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CHAPTER I

INTRODUCTION

The modern theory of strong interactions is Quantum Chromodynamics

(QCD), the quantum field theory (QFT) of quarks and gluons based on the non-

abelian gauge group SU(3). Combined with the SU(2)×U(1) electroweak theory,

QCD is part of the Standard Model of particle physics. QCD is well tested at

high energies, where the strong coupling constant becomes small and perturbation

theory applies. But, in the low-energy regime, QCD is a strongly-coupled theory

with many aspects poorly understood. The thriving questions are: How can we

bring order into the rich phenomena of low energy QCD? Are there effective degrees

of freedom in terms of which we can understand the resonances and bound states

of QCD in an efficient and systematic way? Does QCD generate exotic structures

so far undiscovered?

FAIR at GSI with PANDA (AntiP roton Annihilation at Darmstadt) will

be in a promising position to provide answers to such important questions about

non-perturbative QCD (Lutz et al., 2009). A major part of the physics program of

PANDA is designed to collect high-quality data that allow to scrutinize various

concepts and approaches to non-perturbative QCD.

The spectrum of open-charm baryons is so far poorly understood. Recently

the attention has turned towards studying resonances with charm degrees of free-

dom, motivated by the discovery of quite a few new and unexpected states, as

reported by the CLEO, Belle and BaBar Collaborations (Artuso et al., 2001).



 

 

 

 

 

 

 

 

2

The main objective of the present study is to pave the way for systematic

coupled-channel computations on open-charm baryon resonances. A first applica-

tion of the chiral Lagrangian to s-wave baryon resonances considered the coupled-

channel interaction of the Goldstone bosons with the ground-state baryons with

open charm (Lutz and Kolomeitsev, 2004). A rich spectrum of chiral excitations

was obtained. Such results are similar to findings on s-wave scattering of Gold-

stone bosons off the baryon octet and decuplet states [see e.g. (Kolomeitsev and

Lutz, 2004a; Kaiser, Siegel and Weise, 1995; Oller and Meissner, 2001)]. Here the

coupled-channel dynamics based on the leading order chiral Lagrangian generates

s- and d-wave baryon resonances. Also, the chiral SU(3) Lagrangian with pseu-

doscalar and vector D-meson has been applied extensively in the literature [see e.g.

(Georgi, 1990; Wise, 1992; Casalbuoni, Deandrea, Di Bartolomeo, Gatto, Feruglio

and Nardulli, 1997; Mehen and Springer, 2004)]. Most exciting are recent studies

on s-wave scattering of Goldstone boson off D-mesons (Hofmann and Lutz, 2004;

Lutz and Soyeur, 2008; Guo, Hanhart, Krewald, and Meissner, 2008; Kolomeitsev

and Lutz, 2004b). The leading order coupled-channel interaction leads to the for-

mation of scalar and axial-vector D-mesons with properties compatible with the

known empirical constraints.

The challenge of the open-charm baryon sector is the possibility of charm-

exchange reactions, where the charm of the baryon is transferred to the meson.

Thus a complete description requires the consideration of the interaction of D-

mesons with the baryon octet and decuplet states. A first phenomenological case

study modeled the coupled-channel force by a t-channel exchange of vector mesons

in the static limit (Hofmann and Lutz, 2005; Hofmann and Lutz, 2006; Tolos,

Schaffner-Bielich and Mishra, 2004). Such a t-channel force recovers the leading

order predictions of chiral symmetry whenever Goldstone bosons are involved. It
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was shown in (Hofmann and Lutz, 2005; Hofmann and Lutz, 2006; Jimenez-Tejero,

Ramos and Vidana, 2009) that a rich spectrum of s- and d-wave baryon resonances

is generated dynamically based on such a schematic ansatz. Two types of reso-

nances are generated. The first are formed predominantly by the interaction of

the Goldstone bosons with the open-charm baryon ground states, and the second

are a consequence of the coupled-channel interaction of the D-meson with baryon

octet and decuplet baryons (Tolos et al., 2004; Guo et al., 2008; Jimenez-Tejero

et al., 2009). For both type of resonances the exchange of the light vector mesons

constitute the driving forces that generate the hadronic molecules. The exchange

of charmed vector mesons lead to the typically small widths of the second type.

While the interaction of Goldstone bosons with any hadron is dictated by chiral

symmetry at the leading order, this is not true for the interaction of D-mesons. At

leading order D-mesons interact with baryons via local counter terms that are un-

determined by chiral symmetry. This resembles the situation encountered in chiral

studies of the nucleon-nucleon force [see e.g. (Epelbaum, Hammer and Meissner,

2008)]. Only the long-range part of the interaction is controlled by chiral interac-

tions, the short range part needs to be parameterized in terms of a priori unknown

counter terms. Needless to state that a reliable coupled-channel computation re-

quires the consideration of both short-range and long-range forces. The purpose

of the present work is a systematic construction of the leading order counter terms

for the interaction of the D-mesons with the baryon octet and decuplet states.

Though chiral symmetry is not constraining such counter terms there are signifi-

cant correlations amongst the counter terms implied by the heavy-quark symmetry

and large-Nc QCD. In the limit of a large charm-quark mass the pseudoscalar and

vector D-mesons form a spin multiplet, with degenerate properties (Georgi, 1990).

Thus a systematic coupled-channel computation requires the simultaneous con-
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sideration of pseudo-scalar and vector D-mesons. This leads necessarily to the

presence of long-range t-channel forces. The transition of a vector D-meson to a

pseudo-scalar D-meson involves a Goldstone boson. A first attempt to consider

pseudo-scalar and vector D-mesons on equal footing, however, assuming zero range

forces only, can be found in (Gamermann et al., 2010). Similarly, in the limit of a

large number of colors in QCD the baryon octet and decuplet states form a super

multiplet (Gervais and Sakita, 1984). This asks for the simultaneous consideration

of the octet and decuplet baryons.

In a recent study the implications of large-Nc QCD on the local counter

terms of the Goldstone boson interaction with the baryon octet and decuplet

states was worked out (Lutz and Semke, 2011). The technology developed in Luty

and March-Russell (1994); Dashen, Jenkins and Manohar (1995); Lutz and Semke

(2011) was applied. Matrix elements of current-current correlation functions were

evaluated in the baryon octet and decuplet states. The latter was expanded in

powers of 1/Nc applying the operator reduction rules of (Luty and March-Russell,

1994). This technology is well suited for an application to the open-charm sector.

The implications of heavy-quark symmetry on the counter terms can be worked out

using a suitable multiplet representation of the pseudoscalar and vector D-mesons

(Wise, 1992; Casalbuoni et al., 1997; Mehen and Springer, 2004).



 

 

 

 

 

 

 

 

CHAPTER II

SYMMETRIES OF QCD

Quantum Chromodynamics (QCD) is the gauge theory of strong interac-

tions, which is based on an exact SU(3) color symmetry. The fundamental matter

and gauge fields are so-called “Quarks” and “Gluons”, respectively. Quarks are

particles with spin 1
2
and gluons are massless gauge particles with spin 1 . The full

QCD Lagrangian is given by

LQCD =
∑

f

q̄jf
(

i γµDjk
µ − mf δ

jk
)

qkf −
1

4
G(a)

µν G(a), µν , (2.1)

where qf are the quark fields with flavors f = u, d, s, c, b, t and mf are the quark

masses. We use Greek indices (µ, ν, · · · = 0, 1, 2, 3) for Lorentz spacetime indices,

Latin indices (a, b, c, · · · = 1, · · · , 8) for SU(3) color adjoint indices and Latin

indices (i, j, k, · · · = 1, 2, 3) for SU(3) color indices in the fundamental representa-

tion. The quark fields form a color triplet as

qf =













q1

q2

q3













f

=













qR

qG

qB













f

. (2.2)

One may label the quarks by using the colors (red, green, blue) instead of numbers

as R→ 1, G→ 2 and B → 3. The covariant derivative Dµ is defined by

Dµ = ∂µ − i gsA
(a)
µ T (a) , (2.3)

where A
(a)
µ are the eight gluon fields, gs is the strong interaction coupling constant

and T (a) = 1
2
λ(a) are the generators of SU(3) color group with λ(a) being the



 

 

 

 

 

 

 

 

6

Gell-Mann’s matrices. The strength of the gauge fields G
(a)
µν is defined as

G(a)
µν = Dµ A

(a)
ν −Dν A

(a)
µ = ∂µA

(a)
ν − ∂ν A

(a)
µ + gs f

abc A(b)
µ A(c)

ν , (2.4)

where fabc = −f bac are structure constants of the SU(3) color group.

The QCD Lagrangian is invariant under local SU(3) gauge symmetry trans-

formation, which we parameterize by the functions Θ(a)(x). The dynamical vari-

ables are transformed as

qf → U [Θ(x)] qf = e− iΘ(a)(x) T (a)

qf

Dµ qf → U [Θ(x)]Dµ qf

Aµ → U [Θ(x)]A(a)
µ T (a) U−1[Θ(x)]− i

gs
(∂µ U [Θ(x)])U−1[Θ(x)]

Gµν → U [Θ(x)]G(a)
µν T (a) U−1[Θ(x)] . (2.5)

In QCD not only quarks carry color charges but also gluons carry color

charges. This is typical for a theory based on a non-abelian gauge symmetry. We

can directly see from the QCD Lagrangian that there are vertices with three and

four gluon fields.

The QCD Lagrangian is invariant under a number of additional transfor-

mations

• Lorentz transformations

S(Λ)L (x′)QCD S(Λ)−1 = L (Λ x)QCD , (2.6)

where x′ = Λ x and Λ is a Lorentz transformation matrix.

• Parity and charge conjugation transformations

P L (x)QCD P
−1 = L (x̃)QCD ,

C L (x)QCD C
−1 = L (x)QCD , (2.7)
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where x̃ =
(

x0 ,−x
)t

with t standing for the transpose, P is the parity

transformation operator and C is the charge conjugation transformation

operator.

Note that any local quantum field theory is invariant under successive applications

of charge conjugation, parity and time reversal transformations. Thus, there is no

need to discuss time-reversal transformations explicitly.

We have briefly surveyed general properties of the QCD Lagrangian in this

section. In the next section, we will discuss additional symmetries of the QCD

Lagrangian in the limit of massless quarks.

2.1 Chiral symmetry

Quarks can be grouped into light and heavy flavors according to their

masses: the u, d, s quarks are much lighter than the c, b, t quarks (Nakamura and

Group, 2010) as shown below













mu = 0.005GeV

md = 0.009GeV

ms = 0.175GeV













≪ 1GeV ≤













mc = (1.15− 1.35)GeV

mb = (4.0− 4.4)GeV

mt = 174GeV













, (2.8)

The masses of the three light quarks are smaller than the typical hadronic scale

as

mu,d,s ≪ 1 GeV ≈ Λhadronic . (2.9)

Therefore, it is reasonable to approximate QCD by its limit of massless light quarks

(i.e. mu = md = ms = 0), the so-called chiral limit. Theoretical results may be

obtained by treating the light quark masses in perturbation theory. On the other

hand, the c, b, t quarks can be treated as infinitely heavy at low energies. The

only active degrees of freedom are those associated with the light u, d, s quarks.
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In the chiral limit, the QCD Lagrangian takes the form

L
(0)
QCD =

∑

f=u,d,s

i q̄f γ
µDµ qf −

1

4
G(a)

µν G(a), µν , (2.10)

where qf represents the u, d and s quark fields. Now we are ready to explore

additional symmetries of the QCD Lagrangian. For this purpose it is useful to

introduce right- and left-handed quark fields

qR = PR q , qL = PL q , (2.11)

where the projection matrices PR and PL are defined by

PR =
1

2
(1 + γ5) , PL =

1

2
(1− γ5) . (2.12)

The PR and PL matrices have the properties,

PR + PL = 1 ,

P 2
R = PR , P 2

L = PL ,

PR PL = PL PR = 0 . (2.13)

In application of (2.13) the QCD Lagrangian (2.10) takes the following form

L
(0)
QCD =

∑

q=u,d,s

(i q̄L γ
µDµ qL + i q̄R γµDµ qR)−

1

4
G(a)

µν G(a), µν , (2.14)

where we note the absence of terms involving right- and left-handed fields simul-

taneously. From this observation we deduce the presence a SU(3)R ⊗ SU(3)L ⊗

U(1)R ⊗ U(1)L symmetry. The right- and left-handed quark fields transform sep-

arately as follows

qR =













uR

dR

sR













−→ e− i
(

Θ
(a)
R

T (a)+ΘR

)













uR

dR

sR













,

qL =













uL

dL

sL













−→ e− i
(

Θ
(a)
L

T (a)+ΘL

)













uL

dL

sL













, (2.15)
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with the various group elements generated by flavor octet Θ
(a)
R,L and singlet ΘR,L

parameters. Here T (a) = 1
2
λ(a) are the generators of SU(3) flavor group with λ(a)

being Gell-Mann’s matrices. In the limit of massless quarks QCD has a so-called

chiral symmetry.

According to Noether’s theorem, in the chiral limit we obtain 18 conserved

currents from the QCD Lagrangian, which are given by

R(a)
µ =

∑

q=u,d,s

q̄R γµ T
(a) qR , L(a)

µ =
∑

q=u,d,s

q̄L γµ T
(a) qL ,

Rµ =
∑

q=u,d,s

q̄R γµ qR , Lµ =
∑

q=u,d,s

q̄L γµ qL . (2.16)

For convenience, we may identify vector and axial-vector currents, Vµ and Aµ, with

conventional properties under parity transformations. We find

V (a)
µ = L(a)

µ +R(a)
µ = q̄ γµ T

(a) q , A(a)
µ = L(a)

µ − R(a)
µ = q̄ γ5 γµ T

(a) q ,

Vµ = Lµ +Rµ = q̄ γµ q , Aµ = Lµ − Rµ = q̄ γ5 γµ q . (2.17)

The conservation of the currents implies the identities

∂µ V (a)
µ = ∂µ A(a)

µ = ∂µ Vµ = 0 , (2.18)

where we note the exceptional behavior of the singlet axial-vector current

∂µ A
µ =

3 g2s
32 π2

ǫµνρσ G
(a), µν G(a), ρσ , (2.19)

which is broken by the so-called Adler-Bell-Jackiw anomaly (Adler, 1969; Bell

and Jackiw, 1969; Itzykson and Zuber, 1980; Peskin and Schroeder, 1995). Each

conserved current implies a conserved charge as given by

Q
(a)
V =

∫

d3xV
(a)
0 (t,x) ,

Q
(a)
A =

∫

d3xA
(a)
0 (t,x) ,

QV =

∫

d3xV0(t,x) . (2.20)
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The Noether’s charge operators commute with the massless QCD Hamiltonian

HQCD, i.e. it holds

[Q
(a)
V ,HQCD] = [Q

(a)
A ,HQCD] = [QV ,HQCD] = 0 . (2.21)

The U(1)V symmetry in QCD is associated with the baryon-number conservation.

Mesons and baryons are assigned the baryon-quantum numbers B = 0 and B = 1,

respectively. This symmetry is analogous to the U(1) symmetry in QED, which

leads to the conservation of the electrical charge.

The group SU(3)V ⊗ SU(3)A is isomorph to the group SU(3)R ⊗ SU(3)L ,

that is,

SU(3)R ⊗ SU(3)L = SU(3)V ⊗ SU(3)A . (2.22)

In principle, the conservation of the charge operators Q
(a)
V and Q

(a)
A implies the

existence of chiral doublets in the spectrum of QCD, that is, there should exist

two particles which have the same mass and spin but opposite parities. However,

such a pattern is not observed in the hadronic spectrum (Nakamura and Group,

2010). For instance, the observed ground states of baryons with positive parity

are classified by an approximate SU(3)V symmetry. A corresponding symmetry

pattern is not observed for baryons with negative parity. In other words, the

ground state of QCD is not invariant under SU(3)R × SU(3)L transformations.

This implies

Q
(a)
A | 0〉 6= 0 , (2.23)

where | 0〉 is the vacuum state. Thus the chiral symmetry is spontaneously broken

down to the SU(3)V subgroup as

SU(3)R × SU(3)L −→ SU(3)V . (2.24)

According to Goldstone’s theorem (Nambu, 1960; Goldstone, 1961), there

exists one massless boson for each charge operator Q
(a)
A which does not annihilate
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the vacuum ground state. The Goldstone boson carries the quantum numbers of

the charge operator Q
(a)
A . The pseudoscalar octet mesons π±, π0, K±, K0, K̄0, η

have small masses compared to the typical hadronic scale, and hence one identifies

them with the pseudo-Goldstone bosons of QCD. In the limit of massless quarks

we expect the masses of the pseudoscalar mesons π±, π0, K±, K0 and η to vanish.

2.2 Green’s function of QCD at low energy

In any field theory, the crucial objects are the Green’s functions, which are

the vacuum expectation value of time-ordered products of field operators. From

the Green’s functions physical transition amplitudes can be extracted. In this

section, we will discuss a systematic method to extract such quantities from QCD.

We use the external source-field method following Gasser and Leutwyler

(1984; 1985). Auxiliary c-number fields are coupled to the quark currents of QCD.

This leads to an extended QCD Lagrangian of the from

LQCD

(

q̄, q, Gµ ; V, A, S, P
)

= L
(0)
QCD + q̄ γµ Vµ q

+ q̄ γµ γ5Aµ q − q̄ S q + q̄ i γ5P q , (2.25)

where L
(0)
QCD was introduced already in (2.10). The external source fields transform

under parity transformations as a vector (Vµ), an axial vector (A), a scalar (S)

and a pseudo-scalar (P). The original QCD Lagrangian of the light quarks is

recovered by setting Vµ = Aµ = P = 0 and S =M whereM is light-quark mass

matrix. The flavor structure of the external source fields is given by

Vµ =

8
∑

a=1

V(a)
µ T (a) , Aµ =

8
∑

a=1

A(a)
µ T (a) ,

S = S(0)1 +

8
∑

a=1

S(a) T (a) , P = P(0)1 +

8
∑

a=1

P(a) T (a) . (2.26)
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where 1 is the 3-dimensional identity matrix and T (a) = 1
2
λa are the SU(3) gener-

ators.

The generating functional of QCD is given by (Gasser and Leutwyler, 1984;

Gasser and Leutwyler, 1985)

ei Z[V ,A,S,P] =

∫

DGµD q̄D q ei
∫
d4 xLQCD

(

q̄, q,Gµ ; V ,A,S,P
)

= 〈 0 | T ei
∫

d4x (q̄ γµ Vµ q+q̄ γ5 γµ Aµ q+q̄ S q+q̄ γ5 P) q | 0 〉

= 〈 0out | 0in 〉V ,A,S,P . (2.27)

In (2.27) we provide three equivalent representations of the generating functional.

The first one in terms of a path integral, the second one in terms of field operators

in the Heisenberg representation and third, in the interaction picture. While in

the second line, | 0 〉, is the ground state in the presence of QCD’s interaction, the

state, | 0in 〉V ,A,S,P , is the free vacuum state in the presence of the external fields.

The generating functional (2.27) has the local chiral symmetry SU(3)R ×

SU(3)L (Gasser and Leutwyler, 1984; Gasser and Leutwyler, 1985; Krause, 1990;

Scherer, 2003). The simultaneous transformations of the external fields

rµ(x) = Vµ(x) +Aµ(x) → UR(x) rµ(x)U
†
R(x) + i UR(x) ∂µ U

†
R(x) ,

lµ(x) = Vµ(x)−Aµ(x) → UL(x) lµ(x)U
†
L(x) + i UL(x) ∂µ U

†
L(x) ,

S(x) + iP(x) → UR(x) (S(x) + iP(x))U †
L(x) ,

S(x)− iP(x) → UR(x) (S(x)− iP(x))U †
L(x) ,

(2.28)

does not change the generating functional. In (2.28) the local transformations

are parameterized with UR(x) = exp(− iΘa
R(x) T

(a)) ∈ SU(3)R and UL(x) =

exp(− iΘa
L(x) T

(a)) ∈ SU(3)L. The invariance follows since the quark fields in

the path-integral representation (2.27) may be transformed with

qR(x) → UR(x) qR(x) ,

qL(x) → UL(x) qL(x) . (2.29)
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In order to calculate matrix elements of the current operators one takes

functional derivatives of the generating functional with respect to the external

source fields (Gasser and Leutwyler, 1984; Gasser and Leutwyler, 1985; Leutwyler,

1994; Krause, 1990). Consider the four examples

〈0 |S(a)(x) | 0〉 = δ

i δ S(a)(x)
ei Z[V ,A,S,P]







V=A=P=0,S=M
, (2.30)

〈0 | V (a)
µ (x) | 0〉 = δ

i δ Vµ
(a)(x)

ei Z[V ,A,S,P]






V=A=P=0,S=M
,

〈0 | T P (a)(x)P (b)(y) | 0〉 = δ

i δP(a)(x)

δ

i δ P(b)(y)
ei Z[V ,A,S,P]







V=A=P=0,S=M
,

〈0 | T A(a)
µ (x)A(b)

ν (y) | 0〉 = δ

i δAµ
(a)(x)

δ

i δAν
(b)(y)

ei Z[V ,A,S,P]






V=A=P=0,S=M
,

with the vector and axial-vector currents already introduced in (2.17). The scalar

and pseudo-scalar densities are

S(a)(x) = q̄(x) T (a) q(x) , P (a)(x) = i q̄(x) γ5 T
(a) q(x) . (2.31)

The formulae in (2.30) are obtained from an expansion of the generating functional

(2.27) in powers of the external fields, i.e.

ei Z[V ,A,S,P] = 1

+

∫

d4x
{

iV(a)
µ (x) 〈0|V µ

(a)(x)|0〉+ iA(a)
µ (x) 〈0|Aµ

(a)(x)|0〉

+ iS(a)(x) 〈0|S(a)(x)|0〉+ iP(a)(x) 〈0|P(a)(x)|0〉
}

− 1

2

∫

d4x d4y
{

V(a)
µ (x)V(b)

ν (y) 〈0|T V µ
(a)(x) V

ν
(b)(y)|0〉

+A(a)
µ (x)A(b)

ν (y) 〈0|T Aµ
(a)(x)A

ν
(b)(y)|0〉

+S(a)(x)S(b)(y) 〈0|T S(a)(x)S(b)(y)|0〉

+P(a)(x)P(b)(y) 〈0|T P(a)(x)P(b)(y)|0〉

+ time ordered products of cross terms
}

+ ... . (2.32)



 

 

 

 

 

 

 

 

CHAPTER III

CHIRAL LAGRANGIAN

In this chapter we briefly review some general properties of Chiral Pertur-

bation Theory (ChPT) which is a systematic method to study low-energy QCD.

More details of ChPT and its current progress may be found in Scherer (2010);

Bernard (2008); Scherer (2003); Pich (1998); Bernard (1995); Leutwyler (1994b);

Leutwyler (1994a). At the end of this chapter, we construct chiral Lagrangians

with D-meson and baryon fields and evaluate baryon-matrix elements of charm-

changing currents.

3.1 Generating functional with effective degrees of free-

dom

An effective field theory is a convenient and powerful tool to perform sys-

tematic calculations in terms of the relevant degrees of freedom. The basic idea is

to identify the lightest particles as the relevant and active degrees of freedom at

low energies. While the fundamental degrees of freedom in QCD are the quarks

and the gluons, at low energies the Goldstone bosons dominate the dynamics. An

effective field theory is based on an effective Lagrangian which is constructed in

terms of the relevant degrees of freedom incorporating all important symmetries

and symmetry-breaking patterns of the underlying fundamental theory (Weinberg,

1979; Donoghue, Golowich. and Holstein, 1995).

Chiral Perturbation Theory (ChPT) is the effective field theory of QCD

at low energies. In this section, we will discuss and summarize the fundamental
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principles and building blocks of the chiral Lagrangian. A powerful method to

construct the chiral Lagrangian is the external field method. Let U be an effective

degree of freedom relevant for our effective field theory. Then we expect

ei Z[V ,A,S,P] =

∫

DU ei
∫
d4 xLeff

(

U ; V ,A,S,P
)

, (3.1)

to define a systematic approximation of QCD’s generating functional (2.27) at

low energies. Here Leff is the effective Lagrangian constructed as to keep the in-

variance properties of QCD’s generating functional under local SU(3)R × SU(3)L

transformations in the external sources (2.28). This constraint provides the con-

struction rules of the effective Lagrangian (Gasser and Leutwyler, 1984; Gasser

and Leutwyler, 1985; Krause, 1990; Donoghue et al., 1995; Scherer, 2003).

We start with the transformation properties of the effective field U(x). Un-

der the local chiral symmetry group SU(3)R × SU(3)L, the field U(x) transforms

as follows

U(x)→ U ′(x) = UR(x)U(x)U−1
L (x) = UR(x)U(x)U †

L(x) , (3.2)

where the transformation fields UL(x) and UR(x) were introduced already in (2.28).

It is convenient to express the field U(x) ∈ SU(3) in terms of the Goldstone boson

fields Φ(x) via the exponential representation

U(x) = exp

{

i

f
Φ(x)

}

, (3.3)

where f is a constant and

Φ =
√
2













1√
2
π0 + 1√

6
η π+ K+

π− − 1√
2
π0 + 1√

6
η K0

K− K̄0 − 2√
6
η













, (3.4)

is given in terms of the physical pion, kaon and eta fields. We introduce a covariant

derivative of the effective field U as follows

∂µ U → Dµ U = ∂µ U − i lµ U + i U rµ , (3.5)
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such that under a local chiral transformation it transforms with

Dµ U → UR (Dµ U)U †
L . (3.6)

It is convenient to identify combinations of the external fields, Rµν and Lµν , that

transform like the U field. We introduce

Rµν = ∂µ rν − ∂ν rµ − i [rµ, rν ]−

Lµν = ∂µ lν − ∂ν lµ − i [lµ, lν ]− ,

(3.7)

with

Rµν(x)→ UR(x)Rµν(x)U
†
R(x) , Lµν → UL(x)Lµν(x)U

†
L(x) . (3.8)

In this section, we have discussed the basic idea behind an effective La-

grangian. We derived the construction rules for the chiral Lagrangian and identi-

fied the transformation properties of the effective chiral field U(x) and its covariant

derivative Dµ U . Given such transformation rules it is straightforward to identify

the infinite hierarchy of interaction terms in the chiral Lagrangian.

3.2 Heavy fields in the chiral Lagrangian

We proceed with a discussion about heavy fields in the chiral Lagrangian.

How to generalize the construction rules of the previous section to the case where

a baryon or D-meson field is involved? We first investigate the flavor SU(3) de-

composition of the four fields of interest in our work. The flavor structure of the

fields will play a crucial role in the construction of the Lagrangian.

The baryon octet field with JP = 1
2

+
may be represented by a 3× 3 matrix

B =













Σ0
√
2
+ Λ√

6
Σ+ p

Σ− −Σ0
√
2
+ Λ√

6
n

−Ξ− Ξ0 − 2Λ√
6













, (3.9)
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where the various elements give the eight baryon fields of the octet, i.e. the proton

(p), neutron (n), lambda (Λ), etc fields. The matrix structure is a consequence of

co- and contra-variant flavor SU(3) indices, i.e. B = Bi
j . Here i, j · · · = 1, 2, 3 are

indices in the fundamental representation of the flavor SU(3) group. The baryon

decuplet field with JP = 3
2

+
has three upper flavor indices ∆ = ∆ijk, which are

symmetric under mutual exchanges. The ten fields are identified

∆111 = ∆++ , ∆112 = ∆+/
√
3 , ∆122 = ∆0/

√
3 , ∆222 = ∆− ,

∆113 = −Σ+/
√
3 , ∆123 = Σ0/

√
6 , ∆223 = Σ−/

√
3 ,

∆133 = Ξ0/
√
3 , ∆233 = Ξ−/

√
3 ,

∆333 = Ω− , (3.10)

with the various physical fields. There remain the open-charm fields with JP = 0−

and JP = 1−. Although the pseudo-scalar mesons composed of up, down and

strange quarks are a consequence of spontaneous chiral symmetry breaking, the

pseudo-scalar open-charm mesons are not to be identified with pseudo-Goldstone

bosons. The masses of the open-charm mesons do not vanish in the chiral SU(3)

limit since they involve a charm quark that remains heavy in that limit. For

our considerations the open-charm fields have to be treated like any other heavy

field. With respect to the flavor SU(3) group the open charm fields transform as

antitriplets, i.e. they are characterized by one lower flavor index. We write

D =
(

D0, −D+, D+
s

)

, Dµν = (D0
µν ,−D+

µν , D
+
s,µν) , (3.11)

where we recall the quark content of the open-charm fields with (ū c , −d̄ c , s̄ c ).

The corresponding antiparticles are described by the fields

D̄ =













D̄0

−D̄+

D̄+
s













, D̄µν =













D̄0
µν

−D̄+
µν

D̄+
s,µν













, (3.12)
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where we use D̄ = D† for notational convenience. In this work, we use anti-

symmetric tensor fields to interpolate the vector D mesons, i.e. it holds Dµν =

−Dνµ [see e.g. (Jones, 1962; Kyriakopoulos, 1969; Kyriakopoulos, 1972; Ecker,

Gasser, Pich and De Rafael, 1989; Nowakowski and Pilaftsis, 1993; Veltman, 1994;

Lutz and Soyeur, 2008)].

We return to the construction of the chiral Lagrangian. The starting point

is a generating functional

F(p′ ,p ; V, A, S, P) = ei Z[p′ ,p ;V ,A,S,P] = 〈p′
out |pin 〉V ,A,S,P , (3.13)

in the presence of |pin 〉 and 〈p′
out | states that describe an incoming and outgoing

heavy state with momentum p and p′ respectively (Gasser et al., 1988; Krause,

1990). Like before the generating functional (3.13) is invariant under the local

transformation of the external sources (2.28). We can calculate matrix elements

of various current operators from F in the same way as we have done it in the

vacuum case by taking functional derivatives.

We conclude that the effective Lagrangian that includes any heavy field

must maintain the local SU(3)R × SU(3)L symmetry. All what needs to be done

is to work out the transformation properties of the various heavy fields. This is

done in two steps. First we introduce a new field u with u2 = U . According to

(Georgi, 1984; Krause, 1990; Scherer, 2003; Scherer, 2010) the new field u field

transforms as

u −→
√

UL U U †
R = UL uK

†(UL, UR, U)

= K(UL, UR, U) uU †
R , (3.14)

where K(UL, UR, U) ∈ SU(3) is a so-called compensator field which is a non-linear

function of UL, UR, and U . For a SU(3)V transformations with UL = UR it follows

K(UL, UR, U) = UL = UR from (3.14).



 

 

 

 

 

 

 

 

19

The transformations K and K† will play a central role in the construction

of a chiral Lagrangian with heavy fields. It is useful to identify field combinations

that transform exclusively with K and/or K†. A first example is the chiral axial

vector, a so-called “vielbein”

Uµ = i
(

u†(∂µ − i rµ)u− u(∂µ − i lµ)u†) , (3.15)

which transforms according to

Uµ SU(3)R×SU(3)L−→ KUµK† . (3.16)

It remains to construct the covariant derivative

Dµ Uν = ∂µ Uν + Γµ Uν − Uν Γµ , (3.17)

where Γµ is the chiral connection. The request that Dµ Uν transforms like the Uµ

field determines the chiral connection

Γµ =
1

2

(

u† (∂µ − i rµ) u+ u (∂µ − i lµ) u†) . (3.18)

Our claim follows from the transformation property

Γµ −→ K ΓµK† − (∂µ K)K† . (3.19)

To this end we remark that we may construct the chiral Lagrangian with either

U,Dµ of (3.5) or Uµ,Dµ of (3.15, 3.17). The resulting two Lagrangians will be

equivalent.

Now we are well prepared to consider any heavy field in the chiral La-

grangian. The central result we use here that the transformation rules depend

on the number of co and contra variant flavor indices only (Georgi, 1984; Krause,

1990; Scherer, 2003; Scherer, 2010; Pich, 1998; Bernard, 2008). A simple example
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is the baryon octet field B = Bi
j , which has one upper and one lower index. While

the upper index transforms with K, the lower index transforms with K†, i.e.

B
SU(3)R×SU(3)L−→ KBK† . (3.20)

The baryon octet field transform like the Uµ field, which implies that their covariant

derivatives are identical. The baryon decuplet field ∆µ = ∆ijk
µ has three upper

indices. As a consequence it transforms as

∆ijk
µ

SU(3)R×SU(3)L−→ (K)il (K)jm (K)kn ∆
lmn
µ . (3.21)

As we have seen from the covariant derivative acting on the octet fields any upper

or lower index comes with the chiral connection, however, with a sign and index

contraction depending on the case. For the baryon octet and decuplet fields it

follows

DµB
i
j = ∂µB

i
j + (Γµ)

i
k B

k
j −Bi

k (Γµ)
k
j ,

Dµ∆
ijk
ν = ∂µ∆

ijk
ν + (Γµ)

i
l ∆

lmn
ν + (Γµ)

j
m∆lmn

ν + (Γµ)
k
n ∆

lmn
ν . (3.22)

Analogous results hold for the open-charm fields (Wise, 1992; Yan et al., 1992;

Burdman and Donoghue, 1992; Casalbuoni et al., 1997). Given the transformation

rules of Uµ and all the heavy fields it is straight forward to write down terms that

respect the local SU(3)R ⊗ SU(3)L symmetry. The chiral Lagrangian consists of

all terms one may write down. It is the task of so called power counting rules to

order the terms according to their relevance (Gasser and Leutwyler, 1984; Gasser

and Leutwyler, 1985; Gasser et al., 1988; Krause, 1990; Scherer, 2003; Fuchs et al.,

2003).
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3.3 Chiral Lagrangian with open-charm meson and baryon

fields

The main focus of this work is to study the interaction of the open-charm

mesons with the octet and decuplet baryons. We focus on the residual short-range

interactions described by local two-body counter terms. Since we are interested in

open-charm mesons and baryons with small 3-momentum we construct the two-

body terms with the minimal number of derivatives. We discriminate terms with

two baryon octet fields, L (c), two baryon decuplet fields, L (d), and the remaining

mixed terms, L (e). We write

Lcounter term = L
(c) + L

(d) + L
(e) . (3.23)

The chiral Lagrangian for the two octet-baryon fields is given by

L
(c) = D

{

c
(S)
1 (B̄ B)+ + c

(S)
2 (B̄ B)− +

1

2
c
(S)
3 tr

(

B̄ B
)

}

D̄

− 1

2
Dµν

{

c̃
(S)
1 (B̄ B)+ + c̃

(S)
2 (B̄ B)− +

1

2
c̃
(S)
3 tr

(

B̄ B
)

}

D̄µν

+
i

Mc
Dµν

{

c
(A)
1 (B̄ γ5 γ

µB)+ + c
(A)
2 (B̄ γ5 γ

µB)−

+
1

2
c
(A)
3 tr

(

B̄ γ5 γ
µ B
)

}

(∂νD̄) + h.c.

+
1

4Mc
ǫµναβ Dµν

{

c̃
(A)
1 (B̄ γ5 γαB)+ + c̃

(A)
2 (B̄ γ5 γαB)−

+
1

2
c̃
(A)
3 tr

(

B̄ γ5 γαB
)

}

(∂τ D̄τβ) + h.c. , (3.24)

where D̄ = D† and Mc is the charm quark mass. In (3.24) we used the notation

(B̄ ΓB)± with Γ any Dirac matrix and

(B̄ ΓB)± =
1

2

∑

c , d

b̄(d) Γ b(c) [λ(d), λ(c)]± ,

B =
1√
2
b(a) λ(a) . (3.25)

We note that all derivatives in (3.24) should be replaced by appropriate covariant

derivatives as to render the various interaction terms invariant under chiral rota-



 

 

 

 

 

 

 

 

22

tions. Since such a replacement is unambiguous we keep the normal derivative for

notational clarity. All structures in (3.24) describe s-wave scattering and there-

fore we assign them the chiral power Q0 . There are thre independent flavor SU(3)

structures which are parameterized by three coupling constants c
(X)
1 , c

(X)
2 and c

(X)
3 .

It remains to understand the four spin structures in the chiral Lagrangians L (c).

There is one term involving the pseudo-scalar D mesons with coupling constants

c
(S)
1 . This follows since a two-body system of a spin zero and a spin one-half par-

ticle allows to form one s-wave state only. In contrast two s-wave states involving

the vector D mesons are possible. The relevant coupling constants are introduced

with c̃
(S)
1 and c̃

(A)
1 . It remains the term parameterized with c

(A)
1 describing an

s-wave transition from the pseudo-scalar to the vector D mesons.

We continue with the leading order terms involving two baryon decuplet

fields. At the leading order we find the relevance of the following 10 terms

L
(d) = −D

{

d
(S)
1 ∆̄σ ·∆σ +

1

2
d
(S)
2 tr

(

∆̄σ ·∆σ

)

}

D̄

+
1

2
Dµν

{

d̃
(S)
1 ∆̄σ ·∆σ +

1

2
d̃
(S)
2 tr

(

∆̄σ ·∆σ

)

}

D̄µν

+
i

4
ǫµναβ Dµν

{

d
(E)
1 ∆̄α ·∆β +

1

2
d
(E)
2 tr

(

∆̄α ·∆β

)

}

D̄ + h.c.

+
1

2
Dβµ

{

d̃
(E)
1 ∆̄α ·∆β +

1

2
d̃
(E)
2 tr

(

∆̄α ·∆β
)

}

D̄αµ

− 1

2
Dαµ

{

d̃
(E)
3 ∆̄α ·∆β +

1

2
d̃
(E)
4 tr

(

∆̄α ·∆β
)

}

D̄βµ , (3.26)

where we used the notation

(∆̄µ ·∆µ)
a
b = ∆̄µ

ijb ∆
ija
µ , (3.27)

suggested in Lutz and Kolomeitsev (2002). The decuplet fields satisfy the con-

straint equations

γµ∆µ = ∂µ ∆µ = 0 . (3.28)

The spin structures of the chiral Lagrangian (3.26) are readily understood. Again
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there is one term involving two pseudo-scalar D-meson fields with coupling con-

stants d
(S)
1 . Since a two-body system of a spin three-half and a spin one particle

allows to form three s-wave states only, there are the three coupling constants only,

d̃
(S)
1 , d̃

(E)
1 and d̃

(E)
3 . There remains the term parameterized by d

(E)
1 describing the

s-wave transitions from a pseudo-scalar to a vector D meson.

We close the collection of our counter terms with structures involving a

baryon octet and decuplet field. At the leading order we find the following 4 terms

L
(e) =

i

4
ǫµναβ

{

e
(A)
1 D (∆̄µ · γ5 γνB) D̄αβ + e

(A)
2 Dαβ (∆̄µ γ5 γν ·B) D̄

}

+ h.c.

− ẽ
(A)
1

2
Dτµ (∆̄µ · γ5 γν B) D̄ ν

τ + h.c.

+
ẽ
(A)
2

2
D ν

τ (∆̄µ · γ5 γν B) D̄τµ + h.c. , (3.29)

where we used the notation

(∆̄µ · B)ab = ǫika ∆̄µ
ijb B

j
k , (3.30)

introduced in Lutz and Kolomeitsev (2002).

Altogether we have 26 coupling constants which all carry dimension

[Mass]−1. In the following chapters, we will use the heavy-quark symmetry and

the large Nc operator analysis to correlate the coupling constants introduced here.

3.4 Correlation functions of charm-changing currents

In the previous section we constructed a chiral Lagrangian with D mesons.

While from the construction it follows that the various terms are invariant under

chiral rotations the relation to QCD’s Greens function is less transparent. In order

to connect more closely to QCD it is useful to consider charm-changing axial-vector

and vector currents in the generating functional (2.25, 2.27). In turn the effective
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Lagrangian and generating functional (3.1) will then depend on such external and

charm-changing sources.

We introduce charm-changing axial-vector and vector currents

Aµ(x) =
(

ū(x) , d̄(x) , s̄(x)
)

γµ γ5 c(x) ,

Vµ(x) =
(

ū(x) , d̄(x) , s̄(x)
)

γµ c(x) ,

Āµ(x) = c̄(x) γµ γ5













u(x)

d(x)

s(x)













, V̄µ(x) = c̄(x) γµ













u(x)

d(x)

s(x)













, (3.31)

with the quark-field operators u(x), d(x), s(x), c(x) of the up, down, strange and

charm quarks. We note that Āµ, V̄µ and Aµ, Vµ form triplets and anti-triplets in

SU(3) flavor space respectively. The Āµ and V̄µ operators create pseudo-scalar and

vector D mesons as

〈 0 | Āµ(0) |D(q) 〉 = fA qµ ,

〈 0 | V̄µ(0) |D∗(q, λ) 〉 = fV MV εµ(q, λ) , (3.32)

where fA and fV are some coupling constants. With εµ(q, λ) the conventional

wave function of a spin-one particle is denoted. In (3.32) and in the following we

consider the flavor SU(3) limit for simplicity. The parameter MV is the SU(3)

limit value of the vector D meson masses. The chiral Lagrangian will involve the

additional terms

Lext(x) = A
µ(x) Āµ(x) + Aµ(x) Ā

µ(x) + V
µ(x) V̄µ(x) + Vµ(x) V̄

µ(x) . (3.33)

In this work, we consider baryon matrix elements of the following products
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of quark currents:

CAA
µν,a(q) = i

∫

d4x e−i q·x T Aµ(0) λ
(a) Āν(x) , Āµ(x) = A†

µ(x) ,

CV V
µν,a(q) = i

∫

d4x e−i q·x T Vµ(0) λ
(a) V̄ν(x) , V̄µ(x) = V †

µ (x) ,

CV A
µν,a(q) = i

∫

d4x e−i q·x T Vµ(0) λ
(a) Āν(x) , (3.34)

where the Gell-Mann matrices, λ(a), are supplemented with the singlet matrix

λ(0) =
√

2/31 3×3. Therefore in (3.34) the index is a = 0, · · · , 8 . We are in-

terested in such matrix elements, since they receive contributions from the chiral

Lagrangian (3.23) and they define a rigorous basis for the derivation of large-Nc

sum rules in the Chapter V.

In the following we derive and analyze the contributions of the chiral La-

grangian (3.23). Following Lutz and Semke (2011), the baryon octet and decuplet

states

|p, χ, a〉 , |p, χ, ijk〉 , (3.35)

are specified by the momentum p and the flavor indices a = 1, · · · , 8 and i, j, k =

1, 2, 3 in the flavor SU(3) limit. The spin-polarization label is χ = 1, 2 for the

octet and χ = 1, · · · , 4 for the decuplet states.

According to the LSZ reduction formalism (Itzykson and Zuber, 1980; Pe-

skin and Schroeder, 1995), baryon matrix elements of the correlation operators in

(3.34) have contributions from the on-shell D-meson baryon scattering amplitudes.

They are identified unambiguously by taking the residuum of poles generated by

the incoming and outgoing D meson. For the sake of a more compact notation in

what follows, it is convenient to introduce

C̄XY
µν, a(q̄, q) =

q̄2 −M2
X

fX
CXY

µν, a(q̄, q)
q2 −M2

Y

fY
, (3.36)
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with X, Y = V,A and MA and MV the masses of the pseudo-scalar and vector

D mesons in the flavor SU(3) limit. In (3.36) we identify qµ and q̄µ with the

4-momenta of the incoming and outgoing D mesons.

The baryon matrix elements of C̄AA
µν, a(q̄, q) are

〈p̄, χ̄, c | C̄ AA
µν , a(q̄, q) | p, χ, b〉 = q̄µ qν ū(p̄, χ̄) u(p, χ)

×















(

2
√

2
3
c
(S)
1 +

√

3
2
c
(S)
3

)

δbc , a = 0

2 c
(S)
1 dabc + 2 c

(S)
2 i fabc , a = 1, · · · , 8

,

〈p̄, χ̄, nop | C̄ AA
µν , a(q̄, q) | p, χ, b〉 = 0 ,

〈p̄, χ̄, nop | C̄ AA
µν , a(q̄, q) | p, χ, klm〉 = − q̄µ qν ū

α(p̄, χ̄) · uα(p, χ)

×















(√

2
3
d
(S)
1 +

√

3
2
d
(S)
2

)

δnopklm , a = 0

d
(S)
1 Λa, rst

klm δnoprst , a = 1, · · · , 8
,(3.37)

where the upper row corresponds to the singlet component of the correlation func-

tion and the second row specifies the matrix elements for the octet components

with a = 1, . . . 8. We refer to the Appendix for the definition of the baryon octet

and decuplet wave functions u(p) and uµ(p). Furthermore, we assume a flavor

summation over the indices r, s, t = 1, 2, 3. The symmetric and antisymmetric

structure constants dabc and fabc of the SU(3) flavor group are defined by

λ(a) λ(b) =
2

3
δab + dabc λ(c) + i fabc λ(c) . (3.38)

The flavor SU(3) structures require additional notation

Λklm
ab =

[

εijk λ
(a)
li λ

(b)
mj

]

sym(klm)
, δ klm

nop =
[

δkn δlo δmp

]

sym(nop)
,

Λab
klm =

[

εijk λ
(a)
il λ

(b)
jm

]

sym(klm)
, Λa,klm

nop =
[

λ
(a)
kn δlo δmp

]

sym(nop)
,(3.39)

which proved convenient in various derivations (Lutz and Semke, 2011). The

symbol ’sym(nop)’ in (3.39) asks for a symmetrization of the three indices nop,

i.e. take the six permutations and divide out a factor 6.
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We proceed with matrix elements of the vector currents. Here we will need

the propagator of a vector meson in the tensor field representation. For a generic

vector meson field Vµν we recall the central result (Ecker et al., 1989; Lutz and

Soyeur, 2008)

〈 0 | T Vµν(x) Vαβ(y) | 0 〉 = i

∫

d4k

(2π)4
e−i k·(x−y)

k2 −M2 + i ǫ
Sαβ,µν(k) ,

Sαβ,µν(k) = − 1

M2

{

(M2 − k2) gαµ gβν + gαµ kβ kν − gαν kβ kµ

− (µ↔ ν)
}

. (3.40)

where M is the mass of the vector meson. Some algebra leads to

〈p̄, χ̄, c | C̄ V V
µν , a(q̄, q) | p, χ, b〉 =

− 1

2M2
V

Sαβ
, µ(q̄)Sαβ,ν(q) ū(p̄, χ̄) u(p, χ)

×















(

2
√

2
3
c̃
(S)
1 +

√

3
2
c̃
(S)
3

)

δbc , a = 0

2 c̃
(S)
1 dabc + 2 c̃

(S)
2 i fabc , a = 1, · · · , 8

+
i

4McM2
V

ǫαβρσ
{

Sσ, µ(q̄)Sαβ, ν(q) ū(p̄, χ̄) γ5 γρ u(p, χ)

−Sαβ, µ(q̄)Sσ, ν(q) ū(p̄, χ̄) γ5 γρ u(p, χ)
}

×















(

2
√

2
3
c̃
(S)
1 +

√

3
2
c̃
(S)
3

)

δbc , a = 0

2 c̃
(S)
1 dabc + 2 c̃

(S)
2 i fabc , a = 1, · · · , 8

,

〈p̄, χ̄, nop | C̄ V V
µν , a(q̄, q) | p, χ, b〉 =

− 1

2
√
2M2

V

Sβρ,µ(q̄)S
βα

, ν (q) ūα(p̄, χ̄) γ5 γ
ρ u(p, χ)

×















0 , a = 0

ẽ
(A)
1 Λnop

ab , a = 1, · · · , 8

+
1

2
√
2M2

V

Sβα
, µ(q̄)Sβρ,ν (q) ūα(p̄, χ̄) γ5 γ

ρ u(p, χ)
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×















0 , a = 0

ẽ
(A)
2 Λnop

ab , a = 1, · · · , 8
,

〈p̄, χ̄, nop | C̄ V V
µν , a(q̄, q) | p, χ, klm〉 =
1

2M2
V

Sαβ
, µ(q̄)Sαβ,ν(q) ū

σ(p̄, χ̄) uσ(p, χ)

×















(√

2
3
d̃
(S)
1 +

√

3
2
d̃
(S)
2

)

δnopklm , a = 0

d
(S)
1 Λa, rst

klm δnoprst , a = 1, · · · , 8

+
1

2M2
V

Sαρ
, µ(q̄)Sβρ, ν(q) ūα(p̄, χ̄) u

β(p, χ)

×















(√

2
3
d̃
(E)
1 +

√

3
2
d̃
(E)
2

)

δnopklm , a = 0

d̃
(E)
1 Λa, rst

klm δnoprst , a = 1, · · · , 8

− 1

2M2
V

Sβρ, µ(q̄)S
αρ

, ν(q) ūα(p̄, χ̄) u
β(p, χ)

×















(√

2
3
d̃
(E)
3 +

√

3
2
d̃
(E)
4

)

δnopklm , a = 0

d̃
(E)
3 Λa, rst

klm δnoprst , a = 1, · · · , 8
, (3.41)

where we use the compact notations of (Lutz and Soyeur, 2008) with

Sβ,ν(k) = kα S
αβ,µν(k) kµ , Sαβ,ν(k) = Sαβ,µν(k) kµ ,

Sβ,µν(k) = kα S
αβ,µν(k) , (3.42)

where kµ k
µ = M2

V = M2.

There remain the matrix elements of the mixed correlation function, for

which we find

〈p̄, χ̄, c | C̄ V A
µν , a(q̄, q) | p, χ, b〉 =

− 1

2McMV

Sαβ, µ(q̄) qν q
β ū(p̄, χ̄) γ5 γ

α u(p, χ)
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×















(

2
√

2
3
c
(S)
1 +

√

3
2
c
(S)
3

)

δbc , a = 0

2 c
(S)
1 dabc + 2 c

(S)
2 i fabc , a = 1, · · · , 8

,

〈p̄, χ̄, nop | C̄ V A
µν , a(q̄, q) | p, χ, b〉 =

+
i

4
√
2MV

ǫαβρσ Sαβ, µ(q̄) qν ūα(p̄, χ̄) γ5 γβ u(p, χ)

×















0 , a = 0

e
(A)
1 Λnop

ab , a = 1, · · · , 8
,

〈p̄, χ̄, nop | C̄ V A
µν , a(q̄, q) | p, χ, klm〉 =

− i

4MV
ǫαβρσ Sαβ, µ(q̄) qν ūσ(p̄, χ̄) uρ(p, χ)

×















(√

2
3
d
(E)
1 +

√

3
2
d
(E)
2

)

δnopklm , a = 0

d
(E)
1 Λa, rst

klm δnoprst , a = 1, · · · , 8
.(3.43)

We close this chapter with a derivation of the non-relativistic limit of our

results (3.37, 3.41, 3.43), which will be needed in Chapter V when deriving the

large-Nc sum rules. For technical convenience we choose the center-of-momentum

frame with qi = −pi and q̄i = −p̄i. We focus on the space components of the

correlation functions. The leading terms in the low-momentum expansion of the

matrix elements of the product of the two currents are

〈p̄, χ̄, c| C̄AA
ij,a |p, χ, b〉 = p̄i pj δχ̄χ×











(

2
√

2
3
c
(S)
1 +

√

3
2
c
(S)
3

)

δbc : a = 0

2 c
(S)
1 dabc + 2 c

(S)
2 i fabc : a = 1, . . . , 8

,

〈p̄, χ̄, nop| C̄AA
ij,a |p, χ, b〉 = 0 ,

〈p̄, χ̄, nop| C̄AA
ij,a |p, χ, klm〉 = p̄i pj δχ̄χ ×











(√

2
3
d
(S)
1 +

√

3
2
d
(S)
2

)

δnopklm

d
(S)
1 Λa,rst

klm δnoprst

,
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〈p̄, χ̄, c| C̄V V
ij,a |p, χ, b〉 = δij δχ̄χ ×











(

2
√

2
3
c̃
(S)
1 +

√

3
2
c̃
(S)
3

)

δbc

2 c̃
(S)
1 dabc + 2 c̃

(S)
2 ifabc

−iεijk σ(k)
χ̄χ ×











(

2
√

2
3
c̃
(A)
1 +

√

3
2
c̃
(A)
3

)

δbc

2 c̃
(A)
1 dabc + 2 c̃

(A)
2 i fabc

,

〈p̄, χ̄, nop| C̄V V
ij,a |p, χ, b〉 = −

1

2
√
2

(

Siσj

)

χ̄χ
×











0

ẽ
(A)
1 Λnop

ab

+
1

2
√
2

(

Sj σi

)

χ̄χ
×











0

ẽ
(A)
2 Λnop

ab

,

〈p̄, χ̄, nop| C̄V V
ij,a |p, χ, klm〉 = δij δχ̄χ ×











(√

2
3
d̃
(S)
1 +

√

3
2
d̃
(S)
2

)

δnopklm

d̃
(S)
1 Λa,rst

klm δnoprst

+
1

2

(

SiS
†
j

)

χ̄χ
×











(√

2
3
d̃
(E)
1 +

√

3
2
d̃
(E)
2

)

δnopklm

d̃
(E)
1 Λa,rst

klm δnoprst

−1
2

(

Sj S
†
i

)

χ̄χ
×











(√

2
3
d̃
(E)
3 +

√

3
2
d̃
(E)
4

)

δnopklm

d̃
(E)
3 Λa,rst

klm δnoprst

,

〈p̄, χ̄, c| C̄VA
ij,a |p, χ, b〉 = pj σ

(i)
χ̄χ ×











(

2
√

2
3
c
(A)
1 +

√

3
2
c
(A)
3

)

δbc

2 c
(A)
1 dabc + 2 c

(A)
2 i fabc

,

〈p̄, χ̄, nop| C̄VA
ij,a |p, χ, b〉 = −

1

2
√
2
pj S

(i)
χ̄χ ×











0

e
(A)
1 Λnop

ab

,

〈p̄, χ̄, nop| C̄VA
ij,a |p, χ, klm〉 =

−1
2
pj
(

~Sσ(i) ~S†)
χ̄χ
×











(√

2
3
d
(E)
1 +

√

3
2
d
(E)
2

)

δnopklm

d
(E)
1 Λa,rst

klm δnoprst

. (3.44)

The flavor transition tensors δnopklm, Λ
nop
ab and Λc,nop

klm used above, were already intro-
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duced in (3.39). The spin matrices ~σ and ~S are given in the Appendix B.



 

 

 

 

 

 

 

 

CHAPTER IV

HEAVY-QUARK SYMMETRY

In this chapter, we will explore another symmetry of QCD that arises in

the limit of a large quark mass. We are primarily interested in properties of the D

mesons, which were introduced already in the previous chapter. At the end of this

chapter we will correlate the coupling constants of the chiral Lagrangians (3.23).

4.1 Heavy-quark expansion in QCD

The mass of a heavy-quark field is denoted by MQ. In QCD a heavy-quark

field may be decomposed with

Q(x) = e− iMQ v·x h(+)
v (x) + e+ iMQ v·x h(−)

v (x) , (4.1)

into a rapidly varying phase function and slowly varying residual fields h
(+)
v and

h
(−)
v [see e.g. (Georgi, 1990)]. The latter are called upper and lower components

and can be obtained from the original field by

h(+)
v (x) = e+iMQ v·x 1

2
(1 + v/)Q(x) ,

h(−)
v (x) = e−iMQ v·x 1

2
(1− v/)Q(x) , (4.2)

with the projection matrices

1

2
(1± v/) . (4.3)

The momentum pµ associated with the quark-field operator is given by

pµ ≃ MQ vµ , vµ v
µ = 1 , (4.4)
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in terms of the 4-velocity vµ in the limit where the slow fields h
(±)
v (x) are constants.

The projection matrices (4.3) have the properties (Manohar and Wise,

2000)

(

1
2
(1± v/)

)2
= 1 , 1

2
(1 + v/) + 1

2
(1− v/) = 1 , 1

2
(1± v/) 1

2
(1∓ v/) = 0 ,

v/ h(+)
v = +h(+)

v , 1
2
(1 + v/) γµ = γµ 1

2
(1− v/) + vµ ,

v/ h(−)
v = −h(−)

v , 1
2
(1− v/) γµ = γµ 1

2
(1 + v/)− vµ . (4.5)

From the definitions of the residual fields in (4.2) it follows that h
(+)
v destroys a

heavy-quark with velocity v and h
(−)
v creates an anti-heavy quark with velocity v .

Applying the decomposition of the heavy-quark fields to the QCD La-

grangian and considering only the quark in the infinite quark-mass limit, one

obtains

L
(v)
QCD = Q̄ {i γµDµ − MQ}Q

= h̄(+)
v

{

i v ·D +
1

2MQ

(

(iD)2 − (i v ·D)2
)

+
1

4MQ

gs σ
µν Gµν

}

h(+)
v

+ h̄(−)
v

{

i v ·D +
1

2MQ

(

(iD)2 − (i v ·D)2
)

− 1

4MQ

gs σ
µν Gµν

}

h(−)
v

+ O
(

1

M2
Q

)

, (4.6)

where Dµ = ∂µ + i gsAµ is the covariant derivative and Aµ are the gluon fields.

To get the expression in (4.6) , one needs to apply the identities in (4.5) together

with the set of equations of motion of the h
(±)
v fields (Riazuddin and Fayyazuddin,

1993). We derive

e− iMQ v·x i γµDµ h
(+)
v (x) + e+ iMQ v·x {i γµDµ − 2MQ}h(−)

v (x) = 0 ,

h̄(−)
v (x) i γµ←−Dµ e

− iMQ v·x + h̄(+)
v (x)

{

i γµ←−Dµ + 2MQ

}

e+ iMQ v·x = 0 ,

→ (4.7)

e+ iMQ v·xh(−)
v (x) =

e− iMQ v·x

2MQ + i v · D {i γ
µDµ − i v · D} h(+)

v (x) ,
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h̄(+)
v (x) e+ iMQ v·x = − h̄(−)

v (x)
1

2MQ + i v · ←−D

{

i γµ←−Dµ + i v · ←−D
}

e− 2 iMQ v·x ,

after appropriate projections. We have kept terms only to the first order in 1
MQ

.

In the infinite heavy-quark mass limit it holds (Georgi, 1990; Neubert, 1994)

L
(v)
HQET = h̄(+)

v i v ·Dh(+)
v + h̄(−)

v i v ·Dh(−)
v +O

(

1

MQ

)

. (4.8)

This Lagrangian is the so-call heavy-quark effective theory (HQET). There are a

number of reviews on the heavy-quark symmetry, for example, (Georgi, 1991; Wise,

1991; Wise, 1993; Riazuddin and Fayyazuddin, 1993; Neubert, 1994; Casalbuoni

et al., 1997; Manohar and Wise, 2000) and works referred to therein.

The Lagrangian (4.8) shows that the h
(+)
v and h

(−)
v fields are decoupled to

leading order in the large quark-mass expansion. This means that the quark field

h
(+)
v does not interact with the anti-quark field h

(−)
v . In particular there is no pair

creation of heavy quarks possible at this leading order. This leads to the so-called

heavy-quark spin symmetry. Formally the effective Lagrangian is invariant under

a spin rotation of the heavy-quark fields (Georgi, 1990; Neubert, 1994)

h(±)
v

SUv(2)−→ e−i θ ·S h(±)
v ,

S µ = −1
4
ǫµναβ vν σαβ =

1

4
γ5 [ v/ , γ

µ ]− , (4.9)

where θµ are infinitesimal parameters of the SUv(2) spin group. The vector Sµ is

a Pauli-Lubanski vector. For the particular case with ~v = 0 it follows

S(i) =
1

4
γ5 [ γ

0 , γi ]− =
1

2
γ5 γ

0 γi =
1

2







σi 0

0 σi






, (4.10)

where σi are Pauli’s 2× 2 spin matrices.

Heavy quarks moving with different velocities correspond to different strong

interaction processes. Therefore, the four velocity of a heavy quark is a good

quantum number in the infinite quark-mass limit of QCD. This is the velocity
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superselection rule discussed in (Georgi, 1990). The effective Lagrangian must be

a sum over all different velocities

LHQET =

∫

d4v

v0
L

(v)
HQET , (4.11)

where v0 is the time-component of the four velocity of the heavy quark vµ .

4.2 Open-charm mesons and the heavy-quark spin sym-

metry

In the last section we have derived the heavy-quark spin symmetry. What

are the consequences of that symmetry for the open-charm spectrum and the

interaction of D mesons with the baryons?

In a first step consider a 0− meson with one heavy quark. In a quark-model

picture the state is a bound state of one anti-light and one heavy quark, where

the spins of the two quarks add up to zero. Given the heavy-quark spin symmetry

we should be able to change the spin of the heavy quark without changing the

energy of the system. Obviously under a flip of the heavy-quark spin the quantum

number of the state must change into a 1−. Thus we expect a spin multiplet with

degenerate 0− and 1− mesons in the heavy-quark mass limit (Isgur and Wise,

1989; Isgur and Wise, 1990; Riazuddin and Fayyazuddin, 1993). This expectation

is confirmed by the empirical open-charm spectrum. The mass differences of the

0− and 1− mesons are of the order of the pion mass and therewith much smaller

than the masses of the D mesons (Nakamura and Group, 2010).

We limit our attention to the pseudo-scalar and vector D mesons, which

both contain one charm quark. The states were introduced already in the

previous chapter. We recall the two flavor antitriplets (D0 , −D+ , D+
s ) and

(D∗,0 , −D∗,+ , D∗,+
s ).
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In order to work out the consequences of the heavy-quark spin symmetry

for the D mesons we have to identify an appropriate field combination of the

pseudo-scalar and vector D meson fields, that reflects the spin symmetry of the

charm quark. Here we use the conventions of (Manohar and Wise, 2000; Lutz and

Soyeur, 2008). We introduce a super multiplet field

Hv =
1

2
(1 + v/ ) (γµ P

µ
+ + i γ5 P+) , vµ P

µ
+ = 0 , (4.12)

where P+ and P µ
+ destroy a pseudo-scalar and vector D meson with four velocity

vµ, respectively. The condition vµ P
µ
+ = 0 excludes the presence of longitudinal

vector meson modes. Note that here the Hv field is a 4×4 valued matrix field.

The conjugation of the Hv field is given by

H̄v = γ0H
†
v γ0 =

(

P̄ µ
+ γµ + i P̄+ γ5

) 1

2
(1 + v/ ) , (4.13)

where P̄ µ
+ = (P µ

+)
† and P̄+ = P †

+ .

Under a spin rotation the Hv field transform like the heavy-quark fields h
(±)
v

of the previous section (see 4.9). According to (Georgi, 1990; Manohar and Wise,

2000; Lutz and Soyeur, 2008) it holds

Hv(x)
SUv(2)−→ e− i θµ Sµ

Hv , (4.14)

H̄v(x)
SUv(2)−→ γ0

(

e− i θµ Sµ

Hv

)†
γ0 = H̄v e

i θµ Sµ

, (4.15)

where θµ characterizes the spin rotation in SUv(2) and Sµ is the Pauli-Lubansky

vector introduced in (4.9). We note S†
µ γ0 = γ0 Sµ .

The Hv field transforms under a Lorentz transformation as a bispinor

(Manohar and Wise, 2000; Lutz and Soyeur, 2008)

Hv(x) −→ D(Λ)Hv(Λ
−1 x)D(Λ)−1

= e+i Sµν ωµν

Hv(Λ
−1 x) e− i Sµν ωµν

, (4.16)
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where the Lorentz transformation Λ is characterized by the anti-symmetric Lorentz

tensor ωµν . The spinor part of the Lorentz transformation D(Λ) is implied by

Sµν =
i

4

[

γµ , γν
]

. (4.17)

The Lorentz transformation of the conjugate Hv field is given by

H̄v −→ ei Sµν ωµν

H̄v e
− i Sµν ωµν

. (4.18)

As the application of the heavy-quark spin symmetry in our work we con-

struct spin symmetric interaction terms involving two Hv fields and two baryon

fields. We find the following eleven terms

LH = − 1

2
TrHv

{

f
(S)
1 (B̄ B)+ + f

(S)
2 (B̄ B)− +

1

2
f
(S)
3 tr (B̄ B)

− f
(S)
4 (∆̄α ·∆α)− 1

2
f
(S)
5 tr (∆̄α ·∆α)

}

H̄v

− 1

2
TrHv

{

f
(A)
1 (B̄ γ5 γ

µB)+ + f
(A)
2 (B̄ γ5 γ

µB)−

+
1

2
f
(A)
3 tr (B̄ γ5 γ

µB)
}

γ5 γµ H̄v

+
i

4
TrHv

{

f
(T )
1 (∆̄µ ·∆ν) +

1

2
f
(T )
2 tr (∆̄µ ·∆ν)

+ f
(T )
3 tr (∆̄µ γ5 γν · B − B̄ γ5 γν ·∆µ)

}

σµνH̄v ,(4.19)

where Tr is the trace in Dirac space of the Hv-field and tr is the trace in flavor

space. The notation (B̄ ΓB)± was introduced already in (3.25). Note that only

combinations where a Dirac matrix is right to the field Hv or left to the field H̄v

are invariant under the spin group SUv(2).

The QCD action depends linearly on the charm-quark mass. The effective

Lagrangian (4.19) should therefore be proportional to Mc. All of the coupling

constants above must then scale with the charm-quark mass.

We close the section by an illustration of the predictive power of the spin

symmetry. Substituting the definition of the Hv field into the Lagrangians (4.19),
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we obtain

L = P+

{

f
(S)
1 (B̄ B)+ + f

(S)
2 (B̄ B)− +

1

2
f
(S)
3 tr

(

B̄ B
)

}

P̄+

−P+µ

{

f
(S)
1 (B̄ B)+ + f

(S)
2 (B̄ B)− +

1

2
f
(S)
3 tr

(

B̄ B
)

}

P̄ µ
+

−P+

{

f
(S)
4 ∆̄α ·∆α +

1

2
f
(S)
5 tr

(

∆̄α ·∆α
)

}

P̄+

+P+µ

{

f
(S)
4 ∆̄α ·∆α +

1

2
f
(S)
5 tr

(

∆̄α ·∆α
)

}

P̄ µ
+

+ i P+µ

{

f
(A)
1 (B̄ γ5 γ

µ B)+ + f
(A)
2 (B̄ γ5 γ

µ B)−

+
1

2
f
(A)
3 tr

(

B̄ γ5 γ
µB
)

}

P̄+

− i P+

{

f
(A)
1 (B̄ γ5 γ

µB)+ + f
(A)
2 (B̄ γ5 γ

µB)−

+
1

2
f
(A)
3 tr

(

B̄ γ5 γ
µB
)

}

P̄+µ

+ i vµ ǫ
µναβ P+ν

{

f
(A)
1 (B̄ γ5 γαB)+ + f

(A)
2 (B̄ γ5 γαB)−

+
1

2
f
(A)
3 tr

(

B̄ γ5 γαB
)

}

P̄+β

− 1

2
vµ ǫ

µναβ P+ν

{

f
(T )
1 ∆̄α ·∆β +

1

2
f
(T )
2 tr

(

∆̄α ·∆β

)

}

P̄+

− 1

2
vµ ǫ

µναβ P+

{

f
(T )
1 ∆̄β ·∆α +

1

2
f
(T )
2 tr

(

∆̄β ·∆α

)

}

P̄+ν

+
1

2
P+β

{

f
(T )
1 ∆̄α ·∆β +

1

2
f
(T )
2 tr

(

∆̄α ·∆β
)

}

P̄ α
+

− 1

2
P α
+

{

f
(T )
1 ∆̄α ·∆β +

1

2
f
(T )
2 tr

(

∆̄α ·∆β
)

}

P̄+β

+
1

2
ǫµναβ vα P+

{

(f
(T )
3 ∆̄µ · γ5 γνB)− f

(T )
3 B̄ γ5 γν ·∆µ

}

P̄+β

+
1

2
ǫµναβ vα P+β

{

(f
(T )
3 B̄γ5 γν ·∆µ)− f

(T )
3 ∆̄µ · γ5 γνB

}

P̄+

− 1

2
f
(T )
3 P µ

+ (∆̄µ · γ5 γνB) P̄ ν
+ −

1

2
f
(T )
3 P ν

+ (B̄ γ5 γν ·∆µ) P̄
µ
+

+
1

2
f
(T )
3 P ν

+ (∆̄µ · γ5 γνB) D̄µ +
1

2
f
(T )
3 P µ

+ (B̄ γ5 γν ·∆µ) P̄
ν
+ , (4.20)

where we used the convention

Tr (γ5 γµ γν γα γβ) = − 4 i ǫµναβ . (4.21)

With (4.20) we obtain 26 distinct interaction terms that are parameterized by

the eleven coupling constants of (4.19). It remains to match the terms in (4.20)
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with the effective chiral Lagrangian introduced in (3.23). Note that the number

of independent terms in (3.23) and (4.20) coincide.

4.3 Sum rules from the heavy-quark spin symmetry

Now we are ready to work out the implications of the heavy-quark symmetry

for the chiral Lagrangian (3.23) that we have already constructed before. In this

section, we will perform a matching of (3.23) with the results of the previous

section (4.19, 4.20).

The first task is to relate the velocity dependent D meson fields in (4.19)

with the relativistic fields used in (3.23). In analogy to the decomposition (4.1)

of a heavy-quark field we decompose the relativistic D meson fields into rapidly

varying phase factors and slow varying residual fields (Lutz and Soyeur, 2008).

We write

D(x) = e−i (v·x)Mc P+(x) + e+i (v·x)Mc P−(x) , (4.22)

Dµν(x) = i e−i (v·x)Mc

{

vµ P ν
+(x)− vν P µ

+(x) +
i

Mc

(

∂µP ν
+(x)− ∂νP µ

+(x)
)}

+ i e+i (v·x)Mc

{

vµ P ν
−(x)− vν P µ

−(x)−
i

Mc

(

∂µP ν
−(x)− ∂νP µ

−(x)
)}

,

where the four velocity vµ is normalized as v2 = 1 . The charm-quark mass pa-

rameter Mc was already introduced in (3.24). The time and spatial derivatives of

the fields, P± and P µ
±, in (4.22) are small compared to Mc P± and Mc P

µ
± since the

charm-quark mass is close to the mass of the D mesons. In the limit Mc → ∞

such terms can be neglected. We identify the fields P+ and P µ
+ with the fields

introduced in (4.12).
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It is useful to illustrate some properties of the slowly varying fields. We

begin with the pseudo-scalar fields. The equation of motion is

∂µ ∂µ D(x) +M2
c D(x) = 0

→
{

∂ν ∂
ν ∓ 2Mc v

ν ∂ν
}

P±(x) = 0 , (4.23)

where we approximated the D-meson mass byMc. The second line in (4.23) follows

since the phase factors e±i (v·x)Mc are significantly more rapidly varying than any

of the residual fields P±(x). The two fields P+(x) and P−(x) decouple in the limit

of Mc → ∞. Similarly, the equation of motion for the vector field is given by

(Ecker et al., 1989; Lutz and Soyeur, 2008)

∂µ ∂α Dαν − ∂ν ∂α Dαµ +M2
c D

µν = 0 (4.24)

where we approximated the D-meson mass by Mc again. Together with the de-

composition of the D-meson field in (4.22), we get

{

∂ν ∂
ν ∓ 2Mc v

ν ∂ν
}

P µ
± = 0 ,

∓ iMc vµ P
µ
± + ∂µ P

µ
± = 0 . (4.25)

From the above results we conclude that vµ P
µ
± vanishes in the heavy-quark masses

limit.

Substituting the expansions of the D and Dµν fields into the chiral La-

grangians in (3.24), (3.26) and (3.29), we obtain

L
(c)
HQS = P+

{

c
(S)
1 (B̄ B)+ + c

(S)
2 (B̄ B)− +

1

2
c
(S)
3 tr

(

B̄ B
)

}

P̄+

−P+µ

{

c̃
(S)
1 (B̄ B)+ + c̃

(S)
2 (B̄ B)− +

1

2
c̃
(S)
3 tr

(

B̄ B
)

}

P̄ µ
+

+ i P+µ

{

c
(A)
1 (B̄ γ5 γ

µB)+ + c
(A)
2 (B̄ γ5 γ

µB)− +
1

2
c
(A)
3 tr

(

B̄ γ5 γ
µB
)

}

P̄+

− i P+

{

c
(A)
1 (B̄ γ5 γ

µB)+ + c
(A)
2 (B̄ γ5 γ

µB)− +
1

2
c
(A)
3 tr

(

B̄ γ5 γ
µ B
)

}

P̄+µ

+ i vµ ǫ
µναβ P+ν

{

c̃
(A)
1 (B̄ γ5 γαB)+ + c̃

(A)
2 (B̄ γ5 γαB)−
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+
1

2
c̃
(A)
3 tr

(

B̄ γ5 γαB
)

}

P̄+β + · · · ,

L
(d)
HQS = −P+

{

d
(S)
1 ∆̄σ ·∆σ +

1

2
d
(S)
2 tr

(

∆̄σ ·∆σ

)

}

P̄+

+P+µ

{

d̃
(S)
1 ∆̄σ ·∆σ +

1

2
d̃
(S)
2 tr

(

∆̄σ ·∆σ

)

}

P̄ µ
+

− 1

2
vµ ǫ

µναβ P+ν

{

d
(E)
1 ∆̄α ·∆β +

1

2
d
(E)
2 tr

(

∆̄α ·∆β

)

}

P̄+

− 1

2
vµ ǫ

µναβ P+

{

d
(E)
1 ∆̄β ·∆α +

1

2
d
(E)
2 tr

(

∆̄β ·∆α

)

}

P̄+ν

+
1

2
P+β

{

d̃
(E)
1 ∆̄α ·∆β +

1

2
d̃
(E)
2 tr

(

∆̄α ·∆β
)

}

P̄ α
+

− 1

2
P α
+

{

d̃
(E)
3 ∆̄α ·∆β +

1

2
d̃
(E)
4 tr

(

∆̄α ·∆β
)

}

P̄+β + · · · ,

L
(e)
HQS =

1

2
ǫµναβ vα P+

{

e
(A)
1 ∆̄µ · γ5 γνB − e

(A)
2 B̄ γ5 γν ·∆µ

}

P̄+β

+
1

2
ǫµναβ vα P+β

{

e
(A)
1 B̄γ5 γν ·∆µ − e

(A)
2 ∆̄µ · γ5 γνB

}

P̄+

− 1

2
ẽ
(A)
1 P µ

+ (∆̄µ · γ5 γνB) P̄ ν
+ −

1

2
ẽ
(A)
1 P ν

+ (B̄ γ5 γν ·∆µ) P̄
µ
+

+
1

2
ẽ
(A)
2 P ν

+ (∆̄µ · γ5 γνB) D̄µ +
1

2
ẽ
(A)
2 P µ

+ (B̄ γ5 γν ·∆µ) P̄
ν
+ + · · · . (4.26)

In the above equations we show only terms with P+ and P µ
+. Corresponding terms

with P− and P µ
− are redundant and do not lead to additional sum rules. Note that

our Hv field contains the P+ and P µ
+ fields only. To match the P− and P µ

− fields

an additional H−
v field had to be introduced. In (4.26) the ellipses stand also for

additional terms involving derivatives on the slow fields. The latter are suppressed

in the heavy-quark mass expansion.

Finally, matching the coupling constants of (4.26) and (4.20), we derive the

following 15 sum rules

c
(S)
1 = c̃

(S)
1 = f

(S)
1 , c

(S)
2 = c̃

(S)
2 = f

(S)
2 , c

(S)
3 = c̃

(S)
3 = f

(S)
3 ,

d
(S)
1 = d̃

(S)
1 = f

(S)
4 , d

(S)
2 = d̃

(S)
1 = f

(S)
5 ,

c
(A)
1 = c̃

(A)
1 = f

(A)
1 , c

(A)
2 = c̃

(A)
2 = f

(A)
2 , c

(A)
3 = c̃

(A)
3 = f

(A)
3 ,
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d
(E)
1 = d̃

(E)
1 = d̃

(E)
3 = f

(T )
1 , d

(E)
2 = d̃

(E)
2 = d̃

(E)
4 = f

(T )
2 ,

e
(A)
1 = e

(A)
2 = ẽ

(A)
1 = ẽ

(A)
2 = f

(T )
3 . (4.27)

Having implemented the heavy-quark symmetry, out of the independent 26 pa-

rameters from chiral Lagrangian in (3.24 , 3.26 , 3.29) there remain 11 independent

parameters only.



 

 

 

 

 

 

 

 

CHAPTER V

LARGE-NC QCD

In this chapter, we discuss QCD in the limit of large numbers of colors (Nc).

We give a short introduction to the large-Nc expansion in QCD, where we follow

the works (Manohar, 1998; Lebed, 1999; Jenkins, 1998; Matagne, 2006; Semke,

2010). The final goal of this chapter will be the derivation of sum rules for the

parameters of the chiral Lagrangian introduced in (3.23).

5.1 Large-Nc counting in QCD

QCD is a non-abelian gauge field theory of the SU(3) color group that we

discussed already in Chapter II. Large-Nc QCD is a generalization of QCD from

the color group SU(3) to SU(Nc) where Nc is considered to be a parameter of the

theory (’t Hooft, 1974a).

Consider the gluon polarization at leading order in perturbation theory with

an arbitrary number of colors. The corresponding diagram is depicted in Figure

Figure 5.1 One-loop gluon self energy (a) quark-gluon representation (b) double-

line representation.
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Figure 5.2 From the quark-gluon to the double-line representation.

5.1(a). Collecting all factors of Nc the diagram scales with ∼ g2s Nc. In order to

have a finite limit as Nc →∞ ’t Hooft suggested to assume

gs ∼
1√
Nc

. (5.1)

In turn the gluon polarization approaches a finite value at Nc →∞.

To facilitate the derivation of the scaling power of a given diagram it is useful

to represent Feynman diagrams in QCD by a double-line notation. As illustrated

in Figure 5.2 a gluon-propagator line is replaced by a pair of effective quark-

propagator lines. In such a diagram, the fundamental rather than the adjoint

representation for the gluon fields is used. The color octet index a is replaced by

the matric indices ij. A first example is given in Figure 5.1(b). Given the diagram

in its double-line notation, the large-Nc scaling is determined by the number of

closed lines and the number of gauge-coupling constants occurring in the original

diagram. While each closed line gives a factor Nc, each coupling constant the

Figure 5.3 Quark-loop diagram for the gluon self energy. (a) quark-gluon repre-

sentation (b) double-line representation.
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Figure 5.4 Two-loop contribution to the gluon-self energy. This planar diagram

scales with N0
c .

factor 1/
√
Nc.

One can show that all leading order diagrams in the large-Nc expansion

all planar. A planar diagram is a Feynman diagram that can be drawn in a 2-

dimensional plane such that no lines are crossed. The large-Nc expansion is a

non-perturbative method since there is an infinite class of quark-gluon diagrams

contributing to a given order. In Figure 5.3 and Figure 5.4 we give two further

examples of planar diagrams. The first figure shows the quark-loop contribution to

the gluon propagator. From the coupling constant we obtain the suppression factor

1/Nc. This is the final scaling power of the diagram since there is no closed loop in

its double-line notation. The second figure shows a two-loop diagram contributing

to the gluon propagator. The diagram in Figure (5.4) has four vertices with three

Figure 5.5 Two-loop contribution to the gluon-self energy. This non-planar dia-

gram scales with N−2
c .
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gluons lines and two closed quark lines. Altogether it scales with
(

1/
√
Nc

)4
N2

c =

N0
c . This diagram survives the limit Nc → ∞ . An example for a non-planar

diagram is given in Figure 5.5. The diagram is a two-loop contribution to the gluon

propagator, where two gluon lines cross each other. It has six vertices with three

gluon lines and one closed quark line. Thus it scales with
(

1/
√
Nc

)6
Nc = N−2

c

and therefore is suppressed in the limit Nc →∞ .

We close this section with a summary of the Nc-counting rules for diagram

in large-Nc QCD:

• Three gluons vertices and quark-gluon vertices scale with N
− 1

2
c .

• Four gluons vertices scale with N−1
c .

• Any closed quark line of a Feynman diagram in its double-line representation

implies the factor Nc .

• Non-planar diagrams are suppressed at least by the factor N−2
c .

5.2 Mesons in Large-Nc in QCD

As a first simple application of the large-Nc counting rules presented in

the previous section we consider mesonic systems as studied in (’t Hooft, 1974b)

and (Witten, 1979). According to Witten and ’t Hooft mesons are stable and

non-interacting particles in large-Nc QCD (’t Hooft, 1974b; Witten, 1979). Meson

masses take a smooth and finite value in the large-Nc limit. For a given quantum

number there is an infinite tower of states.

Consider a quark bilinear operator J with

J(x) = q̄(x) Γ q(x) , (5.2)
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Figure 5.6 Typical planar diagrams for n-point functions. (a) two-point function,

(b) three-point function, (c) four-point function, (d) n-point function.

where Γ is a Dirac and flavor matrix diagonal in color space. For an appropriate

matrix Γ the operator J is an interpolating field for a meson state |n〉 of a given

quantum number, i.e. it holds

〈0| J(0) |n〉 ≡ fn 6= 0 . (5.3)

How does the parameter fn scale with Nc? In order to find out we study the

two-point function

〈0 | J(x) J(y) | 0〉 =
∑

n

e− i pn· (x−y) |〈0 | J(0) |n〉|2 , (5.4)

where we insert a complete set of states. Due to the color confinement in QCD

only mesonic states will contribute in (5.4). The time-ordered version of (5.4) may

be represented by quark-gluon diagrams of QCD, for which we know their large-Nc
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scaling. At leading order only planar diagrams contribute. An example is drawn in

Figure 5.6(a). Applying the large-Nc counting rules we find the two-point function

to scale with Nc at leading order. Analogous results hold for the n-point functions

〈0 | T J(x) J(y) J(z) | 0〉 = O(Nc) , 〈0 | T J(x) J(y) J(z) J(w) | 0〉 = O(Nc) ,

〈0 | T J(x1) J(x2) · · · J(xn) | 0〉 = O(Nc). (5.5)

This is illustrated in Figures 5.6(b)–5.6(d).

Taking the Fourier transform of the two-point function it follows

∫

d4x e−i q x 〈0 | T J(x) J(0) | 0〉 =
∑

n

|fn|2
q2 −m2

n

= O(Nc) , (5.6)

where fn was introduced in (5.3) and mn is the mass of the meson state |n〉. The

result (5.6) is illustrated by the cut line in Figure 5.6(a). Right and left to the

cut there can only be states in a color singlet. The sum of all diagrams must lead

to intermediate mesonic states as claimed in (5.6). Since the meson masses scale

with mn ∼ N0
c it follows

fn = 〈0 | J(0) |n〉 = O(
√

Nc) . (5.7)

The scaling result (5.7) is easily generalized for vertices with n number

of meson fields. According to the LSZ reduction scheme (Itzykson and Zuber,

1980; Peskin and Schroeder, 1995) an n-body scattering amplitude, or a 2n-body

mesonic vertex, can be extracted from the vacuum expectation value of the time-

ordered product of 2n interpolating fields as studied in (5.5) and in Figures 5.6(b)–

5.6(d). The scattering amplitude follows by dividing out the 2 n wave-function

renormalization factors, which all scale with
√
Nc [see (5.7)]. Therefore a vertex

with n meson fields scales with

N
1−n

2
c . (5.8)
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5.3 Baryons in large-Nc in QCD

In last section, we have studied the Nc-scaling of mesons in large-Nc QCD.

The first study of baryons in large-Nc has been by Witten (Witten, 1979). In the

large-Nc picture, baryons are bound states of Nc valence quarks with a completely

anti-symmetric color wave function. The baryon masses grow linear with Nc. A

striking prediction of large-Nc QCD is the approximate degeneracy of the baryon

octet and decuplet states (Witten, 1979). The octet and decuplet states with

JP = 1
2

+
and JP = 3

2

+
form a super multiplet in the large-Nc limit. The spin

flip of a valence quark inside the baryon does not cost any energy. According to

Witten a vertex with two baryon fields and n meson field scales with

∼
(

1√
Nc

)n

Nc = N1−n/2
c . (5.9)

In this section, we follow the works of Luty and March-Russell (1994);

Dashen et al. (1995); Lutz and Semke (2011), where a formalism how to system-

atically expand baryon-matrix elements of QCD quark currents in powers of 1/Nc

was developed. Here we will use the main results and basic ideas.

The large-Nc operator analysis of Luty and March-Russell (1994); Dashen

et al. (1995); Lutz and Semke (2011) rewrites matrix elements in the physical

baryon states |p, χ〉 in terms of auxiliary states |χ) that reflect the spin and flavor

structure of the baryons only. Here we use |p, χ〉 as a synonym for the octet,

|p, χ, a〉, and decuplet states, |p, χ, ijk〉, introduced already in (3.35). All dy-

namical information is moved into effective operators. The 1/Nc expansion takes

the generic form

〈p̄, χ̄| C̄µν,a(q̄, q) |p, χ〉 =
∑

n

cn(p̄, p)(χ̄|O(n)
µν,a |χ) , (5.10)

where we assume all 4-momenta to be on-shell. The correlation operator C̄µν,a(q̄, q)

was introduced already in (3.34, 3.36). In the the center-of-momentum frame the
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two three vectors p̄ and p characterize the kinematics. The effective operators

O
(n)
µν,a are composed out of spin, flavor and spin-flavor operators, Ji, T

(a) and Ga
i ,

which act on the auxiliary states |χ). For Nc = 3 we recall the results of Lutz and

Kolomeitsev (2002); Lutz and Semke (2011). It holds

Ji |a, χ) = 1
2
σ
(i)
χ̄χ |a, χ̄) ,

T (a) |b, χ) = i fbca |c, χ) ,

Ga
i |b, χ) = σ

(i)
χ̄χ

(

1
2
dbca +

i
3
fbca

)

|c, χ̄) + 1
2

√
2S

(i)
χ̄χΛ

klm
ab |klm, χ̄) ,

(5.11)

Ji |klm, χ) = 3
2

(

~S σi
~S†
)

χ̄χ
|klm, χ̄),

T (a) |klm, χ) = 3
2
Λa,nop

klm |nop, χ),

Ga
i |klm, χ) = 3

4

(

~S σi
~S†
)

χ̄χ
Λa,nop

klm |nop, χ̄) + 1
2

√
2
(

S†
i

)

χ̄χ
Λab

klm |b, χ̄) ,

with the Pauli matrices σi and the transition matrices Si characterized by

S†
i Sj = δij − 1

3
σiσj , Si σj − Sj σi = −i εijk Sk , ~S · ~S† = 1 (4×4) ,

~S† · ~S = 2 1 (2×2) , ~S · ~σ = 0 , ǫijk Si S
†
j = i ~S σk

~S† . (5.12)

In (5.11) we apply the notation introduced in (3.39).

We return to the expansion (5.10). There are infinitely many terms one

may write down. At a given order in the 1/Nc expansion a finite number of

terms is relevant only. The counting is intricate since there is a subtle balance

of suppression and enhancement effects. An r-body operator consisting of the r

products of any of the spin and flavor operators receives the suppression factor

N−r
c . On the other hand baryon matrix elements taken at Nc 6= 3 are enhanced

by factors of Nc for the flavor and spin-flavor operators. The counting advocated

in (Dashen et al., 1995) may be summarized by the effective scaling laws

Ji ∼
1

Nc
, T (a) ∼ N0

c , Ga
i ∼ N0

c . (5.13)
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The counting rules (5.13) by themselves are insufficient to arrive at significant

results. At a given order in the 1/Nc expansion there still is an infinite number

of terms contributing. Taking higher products of flavor and spin-flavor operators

does not reduce the Nc scaling power. The systematic 1/Nc expansion is implied

by a set of operator identities (Dashen et al., 1995; Lutz and Semke, 2011) which

leads to the two reduction rules:

• All operator products in which two flavor indices are contracted using δab,

fabc or dabc or two spin indices on G’s are contracted using δij or εijk can be

eliminated.

• All operator products in which two flavor indices are contracted using sym-

metric or antisymmetric combinations of two different d and/or f symbols

can be eliminated. The only exception to this rule is the antisymmetric

combination facg dbch − f bcg dach.

As a consequence the infinite tower of spin-flavor operators truncates at any given

order in the 1/Nc expansion.

We turn to the 1/Nc expansion of the baryon matrix elements of the op-

erators in (3.36). We focus on the space components of the correlation functions.

In application of the operator reduction rules, the baryon matrix elements of the

product of two quark currents are expanded in powers of the effective one-body

operators according to (5.10). The ansatz for the momentum dependence of the

expansion coefficients in (5.10) is provided by the structure of the leading order

terms in the corresponding low-energy expansion stated in (3.44). In the course of

the construction of the various structures, parity and time-reversal transformation

properties are taken into account. To the subleading order in the 1/Nc-expansion
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we find the relevance of the following 11 effective operators

〈p̄, χ̄| C̄AA
ij,a |p, χ〉 = p̄i pj (χ̄| gAA

1 T (a) + 1
2
gAA
2

[

Jk, G
a
k

]

+
|χ) , (5.14)

〈p̄, χ̄| C̄V V
ij,a |p, χ〉 = δij (χ̄| gV V

1 T (a) + 1
2
gV V
2

[

Jk, G
a
k

]

+
|χ)

+ i ǫijk(χ̄| gV V
3 Ga

k +
1
2
gV V
4

[

Jk, T
(a)
]

+
|χ)

+ (χ̄|1
2
gV V
5

[

Ji, G
a
j

]

+
+ 1

2
gV V
6

[

Jj, G
a
i

]

+
|χ) ,

〈p̄, χ̄| C̄V A
ij,a |p, χ〉 = pj (χ̄| gVA

1 Ga
i +

1
2
gV A
2

[

Ji, T
(a)
]

+
+ 1

2
gV A
3 i εikl

[

Jk, G
a
l

]

+
|χ) .

In contrast to (5.11), where the flavor index a takes the values 1, ..., 8, the

flavor index a in (5.14) runs from 0 to 8 with the identification∗

T (0) =

√

1

6
1 , G0

i =

√

1

6
Ji . (5.15)

The matrix elements of the operators in (5.14) are obtained from the identities

(5.11). For the one-body operators our results follow from (5.11) directly. For the

symmetric combinations of two one-body effective operators consecutive applica-

tions of (5.11) yield

(d, χ̄|
[

Ji, Jj

]

+
|c, χ) = 1

2
δij δχ̄χ δcd , (5.16)

(d, χ̄|
[

Ji, T
(a)
]

+
|c, χ) = σ

(i)
χ̄χ i fcda ,

(d, χ̄|
[

Ji, G
a
j

]

+
|c, χ) = δij δχ̄χ

{

1
2
dcda +

i
3
fcda

}

,

(nop, χ̄|
[

Ji, G
a
j

]

+
|c, χ) = 1

4

√
2
(

3 i εijk Sk + Si σj + Sj σi

)

χ̄χ
Λnop

ac ,

(nop, χ̄|
[

Ji, Jj

]

+
|klm, χ) =

{

9
2
δij δχ̄χ − 3

(

Si S
†
j + Sj S

†
i

)

χ̄χ

}

δnopklm ,

(nop, χ̄|
[

Ji, T
(a)
]

+
|klm, χ) = 9

4

(

~S σi
~S†
)

χ̄χ
δnoprst Λ

a,rst
klm ,

(nop, χ̄|
[

Ji, G
a
j

]

+
|klm, χ) =

{

9
4
δij δχ̄χ − 3

2

(

Si S
†
j + Sj S

†
i

)

χ̄χ

}

δnoprst Λa,rst
klm .

We are now well prepared to evaluate the matrix elements in (5.14), where we

present results for the singlet with a = 0 and octet case with a 6= 0 separately.

∗The factor 1/
√
6 in (5.15) follows from the normalization of λ(0) and from the definition of

the effective operators T (a) and Ga

i
.
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Using (5.11) and (5.16) we obtain for the singlet case

〈p̄, χ̄ | C̄AA
ij,0 | p, χ〉 = p̄i pj

√

1
6

{

(3 gAA
1 + 3

4
gAA
2 ) δbc δχ̄χ

+ (3 gAA
1 + 15

4
gAA
2 ) δnopklm δχ̄χ

}

,

〈p̄, χ̄ | C̄V V
ij,0 | p, χ〉 = δij

√

1
6

{

(3 gV V
1 + 3

4
gV V
2 − 1

4
gV V
5 − 1

4
gV V
6 ) δbc δχ̄χ

+ (3 gV V
1 + 15

4
gV V
2 − 9

4
gV V
5 − 9

4
gV V
6 ) δnopklm δχ̄χ

}

+ i ǫijk

√

1
6

{

1
2
(gV V

3 + 3 gV V
4 ) δbc σ

(k)
χ̄χ

}

− 3
2

√

1
6
(Si S

†
j )χ̄χ

{

gV V
3 + gV V

4 + gV V
5 + gV V

6

}

δnopklm

+ 3
2

√

1
6
(Sj S

†
i )χ̄χ

{

gV V
3 + gV V

4 − gV V
5 − gV V

6

}

δnopklm ,

〈p̄, χ̄ | C̄V A
ij,0 | p, χ〉 = pj

√

1
6

{

(1
2
gV A
1 + 3

2
gV A
2 ) δbc σ

(i)
χ̄χ

+ (3
2
gV A
1 + 9

2
gV A
2 ) δnopklm (~S σ(i) ~S†)χ̄χ

}

. (5.17)

For the octet case we find

〈p̄, χ̄ | C̄AA
ij, a | p, χ〉 = p̄i pj

{

(gAA
1 + 1

2
gAA
2 ) i fabc δχ̄χ +

3
4
gAA
2 dabc δχ̄χ

+ (3
2
gAA
1 + 15

8
gAA
2 ) Λa,rst

klm δnoprst δχ̄χ

}

,

〈p̄, χ̄ | C̄V V
ij, a | p, χ〉 = δij

{

(3
4
gV V
2 − 1

4
gV V
5 − 1

4
gV V
6 ) dabc δχ̄χ

+ (gV V
1 + 1

2
gV V
2 − 1

6
gV V
5 − 1

6
gV V
6 ) i fabc δχ̄χ

+ (3
2
gV V
1 + 15

8
gV V
2 − 9

8
gV V
5 − 9

8
gV V
6 ) Λa,rst

klm δnoprst δχ̄χ

}

+ i ǫijk

{

1
2
gV V
3 dabc σ

(k)
χ̄χ + (1

3
gV V
3 + 1

2
gV V
4 ) i fabc σ

(k)
χ̄χ

}

+ 1
2
√
2
(Si σj)χ̄χ

{

gV V
3 − 1

2
gV V
5 + gV V

6

}

Λnop
ab

+ 1
2
√
2
(Sj σi)χ̄χ

{

− gV V
3 + gV V

5 − 1
2
gV V
6

}

Λnop
ab

− 3
4
(Si S

†
j )χ̄χ

{

gV V
3 + 3

2
gV V
4 + gV V

5 + gV V
6

}

Λa,rst
klm δnoprst

+ 3
4
(Sj S

†
i )χ̄χ

{

gV V
3 + 3

2
gV V
4 − gV V

5 − gV V
6

}

Λa,rst
klm δnoprst ,

〈p̄, χ̄ | C̄V A
ij, a | p, χ〉 = pj

{

1
2
gV A
1 dabc σ

(i)
χ̄χ + (1

3
gV A
1 + 1

2
gV A
2 ) i fabc σ

(i)
χ̄χ

+ ( 1
2
√
2
gV A
1 − 3

4
√
2
gV A
3 ) Λnop

ab S
(i)
χ̄χ
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+ (3
4
gV A
1 + 9

8
gV A
2 ) Λa,rst

klm δnoprst (~S σ(i) ~S†)χ̄χ

}

. (5.18)

We now match the large-Nc results (5.17, 5.18) with the results from the chiral

Lagrangian (3.44). As a consequence, the parameters of the chiral Lagrangian

(3.23) are expressed in terms of the large-Nc coupling constants introduced in

(5.14). There are three type of matching schemes possible. The following results

are obtained by matching either the expressions for the C̄V V
ij, a or C̄AA

ij, a or C̄V A
ij, a

correlation functions. We obtain the three matching results

c
(S)
1 =

3

8
gAA
2 , c

(S)
2 =

1

2
gAA
1 +

1

4
gAA
2 , c

(S)
3 = gAA

1 − 1

4
gAA
2 ,

d
(S)
1 =

3

2
gAA
1 +

15

8
gAA
2 , d

(S)
2 = 0 , (5.19)

and

c̃
(S)
1 =

3

8
gV V
2 +

1

4
gV V
+ , c̃

(S)
2 =

1

2
gV V
1 +

1

4
gV V
2 +

1

6
gV V
+ ,

c̃
(S)
3 = gV V

1 − 1

4
gV V
2 − 1

6
gV V
+ ,

c̃
(A)
1 = −1

4
gV V
3 , c̃

(A)
2 = −1

6
gV V
3 − 1

4
gV V
4 , c̃

(A)
3 =

1

6
gV V
3 − 1

2
gV V
4 ,

d̃
(S)
1 =

3

2
gV V
1 +

15

8
gV V
2 +

9

4
gV V
+ , d̃

(S)
2 = 0,

d̃
(E)
1 =

3

2
gV V
3 +

9

4
gV V
4 − 3 gV V

+ , d̃
(E)
2 =

3

2
gV V
4 ,

d̃
(E)
3 =

3

2
gV V
3 +

9

4
gV V
4 + 3 gV V

+ , d̃
(E)
4 =

3

2
gV V
4 ,

ẽ
(A)
1 = gV V

3 +
3

2
gV V
− − 1

2
gV V
+ , ẽ

(A)
2 = gV V

3 +
3

2
gV V
− +

1

2
gV V
+ , (5.20)

with gV V
± = 1

2
(gV V

5 ± gV V
6 ), and

c
(A)
1 =

1

4
gV A
1 , c

(A)
2 =

1

6
gV A
1 +

1

4
gV A
2 , c

(A)
3 = −1

6
gV A
1 +

1

2
gV A
2 ,

e
(A)
1 = −gV A

1 +
3

2
gV A
3 ,

d
(E)
1 = −3

2
gV A
1 − 9

4
gV A
2 , d

(E)
2 = −3

2
gV A
2 . (5.21)

Note that the parameter e
(A)
2 does not occur in the presented results here. The

large-Nc operator expansion for this parameter is based on the analysis of the



 

 

 

 

 

 

 

 

55

matrix elements of C̄AV , which may be decomposed in terms of additional param-

eters gAV
1,2,3 in analogy to the decomposition of the matrix elements of C̄V A in (5.14).

The corresponding results follow from (5.21) by the replacements e
(A)
1 → e

(A)
2 and

gV A
1,2,3 → gAV

1,2,3. As a consequence it follows that gV A
1,2 = gAV

1,2 , but not necessarily

gV A
3 = gAV

3 .

Altogether we find 12 large-Nc parameters relevant at leading order. Com-

pared with the 26 chiral parameters we expect a set of 14 sum rules. We group

the sum rules into three parts

c
(S)
3 = 2

(

c
(S)
2 − c

(S)
1

)

, d
(S)
1 = 3

(

c
(S)
1 + c

(S)
2

)

, d
(S)
2 = 0 ,

c
(A)
3 = 2

(

c
(A)
2 − c

(A)
1

)

, d
(E)
1 = −9 c(A)

2 , d
(E)
2 = 2

(

2 c
(A)
1 − 3 c

(A)
2

)

,

c̃
(S)
3 = 2

(

c̃
(S)
2 − c̃

(S)
1

)

, d̃
(S)
1 = 3

(

c̃
(S)
1 + c̃

(S)
2

)

+
(

ẽ
(A)
2 − ẽ

(A)
1

)

,

d̃
(S)
2 = 0 , c̃

(A)
3 = 2

(

c̃
(A)
2 − c̃

(A)
1

)

, d̃
(E)
1 = −9 c̃(A)

2 − 3
(

ẽ
(A)
2 − ẽ

(A)
1

)

,

d̃
(E)
2 = d̃

(E)
4 = 2

(

2 c̃
(A)
1 − 3 c̃

(A)
2

)

, d̃
(E)
3 = −9 c̃(A)

2 + 3
(

ẽ
(A)
2 − ẽ

(A)
1

)

, (5.22)

where the first and the third parts correlate the coupling constants describing the

interactions of pseudoscalar and vector D mesons, respectively. The second part

provides the analogous relations for the transition interactions, i.e. terms with one

pseudoscalar and one vector D meson field.

We observe that given the third set of the sum rules in (5.22), the first two

parts are recovered by applying the results of the heavy-quark mass expansion as

summarized in (4.27). This is a remarkable result demonstrating the consistency

of a combined heavy-quark and large-Nc expansion.



 

 

 

 

 

 

 

 

CHAPTER VI

DISCUSSIONS AND CONCLUSIONS

We derived sum rules for the leading order two-body counter terms of the

chiral Lagrangian as implied by a combined heavy-quark and large-Nc analysis.

There are altogether 26 independent terms in the chiral Lagrangian with baryon

octet and decuplet fields that contribute to the D and D∗ meson baryon scattering

process at chiral order Q0.

At leading order in the heavy-quark expansion we find the relevance of

11 operators only. Additional sum rules were derived from the 1/Nc expansion.

Combining both expansions, the number of unknown parameters is further reduced

to 5. At present such sum rules can not be confronted directly with empirical

information. They are useful constraints in establishing a systematic coupled-

channel effective field theory for D meson baryon scattering beyond the threshold

region.
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APPENDIX A

CHIRAL POWER COUNTING

In this appendix, we summarize about the chiral power counting scheme

for heavy fields in Chiral Lagrangian. Such scheme is very useful to identify a low-

energy expansion. The parameter Q plays an important role in this framework.

The Q parameter has meaning as small external momenta or the quarks masses

(Krause, 1990; Lutz and Semke, 2011; Semke, 2010). The field operators in this

thesis are characterized by

• D-meson fields:

D, D̄, Dµν , D̄µν ∼ O(Q0) (A.1)

• Baryon fields:

B, B̄, ∆µ, ∆̄µ ∼ O(Q0) (A.2)

• The elements of Clifford’s algebra:

1, γµ, γ5 γµ, σµν ∼ O(Q0) , γ5 ∼ O(Q) . (A.3)

One can use above counting rule to check chiral power of the chiral La-

grangians (3.24, 3.26, 3.29) which introduced in Chapter III. According to the

Chapter III, we found that D-mesons and baryons are not massless particles in

the chiral limit. From this reason, the four momenta pµ of such fields have dimen-

sionless in the chiral power counting scheme. So, the chiral power counting of the

four-partial derivative is assigned by i ∂µ ∼ O(Q0) .



 

 

 

 

 

 

 

 

APPENDIX B

NON-RELATIVISTIC EXPANSION

In this appendix, we derive the non-relativistic expansion of the expressions

ū(~p ′, s′) Γ u(~p, s) , ūµ(~p ′, s′) Γ uν(~p, s) , ūµ(~p ′, s′) Γ u(~p, s) , (B.1)

with a Dirac matrix

Γ ∈ 14×4, γ5, γ
µ, γ5 γ

µ, σµν , γ5 σ
µν . (B.2)

The non-relativistic expansion is an expansion in powers of ~p/M and ~p ′/M where

we assume a degenerate mass, M , for the spin 1/2 and 3/2 particles. We use the

convention and notation of (Itzykson and Zuber, 1980) with

γ0 =







12×2 0

0 −12×2






, γi =







0 σi

−σi 0






, γ5 = γ5 =







0 12×2

12×2 0






,

σ0j = i







0 σj

σj 0






, σij = ǫijk







σk 0

0 σk






, (B.3)

where 1n×n is the identity matrix in n dimension, σi the Pauli matrices and ǫijk

the antisymmetric tensor with ǫ123 = 1.

We recall the wave function of a spin-1
2
particle with

u(~p, s) = Np







χ1/2(s)

σ·~p
Ep+M

χ1/2(s)






, ū(p, s) = u†(p, s) γ0 ,

Np =

√

Ep +M

2M
, Ep =

√

~p 2 +M2 , (B.4)

where M is the baryon mass and χ1/2(s) is the two-component spin wave function.
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Table B.1 Non-relativistic reduction and expansion as defined in (B.7).

Γ Γeff Γ̃nr
eff

1 Np′Np

(

1− ~σ·~p ′

Ep′+M
~σ·~p

Ep+M

)

1

γ5 Np′Np

(

~σ·~p
Ep+M

− ~σ·~p ′

Ep′+M

)

1
2M

~σ · (~p− ~p ′)

γ0 Np′Np

(

1 + ~σ·~p ′

Ep′+M
~σ·~p

Ep+M

)

1

γi Np′Np

(

σi ~σ·~p
Ep+M

+ ~σ·~p ′

Ep′+M
σi
)

1
2M

(

(p+ p′)i + i (p− p′)j σk ǫijk
)

γ5 γ
0 −Np′Np

(

~σ·~p
Ep+M

+ ~σ·~p ′

Ep′+M

)

− 1
2M

~σ · (~p + ~p ′)

γ5 γ
i −Np′Np

(

σi + ~σ·~p ′

Ep′+M
σi ~σ·~p

Ep+M

)

−σi

σ0j Np′Np i
(

σj ~σ·~p
Ep+M

− ~σ·~p ′

Ep′+M
σj
)

i
2M

(

(p− p′)j + i (p+ p′)k σi ǫjki
)

σij Np′Np ǫ
ijk
(

σk − ~σ·~p ′

Ep′+M
σk ~σ·~p

Ep+M

)

ǫijkσk

γ5 σ
0j Np′Np i

(

σj − ~σ·~p ′

Ep′+M
σj ~σ·~p

Ep+M

)

i σj

γ5 σ
ij Np′Np ǫ

ijk
(

σk ~σ·~p
Ep+M

− ~σ·~p ′

Ep′+M
σk
)

1
2M

ǫijk
(

(p− p′)k + i (p+ p′)l σm ǫklm
)

For a spin-3
2
particle the spinor wave function is

uµ(~p, s) = Np







S†
µ(p)χ3/2(s)

σ·~p
Ep+M

S†
µ(p)χ3/2(s)






, ūµ(p, s) = u†

µ(p, s) γ
0 , (B.5)

where χ3/2(s) is the four-component spin wave function and

S0 †(~p ) =
|~p |
M







0
√

2
3

0 0

0 0
√

2
3

0






, S1 †(~p ) =







− 1√
2

0 1√
6

0

0 − 1√
6

0 1√
2






,

(B.6)

S2 †(~p ) =







− i√
2

0 − i√
6

0

0 i√
6

0 i√
2






, S3 †(~p ) =

Ep

M







0
√

2
3

0 0

0 0
√

2
3

0






.

The non-relativistic expansion of the expressions in (B.1) goes in two steps.
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First we provide the exact rewrite

ū(~p ′, s′) Γ u(~p, s) = χ†
1/2(s

′) Γeff χ1/2(s) ,

ūµ(~p ′, s′) Γ uν(~p, s) = χ†
3/2(s

′)
(

Sµ(~p ) Γeff S
ν †(~p )

)

χ3/2(s) ,

ūµ(~p ′, s′) Γ u(~p, s) = χ†
3/2(s

′)
(

Sµ(~p ) Γeff

)

χ1/2(s) , (B.7)

in terms of effective 2× 2 dimensional matrices Γeff . In a second step we compute

the leading term in the non-relativistic expansion Γnr
eff . The results are displayed

in Table B.1.
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