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CHAPTER I

INTRODUCTION

The classical Boltzmann equation plays a central role in the kinetic theory of

rarefied gases. For many physical processes, there is the need to include additional

terms into the classical Boltzmann equation for describing some realistic physical sit-

uations. This chapter is devoted to review the Boltzmann equation, and the group

analysis method.

1.1 The full Boltzmann equation

The Boltzmann equation is an integro-differential kinetic equation which de-

scribes the time evolution of rarefied gas in terms of a distribution function of molecules

of the gas which interact through binary elastic collision. The distribution function

f(x,v, t) depends on seven independent variables: space variable x ∈ R3, molecular

velocity v ∈ R3, and time t ≥ 0. The function provides the probability distribution

of molecules in the phase space R3 × R3 at time t. The Boltzmann equation has the

following form
∂f

∂t
+ v · ∇xf = J(f, f), (1.1)

with the collision integral

J(f, f) =
∫
R3

∫
S2

B(g, θ1)(f ∗f ∗1 − ff1) dn dw, (1.2)

where

• x = (x, y, z) ∈ R3;

• v = (u, v, w), w = (u1, v1, w1) ∈ R3 are the pre-collision velocities of two particles

having the post-collision velocities: v∗, w∗, respectively;
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• g = v−w is the relative velocity of the colliding particles, and g = ‖g‖2;

• dw = du1dv1dw1 is a volume element in R3;

• f = f(x,v, t), f1 = f(x,w, t), f ∗ = f(x,v∗, t), f ∗1 = f(x,w∗, t);

• n is a unit vector varying on the unit sphere S2 = {n ∈ R3| ‖n‖2 = 1}, such as

n ≡ (n1, n2, n3) = (sin θ1 cos ε, sin θ1 sin ε, cos θ1),

where ε, θ1 are the angles identifying a point on the sphere in spherical coordi-

nates, and the angle θ1 which is called the scattering angle is the angle between

the vectors g and n, i.e., cos θ1 = g·n
g

;

• dn is a surface element of unit sphere in R3, i.e.,

dn = sin θ1dθ1dε, θ1 ∈ [0, π] , ε ∈ [0, 2π] .

Because of the elastic collision of two particles of the gas, the velocities v∗ and w∗ are

determined by following formulae

v∗ = 1
2(v + w + gn), w∗ = 1

2(v + w− gn). (1.3)

The function B is called the collision scattering function, defined by

B = gσ (g, cos θ1) , (1.4)

where the function σ : R+ × [−1, 1]→ R+ is called a differential cross-section.

Determination of the scattering function depends on the potential of intermolec-

ular interaction of a gas. One of several types of the scattering function considered in

the Boltzmann equation is a description of the particle interaction by inverse power

intermolecular potential U(r) ∝ r−(ν−1), (ν > 2). The scattering function has the form

B = bγ (cos θ1) gγ, γ = ν − 5
ν − 1 , (1.5)
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where bγ (cos θ1) is a known function.

Molecules of a gas with ν = 5, i.e., γ = 0, are called Maxwell molecules with

B = b0 (cos θ1) (1.6)

independent of g.

1.2 Exact solutions of an equation with source function

As the Boltzmann equation is widely used in rarefied gas dynamics, constructing

exact solutions of this equation is of immense interest. In the case of no collision

integral, i.e., J(f, f) = 0, the equation is known as free motion equation and has the

general solution in the following form,

f(x,v, t) = F (v,x− tv). (1.7)

A well-known exact solution of the Boltzmann equation for which the collision integral

vanishes is the Maxwell-Boltzmann distribution function

f(υ) = 4π
(

m

2πkT

) 3
2
υ2e−

mυ2
2kT , (1.8)

where υ = ‖v‖2, m is the molecular mass, k is the Boltzmann’s constant, and T is

the constant kinetic temperature. However, the presence of the complicated collision

integral is one of the main difficulties for finding solutions of the Boltzmann equation.

Researchers have tried to find solutions of the Boltzmann equation with simplified

collision integral.

In 1975, Bobylev found a particular solution of the spatially homogeneous Boltz-

mann equation with Maxwell molecules by applying the Fourier transform, and repre-

senting the solution in a special form (Bobylev, 1975). Later, in 1976, Krook and Wu

obtained the same solution by using the moment generating function (Krook and Wu,

1976). This solution is now called the BKW solution. The solution has the following
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form:
f(υ, t) = (2πτ)−3/2e−

υ2
2τ

(
1 + 1− τ

τ

(
υ2

2τ −
3
2

))
,

τ = τ(t) = 1− θe−λt, λ = (π/2)
∫ 1

−1
dµg(µ)(1− µ2), t ≥ 0,

(1.9)

where f(υ, t) ≥ 0 for 0 ≤ θ ≤ 2/5, (for more details, see (Bobylev, 1984)).

In order to model some physical situations by the Boltzmann equation, one

needs to include additional terms into the classical equation such as removal events

(e.g., chemical reactions), interactions with a background host medium, and presence

of an external source (Spiga, 1984; Boffi and Spiga, 1982a; Boffi and Spiga, 1982b).

In 1984, Spiga studied the spatially homogeneous Boltzmann equation with

Maxwell molecules including removal (Spiga, 1984),

ft(v, t)− J(f, f) = −CRn(t)f(v, t), (1.10)

where a particular solution of Equation (1.10) was sought in the form of the BKW

solution. However, the authors of (Santos and Brey, 1985) showed that using the

equivalence transformation

τ = 1
n0CR

ln (1 + n0CRt), f̃ = n0

n(t)f, (1.11)

one can reduce Equation (1.10) to the classical Boltzmann equation: to Eq. (1.10)

with CR = 0.

In 1984, Nonenmacher (Nonenmacher, 1984) studied the Boltzmann equation

for the spatially homogeneous case with a source function,

ft(v, t) = C(f, f) +Q(v, t). (1.12)

Using the moment generating function, he obtained the nonlinear second-order partial

differential equation

(xut)x − u2 + u(0)(xu)x = g, (1.13)

where u = u(x, t) is the moment generating function for the distribution function
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f(v, t), g = g(x, t) relates to the moment generating function for source function q(v, t)

and u(0) = u(0, t). Using the classical group analysis method, some forms of invariant

solutions were found. However, because of the presence of a nonlocal term, u(0), in

Equation (1.13), the classical group analysis method cannot be applied to the equation.

The results of Nonenmacher were corrected in (Grigoriev and Meleshko, 2012; Grigoriev

et al., 2014), where the authors obtained the determining equation by using the method

developed for equations with nonlocal terms, and the complete group classification of

(1.13) was obtained.

The determining equation of the Fourier image of the spatially homogeneous

and isotropic Boltzmann equation with a source,

ϕt(x, t) + ϕ(x, t)ϕ(0, t)−
∫ 1

0
ϕ(xs, t)ϕ(x(1− s), t)ds = q (1.14)

was studied in (Grigoriev et al., 2015; Suriyawichitseranee et al., 2015; Long et al.,

2017). Equation (1.14) with q = q(x, t) and q = q(x, t, ϕ) was analyzed in (Grigoriev

et al., 2015) and (Long et al., 2017), respectively, using the analysis which was applied

in (Grigoriev and Meleshko, 2012; Grigoriev et al., 2014). Later, in (Suriyawichitser-

anee et al., 2015), it was shown that the group classification obtained in (Grigoriev

et al., 2015) is complete. The method used in (Grigoriev and Meleshko, 2012; Grig-

oriev et al., 2014) was also applied to other types of equations in (Long et al., 2017).

Among them the following equations were considered:

the Burgers equation with a source term,

ut − uux + uxx = f, (1.15)

and a nonlinear heat equation with delay in a source term,

ut(x, t)− (uk(x, t)ux(x, t))x = f(x, t, u(x, t), u(x, t− τ)), (k 6= −4
3 , 0). (1.16)
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This thesis is devoted to the full Boltzmann equation with a source function

∂f

∂t
+ v · ∇xf − J(f, f) = q, (1.17)

where the source function q depends on both the independent and the dependent

variables, i.e., q = q(x, y, z, u, v, w, t, f).

1.3 Investigations of the Boltzmann equation by the group

analysis method

One of the powerful general methods for finding exact solutions of differential

equations (Ovsiannikov, 1978; Olver, 1986) and equations with nonlocal terms (Grig-

oriev and Meleshko, 1986; Grigoriev et al., 2010) is the group analysis method (Lie,

1883; Lie, 1891). The main concept for constructing solutions by this method is the

concept of an admitted Lie group. Solutions invariant with respect to an admitted Lie

group allow for a reduction of the number of independent and dependent variables. This

means that the problem of finding invariant solutions is simpler than that of finding

the general solution. The direct relation between a Lie group and its Lie algebra allows

one to use the power of linear algebra. In particular, the algebraic structure of the Lie

algebra corresponding to an admitted Lie group1 introduces an algebraic structure into

the set of invariant solutions. For finding an admitted Lie group, one needs to solve

determining equations. The general solution of the determining equations generates a

principal Lie algebra of an equation being studied.

The first application of group analysis to integro-differential kinetic equations

was in (Taranov, 1976), where the Vlasov equations of collisionless plasma were re-

duced to a system of equations for moments, and the classical group analysis method

was applied to a subsystem which consists of finite number of partial differential equa-

tions. Then the number of studied equations was extended to infinity. The method
1This Lie algebra is also called admitted.
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(Taranov, 1976) was applied in (Bunimovich and Krasnoslobodtsev, 1982; Bunimovich

and Krasnoslobodtsev, 1983) to the Bhatnagar-Gross-Krook (BGK) equation, which

is a simplified model of the Boltzmann equation. In particular, in (Bunimovich and

Krasnoslobodtsev, 1982; Bunimovich and Krasnoslobodtsev, 1983) it was found that

the BGK equation admits the Lie algebra L11 spanned by the basis generators:

X1 = ∂x,

X2 = ∂y,

X3 = ∂z,

X4 = t∂x + ∂u,

X5 = t∂y + ∂v,

X6 = t∂z + ∂w,

X7 = y∂z − z∂y + v∂w − w∂v,

X8 = z∂x − x∂z + w∂u − u∂w,

X9 = x∂y − y∂x + u∂v − v∂u,

X10 = ∂t,

X11 = t∂t + x∂x + y∂y + z∂z − f∂f .

(1.18)

The authors (Bunimovich and Krasnoslobodtsev, 1982; Bunimovich and Kras-

noslobodtsev, 1983) stated that this Lie algebra is also admitted by the Boltzmann

equation (1.17). Later, using a representation of the admitted transformations it was

directly verified in (Grigoriev and Meleshko, 1986) that the generators (1.18) are ad-

mitted by the Boltzmann equation (1.17).
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In (Grigoriev and Meleshko, 1986; Grigoriev and Meleshko, 1987), a direct

method for applying group analysis to integro-differential equations was developed.

In (Bobylev and Dorodnitsyn, 2009) this method was applied to the Boltzmann equa-

tion. Furthermore, this method was applied to other integro-differential equations such

as the kinetic equations of collisionless plasma (Kovalev et al., 1992; Grigoriev et al.,

2010)2, viscoelastic equations (Meleshko, 1988; Özer, 2003; Zhou and Meleshko, 2015),

and population balance equation (Lin et al., 2016).

1.4 Preliminary group classification

Equations appearing in science usually include some arbitrary elements: con-

stants and functions of the independent and dependent variables. Hence, the ad-

mitted Lie group also depends on these elements. A transformation that preserves

the equations, while only changing their arbitrary elements is called an equivalence

transformation. Among all equivalence transformations, a Lie group of equivalence

transformations3 plays a special role, since there is an algorithm available for its com-

putation. This algorithm essentially consists of solving determining equations (Ovsian-

nikov, 1978; Meleshko, 1994; Grigoriev et al., 2010). Since equivalent equations possess

similar group properties, this leads to the problem of group classification, which con-

sists of finding all principal Lie groups admitted by the studied equation. The part

of these groups, which is admitted for all arbitrary elements, is called the kernel of

the group. Another part depends on the specification of arbitrary elements. This part

contains nonequivalent extensions of the kernel. Equations defining this part are called

classifying equations. A Lie group of equivalence transformations allows one to choose

a simple representation of the arbitrary elements of a physical problem.

Solving determining equations in general is a nontrivial task: the presence of ar-
2See also references therein.
3Recently the authors of (Dos Santos Cardoso-Bihlo et al., 2011) proposed a method for finding

discrete equivalence transformations for a system of partial differential equations.
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bitrary elements leads to cumbersome compatibility analysis. One alternative method

for solving determining equations consists of an algebraic approach. This approach

takes into account the algebraic properties of an admitted Lie algebra, thus allowing

for a significant simplification of the group classification. For example, the group clas-

sification of a single second-order ordinary differential equation, done by the founder of

the group analysis method, S. Lie (Lie, 1883; Lie, 1891), still has no solution without

using the algebraic structure of admitted Lie groups. Recently the algebraic approach

was applied for group classification in (Dos Santos Cardoso-Bihlo et al., 2011; Bihlo

et al., 2012; Popovych and Bihlo, 2012; Popovych et al., 2004; Popovych et al., 2010;

Chirkunov, 2012; Kasatkin, 2012; Mkhize et al., 2015; Grigoriev et al., 2014; Suriyawi-

chitseranee et al., 2015).

Besides complete group classification, there is a method proposed in (Akhatov

et al., 1991) which is called preliminary group classification. Further development

of this method is given in (Ibragimov et al., 1991; Dos Santos Cardoso-Bihlo et al.,

2011). The main idea of preliminary group classification is based on the study of

only those extensions of the kernel that are induced by the transformations from the

corresponding equivalence Lie group. The problem of finding inequivalent cases of such

extensions of symmetry is then reduced to the classification of inequivalent subgroups

of the equivalence Lie group. In particular, if a Lie group is finite-parameter, then one

can use an optimal systems of its subgroups.

For some classes of differential equations the results of preliminary group clas-

sification and complete group classification coincide. However, there are also examples

where a preliminary group classification cannot reach the complete group classification.

One of these examples is the nonlinear heat equation with a source term q(u):

ut − (uσux)x = q(u). (1.19)
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The complete equivalence Lie group of this equation is defined by the generators

Xe
1 = ∂t, X

e
2 = ∂x, X

e
3 = 2t∂t + x∂x − 2q∂q, Xe

4 = σt∂t − u∂u − (σ + 1)q∂q.

It is found in (Dorodnitsyn, 1982) that for q = u, Equation (1.19) admits the generator

Y = e−σt(∂t + u∂u).

Because the generator Y does not belong to Span(Xe
1 , X

e
2 , X

e
3 , X

e
4), preliminary group

classification cannot separate out Equation (1.19) with q = u.

The basic idea of this thesis is as follows. Consider a homogeneous equation

Φ(f) = 0, (1.20)

where Φ is a differential or integro-differential operator, and f is the solution sought.

As a result of group analysis of Equation (1.20), there are many situations where are

of interest to classify an inhomogeneous equation of the form

Φ(f) = q, (1.21)

where q is an arbitrary function4. As mentioned, the preliminary group classification

method exploits an equivalence Lie group. Using an infinitesimal approach, the equiva-

lence Lie group is found by solving the determining equations. In this thesis we applied

a particular equivalence Lie group for which there is no necessity to solve the deter-

mining equations. The basic idea is to exploit group properties of the homogeneous

equation (1.20) such as admitted Lie algebra, an optimal system of subalgebras of the

Lie algebra, and representations of invariant solutions. Details of the approach are

described in Chapter III.
4In many equations of mathematical physics the function q plays the role of a source.
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1.5 The studied equation

The research considered in the thesis is related with the full Boltzmann equation

with a source function

ft + ufx + vfy + wfz − J(f, f) = q, (1.22)

with the collision integral

J(f, f) =
∫
R3

∫
S2

B(g, θ1)(f ∗f ∗1 − ff1) sin θ1 dθ1 dε du1 dv1 dw1, (1.23)

where q = q(x, y, z, u, v, w, t, f). The problem is to use the method of preliminary

group classification for group classification of equation (1.22) with respect to the source

function q using the Lie group L11.

The objective of the research is to classify the full Boltzmann equation with a

source function (1.22) by the group analysis method, find representations of invariant

solutions, and find the reduced Boltzmann equation.



CHAPTER II

THE GROUP ANALYSIS METHOD

This chapter is devoted to the background knowledge of Lie Group analysis:

the main definitions, admitted Lie groups of partial differential equation and Integro-

differential equation, etc.

2.1 The main definitions

2.1.1 Local Lie group of transformations

Let V be an open set in Z = RN , ∆ be a symmetric interval in R. Assume that

the point transformations involving a parameter a:

z̄i = gi(z; a), (i = 1, 2, . . . , N) (2.1)

are invertible. Here z = (z1, z2, . . . , zN) ∈ V ⊂ Z, z̄ = (z̄1, z̄2, . . . , z̄N), and the

parameter a ∈ ∆.

Definition 2.1.1. A set of transformations (2.1) is called a local one-parameter Lie

group, denoted by G1, if it has the following properties:

1. gi(z; 0) = zi for all z ∈ V ;

2. gi(gi(z; a); b) = gi(z; a+ b) for all a, b, a+ b ∈ ∆, z ∈ V ;

3. if a ∈ ∆ and gi(z; a) = zi for all z ∈ V , then a = 0;

for all i = 1, 2, . . . , N .
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Definition 2.1.2. A Lie group1 G1 is called a continuous Lie group of the class Ck if

the functions gi(z; a), (i = 1, 2, . . . , N) belong to the class Ck(V ), the class of functions

which are k times continuously differentiable on V .

Remark. In applied group analysis the functions gi, (i = 1, 2, . . . , N) are all assumed

to be sufficiently many times continuously differentiable with respect to zi, (i =

1, 2, . . . , N).

2.1.2 Generator of a one-parameter group

The expansion of the functions gi(z; a) into the Taylor series with respect to the

parameter a in a neighborhood of a = 0, and the first property of the group G1, i.e.,

gi(z; 0) = zi, yield the infinitesimal transformations of the group G1 (2.1):

z̄i ≈ zi + ζ i(z)a, (i = 1, 2, . . . , N), (2.2)

where

ζ i(z) = ∂gi(z; a)
∂a

∣∣∣∣
a=0

. (2.3)

The vector

ζ(z) = (ζ1(z), ζ2(z), . . . , ζN(z)) (2.4)

with the components (2.3) is the tangent vector at the point z to the curve described by

the transformed point z̄. Hence, the tangent vector is called the tangent vector field of

the group G1. The tangent vector field (2.4) is also written as a first-order differential

operator

X = ζ1(z)∂z1 + ζ2(z)∂z2 + · · ·+ ζN(z)∂zN ≡ ζ i(z)∂zi , (2.5)

which is called the infinitesimal generator2 of the group G1, and the functions ζ i are

called the coefficients of the generator X. Here the notation ζ i(z)∂zi is the Einstein
1In short, a local Lie group of transformations will be also called a Lie group or a group.
2For brevity the infinitesimal generator will also called the generator.
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summation notation to express the summation over the index i for all possible values

of the index i.

2.1.3 Construction of a group with a given generator

Let an infinitesimal transformations (2.2), or the infinitesimal generator (2.5)

be given. A one-parameter Lie group of transformations (2.1) is defined by the solution

of the Cauchy problem for the first-order ordinary differential equations:

dz̄i
da

= ζ i(z̄), z̄i|a=0 = zi, (i = 1 . . . , N) (2.6)

which are known as the Lie equations.

Theorem 2.1.1 (Lie Theorem). Let ζ ∈ Ck(V ) with ζ(z0) 6= 0 for some z0 ∈ V . The

solution of the Cauchy problem (2.6) generates a local Lie group of transformations

with the infinitesimal generator (2.5).

The Lie theorem establishes a one-to-one correspondence between the Lie group

of transformations G1 (2.1) and the infinitesimal generator (2.5).

2.1.4 Prolongation of a generator

The space Z = RN = Rn × Rm consists of the space of n independent vari-

ables x = (x1, . . . , xn) ≡ (xi) ∈ Rn, and the space of m dependent variables

u = (u1, . . . , um) ≡ (uj) ∈ Rm. The space Z is prolonged by introducing the vari-

ables

p = (pjα), (2.7)

where

pjα = ∂|α|uj

∂xα
= ∂|α|uj

∂xα1
1 ∂x

α2
2 . . . ∂xαnn

, |α| > 0. (2.8)
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Here α = (α1, α2, . . . , αn) is a multi-index, and |α| = α1 + α2 + · · · + αn. Introduce

the notations α, k ≡ (α1, . . . , αk−1, αk + 1, αk+1, . . . , αn), and

pjα,k = ∂

∂xk

(
∂|α|uj

∂xα

)
= ∂|α|+1uj

∂xα1
1 . . . ∂x

αk−1
k−1 ∂x

αk+1
k ∂x

αk+1
k+1 . . . ∂xαnn

. (2.9)

Remark. In the case of |α| = 0, i.e., α = (0, 0, . . . , 0), we set pjα = uj.

The space J l of the variables:

x = (xi), u = (uj), p = (pjα),

(i = 1, 2, . . . , n; j = 1, 2, . . . ,m; |α| ≤ l)

(2.10)

is called an lth prolongation of the space Z. For l = 0 we set J0 = Z.

Let the generator

X = ξi(x,u)∂xi + ηj(x,u)∂uj (2.11)

be an infinitesimal generator of a one-parameter Lie group of transformations G1,

x̄i = f i(x,u; a), ūj = ϕj(x,u; a),

(i = 1, 2, . . . , n; j = 1, 2, . . . ,m).

(2.12)

Definition 2.1.3. The generator

l
X = X +

∑
j,α

ζjα∂pjα (2.13)

with the coefficients

ζjα,k = Dk(ηjα)−
∑
i

pjα,iDk(ξi) (2.14)

is called the lth prolongation of the generator X (2.11).

Here the operators Dk are the total derivatives with respect to xk, defined by

Dk = ∂

∂xk
+ ujk

∂

∂uj
+ ujik

∂

∂uji
+ uji1i2k

∂

∂uji1i2
+ · · · , (k = 1, 2, . . . , n). (2.15)
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The generator
l
X induces the local Lie group of transformations on the space J l

x̄ = f(x,u; a), ū = ϕ(x,u; a), p̄ = ψ(x,u,p; a) (2.16)

with the prolonged generator
l
X. This group is called the lth prolongation of the group

G1 (2.12), denoted by
l
G1.

Given a group of transformations G1 (2.12) with the generator X (2.11), the 1st

prolongation of the generator X is

1
X = X + ζjk∂uj

k
(2.17)

with the coefficients

ζjk = Dk(ηj)− ujiDk(ξi). (2.18)

The 2nd prolongation of the generator X is

2
X =

1
X + ζjk1k2∂ujk1k2

(2.19)

with the coefficients

ζjk1k2 = Dk2(ζjk1)− ujk1iDk2(ξi)

= Dk2Dk1(ηj)− ujk2iDk1(ξi)− ujiDk2Dk1(ξi)− ujk1iDk2(ξi). (2.20)

By repetition, the lth prolongation of the generator X is

l
X =

l−1
X + ζjk1···kl∂ujk1···kl

(2.21)

with the coefficients

ζjk1···kl = Dkl(ζ
j
k1···kl−1

)− ujk1···kl−1i
Dkl(ξi). (2.22)
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2.2 Admitted Lie group of a partial differential equation

2.2.1 Invariant manifolds

Consider a system of s differential equations of lth order

F k(x,u,p) = 0, (k = 1, 2, . . . , s), (2.23)

where x = (x1, . . . , xn) ∈ Rn is the vector of independent variables, u = (u1, . . . , um) ∈

Rm is the vector of dependent variables, p is the vector of partial derivatives of uj with

respect to xi, (i = 1, 2, . . . , n; j = 1, 2, . . . ,m), n+m = N , and s < N .

Let M be the manifold defined by the system (2.23),

M = {(x,u,p) ∈ J l|F k(x,u,p) = 0, (k = 1, 2, . . . , s)}. (2.24)

If the rank of the Jacobi matrix is equal to s, i.e.,

rank

(
∂(F k)
∂(x,u)

)
= s (2.25)

at all point z = (x,u,p) satisfying Equations (2.23), then the locus of solutions z of

Equations (2.23) is an (N − s)-dimensional manifold M ⊂ RN .

Definition 2.2.1. The system of equations (2.23) is said to be invariant with respect

to a Lie group of transformations G1

x̄ = f(x,u; a), ū = ϕ(x,u; a) (2.26)

if each solution u = u0(x) of the system of equations (2.23) is mapped to a solution

ū = ua(x̄) of the same system of equations in new variables, i.e.,

F k(x̄, ū, p̄) = 0, (k = 1, 2, . . . , s). (2.27)

Geometrically, the invariance of (2.23) means that each point z on the surface

M (the manifold defined by (2.23)) is moved by G1 along the surface M , i.e., z ∈ M
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implies that z̄ ∈M . The manifold M is also called an invariant manifold with respect

to G1.

Theorem 2.2.1. The system of equations (2.23) is invariant with respect to a Lie

group of transformations G1 with an infinitesimal generator X if and only if

XF k(x,u,p)|M = 0, (k = 1, 2, . . . , s), (2.28)

where the symbol |M means that the equations XF k are considered on the manifold M .

2.2.2 Definition of an admitted Lie group

Definition 2.2.2. A local Lie group of transformations G1 (2.12) with a generator X

(2.11) is admitted by the system (2.23) (or the system (2.23) admits the Lie group G1)

if the manifold (2.24) is an invariant manifold with respect to the prolonged group
l
G1.

The generator X of the admitted Lie group G1 is also called admitted by the system

(2.23).

Theorem 2.2.2. The system of equations (2.23) is invariant under a Lie group of

transformations G1 with an infinitesimal generator X if and only if

l
XF k(x,u,p)|M = 0, (k = 1, 2, . . . , s), (2.29)

where
l
X is the prolonged infinitesimal generator of X, and the symbol |M means that

the equations XF k are considered on the manifold M .

Equation (2.29) is called the determining equation and denoted by (DE).

Consider the system of equations (2.23), denoted by (S). The algorithm of

finding an admitted Lie group is as follows.

Step 1 Give the form of the admitted generator (2.11) with the unknown coefficients

ξi(x,u), ηj(x,u).
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Step 2 Construct the prolonged infinitesimal operator
l
X with the coefficients defined

by the prolongation formulae (2.14).

Step 3 Apply the prolonged operator
l
X to each equation of the system (S).

Step 4 Solve the determining equations

(DS) :
l
XF k|(S) = 0, (k = 1, 2, . . . , s). (2.30)

which are linear homogeneous differential equation for the unknown coefficients

ξi(x,u), ηj(x,u).

As the coefficients of the generator X do not depend on the derivatives pjα, splitting

the determining equations with respect to the parametric derivatives one obtain an

overdetermined system. The general solution of the determining equations generates a

principal Lie algebra, denoted by LS, of the system (S). The set of transformations,

which is finitely generated by one-parameter Lie groups corresponding to the generators

X ∈ LS is called the principal Lie group admitted by the system (S), denoted by GS.

The above approach for finding an admitted Lie group which is based on the

manifolds is called the geometrical approach. In this approach there is no necessity to

have the existence of a solution of the system (S). Other approaches require existence

of a solution of system (S).

2.3 Admitted Lie group of an integro-differential equation

2.3.1 Lie-Bäcklund operator

This subsection gives definitions of a Lie-Bäcklund operator and a canonical

Lie-Bäcklund operator, and their properties (Grigoriev et al., 2010).

Definition 2.3.1. A locally analytic function (i.e., locally expandable in a Taylor

series with respect to all arguments) of a finite number of variables x,u,p is called
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a differential function. The highest order of derivatives appearing in the differential

function is called the order of this function. The set of all differential functions of all

finite orders is denoted by A .

Definition 2.3.2. Let ξi, ηj ∈ A be differential functions depending on any finite

number of variables x,u,p. A differential operator

X = ξi∂xi + ηj∂uj + ζjk∂uj
k

+ ζjk1k2∂ujk1k2
+ · · · , (2.31)

where
ζjk = Dk(ηj − ξiuji ) + ξiujki,

ζjk1k2 = Dk1Dk2(ηj − ξiuji ) + ξiujk1k2i,

...

(2.32)

is called a Lie-Bäcklund operator. The Lie-Bäcklund operator (2.31) is often written

in abbreviated form

X = ξi∂xi + ηj∂uj , (2.33)

where the prolongation given by (2.31)-(2.32).

Remark. The operator (2.31) is formally an infinite sum. However, it truncates when

acting on any differential function.

The set of all Lie-Bäcklund operators is an infinite dimensional Lie algebra,

denoted by LB. This Lie algebra is endowed with the following properties:

1. The total differentiation Di is a Lie-Bäcklund operator, i.e., Di ∈ LB. Further-

more,

X∗ = ξi∗Di ∈ LB (2.34)

for any ξi∗ ∈ A .

2. Let L∗ be the set of all Lie-Bäcklund operators of the form (2.34). Then L∗ is an
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ideal of LB, i.e., [X,X∗] ∈ L∗ for any X ∈ LB. Indeed,

[X,X∗] = (X(ξi∗)−X∗(ξi))Di ∈ L∗.

3. Two operations X1, X2 ∈ LB are said to be equivalent (i.e., X1 ∼ X2) if X1−X2 ∈

L∗.

Definition 2.3.3. The operators of the form

X = ηj∂uj + ζjk∂uj
k

+ ζjk1k2∂ujk1k2
+ · · · , (2.35)

are called canonical Lie-Bäcklund operators.

Remark. Any Lie-Bäcklund operator X is equivalent to a canonical Lie-Bäcklund oper-

ator X̃. Namely, X ∼ X̃, where X̃ = X − ξiDi. The canonical Lie-Bäcklund operator

and its coefficients have formulae as follows.

X̃ = X − ξiDi

= ξi∂xi + ηj∂uj + ζjk∂uj
k

+ ζjk1k2∂ujk1k2
+ · · ·

− ξi(∂xi + uji∂uj + ujki∂uj
k

+ ujk1k2i∂ujk1k2
+ · · · )

= (ηj − ξiuji )∂uj + (ζjk − ξiu
j
ki)∂uj

k
+ (ζjk1k2 − ξ

iujk1k2i)∂ujk1k2
+ · · ·

= η̄j∂uj +Dk(η̄j)∂uj
k

+Dk1Dk2(η̄j)∂uj
k1k2

+ · · · , (2.36)

where η̄j = ηj − ξiuji .

2.3.2 Definition of an admitted Lie group

Consider an abstract system of integro-differential equations:

Φ(x,u) = 0. (2.37)
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Let G1 be a Lie group of transformations with one-parameter a:

x̄ = f(x,u; a), ū = ϕ(x,u; a) (2.38)

with the infinitesimal generator

X = ξi(x,u)∂xi + ηj(x,u)∂uj . (2.39)

This group of transformations (2.38) maps a solution u = u0(x) of Equation (2.37)

into a solution ū = ua(x̄) of the same equations in new variables, i.e.,

Φ(x̄, ū) = 0. (2.40)

The transformed function ua(x̄) is determined by the formula

ua(x̄) = ϕ(x,u0(x); a), (2.41)

where x = F (x̄; a) is the solution of the equation

x̄ = f(x,u0(x); a). (2.42)

Differentiating the equation Φ(x̄,ua(x̄)) = 0 with respect to the parameter a, and

setting a = 0, we obtain the equation

(
∂

∂a
Φ(x̄,ua(x̄))

)∣∣∣∣
a=0

= 0. (2.43)

This equation coincide with the equation

(X̃Φ)(x,u0(x)) = 0, (2.44)

where X̃ is the prolongation of the canonical Lie-Bäcklund operator which is equivalent

to the generator X (2.39):

X̃ = η̄j
∂

∂uj
+Dk(η̄j)

∂

∂ujk
+Dk1Dk2(η̄j) ∂

∂ujk1k2

+ · · · , (2.45)
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where η̄j = ηj−ξiuji . Equation (2.44) can be constructed without requiring the property

that the Lie group should transform a solution into a solution.

Definition 2.3.4. A one-parameter Lie group G1 of transformations (2.38) is a Lie

group admitted by (2.37) if G1 satisfies the equation (2.44) for any solution u0(x) of

(2.37). Equations (2.44) are called the determining equations.

2.4 Lie algebra of generators

Let X1, X2 be two generators defined by

Xk = ξik(z)∂zi , k = 1, 2. (2.46)

Definition 2.4.1. The commutator of the generators X1 and X2, denoted by [X1, X2],

is a generator defined by

[X1, X2] = X1X2 −X2X1, (2.47)

or equivalently

[X1, X2] =
(
X1(ξi2(z))−X2(ξi1(z))

)
∂zi . (2.48)

Let X1, X2, X3 be any generators, and α, β be constant. The operation of com-

mutation satisfies the following properties:

bilinearity :

[αX1 + βX2, X3] = α[X1, X3] + β[X2, X3], (2.49)

[X1, αX2 + βX3] = α[X1, X2] + β[X1, X3]; (2.50)

skew-symmetry :

[X1, X2] = −[X2, X1]; (2.51)
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the Jacobi identity :

[X1, [X2, X3]] + [X2, [X3, X1]] + [X3, [X1, X2]] = 0. (2.52)

Definition 2.4.2. A vector space L of generators is called a Lie algebra if it is closed

under the commutator, i.e., [X1, X2] ∈ L for any X1, X2 ∈ L.

Remark. The Lie algebra is denoted by the same letter L, and its dimension is the

dimension of the vector space L. An r-dimensional Lie algebra is denoted by Lr

Definition 2.4.3. Let Lr be a Lie algebra spanned by Xi, (i = 1, 2, . . . , r). A subspace

Ls of the vector space Lr is called a subalgebra of Lr if [X, Y ] ∈ Ls for any X, Y ∈ Ls.

Furthermore, Ls is called an ideal of Lr if [X, Y ] ∈ Ls whenever X ∈ Ls, Y ∈ Lr.

Definition 2.4.4. Two Lie algebras of generators L and L′ are similar if there exists

a change of variable that transforms one into the other.

Remark. If L and L′ are similar Lie algebras, then we obtain that the generators

X = ζβ(z)∂zβ ∈ L and X̂ = ζ̂β(ẑ)∂ẑβ ∈ L′ of these algebras are related by the formula

ζ̂β(ẑ) = X(qβ(z))
∣∣∣
z=q−1(ẑ)

.

A linear one-to-one mapping F of a Lie algebra L onto a Lie algebra L′ is called

an isomorphism (algebra L and L′ are said to be isomorphic) if for any X, Y ∈ L, the

equality

F ([X, Y ]) = [F (X), F (Y )]′

holds, where the symbol [ , ] and [ , ]′ are the commutators in L and L′, respectively.

An isomorphism of Lie algebra L onto itself is called an automorphism of L.
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2.5 Classification of subalgebras and optimal system of sub-

algebras

Consider an r−dimensional Lie algebra Lr. Let X1, X2,. . . ,Xr be a basis of the

vector space Lr. In particular, [Xi, Xj] ∈ L, hence

[Xα, Xβ] = cγαβXγ, (α, β = 1, 2, . . . , r). (2.53)

The constant coefficients cγαβ are called the structure constants of the Lie algebra Lr.

Using relations (2.53), we can write them in the form of a table of commutators

whose entry at the intersection of the Xα row with the Xβ column is [Xα, Xβ].

If X = xαXα and Y = yβXβ belong to Lr, then

[X, Y ] = xαyβ[Xα, Xβ] = xαyβcγαβXγ.

Therefore, for the coordinates x = (x1, x2, . . . , xr) and y = (y1, y2, . . . , yr) of the

generators X and Y , we can define an operation of commutation [x,y]:

[x,y]γ = xαyβcγαβ, (γ = 1, 2, . . . , r).

With this operation the vector space Rr(x) becomes an isomorphic Lie algebra. This

Lie algebra is also denoted by Lr.

An automorphism Ay(t) of Rr is defined by

x̂ = Ay(t)x,

where x̂ = (x̂1, x̂2, . . . , x̂r) is the solution of the equations

d

dt
x̂γ = x̂αyβcγαβ, x̂γ|t=0 = xγ.

The set of all automorphisms Ay(t) is called the set of inner automorphisms of the Lie

algebra Lr, denoted by Int(Lr). Any subalgebra Ls ⊂ Lr is transformed by Ay(t) into a
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similar subalgebra. Similar subalgebras of the same dimension compose an equivalence

class, and select a representative of each class.

Definition 2.5.1. A set of the representatives of each of these classes is called an

optimal system of subalgebras.

Thus, an optimal system of subalgebras of a Lie algebra L with inner automor-

phisms A = Int(L) is a set of subalgebras ΘA(L) such that

(1) there are no two elements of this set which can be transformed into each other

by inner automorphisms of the Lie algebra L;

(2) any subalgebra of the Lie algebra L can be transformed into one of the subalgebras

of the set ΘA(L).

In group analysis the problem of finding all inner automorphisms is reduced to

the problem for finding inner automorphisms Ak for the canonical basis vectors y = ek,

(k = 1, 2, . . . , r) in Rr:

d

dt
x̂γ = x̂αcγαk, x̂γ|t=0 = xγ, (γ = 1, 2, . . . , r).

The inner automorphisms Ak corresponds to the Lie group of transformations with the

generator

xαcγαk∂xγ .

2.6 Invariant solutions

Definition 2.6.1. Let a system (S) of differential equations admits a group G, and let

H be a subgroup of G. A solution u = U(x) of system (S) is called an H−invariant

solution if the manifold u = U(x) is an invariant manifold with respect to any trans-

formation of the group H.
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Let a system (S) of differential equations admit a group G, and let Hr be its

r−parameter subgroup generated by

Xk = ξik(x,u)∂xi + ηjk(x,u)∂uj , (k = 1, 2, . . . , r). (2.54)

Let r∗ = rank‖ξik, η
j
k‖. Hence, Hr has m + n− r∗ functionally independent invariants

J1(x,u), . . . , Jm+n−r∗(x,u). Suppose that the Jacobian of J with respect to u is of

rank m, without loss of generality we can choose the first m invariants such that

rank

∥∥∥∥∥∂Jα(x,u)
∂uj

∥∥∥∥∥ = m, (2.55)

where α, j = 1, . . . ,m. Hence, setting

µα = Jβ(x,u), λβ = Jm+ν(x,u),

(α = 1, 2, . . . ,m; ν = 1, 2, . . . , n− r∗),

(2.56)

we can write the invariant solution of system (S) in the form

µα = Φα(λ1, . . . , λn−r∗), (α = 1, 2, . . . ,m). (2.57)

The functions Φα are determined by a system of differential equations, denoted by

S/Hr. The system S/Hr is called a reduced system, the number n− r∗ is the number

of independent variables in factor system S/Hr and it is called a rank of the invariant

solution.

Remark. In most applications, we can choose invariants (2.56) such that the invariants

λβ (ν = 1, . . . , n − r∗) don’t depend on the dependent variables uj. This facilitates

the calculation of invariant solutions. The condition (2.55) guarantees that equations

(2.57) can be solved for uj. Substituting them into original system (S), we can obtain

reduced system S/Hr.

The algorithm of obtaining invariant solutions of differential equations consists

of the following steps.
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Step 1 Find the admitted Lie group of the differential equations by solving the deter-

mining equation. All admitted Lie groups form a Lie algebra.

Step 2 Choose a subalgebra and find invariants of the subalgebra.

Step 3 Construct a representation of an invariant.

Step 4 Substitute the representation into the original system of differential equations,

to obtain equations with reduced number of independent variable.



CHAPTER III

PRELIMINARY GROUP CLASSIFICATION OF

THE FULL BOLTZMANN EQUATION WITH A

SOURCE

The purpose of this chapter is to give a preliminary group classification of the

full Boltzmann equation with a source function of the form

ft + ufx + vfy + wfz − J(f, f) = q(x, y, z, u, v, w, t, f). (3.1)

Solving the problem of preliminary group classification is divided into three parts. The

first part provides the derivation and simplification of the determining equation of an

equation with nonlocal operator in general form. The next part is about finding the

determining equation of Equation (3.1). Finally, how to obtain source functions is

illustrated by examples.

3.1 Derivation of determining equations for a source function

(general case)

Consider an equation with nonlocal operator

Φ(x, f) = 0, (3.2)

where x = (x1, . . . , xn) is the vector of the independent variables, f is the dependent

variable, and Φ is a nonlocal operator acting on f .
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Let Lie group of transformations G1 with scalar parameter a:

x̄ = g(x, f ; a), f̄ = ψ(x, f ; a), (3.3)

be admitted by Equation (3.2) with the generator

X = ξi(x, f)∂xi + η(x, f)∂f . (3.4)

The latter property provides that

X̃(Φ) + ξiDi(Φ) = hXΦ, (3.5)

where hX is a function of the independent and dependent variables and their deriva-

tives, Di are the total derivatives with respect to xi, (i = 1, 2 . . . , n), and X̃ is the

prolongation of the canonical Lie-Bäcklund operator which is equivalent to the gener-

ator X:

X̃ = η̃∂f +Dk(η̃)∂fxk + · · · . (3.6)

Here η̃ = η − ξifxi , and the actions of the derivatives ∂f and ∂fxk are considered in

terms of the Fréchet derivatives.

For the preliminary group classification of the equation

Φ(x, f) = q (3.7)

we use the Lie algebra admitted by the homogeneous equation (3.2). Here q is an

arbitrary function of the independent and dependent variables, i.e., q = q(x, f).

First, we define the determining equation for a Lie algebra admitted by Equation

(3.7), and then this determining equation is simplified by using the property that the

admitted generator belongs to a Lie algebra admitted by Equation (3.2).

According to the definition for a Lie group G to be admitted, the group of

transformations (3.3) maps a solution f0(x) of Equation (3.7) into a solution fa(x̄) of
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the same equation in the new variables:

Φ(x̄, f̄) = q(x̄, f̄). (3.8)

The transformed solution fa(x̄) is defined by the formula

fa(x̄) = ψ(x, f0(x); a), (3.9)

where x = G(x̄; a) is the solution of the equation

x̄ = g(x, f0(x); a). (3.10)

Differentiating the equation

Φ(x̄, fa(x̄)) = q(x̄, fa(x̄)) (3.11)

with respect to the parameter a, and setting a = 0, we obtain the relation

(
∂

∂a
(Φ(x̄, fa(x̄))− q(x̄, fa(x̄)))

)
|a=0

= 0 (3.12)

which is called the determining equation.

The determining equation (3.12) is derived under the assumption that the so-

lution of Equation (3.10):

x = G(x̄; a), (3.13)

is defined on a set sufficient for substituting G(x̄; a) into (3.11).

In general, because of the localness of the inverse function theorem, Equation

(3.10) provides a local solution whereas for nonlocal Equation (3.7) one needs that the

solution (3.13) is nonlocal.

However, notice that (3.12) coincides with the equation

X̃(Φ− q)(x, f0(x)) = 0. (3.14)
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As f0(x) is a solution of Equation (3.7), the latter equation can be written as

(X̃(Φ− q))|(3.7) = 0, (3.15)

which is further used for the group classification.

For the preliminary group classification studied in the thesis the generator X

is assumed to belong to a Lie algebra admitted by the homogeneous equation. Hence,

the generator X satisfies the property (3.5). Using this property, we obtain that

X̃(Φ− q) = X̃(Φ)− X̃(q)

= hXΦ− ξiDi(Φ)− (Xp(q)− ξiDi(q))

= hXΦ−Xp(q)− ξiDi(Φ− q), (3.16)

where Xp is the prolongation of the generator X: Xp = X̃ + ξiDi. As the function q

does not depend on derivatives, then Xp(q) = X(q). Considering Equation (3.16) on

any solution of Equation (3.7), we obtain the determining equation,

h̃Xq −X(q) = 0, (3.17)

where h̃X = (hX)|(3.7).

Thus, we come to the following algorithm for a preliminary group classification

of non-homogeneous equation (3.7) with the help of a Lie group admitted by the

homogeneous equation (3.2).

Let Ln be a finite-dimensional Lie algebra and its basis generators

X1, X2, . . . , Xn.

Step 1 Take a subalgebra Lk, (k ≤ n) from an optimal system of subalgebras of Ln,

with the basis generators Yi = cjiXj, (i = 1, 2, . . . , k).

Step 2 Compute the prolongation Ỹi of the canonical Lie-Bäcklund operator corre-

sponding to the generator Yi (i = 1, 2, . . . , k).
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Step 3 Solve the overdetermined system of k partial differential equations

h̃Yiq − Yi(q) = 0, (i = 1, 2, . . . , k), (3.18)

where h̃Yi = (hYi)|(3.7). The found solution provides a function q(x, f) such that

Equation (3.7) admits the Lie algebra Lk.

Here k is the dimension of subalgebra Lk.

As the Lie algebra Ln is determined by its basis generators X1, X2, . . . , Xn, the

function hYi in Equations (3.18) can be also written through the functions hXj , (j =

1, 2, . . . , n). In fact, because of the linearity of the Lie-Bäcklund operator,

Ỹi = cji X̃j. (3.19)

As

Yi = c1
iX1 + · · ·+ cniXn ≡ cjiXj

= c1
i (ξ1

X1∂x1 + · · ·+ ξnX1∂xn) + · · ·+ cni (ξ1
Xn∂x1 + · · ·+ ξnXn∂xn)

= (c1
i ξ

1
X1 + · · ·+ cni ξ

1
Xn)∂x1 + · · ·+ (c1

i ξ
n
X1 + · · ·+ cni ξ

n
Xn)∂xn

≡ cjiξ
1
Xj
∂x1 + · · ·+ cjiξ

n
Xj
∂xn ≡ cjiξ

k
Xj
∂xk ,

then ξkYi = cjiξ
k
Xj

. Hence,

hYiΦ = Ỹi(Φ) + ξkYiDk(Φ)

= cji X̃j(Φ) + cjiξ
k
Xj
Dk(Φ)

= cji (X̃j(Φ) + ξkXjDk(Φ))

= cjihXjΦ. (3.20)
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Thus, the determining equation (3.18) becomes

cji (h̃Xjq −Xj(q)) = 0, (i = 1, 2, . . . , k). (3.21)

3.2 Determining equation for a source function of the Boltz-

mann equation

Let Φ be an integro-differential operator acting on f

Φ(f) = ft + ufx + vfy + wfz − J(f, f), (3.22)

where J(f, f) is the collision integral.

As mentioned in the Introduction, the Boltzmann equation Φ(f) = 0 admits

the Lie algebra L11 with the basis generators (1.18). The Lie algebra L11 is isomor-

phic to the Lie algebra Lg11 admitted by the gas dynamics equations (Grigoriev et al.,

1999; Grigoriev and Meleshko, 2001). In (Ovsiannikov, 1999), an optimal system of

subalgebras of Lg11 is constructed (see Appendix C). Because of the isomorphism of L11

and Lg11, we can apply the method described above for solving the preliminary group

classification problem of the Boltzmann equation with a source,

Φ(f) = q, (3.23)

where q = q(x, y, z, u, v, w, t, f).

First, we provide definitions, equations, and their variables which are useful for

the next four subsections.

Let f = f0(x, y, z, u, v, w, t) be a function; the transformed function is denoted

as f̄ = fa(x̄, ȳ, z̄, ū, v̄, w̄, t̄). The collision integral for the transformed function has the

form

J(f̄, f̄) =
∫
R3

∫
S2

B(ḡ, θ1)(f̄ ∗f̄ ∗1 − f̄ f̄1)dndw, (3.24)
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where

f̄ = f̄(x̄, v̄, t̄), f̄1 = f̄(x̄,w, t̄), f̄ ∗ = f̄(x̄, v̄∗, t̄), f̄ ∗1 = f̄(x̄, w̄∗, t̄),

x̄ = (x̄, ȳ, z̄), v̄ = (ū, v̄, w̄), w = (u1, v1, w1), v̄∗ = 1
2(v̄ + w + ḡn),

w̄∗ = 1
2(v̄ + w− ḡn), ḡ = v̄−w, ḡ = ‖ḡ‖2. (3.25)

In this section we show that Equation (3.21) for the Boltzmann equation (3.23)

is

c11
i (2q) + cji (Xj(q)) = 0, (i = 1, . . . , k). (3.26)

3.2.1 Derivation of the function hX1

The group of transformations corresponding to the generator X1 is

x̄ = x+ a, ȳ = y, z̄ = z, ū = u, v̄ = v, w̄ = w, t̄ = t, f̄ = f. (3.27)

This group of transformations maps a function f = f0(x, y, z, u, v, w, t) to the function

f̄ = fa(x̄, ȳ, z̄, ū, v̄, w̄, t̄), where the transformed function is determined by the formula

f̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0(x̄− a, ȳ, z̄, ū, v̄, w̄, t̄). (3.28)

It follows that

f̄t̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0t(x̄− a, ȳ, z̄, ū, v̄, w̄, t̄),

f̄x̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0x(x̄− a, ȳ, z̄, ū, v̄, w̄, t̄),

f̄ȳ(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0y(x̄− a, ȳ, z̄, ū, v̄, w̄, t̄),

f̄z̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0z(x̄− a, ȳ, z̄, ū, v̄, w̄, t̄), (3.29)
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and

f̄ ∗ = f0(x̄− a, ȳ, z̄, 1
2(ū+ u1 + ḡn1), 1

2(v̄ + v1 + ḡn2), 1
2(w̄ + w1 + ḡn3), t̄),

f̄ ∗1 = f0(x̄− a, ȳ, z̄, 1
2(ū+ u1 − ḡn1), 1

2(v̄ + v1 − ḡn2), 1
2(w̄ + w1 − ḡn3), t̄),

f̄1 = f0(x̄− a, ȳ, z̄, u1, v1, w1, t̄). (3.30)

Using (3.27), one finds that

ḡ =
√

(u− u1)2 + (v − v1)2 + (w − w1)2. (3.31)

Substituting (3.28), (3.30), (3.31) into (3.24), the collision term becomes

(J(f̄, f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (J(f0, f0))(x̄− a, ȳ, z̄, ū, v̄, w̄, t̄). (3.32)

Then

(Φ(f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (f0t + uf0x + vf0y + wf0z

− J(f0, f0))(x̄− a, ȳ, z̄, ū, v̄, w̄, t̄)

= (Φ(f0))(x̄− a, ȳ, z̄, ū, v̄, w̄, t̄). (3.33)

Differentiating the latter relation with respect to a and setting a = 0, we derive

X̃1(Φ) = −Dx(Φ). (3.34)

As X1 = ∂x then

hX1Φ = X̃1(Φ) +Dx(Φ) = −Dx(Φ) +Dx(Φ) = 0. (3.35)

This means that

h̃X1 = 0. (3.36)
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Similarly, we derive that (see Appendix B),

h̃Xj = 0, (j = 2, 3, 10). (3.37)

3.2.2 Derivation of the function hX4

The group of transformations corresponding to the generator X4 is

x̄ = x+ at, ȳ = y, z̄ = z, ū = u+ a, v̄ = v, w̄ = w, t̄ = t, f̄ = f. (3.38)

This group of transformations maps a function f = f0(x, y, z, u, v, w, t) to the function

f̄ = fa(x̄, ȳ, z̄, ū, v̄, w̄, t̄), where the transformed function is determined by the formula

f̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0(x̄− at̄, ȳ, z̄, ū− a, v̄, w̄, t̄). (3.39)

It follows that

f̄t̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (−af0x + f0t)(x̄− at̄, ȳ, z̄, ū− a, v̄, w̄, t̄),

f̄x̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0x(x̄− at̄, ȳ, z̄, ū− a, v̄, w̄, t̄),

f̄ȳ(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0y(x̄− at̄, ȳ, z̄, ū− a, v̄, w̄, t̄),

f̄z̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0z(x̄− at̄, ȳ, z̄, ū− a, v̄, w̄, t̄), (3.40)

and

f̄ ∗ = f0(x̄− at̄, ȳ, z̄, 1
2(ū+ u1 + ḡn1)− a, 1

2(v̄ + v1 + ḡn2), 1
2(w̄ + w1 + ḡn3), t̄)

= f0(x̄− at̄, ȳ, z̄, 1
2((ū− a) + (u1 − a) + ḡn1), 1

2(v̄ + v1 + ḡn2),

1
2(w̄ + w1 + ḡn3), t̄),

f̄ ∗1 = f0(x̄− at̄, ȳ, z̄, 1
2(ū+ u1 − ḡn1)− a, 1

2(v̄ + v1 − ḡn2), 1
2(w̄ + w1 − ḡn3), t̄)
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= f0(x̄− at̄, ȳ, z̄, 1
2((ū− a) + (u1 − a)− ḡn1), 1

2(v̄ + v1 − ḡn2),

1
2(w̄ + w1 − ḡn3), t̄),

f̄1 = f0(x̄− at̄, ȳ, z̄, u1 − a, v1, w1, t̄). (3.41)

Using (3.38), one finds that

ḡ =
√

(u+ a− u1)2 + (v − v1)2 + (w − w1)2

=
√

(u− (u1 − a))2 + (v̄ − v1)2 + (w̄ − w1)2. (3.42)

Substituting (3.39), (3.41), (3.42) into (3.24), and using the change of variables: ũ1 =

u1 − a, the collision term becomes

(J(f̄, f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (J(f0, f0))(x̄− at̄, ȳ, z̄, ū− a, v̄, w̄, t̄). (3.43)

Then

(Φ(f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (−af0x + f0t + (u+ a)f0x + vf0y + wf0z

− J(f0, f0))(x̄− at̄, ȳ, z̄, ū− a, v̄, w̄, t̄)

= (f0t + uf0x + vf0y + wf0z − J(f0, f0))(x̄− at̄, ȳ, z̄, ū− a, v̄, w̄, t̄)

= (Φ(f0))(x̄− at̄, ȳ, z̄, ū− a, v̄, w̄, t̄). (3.44)

Differentiating the latter relation with respect to a and setting a = 0, we derive

X̃4(Φ) = −(tDx(Φ) +Du(Φ)). (3.45)

As X4 = t∂x + ∂u then

hX4Φ = X̃4(Φ) + (tDx(Φ) +Du(Φ))



39

= −(tDx(Φ) +Du(Φ)) + (tDx(Φ) +Du(Φ)) = 0. (3.46)

This means that

h̃X4 = 0. (3.47)

Similarly, we derive that (see Appendix B),

h̃Xj = 0, (j = 5, 6). (3.48)

3.2.3 Derivation of the function hX7

The group of transformations corresponding to the generator X7 is

x̄ = x, ȳ = y cos(a)− z sin(a), z̄ = y sin(a) + z cos(a),

ū = u, v̄ = v cos(a)− w sin(a), w̄ = v sin(a) + w cos(a), t̄ = t, f̄ = f. (3.49)

This group of transformations maps a function f = f0(x, y, z, u, v, w, t) to the function

f̄ = fa(x̄, ȳ, z̄, ū, v̄, w̄, t̄), where the transformed function is determined by the formula

f̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)− ȳ sin(a), ū,

v̄ cos(a) + w̄ sin(a), w̄ cos(a)− v̄ sin(a), t̄). (3.50)

It follows that

f̄t̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0t(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)− ȳ sin(a), ū,

v̄ cos(a) + w̄ sin(a), w̄ cos(a)− v̄ sin(a), t̄),

f̄x̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0x(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)− ȳ sin(a), ū,

v̄ cos(a) + w̄ sin(a), w̄ cos(a)− v̄ sin(a), t̄),

f̄ȳ(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (f0y cos(a)− f0z sin(a))(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)
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− ȳ sin(a), ū, v̄ cos(a) + w̄ sin(a), w̄ cos(a)− v̄ sin(a), t̄),

f̄z̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (f0y sin(a) + f0z cos(a))(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)

− ȳ sin(a), ū, v̄ cos(a) + w̄ sin(a), w̄ cos(a)− v̄ sin(a), t̄), (3.51)

and

f̄1 = f0(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)− ȳ sin(a), u1, v1 cos(a) + w1 sin(a),

w1 cos(a)− v1 sin(a), t̄)

= f0(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)− ȳ sin(a), ũ1, ṽ1, w̃1, t̄),

f̄ ∗ = f0(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)− ȳ sin(a), 1
2(ū+ u1 + ḡn1),

1
2(v̄ + v1 + ḡn2) cos(a) + 1

2(w̄ + w1 + ḡn3) sin(a),

1
2(w̄ + w1 + ḡn3) cos(a)− 1

2(v̄ + v1 + ḡn2) sin(a), t̄)

= f0(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)− ȳ sin(a), 1
2(ū+ ũ1 + ḡñ1),

1
2(v̄ cos(a) + w̄ sin(a) + ṽ1 + ḡñ2), 1

2(w̄ cos(a)− v̄ sin(a) + w̃1 + ḡñ3), t̄),

f̄ ∗1 = f0(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)− ȳ sin(a), 1
2(ū+ u1 − ḡn1),

1
2(v̄ + v1 − ḡn2) cos(a) + 1

2(w̄ + w1 − ḡn3) sin(a),

1
2(w̄ + w1 − ḡn3) cos(a)− 1

2(v̄ + v1 − ḡn2) sin(a), t̄)

= f0(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)− ȳ sin(a), 1
2(ū+ ũ1 − ḡñ1), 1

2(v̄ cos(a)

+ w̄ sin(a) + ṽ1 − ḡñ2), 1
2(w̄ cos(a)− v̄ sin(a) + w̃1 − ḡñ3), t̄), (3.52)
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where

ũ1 = u1, ṽ1 = v1 cos(a) + w1 sin(a), w̃1 = w1 cos(a)− v1 sin(a),

ñ1 = n1, ñ2 = cos(a)n2 + sin(a)n3, ñ3 = cos(a)n3 − sin(a)n2. (3.53)

Using (3.49), one finds that

ḡ =
√

(u− u1)2 + (v cos(a)− w sin(a)− v1)2 + (v sin(a) + w cos(a)− w1)2

=
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2. (3.54)

Substituting (3.50), (3.52), (3.54) into (3.24), and using the change of variables:

ũ1, ṽ1, w̃1 defined by (3.53), the collision term becomes

(J(f̄, f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (J(f0, f0))(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)− ȳ sin(a), ū,

v̄ cos(a) + w̄ sin(a), w̄ cos(a)− v̄ sin(a), t̄). (3.55)

Here we have used the properties that ‖(ñ1, ñ2, ñ3)‖2 = 1, and |∂(u1,v1,w1)
∂(ũ1,ṽ1,w̃1) | = 1.

Hence,

(Φ(f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (f0t + uf0x + (v cos(a)− w sin(a))(f0y cos(a)− f0z sin(a))

+ (v sin(a) + w cos(a))(f0y sin(a) + f0z cos(a))− J(f0, f0))(x̄, ȳ cos(a)

+ z̄ sin(a), z̄ cos(a)− ȳ sin(a), ū, v̄ cos(a) + w̄ sin(a), w̄ cos(a)− v̄ sin(a), t̄)

= (f0t + uf0x + vf0y + wf0z − J(f0, f0))(x̄, ȳ cos(a) + z̄ sin(a),

z̄ cos(a)− ȳ sin(a), ū, v̄ cos(a) + w̄ sin(a), w̄ cos(a)− v̄ sin(a), t̄)

= (Φ(f0))(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)− ȳ sin(a), ū, v̄ cos(a) + w̄ sin(a),

w̄ cos(a)− v̄ sin(a), t̄). (3.56)
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Differentiating the latter relation with respect to a and setting a = 0, we derive

X̃7(Φ) = −yDz(Φ) + zDy(Φ)− vDw(Φ) + wDv(Φ). (3.57)

As X7 = y∂z − z∂y + v∂w − w∂v, then

hX7Φ = X̃7(Φ) + (yDz(Φ)− zDy(Φ) + vDw(Φ)− wDv(Φ))

= (−yDz(Φ) + zDy(Φ)− vDw(Φ) + wDv(Φ))

+ (yDz(Φ)− zDy(Φ) + vDw(Φ)− wDv(Φ)) = 0. (3.58)

This means that

h̃X7 = 0. (3.59)

Similarly, we derive that (see Appendix B),

h̃Xj = 0, (j = 8, 9). (3.60)

3.2.4 Derivation of the function hX11

The group of transformations corresponding to the generator X11 is

x̄ = xea, ȳ = yea, z̄ = zea, ū = u, v̄ = v, w̄ = w, t̄ = tea, f̄ = fe−a. (3.61)

This group of transformations maps a function f = f0(x, y, z, u, v, w, t) to the function

f̄ = fa(x̄, ȳ, z̄, ū, v̄, w̄, t̄), where the transformed function is determined by the formula

f̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = e−af0(x̄e−a, ȳe−a, z̄e−a, ū, v̄, w̄, t̄e−a). (3.62)

It follows that

f̄t̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = e−2af0t(x̄e−a, ȳe−a, z̄e−a, ū, v̄, w̄, t̄e−a),

f̄x̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = e−2af0x(x̄e−a, ȳe−a, z̄e−a, ū, v̄, w̄, t̄e−a),
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f̄ȳ(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = e−2af0y(x̄e−a, ȳe−a, z̄e−a, ū, v̄, w̄, t̄e−a),

f̄z̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = e−2af0z(x̄e−a, ȳe−a, z̄e−a, ū, v̄, w̄, t̄e−a), (3.63)

and

f̄ ∗ = e−af0(x̄e−a, ȳe−a, z̄e−a, 1
2(ū+ u1 + ḡn1), 1

2(v̄ + v1 + ḡn2),

1
2(w̄ + w1 + ḡn3), t̄e−a),

f̄ ∗1 = e−af0(x̄e−a, ȳe−a, z̄e−a, 1
2(ū+ u1 − ḡn1), 1

2(v̄ + v1 − ḡn2),

1
2(w̄ + w1 − ḡn3), t̄e−a),

f̄1 = e−af0(x̄e−a, ȳe−a, z̄e−a, u1, v1, w1, t̄e
−a). (3.64)

Using (3.61), one finds that

ḡ =
√

(u− u1)2 + (v − v1)2 + (w − w1)2. (3.65)

Substituting (3.62), (3.64), (3.65) into (3.24), the collision term becomes

(J(f̄, f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = e−2a(J(f0, f0))(x̄e−a, ȳe−a, z̄e−a,

ū, v̄, w̄, t̄e−a). (3.66)

Then

(Φ(f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (e−2af0t + ue−2af0x + ve−2af0y + we−2af0z

− e−2aJ(f0, f0))(x̄e−a, ȳe−a, z̄e−a, ū, v̄, w̄, t̄e−a)

= e−2a(f0t + uf0x + vf0y + wf0z − J(f0, f0))(x̄e−a, ȳe−a, z̄e−a, ū, v̄, w̄, t̄e−a)

= e−2a(Φ(f0))(x̄e−a, ȳe−a, z̄e−a, ū, v̄, w̄, t̄e−a). (3.67)
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Differentiating the latter relation with respect to a and setting a = 0, we derive

X̃11(Φ) = −2Φ− xDx(Φ)− yDy(Φ)− zDz(Φ)− tDt(Φ). (3.68)

As X11 = t∂t + x∂x + y∂y + z∂z − f∂f , then

hX11Φ = X̃11(Φ) + (xDx(Φ) + yDy(Φ) + zDz(Φ) + tDt(Φ))

= (−2Φ− xDx(Φ)− yDy(Φ)− zDz(Φ)− tDt(Φ)(Φ))

+ (xDx(Φ) + yDy(Φ) + zDz(Φ) + tDt(Φ)) = −2Φ. (3.69)

This means that

h̃X11 = −2. (3.70)

3.3 Illustrative examples of obtaining the source function

This section gives examples which illustrate the application of the above strat-

egy. Complete results of the preliminary group classification are presented in Appendix

D.

For solving differential equations corresponding to a subalgebra of the Lie alge-

bra L11 one needs to find their integrals. Among these subalgebras there are subalgebras

containing the generators of the rotations X7, X8, and X9. In some of these cases it

is appropriate to write the determining equations (3.26) in the cylindrical or spherical

coordinate systems. It should also be mentioned that the necessity of the changing the

coordinate system depends on the complexity of the system of determining equations.

As different coordinate systems are used we provide illustrative examples in all of these

systems.
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3.3.1 Illustrative examples in the Cartesian coordinate system

This section provides two examples of obtaining the source function for 1-

dimensional and 2-dimensional subalgebras.

Example 3.3.1. (A source function corresponding to the subalgebra 1.8 : {X11}.)

Substituting

c11
1 = 1, cj1 = 0, j 6= 11

into (3.26), we obtain the partial differential equation

2q − fqf + tqt + xqx + yqy + zqz = 0. (3.71)

The solution of Equation (3.71) can be obtained by the method of characteristics. The

characteristic system of Equation (3.71) is

dx

x
= dy

y
= dz

z
= du

0 = dv

0 = dw

0 = dt

t
= df

−f
= dq

−2q . (3.72)

The independent first integrals are

x

t
,
y

t
,
z

t
, u, v, w, ft, qt2. (3.73)

Hence, the general solution of Equation (3.71) has the form

q = t−2Ψ(x
t
,
y

t
,
z

t
, u, v, w, ft), (3.74)

where Ψ is an arbitrary function of 7 variables.

Example 3.3.2. (A source function corresponding to the subalgebra 2.13 : {X4, X11}.)

For this subalgebra,

c4
1 = 1, cj1 = 0, j 6= 4; c11

2 = 1, cj2 = 0, j 6= 11.

Substituting these coefficients into (3.26), we obtain the system of two partial differ-
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ential equations:

qu + tqx = 0, (3.75)

2q − fqf + tqt + xqx + yqy + zqz = 0. (3.76)

The characteristic system of Equation (3.75) is

dx

t
= dy

0 = dz

0 = du

1 = dv

0 = dw

0 = dt

0 = df

0 = dq

0 . (3.77)

Then, the independent first integrals are

y, z, u− x

t
, v, w, t, f, q. (3.78)

Hence, the general solution of Equation (3.75) is

q = Ψ1(y, z, ũ, v, w, t, f), ũ = u− x

t
(3.79)

where Ψ1 is an arbitrary function of 7 variables. Substituting the latter representation

into Equation (3.76), we derive

2Ψ1 − fΨ1f + tΨ1t + yΨ1y + zΨ1z = 0. (3.80)

The characteristic system of the latter equation is

dy

y
= dz

z
= dũ

0 = dv

0 = dw

0 = dt

t
= df

−f
= dΨ1

−2Ψ1
. (3.81)

which has the independent first integrals:

y

t
,
z

t
, ũ, v, w, ft,Ψ1t

2. (3.82)

Hence, the general solution of Equation (3.80) is

Ψ1 = t−2Ψ(y
t
,
z

t
, ũ, v, w, ft), (3.83)
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where Ψ is an arbitrary function of 6 variables. Thus, the general solution of system

of equations (3.75)-(3.76) has the form

q = t−2Ψ(y
t
,
z

t
, u− x

t
, v, w, ft). (3.84)

3.3.2 Illustrative examples in the cylindrical coordinate sys-

tem

Here we give two examples of solving a system of partial differential equations

where the cylindrical coordinate system is used.

Example 3.3.3. (A source function corresponding to the subalgebra 1.2 : {βX4 +

X7}, β 6= 0.)

Substituting

c4
1 = β, c7

1 = 1, cj1 = 0, j 6= 4, 7

into (3.26), we obtain the equation

βqu + βtqx − wqv + vqw − zqy + yqz = 0, (3.85)

where q = q(x, y, z, u, v, w, t, f). Using change of variables in cylindrical coordinates,

Equation (3.85) becomes

βqu + βtqx + qθ = 0, (3.86)

where q = q(x, r, θ, u, V,W, t, f). Thus, the general solution of Equation (3.85) in the

cylindrical coordinate system has the form

q = Ψ(t, r, βθ − x

t
, u− x

t
, V,W, f), (3.87)

where Ψ is an arbitrary function of 7 variables.
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Example 3.3.4. (A source function corresponding to the subalgebra 2.2 : {αX4 +

X7, βX4 +X11}.)

For this subalgebra,

c4
1 = α, c7

1 = 1, cj1 = 0, j 6= 4, 7; c4
2 = β, c11

2 = 1, cj2 = 0, j 6= 4, 11.

Substituting these coefficients into (3.26), we obtain the system of two partial differ-

ential equations:

αqu − wqv + vqw + αtqx − zqy + yqz = 0, (3.88)

2q − fqf + tqt + βqu + (x+ βt)qx + yqy + zqz = 0, (3.89)

where q = q(x, y, z, u, v, w, t, f). Using cylindrical coordinates, Equations (3.88)-(3.89)

become

αqu + αtqx + qθ = 0, (3.90)

2q − fqf + tqt + βqu + (x+ βt)qx + rqr = 0, (3.91)

where q = q(x, r, θ, u, V,W, t, f). The general solution of Equation (3.90) is

q = Ψ1(t, r, p̂, û, V,W, f), (3.92)

where û = u− αθ, p̂ = x− αtθ, and Ψ1 is an arbitrary function of 7 variables. Substi-

tuting q into Equation (3.91), it becomes

2Ψ1 − fΨ1f + (p̂+ βt)Ψ1p̂ + tΨ1t + βΨ1û + rΨ1r = 0. (3.93)

The general solution of the latter equation is

Ψ1 = t−2Ψ(r
t
,
p̂

t
− β ln t, û− β ln t, V,W, ft), (3.94)

where Ψ is an arbitrary function of 6 variables. Thus, the general solution of system
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of equations (3.88)-(3.89) in the cylindrical coordinate system has the form

q = t−2Ψ(r
t
,
x

t
− αθ − β ln t, u− αθ − β ln t, V,W, ft). (3.95)

3.3.3 Illustrative examples in the spherical coordinate system

In this section we give two examples of solving a system of partial differential

equations corresponding to the generators of the rotations X7, X8, and X9. For the first

one we use a change of variables to the spherical coordinate system. For the second

one, there is no necessity of changing variables.

Example 3.3.5. (A source function corresponding to the subalgebra 3.8 :

{X7, X8, X9}.)

Substituting the coefficients

c7
1 = 1, cj1 = 0, j 6= 7; c8

2 = 1, cj2 = 0, j 6= 8; c9
3 = 1, cj3 = 0, j 6= 9

into (3.26), we obtain the system of three partial differential equations:

−wqv + vqw − zqy + yqz = 0, (3.96)

wqu − uqw + zqx − xqz = 0, (3.97)

−vqu + uqv − yqx + xqy = 0, (3.98)

where q = q(x, y, z, u, v, w, t, f). Using a change of variables to the spherical coordinate

system, Equations (3.96)-(3.98) become

− sin(ϕ)qθ − cos(ϕ) cot(θ)qϕ −
cos(ϕ)
sin(θ) (WqV − V qW ) = 0, (3.99)

cos(ϕ)qθ − sin(ϕ) cot(θ)qϕ −
sin(ϕ)
sin(θ) (WqV − V qW ) = 0, (3.100)

qϕ = 0, (3.101)
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where q = q(r, θ, ϕ, U, V,W, t, f). Because of Equation (3.101), q does not depend on

ϕ, i.e., q = q(r, θ, U, V,W, t, f). Equations (3.99)-(3.100) become

sin(θ) sin(ϕ)qθ + cos(ϕ)(WqV − V qW ) = 0, (3.102)

sin(θ) cos(ϕ)qθ − sin(ϕ)(WqV − V qW ) = 0. (3.103)

The latter system of equations can be rewritten in the form

qθ = 0, (3.104)

WqV − V qW = 0. (3.105)

Thus, the general solution of system of equations (3.96)-(3.98) in the spherical coordi-

nate system has the form

q = Ψ(t, r, U,
√
V 2 +W 2, f), (3.106)

where Ψ is an arbitrary function of 5 variables.

Example 3.3.6. (A source function corresponding to the subalgebra 6.10 :

{X1, X2, X3, X7, X8, X9}.)

Substituting the coefficients

c1
1 = 1, cj1 = 0, j 6= 1; c2

2 = 1, cj2 = 0, j 6= 2; c3
3 = 1, cj3 = 1, j 6= 3;

c7
4 = 1, cj4 = 0, j 6= 7; c8

5 = 1, cj5 = 0, j 6= 8; c9
6 = 1, cj6 = 0, j 6= 9,

into (3.26), we obtain the system of six partial differential equations:

qx = 0, (3.107)

qy = 0, (3.108)

qz = 0, (3.109)
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−wqv + vqw − zqy + yqz = 0, (3.110)

wqu − uqw + zqx − xqz = 0, (3.111)

−vqu + uqv − yqx + xqy = 0, (3.112)

where q = q(x, y, z, u, v, w, t, f). Because of Equations (3.107)-(3.109), q does not

depend on x, y and z. Hence, Equations (3.110)-(3.112) become

−wqv + vqw = 0, (3.113)

wqu − uqw = 0, (3.114)

−vqu + uqv = 0, (3.115)

where q = q(u, v, w, t, f). Notice that these equations are linearly dependent. The

general solution of Equation (3.113) is

q = Ψ1(u, v̂, t, f), v̂ =
√
v2 + w2 (3.116)

where Ψ1 is an arbitrary function of 4 variables. Substituting the latter solution into

Equation (3.114), it becomes

Ψ1u −
u

v̂
Ψ1v̂ = 0. (3.117)

Thus, the general solution of system of equations (3.107)-(3.112) in the spherical coor-

dinate system has the form

q = Ψ(
√
u2 + v2 + w2, t, f), (3.118)

where Ψ is an arbitrary function of 3 variables.



CHAPTER IV

INVARIANT SOLUTIONS

This chapter is devoted to obtaining representations of invariant solutions of the

Boltzmann equation with a source function. Complete results of the representations of

invariant solutions are presented in Appendix E.

Besides discussing representations of invariant solutions, this chapter is also de-

voted to finding reduced equations. It should be noted that for some of representations

of invariant solutions, the problem of obtaining a reduced equation is extremely diffi-

cult. In this chapter we give several simple examples of obtaining reduced equations.

For some subalgebras, results of the reduced Boltzmann equations are presented in

Appendix F.

4.1 Representations of invariant solutions

In the previous chapter we obtained source functions qk for all subalgebras Lk

of the optimal system of the Lie algebra L11 such that the Boltzmann equation with

the source function qk admits the Lie algebra Lk.

Let L be any subalgebra of Lk. As Lk is a subalgebra of L11, then L is a

subalgebra of L11. According to the definition of an optimal system of subalgebras,

L is equivalent to one of subalgebras of the optimal system of subalgebras of the Lie

algebra L11, say L̃. Hence, invariant solutions with respect to these subalgebras L and

L̃ are equivalent.

As the set of representations of invariant solutions of all subalgebras from the

optimal system of subalgebras will be found, the solutions invariant with respect to

the subalgebra L and the subalgebra L̃ are also equivalent.
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In this chapter we will construct representations of invariant solutions for all

subalgebras of the optimal system of subalgebras. This study will provide representa-

tions of all possible invariant solutions of the Boltzmann equation of the form (3.23).

4.2 Illustrative examples of obtaining the representation of

invariant solutions

In this section we give examples which illustrate the method of finding a repre-

sentation of an invariant solution in the Cartesian, cylindrical, and spherical coordinate

systems.

4.2.1 Illustrative examples in the Cartesian coordinate system

This section provides two examples of obtaining a representation of invariant

solutions for 1-dimensional and 2-dimensional subalgebras of the Lie algebra L11.

Example 4.2.1. (A representation of invariant solutions corresponding to the subal-

gebra 1.8 : {X11}.)

For this subalgebra, finding invariants one needs to solve the equation

X11(J) = 0,

i.e.,

tJt + xJx + yJy + zJz − fJf = 0, (4.1)

where J = J(x, y, z, u, v, w, t, f). A solution of Equation (4.1) can be obtained by the

method of characteristics. The characteristic system of Equation (4.1) is

dx

x
= dy

y
= dz

z
= du

0 = dv

0 = dw

0 = dt

t
= df

−f
. (4.2)
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The independent invariants are

J1 = x

t
, J2 = y

t
, J3 = z

t
, J4 = u, J5 = v, J6 = w, J7 = ft. (4.3)

The general solution of the latter equation is

J = Ω1(x
t
,
y

t
,
z

t
, u, v, w, ft), (4.4)

where Ω1 is an arbitrary function of 7 variables. Thus, a representation of invariant

solutions for this subalgebra has the form

f = t−1Ω(x
t
,
y

t
,
z

t
, u, v, w), (4.5)

where Ω is an arbitrary function of 6 variables.

Example 4.2.2. (A representation of invariant solutions corresponding to the subal-

gebra 2.13 : {X4, X11}.)

For this subalgebra, finding invariants one needs to solve the system of equations

X4(J) = 0, X11(J) = 0,

i.e.,

tJx + Ju = 0, (4.6)

tJt + xJx + yJy + zJz − fJf = 0, (4.7)

where J = J(x, y, z, u, v, w, t, f). The general solution of Equation (4.6) is

J = J(y, z, û, v, w, t, f), û = u− x

t
(4.8)

where J is an arbitrary function of 7 variables. Substituting the latter representation

into Equation (4.7), we derive

tJt + yJy + zJz − fJf = 0. (4.9)
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The general solution of the latter equation is

J = Ω1(y
t
,
z

t
, u− x

t
, v, w, ft). (4.10)

where Ω1 is an arbitrary function of 6 variables. Thus, a representation of invariant

solutions for this subalgebra has the form

f = t−1Ω(y
t
,
z

t
, u− x

t
, v, w), (4.11)

where Ω is an arbitrary function of 5 variables.

4.2.2 Illustrative examples in the cylindrical coordinate sys-

tem

Here we give two examples of solving a system of partial differential equations,

where the cylindrical coordinate system is used.

Example 4.2.3. (A representation of invariant solution corresponding to the subalge-

bra 1.2 : {βX4 +X7}, β 6= 0.)

In the cylindrical coordinate system, the generator of this subalgebra is

βX4c +X7c, (4.12)

where X4c = t∂x + ∂u, X7c = ∂θ. For this subalgebra, finding invariants one needs to

solve the equation

(βX4c +X7c)(J) = 0, (4.13)

i.e.,

β(tJx + Ju) + Jθ = 0, (4.14)

where J = J(x, r, θ, u, V,W, t, f). The independent invariants are

J1 = t, J2 = r, J3 = βθ − x

t
, J4 = u− x

t
, J5 = V, J6 = W,J7 = f. (4.15)
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The general solution of Equation (4.14) is

J = Ω1(t, r, βθ − x

t
, u− x

t
, V,W, f), (4.16)

where Ω1 is an arbitrary function of 7 independent variables. Thus, a representation

of invariant solutions in the cylindrical coordinate system for this subalgebra is

f = Ω(t, r, βθ − x

t
, u− x

t
, V,W ), (4.17)

where Ω is an arbitrary function of 6 independent variables.

Example 4.2.4. (A representation of invariant solution corresponding to the subalge-

bra 2.2 : {αX4 +X7, βX4 +X11}.)

In the cylindrical coordinate system, the generators of this subalgebra are

αX4c +X7c, βX4c +X11c (4.18)

where X11c = t∂t + x∂x + r∂r − f∂f . For this subalgebra, finding invariants one needs

to solve the system of equations

(αX4c +X7c)(J) = 0, (βX4c +X11c)(J) = 0 (4.19)

i.e.,

α(tJx + Ju) + Jθ = 0, (4.20)

β(tJx + Ju) + tJt + xJx + rJr − fJf = 0. (4.21)

where J = J(x, r, θ, u, V,W, t, f). The general solution of Equation (4.20) is

J = Ω1(t, r, p̂, û, V,W, f), (4.22)

where û = u − αθ, p̂ = x − αtθ, and Ω1 is an arbitrary function of 7 variables.
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Substituting the latter solution into Equation (4.21), it becomes

(p̂+ βt)Ω1p̂ + βΩ1û + tΩ1t + rΩ1r − fΩ1f = 0. (4.23)

The general solution of the latter equation is

J = Ω2(r
t
,
p̂

t
− β ln t, û− β ln t, V,W, ft), (4.24)

where Ω2 is an arbitrary function of 6 variables. Thus, a representation of invariant

solutions in the cylindrical coordinate system for this subalgebra is

f = t−1Ω(r
t
,
x

t
− αθ − β ln t, u− αθ − β ln t, V,W ), (4.25)

where Ω is an arbitrary function of 5 variables.

4.2.3 Illustrative example in the spherical coordinate system

In this section we give an example of obtaining a representation of invariant

solutions in the spherical coordinate system.

Example 4.2.5. (A representation of invariant solutions corresponding to the subal-

gebra 3.8 : {X7, X8, X9}.)

In the spherical coordinate system, the generators of this subalgebra are

X7s, X8s, X9s, (4.26)

where X7s = − sin(ϕ)∂θ − cos(ϕ) cot(θ)∂ϕ − cos(ϕ)
sin(θ) (W∂V − V ∂W ), X8s = cos(ϕ)∂θ −

sin(ϕ) cot(θ)∂ϕ− sin(ϕ)
sin(θ) (W∂V −V ∂W ), X9s = ∂ϕ. For this subalgebra, finding invariants

one needs to solve the system of equations

X7s(J) = 0, X8s(J) = 0, X9s(J) = 0, (4.27)
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i.e.,

− sin(ϕ)Jθ − cos(ϕ) cot(θ)Jϕ −
cos(ϕ)
sin(θ) (WJV − V JW ) = 0, (4.28)

cos(ϕ)Jθ − sin(ϕ) cot(θ)Jϕ −
sin(ϕ)
sin(θ) (WJV − V JW ) = 0, (4.29)

Jϕ = 0, (4.30)

where J = J(r, θ, ϕ, U, V,W, t, f). Because of Equation (4.30), J does not depend on

ϕ, i.e., J = J(r, θ, U, V,W, t, f). Equations (4.28)-(4.29) become

sin(θ) sin(ϕ)Jθ + cos(ϕ)(WJV − V JW ) = 0, (4.31)

sin(θ) cos(ϕ)Jθ − sin(ϕ)(WJV − V JW ) = 0. (4.32)

By the same reason as Example 3.14, the general solution of the system of equations

(4.28)-(4.30) is

J = Ω1(t, r, U,
√
V 2 +W 2, f), (4.33)

where Ω1 is an arbitrary function of 5 variables. Thus, a representation of invariant

solutions in the spherical coordinate system for this subalgebra is

f = Ω(t, r, U,
√
V 2 +W 2), (4.34)

where Ω is an arbitrary function of 4 variables.

4.3 Illustrative examples of obtaining the reduced Boltzmann

equation

According to Appendix A, the full Boltzmann equations with a source function

in the cylindrical, and in the spherical coordinate systems are provided. Substituting

the source function and the representation of an invariant solution from the two previ-
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ous sections into the Boltzmann equation, we obtain the reduced Boltzmann equation

with source function. In this section we give some examples for obtaining the reduced

Boltzmann equation with a source function in Cartesian, cylindrical, and spherical

coordinate systems.

4.3.1 Illustrative examples in the Cartesian coordinate system

Example 4.3.1. (The reduced Boltzmann equation corresponding to the subalgebra

1.8 : {X11}.)

Recall the source function and the representation of invariant solutions corresponding

to subalgebra {X11}:

q = t−2Ψ(p1, p2, p3, u, v, w, ft), (4.35)

f = t−1Ω(p1, p2, p3, u, v, w), (4.36)

where p1 = x
t
, p2 = y

t
, p3 = z

t
.

Then

ft = t−2(−Ω− xt−1Ωp1 − yt−1Ωp2 − zt−1Ωp3),

fx = t−2Ωp1 , fy = t−2Ωp2 , fz = t−2Ωp3 . (4.37)

Hence, the differential part of the Boltzmann equation (1.22) becomes

ft + ufx + vfy + wfz = t−2(−Ω + (u− p1)Ωp1 + (v − p2)Ωp2 + (w − p3)Ωp3). (4.38)

As f = t−1Ω(x
t
, y
t
, z
t
, u, v, w), then

f1 = t−1Ω(x
t
,
y

t
,
z

t
, u1, v1, w1),

f ∗ = t−1Ω(x
t
,
y

t
,
z

t
,
1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),
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f ∗1 = t−1Ω(x
t
,
y

t
,
z

t
,
1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3)), (4.39)

and the source function (4.35) becomes

q = t−2Ψ(p1, p2, p3, u, v, w,Ω). (4.40)

Substituting (4.39) into the collision integral of the Boltzmann equation (1.22), we

obtain

J(f, f) = t−2
∫
R3

∫
S2

B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) sin θ1 dθ1 dε du1 dv1 dw1, (4.41)

where

Ω = Ω(p1, p2, p3, u, v, w), Ω1 = Ω(p1, p2, p3, u1, v1, w1),

Ω∗ = Ω(p1, p2, p3,
1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω∗1 = Ω(p1, p2, p3,
1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2, p1 = x

t
, p2 = y

t
, p3 = z

t
. (4.42)

Substituting (4.38), (4.41), and (4.40) into the Boltzmann equation (1.22), and multi-

plying the obtained equation by t2, the reduced Boltzmann equation is

−Ω + (u− p1)Ωp1 + (v − p2)Ωp2 + (w − p3Ωp3)− J(Ω,Ω)

= Ψ(p1, p2, p3, u, v, w,Ω), (4.43)

where

J(Ω,Ω) =
∫
R3

∫
S2

B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) sin θ1 dθ1 dε du1 dv1 dw1. (4.44)
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Example 4.3.2. (The reduced Boltzmann equation corresponding to the subalgebra

2.13 : {X4, X11}.)

Recall the source function and the representation of invariant solutions corresponding

to subalgebra {X4, X11}:

q = t−2Ψ(p1, p2, ũ, v, w, ft), (4.45)

f = t−1Ω(p1, p2, ũ, v, w), (4.46)

where p1 = y
t
, p2 = z

t
, ũ = u− x

t
.

Then

ft = t−2(−Ω− yt−1Ωp1 − zt−1Ωp2 + xt−1Ωũ),

fx = −t−2Ωũ, fy = t−2Ωp1 , fz = t−2Ωp2 . (4.47)

Hence, the differential part of the Boltzmann equation (1.22) becomes

ft + ufx + vfy + wfz = t−2(−Ω + (v − p1)Ωp1 + (w − p2)Ωp2 − ũΩũ). (4.48)

As f = t−1Ω(y
t
, z
t
, u− x

t
, v, w), then

f1 = t−1Ω(y
t
,
z

t
, u1 −

x

t
, v1, w1),

f ∗ = t−1Ω(y
t
,
z

t
,
1
2(u+ u1 + gn1)− x

t
,
1
2(v + v1 + gn2), 1

2(w + w1 + gn3))

= t−1Ω(y
t
,
z

t
,
1
2((u− x

t
) + (u1 −

x

t
) + gn1), 1

2(v + v1 + gn2),

1
2(w + w1 + gn3)),

f ∗1 = t−1Ω(y
t
,
z

t
,
1
2(u+ u1 − gn1)− x

t
,
1
2(v + v1 − gn2), 1

2(w + w1 − gn3))

= t−1Ω(y
t
,
z

t
,
1
2((u− x

t
) + (u1 −

x

t
)− gn1), 1

2(v + v1 − gn2),
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1
2(w + w1 − gn3)), (4.49)

and the source function (4.45) becomes

q = t−2Ψ(p1, p2, ũ, v, w,Ω). (4.50)

Substituting (4.49) into the collision integral of the Boltzmann equation (1.22), and

integrating by change of variable: ũ1 = u1 − x
t
, we obtain

J(f, f) = t−2
∫
R3

∫
S2

B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) sin θ1 dθ1 dε dũ1 dv1 dw1, (4.51)

where

Ω = Ω(p1, p2, ũ, v, w), Ω1 = Ω(p1, p2, ũ1, v1, w1),

Ω∗ = Ω(p1, p2,
1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω∗1 = Ω(p1, p2,
1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3)),

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p1 = y

t
, p2 = z

t
, ũ = u− x

t
. (4.52)

Substituting (4.48), (4.51), and (4.50) into the Boltzmann equation (1.22), and multi-

plying the obtained equation by t2, the reduced Boltzmann equation is

−Ω + (v − p1)Ωp1 + (w − p2)Ωp2 − ũΩũ − J(Ω,Ω) = Ψ(p1, p2, ũ, v, w,Ω), (4.53)

where

J(Ω,Ω) =
∫
R3

∫
S2

B(g, θ1)(φ∗φ∗1 − φφ1) sin θ1 dθ1 dε dũ1 dv1 dw1. (4.54)
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4.3.2 Illustrative examples in the cylindrical coordinate sys-

tem

Example 4.3.3. (The reduced Boltzmann equation corresponding to the subalgebra

1.2 : {βX4 +X7}, β 6= 0.)

Recall the source function and the representation of invariant solutions corresponding

to subalgebra {βX4 +X7}:

q = Ψ(t, r, p, ũ, V,W, f), (4.55)

f = Ω(t, r, p, ũ, V,W ), (4.56)

where p = βθ − x
r
, ũ = u− x

t
.

Then

ft = Ωt + xt−2Ωp + xt−2Ωũ, fx = −t−1Ωp − t−1Ωũ,

fr = Ωr, fθ = βΩp, fV = ΩV , fW = ΩW . (4.57)

Hence, the differential part of the Boltzmann equation (A.14) becomes

ft + ufx + V fr + W

r
fθ + W 2

r
fV −

WV

r
fW = Ωt + (βW

r
− ũ

t
)Ωp + V Ωr −

ũ

t
Ωũ

+ W 2

r
ΩV −

VW

r
ΩW . (4.58)

As f = Ω(t, r, βθ − x
r
, u− x

t
, V,W ), then

f1 = Ω(t, r, βθ − x

r
, u1 −

x

t
, V1,W1),

f ∗ = Ω(t, r, βθ − x

r
,
1
2(u+ u1 + gcn1c)−

x

t
,
1
2(V + V1 + gcn2c),

1
2(W +W1 + gcn3c))

= Ω(t, r, βθ − x

r
,
1
2((u− x

t
) + (u1 −

x

t
) + gcn1c),

1
2(V + V1 + gcn2c),
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1
2(W +W1 + gcn3c)),

f ∗1 = Ω(t, r, βθ − x

r
,
1
2(u+ u1 − gcn1c)−

x

t
,
1
2(V + V1 − gcn2c),

1
2(W +W1 − gcn3c))

= Ω(t, r, βθ − x

r
,
1
2((u− x

t
) + (u1 −

x

t
)− gcn1c),

1
2(V + V1 − gcn2c),

1
2(W +W1 − gcn3c)), (4.59)

and the source function (4.55) becomes

q = Ψ(t, r, p, ũ, V,W,Ω). (4.60)

Substituting (4.59) into the collision integral of the Boltzmann equation (A.14), and

integrating by change of variable: ũ1 = u1 − x
t
, we obtain

J(f, f) =
∫
R3

∫
S2

B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) sin θ1 dθ1 dε dũ1 dV1 dW1, (4.61)

where

Ω = Ω(t, r, p, ũ, V,W ), Ω1 = Ω(t, r, p, ũ1, V1,W1),

Ω∗ = Ω(t, r, p, 1
2(ũ+ ũ1 + gcn1c),

1
2(V + V1 + gcn2c),

1
2(W +W1 + gcn3c)),

Ω∗1 = Ω(t, r, p, 1
2(ũ+ ũ1 − gcn1c),

1
2(V + V1 − gcn2c),

1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, p = βθ − x

r
, ũ = u− x

t
. (4.62)

Substituting (4.58), (4.61), and (4.60) into the Boltzmann equation in the cylindrical

coordinate system (A.14), the reduced Boltzmann equation is

Ωt + (βW
r
− ũ

t
)Ωp + V Ωr −

ũ

t
Ωũ + W 2

r
ΩV −

VW

r
ΩW − J(Ω,Ω)

= Ψ(t, r, p, ũ, V,W,Ω), (4.63)
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where

J(Ω,Ω) =
∫
R3

∫
S2

B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) sin θ1 dθ1 dε dũ1 dV1 dW1. (4.64)

Example 4.3.4. (The reduced Boltzmann equation corresponding to the subalgebra

2.2 : {αX4 +X7, βX4 +X11}.)

Recall the source function and the representation of invariant solutions corresponding

to subalgebra {βX4 +X7}:

q = t−2Ψ(p1, p2, ũ, V,W, ft), (4.65)

f = t−1Ω(p1, p2, ũ, V,W ), (4.66)

where p1 = r
t
, p2 = x

t
− αθ − β ln t, ũ = u− αθ − β ln t.

Then

ft = t−2(−Ω− rt−1Ωp1 + (−xt−1 − β)Ωp2 − βΩũ), fx = t−2Ωp2 ,

fr = t−2Ωp1 , fθ = t−2(−αtΩp2 − αtΩũ), fV = t−2(tΩV ), fW = t−2(tΩW ).

Thus, the differential part of the Boltzmann equation (A.14) becomes

ft + ufx + V fr + W

r
fθ + W 2

r
fV −

WV

r
fW = t−2(−Ω + (V − p1)Ωp1

+ (ũ− p2 − β −
αW

p1
)Ωp2 − (αW

p1
+ β)Ωũ + W 2

p1
ΩV −

VW

p1
ΩW ). (4.67)

As f = t−1Ω( r
t
, x
t
− αθ − β ln t, u− αθ − β ln t, V,W ), then

f1 = t−1Ω(r
t
,
x

t
− αθ − β ln t, u1 − αθ − β ln t, V1,W1),

f ∗ = t−1Ω(r
t
,
x

t
− αθ − β ln t, 1

2(u+ u1 + gcn1c)− αθ − β ln t

,
1
2(V + V1 + gcn2c),

1
2(W +W1 + gcn3c))
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= t−1Ω(r
t
,
x

t
− αθ − β ln t, 1

2((u− αθ − β ln t) + (u1 − αθ − β ln t) + gcn1c)

,
1
2(V + V1 + gcn2c),

1
2(W +W1 + gcn3c)),

f ∗1 = t−1Ω(r
t
,
x

t
− αθ − β ln t, 1

2(u+ u1 − gcn1c)− αθ − β ln t

,
1
2(V + V1 − gcn2c),

1
2(W +W1 − gcn3c))

= t−1Ω(r
t
,
x

t
− αθ − β ln t, 1

2((u− αθ − β ln t) + (u1 − αθ − β ln t)− gcn1c)

,
1
2(V + V1 − gcn2c),

1
2(W +W1 − gcn3c)), (4.68)

and the source function (4.65) becomes

q = t−2Ψ(p1, p2, ũ, V,W,Ω). (4.69)

Substituting (4.68) into the collision integral of the Boltzmann equation (A.14), and

integrating by change of variable: ũ1 = u1 − αθ − β ln t, we obtain

J(f, f) = t−2
∫
R3

∫
S2

B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) sin θ1 dθ1 dε dũ1 dV1 dW1, (4.70)

where

Ω = Ω(p1, p2, ũ, V,W ), Ω1 = Ω(p1, p2, ũ1, V1,W1),

Ω∗ = Ω(p1, p2,
1
2(ũ+ ũ1 + gcn1c),

1
2(V + V1 + gcn2c),

1
2(W +W1 + gcn3c)),

Ω∗1 = Ω(p1, p2,
1
2(ũ+ ũ1 − gcn1c),

1
2(V + V1 − gcn2c),

1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2,

p1 = r

t
, p2 = x

t
− αθ − β ln t, ũ = u− αθ − β ln t. (4.71)

Substituting (4.67), (4.70), and (4.69) into the Boltzmann equation in the cylindrical
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coordinate system (A.14), and multiplying the obtained equation by t2, the reduced

Boltzmann equation is

−Ω + (V − p1)Ωp1 + (ũ− p2 − β −
αW

p1
)Ωp2 − (αW

p1
+ β)Ωũ + W 2

p1
ΩV

− VW

p1
ΩW − J(Ω,Ω) = Ψ(p1, p2, ũ, V,W,Ω), (4.72)

where

J(Ω,Ω) =
∫
R3

∫
S2

B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) sin θ1 dθ1 dε dũ1 dV1 dW1.

4.3.3 Illustrative example in the spherical coordinate system

Example 4.3.5. (The reduced Boltzmann equation corresponding to the subalgebra

3.8 : {X7, X8, X9}.)

Recall the source function and the representation of invariant solutions corresponding

to subalgebra {X7, X8, X9}:

q = Ψ(t, r, U, Ṽ, f), (4.73)

f = Ω(t, r, U, Ṽ ), (4.74)

where Ṽ =
√
V 2 +W 2.

Then

ft = Ωt, fr = Ωr, fϕ = 0, fθ = 0, fU = ΩU ,

fV = V√
V 2 +W 2

ΩṼ , fW = W√
V 2 +W 2

ΩṼ . (4.75)

Thus, the differential part of the Boltzmann equation (A.29) becomes

ft + Ufr + W

r sin θfϕ + V

r
fθ + V 2 +W 2

r
fU + W 2 cot θ − UV

r
fV
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− W (U + V cot θ)
r

fW = Ωt + UΩr + Ṽ 2

r
ΩU −

UṼ

r
ΩṼ . (4.76)

As f = Ω(t, r, U,
√
V 2 +W 2), then

f1 = Ω(t, r, U1,
√
V 2

1 +W 2
1 ),

f ∗ = Ω(t, r, 1
2(U + U1 + gsn1s),

√
(1
2(V + V1 + gsn2s))2 + (1

2(W +W1 + gsn3s))2),

f ∗1 = Ω(t, r, 1
2(U + U1 − gsn1s),

√
(1
2(V + V1 − gsn2s))2 + (1

2(W +W1 − gsn3s))2), (4.77)

and the source function (4.73) becomes

q = Ψ(t, r, U, Ṽ,Ω). (4.78)

Substituting (4.77) into the collision integral of the Boltzmann equation (A.29), we

obtain

J(f, f) =
∫
R3

∫
S2

B(gs, θ1)(Ω∗Ω∗1 − ΩΩ1) sin θ1 dθ1 dε dU1 dV1 dW1, (4.79)

where

Ω = Ω(t, r, U,
√
V 2 +W 2, Ω1 = Ω(t, r, U1,

√
V 2

1 +W 2
1 ),

Ω∗ = Ω(t, r, 1
2(U + U1 + gsn1s),

1
2
√

(V + V1 + gsn2s)2 + (W +W1 + gsn3s)2,

Ω∗1 = Ω(t, r, 1
2(U + U1 − gsn1s),

1
2
√

(V + V1 − gsn2s)2 + (W +W1 − gsn3s)2,

gs =
√

(U − U1)2 + (V − V1)2 + (W −W1)2. (4.80)
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Substituting (4.76), (4.79), and (4.78) into the Boltzmann equation in the spherical

coordinate system (A.29), the reduced Boltzmann equation is

Ωt + UΩr + Ṽ 2

r
ΩU −

UṼ

r
ΩṼ − J(Ω,Ω) = Ψ(t, r, U, Ṽ,Ω), (4.81)

where

J(Ω,Ω) =
∫
R3

∫
S2

B(gs, θ1)(Ω∗Ω∗1 − ΩΩ1) sin θ1 dθ1 dε dU1 dV1 dW1. (4.82)

Remark. Consider the term gs in (4.80). It is difficult to write (V − V1)2 + (W −W1)2

in the new variable Ṽ =
√
V 2 +W 2 (or Ṽ = V 2 +W 2).



CHAPTER V

CONCLUSION

This thesis is devoted to group classification of the full Boltzmann equation with

a source term

ft + ufx + vfy + wfz − J(f, f) = q, (5.1)

where q = q(x, y, z, u, v, w, t, f). The main idea of the applied method is to use the Lie

algebra L11 admitted by the equation without the source term.

The thesis is separated into three parts. The first part of the thesis is devoted

to the general study of deriving determining equation of the Lie group admitted by

nonlocal equation Φ(f) = q using the group properties of the homogeneous equation

Φ(f) = 0: a strategy for constructing the determining equation for the source function

q is derived.

The developed strategy is applied to Equation (5.1) in the next part. The

determining equation for the function q(x, y, z, u, v, w, t, f) for each subalgebra of the

optimal system of subalgebras of the Lie algebra L11 were studied. Obtaining the source

function is illustrated by some examples. The complete results of the preliminary group

classification are presented in Appendix C.

The third part of the thesis provides representations of invariant solutions of

Equation (5.1). Complete results of the representations of invariant solutions are given

in Appendix D. The reduced equations are also considered in this part. It should

be noted that for some representations of invariant solutions the collision integral is

difficult to write in new variables. A few illustrative examples of reduced equations are

given. More results on the reduced Boltzmann equation are shown in Appendix E.
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APPENDICES



APPENDIX A

CHANGE OF VARIABLES TO CYLINDRICAL

AND SPHERICAL COORDINATES WITH

VELOCITIES

In this appendix, we provide change of variables to cylindrical and spherical

coordinates with velocities. Solving some systems of partial differential equations re-

quires such a change of variables. The differential terms in the Cartesian coordinates

are changed to the cylindrical coordinates and in the spherical coordinates as well. The

full Boltzmann equations in cylindrical and in spherical coordinates are also provided

for reducing the equations. Recall the full Boltzmann equation and the admitted Lie

group of the equation. The full Boltzmann equation is

ft + ufx + vfy + wfz = J(f, f), (A.1)

with the collision term

J(f, f) =
∫
R3

∫
S2

B(g, θ1)(f ∗f ∗1 − ff1) sin θ1 dθ1 dε du1 dv1 dw1, (A.2)

where

f = f(x, y, z, u, v, w, t), f1 = f(x, y, z, u1, v1, w1, t),

f ∗ = f(x, y, z, u∗, v∗, w∗, t), f ∗1 = f(x, y, z, u∗1, v∗1, w∗1, t),

and

u∗ = 1
2(u+ u1 + gn1), v∗ = 1

2(v + v1 + gn2), w∗ = 1
2(w + w1 + gn3),



79

u∗1 = 1
2(u+ u1 − gn1), v∗1 = 1

2(v + v1 − gn2), w∗1 = 1
2(w + w1 − gn3),

g = v−w = (u− u1, v − v1, w − w1), g = ‖g‖2, n = (n1, n2, n3), ‖n‖2 = 1.

The admitted Lie algebra L11 of the Boltzmann equation (A.1) is

X1 = ∂x, X2 = ∂y, X3 = ∂z, X4 = t∂x + ∂u, X5 = t∂y + ∂v,

X6 = t∂z + ∂w, X7 = y∂z − z∂y + v∂w − w∂v, X8 = z∂x − x∂z + w∂u − u∂w,

X9 = x∂y − y∂x + u∂v − v∂u, X10 = ∂t, X11 = t∂t + x∂x + y∂y + z∂z − f∂f . (A.3)

A.1 Change of variables to cylindrical coordinates

Consider the following change of variables (Ovsiannikov, 1994)

z = r sin θ, y = r cos θ, v = V cos θ −W sin θ, w = V sin θ +W cos θ (A.4)

where θ ∈ [0, 2π) , r > 0. Then

r =
√
y2 + z2, θ = arctan(z

y
), V = v cos θ + w sin θ, W = −v sin θ + w cos θ. (A.5)

Let q be a function in Cartesian coordinates with velocities and Q be a function in

cylindrical coordinates with velocities relating with q as

q(x, y, z, u, v, w, t) = Q(x, r(y, z), θ(y, z), u, V (v, w, θ(y, z)),

W (v, w, θ(y, z)), t, f). (A.6)

Using the change of variables rule, some differential relations between the two systems

are

qx = Qx, qu = Qu, qt = Qt, qf = Qf , yqz − zqy + vqw − wqv = Qθ,
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yqy + zqz = rQr, vqv + wqw = V QV +WQW , wqv − vqw = WQV − V QW . (A.7)

A.1.1 The corresponding basis generators

Let Xic be a basis generator in cylindrical coordinates with velocities corre-

sponding the basis generator Xi, i = 1, 2, . . . , 11. Using the change of variable to

cylindrical coordinates, we obtain

X1c = ∂x, X2c = cos θ∂r −
sin θ
r
∂θ −

W sin θ
r

∂V + V sin θ
r

∂W ,

X3c = sin θ∂r + cos θ
r

∂θ + W cos θ
r

∂V −
V cos θ
r

∂W , X4c = t∂x + ∂u,

X5c = t cos θ∂r −
t sin θ
r

∂θ + (cos θ − tW sin θ
r

)∂V + (tV sin θ
r

− sin θ)∂W ,

X6c = t sin θ∂r + t cos θ
r

∂θ + (sin θ + tW cos θ
r

)∂V + (cos θ − tV cos θ
r

)∂W , X7c = ∂θ,

X8c = r sin θ∂x − x sin θ∂r −
x cos θ
r

∂θ + (V sin θ +W cos θ)∂u

+ (−u sin θ − xW cos θ
r

)∂V + (xV cos θ
r

− u cos θ)∂W ,

X9c = −r cos θ∂x + x cos θ∂r −
x sin θ
r

∂θ + (−V cos θ +W sin θ)∂u

+ (u cos θ − xW sin θ
r

)∂V − u sin θ∂W ,

X10c = ∂t, X11c = t∂t + x∂x + r∂r − f∂f . (A.8)

A.1.2 The full Boltzmann equation in cylindrical coordinates

Let f be a function in Cartesian coordinates with velocities and F be a function

in cylindrical coordinates with velocities relating with f as

f(x, y, z, u, v, w, t) = F (x, r(y, z), θ(y, z), u, V (v, w, θ(y, z)),W (v, w, θ(y, z)), t). (A.9)
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Then

ft = Ft, fx = Fx,

fy = Frry + Fθθy + FV (−v sin θ + w cos θ)θy + FW (−v cos θ − w sin θ)θy,

fz = Frrz + Fθθz + FV (−v sin θ + w cos θ)θz + FW (−v cos θ − w sin θ)θz.

It follows that

ft + ufx + vfy + wfz = Ft + uFx + V Fr + W

r
Fθ + W 2

r
FV −

WV

r
FW . (A.10)

According to the change of variables (A.5), we get

V1 = v1 cos θ + w1 sin θ, W1 = −v1 sin θ + w1 cos θ,

u∗ = 1
2(u+ u1 + gn1) = 1

2(u+ u1 + gcn1c),

V ∗ = v∗ cos θ + w∗ sin θ = 1
2(v + v1 + gn2) cos θ + 1

2(w + w1 + gn3) sin θ

= 1
2(v cos θ + w sin θ + v1 cos θ + w1 sin θ + g(n2 cos θ + n3 sin θ))

= 1
2(V + V1 + gcn2c),

W ∗ = −v∗ sin θ + w∗ cos θ = −1
2(v + v1 + gn2) sin θ + 1

2(w + w1 + gn3) cos θ

= 1
2(−v sin θ + w cos θ − v1 sin θ + w1 cos θ + g(−n2 sin θ + n3 cos θ))

= 1
2(W +W1 + gcn3c), (A.11)

where n1c = n1, n2c = n2 cos θ + n3 sin θ, n3c = −n2 sin θ + n3 cos θ. By the same way

for finding u∗, V ∗,W ∗, we obtain

u∗1 = 1
2(u+ u1 − gcn1c),
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V ∗1 = 1
2(V + V1 − gcn2c),

W ∗
1 = 1

2(W +W1 − gcn3c). (A.12)

The variables gc and gc · nc are as follows.

gc := ((u− u1)2 + (V − V1)2 + (W −W1)2)1/2

= ((u− u1)2 + ((v cos θ + w sin θ)− (v1 cos θ + w1 sin θ))2 + ((−v sin θ + w cos θ)

− (−v1 sin θ + w1 cos θ))2)1/2

= ((u− u1)2 + (v − v1)2 + (w − w1)2)1/2 = g,

gc · nc := (u− u1)n1c + (V − V1)n2c + (W −W1)n3c

= (u− u1)n1 + ((v cos θ + w sin θ)− (v1 cos θ + w1 sin θ))(n2 cos θ + n3 sin θ)

+ ((−v sin θ + w cos θ)− (−v1 sin θ + w1 cos θ))(−n2 sin θ + n3 cos θ)

= (u− u1)n1 + (v − v1)n2 + (w − w1)n3 = g · n. (A.13)

The Jacobian for integration by change of variables is | ∂(u1,v1,w1)
∂(u1,V1,W1) | = 1. Therefore, the

full Boltzmann equation in the cylindrical coordinate system with velocities is

Ft + uFx + V Fr + W

r
Fθ + W 2

r
FV −

WV

r
FW = J(F, F ), (A.14)

with the collision integral

J(F, F ) =
∫
R3

∫
S2

B(gc, θ1)(F ∗F ∗1 − FF1) sin θ1 dθ1 dε du1 dV1 dW1, (A.15)

where

F = F (x, r, θ, u, V,W, t), F1 = F (x, r, θ, u1, V1,W1, t),
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F ∗ = F (x, r, θ, u∗, V ∗,W ∗, t), F ∗1 = F (x, r, θ, u∗1, V ∗1 ,W ∗
1 , t),

and

u∗ = 1
2(u+ u1 + gcn1c), V ∗ = 1

2(V + V1 + gcn2c), W ∗ = 1
2(W +W1 + gcn3c),

u∗1 = 1
2(u+ u1 − gcn1c), V ∗1 = 1

2(V + V1 − gcn2c), W ∗
1 = 1

2(W +W1 − gcn3c),

gc = ((u− u1), (V − V1), (W −W1)), gc = ‖gc‖2,

nc = (n1c, n2c, n3c) = (cos θ1, cos (ε− θ) sin θ1, sin (ε− θ) sin θ1).

Remark. gc = g and gc · nc = g · n.

Remark. For the cylindrical coordinates with velocities, the unit vector n in the Carte-

sian coordinates is defined by

n = (n1, n2, n3) := (cos θ1, sin θ1 cos ε, sin θ1 sin ε), (A.16)

as shown in Figure A.1. It follows that we can use the trigonometric identities:

n1c = n1 = cos θ1,

n2c = n2 cos θ + n3 sin θ = sin θ1 cos ε cos θ + sin θ1 sin ε sin θ

= cos (ε− θ) sin θ1,

n3c = −n2 sin θ + n3 cos θ = − sin θ1 cos ε sin θ + sin θ1 sin ε cos θ

= sin (ε− θ) sin θ1. (A.17)

so that we can integrate in the collision integral by change of variable: ε̃ = ε− θ.
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Figure A.1: The unit vector in Cartesian coordinates for integration in cylindrical
coordinates.

A.2 Change of variables to spherical coordinates

Consider the following change of variables (Ovsiannikov, 1994)

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ, u = U sin θ cosϕ+ V cos θ cosϕ−W sinϕ,

v = U sin θ sinϕ+ V cos θ sinϕ+W cosϕ,w = U cos θ − V sin θ, (A.18)

where ϕ ∈ [0, π) , θ ∈ [0, 2π) , r > 0. Then

r =
√
x2 + y2 + z2, ϕ = arctan(y

x
), θ = arctan(

√
x2 + y2

z
),

U = u sin θ cosϕ+ v sin θ sinϕ+ w cos θ, V = u cos θ cosϕ+ v cos θ sinϕ− w sin θ,

W = −u sinϕ+ v cosϕ. (A.19)

Let q be a function in Cartesian coordinates with velocities and Q be a function in

spherical coordinates with velocities relating with q as

q(x, y, z, u, v, w, t) = Q(r(x, y, z), ϕ(x, y), θ(x, y, z), U(u, v, w, ϕ(x, y), θ(x, y, z))

, V (u, v, w, ϕ(x, y), θ(x, y, z)),W (u, v, ϕ(x, y), t, f). (A.20)
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Using change rule, some differential relations between the two systems are

qt = Qt, qf = Qf , xqx + yqy + zqz = rQr, xqy − yqx + uqv − vqu = Qϕ,

yqz − zqy + vqw − wqv = − sin(ϕ)Qθ − cos(ϕ) cot(θ)Qϕ −
cos(ϕ)
sin(θ) (WQV − V QW )

zqx − xqz + wqu − uqw = cos(ϕ)Qθ − sin(ϕ) cot(θ)Qϕ

− sin(ϕ)
sin(θ) (WQV − V QW ). (A.21)

A.2.1 The corresponding basis generators

Let Xis be a basis generator in spherical coordinates with velocities correspond-

ing the basis generator Xi, i = 1, 2, . . . , 11. Using the change of variable, we obtain the

generators in spherical coordinates. The generators which are used in this thesis are

X7s = − sin(ϕ)∂θ − cos(ϕ) cot(θ)∂ϕ −
cos(ϕ)
sin(θ) (W∂V − V ∂W ),

X8s = cos(ϕ)∂θ − sin(ϕ) cot(θ)∂ϕ −
sin(ϕ)
sin(θ) (W∂V − V ∂W ),

X9s = ∂ϕ, X10s = ∂t, X11s = t∂t + r∂r − f∂f . (A.22)

A.2.2 The full Boltzmann equation in spherical coordinates

Let f be a function in Cartesian coordinates with velocities and F be a function

in spherical coordinates with velocities relating with f as

f(x, y, z, u, v, w, t) = F (r(x, y, z), ϕ(x, y), θ(x, y, z), U(u, v, w, ϕ(x, y), θ(x, y, z))

, V (u, v, w, ϕ(x, y), θ(x, y, z)),W (u, v, ϕ(x, y)), t). (A.23)
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Then

ft = Ft, fz = Frrz + Fθθz + FUUz + FV Vz

fx = Frrx + Fϕϕx + Fθθx + FUUx + FV Vx + FWWx,

fy = Frry + Fϕϕy + Fθθy + FUUy + FV Vy + FWWy.

It follows that

ft + ufx + vfy + wfz = Ft + UFr + W

r sin θFϕ + V

r
Fθ + V 2 +W 2

r
FU

+ W 2 cot θ − UV
r

FV −
W (U + V cot θ)

r
FW . (A.24)

According to the change of variables (A.19), we get

U1 = u1 sin θ cosϕ+ v1 sin θ sinϕ+ w1 cos θ,

V1 = u1 cos θ cosϕ+ v1 cos θ sinϕ− w1 sin θ,

W1 = −u1 sinϕ+ v1 cosϕ,

U∗ = u∗ sin θ cosϕ+ v∗ sin θ sinϕ+ w∗ cos θ

= 1
2(u+ u1 + gn1) sin θ cosϕ+ 1

2(v + v1 + gn2) sin θ sinϕ+ 1
2(w + w1 + gn3) cos θ

= 1
2(u sin θ cosϕ+ v sin θ sinϕ+ w cos θ + u1 sin θ cosϕ+ v1 sin θ sinϕ+ w1 cos θ

+ g(n1 sin θ cosϕ+ n2 sin θ sinϕ+ n3 cos θ))

= 1
2(U + U1 + gsn1s),

V ∗ = u∗ cos θ cosϕ+ v∗ cos θ sinϕ− w∗ sin θ

= 1
2(u+ u1 + gn1) cos θ cosϕ+ 1

2(v + v1 + gn2) cos θ sinϕ− 1
2(w + w1 + gn3) sin θ
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= 1
2(u cos θ cosϕ+ v cos θ sinϕ− w sin θ + u1 cos θ cosϕ+ v1 cos θ sinϕ− w1 sin θ

+ g(n1 cos θ cosϕ+ n2 cos θ sinϕ− n3 sin θ))

= 1
2(V + V1 + gsn2s),

W ∗ = −u∗ sinϕ+ v∗ cosϕ

= −1
2(u+ u1 + gn1) sinϕ+ 1

2(v + v1 + gn2) cosϕ

= 1
2(−u sinϕ+ v cosϕ− u1 sinϕ+ v1 cosϕ+ g(−n1 sinϕ+ n2 cosϕ))

= 1
2(W +W1 + gsn3s), (A.25)

where

n1s = n1 sin θ cosϕ+ n2 sin θ sinϕ+ n3 cos θ,

n2s = n1 cos θ cosϕ+ n2 cos θ sinϕ− n3 sin θ,

n3s = −n1 sinϕ+ n2 cosϕ. (A.26)

By the same way for finding U∗, V ∗,W ∗, we obtain

U∗1 = 1
2(U + U1 − gsn1s),

V ∗1 = 1
2(V + V1 − gsn2s),

W ∗
1 = 1

2(W +W1 − gsn3s). (A.27)

The variables gs and gs · ns are as follows.

gs := ((U − U1)2 + (V − V1)2 + (W −W1)2)1/2
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= (((u sin θ cosϕ+ v sin θ sinϕ+ w cos θ)− (u1 sin θ cosϕ+ v1 sin θ sinϕ

+ w1 cos θ))2 + ((u cos θ cosϕ+ v cos θ sinϕ− w sin θ)− (u1 cos θ cosϕ

+ v1 cos θ sinϕ− w1 sin θ))2 + ((−u sinϕ+ v cosϕ)− (−u1 sinϕ+ v1 cosϕ))2)1/2

= ((u− u1)2 + (v − v1)2 + (w − w1)2)1/2 = g,

gs · ns := (U − U1)n1s + (V − V1)n2s + (W −W1)n3s

= ((u sin θ cosϕ+ v sin θ sinϕ+ w cos θ)− (u1 sin θ cosϕ+ v1 sin θ sinϕ

+ w1 cos θ))(n1 sin θ cosϕ+ n2 sin θ sinϕ+ n3 cos θ)

+ ((u cos θ cosϕ+ v cos θ sinϕ− w sin θ)− (u1 cos θ cosϕ+ v1 cos θ sinϕ

− w1 sin θ))(n1 cos θ cosϕ+ n2 cos θ sinϕ− n3 sin θ)

+ ((−u sinϕ+ v cosϕ)− (−u1 sinϕ+ v1 cosϕ))(−n1 sinϕ+ n2 cosϕ)

= (u− u1)n1 + (v − v1)n2 + (w − w1)n3 = g · n. (A.28)

The Jacobian for integration by change of variables is | ∂(u1,v1,w1)
∂(U1,V1,W1) | = 1. Therefore, the

full Boltzmann equation in spherical coordinates is

Ft + UFr + W

r sin θFϕ + V

r
Fθ + V 2 +W 2

r
FU + W 2 cot θ − UV

r
FV

− W (U + V cot θ)
r

FW = J(F, F ), (A.29)

with the collision term

J(F, F ) =
∫
R3

∫
S2

B(gs, θ1)(F ∗F ∗1 − FF1) sin θ1 dθ1 dε dU1 dV1 dW1, (A.30)
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where

F = F (r, ϕ, θ, U, V,W, t), F1 = F (r, ϕ, θ, U1, V1,W1, t),

F ∗ = F (r, ϕ, θ, U∗, V ∗,W ∗, t), F ∗1 = F (r, ϕ, θ, U∗1 , V ∗1 ,W ∗
1 , t),

and

U∗ = 1
2(U + U1 + gsn1s), V ∗ = 1

2(V + V1 + gsn2s), W ∗ = 1
2(W +W1 + gsn3s),

U∗1 = 1
2(U + U1 − gsn1s), V ∗1 = 1

2(V + V1 − gsn2s), W ∗
1 = 1

2(W +W1 − gsn3s),

gs = ((U − U1), (V − V1), (W −W1)), gs = ‖gs‖2, ns = (n1s, n2s, n3s),

n1s = cos (ε− ϕ) sin θ sin θ1 + cos θ1 cos θ,

n2s = cos (ε− ϕ) cos θ sin θ1 − cos θ1 sin θ, n3s = sin (ε− ϕ) sin θ1.

Remark. gs = g and gs · ns = g · n.

Remark. For the spherical coordinates with velocities, the unit vector n in the Cartesian

coordinates is defined by

n = (n1, n2, n3) := (sin θ1 cos ε, sin θ1 sin ε, cos θ1), (A.31)

as shown in Figure A.2. It follows that we can use the trigonometric identities:

n1s = n1 sin θ cosϕ+ n2 sin θ sinϕ+ n3 cos θ

= sin θ1 cos ε sin θ cosϕ+ sin θ1 sin ε sin θ sinϕ+ cos θ1 cos θ

= cos (ε− ϕ) sin θ sin θ1 + cos θ1 cos θ,

n2s = n1 cos θ cosϕ+ n2 cos θ sinϕ− n3 sin θ
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= sin θ1 cos ε cos θ cosϕ+ sin θ1 sin ε cos θ sinϕ− cos θ1 sin θ

= cos (ε− ϕ) cos θ sin θ1 − cos θ1 sin θ,

n3s = −n1 sinϕ+ n2 cosϕ = − sin θ1 cos ε sinϕ+ sin θ1 sin ε cosϕ

= sin (ε− ϕ) sin θ1, (A.32)

such that we can integrate in the collision integral by change of variable: ε̃ = ε− ϕ.

Figure A.2: The unit vector in Cartesian coordinates for integration in spherical
coordinates.



APPENDIX B

DERIVATION OF THE REMAINING

FUNCTIONS hXj

B.1 Derivation of the function hX2

The group of transformations corresponding to the generator X2 is

x̄ = x, ȳ = y + a, z̄ = z, ū = u, v̄ = v, w̄ = w, t̄ = t, f̄ = f. (B.1)

This group of transformations maps a function f = f0(x, y, z, u, v, w, t) to the function

f̄ = fa(x̄, ȳ, z̄, ū, v̄, w̄, t̄), where the transformed function is determined by the formula

f̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0(x̄, ȳ − a, z̄, ū, v̄, w̄, t̄). (B.2)

It follows that

f̄t̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0t(x̄, ȳ − a, z̄, ū, v̄, w̄, t̄),

f̄x̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0x(x̄, ȳ − a, z̄, ū, v̄, w̄, t̄),

f̄ȳ(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0y(x̄, ȳ − a, z̄, ū, v̄, w̄, t̄),

f̄z̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0z(x̄, ȳ − a, z̄, ū, v̄, w̄, t̄), (B.3)

and

f̄ ∗ = f0(x̄, ȳ − a, z̄, 1
2(ū+ u1 + ḡn1), 1

2(v̄ + v1 + ḡn2), 1
2(w̄ + w1 + ḡn3), t̄),

f̄ ∗1 = f0(x̄, ȳ − a, z̄, 1
2(ū+ u1 − ḡn1), 1

2(v̄ + v1 − ḡn2), 1
2(w̄ + w1 − ḡn3), t̄),
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f̄1 = f0(x̄, ȳ − a, z̄, u1, v1, w1, t̄), (B.4)

Using (B.1), one finds that

ḡ =
√

(u− u1)2 + (v − v1)2 + (w − w1)2. (B.5)

Then

(Φ(f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (f0t + uf0x + vf0y + wf0z

− J(f0, f0))(x̄, ȳ − a, z̄, ū, v̄, w̄, t̄)

= (Φ(f0))(x̄, ȳ − a, z̄, ū, v̄, w̄, t̄). (B.6)

Differentiating the latter relation with respect to a and setting a = 0, we derive

X̃2(Φ) = −Dy(Φ). (B.7)

As X2 = ∂y then

hX2Φ = X̃2(Φ) +Dy(Φ) = −Dy(Φ) +Dy(Φ) = 0. (B.8)

This means that

h̃X2 = 0. (B.9)

B.2 Derivation of the function hX3

The group of transformations corresponding to the generator X3 is

x̄ = x, ȳ = y, z̄ = z + a, ū = u, v̄ = v, w̄ = w, t̄ = t, f̄ = f. (B.10)
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This group of transformations maps a function f = f0(x, y, z, u, v, w, t) to the function

f̄ = fa(x̄, ȳ, z̄, ū, v̄, w̄, t̄), where the transformed function is determined by the formula

f̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0(x̄, ȳ, z̄ − a, ū, v̄, w̄, t̄). (B.11)

It follows that

f̄t̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0t(x̄, ȳ, z̄ − a, ū, v̄, w̄, t̄),

f̄x̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0x(x̄, ȳ, z̄ − a, ū, v̄, w̄, t̄),

f̄ȳ(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0y(x̄, ȳ, z̄ − a, ū, v̄, w̄, t̄),

f̄z̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0z(x̄, ȳ, z̄ − a, ū, v̄, w̄, t̄), (B.12)

and

f̄ ∗ = f0(x̄, ȳ, z̄ − a, 1
2(ū+ u1 + ḡn1), 1

2(v̄ + v1 + ḡn2), 1
2(w̄ + w1 + ḡn3), t̄),

f̄ ∗1 = f0(x̄, ȳ, z̄ − a, 1
2(ū+ u1 − ḡn1), 1

2(v̄ + v1 − ḡn2), 1
2(w̄ + w1 − ḡn3), t̄),

f̄1 = f0(x̄, ȳ, z̄ − a, u1, v1, w1, t̄). (B.13)

Using (B.10), one finds that

ḡ =
√

(u− u1)2 + (v − v1)2 + (w − w1)2. (B.14)

Substituting (B.11), (B.13), (B.14) into (3.24), the collision term becomes

(J(f̄, f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (J(f0, f0))(x̄, ȳ, z̄ − a, ū, v̄, w̄, t̄). (B.15)

Then

(Φ(f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (f0t + uf0x + vf0y + wf0z
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− J(f0, f0))(x̄, ȳ, z̄ − a, ū, v̄, w̄, t̄)

= (Φ(f0))(x̄, ȳ, z̄ − a, ū, v̄, w̄, t̄). (B.16)

Differentiating the latter relation with respect to a and setting a = 0, we derive

X̃3(Φ) = −Dz(Φ). (B.17)

As X3 = ∂z then

hX3Φ = X̃3(Φ) +Dz(Φ) = −Dz(Φ) +Dz(Φ) = 0. (B.18)

This means that

h̃X3 = 0. (B.19)

B.3 Derivation of the function hX5

The group of transformations corresponding to the generator X5 is

x̄ = x, ȳ = y + at, z̄ = z, ū = u, v̄ = v + a, w̄ = w, t̄ = t, f̄ = f. (B.20)

This group of transformations maps a function f = f0(x, y, z, u, v, w, t) to the function

f̄ = fa(x̄, ȳ, z̄, ū, v̄, w̄, t̄), where the transformed function is determined by the formula

f̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0(x̄, ȳ − at̄, z̄, ū, v̄ − a, w̄, t̄). (B.21)

It follows that

f̄t̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (−af0y + f0t)(x̄, ȳ − at̄, z̄, ū, v̄ − a, w̄, t̄),

f̄x̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0x(x̄, ȳ − at̄, z̄, ū, v̄ − a, w̄, t̄),

f̄ȳ(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0y(x̄, ȳ − at̄, z̄, ū, v̄ − a, w̄, t̄),
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f̄z̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0z(x̄, ȳ − at̄, z̄, ū, v̄ − a, w̄, t̄), (B.22)

and

f̄ ∗ = f0(x̄, ȳ − at̄, z̄, 1
2(ū+ u1 + ḡn1), 1

2(v̄ + v1 + ḡn2)− a, 1
2(w̄ + w1 + ḡn3), t̄)

= f0(x̄, ȳ − at̄, z̄, 1
2(ū+ u1 + ḡn1), 1

2((v̄ − a) + (v1 − a) + ḡn2),

1
2(w̄ + w1 + ḡn3), t̄),

f̄ ∗1 = f0(x̄, ȳ − at̄, z̄, 1
2(ū+ u1 − ḡn1), 1

2(v̄ + v1 − ḡn2)− a, 1
2(w̄ + w1 − ḡn3), t̄)

= f0(x̄, ȳ − at̄, z̄, 1
2(ū+ u1 − ḡn1), 1

2((v̄ − a) + (v1 − a)− ḡn2),

1
2(w̄ + w1 − ḡn3), t̄),

f̄1 = f0(x̄, ȳ − at̄, z̄, u1, v1 − a, w1, t̄). (B.23)

Using (B.20), one finds that

ḡ =
√

(u− u1)2 + (v + a− v1)2 + (w − w1)2

=
√

(u− u1)2 + (v̄ − (v1 − a))2 + (w̄ − w1)2. (B.24)

Substituting (B.21), (B.23), (B.24) into (3.24) and using the change of variables: ṽ1 =

v1 − a, the collision term becomes

(J(f̄, f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (J(f0, f0))(x̄, ȳ − at̄, z̄, ū, v̄ − a, w̄, t̄). (B.25)

Then

(Φ(f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (−af0y + f0t + uf0x + (v + a)f0y + wf0z

− J(f0, f0))(x̄, ȳ − at̄, z̄, ū, v̄ − a, w̄, t̄)
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= (f0t + uf0x + vf0y + wf0z − J(f0, f0))(x̄, ȳ − at̄, z̄, ū, v̄ − a, w̄, t̄)

= (Φ(f0))(x̄, ȳ − at̄, z̄, ū, v̄ − a, w̄, t̄). (B.26)

Differentiating the latter relation with respect to a and setting a = 0, we derive

X̃5(Φ) = −(tDy(Φ) +Dv(Φ)). (B.27)

As X5 = t∂y + ∂v then

hX5Φ = X̃5(Φ) + (tDy(Φ) +Dv(Φ))

= −(tDy(Φ) +Dv(Φ)) + (tDy(Φ) +Dv(Φ)) = 0. (B.28)

This means that

h̃X5 = 0. (B.29)

B.4 Derivation of the function hX6

The group of transformations corresponding to the generator X6 is

x̄ = x, ȳ = y, z̄ = z + at, ū = u, v̄ = v, w̄ = w + a, t̄ = t, f̄ = f. (B.30)

This group of transformations maps a function f = f0(x, y, z, u, v, w, t) to the function

f̄ = fa(x̄, ȳ, z̄, ū, v̄, w̄, t̄), where the transformed function is determined by the formula

f̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0(x̄, ȳ, z̄ − at̄, ū, v̄, w̄ − a, t̄). (B.31)

It follows that

f̄t̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (−af0z + f0t)(x̄, ȳ, z̄ − at̄, ū, v̄, w̄ − a, t̄),

f̄x̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0x(x̄, ȳ, z̄ − at̄, ū, v̄, w̄ − a, t̄),
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f̄ȳ(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0y(x̄, ȳ, z̄ − at̄, ū, v̄, w̄ − a, t̄),

f̄z̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0z(x̄, ȳ, z̄ − at̄, ū, v̄, w̄ − a, t̄), (B.32)

and

f̄ ∗ = f0(x̄, ȳ, z̄ − at̄, 1
2(ū+ u1 + ḡn1), 1

2(v̄ + v1 + ḡn2), 1
2(w̄ + w1 + ḡn3)− a, t̄)

= f0(x̄, ȳ, z̄ − at̄, 1
2(ū+ u1 + ḡn1), 1

2(v̄ + v1 + ḡn2),

1
2((w̄ − a) + (w1 − a) + ḡn3), t̄),

f̄ ∗1 = f0(x̄, ȳ, z̄ − at̄, 1
2(ū+ u1 − ḡn1), 1

2(v̄ + v1 − ḡn2), 1
2(w̄ + w1 − ḡn3)− a, t̄)

= f0(x̄, ȳ, z̄ − at̄, 1
2(ū+ u1 − ḡn1), 1

2(v̄ + v1 − ḡn2),

1
2((w̄ − a) + (w1 − a)− ḡn3), t̄),

f̄1 = f0(x̄, ȳ, z̄ − at̄, u1, v1, w1 − a, t̄). (B.33)

Using (B.30), one finds that

ḡ =
√

(u− u1)2 + (v − v1)2 + (w + a− w1)2

=
√

(u− u1)2 + (v̄ − v1)2 + (w̄ − (w1 − a))2. (B.34)

Substituting (B.31), (B.33), (B.34) into (3.24) and using the change of variables: w̃1 =

w1 − a, the collision term becomes

(J(f̄, f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (J(f0, f0))(x̄− at̄, ȳ, z̄, ū− a, v̄, w̄, t̄). (B.35)

Then

(Φ(f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (−af0z + f0t + uf0x + vf0y + (w + a)f0z
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− J(f0, f0))(x̄, ȳ, z̄ − at̄, ū, v̄, w̄ − a, t̄)

= (f0t + uf0x + vf0y + wf0z − J(f0, f0))(x̄, ȳ, z̄ − at̄, ū, v̄, w̄ − a, t̄)

= (Φ(f0))(x̄, ȳ, z̄ − at̄, ū, v̄, w̄ − a, t̄). (B.36)

Differentiating the above equation with respect to a and setting a = 0, we derive

X̃6(Φ) = −(tDz(Φ) +Dw(Φ)). (B.37)

As X6 = t∂z + ∂w then

hX6Φ = X̃6(Φ) + (tDz(Φ) +Dw(Φ))

= −(tDz(Φ) +Dw(Φ)) + (tDz(Φ) +Dw(Φ)) = 0. (B.38)

This means that

h̃X6 = 0. (B.39)

B.5 Derivation of the function hX8

The group of transformations corresponding to the generator X8 is

x̄ = z sin(a) + x cos(a), ȳ = y, z̄ = z cos(a)− x sin(a),

ū = u cos(a) + w sin(a), v̄ = v, w̄ = w cos(a)− u sin(a), t̄ = t, f̄ = f. (B.40)

This group of transformations maps a function f = f0(x, y, z, u, v, w, t) to the function

f̄ = fa(x̄, ȳ, z̄, ū, v̄, w̄, t̄), where the transformed function is determined by the formula

f̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0(x̄ cos(a)− z̄ sin(a), ȳ, z̄ cos(a) + x̄ sin(a),

ū cos(a)− w̄ sin(a), v̄, w̄ cos(a) + ū sin(a), t̄). (B.41)
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It follows that

f̄t̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0t(x̄ cos(a)− z̄ sin(a), ȳ, z̄ cos(a) + x̄ sin(a),

ū cos(a)− w̄ sin(a), v̄, w̄ cos(a) + ū sin(a), t̄),

f̄x̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (f0x cos(a) + f0z sin(a))(x̄ cos(a)− z̄ sin(a), ȳ,

z̄ cos(a) + x̄ sin(a), ū cos(a)− w̄ sin(a), v̄, w̄ cos(a) + ū sin(a), t̄),

f̄ȳ(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0y(x̄ cos(a)− z̄ sin(a), ȳ, z̄ cos(a) + x̄ sin(a),

ū cos(a)− w̄ sin(a), v̄, w̄ cos(a) + ū sin(a), t̄),

f̄z̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (−f0x sin(a) + f0z cos(a))(x̄ cos(a)− z̄ sin(a), ȳ, z̄ cos(a)

+ x̄ sin(a), ū cos(a)− w̄ sin(a), v̄, w̄ cos(a) + ū sin(a), t̄), (B.42)

and

f̄1 = f0(x̄ cos(a)− z̄ sin(a), ȳ, z̄ cos(a) + x̄ sin(a), u1 cos(a)− w1 sin(a), v1,

w1 cos(a) + u1 sin(a), t̄)

= f0(x̄, ȳ cos(a) + z̄ sin(a), z̄ cos(a)− ȳ sin(a), ũ1, ṽ1, w̃1, t̄),

f̄ ∗ = f0(x̄ cos(a)− z̄ sin(a), ȳ, z̄ cos(a) + x̄ sin(a), 1
2(ū+ u1 + ḡn1) cos(a)

− 1
2(w̄ + w1 + ḡn3) sin(a), 1

2(v̄ + v1 + ḡn2), 1
2(w̄ + w1 + ḡn3) cos(a)

+ 1
2(ū+ u1 + ḡn1) sin(a), t̄)

= f0(x̄ cos(a)− z̄ sin(a), ȳ, z̄ cos(a) + x̄ sin(a), 1
2(ū cos(a)− w̄ sin(a)

+ ũ1 + ḡñ1), 1
2(v̄ + ṽ1 + ḡñ2), 1

2(w̄ cos(a) + ū sin(a) + w̃1 + ḡñ3), t̄)
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f̄ ∗1 = f0(x̄ cos(a)− z̄ sin(a), ȳ, z̄ cos(a) + x̄ sin(a), 1
2(ū+ u1 − ḡn1) cos(a)

− 1
2(w̄ + w1 − ḡn3) sin(a), 1

2(v̄ + v1 − ḡn2), 1
2(w̄ + w1 − ḡn3) cos(a)

+ 1
2(ū+ u1 − ḡn1) sin(a), t̄)

= f0(x̄ cos(a)− z̄ sin(a), ȳ, z̄ cos(a) + x̄ sin(a), 1
2(ū cos(a)− w̄ sin(a) + ũ1

− ḡñ1), 1
2(v̄ + ṽ1 − ḡñ2), 1

2(w̄ cos(a) + ū sin(a) + w̃1 − ḡñ3), t̄), (B.43)

where

ũ1 = u1 cos(a)− w1 sin(a), ṽ1 = v1, w̃1 = w1 cos(a) + u1 sin(a),

ñ1 = n1 cos(a)− n3 sin(a), ñ2 = n2, ñ3 = n3 cos(a) + n1 sin(a). (B.44)

Using (B.40), one finds that

ḡ =
√

(u cos(a) + w sin(a)− u1)2 + (v − v1)2 + (w cos(a)− u sin(a)− w1)2

=
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2. (B.45)

Substituting (B.41), (B.43), (B.45) into (3.24) and using the change of variables:

ũ1, ṽ1, w̃1 defined by (B.44), the collision term becomes

(J(f̄, f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (J(f0, f0))(x̄ cos(a)− z̄ sin(a), ȳ, z̄ cos(a) + x̄ sin(a)

, ū cos(a)− w̄ sin(a), v̄, w̄ cos(a) + ū sin(a), t̄). (B.46)

Here we have used the properties that ‖(ñ1, ñ2, ñ3)‖2 = 1, and |∂(u1,v1,w1)
∂(ũ1,ṽ1,w̃1) | = 1.

Hence,

(Φ(f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (f0t + (u cos(a) + w sin(a))(f0x cos(a) + f0z sin(a))
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+ vf0y + (w cos(a)− u sin(a))(−f0x sin(a) + f0z cos(a))

− J(f0, f0))(x̄ cos(a)− z̄ sin(a), ȳ, z̄ cos(a) + x̄ sin(a), ū cos(a)− w̄ sin(a),

v̄, w̄ cos(a) + ū sin(a), t̄)

= (f0t + uf0x + vf0y + wf0z − J(f0, f0)(x̄ cos(a)− z̄ sin(a), ȳ,

z̄ cos(a) + x̄ sin(a), ū cos(a)− w̄ sin(a), v̄, w̄ cos(a) + ū sin(a), t̄)

= (Φ(f0))(x̄ cos(a)− z̄ sin(a), ȳ, z̄ cos(a) + x̄ sin(a), ū cos(a)− w̄ sin(a),

v̄, w̄ cos(a) + ū sin(a), t̄). (B.47)

Differentiating the latter relation with respect to a and setting a = 0, we derive

X̃8(Φ) = −zDx(Φ) + xDz(Φ)− wDv(Φ) + vDw(Φ). (B.48)

As X8 = z∂x − x∂z + w∂u − u∂w then

hX8Φ = X̃8(Φ) + (zDx(Φ)− xDz(Φ) + wDu(Φ)− uDw(Φ))

= (−zDx(Φ) + xDz(Φ)− wDv(Φ) + vDw(Φ))

+ (zDx(Φ)− xDz(Φ) + wDu(Φ)− uDw(Φ)) = 0. (B.49)

This means that

h̃X8 = 0. (B.50)

B.6 Derivation of the function hX9

The group of transformations corresponding to the generator X9 is

x̄ = x cos(a)− y sin(a), ȳ = y cos(a) + x sin(a), z̄ = z,
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ū = u cos(a)− v sin(a), v̄ = v cos(a) + u sin(a), w̄ = w, t̄ = t, f̄ = f. (B.51)

This group of transformations maps a function f = f0(x, y, z, u, v, w, t) to the function

f̄ = fa(x̄, ȳ, z̄, ū, v̄, w̄, t̄), where the transformed function is determined by the formula

f̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0(x̄ cos(a) + ȳ sin(a), ȳ cos(a)− x̄ sin(a), z̄, ū cos(a) + v̄ sin(a),

v̄ cos(a)− ū sin(a), w̄, t̄). (B.52)

It follows that

f̄t̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0t(x̄ cos(a) + ȳ sin(a), ȳ cos(a)− x̄ sin(a), z̄,

ū cos(a) + v̄ sin(a), v̄ cos(a)− ū sin(a), w̄, t̄),

f̄x̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (f0x cos(a)− f0y sin(a))(x̄ cos(a) + ȳ sin(a), ȳ cos(a)

− x̄ sin(a), z̄, ū cos(a) + v̄ sin(a), v̄ cos(a)− ū sin(a), w̄, t̄),

f̄ȳ(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (f0x sin(a) + f0y cos(a))(x̄ cos(a) + ȳ sin(a), ȳ cos(a)

− x̄ sin(a), z̄, ū cos(a) + v̄ sin(a), v̄ cos(a)− ū sin(a), w̄, t̄),

f̄z̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0z(x̄ cos(a) + ȳ sin(a), ȳ cos(a)− x̄ sin(a), z̄, ū cos(a)

+ v̄ sin(a), v̄ cos(a)− ū sin(a), w̄, t̄), (B.53)

and

f̄1 = f0(x̄ cos(a) + ȳ sin(a), ȳ cos(a)− x̄ sin(a), z̄, u1 cos(a) + v1 sin(a),

v1 cos(a)− u1 sin(a), w1, t̄)

= f0(x̄ cos(a) + ȳ sin(a), ȳ cos(a)− x̄ sin(a), z̄, ũ1, ṽ1, w̃1, t̄),
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f̄ ∗ = f0(x̄ cos(a) + ȳ sin(a), ȳ cos(a)− x̄ sin(a), z̄, 1
2(ū+ u1 + ḡn1) cos(a)

+ 1
2(v̄ + v1 + ḡn2) sin(a), 1

2(v̄ + v1 + ḡn2) cos(a)− 1
2(ū+ u1 + ḡn1) sin(a),

1
2(w̄ + w1 + ḡn3), t̄)

= f0(x̄ cos(a) + ȳ sin(a), ȳ cos(a)− x̄ sin(a), z̄, 1
2(ū cos(a) + v̄ sin(a) + ũ1 + ḡñ1),

1
2(v̄ cos(a)− ū sin(a) + ṽ1 + ḡñ2), 1

2(w̄ + w̃1 + ḡñ3), t̄),

f̄ ∗1 = f0(x̄ cos(a) + ȳ sin(a), ȳ cos(a)− x̄ sin(a), z̄, 1
2(ū+ u1 − ḡn1) cos(a)

+ 1
2(v̄ + v1 − ḡn2) sin(a), 1

2(v̄ + v1 − ḡn2) cos(a)− 1
2(ū+ u1 − ḡn1) sin(a),

1
2(w̄ + w1 − ḡn3), t̄)

= f0(x̄ cos(a) + ȳ sin(a), ȳ cos(a)− x̄ sin(a), z̄, 1
2(ū cos(a) + v̄ sin(a) + ũ1 − ḡñ1),

1
2(v̄ cos(a)− ū sin(a) + ṽ1 − ḡñ2), 1

2(w̄ + w̃1 − ḡñ3), t̄), (B.54)

where

ũ1 = u1 cos(a) + v1 sin(a), ṽ1 = v1 cos(a)− u1 sin(a), w̃1 = w1,

ñ1 = n1 cos(a) + n2 sin(a), ñ2 = n2 cos(a)− n1 sin(a), ñ3 = n3. (B.55)

Using (B.51), one finds that

ḡ =
√

(u cos(a)− v sin(a)− u1)2 + (v cos(a) + u sin(a)− v1)2 + (w − w1)2

=
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2. (B.56)
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Substituting (B.52), (B.54), (B.56) into (3.24) and using the change of variables:

ũ1, ṽ1, w̃1 defined by (B.55), the collision term becomes

(J(f̄, f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (J(f0, f0))(x̄ cos(a) + ȳ sin(a), ȳ cos(a)− x̄ sin(a), z̄,

ū cos(a) + v̄ sin(a), v̄ cos(a)− ū sin(a), w̄, t̄). (B.57)

Here we have used the properties that |(ñ1, ñ2, ñ3)| = 1, and |∂(u1,v1,w1)
∂(ũ1,ṽ1,w̃1) | = 1.

Hence,

(Φ(f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (f0t + (u cos(a)− v sin(a))(f0x cos(a)− f0y sin(a))

+ (v cos(a) + u sin(a))(f0x sin(a) + f0y cos(a)) + wf0z − J(f0, f0))(x̄ cos(a)

+ ȳ sin(a), ȳ cos(a)− x̄ sin(a), z̄, ū cos(a) + v̄ sin(a), v̄ cos(a)− ū sin(a), w̄, t̄)

= (f0t + uf0x + vf0y + wf0z − J(f0, f0))(x̄ cos(a) + ȳ sin(a),

ȳ cos(a)− x̄ sin(a), z̄, ū cos(a) + v̄ sin(a), v̄ cos(a)− ū sin(a), w̄, t̄)

= (Φ(f0))(x̄ cos(a) + ȳ sin(a), ȳ cos(a)− x̄ sin(a), z̄, ū cos(a) + v̄ sin(a),

v̄ cos(a)− ū sin(a), w̄, t̄). (B.58)

Differentiating the latter relation with respect to a and setting a = 0, we derive

X̃9(Φ) = −xDy(Φ) + yDx(Φ)− uDv(Φ) + vDu(Φ). (B.59)

As X9 = x∂y − y∂x + u∂v − v∂u then

hX9Φ = X̃9(Φ) + (xDy(Φ)− yDx(Φ) + uDv(Φ)− vDu(Φ))

= (−xDy(Φ) + yDx(Φ)− uDv(Φ) + vDu(Φ))

+ (xDy(Φ)− yDx(Φ) + uDv(Φ)− vDu(Φ)) = 0. (B.60)
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This means that

h̃X9 = 0. (B.61)

B.7 Derivation of the function hX10

The group of transformations corresponding to the generator X10 is

x̄ = x, ȳ = y, z̄ = z, ū = u, v̄ = v, w̄ = w, t̄ = t+ a, f̄ = f. (B.62)

This group of transformations maps a function f = f0(x, y, z, u, v, w, t) to the function

f̄ = fa(x̄, ȳ, z̄, ū, v̄, w̄, t̄), where the transformed function is determined by the formula

f̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0(x̄, ȳ, z̄, ū, v̄, w̄, t̄− a). (B.63)

It follows that

f̄t̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0t(x̄, ȳ, z̄, ū, v̄, w̄, t̄− a),

f̄x̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0x(x̄, ȳ, z̄, ū, v̄, w̄, t̄− a),

f̄ȳ(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0y(x̄, ȳ, z̄, ū, v̄, w̄, t̄− a),

f̄z̄(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = f0z(x̄, ȳ, z̄, ū, v̄, w̄, t̄− a), (B.64)

and

f̄ ∗ = f0(x̄, ȳ, z̄, 1
2(ū+ u1 + ḡn1), 1

2(v̄ + v1 + ḡn2), 1
2(w̄ + w1 + ḡn3), t̄− a),

f̄ ∗1 = f0(x̄, ȳ, z̄, 1
2(ū+ u1 − ḡn1), 1

2(v̄ + v1 − ḡn2), 1
2(w̄ + w1 − ḡn3), t̄− a),

f̄1 = f0(x̄, ȳ, z̄, u1, v1, w1, t̄− a). (B.65)
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Using (B.62), one finds that

ḡ =
√

(u− u1)2 + (v − v1)2 + (w − w1)2. (B.66)

Substituting (B.63), (B.65), (B.66) into (3.24), the collision term becomes

(J(f̄, f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (J(f0, f0))(x̄, ȳ, z̄, ū, v̄, w̄, t̄− a). (B.67)

Then

(Φ(f̄))(x̄, ȳ, z̄, ū, v̄, w̄, t̄) = (f0t + uf0x + vf0y + wf0z − J(f0, f0))(x̄, ȳ, z̄, ū, v̄,

w̄, t̄− a)

= (Φ(f0))(x̄, ȳ, z̄, ū, v̄, w̄, t̄− a). (B.68)

Differentiating the latter relation with respect to a and setting a = 0, we derive

X̃10(Φ) = −Dt(Φ). (B.69)

As X10 = ∂t then

hX10Φ = X̃10(Φ) +Dt(Φ) = −Dt(Φ) +Dt(Φ) = 0. (B.70)

This means that

h̃X10 = 0. (B.71)



APPENDIX C

AN OPTIMAL SYSTEM OF SUBALGEBRAS OF

L11

An optimal system of subalgebras of Lie algebras L11 obtained in (Ovsiannikov,

1994) is shown in this Appendix. There are 13, 27, 47, 50, 37, 25, 14, 5, 2, 2, and 1

subalgebras of k−dimensional subalgebras, k = 1, 2, . . . , 11, respectively, in the optimal

system.

Table C.1: An optimal system of subalgebras of L11.

No. Subalgebra
1.1 β4 + 7 + α11, α 6= 0
1.2 β4 + 7, β 6= 0
1.3 7
1.4 1 + 7
1.5 β4 + 7 + β10, β 6= 0
1.6 7 + 10
1.7 β4 + 11, β 6= 0
1.8 11
1.9 4 + 10
1.10 10
1.11 3 + 4
1.12 4
1.13 1
2.1 10, 7 + α11, α 6= 0
2.2 α4 + 7, β4 + 11
2.3 4, 7 + α11, α 6= 0
2.4 1, β4 + 7 + α11, α 6= 0
2.5 7, 10
2.6 1 + 7, 10
2.7 α1 + 7, 4 + 10
2.8 4, 7
2.9 1, β4 + 7

No. Subalgebra
2.10 4, 1 + 7
2.11 1, β4 + 7 + 10
2.12 10, 11
2.13 4, 11
2.14 4, α5 + 11, α 6= 0
2.15 1, β4 + α5 + 11, α 6= 0
2.16 1, β4 + 11
2.17 1, 10
2.18 3, 4 + α6 + 10, α 6= 0
2.19 1, 4 + 10
2.20 α1 + σ3 + 5, β1 + τ2 + 6,

α2 + β2 + (σ + τ)2 = 1
2.21 3 + 5, 2− 6
2.22 5, 6
2.23 α1 + 2, 3 + 4
2.24 α1 + 2, 4
2.25 1, 3 + 4
2.26 1, 4
2.27 2, 3
3.1 7, 10, 11
3.2 1, 10, β4 + 7 + α11
3.3 4, 7, 11
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Table C.1: An optimal system of subalgebras of L11 (Continued).

No. Subalgebra
3.4 1, α4 + 7, β4 + 11
3.5 5, 6, β4 + 7 + α11, α 6= 0
3.6 1, 4, 7 + α11, α 6= 0
3.7 2, 3, β4 + 7 + α11, α 6= 0
3.8 7, 8, 9
3.9 1, α4 + 7, 4 + 10
3.10 5, 6, β4 + 7
3.11 1, 4, 7
3.12 2, 3, β4 + 7, β 6= 0
3.13 2, 3, 7
3.14 5, 6, 1 + α4 + 7
3.15 3 + 5, 2− 6, α1 + β4 + 7
3.16 2, 3, 1 + 7
3.17 1, 4, 7 + 10
3.18 2, 3, β4 + 7 + β10, β 6= 0
3.19 2, 3, 7 + 10
3.20 1, 10, β4 + 11
3.21 5, 6, β4 + 11
3.22 1, α4 + 6, β4 + σ5 + 11
3.23 1, 4, 11
3.25 2, 3, β4 + σ5 + 11, σ 6= 0
3.26 2, 3, β4 + 11
3.27 3, α1 + β2 + 6, 4 + 10
3.28 1, 2 + 4, 10
3.29 1, 4, 10
3.30 2, 3, 4 + σ6 + 10, σ 6= 0
3.31 2, 3, 4 + 10
3.32 2, 3, 6 + 10
3.33 2, 3, 10
3.34 −δ2 + β3 + 4, δ1 + σ2− α3 + 5,

−β1 + α2 + τ3 + 6,
α2 + β2 + δ2 + (σ + τ)2 = 1

3.35 4, 3 + 5, 2− 6
3.36 1 + 4, 5, 6

No. Subalgebra
3.37 4, 5, 6
3.38 α1 + 3, β1 + 5, σ1 + τ2 + 6,

β2 + σ2 + τ 2 = 1
3.39 α1 + 3, 5, 6
3.40 1, 3 + 5, τ2 + 6, τ 6= −1
3.41 1, 3 + 5, 2− 6
3.42 1, 5, 6
3.43 β1 + 3, 2, 4
3.44 2, 3, 4
3.45 1, 2, 3 + 4
3.46 1, 2, 4
3.47 1, 2, 3
4.1 7, 8, 9, 11
4.2 1, α4 + 7, 10, 11
4.3 2, 3, 10, 7 + α11
4.4 1, 4, 10, 7 + α11, α 6= 0
4.5 5, 6, α4 + 7, β4 + 11
4.6 1, 4, 7, 11
4.7 2, 3, α4 + 7, β4 + 11
4.8 4, 5, 6, 7 + α11, α 6= 0
4.9 1, 5, 6, β4 + 7 + α11
4.10 2, 3, 4, 7 + α11
4.11 1, 2, 3, β4 + 7 + α11, α 6= 0
4.12 1, 2, 3, β4 + 7
4.13 7, 8, 9, 10
4.14 2, 3, 7, 10
4.15 2, 3, 1 + 7, 10
4.16 2, 3, α1 + 7, 4 + 10
4.17 4, 5, 6, 7
4.18 4, 5, 6, 1 + 7
4.19 4, 3 + 5, 2− 6, α1 + 7
4.20 1, 3 + 5, 2− 6, α4 + 7
4.21 2, 3, 4, 1 + 7
4.22 1, 2, 3, β4 + 7 + 10
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Table C.1: An optimal system of subalgebras of L11 (Continued).

No. Subalgebra
4.23 1, 4, 10, 11
4.24 2, 3, 10, α6 + 11, α 6= 0
4.25 2, 3, 10, 11
4.26 4, 5, 6, 11
4.27 1, α4 + 5, 6, β4 + 11, α 6= 0
4.28 1, 5, 6, β4 + 11
4.29 1, 4, 6, α5 + 11
4.30 2, 3, α4 + 6, β4 + σ5 + 11
4.31 2, 3, 4, α5 + β6 + 11, α2 + β2 6= 0
4.32 2, 3, 4, 11
4.33 1, 2, 3, β4 + 11, β 6= 0
4.34 1, 2, 3, 11
4.35 2, 3, α1 + 5, 4 + β6 + 10
4.36 2, 3, α1 + 5, 6 + 10
4.37 2, 3, 1 + 5, 10
4.38 2, 3, 5, 10
4.39 1, 2, 3, 4 + 10
4.40 1, 2, 3, 10
4.41 1, σ2 + τ3 + 4, α3 + 5, β2 + 6,

σ2 + τ 2 + (α + β)2 = 1
4.42 1, 4, 3 + 5, 2− 6
4.43 1, 4, 5, 6
4.44 2, α1 + 3, 1 + 5, 6, α 6= 0
4.45 2, 3, 1 + 5, 6
4.46 1 + β3, 2, 5, 6
4.47 2, 3, 5, 6
4.48 1, 2, 3 + 5, 6
4.49 1, 2, 5, 6
4.50 1, 2, 3, 4
5.1 7, 8, 9, 10, 11
5.2 1, 4, 7, 10, 11
5.3 2, 3, 7, 10, 11
5.4 1, 2, 3, 10, β4 + 7 + α11
5.5 4, 5, 6, 7, 11
5.6 2, 3, 4, 7, 11
5.7 1, 5, 6, α4 + 7, β4 + 11
5.8 1, 2, 3, α4 + 7, β4 + 11

No. Subalgebra
5.9 1, 4, 5, 6, 7 + α11
5.10 2, 3, 5, 6, β4 + 7 + α11, α 6= 0
5.11 1, 2, 3, 4, 7 + α11, α 6= 0
5.12 1, 2, 3, α4 + 7, 4 + 10
5.13 2, 3, 5, 6, β4 + 7, β 6= 0
5.14 2, 3, 5, 6, 7
5.15 1, 2, 3, 4, 7
5.16 1, 4, 3 + 5, 2− 6, 7
5.17 2, 3, 5, 6, 1 + 7
5.18 2, 3, 5, 6, β4 + 7 + β10, β 6= 0
5.19 2, 3, 5, 6, 7 + 10
5.20 1, 2, 3, 4, 7 + 10
5.21 2, 3, 5, 10, β6 + 11
5.22 1, 2, 3, 10, 4 + β11
5.23 1, 2, 3, 10, 11
5.24 1, 4, 5, 6, 11
5.25 2, 3, α4 + 5, 6, β4 + 11, α 6= 0
5.26 2, 3, 5, 6, β4 + 11
5.27 2, 3, 4, 6, β5 + 11
5.28 1, 2, 3, 6, β4 + 11, β 6= 0
5.29 1, 2, 3, 4, 11
5.30 2, 3, α1 + 5, 6, 4 + 10, α 6= 0
5.31 2, 3, 5, 6, 4 + 10
5.32 2, 3, 1 + 5, 6, 10
5.33 2, 3, 5, 6, 10
5.34 1, 2, 3, 6, 4 + 10
5.35 2, 3, 4, 5, 6
5.36 2, 3, 4, 5, 1 + 6
5.37 1, 2, 3, 5, 6
6.1 1, 2, 3, 7, 10, 11
6.2 2, 3, 5, 6, 10, 7 + α11, α 6= 0
6.3 1, 2, 3, 4, 10, 7 + α11
6.4 1, 4, 5, 6, 7, 11
6.5 1, 2, 3, 4, 7, 11
6.6 2, 3, 5, 6, α4 + 7, β4 + 11
6.7 2, 3, 4, 5, 6, 7 + α11, α 6= 0
6.8 1, 2, 3, 5, 6, β4 + 7 + α11
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Table C.1: An optimal system of subalgebras of L11 (Continued).

No. Subalgebra
6.9 4, 5, 6, 7, 8, 9
6.10 1, 2, 3, 7, 8, 9
6.11 2, 3, 5, 6, 1 + 7, 10
6.12 2, 3, 5, 6, α1 + 7, 4 + 10
6.13 2, 3, 5, 6, 7, 10
6.14 2, 3, 4, 5, 6, 1 + 7
6.15 2, 3, 4, 5, 6, 7
6.16 1, 2, 3, 5, 6, 7 + 10
6.17 2, 3, 5, 6, 10, 11
6.18 1, 2, 3, 4, 10, α6 + 11, α 6= 0
6.19 1, 2, 3, 4, 10, 11
6.20 1, 2, 3, 5, 6, α4 + 11
6.21 2, 3, 4, 5, 6, 11
6.22 1, 2, 3, 5, 6, 10
6.23 1, 2, 3, 5, 6, 4 + 10
6.24 1, 2, 3, 4, 5, 6
6.25 1, 2, 3, 5, 6, β4 + 7
7.1 1, 2, 3, 7, 8, 9, 11
7.2 4, 5, 6, 7, 8, 9, 11
7.3 2, 3, 5, 6, 7, 10, 11
7.4 1, 2, 3, 4, 7, 10, 11
7.5 1, 2, 3, 5, 6, 10, β4 + 7 + α11
7.6 2, 3, 4, 5, 6, 7, 11
7.7 1, 2, 3, 5, 6, α4 + 7, β4 + 11
7.8 1, 2, 3, 4, 5, 6, 7 + α11, α 6= 0
7.9 1, 2, 3, 7, 8, 9, 10
7.10 1, 2, 3, 5, 6, α4 + 7, 4 + 10
7.11 1, 2, 3, 4, 5, 6, 7 + 10
7.12 1, 2, 3, 5, 6, 10, α4 + 11
7.13 1, 2, 3, 4, 5, 6, 11
7.14 1, 2, 3, 4, 5, 6, 10
8.1 1, 2, 3, 7, 8, 9, 10, 11
8.2 1, 2, 3, 5, 6, α4 + 7, 10, β4 + 11
8.3 1, 2, 3, 4, 5, 6, 7 + α11, 10
8.4 1, 2, 3, 4, 5, 6, 7, 11
8.5 1, 2, 3, 4, 5, 6, 10, 11

No. Subalgebra
9.1 1, 2, 3, 4, 5, 6, 7, 10, 11
9.2 1, 2, 3, 4, 5, 6, 7, 8, 9
10.1 1, 2, 3, 4, 5, 6, 7, 8, 9, 11
10.2 1, 2, 3, 4, 5, 6, 7, 8, 9, 10
11.1 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11



APPENDIX D

GROUP CLASSIFICATION

Complete results of the preliminary group classification of the Boltzmann equa-

tion with a source function are shown in this Appendix. Numbers in the first column of

Table D.1 coincide with the numbers in the first column of Table C.1. The superscripts

c, and s which are next to this subalgebra number in the first column indicate that

the source function q is presented in the cylindrical coordinate system, or the spherical

coordinate system, respectively. Here Ψk is an arbitrary function of k independent

variables, and C is constant.

Table D.1: Group classification.

No. Source function q Subalgebra
1.1c t−2Ψ7(x

t
− β

α
ln t, r

t
, θ − 1

α
ln t, u− β

α
ln t, V,W, ft) β4 + 7 + α11, α 6= 0

1.2c Ψ7(t, r, βθ − x
t
, u− x

t
, V,W, f) β4 + 7, β 6= 0

1.3c Ψ7(t, x, r, u, V,W, f) 7
1.4c Ψ7(t, r, x− θ, u, V,W, f) 1 + 7
1.5c Ψ7(t2 − 2x, r, t− βθ, u− t, V,W, f) β4 + 7 + β10, β 6= 0
1.6c Ψ7(x, r, t− θ, u, V,W, f) 7 + 10
1.7 t−2Ψ7(y

t
, z
t
, x
t
− β ln t, u− β ln t, v, w, ft) β4 + 11, β 6= 0

1.8 t−2Ψ7(x
t
, y
t
, z
t
, u, v, w, ft) 11

1.9 Ψ7(t2 − 2x, y, z, u− t, v, w, f) 4 + 10
1.10 Ψ7(x, y, z, u, v, w, f) 10
1.11 Ψ7(t, x− tz, y, u− z, v, w, f) 3 + 4
1.12 Ψ7(t, y, z, u− x

t
, v, w, f) 4

1.13 Ψ7(t, y, z, u, v, w, f) 1
2.1c x−2Ψ6( r

x
, αθ − ln x, u, V,W, fx) 10, 7 + α11, α 6= 0

2.2c t−2Ψ6( r
t
, x
t
− αθ − β ln t, u− αθ − β ln t, V,W, ft) α4 + 7, β4 + 11

2.3c t−2Ψ6( r
t
, αθ − ln t, u− x

t
, V,W, ft) 4, 7 + α11, α 6= 0

2.4c t−2Ψ6( r
t
, αθ − ln t, u− β

α
ln t, V,W, ft) 1, β4 + 7 + α11, α 6= 0
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Table D.1: Group classification (Continued).

No. Source function q Subalgebra
2.5c Ψ6(r, x, u, V,W, f) 7, 10
2.6c Ψ6(r, x− θ, u, V,W, f) 1 + 7, 10
2.7c Ψ6(r, 2(x− αθ)− t2, u− t, V,W, f) α1 + 7, 4 + 10
2.8c Ψ6(t, r, u− x

t
, V,W, f) 4, 7

2.9c Ψ6(t, r, u− βθ, V,W, f) 1, β4 + 7
2.10c Ψ6(t, r, u− x

t
+ θ

t
, V,W, f) 4, 1 + 7

2.11c Ψ6(r, θ − t, u− βt, V,W, f) 1, β4 + 7 + 10
2.12 x−2Ψ6( y

x
, z
x
, u, v, w, fx) 10, 11

2.13 t−2Ψ6(y
t
, z
t
, u− x

t
, v, w, ft) 4, 11

2.14 t−2Ψ6(y
t
− α ln t, z

t
, u− x

t
, v − α ln t, w, ft) 4, α5 + 11, α 6= 0

2.15 t−2Ψ6( z
t
, y
t
− α ln t, u− β ln t, v − α ln t, w, ft) 1, β4 + α5 + 11, α 6= 0

2.16 t−2Ψ6(y
t
, z
t
, u− β ln t, v, w, ft) 1, β4 + 11

2.17 Ψ6(y, z, u, v, w, f) 1, 10
2.18 Ψ6(2x− t2, y, u− t, v, w − αt, f) 3, 4 + α6 + 10, α 6= 0
2.19 Ψ6(y, z, u− t, v, w, f) 1, 4 + 10
2.20 Ψ6(t, α(ty − τz) + β(tz − σy) + x(στ − t2), u, v + βy−τx

ατ−βt , w + tx−αy
ατ−βt , f) α1 + σ3 + 5, β1 + τ2 + 6,

α2 + β2 + (σ + τ)2 = 1
2.21 Ψ6(t, x, u, v − z+ty

t2+1 , w + y−tz
t2+1 , f) 3 + 5, 2− 6

2.22 Ψ6(t, x, u, v − y
t
, w − z

t
, f) 5, 6

2.23 Ψ6(t, x− αy − tz, u− z, v, w, f) α1 + 2, 3 + 4
2.24 Ψ6(t, z, u+ αy−x

t
, v, w, f) α1 + 2, 4

2.25 Ψ6(t, y, u− z, v, w, f) 1, 3 + 4
2.26 Ψ6(t, y, z, v, w, f) 1, 4
2.27 Ψ6(t, x, u, v, w, f) 2, 3
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Table D.1: Group classification (Continued).

No. Source function q Subalgebra
3.1c x−2Ψ5( r

x
, u, V,W, fx) 7, 10, 11

3.2c e−2αθΨ5(re−αθ, u− βθ, V,W, feαθ) 1, 10, β4 + 7 + α11
3.3c t−2Ψ5( r

t
, u− x

t
, V,W, ft) 4, 7, 11

3.4c t−2Ψ5( r
t
, u− αθ − β ln t, V,W, ft) 1, α4 + 7, β4 + 11

3.5 t−2Ψ5(x
t
− β

α
ln t, u− β

α
ln t, arctan(w−

z
t

v− y
t

)− 1
α

ln t,
√

(v − y
t
)2 + (w − z

t
)2, ft) 5, 6, β4 + 7 + α11, α 6= 0

3.6c t−2Ψ5( r
t
, αθ − ln t, V,W, ft) 1, 4, 7 + α11, α 6= 0

3.7 t−2Ψ5(x
t
− β

α
ln t, u− β

α
ln t, arctan(w

v
)− 1

α
ln t,
√
v2 + w2, ft) 2, 3, β4 + 7 + α11, α 6= 0

3.8s Ψ5(t, r, U, V 2 +W 2, f) 7, 8, 9
3.9c Ψ5(r, u− t− αθ, V,W, f) 1, α4 + 7, 4 + 10
3.10 Ψ5(t, x

t
− β arctan(w−

z
t

v− y
t

), u− β arctan(w−
z
t

v− y
t

),
√

(v − y
t
)2 + (w − z

t
)2, f) 5, 6, β4 + 7

3.11c Ψ5(t, r, V,W, f) 1, 4, 7
3.12 Ψ5(t, u− x

t
, arctan(w

v
)− x

βt
,
√
v2 + w2, f) 2, 3, β4 + 7, β 6= 0

3.13 Ψ5(t, x, u,
√
v2 + w2, f) 2, 3, 7

3.14 Ψ5(t, u− αx
1+αt , arctan(w−

z
t

v− y
t

)− x
1+αt ,

√
(v − y

t
)2 + (w − z

t
)2, f) 5, 6, 1 + α4 + 7

3.15 Ψ5(t, u+ β arctan(y−tv+w
z−tw−v ), x+ (α + βt) arctan(y−tv+w

z−tw−v ), 3 + 5, 2− 6, α1 + β4 + 7√
(y − tv + w)2 + (z − tw − v)2, f)

3.16 Ψ5(t, u, arctan(w
v

)− x,
√
v2 + w2, f) 2, 3, 1 + 7

3.17c Ψ5(t− θ, r, V,W, f) 1, 4, 7 + 10
3.18 Ψ5(2x− t2, u− t, arctan(w

v
)− t

β
,
√
v2 + w2, f) 2, 3, β4 + 7 + β10, β 6= 0

3.19 Ψ5(x, u, arctan(w
v

)− t,
√
v2 + w2, f) 2, 3, 7 + 10

3.20 y−2Ψ5(y
z
, u− β ln y, v, w, fy) 1, 10, β4 + 11

3.21 t−2Ψ5(x
t
− β ln t, u− β ln t, v − y

t
, w − z

t
, ft) 5, 6, β4 + 11

3.22 t−2Ψ5(y
t
− σ ln t, u− αz

t
− β ln t, v − σ ln t, w − z

t
, ft) 1, α4 + 6, β4 + σ5 + 11
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Table D.1: Group classification (Continued).

No. Source function q Subalgebra
3.23 t−2Ψ5(y

t
, z
t
− σ ln t, v, w − σ ln t, ft) 1, 4, σ6 + 11, σ 6= 0

3.24 t−2Ψ5(y
t
, z
t
, v, w, ft) 1, 4, 11

3.25 t−2Ψ5(x
t
− β ln t, u− β ln t, v − σ ln t, w, ft) 2, 3, β4 + σ5 + 11, σ 6= 0

3.26 t−2Ψ5(x
t
− β ln t, u− β ln t, v, w, ft), 2, 3, β4 + 11

3.27 Ψ5(t2 − 2x+ 2αw, y − βw, u− t, v, f) 3, α1 + β2 + 6, 4 + 10
3.28 Ψ5(z, u− y, v, w, f) 1, 2 + 4, 10
3.29 Ψ5(y, z, v, w, f) 1, 4, 10
3.30 Ψ5(t2 − 2x, u− t, v, w − σt, f) 2, 3, 4 + σ6 + 10, σ 6= 0
3.31 Ψ5(t2 − 2x, u− t, v, w, f) 2, 3, 4 + 10
3.32 Ψ5(x, u, v, w − t, f) 2, 3, 6 + 10
3.33 Ψ5(x, u, v, w, f) 2, 3, 10
3.34 Ψ5(t, x− tu− δv + βw, y − tv + δu− σv − αw, −δ2 + β3 + 4, δ1 + σ2− α3 + 5,−β1 + α2 + τ3 + 6,

z − tw − βu+ αv − τw, f) α2 + β2 + δ2 + (σ + τ)2 = 1
3.35 Ψ5(t, x− tu, tw − z + v, y − tz + (t2 + 1)w, f) 4, 3 + 5, 2− 6
3.36 Ψ5(t, u(t+ 1)− x, y − tv, z − tw, f) 1 + 4, 5, 6
3.37 Ψ5(t, u− x

t
, v − y

t
, w − z

t
, f) 4, 5, 6

3.38 Ψ5(t, τw + tv − y, w(σ − αt) + βv − x+ αz, u, f) α1 + 3, β1 + 5, σ1 + τ2 + 6, β2 + σ2 + τ 2 = 1
3.39 Ψ5(t, y − tv, x− α(z − tw), u, f) α1 + 3, 5, 6
3.40 Ψ5(t, w(t2 − τ) + y − tz, τw − y + tv, u, f) 1, 3 + 5, τ2 + 6, τ 6= −1
3.41 Ψ5(t, w(t2 + 1) + y − tz, w + y − tv, u, f) 1, 3 + 5, 2− 6
3.42 Ψ5(t, u, v − y

t
, w − z

t
, f) 1, 5, 6

3.43 Ψ5(t, tu− x+ βz, v, w, f) β1 + 3, 2, 4
3.44 Ψ5(t, u− x

t
, v, w, f) 2, 3, 4

3.45 Ψ5(t, u− z, v, w, f) 1, 2, 3 + 4
3.46 Ψ5(t, z, v, w, f) 1, 2, 4
3.47 Ψ5(t, u, v, w, f) 1, 2, 3
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Table D.1: Group classification (Continued).

No. Source function q Subalgebra
4.1s r−2Ψ4( t

r
, U, V 2 +W 2, fr) 7, 8, 9, 11

4.2c r−2Ψ4(u− αθ, V,W, fr) 1, α4 + 7, 10, 11
4.3 e2α arctan( v

w
)Ψ4(xeα arctan( v

w
),
√
v2 + w2, u, fe−α arctan( v

w
)) 2, 3, 10, 7 + α11

4.4c r−2Ψ4(αθ − ln r, V,W, fr) 1, 4, 10, 7 + α11, α 6= 0

4.5 t−2Ψ4(
√

(y−tv)2+(z−tw)2

t
, t−βe

x−αt arctan( z−tw
y−tv )

t , t−βeu−α arctan( z−tw
y−tv ), ft) 5, 6, α4 + 7, β4 + 11

4.6c r−2Ψ4( t
r
, V,W, fr) 1, 4, 7, 11

4.7 t−2Ψ4(t−βe
x+αt arctan( vw )

t , t−βeu+α arctan( v
w

),
√
v2 + w2, ft) 2, 3, α4 + 7, β4 + 11

4.8 t−2Ψ4(x−tu
t
,

√
(y−tv)2+(z−tw)2

t
, te−α arctan( z−tw

y−tv ), ft) 4, 5, 6, 7 + α11, α 6= 0
4.9 e−2α arctan( z−tw

y−tv )Ψ4(
√

(y − tv)2 + (z − tw)2e−α arctan( z−tw
y−tv ), te−α arctan( z−tw

y−tv ), 1, 5, 6, β4 + 7 + α11
u− β arctan( z−tw

y−tv ), feα arctan( z−tw
y−tv ))

4.10 e2α arctan( v
w

)Ψ4((x− tu)eα arctan( v
w

), teα arctan( v
w

),
√
v2 + w2, fe−α arctan( v

w
)) 2, 3, 4, 7 + α11

4.11 t−2Ψ4(teα arctan( v
w

), t−βeαu,
√
v2 + w2, ft) 1, 2, 3, β4 + 7 + α11, α 6= 0

4.12 Ψ4(u+ β arctan( v
w

),
√
v2 + w2, t, f) 1, 2, 3, β4 + 7

4.13s Ψ4(r, U, V 2 +W 2, f) 7, 8, 9, 10
4.14 Ψ4(v2 + w2, x, u, f) 2, 3, 7, 10
4.15 Ψ4(x+ arctan( v

w
),
√
v2 + w2, u, f) 2, 3, 1 + 7, 10

4.16 Ψ4(2α arctan( v
w

) + 2x− t2,
√
v2 + w2, t− u, f) 2, 3, α1 + 7, 4 + 10

4.17 Ψ4(x− tu, (y − tv)2 + (z − tw)2, t, f) 4, 5, 6, 7
4.18 Ψ4(x− tu− arctan( z−tw

y−tv ),
√

(y − tv)2 + (z − tw)2, t, f) 4, 5, 6, 1 + 7
4.19 Ψ4(x− tu− α arctan( z−v−tw

w+y−tv ),
√

(w + y − tv)2 + (z − v − tw)2, t, f) 4, 3 + 5, 2− 6, α1 + 7
4.20 Ψ4(u− α arctan( z−v−tw

w+y−tv ),
√

(w + y − tv)2 + (z − v − tw)2, t, f) 1, 3 + 5, 2− 6, α4 + 7
4.21 Ψ4(x− tu+ arctan( v

w
),
√
v2 + w2, t, f) 2, 3, 4, 1 + 7

4.22 Ψ4(u− βt, t+ arctan( v
w

),
√
v2 + w2, f) 1, 2, 3, β4 + 7 + 10
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Table D.1: Group classification (Continued).

No. Source function q Subalgebra
4.23 y−2Ψ4( z

y
, v, w, fy) 1, 4, 10, 11

4.24 x−2Ψ4(u, v, w − α ln x, fx) 2, 3, 10, α6 + 11, α 6= 0
4.25 x−2Ψ4(u, v, w, fx) 2, 3, 10, 11
4.26 t−2Ψ4(u− x

t
, v − y

t
, w − z

t
, ft) 4, 5, 6, 11

4.27 t−2Ψ4(y−tv
t
, z−tw

t
, t−βeu−αv, ft) 1, α4 + 5, 6, β4 + 11, α 6= 0

4.28 t−2Ψ4(u− β ln t, v − y
t
, w − z

t
, ft) 1, 5, 6, β4 + 11

4.29 t−2Ψ4(y
t
− α ln t, v − α ln t, w − z

t
, ft) 1, 4, 6, α5 + 11

4.30 t−2Ψ4(t−βex−αtw
t , t−βeu−αw, t−σev, ft) 2, 3, α4 + 6, β4 + σ5 + 11

4.31 t−2Ψ4(u− x
t
, v − α ln t, w − β ln t, ft) 2, 3, 4, α5 + β6 + 11, α2 + β2 6= 0

4.32 t−2Ψ4(u− x
t
, v, w, ft) 2, 3, 4, 11

4.33 t−2Ψ4(u− β ln t, v, w, ft) 1, 2, 3, β4 + 11, β 6= 0
4.34 t−2Ψ4(u, v, w, ft) 1, 2, 3, 11
4.35 Ψ4(t2 − 2x+ 2αv, u− t, w − βt, f) 2, 3, α1 + 5, 4 + β6 + 10
4.36 Ψ4(x− αv, u, w − t, f) 2, 3, α1 + 5, 6 + 10
4.37 Ψ4(u, v − x,w, f) 2, 3, 1 + 5, 10
4.38 Ψ4(x, u, w, f) 2, 3, 5, 10
4.39 Ψ4(u− t, v, w, f) 1, 2, 3, 4 + 10
4.40 Ψ4(u, v, w, f) 1, 2, 3, 10
4.41 Ψ4(y − σu− tv − βw, z − τu− αv − tw, t, f) 1, σ2 + τ3 + 4, α3 + 5, β2 + 6,

σ2 + τ 2 + (α + β)2 = 1
4.42 Ψ4(y − tv + w, y − tz + w(t2 + 1), t, f) 1, 4, 3 + 5, 2− 6
4.43 Ψ4(v − y

t
, w − z

t
, t, f) 1, 4, 5, 6

4.44 Ψ4(v − x+ α(z − tw), u, t, f) 2, α1 + 3, 1 + 5, 6, α 6= 0
4.45 Ψ4(u, v − x, t, f) 2, 3, 1 + 5, 6
4.46 Ψ4(t, u, w + βx−z

t
, f) 1 + β3, 2, 5, 6
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Table D.1: Group classification (Continued).

No. Source function q Subalgebra
4.47 Ψ4(x, u, t, f) 2, 3, 5, 6
4.48 Ψ4(v − z + tw, u, t, f) 1, 2, 3 + 5, 6
4.49 Ψ4(u,w − z

t
, t, f) 1, 2, 5, 6

4.50 Ψ4(v, w, t, f) 1, 2, 3, 4
5.1s r−2Ψ3(U, V 2 +W 2, fr) 7, 8, 9, 10, 11
5.2c r−2Ψ3(V,W, fr) 1, 4, 7, 10, 11
5.3 x−2Ψ3(v2 + w2, u, fx) 2, 3, 7, 10, 11
5.4 e2α arctan( v

w
)Ψ3(u+ β arctan( v

w
),
√
v2 + w2, fe−α arctan( v

w
)) 1, 2, 3, 10, β4 + 7 + α11

5.5 t−2Ψ3(x−tu
t
, (y−tv)2+(z−tw)2

t2
, ft) 4, 5, 6, 7, 11

5.6 t−2Ψ3(x−tu
t
, v2 + w2, ft) 2, 3, 4, 7, 11

5.7 t−2Ψ3(tβeα arctan( z−tw
y−tv )−u,

√
(y−tv

t
)2 + ( z−tw

t
)2, ft) 1, 5, 6, α4 + 7, β4 + 11

5.8 t−2Ψ3(t−βeu+α arctan( v
w

),
√
v2 + w2, ft) 1, 2, 3, α4 + 7, β4 + 11

5.9 e−2α arctan( z−tw
y−tv )Ψ3(

√
(y − tv)2 + (z − tw)2e−α arctan( z−tw

y−tv ), te−α arctan( z−tw
y−tv ), 1, 4, 5, 6, 7 + α11

feα arctan( z−tw
y−tv ))

5.10 t−2Ψ3(x
t
− β

α
ln t, u− β

α
ln t, ft) 2, 3, 5, 6, β4 + 7 + α11, α 6= 0

5.11 t−2Ψ3(teα arctan( v
w

),
√
v2 + w2, ft) 1, 2, 3, 4, 7 + α11, α 6= 0

5.12 Ψ3(t− u− α arctan( v
w

),
√
v2 + w2, f) 1, 2, 3, α4 + 7, 4 + 10

5.13 Ψ3(u− x
t
, t, f) 2, 3, 5, 6, β4 + 7, β 6= 0

5.14 (4.47) 2, 3, 5, 6, 7
5.15 Ψ3(v2 + w2, t, f) 1, 2, 3, 4, 7
5.16 Ψ3((w + y − tv)2 + (v − z + tw)2, t, f) 1, 4, 3 + 5, 2− 6, 7
5.17 Ψ3(u, t, f) 2, 3, 5, 6, 1 + 7
5.18 Ψ3(t2 − 2x, u− t, f) 2, 3, 5, 6, β4 + 7 + β10, β 6= 0
5.19 Ψ3(x, u, f) 2, 3, 5, 6, 7 + 10
5.20 Ψ3(t+ arctan( v

w
),
√
v2 + w2, f) 1, 2, 3, 4, 7 + 10



118

Table D.1: Group classification (Continued).

No. Source function q Subalgebra
5.21 x−2Ψ3(u,w − β ln x, fx) 2, 3, 5, 10, β6 + 11
5.22 e−2βuΨ3(v, w, feβu) 1, 2, 3, 10, 4 + β11
5.23 f 2Ψ3(u, v, w) 1, 2, 3, 10, 11
5.24 t−2Ψ3(v − y

t
, w − z

t
, ft) 1, 4, 5, 6, 11

5.25 t−2Ψ3(u− x
t
, v − x

αt
+ β

α
ln t, ft) 2, 3, α4 + 5, 6, β4 + 11, α 6= 0

5.26 t−2Ψ3(x
t
− β ln t, u− β ln t, ft) 2, 3, 5, 6, β4 + 11

5.27 t−2Ψ3(u− x
t
, v − β ln t, ft) 2, 3, 4, 6, β5 + 11

5.28 t−2Ψ3(u− β ln t, v, ft) 1, 2, 3, 6, β4 + 11, β 6= 0
5.29 t−2Ψ3(v, w, ft) 1, 2, 3, 4, 11
5.30 Ψ3(2(x− αv)− t2, u− t, f) 2, 3, α1 + 5, 6, 4 + 10, α 6= 0
5.31 Ψ3(t2 − 2x, u− t, f) 2, 3, 5, 6, 4 + 10
5.32 Ψ3(u, v − x, f) 2, 3, 1 + 5, 6, 10
5.33 Ψ3(x, u, f) 2, 3, 5, 6, 10
5.34 Ψ3(u− t, v, f) 1, 2, 3, 6, 4 + 10
5.35 Ψ3(u− x

t
, t, f) 2, 3, 4, 5, 6

5.36 Ψ3(t, tu− x+ w, f) 2, 3, 4, 5, 1 + 6
5.37 Ψ3(u, t, f) 1, 2, 3, 5, 6
6.1 f 2Ψ2(v2 + w2, u) 1, 2, 3, 7, 10, 11
6.2 x−2Ψ2(u, fx) 2, 3, 5, 6, 10, 7 + α11, α 6= 0
6.3 e2α arctan( v

w
)Ψ2(
√
v2 + w2, fe−α arctan( v

w
)) 1, 2, 3, 4, 10, 7 + α11

6.4 t−2Ψ2((v − y
t
)2 + (w − z

t
)2, ft) 1, 4, 5, 6, 7, 11

6.5 t−2Ψ2(v2 + w2, ft) 1, 2, 3, 4, 7, 11
6.6 t−2Ψ2(u− x

t
, ft), α 6= 0 2, 3, 5, 6, α4 + 7, β4 + 11

(5.26), α = 0
6.7 t−2Ψ2(x−tu

t
, ft) 2, 3, 4, 5, 6, 7 + α11, α 6= 0
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Table D.1: Group classification (Continued).

No. Source function q Subalgebra
6.8 e−

2αu
β Ψ2(te−

αu
β , fe

αu
β ), β 6= 0 1, 2, 3, 5, 6, β4 + 7 + α11

t−2Ψ2(u, ft), β = 0, α 6= 0
(5.37), β = 0, α = 0

6.9 Ψ3((u− x
t
)2 + (v − y

t
)2 + (w − z

t
)2, t, f) 4, 5, 6, 7, 8, 9

6.10 Ψ3(
√
u2 + v2 + w2, t, f) 1, 2, 3, 7, 8, 9

6.11 Ψ2(u, f) 2, 3, 5, 6, 1 + 7, 10
6.12 Ψ2(u− t, f), α 6= 0 2, 3, 5, 6, α1 + 7, 4 + 10

(5.31), α = 0
6.13 (5.33) 2, 3, 5, 6, 7, 10
6.14 Ψ2(t, f) 2, 3, 4, 5, 6, 1 + 7
6.15 (5.35) 2, 3, 4, 5, 6, 7
6.16 Ψ2(u, f) 1, 2, 3, 5, 6, 7 + 10
6.17 x−2Ψ2(u, fx) 2, 3, 5, 6, 10, 11
6.18 e−

2w
α Ψ2(v, fewα ) 1, 2, 3, 4, 10, α6 + 11, α 6= 0

6.19 f 2Ψ2(v, w) 1, 2, 3, 4, 10, 11
6.20 t−2Ψ2(u− α ln t, ft) 1, 2, 3, 5, 6, α4 + 11
6.21 t−2Ψ2(x−tu

t
, ft) 2, 3, 4, 5, 6, 11

6.22 Ψ2(u, f) 1, 2, 3, 5, 6, 10
6.23 Ψ2(u− t, f) 1, 2, 3, 5, 6, 4 + 10
6.24 Ψ2(t, f) 1, 2, 3, 4, 5, 6
6.25 Ψ2(t, f), β 6= 0 1, 2, 3, 5, 6, β4 + 7

(5.37), β = 0
7.1 t−2Ψ2(u2 + v2 + w2, ft) 1, 2, 3, 7, 8, 9, 11
7.2 t−2Ψ2((u− x

t
)2 + (v − y

t
)2 + (w − z

t
)2, ft) 4, 5, 6, 7, 8, 9, 11

7.3 (6.17) 2, 3, 5, 6, 7, 10, 11
7.4 f 2Ψ1(v2 + w2) 1, 2, 3, 4, 7, 10, 11
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Table D.1: Group classification (Continued).

No. Source function q Subalgebra
7.5 e−

2αu
β Ψ1(fe

αu
β ), β 6= 0 1, 2, 3, 5, 6, 10, β4 + 7 + α11

f 2Ψ1(u), β = 0, α 6= 0
(6.22), β = 0, α = 0

7.6 (6.21) 2, 3, 4, 5, 6, 7, 11
7.7 t−2Ψ1(ft), α 6= 0 1, 2, 3, 5, 6, α4 + 7, β4 + 11

(6.20), α = 0
7.8 t−2Ψ1(ft) 1, 2, 3, 4, 5, 6, 7 + α11, α 6= 0
7.9 Ψ2(u2 + v2 + w2, f) 1, 2, 3, 7, 8, 9, 10
7.10 Ψ1(f), α 6= 0 1, 2, 3, 5, 6, α4 + 7, 4 + 10

(6.23), α = 0
7.11 Ψ1(f) 1, 2, 3, 4, 5, 6, 7 + 10
7.12 f 2Ψ1(fαeu) 1, 2, 3, 5, 6, 10, α4 + 11
7.13 t−2Ψ1(ft) 1, 2, 3, 4, 5, 6, 11
7.14 Ψ1(f) 1, 2, 3, 4, 5, 6, 10
8.1 f 2Ψ1(u2 + v2 + w2) 1, 2, 3, 7, 8, 9, 10, 11
8.2 Cf 2, α 6= 0 1, 2, 3, 5, 6, α4 + 7, 10, β4 + 11

(7.12), α = 0
8.3 Cf 2, α 6= 0 1, 2, 3, 4, 5, 6, 7 + α11, 10

(7.14), α = 0
8.4 (7.13) 1, 2, 3, 4, 5, 6, 7, 11
8.5 Cf 2 1, 2, 3, 4, 5, 6, 10, 11
9.1 (8.5) 1, 2, 3, 4, 5, 6, 7, 10, 11
9.2 (6.24) 1, 2, 3, 4, 5, 6, 7, 8, 9
10.1 (7.13) 1, 2, 3, 4, 5, 6, 7, 8, 9, 11
10.2 (7.14) 1, 2, 3, 4, 5, 6, 7, 8, 9, 10
11.1 (8.5) 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11



APPENDIX E

REPRESENTATIONS OF INVARIANT

SOLUTIONS

Complete results of representations of invariant solutions with respect to sub-

algebras of the Lie algebra L11 are presented in this Appendix. Numbers in the first

column of Table E.1 correspond to the numbers in the first column of Table C.1. The

superscripts c, and s which are next to this subalgebra number in the first column

indicate that the representation of invariant solution is presented in the cylindrical

coordinate system, or the spherical coordinate system, respectively. Here Ωk is an

arbitrary function of k independent variables, and C is constant.

Table E.1: Representations of invariant solutions.

No. Representation of invariant solution f of Equation (1.22)
1.1c t−1Ω6(x

t
− β

α
ln t, r

t
, θ − 1

α
ln t, u− β

α
ln t, V,W )

1.2c Ω6(t, r, βθ − x
t
, u− x

t
, V,W )

1.3c Ω6(t, x, r, u, V,W )
1.4c Ω6(t, r, x− θ, u, V,W )
1.5c Ω6(t2 − 2x, r, t− βθ, u− t, V,W )
1.6c Ω6(x, r, t− θ, u, V,W )
1.7 t−1Ω6(y

t
, z
t
, x
t
− β ln t, u− β ln t, v, w)

1.8 t−1Ω6(x
t
, y
t
, z
t
, u, v, w)

1.9 Ω6(t2 − 2x, y, z, u− t, v, w)
1.10 Ω6(x, y, z, u, v, w)
1.11 Ω6(t, x− tz, y, u− z, v, w)
1.12 Ω6(t, y, z, u− x

t
, v, w)

1.13 Ω6(t, y, z, u, v, w)
2.1c x−1Ω5( r

x
, αθ − ln x, u, V,W )

2.2c t−1Ω5( r
t
, x
t
− αθ − β ln t, u− αθ − β ln t, V,W )

2.3c t−1Ω5( r
t
, αθ − ln t, u− x

t
, V,W )

2.4c t−1Ω5( r
t
, αθ − ln t, u− β

α
ln t, V,W )
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Table E.1: Representations of invariant solutions (Continued).

No. Representation of invariant solution f of Equation (1.22)
2.5c Ω5(r, x, u, V,W )
2.6c Ω5(r, x− θ, u, V,W )
2.7c Ω5(r, 2(x− αθ)− t2, u− t, V,W )
2.8c Ω5(t, r, u− x

t
, V,W )

2.9c Ω5(t, r, u− βθ, V,W )
2.10c Ω5(t, r, u− x

t
+ θ

t
, V,W )

2.11c Ω5(r, θ − t, u− βt, V,W )
2.12 x−1Ω5( y

x
, z
x
, u, v, w)

2.13 t−1Ω5(y
t
, z
t
, u− x

t
, v, w)

2.14 t−1Ω5(y
t
− α ln t, z

t
, u− x

t
, v − α ln t, w)

2.15 t−1Ω5( z
t
, y
t
− α ln t, u− β ln t, v − α ln t, w)

2.16 t−1Ω5(y
t
, z
t
, u− β ln t, v, w)

2.17 Ω5(y, z, u, v, w)
2.18 Ω5(2x− t2, y, u− t, v, w − αt)
2.19 Ω5(y, z, u− t, v, w)
2.20 Ω5(t, α(ty − τz) + β(tz − σy) + x(στ − t2), u, v + βy−τx

ατ−βt , w + tx−αy
ατ−βt)

2.21 Ω5(t, x, u, v − z+ty
t2+1 , w + y−tz

t2+1 )
2.22 Ω5(t, x, u, v − y

t
, w − z

t
)

2.23 Ω5(t, x− αy − tz, u− z, v, w)
2.24 Ω5(t, z, u+ αy−x

t
, v, w)

2.25 Ω5(t, y, u− z, v, w)
2.26 Ω5(t, y, z, v, w)
2.27 Ω5(t, x, u, v, w)
3.1c x−1Ω4( r

x
, u, V,W )

3.2c e−αθΩ4(re−αθ, u− βθ, V,W )
3.3c t−1Ω4( r

t
, u− x

t
, V,W )

3.4c t−1Ω4( r
t
, u− αθ − β ln t, V,W )

3.5 t−1Ω4(x
t
− β

α
ln t, u− β

α
ln t, arctan(w−

z
t

v− y
t

)− 1
α

ln t,
√

(v − y
t
)2 + (w − z

t
)2)

3.6c t−1Ω4( r
t
, αθ − ln t, V,W )

3.7 t−1Ω4(x
t
− β

α
ln t, u− β

α
ln t, arctan(w

v
)− 1

α
ln t,
√
v2 + w2)

3.8s Ω4(t, r, U, V 2 +W 2)
3.9c Ω4(r, u− t− αθ, V,W )
3.10 Ω4(t, x

t
− β arctan(w−

z
t

v− y
t

), u− β arctan(w−
z
t

v− y
t

),
√

(v − y
t
)2 + (w − z

t
)2)

3.11c Ω4(t, r, V,W )
3.12 Ω4(t, u− x

t
, arctan(w

v
)− x

βt
,
√
v2 + w2)
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Table E.1: Representations of invariant solutions (Continued).

No. Representation of invariant solution f of Equation (1.22)
3.13 Ω4(t, x, u,

√
v2 + w2)

3.14 Ω4(t, u− αx
1+αt , arctan(w−

z
t

v− y
t

)− x
1+αt ,

√
(v − y

t
)2 + (w − z

t
)2)

3.15 Ω4(t, u+ β arctan(y−tv+w
z−tw−v ), x+ (α + βt) arctan(y−tv+w

z−tw−v ),√
(y − tv + w)2 + (z − tw − v)2)

3.16 Ω4(t, u, arctan(w
v

)− x,
√
v2 + w2)

3.17c Ω4(t− θ, r, V,W )
3.18 Ω4(2x− t2, u− t, arctan(w

v
)− t

β
,
√
v2 + w2)

3.19 Ω4(x, u, arctan(w
v

)− t,
√
v2 + w2)

3.20 y−1Ω4(y
z
, u− β ln y, v, w)

3.21 t−1Ω4(x
t
− β ln t, u− β ln t, v − y

t
, w − z

t
)

3.22 t−1Ω4(y
t
− σ ln t, u− αz

t
− β ln t, v − σ ln t, w − z

t
)

3.23 t−1Ω4(y
t
, z
t
− σ ln t, v, w − σ ln t)

3.24 t−1Ω4(y
t
, z
t
, v, w)

3.25 t−1Ω4(x
t
− β ln t, u− β ln t, v − σ ln t, w)

3.26 t−1Ω4(x
t
− β ln t, u− β ln t, v, w)

3.27 Ω4(y − βx
α

+ βt2

2α , u− t, v, w −
x
α

+ t2

2α), α 6= 0
Ω4(t2 − 2x, u− t, v, w − y

β
), α = 0, β 6= 0

Ω4(t2 − 2x, y, u− t, v), α = 0, β = 0
3.28 Ω4(z, u− y, v, w)
3.29 Ω4(y, z, v, w)
3.30 Ω4(t2 − 2x, u− t, v, w − σt)
3.31 Ω4(t2 − 2x, u− t, v, w)
3.32 Ω4(x, u, v, w − t)
3.33 Ω4(x, u, v, w)
3.34 Ω4(t, x− tu− δv + βw, y − tv + δu− σv − αw, z − tw − βu+ αv − τw)
3.35 Ω4(u− x

t
, v − y

t
− tz−y

t(t2+1) , w −
tz−y
t2+1 , t)

3.36 Ω4(u− x
t+1 , v −

y
t
, w − z

t
, t)

3.37 Ω4(u− x
t
, v − y

t
, w − z

t
, t)

3.38 Ω4(u, v − y
t

+ τ(x−αz−βy
t

)
αt2−σt+τβ , w + t(x−αz−βy

t
)

αt2−σt+τβ , t)
3.39 Ω4(u, v − y

t
, w + x−αz

αt
, t), α 6= 0

Ω4(x, u, v − y
t
, t), α = 0

3.40 Ω4(t, w(t2 − τ) + y − tz, τw − y + tv, u)
3.41 Ω4(t, w(t2 + 1) + y − tz, w + y − tv, u)
3.42 Ω4(t, u, v − y

t
, w − z

t
)

3.43 Ω4(t, tu− x+ βz, v, w)
3.44 Ω4(t, u− x

t
, v, w)
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Table E.1: Representations of invariant solutions (Continued).

No. Representation of invariant solution f of Equation (1.22)
3.45 Ω4(t, u− z, v, w)
3.46 Ω4(t, z, v, w)
3.47 Ω4(t, u, v, w)
4.1s r−1Ω3( t

r
, U, V 2 +W 2)

4.2c r−1Ω3(u− αθ, V,W )
4.3 eα arctan( v

w
)Ω3(xeα arctan( v

w
),
√
v2 + w2, u)

4.4c r−1Ω3(αθ − ln r, V,W )

4.5 t−1Ω3(
√

(y−tv)2+(z−tw)2

t
, t−βe

x−αt arctan( z−tw
y−tv )

t , t−βeu−α arctan( z−tw
y−tv ))

4.6c r−1Ω3( t
r
, V,W )

4.7 t−1Ω3(t−βe
x+αt arctan( vw )

t , t−βeu+α arctan( v
w

),
√
v2 + w2)

4.8 t−1Ω3(x−tu
t
,

√
(y−tv)2+(z−tw)2

t
, te−α arctan( z−tw

y−tv ))
4.9 e−α arctan( z−tw

y−tv )Ω3(
√

(y − tv)2 + (z − tw)2e−α arctan( z−tw
y−tv ), te−α arctan( z−tw

y−tv ),

u− β arctan( z−tw
y−tv ))

4.10 eα arctan( v
w

)Ω3((x− tu)eα arctan( v
w

), teα arctan( v
w

),
√
v2 + w2)

4.11 t−1Ω3(teα arctan( v
w

), t−βeαu,
√
v2 + w2)

4.12 Ω3(u+ β arctan( v
w

),
√
v2 + w2, t)

4.13s Ω3(r, U, V 2 +W 2)
4.14 Ω3(x, u, v2 + w2)
4.15 Ω3(x+ arctan( v

w
),
√
v2 + w2, u)

4.16 Ω3(2α arctan( v
w

) + 2x− t2,
√
v2 + w2, u− t)

4.17 Ω3(u− x
t
, (v − y

t
)2 + (w − z

t
)2, t)

4.18 Ω3(x− tu− arctan( z−tw
y−tv ),

√
(y − tv)2 + (z − tw)2, t)

4.19 Ω3(x− tu− α arctan( z−v−tw
w+y−tv ),

√
(w + y − tv)2 + (z − v − tw)2, t)

4.20 Ω3(u− α arctan( z−v−tw
w+y−tv ),

√
(w + y − tv)2 + (z − v − tw)2, t)

4.21 Ω3(x− tu+ arctan( v
w

),
√
v2 + w2, t)

4.22 Ω3(u− βt, t+ arctan( v
w

),
√
v2 + w2)

4.23 y−1Ω3( z
y
, v, w)

4.24 x−1Ω3(u, v, w − α ln x)
4.25 x−1Ω3(u, v, w)
4.26 t−1Ω3(u− x

t
, v − y

t
, w − z

t
)

4.27 t−1Ω3(y−tv
t
, z−tw

t
, t−βeu−αv)

4.28 t−1Ω3(u− β ln t, v − y
t
, w − z

t
)
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Table E.1: Representations of invariant solutions (Continued).

No. Representation of invariant solution f of Equation (1.22)
4.29 t−1Ω3(y

t
− α ln t, v − α ln t, w − z

t
)

4.30 t−1Ω3(t−βex−αtw
t , t−βeu−αw, t−σev)

4.31 t−1Ω3(u− x
t
, v − α ln t, w − β ln t)

4.32 t−1Ω3(u− x
t
, v, w)

4.33 t−1Ω3(u− β ln t, v, w)
4.34 t−1Ω3(u, v, w)
4.35 Ω3(u− t, v − x

α
+ t2

2α , w − βt), α 6= 0
Ω3(t2 − 2x, u− t, w − βt), α = 0

4.36 Ω3(u, v − x
α
, w − t), α 6= 0

Ω3(x, u, w − t), α = 0
4.37 Ω3(u, v − x,w)
4.38 Ω3(x, u, w)
4.39 Ω3(u− t, v, w)
4.40 Ω3(u, v, w)
4.41 Ω3(y − σu− tv − βw, z − τu− αv − tw, t)
4.42 Ω3(y − tv + w, y − tz + w(t2 + 1), t)
4.43 Ω3(v − y

t
, w − z

t
, t)

4.44 Ω3(v − x+ α(z − tw), u, t)
4.45 Ω3(u, v − x, t)
4.46 Ω3(t, u, w + βx−z

t
)

4.47 Ω3(x, u, t)
4.48 Ω3(v − z + tw, u, t)
4.49 Ω3(u,w − z

t
, t)

4.50 Ω3(v, w, t)
5.1s r−1Ω2(U, V 2 +W 2)
5.2c r−1Ω2(V,W )
5.3 x−1Ω2(v2 + w2, u)
5.4 eα arctan( v

w
)Ω2(u+ β arctan( v

w
),
√
v2 + w2)

5.5 t−1Ω2(x−tu
t
, (y−tv)2+(z−tw)2

t2
)

5.6 t−1Ω2(x−tu
t
, v2 + w2)

5.7 t−1Ω2(tβeα arctan( z−tw
y−tv )−u,

√
(y−tv

t
)2 + ( z−tw

t
)2)

5.8 t−1Ω2(t−βeu+α arctan( v
w

),
√
v2 + w2)

5.9 e−α arctan( z−tw
y−tv )Ω2(

√
(y − tv)2 + (z − tw)2e−α arctan( z−tw

y−tv ), te−α arctan( z−tw
y−tv ))

5.10 t−1Ω2(x
t
− β

α
ln t, u− β

α
ln t)
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Table E.1: Representations of invariant solutions (Continued).

No. Representation of invariant solution f of Equation (1.22)
5.11 t−1Ω2(teα arctan( v

w
),
√
v2 + w2)

5.12 Ω2(t− u− α arctan( v
w

),
√
v2 + w2)

5.13 Ω2(u− x
t
, t)

5.14 (4.47)
5.15 Ω2(v2 + w2, t)
5.16 Ω2((w + y − tv)2 + (v − z + tw)2, t)
5.17 Ω2(u, t)
5.18 Ω2(t2 − 2x, u− t)
5.19 Ω2(x, u)
5.20 Ω2(t+ arctan( v

w
),
√
v2 + w2)

5.21 x−1Ω2(u,w − β ln x)
5.22 e−βuΩ2(v, w)
5.23 None
5.24 t−1Ω2(v − y

t
, w − z

t
)

5.25 t−1Ω2(u− x
t
, v − x

αt
+ β

α
ln t)

5.26 t−1Ω2(x
t
− β ln t, u− β ln t)

5.27 t−1Ω2(u− x
t
, v − β ln t)

5.28 t−1Ω2(u− β ln t, v)
5.29 t−1Ω2(v, w)
5.30 Ω2(2(x− αv)− t2, u− t)
5.31 Ω2(t2 − 2x, u− t)
5.32 Ω2(u, v − x)
5.33 Ω2(x, u)
5.34 Ω2(u− t, v)
5.35 Ω2(u− x

t
, t)

5.36 Ω2(t, tu− x+ w)
5.37 Ω2(u, t)
6.1 None
6.2 x−1Ω1(u)
6.3 eα arctan( v

w
)Ω1(
√
v2 + w2)

6.4 t−1Ω1((v − y
t
)2 + (w − z

t
)2)

6.5 t−1Ω1(v2 + w2)
6.6 t−1Ω1(u− x

t
), α 6= 0

(5.26), α = 0
6.7 t−1Ω1(u− x

t
)
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Table E.1: Representations of invariant solutions (Continued).

No. Representation of invariant solution f of Equation (1.22)
6.8 e−

αu
β Ω1(te−

αu
β ), β 6= 0

t−1Ω1(u), β = 0, α 6= 0
(5.37), β = 0, α = 0

6.9 Ω2(
√

(u− x
t
)2 + (v − y

t
)2 + (w − z

t
)2, t)

6.10 Ω2(
√
u2 + v2 + w2, t)

6.11 Ω1(u)
6.12 Ω1(u− t), α 6= 0

(5.31), α = 0
6.13 (5.33)
6.14 Ω1(t)
6.15 (5.35)
6.16 Ω1(u)
6.17 x−1Ω1(u)
6.18 e−

w
α Ω1(v)

6.19 None
6.20 t−1Ω1(u− α ln t)
6.21 t−1Ω1(u− x

t
)

6.22 Ω1(u)
6.23 Ω1(u− t)
6.24 Ω1(t)
6.25 Ω1(t), β 6= 0

(5.37), β = 0
7.1 t−1Ω1(

√
u2 + v2 + w2)

7.2 t−1Ω1(
√

(u− x
t
)2 + (v − y

t
)2 + (w − z

t
)2)

7.3 (6.17)
7.4 None

7.5 Ce−
αu
β , β 6= 0

None, β = 0, α 6= 0
(6.22), β = 0, α = 0

7.6 (6.21)
7.7 Ct−1, α 6= 0

(6.20), α = 0
7.8 Ct−1
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Table E.1: Representations of invariant solutions (Continued).

No. Representation of invariant solution f of Equation (1.22)
7.9 Ω1(

√
u2 + v2 + w2)

7.10 C, α 6= 0
(6.23), α = 0

7.11 C
7.12 Ce−

u
α

7.13 Ct−1

7.14 C
8.1 None
8.2 None, α 6= 0

(7.12), α = 0
8.3 None, α 6= 0

(7.14), α = 0
8.4 (7.13)
8.5 None
9.1 (8.5)
9.2 (6.24)
10.1 (7.13)
10.2 (7.14)
11.1 (8.5)



APPENDIX F

THE REDUCED BOLTZMANN EQUATION

WITH A SOURCE

Results of reduced Boltzmann equations for some representations of invariant

solutions are presented in this Appendix. The numbers in the first column of Table

F.1 correspond to the numbers in the first column of Table C.1. The superscript c is

next to a subalgebra number in the first column indicates that the reduced equation is

presented in the cylindrical coordinate system. Here Ωk, Ψk are arbitrary functions of

k independent variables, and C is constant.
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Table F.1: The reduced Boltzmann equation with a source.

No. Reduced equations
1.1c −Ω + (ũ− p1 − β

α
)Ωp1 + (V − p2)Ωp2 + (W

p2
− 1

α
)Ωp3 − β

α
Ωũ + W 2

p2
ΩV − VW

p2
ΩW − J(Ω,Ω) = Ψ7(p1, p2, p3, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω6(p1, p2, p3, ũ, V,W ), Ω∗ = Ω6(p1, p2, p3,
1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω6(p1, p2, p3, ũ1, V1,W1), Ω∗1 = Ω6(p1, p2, p3,
1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, p1 = x
t
− β

α
ln t, p2 = r

t
, p3 = θ − 1

α
ln t, ũ = u− β

α
ln t.

1.2c Ωt + (βW
r
− ũ

t
)Ωp + V Ωr − ũ

t
Ωũ + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ7(t, r, p, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω6(t, r, p, ũ, V,W ), Ω∗ = Ω6(t, r, p, 1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω6(t, r, p, ũ1, V1,W1), Ω∗1 = Ω6(t, r, p, 1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, p = βθ − x
r
, ũ = u− x

t
.

1.3c Ωt + uΩx + V Ωr + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ7(t, x, r, u, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dV1 dW1

Ω = Ω6(t, x, r, u, V,W ), Ω∗ = Ω6(t, x, r, 1
2(u+ u1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω6(t, x, r, u1, V1,W1), Ω∗1 = Ω6(t, x, r, 1
2(u+ u1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(u− u1)2 + (V − V1)2 + (W −W1)2.

1.4c Ωt + (u− W
r

)Ωp + V Ωr + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ7(t, r, p, u, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dV1 dW1

Ω = Ω6(t, r, p, u, V,W ), Ω∗ = Ω6(t, r, p, 1
2(u+ u1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω6(t, r, p, u1, V1,W1), Ω∗1 = Ω6(t, r, p, 1
2(u+ u1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(u− u1)2 + (V − V1)2 + (W −W1)2, p = x− θ.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
1.5c −2ũΩp1 + (1− βW

r
)Ωp2 + V Ωr − Ωũ + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ7(r, p1, p2, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω6(r, p1, p2, ũ, V,W ), Ω∗ = Ω6(r, p1, p2,
1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω6(r, p1, p2, ũ1, V1,W1), Ω∗1 = Ω6(r, p1, p2,
1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, p1 = t2 − 2x, p2 = t− βθ, ũ = u− t.
1.6c (1− W

r
)Ωp + uΩx + V Ωr + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ7(x, r, p, u, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dV1 dW1

Ω = Ω6(x, r, p, u, V,W ), Ω∗ = Ω6(x, r, p, 1
2(u+ u1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω6(x, r, p, u1, V1,W1), Ω∗1 = Ω6(x, r, p, 1
2(u+ u1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(u− u1)2 + (V − V1)2 + (W −W1)2, p = t− θ.
1.7 −Ω + (v − p1)Ωp1 + (w − p2)Ωp2 + (ũ− p3 − β)Ωp3 − βΩũ − J(Ω,Ω) = Ψ7(p1, p2, p3, ũ, v, w,Ω),

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω6(p1, p2, p3, ũ, v, w), Ω∗ = Ω6(p1, p2, p3,
1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω6(p1, p2, p3, ũ1, v1, w1), Ω∗1 = Ω6(p1, p2, p3,
1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p1 = y
t
, p2 = z

t
, p3 = x

t
− β ln t, ũ = u− β ln t.

1.8 −Ω + (u− p1)Ωp1 + (v − p2)Ωp2 + (w − p3Ωp3)− J(Ω,Ω) = Ψ7(p1, p2, p3, u, v, w,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω6(p1, p2, p3, u, v, w), Ω∗ = Ω6(p1, p2, p3,
1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω6(p1, p2, p3, u1, v1, w1), Ω∗1 = Ω6(p1, p2, p3,
1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2, p1 = x
t
, p2 = y

t
, p3 = z

t
.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
1.9 −2ũΩp − Ωũ + vΩy + wΩz − J(Ω,Ω) = Ψ7(p, y, z, ũ, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω6(p, y, z, ũ, v, w), Ω∗ = Ω6(p, y, z, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω6(p, y, z, ũ1, v1, w1), Ω∗1 = Ω6(p, y, z, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3)),

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p = t2 − 2x, ũ = u− t.
1.10 uΩx + vΩy + wΩz − J(Ω,Ω) = Ψ7(x, y, z, u, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω6(x, y, z, u, v, w), Ω∗ = Ω6(x, y, z, 1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω6(x, y, z, u1, v1, w1), Ω∗1 = Ω6(x, y, z, 1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

1.11 −wΩũ + (ũ− tw)Ωp + vΩy + Ωt − J(Ω,Ω) = Ψ7(p, y, ũ, v, w, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω6(p, y, ũ, v, w, t), Ω∗ = Ω6(p, y, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3), t),

Ω1 = Ω6(p, y, ũ1, v1, w1, t), Ω∗1 = Ω6(p, y, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3), t),

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p = x− tz, ũ = u− z.
1.12 −t−1ũΩũ + Ωt + vΩy + wΩz − J(Ω,Ω) = Ψ7(y, z, ũ, v, w, t,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω6(y, z, ũ, v, w, t), Ω∗ = Ω6(y, z, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3), t),

Ω1 = Ω6(y, z, ũ1, v1, w1, t), Ω∗1 = Ω6(y, z, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3), t),

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− x
t
.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
1.13 Ωt + vΩy + wΩz − J(Ω,Ω) = Ψ7(y, z, u, v, w, t,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω6(y, z, u, v, w, t), Ω∗ = Ω6(y, z, 1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3), t),

Ω1 = Ω6(y, z, u1, v1, w1, t), Ω∗1 = Ω6(y, z, 1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3), t)

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

2.1c −uΩ + (V − p1u)Ωp1 + (αW
p1
− u)Ωp2 + W 2

p1
ΩV − VW

p1
ΩW − J(Ω,Ω) = Ψ6(p1, p2, u, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dV1 dW1

Ω = Ω5(p1, p2, u, V,W ), Ω∗ = Ω5(p1, p2,
1
2(u+ u1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω5(p1, p2, u1, V1,W1), Ω∗1 = Ω5(p1, p2,
1
2(u+ u1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(u− u1)2 + (V − V1)2 + (W −W1)2, p1 = r
x
, p2 = αθ − ln x.

2.2c −Ω + (V − p1)Ωp1 + (ũ− p2 − β − αW
p1

)Ωp2 − (αW
p1

+ β)Ωũ + W 2

p1
ΩV − VW

p1
ΩW − J(Ω,Ω) = Ψ6(p1, p2, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω5(p1, p2, ũ, V,W ), Ω∗ = Ω5(p1, p2,
1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω5(p1, p2, ũ1, V1,W1), Ω∗1 = Ω5(p1, p2,
1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, p1 = r
t
, p2 = x

t
− αθ − β ln t, ũ = u− αθ − β ln t.

2.3c −Ω + (V − p1)Ωp1 + (αW
p1
− 1)Ωp2 − ũΩũ + W 2

p1
ΩV − VW

p1
ΩW − J(Ω,Ω) = Ψ6(p1, p2, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω5(p1, p2, ũ, V,W ), Ω∗ = Ω5(p1, p2,
1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω5(p1, p2, ũ1, V1,W1), Ω∗1 = Ω5(p1, p2,
1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, p1 = r
t
, p2 = αθ − ln t, ũ = u− x

t
.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
2.4c −Ω + (V − p1)Ωp1 + (αW

p1
− 1)Ωp2 − β

α
Ωũ + W 2

p1
ΩV − VW

p1
ΩW − J(Ω,Ω) = Ψ6(p1, p2, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω5(p1, p2, ũ, V,W ), Ω∗ = Ω5(p1, p2,
1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω5(p1, p2, ũ1, V1,W1), Ω∗1 = Ω5(p1, p2,
1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, p1 = r
t
, p2 = αθ − ln t, ũ = u− β

α
ln t.

2.5c uΩx + V Ωr + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ6(r, x, u, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dV1 dW1

Ω = Ω5(r, x, u, V,W ), Ω∗ = Ω5(r, x, 1
2(u+ u1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω5(r, x, u1, V1,W1), Ω∗1 = Ω5(r, x, 1
2(u+ u1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(u− u1)2 + (V − V1)2 + (W −W1)2.

2.6c (u− W
r

)Ωp + V Ωr + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ6(r, p, u, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dV1 dW1

Ω = Ω5(r, p, u, V,W ), Ω∗ = Ω5(r, p, 1
2(u+ u1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω5(r, p, u1, V1,W1), Ω∗1 = Ω5(r, p, 1
2(u+ u1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(u− u1)2 + (V − V1)2 + (W −W1)2, p = x− θ.
2.7c 2(ũ− αW

r
)Ωp + V Ωr − Ωũ + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ6(r, p, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω5(r, p, ũ, V,W ), Ω∗ = Ω5(r, p, 1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω5(r, p, ũ1, V1,W1), Ω∗1 = Ω5(r, p, 1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, p = 2(x− αθ)− t2, ũ = u− t.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
2.8c Ωt + V Ωr − ũ

t
Ωũ + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ6(t, r, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω5(t, r, ũ, V,W ), Ω∗ = Ω5(t, r, 1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω5(t, r, ũ1, V1,W1), Ω∗1 = Ω5(t, r, 1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, ũ = u− x
t
.

2.9c Ωt + V Ωr − βW
r

Ωũ + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ6(t, r, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω5(t, r, ũ, V,W ), Ω∗ = Ω5(t, r, 1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω5(t, r, ũ1, V1,W1), Ω∗1 = Ω5(t, r, 1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, ũ = u− βθ.
2.10c Ωt + V Ωr + t−1(W

r
− ũ)Ωũ + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ6(t, r, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω5(t, r, ũ, V,W ), Ω∗ = Ω5(t, r, 1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω5(t, r, ũ1, V1,W1), Ω∗1 = Ω5(t, r, 1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, ũ = u− x
t

+ θ
t
.

2.11c (W
r
− 1)Ωp + V Ωr − βΩũ + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ6(r, p, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω5(r, p, ũ, V,W ), Ω∗ = Ω5(r, p, 1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω5(r, p, ũ1, V1,W1), Ω∗1 = Ω5(r, p, 1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, p = θ − t, ũ = u− βt.



136

Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
2.12 −uΩ + (v − up1)Ωp1 + (w − up2)Ωp2 − J(Ω,Ω) = Ψ6(p1, p2, u, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω5(p1, p2, u, v, w), Ω∗ = Ω5(p1, p2,
1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω5(p1, p2, u1, v1, w1), Ω∗1 = Ω5(p1, p2,
1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2, p1 = y
x
, p2 = z

x
.

2.13 −Ω + (v − p1)Ωp1 + (w − p2)Ωp2 − ũΩũ − J(Ω,Ω) = Ψ6(p1, p2, ũ, v, w,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω5(p1, p2, ũ, v, w), Ω∗ = Ω5(p1, p2,
1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω5(p1, p2, ũ1, v1, w1), Ω∗1 = Ω5(p1, p2,
1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p1 = y
t
, p2 = z

t
, ũ = u− x

t
.

2.14 −Ω + (ṽ − p1 − α)Ωp1 + (w − p2)Ωp2 − ũΩũ − αΩṽ − J(Ω,Ω) = Ψ6(p1, p2, ũ, ṽ, w,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw1

Ω = Ω5(p1, p2, ũ, ṽ, w), Ω∗ = Ω5(p1, p2,
1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω5(p1, p2, ũ1, ṽ1, w1), Ω∗1 = Ω5(p1, p2,
1
2(ũ+ ũ1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w − w1)2, p1 = y
t
− α ln t, p2 = z

t
, ũ = u− x

t
, ṽ = v − α ln t.

2.15 −Ω + (w − p1)Ωp1 + (ṽ − p2 − α)Ωp2 − βΩũ − αΩṽ − J(Ω,Ω) = Ψ6(p1, p2, ũ, ṽ, w,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw1

Ω = Ω5(p1, p2, ũ, ṽ, w), Ω∗ = Ω5(p1, p2,
1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω5(p1, p2, ũ1, ṽ1, w1), Ω∗1 = Ω5(p1, p2,
1
2(ũ+ ũ1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w − w1)2, p1 = z
t
, p2 = y

t
− α ln t, ũ = u− β ln t, ṽ = v − α ln t.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
2.16 −Ω + (v − p1)Ωp1 + (w − p2)Ωp2 − βΩũ − J(Ω,Ω) = Ψ6(p1, p2, ũ, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω5(p1, p2, ũ, v, w), Ω∗ = Ω5(p1, p2,
1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω5(p1, p2, ũ1, v1, w1), Ω∗1 = Ω5(p1, p2,
1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p1 = y
t
, p2 = z

t
, ũ = u− β ln t.

2.17 vΩy + wΩz − J(Ω,Ω) = Ψ6(y, z, u, v, w,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω5(y, z, u, v, w), Ω∗ = Ω5(y, z, 1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω5(y, z, u1, v1, w1), Ω∗1 = Ω5(y, z, 1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

2.18 2ũΩp + vΩy − Ωũ − αΩw̃ − J(Ω,Ω) = Ψ6(p, y, ũ, v, w̃,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw̃1

Ω = Ω5(p, y, ũ, v, w̃), Ω∗ = Ω5(p, y, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω5(p, y, ũ1, v1, w̃1), Ω∗1 = Ω5(p, y, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w̃ − w̃1)2, p = 2x− t2, ũ = u− t, w̃ = w − αt.
2.19 vΩy + wΩz − Ωũ − J(Ω,Ω) = Ψ6(y, z, ũ, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω5(y, z, ũ, v, w), Ω∗ = Ω5(y, z, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω5(y, z, ũ1, v1, w1), Ω∗1 = Ω5(y, z, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− t.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
2.20 Ωt + (u(στ − t2)− βp

ατ−βt + (αt− βσ)ṽ + (βt− ατ)w̃)Ωp + βṽ−τu
ατ−βtΩṽ + tu−αṽ

ατ−βtΩw̃ − J(Ω,Ω) = Ψ6(t, p, u, ṽ, w̃,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dṽ1 dw̃1

Ω = Ω5(t, p, u, ṽ, w̃), Ω∗ = Ω5(t, p, 1
2(u+ u1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω5(t, p, u1, ṽ1, w̃1), Ω∗1 = Ω5(t, p, 1
2(u+ u1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(u− u1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, p = α(ty − τz) + β(tz − σy) + x(στ − t2),
ṽ = v + βy−τx

ατ−βt , w̃ = w + tx−αy
ατ−βt .

2.21 Ωt + uΩx − 1
t2+1(tṽ + w̃)Ωṽ + 1

t2+1(ṽ − tw̃)Ωw̃ − J(Ω,Ω) = Ψ6(x, u, ṽ, w̃, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dṽ1 dw̃1

Ω = Ω5(x, u, ṽ, w̃, t), Ω∗ = Ω5(x, 1
2(u+ u1 + gn1), 1

2(ṽ + ṽ1 + gñ2), 1
2(w̃ + w̃1 + gñ3), t),

Ω1 = Ω5(x, u1, ṽ1, w̃1, t), Ω∗1 = Ω5(x, 1
2(u+ u1 − gn1), 1

2(ṽ + ṽ1 − gñ2), 1
2(w̃ + w̃1 − gñ3), t)

g =
√

(u− u1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, ṽ = v − z+ty
t2+1 , w̃ = w + y−tz

t2+1 .

2.22 Ωt + uΩx − ṽt−1Ωṽ − w̃t−1Ωw̃ − J(Ω,Ω) = Ψ6(x, u, ṽ, w̃, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dṽ1 dw̃1

Ω = Ω5(x, u, ṽ, w̃, t), Ω∗ = Ω5(x, 1
2(u+ u1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w̃ + w̃1 + gn3), t),

Ω1 = Ω5(x, u1, ṽ1, w̃1, t), Ω∗1 = Ω5(x, 1
2(u+ u1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3), t)

g =
√

(u− u1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, ṽ = v − y
t
, w̃ = w − z

t
.

2.23 Ωt + (ũ− αv − wt)Ωp − wΩũ − J(Ω,Ω) = Ψ6(p, ũ, v, w, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω5(p, ũ, v, w, t), Ω∗ = Ω5(p, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3), t),

Ω1 = Ω5(p, ũ1, v1, w1, t), Ω∗1 = Ω5(p, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3), t)

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p = x− αy − tz, ũ = u− z.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
2.24 Ωt + wΩz + t−1(αv − ũ)Ωũ − J(Ω,Ω) = Ψ6(z, ũ, v, w, t,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω5(z, ũ, v, w, t), Ω∗ = Ω5(z, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3), t),

Ω1 = Ω5(z, ũ1, v1, w1, t), Ω∗1 = Ω5(z, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3), t)

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u+ αy−x
t
.

2.25 Ωt + vΩy − wΩũ − J(Ω,Ω) = Ψ6(y, ũ, v, w, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω5(y, ũ, v, w, t), Ω∗ = Ω5(y, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3), t),

Ω1 = Ω5(y, ũ1, v1, w1, t), Ω∗1 = Ω5(y, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3), t)

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− z.
2.26 Ωt + vΩy + wΩz − J(Ω,Ω) = Ψ6(y, z, v, w, t,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω5(y, z, v, w, t), Ω∗ = Ω5(y, z, 1
2(v + v1 + gn2), 1

2(w + w1 + gn3), t),
Ω1 = Ω5(y, z, v1, w1, t), Ω∗1 = Ω5(y, z, 1

2(v + v1 − gn2), 1
2(w + w1 − gn3), t)

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

2.27 Ωt + uΩx − J(Ω,Ω) = Ψ6(x, u, v, w, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω5(x, u, v, w, t), Ω∗ = Ω5(x, 1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3), t),

Ω1 = Ω5(x, u1, v1, w1, t), Ω∗1 = Ω5(x, 1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3), t)

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
3.1c −uΩ + (V − up)Ωp + W 2

p
ΩV − VW

p
ΩW − J(Ω,Ω) = Ψ5(p, u, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dV1 dW1

Ω = Ω4(p, u, V,W ), Ω∗ = Ω4(p, 1
2(u+ u1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω4(p, u1, V1,W1), Ω∗1 = Ω4(p, 1
2(u+ u1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(u− u1)2 + (V − V1)2 + (W −W1)2, p = r
x
.

3.2c −αW
p

Ω + (V − αW )Ωp − βW
p

Ωũ + W 2

p
ΩV − VW

p
ΩW − J(Ω,Ω) = Ψ5(p, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω4(p, ũ, V,W ), Ω∗ = Ω4(p, 1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω4(p, ũ1, V1,W1), Ω∗1 = Ω4(p, 1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, p = re−αθ, ũ = u− βθ.
3.3c −Ω + (V − p)Ωp − ũΩũ + W 2

p
ΩV − VW

p
ΩW − J(Ω,Ω) = Ψ5(p, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω4(p, ũ, V,W ), Ω∗ = Ω4(p, 1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω4(p, ũ1, V1,W1), Ω∗1 = Ω4(p, 1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, p = r
t
, ũ = u− x

t
.

3.4c −Ω + (V − p)Ωp − (αW
p

+ β)Ωũ + W 2

p
ΩV − VW

p
ΩW − J(Ω,Ω) = Ψ5(p, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω4(p, ũ, V,W ), Ω∗ = Ω4(p, 1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω4(p, ũ1, V1,W1), Ω∗1 = Ω4(p, 1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, p = r
t
, ũ = u− αθ − β ln t.



141

Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
3.6c −Ω + (V − p1)Ωp1 + (αW

p1
− 1)Ωp2 + W 2

p1
ΩV − VW

p1
ΩW − J(Ω,Ω) = Ψ5(p1, p2, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dV1 dW1

Ω = Ω4(p1, p2, V,W ), Ω∗ = Ω4(p1, p2,
1
2(V + V1 + gcn2c), 1

2(W +W1 + gcn3c)),
Ω1 = Ω4(p1, p2, V1,W1), Ω∗1 = Ω4(p1, p2,

1
2(V + V1 − gcn2c), 1

2(W +W1 − gcn3c)),
gc =

√
(u− u1)2 + (V − V1)2 + (W −W1)2, p1 = r

t
, p2 = αθ − ln t.

3.9c V Ωr − (αW
r

+ 1)Ωũ + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ5(r, ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω4(r, ũ, V,W ), Ω∗ = Ω4(r, 1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω4(r, ũ1, V1,W1), Ω∗1 = Ω4(r, 1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, ũ = u− αθ − t.
3.11c Ωt + V Ωr + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ5(t, r, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dV1 dW1

Ω = Ω4(t, r, V,W ), Ω∗ = Ω4(t, r, 1
2(V + V1 + gcn2c), 1

2(W +W1 + gcn3c)),
Ω1 = Ω4(t, r, V1,W1), Ω∗1 = Ω4(t, r, 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(u− u1)2 + (V − V1)2 + (W −W1)2.

3.17c (1− W
r

)Ωp + V Ωr + W 2

r
ΩV − VW

r
ΩW − J(Ω,Ω) = Ψ5(p, r, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dV1 dW1

Ω = Ω4(p, r, V,W ), Ω∗ = Ω4(p, r, 1
2(V + V1 + gcn2c), 1

2(W +W1 + gcn3c)),
Ω1 = Ω4(p, r, V1,W1), Ω∗1 = Ω4(p, r, 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(u− u1)2 + (V − V1)2 + (W −W1)2, p = t− θ.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
3.20 −vΩ + p(v − wp)Ωp − βvΩũ − J(Ω,Ω) = Ψ5(p, ũ, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω4(p, ũ, v, w), Ω∗ = Ω4(p, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω4(p, ũ1, v1, w1), Ω∗1 = Ω4(p, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p = y
z
, ũ = u− β ln y.

3.21 −Ω + (ũ− p− β)Ωp − βΩũ − ṽΩṽ − w̃Ωw̃ − J(Ω,Ω) = Ψ5(p, ũ, ṽ, w̃,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw̃1

Ω = Ω4(p, ũ, ṽ, w̃), Ω∗ = Ω4(p, 1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω4(p, ũ1, ṽ1, w̃1), Ω∗1 = Ω4(p, 1
2(ũ+ ũ1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, p = x
t
− β ln t, ũ = u− β ln t, ṽ = v − y

t
, w̃ = w − z

t
.

3.22 −Ω + (ṽ − p− σ)Ωp − (αw̃ + β)Ωũ − σΩṽ − w̃Ωw̃ − J(Ω,Ω) = Ψ5(p, ũ, ṽ, w̃,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw̃1

Ω = Ω4(p, ũ, ṽ, w̃), Ω∗ = Ω4(p, 1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω4(p, ũ1, ṽ1, w̃1), Ω∗1 = Ω4(p, 1
2(ũ+ ũ1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, p = y
t
− σ ln t, ũ = u− αz

t
− β ln t, ṽ = v − σ ln t, w̃ = w − z

t
.

3.23 −Ω + (v − p1)Ωp1 + (w̃ − p2 − σ)Ωp2 − σΩw̃ − J(Ω,Ω) = Ψ5(p1, p2, v, w̃,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw̃1

Ω = Ω4(p1, p2, v, w̃), Ω∗ = Ω4(p1, p2,
1
2(v + v1 + gn2), 1

2(w̃ + w̃1 + gn3))
Ω1 = Ω4(p1, p2, v1, w̃1), Ω∗1 = Ω4(p1, p2,

1
2(v + v1 − gn2), 1

2(w̃ + w̃1 − gn3))
g =

√
(u− u1)2 + (v − v1)2 + (w̃ − w̃1)2, p1 = y

t
, p2 = z

t
− σ ln t, w̃ = w − σ ln t.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
3.24 −Ω + (v − p1)Ωp1 + (w − p2)Ωp2 − J(Ω,Ω) = Ψ5(p1, p2, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω4(p1, p2, v, w), Ω∗ = Ω4(p1, p2,
1
2(v + v1 + gn2), 1

2(w + w1 + gn3))
Ω1 = Ω4(p1, p2, v1, w1), Ω∗1 = Ω4(p1, p2,

1
2(v + v1 − gn2), 1

2(w + w1 − gn3))
g =

√
(u− u1)2 + (v − v1)2 + (w − w1)2, p1 = y

t
, p2 = z

t
.

3.25 −Ω + (ũ− p− β)Ωp − βΩũ − σΩṽ − J(Ω,Ω) = Ψ5(p, ũ, ṽ, w,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw1

Ω = Ω4(p, ũ, ṽ, w), Ω∗ = Ω4(p, 1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω4(p, ũ1, ṽ1, w1), Ω∗1 = Ω4(p, 1
2(ũ+ ũ1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w − w1)2, p = x
t
− β ln t, ũ = u− β ln t, ṽ = v − σ ln t.

3.26 −Ω + (ũ− p− β)Ωp − βΩũ − J(Ω,Ω) = Ψ5(p, ũ, v, w,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω4(p, ũ, v, w), Ω∗ = Ω4(p, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω4(p, ũ1, v1, w1), Ω∗1 = Ω4(p, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p = x
t
− β ln t, ũ = u− β ln t.

3.27 (α 6= 0) (v − βũ
α

)Ωp − Ωũ − ũ
α

Ωw̃ − J(Ω,Ω) = Ψ5(p, ũ, v, w̃,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw̃1

Ω = Ω4(p, ũ, v, w̃), Ω∗ = Ω4(p, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω4(p, ũ1, v1, w̃1), Ω∗1 = Ω4(p, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w̃ − w̃1)2, p = y − βx
α

+ βt2

2α , ũ = u− t, w̃ = w − x
α

+ t2

2α .
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
3.27 (α = 0, β 6= 0) −2ũΩp − Ωũ − v

β
Ωw̃ − J(Ω,Ω) = Ψ5(p, ũ, v, w̃,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw̃1

Ω = Ω4(p, ũ, v, w̃), Ω∗ = Ω4(p, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω4(p, ũ1, v1, w̃1), Ω∗1 = Ω4(p, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w̃ − w̃1)2, p = t2 − 2x, ũ = u− t, w̃ = w − y
β
.

3.27 (α = 0, β = 0) −2ũΩp − Ωũ + vΩy − J(Ω,Ω) = Ψ5(p, y, ũ, v,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw̃1

Ω = Ω4(p, y, ũ, v), Ω∗ = Ω4(p, y, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2)),
Ω1 = Ω4(p, y, ũ1, v1), Ω∗1 = Ω4(p, y, 1

2(ũ+ ũ1 − gn1), 1
2(v + v1 − gn2))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p = t2 − 2x, ũ = u− t.
3.28 −vΩũ + wΩz − J(Ω,Ω) = Ψ5(z, ũ, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω4(z, ũ, v, w), Ω∗ = Ω4(z, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω4(z, ũ1, v1, w1), Ω∗1 = Ω4(z, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− y.
3.29 vΩy + wΩz − J(Ω,Ω) = Ψ5(y, z, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω4(y, z, v, w), Ω∗ = Ω4(y, z, 1
2(v + v1 + gn2), 1

2(w + w1 + gn3)),
Ω1 = Ω4(y, z, v1, w1), Ω∗1 = Ω4(y, z, 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
3.30 −2ũΩp − Ωũ − σΩw̃ − J(Ω,Ω) = Ψ5(p, ũ, v, w̃,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw̃1

Ω = Ω4(p, ũ, v, w̃), Ω∗ = Ω4(p, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω4(p, ũ1, v1, w̃1), Ω∗1 = Ω4(p, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w̃ − w̃1)2, p = t2 − 2x, ũ = u− t, w̃ = w − σt.
3.31 −2ũΩp − Ωũ − J(Ω,Ω) = Ψ5(p, ũ, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω4(p, ũ, v, w), Ω∗ = Ω4(p, 1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω4(p, ũ1, v1, w1), Ω∗1 = Ω4(p, 1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p = t2 − 2x, ũ = u− t.
3.32 −Ωw̃ + uΩx − J(Ω,Ω) = Ψ5(x, u, v, w̃,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw̃1

Ω = Ω4(x, u, v, w̃), Ω∗ = Ω4(x, 1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω4(x, u1, v1, w̃1), Ω∗1 = Ω4(x, 1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w̃ − w̃1)2, w̃ = w − t.
3.33 uΩx − J(Ω,Ω) = Ψ5(x, u, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω4(x, u, v, w), Ω∗ = Ω4(x, 1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω4(x, u1, v1, w1), Ω∗1 = Ω4(x, 1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
3.35 Ωt − ũt−1Ωũ − ṽ−tw̃

t2+1 Ωṽ − tṽ+w̃
t2+1 Ωw̃ − J(Ω,Ω) = Ψ5(ũ, ṽ, w̃, t,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw̃1

Ω = Ω4(ũ, ṽ, w̃, t), Ω∗ = Ω4(1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w̃ + w̃1 + gn3), t),

Ω1 = Ω4(ũ1, ṽ1, w̃1, t), Ω∗1 = Ω4(1
2(ũ+ ũ1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3), t)

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, ũ = u− x
t
, ṽ = v − y

t
− tz−y

t(t2+1) , w̃ = w − tz−y
t2+1 .

3.36 Ωt − ũ
t+1Ωũ − ṽ

t
Ωṽ − w̃

t
Ωw̃ − J(Ω,Ω) = Ψ5(ũ, ṽ, w̃, t,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw̃1

Ω = Ω4(ũ, ṽ, w̃, t), Ω∗ = Ω4(1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w̃ + w̃1 + gn3), t),

Ω1 = Ω4(ũ1, ṽ1, w̃1, t), Ω∗1 = Ω4(1
2(ũ+ ũ1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3), t)

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, ũ = u− x
t+1 , ṽ = v − y

t
, w̃ = w − z

t
.

3.37 Ωt − ũt−1Ωũ − ṽt−1Ωṽ − w̃t−1Ωw̃ − J(Ω,Ω) = Ψ5(ũ, ṽ, w̃, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw̃1

Ω = Ω4(ũ, ṽ, w̃, t), Ω∗ = Ω4(1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w̃ + w̃1 + gn3), t),

Ω1 = Ω4(ũ1, ṽ1, w̃1, t), Ω∗1 = Ω4(1
2(ũ+ ũ1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3), t)

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, ũ = u− x
t
, ṽ = v − y

t
, w̃ = w − z

t
.

3.42 Ωt − ṽt−1Ωṽ − w̃t−1Ωw̃ − J(Ω,Ω) = Ψ5(u, ṽ, w̃, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dṽ1 dw̃1

Ω = Ω4(u, ṽ, w̃, t), Ω∗ = Ω4(1
2(u+ u1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w̃ + w̃1 + gn3), t),

Ω1 = Ω4(u1, ṽ1, w̃1, t), Ω∗1 = Ω4(1
2(u+ u1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3), t)

g =
√

(u− u1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, ṽ = v − y
t
, w̃ = w − z

t
.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
3.44 Ωt − ũt−1Ωũ − J(Ω,Ω) = Ψ5(ũ, v, w, t,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω4(ũ, v, w, t), Ω∗ = Ω4(1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3), t),

Ω1 = Ω4(ũ1, v1, w1, t), Ω∗1 = Ω4(1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3), t)

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− x
t
.

3.45 Ωt − wΩũ − J(Ω,Ω) = Ψ5(ũ, v, w, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω4(ũ, v, w, t), Ω∗ = Ω4(1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3), t),

Ω1 = Ω4(ũ1, v1, w1, t), Ω∗1 = Ω4(1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3), t)

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− z.
3.46 Ωt + wΩz − J(Ω,Ω) = Ψ5(z, v, w, t,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω4(z, v, w, t), Ω∗ = Ω4(z, 1
2(v + v1 + gn2), 1

2(w + w1 + gn3), t),
Ω1 = Ω4(z, v1, w1, t), Ω∗1 = Ω4(z, 1

2(v + v1 − gn2), 1
2(w + w1 − gn3), t)

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

3.47 Ωt − J(Ω,Ω) = Ψ5(u, v, w, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω4(u, v, w, t), Ω∗ = Ω4(1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3), t),

Ω1 = Ω4(u1, v1, w1, t), Ω∗1 = Ω4(1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3), t)

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
4.2c −V Ω− αWΩũ +W 2ΩV − VWΩW − J(Ω,Ω) = Ψ4(ũ, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dV1 dW1

Ω = Ω3(ũ, V,W ), Ω∗ = Ω3(1
2(ũ+ ũ1 + gcn1c), 1

2(V + V1 + gcn2c), 1
2(W +W1 + gcn3c)),

Ω1 = Ω3(ũ1, V1,W1), Ω∗1 = Ω3(1
2(ũ+ ũ1 − gcn1c), 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(ũ− ũ1)2 + (V − V1)2 + (W −W1)2, ũ = u− αθ.
4.4c −V Ω + (αW − V )Ωp +W 2ΩV − VWΩW − J(Ω,Ω) = Ψ4(p, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dV1 dW1

Ω = Ω3(p, V,W ), Ω∗ = Ω3(p, 1
2(V + V1 + gcn2c), 1

2(W +W1 + gcn3c)),
Ω1 = Ω3(p, V1,W1), Ω∗1 = Ω3(p, 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(u− u1)2 + (V − V1)2 + (W −W1)2, p = αθ − ln r.
4.6c −V Ω + (1− pV )Ωp +W 2ΩV − VWΩW − J(Ω,Ω) = Ψ4(p, V,W,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dV1 dW1

Ω = Ω3(p, V,W ), Ω∗ = Ω3(p, 1
2(V + V1 + gcn2c), 1

2(W +W1 + gcn3c)),
Ω1 = Ω3(p, V1,W1), Ω∗1 = Ω3(p, 1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(u− u1)2 + (V − V1)2 + (W −W1)2, p = t
r
.

4.23 −vΩ + (w − vp)Ωp − J(Ω,Ω) = Ψ4(p, v, w,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω3(p, v, w), Ω∗ = Ω3(p, 1
2(v + v1 + gn2), 1

2(w + w1 + gn3)),
Ω1 = Ω3(p, v1, w1), Ω∗1 = Ω3(p, 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2, p = z
y
.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
4.24 −uΩ− αuΩw̃ − J(Ω,Ω) = Ψ4(u, v, w̃,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw̃1

Ω = Ω3(u, v, w̃), Ω∗ = Ω3(1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω3(u1, v1, w̃1), Ω∗1 = Ω3(1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w̃ − w̃1)2, w̃ = w − α ln x.
4.25 −uΩ− J(Ω,Ω) = Ψ4(u, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω3(u, v, w), Ω∗ = Ω3(1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω3(u1, v1, w1), Ω∗1 = Ω3(1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

4.26 −Ω− ũΩũ − ṽΩṽ − w̃Ωw̃ − J(Ω,Ω) = Ψ4(ũ, ṽ, w̃,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw̃1

Ω = Ω3(ũ, ṽ, w̃), Ω∗ = Ω3(1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω3(ũ1, ṽ1, w̃1), Ω∗1 = Ω3(1
2(ũ+ ũ1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, ũ = u− x
t
, ṽ = v − y

t
, w̃ = w − z

t
.

4.28 −Ω− βΩũ − ṽΩṽ − w̃Ωw̃ − J(Ω,Ω) = Ψ4(ũ, ṽ, w̃,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw̃1

Ω = Ω3(ũ, ṽ, w̃), Ω∗ = Ω3(1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω3(ũ1, ṽ1, w̃1), Ω∗1 = Ω3(1
2(ũ+ ũ1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, ũ = u− β ln t, ṽ = v − y
t
, w̃ = w − z

t
.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
4.29 −Ω + (ṽ − p− α)Ωp − αΩṽ − w̃Ωw̃ − J(Ω,Ω) = Ψ4(p, ṽ, w̃,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dṽ1 dw̃1

Ω = Ω3(p, ṽ, w̃), Ω∗ = Ω3(p, 1
2(ṽ + ṽ1 + gn2), 1

2(w̃ + w̃1 + gn3)),
Ω1 = Ω3(p, ṽ1, w̃1), Ω∗1 = Ω3(p, 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(u− u1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, p = y
t
− α ln t, ṽ = v − α ln t, w̃ = w − z

t
.

4.31 −Ω− ũΩũ − αΩṽ − βΩw̃ − J(Ω,Ω) = Ψ4(ũ, ṽ, w̃,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw̃1

Ω = Ω3(ũ, ṽ, w̃), Ω∗ = Ω3(1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω3(ũ1, ṽ1, w̃1), Ω∗1 = Ω3(1
2(ũ+ ũ1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, ũ = u− x
t
, ṽ = v − α ln t, w̃ = w − β ln t.

4.32 −Ω− ũΩũ − J(Ω,Ω) = Ψ4(ũ, v, w,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω3(ũ, v, w), Ω∗ = Ω3(1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω3(ũ1, v1, w1), Ω∗1 = Ω3(1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− x
t
.

4.33 −Ω− βΩũ − J(Ω,Ω) = Ψ4(ũ, v, w,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω3(ũ, v, w), Ω∗ = Ω3(1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω3(ũ1, v1, w1), Ω∗1 = Ω3(1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− β ln t.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
4.34 −Ω− J(Ω,Ω) = Ψ4(u, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω3(u, v, w), Ω∗ = Ω3(1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω3(u1, v1, w1), Ω∗1 = Ω3(1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

4.35 (α 6= 0) −Ωũ − ũ
α

Ωṽ − βΩw̃ − J(Ω,Ω) = Ψ4(ũ, ṽ, w̃,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw̃1

Ω = Ω3(ũ, ṽ, w̃), Ω∗ = Ω3(1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω3(ũ1, ṽ1, w̃1), Ω∗1 = Ω3(1
2(ũ+ ũ1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3)),

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, ũ = u− t, ṽ = v − x
α

+ t2

2α , w̃ = w − βt.
4.35 (α = 0) −Ωũ − 2ũΩp − βΩw̃ − J(Ω,Ω) = Ψ4(p, ũ, w̃,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw̃1

Ω = Ω3(p, ũ, w̃), Ω∗ = Ω3(p, 1
2(ũ+ ũ1 + gn1), 1

2(w̃ + w̃1 + gn3)),
Ω1 = Ω3(p, ũ1, w̃1), Ω∗1 = Ω3(p, 1

2(ũ+ ũ1 − gn1), 1
2(w̃ + w̃1 − gn3)),

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w̃ − w̃1)2, p = t2 − 2x, ũ = u− t, w̃ = w − βt.
4.36 (α 6= 0) −u

α
Ωṽ − Ωw̃ − J(Ω,Ω) = Ψ4(u, ṽ, w̃,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dṽ1 dw̃1

Ω = Ω3(u, ṽ, w̃), Ω∗ = Ω3(1
2(u+ u1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w̃ + w̃1 + gn3)),

Ω1 = Ω3(u1, ṽ1, w̃1), Ω∗1 = Ω3(1
2(u+ u1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3)),

g =
√

(u− u1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, ṽ = v − x
α
, w̃ = w − t.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
4.36 (α = 0) uΩx − Ωw̃ − J(Ω,Ω) = Ψ4(x, u, w̃,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw̃1

Ω = Ω3(x, u, w̃), Ω∗ = Ω3(x, 1
2(u+ u1 + gn1), 1

2(w̃ + w̃1 + gn3)),
Ω1 = Ω3(x, u1, w̃1), Ω∗1 = Ω3(x, 1

2(u+ u1 − gn1), 1
2(w̃ + w̃1 − gn3)),

g =
√

(u− u1)2 + (v − v1)2 + (w̃ − w̃1)2, w̃ = w − t.
4.37 −uΩṽ − J(Ω,Ω) = Ψ4(u, ṽ, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dṽ1 dw1

Ω = Ω3(u, ṽ, w), Ω∗ = Ω3(1
2(u+ u1 + gn1), 1

2(ṽ + ṽ1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω3(u1, ṽ1, w1), Ω∗1 = Ω3(1
2(u+ u1 − gn1), 1

2(ṽ + ṽ1 − gn2), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (ṽ − ṽ1)2 + (w − w1)2, ṽ = v − x.
4.38 uΩx − J(Ω,Ω) = Ψ4(x, u, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω3(x, u, w), Ω∗ = Ω3(x, 1
2(u+ u1 + gn1), 1

2(w + w1 + gn3)),
Ω1 = Ω3(x, u1, w1), Ω∗1 = Ω3(x, 1

2(u+ u1 − gn1), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

4.39 −Ωũ − J(Ω,Ω) = Ψ4(ũ, v, w,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω3(ũ, v, w), Ω∗ = Ω3(1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω3(ũ1, v1, w1), Ω∗1 = Ω3(1
2(ũ+ ũ1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− t.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
4.40 −J(Ω,Ω) = Ψ4(u, v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω3(u, v, w), Ω∗ = Ω3(1
2(u+ u1 + gn1), 1

2(v + v1 + gn2), 1
2(w + w1 + gn3)),

Ω1 = Ω3(u1, v1, w1), Ω∗1 = Ω3(1
2(u+ u1 − gn1), 1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

4.43 Ωt − t−1ṽΩṽ − t−1w̃Ωw̃ − J(Ω,Ω) = Ψ4(ṽ, w̃, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dṽ1 dw̃1

Ω = Ω3(ṽ, w̃, t), Ω∗ = Ω3(1
2(ṽ + ṽ1 + gn2), 1

2(w̃ + w̃1 + gn3), t),
Ω1 = Ω3(ṽ1, w̃1, t), Ω∗1 = Ω3(1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3), t)

g =
√

(u− u1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, ṽ = v − y
t
, w̃ = w − z

t
.

4.45 Ωt − uΩṽ − J(Ω,Ω) = Ψ4(u, ṽ, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dṽ1 dw1

Ω = Ω3(u, ṽ, t), Ω∗ = Ω3(1
2(u+ u1 + gn1), 1

2(ṽ + ṽ1 + gn2), t),
Ω1 = Ω3(u1, ṽ1, t), Ω∗1 = Ω3(1

2(u+ u1 − gn1), 1
2(ṽ + ṽ1 − gn2), t)

g =
√

(u− u1)2 + (ṽ − ṽ1)2 + (w − w1)2, ṽ = v − x.
4.46 Ωt + t−1(βu− w̃)Ωw̃ − J(Ω,Ω) = Ψ4(t, u, w̃,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw̃1

Ω = Ω3(t, u, w̃), Ω∗ = Ω3(t, 1
2(u+ u1 + gn1), 1

2(w̃ + w̃1 + gn3)),
Ω1 = Ω3(t, u1, w̃1), Ω∗1 = Ω3(t, 1

2(u+ u1 − gn1), 1
2(w̃ + w̃1 − gn3)),

g =
√

(u− u1)2 + (v − v1)2 + (w̃ − w̃1)2, w̃ = w + βx−z
t
.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
4.47 Ωt + uΩx − J(Ω,Ω) = Ψ4(x, u, t,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω3(x, u, t), Ω∗ = Ω3(x, 1
2(u+ u1 + gn1), t),

Ω1 = Ω3(x, u1, t), Ω∗1 = Ω3(x, 1
2(u+ u1 − gn1), t)

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

4.49 Ωt − t−1w̃Ωw̃ − J(Ω,Ω) = Ψ4(u, w̃, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw̃1

Ω = Ω3(u, w̃, t), Ω∗ = Ω3(1
2(u+ u1 + gn1), 1

2(w̃ + w̃1 + gn3), t),
Ω1 = Ω3(u1, w̃1, t), Ω∗1 = Ω3(1

2(u+ u1 − gn1), 1
2(w̃ + w̃1 − gn3), t)

g =
√

(u− u1)2 + (v − v1)2 + (w̃ − w̃1)2, w̃ = w − z
t
.

4.50 Ωt − J(Ω,Ω) = Ψ4(v, w, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω3(v, w, t), Ω∗ = Ω3(1
2(v + v1 + gn2), 1

2(w + w1 + gn3), t),
Ω1 = Ω3(v1, w1, t), Ω∗1 = Ω3(1

2(v + v1 − gn2), 1
2(w + w1 − gn3), t)

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

5.2c −V Ω +W 2ΩV − VWΩW − J(Ω,Ω) = Ψ3(V,W,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(gc, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dV1 dW1

Ω = Ω2(V,W ), Ω∗ = Ω2(1
2(V + V1 + gcn2c), 1

2(W +W1 + gcn3c)),
Ω1 = Ω2(V1,W1), Ω∗1 = Ω2(1

2(V + V1 − gcn2c), 1
2(W +W1 − gcn3c)),

gc =
√

(u− u1)2 + (V − V1)2 + (W −W1)2.

5.10 −Ω + (ũ− p− β
α

)Ωp − β
α

Ωũ − J(Ω,Ω) = Ψ3(p, ũ,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω2(p, ũ), Ω∗ = Ω2(p, 1
2(ũ+ ũ1 + gn1)),

Ω1 = Ω2(p, ũ1), Ω∗1 = Ω2(p, 1
2(ũ+ ũ1 − gn1))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p = x
t
− β

α
ln t, ũ = u− β

α
ln t.

5.13 Ωt − t−1ũΩũ − J(Ω,Ω) = Ψ3(ũ, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω2(ũ, t), Ω∗ = Ω2(1
2(ũ+ ũ1 + gn1), t),

Ω1 = Ω2(ũ1, t), Ω∗1 = Ω2(1
2(ũ+ ũ1 − gn1), t)

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− x
t
.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
5.17 Ωt − J(Ω,Ω) = Ψ3(u, t,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω2(u, t), Ω∗ = Ω2(1
2(u+ u1 + gn1), t),

Ω1 = Ω2(u1, t), Ω∗1 = Ω2(1
2(u+ u1 − gn1), t)

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

5.18 −2ũΩp − Ωũ − J(Ω,Ω) = Ψ3(p, ũ,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω2(p, ũ), Ω∗ = Ω2(p, 1
2(ũ+ ũ1 + gn1)),

Ω1 = Ω2(p, u1), Ω∗1 = Ω2(p, 1
2(ũ+ ũ1 − gn1))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p = t2 − 2x, ũ = u− t.
5.19 uΩx − J(Ω,Ω) = Ψ3(x, u,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω2(x, u), Ω∗ = Ω2(x, 1
2(u+ u1 + gn1)),

Ω1 = Ω2(x, u1), Ω∗1 = Ω2(x, 1
2(u+ u1 − gn1))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

5.21 −uΩ− βuΩw̃ − J(Ω,Ω) = Ψ3(u, w̃,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw̃1

Ω = Ω2(u, w̃), Ω∗ = Ω2(1
2(u+ u1 + gn1), 1

2(w̃ + w̃1 + gn3)),
Ω1 = Ω2(u1, w̃1), Ω∗1 = Ω2(1

2(u+ u1 − gn1), 1
2(w̃ + w̃1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w̃ − w̃1)2, w̃ = w − β ln x.
5.24 −Ω− ṽΩṽ − w̃Ωw̃ − J(Ω,Ω) = Ψ3(ṽ, w̃,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dṽ1 dw̃1

Ω = Ω2(ṽ, w̃), Ω∗ = Ω2(1
2(ṽ + ṽ1 + gn2), 1

2(w̃ + w̃1 + gn3)),
Ω1 = Ω2(ṽ1, w̃1), Ω∗1 = Ω2(1

2(ṽ + ṽ1 − gn2), 1
2(w̃ + w̃1 − gn3))

g =
√

(u− u1)2 + (ṽ − ṽ1)2 + (w̃ − w̃1)2, ṽ = v − y
t
, w̃ = w − z

t
.

5.25 −Ω− ũΩũ + 1
α

(β − ũ)Ωṽ − J(Ω,Ω) = Ψ3(ũ, ṽ,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw1

Ω = Ω2(ũ, ṽ), Ω∗ = Ω2(1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2)),
Ω1 = Ω2(ũ1, ṽ1), Ω∗1 = Ω2(1

2(ũ+ ũ1 − gn1), 1
2(ṽ + ṽ1 − gn2))

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w − w1)2, ũ = u− x
t
, ṽ = v − x

αt
+ β

α
ln t.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
5.26 −Ω + (ũ− p− β)Ωp − βΩũ − J(Ω,Ω) = Ψ3(p, ũ,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω2(p, ũ), Ω∗ = Ω2(p, 1
2(ũ+ ũ1 + gn1)),

Ω1 = Ω2(p, u1), Ω∗1 = Ω2(p, 1
2(ũ+ ũ1 − gn1))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p = x
t
− β ln t, ũ = u− β ln t.

5.27 −Ω− ũΩũ − βΩṽ − J(Ω,Ω) = Ψ3(ũ, ṽ,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dṽ1 dw1

Ω = Ω2(ũ, ṽ), Ω∗ = Ω2(1
2(ũ+ ũ1 + gn1), 1

2(ṽ + ṽ1 + gn2)),
Ω1 = Ω2(ũ1, ṽ1), Ω∗1 = Ω2(1

2(ũ+ ũ1 − gn1), 1
2(ṽ + ṽ1 − gn2))

g =
√

(ũ− ũ1)2 + (ṽ − ṽ1)2 + (w − w1)2, ũ = u− x
t
, ṽ = v − β ln t.

5.28 −Ω− βΩũ − J(Ω,Ω) = Ψ3(ũ, v,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω2(ũ, v), Ω∗ = Ω2(1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2)),
Ω1 = Ω2(ũ1, v1), Ω∗1 = Ω2(1

2(ũ+ ũ1 − gn1), 1
2(v + v1 − gn2))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− β ln t.
5.29 −Ω− J(Ω,Ω) = Ψ3(v, w,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω2(v, w), Ω∗ = Ω2(1
2(v + v1 + gn2), 1

2(w + w1 + gn3)),
Ω1 = Ω2(v1, w1), Ω∗1 = Ω2(1

2(v + v1 − gn2), 1
2(w + w1 − gn3))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

5.31 −2ũΩp − Ωũ − J(Ω,Ω) = Ψ3(p, ũ,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω2(p, ũ), Ω∗ = Ω2(p, 1
2(ũ+ ũ1 + gn1)),

Ω1 = Ω2(p, u1), Ω∗1 = Ω2(p, 1
2(ũ+ ũ1 − gn1))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, p = t2 − 2x, ũ = u− t.
5.32 −uΩṽ − J(Ω,Ω) = Ψ3(u, ṽ,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dṽ1 dw1

Ω = Ω2(u, ṽ), Ω∗ = Ω2(1
2(u+ u1 + gn1), 1

2(ṽ + ṽ1 + gn2)),
Ω1 = Ω2(u1, ṽ1), Ω∗1 = Ω2(1

2(u+ u1 − gn1), 1
2(ṽ + ṽ1 − gn2))

g =
√

(u− u1)2 + (ṽ − ṽ1)2 + (w − w1)2, ṽ = v − x.
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
5.33 uΩx − J(Ω,Ω) = Ψ3(x, u,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω2(x, u), Ω∗ = Ω2(x, 1
2(u+ u1 + gn1)),

Ω1 = Ω2(x, u1), Ω∗1 = Ω2(x, 1
2(u+ u1 − gn1))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

5.34 −Ωũ − J(Ω,Ω) = Ψ3(ũ, v,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω2(ũ, v), Ω∗ = Ω2(1
2(ũ+ ũ1 + gn1), 1

2(v + v1 + gn2)),
Ω1 = Ω2(ũ1, v1), Ω∗1 = Ω2(1

2(ũ+ ũ1 − gn1), 1
2(v + v1 − gn2))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− t.
5.35 Ωt − t−1ũΩũ − J(Ω,Ω) = Ψ3(ũ, t,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω2(ũ, t), Ω∗ = Ω2(1
2(ũ+ ũ1 + gn1), t),

Ω1 = Ω2(ũ1, t), Ω∗1 = Ω2(1
2(ũ+ ũ1 − gn1), t)

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− x
t
.

5.37 Ωt − J(Ω,Ω) = Ψ3(u, t,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω2(u, t), Ω∗ = Ω2(1
2(u+ u1 + gn1), t),

Ω1 = Ω2(u1, t), Ω∗1 = Ω2(1
2(u+ u1 − gn1), t)

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

6.2 −uΩ− J(Ω,Ω) = Ψ2(u,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω1(u), Ω∗ = Ω1(1
2(u+ u1 + gn1)),

Ω1 = Ω1(u1), Ω∗1 = Ω1(1
2(u+ u1 − gn1))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

6.6 (α 6= 0) −Ω− ũΩũ − J(Ω,Ω) = Ψ2(ũ,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω1(ũ), Ω∗ = Ω1(1
2(ũ+ ũ1 + gn1)),

Ω1 = Ω1(ũ1), Ω∗1 = Ω1(1
2(ũ+ ũ1 − gn1))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− x
t
.

6.6 (α = 0) (5.26)
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
6.7 −Ω− ũΩũ − J(Ω,Ω) = Ψ2(ũ,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω1(ũ), Ω∗ = Ω1(1
2(ũ+ ũ1 + gn1)),

Ω1 = Ω1(ũ1), Ω∗1 = Ω1(1
2(ũ+ ũ1 − gn1))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− x
t
.

6.8 (β = 0, α 6= 0) −Ω− J(Ω,Ω) = Ψ2(u,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω1(u), Ω∗ = Ω1(1
2(u+ u1 + gn1)),

Ω1 = Ω1(u1), Ω∗1 = Ω1(1
2(u+ u1 − gn1))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

6.8 (β = 0, α = 0) (5.37)
6.11 −J(Ω,Ω) = Ψ2(u,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω1(u), Ω∗ = Ω1(1
2(u+ u1 + gn1)),

Ω1 = Ω1(u1), Ω∗1 = Ω1(1
2(u+ u1 − gn1))

g =
√

(u− u1)2 + (v − v1)2 + (w − w1)2.

6.12 (α 6= 0) −Ωũ − J(Ω,Ω) = Ψ2(ũ,Ω)
J(Ω,Ω) =

∫
R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω1(ũ), Ω∗ = Ω1(1
2(ũ+ ũ1 + gn1)),

Ω1 = Ω1(ũ1), Ω∗1 = Ω1(1
2(ũ+ ũ1 − gn1))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− t.
6.12 (α = 0) (5.31)

6.13 (5.33)
6.14 −J(Ω,Ω) = Ψ2(t,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn du1 dv1 dw1

Ω = Ω1(t), Ω∗ = Ω1(t),
Ω1 = Ω1(t), Ω∗1 = Ω1(t)
g =

√
(u− u1)2 + (v − v1)2 + (w − w1)2.

6.15 (5.35)
6.16 (6.11)
6.17 (6.2)
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Table F.1: The reduced Boltzmann equation with a source (Continued).

No. Reduced equations
6.20 −Ω− αΩũ − J(Ω,Ω) = Ψ2(ũ,Ω)

J(Ω,Ω) =
∫

R3

∫
S2
B(g, θ1)(Ω∗Ω∗1 − ΩΩ1) dn dũ1 dv1 dw1

Ω = Ω1(ũ), Ω∗ = Ω1(1
2(ũ+ ũ1 + gn1)),

Ω1 = Ω1(ũ1), Ω∗1 = Ω1(1
2(ũ+ ũ1 − gn1))

g =
√

(ũ− ũ1)2 + (v − v1)2 + (w − w1)2, ũ = u− α ln t.
6.21 (6.6), α 6= 0
6.22 (6.11)
6.23 (6.12), α 6= 0
6.24 (6.14)

6.25 (β 6= 0) (6.14)
6.25 (β = 0) (5.37)

7.3 (6.17)
7.5 (β = 0, α = 0) (6.22)

7.6 (6.21)
7.7 (α = 0) (6.20)
7.10 (α = 0) (6.23)
8.2 (α = 0) (7.12)
8.3 (α = 0) (7.14)

8.4 (7.13)
9.2 (6.14)
10.1 (7.13)
10.2 (7.14)
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