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Abstract

It is shown that the overdetermined system obtained by truncating a Painlevé expansion for solutions of the classical Tzitzéica
equation may be reduced to a compatible Frobenius system. Its general solution is expressed in terms of solutions of the standard
linear representation of the Tzitzéica equation. 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

In a series of papers between 1907 and 1910, the
Romanian geometer Tzitzéica [1–3] investigated a
particular class of surfaces (affine spheres) associated
with what may be regarded as a nonlinear wave
equation, namely

(1)(lnh)xy = h− h−2.

Tzitzéica not only established invariance of (1) under
a Bäcklund transformation but also constructed what
is nothing but a linear representation incorporating a
spectral parameter [3]. The rediscovery of the Tzit-
zéica equation in a solitonic context had to wait until
some seventy years later [4,5]. In 1953, Jonas [6] in-
vestigated properties of another avatar of the Tzitzéica
equation, namely the affine sphere equation. The latter
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not only has intrinsic geometric importance but affords
a direct connection with an integrable anisotropic gas-
dynamics system [7,8].

The Painlevé test and its modifications (see [9]) for
partial differential equations as introduced by Weiss
et al. [10] is widely considered as a test for inte-
grability. In 1986, Weiss [11] showed that the Tzit-
zéica equation passes the Painlev́e test. Later, in 1994,
Musette and Conte [12] noted that the Tzitzéica equa-
tion admits a nontrivial truncated Painlevé expansion.
Such truncations are commonly associated with Bäck-
lund transformations. In [13], it was subsequently
shown that indeed there resides a Bäcklund transfor-
mation within the overdetermined system of equations
which is obtained by truncating the Painlevé expan-
sion. Whether this Bäcklund transformation represents
the general solution of this overdetermined system re-
mained an open problem [14,15]. Here, we examine
the overdetermined system in detail in order to demon-
strate that the solution presented in [13] is, in fact, the
general one.
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2. The truncated Painlevé expansion

The solutions of the Tzitzéica equation (1) or,
equivalently,

(2)hhxy − hxhy = h3 − 1,

are known [12] to admit a formal Laurent expansion
of the form

(3)h= 2
φxφy

φ2 − 2
φxy

φ
+H +

∞∑
k=1

fkφ
k,

where φ is termed the singularity manifold func-
tion [9] and the coefficientsfk are functionals of the
derivatives ofφ. Truncation of the above expansion at
the ‘zeroth level’ imposes constraints onφ which are
obtained by inserting the ansatz

(4)h= 2
φxφy

φ2
− 2

φxy

φ
+H,

into the Tzitzéica equation (2) and equating the coef-
ficients of the various powers ofφ to zero. It is ev-
ident that there exist four relations corresponding to
φ0, φ−1, φ−2, φ−3, namely

(5)HHxy −HxHy =H 3 − 1,

Hφxxyy =Hyφxxy +Hxφxyy

(6)−Hxyφxy + 3H 2φxy,

−2H 2φxyyφxxy + 2Hφxyy
(
φxyHx +H 2φx

)
+ 2Hφxxy

(
φxyHy +H 2φy

) − 2φ2
xyHxHy + 2φ2

xy

− 2φxyφxHyH 2 − 2φxyφyHxH 2 + φxxφyyH
3

− φxxφyHyH
2 − φxφyyHxH

2 + φxφyHxHyH

(7)− 2φxφyH 4 − φxφyH = 0,

φxyyφyH(φxxH − φxHx)

+ φxxyφxH(φyyH − φyHy)

− φxyφxxφyyH
2 + φxyφxφyHxHy − φxyφxφy

− φxxφ
2
yH

3 − φ2
xφyyH

3

(8)+ φ2
xφyHyH

2 + φxφ
2
yHxH

2 = 0.

It is noted that the relation (6) has been used to
simplify the relations (7), (8). Any solution of the
above overdetermined system gives rise to a Bäcklund
transformation since bothH and

(9)h=H − 2(lnφ)xy,

obey the Tzitzéica equation (2). In fact, it has been
shown [13] that a particular solution of the system (5)–
(8) may be formally expressed in terms of the ‘Gauß
equations’ for affine spheres and their associated
polar-reciprocal counterparts [6]:

Theorem 1. If H is any solution of the Tzitzéica
equation(5) then the system

ϕxx = Hx

H
ϕx + λ

H
ϕy, ψxx = Hx

H
ψx − λ

H
ψy,

ϕxy =Hϕ, ψxy =Hψ,

(10)

ϕyy = Hy

H
ϕy + λ−1

H
ϕx, ψyy = Hy

H
ψy − λ−1

H
ψx,

where λ = const, is compatible and the functionφ
defined by

(11)φx =ψxϕ −ψϕx, φy =ψϕy −ψyϕ,

obeys the remaining equations(6)–(8)provided that

(12)ψyϕx +ψxϕy =Hψϕ.

The latter constitutes an admissible constraint on(10).
The solutionφ depends on5 arbitrary constants of
integration and the constantλ.

As pointed out in [13], the system (10)–(12) is
involutive [16,17]. Thus, for a given solutionH of
the Tzitzéica equation, the general solution(ϕ,ψ) of
the subsystem (10), (12) depends on 5 constants of
integration and the arbitrary constantλ. The function
φ also depends on 6 arbitrary constants since it is
defined up to an additive constant but its definition
involves only products ofϕ andψ . It is the purpose of
this Letter to show that the relations (10)–(12) provide
the general solution of the overdetermined system (5)–
(8) if

µ= 1

H

[
(Hφxx −Hxφx)(Hφyy −Hyφy)− φxφy

]
(13)� 0.

Extensive use of the computer algebra program RE-
DUCE [18] has been made.

3. The consistency of (5)–(8)

Here, we demonstrate that the system (5)–(8) is
consistent and that its general solution likewise de-
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pends on 6 arbitrary constants of integration. Thus, it is
first noted that the degenerate casesHφxx−Hxφx = 0
or Hφyy − Hyφy = 0 lead to the trivial condition
φyφx = 0. We therefore consider the generic situation

(14)φyφx(Hφxx −Hxφx)(Hφyy −Hyφy) �= 0.

In this case, relation (8) may be solved for the
derivativeφxxy . Substitution of the latter into (7) is
then readily shown to lead to a quadratic algebraic
equation in φxyy which may be solved forφxyy
provided that the associated discriminant is non-
negative, that is

(15)∆= µ
(
2b−µφ2

xy

)
� 0,

where

(16)b = µ
(
φ2
xy −Hφxφy

) − φ2
xφ

2
y .

Hence, the derivativesφxxy andφxyy are found. These
may now be inserted into (6) and the compatibility
condition

(17)
∂φxxy

∂y
= ∂φxyy

∂x
,

resulting in two linear algebraic equations forφxxx
andφyyy . The corresponding determinant of this linear
system turns out to be non-vanishing by virtue of
the assumption (14). Consequently, all third-order
derivatives of the functionφ are determined:

φxxx = 3(µφxyH + S)

2φyH(φyyH − φyHy)
+ φx

Hxx

H
,

φxxy = µφxyH − S + 2φxφyφxy
2φxH(φyyH − φyHy)

+ φxy
Hx

H
+ φxH,

φxyy = µφxyH + S + 2φxφyφxy
2φyH(φxxH − φxHx)

+ φxy
Hy

H
+ φyH,

(18)φyyy = 3(µφxyH − S)

2φxH(φxxH − φxHx)
+ φyHyy

H
,

where the quantityS is defined by

(19)S2 =H 2∆.

It is directly verified that the remaining compatibility
conditions

(20)
∂φxxx

∂y
= ∂φxxy

∂x
,

∂φyyy

∂x
= ∂φxyy

∂y
,

are indeed satisfied. For computational purposes, it
here proves convenient to be aware of the relations

(21)µx = 2
µφxyH + S

φyH
, µy = 2

µφxyH − S

φxH
.

Thus, it has been shown that the system (5)–(8) is
consistent and may be reduced to the system (18)
if and only if the condition (15) holds. The general
solution of the Frobenius system (18) is seen to contain
6 arbitrary constants of integration.

4. The general solution of (5)–(8)

In the preceding, it has been established that for a
given solutionH of the Tzitzéica equation (5) both
the general solution of the Frobenius system (18)
and φ constructed in terms of the solution of the
linear system (10) depend on 6 arbitrary constants
(of integration). This result is an indication that the
latter indeed gives rise to the general solution of the
overdetermined system (5)–(8). In order to show this
rigorously, we now regardφ as a known solution of
(18) and construct a solution(ϕ,ψ) of the system (10)
subject to the constraint (12). Let us suppose for the
moment that there exists such a pair(ϕ,ψ). Then, the
relations (11) may be solved for the derivativesϕx and
ϕy since we assume thatψ �= 0. The compatibility
condition

(22)
∂ϕx

∂y
= ∂ϕy

∂x

produces (10)3 which may be written as

(23)ψφxy =ψyφx +ψxφy.

Moreover, (10)1 assumes the form

(24)2λϕψy = φxHx − λφy −Hφxy.

The latter two equations may now be solved for
the derivativesψx andψy and hence the following
expressions for the first-order derivatives ofϕ andψ
have been found:

ϕx = − φx

2ψ
+ λ(2ψ2ϕφxy − φxφy)

2ψ(Hxφx −Hφxy)
,

ϕy = φy

2ψ
+ Hxφx −Hφxy

2λψ
,
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ψx = φx

2ϕ
+ λ(2ψ2ϕφxy − φxφy)

2ϕ(Hxφx −Hφxy)
,

(25)ψy = −φy
2ϕ

+ Hxφx −Hφxy

2λϕ
.

It turns out that the condition resulting from the
compatibility requirement

(26)
∂ψx

∂y
= ∂ψy

∂x
,

and the remaining relations (10)2,4,5,6, (12) are not
independent. In fact, they reduce to

λ2 = µH(−φ2
xy + φxφyH)− Sφxy + φ2

xφ
2
yH

Hφ2
y(Hyφy −Hφyy)2

,

(27)λϕψ = µφxyH + S

2Hφy(Hyφy −Hφyy)
,

and differential consequences thereof provided that

(28)φxyyφy − φxyφyy = φ2
y

(
φxy

φy

)
y

�= 0.

Differentiation reveals that (27)1 is nothing but a first
integral of the Frobenius system (18) and (27)2 is
compatible with the differential relations (25). The
case(φxy/φy)y = 0 leads to constraints onH so that
the solutionH of the Tzitzéica equation is not generic.
Thus, we are in a position to formulate the following
theorem:

Theorem 2. If φ constitutes a solution of the overde-
termined system(5)–(8) and therefore the Frobenius
system(18) and the constantλ is given by(27)1 then
the functionsϕ andψ defined by the compatible sys-
tem(25)subject to the admissible constraint(27)2 sat-
isfy the system(10)–(12).

For completeness, it is observed that for the above
theorem to hold, the right-hand side of (27)1 is re-
quired to be positive. This condition may be analyzed
by studying (27)1 written in the form

(29)(Hφyy −Hyφy)
2φ2
yλ

2 + b= −Sφxy
H

.

Thus, if we solve the latter forS and insert the result
into (19) then we obtain
[
λ2φy(Hφyy −Hyφy)− φx(Hφxx −Hxφx)

]2

(30)+ 2λ2φ2
xyµ= 0.

Accordingly,µ as given by (13) must be non-positive.
Now, since the discriminant∆ = µ(2b − µφ2

xy) � 0

and µ � 0, it follows that b � µφ2
xy/2 and hence

b� 0. If we choose the sign ofS such that

(31)
Sφxy

H
� 0,

then it is guaranteed thatλ2> 0. Indeed, in terms ofϕ
andψ , we find that

µ= −2ϕ2ψ2 � 0,

(32)

µφ2
xy − 2b= 2

(
ϕ2
yψxψ

2 −Hϕyϕψ
3 +ψxψ

2
yϕ

2

ψy

)2

� 0.

We have therefore established that truncation of the
Painlevé expansion for the Tzitzéica equation leads to
the Bäcklund transformation set down in [13] ifµ� 0.
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