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Abstract

Relaxation control for a class of semilinear impulsive controlled systems is investigated. Existence of mild solutions for
semilinear impulsive controlled systems is proved. By introducing a regular countably additive measure, we convexity the original
control systems and obtain the corresponding relaxed control systems. The existence of optimal relaxed controls and relaxation
results is also proved.
© 2008 Published by Elsevier Ltd
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1. Introduction

Let I = [0, T] be a closed and bounded interval of the real line. Let D = {1, 12, ..., #,} be a partition on (0, T")
suchthat0 < ) <t < --- < t, < T. A semilinear impulsive controlled system can be described by the following
evolution equation:

x(t) =Ax(@) + f(t,x(@),u@) te(©,T)\D,
x(0) = xo, (1.1
Ax(t) = Ji(x(@®), i=1,2,...,n,

where A is the infinitesimal generator of a Co-semigroup {7'(¢),# > 0} in a Banach space X, the functions f, J;,
i =1,2,..., are continuous nonlinear operators from X to X, and Ax(¢;) = x(t; +0) —x(t; —0) = x(t; + 0) — x(t;).
This system contains the jump in the state x at time #; with J; determining the size of the jump at #;. In this
paper, we aim to prove the existence of state—control pairs of the system (1.1). Moreover, by defining the objective
functional J(x, u) = fOT L(t, x(t), u(t))dt, we shall find sufficient conditions to guarantee the existence of optimal
state—control pairs when convexity conditions on a certain orientor field are not assumed. This is the relaxation
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problem. By introducing regular countable additive measures, we convexify the original control systems and obtain
the corresponding relaxed control systems. Under some reasonable assumptions, we prove that the set of original
trajectories is dense in the set of relaxed trajectories in an appropriate space. The existence of optimal relaxed controls
is obtained under some regularity hypotheses concerning the cost functional.

In recent years, relaxed systems have attracted much attention since some orientor fields do not satisfy the
convexity condition. See, for instance, [1,6,7]. Ahmed [1] dealt with this problem and introduced measure-valued
controls in which the control space is compact and values of relaxed control are countable additive measures, while
Papageorgious [6] and other authors including us continue to discuss this problem in another direction. However,
to our knowledge, there are few authors who have studied the problem of relaxed controls of systems governed by
impulsive evolution equations, particularly, relaxation on semilinear impulsive evolution equations. We organize the
paper as follows. In Section 2, we describe the original control systems and the corresponding relaxed control systems.
The properties of relaxed trajectories are given in Section 3. Section 4 is devoted to the existence of relaxed optimal
controls and relaxation theorems.

2. Original and relaxed controlled systems

In what follows, let the Banach space (X, || - || x) be the state space, I = [0, T] be a closed and bounded interval of
the real line, C (I, X) denote the space of continuous functions, and C L1, X) denote the space of first-order continuous
differentiable functions. Let L(X, Y) denote the space of bounded linear operators from X to Y and L(X) denote the
space of bounded linear operators from X to X.

We denote the ball {x € X : |lx|| < r} by B,. Define PC(I,X) = {x : I — X : x(t) is continuous at r #
t;, left continuous at r = ¢;, and the right hand limit x(tl.+) exists}. Equipped with the supremum norm topology, it is
a Banach space.

We introduce the following assumptions.

[A]: The operator A is the infinitesimal generator of a Co-semigroup {7 (¢),t > 0} on X.
[Fl: f:1 x X — X is an operator such that
(1) t — f(¢,&) is measurable and locally Lipschitz continuous with respect to the last variable, i.e., for any
finite number p > 0, there exists a constant L(p) > 0 such that

| f@, x1)— ft, x2)lx < Li(p)llx1 — x2llx,

Vxi,x2 € By.
(2) There exists a constant k > 0 such that || f (¢, x)||lx < k(1 + |lx|lx).
[J]: J; : X — X is an operator such that
(1) J; maps a bounded set to a bounded set.
(2) There exist constants h; > 0,i = 1,2, ..., n, such that

IJi(x) = il < hillx = yll,  x,y€X.
Consider the following impulsive systems:
x(t) =Ax(t) + f(t,x@)) t€[0,T]\D,

x(0) = xop, 2.1)
Ax(t) = Ji(x(@®)), i=1,2,...,n.

By a mild solution of (2.1), we shall mean that a function x € PC(I, X) satisfies the following integral equation:

t
X(t)=T(t)XO+/ Tt —r1)f(r,x(r))dr + Z Tt —1)Ji(x(5)).
0

O<tj<t

Theorem 1. Suppose the assumptions [Al, [F], and [J] hold; then for every xo € X the system (2.1) has a unique mild
solution x € PC(I, X) and the mild solution depends continuously on the initial conditions—that is, if xo, yo € X
and if x(t), y(t) are mild solutions of Eq. (2.1) which satisfy x(0) = xo and y(0) = yo. Then there exists a constant
C > 0s.t.

sup |lx (1) — y()Il = Cllxo — yollx-
re[0,T]
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Proof. Firstly, we consider the following general differential equation without impulse:

xX(t) = Ax(@)+ f(t,x(2)) t>0,
{x(O) = Xxp. (2.1.1)
Define a closed ball B(xg, 1) as follows:

B(xo, 1) = {x € C([0, T1], X), lx(t) —xo| < 1,0 <7 < T},

where T will be chosen later. Define a map P on B(xp, 1) by
t
(Px)(t) =T (t)xo +/ T(t—1)f(r,x(r))dr
0

and let M = sup, o 77 IT (). Using assumption [F], one can verify that P maps B(xg, 1) to B(xo, 1). To prove this,
we note that

t
(Px)(#) — xoll < IIT(2)x0 — xol| +/ 1T = Ol f(z, x(x))lldT
0
< Mk(1 + p)t + T (t)xo — xoll-
Since T (t) is the strongly continuous Co-semigroup, there exists 771 > O such thatforall ¢t € [0, T11], || T (t)xo—xoll <
5. Now, let 0 < T» < m. Set T/ = min{T}1, T»»}; hence for all ¢ € [0, T|] we have ||(Px)(t) — xoll < 1.

Hence P : B(xo, 1) = B(xo, 1).
Let x1, x2 € B(xg, 1). By assumption [F](1), we have

t
[(Px1)(#) — (Px2)(@®)]l < /0 1T =D f(z, x1(x) — f(z, x2(7))[|dT
< MtLi(p)llx1 — x2]l.

Now, let 0 < 7" = m; then || (Px1)() — (Px2)(®)| < %Hxl — x2||. Hence, we shall choose 71 = min{T}, 7|}

to guarantee that P is a contraction map on B(xg, 1). This implies that (2.1.1) has a unique mild solution on [0, T}].
Again, using the assumption [F], we can obtain the a priori estimate of mild solutions of Eq. (2.1.1). To see this, we
note that

t
[xOI < IT @®)xoll +/O 1T = lIlf(z, x()llde

t
< Ml|xoll + MkT + Mk/ |x(z)||dz.
0
By the Gronwall inequality, we obtain

lx )l < (Mxoll + MKT) Mk Jo o
< (M|xoll + MkT)e"*" =M.
That is, there exists a constant M = (M ||xo|| + MkT) eMkT > 0 such that for # € [0, T'] we have ||x(¢)|| < M. Then
we can prove the global existence of the mild solution of system (2.1.1) on [0, T].

Now, we are ready to construct a mild solution for the impulsive system (2.1). For r € [0, #1), the above result
implies that x(t) = T (¢t)xo + f(; T(t — t)f(r,x(r))dr is the unique mild solution of the system (2.1) on [0, #].
Clearly the solution is continuous on [0, #;) and since 7T (¢) is a continuous semigroup, then x(¢) can be extended
continuously until the point of time #; which is denoted by x(#1). It is easy to see that x(¢;) € X. Since J; maps
bounded sets to bounded subsets of X, the jump is uniquely determined by the expression

x(t1 +0)=x(t —0) + Ji(x(t1 —0)) =x(t) + 1 (x (1)) = x1.

Consider the time ¢ € (1, 7). We have

t
x(t) = T(t)xo +/ Tt —1)f(r,x(@)dr + T (1 —11)J1(x(11)).
0
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Again, x € C((t1, 12), X) and can be extended continuously until the point of time ¢, which is denoted by x(#;) € X.
By the previous result, x(-) is a mild solution of Eq. (2.1) on (#1, t2]. Because J, maps bounded sets to bounded sets,
the jump is uniquely determined by

x(t2+0) =x(t2 — 0) + L2(x(r2 — 0)) = x(r2) + L2 (x(22)) = x2.

This procedure can be repeated on ¢ € (12, 13], (#3, tal, ..., (tn, T]. Thus we obtain a unique mild solution of problem
(2.1) on [0, T and it is given by

t
x(t) =T ()xo +/ T(t—1)f(r,x(r))dr + Z T —1t)J;(x()), 0=<r<T.
0

O<tj<t

For the proof of continuous dependence on the initial value, one can use the Gronwall inequality to find a constant C
such that ||x(¢) — y()|| < C|lxo — yollx for all ¢ € [0, T]. The proof is now complete. [

Now, we introduce the admissible controls space U,g.
Let I" be a compact Polish space (i.e., a separable complete metric space).
We define

Uad = {u : [0, T] — I'|u is strongly measurable}.

By the measurable selection theorem, U,q # ¢ (see [3]). We make the following assumptions for our control systems.

Assumptions

[F1] f: I x X x I' — X is an operator such that
(1) t — f(t, &, n)is measurable, and (¢, n) — f(z, &, n) is continuous on X x I
(2) For any finite number p > 0, there exists a constant L(p) > 0 such that

If(z, x1,0) = f(z, x2,0)|lx < L(p)llx1 — x2]lx,

forall ||x1]| < p, l|lx2]l < p,andt € I, 0 € I'.
(3) There exists a constant kK > O such that

If@ x,0)lx <kr(I+lxlx) (el oel).

Consider the following original control system:

x(t) = Ax(@) + f(@, x(@), u(®)),
x(0) = xop, 2.2)
Ax(t;) = Ji(x (%)), u(-) € Ung.

Theorem 2. Suppose the assumptions [Al, [J], and [F1] hold. Then for every xo € X and u € Uyq, the system (2.2)
has a unique mild solution x € PC (I, X) which satisfies

t
x(t) =T (t)xo +/ Tt —1)f(r,x(7), u(r))dr + Z T —t;)Ji(x(t)).
0

O<t; <t

Proof. Let u € U, and define g, (t, x) = f(¢, x, u). Since f is measurable, then g, : I x X — X is measurable on
[0, T'] for each fixed x € X. Hence g, satisfies the assumption [F]. By Theorem 1, the system (2.2) has a unique mild
solution x € PC(I, X).

In order to introduce the relaxed control system corresponding to (2.2), we need some preparations which are drawn
from ([4], p. 618-650). Let I' be a compact Polish space, and C(I") consist of all continuous real-valued functions.
Endowed with the supremum norm, C(I") is a Banach space. Let ¢(C) be a o-field generated by the collection C of
all closed sets of I" and let X, (I") be the space of all regular countably additive measures on the measurable space
(I', (C)). For 4 € Xca(I), |1t| denotes the total variation of . [
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Lemma 3. The dual space C(I")* can be identified algebraically and metrically with Y., (I") with the norm
Il Seary = Il ().
The duality pairing of C(I') and Yy (I') is given by

o) = fp F(0)(do)

for f e CUI), ne Lea(l).
Let L' (I, C(I")) be the space of all (the equivalence class of) strongly measurable C(I")-valued functions u(-)
defined on I such that

llull = /1 llu()lldr < +o0.

L1, C(I")) is a Banach space. L (I, C(I')*) is the space of all C(I")*-valued C(I")-weakly measurable functions
g(+) such that there exists C > 0 with
Hg®), M = Cliylcqry aein0=<t=<T, 2.2.1)

foreach y € C(I") (the null set where (2.2.1) fails to hold may depend on y). Two functions g(-), h(-) are said to be
equivalent in LS (1, C(I)*) (in symbols, g ~ h) if (g(t),y) = (f(),y)a.e.in0 <t <T foreachy € C(I).

Lemma 4. The dual L' (I, C(I"))* is isometrically isomorphic to LS (I, C(I')*). The duality pairing between the two
spaces is given by

T
(&, N 2/0 (8(r), f(1))dr,

where g € L (I, C(IN*) and f € L, cn)).

Since I' is a compact metric space, C(I)* is a separable Banach space (see [8], p. 265) and hence has the
Radon-Nikodym property which tells us that L' (1, C(I"))* = L™, Syea(I)).

Definition 1. The space R(I, I') of relaxed controls consists of all p(-) in L®(I, Sea(I)) = L'(1, C(I'))* that
satisfy

aif f(,-) € L'(I,c())is such that f(t,0) > 0foro € I"ae.in0 <t < T then

T
/ /f(t,o)ﬂ(t,do)dtzo,
0 I

(>ii) if x (¢) is the characteristic function of a measurable set e C [0, T'], and 1 € C(I") is the function 1(¢) = 1, then

T
/ / (X(1) ® L) ut, do)di = fe].
0 r

Note that x () ® 1(-) € L'(1, C(I")).
We note that (ii) can be generalized to

T T
f f 6(1) ® (o)t do)dr = f p(1)di
o Jr 0
for any ¢ (-) € L' (I).
In fact, for u(-) € R(I, I'), we have
lullpoor, Sy <1, p(@) >0,and u(z, I) =1 ae.in0=<r<T.
In particular,

luOll s, =1 aein0<z<T.
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Lemma S. Let {u,(-)} be a sequence in R(I, I'). Then there exists a subsequence which is L', C(I"))-weakly
convergent in L°° (I, X, (1) to u(-) € R(I, I').

Sometimes, using another equivalent definition of R(I, I') is more convenient. We denote by Ilco(I") the set of all
probability measures | in Xyca(I"). We denote the Dirac measure with mass at u using the functional notation §(- — u)
or 8. The set D = {6, : u € I'} of all Dirac measures is a subset of ILcy(I").

Lemma 6. [I.,(I") is C(I')-weakly compact, also C(I")-weakly closed in X (I").
Let conv denote the closed convex hull (closure taken in the weak C (I")-topology). Then

Hrca(F) = conv(D).

Since C(I) is separable, the equivalent relation in L°° (1, Xy, (I')) is equality almost everywhere. Let us define
the set

R, ILea(I) = {u € L1, Xica), v s.t. v~ uand v(t) € Hiea(IM) ae.in0 <t < T}.

If u(-) € Uyq then one can check that the Dirac delta with mass at u(t) (written as 5(- — u(t)) is an element of
R(1, I.co(I")). Hence we can identify Uaq as a subset of R(I, Ilica(I")). We note further that R(I, Ilco(I")) = R(I, I')
(see [4], Theorem 12.6.7).

Now, let us consider the new larger system known as the “relaxed impulsive system”:

X(t) = Ax (1) + F(t, x () (1),
x(0) = xo, (2.3)
Ax(n) = Ji(x(1)), () €U

The admissible control space is U, = R(I, ILica(I")). The function F : I x X x Xca(I") — X is defined by
F(t,x)u = fF f(t, x,o)u(do).
The following theorem is an immediate consequence of Theorem 2.

Theorem 7. Assume that assumptions [A], [J] and [F1] hold. For every u(-) € U,, the relaxed control system (2.3)
has a unique solution.

3. Properties of relaxed trajectories

In this section, we will denote the set of original trajectories and relaxed trajectories of the system (2.2) by X( and
the system (2.3) by X,, i.e.,

Xo={x € PC([0, T]; X) | x is a solution of (2.2) corresponding to u(-) € Uyq}
and
X, ={x e PC([0, T]; X) | x is a solution of (2.3) corresponding to u(-) € U,}.

Theorems 2 and 7 show that Xy # ¢ implies X, # ¢. Moreover, since Uyg € U, we have Xg C X;.
Next, we introduce one more hypothesis concerning the operator A.

[A1] An operator A is the infinitesimal generator of a compact Cp-semigroup {7 (¢), ¢t > 0}.
Lemma 8. Let A satisfy assumption [Al] on Banach space X. Let 1 < p and define
S(g() = / T(-—s)g(s)ds Vg() € LP(I, X).
0

Then S : LP(I, X) — C(I, X) is compact.

Proof. See Lemma 3.2in[5]. O
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Lemma 9. Let X be reflexive and separable. Suppose the assumptions [Al] and [F1] hold. If {u"(-)} is a sequence
in LI, Swea()) with "' (-) — u(-) LY(I, C(I"))-weakly as n — oo then

pn(:) = f T( - f)/ [, x(1), o) (1" (r) — u(x))(do)dr — 0 in C(I, X) asn — oo,
0 r

where x € C([0, T], X).

Proof. Due to reflexivity of X, {T*(t),t > 0} is a Cp-semigroup in Banach space X* (see [2], p. 47). Define
gn(t) = [p f(z,x(1), 0) (" () — (1)) (do); then

lgn (DI = /F||f(T:x(T),C7)||(Mn(T)—M(T))(dU)

< kp(L+ Ix(@IDIL" () — (@l 5
< 2kp(1 + [x(D)D-

Since x(¢) is the solution of (2.3), then it is bounded by M. This implies that {g,(-)} is bounded in L?(I, X),
1 < p < +o0. Hence there exists a subsequence (denoted with the same symbol) with g, (-) 5 g()in LP(1, X).
By Lemma 8, we have

Pu() =f0' T(-—r)gn(wdr—%/()'T(-—r)g(r)dr —p() inCL X).

For fixed0 <t < T, h* € X*, we have
(on (1), ) = /0 (T — Dga(o). k)T
- /0 (gn(0). T — DT
-/ t [ 4 x0T = 00 = i i

t
=/ /E(f,U)(M"(t)—M(f))(dU)df
oJr

where E(Tv U) = (f(":? x(":)a 0—)7 T*(t - T)h*)
By assumption [F1], for t fixed, the map o + &(z, o) is continuous. This implies that £(t, o) € C(I") and

1§(T, o) < k(1 + [lx(D)I).
Hence £(-, -) € L'(I1, C(I)).
Since u"(-) — wu(-) L'(I, C(I"))-weakly in L®(I, Xca(I")), then

t
/ / E(r,0)(W"(t) — u(r))(do)dr — 0 asn — oo.
o JI
This implies that, for fixed ¢ € I,
(pn(®), h*) — 0 Vh* € X*.
Hence p, () > 0asn — oo. Thus p(t) = 0. This means that p,,(-) — Oasn — ocoin C(I, X). O

Remark. Using the same proof, one can see that the result of Lemma 9 is also true when x € PC([0, T'], X).

Theorem 10. Let X be reflexive and separable. Suppose the assumptions [Al], [J], and [F1] hold. If x(-, u) is the
solution of (2.3) corresponding to  then, for every ¢ > 0, there exists u(-) € U,q such that x(-, u) is a solution of
(2.2) corresponding to u and satisfying

lx(C, w) —xC, Wllpcax) <& tel



P. Pongchalee et al. / Nonlinear Analysis 68 (2008) 1570-1580 1577

Proof. Let () € U,; since Uyg € U, and U, is dense in U,, there thus exists a sequence {u,} S U,q such that

Uy 2, w. Let x,,(-) = x(-, u,) be the solution of (2.2) corresponding to u, and x(-) = x(-, i) be the solution of (2.3)
corresponding to w. Since

t
X (1) = T()x0 + / T(t =) f (T, %0 (1), un())dt + Y T(t = 1) (xa (1))
0

0<t; <t
=T({)x, + /Ot T —r1) [/P [T, x,(v), 0)4, (r)(do)] dr + Z T —t)Ji(xn(t;))
O<tj <t
and
x(1) = T(0)x0 + /0 T(t—1) [/F f@.x(@), G)M(f)(da)] dr+ Y T(t—1)Ji(x(0).
0<t; <t
we have

t
X () — x(1) =/0 T(t—r1) [/F(f(f,xn(f),a)ﬁu,,(f)—f(f,x(f),a)rsu,l(t))(da)] dr

t
+ /0 T( - 1) [ /F F (5, x(1), 0) (8, (7) — u(f))(da)] dr
+ Y T — )i (1)) — T (x(8)]

O<t;<t

=L+ 5L+ 1.

By the Lipschitz condition [F1], we get
t
1= [ L@l = x@ll.
0

where 1| = /Ot T — r)[fp(f(r, xn (1), 0)8y,(t) — f(T,x(1),0)84,(r))(do)]dr, and M is a bound for |7 ()] in
0<r<T.
Using assumption [J](2), we have

1< Y Mhillxa(t) — x (@),

O<t;<t

where I3 = 3 o_, _, T(t — t:)[Ji (xn (1)) — Ji (x(t:)].
We denote the second integral I; by p,(?), i.e.,

t
o) = I = /0 T( - 1) [ /F f(T,X(T),O)(Su,,(T)—M(T))(dO)] dr.
Thus
t
||xn<r)—x(t)||sM/0 L) la(0) = 2@z + lon®Ol + 3 Mhilla(t) — x(t)1l-
O<t; <t

By the impulsive Gronwall inequality, we get

[xn (8) = x(DI < Cllpa (@)1,

where C = []o_, ., (1 + Mh;) exp(ML(p)1).
By using Lemma 9, we show that p,(-) - 0asn — oo in PC([0, T], X). Hence x,(-) — x(-) asn — o0 in
PC([0, T], X). The proof is complete. [
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4. Relaxed optimal controls and relaxation theorems

Consider the following Lagrange optimal control (P;): Find a control policy g € U, such that it imparts a
minimum to the cost functional J given by

() = J(xp, 1) E/I/Fl(t,xu(t),ff)u(t)(da)dt, (Pr)

where x,, is a solution of the system (2.3) corresponding to the control . € U,.
We make the following hypotheses concerning the integrand I(-, -, -).

[L17:1xX xI - R=RU{+o0}is an operator such that
(1) (t,&,0) — I(t, &, o) is measurable,
2) (§,0) — I(t, &, 0) is lower semicontinuous,
(3) |I(t, €, 0)| < Og(t) for almost all t € I provided that ||E||x < R, o € I" and Og(r) € L' (I).

Before proving the existence of the relaxed control, we need a lemma.

Lemma 11. Suppose h : I x X x I' — R satisfies

(1) t — h(t, &, o) is measurable, (§,0) — h(t, &, o) is continuous,
() |h(t, &, 0)| < Yr(t) € L'(I) provided that |€||x < Rand o € I

If x, - x in C(I, X) then h,(-,-) — h(-,) in LY(I,C(I") as n — oo, where h,(t,0) = h(t, x,(t),c) and
h(t,o) = h(t,x(t), o).

Proof. It follows immediately from the first hypothesis of this lemma that
hu,h € L'(1, C(I)).

For each fixed ¢ € I, we shall show that &, (¢, -) — h(t,-) in C(I') asn — oo.
By definition, we have

sup |hn(t,0) — h(t,0)| = ||hy(t, ) — h(t, )lcu)-
oel’

Since I" is compact, there exists o, € I" such that
|hn(t, 04) — h(t, 00)| = |ha(2, ) — h(t, ')”C(F)
and we can assume o, — o* as n — 00. We note that

sup |hn(t,0) — h(t,0)| = |hn(t, 0n) — (2, 04)|
oel’

< hn(t, 00) = hn(t, ") + A (t, 0%) — h(t, 0™)| + |h(t,0) — h(t, 00)].

Then, by continuity of &, we have |h, (¢, 0,) — h(t, 0,)| > 0asn — oo.
This means

|An(t, ) —h(t, )lcry > 0 asn — oo.

Assuming that x, — x in C(/, X) as n — oo then there exists R such that ||x, ()], ||x(¢)|| < R.
Hence, by the second hypothesis of this lemma, we have

Nhn(t, ) — h(t, lcay < Yr().
This implies that
f lhn(, ) = h(, )llcadt - 0 asn — oo.
I
We have
hn(-, ) = h(-,-) inL'(I,C(I")) asn — oo.

This proves the lemma. [
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Let m, = inf{J () : u € U,}. We have the following existence of relaxed optimal control.

Theorem 12. Suppose assumptions [A1], [F1], [J] and [L] hold. Then there exists u* € U, such that J(u*) = m,.

Proof. Let {i,} be a minimizing sequence so that lim,—~ J(u,) = m,. Recall that U, is w*-compact in

L*°(1, Xca(I)); by passing to a subsequence if necessary, we may assume (i, ﬁ: w*in L1, Yo (7)) as n — oo.
Next, we shall prove that (x, ©*) is an optimal pair, where x is the solution of (2.3) corresponding to p*.

Since every lower semicontinuous measurable integrand is the limit of an increasing sequence of Caratheodory
integrands, there exists an increasing sequence of Caratheodory integrands {/;} such that

Ik(t,&,0) 1 1(t,E,0) ask —> ooforalltel,oel.

Invoking the definition of weak topology and applying Lemma 11 on each subinterval of [0, T, Iy (¢, x,(¢), 0) —
Iy (t,x(t),0) asn — oo foralmost all t € I and all 0 € I', then

J (e, 1) = J(u*) = ﬁﬁl(I,X(I),G)M*(t)(dG)dt

lim // L(t, x (1), o)™ () (do)dt
1JI

k— 00

= lim lim [/ I (2, x5, (1), 0y (1) (dor)de
1JI

k— o0 n—00

IA

n—oo

lim / / 1t 30 (1), &) (1) (dor) el
1JI
= m,.

However, by definition of m,, it is obvious that J (x, u*) > m,. Hence J (x, u*) = m,.
This implies that (x, ©*) is an optimal pair. [

If J(u) = fl I(t, x(t), u(t))dt is the cost function for the original problem, and J (1) = inf{J (1), u € Uyq} = mo,
in general, since Uyq € U,, we have m, < myg. It is desirable that m, = my, i.e., our relaxation is reasonable. We have
the following relaxation theorem. For this, we need hypotheses on / stronger than [L]:

[L1] [/ : 1 x X x I' — R is an operator such that

(1) (t,&,0) = I(t, &, o) is measurable,

(2) (§,0) — I(t, &, o) is continuous,

(3) |I(t, €, 0)| < Or(t) for almost all t € I, provided ||€|lx < R,o € I'and O € L' ().
Theorem 13. If assumptions [A1], [J], [F1], and [L1] hold and I is compact then my = m,.

Proof. Let (x, u*) be the optimal pair (the existence was guaranteed by the previous theorem); that is m, = J (x, u*).
By Theorem 10, there exists {#"} € U,q and {x,} € PC (I, X) such that

8u, () = w*() L', C(I))-weakly in LI, Siea(D)),

and x, — xin PC(I, X) asn — 0.
Applying Lemma 11 to each subinterval of [0, T], one can verify that

1, %0 (), ) = 16, x(), ) in LY, C(I)).

By definition of the weak topology on U,, we have
J(up) = J(bu,) = //Fl(t, xn (1), 0)dy, (1)(do )ds
I

— // 1(t, x(t), o)u* (@) (do)dt = J(x, u*) = m,.
1JI

But, by definition of mg, J(u,) > mg. Hence m, = lim,_, » J(#,,) = mo. This implies my = m,. The proof is now
complete. [
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