sin 00y,
r
Xi0e = O, Xi1c = t0 + 20, + 10, — fOy. (A.8)

A.1.2 The full Boltzmann equation in cylindrical coordinates

Let f be a function in Cartesian coordinates with velocities and F' be a function

in cylindrical coordinates with velocities relating with f as

flx,y, z,u,v,w, t) = F(z,r(y, 2),0(y, 2), u, V(v,w,0(y, z)), W(v,w,0(y, z)),t). (A.9)
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Then
ft:Ft> fac :Fan
fy = Frry + Fpby, + Fy(—vsinf + wcos )8, + Fy (—vcosf — wsin 0)6,,
f.=Fr,+ Fy0, + Fy(—vsin@ +wcos0)0, + Fyy(—vcosf —wsinh)0,.
It follows that
w W2 wv
According to the change of variables (A.5), we get
Vi =wvicosf 4+ wysinf, Wy = —w;sinf + w; cos b,
o1 1
ut = i(u +u +gny) = i(u + w1 + genae),
V* =v"cosf + w"sinf = §(v+v1+gn2)cos«9+§(w+w1 + gng) sin 0
1 A . .
= 5(@0059 + wsin 6 + vy cos O + wy sin @ + g(ny cos @ + ngsinh))
1
= 5(‘/ +Vi+ gchC)a
k * : * 1 : 1
W* = —v"sinf + w* cosf = —5(1) + vy + gng)sin @ + §(w + wy + gng) cos b
1 . . :
= 5(—2} sin @ 4+ w cos 6 — vy sin 0 + w; cos O + g(—ng sin 6 + nz cosh))

1
- §<W + Wl + gcn?)c)? <A11)

where ni. = ny, N, = nocosf + ngsinf, nsy. = —ngsinf + ngcosfh. By the same way

for finding u*, V*, W*, we obtain

. 1
up = 5(“ + U1 — genic),
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Vi = 5V Vi~ gomao),
Wi = ;(W + Wi — genze)- (A.12)
The variables g. and g, - n. are as follows.
ge = ((w—w)’ + (V= V1)? + (W = W)?) /2
= ((u—uy)?® + ((vcos O +wsin @) — (v, cos§ + wy sin §))? + ((—vsin 6 + w cos 0)
— (—vysin @ + wy cos 0))%)'/?
= ((u—w)*+ (@ —v)+ (w—w))"? =g,
g, .= (u—w)ni+ (V= Vi)nge + (W — Wi)ns.
= (u—wuy)ny + ((vcosh + wsin @) — (vy cos O + wy sin 6))(ny cos 6 + ngsin 0)
+ ((—vsinf + wcosf) — (—vy sinf + w; cos 0))(—nq sin 6 + ngz cos §)
= (u—wu)m + (v = v1)ng + (w —wy)ng = g - . (A13)

The Jacobian for integration by change of variables is \g(%] = 1. Therefore, the

full Boltzmann equation in the cylindrical coordinate system with velocities is

w W2 wv
with the collision integral
J(F,F) = / / B(ge, 0:)(F*F* — FF)sin 6y 6, de duy dV; dW, (A.15)

R3 S2

where

F=F(x,r,0,u,V,Wt), Fy = F(x,r,0,u;, Vi, Wi, 1),
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F*=F(x,r,0,u", V" W* t), F|' = F(x,r,0,u], V", W' 1),
and
ut = §(u+u1 + genie), V' = §(V+ Vi + genge), W* = §(W + Wi+ genae),
1 . 1 L1

Uy = §(U+U1 — genie), Vi = §(V + Vi — genge), Wi = §(W+ Wi — genae),

g = ((u - ul)? (V - ‘/1)7 (W - Wl))a ge = chH27

n, = (Nye, Noe, N3e) = (cos by, cos (e — ) sin by, sin (e — 0) sin by).

Remark. g. =g and g.-n. =g - n.

Remark. For the cylindrical coordinates with velocities, the unit vector n in the Carte-

sian coordinates is defined by
n = (n1,ng,n3) = (cos by, sin by cos e, sin 0y sin €), (A.16)
as shown in Figure A.1. It follows that we can use the trigonometric identities:
Nie = Ny = cos b,
Tge = No COS O + n3sinf = sin #, cos e cos @ + sin #, sin esin 8
= cos (e — 0) sin by,
N3, = —NgSin @ + n3cosd = — sin 6 cos e sin 6 + sin 6, sin € cos §
= sin (e — ) sin 6;. (A.17)

so that we can integrate in the collision integral by change of variable: € = ¢ — 6.
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¥

Figure A.1: The unit vector in Cartesian coordinates for integration in cylindrical
coordinates.

A.2 Change of variables to spherical coordinates

Consider the following change of variables (Ovsiannikov, 1994)
x=rsinfcosy,y =rsinfsiny,z =rcosf,u= Usinfcosp+ V costcosp — Wsin g,
v="Usinf#sinp + V cosfsinp + W cosp,w = U cosf — V sin 6, (A.18)

where ¢ € [0,7), 6 € [0,27), > 0. Then

Ve )
r=y/r2+y?+ 22 p= arctan(g), 0= arctan(ii),
7

z

U =usinfcosp+ vsinfsinyp +wcosf, V =wucosfcosp + vcoslsingp —wsinb,
W = —usin ¢ + v cos . (A.19)

Let ¢ be a function in Cartesian coordinates with velocities and ) be a function in

spherical coordinates with velocities relating with ¢ as
q<x7 y7 Z? u? U? w7 t) = Q(r(x7 y? Z)? ()0('%.7 y)? 9('%.7 y? Z)’ U(u7 v? w7 (p(x7 y)7 6(x7 y? Z))

Vi, v,w,0(2,9),0(x,y, 2), W(u,v,0(2,y),t, f). (A.20)
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Using change rule, some differential relations between the two systems are

qr = Qt7 qr = Qf7 rq, + Yqy + 2q, = rQTa T4y — Yqz + ugy, — vq, = Qcpa

~ cos(p)

Yq. — 2qy + Vg, — wq, = —sin(p)Qy — cos(p) cot(0)Q,, S0 (0) (WQv —VQw)
2Ge — TG + WGy — ugy = cos(0)Qp — sin(p) cot(0)Qy,
sin(y)
— sin(0) (WQy — VQw). (A.21)

A.2.1 The corresponding basis generators

Let X;s be a basis generator in spherical coordinates with velocities correspond-
ing the basis generator X;, 7 = 1,2,...,11. Using the change of variable, we obtain the

generators in spherical coordinates. The generators which are used in this thesis are

()0, — s g, -
X7s = —sin(g)dy — cos(y) cot(9)0d, S0 (0) (Woy — Vow),
_ \™ __sin(p) 3
Xgs = cos(p)0y — sin(yp) cot(6)0, S0 (0) (Woy —Vow),
ng — 8@, XlOs = E)t, Xlls = t@t + Tar — faf (A22)

A.2.2 The full Boltzmann equation in spherical coordinates

Let f be a function in Cartesian coordinates with velocities and F' be a function

in spherical coordinates with velocities relating with f as

f(x7 y’ z? u? U? w? t) = F(r('x’ y? Z)’ 90(1‘7 y)? G(ZL‘, y’ z)? U(“? ,U7 w7 90($7 y)7 9($7 y7 Z))

Vi(u,v,w,0(2,y),0(2,y,2)), W(u, v, 0(2,9)),1). (A.23)
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Then
fe=F, f.=Fr.+ F, + FyU, + FvV,
fo = Fory + Fop, + Fyt, + FyUy + vV, + Fy W,
fy = Fory + Fopy + Foby, + FyU, + FyV, + FywW,,.
It follows that
w V V2 4+ W2

ft+ufz+vfy+wfz:Ft_"UFr_'_.iFLp_‘_*FH"i_iFU
rsind r r

W2cotf — UV W (U + V cot 6)
- r Fv = r

Fy. (A.24)
According to the change of variables (A.19), we get
U; = uy sin € cos o + vy sin @ sin ¢ + wy cos 0,
Vi = uy cos 8 cos ¢ + vy cos B sin o — wy sin 6,
Wi = —uy sin ¢ + vy cos @,
U* = u*sinf cos+ v*sinf sin ¢ + w* cos
1 . 1 o 1
= §(u + uy + gnq)sinf cos ¢ + i(v + v1 + gng) sin @ sin ¢ + §(w + wy + gng) cos b
L. o : o
= 5(us1n0(:osg0+vsmesmg0+wcosQ—I—ulst(:osgo+vlsln081ngp—|—w1 cos 6
+ g(ny sind cos ¢ + ny sin O sin p + ng cos b))
1
= §(U + Ut + gsnas),
V* =u" cosfcosp+ v cosfsing — w* sin 6

1 1 1
= §(u—|—u1 + gny) cosf cos p + 5(?} + vy + gng) cosfsin p — i(w + wy + gng) sin 0
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1 : : : :
= 5(ucos€cosg0+'ucos€smg0 —wsin 6 + uy cos B cos ¢ + vy cos B sin ¢ — wq sin §
+ g(ny cos B cos ¢ + ngy cos O sin p — nz sin b))
1
- 5(‘/ + VYI + gsn28>a
W* = —u*sinp + v* cos p
1 , 1
= —i(u + uy + gny) sinp + 5(1} + 1 + gng) cos @
1 : : :
= 5(—u sin ¢ + v cos ¢ — uy sin @ + vy cos ¢ + g(—nq sin p + ny cos ))
1
= i(W + Wl + gsn3s>> <A25)
where
nys = Ny sin 0 cos @ + no sin fsin p + n3 cos 6,
Ngs = N €O 0 cos p + ny cos B sin g — n3sin b,
N3s = —Nq SiN © + ng COS . (A.26)
By the same way for finding U*, V*, W*, we obtain
. 1
Ui = SU+ U1 = gsmus),
. 1
Vit= §(V + Vi — gsnas),
L 1
Wi = §(W + Wi — gsnss). (A.27)
The variables g; and g, - n, are as follows.

g = (U= U1+ (V= Vi)’ + (W — Wy)?)'/
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= (((usinf cos ¢ + vsinfsin ¢ + w cos B) — (ug sin O cos p + vy sin O sin @
4wy cos 6))? 4 ((ucos 6 cos o + v cos O sin ¢ — wsin @) — (uy cos f cos @
+ vy cos fsin o — w sin )% + ((—usin @ + v cos p) — (—uy sin @ + v; cos @))?)1/?
= ((uw—w)*+ (@ —v) + (w—w)?)"? =g,
g 0, = (U —Up)ny, + (V= Vi)ngs + (W — Wi)ns,
= ((usinf cos ¢ + vsinfsin ¢ + w cos #) — (uy sin @ cos ¢ + vy sin O sin @
+ wq cos 0))(ny sin O cos  + ng sin 0 sin ¢ + nz cos d)
+ ((ucos  cos p + v cos B sin p — wsinf) — (uy cos b cos v + vy cosfsin
— wy sin 0))(nq cos @ cos ¢ + ng cosf sin o — ng sin 6)
+ ((—usin ¢ 4+ v cos @) — (—uq sin ¢ + vy cos p))(—ny sin ¢ + ng cos Y)
=(u—u)n + (v —2v1)ng + (W —wy)ng =g - n. (A.28)

The Jacobian for integration by change of variables is |%| = 1. Therefore, the

full Boltzmann equation in spherical coordinates is

|74 V24 W2 W?2coth — UV

Ft+UFr+rsin9Fw+7F9+ r Fu+ r v
W@ +TV cot 0) Fu = J(F.F), (A.29)
with the collision term
J(F,F) = / / Blgs, 0))(F*F — FF) sin 6, do, de dU, dVy dWi, (A.30)

R3 S2
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where
F:F(T7(,D,9,U,‘/Y,Wt), Fl :F(Ta¢797U17%7W1at)7
F* = F(’]"7 907 97 U*’ V*7 W*7t)7 Ff = F<T7 907 97 Uf? -V]-_*7 Wf7t)7
and
U" = §(U+ Ul +gsnls)a V' = §<V+ Vvl +gsn25>7 W* = §<W + Wl +gsn35)7
L1 .1 .1
U1 = §(U+ Ul _gsnls)> ‘/1 = §(V+‘/1 _gsn2s)v Wl = §(W+ W1 _957133)7
gs = ((U - Ul)a (V - ‘/1)7 (W - Wl))a gs = HgsH27 ns = <n137n237n33)7
nis = cos (€ — ) sin O sin Oy + cos 0 cos 0,
Ngs = €08 (€ — @) cos B sin B — cos By sin 0, nss = sin (e — ) sin 6;.

Remark. g, =g and g, -n, = g - n.

Remark. For the spherical coordinates with velocities, the unit vector n in the Cartesian

coordinates is defined by
n = (ny,n9,n3) = (sin @ cos €, sin b, sin ¢, cos 0, ), (A.31)
as shown in Figure A.2. It follows that we can use the trigonometric identities:
nys = Ny sin f cos ¢ + ny sin f sin p + n3 cos
= sin ¢ cos € sin 6 cos o + sin 0 sin € sin 6 sin  + cos 6 cos 6
= cos (e — ) sin@sin 6y + cos by cos b,

Nos = Ny cos B cos ¢ + ng cos B sin  — ngsin b
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= sin ¢ cos € cos 6 cos @ + sin B sin € cos O sin ¢ — cos @, sin §

= cos (e — ) cosfsin by — cos By sin b,

N3s = —Nq SiN @ + ng cos p = — sin 6, cos e sin ¢ + sin 6, sin € cos ¢

= sin (e — ) sin 0y, (A.32)

such that we can integrate in the collision integral by change of variable: € = ¢ — .

Figure A.2: The unit vector in Cartesian coordinates for integration in spherical
coordinates.



APPENDIX B
DERIVATION OF THE REMAINING

FUNCTIONS hy;,

B.1 Derivation of the function hy,

The group of transformations corresponding to the generator Xj is

T=x2,yJ=y+a 2=z U=u, V=0, W=w, t=t, f=f. (B.1)

This group of transformations maps a function f = fy(z, v, z, u, v, w, t) to the function

f(f’g7zﬂa7l_}’w’ ):fo(i’7gia7z’a7l_}7w’t) (BQ)

It follows that

ff(x7y7 Z,U,U,QU’E) - f()t(i'7g - a,é,ﬂ,@

w? E)?

fi(£7gv 5,’&,’[7,12),13) F fOx(fTﬂg -, 577],1_),’&),{),
.f__(j:7g7 27117177@7{) = ny(j:7g - CL’Z?au@uw? _)7
f;(i'7g7 27?1’1_)7@7{) = fOZ(ZZ’vg - a, 2712’6’12}7 7)7 (B?))

and

_ 1, N 1 B 1 _
f*:fo(may—CL7Z,§(U+U1+gn1)=§(v+vl+gn2)a§(w+w1+gn3),t),

— o 1, N 1 B 1 _
I1 :fO(xay—a7Z,§(U+U1 —gnl),§(v+v1 —9n2)>§(w+w1 — gng),t),
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f_l:fO('iag_awgaulavlawl,t_)a (B4)

Using (B.1), one finds that

§=/(u—w)?+ (v =)+ (w—w)?. (B.5)

Then

Differentiating the latter relation with respect to a and setting a = 0, we derive

Xy(®) = —D, (D). (B.7)
As X5 = 9, then
hx,® = Xo(®) + Dy(®) = —Dy(®) + D,(®) = 0. (B.8)
This means that
i) 40 (B.9)

B.2 Derivation of the function hy,

The group of transformations corresponding to the generator X3 is

v, w=w, t=t, f=Ff. (B.10)

1
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This group of transformations maps a function f = fy(z, vy, z, u, v, w, t) to the function

f(z,9,2,0,0,w,t) = folz,,% — a,u,v,w,1). (B.11)
It follows that

fi(z,9, Z,u4,0,w,t) = fo(Z,7,% — a,u,v,w,1),

fa(@,y,2,u,0,0,8) = fo,(T,7,% — a,,0,w,1),

f3(%, 9,2, 1, 0,0,t) = fo,(Z,9, 2 — a,u,v,w,1t),

f=(2, 7, 2,,9,w,1) = fo.(, 7,2 — a,i,v,w,1), (B.12)

and

- 1, _ _ 1 _ _ 1 _ B
f*:fo(x,y,z—a,g(u—l—ul-kgnl),i(v—l—vl +gn2)7§(w+w1 +gn3)7t)7
= o 1, _ ) 1 _ -~ 1, _ _ -
fl = fo(ffay,Z—a7§(U+U1 _gn1)7§(v+vl _gn2)7§<w+w1 —g?’Lg), )7

f_l:fO(‘fzagag_aﬂLlaUlawl?E)- (B13)

Using (B.10), one finds that

§=1/(u—u)?+ (v —0)2 + (w—w)2 (B.14)

Substituting (B.11), (B.13), (B.14) into (3.24), the collision term becomes

Then
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= (®(f))(Z,7,% — a,u,0,10,1). (B.16)

X3(®) = =D, (D). (B.17)

As X3 = 0, then
hy,® = X3(®) + D,(®) = —D,(®) + D.(®) = 0. (B.18)

This means that
hx, = 0. (B.19)

B.3 Derivation of the function hx,

The group of transformations corresponding to the generator Xj is

T=x2 yJ=y+at, 2=z t=u v=v+a, w=w,t=t f=Ff (B.20)

This group of transformations maps a function f = fy(z,y, 2, u, v, w, t) to the function

f(@,9,2,0,0,0,1) = fo(2,§ — at,z, 1,0 — a,w,1). (B.21)

It follows that
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f=(2, 9, 2,u,0,w,t) = fo.(z,y — at, Z,4,0 — a,w,1), (B.22)

and

_ 1 1 1
= folZ,y — at, z, 5(11 + uy + gny), 5(6 + v + gns) — a, i(w + wy + gns), t)

o -1 N 1 _
= fo(x,y—at,z,g(u—l—ul —|—gn1),§((v—a) + (v — a) + gng),

1 _ _
§(w + wy + gns), t),

- o -1 - 1 B 1 _ —
i :fO(x7y_at727§(u+ul —9n1),§(v+01 — gns) —G7§(w+w1 —gns),t)

_ - _ 1, | B _ _
= ol 5 — a2, 50+ 1 — gnn), (5 — @) + (01 = 0) = gna),

1, _
5(10 +wy — gns),t),

fl :fO(iag_a£27ulavl_a7w17£)~ (B23)

Using (B.20), one finds that

g=/(u— )2+ (v+a—v)2+ (w—w)?

= = )2 + (5~ (0 — @) — w2, (B.24)

Substituting (B.21), (B.23), (B.24) into (3.24) and using the change of variables: 7, =

v1 — a, the collision term becomes

Then
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= (for + wfor + v foy +wfor — J(fo, fo)) (@, y — at, Z,u, v — a,w,1)
= (®(fo))(z,y — at, z,u,v — a,w,t). (B.26)
Differentiating the latter relation with respect to a and setting a = 0, we derive
X5(®) = —(tDy (D) 4 D,(®)). (B.27)
As X5 =t0, + 0, then
hx,® = X5(®) + (tD,(®) + Dy(P))
= —(tDy(®) + Dy(P)) + (tDy(®) + D,(P)) = 0. (B.28)

This means that

hy, = 0. (B.29)

5

B.4 Derivation of the function hy,

The group of transformations corresponding to the generator Xg is

T=x, =y 2=z+at, u=u, V=0, w=w-+a, t=t, f=Ff (B.30)

This group of transformations maps a function f = fy(z,y, z, u, v, w, t) to the function

f(z,9,z,u,0,w,t) = fo(Z,y,z — at,u,v,w — a,t). (B.31)
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), (B.32)

and

= folz,y,z — at, §(ﬂ+ Uy + gny), 5(?7 + vy + gne), 5(“7 +wy + gnz) — a,t)

_1 1
= fO(jrvga zZ— Clt, i(a +uy + gnl)u 5(@ + U1+ gn?)a

(@ — @)+ (wn — a) + ). ),

. 1 | 1 1 .
fl = fO(l’)yvz_at7§(u+u1 _gnl)ui(v—'_vl _gn2)7§(w+w1 _gn?)) —(l,t)

_ -1, _ 1 % _
:fo(x,y,z—at,i(u+u1—gnl),i(v+v1—gng),

;((w —a) + (w1 — a) = gns), b),

fl :f0<3_37g72_at_7u1avlawl_a;t)- (B33)

Using (B.30), one finds that

5= (u— ) + (0 — 1) + (w4~ w)?

= J(u—uw)? + (0 —v)2 + (0 — (w; — a))2. (B.34)

Substituting (B.31), (B.33), (B.34) into (3.24) and using the change of variables: 1w, =

w; — a, the collision term becomes

(J(f, )z, 5,2, 0,0,w,t) = (J(fo, fo))(Z — at, ¥, Z, & — a, 0, w, ). (B.35)

Then
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- J(anfO))(i.aga z— CLE, 'L_L,@,U_J - CL,I?)

= (®(f0))(Z,¥,z — at,u,v,w — a,t). (B.36)
Differentiating the above equation with respect to a and setting a = 0, we derive
Xo(®) = —(tD.(®) + D, (®)). (B.37)
As X¢ =t0, + 0, then
hxe® = X4(®) + (tD-(®) + Dy(®))
= —(tD,(®) + Dy(®)) + (tD.(®) + D,(P)) = 0. (B.38)
This means that

hixs =0: (B.39)

B.5 Derivation of the function hy,
The group of transformations corresponding to the generator Xy is
z = zsin(a) +xcos(a), y =y, z = zcos(a) — zsin(a),
@ = ucos(a) + wsin(a), v =v, w =wcos(a) —usin(a), t =t, f = f. (B.40)

This group of transformations maps a function f = fy(z,y, z, u, v, w, t) to the function

ucos(a) —wsin(a),v,w cos(a) + usin(a), t). (B.41)
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It follows that

ucos(a) — wsin(a), v, w cos(a) + usin(a), t),

|
~—

z cos(a) + zsin(a), ucos(a) — wsin(a), v, w cos(a) + usin(a),

ucos(a) — wsin(a), v,w cos(a) + usin(a), t),

+ Zsin(a), ucos(a) — wsin(a), v, w cos(a) + usin(a),t), (B.42)
and

fi = fo(Z cos(a) — Zsin(a), 7, Z cos(a) + z sin(a), uy cos(a) — wy sin(a), vy,

wy cos(a) g sin(a), t)

= fo(Z,y cos(a) + zsin(a), z cos(a) — ysin(a), ay, 0y, Wy, t),

f* = fo(z cos(a) — zsin(a), y, z cos(a) + T sin(a), ;(u + uy + gny ) cos(a)

1 1 1
- 5(12) + wy + gns) sin(a), 5(75 + v1 + gne), i(w + wy + gns) cos(a)

+ ;(u + uy + gnq) sin(a), )
= fo(Z cos(a) — Zsin(a),y, z cos(a) + T sin(a), ;(u cos(a) — wsin(a)

1 1
+ uy + gny), 5(77 + 01 + gna), 5(@ cos(a) + usin(a) + Wy + gng), t)
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fi = fo(z cos(a) — zsin(a),y, Z cos(a) + z sin(a), ;(ﬂ + uy — gny) cos(a)

1 B . 1 _ _ _
— i(w + wy — gns) sin(a), 5(1} + vy — gna), é(w + wy — gng) cos(a)

1 _
+ 5(11 +uy — gny)sin(a), t)

= fo(z cos(a) — zsin(a), y, z cos(a) + T sin(a), ;(u cos(a) — wsin(a) + @y

— gny), ;(v + 01 — gna), ;(w cos(a) + usin(a) + w; — gng), t), (B.43)
where

@y = wuy cos(a) —wy sin(a), U1 = vy, W1 = wq cos(a) + uq sin(a),

Ny = ny cos(a) — ngsin(a), ng = ng, Ng = nzcos(a) + nq sin(a). (B.44)

Using (B.40), one finds that

g= \/(u cos(a) +wsin(a) — u1)? + (v — v1)? + (wcos(a) — usin(a) — wy)?

= /(@ —@)2 + (6 — )2 + (@ — dn)?. (B.45)

Substituting (B.41), (B.43), (B.45) into (3.24) and using the change of variables:

Uy, 01, w; defined by (B.44), the collision term becomes

(J(f, )(E, 5,z u,v,w,t) = (J(fo, fo))(Z cos(a) — Zsin(a), ¥, z cos(a) + T sin(a)

,ucos(a) —wsin(a), v, w cos(a) + usin(a), t). (B.46)

Here we have used the properties that ||(71, 722, 723)|]2 = 1, and |%| = 1.

Hence,

(@(f)(@, 7, z,0,0,w,t) = (for + (ucos(a) + wsin(a))( for cos(a) + fo. sin(a))
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+ v foy + (wcos(a) — usin(a))(—foo sin(a) + fo- cos(a))

— J(fo, fo))(Z cos(a) — Zsin(a),y, Z cos(a) + T sin(a), u cos(a) — wsin(a),

v,w cos(a) + usin(a),t)

= (for + wfow + vfoy + wfor = J(fo, fo)(Z cos(a) — Zsin(a), ¥,

zcos(a) + T sin(a), i cos(a) — wsin(a), v, w cos(a) + usin(a), t)

= (®(f))(Z cos(a) — Zsin(a), 7, Z cos(a) + 7 sin(a), & cos(a) — @sin(a),

v, w cos(a) + usin(a), ). (B.47)
Differentiating the latter relation with respect to a and setting a = 0, we derive
Xs(®) = —2D,(®) + 2D, (®) — wD,(P) + vDy (D). (B.48)
As Xg = 20, — 0, + w0, — ud,, then

hxe® = Xg(®) + (2D,(®) — 2D (®) + wD,(P) — uD,,(P))
= (—2D,(®) + 2D, (D) — wDy (D) + vDy (D))

+ (2D4(®) — 2D.(®) + wDy(P) — uDy(®)) = 0. (B.49)

This means that

hx, = 0. (B.50)

B.6 Derivation of the function hy,

The group of transformations corresponding to the generator Xy is

T = xcos(a) —ysin(a), y = ycos(a) + zsin(a), z = z,
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u = ucos(a) —vsin(a), v =vcos(a) +usin(a), w=w, t=t, f=f. (B.51)

This group of transformations maps a function f = fy(z,y, z, u, v, w, t) to the function

f(z,y,z,u,v,w,t) = fo(zcos(a) + ysin(a),y cos(a) — zsin(a), z, u cos(a) + vsin(a),

vcos(a) — usin(a), w, ). (B.52)

It follows that

— Zsin(a), z, ucos(a) + vsin(a), v cos(a) — usin(a), w, t),

— Zsin(a), z, ucos(a) + vsin(a), v cos(a) — usin(a), w, t),

Fo(Z, 5, 2,0, 0,0, 1) = fou(Z cos(a) + Fsin(a), i cos(a) — Zsin(a), Z, @ cos(a)
+ vsin(a),  cos(a) — usin(a), v, 1), (B.53)
and
fi = fo(Z cos(a) + ysin(a), y cos(a) — zsin(a), Z, u; cos(a) + vy sin(a),
v1 cos(a) — u; sin(a), wy, )

= fo(z cos(a) + ysin(a),y cos(a) — Tsin(a), z, Uy, U1, W1, t),
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f* = fo(zcos(a) + ysin(a), y cos(a) — Tsin(a), z, ;(ﬂ + uy + gny) cos(a)

1 1 1
+ 5(13 + v1 + gng) sin(a), 5(17 + vy + gng) cos(a) — 5(71 + uy + gny ) sin(a),

1, _ _
i(w + wy + gng), t)

= fo(Z cos(a) + ysin(a), y cos(a) — T sin(a), z, ;(u cos(a) + vsin(a) + 41 + gna),

1 1 _
5(6 cos(a) — usin(a) + 01 + gns), 5(&) + Wy + gng), t),

fi = fo(z cos(a) + ysin(a),y cos(a) — zsin(a), z, = (4 + uy — gny) cos(a)

N | —

1 1 1
+ 5(1‘) + v — gngy) sin(a), 5(6 + vy — gng) cos(a) — 5(@ +uy — gny) sin(a),

1, _ _
i(w + wy — gng), t)

= fo(Z cos(a) + ysin(a), y cos(a) — T sin(a), z, ;(ﬂ cos(a) + vsin(a) + a1 — gny),
(0 cos(a) — msin(a) + 7 ~ ), (@ + @~ 97s), ), (B.54)

where
Uy = uy cos(a) +wysin(a), 01 = vy cos(a) —uy sin(a), Wy = wy,
n1 = ny cos(a) + ngsin(a), ng = ng cos(a) — nysin(a), Nz = n3. (B.55)

Using (B.51), one finds that

g= \/(u cos(a) —wvsin(a) — u1)? + (v cos(a) + usin(a) — v1)? + (w — wy)?
Vi@ — )

U— )%+ (0 —01)% + (0 — )2 (B.56)
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Substituting (B.52), (B.54), (B.56) into (3.24) and using the change of variables:

1, U1, w; defined by (B.55), the collision term becomes

ucos(a) + vsin(a), v cos(a) — usin(a), w, t). (B.57)
Here we have used the properties that |(n1,72,723)] = 1, and |%| = 1.

Hence,

+ (veos(a) + usin(a))(for sin(a) + foy cos(a)) + w fo. — J(fo, fo))(Z cos(a)

+ gsin(a),y cos(a) — Tsin(a), z, u cos(a) + vsin(a), v cos(a) — usin(a), w, )

= (for + ufor + vfoy + wfor = J(fo, fo))(Z cos(a) + ysin(a),

ycos(a) — zsin(a), z, ucos(a) + vsin(a), v cos(a) — usin(a), w, t)

= (®(fo))(z cos(a) + ysin(a),y cos(a) — zsin(a), z, u cos(a) + vsin(a),

v cos(a) — asin(a), w,t). (B.58)
Differentiating the latter relation with respect to a and setting a = 0, we derive

Xo(®) = —2D,(®) + yDy(®) — uDy(®) + vD,(P). (B.59)
As Xg = 20, — y0; + ud, — v0, then
hxy® = Xo(®) + (Dy(®) — yDx(P) + uD,(P) — vDy(P))

= (=2Dy(®) + yD(®) — uDy(®) + vDu(P))

+ (2Dy(®) — yDy(®) + uDy (D) — vDy(®)) = 0. (B.60)
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This means that

hx, = 0. (B.61)

B.7 Derivation of the function hy,,

The group of transformations corresponding to the generator Xiq is

T=x,y=y Z=2 U=u 0=0v, W=w, t=t+a, f=Ff (B.62)

This group of transformations maps a function f = fy(z, v, z, u, v, w, t) to the function

f(a_j7 g? 2’ ﬂ? 67 w? _) — f0<j7 g? Z? /Ij” ,57 ,I,Z), t__ a)' (B'63)
It follows that

fi(j7g7 572_/”1_)7@7 7) = fOz(faga Zvaaﬂawvf_ a’): (B64)
and

- 1 N 1 N 1, B _
f*:fO(xaya27§<u+ul+gn1))§(v+vl+gn2)7§(w+wl+gn3))t_a)7

- - _ 1, _ 1, _ _ 1, _ _
fl*:fO(xvyazvi(u—f_ul_gn1)7§(v+vl_gnQ)aﬁ(w—'—wl_gn?))vt_a):

fl:fO(fvgazvuhUl?wlaE_a)- (B65)
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Using (B.62), one finds that

g= \/(u —up)? 4 (v —v1)% + (w —wy)% (B.66)

Substituting (B.63), (B.65), (B.66) into (3.24), the collision term becomes

Then

= (®(fo))(@, 9,2, 0,0, w0, — a). (B.68)
Differentiating the latter relation with respect to a and setting a = 0, we derive
X10(®) = —Dy(®). (B.69)
As X9 = 0; then
hx,,® = X10(®) + Di(®) = —Dy(P) + Dy(P) = 0. (B.70)

This means that

hix,, = 0. (B.71)



APPENDIX C

AN OPTIMAL SYSTEM OF SUBALGEBRAS OF

An optimal system of subalgebras of Lie algebras L1; obtained in (Ovsiannikov,

1994) is shown in this Appendix. There are 13, 27, 47, 50, 37, 25, 14, 5, 2, 2, and 1

subalgebras of k—dimensional subalgebras, k = 1,2, ..., 11, respectively, in the optimal

system.

Table C.1: An optimal system of subalgebras of L.

No.

Subalgebra

No.

Subalgebra

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
1.10
1.11
1.12
1.13
2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9

BA+T+all, a#0
B4+7,8#0

7

1+7

B4+ 7+ 510, 8#0
7410
Ba+11,8#0

11

4+10

10

3+4

4

1

10,7+ all, a #0
ad+ 7,64+ 11
4,74+ all, a#0
LB4+7+all,a#0
7,10

1+7,10
al+7,4410

4.7

1,64+7

2.10
2.11
2.12
2.13
2.14
2.15
2.16
2.17
2.18
2.19
2.20

2.21
2.22
2.23
2.24
2.25
2.26
2.27
3.1
3.2
3.3

4147
1,84+ 7+10

10,11

4,11

4,05+ 11, a #0
1,84+ a5+ 11, a #0
1,84+ 11

1,10
3,4+ a6+ 10, a#0
1,4+ 10

al +03+4+5,61+712+6,
o+ 4 (o+T1)=1
3+5,2-6

5,6

al +2,3+4

al +2,4

1,3 +4

1,4

2.3

7.10,11
1,10,84 4+ 7+ all
4,7,11
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Table C.1: An optimal system of subalgebras of L;; (Continued).

No. Subalgebra No. Subalgebra

34 l,0d+7,54+11 3.37 4,5,6

3.5 5,6,44+T7T+all,a#0 338 al+3,81+5,014+72+6,

3.6 1,4,7+all,a#0 B2+o2+12=1

3.7 23,4+ 7+ all, a#0 339 al+3,5,6

3.8 7,89 340 1,3+5,72+6, 7 # —1

39 1,04 +7,4+10 341 1,3+5,2—-6

3.10 5,6,84+7 342 1,5,6

3.11 1,4,7 343 [1+3,2,4

312 2,3,B4+7,3#0 3.44 2,3,4

3.13 2,3,7 345 1,2,3+4

3.14 5,6,1+ad+7 3.46 1,2,4

3.15 3+45,2—6,al+p4+7 347 1,2,3

3.16 2,3,1+7 4.1 7,8,9,11

3.17 1,4,74+10 42 1,04 +7,10,11

3.18 2,3,84+ 74 510, B #0 4.3 2,3,10,7+ all

3.19 2,3,74+ 10 44 1,4,10,74+all, a #0

3.20 1,10,54 + 11 4.5 5,6,04+4 7,54+ 11

3.21 5,6,84+ 11 4.6 1,4,7,11

322 1,04+6,844+ 05+ 11 4.7 2,3, 044 7,64+ 11

3.23 1,4,11 48 4,5,6,7+all, a#0

3.25 2,3,84+05+11,0#0 4.9 1,5,6,84+ 7+ all

3.26 2,3,p4+11 410 2,3,4,7+ all

3.27 3,0l + [32+6,4+ 10 411 1,2,3,4+7+all, a#0

3.28 1,2+44,10 412 1,2,3,64+7

3.29 1,4,10 413 7,8,9,10

3.30 2,3,44+06+10,0#0 4.14 2,3,7,10

3.31 2,3,4+10 415 2,3,1+7,10

3.32 2,3,6+10 416 2,3, a0l +7,4+10

3.33 2,3,10 4.17 4,5,6,7

3.34 =024+ pPB3+4,01+02—a3+5, 418 4,5,6,147
—Bl+a2+ 7346, 419 4,3+5,2—-6,al+7
2+ B2+ +(o+7)2=1 420 1,3+5,2—6,04+7

3.35 4,34+5,2—-6 421 2,3,4,1+47

3.36 144,5,6 4.22 1,2,3,64+ 7+ 10
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Table C.1: An optimal system of subalgebras of L;; (Continued).

No. Subalgebra No. Subalgebra
423 1,4,10,11 59 1,4,5,6,7+all
424 2,3,10,06 + 11, a #0 5.10 2,3,5,6,84+7+all,a#0
425 23,1011 511 1,2,3,4,7+all,a £0
426 4,5.6,11 512 1,2,3, a4+ 7,4+ 10
427 1,04+5,6,84+ 11, a #0 513 2,3,5,6,84+7, #0
428 1,5,6,04+ 11 514 2,3,5,6,7
429 1,4,6,ab+ 11 515 1,2,3,4,7
430 2,3,04+46,54+05+11 516 1,4,3+5,2—-6,7
4.31 2,3,4,a5+ 6+ 11, 0>+ 3> #£0 517 2,3,5,6,14+7
432 2,3,4,11 5.18 2,3,5,6,54+ 7+ 510, B#0
433 1,2,3,p4+11,5#0 5.19 23067—1—10
434 1,2,3,11 520 1,2,3,4,74+10
435 2,3,al 45,44 56 + 10 5.21 2,3,5,10,06 4+ 11
436 2,3, al+5,6+ 10 5.22 1,2,3,10,4 + p11
437 2.3,1+5,10 523 1,2,3,10,11
438 2,3,5,10 524 1,4,5,6,11
439 1,2,3,4+10 5.25 23044—!—5654—1—11 a#0
440 1,2,3,10 5.26 2,3,5,6,84+ 11
441 1,024+ 73+4,a3+ 5,52+ 6, 5.27 2,3,4,6,55+ 11
o+ 71+ (a+p)? =1 528 1,2,3,6,84+ 11, 3#0
442 1,4,3+5,2—6 529 1,2,3,4,11
443 1,4,5,6 530 2,3,a1+45,6,44+10, a #0
444 2,014+3,14+5,6,a#0 5.31 2,3,5,6,4+ 10
445 2,3,1+5,6 5.32 2,3,145,6,10
446 1+ 33,2,5,6 5.33 2,3,5,6,10
447 2,3,5,6 5.34 1,2,3,6,4+ 10
448 1,2,3+5,6 5.35 2,3,4,5,6
449 1,2,5,6 5.36 2,3,4,5,1+6
450 1,2,3,4 537 1,2,3,5,6
5.1 7891011 6.1 1,2,3,7,10,11
52 1,4,7,10,11 6.2 2,3,5,6,10,7+all, a £0
53 2,3,7,10,11 6.3 1,2,3,4,10,7+ a1l
54 1,2,3,10,84+ 7+ all 6.4 1,4,5,6,7,11
5.5 4,5,6,7,11 6.5 1,2,3,4,7,11
5.6 2,3,4,7,11 6.6 2,3,5,6,0d+7,84+411
5.7 1,5,6,04+ 7,54+ 11 6.7 2,3,4,5,6,7T+ all, a#0
5.8 1,2,3,04 47,54+ 11 6.8 1,2,3,5,6,04+ 7+ all




Table C.1: An optimal system of subalgebras of L;; (Continued).

No. Subalgebra

6.9 4,5,6,7,8,9

6.10 1,2,3,7,8,9

6.11 2,3,5,6,1+7,10

6.12 2,3,5,6,al +7,4410
6.13 2,3,5,6,7,10

6.14 2,3,4,5,6,1+7

6.15 2,3,4,5,6,7

6.16 1,2,3,5,6,7+ 10

6.17 2,3,5,6,10,11

6.18 1,2,3,4,10,a6 4+ 11, « # 0
6.19 1,2,3,4,10,11

6.20 1,2,3,5,6,04+ 11

6.21 2,3,4,5,6,11

6.22 1,2,3,5,6,10

6.23 1,2,3,5,6,44 10

6.24 1,2,3,4,5,6

6.25 1,2,3,5,6,04+7

71 1,2,3,7,8,9,11

7.2 4,5,6,7,8,9,11

73 2,3,5,6,7,10,11

74 1,2,3,4,7,10,11

75 1,2,3,5,6,10,84 4+ 7+ all
76 2,3,4,5,6,7,11

77 1,2,3,5,6, 04+ 7,54+ 11
7.8 1,2,3,4,5,6,7+all, a#0
79 1,2,3,7,8,9,10

710 1,2,3,5,6,a4+ 7,44 10
711 1,2,3,4,5,6,7+ 10

712 1,2,3,5,6,10,04 + 11
713 1,2,3,4,5,6,11

714 1,2,3,4,5,6,10

81 1,2,3,7,8,9,10,11

82 1,2,3,5,6,04+7,10,84 4+ 11
83 1,2,3,4,5,6,7+ «l1,10
84 1,2,3,4,5,6,7,11

85 1,2,3,4,5,6,10,11

Y

No. Subalgebra

9.1 1,2,3,4,5,6,7,10,11

92 1,2,3,4,5,6,7,8,9

10.1 1,2,3,4,5,6,7,8,9,11
10.2 1,2,3,4,5,6,7,8,9,10
11.1 1,2,3,4,5,6,7,8,9,10,11
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Complete results of the preliminary group classification of the Boltzmann equa-
tion with a source function are shown in this Appendix. Numbers in the first column of
Table D.1 coincide with the numbers in the first column of Table C.1. The superscripts
¢ and ° which are next to this subalgebra number in the first column indicate that
the source function ¢ is presented in the cylindrical coordinate system, or the spherical

coordinate system, respectively. Here W, is an arbitrary function of £ independent

APPENDIX D

GROUP CLASSIFICATION

variables, and C' is constant.

Table D.1: Group classification.

No. Source function ¢ Subalgebra

L1° ¢720(2 =2t 20— it u—LClnt, V,W, ft) B4+ T7+all, a#0
1.2° Wq(t,r, B0 — ,u— £, V,W, f) BA4+T7,6#0

1.3¢ Wq(t,z,r,u, V,W, f) 7

14¢ Wq(t,r,x —0,u, V. W, f) 147

1.5¢ W (t2 —2x,7,t — B0,u—t,V,W, f) B4+ 7+ P10, 8 #£0
1.6 Wy(z,r,t —0,u,V,W, f) 7+ 10

L7 t720(4,2,2 — Blnt,u— Blnt, v, w, ft) B4+11, B #0

1.8 72U (LY 2 v, w, ft) 11

1.9 U,(t2 —2x,y,z,u—t,v,w, f) 4410

1.10 Vy(z,y, 2z, u,v,w, f) 10

111 Vy(t,z —tz,y,u — z,v,w, f) 3+4

112 Wq(t,y,z,u— ,0,w, f) 4

113 WUq(t,y, z,u,v,w, f) 1

2.1 27%We(L, 00 —Inz,u,V, W, fx) 10,7+ all, a #0
2.2¢ t_2\1/6(§,%—a@—ﬁlnt,u—a@—ﬂlnt,V,VV,ft) ad+ 7,54+ 11

2.3 17°Wg(%, 0 —Int,u— %, VW, ft) 4,7+ all, a #0
2.4° 7 2Wg(%, a0 —Int,u— Zlnt, V, W, ft) L,B4+T7+all,a#0




Table D.1: Group classification (Continued).

No.  Source function ¢ Subalgebra
2.5¢ \Ifg(r x,u, V,W, f) 7,10
2.6 Ye(r,x —0,u, V,W, f) 147,10
2.7 We(r, 2(x—a9) — 2 u—t, V,W, f) al +7,4+ 10
2.8° We(t,r,u— 7, V,W, f) 4,7
2.9¢ 6(15 rou— BQ, V., W, f) 1,64+7
2.10° We(t,r,u—2+2 V. W, f) 4,1+7
2.11¢ W4(r,0 —t,u— Bt, VW, f) 1,4+ 7+ 10
212 27We(Y, 2, u,v,w, fr) 10,11
2.13 t‘2\116(%,§ u— % v,w, ft) 4,11
2.14 t‘Q\Ifﬁ(%—alnt,;,u—f v—alnt,w, ft) 4,05+ 11, a # 0
—2 z Y
;12 t 23;25,2 glgfnzzvilnfi)v alnt,w, ft) 1,?11(;15—1—11,04#0
: 6\%> 7o U, W, ;
2.17 \116(y,z u,v,w, f) 1,10
2.18 (x—t2 y,u—t,v,w— at, f) 3,4+ a6+ 10, a #£0
219 Ye(y, z,u —t,v,w, f) 1,4+ 10
220 We(t,aty — 72) + B(tz — oy) + z(oT — ), u,v + al+03+5,81+71246,
A+ B+ (c+7)2=1
221 We(t,z,u,v — 5 w+ 2 f) 3+52-6
222 We(t,z,u,v —Y,w—=%,f) 5,6
2.23 \IJG(t,x—ozy—tz,u z,v,w, f) al+2,3+4
224 Wg(t, z,u+ =, v, w, f) al +2.4
2.25  Y4(t,y,u — z,v,w, f) 1,344
226  Yg(t,y, z,v,w, f) 1,4
2.27 \116(t,a:,u,v,w, ) 2,3

¢ll



Table D.1: Group classification (Continued).

No. Source function ¢ Subalgebra

3.1 27?U5(L,u, VW, fx) 7,10,11

3.2¢ e‘zae\lfg,(re_a@, u— B0, V,W, fe*9) 1,10, 84 + 7+ all

3.3¢ —2\115( L VW, ft) 4,7,11

3.4¢ 2\1f5(§ o — mnt V, W, ft) 1,04 + 7,54+ 11

3.5 Ws(F — 5 Int,u— lnt arctan( i L =~ 1Int, \/ — 22 ft) 56,84+ 7+ all,a#0

3.6¢ 2\115@ —1Int,V, W, ft) 1,4,7+all, a #0

3.7 252 - glnt,u—glnt,amtan(%)—glnt, VR, ft) 2,34+ T7+all,a#0

3.8° \115(t r U, V2 + W2, f) 7.8,9

3.9 Us(r,u—t—ab, VWf) L,ad+ 7,4+ 10

3.10  Ws(t, % — Barctan(~—4),u — S arctan(-— f),\/(v— 2+ (w—%)2f) 5,6,844+7

3.11¢ 1115(t,7",‘/,l/[/,f) 1,4,7

312 Ws(t,u — %, arctan(*) —%,\/vz—i—wz,f) 2,3,4+7,8#0

3.13  Ws(t, x,u, Vo2 + w?, f) 2,3,7

3.14  Ws(t, e ( f)_1+at’\/(0—%)2+(w—?)2>f) 0,6,1+ad+7

3.15  Ws(t,u+ Barctan(=2) 2 + (a + (t) arctan (o2, 34+5,2—6,al+p4+7
\/(y—tv—l—w)Q—l—(z—tw—v) f)

3.16  W5(t,u,arctan(?) — z, Vo2 + w?, f) 2,3,1+7

317 Ws(t— 0, V, W, f) 1,4,7+ 10

3.18  W5(2z — %, u —t,arctan(®) — %,\/v2+w2,f) 23,4+ 7+ p10, B #0

3.19  Vs(x,u,arctan(¥) —t, Vo2 +w?, f) 2,3,74+10

320 y U5, u— Blny,v,w, fy) 1,10, 84 + 11

321 +2Ws(2 — Blnt,u— Blnt,v— L w— 2, ft) 5,6, 04 + 11

3.22 t_2\lf5(% olnt u———ﬁlntv—alntw = ft) 1,ad4+6,84+ 05+ 11

€1t



Table D.1: Group classification (Continued).

No. Source function ¢ Subalgebra

3.23 2@5(¥,§—alntv w—olnt, ft) 1,4,06 +11, 0 #0

3.24 t72U5(Y, 2 v, w, ft) 1,4,11

3.25 2\115(%—ﬁlnt,u—ﬁlnt,v—Ulnt7w,ft) 2,3,044+ 05+ 11,0 #0

3.26 t’2llf5(% — fnt,u — Blnt,v,w, ft), 2,3,64+ 11

3.27 W5(t* — 2z + 20w,y — Bw,u — t,v, f) 3,al + 32 +6,4+10

3.28 Vs(z,u—y,v,w, f) 1,2+4,10

3.29 VUs(y,z,v,w, f) 1,4,10

3.30 Ws(t? —2x,u —t,v,w — ot, f) 2,3,4+ 06+ 10,0 #0

3.31 Us(t? —2x,u—t,v,w, f) 2,3,4+ 10

3.32 Vs(z,u,v,w—t,f) 2,3,6+ 10

3.33 \115(:C,u,'u,w, ) 2,3,10

3.34 Us(t,x —tu — dv+ Pw,y — tv + du — ov — aw, —024+ 683 +4,61+02—a3+5,—B1+ a2+ 73+6,
z—tw— fu+av—Tw, f) a?+ 32402+ (oc+7)=1

3.35 \115(ta: tu,tw — z + v,y — tz + (2 + Dw, f) 4)3 145, 2516

3.36 Us(t,u(t+1) —z,y—tv,z —tw, f) 1+4,5,6

3.37 Ws(t,u fv—fw—f,f) 456

3.38 Us(t,7w+tv—y,w(o—at)+pv—x+az,u f) al+3,1+50l+72+6, 2 +02+72=1

3.39 Us(t,y —tv,x — az — tw),u, f) al +3,5,6

3.40  Ws(t, w(t? —T)—i—y—tz TW — Y+ tu,u, f) 1,34+5,72+6, 7 # -1

3.41 (tw(t2—|—1)+y—tzw+y—tvuf) 1,3+5,2—6

342 Vs(t,u,v—Yw—7%,f) 1,5,6

3.43 (ttu—x—i—ﬁszf) Bl1+3,2,4

344 Ws(t,u— 2 v,w, f) 2.3 4

3.45  Ws(t,u zv ,w, f) 1,2,3+4

3.46  Us(t, z,v,w, f) 1,2,4

3.47  Ws(t,u,v,w, f) 1,2,3

VIl



Table D.1: Group classification (Continued).

No.  Source function ¢ Subalgebra
415 rR (5 U V2 + W2, fr) 7,8,9,11
4.2¢ r7204(u— ab, V,W, fr) 1,04 4+7,10,11
4.3 eQaarctan \1,4(x€aarctan(i)7 /v2 + w27 u, fe—aarctan(ﬁ)) 2,3,10,7+ all
4.4¢ r204(ab —Inr, V,W, fr) 1,4,10, 7+ all, a #0
)2 (2—tw)2? z—at arctan(zyittz;}) Mo arc an z tu
45 2 (VRO o i ‘ ) ft) 5,6,04 + 7,54 + 11
4.6° 2LV, W, fr) 1,4,7,11
T atarctan(%) . . v
AT 2t Pe T g Beuwtaarctan() (S22 ) 2,304+ 7,84 + 11
4.8 t_2\114(z—ttu7 v/ (y—tv)2t+(z—tw)2 , te—aarctan(ﬁ) ) 4,5,6,7+ all, a #0
4.9 672aarctan(z:t;‘j)\1}4(\/(y . tU) + (Z B tw) aarctan(y tv)jtefaarctan(zi 1,56, 54 + 74+ all
u — Barctan(:=1 zotwy - pooarctan(s =)
4.10 2aarctan( )\114((1. _ tu) aarctan() teaarctan ) 02 + w2 fe—aarctan =) ) 2,3, 4’ 74+ all
L1120, (ferectan(®) —Beou /o712 fy) 1,2,3,84 + 7+ all, a £ 0
4.12 \114(u—|—5arctan( ), VU2 + w2t f) 1,2,3,64+7
4,135 Wy(r,U, V2 +W2 f) 7,8,9,10
414 Uy(v* +w? z,u, f) 2,3,7,10
4.15 4(x—|—arctan( ), V2 4+ w?iu, f) 2,3,1+7,10
4.16 4(2aarctan(w)+2$—t2,\/02+w2,t—u, f) 2,3,al +7,4+10
417 Vy(z —tu, (y — tv)® + (2 — tw)?, 1, f) 4,5,6,7
4.18 da:—tu—arctan(?‘i’j),\/(y—tv)2+(2—tw)2,t, f) 4,5,6,14+7
4.19 Z1(x—tu—ozaurctam(Zw_ﬁ;_ftf‘l”)),\/(w—i—y—tv)Q—i—(z—v—tw)Q,t,f) 4,3+5,2—-6,al+7
4.20 4(u—aarctan(zjrz_ttlz),\/(w+y—tv)2—i—(z—v—tw)Q,t,f) 1,3+5,2—-6,04+7
4.21 4(x—tu+arctan( ), Vo2 +w?t, f) 2,3,4,1+7
422 Uy(u— pt, t+arctan( ), Vo2 +w?, f) 2,3,4+74+10

It



Table D.1: Group classification (Continued).

No. Source function ¢ Subalgebra

4.23 y‘2\114(§, v, w, fy) 1,4,10,11

4.24 72V (u,v,w — alnz, fr) 2,3,10,a6 + 11, a # 0

4.25 1720 (u, v, w fa:') 2,3,10,11

4.26 2‘114(u—f v—Yw— 2 ft) 4,5,6,11

4.27 Ty, “’“’tﬁuav . ft) 1,a445,6,84+ 11, a A0

4.28 2\114(u—61nt v—Y%w— % ft) 1,5,6,64 + 11

429 t72W4(¢ — alnt, v—odnt w— 2, ft) 1,4,6,ab + 11

430 20, (t 'Bez i pBeumow —ogv ) 2,3,04+ 6,34+ o5+ 11

4.31 t720y(u — v—alnt w — Blnt, ft) 2,3,4,a5+ 86+ 11, a® + 3% #0

4.32 2\114(u— , U, w, ft) 2,3,4,11

4.33 2\114(u—ﬁlnt v, w, ft) 1,2,3,4+11, 8 #0

4.34 720 (u, v, w, ft) 1,2,3,11

4.35 ‘114(t2—2:z:+20w u—t,w — [t f) 2,3,al +5,44 56+ 10

436 Vy(x —av,u,w —t, f) 2,3,al1 45,6+ 10

437 Yy(u,v — z,w, f) 2,3,1+5,10

438 Uy(z,u,w, f) 2.3,5,10

439 Yy(u—t,v,w,f) 1,2,3,4+ 10

440 Wy(u, v,w, f) 1,2,3,10

441 Yy(y —ou—tv — pw,z —1u—av —tw,t, f) 1,02+ 134+4,a03+ 5,52+ 6,
o+ 1+ (a+p)? =1

442 Uy(y —tv+w,y —tz +w(t* +1),t, f) 1,4,3+5,2—6

443 Vy(v—Yw— 2t f) 1,4,5,6

4.44 \114(v—x+oz(z—tw) u,t, f) 2,0l +3,145,6,#0

4.45 Wy(u,v —x,t, f) 2,3,14+5,6

446 Wyt u,w+ 22 f) 1+ 83,2,5,6
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Table D.1: Group classification (Continued).

No. Source function ¢ Subalgebra

447 Uy(x,u,t, f) 2,3,5,6

448 Wy(v —z+tw,u,t, f) 1,2,34+5,6

4.49 Vy(u,w— 2,t, f) 1,2,5,6

450 Wy(v,w,t, f) 1,2,3,4

5.15  r2W3(U, V2 + W2, fr) 7,8,9,10,11

5.2¢ 7“*2\113(‘/,1/[/,]67“) 1,4,7,10,11

5.3 x72U3(v? + w? u, fr) 2,3,7,10,11

5.4  ePearctan()W,(y + 5 arctan(), Vv? + w?, feaarctan(y)) 1,2,3,10, 84 + 7+ «all

5.5 W (at ot gy 4,5,6,7,11

5.6 1T2Wg(E 02 —|—w , f1) 2,3,4,7,11

5.7 Wy (the aarctan(5=e - \/(y —l0)2 4 (=2 fy) 1,5,6,04 + 7,54 + 11

5.8 172Uyt Peutanctan() (/o 12, f1) 1,2,3. 04 + 7,54+ 11

59 e 2earctan(zy ?5)\1/3(\/(3/ — t0)? + (2 — tw)2e NG =) e GEE) 14,5,6,7 + all
feozarctan(Z tw )

510 72052 — 2Int,u— Llnt, ft) 2,3,5,6,84+ T+ all, a #0

5.11 t_2\113(teamtan( ) V2 +w?, ft) 1,2,3,4,7+all, a # 0

512 W3(t —u — aarctan(2), Vo2 +w?, f) 1,2,3, 04+ 7,4+ 10

513 Ws(u— 2.t f) 9.3.5,6,04+7, 40

514 (4.47) 2.3,5,6,7

5.15 W3(v? + w?,t, f) 1,2,3,4,7

516 Y3((w+y—tv)*+ (v—z+tw)t, ) 1,4,3+5,2—6,7

517 Uy(u,t, f) 2,3,5,6,1+7

518 Wy(t2 — 2a,u —t, f) 2,3,5,6, B4+ T+ 810, B # 0

519 Ws(x,u, f) 2,3,5,6,7+ 10

520 W3(t +arctan(2), Vo2 +w? f) 1,2,3,4,7+ 10

LTT



Table D.1: Group classification (Continued).

No.

Source function ¢

Subalgebra

0.21
0.22
5.23
5.24
5.25
5.26
5.27
2.28
5.29
2.30
5.31
5.32
5.33
5.34
2.35
2.36
2.37
6.1
6.2
6.3
6.4
6.5
6.6

6.7

2 W3(u,w — Blnw, fz)

e 2Pl (v, w, fev)
f2Us(u,v,w)

20— 2w — 2, ft)
t205(u— L0 — 2 + Zlnt, ft)
t72Ws(2 — Blnt,u— Blnt, ft)
u— % v—plnt, ft)

u

u— 7.t f)
titu—x+w,f)
\Ij3(u7t7 f)

[2Us(v? 4+ w? u)
20y (u, fr)

eQaarctan(%)\Ij2( /U2_|_w27f€—aarctan(%))

W ((0 = 4)2 + (w— §)%, f1)
2o (v + w?, ft)

t2Ws(u — %, ft), a#0
(5.26), =0

t_quZ(x_ttu ) ft>

2,3,5,10, 86 + 11
1,2,3,10,4 + 811
1,2,3,10,11
1,4,5,6,11

2,3,a4+5,6,84+11, a £ 0

2,3,5,6, 84 + 11
2,3,4,6, 85 + 11
1,2,3,6,84+ 11, 8#£0
1,2,3,4,11
2,3,al+5,6,4+ 10, a £ 0
2,3,5,6,4 + 10
2,3,1+5,6,10
2,3,5,6,10
1,2,3,6,4+ 10

2,3,4,5,6

2,3,4,5,1+ 6

1,2,3,5,6

1,2,3,7,10,11
2,3,5,6,10,7+ all, a #£ 0
1,2,3,4,10,7 + all
1,4,5,6,7,11
1,2,3,4,7,11
2,3,5,6,0d + 7, 84 + 11

2,3,4,5,6, 74+ all,a#0

STT



Table D.1: Group classification (Continued).

No.

Source function ¢

Subalgebra

6.8

6.9
6.10
6.11
6.12

6.13
6.14
6.15
6.16
6.17
6.18
6.19
6.20
6.21
6.22
6.23
6.24
6.25

7.1
7.2
7.3
74

B
t2y(u, ft), f=0,a #
_|_

_2au —_ou au
e B WUy(te 7, fer),

(537), B=0,a=0
Wy (= 22+ (0~ 1)
Us(vVu? + 02 +w?t, f)
\IJQ(ua f)
\PZ(u_tmf)? «@ # 0
(5.31), a =0
(5.33)
\112(t7 f)
(5.35)
\Ij2(u7 f)
l’_j\lfg(u, fI)
e~ Uy(v, feo)
f2q12(v7w)
72Uy (u — alnt, ft)
22, i)
\IJZ(uv f)
\IIQ(U — t7 f)
qu(t7f)
\IIQ(tv f)v /6 7£ 0
(5 37) B=0
Uy (u? + v + w?, ft)

2((u =)+ (0= $)* + (w = )% f1)
(6.17)
20, (1 + w?)

1,2,3,5,6,84+ 7+ all

4,5,6,7,8,9
1,2,3,7,8,9
2,3,5,6,1+7,10
2,3,5,6,al + 7,4+ 10

2,3,5,6,7,10
2,3,4,5,6,1 47
2,3,4,5,6,7
1,2,3,5,6,7+ 10
2,3,5,6,10,11
1,2,3,4,10,a6 + 11, a £ 0
1,2,3,4,10,11
1,2,3,5,6, a4 + 11
2,3,4,5,6,11
1,2,3,5,6, 10
1,2,3,5,6,4+ 10
1,2,3/4,5,6
1,2,3,5,6,84+7

61T



Table D.1: Group classification (Continued).

No.

Source function ¢

Subalgebra

7.5

7.6
7.7

7.8
7.9
7.10

7.11
7.12
7.13
7.14
8.1
8.2

8.3

8.4
8.5
9.1
9.2
10.1
10.2
11.1

e T (feT), B0
2 (u), B=0,a#0
(6.22), B=0,a=0
(6.21)

20 (ft), a#0
(6.20), a =0

720, (ft)

Uy (u? + v* + w?, f)
‘Ill(f>7 «Q # 0

(6.23), a =0

W (f)

U (fer)

720, (ft)

Wy (f)

20 (u? + 0% + w?)
Cf?, a#0

(7.12), a =0

Cf? a#0

(7.14), a =0

(7.13)

1,2,3,5,6,10, 34 + 7 + all

2,3,4,5,6,7,11
1,2,3,5,6,0d + 7,54 + 11

1,2,3,4,5,6,7+all, a £ 0
1,2,3,7,8,9,10
1,2,3,5,6,a4+ 7,4+ 10

.4,5,6,7 + 10
.5,6,10, a4 + 11

.7,8,9,10, 11
.5,6,04 +7,10, 84 + 11

ECECRCRCNS
W Lo W W W W
~
ot
o
—_

o

1,2,3,4,5,6,7 + all, 10

1,2,3,4,5,6,7,11
1,2,3,4,5,6,10, 11
1,2,3,4,5,6,7,10, 11
1,2,3,4,5,6,7,8,9
1,2,3,4,5,6,7,8,9,11
1,2,3,4,5,6,7,8,9, 10
1,2,3,4,5,6,7,8,9, 10,11

0cl



APPENDIX E

REPRESENTATIONS OF INVARIANT

SOLUTIONS

Complete results of representations of invariant solutions with respect to sub-
algebras of the Lie algebra Li; are presented in this Appendix. Numbers in the first
column of Table E.1 correspond to the numbers in the first column of Table C.1. The
superscripts ¢, and ° which are next to this subalgebra number in the first column
indicate that the representation of invariant solution is presented in the cylindrical
coordinate system, or the spherical coordinate system, respectively. Here €2 is an
arbitrary function of k£ independent variables, and C' is constant.

Table E.1: Representations of invariant solutions.

No. Representation of invariant solution f of Equation (1.22)
11e t71Q(2 - & 1nt, r0—LIlntu—Zint,V,IW)
1.2¢ Qﬁ(t,r,BQ Tou— 7, V,W)

1.3¢ Qg(t, z,r, u, V, W)

1.4 Qg(t,r,x—0,u, V,W)

1.5¢ Qe(t? — 2z,r,t — B0, u —t,V, W)

1.6 Qg(x,rit —0,u, V,W)

1.7 t7'Q6(¥, 2,2 = Blnt,u— Glnt, v, w)

1.8 t71Q6(%, %, 2 u, v, w)

1.9 Qﬁ(t2—2x Y, z,u—t,v,w)

1.10 Qg(x,y, z,u, v, w)

111 Q¢(t,x —tz,y,u— z,v,w)

112 Qs(t,y,z,u— T,v,w)

113 Qg(t,y, 2, u,v,w)

2.1¢ _195( af —Inx,u, V,W)

2.2¢ 1Q5(t,t af — Blnt,u—af — flnt, VW)
2.3° t7'Q5(%, 00 —Int,u — 2, V, W)

2.4¢ t‘195(§,a9—lnt u—flnt V,W)
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Table E.1: Representations of invariant solutions (Continued).

No. Representation of invariant solution f of Equation (1.22)
2.5¢ Q5(r z,u, V,W)

2.6 Qs(r,x—0,u,V,W)

2.7¢ Qs(r, 2(1’ — oa9) — 2 u—t,V,IW)

2.8° Qs(t,r,u— %V, W)

2.9° Qs(t,r,u— 59 V, W)

2.10° Qs(t, 7, u — 7+§,V,W)

211 Qs(r,0 — BtV W)

212 =x lQ (%,i,u,v,w)

213 t7'5(4, 2 u— 2 v, w)

2.14 t7'Q5(Y —alnt, 2, u— 2 v —alnt,w)

2.15 t‘lﬁg,(f,% alnt,u— BInt,v — alnt,w)

2.16  ¢t7'Q5(%, 2, u— Bnt, v, w)

217 Qs(y, z,u, v, w)

2.18 95(2x—t2,y, —t,v,w — at)

219 Qs(y,z,u —t,v,w)

220 Qs(t,a(ty — 72) + B(tz — oy) + x(oT — %), u,v + 2= W+ )
221 Q5(t, z,u,0 — Y w + 45E)

222 Qs(t,r,u,v =Y w— %)

223 Qs5(t,x —ay —tz,u— z,v,w)

2.24 Q 5(t, z,u + == v, w)

2.25 Qs(t,y,u— z,0,w)

226 Qs(t,y, 2,0 w)

227 Qs(t,x,u,v,w)

3.1¢ 33_194(%,14, V, W)

3.2¢ e Oy (re=2? u— O, V,W)

3.3¢ _194( u— 3, V,W)

3.4¢ 194(2 u—af —Blnt, VW)

35 72— ZInt,u— Lnt, arctan(:]”:g) — Llnt, \/(U — 42 4+ (w - %)?)
3.6¢ —194@ af ~ Int,V, 1)

3.7 t71(2 - ZInt,u— EInt arctan(®) — 2 Int, vo? + w?)
3.8° 94(75 r U, V2 + W?)

3.9° Q(r,u—t—ab, VW)

310 Qu(t, % — Barctan( - t) — Barctan(s g), \/(v — 92 4+ (w—%)?)
3.11¢ 4(t "V w)

312 Qu(t,u— ,arctan(y) — 5, V* + w?)
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Table E.1: Representations of invariant solutions (Continued).

No. Representation of invariant solution f of Equation (1.22)

3.13  Qu(t, z,u, Vo2 + w?)

314 Qult,u— 2%, arctan(“SF) — 127, [0 = B2 + (@ —2))

315 Qu(t,u+ Barctan(=1EY) x4 (o + Bt) arctan (Y=,
\/(y—tv+w) + (2 — tw — v)?)

3.16  Qu(t,u,arctan(?) — z,vVv? + w?)

3.17¢ Qu(t—0,r,V,W)

3.18  Q4(2z — t*,u — t,arctan(¥) — %, VU2 4+ w?)

3.19  Qu(x,u,arctan(®) —t,vv? + w?)

320 y 'Y u—Flny,v,w)

3.21 t‘lQ4(f Blnt,u—pBlnt,v—% w— %)

3.22 t_lQ4(%—alntu———ﬂlntv—alntw 2)

3.23 t7'(Y, 2 —olnt,v,w—olnt)

3.24  t7'(Y, 2,0, w)

3.25 t~ 194(%—511115 u—fBlnt,v—olnt,w)

3.26 (% — 5lnt u— fInt,v,w)

327 Quy—Z+5C u—tow—241 ),0475()
Q4(t2—2x,u tv w — 3), 04_0 57&0
O (t? — 2z, y,u — t,v), a:(), B=0

3.28 Qu(z,u —y,v,w)

3.29 Uy, z,v,w)

3.30  Qu(t* — 2z,u — t,v,w — ot)

3.31  u(t* = 2x,u —t,v,w)

3.32 Q4(x,u,v,w — 1)

3.33  Qu(x,u,v,w)

3.3 Q(t,x —tu = v+ fw,y — tv + du —ov — aw, z — tw — fu+ av — Tw)

3.35 QAU—%,U—%—%‘Z%,LU—Z&J)

3.36 Qu(u— 7,0 —4%w—%1)

337 Y(u—Fv—4%w— z;t) .

338 Qu(u,v— ¥+ Do) g M0 ) g

3.39 Q4(u,v—%,w+x L t),a#0
Q(z,u,v —2,1), a:O

3.40  Qu(t,w(t* — 7') +y—tz,Tw— Y+ tv,u)

341 Ut wB+1)+y—tz,w+y—to,u)

342 Q(t,u,v—Y w—2%)

3.43  Q(t,tu —x+ Bz,v,w)

344 Q(t,u—7,v,w)




Table E.1: Representations of invariant solutions (Continued).
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No. Representation of invariant solution f of Equation (1.22)
3.45  Qu(t,u — z,v,w)

3.46  Qq(t, z,v,w)

3.47  Qu(t,u,v,w)

4.1 (LU VE+ WP

4.2¢ 1(23(u— ab, V,W)

4.3 eo‘amtan(ﬁ)Qg(xeaaman(%), VU2 + w2, )

4.4¢ *193(049 —Inr, VW)

4.5 (m’t_gewjt_ﬁeu—aarctan(zit;:j )
4.6¢ _193( W)

47 193@ 667” B eutaarctan() /7 %)

4.8 (:E tuw V(- tv)i (z—tw)? te —oaarctan(% ?J))

4.9 efaarctan(y ';‘) QS(\/(?/ . t’U)2 + (Z A t’(U) aarctan(y w) te aarctan(z/i’fgj)

u— Barctan(z —Loay)

4.10 eaarctan Q3(($ & tu) aarctan(%)) teocarctam(%)7 \/m)

411  t71Qg(texaretan(iy) (=Beon \/y2 4 2)

4.12 Qg(u + Barctan(%), v + w?, 1)
4.13° Q3(r, U, V2 + W2)

4.14  Qz(x,u,v? + w?)

4.15 3(3: + arctan(%), Vv? + w?, u)

416  Qs(2a arctan( ) + 21 — 2, V2 + w?u — 1)

417 Qu(u=2, (0 — L2 4 (w — 2)%, 1)

418 Q(x — tu — arctan(?- “;’),\/(y—tv)Q—l— (z = tw)?,t)

419  Q3(z — tu — aarctan(i}éﬁﬁ)), \/(w +y— )2+ (z — v —tw)?t)
420 Q3(u— ozarctan(zj:;_tzfj), \/(w +y—tv)?2+ (z —v—tw)?t)
421 Qs(z — tu + arctan(2), Vo2 +w?, t)

422 Qs(u— pt,t+ arctan(w), Vo2 + w?)

4.23  y (2, 0,w0)

4.24  7'Q3(u,v,w — alnz)

4.25 o7'Q3(u,v w)

426 t7'Q(u—%v—Yw—2)

4.97 1Q (y tv z tw t 6eu av)

4.28 1Qg(u—ﬂlnt v—Yw— %)

t
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Table E.1: Representations of invariant solutions (Continued).

No. Representation of invariant solution f of Equation (1.22)
4.29 _193(7—a1nt v—alnt,w— %)
430 tIQy(t Pt Beuow o)
4.31 193(u—f v—alnt w— [BInt)
432 t7'Q4(u— 2, v, w)
4.33 t1Q3(u — Blnt v, W)
4.34  t71Q3(u, v, w)
4.35 Qg(u—t v L —Bt), a#0
(t2—2x u—t,w—pt), a=0
4.36  Q3(u, ,w—1), a#0
Q3(z, u, w - t), a=0
437 Qs(u,v — z,w)
4.38 (:U,u w)
439 Qz(u—t,v,w)
4.40  Q3(u,v, w)
441 Q3(y — ou —tv — fw, z — TUu — v — tw, t)
4.42  Q3(y —z‘v+w y—tz+w(t*+1),t)
443 Qz(v— 4w — i, t)
4.44 Qv — :U —i— a(z — tw), u, t)
4.45 Qs(u,v — z,t)
4.46 (t,u w + B frz)
447 Qs(z,u,t)
4.48 (v—z—i—tw u,t)
4.49  Qs(u,w ,t)
4.50 Qs(v, w,t)
5.15 r71Q,(U, V2 + W?)
5.2¢ r7 10 (V, W)
5.3 _192(21 + w?, u)
5.4  eraretan(3) 0y (u + farctan(2), vVv? 4+ w?)
55 1Q (:1: tu (y— tU) ;(z tw)Q)
5.6 Iy (t t“v—i—w)
BTt y(tPe e GE T f(agtyz (=t
58 +710 ( —ﬂequaarctan(E) \/m)
59 e—ozarctan(z t;: QQ(\/( . t’U) (Z B tw)ge—aarctan(Zi’;f)yte—aarctan(f/ittf))
510 t7'y(% — lnt u— lnt)




Table E.1: Representations of invariant solutions (Continued).

No.

Representation of invariant solution f of Equation (1.22)

5.11
5.12
5.13
5.14
0.15
5.16
5.17
5.18
5.19
5.20
5.21
5.22
5.23
5.24
0.25
5.26
5.27
0.28
5.29
5.30
5.31
5.32
5.33
5.34
5.35
5.36
5.37
6.1
6.2
6.3
6.4
6.5
6.6

6.7

t_l Q (t@a arctan( =

Qo(u—7,t)
(4.47)

Qo (t + arctan(2), Vo2 + w?)
2 % (u, w — fln )

e Py (v, w)

Qo (t? — 22, u — t)
Qo(u,v —x)
QQ(xa 'LL)
Qo(u—t,v)

QQ(U %, t)

Qo(t, tu — x + w)
QQ(U, t)

None

2710 (u)

10 (v — ¥)% + (

W — %)
v —

_u
b
VL
ﬁlnt u—ﬂlnt)
¢
- p

) V2 + w?)

Qo(t —u— aarctan(w), Vot + w?)

+ 8 ~Int)
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Table E.1: Representations of invariant solutions (Continued).

No.

Representation of invariant solution f of Equation (1.22)

6.8

6.9

6.10
6.11
6.12

6.13
6.14
6.15
6.16
6.17
6.18
6.19
6.20
6.21
6.22
6.23
6.24
6.25

7.1
7.2
7.3
74
7.5

7.6
7.7

7.8

e PO (teF), B£0

t_lﬂl(u), 6 = O, « # 0

(5.37), B=0, a =0

a(y/(u—= 52+ (v =12+ (w = 5)%1)
Qo (Vu? + 02 + w?,t)

Q4 (u)

N(u—t), a#0

(5.31), =0

(5.33)

Q4 (t)

(5.35)

Q4 (u)

ZL‘_in(U)

e« (v)

None

710 (u — aln't)

tilﬁl(u — %)
Q4 (u)

Qy(u—t)

(1)

Ql(t)v 6 7& 0

(5.37), B=0

71 (Vu? + v? + w?)

(= D (0= D (0~ 2P)
(6.17)

None

au

Ce 5, B#0
None, =0, a #0
(6.22), p=0,a=0
(6.21)

Ct™', a#0

(6.20), a =0

ct!

127
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Table E.1: Representations of invariant solutions (Continued).

No. Representation of invariant solution f of Equation (1.22)
7.9 O (Vu? 402+ w?)

710 C, a#0
(6.23), a =0

711 C

712 Ce @

713 Ct7!

714 C

8.1 None

82 None, a#0
(7.12), a =

83 None, a#0
(7.14), a =0

8.4 (7.13)

8.5 None

9.1 (
92
10.1 (7.13)
102 (
1.1 (




APPENDIX F
THE REDUCED BOLTZMANN EQUATION

WITH A SOURCE

Results of reduced Boltzmann equations for some representations of invariant
solutions are presented in this Appendix. The numbers in the first column of Table
F.1 correspond to the numbers in the first column of Table C.1. The superscript © is
next to a subalgebra number in the first column indicates that the reduced equation is
presented in the cylindrical coordinate system. Here €2, W, are arbitrary functions of

k independent variables, and C'is constant.



Table F.1: The reduced Boltzmann equation with a source.

No.

Reduced equations

1.1°¢

1.2¢

1.3¢

1.4¢

—Q+ (11 —P1— g)Qpl + (V —pg)ng + (pﬂz - l)ng — EQQ - %QV — %QW — J(Q,Q) = \117(p1,p2,p3,l~b, V, W7Q>

« e}

J(Q,Q) = [ [ B(ge, 0:)(QQ — Q) dn diiy dV; WV,
R3 S2

Q = Qg(p1,p2, 3,0, V, W), O = Q6(p1,p2, 3, 5 (0 + Uy + genie), 5(V + Vi + genae), 5 (W + Wi + genae)),

Q1 = Q6(p1, p2, p3, U1, Vi, W1), Qf = Qs(p1, 2, ps, 5 (0 + @1 — genie), 5(V + Vi — genae), 5(W + Wi — genae)),
ge=J(@—wm)2+(V-Vi2+(W-W)2 py=2—L2Int, py=1, py=0—LInt, a=u—ZInt.

QA+ (A% — DO, + VQ, — 20, + 20y — WOy - J(Q,Q) = Va(t, 7, p,a, V, W, Q)

J(Q,Q) = [ [ Blge,0,) (0 — QQ,) dn diy dV; dW,
R3 82
0= 96<t77“7pa aa ‘/7 W)7 O = Qﬁ(tvrapa %(ﬁ' + 1~L1 - gcnlc)a %(V + ‘/1 + gc”?c)a %(W + Wl + gcn3c))7
Q1 = QG(ta D, alv ‘/17 Wl)a QT = Qﬁ(ta D, %(QNL + ﬂl - gcnlc)a %(V + ‘/1 N ganC)a %(W + Wl - gcn3c))7
gec = \/(ﬂ—ﬂ1)2—|—(V—V1)2—|—(W—W1)2, pzﬁ@—%, INLIU—%
O+ uQy + VO, + 20y — YWOu — J(Q,0Q) = Uq(t,z,r,u, V, W, Q)
J(Q2,9Q) = [ [ B(ge, 61)(Q2Q — Q) dnduy dVy dWVy
R3 S2
Q= Qﬁ(twru r,u, M W)7 Q= Qﬁ(ta Z,T, %(U + Uy + gcnlc)7 %(V > ‘/1 \ gcn20>7 %(W + Wl + gcn3c>>7
Ql = QG(tu T,T, Uy, ‘/17 Wl)u QT — Qﬁ(tu z,T, %(’U, +up — gcnlc)7 %(V + ‘/1 - anzc), %(W + Wl - gcn3c))7
Ge = \J(u— )2+ (V = Vi)2 + (W = W))”.
Q+ (u— W), + VO, + 20y — VWO~ J(Q,Q) = Wq(t,r,p,u, V, W, Q)
J(Q,Q) = | [ B(ge, 01)(°Q — Q1) dn duy dVy dW,
R3 S2
Q = QG(t7T7pa u, ‘/7 W)> Q* = Qﬁ(tvrap7 %(U, + Uy + gcnlc)a %(V + ‘/1 + gcn20)a %(W + Wl + gc”Sc))a
Q1 = Q6(t7 TP, U1, Vvlv W1)7 QT = QG(ta D, %(u +up — gc”lc)v %(V + ‘/1 - gcn2c)7 %(W + Wl - gc”Sc)))

gc:\/(U—u1)2+(V—V1)2—|—(W—W1)2, p=x—80.

0€T



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

1.5¢

1.6¢

1.7

1.8

20, + (1 — 2)Q,, + VO, — Qi + 20y — WOy — J(Q,Q) = Wo(r, pr, po, @, V, W, Q)

J(Q,Q) = ng Sj; B(gc,91)(Q*Q>f - QQl) dn d@l d‘/l dW1

Q = Qq(r, p1,p2, @, V, W), Q@ = Qq(r, p1, pa, 5(0 + @1 + genae), 5(V + Vi + genae), 5(W + Wi + gense)),
Q1 = Q6(r, p1, p2, @, Vi, Wh), Qi = Qs(r, p1,p2, (0 + @ — genne), 5(V 4+ Vi — genae), s(W + Wi — gense)),
gC:\/(&—ﬁl)Q—l—(V—Vl)Q—i—(W—Wl)Q, p1:t2—2x, pgzt—ﬁﬁ, uU=1u—-t.

(1 -, +uQ, + VO, + W20y — YO, — J(Q,Q) = Uq(z, 7, p,u, V, W, Q)

J(02,Q) = R{ sf2 B(ge, 01)(Q Q1 — QQy) dn duy dVy dW

Q= Qq(z,7,p,u, VW), Q = Qq(x,r,p, 5(u+ u1 + genae), 5(V + Vi + genoe), 5(W + Wi + gense)),

0 = QG(% T, p,ut, V1, W1)7 0] = QG(% D, %(U +up — gcnlc)u %(V +Vi— gcn2c), %(W + Wy — gcn3c))7
ge=1/(u—ur)2+ (V= Vi)2+ (W - Wy)%, p=t—0.

-0 + (U _pl)Qpl + (’LU _p2>Qp2 + (71 — P3 — B)Qp;a g | 6911 - J(Qa Q) = \117(p17p27p37a7v>w79)7
J(02,Q) = Rf3 sf2 B(g, 61)(QQ; — QQy) dn duy dvy duy

Q = Qg(p1, P2, p3, @, v, w), QO = Q(p1, P2, P3, 5(@+ Gy + gna), 5(v + v1 + gna), 5(w +wy + gngs)),
O = Qg(p1, P2, p3, G, v1,w1), Qf = Qs(pr,p2s Ps, 5(6+ Gy — gna), 5(v + v1 = gna), 5(w + w1 — gng))
9:\/(a—@1)2+(v—7}1)2+(W—wl)Qa p=4 pp=7% p3=7—FBInt, a=u—FInt.
—Q + (U’ _pl)Qp1 + (U - p2)Qp2 + (U) 7 4 p3Qp3> — J<Qu Q) - \117(p17p27p37 u,v,w, Q)
J(Q,Q) = f f B(g701)(Q*Q>{ - QQl)dndul dUl dw1

R3 §2

0 = QG(p17p27p3auyvyw)7 O = Qﬁ(p17p27p37 %(U + uy + gn1)7 %(U + v + gnQ), %(U} + w, +gn3))7
= Qo(pr, o, ps, wr, v, wi), Q= Qs(pr, o, ps, 5(u + 1w — gna), 5(v +v1 — gna), 3 (w + wy — gng))
g:\/(“_U1)2+(U—U1)2+(w—w1)2’ pr=2% py=U py=2.

1€T1



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

1.9

1.10

1.11

1.12

—2aQ), — Qg +vQy, + w, — J(Q,Q) = V7 (p,y, 2,4, v,w, )
J(Q, Q) = f f B(g, 91)(9*91( - QQl) dn dﬂl dUl dw1
R3 §2

Q=Q(p,y, z,0,v,w), O = Q(p,vy, 2, %(ﬂ + Uy + gnq), %(v + v + gna), %(w + wy + gng)),
Q= Qs(p,y, 2,0, 01, w1), U = Q(p,y, 2 500+ 0 — gn), 5(v+v1 — gna), 5(w + wy — gng)),
g:\/(ﬁ—ﬁ1)2+(v—vl)2+(w—wl)Q, p=1>—=2x, 4 =u—t.
uldy + 08, + w, — J(Q,Q) = Vr(z,y, 2, u,v, w, Q)
J(Q,Q) = f fB(g,gl)(Q*QT —QQl)dndul dv1 dw1

RS §2

Q= Q(z,y, 2,u,v,w), Q= Q(z,y, 2, 5(u+us+ gni), 3(v+v1 + gns), 2 (w+ wi + gngy)),
O = Qs(x,y, 2, u, v, wy), QO = Qg(x,y, 2, %(u +up — gny), %(U + U1 — gna), %(w +wy — gng))
g= \/(u —up)? 4+ (v—v1)% + (w—wy)?
—wQg + (T — tw)Q, + v, + U — J(Q,Q) = V7 (p,y, 4, v, w,t,Q)
J(Q,Q) = f f B(g,@l)(Q*Q”f —QQl)dndﬂl d’Ul dwl
R3 §2
Q = Qq(p,y, 4, v,w,t), Q= Q(p,y, 3(@+ @ + gn1), 3(v + v1 + gna), 5(w + w1 + gns), t),
M = Q6(p,y, U1, v1, w1, 1), QF = Qs(p, v, %(a + U — gm), %(U + vy — gna), %(w +wy — gng), t),
g:\/(ﬂ—111)2~|—(v—vl)2—i-(w—wl)27 p=x—tz, t=u-—2z.
—t7'aQs + Q + vQy, + wQ, = J(Q,Q) = Vi (y, 2,4, v, w, t, Q)
J(Q,Q) = f f B(g,@l)(Q*Q’{ —QQl)dndﬂl dUl dw1
R3 §2

0= Qﬁ(y,z,ﬂ,v,w,t), = Qﬁ(y72a %(’EL + al +gn1)7 %(U + v + gn2)7 %(UJ +wy + gn3)7t)7
Q1 = Qg(y,z,ﬂl,vl,wl,t), QT - Qﬁ(yvza %(ﬂ_’_al - gn1)7 %(U + U — gn2)7 %(w +wp — gn3)7t)a
9:\/(ﬁ—ﬁ1>2+(v—01)2+(W—w1)2> U=u—7.

cel



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

1.13

2.1¢

2.2¢

2.3¢

Q +0Qy +wQ, — J(Q,Q) =V (y, 2, u,v,w,t,Q)
J(,Q) = [ [ Blg,0)(QQ% — QQ) dn du; do, duw,
R3 2

Q= Q(y, z,u,v,w,t), Q= Q(y, z, %(u + uy + gny), %(v + v1 + gna), %(w + wy + gng), t),

Q= Q(y, 2, ur, v, wy,t), QF = Q(y, 2, %(u + uy — gny), %(U + vy — gno), %(w + wy — gng), t)

g= \/(u —up)? 4+ (v —v1)2 + (w —wy)?

—uQ + (V — pru)§dp, + (ng/ —u))y, + %QQV - %VQW = J(,Q) = Vs(p1, pa, u, V, W, Q)

T(Q.0) = [ [ Blge,0)(0; = O0) dn dy dV IV,

Q= Qs5(p1,p2,u, V, W), Q= Qs(p1, pa, 5(u+ ur + genie), 5(V + Vi + genoe), 5(W + Wi + gense)),

Q1 = Qs(p1, pa, ur, Vi, Wh), Qf = Q5(p1,p2, 5w+ wy — genie), 5(V 4 Vi — genae), s(W + Wi — gense)),
Je = \/(u—u1)2—|—(V—V1)2+(W—W1)2, pL=1,p2=ab —Inz.

Q4 (V = p1)Qy, + (4 —p2 — B — %V)sz - (%V + )04 + %QQV - ‘%VQW —J(Q,9Q) = Ye(p1, p2, 0, V, W, Q)
J(Q,Q) :R‘Q S£ B(gc,ﬁl)(ﬂ*ﬂ‘l‘ - QQl) dndﬁl d‘/l dW1

Q= Qs5(p1,p2, 4, V, W), Q@ = Qs(p1, pa, 3(0 + @1 + genae), 5(V + Vi + genoe), s(W + Wi + gense)),

Q1 = Q5(p1, p2, 41, Vi, W1), Qf = Q5(p1, pa, (0 + Gy — genae), 5(V + Vi — genae), 3(W + Wi — genae)),
gc:\/(ﬂ—ﬂ1)2+(V—V1)2+(W—W1)2, p=7% p2=75—af—p3nt, t=u—af - Fnt.

—Q+ (V= p1)Qp, + (8 = 1)Qy, — @ + 5= Qv — DX Qy — J(Q,Q) = Wo(p1, ps, @, V, W, Q)
J(Q,0) = [ [ Bloe,6.)('04 ~ Q) dn duy dVidiby

Q= Qs5(p1,p2, @, V, W), Q= Qs(p1,pa, 5(0 + @1 + genae), 5(V + Vi + genae), s(W + Wi + gense)),

Q1 = Qs(p1, po, tr, Vi, Wh), Q= Qs(p1, pa, 5(0+ @ — genae), 3(V + Vi — genae), 2 (W + Wi — genae)),

gcz\/(ﬂ—ﬂ1)2+(V—V1)2+(W—W1)2, pr=7% pe=al—Int, u=u— 7.

eel



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

2.4¢

2.5¢

2.6¢

2.7¢

—Q+ (V= p1)Qp, + (2 — 1)y, — 205 + 220y — VYO — J(Q,Q) = Ug(p1, po, @, V, W, Q)
J(Q,Q) = [ [ Blge, 1) (2 — Q) dn diiy dV; dW,
R3 S2

Q= Qs5(p1, 2,0, V, W), Q@ = Qs(p1, pa, %(fb + Uy + genie), %(V + Vi + genae), %(W + Wi + gense)),

Q1 = Qs(p1, po, 1, Vi, W), Q4 = Q5(p1,p2, 5(0 + @y — genae), 5(V + Vi — genae), 5(W + Wi — gense)),
ge=J(i— )2+ (V—Vi2+ (W -Wi)2, =% pp=af —Int, i=u—ZInt.

uQy + VO, + W20, — YO J(Q,Q) = Us(r, z,u, V, W, Q)

TO,0) = [ [ Blge,0)(200] — 960 dn duy dV; Y,

1= Q5(r,x,u, ‘/7 W)7 O = 95(7’71‘, %(u + Uy +gcnlc)7 %(V + ‘/1 +gcn%); %(W + Wl +gcn30))a
Ql = QE’(T,-/E’ U, Vvly Wl)a QT - Q5(Ta Zz, %(U +up — gcnlc)a %(V + Vi = gcn2c)> %(W + Wi — gcn3c)>7
g = /(= w)? + (V = Vi)2 4 (W —W))2.

(u—"")Q, + VQ, + Y20y, — YWQu — J(Q,Q) = Us(r,p, u, V, W, Q)

J(Q,Q) = f3$f2 B(ge, 01) (0 — QQy ) dn duy dVy dWy

0= Qg,(r,;, u, V,W), Q@ = Qs(r,p, 5(u+w + genae), 5(V + Vi + genae), 5(W + Wi + genae)),

0 = Q5(T,p7 uy, Vi, W1)7 QT o Q5(T,p, %(u +up — gcn10)7 %(V +Vi— gcn2c)7 %(W + Wi — gcn3c))a
gc:\/(U_Ul)Q“‘(V—Vvl)Q—’—(W—Wl)Q, p=x—40.

2(1 — MY, + VQ, — Qa + 0y YV — J(Q,Q) = Ws(r,p,a, V, W, Q)

J(Q,Q) = £s£ B(ge, 01)(Q2*Q1 — QQy) dn duy dVy dWVy

Q= 95(7“,;, u, VW), QF = Qs(r,p, %(ﬂ + U1 + genie), %(V + Vi + genoae), %(W + Wi+ gense)),

O = Qs(r, p, a1, Vi, Wh), Qf = Qs(r,p, %(& + Uy — genie), %(V + Vi = genae), %(W + Wi — gense)),

ge = Jl@— ) + (V= Vi) + (W= W1)?, p=2(x—ab) — 2, = u—1,

Vel



Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations

2.8° O +VQ — 20, + 0, - YWQu — J(Q,Q) = Ug(t,r,a,V, W, Q)
J(Q,Q) = [ [ B(ge,00) (0 Q; — Q) dnday dV; dW,
R3 82

Q= Qs(t,r, a0, V,W), Q= Qs(t,r %(u + U1 + genie), 5(V + Vi + genae), 3(W + Wi + gense)),
Ql :Q5(t,r,ﬂ17‘/17W1>, Q* Q (t,T’ (ﬂ—i—ﬂl—gcnlc),%(v+\/1—gcngc),%

gC:\/(a—a1)2+(V—v1)2 (W —W)2, a=u— 2
2.9° Q+VQ, -0, + W2, —YWq — J(Q,Q) = Us(t,r,a,V,W,Q)
J(Q,Q) = [ [ Blge, 01)(Q0 0 — QQy) dndiiy dV4 dW,
R3 S2

Q=Qs(t,r,a,V,W), Q& =Qs(t,r,5(@+ @ + genae), 5(V + Vi + genae), 3(W + Wi + gense)),
Q1 = Q5(t77a7 ﬂ1,V1,W1)7 QI = Q5(t7rv %(ﬂ + Uy — gcnlc)? %(V % ‘/1 - gcn2c), %(W + Wl -

ge = J(ﬂ—ﬂl) +(V -2+ (W Wh)2, &=~ 50,

2.10° Q+VQ + 7YY — @)Qs + W20 — YOy — J(Q,Q) = Us(t,r,a, V, W, Q)

J(,Q) = [ [ Blge, 0) (7 — Q) dn diiy dVi dW;
R3 82

Q - 95(15,7“,@, ‘/7 W)a Q* - Q5(t,7”7 %(a T ﬂl + gcnlc)a %(v i VYI NG gcn2c)7 %(W + Wl +gcn3c))7
Q1 = Q5(t,7", ’al,‘/l,Wl), QT — 95(t7T7 %(a+a1 — gcnlc)7 %(V_’_ ‘/1 - gcn2c)a %(W_’_ Wl -

gc:\/(ﬂ—ﬂ1)2—|—(V—‘/1)2+(W_W1)2’ ﬁ:u—%+§

2.11¢ (W —1)Q, + VQ, — Q4 + W2y = YOy — J(Q,Q) = Ue(rip, @ V, W, Q)

T(,Q) = [ [ Blge, 0,)(Q°0% — Q0,) dndiiy dVi dWi
R3 82
Q= QE)(Tap?ﬂa ‘/7 W)7 O = 95(7“,297 (u + uy +gcnlc)7 )

ge=J@— a2+ (V-Vi2+(W W2, p=6—1t, G=u—ft.

( +‘/1 +gcn20)>%(W+Wl +gcn30))>
O = Qs(r, p, 11, Vi, Wh), Qf = 95(7’ P, 50+ Gy — genae), 5(V + Vi — genae), 5(W + Wy —

Gel



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

2.12

2.13

2.14

2.15

—ufd + (v — up1)Qp, + (W — up2)p, — J(Q, Q) = We(p1, pa, u, v, w, )
J(Q,Q) = f f B(g,¢91>(Q*Q* - QQl)dndul dU1 dw1
R3 S2
Q = Qs(p1, p2, w, v,w), O = Qs5(p1, pa, Q(U +uy + gny), 2( v+ v + gna), %(w + wy + gns)),
Q1 = Q5(p1, p2, ur, vy, w1), Qf = Qs(pr, P2, 5(u+ ug — 9”1) %(U +v1 — gnga), %(w +wy — gng))
g= \/(U—U1)2+<U—01) +(w—wi)? pr=14% pp=2
_Q + (U - pl)Qm + (’UJ - pQ)sz - aQﬂ iy J(Qa Q) - \Ijﬁ(php%ﬂa v, w, Q)
J(Q,Q) = f f B(g,@l)(Q*Q* — QQl)dndﬂl dU1 dw1
R3 S2

Q = Q5(p1, p2, @, v, w), Q= Qs(p1, pa, 5(4+ U1 + gni), 5 (v +v1 + gno), 2 (w + wi + gng)),
Q1 = Qs(p1, po, Uy, vy, wr), QU = Qs(pr,p2, (@ + Ty — gna), 5(v+ v — gno), 3(w + wy — gng))
g:\/(ﬂ—ﬂl)Q—i—(v—vl)2+(w—w1)2,p1 t,pz 2= a— 7.

—Q+ (0 —p1 — @)y, + (w — p2)Q,, — Wz — afdy — J(Q,Q) = \IIG(pl,pg,ﬂ,f),w,Q)

T©.9) = | [ Blo.6:)( 0 ~ ) dn diiy diy doo

Q = Qs(p1,p2, @, 0, w), O = Qs(p1,p2, 3(U+ W + gna), 20+ 01 + gng), $(w +wy + gng)),
N = Qs(p1, p2, 61, 01, w1), O = Qs(p1, P2, %(ﬂ + U1 — gny), %(77 + 01 = gng), ;(w + wy — gns))
g:\/(ﬂ—ﬂ1)2+(f}—f}1)2+(w—w1) p=Y%—alnt, pp=7% t=u—7%, 0 =v—alnt.
—Q 4 (w—=p1)Qp, + (0 — pa = @)Qp, — B — oy — J(2,Q) = Ug(p1, po, 0, 0, w, Q)

T(Q,0) = [ [ Blo,0:)(Q 2} — ) dn i doy duy

Q = Qs5(p1,p2, 4, 0, w), Q= Qs(p1, po, 5(4+ U1 + gna), 5(0 + 01 + gna), 2 (w + wy + gng)),
O = Q5(p1, p2, U1, U1, wr), QO = Q5(p1, P2, %(a"‘ﬂl —gn1), (04 01 — gna), (w4 wy — gng))

g= (U —1)*+ (0 —0)*+(w—w)* pr=7%, pp=4%—alnt, t =u—FInt, v =v—alnt.
t

9¢T



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

2.16

2.17

2.18

2.19

—{ + (U _pl)Qpl + (UJ - p2)Qp2 - BQTL - J(QJ Q) — \Ilﬁ(php%ﬂu v, w, Q)
J(Q, Q) = f f B(g, (91)(9*91< - QQl) dn dﬁl dUl dw1
R3 §2

Q = Qs(p1, p2, @, v, w), O = Qs(p1,pa, 2(T+ T + gna), (v + v + gna), 2 (w + wy + gng)),
Q1 = Q5(p1, a2, U1, vy, w1), Qf = Q5(p1, P2, 5 (4 + Uy — gny), 5(v + v — gna), 3(w +wy — gng))
9:\/(ﬁ—ﬂl)z"‘(U—U1)2+(W—w1)27 pr=4 p=7 tu=u— Bt
vy, + wQ, — J(Q,Q) = Yg(y, 2, u, v, w, Q)
J(Q,Q) = f f B(g,@l)(Q*Q*{ —QQl)dndul d’Ul dw1

R3 §2

0= 95(y,z,u,v,w), O = QS(ya 2y %(u +up + gn1)> %(’U + U1 "—gnQ)v %(w +w; + gn?)))a
N = Qs(y, z,ur, v1,w1), QO = Qs(y, 2, %(U +up — gny), %(U +v1 — gna), %(w +wy — gnz))
g= \/(u —up)? 4 (v —v1)% + (w—wy)?
2aQ), + vy, — Qy — aQy — J(,Q) = Ve(p, y, 4, v, 0, Q)
J(Q,Q) = f f B(g,91)<Q*Q>{ - QQl) dndﬂl d’Ul dﬁ)l

R3 §2

Q=Qs5(p,y,4,v,0), Q= Qs(p,y, 3(@+ U + gna), 3(v +v1 + gne), 5(@ + Wy + gns)),
Q1 = Qs(p, y, Uy, vy, 1), Q5 = Qs(p, y, %(ﬂ + a4 — gny), %(v + v — gna), %(TD + Wy — gn3))
g=/(@— )2+ (v —v)2+ (@ — )2 p=20—12, d=u—t ¥=w-—oat

vQy +wQ, — Qz — J(Q,Q) =Yg(y, 2,0, v, w, Q)

TQ.0) = [ [ Blo,0:)( 2} — ) dudigdvy duy

0= Q5(y,z,ﬂ,v,w), o= Q5<y7 2, %(ﬂ + ﬂ/l + gnl)7 %(U + U1 +gn2>7 %(w + wp + gn3))7
M = Qs(y, 2, Uy, v1,w1), Qf = Qs(y, 2, %(ﬂ + 1 — gny), %(U +v1 — gna), %(w +wy — gng))
g=/(i—m)2+@v—v)2+w—w)?, d=u—t.

LET



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

2.20

2.21

2.22

2.23

O+ (u(or — %) — L2 + (at — Bo)b + (Bt — ar)w) Y, + 2= 582 v O — J(,0) =

J©,9) = | fQB(g,aeTl)ﬁ(b*Q; Q0 dn duy do, di,
Q= Q5(t,;, 5,17,17)), OF = Q5(t, p, %(u + uq + gny), %(17 + 01 + gna), %(7]) + w1 + gng)),
Ql = Q5(t,p, Ul,ﬁl,ﬁﬁ), QT = Q5(t,p, %(U +uy — gTLl), %(f} Y 171 - gTLQ), %(ﬁ) + U~}1 - gng))
g=/(w—w)?+ @ — 02+ (@ — @)%, p=alty—2) + Btz — oy) + x(oT — 1),
v—v—i—ﬁy Tﬁf, zD—w—i—flif}g

Q + uly — 7 (10 + D) + 27 (0 — 1) Qs — J (2, Q) = Ug(z, u,0,0,t,Q)

J(Q,Q) = Rf38f2 B(g,0:)(° — Q) dn duy divy diy

Q= Qs(z,u,0,w,t), Q" = Qy(z, %(U +u1 + gny), %(77 + 1 + gna), %(’JJ + Wy + gis), t),
Ql = Q5(x,u1,171,ﬁ;1,t), QT = Q5(I, %(U +uy — gTLl), %(@ + 1~}1 - gﬁ2>, %(UN) + U~}1 - gﬁg),t)
g:\/(u—ul)Q—i—(ﬁ—le)z—l—(zb—wl)Q, V=v— f;fl’, w:w+3t’2_ﬁ.
Qt + UQx — 'ljt_IQg — wt—le — J(Q, Q) = lIfﬁ(a;,u,ﬁ,@D,t, Q)
J(Q,9Q) = [ [ B(g,0,)(Q*Q; — Q) dn duy dv;, dwy

R3 S2
Q= Qs(z,u,0,w,t), O =Qs(z, 2(u+u + gm), 50+ 01 + gne), 3(0 + w1 + gns), t),
Q1 = Qs(z, ug, 01, W, 1), Qf = Qs(z, 3(u+ur — gna), 5(0 + 01 — gna), 5(0 + 101 — gns), t)
g:\/(u—u1)2+(ﬁ—61)2+(@—@1)2, v=v—-Y w=w-— 2.
Q + (0 — av —wt)§, — wlg — J(Q, Q) = Ye(p, @, v, w,t,2)
J(Q,Q) = f f B(g,Ql)(Q*QT —QQl)dndﬂl dl)l dw1

R3 82

0= QS(p7a7anat)7 = QS(pv %(a + 7:1'1 + gnl)? %(U + v+ gn2)7 %(w + wy —Fg?’Lg),t),
Q1 = Qs(p, @, v1,w1,t), Qf = s(p, 2(@+ U1 — gn), 3(v+v1 — gna), 2 (w+ wy — gns), t)
g:\/(ﬂ—ﬂl)Q—l—(v—vl)Q—l—(w—wl)Q, p=x—ay—tz, Ut=u— 2z

aT— [t

=

\IIG(tup7 u, 177 TI), Q)

8€T



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

2.24

2.25

2.26

2.27

O+ w, + 7 Hav —a)Q; — J(Q,Q) = Vg(2, 4,0, w,t,9)
J(Q, Q) = f f B(g, 81)(9*91( - QQl) dn d?jtl d’U1 dw1
R3 §2

Q= Q5(z,u0,v,w,t), Q= Qs5(z, %(ﬁ + a1 + gny), %(v + vy + gna), %(w + wy + gng), t),

Q1 = Qs(z, @, v, w1, t), U =Qs(2, 5(@+ 1 — gna), 5(v+v1 — gna), 3(w + wy — gns), t)

g= /(@ — )2+ (v —01)2+ (w—w)?, @ =u+ L

Q + 0y, — wQy — J(Q,Q) = Ve(y, 4, v, w,t,9Q)

J(Q,Q) = f f B(g,Ql)(Q*Q*{ —Qﬁl) dndﬂl dUl dw1
R3 §2

Q= 95(y>ﬁav7w7t)v Q= Q5(ya %(ﬂ + al "—gnl)a %(U + 01 +gn2>7 %(w +w; + gn?))?t)v
O = Q5(y, U, v1,wi, t), QF = Qs(y, %(ﬂ + @ — gny), %(U +v1 — gna), %(w +wy — gns), t)
g=/(@—@)2+ -2+ Ww—w)?, G=u-—z
Q 4+ vQy, +wQ, — J(Q,Q) = Ys(y, 2,0, w,t,Q)
J(2,Q) = [ [ B(g,0:)(2°Q; — QQ) dn duy dvy dw,y

R3 §2

Q =05y, 2z,0,w,t), O =Qs(y, 2,50+ v+ gno), 3(w + wi + gns), t),
Q1 = Qs(y, 2, v1, w1, t), = Qs(y, 2, %(v + v — gns), %(w + wy — gng), t)
g= \/(u —u1)?+ (v —v1)% + (w—wp)2
Q +ufdy — J(Q,Q) = Vg(z, u, v, w,t,Q)
J(Q,Q) = f f B(B(],91)<Q*Q>i< — QQl)dndul d’Ul dU)l

R3 §2

Q= Q5(x,u,v,w,t), Q= Qs(x, %(u + uy + gny), %(v + v1 + gna), %(w + wy + gns), t),
Ql — Q5(m,u1,v1,w1,t), QT - 95(56’ %(U—’—Ul - gn1)7 %(U +U1 - gn2)7 %(w +7,U1 - gn?’))t)

9= \/(U—U1)2 + (v —0)? + (w —wy)*

6€T



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

3.1¢

3.2¢

3.3¢

3.4¢

—uQ + (V — up)Q, + 220y — Oy, — J(Q,Q) = Us(p,u, V, W, Q)

JQ.0) = [ [ Blge,0)('0; Q) d s dV: IV,

0= 94(177“7 ‘/7 W)> O = 94(177 %(U +up + gcnlc)a %(V + VYl + gc”Zc)a %(W + Wl + gcn?)c))a

Ql = Q4(p7 Uz, Vvl? Wl)a QT = 94(7% %(U +up — gcnlc>7 %(V + ‘/1 - gchC)a %(W + Wl - gc”Sc))a
go = \Jlu—wP+ (V=112 + (W - W p =3

— WO+ (V- aW)Q, — 220, + 20y — YEQy — J(Q,Q) = Us(p, 4, V, W, Q)

JQ.0) = [ [ Blge,0)(0; — ) di diy dV; 1V,

0= Q4<p7’l§, ‘/7 W)7 = 94(])7 %(’INL iV 7j'l + gcnlc)a %(V + ‘/1 + gc”Zc)a %(W + Wl + gcn3c))7

Ql = Q4<p7 7:2'17 ‘/17 WI); QT = 94(277 %(ﬂ -+ al B gcnlc)7 %(V + ‘/1 - gcn20)7 %(W + Wl - gcnSC))v
Je = \/(ﬂ—ﬂl)Q—i— (V-V1)2+ (W -W1)2, p=re® @=u-B6.

—Q+ (V= p)Q, — i + 2y — WOy — J(Q,Q) = Ws(p,a, V, W, Q)

JQ.0) = [ [ Blae,0)(0; — Q) d iy dV vy

0= Q4(p7a7 ‘/7 W)? = 94(p7 %(a [ 'L~L1 + gcnlc)a %(V ol Vvl " gchC)a %(W + Wl + gcni‘)c))a

D = Qu(p,ar, Vi, Wh), QF = Qu(p, %(ﬂ + Uy — geMie), %(V + Vi — genge), %(W + Wi — gense)),
gec = \/(ﬂ—ﬂ1)2+(v—%)2+(W—W1)2, p:z u=u-—7.

£ t
—Q+(V —p)§2, — (% + B) + WTQQV = %QW — J(Q,Q) = Vs5(p,a, V,W,Q)
J(Q,Q) = [ [ B(ge, 01)(Q°Q1 — Q) dnduy dVy dW,
R3 §2
0 — Q4(p,ﬂ, V', W)’ O = Q4(p’ %(ﬁ +up + gcnlc)a %(V +Vi+ gcngc), %(W + Wi+ ganC))7
Q1 = Qu(p, a1, Vi, W1), QF = Qu(p, %(ﬂ + Uy — geNie), %(V + Vi — genae), %(W + Wi — gense)),
ge=y/(a—w)2+(V-Vi)2+ (W —Wy)2, p=1 d=u—af — flnt.

t?
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations

3.6° —Q+(V —p1)Q, + (2 —1)0, + 0y — Ty, — J(Q,Q) = Us(py, p2, V, W, Q)
J(,Q) = Rf Sj; Bl(ge, 01) (0 Q1 — Q) dn duy dVi dW,
Q= Qu(p1,p2, VW), O = Qu(p1, p2, %(V + Vi + genae), %(W + Wi+ gense)),
Q1 = Qu(p1,p2, Vi, Wh), Qf = Qu(p1,po, 5(V + Vi — genae), 5(W + Wi — gense)),
ge=/(u—w)2+(V=Vi)2+ (W —Wi)2, py =%, py=af —Int.

3.9° VQ, — (W 4 1)Qs + 20y — YOy — J(Q,Q) = Us(r, @, V, W, Q)
J(2,Q) = £S£ B(ge, 01) (0 — Q) dn dii, dVi dW,
Q = Qu(r, 5 VW), @ = Qu(r, (@ + @1 + genie), 5(V + Vi + genae), 5(W + Wi + gense)),
Q1 = Q4(?”, ﬂl; va Wl)a QT - Q4(7”, %(a + Uy — gcnlc)a %(V + ‘/l - gc”?c)y %(W + Wl - gcn?)c))a
ge= @@+ (V=ViP+(W -T2 d=u-ab—t.

3.11¢ Q4+ VQ, + W20, - YWau — J(Q,0) = Us(t,r, V, W, Q)

T

J(,Q) = [ [ Blge, 0:) (0" — Q) dn duy dVi dW;
R3 S2
0= Q4(t77,7 ‘/7 W)? 0 = Q4(t,7’7 %(V + ‘/1 -+ gcn2c)7 %(W + Wl + gcn30>)7
Ql = Q4(t7 T, ‘/17 W1)7 QT = Q4(t,7”, %(V + ‘/1 - gcn2c)7 %(W + Wl - gcn3c>)7
Je = \/(u —up)?2 4+ (V—=Vi)2 + (W — Wy)2.
317 (1-"Q, +vQ, + W20, ~YWau — J(Q,Q) = Ws(p,r, V, W, Q)

J(Q,Q) = [ [ B(ge,00)(0 2 — QQy) dn duy dVy dW,
R3 S2
0= Q4(p7 T, ‘/7 W)7 = Q4(p> r, %(V + ‘/1 + gcn2c)v %(W + Wl + gcn3c))7

Q1 = Q4(p7 T, ‘/17 Wl)a QT = Q4<pa T, %(V + ‘/l - gcn20>7 %(W + Wl - gcnSC))a
ge = J(u—wr)?+ (V= Vi) + (W - W% p=t—0.

Al



Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations

320 —vQ +p(v —wp)Y, — vz — J(2,Q) = VUs(p, 4, v, w, Q)
J(Q,Q) = f f B(g,@l)(Q*QT - QQl)dndﬂl dUl dw1
R3 §2
Q= Qu(p, 4, v,w), O =Qup, 5(a+ @ + gni), 30+ v1 + gna), 5 (w + w1 + gng)),
Q1 = Qu(p, Gy, v1,w1), O = Qulp, 50+ — gna), %(U +v1 — gna), %(w +wy — gns))
g= \/(11—121)24—(v—vl)2—|—(w—w1)2, p=% ti=u—flny.
321 —Q+(a—p—B)Q, — Qs — 0 — Qe — J(Q,Q) = Vs(p, 0, 0,w, Q)
R3 §2

Q= Qu(p, @, 0,@), U =Qup, 5(@+ @ + gni), 50+ 01 + gna), (0 + w1 + gns)),

Q1 = Qu(p, @y, 01, 01), Qf = Q(p, %(ﬂ + 1y — gny), %(17 + U1 — gna), %(71) + Wy — gng)

g:\/(ﬂ—a1)2+(17—271)2—1—(11)—@1)2, p=%—pFlnt, t =u—pFlnt, v =v—-Y%, W =w-—
322 —Q+(0—p—0)Q— (aw+ [)Qz —0Q; — 0y — J(,Q) = Us(p,a, 0, w, Q)

JQ.9) = | [ Blg.0)(©"; — Q) dn ity iy ity

Q = Qu(p, @, 0,w), =P, 35(@+ @ + gny), 3(0+ 01 + gna), 5(@ + w1 + gns)),

Q1 = Qu(p, @1, 01, W1), Qf = Qu(p, %(ﬂ + @y — gny), %(13 + U — gna), %(ﬁ) + 01 — gng))

g=\/(@— @)+ (@ —0)2+ (@ —w)2, p=Y—olt, i =u—%—flnt, i=v—oclt, & =w-
323 —Q+ (v—p1)Q, + (@ —ps —0)Qy, —0Qg — J(2,Q) = Us(p1, po, v, w0, Q)

J(©.9) = | | Blo,0:)(Q"0 — 0 divdes do ey

Q = Qu(p1,p2, v, @), Q= Qu(p1, pa, 3(v + v1 + gna), 5(0 + W1 + gns))
O = Qu(p1,p2,v1, 1), QO = Qu(p1, 2, %(U +v1 — gny), %(71] + 1 — gng))
g= \/(u—u1)2+(v—vl)2+(ﬁ1—u~11)2, p=Y% pp=%—oclnt, ® =w—olnt.

o+

z
i

44!



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

3.24

3.25

3.26

3.27 (o # 0)

-+ (U —Pl)Qm + (w - pz)sz - J(Qa Q) = ‘1’5(2?1,2927 v, W, Q)
J(Q, Q) =7 B(g,@l)(Q*Q’{ — QQl) dn duy dvy du,
R3 §2

Q= Q4(p1,p2,v,w), 0 = 94(])1,]72, %(U + v + gng), %(w + wy + gng))
Q1 = Qu(p1, pa, v, w1), QO = Qu(p1, pa, 5 (v +v1 — gna), 5 (w + wy — gng))
9=y (w—wP+ -0+ w—w) p =% p =3
—Q+(a—p—p)Q, — Qs — Qs — J(,Q) = VUs(p, 0, 0, w, Q)
J(Q,Q) = f f B(g,@l)(Q*QT —le) dndﬂl df]l dw1
R3 S2
Q= 94(p7ﬂaﬁvw)a O = Q4(pv %(a + ﬂl +gn1)a %(QN] + 61 + gnQ)a %(U} +wy + gn3))>
Q1 = Qu(p, @, 01, wr), Qf = Ulp, 2@+ — gni), 3(0+ 91 — gna), 2 (w + wy — gng))
g:\/(ﬁ—ﬂl)Q—i-(17—171)2+(w—w1)2, p=7%—pInt, &t =u—fInt, 9 =v—oclnt.
Q4+ (a—p—p5)Q, — Q% — J(Q,Q) = Vs(p, 4, v,w, Q)
J(Q,Q) = f f B(g,@l)(Q*QT —QQl)dnddl dvl dw1
R3 S2

Q= U(p, @,v,w), O =Q(p, %(ﬁ + Uy + gny), %('U + vy + gna), %(w +wy + gny)),
N = Qu(p, 1, v1,wr), QF = Qu(p, %(’[L + U1 — gny), %(U +v1 = gna), %(w +wy — gnz))
g:\/(ﬂ—ﬂ1)2+(v—v1)2+(w—w1)2, p=7—FBInt, &t =u— Blnt.
(v— 280, — Qz — LQq — J(Q,Q) = Us(p, i, 0,0, Q)
J(Q,Q) = f f B(g,ﬁl)(Q*Q"{ —le) dndﬂl dvl d?])l

R3 §2

Q= 94(])7@’”7@)7 O = Q4<p7 %(ﬂ + s +gn1)a %(U + v+ gn2)7 %(’[[) +w; + gn3))7
Q1 = Qu(p, @, v1, 1), Qf = Ulp, 3(@+ 8 — gni), 3(v+v1 — gne), (@ + @ — gngs))

—_

g=Ji—mpP+—v)+@—i) p=y—E+ 0 a—u—t, d=w-2+ L

vl



Table F.1: The reduced Boltzmann equation with a source (Continued).

No

Reduced equations

597 (a = 0.5 Z0)

3.27 (e =0,p

3.28

3.29

0)

—QﬂQp — Qa — %Qw — J(Q, Q) = \Ij5(p,ﬂ, v, 'UNJ, Q)
J(,Q) = [ [ B(g,0.)(QQ: — Q) dn dity dv, diy

R3 §2
Q = Qu(p, a,v,@), QO =Qp,5(@+ @ + gni), 3(v+v1 + gna), 5(@0 + W1 + gns)),
Ql = Q4(p, ﬂl,Ul,wl), QT = Q4(p, %(d + 121 — gnl), %(U + v — gnz), %(ID + ’U~11 - gng))
g:\/(ﬂ—ﬂ1)2—|—(v—vl)2+(w—w1)2, p=1t>—2z, u=u—1t, w=w-—%.
—2u), — Qg + v, — J(, Q) = ¥Us(p, v, 4, v, Q)
J(Q,Q) = f f B(gjgl)(Q*QT — QQl) dl’ldﬂl dv1 dwl

R3 S2

0= Q4(p,y,7l, ’U), Q= 94(p7y7 %(a + Uy + gn1)7 %(U + U1+ gnZ))a
D = W(p,y, 41, v1), = QUp,v, %(ﬂ + @ — gny), %(U + v — gna))
g:\/(ﬂ—ﬂ1)2+(v—vl)Q—I—(w—wl)Q, p=1t*—2x, t=u—t.
—vQs +wQ, — J(Q,Q) = Vs(2, 4, v,w,Q)
J(Q,9Q) = [ [ Blg,00)(QQ% — Q) dudiy do, duws
R3 2
Q= Qu(z, 0@, v,w), O =Qu(z, 5@+ @ + gm), 3(0+ v + gna), 3(w + wy + gns)),
Q1 = Qu(z, G0, wr), Qf = Uz, 5(@+ @ — gni), 5 (v + 01 — gne), 3 (w + wy — gngs))
g= \/(ﬂ—ﬂl)Q—i—(0—01)2+(w—w1)2, U=u-—y.
vy +w, — J(Q,Q) = VUs(y, 2, v, w, Q)
J(Q,Q) = R£ Sj; B(g,0:) (0} — Q) dn duy dvy dw,y

Q= Q4(y,z,v,w), o = Q4(y7Z7 %(U +ur+ gn2)7 %(U) + wy +gn3))7
0= Q4<y,Z,U1,U)1), QT - 94(y7 2y %(U + v — gn2)> %(w +w; — gn3))

g= \/(u —u1)?2+ (v—v1)% + (w—wy)?.

jad!



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

3.30

3.31

3.32

3.33

—2u8), — Qg — Qg — J(Q, Q) = U5(p, 4, v, 0, )
J(Q,Q) = f f B(g,¢91>(Q*Q>{ - QQl)dndﬂl dU1 du~)1

R3 SZ
Q= Qu(p, 4, v,@), O =Qup, 5(@+ @ + gm), 5(v+ v+ gna), 3 (0 + D1 + gng)),
Q1 = Qu(p, @y, v1, 1), Qf = Ulp, 3(@+ 0 — gni), 3(v+v1 — gns), 2 (@ + @ — gng))
g= /(@ — )2+ -2+ — )2, p=t>—20, i=u—t, 0 =w— ot
—2u8), — Qg — J(,Q) = V5(p, 4, v, w, )
J(Q,Q) = f f B(g,é’l)(Q*Qf — QQl>dndﬂ1 d’Ul dw1

RS S2
Q= Qu(p,@,v,w), O = Q(p,5(a+ 0 +gny), 50+ v+ gno), & (w+ wy + gng)),
N = Qu(p, iy, v, wy), Q= Qu(p, %(a + @ — gny), %(’U +v1 — gna), %(w +wy — gns))
g= \/(ﬂ—ﬂl)Q—l—(v—v1)2+(w—w1)2, p=1t2—2z, G =u—t.
—Qg +ufdy — J(2,9) = Us(x, u, v, w, Q)
J(Q,Q) = f f B(g,@l)(Q*Q’{ - QQl) dn du1 dUl dU~}1
Q= Q4(.T, u, v, U~}), O = Q4(.T, %(U + uy + gnl), %(’U + v + gng), %(ZIJ + ’LZ)l + gng)),
Ql = Q4($,U1,U1,U~}1), QT = Q4(.T, %(U + Uy — gnl), %(U + v — gTLQ), %(u? + U~)1 - gng))
g=1/(u—w)?+ (W —0)2+ (@ — )2 D=w—t.
ufdy — J(Q,Q) = Us(x, u,v,w, )
J(Q,Q) = f f B(g,61>(Q*Q>{ — QQl)dndul d'Ul dw1

RS S2

Q= Q4(ZL’,U,U,U)), = Q4(.T, %(U + +gn1)7 %(U + v + gn2>a %(UJ +wy + 9”3))7
Ql = Q4(ZL‘,U1,1)1,U)1), QT = Q4(I, %(U_’_ul - gn1)7 %(U + v — gn2)7 %(w +w; — gn3))

g = \/(u —u1)?2+ (v—v1)% + (w—wy)?.

il



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

3.35

3.36

3.37

3.42

Qt - ﬂt_lgﬁ - ft};j?gﬁ - igiquﬁ) - ‘](Q7 Q) 3 \115(&,’(77 U~J7t, Q)
T(Q,9Q) = [ [ Blg,0,)(Q — Q0,) dn diiy 4, diy
R3 S2
Q= Q(u,0,w,t), Q= Q4( (a+ a1 + gny), 2(1} + 01 + gna), 2(w + w1 + gng), t),
O = Qu(tiy, 0y, 101,1), Qf = Q4( (@ + iy — gny), 3(0+ 01 — gna), 3(0 + @1 — gng), t)

g:\/(a—a1)2+(v—v1) @ — ), Gmu—E, Gmy— E— U — gy By

t t t(t2+1)? t2+1

Qt - %Qa - %Qﬁ - %Qﬁ, - J(Q,Q) = \115(u,v,w,t,Q)

R3 §2
Q= Qu(a,0,w,t), O =@+ + gn), 5(0 + U1 + gns), (@ + @1 + gng), 1),
Q1 = U, 01,101, 1), Qf = UG (@ + @ — gm), 50+ 01 — gna), 5(0 + W1 — gng), t)
g:\/(ﬂ—ﬂ1)2+(v—vl)2+(w ) d=u— g, V=04 w=w— 7
O — At~ 10 — 0710 — wt 10 — J(Q,Q) = Us(a, 9, W, t, Q)
J(Q,Q) = [ [ B(g,0)(Q2Q — QO ) dn diy dvy dy

R3 §2

Q= Qu(a,0,w,t), O = Q5 (u+u1 +gn1),2(v+v1+gn2),2(u?+ 01 + gng), t),
O = (g, 01,101, 1), —Q4( (@+ a1 — gn), 5(0 + 01 — gna), 5(0 + 01 — gns), t)
g:\/(ﬂ—ﬂl)Q—i—(U—Ul)?—F(w )} d=u—%, 0=v—Y b=

Qt - 'Etilgqj - thilgw - J(Q, Q) = \115(u,v,w,t Q)
J(Q,9Q) = [ [ Blg,0,)(QQ% — QO ) dn dus doy diisy
RS §2
Q= Qu(u,v,w,t), Q=1L (u—l—u1 + gnq), 2(17—|—171 + gns), 5(0 + Wy + gns), t),
D = Q(u, 0y, w1, 1), O = 94( (u+ur — gni), 3(0 + 01 — gna), 5 (0 + w1 — gns), t)
g:\/(u—u1)2+(v—v1) + (0 —w)? O=v—4 b=w-7%

y»——x

<
H-\N

| =

vl



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

3.44

3.45

3.46

3.47

QO —ut™ Qs — J(Q,Q) = Us(a, v, w, t, )
J(Q, Q) = f f B(g, 91)(Q*Q>{ - QQl> dn dﬂ,l dUl dw1
R3 S2

Q= Qu(u,v,w,t), O = 94(%(11 + uy + gny), %(v + vy + gna), %(w + wy + gns), t),

Ql = 94(ﬂ1,vl,w1,t), Q’{ = 94(%(11 + &1 — gnl), %(U + V1 — gng), %('LU + w, — gng),t)

g= /(@ —a)2+ -0+ w—w)? G=u—*%.

Q — wQy — J(Q,Q) = Vs (a,v,w,t,Q)

J(Q,Q) = f f B(g, 91)(Q*Q>{ — QQl>dnd’l~L1 dUl dw1
R3 §2

Q = Qu(@,v,w,t), O =@+ + gny), 5(v+ v+ gno), 3(w + wy + gng), t),
0 = Q4(alvvlaw17t)7 QT - Q4(%<1~L—|— Uy — gnl)? %(/U + U — gn?)? %(’LU +wy — gn3)7t)
g = \/(ﬂ—ﬂ1)2+(v—v1)2+(w—w1)2, U=u-—2z.
Q +w, — J(Q,Q) = Vs(z,v,w,t,Q)
J(Q,Q) = f f B(g,Hl)(Q*Q’{ — QQl)dndul dU] dwl
R3 2
Q= Q4(Z7U7w7t)7 O = Q4<Zv %(U + U1+ gn2)7 %(w + wy + gn?))vt)?
Ql = Q4(Z,U1,U)1,t), QT = Q4<Z, %(U + v — gng), %(w +wyp — gn;»,),t)
g = \/(u —u1)?2+ (v =2v1)% + (w —wy)2.
Q= J(Q,Q) = Us(u,v,w, t,)
J(Q,Q) = f f B(g,el)(Q*QT - QQl)dndul d'U1 d'LUl
R3 2

Q= Q(u,v,w,t), Q= 94(%(11 + uy + gny), %(v + vy + gna), %(w + wy + gng), t),
0 = Q4(U1,'Ul,w1,t), QT = 94(%(U’+ Uy — gnl)a %(U + v — gnQ)a %(w +w; — gn?:)at)

g = \/(u —up)?+ (v —v1)% + (W —wy)?.

Lyl



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

4.2¢

4.4¢

4.6¢

4.23

VA= aWQ, + W2y — VIV Oy — J(,Q) = Uy(a, V, W, Q)
J(,9) = [ J Blge, 60)(0°01 — Q1) dn diy dVi dW,
R3 S
Q=Q3(a,V,W), Q" =Qs(3(a+ 1 + genae), 5(V 4+ Vi + genae), 3 (W 4+ Wi + gense)),
Q1 - QS(ﬂla Vi; Wl)) QT - 93(%(65 + al — gcnlc)7 %(V + ‘/1 - gcn%)u %(W + Wl - gcn?)c))a
ge = /(@ =2+ (V=11 + (W — ), ii=u~—af.
VO (W — V), + W2 — VI — J(Q,Q) = Uy(p, V, W, Q)
J(Q, Q) = Rj; Sj; B(gc, 01)(Q*Q>{ - QQl) dn du1 d‘/l dW1

Q= QB(pa ‘/a W): Q= QS(pv %(V + ‘/1 + gcn26)7 %(W + Wl + gc”Sc))a
Q1 = QS(pa ‘/17 W1)7 QT = 93(])7 %(V + Vi B gcn2c)a %(W + Wl - gcn30))7
9e = \/(U_U1)2+(V—‘/1)2+(W—W1)2, p=abf —1Inr.
—VQ+ (1= pV)Q, + W2Qy — VIWQy — J(Q2,Q) = Uy(p, V, W, Q)
J(,Q) = [ [ B(ge, 61) (0 — Q) dn duy dV; dW,

R3 S2
0= QS(pa ‘/a W)7 O = Q3<p7 %(V + ‘/1 +gcn2c)> %(W \ Wl +gcn3c))>
Q1 = QB(pa ‘/17 Wl): QI = Q3(p7 %(V + ‘/1 I gc”Qc)a %(W + Wl - ansc)),
ge = \/(u—ul)Q—i—(V—Vl)Q—i-(W—Wl)g, p==.
—vQ + (w — vp)Q, — J(Q,Q) = Vy(p, v, w, Q)
J(2,Q) = [ [ B(g,0,)(Q"Q; — Q) dn duy dv; dw;

R3 S2

Q= Qg(p,U,U)), 0 = Q3(p7 %(U + U1+ gnQ)? %(w + wy +gn3))7
O = Qs(p,vi,wr), 4 = Qs(p, %(U + v — gne %(w +wy — gns))

);
9:\/(U—U1)2+(U—U1)2+(w—w1)2> P=4

V1



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

4.24

4.25

4.26

4.28

—uQ) — aufdg — J(Q,Q) = Vy(u,v,w, Q)
J(Q, Q) = f f B(g,@l)(Q*QT - QQI) dndu1 d’Ul d’u~)1
R3 §2
Q= Q3(u,v, @), O =Q(2(u+ur+ gn), 2(v+ v + gno), 5(0 + @1 + gng)),
Ql = Qg(ul,’vl,’d)l), Q’{ = Qg(%(u + up — gnl), %(U + v — gng), %('LIJ + 7111 — gng))
g= \/(u—u1)2+ (v—v1)2+ (0 — )% w=w—alnz.
—uf) — J(,Q) = Uy(u,v,w, )
J(Q, Q) = f f B(g,@l)(Q*QT —3 QQl) dndu1 dUl dw1
R3 §2

Q = Q3(u,v,w), QO =Q(5(u+ur + gn), 5(v+v1 + gna), 3(w + wi + gng)),
O = Qy(ur, v1,w1), QF = Q(5(u+w — gm), 5(v+ v — gna), 3(w +wr — gnz))
g=/(u—uw)2+ (v —01)2+ (w—w)?.
—Q —aQy — Q5 — Qg — J(Q,Q) = Vy(a, v, w, Q)

R3 S2
Q= Q4(a,0,w), QO = Q5@+ @+ gn), 5(0+ 01 + gna), 3(0 + 01 + gng)),
Ql = Qg(ﬂl,ﬁl,wl), QT = Qg(%(a T fbl - g’l’Ll), %(f} v 7]1 - gng), %(UNJ + 71)1 - gng))
g=\/(@— @)+ =02+ —)2, d=u—%, b=v-Y d=w-—%
—Q — Qs — Q5 — wQg —J(Q,Q) = Vy(a,v,w, )

R3 §2
Q= Qg(ﬂ,@,ﬁ)), O = Qg(%(ﬂ + %1 + gnl), %(@ + 01 + gng), %( 0+ W, +gn3)),
O = Qy(a, 01,01), Qf = Q(5(0 + @ — gna), 5(0+ 01 — gna), 5(@ + @1 — gnz))

671



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

4.29

4.31

4.32

4.33

—Q+ (0 —p— ), —afdyg — Qg — J(Q,Q) = Uy(p, 0, w,Q)
J(Q,Q) = f f B(g,&l)(Q*Q}k - QQl)dndul d1~)1 dU~)1

R3 S2
0= Q3<p,17,11~}), = 93(]77 %(6 + 771 + gn2)7 %(12} + U~)1 +gn3))a
Qy = Qs(p, 01, w1), U = Q3(p, 5(0+ 01 — gna), 5(0 + @y — gng))

(SR

g:\/(u—u1)2+(17—171)2—|-(tb—tbl)?, p=Y%—alnt, 0 =v—alnt, & =w— 2.

- — ﬂQﬁ — OéQf, — /BQJ) — J(Q, Q) = \114(&,,’[7, U~J, Q)
R3 S2

Q= Q3(a,0,0), Q= Q2@+ 8+ gn), 50+ 01 + gno), 5(0 + D1 + gng)),
Qy = Qs(tay, 01, w1), U = Qa(5(a+ 0y — gny), 5(0+ 01 — gna), 5(0 + by — gng))

g=\/(@— )2+ @ —0)2+ @ —0)? d=u—2% b=v—alnt, &=w- St

—Q —aQg — J(Q,Q) = Vy(u,v,w, Q)
J(Q, Q) = f f 13<g7 91)(Q*QT — QQl) dn dﬂl d’Ul d’LUl
R3 S2

Q = Q(a,v,w), O = Q(3(0+ @y + gn), 5(v + v1 + gna), 3(w + w1 + gns)),
Q1 = Q3(ay, v1,w1), QF = Q(5(2+ @ — gm), 3(v+ v1 — gna), 5(w + wy — gng))
g:\/(ﬁ—ﬂ1)2+(v—vl)2+(w—w1)2, i=u—7.
—Q — Q — J(Q,Q) =¥y (u,v,w,Q)
J(Q,9Q) = [ [ Blg, 0,)(QQ; = QQy) dn diiy dvg dus

RS §2

Q = Qs(a,v,w), Q= Qg(%(ﬂ + @y + gny), %(U +v1 + gna), %(w + wy + gng)),
Q1 = Q3(ay, v1,w1), Qf = Q(3(a+ @ — gm), 5(v+v1 — gna), 3(w + wy — gng))
g= /(i —i)?+ -2+ w—w)? d=u— Bt

0¢T



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

4.34

4.35 (e #£0)

4.35 (o =0)

4.36 (o # 0)

—Q = J(Q,Q) = Yy (u,v,w,Q)
J(Q, Q) = f f B(g, 91)(9*91( - QQI) dn dU1 dUl dw1
R3 S2

Q= Q3(u,v,w), O =Q(2(u+ur+ gni), 2(v+ v+ gno), 3(w + wi + gng)),
Q1 = Qs(ur,v1,w1), Qf = (w4 — gm), 5(v+v1 — gna), 3(w + wy — gns))
g= \/(u —up)? 4+ (v —v1)? + (w — wy)*
_Qﬁ - ng) - BQ@ - J(Q, Q) » \114(11,17,17), Q)
J(,Q) = [ [ B(g,0)(Q*Q — QQ4) dn du, dv, diy

R3 §2

Q=Q3(u,0,w), Q= QJ( (@ + a1 + gny), 2(1} + 0 + gng), 2( 01+ gns)),
Ql = Qg(fbl,@l,ﬁ)l), Q’{ = Qg( (U+ U — gnl), 2(’0 + 07 — ), %( + w4 gng))
:\/(ﬂ—ﬂ1)2+(@—@1)2—|—(w W) d=u—t, t=v— 5—#5— W=
— Qg —2aQ, — Qs — J(Q,Q) = Wy(p, a,w, Q)
J( s ) j;j;B(g,@l)(Q*Q’{—QQl)dndﬂldvldwl
R3S
Q= Q3(p, 4, w), O =Qs(p, 5(@+ Gy + gna), 3(@ + @y + gns)),
Ql = Qg(p, 111,2171), QT = Qg(p, %(ﬂ = 77/1 = gnl), %(u? + U~)1 7, gng)),
g:\/(ﬂ—ﬁ1)2—|—(v—vl)2+(w—fv1)2, p=t>—2x, t=u—t, w=w-—pt
—%Qf} — Qw — J(Q, Q) == \I]4<U76,/IIJ, Q)
R3 82

Q= Q3(u,0,w), Q= Q3( (u+u1+gn1),2(v+v1+gn2),2(w+w1+gn3))

Oy = Qs(uq, 01,0), Qf = Qg( (u+uy — gny), 2(1} + 01 — gno), ;(w + W — gng)),

g:\/(u—u1)2+(27—171)2—1-(11}—7111)2, v=v—%, w=w-—t

w — [t.

161



Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

436 (o = 0)

4.37

4.38

4.39

ufdy — Qg — J(Q, Q) = Uy (2, u,w, Q)
J(Q, Q) = f f B(g, 91)(9*91( - QQl) dn du1 dUl dU~)1
R3 S2

Q= Q3(z,u,w), O = Q3(x, %(u + uy + gnq), %(w + Wy + gng)),
Ql = Qg(x,ul,zbl), QT = Q5($, %(U + up — gnl), %(ﬁ) + Wy — gng)),
g:\/(u—u1)2+(v—v1)2—|-(u?—u~)1)2, w=w—t.
—ufdy — J(,Q) = Uy(u, 0, w, )
J(Q,Q) = f fB(g,91)<Q*QT —QQl)dndul d’Dl dw1

R3 S2

Q= Q3(u, 0, w), O =Q(2(u+ur+gn), 20+ 0 + gna), 3(w + w1 + gng)),
O = Qy(ur, 01, w1), QF = Q(5(ut ur —gna), 5(0+ 01 — gna), 3(w +wr — gnz))
g= \/(u—u1)2+(17—271)2+(w—wl)Q, D =v— .
ufd, — J(,Q) = Vy(x, u, w, )
J(,9Q) = [ | Blg,00)(QQ; — Q) dnduy do, duw,

RS §2

Q = Q(z,u,w), O =Q3(x, 3(u+us + gn), 5(w 4wy + gns)),
Q1 = Qs(z, ur,w1), Qf = Wz, 3(u+uw — gm), 3(w + wi — gng))
9= /(u—w)* 4 (v~ 00)? + (w — wn)?.
—Qa — J(Q,Q) = Uy(a,v,w, Q)
J(Q2,92) = [ [ B(g,0,)(Q*Q — QQy) dn diy dvy dw;

RS §2

Q = Q3(a,v,w), Q= Qg(%(ﬂ + @y + gnq), %(U + v1 + gna), %(w + wy + gng)),
Q1 = Q3(ar, v1,w1), Qf = Q3(5(a+ @ — gna), 3(v +v1 — gna), 3(w + w1 — gns))
g= (@ — )+ (v — v + (w—w)? a=u—t.

¢S1



Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations

440 —J(2,Q) = Yy(u,v,w,Q)
J(Q, Q) = f f B(g, 91)(9*9* — Q0 ) dn dU1 d’Ul dw1
R3 S2

Q= Q3(u,v,w), O =Q(2(u+ur+ gni), (v + v + gno), 3(w + wi + gng)),
Oy = Qs(uq, vy, wy), Qf = Qs( (u+ug — gnq), 2(@ + vy — gnoy), 2(w + wy; — gng))
g= \/(u —up)? 4 (v —v1)% + (w —wy)%
443 Qt - t_lﬁQf, - t_leﬁ) - J(Q, Q) = \114(’17,11},t, Q)
J(Q,Q) = [ [ B(g,0,)(Q2Q — Q) dn duy dv, diw,
R3 §2

Q= Q3(0,w,t), Q= Qd( (v + 0y + gna), 2(11”) + Wy + gng), t),
Ql = Qg('ljl,'lfjl,t), Q = Qg( (U + 07 — ngQ) %(UN) + Wy — gng),t)
gz\/(u—u1)2—|—(17—271)2—1-(17]—@1)2, f=v—Y w=w-Z
4.45 Qt - uQ~ — J( Q) = Uy(u, ﬁ,t, Q)
R3 §2
0= Qg('LL 0,t), Q" = Q33 (u—l—u1 +gn1), 2(v—|—v1 + gna), ),
Ql ( 731 ) Q —Qg( (U+U1 gnl),Q(v—i—vl —gnz) t)
g:\/(u—u1)2+(v—vl) + (w—wy)?, D=v— .
446 Q +t7H(Bu — 0)Qy — J(Q,Q) = Uy(t,u,w, Q)
J(Q,Q) = f f B(g,@l)(Q*Q”f —le) dndu1 dUl dﬁ]l
R3 §2
Q= Qs(t,u,w), Q= Q3(t, %(u + uy + gny), %(ﬁ] + w1 + gng)),
Ql = Qg(t,ul,’lﬂl), QT = Qg(t, %(u + up — gnl), %(ﬁ) + ’lIJl — gng)),
g:\/(u—u1)2—|—(0—01)24—(@—@1)2, W =w+ 2=,

eal



Table F.1: The reduced Boltzmann equation with a source (Continued).

154

No.

Reduced equations

4.47

4.49

4.50

5.2¢

5.10

5.13

Q +ufdy — J(Q,Q) = Uy(z,u,t,Q)
J(2,Q) = [ [ B(g,0:)(2°Q; — QQ) dn duy dvy dw,
R3 S2

Q = Uz, u,t), O =z, 5(u+u +gn),t),

Ql = Qg(l’,ul,t), QT = Qg((lf, %(U + up — gnl),t)

g= \/(u —u1)?+ (v—v1)% + (w—wy)?.

O — t iy — J(Q,Q) = Wy (u, @, £, Q)

J(,9) = ] [ Blg,00)(Q"Q; — Q) dnduy vy dity
R3S

Q= Q3(u,w,t), V= Qg( (u + uy + gny), 2(w + w1 + gng), t),
Oy = Qg(uy, wy,t), QFf = Qg( (u+uy — gny), %(w + W — gng),t)
g:\/(u—ul) + (v —v)? 4+ (0 —01)?, O =w— %
Qy — J(Q,Q) = Uy(v,w,t,Q)
J(Q,9Q) = [ [ Blg,0.)(QQ; — QQ) dn duy dv, du,
R3 §2
Q= Q3(v,w,t), Q= QJ( (v + v1 + gna), 2(w + wy + gns), t),
O = Q3(vr, wy, ), QF = Qs( (v 4o — 9”2)>2(w+w1 gns),t)
g= \/(u —up)? 4 (v —=v1)2+ (w —wy)%
—VQ+ W2y — VIV — J(Q,Q) = Us(V, W, Q)
JOQ,0) = [ f B(gc, 0.)(*Q — Q) dn du,y dV; AW,
R3 §2
Q= QQ(V W) ( (V = ‘/1 + gcn20> (W + Wl + gcn30>>7
0 = (W1, W7), Q ( V+Wn —an2c)a%(W+W1 — geNse))s
ge =/ (u—w)? VSR W W)
—Q+ (i —p— L), = £Qz — J(Q,Q) = Us(p, @, Q)
J(Q, Q) = f f B(g,el)(Q*QT — QQI) dndﬂl dUl dw1
R3 §2
Q= Q2(p7 ﬂ)a = QQ<p7 %(a + Uy +gn1))a
Q1 =Q(p, ), Q = Q(p, 5(@+ U — gny))

g:\/(71—1]1)2—1-(U—U1)2+(w—w1)2, p=2—LInt, a=u—Llnt.

Q —t'aQy = J(Q,Q) = V3(a,t, Q)
J(Q, Q) = f f B(g, 01)(9*9* T QQl) dn dﬂl dUl dw1
R3 S2

Q:QQ(U t) Q= QQ( (u—l—u1+gn1) t)
Q1 = Qo(an, t), N —Qz( (@ + 01 — gm), 1)

9—\/(u—u1)2—|—(v—v1)2+(w_w1>2’ i=u-—2

8




Table F.1: The reduced Boltzmann equation with a source (Continued).

155

No. Reduced equations
517 Qy — J(Q,Q) = U3(u,t, Q)
J(92,Q) = j; fQB(g,Gl)(Q*Q* — Q) dn duy dvy dw,
R3 S
Q= Qo(u,t), O =Q(3 (u + Uy + gna), t),
Ql Qg(ul, ), Q = Qg( (U+U1 —gnl),t)
g= \/(u —u1)?+ (v —v1)% + (w—wy)?.
J(Q,Q) = f f B(g, 61)(QQ; — QQy) dn duy dvy dwn
Q= W(p, ) Q* Qo (p, 3(a + @ + gna)),
Q= W(p,ur), QF = D(p, 3(a+ @ — gny))
g:\/(a—a1)2—|—(v—v1)2+(w—w1)2, p=1>—2z, i =mu-—t.
5.19 uQ, — J(Q,Q) = Us(x,u, Q)
J(Q, Q) = f f B(g,gl)(Q*QT —3 QQl) dn du1 dUl dw1
R3 §2
Q= Qy(z,u), QF = Qy(x, %(u + uy + gny)),
Ql = QQ(%’,Ul), QT = QQ(ZIZ', %(U + u; — gnl))
g= \/(u —up)? 4+ (v —v1)24 (w —wy)%
521 —uf) — fufdy — J(,Q) = Us(u, w, Q)
J(2,Q) = [ [ B(g,0:)(2°Q5 — QQ) dn duy dvy diy
R3 §2
Q = Qy(u,w), Q" =3 (u 4wy + gni), 5 (0 + w1 + gng)),
Ql = QQ(Ul,Ibl) Q = QQ( (u + uy — gnl), %(’JJ + 1I)1 — gng))
g= \/(u—u1)2+(v—vl)z+(w—w1)2, w=w— Blnz.
5.24 —Q —0Q; — 0y — J(2,) = U3(0,w, Q)
J(92,Q) = j; f2 B(g, 6,)(QQ; — QQy) dn duy dv, di,
R3 S
Q= Qo(0, @), U =Qs(3(0+ 01 + gno), 5(0 + w1 + gng)),
Ql = Qg(ﬁl,wl), QT = QQ(%(@ + 171 = g?’Lg) %(w -+ 12}1 — gng))
g:\/(u—u1)2+(17—171)2+(171—w1) ==Y w=w—2
5.25

—Q = Qs + (B — 0)Q — J(Q,Q) = ¥s(4, T, Q)

J,0Q) = | | Blg 60 = Q) dn diy do, duy
R3S

Q:QQ(Q,@) QO —QQ( (u+u1+gn1),2(17

leﬁg(ﬁ,l,’t}l) Q —QQ( (u+u1 gnl) %’D

g=(a— )2+ @ —0)2+w—w)?, d=u—*% 7=




Table F.1: The reduced Boltzmann equation with a source (Continued).

156

No.

Reduced equations

5.26

5.27

5.28

5.29

5.31

5.32

J(Q,Q) = [ [ B(g,0.)(Q 2 — QQ,) dn iy dvy dw,
R3 S2
Q= QQ(pa ﬁ’)7 O = QZ(p7 %(ﬁ‘ + ﬂ’l + gn1>>7

Ql = Q2(p7 u1)7 QT - QQ(pu %(ﬂ +I~L1 - gnl))

g:\/(ﬁ—al)Q+(v—vl)2—|—(w—w1)2, p=%—pFInt, & =u— Flnt.

J(Q,Q) = f f Blg, 0,)(Q 0 — QQy) dn dity doy duy

Q= Qg(ﬂ f)) Q* = QQ(%(& +1~L1 +gn1), %(27 + ’l~}1 +gn2)),
Q= (1, 01), U = Q5@+ @ — gn), 5(0+ 01 — gng))
g:\/(u—ul) + (0 —0)*+ (w—w)? t=u—7, 9=v—Fnt.
—Q — 6Q; — J(Q,Q) = ¥3(w, v, Q)
J(Q,Q) = f f B(g,491>(Q*Q* —QQl>d1’ldl~L1 dUl dw1

R3 S2
Q= Qy(u,v), Q= QQ( (u + uy + gnq), 2(1} + vy + gna)),
Q1 = Qo(ay,vy), Qf Qg( (u+1L1—gn1),2(v+v1 gns))
g = \/(12—221)2—1—(U—v1)2+(w—w1)2, w=u— [lnt.
—Q—J(Q,Q) =¥3(v,w, Q)
J(02,Q) = js [2 B(g, 61)(Q*Q; — QQ4) dn duy dvy dwy

R3S

Q= Q(v,w), O =0(; (v + 1 + gne), 5 (w + wi + gng)),
Ql = Qg(vl,wl), Q* QQ( (U + v — gn2), %(w + wy — gng))
g=¢<u—u1>2+<v—v1>2+<w wy)?.
—2aQ, — Qa — J(Q Q) = Uy(p, @, Q)
J(Q,Q) = [ [ B(g,0)(QQ% — QQy) dn diy dv, dw,

R3 §2
Q= Qu(p, @), X = Qa(p, 5(d + @ + gn1)),
O =Q(p,w), A =P 5@+ —gn))
g= \/(ﬂ—a1)2+(v—vl)2+(w—w1)27 p=1*—2x, i =u—t.
—UQ{) - J(Q, Q) = \Ilg(fu,,’lj, Q)
J(Q,Q) = R{; S‘/z‘ B(g,el)(Q*Q* T Qﬂl) dn du1 d?jl dw1
Q= Qy(u,v), Q" =3 (u + uy + gny), 2(2} + 01 + gna)),
Q1 =Qy(u,0y), O = Qz( (u+u1 — gna), 5(0 + 01 — gna))
g= \/(u—u1)2—|—(v—vl) + (w—w)? 0=0v—x.




Table F.1: The reduced Boltzmann equation with a source (Continued).

No.

Reduced equations

5.33

0.34

2.35

5.37

6.2

6.6 (a # 0)

ufdy — J(2,Q) = Us(z, u, Q)
J(Q,Q) = [ [ B(g,0,)(Q0Q% — QQ) dn dus doy duws
RS §2
Q= Qo(z,u), O =Q(z, 2 (u+u +gnm)),
O = Doz, w), Qf = (2, 3(u+u — gm))
g= \/(u—u1)2+(v—v1 24+ (w—wy)?
CQu— J(Q,Q) = Wa(d, 0, Q
J(Q,9Q) = [ [ Blg,6,)(QQ% — QQ,) dn diy doy dus
R3 §2
Q= Qs(a,v), O =3 (u + @1 + gn), 5 (v +v1 + gna)),
Ql :(22(/&1,7)1) Q* QQ( (U+U1 —gnl),;(v—i—vl—gng))
g= \/(ﬂ—ﬂ1)2+(v—v1)2+(w wy)?, U =u—t.
Q —t7'aQy — J(,Q) = U3(a,t,Q)
J(Q,9Q) = [ [ Blg,8,)(QQ — Q) dn dity dvy duws
RS §2

Q= M(a,1), A= 92(%(71 + @y + gny), t),

Ql = QQ(le, ) QT — QQ(%(& ‘I—ﬂl - gnl),t)

g—\/(L—ul) + (v —v)* + (w —wy)? G =u~— 7.

Q) — J(9,0) = Uy(u,t,9)

J(Q,Q) = f f B(g,gl)(Q*QT —Qﬂl) dndu1 dUl dw1
R3 S2

Q:QQ(U,,t) Q*_QQ< ( +u1+gn1),t),

Ql — Q2<u1a )7 1 ( (u+u1 _gnl)vt)

g= \/(u—ul)Q—l—(U—vl) + (w —wy)2.

—uQ) — J(Q,Q) = Uy(u, Q)

J(Q, Q)= [ [ B(g,0 )(Q*Q*{—QQl)dndul dvy dw,
R382

Q= (u), —Ql(é<u+u1+gn1)>

Q= (w), Qf —Ql( (u~+up — gny)

g:\/(u—ul)z—f—(v—vl)?—i-(w wy)?.

—Q —aQz — J(Q,Q) = Vy(u, Q)

J( ) f f B(g,@l)(Q*Q* Q0 )dndﬂl d’Ul d’UJl

Q= Q() Q* Ql( (U+U1+gn1))a

Ql :Ql< ), Q* Q ( (U+U1 —gnl)

g:\/(ﬂ—ﬁ1)2+(v—v1)2+(w—w1)2, U=1u—

(5.26)

8

18
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
6.7 —Q—aQg — J(Q,Q) = Vy(a, Q)
J(2,Q) = [ [ B(g,0:)(2Q; — QQ) dn di, dvy dw,
R3 S2
Q= Ql(ﬁ), O = Ql(%(ﬁ + Uy + gnl)),
Ql = Ql(fbl), QT = Ql(%(ﬂ + 77/1 - gnl))
g=1/(@— @)+ (v —0v)2+ w—w)?, G=u—*%.
6.8(=0, a#0) —Q—J(Q,Q) =Vy(u,Q)

6.8 (3=0, a =0)
6.11

6.12 (a # 0)

6.12 (o = 0)
6.13
6.14

6.15
6.16
6.17

J(Q,Q) = [ [ Blg,0,)(Q 2 — QQy) dn duy dvy duy
R3 S2

Q= (u), & =N(5(u+u+gm)),

= (), O = N (G(u+u —gm))

g= \/(u —up)? 4 (v —v1)? + (w —wy)%

(5.37)

—J(92,Q) = Uy(u, Q)

J(Q, Q) = f f B(g,&l)(Q*Q*{ — QQl) dn du1 d’Ul dw1
RS §2

Q= Qi (u), & =N (5(u+u + gm)),

= (w), = UG+ w —gn))

g= \/(u —up)?+ (v —v1)? + (w —wy)%

Qs — J(Q,0) = Uy(a, Q)

J(Q, Q) = f f B(g, 91)(Q*Q>{ — QQl) dn dﬂl dUl dw1
R3 S2
Q= Ql(ﬂ), O = Ql(%(ﬁ + 1y + gnl)),

Ql = Ql(al), QT = Ql(%(ﬁ + 711 - gnl))
2

g:\/(u—u1)2+(v—vl)2+(w—w1) , U=u—t.

(5.31)

(5.33)

—J(Q,Q) = Wa(t, Q)

J(Q,Q) = f f B(g,gl)(Q*QT — QQl) dndu1 d’Ul dw1
R3 S2

Q=Q(t), QF = Q1)

Ql i Ql(t), QT = Ql(t)

9

(u—u1)?+ (v —v1)%+ (w—wy)?




Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations

6.20 —Q— aQ — J(Q,Q) = Uy(w, Q)
J(Q, Q) = f f B(g, 91)(Q*Q>{ — QQl) dn dal d’Ul dwl
R3 S2
Q= Ql(fb), O = Ql(%@:& + 1y + gnl)),
Ql = Ql<a1), QT = Ql<%(ﬂ + 121 — gTLl)

g= \/(ﬂ—ﬁ1)2+(v—v1)2—|—(w—w1)2, =u—«alnt.

6.21 (6.6), a £ 0
6.22 (6.11)
6.23 (6.12), a # 0
6.24 (6.14)
625 (B£0)  (6.14)
625 (3=0)  (5.37)
7.3 (6.17)
75(8=0, a=0) (6.22)
7.6 (6.21)
7.7 (a=0) (6.20)
710 (a=0)  (6.23)
8.2 (a = 0) (7.12)
8.3 (a=0) (7.14)
8.4 (7.13)
9.2 (6.14)
10.1 (7.13)
10.2 (7.14)
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