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Abstract� The main goal of this paper is to construct an algorithm for shape
preserving spline approximation of complex multivalued surfaces that appear
in some applications� We consider �rstly two di�erent local ��D algorithms
of shape preserving interpolation and approximation� Then we use the direct
product of ��D splines and special monotonizing parametrization to obtain the
surface satisfying given tolerances that inherits some shape preserving properties
of ��D splines�

x�� Introduction

In many practical problems we deal with approximation of discrete data when geo�
metric properties of the data such as positivity� monotonicity� convexity� presence of
linear sections� the angles and the bends should be retained� Standard approaches
such as spline interpolation� NURBS and other are usually fail in the treatment
of this problem� To obtain the necessary solution many authors ��������	 introduce
some parameters in the structure of the spline� Then they choose these factors in
such a way to satisfy the geometric constraints� The key idea here is to develop
algorithms for automatic selection of these parameters� We consider two such lo�
cal ��D algorithms based on generalized cubic splines� Then the direct product of
��D splines and special monotonizing parametrization are used to obtain the shape
preserving approximation of complex multivalued surfaces� We formulate the shape
preserving properties of ��D splines and give some numerical examples�
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x�� The Class of Shape Preserving Interpolants

Let the sequence of points V � fPi j i � �� �� � � � � Ng� Pi � xi� fi�� on the plane
IR� be �xed� where � � a � x� � x� � � � � � xN � b forms a partition of the
interval �a� b	� We introduce the notation for the �rst two devided di�erences �if �
fi�� � fi��hi� hi � xi�� � xi� i � �� �� � � � � N � �� �if � �if � �i��f � i �
�� �� � � � � N � �� As usual� we shall say that the initial data increases monotonically
decreases monotonically� on the subinterval �xn� xk	� n � k� if �if � � �if � ���
i � n� � � � � k � �� We say it is convex down up� on �xn� xk	� k � n � � if �if � �
�if � ��� i � n� � � � � k � ��

We call the problem of searching for a su�ciently smooth function Sx� such
that Sxi� � fi� i � �� �� � � � � N � and Sx� preserves the form of the initial data� a
shape preserving interpolation problem� It means that Sx� should monotonically
increase or decrease if the data has the same behaviour� Analogously� Sx� should
also be convex concave� in data convexity concavity� intervals�

Evidently the solution of the shape preserving interpolation problem is not
unique� We formalize the class of functions in which we search for the solution�

De�nition ���� The set of functions IV � is called the class of shape preserving
functions if for any Sx� � IV � the following conditions are met�
��� Sx� � C��a� b	�
��� Sxi� � fi� i � �� �� � � � � N �
��� S�x��if � � if �if �� � and S�x� � � if �if � � for all x � �xi� xi��	�

i � �� �� � � � � N � �� and
�	� S��xi��if � �� i � �� �� � � � � N � �� S��x��jf � �� x � �xi� xi��	� j � i� i � �

if �if�i��f � �� Sx� has no more than one in
ection point x in the interval
xi� xi��� if �if�i��f � � and also S��x��if � � for x � �xi� x	 and the number
of in
ection points in the interval xi��� xi��� does not exceed the number of
sign changes in the sequence �i��f� �if� �i��f �

Remark� When counting the number of sign changes in the sequence �i��f� �if �
�i��f � the zeros are omitted�

The following propositions� characterizing the properties of shape preserving
interpolants� are proved by using simple geometric considerations�

Lemma ���� If �i��f�if � �� then for the function Sx� to be shape preserving�
it is necessary that S�xi� � ��

Lemma ���� If �if � � and �i��f�i��f � �� then the unique shape preserving
function on the interval �xi��� xi��	 is the straight line passing through the points
Pi��� Pi� Pi���

Corollary ���� If �if � �i��f � �� then the unique shape preserving function
in the interval �xi��� xi��	 is the straight line passing through the points Pj � j �
i� �� i� i� �� i� ��



p g p pp

Lemma ���� If �if � � and �i��f�i��f � �� then for Sx� � IV � it is necessary
that one of the following conditions be met�
��� S�xi��i��f � �if�i��f � S

��xi� � ��
��� S�x� � �if � S

��x� � � for all x � �xi��� xi��	�

Lemma ���� Let �if �� � and S��xi�S
��x� � � for all x � �z�� z�	� z�� z� �

�xi� xi��	� Then for Sx� � IV � it is necessary that one of the following condi�
tions be met�
��� S�z�� � �zS � S�z�� for �if � ��
��� S�z�� � �zS � S�z�� for �if � ��
��� S�x� � �zS� S

��x� � � for all x � �z�� z�	�
where �zS � Sz��� Sz����z� � z���

Lemma ��� immediately implies

Corollary ���� If �if�i��f � � and S�xj� �� �if � j � i� i � �� then for
Sx� � IV � it is necessary that the condition

S�xi��if � �if�if � S�xi����if

holds�

Corollary ���� If �i��f�if � � and �if�i��f � �� then for Sx� to be shape
preserving it is necessary that the inequalities hold�

min�i��f��if� � S�xi� � max�i��f��if��

Lemma ���� If S�xi� � �� then for Sx� to be shape preserving it is necessary
that S��xi��if � �� S��xi��i��f � ��

Theorem ���� For the existence of a shape preserving function it is necessary and
sucient that none of the following conditions hold�
��� �i��f�if � �� �i��f �� �� �i��f�if � �� �i��f � �� i � �� � � � � N � ��
��� �i��f�if � �� �if �� �� �if�i��f � �� �i��f � �� i � �� � � � � N � ��
��� �if �� �� �i��f � �i��f � �� �if�kf � �� k � i� �� i � �� i � �� � � � � N � ��

Necessity of this assertion is proved directly by using Lemmas �������� The
proof of the su�ciency consists in local constructing the shape preserving function
Sx� which interpolates arbitrary data and for which the conditions ����� of the
Theorem ��� are not satis�ed�

We de�ne now the admissible values S
�r�
i � S�r�xi�� r � �� �� in the knots

of the mesh �� The choice of these values should be subjected to the following
constraints�

min�i��f��if� � S�i �max�i��f��if� and �ifS
��

i � �

if �if �� �� � � i � N � ��
����



S�i ��if��i��f � �� S�i�if � �� S��i � �

if �if � �� �i��f�i��f � �� � � i � N � ��
����

S�� ���f���f � �� S����f � �� S��� � � if ��f � ��

S�N�� � �N��f��N��f � �� S�N���N��f � �� S��N�� � �

if �N��f � ��

����

��f � S�����f � �� S����f � � ��f �� ��� S��� ��f � � if ��f �� ��

��f � S�����f � �� S����f � � ��f �� ��� S��� ��f � �

if ��f � �� ��f �� ��

����

S�N � �N��f��N��f � �� S�N�N��f � � �N��f �� ��� S��N�N��f � �

if �N��f �� ��

S�N � �N��f��N��f � �� S�N�N��f � � �N��f �� ��� S��N�N��f � �

if �N��f � �� �N��f �� ��

����

For the constructing of the shape preserving function Sx� it is su�cient to
eliminate from the consideration the intervals of the Sx� linearity and to de�ne
Sx� in arbitrary subinterval �xi� xi��	 for the following possible con�gurations of
the data�
A� �if�i��f � �� � � i � N � ��
B� �if � �� �i��f�i��f � �� � � i � N � ��
C� �if�i��f � �� � � i � N � �
if i � �� N � then we formally set �if � S��i ��

By introducing on the straight line� joining the points Pi� Pi��� an additional
in�ection point extending the mesh � the case C� is reduced to the case B�� In
cases A� and B� the problem of the shape preserving function construction can
be reduced ��	 to the solution in �xi� xi��	 of the Hermite interpolation problem by

the given values S
�r�
j � r � �� �� �� j � i� i � � with the function monotonicity and

convexity requirement in this interval and additional restrictions

minS�i� S
�

i��� � �if � maxS�i� S
�

i���� ����

�ifS
�

j � �� j � i� i � �� ����

S��j �S�i�� � S�i� � �� j � i� i � �� ��
�

According to the De�nition ��� the following relations should be satis�ed too�

S��x�S��xj� � �� j � i� i � �� x � �xi� xi��	� ����
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x�� The Solution of the Hermite Interpolation

Problem with Constraints

The question of local construction of the shape preserving function Sx� can be
solved by using generalized cubic splines �
��	�

De�nition ���� Our generalized cubic spline on the mesh � will be a function
Sx� � C��a� b	 such that in any subinterval �xj � xj��	 it has the form

Sx� � �Sj � �j��h�jS
��

j 	�� t� � �Sj�� � �j��h�jS
��

j��	t

��jt�h
�
jS

��

j � �jt�h
�
jS

��

j���
����

where t � x� xj��hj and the functions �jt�� �jt� satisfy the conditions

�
�r�
j �� � �

�r�
j �� � �� r � �� �� �� ���j �� � ���

j �� � ��

We assume that ���j t�� ���

j t� are continuous monotonic functions of the variable
t � ��� �	 values and

�jt� � �pj � t�� �jt� � �qj � �� t�� pj � qj � �� ����

To solve the Hermite interpolation problem with constraints on the interval
�xi� xi��	 let us de�ne a function

Sx� �

�
Sx� xi� xi�� if x � �xi� xi�	�
Sx� xi�� xi��� if x � �xi�� xi��	�

which has the form ���� on the intervals �xi� xi�	� �xi�� xi��	 and satis�es the inter�
polation and smoothness conditions

S�r�xj� � f
�r�
j � S�r�xi� � �� � S�r�xi� � ��� r � �� �� �� j � i� i � ��

We assume that the inequalities �������
� are ful�lled and according to ����
we have S�iS

�

i�� � ��
Let us introduce the notations

hi� � xi� � xi� 	i� � �� 
i� � hi��hi� �i �
S�i�� � �if

S�i�� � S�i
�

�i �
Si� � fi
hi�

� i �
fi�� � Si�
hi � hi�

� �j �
hiS

��

j

S�i�� � S�i
� j � i� i � ��

According to these notations and by the inequalities ���� we have

�if � �iS
�

i � �� �i�S
�

i��� � � �i � �� ����



Using the formula ���� we obtain

�i �
�

��

i��

�
hi�T

��
i S��i � ��i��� ��

i��	S�i � �i��S�i�

�
�

i �
�

��i���

�
hi � hi��T

��
i� S��i�� � �i���S�i� � ��i��� � ��i���	S�i��

�
�

T��
j � ��j�� � ��j��	��j��� ��

j��	� �j���j��� j � i� i��

����

By the continuity of the spline second derivative in the knot xi� we have the
equation

S�i� �

�

i�
��

i��
�

	i�
��i���

�
���


i�
��

i��
S�i �

	i�
��i���

S�i��

�
��i��

��

i��

i�hi�S

��

i �
��

i���

��i���
	i�hi � hi��S

��

i��

�
�

����

Now taking into account the identity 	i��i � 
i�i � �if and substituting
here the expressions for �i� i� S

�

i� from ���� and ���� we arrive at the equation
with respect to 	i�

�i	i�� � Ai	
�
i� � Bi	

�
i� � Ci	i� � Di � �� ����

If now to set pi� � qi then according to ���� we have in ���� the coe�cient
Ai � � and to de�ne 	i� we obtain the quadratic equation

�i	i�� �
�

��

i��

�
�Bi	

�
i� � �Ci	i� � �Di

�
� �� ����

where

�Bi ���i����i�� � T��
i 	�i � ��i����

i���� T��
i� 	�i���

�Ci � � �i����i���i � ���i���i��� � �T��
i� 	�i�� � ��i��� ��

i���

�Di � � T��
i� �i�� � �i�� � �i�

�

i���

Since

�i�� ��i �
�

��

i��

�
T��
i� �i�� � �i��

�
�

�i�� �� �� �i� �
�

��

i��

�
T��
i �i � �i��

�
�

we can �nd such pi� qi� qi�� that for all pi � pi� qi � qi� qi� � qi� according to
���� we have �i�� � �� �i�� � �� Thus the equation ���� has a unique root
	i� � �� ���
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As pi� � qi we can rewrite the equation ���� in the form

S�i� � S�i � 	i�S
�

i�� � S�i�� 
i�	i�hi��
�

i��S��i � ��

i���S��i��	� ��
�

Considering fx� as a su�ciently smooth function we assume that

S
�r�
j � f

�r�
j � Ohk���ri �� r � �� �� j � i� i� �� k � � or k � �� Then using ��
� we

obtain
S�i� � f �xi�� �S�i � f �i � ���i�� � ��

i���	
i�	i�hif
��

i

� hi�hi � hi������� ��

i���	f ���i � Ohki ��

It implies that the approximation error order will increase for the derivative of
the spline in the point xi� if according to ���� we set qi� � pi�

We consider now the question of the shape preserving properties for the gen�
eralized spline Sx� in the interval �xi� xi��	� The following criterion is valid�

Theorem ���� By the ful�llment the restrictions

�i��

��

i��
� ��i���i � �� �i�

�i��

��

i��
� ��i���i�� � �i� ����

the unique shape preserving generalized cubic spline Sx� exists solving the Hermite
interpolation problem with restrictions ������������

Proof� The conditions ���� � ��
� are ful�lled by the construction� The re�
quirement ���� means the absence on �xi� xi��	 of in�ection points for the shape
preserving function Sf x�� Let us show that for the spline Sx� this condition will
be ful�lled if the inequalities are valid

min�i� i� � S�i� � max�i� i��

minS�i��if� � �i � maxS�i��if��

minS�i����if� � i � maxS�i����if��

It is convenient to rewrite these inequalities in the form

�iS
�

i�� � S�i�
�� � S�i�S

�

i�� � S�i�
�� � iS

�

i�� � S�i�
���

S�iS
�

i�� � S�i�
�� � �iS

�

i�� � S�i�
�� � �ifS�i�� � S�i�

���

�ifS�i�� � S�i�
�� � iS

�

i�� � S�i�
�� � S�i��S

�

i�� � S�i�
���

�����

From ���� and ��
� we �nd

�i � S�i � 	i�S
�

i�� � S�i�
�i��

��

i��

�
� �

T��
i

�i��
�i � 
i��

�

i���i�� � �i�

�
� �����

i � S�i�� � 
i�S
�

i�� � S�i�
�i��

��

i��

�
� �

T��
i

�i��
�i�� � 	i��

�

i���i�� � �i�

�
�



It enables us to write the conditions ����� in the form

�i��

��

i��

�
� �

T��
i

�i��
�i � 
i��

�

i���i�� � �i�
�
� � � 
i��

�

i���i�� � �i��

�i��

��

i��

�
� �

T��
i

�i��
�i�� � 	i��

�

i���i�� � �i�
�
� �� 	i��

�

i���i�� � �i��

� � 	i�
�i��

��

i��

�
� �

T��
i

�i��
�i � 
i��

�

i���i�� � �i�
�
� �� �i�

� � 
i�
�i��

��

i��

�
� �

T��
i

�i��
�i�� � 	i��

�

i���i�� � �i�
�
� �i�

To ful�ll these inequalities and the conditions �i�� � �� �i�� � � it is su��
cient to choose the parameters pi� qi in such a way that the restrictions ���� are
satis�ed�

According to ����

S�i � �i � ��i�� � ��i��	hi�S
��

i � �i��hi�S
��

i��

Then by substituting here the expression for �i from ����� we have

S��i� �
S�i�� � S�i
hi��

i��

�
� � ��i��	i��i � 
i��i���

�
� �����

If the inequalities ���� are ful�lled� the expression in square parentheses in
����� is positive and S��i�S

�

i�� � S�i� � �� As S��j S�i�� � S�i� � �� j � i� i � �� we
conclude from here that S��i�S

��

j � �� j � i� i � ��
From ���� on the interval �xi� xi�	 we have

S��x� � S��i �
��

i t� � S��i��
��

i t��

Since ���i t�� ���

i t� � � for t � ��� �	� then

S��x�S��j � �� j � i� i� for x � �xi� xi�	�

We arrive at an analogous conclusion by considering the subinterval �xi�� xi��	� As a
result the function S��x� is convex in the interval �xi� xi��	 and S�x� is monotone�
Because of the assumption S�iS

�

i�� � � the function Sx� has the monotonicity
property� The theorem is proved�

The given construction completes the proof of the su�ciency conditions of
Theorem ��� from the previous section�
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x�� The Problem of Shape Preserving Approximation

Suppose a set of intervals F � fFi j i � �� � � � � Ng� Fi � �fi � �i� fi � �i	�
i � �� � � � � N � with prescribed small �i � � on a grid � � a � x� � x� � � � � � xN �
b be given� We call the problem of searching for a su�ciently smooth function
Sx� � C��a� b	 such that Sxi� � Fi� i � �� � � � � N � and Sx� preserves the shape of
the initial data a shape preserving approximation problem�

To formalize this problem we introduce the interval di�erences ��	

�iF � h��i Fi�� � Fi� � ��if � ei��if � ei	� ei � h��i �i � �i����

i � �� � � � � N � ��

�iF � �iF ��i��F � ��if � Ei� �if � Ei	� Ei � ei�� � ei�

i � �� � � � � N � ��

�a�� a�	� �b�� b�	 � �a� � b�� a� � b�	 � � if and only if a� � b��

The initial data are said to increase decrease� monotonically on a subinterval
�xR� xK 	� K � R� if �iF � � �iF � ��� i � R� � � � �K � �� The data are called
convex downward upward� on �xR� xK 	� K � R � �� if �iF � � �iF � ��� i �
R � �� � � � � K � ��

We assume that the intervals �iF � �iF for all i do not contain zeros� i�e�
�if�� � e�i � i � �� � � � � N � �� �if�� � E�

i � i � �� � � � � N � ��
If the values of a function Sx� are such that Sxi� � Fi� i � �� � � � � N � then we

have �iS � �iF � i � �� � � � � N��� �iS � �iF � i � �� � � � � N��� Taking into account
the inequalities for the initial data� we obtain �iS �if � �� i � �� � � � � N � ��
�iS �if � �� i � �� � � � � N � ��

De�nition ���� The set of functions I�� F � is called the class of shape preserving
approximants if for any function Sx� � I�� F � the following conditions are met�

�� Sx� � C��a� b	�
�� Sxi� � Fi� i � �� � � � � N �
�� Sx� is monotonic in �xi� xi��	� i � �� � � � � N�� if �i��f�if � �� �if�i��f �

�� Sx� is monotonic in �x�� x�	 if ��f��f � � and in �xN��� xN 	 if
�N��f�N��f � �� S�x� has one sign change in �xi��� xi��	� i � �� � � � � N � �
if �i��f�if � �� the number of sign changes of the function S�x� in �a� b	
coincides with that in the sequence ��f���f� � � � ��N��f � and

�� S��xi��if � �� i � �� � � � � N � �� the number of sign changes of the function
S��x� in x � �a� b	 coincides with that in the sequence ��f� ��f� � � � � �N��f �

The shape preserving approximation problem is� by de�nition� the problem of
searching for a function Sx� � I�� F �� We seek a solution of the shape preserving
approximation problem in the form of generalized cubic spline complying with the
De�nition ����



x�� Algorithm of Shape Preserving Local Approximation

The set of splines complying with De�nition ��� is denoted by SG� � As dimSG� �
� �N � �N � �� � N � �� for the constructing in SG� a basis of B�splines� i� e�
nonnegative functions with local minimum�length supports� we extend mesh � by
adding the points xj � j � ��������� N � �� N � �� N � � such that x�� � x�� �
x�� � a� b � xN�� � xN�� � xN���

Simple calculations permit us to obtain an explicit form of B�splines

Bix� �

������������	
�����������


B��

i xi����i��x�� x � �xi��� xi��	�

B��

i xi����vi�� � v�i��x� xi���	

� B��

i xi����i��x� � B��

i xi��i��x�� x � �xi��� xi	�

� B��

i xi����vi�� � v�i��x� xi���	

� B��

i xi��ix� � B��

i xi����ix�� x � �xi� xi��	�

B��

i xi����i��x�� x � �xi��� xi��	�

�� x �� �xi��� xi��	�

����

where

�jx� � �j

�
x� xj
hj

�
h�j � �jx� � �j

�
x� xj
hj

�
h�j �

v
�r�
j � �

�r�
j����h��rj�� � �

�r�
j ��h��rj � r � �� ��

B��

i xj� �
yi�� � yi��
v�j�

�

i��yj�
� yj � xj � vj�v

�

j � j � i� �� i� i � ��

�i��x� � x� yi���x� yi�x� yi����

Further we consider the case when �averaged nodes of B�splines yi � xi�vi�v
�

i�
i � �� � � � � N coincide with the nodes of main mesh �� i�e� vi � �i����h�i�� �
�i��h�i � �� i � �� � � � � N and x�i � x� � ih�� xN�i � xN � ihN��� i � �� �� ��

Basis splines Bix�� i � ��� � � � � N �� have the following properties� Bix� � �
if x � xi��� xi��� and Bix� � � otherwise�

N��X
j���

Bjx� � � for x � �a� b	�

Any spline Sx� � SG� can be uniquely represented in the form

Sx� �
N��X
j���

bjBjx� for x � �a� b	 ����

with some constant coe�cients bj�
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From ���� the expression ���� for spline Sx� in the subinterval �xi� xi��	 is
transformed to the form

Sx� � bi � �ibx� xi� � �it�h
�
i �ib�v

�

i � �it�h
�
i �i��b�v

�

i��� ����

where �jb � �jb��j��b� j � i� i � �� �jb � bj�� � bj��hj �
Whence the formulae

Sxi� � bi � �ib

�
��

i����

�i����

�

hi��
�
��i��

�i��

�

hi

�
��

� ����

S�xi� �
�

v�i
���

i����hi���ib� ��i��hi�i��b	� ����

S��xi� � �ib�v
�

i ����

follow� and vice versa

bi�� � Sxi�� hi��S
�xi� � h�i�����i���� � ��

i����	S��xi��

bi � Sxi�� h�i�i��S��xi�� ����

bi�� � Sxi� � hiS
�xi�� h�i ��i�� � ��i��	S��xi��

i � �� � � � � N�

Algorithm ���� We compute the coe�cients in ���� from formulae ����� with
S��xi� being approximated using the second divided di�erence

bi � fi � �h�i hi�� � hi�
���i���if� i � �� � � � � N � �� ��
�

To determine the coe�cients bi� for i � ��� �� N�N � �� we use the boundary

conditions� S�k�xi� � f
�k�
i � i � �� N � k � �� �� Using the formulae ���������� we

write out
b�� � b� � �h�f

�

��

b� � f� � f� � h�f
�

� � b���� � ����������	���

bN � fN � fN � hN��f
�

N � bN���

� ��� ��

N������N����	���

bN�� � bN�� � �hN��f
�

N �

����

We �nd the parameters pi� qi� i � �� � � � � N � �� from the shape preservity
conditions formulated in De�nition ��� in two steps� Using the constraints jbi�fij �
�i� i � �� � � � � N � �� which in view of ���� are equivalent to

�h�i hi�� � hi�
���i��j�if j � �i� i � �� � � � � N � � �����



we �rst �nd pi and obtain qi�� from the condition vi � � or �qi��� ��h�i�� �
�pi� ��h�i �

According to ���� the quantities p�� qN�� are selected so as to satisfy the
inequalities

jb� � f�j � jf� � h�f
�

� � b�jj� � ����������j�� � ���

jbN � fN j � jfN � hN��f
�

N � bN��j

� j�� ��

N������N����j�� � �N �

�����

Finally pi� qi we �nd from the constraints jSxi��fij � �i� i � �� � � � � N � From
���� and ��
�

Sxi� � fi � H��
i

�
�

�h�i���i����

hi�� � hi��
�i��f �

�h�i���i����

hihi � hi���
�i��f

� �� � �h��i��hi�i��� �hi�� � hi�
����

i����hi�� � ��i��hi�	�if

�
�

�����

where

Hi �
��

i����

�i����

�

hi��
�
��i��

�i��

�

hi
�

Therefore according to the estimate ����� by ����� we obtain

jSxi�� fij � H��
i �i � �i� �����

where �i � �i��h
��
i�� � 	

� j�if j� �i��h
��
i �

If hi�� � hi from ����� we have

jSxi�� fij � �i

��
�

hi��
�

�

hi

�
��

i����

�i����

�
��

� �i�

Taking into account the constraint for generalized cubic splines ��

i������i���� �
�� we can set

��

i����

�i����
� � � max

�
hi��hi

hi�� � hi

�i
�i
� �� �

�
� i � �� � � � � N � � �����

to de�ne qi��� The value pi is calculated from condition vi � �� The case in which
hi � hi�� and pi � qi�� is considered in a similar manner�

For i � �� N � �� according to ���� and ����� we come again to the formula
����� that permits us to choose the parameters q�� pN��� We ful�ll the conditions
of the de�nition ��� by the �nal choice of the parameters pi� qi� i � �� � � � � N � ��
This gives us the following result�
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Theorem ���� If the inequalities

��f��f � f ��� � j��f j��h
��
� � f ����f � ��

�N��ff �N ��N��f� � j�N��f j�N��h
��
N��� f �N�N��f � ��

are valid� the generalized cubic spline Sx� constructed by Algorithm ��� of three�
point local approximation is a shape preserving approximant�

Remark ���� For fx� � � and fx� � x by immediate checking we have bi � �
and bi � xi� i � ��� � � � � N � �� respectively and therefore according to ���� the
shape preserving spline Sx� reproduces the straight lines�

x	� Shape Preserving Approximation of Surfaces

Let the domain G � �c� d	 � ��� �	 	 WU be partitioned by straight lines w � wi�
i � �� � � � � N � of the grid �w � c � w� � w� � � � � � wN � d into N rectangular
subdomains� Assume that a grid �i

u � � � ui� � ui� � � � � � uiMi
� �� i � �� �� � � � � N�

is given on every straight line w � wi� The number of grid nodes and their positions
on grids �i

u� i � �� � � � � N � are independent of one another� The values fij of
some function fw� u� are given with tolerances �ij at the nodes uij � j � �� � � � �Mi�
i � �� � � � � N �

A surface of the class C���G�� passing through the points Pij � wi� u
i
j�

!fij��

where !fij � �fij � �ij � fij � �ij 	� j � �� � � � �Mi� i � �� � � � � N � can be constructed
by generalizing the algorithm of local approximation by splines from Section �� In
addition to being e�cient at constructing the surface� these algorithm also preserve
the shape of input data�

The surface is sought in the form of a function�

Sw� u� �
N��X
i���

biu�Biw�� ����

where the generalized basis splines Biw� are the same as in ����� The functions
biu�� i � ��� � � � � N � �� generalize local approximation formulae from Sections �
Algorithms ���� and are linear combinations of the one�dimensional interpolation
shape preserving splines Siu�� i � �� � � � � N described in Sections � and �� These
splines de�ne curves along sections w � wi� i � �� � � � � N � and pass through the
points uij � fij�� j � �� � � � �Mi�

Formally� necessary formulae Algorithm ���� can be obtained by replacing

the values f
�k�
j in Algorithm ��� by the functions S

�k�
j u�� k � �� �� �� respectively�

Similar changes are made to boundary conditions� For the scheme given below we
use the boundary conditions� Swi� u� � Siu�� �

�w
Swi� u� � giu�� i � �� N � with

giu� � �
�w
fwi� u��



Algorithm 	��� We compute the coe�cients in ���� by the formulae�

b��u� � b�u�� �h�g�u��

b�u� � S�u�� �S�u� � h�g�u�� b�u�	

� �� � ����������	���

biu� � Siu�� �h�i hi�� � hi�
���i���iSu��

i � �� � � � � N � ��

bN u� � SN u�� �SN u�� hN��gN u�� bN��u�	

� ��� ��

N������N����	���

bN��u� � bN��u� � �hN��gN u��

����

where

�iSu� � �iSu���i��Su�� �jSu� � �Sj��u�� Sju�	�hj� j � i� �� i�

The approximating spline Sw� u� possesses the following properties of preserv�
ing the shape of the initial data�

Property 	��� Let functions Sju�� j � i��� � � � � i��� � � i � N��� be monotonic
and�or convex on the interval �!um� !um��	 and satisfy the conditions

S
�k�
j u��jf

�k�u� � �� j �� �� N� S
�k�
j u�g

�k�
j u� � �� j � �� N�

where k � � and�or k � �� respectively� Then for any �xed !w � �wi� wi��	� � �
i � N � �� the generalized spline Sw� u� constructed by Algorithm ��� will be
monotonic and�or convex in �!um� !um��	�

Property 	��� Let the choice of parameters pi� qi� i � ��� � � � � N � �� of a general�
ized spline Sw� u� ensures the following estimate for any !Sju� such that �i

!Su��

�i !Su� do not change sign for all u � ��� �	�

j !Sju�� Sju�j � Eju�� j � �� � � � � N�

where Eju� are given functions� Then for any �xed u the spline Suw� � Sw� u�
is a shape preserving approximant�

To prove these assertions� it is su�cient to take advantage of the relations

�k

�uk
Sw� u� �

N��X
i���

b
�k�
i u�Biw�� k � �� ��

use the expressions ���� for the coe�cients biu�� and take into account the �nite�
ness of the B�splines� Biw� � � at w � wi��� wi��� and Biw� � � at w ��
wi��� wi����
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A nonunique shape preserving surface given point by point as a family of
curvilinear nonintersecting sections can be constructed by introducing the standard
parametrization

x � Sxw� u�� y � Syw� u�� z � Szw� u�� ����

We choose the nodes of nonuniform meshes in the directions w and u according to
the results ��	� In our case the original points Tij � xij � yij� zij�� j � �� � � � �Mi�
i � �� � � � � N � are considered to belong to the parallelepiped

Q
ij � f!�ij jj!�ij��ij j �

��ijg� where we put �ij � �wi� uj� for every coordinate function in ���� and ��ij
is the admissible deviation for the appropriate variable� The resulting surface is
obtained as a triple of shape preserving splines constructed by the above algorithm�

x
� Numerical Examples

In the numerical tests the initial data were given point by point as a collection of
nonintersecting� in general� curvilinear sections of a ��D body� At the beginning via
the ��D algorithm of shape preserving interpolation from sections � and � the system
of curves along the initial cross�sections was constructed� Along the orthogonal
direction the set of generalized local approximation splines was generated� On
the resulting surface the system of curvilinear coordinate lines forming the regular
mesh was constructed� Along these lines shape properties of the initial data such as
convexity� monotonicity� presence of linear sections and other were retained� The
de�ning functions �it�� �it� for the generalized cubic spline were taken in the form

�it� � �pi� t� � Pi�� t����� � pit�� t�	�

�it� � �qi� �� t�� P��
i � �� � pi�� � pi��

that correspond to rational cubic splines with quadratic denominator� The ini�
tial data and the resulting shape preserving surface are given in �gures � and ��
correspondently�

Fig� �� The initial aircraft data�



Fig� �� The resulting shape preserving aircraft surface�
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