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อุปกรณแทรกที่ใชทั่วไปไดแก วิกเกลอร (Wiggler) Wave-Length Shifter (WLS) 

และ อันดูเลเตอรแมเหล็กถาวร (Permanent Undulator) เพื่อเปนแหลงกําเนิดแสงซินโครตรอนที่
มีคาพลังงานโฟตอนที่สูงและคาความสวางที่สูงมากเมื่อเทียบกับแสงซินโครตรอนที่ปลดปลอยจาก
สนามแมเหล็กสองขั้ว และเนื่องจากการแทรกสอดกันของแสงที่ถูกปลดปลอยมาจากอิเล็กตรอนที่
เคลื่อนที่ในสนามอันดูเลเตอรในแตละครั้งนั้น ทําใหแสงมีความสวางมากกวาอุปกรณแทรกชนดิอืน่ 
อยางไรก็ตาม อันดูเลเตอรแมเหล็กถาวรไมสามารถผลิตแสงซินโครตรอนที่มีคาพลังงานโฟตอนใน
ยานรังสีเอ็กซสําหรับวงแหวนกักเก็บอิเล็กตรอนพลังงานต่ําที่ 1.2 GeV ดังนั้นจึงมีความตองการ
อันดูเลเตอรแบบตัวนํายิ่งยวด (Superconducting Undulator, SCU) ที่มีความยาวคาบสั้นมาก
และสนามแมเหล็กความเขมสูง เพื่อผลิตแสงซินโครตรอนที่ฮารโมนิกสูงๆ ประมาณฮารโมนิกที่ 7 
เปนตนไป  อยางไรก็ตาม ทั้งอันดูเลเตอรแมเหล็กถาวรและอันดูเลเตอรแบบตัวนํายิ่งยวดจะใหแสง
ซินโครตรอนที่มีความสวางมากก็ตอเมื่อคาความผิดเพี้ยนของสนามแมเหล็ก และความยาวคาบ 
หรือเฟส (จากความตางของระยะทางที่อิเล็กตรอนที่เคล่ือนที่ไดในแตละคาบ) มีคานอยมาก
เทียบเทากับคาสนามแมเหล็กในอุดมคติ เนื่องจากวิธีการ shimming ที่ใชกับอันดูเลเตอรแมเหล็ก
ถาวรเพื่อแกความผิดเพี้ยนของสนามแมเหล็กโดยใชช้ินเหล็กวางประกบบนแมเหล็กที่อุณหภูมิหอง 
ไมสามารถแกความผิดเพี้ยนคาสนามและความยาวคาบของสนามแมเหล็กอันดูเลเตอรแบบตัวนํา
ยิ่งยวด ดังนั้นการใชขดลวดของตัวนํายิ่งยวด (Correction Coil) พันรอบๆ ขั้วของอันดูเลเตอรและ
การปรับเปลี่ยนคาปริมาณเหล็กในขั้วของอันดูเลเตอรเพื่อลดคาความผิดเพี้ยนของสนามและคา
ความยาวคาบจนมีคานอยมากเพื่อใหไดแสงซินโครตรอนที่ความสวางเขาใกลความสวางของแสง
ซินโครตรอนที่ปลดปลอยจากอันดูเลเตอรอุดมคติ ที่ฮารโมนิกสูงๆ 
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Insertion devices like multipole wigglers, Wave-Length Shifter (WLS) and

undulators are used in synchrotron radiation sources for extending photon energy

and enhancement of angular flux density and brilliance of radiation from storage

rings. Because of coherent addition of the emitted radiation along an electron

trajectory, permanent undulators are the most advanced sources to produce gener-

ally high brightness (and angular flux density) of the radiation. In 1.2 GeV Siam

Photon Storage ring (SPS), however, this is true only for low photon energies.

Therefore a superconducting undulator (SCU) with very short period length and

high magnetic field strength is desired to produce high harmonic photon beams

reaching into the hard x-rays regime with high angular flux density of the radia-

tion. At high harmonics ( 7th and up ), however, the radiation generated by both

permanent and superconducting undulators will produce the highest brightness

only if the undulator fields and period lengths (phase) are near perfect. Shimming

methods, as applied for room temperature permanent magnet undulators, cannot

be used for such superconducting magnets. The effect of field and period errors

on the photon flux density in higher harmonics will be presented and limiting tol-

erances will be discussed in this thesis. A variety of different field optimization

techniques such as superconductive correction coils and varying iron content of the

SCU pole together with some measurements on a test magnet (SCU) will be dis-

cussed such an approach and demonstrate their efficiency to ensure photon fluxes
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CHAPTER I

INTRODUCTION

Electron storage rings are often used as a source of electromagnetic radia-

tion. This radiation, called synchrotron radiation, is emitted in a wide range of

photon energies from microwaves up to maximum photon energies as determined

by electron energy and magnetic field and is used for basic and applied research.

Synchrotron radiation is emitted from a moving source and is therefore highly

collimated in the forward direction in the laboratory system. To characterize the

radiation we define the quantities of brightness and angular flux density. The

brightness of the photon beam is simply the density of photons in 6-dimensional

phase space. A more practical quantity is the angular flux density which is the

photon brightness multiplied with the source cross section. The brightness is mea-

sured in units of [photons/s/mrad2/mm2/0.1% BW], where “BW”stands for en-

ergy band width of the photon beam. It is customary to express the brightness

to 0.1 % BW. The intensity of synchrotron radiation is higher by many orders of

magnitude than conventional sources like VUV lamps or X-ray tubes. In addition,

synchrotron radiation is polarized which is often unuseful for scientific applications.

Synchrotron radiation is therefore widely used as a powerful tool for basic and ap-

plied science in areas like material sciences, chemistry, biology, archeology, geology,

protein crystallography and surface science to name just a few. For instance, in the

hard X-ray regime diffraction, scattering, absorption and reflection spectroscopy

are used to determine atomic and molecular arrangements and investigate material

properties at that scale. Whenever the atomic and molecular arrangements are of

interest we can use synchrotron radiation as a diagnostic tool. In view of these
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broad applications for modern technology, more than 50 synchrotron radiation fa-

cilities are in use worldwide and new ones are being designed and constructed.

Synchrotron radiation has been first observed indirectly in 1945 by J. Blewett at

General Electric (GE) and later in 1947 through a new glass vacuum chamber

at the 70 MeV GE synchrotron (Elder et al., 1947) in Schenectady, New York

state. First, synchrotron radiation was used parasitically from accelerators built

for high energy physics research. With growing demand on applications, dedi-

cated synchrotron radiation sources based on bending magnets were build which

we call now 2nd generation radiation. To provide more orders of magnitude of

higher flux density and brightness compared with bending magnet radiation and

expanding the photon energies for low and medium energy storage rings, 3th gener-

ation sources were developed by designing for magnet-free sections in the magnet

arrangement of storage rings so that insertion devices could be added to the ring.

Insertion devices are magnetic instruments which cause the electron beam to emit

synchrotron radiation in such a way as not cause a net deflection of the particle

beam. This neutral impact on the electron beam path allows in principle the use

of specialized and high fields such as in a wavelength shifter, undulator, wiggler

and superconducting multipole wigglers. The electron beam dynamics is strongly

perturbed by such high field insertion devices and compensating measures must be

developed to retain beam stability. Linear perturbations of the betatron functions

and tunes can be compensated by adjusting nearby quadrupole magnets and steer-

ing magnets are used to preserve an acceptable Closed Orbit Distortion (COD).

Non-linear perturbations may reduce the dynamic aperture are compensated as

best as possible with changes in strength of sextupole magnets. Eventually, most

perturbations are corrected and the unperturbed configuration of the storage ring

restored by betatron and dispersion matching.

Due to weak perturbations of the electron beam dynamics and constructive
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interference effects on-axis, permanent undulators are the most advanced sources

of high brightness radiation. Therefore, undulators are widely used in high and

medium energies storage rings but not in low energy storage rings as the Siam

Photon Source (SPS) at 1.2 GeV. The magnetic field strength in the undulator

at a given period length is limited by material properties. In order to overcome

this limitation and reach high photon energies, a small period length and super-

conducting magnet technology is desired. Yet, as the period length is reduced,

the undulator strength parameter K will also decrease and the photon beam in-

tensity at higher harmonics becomes too low. The undulator strength parameter

K needs to be equal to at least K = 2-3 to get significant radiation in higher

harmonics, which are desired to reach high photon energies. To compensate the

loss of strength due to shorter periods we must be able to increase the magnetic

field leading us to a superconducting undulator. A prototype of a superconducting

undulator (SCU) was fabricated at NSRRC with a period length of 15 mm and a

field strength 1.4 T. The magnetic field distribution along the SCU magnet was

measured at a magnetic gap of 5.6 mm. We will use this magnet as a reference for

performance and correction possibilities.

Even with sufficient undulator strength, high brightness photon beams at

higher harmonics can be produced only when the magnetic field distribution of the

SCU is almost perfect. In reality, due to construction tolerances, field and phase

errors exist which strongly affect the intensity especially at high harmonics of the

photon radiation. Thus, in order to reach high brightness from a real SCU, tech-

niques must be developed to correct magnetic field and phase errors. This is done

to equalize all undulator periods resulting in almost ideal brilliance even at high

harmonics of radiation. A well known shimming technique for field errors to cor-

rect permanent magnet undulators cannot be used for superconducting undulators

like the SCU. Therefore, different techniques such as additional superconductive
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correction coils and varying iron content of poles of SCU are proposed. These

techniques will be used to correct field errors in the SCU and their effectiveness

will be evaluated by simulation.

In the first part of this thesis, a shimming method used for permanent

undulators is investigated and experimentally tested to compensate changes in

field amplitudes known as field errors of the SCU. In the second part, additional

superconductive correction coils are used by a simulation with the code RADIA to

correct field errors along the SCU. The correction coils are energized with separated

power supplies. Although this method is a very powerful correction for both field

and period length errors, cost of the power supplies for each correction coil is

prohibitively expensive. In addition, all connections between the superconductive

wires must reach into a liquid He-dewar at 4.2 ◦K becoming a major heat source

to boil-off liquid helium in the dewar. Thus, we propose a more passive correction

by varying the iron content of the SCU poles. Due to saturation effects in the

iron, field correction can be achieved by reducing their amplitudes to a minimum

level throughout the magnet to obtain a small r.m.s field error. This variation of

iron content can be achieved by manufacturing hollow magnet poles which then

are filled with iron pieces as desired.

Acceptable field and phase errors should be less than 1 % and 1 degree,

respectively in order to achieve an angular flux density as high as 90 % of ideal as

will be discussed in Chapter IV. Although we cannot offer a direct technique to

correct phase errors, we will see that the correction of field errors also will lead to a

sufficient correction of period length (phase) errors. Advantages and disadvantages

of each correction concept are discussed and summarized in Chapter VII. We use

codes like RADIA and MATLAB to simulate the field correction concepts and

logical corrections for the SCU as summarized in Chapter III.



CHAPTER II

HIGH FIELD INSERTION DEVICES (ID) FOR

THE SIAM PHOTON SOURCE (SPS)

Often synchrotron radiation is obtained from bending magnets but in low

energy storage rings such as the Siam Photon Source (SPS) at 1.2 GeV , hard

X-rays cannot be produced at a desirable intensity. Since the beam energy of the

SPS storage ring cannot be readily increased beyond 1.2 GeV, higher magnetic

fields must be utilized to reach X-ray photon energies of 2-5 keV at acceptable

intensities. An insertion device such as a superconducting multipole wiggler, Wave-

Length Shifter (WLS) or undulator can be used. Due to the strong magnetic

field strength of the multipole wiggler or WLS in a low energy storage ring, they

have strong influence on many aspects, either linearly or non-linearly, of beam

dynamic. The linear effects include close orbit distortion (COD), vertical betatron

tune shifts, betatron/dispersion mis-matching and increased energy loss per turn

while non-linear effect can reduce of the dynamic aperture. Therefore, to install a

wiggler or WLS at a straight section in the storage ring, all perturbations should

be compensated by adjusting the strengths of nearby quadrupole magnets. Non-

linear effect can be compensated in the nearby sextupole magnets. Matching of

the betatron and dispersion functions in nearby unit cells and readjustment of the

overall tunes restoring almost perfectly the configuration have to be done. In this

chapter, we will discuss methods to compensate such perturbations caused by a

6.4 T WLS on the storage ring optics.
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2.1 Review characteristic of WLS

A Wave-Length Shifter (WLS) comprises three ordinary dipole magnets

with a high field in the central pole and lower fields at side poles to compensate the

electron beam deflection caused by the central field. Only the central field serves

as the source of synchrotron radiation which a spectrum like that of a bending

magnet. Since the width of the photon energy spectrum directly depends on field

strength and energy of the electron beam, the photon energy emitted from the

WLS is higher than that emitted from a bending magnet with similar photon flux

density (or brightness). Figure 2.1 shows a comparison of the photon flux density

produced from a 6.4 T WLS, 6.4 T multipole wiggler (SMPW) with 17 poles and

the 1.44 T bending magnet at electron energy of 1.2 GeV.

Figure 2.1 A photon flux density produced from a 6.4 WLS designed at MAX-lab

compared with photon flux density from bending magnet and a 6.4 T multipole

wiggler with 17 poles for 1.2 GeV storage ring.

A Wave-Length Shifter (WLS) was donated to NSRC, which was designed

and fabricated at MAX-lab (Soderlund, 1998), has a central and side fields of 6.4

T and 3.7 T, respectively. The side fields are opposite field direction on either

side to reach a zero value of the overall deflection angle of the electrons moving

through the WLS. A period length of 278 mm has been measured (Wallen, 1998)
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Table 2.1 Parameters of the 6.4 T Wave-Length Shifter

Peak field at central pole 6.44 T

Peak field at side poles 3.7 T

Period length of central pole 278.34 mm

Period length of side pole 239.78 mm

Pole gap 36 mm

Over all length 398 mm

Excitation current 250.1 A

as shown in Figure 2.2. According to the field measurement both first and second

field integrals are close to zero. It means that the deviation in angle and position

of the electron beam moving through the WLS are quite small and close to zero

as designed.

Figure 2.2 Measured vertical magnetic field component, By, along the beam axis

(z-axis) of the 6.4 T WLS.

Major parameters obtained from field measurements at an excitation cur-

rent of 250.1 A of the 6.4 T Max-WLS are listed in Table 2.1. To avoid a change

in geometry, the optics of the storage ring must be adjusted when the WLS is
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installed at some location in the storage ring. Matching of the betatron and dis-

persion functions is required to restore the beam optics to the original values in

the rest of the storage ring without the WLS. This is required for beam stability

and to avoid photon beam instability for other users when the WLS field is turned

on or changed.

2.2 Effect of the WLS on Beam Dynamics

This problem is rather serious for a low energy ring because the energy of

the electron beam is small while the field strength of the WLS is strong. The WLS

will introduce an intrinsic focusing property in the vertical plane (y-axis) due to

wiggling of the electron in the deflecting plane (x,z) due to the periodic sinusoidal

field distribution along the reference path. The electron path is not parallel to

the reference path and the pole faces of the wiggler, being a series of rectangular

dipole magnets, are not at 90 degrees to the electron path. As a result, a transverse

field component (Wiedemann, 2007) appears to the electron deflecting it into the

vertical plane. Since the horizontal field varies linearly with amplitude, a vertical

focusing occurs in the wiggler magnet. The integrated focusing field gradient per

half wiggler pole results in an integrated quadrupole strength described by

kyl = −1

8

(
ceB0

cp

)2

λp = − 1

fy

, (2.1)

or a focal length fy for each half pole. Equation 2.1 can be expressed in terms of

bending radius ρ0 and wiggler period length λp by

1

fy

=
λp

8ρ2
0

. (2.2)

This focusing property in the wiggler (and WLS) causes a change in vertical be-

tatron tune which is the number of electron oscillations per orbit. Here, the tune
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shift estimated with a quadrupole strength change by

∆νy =
1

4π

N∑
i=1

βy,i(s)∆kli =
1

4π

N∑
i=1

βy,i

fi

(2.3)

From Equation (2.2) and (2.3), the tune shift resulting from the WLS can be

rewritten as

∆νy = 2.
1

4π
.

βy

fcentral

+ 4.
1

4π
.

βy

fside

=
1

4π
.
βy

8
(2

λp,central

ρ2
0,central

+ 4.
λp,side

ρ2
0,side

), (2.4)

where the factor 2 relate to two end fields for the central pole and the factor 4

to the four end fields of both end poles. The betatron function of the electron

beam can be greatly perturbed due to these end fields. If the vertical betatron

function at a location of the WLS is large, then the tune shift also is large and

thereby altering the beam optics in the whole storage ring. The brilliance in the

synchrotron radiation may be reduced and large betatron functions may reduce

the dynamic aperture. In order to minimize a change in the betatron function,

the WLS should be located at places of low betatron functions. However the effect

of the WLS on the beam optics should be eliminated all together and the optics

should be restored to the original one outside the WLS section. Within a narrow

region on either side of the WLS, we apply local correction measures that can be

worked out with a code like MAD8 (Grote and Iselin, 1991).

2.3 Hard-edge model

Before discussing matching, we introduce a hard-edge model to approxi-

mately describe an actual distribution of the magnetic field of the WLS which

can then be used in MAD8. The hard-edge model is appropriate to describe the

linear properties of the WLS or wiggler magnet. We would like to derive a hard

edge model which meets three conditions (Wiedemann, 1998) the deflecting angle
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Table 2.2 Hard-edge-model parameter

Parameter Central pole Side pole

Magnetic field strength, B0 [T] 6.32 -3.69

Radius of half pole of actual WLS,ρ0 [m] 0.63316 -1.0844

Deflecting angle of half pole,ϑ [rad] 0.06996 -0.03519

WLS period length,λp [mm] 278.34 239.78

Radius of half pole of Hard-edge model,ρh [m] 0.8062 -1.3808

Half pole length of Hard-edge model, lh [m] 0.05640 0.04859

and edge focusing and quantum excitation or damping. Since we have only two

parameters, we settle on meeting the deflecting angle and focusing. The deflecting

angle can then be expressed by following

ϑ =
lh
ρh

=
λp

2πρ0

=
K

γ
(2.5)

From (2.2) and (2.5), parameters of the Hard-edge model are

ρh =
4

π
ρ0

lh =
2

π2
λp (2.6)

where ρh and lh are the bending radius and the length of the half pole of the

Hard-edge model. The parameters of the Hard-edge model and actual WLS can

be calculated and summarized in Table 2.2. From Equation (2.4), the tune shift in

the vertical component can be estimated due to the edge focusing property from

the WLS field. However this focusing does not introduce tune change in deflecting

plane (x,z). Following the actual WLS parameter listed in Table 2.2, the vertical

tune shift due to field strength of two side and one central poles is about 0.0715.
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2.4 Betatron function matching

To allow insertion device in the lattice of a storage ring, the periodicity

of the lattice will be broken because the optic functions are perturbed by the

WLS. The optics in the part of the ring outside the insertion device should not

be changed. To do this, the optics changed by the WLS effect must be matched

to give the same optic functions at matched point as the original unperturbed

configuration (bare lattice). The matching points are at the beginning and the

end of the location of the WLS and have the optic functions the same with the

bare lattice as listed in Table 2.3. The lattice of the SPS ring (Kwankasem, 2007)is

Double Bend Achromat (DBA) lattice consisting of four fold symmetry with four

long straight sections and the betatron and dispersion functions shown in Figure

2.3. The middle of the straight sections has low vertical betatron function where

the WLS has to be inserted. The main parameters of the SPS listed in Table

2.3 are used to restore to the unperturbed optic functions by the matching with

MAD8. The WLS described and parameters of its Hard-edge model is inserted

in the middle of a magnet free straight section to investigate distortions of the

betatron functions as shown in Figure 2.4.

The WLS not only causes a large distortion of the vertical betatron function,

but also a vertical tune νy shift from 2.823 to 2.906 while the horizontal tune νx =

4.750 remains the same as in the unperturbed lattice. The tune shift ∆νy = 0.083

appears only in the vertical plane as expected. A compensation scheme to restore

the unperturbed optic functions, is studied with MAD8. To match the optics,

the magnetic field strength of quadrupoles adjacent to the WLS are adjusted by

iteration to find a good solution to matching constraints. Therefore, the number

of the quadrupoles needed for matching depends on the constraint parameters.

We set the constrains in the middle of the insertion device where we require for
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Table 2.3 Parameters of the SPS ring

Electron energy (Upgrade), E 1.2 GeV

Circumference, C 81.3 m

Magnet Lattice DBA

Betatron tunes, νx, νy 4.750, 2.823

Betatron functions in the middle of a straight section 17.115, 3.208 m

αx, αy 0.0, 0.0

Horizontal dispersion (displacement of Ref path),ηx 0.806 m

Natural chromaticities, ξx, ξy -8.736, -7.744

Natural emittance 41.4 nm-rad

symmetry that αx = αy = η′x = 0.0, where η′x. The αx,y = 1,2
β

′
x,y

and η′x is the slope

of the dispersion function at the location of the WLS. In MAD, the matching starts

and stops in adjacent straight sections with unchanged lattice functions including

betatron, dispersion functions, αx and αy listed in Table 2.3 and shown in Figure

2.5.

After some iterations to match the lattice functions, it is seen that the goal

is reached very closely, by changing the strength of three quadrupoles labeled with

QF1W, QD2W and QF3W to fit the three constraints. These quadrupole strength

gives the horizontal and vertical betatron tunes νx =4.750 and νy =2.963. Even-

tually the tunes can be restored close to those of the bare lattice by adjusting the

strength of all four quadrupole families in the rest of the ring. All the quadrupole

strengths for the optics matching are presented in Table 2.4 compared with the

strengths of the four quadrupole families for the lattice function without the WLS

(bare-lattice).

Figure 2.6 shows the restored betatron functions after matching and global
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Figure 2.3 Betatron functions (βx,βy) and dispersion functions (Dx,Dy) of one

FODO bare lattice for the SPS ring with beam emittance of 41.4 nm-rad at 1.2

GeV electron energy.
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Figure 2.4 Betatron (βx,βy) and dispersion (Dx) functions with 6.4 T WLS in-

serted at the middle of the straight section in the SPS ring.
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Figure 2.5 A schematic model of the matching simulated with MAD8 by starting

with unperturbed optic functions as the bared lattice at matching points and

setting matching constrains at the middle of the WLS.

tune adjustment. As a result we can keep the vertical betatron function to less

than 20 m and also completely compensate the tune shift.
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Figure 2.6 Betatron and dispersion functions after matching the tunes with

quadrupole strengths listed in Table 2.4
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Table 2.4 Quadrupole strengths for bared lattice and matched lattice

Quadrupole strength, m−2

Quadrupole Bare-Lattice Matched-Lattice

QF1 2.4319 2.4174

QD2 -2.6096 -2.5447

QF3 2.3884 2.3864

QD4 -1.7439 -1.7759

QF1W - 2.3889

QD2W - -2.7116

QF3W - 2.4586

2.5 Chromaticity compensation

Although the optics perturbation due to the WLS field can be compensated

and the operating point can be restored close to the original lattice, the WLS still

has an effect on the reduction of the dynamic aperture. Therefore, to correct the

chromaticity to zero values, codes like BeamOptics (Wiedemann, 2002) and MAD8

are used to tune the sextupole strengths. Since the calculation of the chromaticity

in BeamOptics includes some higher order terms compared to MAD8, different

sextupole strengths are required in BeamOptics to correct the chromaticities. Ta-

ble 2.5 shows the strength comparison of two sextupole families, SF and SD, used

to correct chromaticities with the BeamOptics and MAD8 code. The dynamic

aperture after chromaticities correction with the sextupole strength in Table 2.5

has been calculated with codes BETA and PARTICIA (Wiedemann, 2002) to com-

pare the simulated results. In BETA the WLS is represented with the Hard-edge

model while in PARTICIA a sinusoidal field is used for particle tracking. As a
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Table 2.5 Sextupole strength for chromaticities correction

Sextupole Strength m−3-MAD Strength m−3-BeamOptics

SF 22.258 22.632

SD -22.883 -26.775

result, shown in Figure 2.7, we can see that the dynamic aperture calculated with

PARTICIA and BETA are approximately the same and most of electron tracking

are within a physical aperture defined by the vacuum chamber. In addition to

the effect of the WLS on the dynamic aperture, it also introduces an emittance

blowup of about 36 % compared to the bare lattice. The natural emittance of

the perturbed lattice with the WLS is increased from 41.4 to 56.1 nm.rad. After

tracking the electron beam, we can see that the electron beam can survive.

Figure 2.7 Comparison of Dynamic apertures calculated with BETA and PAR-

TICIA (green star) with the WLS for 1.2 GeV SPS ring.
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Table 2.6 Operating currents of the quadrupole magnets for the SPS ring at 1.2

GeV with the 6.4 T Wave-Length Shifter (WLS).

Magnet Field strength m−2 Field [T/m] Operating Current [A]

QF1 2.4174 9.6763 365.1

QD2 -2.5447 -10.1858 380.1

QF3 2.3864 9.5522 374.4

QD4 -1.7759 -7.1085 278.4

QF1W 2.3889 9.5622 360.8

QD2W -2.7116 -10.8539 405.0

QF3W 2.4586 9.8412 385.8

2.6 Conclusion and discussion

From the B-I characteristics of the quadrupole magnets supported from

SORTEC and beam rigidity to circulate the electron beam with bending radius

and magnetic field of 2.78 m and 1.44 T, respectively, the operating current of

quadrupole and sextupole magnets used for the lattice functions matching and

global tunes can be summarized in Table 2.6. We have discussed the perturbations

caused by the installation of a 6.4 T WLS into the 1.2 GeV SPS. Applying appro-

priate correction measures it is shown that the perturbations can be compensated

almost perfectly by adjusting nearby quadrupoles. This capability encourages us

to consider other high field insertion devices which would produce desirable radi-

ation characteristics since we are now confident that their impact on the storage

ring beam optics can be handled even at low energies.



CHAPTER III

MATHEMATIC TOOLS

The design and performance of the test magnet (SCU) has been simulated

in two or three dimensions with the codes POISSON (Swatloski, 1993) and RADIA

(Elleume et al., 1997), respectively. Field simulation can be performed by using

both codes but POISSON will show the magnetic flux density in iron and generate

magnetic field in two dimensions while the 3-D code RADIA will enable one to

investigate magnet fields from small shapes and sizes of the magnet pole. Although

both programs are based on different mathematics, they are useful to design the

magnet to obtain optimized parameters for design. Eventually, the magnetic field

along the beam axis calculated with RADIA and POISSON is used to compute

an angular photon flux density at a given electron energy with B2E (Elleume and

Marechal, 1991). This code transforms directly the electron trajectory in a given

magnetic field into the electric field of the radiation. For an undulator magnet

the photon radiation is quasi-monochromatic as will be described in Chapter IV.

The characteristics of the radiation from the undulator are a consequence of the

pure periodic magnetic field variation along the undulator. This describes an ideal

undulator without field and period length errors according to design. Radiation

of the electrons traveling through the ideal periodic magnetic field reaches a high

brightness or photon flux density for each high harmonics of the photon beam. In

practice, the magnetic field is almost but not completely periodic due to field and

phase errors causing a reduction of the flux density especially at high harmonics. In

order to achieve a high photon flux density at high harmonics, a perfect undulator

without errors is required. Field and phase errors are changes in field amplitudes
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and period lengths along the undulator. After determining a correction method,

these errors will be compensated by using the MATLAB program. The MATLAB

program written by the author in this thesis is based on a linear algebra technique

to obtain the best corrections to the errors in the undulator. This is known as a

Singular Value Decomposition (SVD). It creates a pseudo-inverse matrix to extract

information in order of significance. This chapter will describe all mathematic tools

used for the design of real undulators.

3.1 POISSON code

The POISSON code was written and developed by Ronald F. Holsinger

and Klaus Halbach and maintained by a government funded program. The code

supported by Lloyd M. Yong and James H. Billen is based on a two dimensional

problem for calculating static magnetic and electric fields. The program is required

to carry out tedious analysis requiring point by point calculation of two dimension

field distribution called Finite Element Method (FEM). The POISSON code solves

the Maxwell’s steady state magnet equation in an integral form in two dimensions.

Maxwell’s equation will be equivalent to an energized form of Poisson’s equation

in two dimensions when boundary conditions are taken into account. To generalize

the Poisson equation an assumption of the magnetic field vector ~B in term of a

curl of the vector potential ~A is applied. With application of a boundary in the

problem, we have to have a qualitative idea how the field behaves at the boundary.

There are two boundary types, the Dirichlet Ab = c where the field lines are

parallel to the boundary and the Neumann ∂Ab

∂n
= 0 boundaries, where the field

are orthogonal to the boundary. By solving the Poisson’s equation [Poisson code]

described with

aAb + b
∂Ab

∂n
= c (3.1)
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in two dimensional grids generated by defining the boundaries of coils, yoke and

pole of the magnet, the static magnetic field can be calculated by successive point

over relaxation (SPOR) method which is efficient for problems with a rapid con-

verge.

In the POISSON, a basic magnet theory is used to obtain results presented

an edited list of the vector potentials and field component values in rectangular

regions. The values of vector potential are interpolated around an arc of good

field region to determine the boundary conditions for solutions of the field dis-

tribution in two dimensions. The mesh size can be limited and then provide a

finer mesh for defining of pole tip configuration. Usually the code will start with

uniform triangular meshes until sides of the mesh match the boundary condition

and interface between different physical materials as close as possible. Properties

of each physical material such as copper iron and air or vacuum can be defined

in the code. The code generates the mesh by calling the LATTICE command.

To prepare input data for LATTICE, AUTOMESH command is called in order to

obtain more physically meaningful data and make input simple. Eventually the

mesh and physical properties are used to find the vector potential A(x, y) at all

mesh points by calling POISSON.

3.1.1 Basic algorithms for the code

The POISSON code run follows a flow chart shown in Figure 3.1 starting

from a text input file. The input file must define and describe the boundary geom-

etry and desired output format. To generate a temporary file with the same name

as the input file and designation *.T35, AUTOMESH must be run. This command

is used to construct a logical mesh and generate x,y coordinates for straight lines,

arcs and segments of hyperbolas and prepare an input data for LATTICE com-
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Input file-- text Run Automesh 

File.T35 Run POISSON 

Overwrite

Fiel.T35

Overwrite

OUTPOI.txt 

Rename and Achieve 
Graphical

Output

Run Wfsplot 

Figure 3.1 Flow chat of the POISSON calculation.

mand. Filename.T35 is a source for either POISSON or PANDIRA or Wfsplot.

If the Wfsplot is run before the POISSON, a graphical output displays geometry

of the input without the meshes while Wfsplot is run after POISSON calculation,

the output presents a vector equipotential superimposed on the outline of the in-

put geometry. Finally POISSON’s output is written in a text file OUTPOI.txt

or OUTPAN.txt consisting of B-H relation of selected steel used in the compu-

tation, vector potential, field and field gradient distribution in regions specified

in the input file. The POISSON is only one of many codes available for magnet

calculations. The output from the code is written in a text file containing a sum-

mary of the input data and a table of the field component and the field gradients.

These output data are used to calculate the vertical field component of accelera-

tor magnets and insertion devices. However, it can be used to design the magnet

with optimized pole size and pole tip, calculate derivatives of the potential, stored

energy and perform harmonic analysis of the potential. Using the two-dimension

analysis tool, an operation is so simple and also saves time and it provides more

accurate results than three dimensional codes.
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3.2 RADIA code

Many commercial codes in three dimensions are developed with a sophis-

ticate operation with adding three dimensions of mesh to model magnets based

on Boundary Integral Method (BIM) method (Tortschanoff, 1984; Chubar et al.,

1998). A RADIA (Chavanne et al., 1998) code developed at ESRF is a 3D-code

used to solve physical and technical problems in many fields especially for devel-

opment of insertion devices such as wiggler and undulator magnets. The RADIA

code is essentially a 3D magnetostatics code to solve boundary magnetostatics

problems with magnetized and current-carrying volumes using the boundary inte-

gral approach or BIM. The code is written in C++ language with a set of functions

and interfaced to Mathematica.

3.2.1 Basic algorithms for the code

Based on finite volume integrals to solve the 3D magnetostatic problems by

a relaxation procedure (Chubar et al., 2004), RADIA can successfully complement

the FEM method. The 3D magnetostatics are formulated in terms of integral equa-

tions with respect to magnetization reciprocally interacting volumes. The volumes

are separated into number of elementary polyhedrons with constant magnetiza-

tion vectors. By uniform magnetized polyhedron according to the magnetization

vectors, magnetic field can be created at any point. Result will be performed by

analytic 3× 3 matrix with a large matrix in memory which represents mutual in-

teractions between the objects. This is known as interaction matrix. Eventually

magnetization in each small object are obtained iteratively by a sequence of multi-

plications of the interaction matrix with instant magnetization vector taking into

account. This is called a relaxation process. Analytical formulas are used at cal-

culation of components of the interaction matrix and the field after the relaxation.
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The analytical formulas for the magnetic field are used to avoid any segmentation

of free space between magnetized volumes which is required in FEM and minimized

segmentation density for iron of geometries. After the relaxation process, both the

magnetic field and field integral can be calculated anywhere in space and by using

the analytical formulas, this may be give a high precision on the field integral In

RADIA, several types of objects can be created and then combine them together

to solve the problem. Basic type of objects is source objects capable of creating

magnetic fields. This includes magnetized volumes, current coils of several shapes

and container objects. The magnetized volumes can be divided into small objects

of the same kind with independent magnetization. Furthermore space transforma-

tions; translation rotation around an arbitrary axis, plane symmetry, translation

and field inversion are next type of objects. Several space transformations can be

combined into a new space transformation. The field, created by the object which

the space transformation is applied, is calculated first in an object’s frame then

transform back to the laboratory frame. After creating all the objects, they are

link together to build a model of magnet. Examples of input files dealing with

accelerator magnets including wiggler and undulator are available free download

on website. A simple algorithm of the RADIA can be summarized as shown in

Figure 3.2.

3.3 B2E code

The B2E code (called “B to E ”) is a software developed at ESRF by an in-

sertion device group to calculate the synchrotron radiation spectrum emitted from

insertion devices. This program requires only a magnetic field (ideal or measured)

distributed along the magnets to calculate the electron trajectory propagating in-

side the periodic magnetic field. From the trajectory of a single electron, transverse
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Define Objects 
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Figure 3.2 An algorithm of code RADIA used to compute and design magnetic

field.

electric fields (Ex, Ez) (Elleaume and Onuki, 2003) in the near or far field can be

produced and expressed by

~E(x, y, z, ω) =
ieωN

4πε0c2

∞∑
n=1

(−1)n(N−1)

∞∫

−∞

∞∫

−∞

~hn(θx, θy)
sin(πN((ω/ω1)− n))

πN((ω/ω1)− n)

× exp

(
i
ω

c

(
θxx + θzz + s

(
1 +

θ2
x

2
+

θ2
z

2

)))
dθxdθy

(3.2)

where ~hn(θx, θy) represents a contribution to the electric field on the n-th harmonics

of the radiation spectrum in direction (θx, θy). As this result an angular flux

density of the radiation can be computed in term of ~hn(θx, θy) and sinc function.

An angular flux density of the radiation from an undulator and also from other

insertion devices can be calculated as shown in Figure 3.3.

The B2E code is simple to use and is developed to operate with commercial

front-end software Igor Pro. Because of dealing with long waves of data and

graphical analysis, WINGZ which is a front-end software for the RADIA code is

not preferred so that Igor is widely used. Moreover B2E is used for correcting field
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Figure 3.3 Electric field (left) detected by an observer and angular flux density

(right) as a function of photon energy for 20 period undulator.

integrals to adjust close to ideal field integrals. Computation is done for the peak

to peak field fluctuations, electron angles and trajectory, computing and graphing

of electric field of the pulse of radiation generated by an electron, computing of 4

Stokes spectra components and associated polarization rates of the radiation pulse

produced by a single electron as well as electron beam with finite size, angular

spread and energy spread, photon radiation from measured magnetic field and

simulated field data with analytical estimates as sinusoidal, tapered undulators

and wigglers. Usually the RADIA code is more appropriate to optimize design of

the insertion devices for specific application and of accelerator magnets. However

RADIA cannot be used to predict a reduction on the angular flux density of the

photon beam due to magnetic field errors or any absence of periodicity in the field.

Both B2E and RADIA codes are good tools depending on the nature of the specific

problem under consideration.

3.4 MATLAB program for field correction

A program written in MATLAB will be used to apply correction techniques

to correct magnetic field amplitude errors in undulators. The goal of optimization

is defined in the program. This is usually done by means of a cost function. Usually
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the cost function is a positive value or zero. This function measures differences

between conditions that we have and desired conditions. Therefore, in the program,

values of the cost function should be decreased monotonically as we approach the

goal. The program will run with several iterations until this value vanishes. A

typical cost function f is a quadratic difference between the actual data yi and

desired y0 and described by

f = w

N∑
i=1

(yi − y0)
2 (3.3)

where w is a weighting factor which is a positive value. The weighting factor has

been used in each iteration. At large f is caused by an error and therefore to

completely compensate the error when all yi are equal to y0. We can choose other

cost function that has similar properties, such as

f = w

N∑
i=1

|yi − y0| (3.4)

However this is not easy to work with if one want to perform some gradient search

type method, as it is easier to take the derivative of (3.3). Generally, a completely

perfect undulator without errors is never achieved. Thus the goal of the optimiza-

tion problem is only to find the set of parameters that give the lowest value of the

cost function. One of the first things that have to be done is to determine the

cost function for the field correction of the undulator. The cost function should

describe well the physics of the correction. Here we use the r.m.s field error to be

the cost function to correct the field amplitude deviations. The r.m.s field error is

described with

f → σrms−B =

√√√√√
N∑
i

(Bi −B0)2

N
(3.5)

The desired ideal field B0 depends on the correction techniques. Some of the

techniques can only decrease the field amplitude while others as correction coils
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can decrease and increase the field depending on the direction of the correction

current flowing through the coils. However, to achieve the goal, the r.m.s field

error will be reduced to small value as possible. To reach that, the r.m.s field error

in each iteration of the program is weighted with a factor of 0.9. This factor can

be reduced more to close to the lowest r.m.s field error. For example if we apply

a factor of 0.5 to each iteration then after iteration, a remaining error is Iteration

0: r.m.s field error = 1.0

Iteration 1: r.m.s field error = 1.0 × 0.5 = 0.5

Iteration 2: r.m.s field error = 0.5 × 0.5 = 0.25

Iteration N: r.m.s field error = 0.5N = 1
2N

Finally the program will stop the iteration when the difference in field amplitudes

or the r.m.s field error in successive iteration is less than some value determined by

acceptable errors which provide the highest photon flux density at each harmonic

of the radiation. In this study the photon flux density will be kept 90 % of ideal

photon flux density at each harmonic. Chapter IV will describe more about the

acceptable error at each harmonics. Therefore to reach high photon flux density

at all harmonics, the r.m.s field error should be less than 0.1 % normalized to ideal

field amplitude.

3.4.1 Mathematic algorithm of field error correction

Here we assume that the correction method for field errors by using correc-

tion coils and varying iron content of the undulator pole is a deterministic problem.

If the problem is deterministic, then we can solve this problem by standard tech-

niques of linear algebra (William, 2007). An algorithm of the program can be

described in a simple way. If now we consider a small undulator with three poles

and three locations of correction. Each correction technique has different effect on
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the undulator field. Such the correction coils and inserted slits into back site of un-

dulator poles produce localized change in the field amplitudes. For the correction

coil technique, three correction coils for each pole are required with independent

excitation current through the coils. Now we start correction at the first pole, per-

turbation on the field amplitude is not exactly localized, therefor there are changes

in the field strength at all three poles. These changes are described with a11, a21

and a31. Since the field strength is linearly dependent on strength of correction

coil (and iron content in the pole), if the correction coil has strength s1, changes

in field strengths at the ith pole as

b1 = a11s1

b2 = a21s1

b3 = a31s1

Because this problem is assumed to be linear, the field strength changes at each

pole is sum of the perturbations due to each correction coil. Thus the field changes

of all poles caused by the correction coil strengths s1, s2 and s3 are

b1 = a11s1 + a12s2 + a13s3

b2 = a21s1 + a22s2 + a23s3

b3 = a31s1 + a32s2 + a33s3

These equation can be expressed in matrix form by

b = As (3.6)

where the correction field b and s are column vector

b =




b1

b2

b3




, s =




s1

s2

s3
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and A is the matrix

A =




a11 a12 a13

a21 a22 a23

a31 a32 a33




From calculation, we know the values of elements of the matrix A. If the correction

coil is added at the different poles, the values of b of field can be calculated by

using (3.6). However we would like to know the correction strength of the coil (or

iron content) to use to compensate field error b at each pole. Therefore, we has to

deal with an inversion of the matrix A−1. Because of identity matrix I, the matrix

A is invertible that is

AA−1 = A−1A = I

We multiply both sides of equation (3.6) by A−1, thus

s = A−1b (3.7)

Finally the strength of the correction coil at each pole ith can be computed by

finding the inverse of the matrix A.

Eigenvectors and eigenvalues

The solution technique given above is sufficient to solve a deterministic

linear problem, however we find another method to solve this problem by using

eigenvectors and eigenvalues. First we determine the eigenvectors and eigenvalues

of the problem and then project the vectors onto the eigenvectors and allow the

linear matrix A to operate on these eigenvectors. Finally we reconstruct the vectors

from the eigenvectors, which are now multiplied by their eigenvalues, to get final

solution. This method is useful for explanation a Singular Value Decomposition

(SVD) which is used and discussed later. The SVD is a method to find solution of
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a linear system in a least square sense and diagonalize a problem in a given matrix

and provide a singular or near to the singular solving singular matrix.

With an assumption that the matrix A is invertible, eigenvector v is a vector such

that a product of AV is multiple of v, that is

Av = λv (3.8)

The eigenvector v of A has eigenvalue λ thus, this expression rewrite as

(A− λI)v = 0 (3.9)

This has a solution only if

det(A− λI) = |A− λI| = 0 (3.10)

From (3.10), the eigenvalues are solved and substitute into (3.9) to find the eigen-

vector v corresponding to that eigenvalue. If the vector s in Equation (3.6) is a

multiple of an eigenvector v, b is also a multiple of v. So that

b = cλv

In the linear problem defined by the matrix A, eigenvectors are the natural basis

vectors of the problem. The eigenvectors are orthogonal to each other and any

vector in the problem can be decomposed into a unique of the eigenvectors. As

this reason, b is a multiple of an eigenvector and

b = dv

Since A only takes eigenvectors into eigenvectors, s must also be multiple of v. We

calculate

As = b

= dv

= dλ−1Av

or A(s− dλ−1v) = 0
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Because A is invertible, therefore

s = dλ−1v

For λ 6= 0, if v is an eigenvector of the forward problem, such as given in Equation

3.6 with eigenvalue λ then v is also an eigenvector of the inverse problem given in

Equation 3.7 with its eigenvalue of λ−1.

For example, we consider an undulator which has two poles and a field

error correction with strengths of two correction coils s1 and s2. A correction coil

in position s1 produces a field strength of say 3 and 2 in the first and second

poles, respectively. The correction of unit strength in position s2 produces a field

strength of 1 in the first pole and 2 in the second pole. Therefore a matrix A is

A =




3 1

2 2




The problem in the matrix form is



b1

b2


 =




3 1

2 2







s1

s2




We can find eigenvalues of A by using (3.9) as



3− λ 1

2 2− λ


 v = 0

Eigenvalues of the eigenvector v are

λ1 = 4

λ2 = 1

The eigenvector v1 corresponding to eigenvalue λ1 = 4 is


−1 1

2 −2







v11

v21


 = 0
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Then it gives −v11 + v21 = 0. Normalizing this vector therefore, we obtain

v1 =




v11

v21


 =




√
2

2
√

2
2




As similar with the eigenvalue λ2 = 1, a normalized eigenvector v2 is

v2 =




v21

v22


 =




√
5

5

−2
√

5
5




A matrix V constructed by two column vector v1 and v2 can be written by following

V =




v11 v21

v21 v22


 = ( v1 v2 )

Now if the matrix A operate on the eigenvector V , then we obtain

AV = A1( v1 v2 )

= ( λ1v1 λ2v2 )

= ( v1 v2 )




λ1 0

0 λ2




= V Λ

where Λ is a diagonal matrix of the eigenvalues of the matrix A and V is invertible.

We use this relation into (3.6) we get

As = b

= AV V −1s

= V ΛV −1s

It has shown that

A = V ΛV −1 (3.11)
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and also

Λ = V −1AV

Eventually we can solve the strength of the correction coils s corresponding to the

changes in field strength b at each pole with using this method and substitution

(3.11) into (3.6). By solving the strength of the correction coil corresponding to

the field changes at the ith pole, we obtain

s = V Λ−1V −1b (3.12)

Now we require problems with an invertible problem matrix A and non-

zero eigenvalues. This requires, first of all, that the matrix is square; otherwise

an inverse of a matrix is not even defined. A square matrix A exists when the

number of the problem inputs equal the number of problem outputs. If these

two numbers are different, the matrix will be a rectangular matrix. Second, all

of the columns of the matrix must be linearly dependent. Each column can be

thought of as a vector of the problem. It means that the vector must be able

to be represented by a combination of the column vectors of the matrix. If the

vectors are linearly dependent, then there are vectors that cannot be represented

by a linear combination to the column vectors. In our example, there are three

correction coils to compensate the field errors at three poles, thus the response

matrix for the correction is 3 by 3 and the matrix is square. If a correction coil

of unit strength in position s1 produce fields bT
1 = [2, 1, 0], one in s2 produces

bT
2 = [1, 1, 1] and one in s3 produces bT

3 = [0, 1, 2], the equation relating strengths
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of the correction coils to the field produced is

b = ( b1 b2 b3 )s

=




2 1 0

1 1 1

0 1 2




s (3.13)

= As

where A is the response matrix. This means that the columns are linear depen-

dent. Furthermore the rows are linearly dependent as well. A has one redundant

dimension; the dimension of A is 3, however its rank is 2. The reduced rank means

that the field strengths at all three poles are unable to be specified independently.

Singular Value Decomposition

We can find the best solution to the inverse problem in the least square sense

by using Singular Value Decomposition (Gilbert, 1988; Sebek, 2009). If there are

several solutions that may exist because the problem is underdetermined, SVD

will find the shortest vector that solves the equation. In our case of equation 3.13

given a desired solution bdes, there are an infinite number of combinations of the

vectors b1, b2, b3 that result in bdes. The SVD uses the combination that is the

shortest. If there are no solution to the desired vector, then the SVD will find

the closes possible solution to this vector. The SVD is practical method used to

solve a problem dealing with correction of field errors of undulator to obtain a

uniform field amplitude along the undulator. Here if the correction coils charged

with different current is used at each pole of the undulator, we have one correction

per pole. This means that the vector s has dimension as the vector b. Thus the

matrix A is a square matrix. With using the SVD, the best fit solution will give us

the desired field correction to obtain a desired value of r.m.s field error as described



35

in (3.5). However if we can only place one correction coil on some of the poles and

nothing on others, then we do not have enough degree of freedom to correct the

error. In this case the best fit solution of the SVD will find the solution that is

closes to the desired field correction in the sense that given the location of the

correction coil.

Usually the SVD works with symmetric matrices. A square and symmetric matrix

AAT and AT A can construct from any arbitrary matrix A. Any m by n matrix A

can be factored into a product of three matrices

A = V1ΛV T
2 (3.14)

where V1 and V2 are square orthogonal matrices and Λ is a diagonal matrix. V1 is

an m by m matrix, the columns of which are the eigenvectors of AAT and V2 is an

n by n matrix, the columns of which are eigenvectors of AT A and Λ is an m by n

diagonal matrix, the diagonal elements of which are the square roots of non-zero

eigenvalues of both AAT and AT A. Therefore ΛΛT is an m by m diagonal matrix

with λ2
i non-zero diagonal elements and ΛT Λ is an n by n diagonal matrix with

the same diagonal elements.

If the problem can be described by a square or non-degenerate matrix, we

can use the matrix inversion such as Equation 3.7 or 3.12. However if the response

matrix of the problem is symmetric, the matrix can be factored with

b = V ΛV T s (3.15)

but for the SVD method, the matrix is factored with Equation 3.14. If the response

matrix A is invertible, these two factorizations should be equal. however if A

is either rectangular or otherwise, not invertible, the SVD is required to solve

problem of the field correction. The SVD factorization typically arranges the

eigenvectors such that the eigenvalues in the matrix Λ are sorted from largest
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to smallest. Because these eigenvalues are square roots of non-negative numbers,

therefore they are real number also and non negative. To inverse the matrix A in

MATLAB when A is not invertible, we now use the pseudo-inverse of A to find

the best approximation to obtain the small r.m.s field error. The pseudo-inverse

is expressed with

pinv(A) = V2Λ
−1V T

1

where Λ−1 is n by m matrix with non-zero elements only on diagonal. For diagonal

elements of Λ such that λi 6= 0, the corresponding diagonal element of Λ−1 is

λ−1
i . For diagonal element of Λ which are zero, the corresponding elements of Λ−1

are also zero. Therefore, there are no undefined elements of the pseudo-inverse.

The pseudo-inverse matrix forces the eigenvalues of the inverse matrix to zero for

eigenvectors which cannot contribute to the best fit of the problem.



CHAPTER IV

SYNCHROTRON RADIATION AND

INSERTION DEVICES

Radiation from moving electrons at uniform velocities is known as the

Coulomb regime, drops off very fast, like 1/r2 where r is the distance from the

electron. But here, we are interested in radiation far away from the source. The

radiation regime, where radiation drop off like 1/r. Radiation in this regime is

generated by accelerated charges. Such acceleration exists in a storage ring where

electrons are deflected (accelerated) by a magnetic field. In order to store and

guide the electrons circulating in a storage ring, transverse magnetic fields from

bending magnets are required. The magnetic field introduces transverse accelera-

tion or a change in the transverse velocity generating an electric field (E) which

is orthogonal to the magnetic field (B). The radiation can be produced both from

bending magnets and insertion devices. The radiation spectrum emitted from

bending magnets covers a broad spectrum of wavelength from microwaves to the

hard x-ray region and is characterized by the so called critical photon energy at

which the intensity falls off exponentially. The critical photon energy εc = ~ωc is

given by

εc[keV ] = 0.665E2[GeV 2]B[T ] (4.1)

At the SPS ring with the electron beam energy and current of 1.2 GeV (γ = 2348)

and 0.2 A, an emitted radiation from bending magnet with field strength and radius

of 1.44 T and 2.78 m, respectively with the critical photon energy εc = 1.37 keV

is shown in Figure4.1. We can see clearly that the radiation spectrum from the
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bending magnet covers over broad spectrum in VUV to X-ray regime. However

at the critical photon energy the radiation emitted from the bending drops off

exponentially.
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Figure 4.1 Angular flux density spectrum emitted from a bending magnet with

a field strength of 1.44 T and electron beam energy of 1.2 GeV.

To reach hard x-rays, high beam energy and high magnetic fields are re-

quired. However, the magnetic strength of bending magnets cannot be varied freely

because of the geometry of the storage ring. Thus, to get flexibility, insertion de-

vices such as multipole wigglers, Wave-Length Shifters (WLS) and undulators have

been developed and can be inserted into a straight section of the storage ring. Such

insertion devices must not alter the overall deflection of the beam and are therefore

characterized by the requirement that

∞∫

−∞

By.dz = 0

Consisting of a series of short dipole magnets with alternating magnetic fields, both

undulators and wigglers can provide high angular flux density of the radiation. Due

to interference of the emitted photons in the undulator, the radiation is quasi-

monochromatic and the brightness scales like N2 where N is the number of the
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undulator periods.

4.1 Electron motion in an undulator field

The magnetic field in the undulator is approximated as a pure sinusoidal

function and defined with

By(z) = B0 sin

(
2πz

λp

)
(4.2)

where λp and B0 are undulator period length and peak field amplitude of the

undulator, respectively. In the presence of magnetic fields the electrons travels

along the z-axis with velocity v = (vx, 0, vz). This motion is a result from the

Lorentz force.

~F =~̇p = γṁ~v = e(~v × ~B)

where γ = E/E0, E0 and m are electron rest energy and mass, respectively. From

this result we can get

v̇x = -
e

mγ
vzBy

and

v̇z =
e

mγ
vxBy

Using the chain rule and assumption that vz ≈ βc is constant, the time variable can

be replaced by the variable z and the equation of electron motion in the undulator

is written by

d2

dz2
x(z) = − e

mγβc
.By = − eB0

mγβc
sin(

2πz

λp

)

d

dz
x(z) =

e

mγβc
.I1 =

eB0λp

2πmγβc
cos(

2πz

λp

) (4.3)

x(z) = − e

mγβc
.I2 =

eB0λ
2
p

4π2mγβc
sin(

2πz

λp

) (4.4)

The first field integral describes the deflecting angle of the electron trajectory

I1 = −
∞∫

−∞

By(z)dz (4.5)
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and the second field integral the displacement of the electron trajectory.

I2 =

∞∫

−∞

dz

z∫

−∞

By(α).dα (4.6)

In an ideal case, the electron beam moves through the undulator with zero deflect-

ing angles at entrance and exit. Following this condition at z=0, the maximum

deflecting angle within the undulator is

dx

dz
= α(z) =

K

γ
cos(

2πz

λ
)

αmax(z) =
K

γ
(4.7)

With a deflecting parameter K = eB0λp

2πmc
and β ≈ 1, it can be written as

K = 0.934λp[cm]B0[T ] (4.8)

An undulator is characterized by K 6 1 because of the weak magnetic field and the

electron beam traveling through the undulator field is weakly deflected within an

angle of ±1/γ resulting in non-relativistic motion in transverse plane. Therefore,

the radiation is emitted into a narrow cone with a typical opening angle for the

radiation of ±1/γ The continuous sinusoidal trajectory of the electron corresponds

to the emission of monochromatic radiation into a line spectrum with a narrow fre-

quency spread. Because of the finite number of undulator periods N the radiation

is quasi-monochromatic with a relative spectral bandwidth defined by

(
∆λ

λ

)
=

1

N
(4.9)

If K is increased either by increasing the undulator period length λp or the magnetic

field B, the electron will be deflected with a larger angle. Thus, each half period

of oscillation seems to be the source of the radiation resulting in radiation spread

within a larger angle K/γ. We can detect emitted radiation only near the peaks

of the oscillation corresponding to position of magnet poles. Because of strong
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acceleration by the magnetic field, the electric radiation field is strongly peaked

resulting in containing more harmonics of the radiation. As in a wiggler magnet,

radiation is emitted with a large opening angle ϑ > ± 1
γ
, so the radiation consists

of large number of harmonics which, at high harmonics, merge together. As a

consequence, the radiation is very broad similar to that from a bending magnet.

4.2 Undulator radiation

The magnetic field in the undulator is weak guiding the electron trajectory

into a pure sinusoidal motion. An observer in the electron frame sees electric

radiation fields generated in a continuous sinusoidal fashion corresponding to an

oscillation given by the Lorentz contracted period length in the electron frame.

The source of the radiation, being the electron, is moving toward the observer and

the radiation wavelength observed in the rest (laboratory) reference frame appears

contracted by the Doppler effect. This results in a frequency shift of the radiation

spectrum. The frequency depends on the angle θ between electron velocity and

observation direction. If we observe the radiation on axis the radiation frequency is

Doppler shifted by a factor of 1/2γ and the observed undulator radiation frequency

is

f1 =
2γ2c

λp

where f1 is the fundamental frequency on axis in the laboratory frame. If we detect

the radiation emitted off-axis (θ 6= 0), the frequency is red-shifted to a lower value.

The frequency expressed in term of the observation angle is then

f1 =
f ∗1

γ(1− βcosθ)
=

c

λp(1− βcosθ)
(4.10)
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where β ≡ v
c
. For small angles we can use a Taylor expansion cosθ = 1 − θ2

2
+ ...

and get the fundamental frequency at any observation angle as

f1 =
2cγ2

λp(1 + γ2θ2)

Correspondingly, the radiation spectrum has a wavelength of

λ1 =
λp

2γ2
(1 + γ2θ2) (4.11)

At this result, it can be noted that the radiation wavelength is increased by a

factor of 1 + γ2θ2. Thus to reach a high frequency, it is necessary to detect the

radiation on-axis. If the field strength is further increased (K), the electron is de-

flected transversely with a large oscillation amplitude and we have a composite of

transverse and longitudinal acceleration as shown in Figure 4.2. Thus an observer

only detects radiation near the peak of the electron trajectory as a periodic train

of short pluses. Due to the symmetric distortion of the transverse component there

Figure 4.2 Distortion of pure sinusoidal motion due to the relativistic transverse

motion.

are only odd harmonics. However, each transverse period consists of two longitudi-

nal oscillations having a path like a figure of eight. The longitudinal motion occurs

at twice the frequency of the transverse motion causing even harmonics to appears.

Finally, the radiation line spectrum for a stronger undulator is composed of two

series of harmonics, one includes the odd harmonics and the other one the even



43

harmonics. The odd harmonics are concentrated on the axis within an opening

angle of ±1/γ but the even harmonics are distributed in a ring off axis as shown

in Figure 4.3. If K is further increased the electric field becomes more distorted in

x
*

z
*S

*

odd

even

z

x

S odd

even

Figure 4.3 Distribution of dipole radiation field due to odd and even harmonics in

the case of a strong undulator in the moving coordinate (left) and in the laboratory

coordinate (right).

the transverse plane forming a sharp peak and the radiation spectrum will contain

more and more harmonics. Figure 4.4 shows a comparison of the electric field

distortion with increasing field strength or the K value.

As a consequence at very large K the number of harmonics is so large

that the radiation spectral lines merge together into a continuous spectrum like

the radiation spectrum from a bending magnet, Wave-Length Shifter and wiggler

magnet. A wiggler produces a line spectrum just like an undulator and is therefore

just a strong undulator. For the wiggler magnet, the emitted radiation mostly

used at very high harmonics due to the high value of K. To reach the hard x-ray

regime of the radiation emitted from the undulator, K should be larger than 2-

3. In practice each half of the oscillation period of the electron trajectory emits

radiation within an angle of ±1/γ. This will lead to interference of the radiation

only on-axis. The interference of two wavefronts of the radiation is shown in Figure

4.5, where the electron moves through the undulator with the average longitudinal

velocity β̄z while following a sinusoidal path. The electron emits a photon at A

and in the time τ = λp/cβ̄z it travels to B where it also emits a photon. During
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Figure 4.4 Electric field seen by the observer on axis for the electron (left) and

associated angular flux density calculated at beam energy of 2 GeV, period length

of 48 mm and number of period of 10 with varying values of K. For small values

the electric field is nearly sinusoidal corresponding to a single line in the spectrum

but for a large value of K the electric field is distorted into a sharp peak resulting

in a large number of harmonic lines in the spectrum.

this time the first wavefront travels the distance

Sph = λp/β̄z

with an angle θ to the z-axis. Thus, the two wavefronts are separated by a spacing

d defined by

d = Sph − λpcosθ (4.12)

Therefore, constructive interference of radiation emitted from different points oc-

curs when the spacing is an integer number of the wavelength

nλn = λp

[
1

β̄z

− cosθ

]
(4.13)
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Figure 4.5 The electron trajectory on the deflecting plane in the undulator emit

radiation at position A and B.

The average velocity (James, 2004) in forward direction is simply as

β̄z ∼ β − K2

4βγ2
∼ 1− 1

2γ2
− K2

4β2γ2

and using this expression in (4.13) with the Binomial expansion (1− x)−1 = 1 + x

we obtain

nλn ∼ λp

[(
1 +

1

2γ2
+

K2

4β2γ2

)
− cosθ

]

∼ λp(1− cosθ) +
λp

2γ2
+

λpK
2

4β2γ2

From the identity of 1 − cosθ = 2 sin2(θ/2) and for small angle sin θ ∼ θ this

expression becomes

λn =
λp

2γ2n
(1 + γ2θ2 +

K2

2
) (4.14)

In practical units the emitted radiation wavelength corresponding to the photon

energies for the nth harmonics are expressed by

λn[
◦
A] = 13.056

λp[cm]

nE2[GeV 2]

(
1 +

K2

2
+ γ2θ2

)
(4.15)

εn[eV ] = 950
nE2[GeV 2]

λp[cm]
(
1 + K2

2
+ γ2θ2

) (4.16)
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From (4.15) and (4.16) we can see clearly that the radiation emitted off-axis with

the angle is red-shifted to longer wavelengths of the radiation and the photon en-

ergy (frequency) shifts to lower values. Furthermore, even harmonics appear on the

line spectrum as shown in Figure 4.6 when the observation angle is off-axis. Only

little comparably peaks of the even harmonics appear on the angular flux density

spectrum. It means that most of the emitted radiation is concentrated only on

the axis generated mainly by the odd harmonics. As we know, the radiation of

the odd harmonics, to reach the hard x-ray regime with the high flux density or

brightness, should be observed on-axis or in the forward direction θ = 0. Further-

more K and the observation angle θ is a function of the fundamental wavelength

of the radiation (and wavelength of the other harmonics) as shown in Figure 4.7.

The radiation wavelength strongly depends on the undulator period length λp, K

Figure 4.6 Electric field (left) seen by the observer off axis and associated angu-

lar flux density calculated at a beam energy of 2 GeV (right) with vertical and

horizontal opening angle of 0.5 and 0.0 respectively and deflecting strength K of

2.2.

and θ. Thus, to get high photon energies, we should observe the radiation on-axis,

optimize K and the period length. Due to a quadratic increase of the radiation

wavelength with K especially for long λp, a reduction of the period length leads

the shorter wavelengths and high photon energies. However, a reduction of λp has
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been limited because a finite magnetic gap g must be provided for the vacuum

chamber. As the period length becomes smaller than the gap the magnetic field

drops off significantly. Eventually, the K-parameter should be sufficiently high to

allow short period length and the generation of higher harmonics (up to 7th) of the

photon radiation.
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Figure 4.7 Fundamental wavelength as a function of changing the parameter K

and observation angle θ for an undulator with period length of 60 mm and 15 mm.

Electron beam energy is 1.2 GeV.

4.3 Line spectrum

A major property of undulator radiation is its narrow width of spectral lines.

It means that we consider only an actual harmonic with an actual frequency of the

radiation spectrum produced by N periods of electron oscillation passing through

the undulator. Now we consider only the radiation emitting in forward direction

ϑ = 0 therefore, only odd harmonics are confined within the small angle ±1/γ.

Due to the finite number of oscillations, the spectrum is not quite monochromatic
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but has a line width for the nth harmonic defined as

∆ωn

ωn

=
1

nN

4.3.1 Angular spectral flux

The total number of photons Nph emitted into a spectral band width per

unit solid angle and time known as angular spectral flux is expressed in terms of

a Bessel’s function. Based on this condition and identity of the Bessel function

(Wiedemann, 2007) the angular flux on-axis for a single electron passing through

the undulator is defined by

dṄph(ω)

dΩ
|θ=0 = αγ2N2 ∆ω

ω

K2

(1 + 1
2
K2)2

∞∑
n=1

n2

(
sin πN∆ωn/ω1

πN∆ωn/ω1

)2

JJ2 (4.17)

where α is the fine structure constant and the JJ-function is defined by

α =
e2

4πε0~c

JJ2 =

[
J 1

2
(n−1)

(
nK2

4 + 2K2

)
− J 1

2
(n+1)

(
nK2

4 + 2K2

)]2

(4.18)

This equation can be written in terms of amplitudes of the harmonics given by

An(K) =
n2K2

(
1 + 1

2
K2

)2JJ2 (4.19)

The amplitude of the harmonic is plotted in Figure 4.8 for different nth harmonics.

Since for large K the function An(K) drops rapidly, the angular flux also decreases.

To reach high harmonics (up to 5th) of the radiation the K value should be at least

2-3 due to reaching maximum value of the amplitude of the harmonic (the 3rd ,

5th, 7th and the 9th ). If we would like to achieve the 13th harmonic, the K should

be more than 3 to obtain a high An(K) however, for the low energy storage ring,

increasing the K may be not useful to reach the hard-x-rays. Moreover it is really

hard to reach that K value with a short period length of the undulator.
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Figure 4.8 Amplitudes of odd harmonics in the forward direction as a function

of the K values.

The spectral line width at each harmonic is determined by the sinc function

sin(πNx)/(πNx) where x is ∆ωn/ω1. The sinc function is sine wave with decaying

amplitude like 1/πNx. The spectral width gets narrower with increasing number

of undulator periods. Since Equation 4.17 describes the angular flux on-axis for a

single electron, to get the total angular photon flux, it has to be multiplied by the

number of electrons per second which is I/e where I is the electron beam current

in the storage ring. Thus we can express the total angular flux on-axis in terms of

number of photons per second by dividing by the energy of each photon hω/2π.

Eventually this is written in terms of a relative bandwidth dω/ω as

dṄph(ω)

dΩdω/ω
|θ=0 =

e2N2γ2

4πε0c

I

e

2π

h

(
∆ω

ω1

)
An(K) (4.20)

In practical unit, the number of photons per solid angle per second on-axis is

dṄ

dΩ
|θ=0 = 1.74× 1014N2E2IAn(K) (4.21)

in units of photons per second per mrad2 per 0.1 % bandwidth. We note that

the photon flux density in the forward direction is proportional to the square of

the undulator periods N . From the sinc function, an r.m.s opening angle in the
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vertical axis for each harmonic n can be defined as

ϑn =
1

γ

√
1 + K2/2

(nN − 1)

A typical opening angle denoted by σr′ is estimated with an assumption that the

angular flux distributes like a Gaussian or normal distribution. Therefore it gives

σr′ =
1√
2
ϑn ≈ 1

γ

√
1 + 1

2
K2

2nN
(4.22)

Based on the assumption that the photon flux density drops to zero when we

observe the radiation with an angle exceeding the typical opening angle, thus the

r.m.s opening angle will allow an aperture of a pin hole or slit which are used to

extract the photon radiation into beamline. For K ≈ 1 the opening angle (or pin

hole aperture) is

σr′ =
1

γ
√

nN

Correspondingly a solid angle defined by the opening angle is used to compute the

total photon intensity for the nth harmonic within the bandwidth ∆ωn

ωn
. Thus total

photon flux for the nth harmonic in the forward direction is

Ṅph(ωn)|ϑ=0 = παN
I

e
(
∆ω

ωn

)

(
1 + K2/2

n

)
An(K) (4.23)

In the practical unit of the photons per second per 0.1 % bandwidth, Equation

4.23 gives the flux emitted into the forward cone as

Ṅph(ωn)|ϑ=0 = 1.43× 1014NIAn(K) (4.24)

In practice, the radiation has to pass a finite aperture of a pin hole before

reaching the observer in the forward direction. The pin hole is also important

to characterize the radiation. If the pin hole aperture is very narrow, the line

spectrum is well defined with the sinc function while the electron beam divergence

is ignored. Some even harmonics may exist on the spectrum and also the odd
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harmonics of the line spectrum are shifted when the observation angles are off-axis.

However somehow we observe the radiation emitted through a large aperture, an

angle integrated spectrum (Elleaume and Onuki, 2003) is introduced to exhibit an

almost continuous spectrum with spikes at location of the harmonic lines. The

angle integrated spectral flux calculated in a finite opening angle θ = ±1/γ for a

deflecting parameter K = 1.96 is shown in Figure 4.9. Since radiation of the odd

Figure 4.9 An angular integrated spectrum produced by an undulator with a

period length of 15 mm and peak field strength of 1.4 T at an electron beam

energy of 1.2 GeV and beam current of 200 mA.

harmonics is distributed over all opening angles we observe at an angle θ = ±ϑ

radiation at a wavelength

λ1 =
λp

2γ2
(1 +

1

2
K2 + γ2θ2)

where ϑ is the angle with respect to the axis. The term γ2θ2 is proportional to a

quadratic term of the angle ϑ. Thus there is red shift occurring not only for +ϑ

but also for −ϑ causing the shift to the lower energies and an asymmetry of the

spectral radiation distribution occurs. On-axis the angular integrated spectrum

appears at the location of the fundamental harmonic as a sharp line. Because the
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distribution of the even harmonics as a ring off axis with the angle of 1/γ, the

observation angle becomes

θ =
1

γ
± ϑ

The γ2θ2 can be approximated by following

γ2θ2 ≈ 1 + 2
ϑ

γ

Due to the linear relation, the term γ2θ2 can be red or blue shifted on the energy

spectrum resulting in a symmetric distribution of the angular integrated spectrum

when the observation angles are integrated around the even harmonics. Peaks of

the harmonics (n = 1,3,5,..) cannot be seen clearly even though they are not as

sharp as they are observed through the pin hole on-axis. Because of the finite pin

hole the emitted radiation does not appear like exactly harmonic lines. Although

the pin hole is very narrow, the even harmonics may exist with spikes on the

spectrum and the odd harmonics appearing not like a line spectrum due to the finite

electron beam emittance and electron beam divergence. Therefore the emitted

radiation is observed at an angle occurring by the electron trajectory with respect

to the axis of the undulator. Both theoretical and experimental expectations agree

well in the characterization of the radiation lines spectrum from undulators.

4.3.2 Undulator brightness

The photon flux density in phase space is called the spectral brightness

being the number of photons per second, per unit solid angle and per unit source

area. Normally, the brightness is widely used to measure the radiated photons

because it determines exactly the properties of a source. Moreover the brightness

is a sensible source to source comparisons because it is invariant in longitudinal

position. The spectral brightness of the undulator radiation is simply the photon
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flux in the forward cone divided by a volume of the phase space and defined as

B =
Ṅph(ω)

4π2ΣxΣyΣx′Σy′
(4.25)

where effective horizontal Σx and vertical Σy source size and horizontal Σx′ and

vertical Σy′ divergences are defined

Σx =
√

σ2
x + σ2

y

Σy =
√

σ2
y + σ2

r

Σx′ =
√

σ2
x′ + σ2

r′

Σy′ =
√

σ2
y′ + σ2

r′

with horizontal σx and vertical σy electron beam sizes and σx′ , σy′ electron beam

divergences. Based on an approximation to the fundamental mode of an optical

resonator which is known as Gaussian laser mode (Kim, 1986), the phase space

area is

2πσrσr′ =
λ

2
(4.26)

with the photon beam size (Clarke, 2004) σr = 1
4π

√
λL. Thus the photon beam

opening angle is σr′ =
√

λ
L
, where L is the undulator length. The brightness of the

undulator radiation will scale with the square of the number of undulator periods

N if only the electron beam size and the divergences in both planes are small and

so Σx, Σy ∼ σr and Σx′ , Σy′ ∼ σr′ where the photon divergence is proportional to

1/
√

N . Finally the brightness can be approximated by

B ' Ṅph(ω)

4π2σ2
rσ

2
r′
∝ N2 (4.27)

when the photon flux is proportional to the number of the undulator periods N

only and σ2
r′ ∝ 1/N .// At high K values there are many harmonics of the radiation

emitted on-axis and to achieve a high photon energy, the parameter K should be

at least 2-3. Furthermore, at these K values we can obtain high spectral photon
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flux of the radiation for each harmonic caused by maximum amplitudes of the

harmonics An(K). To tune the parameter K, both magnetic field and undulator

period length are adjusted however we have to keep in mind that a goal of the

tenability is to achieve the x-ray. Thus a reduction on the undulator period length

is very reasonable to reach that. Due to a limitation on saturation in iron pole of a

permanent undulator, the magnetic field strength cannot be increased up to high

field with reduction on the period length at the K value about 2-3. Generally, the

undulator is made from magnetic material such as Samarium-cobalt (Sm2Co17)

or Vanadium Permendur (SmCo). The Sm2Co17 compound has a remanent field

of 0.85-1.05 T. For the SmCo using in a hybrid insertion devices composed of

hard and soft magnetic materials with the remanent field of 0.9 T. Therefore the

maximum magnetic field strength is limited by the magnetic properties of the

material. Figure 4.10 performs the peak field achievable of the Samarium-cobalt

and the hybrid insertion device by using empirical formula. For an undulator

made from Samarium-cobalt material the empirical formula B = 1.55 exp(−πg/λp)

describes the magnetic field reaching 1 T only for very small gap to period length

ratios g/λp of about 0.1. This means that the undulator period length has to

be quite large compared to the magnetic gap to obtain a high field. Although

the undulator strength K can achieve desirable values. The period length of the

undulator has to be increased resulting in an increase of the radiation wavelength

which is a cause of photon energy shift to low value. However, keeping a small λp to

get the K = 2, the magnetic gap g has to be reduced to 0.8 cm as shown in Figure

4.11. In practice, the magnetic gap is limited by the vertical size and thickness

of the vacuum chamber. This allows a minimum gap only as small as the beam

stay clear corresponding to the electron beam. For example, at the SPS ring, a

minimum aperture of vacuum chamber is about 26 mm therefore the gap should be

more than that value such as 30 mm to reach the K = 2 resulting in a long period
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Figure 4.10 Peak field in mid plane of a permanent magnet undulator made from

Sm2Co17 (red line) and for a hybrid with Vanadium Permendur poles(blue line)

as a function of magnetic gap (g) and undulator period length.

length of the undulator. Thus x-rays cannot be reached by a permanent undulator

at the SPS ring. A superconducting wire can be used instead of Samarium-cobalt

(Sm2Co17) or Vanadium Permendur (SmCo) to produce a high magnetic field with

a short period length of a few millimeters. This can be done in a superconducting

undulator.

4.4 Superconducting undulator with short period

Undulators are the most advanced sources to generate synchrotron radiation

but the maximum field strength of undulators is limited by the material proper-

ties of the undulator poles. In a low energy storage ring, the permanent magnet

material is replaced with a superconducting wire. Because the superconducting

wire has zero electrical resistance, thus there are no Ohmic losses and heating. As

a consequence, the wire can carry much higher current densities than a normal
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Figure 4.11 Deflecting parameter K of different g in centimeter, as function of

undulator period length for a Samarium-cobalt undulator.

conducting wire and a strong magnetic field strength in the Tesla range can be

reached. To achieve a high magnetic field strength at short period length we still

must use the smallest possible magnetic gap limited only by the electron beam life-

time and injection efficiency. There are several techniques of superconducting wire

winding to get as small a period length as possible at a desirable field. A typical

superconducting wire is wound around an iron pole as shown in Figure 4.12. The

current in neighboring coils has opposite polarity to obtain an alternating vertical

magnetic field along the axis. Radiation emitted by the superconducting undu-

lators provides more angular flux density and brightness at high harmonics than

emitted by permanent undulators. Figure 4.13 shows a comparison of the angular

flux density produced from the permanent undulator and from the superconducting

undulator.

In practice, finite tolerances are caused by manufacturing of coil winding

into the grooves and position of wire racetracks which are superconducting wires

in the grooves. Because of differences of the wire position the magnetic field am-
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Figure 4.12 Typical layout of a superconducting undulator (Wollmann, 2008)

with iron poles (green), superconductive wire bundles (red), the gap width g and

period length λp.
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Figure 4.13 Angular flux density as function of a photon energy, up to the 7th

harmonic emitted from permanent undulator with period length of 60 mm and

field strength of 0.55 T (dash line) and from a superconducting magnet with period

length of 15 mm and field strength of 1.4 T (solid line) at electron beam energy

and beam current of 1.2 GeV and of 0.2 A, respectively.

plitudes of whole periods are different. Changes in the field amplitudes introduce

a disturbance of the pure sinusoidal electron trajectory passing through the undu-

lator. It means that radiation emitted from an imperfect undulator field cannot

be superimposed well on-axis resulting in a reduction of the angular flux density
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and brightness especially at high harmonics. Furthermore, misaligned undulator

poles may introduce a change in undulator period length which is related to the

phase. Both the magnetic field and period length errors are cause of a brightness

degradation at high harmonics. In this thesis project we propose several tech-

niques to correct such as discussed in Chapter VII. The effect of each error on each

harmonic of the radiation has been investigated and tolerance limits on acceptable

errors have been derived for each harmonic.

4.5 Magnetic field and period length errors

The field and period length errors are important to measure the quality of

the magnetic undulator field. To study the effect of the errors on the radiation

emitted at harmonics up to the ninth, the undulator field is compared to an ideal

sinusoidal magnetic field with a period length of 15 mm and a peak field amplitude

of 1.387 T corresponding to the average magnetic field amplitude measured in the

test undulator (SCU) and discussed in Chapter VI. The number of undulator

periods is 20 consisting of 38 main poles and two end poles which are located at

the entrance and exit of the undulator magnet. Field strengths of the end poles

are only half those of main poles. Figure 4.14 shows the magnetic field distributed

along the undulator axis (z-axis) as the pure sinusoidal wave.

First, we introduce an r.m.s field error ∆B
B0

normalized to the ideal peak field

amplitude of 1.387 T of one percent. The field error is converted into a field change

∆B at each half period (at the pole number i) to generate a real magnetic field.

The field errors are introduced randomly at the ith pole using the RANDN function

in MATLAB. The RANDN function generates arrays of random numbers which

are distributed as a Gaussian with a zero mean, variance σ2 = 1 and standard

deviation σ = 1. Each time this function is called a different set of the random
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Figure 4.14 An ideal magnetic field distributed along an undulator with a period

length of 15 mm and a peak field amplitude of 1.387 T.

number arrays is generated. Because of the low number of periods and to get

proper statistics we need many sets of random numbers to create a real magnetic

field distribution along the z-axis. Then the angular flux density for each set of the

real fields is calculated by introducing the real field with errors into the program

B2E. Eventually an average value of the angular flux at each harmonic is used to

calculate a relative reduction in the flux density. The field change generated with

a vector of 2*N elements is defined as

∆B = B0randn(1, 2 ∗N)
∆B/B0[%]

100
(4.28)

Thus the real field including randomly distributed field errors is

Breal - B = (B0 + ∆B) sin(kz) (4.29)

Figure 4.15 performs a ratio of the real to the ideal angular flux densities as a

function of harmonic number of the radiation and r.m.s field error. We can see

clearly that the r.m.s field error of 1 % is quite a strong effect on the degradation of

the flux density for high harmonics (up to the 7th) of the radiation emitted on-axis.

It means that only a 1 % r.m.s field error is allowed for the real magnetic field to



60

still reach 90 % of the ideal angular flux density for harmonics up to 5th order. For

higher harmonics less errors are tolerable. In other words, the angular flux densities

at all harmonics should not be reduced by more than 10 % A r.m.s period length
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Figure 4.15 Ratio of real to ideal angular flux densities for each harmonic of

radiation emitted into a forward cone represented with stars as a function of r.m.s

field error. Lines are used only to guide the eye.

error ∆λp/λp,0 is also introduced to the ideal magnetic field to calculate the ratio

of the angular flux density for the harmonics of the radiation. The period length

error is equivalent to a r.m.s phase error expressed by

∆λp

λp,0

=
∆ϕ

〈T 〉 (4.30)

where 〈T 〉 is an average of undulator period in one period. The average values

are 2π and 360 in units of radian and degree, respectively. Then we can define a

change in undulator period length generated randomly of each period as

∆λp = λp,0randn(1, 2 ∗N)
∆ϕ [degree]

360
(4.31)
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Finally we get a real magnetic field with a period length error by following

Breal - λp = B0 sin(k′z) (4.32)

where k′ = 2π
(λp+∆λp)

for each period. Eventually the ratio of the real to the ideal

angular flux densities as a function of harmonic number of the radiation and r.m.s

period length error is computed and shown in Figure 4.16.
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Figure 4.16 Ratio of real to ideal angular flux densities for each harmonic of

radiation emitted into forward cone represented with stars as a function of r.m.s

period length error. Lines are used only to guide the eye.

Comparing the angular flux densities with field and phase (period length)

errors, a strong reduction on the flux is caused by a change in the magnetic field es-

pecially at high harmonics. The electron beam experiences different field strengths

from period to the next period while traveling through the undulator resulting in

a displacement of the electron trajectory off-axis with a bump as shown in Figure

4.17. Since radiation emitted cannot be added up anymore coherently along the

undulator into the forward cone, a reduction of the flux density at high harmonics
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Figure 4.17 Electron trajectory of 1.2 GeV electron beam when it travels through

a real undulator field with a r.m.s field error of 2 %.

occurs. A period length or phase errors introduces less flux density reduction if

the phase error is not more than 1 deg. It seems to retain the flux density as the

ideal field because this change in period length only shifts wavelength or frequency

of the radiation on the spectrum. In reality, the field may include both errors. To

simulate the effect of such errors on the angular flux density for harmonics of the

radiation both errors are added into the ideal field to generate the real field. The

real field is expressed by

Breal - B = (B0 + ∆B) sin(k′z) (4.33)

In this study if the r.m.s field and phase errors are 3 % and 1 Degree, ratio of real

to the ideal of angular flux densities is calculated and shown in Figure 4.18. From

this simulation we conclude that the real magnetic field should be within 1 % and

phase errors within 1 degree of ideal values to reach an angular flux density as high

as 90 % for harmonics up to 5th order.
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Figure 4.18 Ratio of real to ideal angular flux densities for each harmonic of

radiation emitted into forward cone represented with stars. Real field is generated

with adding r.m.s field and phase errors of 1 % and 1 Degree (small dash line), 2

% and 1 Degree (dash-dot line) and of 3 % and 1 Degree (dash-line). Lines are

used only to guide the eye.



CHAPTER V

REVIEW OF SUPERCONDUCTIVITY

Superconducting undulators were investigated in the 1970 (Farge, 1980)

and it was found that the superconducting undulator can provide the hard x-ray

especially for low and medium energy of storage rings. Superconducting materials

can carry a large current at the high magnetic field as will be discussed in this

chapter. We use a superconducting with made from NbTi surrounded by copper

to facilitate handling of a quenching magnet. A specific winding method is dis-

cussed to achieve a high field in the magnetic gap since the coil winding relates

to the achievable short period length. Protection systems are required to protect

the magnet against quenching, which is the transition of a section of the super-

conducting wire to become normal conducting. Both passive and active quench

protection systems will be discussed.

5.1 Theory of superconductivity

Since a complete disappearance of resistance of mercury below a spe-

cific temperature called critical temperature Tc was covered in 1911 by Heike

Kamerlingh-Onnes at the University of Leiden in the Netherlands, this is known as

superconducting state. The resistance of the mercury does not gradually decrease

with lower temperature but drops dramatically to immeasurable values for temper-

ature below 4.2 ◦K. The resistance of the mercury is related to the temperature as

shown in Figure 5.1. Not only mercury many metals, but metallic alloys and com-

pounds have this superconducting behavior. Each material has different properties
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Figure 5.1 Resistance of superconductivity of the mercury.

such as conductivity, diamagnetism, critical magnetic field, i.e. Superconductivity

not only depends on the temperature but also on the surrounding magnetic field

and is therefore often characterized by its critical magnetic field. Base on a theory

proposed by J. Bardeen (Bardeen et al., 1957), superconductivity is a microscopic

effect caused by condensation of pairs of electrons into a new bosonic state called

Cooper-pairs; they form together with constructive interaction and well-defined

phase (total spin of the copper-pair =0). Based on BCS theory (Tinkham, 1996)

assumption, a Cooper pair, electron in lattice will attract positive charges around

it by the Coulomb interaction and the positive charges will, in turn, attract an-

other electron. At low temperatures thermal vibration in the lattices are small

enough to allow the forming of stable Cooper-pairs. The electrons pair-up at the

temperature lower than a critical temperature (Tc). Because the Cooper pairs act

somewhat like bosons which condense into the lowest energy level below Tc, they

lose electrical resistance. This means that in a superconductor the flow of elec-

trical current is caused by Cooper pair rather than individual electron. Applying

an external magnetic field, the Cooper pairs can set up electrical current on the

superconductor surface, because the total spin of the Cooper pairs is always zero

and creates by Lenz’s law a field equal and opposite to the external field. In-
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terior magnetic field produced by these electrical current cancel out the applied

magnetic field within the bulk of the superconductor at below the Tc. Thus the

applied field cannot penetrate into the bulk of the superconductor, which means

that they become a perfectly diamagnetic. This phenomenon is known as Meissner

effect. Base on the diamagnetic the superconductors are separated into two types;

type-I superconductor and type-II superconductor. Most type-I superconductor

are metal elements and type-II superconductor are most alloys and compounds.

5.1.1 Type-I superconductor

If an external magnetic field is applied to a type-I superconductor, then, due

to the Meissner effect, an interior magnetic field is building up due to a shielding

current on the surface of the superconductor directed against and compensating

the external field. We call a superconducting state of this type-I as being in the

Meissner phase. Since an exclusion of the interior field from the external field

performs completely, the type-I superconductors are perfect diamagnetic with a

zero value of the interior magnetic field density (B = 0). Superconductivity will be

broken down by any temperature which is higher than Tc but also if the external

field is increased over the critical magnetic field strength Hc and the Meissner

phase is changed into a normal conducting state. If the magnetic field is less than

Hc the type-I superconductor is still in the Meissner phase. The critical field of

the type-I directly relate to the critical temperature shown in Figure 5.2. The

superconductor completely expels an external magnetic field which is lower than

the critical magnetic field and critical temperature. Therefore the type-I will be

in the superconducting state only at the temperature and the field strength are

lower than the Hc and Tc, respectively, but if the temperature and field strength

are exceed the critical values then they will be transited to a normal state. Table



67

5.1 shows the critical temperature and the critical field at T = 0 for some type-I

superconductor materials. Most of type-I are pure metallic materials.

Figure 5.2 Phase diagram of the type-I superconductor. Electrical resistivity ρ

in superconducting state is zero.

Table 5.1 Critical field strength and temperature of materials

Elements Tc [K] Hc [mT] at T = 0

Al 1.19 10

Hg 4.15 40

Nb 9.20 195

Pb 7.20 80

Sn 3.72 30.5

Ti 0.39 17

Based on a modification of classical Maxwell equation by Fritz and Heinz

London, a penetration depth was proposed to predict the superconductivity in

the type-I. Although the magnetic flux would be excluded from the superconduc-

tor, only a small depth in which the shielding current flow, known as penetration

depth λ, allows penetration of the magnetic flux. The flux near the surface of

the superconductor decays exponentially inward. As the result of λ, the type-I
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superconductor performs superconductivity at low critical magnetic field strength

Hc (less than 0.1 T) and temperature Tc. This limitation make the type-I su-

perconductor impractical use for wire of accelerator magnets which desire a high

magnetic field and temperature. Therefore technical developments for supercon-

ductors are required to fabricate other superconductor type which is metal alloy,

complex oxide ceramic or compound. We know this as type-II superconductors.

5.1.2 Type-II superconductor

For a type-II superconductor only a region where a field strength is lower

than Hc1 at T = 0 shows a similar behavior to the type-I by completely excluding

an applied magnetic field. However, the superconductor enter a mixed state shown

in Figure 5.3 (Bennemann, 1996) when the field strength is higher than the critical

field Hc1 and lower than a critical field Hc2. The mixed state which is either super-

conducting or normal states with an existing of a zero electrical resistance consists

of several normal filaments as copper embedded in the type-II superconducting

matrix. An external magnetic field applied to the type-II penetrates through the

sample in form of quantized lines of magnetic flux or vortices at intermediate field

strength region Hc1 < H < Hc2. The quantized vortices form tubular regions

parallel to the external field. These tubes are in the normal conducting state and

surrounded by circulating current in superconducting region. The intermediate

region sometime is called the Shubnikov phase. But increasing the field strength

Hc2 is as high as several Tesla, superconductivity transits to the normal conduct-

ing state. The type-II superconductor does not only produce shielding current

also generates the circulating current around the vortices. To carry the currents

throughout its volume, the vortices must somehow distribute non-uniform. In a

uniform array of vortices the currents inside the superconductor cancel out on a
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Figure 5.3 Phase diagram of a type-II superconductor.

macroscopic scale while there are net currents in the inhomogeneity superconduc-

tors. It means that there is a macroscopic current or current density. The vortices

interact with repulsive force equivalent to Lorentz force ~Jc× ~B acting on a macro-

scopic current density ~Jc. The Lorentz force is perpendicular to the applied field

and current direction resulting in vortex motion through the superconductor. The

motion of the vortices with viscosity-limited velocity v generates an electric field

~E = [ ~B × ~v]
/

c which is parallel to the current exhibiting a finite resistivity causing

energy dissipation. In order to avoid such process the vortices should be pinned.

As long as remaining pinning in the type-II superconductor the vortices cannot

move so that there is disappearance of resistance. The pinning vortices can obtain

a high current density within bulk material or superconductor resulting in critical

magnetic field rise. Many techniques are used in common such as cold working to

dislocate cells and heat treatment precipitate finely particles. Typically the type-II

perform superconductivity at higher temperature and magnetic field than type-I

superconductors. Thus this allows the type-II superconductors to conduct higher

currents which are obviously suitable high field magnet applications. Some type-II

superconductors are listed in the Table 5.2.

Because of a high critical magnetic field Hc2 of many type-II superconduc-

tors, both superconductors NbTi and Niobium-tin (Nb3Sn) are widely used in
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Table 5.2 Critical field strength and critical temperature of type-II superconduc-

tors.

Elements Tc [K] Hc [T] at T=0

NbTi (alloy) 9.6 16.0

Nb3Sn (compound) 18.0 24.0

Nb3Al 18.7 31.0

Nb3Ge 23.0 35.0

MgB2 ∼40 ‖ to c : 2-5, ⊥ to c :15-20

Y Ba2Cu3O7 − x ∼93 ‖ to c :110, ⊥ to c :240

NbN (metalloid) 16.8 15.3

particle accelerators. Although the Nb3Sn can operate at higher temperature and

magnetic field strength with critical temperature and upper critical magnetic field

of 18 ◦K and 27 T, respectively, simple fabrication and ductility have been made in

the NbTi alloy. Thus the applications of the superconducting NbTi are primary in

form of superconducting magnets. Moreover to increase stability and reduce per-

sistent currents small filament diameter of the superconductor is required. Because

of brittle of Nb3Sn, it quite hard to draw to thin filament like NbTi, however it

is formed in a final geometry by heat treatment with high temperature. Therefore

most Nb3Sn available nowadays, magnitude of filament diameter is larger than

that in NbTi.

5.2 Niobium titanium

Niobium-titanium (NbTi) is the type-II superconductor consisted of an alloy

of niobium and titanium. An upper critical field Bc2 is about 13 T and critical tem-

peratures range is limited at 10 ◦K due to depending on technique to fabricate for
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the NbTi wire and chemical composite of the superconductor. Commercial NbTi

have appropriate titanium and niobium about 46.5 weight% and 53.5 weight%, re-

spectively because critical temperature and upper critical field Bc2 are maximized

at that weight of titanium. Since the magnetic field readily penetrated into the

type-II superconductor, there is a greater stability and less diamagnetism. If the

magnetic field is over the Bc2 at localized region in the superconductor, this re-

gion will start to conduct local heat due to flux movement known as flux jump

which is sudden rearrangement of magnetic field (or discontinuity of magnetiza-

tion) in the superconductor. The localized heat causes quenching occurring. Then

superconductor rapidly transits to the normal state. The ability to eliminate heat

away from the localized regions is subdivided the NbTi superconductor into fine

filaments embedded in a high conductivity matrix such as copper (Cu) and Al.

Although the Al has more thermal conductivity than Cu, it is difficult to fabricate

as the matrix of the composite NbTi wire. Thus the flux jump starts, generated

heat will be carried away through the copper. In practical NbTi wire, oxygen-free

high conductivity (OFHC) copper is mostly used because it consists of very small

oxygen and impurities quantities causing by high electrical and thermal conduc-

tivities. Most commercial NbTi wires compose of the copper (Cu) in range from

55 to 70 % of wire volume. It means that a Copper (Cu)/Superconducting matrix

(Sc) ratio should be more than 1. Furthermore in practical, amount and purity of

the copper in the multifilament NbTi wire can be determined by a residual resis-

tivity ratio (RRR) of the superconducting wire. The RRR is a ratio of electrical

resistance at 293 ◦K (at room temperature in the normal state) to the resistance at

10 ◦K (maximum critical temperature of the NbTi). Because the resistance in the

normal state is directly related to characteristic of quench propagation and maxi-

mum temperature reached in the NbTi wire during the quenching, the RRR of the

superconducting wire is one major parameter to estimate the resistance at high
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fields to avoid the quenching in the superconductor. Magnetic instability depends

on the filament diameter. The instability causes by a self-field (Nishijima et al.,

1997) which is generated by transport currents in superconducting wire. At higher

current there are transport current penetrate in the wire and toward to a center

not only in an outer shell of the wire as at low current. This result leads to the

flux motion. The flux motion generates a heat conducted over the cross-section.

In order to reach stability requirement, filament diameter (Wilson, 1983) is

d <
√

8.

√
k(Tc − T0)(1− λ)

λJ2
c ρ

(5.1)

where k, T0, λ and ρ are thermal conductivity, the cryogenic temperature (4.2 ◦K),

the volumetric proportion of superconductor in a composition; filling factor and

resistivity of a matrix which is the copper. If the filament diameter is large, inside

of the wire will get hotter than the copper matrix. Finally a whole composition will

have a high instability. Although the copper matrix with low resistivity and high

thermal conductivity contributes toward the dynamic stability, it creates a coupling

between filaments magnetically. As this result the composite behavior acts as a

large single filament so that the whole composition will become unstable again to

the flux jumping. The coupling and the flux jump instability can be decreased

by twisting the composite. Generally superconducting magnets are wound with

wire composed of twisted filaments as shown in Figure 5.4. Typically twist pitches

should not be higher than eight times of the wire diameter and normally twist

pitch is 10 to 20 times of the diameter wire.

For a high superconducting magnet, a high current can be achieved by cable

which is stand with multifilament composite of the NbTi filaments in the OFHC

matrix with filament size less than 100 µm to achieve the stability. Nowadays, there

are different characteristics of the NbTi wire are available from manufacturer. The

wire has been chosen followed constrains of design. The constrain are to carry a
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Figure 5.4 (a) Filaments in an actual cable used for RHIC magnets with a filament

size of 6 µm. (b) Coupling and uncoupling in multifilaments wire.

large current in a high magnetic field with practically zero resistance and to avoid

flux jumping. Thus diameter of the composite NbTi wire, the ratio Cu/Sc, filament

size and number of the filaments have been chosen to avoid the flux jump causing

quenching. In the case of superconducting magnet used in accelerators dealing with

multiple coils in complex geometries, the number of filaments in the wire ranges

from 50 to 5000 and the diameter of filaments from 5 to 50 µm (Peter, 1999). The

multi-filamentary superconducting wire is typically twisted with a pitch varying

from 5-30 times the wire diameter (Brazi, 1998).

5.2.1 NbTi specification for superconducting undulator

For superconducting undulators with magnetic field less than 10 T, a desir-

able field below critical field at 4.2 ◦K can be achieved with the niobium-titanium
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NbTi wire composed of several filaments embedded in the OFHC copper matrix.

In addition a higher compaction or packing factor which is a ratio of conductor

relative to voids is required in order to a grater mechanical stability and efficiency

of winding coil. The packing factor range of an interest magnet design is 80-90

% in order to avoid a degradation of magnetic field on beam axis. By choosing a

rectangular wire instead of round wire of the NbTi alloy, the packing factor over

90 % can be reached. In the other hand the rectangular wire is simple to con-

trol the wire position in grooves. A cross section of the rectangular wire can be

sketched shown in Figure 5.5. For the designed superconducting undulator (Jan

et al., 2008) to produce the magnetic field of 1.4 T with a period length of 15

mm, the superconductive wire NbTi with a ratio of copper matrix and the NbTi

(Cu/NbTi) of 1.35 was selected. Major parameters of the NbTi wire is listed in

Table 5.3 with the filament size less than 60 µm to eliminate the flux jumping. A

Figure 5.5 A 2-D schematic dimension of NbTi wire with coated insulation.

critical current Ic or current density Jc related to a critical magnetic field of the

NbTi superconducting wire was measured by experiment from a manufacturer with

serial number of 86039. Measured critical currents of the short sample 86039 are

454, 385 and 318 A at 4, 5 and 6 T, respectively as shown in Figure 5.6. To reach

the desirable without quench a current energized thorough the wire should be keep

less than the critical current. The critical currents relate to the critical magnetic

fields of the NbTi as a quadratic function. From the quadratic polynomial fit, we
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Table 5.3 Specification of NbTi at Tc ∼ 10 ◦K multifilament superconducting

wire.

Specification Value

Composition NbTi/Copper

Cu/NbTi 1.35

Rectangular wire without insulation 0.46 × 0.72 mm2

Rectangular wire with insulation 0.51 × 0.77 mm2

Filament size 54 µm

Number of filaments 54

Critical current 454 A at 4 T and 4.2 ◦K

RRR 73

obtain the relation by following

Ic(Bc) = B2
c [T ]− 78Bc[T ] + 750

Figure 5.6 Critical field and critical current relation measured by the manufac-

turer of a rectangular superconductive wire NbTi with a Cu/Sc ratio of 1.35.
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5.3 Magnetic field design

The hard x-ray can be reach only with K close to 2 to 3 for the low energy

storage ring, a superconducting undulator with a short period length is required

resulting in a small magnetic gap requirement in a few millimeter. To prevent a

reduction of maximum magnetic field the magnetic gap should less than the period

length. However the magnetic gap cannot be freely tuned due to affects of electron

beam lifetime and injection efficiency. A goal of magnet design is to reach a desired

magnetic field on the beam axis. Here the desired field is 1.4 T with a period length

and magnetic gap of 15 mm and 5.6 mm, respectively. There are various methods

of winding superconducting wire on a racetrack-type iron pole to achieve 1.4 T in

the gap. In this study, superconducting undulator pole designed at Synchrotron

Radiation Research Center, NSRRC is as series of H shape (Hwang et al., 2006)

without return yoke shown in Figure 5.7. The undulator pole with 40 pole number

is fabricated to be only one piece. A low carbon steel with a content of C < 0.06

% is used to be the pole because of a low coercivity, high permeability at low field

and high saturation induction and also to keep a small mechanical tolerance of the

fabrication. There are no return yoke because here it is not helpful to increase

the field strength in the gap. Array of the superconducting undulator consists

Figure 5.7 3-D model of poles of a superconducting undulator with grooves for

superconducting wire. Two array of undulator poles are separated with magnetic

gap of 5.6 mm.

of 32 main poles and 8 end poles. The main poles were energized with a main
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power supply current to produce the magnetic field of 1.4 T while end regions

of the undulator can deflect incoming electron and change electron trajectory.

Thus it is important to compensate the end fields by adjust some parameters of

end poles. Due to the pole shape in Figure 5.7 and wire winding around the

pole turn by turn, magnetic flux lines sketched in Figure 7.19 are condensed only

in vertical component causing production of vertical magnetic field By while in

longitudinal component the magnetic flux are compensated together resulting in

a zero longitudinal magnetic field Bz component disappearance. The main pole

Gap By

Amperian Loop 

Figure 5.8 Sketch of magnetic flux line generated only vertical magnetic field in

the magnetic gap.

was wound with 55 turns consisting of 5 single turns and 11 layers in horizontal

and vertical directions, respectively. The end poles have different number of turns

to correct field integrals. The integral of the vertical magnetic flux density along

beam axis (z-axis) within the undulator should be close to zero value. The numbers

of turn of winding are 15 with 5 single turns and 3 layers, 42 with 6 single turns

and 7 layers and 54 turns with 6 single turns and 9 layers for the first, second and

third end poles, respectively. The forth end poles of the winding has number of

turn similar to the main pole. To maintain a winding precision a layer of epoxy

insulation between pole and wire is eliminated. Dimensions of the coils in the

superconducting undulator have to adjusted to dimension of an actual wire listed
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in Table 5.3 and it is also necessary to use a realistic assumption of a working point

of the superconducting NbTi wire at 70-80 % of the critical current instead of 100

% to avoid damage on the wire especially at a high excitation current through the

coil. Figure 5.9 shows a 2-D model of the superconducting undulator with poles

and coil dimensions listed in Table 5.4.

Figure 5.9 A sketch in 2-D dimension (upper) of undulator poles (lighter part)

wound with superconductive NbTi wire (darker part) and3-D dimension (lower) of

the superconducting undulator including coil racetrack.

Based on the dimension of pole and coil, vertical peak fields B0 on the beam

axis in the mid plane of the undulator and maximum fields Bs in the supercon-

ducting coil have been calculated with period length of 15 mm and magnetic gap

of 5.6 mm. The superconducting rectangular coil has dimension of 0.51 × 0.77
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mm2. The field in the coil Bs is defined with

Bs(x, y, z) =
√

B2
x(x, y, z) + B2

y(x, y, z) + B2
z (x, y, z) (5.2)

As reference coordinate x,y,z in Figure 5.9, the field in the coil has been calculated

at any x,y and z to know an optimum dimension of superconducting wire and find

the maximum field strength on the coil in order to keep the superconductivity of

the wire at 4.2 ◦K. If the field strength on the coil exceeds the critical field of

the superconductive wire then there is a transition from a superconductivity state

to a normal state. In the calculation, the positions on the coils are chosen such

as at middle, around corners of the coil racetrack and position closed to the pole.

Figure 5.10 is the vertical peak field B0 on the beam axis in the mid plane of the

undulator (left axis) and maximum fields Bs in the superconducting coil (right

axis) as a function of current in the coil racetrack. And also Figure 5.10 is shown

the critical current Ic measured for the rectangular NbTi wire as a function of

the critical field which is measured by manufacture like in Figure 5.6. A designed

peak field of 1.37 T is calculated at a current density (excitation current) of 1040

A/mm2 (489 A), which is approximately 78 % of the critical current density of

1336 A/mm2 at the maximum field in the coil Bs of 3.02 T. As the result of the

relation between the B0 and the excitation current through the coil in Figure 5.10

(left axis), we can note that because of magnetization effect of the iron-dominated

pole there is a change in a slope at about 100 A/mm2 current density and the field

strength of 0.40 T. At higher current density there is saturation in the iron pole.

At the saturation region the field strength is as a quadratic polynomial function

of the current density through the coil described by following

B[T ] = −5.52× 10−8J2 + 0.00094J + 0.42

This relation is used only at J> 100 A/mm2 while at current density less than 100
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Figure 5.10 Vertical peak field B0 (left axis) and maximum field in superconduct-

ing coil Bs (right axis) for a period of 15 mm for gap height of 5.6 mm are plotted

as a function of excitation current I. Critical current Ic in the coil plotted under

applied magnetic field (right axis) for rectangular wire (0.51 × 0.77 mm2).

A/mm2, the field strength depends linearly on the current density by following

B[T ] = 0.00398J [A/mm2]

Due to the saturation the magnetic field will not be linearly with the excitation

current therefore to reach a desirable magnetic field, This B-I characteristic have

been used to design the magnet. Magnetic field distributed along the designed

undulator is shown in Figure 5.11 with the designed coil parameters for main and

end coils in Table 5.4.

Homogeneity of the magnetic field should be sufficiently broad to tolerate

errors in spectral phase and alignment of the magnet array and improve photon

coherence condition. According to the field calculation, the field uniformity known

as a roll-off ∆By

By
along the transverse axis (in x axis) is shown in Figure 5.12. The

roll-off defined with

∆By

By

=
Bmax(x = 0,y = gap/2,z = 0) - B(x,y = gap/2,z = 0)

Bmax(x = 0,y = gap/2,z = 0)
(5.3)
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Figure 5.11 Vertical magnetic field distributed along a beam axis (in z direction)

on the axis. A maximum peak field of the main poles is 1.37 T.

The roll-off by ∆By

By
of 0.1 % occurs at transverse position of ± 5 mm. As this

result the designed undulator has a symmetrical field distribution of the roll-off

on both sides of the magnet along the x-axis. Furthermore the first and second

Figure 5.12 A difference in field strength by ∆By/By of occurring at the trans-

verse position of ±5mm.

field integrals can be calculated by integration of the designed magnetic field dis-

tribution. From the designed undulator the first and second field integrals are

1.86 × 10−8 T.m and 1.06 × 10−8 T.m2, respectively. Figure 5.13 shown angle

and position deviations of electron beam with the beam energy of 1.2 GeV are 4
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Table 5.4 Designed parameters of pole and coil of SCU prototype

Specification Central 1st end 2nd 3rd 4th

No. of turn/layer 5/11 5/3 6/7 6/9 5/11

Total no. of turns 55 15 42 54 55

Coil dimension [mm2] 25.94 7.07 19.81 25.47 25.94

Pole thickness, D [mm] 2.85 2.80 3.50 2.90 2.85

Pole length, L [mm] 99.86 99.86 99.86 99.86 99.86

Lcx [mm] 80 80 80 80 80

Hp [mm] 20.06 20.06 20.06 20.06 20.06

Hc [mm] 4.45 4.45 5.34 5.34 4.45

Hy [mm] 4.65 4.65 5.54 5.54 4.65

v [mm] 0.1 0.1 0.1 0.1 0.1

t [mm] 8 8 8 8 8

rpole [mm] 4.0 4.0 4.0 4.0 4.0

rMax [mm] 9.93 5.64 7.81 8.87 9.93

rMin [mm] 4.1 4.1 4.1 4.1 4.1

Current density [A/mm2] 1037 1037 1037 1037 1037

Nominal current [A] 489 489 489 489 489

× 10−3 µrad and 2 × 10−3 µm. Since parameters of the end poles are not quite

optimized the electron beam is displaced from the beam axis about -4 µm at an

exit of the undulator. However this displacement can be compensated by using

a dipole magnetic field produced from steering magnet at beginning and end of

the undulator. As this design a prototype of the superconducting undulator is

fabricated to measure a magnetic field distribution and investigate a field quality

to reach high photon brightness. To reach the high brightness at higher harmonics

of the photon radiation field error should be less than 1 % discussed in Chapter
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IV. We will discuss more in detail how to correct the errors in the Chapter VII. To

measure the field distributed along the undulator a protection system for prevent

a damage on the superconducting coil also is required.

Figure 5.13 Electron deviations in angle (a) and position (b) passing through the

undulator with a period length of 15 mm, a magnetic gap and designed field of 5.6

mm and 1.37 T, respectively. Electron energy is 1.2 GeV.

Finally designed parameters given in Table 5.4 and the working point of 78

% of the critical current density of the superconducting rectangular wire (0.51 ×
0.77 mm2) will fulfill design goal with the desired magnetic field of 1.4 T, period

length of 15 mm and the gap of 5.6 mm.

5.4 Quench protection

If temperature, magnetic field and current density exceed critical values,

the superconductor will quench and then it will be converted to a normal state.

Sometime the magnet can be quenched spontaneously well below its critical current
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due to limitation or deficiencies in design. This quench is known as degradation.

Therefore we should know causes of the quench in order to prevent the magnet or

at least to have a protection system for the magnet if the quenches occur. During

the quench, the stored electromagnetic energy will be converted into heat and

dissipated by non-uniformly spread throughout magnet winding. Thus the quench

begins at a point and spread through the winding by an Ohmic heating and thermal

conductivity process. Finally the superconducting wire will have resistance and

then there is less current charged through the wire. As this result it causes a local

temperature rise, resulting in melting the conductor. Due to the temperature

rise, high voltage will be developed across the normal zone and may cause acting

between turns. If the quench process starts, the normal zone will be rapidly grown

through the magnet winding so that the stored energy in the magnet is rapidly

dissipated resulting in boil off liquid helium in a cold mass (dewar).

To design a protection system, the temperature rise, voltage drop and

spreading of the normal zone have been calculated theoretically. Characteristic

time of the quench is typically less than a second so it can be described with adia-

batical process. An analytic solution is used to solve a problem and approximation

of the temperature increasing and voltage. Based on the approximation model of

heat balance equation (Wilson, 1983) in one dimension, a solution can be expressed

in partial differentiate as

∂

∂x

(
kA

∂T

∂x

)
− γCAc

∂T

∂x
− hP (T − T0) + GAc (5.4)

With a heat transfer coefficient h, welted perimeter P, temperature reached ther-

mal equilibrium T , cryogenic temperature T0 of 4.2 ◦K, thermal conductivity k,

specific heat C and generation curve between two regions G. By using boundary

conditions of continuity of heat flow at interface between two regions and some as-

sumptions the propagation velocity can be calculated. A goal of solving the quench
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is self-protecting of the undulator by eliminating normal zone quickly. Therefore

a maximum temperature rise and the internal voltage are within limits as esti-

mated in a superconducting wiggler magnet (Mikkonen, 1996; Mikkonen, 1999).

Although the quench can helps the undulator to settle and to relieve induced struc-

tural stress, it will produce high temperature or excessive voltage caused on the

superconducting wire. Only a small amount of energy require to start the quench

therefore to reach the designed magnetic field several quenches are required, and

the quenches occur at progressively higher field. The protection is needed to pro-

tect the magnet from damage caused excessive temperature and voltage resulted

from the quenching. A good protection circuit is needed to dissipate the most of

the stored energy in order to avoid the boil-off the liquid helium. Moreover the

circuit should be designed to investigate voltages producing outside the magnet.

There are several techniques to be made (Smith, 1963). A reliable passive tech-

nique shown in Figure 5.14 is used for high field magnets. To prevent the stored

energy from being dissipated in the quench current will be flow bypass through

shunt element (resistor). The resistors about 0.5-2 Ω are connected to all the

undulator coils in the cryostat. Diodes also are used to form a hardware quench

protection circuit.

Figure 5.14 A diagram of a passive quench protection circuit.

The passive technique is usually cheap, simple and reliable. It can reduce
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the internal voltage and they produce no external voltage. However this technique

must be set the energy dissipation when the magnet winding is charged, especially

if short times are required and the fact that all the stored energy will be dumped

in the cryostat when there are quenches. These are main source to boil-off the

liquid helium.

Other technique known as an active protection needs reliable operation of

detectors and switches. The switch must be opened promptly when the quench

starts; it means that a sensitive detector is required. To make the detector which

will respond to very small resistance present at the start of the quench while

ignoring voltage spikes balance circuit. A potentiometer is used to adjust until the

detector does not respond to dI/dT in the undulator. Based on assumption normal

zone will create an out-of balance voltage which is detected. The switch is designed

to open on full load. But if is a mechanical switch, it has to be rated as a d.c circuit

breaker with suitable provision for extinguishing the arc. The quench is detected

by the detectors then the resistors are switched on in series with the coil shown

in Figure 5.15. If the resistor Re has resistance higher than an internal quench

resistance, the current will decay exponentially with a constant time τ = L/Re

I = I0e
−(t/τ)

A safe maximum for voltage over Re; Ve is usually kept a few kV which is rea-

Figure 5.15 A diagram of an active quench protection circuit.
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sonable limits to avoid insulation problems. The normal zone is not quite easy

to detect due to existing of a large inductive voltage. Thus the voltage detector

should respond to very small the resistance. The active technique by using the

dump resistor has some advantages of extracting the stored energy from the cryo-

genic enclosure. Therefore a high pressure resulting from explosive boiling off the

liquid helium can be avoided.

A prototype of the superconducting undulator with designed parameters

following the listed in Table 5.4 with current charged through the NbTi super-

conducting wire only about 82 % of the critical current density of 1270 A/mm2

was fabricated at NSRRC in order to measure magnetic field in a vertical test

dewar composed of the passive protection system to prevent the quenches when

the undulator is trained to reach the magnetic field of 1.4 T.



CHAPTER VI

MAGNETIC FIELD MEASUREMENT

A superconducting test undulator (SCU) built at NSRRC serves in this

study as a reference for a realistic superconducting undulator which we will use

to test the effectiveness of correction methods necessary to produce high intensity

radiation at high harmonics. Before we apply corrections we must measure the

actual magnet. The magnetic field of the SCU with a period length of 15 mm has

been measured in a vertical cold bore to characterize the magnet field profile along

the beam path. Field measurements must be integrated, like the first and second

field integrals to define necessary corrections of the electron beam perturbation

in the storage ring. In this chapter, the setup used for field measurements in a

vertical test dewar will be described and the analysis of the measured fields will

be discussed.

6.1 Introduction

There are a variety of techniques available to measure the magnetic field

of undulator magnets in a storage ring (CERN School, 1992-2005). To determine

specific undulator field characteristics, techniques like Hall probe measurements,

straight wire methods and flipping coil arrangements can be applied at room tem-

perature. Each technique offers advantages and we have to choose a suitable

technique depending on the requirement of the measurement; point by point field

distribution, integrated magnetic fields, speed, accuracy and geometric constrains

etc pose experimental challenges. In case of the SCU with a period of 15 mm,
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a magnetic field strength of 1.4 T and a magnetic gap of 5.6 mm the fields can

be measured point by point with a Hall probe along the SCU magnet axis at a

cryogenic temperature of 4.2 ◦K. The probe has been designed and constructed

to work in the small magnetic gap of the SCU with high precision control of its

location.

6.2 Hall probe

The Hall Effect was discovered by Edwin F. Hall in 1879. When a conductor

with current flowing along one direction is placed in a magnetic field B the Lorentz

force pushes the moving electrons to one side of the conductor. This causes a

depletion of electrons on one side and a surplus of electron on the other resulting

in a transverse electric field EH known as the Hall effect. The electric field EH is

perpendicular to the directions of both the external magnetic field and the direction

of the current flow. This buildup of charges on both sides of the conductor produces

a measurable voltage called Hall voltage VH and is defined with the electric field

as

VH = EHw (6.1)

where w is the conductor width as shown in Figure 6.1. The Hall field EH is

expressed in terms of the magnetic field while the electric and magnetic forces are

related by

EH = vB (6.2)

The electrons in the Hall plate travel with a drift velocity v = I/neA, where I is

the input current for the Hall plate, n is the electron density (number of electron

per unit volume = 8.5 × 1028 electrons/m3) and the cross-section of the Hall plate

A = wd (see Figure 6.1). The Hall voltage can now be expressed in terms of the
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magnetic field by

VH =

(
I

ned

)
B (6.3)

and be used for calibration of the Hall sensor. The Hall voltage is proportional

to the magnetic field and the coefficient of proportionality depends on the drift

velocity and density of the conduction electrons in the Hall plate. The coefficient

is negative for electrons but positive for holes. Because of the low electron density

in semiconductors drift velocity is high and the Hall voltage is high. Therefore,

semiconductors such as InSb and GaAs are good choices to be used for the material

of the probe. However, the electron density and some geometric factors are not

known to the desired precision and thus the proportionality factors have to be

calibrated in a known uniform magnetic field.

w
eEH

Figure 6.1 A flowing current through the Hall probe generates the Hall voltage

VH .

During the measurement of the SCU, a transverse cryogenic Hall sensor

has been used from AREPOC Ltd, Model HHP-MP as is shown in Figure 6.2,

which is designed for measurements of perpendicular magnetic fields. The sensor

is calibrated in a special calibration field generated by precision placed copper

or superconducting coils (depending on the range of the calibration) in the ar-

rangement of Helmholtz coils or by Nuclear Magnetic Resonance (NMR). For the

calibration system a precise stable current source together with the coil, produc-

ing a highly uniform magnetic dipole field at a requested temperature as well as
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a digital precision voltmeter for the Hall probe are required. The calibration coil

(electromagnet) cannot contain any iron or ferromagnetic parts. Alike, the coil

must be wound from a copper conductor (or superconductor) wire (not from a

wide tape) to avoid magnetic field hysteresis. Finally, the coil is calibrated pre-

cisely to define its current dependence dB/dI. Then we can make the calibration

of the Hall probe. Due to interaction between the nuclear angular momentum and

Figure 6.2 Packaged transverse Hall sensor Model HHP-MP from AREPOC Ltd.

with 350 µm distance between active area and surface. The active area center is

marked accurately to ±0.05 µm as per AREPOC information.

applied magnetic field, magnetic energy sublevels in a nucleus with non zero an-

gular momentum will be split. A radio frequency (rf) magnetic field with a proper

frequency is applied to induce a transitions between sublevels known as nuclear

magnetic resonance. The transitions of a sample (NMR probe) can be observed by

detecting the rf signal at the resonance frequency associated with the transition.

Information of the sample is obtained when resonance occurs and the rf frequency

is proportional to the applied magnetic field. This Lamor frequency is

ν0 =
1

2π
gµNB0 (6.4)

where B0 is the static field applied to the sample, µN is the nuclear magnetron and

g is the g-factor for the nucleus (Preston, 1991). From this system the resonant

frequency ν0 corresponding to the magnetic field will be measured. The NMR sys-
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tem typically composes of rf generator, amplifier, oscilloscope, multimeter, counter

and readout circuit as shown in Figure 6.3. Signal produced in a generator is split

into two signals; one goes to oscilloscope and the other goes to NMR probe sweep

field coil. From a formula 6.4 the NMR frequency ν0 can be calculated and set it

Figure 6.3 A schematic of the NMR set up.

to search a peak in oscilloscope. At the given ν0 the NMR peak will stay in phase

with sweep field signal. The magnetic field is read with NMR Tesla-meter. The

sweep field allows for the NMR signal to be seen in a narrow region around the

central frequency as well as shows the transition between out of and into resonance.

The HHP-MP Hall sensor has an active area of 0.1 × 0.1 mm2 and overall

dimensions of 7 × 5 × 1 mm3 with characteristic data as shown in Table 6.1.

The active area is kept small to allow high spatial resolution of the magnetic field

measurement. This probe is covered by special synthetic resin and has a very high

linearity from room to cryogenic temperatures within a magnetic field range of 0-5

T. The Hall sensor has to be calibrated at 77 ◦K or room temperature although the

field is measured at 4.2 ◦K because of possible damage to the probe at cryogenic
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Table 6.1 Specification of the HHP-MP Hall sensor

Parameter Unit 300 ◦K 77 ◦K 4.2 ◦K

Nominal control current, In mA 20 20 20

Maximum control current mA 20 50 50

Sensitivity at In mV/T 139.7 - -

Offset voltage at In µV <-50 <150 -

Input resistance Ω 34 22.6 -

Output resistance Ω 34 21 -

Linearity error up to 1 T % <0.4 - -

Temp. coefficient of sensitivity K−1 2× 10−4 5× 10−5 5 × 10−5

temperatures. The sensitivity of this sensor between 77 ◦K(S77) and 4.2 ◦K(S4)

can be calculated by using a relation following with

S77[mV/T ] = SIn + TC300 × SIn × (∆T )

S4[mV/T ] = S77 + TC4 × S77 × (∆T )

where SIn is the sensitivity at 300 ◦K given in the parameter sheet of the probe,

the temperature coefficient at room temperature TC300 and 4.2 ◦K TC4 are 2.1 ×
10−4K−1 and 5.1 × 10−5K−1,respectively, ∆T is the temperature difference. By

using the above formulas the sensitivity at 77 ◦K can be approximately calculate

to be S77 = 145.9 mV/T and the same calculation procedure can be used at 4.2 ◦K

S4 = 146.5 mV/T. We can see that the sensitivity between 77 and 4.2 ◦K increases

only very little in comparison to the change of the sensitivity in the temperature

range 300 to 77 ◦K. Finally, this calculated sensitivity cannot be used instead of

calibration. The temperature coefficient may be slightly different for each piece

of semiconductor wafer used for the Hall probe production, but should be very
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close to the calculated ones. For the calculation of the HHP-MP Hall probe, the

calibration magnet must produce a uniform field in the range of up to 3 T with

a field uniformity of better than 1 T/m. Furthermore, a Metrolab Model PT2025

precision NMR-meter with five NMR probes and a multiplexer are used. The

NMR-meter and the Hall sensor voltage are connected via an interface bus to a

computer to record the voltage and the magnetic field. Usually to calibrate the

Hall probe with the NMR probes a set up shown in Figure 6.4 consists of the

NMR probes, Hall probes, Hall sensor current source meter model HP3458A, Hall

voltage output meter, NMR read circuit and control recorder. By driving the NMR

and Hall probes along a small length of the magnet in small steps both absolute

magnetic field and Hall voltage associated with the field can be measured. The

sensor is placed symmetrically in the magnet gap and close to the NMR probes

in order to reduce errors caused by field inhomogeneities. Care must be taken to

ensure that both, Hall and NMR probes are aligned normal to the field.

During the calibration, the Hall sensor is energized with a constant current

of 10 mA from a Lakeshore-120 current source, Five different NMR probes with

overlapping ranges from 0.047 T to 0.124 T, 0.0946 T to 0.221 T, 0.192 T to 0.508

T, 0.479 T to 1.02 T and 0.998 T to 1.59 T are used with the calibration system

to measure the magnetic field strength in the magnet against the Hall voltage of

the Hall sensor. Two electron paramagnetic resonance EPR probes are used at low

fields in the range of 0.000964 T to 0.00124 T and 0.00304 to -0.00296 T. As the

result of the calibration the Hall voltage is directly related to the corresponding

magnetic field as shown in Figure 6.5. Each region of calibration data has been

fitted by a polynomial function by minimizing the sum of square error (SSE). The

SSE value or variance determines the quality of the fit. To represent the measured

data points well, a polynomial fit of the fifth order is used in each calibration

region. The fit equation covers the range from -1.59 T to 1.59 T expressed by the
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Figure 6.4 Calibration system of the Hall sensor at NSRRC by using the standard

NMR probes at room temperature.

-0.30 -0.25 -0.20 -0.15 -0.10 -0.05 0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

Fi
el

d 
st

re
ng

th
 [T

]

Hall voltage [V]

 NMR-probe5
 NMR-probe4
 NMR-probe3
 NMR-probe2
 NMR-probe1
 NMR-probe1
 NMR-probe2
 NMR-probe3
 NMR-probe4
NMR-probe5

Figure 6.5 Measured field strengths monitored with five NMR probes for different

field levels as a function of the Hall voltage recorded by the Hall voltage output at

a current through the Hall sensor of 10 mA.
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Equation

B[T ] =
n∑

i=0

piV
n+1−i
H (6.5)

where pi are the fit-coefficients and n is the degree of the polynomial (here n =

5). The fit-coefficients separated into five sections are compiled in Figure 6.6. The

most useful results for evaluating the fit are the residuals and SSE and we can use

this information to select the order of the polynomial fit.

Section Range points Coeffcient of the fit 

1 V=0.20009 to0.3167 V 

B=1.0006 to 1.5902 T 

199 p1=461.6, p2=-587.8, p3=299.8

p4 =-76.3, p5 =14.78, p6 =-0.51 

2 V=0.2007 to 0.0149V 

B=0.9982 to 0.0719 T 

387 p1=61.15, p2=-26.72, p3=0.96 

p4 =-1.44, p5 =4.76, p6 =3.91 

3 V=0.0146 to-0.0145 V 

B=0.0701 to -0.0698 T 

39 p1=102740.6, p2=-4321.1, p3=-13.2 

p4 =-1.5, p5 =4.8, p6 =1.2

4 V=-0.0149 to -0.2001V 

B=-0.0717 to -0.9984 T 

389 p1=57.2, p2=26.3, p3=1.4

p4 =-1.37, p5 =4.8, p6 =-1.2

5 V=-0.2005 to -0.3154 

B=-1.0007 to -1.5901 T 

194 p1=858.4, p2=1092.5, p3=555.7

p4 =140.9, p5 =22.9, p6 =0.9

Figure 6.6 The polynomial fit-coefficients of the Hall sensor calibration

Comparison of the residuals between a first order (linear) and fifth order

polynomial fit is shown in Figure 6.7. If the order of the fit is increased then there is

little improvement on the SSE values however the higher order (7th up to 9th) may

introduce wiggles in the calibrated data even though there is a small SSE value for

a higher order polynomial fit. Therefore, the fit is used only up to the fifth order

with the SSE = 5.2 × 10−8 while the linear fit gives SSE = 1.395 × 10−5. From

the calibration curve, the sensitivity at the control current of 10 mA of the Hall

sensor can be calculated by the reciprocal for the coefficient of the first order (linear

term), denoted 1/p5 and called the sensitivity which is about 67.6 mV/T at room

temperature. For calculations, the sensitivity is proportional to the control current.

It means that if the Hall sensor has the sensitivity 139.7 mV/T at 20 mA, then

the sensitivity will be only 69.85 mV/T of 10 mA control current. The difference

in sensitivity at nominal current of 10 mA between calculation and calibration is

not large and we use the calibrated data to convert Hall voltage to magnetic field



97

strength for this Hall probe. The small difference may be caused by the setting

of the Hall sensor and NMR probes not being perfectly aligned on the mid plane.

From the calibration data, the excitation curve relating the excitation current in

Figure 6.7 Comparison of Hall voltage from the Hall sensor in the presence of

a magnetic field (a). Differences between measurements and fits are shown as

residuals (b), where the control current fed through the Hall sensor is 10 mA at

room temperature (300 ◦K).

the test magnet to its magnetic flux density (B) is determined. For instance, during

magnetic training with varying excitation currents through the superconducting

coil of the SCU, the Hall sensor will generate an output voltage corresponding

to the field as given by the calibration data, thus the B-I characteristic will be

obtained. For example, if the excitation current through the coil is 200 A and the

Hall probe voltage is measured as 0.2 Volt by the volt meter then the magnetic

field density is determined from the fit equation of the calibration curve (B −
VH). The Hall sensor with a holder fabricated from non-magnetic stainless steel

(SS316L) is positioned in the transverse direction by a probe guide (x-axis) and

the magnet poles (y-axis) while guiding in the longitudinal axis is done with a
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position controlled z-stage (z-axis). The probe guide length is about 580 mm and

mounted to the Hall sensor as shown Figure 6.8. The Hall sensor is positioned

along the x -axis by the probe guide including the SCU magnet array and along

the y-axis by using the probe guiding.

Figure 6.8 Top view (left) and side view (right) of a Hall sensor holder (schematic)

in housing made by SS316L steel and positioned by probe guide.

6.3 Beam duct

A 0.3 mm thick beam duct fabricated from the stainless steel 316L at

NSRRC is used to support the SCU array and also to separate the Liquid He-

lium (LHe) from the vacuum of the storage ring. The beam duct has an aperture

of 5 mm and is coated with a high purity copper on the inner surface to reduce heat

load from image currents as shown in Figure 6.8 (a). Furthermore, the beam duct

also includes a taper providing a smooth transition between the small aperture in

the magnet array at 4.2 ◦K and the large regular beam pipe at 300 ◦K. The beam

duct is glued onto the dummy array of the SCU poles by epoxy as shown in Figure

6.9 (b). Figure 6.10 (a), (b) shows the assembly of the beam duct and a schematic

model of the cross-section view of the beam duct, respectively. At both sides of

the magnet array the probe guide are fixed in the beam duct in order to precisely
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Figure 6.9 (a) Beam duct has a cross section like a racetrack shape with an inner

aperture of 5 mm and is coated with a copper layer on the inner surface. (b) the

beam duct is glued with the magnet array.

Figure 6.10 An assembly of the magnet unit (a) and sketch of cross-sectional

view of a beam duct (b).

guide the Hall probe through the SCU magnet.

6.4 Measurement setup

To train the SCU assembly and measure the magnetic field performance,

the magnet has to be immerged in liquid Helium in a vertical test dewar with
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special characteristic design to prevent a boil off of the Liquid Helium or a quench.

6.4.1 Vertical test Dewar

To train the superconducting coil up to high current generating field

strength of 1.4 T the magnet unit has to be assembled in a vertical test dewar.

The dewar consists of an inner liquid nitrogen reservoir within an outer liquid he-

lium reservoir. The outer vessel is thermally shielded from the room temperature

environment by an insulation layer in vacuum and the liquid nitrogen reservoir as

shown in Figure 6.11. The dewar consists of a current lead, several valves to input

helium as well as relief valves, several baffles placed to reduce radiative heat trans-

fer to the magnet portion and to reduce natural convection in the vapor space and

data acquisition system. In reality, the current lead is separated into two parts.

Figure 6.11 Main components of the dewar lid in a vertical test dewar for training

and field measurement of the SCU magnet with surrounding temperature of 300

◦K.
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A high temperature current lead HTS is a ceramic composition which is less ther-

mally conductive than metallic material. It is used to feed a high current through

the SCU coils in the LHe vessel. The last part is normal conducting copper rods.

The purpose of the copper tubes are to provide a path for the helium vapor oc-

curring from quenches or boiling off of the LHe to escape through the top of the

dewar lid. The Nb3Sn can be operated with high current at higher temperature

of 10 ◦K and therefore it can be placed outside the LHe. It is connected to the

HTS current lead and bare NbTi wire of the SCU coil. At connection between

NbTi and Nb3Sn has to be in the LHe to protect against a quench during test and

measurement. In practical 1.37 m height the dewar consists of three baffles, four

temperature sensors and a level sensor to monitor the liquid helium level. All main

components of the dewar used to measure the magnetic field is shown in Figure

6.12.

The SCU is pre-cooled from the room temperature of 300 to 77 ◦K by using

liquid nitrogen. After reaching that temperature cold helium gas is feed into the

dewar first to increase the pressure for easily transfer the liquid He into the dewar

until the temperature is down to 4.2 ◦K. Then the LHe is pored into the test

dewar immersing the coils in liquid helium. The LHe should be filled in the dewar

until most of the SCU is floated in the liquid.

6.4.2 Magnetic training

When the cryogenic temperature of 4.2 ◦K is reached in the dewar and the

level of is 60 cm (from the bottom of the dewar) to cover the whole magnet coils

energized step by step to eventually reach the desirable magnetic field strength

of 1.4 T. To achieve that field the coil is energized by a high current introducing

a high Lorentz force. If that Lorentz force becomes greater than the restraining
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Figure 6.12 The SCU15 array in the beam duct assembled mainly of components

to be used for the training and the field measurement (a) and copper rod using

along the magnet array in order to get rid off the heat source for LHe (b).

force of the packed coil then the wire can move. The movement of the wire results

in frictional heating sufficient to destroy the superconducting wire and goes to

the normal conductor which is called quenching. Quenching can pack the coil

better together or shift the coil to a solid location. Thus when the coil is again

at a temperature of 4.2 ◦K can be reenergized with a higher current. Through

this process it will train successively to higher magnetic fields before quenching.

Increasing the current this way step by step is called magnet training leading to the

desirable field. In the case of the SCU, the coils are charged up to a maximum with

energizing current of 335 A, standby with small steps to the higher current until

quenching. In order to stabilize the magnet coils, several quenches are required to

get high current. The training is done in several cycles to obtain the maximum

field with a well perform of the wire location. After 32 cycles of training the SCU
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magnet coated with Teflon can be continuously energized to the magnetic field

strength of 1.42 T at 527 A as shown in Figure 6.13.

Figure 6.13 The Training process of the SCU magnet in 32 cycles to achieve the

maximum field strength of 1.42 T with a limited quench voltage of 0.3 V at 4.2

◦K temperature for T6, T2 and T1. The temperature at the bottom and upper

extension bus are as high as 5 and 15 ◦K , respectively.

During training temperatures have to be monitored to keep the magnet at

cryogenic temperatures by using the temperature sensors T1, T2, T3, T4 and T6.

The sensor T1 is at the magnet array, T2 is used to measure the temperature

at the diode placed on the bottom of the magnet to eliminate incorrect current

directions through the SCU coil. If there is current in the wrong direction the

current will be stored through the diode. Besides monitoring the temperature at

the magnet we also record the temperatures at the HTS current lead with T3 and

T4 sensors. Because the Nb3Sn carries sufficient current at high temperature (at

least 10 ◦K) or above the liquid helium level to produce that field strength it is

used to deliver the current powering at HTS lead to the NbTi wire. Therefore,

during training and measurement the temperature of T4 can go up higher than 4.2

◦K. From the training process the relation between the magnetic filed density B
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and excitation current I energized through the SCU coil corresponding to the Hall

voltage of the Hall sensor can be determined. For example, the excitation current

is 200 A corresponding to a Hall voltage of 0.1 V. According to previous calibration

of Hall voltage and field density B can be related and the B-I curve is obtained

by the training as shown in Figure 6.14. With the B-I relation we can determine

the magnetic field strength at any excitation current through the superconducting

coil.

B-I characteristic of Hall sensor (HHP-MP)
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Figure 6.14 The B-I characteristic of the Hall sensor (HHP-MP type).

6.5 Magnetic field measurement

The hall probe can read the field strengths with a resolution of 0.1 mm

over the entire undulator. The total scanning distance for the magnet is 450 mm

starting outside the undulator at zero field. A vertical magnetic field By(z) of

the undulator with a period length of 15 mm and 20 periods is scanned along the

z-axis at an excitation current of 510 A at cryogenic temperatures. The excitation

current corresponds to a field strength of 1.387 T calibrated with the NMR and

electron paramagnetic resonance (EPR). The field distribution is shown in Figure

6.15 and minimum, average and maximum field amplitudes are 1.352 T, 1.387 T



105

and 1.428 T, respectively. The measured field distribution deviates by ∆Bi from

Figure 6.15 Measured field of the SCU15 along the beam axis using a Hall probe

at a temperature of 4.2 ◦K.

the designed value of B0 defined as

∆Bi = Bi−meas −B0 (6.6)

Similar deviations apply to the period length

∆λp,i = λp,i−meas − λp0 (6.7)

where Bi−meas and λp,i−meas are the measured peak field strength and period length

at the ith pole, respectively. The ideal peak field B0 and period length λp0 are

desirable values that we want to achieve. From the measurement of field amplitudes

we can identify zero crossing points with a MATLAB program. The zero crossing

is the point where the sign of the magnetic field changes and is represented by

a crossing of the z-axis. In the case of small z-steps while measuring the field, a

linear interpolation can be used to find exactly the crossing point with the z axis.

From these crossing points the maximum and minimum peak fields and period

length λp are determined. If the step size is not fine enough the field profile will

be determined by a Fourier transform to the frequency domain and then fit all
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the measured points in two adjacent poles by the sinusoid. This sinusoid fits all

points involved in that zero crossing. To find the zero crossing point some algebra

is needed. The measured peak field and period length containing 20 periods are

performed in Figure 6.16. If the ideal field distribution is sinusoidal with the

Figure 6.16 The measured field and period length of the SCU poles at a current

of 510 A.

desirable field amplitude and period length, the field and period length errors

normalized to the values will be determined by following

∆Bi

B0

[% ] and
∆λp,i

λp,0

[% ]

Figure 6.17 shows the field errors normalized to the minimum field amplitude of

1.3521 T, to the average value of 1.387 T and to the maximum filed amplitude

of 1.4283 T respectively. We will use different error deviations depending on the

field correction method used. For the period length errors have been normalized

to the average value of 15.007 mm and shown in Figure 6.18 because after the field

error correction we would like to keep the period length only at the average value.
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Figure 6.17 Field errors normalized to the minimum (black square), to the average

(red dots) and to the maximum (blue triangles) field amplitude.

Table 6.2 Field errors

Normalized to ∆B/B0

Minimum Maximum

Minimum 0.0 5.63

Average 0.08 2.97

Maximum −5.33 0

Both maximum and minimum field deviations are computed in Table 6.2 with an

expression of the field deviation following Equation (6.7).

Standard deviations or root-mean-square (RMS) of the relative errors are

good candidates to describe the field quality of the undulator. The standard devi-

ations are defined by

σrms - B =

√√√√ 1

N

36∑
i=5

∆B2
i (6.8)

σrms - λ =

√√√√ 1

N

36∑
i=5

∆λ2
p,i (6.9)

where N = 32 is the number of SCU main poles. Because of the high r.m.s errors
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Figure 6.18 Period errors ∆λp/λp0 normalized to the average (blue squares) value

of 15.007 mm.

σrms - B and σrms - λ, the ideal field B0 should be the minimum or the average values

in order to reach the good field quality of the undulator. The errors σrms - B are

0.025 T and 0.04 T where the B0 is the average and minimum field amplitudes,

respectively. The σrms - λ is 0.056 mm where the ideal period lengths are the average

value.

6.5.1 Integral field measurement

Ideally, the total deflecting angle α and displacement x of the electron beam

from the axis should be zero at the end of the undulator. This total deflection angle

is defined by an integral through all fields in the undulator as defined by

α = −ec

E

∫ ∞

∞
By(z).dz = − e

γmβc

∫ ∞

∞
By(z).dz ≡ x′

The factor e
γmβc

is normally defined in practical unit thus this factor becomes

e

γmβc
=

0.2998

βE(GeV )

This factor is a reversion of electron beam rigidity 1/Bρ. As mentioned this angle

should be zero for the whole undulator. In practice, however, a residual must be
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expected and we call the first integral of the undulator

I1 = −
∞∫

−∞

By(z).dz (6.10)

Any deflecting angle leads to a beam displacement dx = αdz. This displacement

also should be zero in an undulator. The residual displacement is determined by

the second field integral which is the integral of the deflecting angle. A double

integration of the magnetic field distribution is known as second field integral and

defined as follows

I2 =

∞∫

−∞

dz

z∫

−∞

B(α).dα (6.11)

Therefore, the residual displacement of the electron beam at the end of the undu-

lator is from this

x =
e

γmβc
.I2 =

e

γmβc

∞∫

−∞

dz

z∫

−∞

B(α).dα

and should also be zero. In real undulators this is not true due to manufacturing

tolerances. In order not to perturb the electron beam for other users, both the first

and second integral must be corrected by appropriately placed steering coils. There

are several techniques used to measure the field integral; straight wire, flipping coil

or using a Hall probe. In this thesis we use a straight wire and a Hall probe. In

case of the straight wire the field integral can be directly measured but for the

Hall probe the field integrals are obtained by an integration of the magnetic fields

distributed along the whole magnet.

Integral field measurement

First and second integral fields can be measured by a straight wire or flip

coil system (Hwang et al., 2003) at room temperature. This technique is based on

the induced voltage while moving a straight wire (Figure 6.19) across the magnetic
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field. One side of the coil is stretched straight and held with two supports as shown

in Figure 6.19. The induced voltage dV
dt
∝ B∆x is integrated in the integrator,

where B is the magnetic field density and ∆x is the displacement of the wire. The

Figure 6.19 Stretched wire diagram system.

first and second integrals can be measured by using this technique. The stretched

part of coil cut the magnetic flux so then voltage is induced defined by

V = −N
dΦ

dt
(6.12)

where N is the number of turns of the stretched multistrand coil and the flux

variation from moving the coil in the transverse plane is given by

∆Φ =

∫∫
Bydxdz ∼ ∆x

∫
Bydz (6.13)

Assuming that the magnetic field is not changed while changing the horizontal

position then the first field integral is

I1 = −
∫

V dt

N∆x
(6.14)

Also the integral in the vertical axis can be obtained from induced voltage in time

and the vertical displacement as in the horizontal axis. However the second field

integral can be measured by moving x stage or y stage at the different side as
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shown in Figure 6.20 and expressed by

I2 =
LI1

2
−

L/2∫

−L/2

By(z)dz =
L

2

[
I1 +

L

N∆x

∫
V dt

]
(6.15)

where ∆x and ∆y are the displacements on the transverse axis and L is the length

of the stretch wire or length of the magnet. The first and second field integral

Figure 6.20 Moving direction of the stretched wire to measure the first (a) and

second (b) field integral.

can be converted to be the total deflection angle and displacement of the electron

beam by dividing with the beam rigidity in the 1.2 GeV SIAM photon source

(SPS) βE/ec, where E is the particle energy. The stretched wire is used mostly

during multipole shimming of insertion device magnets because of the advantages

of a simple measurement system and the speed of measurements at high precision.

Integration of the field profile

To apply the wire technique in superconducting undulators is difficult due

to the test dewar. The first and second integral fields can be directly obtained by

integration of the measured fields in the transverse planes (Bx, By) along the beam

axes. Both, first and second field integral defined by (6.10) and (6.11), respectively

can be obtained by integration over all measured vertical fields By along the beam



112

axis (z). As a result, the measured first and second field integrals are -0.00114

T.m and -0.00034 T.m2, respectively. After dividing by the SPS beam rigidity

βE/ec = 4.02 T.m, the angular deviation and displacement of the trajectory are

-285.1 µrad and -84.1 µm, respectively and are shown in Figure 6.21.
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Figure 6.21 Electron deviation in angle (a; first integral) and position (b; second

integral) at an electron beam energy of 1.2 GeV (γ is about 2348).

Differences in the field amplitudes from period to period over the whole

undulator are the cause of these residual integrals. It means that the electrons move

through this undulator field with different deviations of the electron trajectory from

the beam axis (z) in each period. Thus the emitted radiations from each period

cannot properly add up in the forward direction. The actual angular flux density

for the real magnetic field of the SCU as measured at 510 A is calculated with B2E

for an 1.2 GeV electron beam and a current of 200 mA and is shown in Figure

6.22. It is obvious that there are significant reductions on the flux density at the

3rd and higher harmonics due to magnetic field error of more than 1 %. Here

the r.m.s field error normalized to the average and minimum field amplitudes are

1.8 and 2.9 %, respectively. In order to gain more flux density at all harmonics,
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Figure 6.22 Angular flux density calculated with B2E code at beam energy of 1.2

GeV and beam current of 200 A on-axis.

the field integrals and the field and period length errors must be reduced. It

may be possible to reduce the errors by decreasing the mechanical tolerances by

improved construction techniques of the SCU. This, however, requires time and

money making the correction of an existing magnet all the more desirable. Different

field correction techniques together with some measurements on a test magnet will

be discussed and evaluated as to their usefulness as sources for high photon energies

with high angular flux density.



CHAPTER VII

FIELD CORRECTION OF UNDULATOR

To reach hard X-ray photon energies in a low energy storage ring, supercon-

ducting undulators are desired. Only in superconducting undulators we may reach

high field strength at K-values higher than unity. For K-values of 2 to 3 radiation

is generated at higher harmonics, thus allowing to reach high photon energies. The

angular photon flux density at such higher harmonics, however, will depend greatly

on the quality of the undulator magnet. Ideal intensities require close to perfect

superconducting undulator fields and we try to develop means to correct undula-

tors to near perfect condition. For an undulator to work near perfect, all periods

must be the same so that the radiation from each period can constructively inter-

ference with radiation from other periods for high brightness quasi-monochromatic

radiation. There are two kinds of errors, phase errors and field amplitude errors,

both related to mechanical machining and assembly tolerances. More tolerances

occur during cool down to cryogenic temperatures. Although the first and second

field integrals are corrected close to zero, the errors on the field amplitude and

period length per individual period still remain. A high photon flux density can

not therefore be reached at higher harmonics of the radiation. Correction tech-

niques are required in order to reach close to ideal photon flux densities at higher

harmonics. Corrections used for room temperature undulators will not work for

superconducting undulators and we will therefore only discuss possible correction

methods for superconducting undulators in this Chapter including their advantages

and limitations.
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7.1 Introduction

Angular photon flux density and radiation brightness are adversely affected

by amplitude and phase errors especially at higher harmonics of the radiation.

Therefore those errors must be held within small tolerances over the complete

length of the undulator. From field measurement, discussed in Chapter VI peak

fields vary between 1.3521 T and 1.4283 T with an average value of 1.387 T. The

average half period length from the same measurements at an excitation current

of 510 A is 7.5036 mm for an average period length of λp = 15.007 mm and the

field deviations normalized to the average peak field ∆B/B0 and ∆λp/λave are

shown in Figure 7.1. From the measurements, we can see that there is a significant

Figure 7.1 Field amplitudes (upper) and period lengths normalized to the average

field of 1.387 T and 15.007 mm, respectively.

peak field variation with an r.m.s field error of σrms−B = 1.8 % normalized to the

average peak field value. The variations in the period length are smaller with an

r.m.s period length of σrms−λp = 0.37 %. We will use this magnet as a reference

undulator to evaluate different error correction methods. First, we define from

this real magnet an idealized undulator with a perfect sinusoidal field distribution
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and a peak amplitude of 1.387 T. The period length we choose is to be equal to

the average period length λp = 15.007 mm of the test magnet. The field profile

of this reference undulator is shown in Figure 7.2 created mathematically by a

sine wave with two end poles on either side of the undulator. Since the end pole

field strengths contribute significantly to the field integrals we must adjust the

magnetic field strength of these end poles such that the first and second integrals

are zero within numerical round-off errors in order not to disturb the trajectory of

the electrons passing through the undulator. Numerical integrations of the field

in this idealized reference undulator in Figure 7.2 give values of 3.96 × 10−9 T.m

and 8.30 × 10−9 T.m2 for the first and second field integral, respectively. These

values are negligible small for any real situation. Figure 7.3 shows the angle and

lateral displacement of the electron beam at an electron energy of 1.2 GeV for the

idealized undulator.

Figure 7.2 Magnetic field distribution in the idealized undulator along the beam

axis with field amplitude of 1.3870 T and a period length of 15.007 mm.

Our goal now is to correct the real undulator as close as possible to the

idealized reference undulator. The two field integrals are important for the stabil-

ity of the electron beam path in the storage ring. Even small changes can affect

adversely the integrity of data by another experimenter although the beam proper
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Figure 7.3 Angle (a) and trajectory (b) deviation of the electron beam at an

energy of 1.2 GeV passing through idealized undulator.

would not be lost. To get the maximum photon beam density, additional con-

straints must be observed. For best photon beam quality the peak fields and the

period length in all periods must be equal within close tolerances. In essence, we

require that the fields in each period must be the same. Errors appear as changes

in the field amplitude and period length of the undulator as shown in Figure7.4

and are the cause of reduction in angular flux density in the photon beam. As in

section 4.5 we saw that the angular flux density at the 7th and the 9th harmonics

of the radiation will be decreased by more than 10 % when the real period length

or phase error exceeds about 1 degrees. Therefore the period length error should

be less than 1 degree or about 0.25 % normalized to the average value. For the

same reduction on the photon flux density at high harmonics the field amplitude

error must be smaller than 1 %. However in our test undulator, the r.m.s field

error is close to 2 % and the period length error is about 0.4 %. We may calculate
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Figure 7.4 Magnetic field distribution with a field strength of 1.3870 T and period

length of 15.007 mm including field errors of 5 % (a) and a period length or phase

errors of 3.5 degree (b) and both field and phase errors (c).

the angular flux density with the numerical computer program B2E for this real

field and get a photon spectrum as shown in Figure 7.5 where the flux densities

from the real and ideal magnetic field distribution are compared. The reduction

of the flux density (and brightness), especially at higher harmonics is dramatic

and emphasizes the need for field correction. There is a large reduction of about a

factor of two at the fundamental harmonic caused by the r.m.s field errors of 1.8

% in addition to a large value for the first field integral. In reality, the r.m.s field

error serves only to quantify the field quality but the actual field errors vary by

as much as 3%. There are large field errors causing the reduction on the angular

flux density even while the period length error is less than 1 %. Since the field

integrals are large, the photon beam is not emitted in the forward direction and

the radiation is emitted into an angle with respect to the axis thus leading to a

red shift of the radiation. In B2E code the observation angle in horizontal axis is
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Figure 7.5 Angular photon flux density for the real test magnet compared with

the idealized undulator. Note the appearance of even harmonics due to field and

phase errors.

multiplied with the relativistic factor γ and expressed by

Horizontalangle = γ × α

where α is the change in the angle. If the horizontal angle is -0.14 to -0.22 the

photon flux density at the 1st harmonic can be increased more by a factor of

1.2 of the flux density at the forward direction (zero observation angle). Due to

unconstructive adding up of the photon the field integrals should be reduced close

to a small value as possible.

7.2 Field integral correction

From measurements we observe that the beam displacement is progressively

increasing within the length of the undulator exhibiting a curved appearance. This

curvature as shown in Figure 6.21(b) must be corrected uniformly along the undu-

lator with a long dipole field distributed along the whole length of the undulator.

This can be accomplished with two long coils surrounding either all upper or lower
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undulator poles. After elimination of the curved perturbation of the electron tra-

jectory within the undulator we may use two more short dipole fields (coils) on

either side of the undulator to correct for angle and position (first and second field

integral) at the exit of the undulator. The long coil shown in Figure 7.6 has 4

turns in each of 4 layers with a wire diameter of 0.89 × 0.53 mm2, a coil length of

300 mm (in the z-direction) and a width of 100 mm (in the x-direction). Applying

only the long coil field the first and second field integrals are reduced to 1.39 ×
10−7 T.m and 1.01 × 10−7 T.m2, respectively. The first and second field integrals

are reduced by a factor of 104. Figure 7.7 shows a comparison of the field inte-

grals between before and after correction of the changes in position of the electron

beam. Because of the remaining second field integral and other field errors still

Figure 7.6 A cross-section of the SCU (schematic) with the long coil energized

with a current of 18 A (current density of 40 A/mm2).

not corrected only the first and the third harmonics of the radiation have more the

angular flux density but not at the higher harmonics shown in Figure 7.8. Only at

the 1st and 3rd harmonics, the flux densities are increased about 76.4 % and 67.7

% of the flux density of the ideal field respectively. To keep decreasing the second

field integral a correction coil energized with an excitation current of 5 A is used

to reduce this value to 1.41 × 10−8 T.m2. However there is no improvement on

the flux density at higher harmonics due to variations in the field amplitudes and

the period length each period. Thus to reach the high flux density as the ideal
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Figure 7.7 Electron trajectory with (dash line) and without (solid line) the cor-

rection of first and second field integrals.

undulator we need to compensate the errors to be less than the 1 % the field error

by using some correction concepts discussed later. In the following sections we will

Figure 7.8 Comparison of the angular flux density with and without field integral

corrections.

discuss a variety of correction methods with varying degree of effectiveness.
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7.3 Shimming method

Field correction by shimming is generally applied to permanent magnets

undulators at room temperature by placing thin ferromagnetic material or iron

foils on the surface of undulator poles in order to alter field and phase. The errors

in permanent magnet undulators result from inhomogeneities of the magnetization

inside the magnet blocks and can be reduced by either alignment of the magnet

blocks, mechanical shimming or by placing iron pieces at the surface of the magnet.

The iron becomes magnetized when the undulator is energized and contributes

mostly to the local magnetization. A special approach to iron shimming has been

used in our test SCU and measurements have been performed with the goal to

improve the field homogeneity of the superconducting undulator like in permanent

magnet. The magnetic field changes depend directly on the height and the location

of the iron shims. We also used a shim coil wound around the trim pole to introduce

further field variations which could be used for correction (Jan et al., 2009).

7.3.1 Simulation of iron-trim

To understand the iron shim effect on the change in the peak field the

full-size shimming is simulated with the code RADIA. Figure 7.9 presents a 3-D

configuration of the superconducting undulator with an iron shim placed on the

21st undulator pole which has positive field strength. This was done to find out

the magnitude of the field correction possible, but also the spatial extend of the

field alterations. Ideally, we would like to get a field change only in the pole of

the undulator where we place the shim. All the simulated notations of the trim

pole and shim coil are presented in Figure 7.10; vz = 0.1 mm, t = 8 mm, gap =

5.6 mm, D = 2.85 mm (equal to the pole width), dd = 0.1 mm, dtp = 4 mm and

Hc = 4.45 mm; varying hd (iron height). In the calculation the trim pole is made



123

Figure 7.9 The SCU array with the trim pole (blue), main coil (red) and the SCU

pole (gray) as used in RADIA simulations.

Figure 7.10 Sketch of the trim pole and the shim coil mounted on the undulator

pole used in the RADIA code.

from low carbon steel (carbon content C < 0.06 %) which is the same material as

the undulator poles. The trim pole length and width are fixed at 99.86 mm and

2.85 mm, respectively matching the SCU pole dimension while the height of the

trim pole is varied from 2, 5, 10, 15 to 20 mm. The field amplitude changes at the

ith poles ∆Bi,cal is defined by

∆Bi,cal = Bi,trim pole −Bi,ideal (7.1)

where Bi,ideal is the ideal field amplitude without the trim pole. Applying a single

trim pole at the 21st undulator pole the field strength is reduced as shown in
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Figure 7.11 where we also observe a change in the field of nearby poles. The

relative change in the field of neighboring poles is about 2.3 % for a 20 mm trim

pole and less for smaller trim poles. In Figure 7.11 lines are drawn only to guide

the eyes. We can see clearly that the trim pole cannot produce localized field

changes. As a result the correction of a field error at one pole by the iron shim

is accompanied by an almost equal field perturbation in neighboring poles. This

makes the field correction by shimming non-practical in superconducting magnets.

Figure 7.12 shows the results of measurements. First, we notice that the

Figure 7.11 Field deviations from the ideal field amplitude due to a trim pole

attached to the 21st pole. The trim pole width and length match the width and

length of the SCU pole but the thickness of the trim poles vary from 2 mm (black),

5 mm (red), 10 mm (blue), 15 mm (green) to 20 mm (pink).

field is reduced due to the trim poles and this field reduction is a function of

the trim pole height. This dependence is fit with a 4th degree polynomial and

using this relation the height of the trim pole can be obtained to perfectly correct

the field error. Simulations with the code RADIA produce the same results as the

measurements which give us the confidence to use simulations where measurements
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Figure 7.12 Field correction as a function of trim pole height. Dots represent

simulated results and solid lines represent a 4th degree polynomial fit to the mea-

surements.

are not available or difficult/expensive to obtain.

7.3.2 Simulation of trim coil

During tests of the SCU we also energized the trim poles with electrical

coils. The effect of such trim coils can be simulated with RADIA. The trim coil is

made of 0.33 mm diameter NbTi superconductive wire and is wound around the

trim pole. The height and thickness of the windings on the trim coil are 19 mm

(hs) and 1.5 mm with 222 turns, as shown in Figure 7.10. The trim pole with coil

is attached on the 20th undulator pole. The relative field amplitude changes are

defined by following

∆Bi

Bi,trim

[%] =
(Bi,shim - coil −Bi,trim)× 100

Bi,trim

(7.2)

and are shown in Figure 7.13. The Bi,trim represents the field amplitude in each

pole with the trim pole mounted on the undulator pole and Bi,shim is for the field

amplitude with trim pole winding by the shim coil energized with a current of 10

A (77.2 A/mm2) and 15 A (115.8 A/mm2). The field strength at the undulator

pole is increased or decreased by the shim coil current. If the current flows in
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the opposite direction of the main current the field strength at that pole will be

reduced. Unfortunately, the field changes are again not localized but spread out

over several nearby poles.
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Figure 7.13 Relative field amplitude changes due to an iron trim pole with coil

as simulated in RADIA. The shim coil mounted at the 20th pole is powered with

currents of 10 A and 15A.

7.3.3 Experimental setup and result

To investigate the effectiveness of the shimming technique to correct field

errors in the superconducting undulator both simulation and experimental results

should be compared. From experiments with trim poles we know that the fields

are reduced. Some of the undulator poles like the 6th and 35th pole have high fields

with amplitudes of 1.4283 T and 1.4281 T, respectively. We try to reduce those

fields to the average field of 1.387 T. On the other hand, the field amplitude at the

pole number 18 is at the minimum value of 1.3521 T and we attach here a coil to

a 25 mm trim pole so that the field amplitude can be increased. The trim irons

and coils shown in Figure 7.14(a) were directly mounted on the shimmed main

pole using an SS316L clamp; each clamp fixes two pieces of trim iron and coil, as

presented in Figure 7.14(b). Pin indicates the position between the trim iron and
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the beam duct. Additionally, to test the field quality improvement trim irons of

height 5, 25 and 15 mm are mounted on the 6th, 18th and 35th poles, respectively.

The magnetic field distribution of the SCU magnet with the trim irons has to

Figure 7.14 Setup of the trim iron and coils (a) varying height of the iron-trim

and profiles of the trim coils, (b) assembly of the iron trim pole winding with iron

heights of 5, 25 and 25 mm mounted at the 6th, 18th and 35th, respectively on the

beam duct.

be measured at an excitation current of 510 A through the main coils. All the

conditions including the excitation current have to be the same as in previous field

measurement presented in Chapter VI to allow comparison of the results with and

without trim poles. During the field measurements the excitation current energized

through the trim coils are set to be zero to study only the effect of the iron-trim

on the field and period length deviations. After reaching a temperature of 4.2
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◦K the magnetic field is measured and compared with the field without the trim

poles shown in Figure 7.15. The field differences normalized to the measured field

without the trim pole are defined by following

∆Bi

B
[%] =

(Bi,trim pole −Bi,without trim pole)

Bi,without trim pole

(7.3)

Figure 7.15 Field measurement without shimming (blue solid line) and with

trim-iron shimming (red solid line) presented in the upper part. Field deviations

normalized to the non-shimming field amplitude are presented in the lower part.

Trim iron of height 5 mm, 25mm and 15 mm are attached on the pole number 6th,

18th and 35th, respectively.

To predict all the simulated concepts used to improve the magnetic field

correction the simulation result for the SCU with trim-irons should be compared

with the measurement. In the RADIA code three iron pieces are attached at the

same poles as in the measurements. The field strength and period length resulting

from the experiment are compared with the simulated results as the height of

the iron trim is varied and shown in Figure 7.16. The small difference between

experimental and simulated results reflects the error in the setting of parameters
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in the simulation and the mounting error of the trim iron on the SCU magnet.

Differences between the experimental and simulation results may be caused by
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Figure 7.16 Comparison between experiment and simulated results of trim-iron

shimming at the pole number 6, 18 and 35.

the assembly of the trim pole with the undulator poles because the magnetic gap

was slightly changed when the trim iron of height 25 mm was mounted. The

experimental field-strength corrections (period length) are around -1.3 %(-0.8 %),

-2.1 %(-1.5 %) and -2.3 %(-1.4 %) at the corrected pole with 5, 25 and 15 mm trim-

iron height, respectively. After correction with trim poles shown in Figure 7.17 field

errors normalized to the average field amplitude of 1.3899 T at the corrected pole

(the 6th, 18th and 35th ) can be reduced only at the pole number 6th and 35th

because of the minimum field amplitude at the 18th pole. Therefore the error at

the 18th pole will be reduced only by using the shim coil energized with negative

currents due to the field strength has a negative sign at this pole.

Due to the effect of the trim poles on the neighboring poles the field errors

can not be reduced to reach field errors of less than 1 %. The shimming technique

does not work for this undulator. Also the changes in period length at the corrected
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Figure 7.17 Comparison of the field errors normalized to the average values before

(blue dots) and after (red dots) correction. The average field amplitudes before

and after correction with the trim poles are 1.3870 T and 1.3899 T.

poles normalized to the average values cannot be decreased to acceptable values.

The maximum period length error actually increases to r.m.s σr.m.s−λp of 1.9 %

normalized to average period length of 15.124 mm after correction as shown in

Figure 7.18. We arrive at the result that correcting fields with trim-iron poles the

Figure 7.18 Comparisons of period length changes normalized to the average

values with and without correction by coil trimming. The average period lengths

with and without shimming are 15.007 mm and 15.124 mm, respectively.

field and angular flux density cannot be improved even if the first and second field

integrals are corrected to -4.11 × 10−4 T.m and -4.31 × 10−4 T.m2, respectively.

This means that the shimming as used in conventional undulators does not work
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for superconducting undulators. The value of this experimental exercise, however,

is that we obtained a close match between measurement and simulation which

gives us the confidence to rely on simulations alone since measurements are time

consuming and very costly.

7.4 Field correction with additional coils

In this concept we consider additional coils wound around each pole. This

will require many power sources and feeds from room temperature to cryogenic

temperatures and the correction becomes rather complex in practice. We will,

however, discuss this scheme because it is obviously the most effective. From

Ampere’s Law the magnetic flux density ~B or its change is given by

∮
~H.d~s =

∫
~J.d ~A

1

µr

∮
~B.d~s = µ0Itot

where ~J is current density and µr is a relative permeability which is the ratio of

the permeability of specific medium to the permeability of free spaced and given

by

µr =
µ

µ0

The field generated is proportional to the total electrical current Itot enclosed by

an Amperian loop. The Amperian loop has to be a closed path along d~s which,

in the case of this undulator is shown in Figure 7.19. With the windings of the

superconductive wire in a vertical plane a magnetic field ~By is generated at the

location of the electron beam in the mid plane at (x = 0, y = 0, z). From the path

along the loop, a pure vertical magnetic field deflecting exist only in the mid plane

while the other components of the magnetic fields disappear. The additional coil

can produce a uniform magnetic field when an electrical current is passed through
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it. It is treated as the source to reduce or increase the magnetic field strength for

a pole based on Ampere’s Law and the right hand rule. Therefore to correct the

errors, local additional coils powered with different currents are required. The total

current in the coils depends on the number of turns and the maximum current on

the size of the superconducting wire.

Gap By

Amperian Loop 

Figure 7.19 Superconducting undulator (SCU15, schematic) in two dimensions

with the Amperian loop producing a vertical magnetic field.

7.4.1 Superconducting additional coil around the undula-

tor pole

Due to the limited space between the main undulator coil and pole a su-

perconducting wire made from NbTi with an insulated diameter of 0.1 mm and

high current density capability is used. The NbTi wire is embedded in a copper

matrix with a ratio of Cu to SC of 1.35. Some more parameters of the wire are

shown in Table 7.1. A coil in form of a racetrack is shown in Figure 7.20 with a

height of 15 mm. The coil is wound around the 21st pole to determine the field

change there and in neighboring poles. A critical current of the NbTi wire directly

relates to the maximum magnetic field as shown in Figure 7.21. Therefore, to avoid
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Table 7.1 Superconducting wire specification for the correction coil

Cu/SC ratio 1.35

Insulated diameter 0.1 mm

Bare diameter 0.08 mm

Number of filaments 54

Filament size 7 µm

RRR of Cu matrix 77

hs

Figure 7.20 Racetrack of the superconductive NbTi wire with 0.1 mm diameter.

quenching, the current through the correction coils should not be more than the

critical current of 20.34 A corresponding to a current density of 2050 A/mm2 at

1.4 T and 4.2 ◦K. In the RADIA code the correction coil is wound around the pole

number 21 and is energized at different currents. The field changes ∆Bcorrect-coil

at the corrected pole (the 21st ) is about 41.8 mT per 20.34 A as shown in Figure

7.22. The field change ∆Bcorrect-coil is

∆Bi,correct-coil = Bi,correction coil −Bi,ideal
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Figure 7.21 Critical current of the NbTi wire with 0.1 mm diameter measured

by the manufacturer (dots) and by a quadratic polynomial fit (solid line). The

critical current at 1.4 T and 4.2 ◦K is 20.34 A.

The field changes by the correction coil are very localized and the field changes in

nearby poles are only 8.7 % of the field amplitude change at the corrected pole. This

provides an efficient way of correcting the field in individual poles. In addition, the

correction also produces a local change in the period length. The current through

Figure 7.22 Field variations due to a correction coil powered by a current of 20.34

A. The correction coil is wound around the pole ] 21.

the correction coils is linearly proportional to the field changes when the currents
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are adjusted. The relation between the current and field amplitude change is shown

in Figure 7.23 and described with

Ii,corr = p1(∆Bi,correct-coil) + p0

By the linear fit, the constant p1 and p0 are 7.539 × 104 and -990.6 A/mm2,

respectively. This result is used to calculate the current required for the field

correction at each pole. In general, the goal of field correction is to obtain equal

Figure 7.23 Required current as a function of desired field correction. The cor-

rection coil has a diameter of 0.1 mm and 15 turns.

peak fields with a small r.m.s field variation σr.m.s−B as a result of an appropriate

set of currents in the correction coils. It means that the peak field amplitudes in

each half period are equal except for the sign. The correction field ∆Bi,correct - coil

at a particular pole is related, in principle, to the excitation currents in all poles

through a matrix Mij. The matrix has dimensions i× j where j is the number of

the corrected pole and i is the number of all poles with correction coils. In this

study only the main poles but not the end poles have been corrected. Therefore,

the total number of corrected poles is 32 and 0 < i < 32. By inversion of the

matrix we can determine the desired currents in each coil to correct for the perfect

peak fields as discussed in the Chapter III. To avoid quenching in any part of the
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SCU the current density or the current in the correction coils should be well less

than 2000 A/mm2 or 20 A, respectively. Since Maxwell’s equations are linear, the

fields generated by individual correction coils can be added to the real field and to

create the perfect undulator the real field amplitude and the correction field are

added together so that corrected fields at all the poles are obtained and described

by following

Bi,correct = Bi,meas + ∆Bi,correct - coil

After applying the correction to the main field Bi,meas at all undulator poles the

peak fields in the whole undulator should be the same at the desirable field am-

plitude. The correction is limited though due to the superconducting performance

limitation of the NbTi wire. According to simulation, the maximum field change

as limited by the wire is about 0.04 T. To maximize the correction capability, we

choose the average field amplitude as the ideal or desired field. A MATLAB pro-

gram was used to correct the field errors to the least r.m.s field error σr.m.s−B which

turned out to be less than 0.0001 T or about the magnitude of the earth magnetic

field. In the calculation independent power supplies are required. Absolute field

amplitudes at the main poles with and without correction coils are shown in Figure

7.24(a). In addition Figure 7.24(b) shows a comparison of the period length with

and without correction. Using this local correction scheme both field and phase

errors are reduced so that the field amplitude and period length after correction is

close to the field of 1.387 T and close to the average period length of 15.007 mm.

With perfect compensation the r.m.s field and period length errors are 0.0036 %

and 0.02 %, respectively.



137

(a) Field Magnitude

(b) Period

Figure 7.24 Comparison of the absolute magnetic field amplitude (a) and period

length (b) with and without correction coils. The magnetic field is measured at

510 A.

Model for a real magnetic field

In order to prove the concepts the improvement of the field and phase

should eventually improve the angular flux density at high harmonics. To carry

out experiments at cryogenic temperatures is very costly and simulations of the

magnetic field profile along the beam axis has been generated to calculate an

angular flux density to be confirmed that this concept achieve the high photon

flux density at high harmonics of the radiation. In order to calculate the angular
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flux density for a realistic field distribution, we need a model for the real magnet

with errors. Using this real model in B2E we then can calculate the harmonic

spectrum of the radiation based on the actual magnetic field. This we accomplish

starting from an ideal undulator with specifications equal to the SCU as discussed

in section 5.2.1. Then we modify the main coil currents such that the resulting

fields are equal to the measured field before any correction. In essence we have

assumed that the field variation has been caused by variations of the current in

different main coils although this may actually be the least likely source of field

errors. Since we do not know the exact source of the errors we proceed in the

way described to generate a real undulator model magnet in RADIA and we will

now use this model to test the efficiency of correction methods in terms of angular

flux density with the program B2E. To compare both simulated and measured

field errors they have to be normalized to the average value of the field amplitude.

Figure 7.25 presents the field errors normalized to the average field amplitude

obtained from the measurement and re-construction of the magnetic field in the

mid plane. The field errors ∆B
Bave

after correction with correction coils are shown in

Figure 7.26 with an average field amplitude of 1.387 T and relative remaining field

error of 0.0036 % normalized to that field. Due to the localized coil correction,

the period lengths also are improved after correction as is evident in Figure 7.26.

We also calculate the first and the second field integrals for the corrected

magnetic field distribution along the beam axis. Because of the improvement in

each period field integral the first and second field integral for the whole undulator

are reduced to 6.403 × 10−6 T.m and 6.334 × 10−6 T.m2, respectively. Since the

magnitude of the period field integrals were made mostly to become the same along

the undulator they result in a reduction of the first and second field integrals for

the whole magnet. The first and second field integrals are now quite small but

they are not exactly zero as in an ideal magnetic field. The electron beam passing
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Figure 7.25 Real magnetic field profiles as measured at an excitation current of

510 A and simulation with different current densities in the main coils correspond-

ing to the field errors. The average field of the generated and measured magnetic

fields are 1.3845 T and 1.387 T, respectively.

Figure 7.26 Field (upper) and period length (bottom) errors normalized to a field

of 1.387 T and 15.002 mm period length.
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Figure 7.27 (upper) Angular deviation with (dashed) and without (solid) cor-

rection and (bottom) electron beam trajectory with (dashed) and without (solid)

correction at 1.2 GeV.

through the undulator still exit with an angle and displacement from the beam

axis. The actual effect on the closed orbit must be evaluated and possibly corrected

by steering magnets before and after the undulator. By deviation of the first and

second field integrals with the beam rigidity, the angle deviation and displacement

of the electron beam at the end of the undulator after correction are 1.59 µrad and

1.58 µm, respectively. Comparisons of deviations in the angle and the position of

the electron beam with and without correction are shown in Figure 7.27(b). With

the field integrals we can calculate the angular flux density of photon beam with
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Figure 7.28 Relative reduction of the angular photon flux density calculated with

B2E for the measured field (dots) and corrected field with correction coils (squares).

the B2E code for the 1.2 GeV SIAM storage ring at all harmonics of the radiation.

The most obvious reductions on the flux density occurs at the higher harmonics

(5th up) because of phase and field errors on the real magnetic field as shown in

Figure 7.28. The reduction is calculated by the ratio of the angular flux densities

defined by

Re duction =
(
d2F/dθdψ

)
B−corrected,B−measured

/(
d2F/dθdψ

)
B−ideal

The quality of the undulator is greatly improved by the correction as evidenced

by the significant increase in angular flux density especially at high harmonics. On

the other hand, this method has the disadvantage of high cost and significant heat

sources from many electrical connections to the cold mass.

7.4.2 Additional coils in the superconducting gap

The field changes strongly depend on the location of the trim coil and we try

now to place the correction coil in the undulator gap as shown in Figure 7.29 and

simulate this configuration with the code RADIA. The correction coil is assumed to

have been made of wire with a diameter of 0.1 mm and energized with a current of
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20 A. The correction coil active in the nominal gap of 5.6 mm produces a localized

Figure 7.29 Pole slice of superconducting undulator with correction coil placed

in the gap. The diameter of the coil wire is 0.1 mm and the current feed through

the coil is 20 A.

field change as shown in Figure 7.30. The field amplitude at the corrected pole (the

21st pole) is changed by about 0.07 T and field changes for neighboring poles are

no more than 11 %. The field correction is thus very localized and all other field

changes in the remaining undulator poles can be neglected. The correction coil at

Figure 7.30 Field changes caused by a correction coil in the undulator gap

this location in the gap provides also a very local correction of the period lengths

making this method of a correction coil in the gap an effective way to compensate

field errors. Because the correction coil is in the gap closed to the electron beam

large field errors can be completely reduced. On the other hand, the cross-section
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of the wire and number of turns are limited and should be adjusted to the actual

correction needs. This technique may in some cases even not be practical because

of the trim coil position in the gap. A major disadvantage for this method is the

reduction on the nominal gap of 5.6 mm which causes a decrease of the beam stay

clear so that the electron beam cannot survived in the storage ring. This negative

effect can be minimized by using a very thin superconducting wire with high current

densities. Simulation to correct the field errors follows also the same process as

previously. To preserve the nominal gap at 5.6 mm, an air-core correction coil

could be placed on the top of the undulator. The air-core correction coil has a

diameter of 0.1 mm and is energized with a current of 30 A. This correction coil

performs non-localized field corrections as shown in Figure 7.31. At the corrected

Figure 7.31 Field deviations caused by a correction coil placed at the top of the

pole surface. The total cross-section is 0.1 mm2 and the correction current is 30

A.

pole the change in field is about 0.0087 T and the effect on the field in neighboring

poles is an almost equal 0.0072 T. Because the coil is placed far from the beam

the change in the field amplitudes is small and to correct high field errors the

current through the coil must be high which not desirable especially in a cryogenic
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environment. We need more practical correction concepts to achieve a reduction

of field errors to less than 1 %.

7.5 Field correction by modification of the iron pole geom-

etry

Besides using correction coils to compensate field errors of the superconduct-

ing undulator a new concept dealing with saturation in the iron of the undulator

poles is proposed. This technique is based on a modification of the iron content in

the poles. The poles in superconducting undulators are already partially saturated

and are therefore sensitive to the iron content. Reversible variation of the iron con-

tent can be accomplished by varying making the poles hollow and then filling the

hollows with adjustable amounts of iron pieces. For small corrections this could

also be accomplished with ferromagnetic skews are inserted into the poles more or

less. With this correction method we can only increase or decrease all fields. If

the magnet is measured with hollow iron poles then adding iron would increase

the field. Conversely, if the magnet is measured with full poles the field can be

reduced by removing some iron. Once the exact relation of adding/removing iron

and pole field change is known one can modify all poles to correct the field.

7.5.1 Simulation of iron content in the undulator pole

Modification of the iron content of undulator poles was simulated by the

insertion of thick slits from the backside of the poles with a constant width (x) and

length (z) but varying depth (y) as shown in Figure 7.32. By implementing slits

in the iron pole we create a localized field change depending the iron content in

that pole. The field amplitude is reduced as shown in Figure 7.33. In simulations

the slit depths at pole number 21 have been varied while the slit length is fixed at
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Figure 7.32 Cross-section of the SCU15 with slit into backside of the poles for a

pole length (z) of 2.85 mm and pole width (x) of 99.86 mm.

1.35 mm or 0.47 of the pole length. At the corrected pole the field amplitude is

changed as a function of the slit height as shown in Figure 7.34.
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Figure 7.33 Changes in field amplitude caused by implementing slits into un-

dulator poles. The slit length is fixed at 1.35 mm while the height (depth) is

varied.

The slit can be inserted into the undulator pole by taking some iron out

from that pole. If we take out an iron piece with a height of 1 mm a depth of only

1 mm, the field amplitude at respective pole is increased about 0.0006 T. This

increases the magnetic flux density at the corrected pole (with inserted slit), the

field amplitude is actually increased. If however we remove more iron with a slit

depth of 19 mm the field amplitude at the corrected pole is reduced by 0.152 T
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Figure 7.34 Field changes at the corrected pole (the 21st) for different slit depths.

Dots represent field amplitude changes calculated by POISSON.

because the iron content in the pole is significantly reduced for the main field which

now has to pass through less iron cross section. Due to the reduced iron content

in the pole saturation has be taken into account. The magnetic field strength at

that pole is produced by the same current as in other poles but there is some

modification on the pole geometry and the magnetic flux is redistributed into the

remaining iron cross section. The field density in the remaining iron increases thus

reducing the permeability and the field amplitude.

By varying the slit depths the field amplitudes change as shown in Figure

7.34. We use a cubic spline-interpolation to find the slit depths for any desired

field amplitude correction ∆B. Only the range from about 13 mm to 19 mm is of

interest for correction and is shown in Figure 7.35. Corrections by removing iron

can only lower the field and therefore the fields are corrected to the lowest value

in the undulator. We can calculate the iron content for each pole to be corrected

to reach a field amplitude of 1.3521 T. Different slit depths are implemented to

modify the real field measured at 510 A. In practice the slit variations can be

achieved by adding or removing flat iron of desired thickness. All iron pieces have

the same length of 1.35 mm and width of 99.86 mm while the iron height is selected
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Figure 7.35 Comparisons of slit depths in a range of about 13 mm to 19 mm

related to the field changes between a simulation (stars) and interpolation (line).

to completely compensate the field errors. We can fill the iron content with the

iron pieces corresponding to the field error at each undulator pole. Finally the

assembly the undulator with different slit depths may be cooled down again to

cryogenic temperature and we would expect that the fields will be corrected as

expected from measurement and simulation. The actual dimensions of the iron

pieces used here are not fundamental and could be chosen differently but of course

the corrections depend on the dimensions used in simulations. The field amplitude

changes with different slit depths have been checked both with the RADIA and

POISSON code. Both simulated results at the pole number 21 agree well as shown

in Figure 7.36. With the modification of the undulator poles (only main poles)

as described, the fields can be improved with remaining r.m.s field error of only

σrms−B = 0.0003T or 0.021 % of the peak field. The field changes ∆B
B0

normalized to

the ideal field amplitude with and without correction by adjusting the iron content

in poles are shown for comparison in Figure 7.37. After iron content correction the

average field amplitude is 1.3505 T.

This correction method also impacts the period length. Figure 7.38 shows



148

Figure 7.36 Comparison of expected field corrections for various slit depths as

calculated with RADIA (dots) and POISSON (dots).

Figure 7.37 Comparison of peak field deviations related to the average and min-

imum peak field of B0 = 1.3505 T and B0 = 1.3521 T with and without slit

correction, respectively.

these changes normalized to the average period length. After the correction the

average period length is reduced from 15.007 mm to 15.002 mm. Together with an

improved field profile we also get a reduction in the phase errors to 0.024 %. Finally

the first and second field integrals are calculated from the corrected magnetic field

distribution. Since the end pole parameters are not perfectly designed in this

prototype we do not achieve zero values in angle and position of the electron

beam at the exit of the undulator. The first and second field integrals after slit
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Figure 7.38 The period length with and without field corrections by slits in

the undulator poles. The average values of the period lengths before and after

correction are 15.007 mm and 15.002 mm, respectively.

correction are very small being 6.88×10−6T.m and 6.85×10−6 T.m2, respectively.

Division of the integrals by the beam rigidity the angular and position deviations

of the electron beam at the undulator exit are 1.72 µrad and 1.71 µm, respectively

for a 1.2 GeV beam. A comparison of the electron trajectory with and without

correction is shown in Figure 7.39. After compensation of field errors by varying

Figure 7.39 Electron trajectory with and without field error correction with slits.

the saturation in the poles, angular photon flux densities in all harmonics up to
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the 9th are increased significantly as shown in Figure 7.40. We can see clearly

that this technique is a highly efficient correction method with small remaining

field errors. The average field amplitude is reduced slightly to 1.3505 T after the

correction which reduces slightly the photon energies. Of course, by increasing

the main coil current this can be compensated again. To reach small field errors

in a superconducting undulator was the goal of this Chapter. We do not need

additional power supplies but require only one careful preparation of the undulator

not unlike the shimming which is customary for permanent material undulators

and is considered part of construction and quality control. After correction we

may expect almost ideal angular flux densities as demonstrated in Figure 7.40.

Using the slits to correct field error, the field can be improved to acceptable values

Figure 7.40 Improvement of the angular flux density after slit correction in com-

parison to the uncorrected undulator.

with an enhancement of the angular photon flux density even at high harmonics.

The correction process is somewhat complicated by the cryogenic requirements.

The field distribution must be measured first, then the magnet must warm up for

slit adjustments based on the measured fields. After correction the undulator will

be cooled down again to 4.2 ◦K for field verification and experimental use. This
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process is quite time consuming to obtain a good implementation of the field error

correction and we need very precise predictions by simulations to correct the field

error completely in one process.

7.5.2 Range of validity

The field correction by modification the iron pole is based on magnetic sat-

uration in the iron and it is expected that this correction is useful only over a limit

range in strength of the undulator. For much lower or much higher excitation we

would expect the correction to lose its accuracy. Therefore, we have to determine

the range of excitation permissible before the effect of field correction is lost again.

In other words, we will now determine the range of validity or tunability of the

undulator correction. Obviously, we would expect a reduction of tunability for low

undulator strengths because there is no saturation at low fields and the correction

is ineffective. Fortunately, this is not much of a concern for undulators which are

designed for high photon energies in low energy storage rings. On the other hand

there is a high field limit which is not very relevant since the undulator was de-

signed for the highest field to begin with. We take the test undulator (SCU) and

assume that we want to correct the field well enough to produce at least 90 % of

the ideal photon beam brightness or angular flux density even at high harmonics

up to 7th or 9th. At the 9th harmonic, for example, this would allow an r.m.s field

error of no more than 0.8 %. Larger errors are allowed at lower harmonics. As

discussed quantitatively in Chapter IV, the reduction of the angular flux density

for the 5th, 7th and 9th harmonics is reduced by less than 10 % for ideal values if

the r.m.s field errors are kept smaller than 1.0 %, 0.9 % and 0.8 %, respectively.

To determine the range of excitation for which the field errors are within those

limits, we use the undulator as corrected for a field of 1.35 T and then change the
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excitation current in simulations in RADIA. By doing so, the field errors increase

as shown in Figure 7.41. Here the r.m.s field errors are shown as a function of field

excitation. Obviously, the errors are almost zero at the design field and increase as

the field is increased or decreased. When these r.m.s errors reach the limits at 10

% photon flux density reduction we allow for each harmonic the end of the tuning

range is reached. Acceptable ranges for the magnetic field in each harmonic in

terms of undulator strength parameter K are:

0.91 < K < 2.55 for the 5th harmonic

0.97 < K < 2.51 for the 7th harmonic

1.02 < K < 2.44 for the 9th harmonic

We note that there is a variation in the low field limits while the high field
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Figure 7.41 Variation of r.m.s field errors and allowable r.m.s field errors as a

function of field excitation for an undulator which has been corrected at a field of

1.35 T.

limitation vary little and are actual limited to the lowest value due to performance

limitations in the superconducting wires. The ideal photon beam brightness or

angular flux density is calculated with code SYNRAD (Wiedemann, 2002) and
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B2E, respectively up to 9th harmonic by varying the K parameter within the lim-

its just determined for each harmonic. Figure 7.42 shows the ideal brightness (a)

and the angular flux density (b) of the radiation for the ideal undulator while the

actual brightness and flux density for the corrected undulator would be within 90

% of these values. As a special result of this study, we find that the tunability is

not much reduced due to the field correction applied and radiation from different

harmonics overlap well thus allowing continuous scanning of photon energies for ex-

ample, for spectroscopy. To achieve a perfect undulator with high brightness (and
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Figure 7.42 Angular flux density (upper) and brightness (below) of photon radi-

ation emitted from a superconducting undulator with field errors corrected in the

SPS 1.2 GeV storage ring. The undulator parameter K is varied within acceptable

limits as discussed in the text.
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angular flux density) at each harmonic for the SPS ring which has electron beam

parameter listed in 2.3, the r.m.s field errors should not exceed the permissible

limits. Since some photon energy ranges have overlapped region of the brightness

and the flux density, both brightness and flux density can be properly added up

resulting in a wide photon energy range for users. It means that this correction

technique can be used to compensate field errors of undulators with field range

from 0.65 to 1.82 T, 0.69 to 1.79 T and 0.735 to 1.74 T with acceptable limitation

of the angular flux density at the 5th, 7th and 9th, respectively.

Classical shimming by using iron pieces for a superconducting undulator

can be only used to correct field errors not bigger than 0.5 % due to a strong in-

fluence of the shimming on neighboring poles. In this thesis, the superconducting

undulator has a r.m.s field error of 1.8 % normalized to an average field amplitude

of 1.387 T. Therefore, correction techniques by correction coils and modification of

the undulator poles have been proposed and this efficacy has been described and

discussed. We trust simulation results of the correction techniques because both

theoretical explanation and experimented of the measurement shimming technique

agree together. As simulation results show both correction coils and slits have a

high potential for corrections of the field errors. A maximum current (current

density) energized through the correction coil is 20.43 A (2050 A/mm2) limited

by the critical current of the superconducting wire material NbTi. Thus a maxi-

mum correction fields change is about 0.040 T or 2.9 % normalized to the average

field amplitude. With correction coils any sign of field errors can be corrected

by selecting the direction of the current through the correction coils. To increase

the field amplitude the correction should be energized by a current which has the

same direction as in the undulator coil while the field is reduced if the current

in the correction coil flows in the opposite direction. Use of correction coils is a

quite flexible technique to adjust field amplitudes, however it has a significant and
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electrical overheat. To correct the errors by slits or modification of geometry of

the undulator pole the field amplitudes are only reduced because of a saturation in

iron poles. However, increased field amplitude occurs only for small slits outside

of the return yokes. This is force additional magnetic flux into the iron pole thus

increasing the field strength. The increase of the field is only 0.005 T maximum

and therefore is insignificant. We do not use this increase of the field amplitude.

Cutting the slits deeper will reduce the field as shown in Figure 7.32. Because of

the finite permeability in the low carbon iron (0.06 % in our case) saturation has

been taken into account. The field amplitude at the pole with deep slits is reduced

while the magnetic flux density is increased. A relative of angular flux density

of the photon beam normalized to ideal values with correction coils and slits to

correct field errors is shown in Figure 7.43. Both techniques have high potential

for corrections of the field errors because the flux density even at the 9th harmonic

is within 10 % of the ideal flux density. By the field correction, period length (or

phase) errors are compensated automatically. The r.m.s field errors σr.m.s−B (field

Figure 7.43 Angular flux density relative to ideal (dash line) expectations in the

forward direction for a measured field (dots), corrected field with correction coils

(squares) and corrected field with slits (stars).
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error normalized to the average value) after correction with correction coils and

slits are 0.00005 T (0.0036 %) and 0.0003 T (0.021 %), respectively. The r.m.s

period length errors σr.m.s−λ are 0.0013 mm (0.017 %) and 0.0018 mm (0.024 %),

respectively. Average peak field amplitudes are 1.387 T with the correction coil

technique while the modification of the pole gives the average field amplitude of

1.350 T demonstrating that we do not have to accept a significant reduction in

field in lieu of correction.



CHAPTER VIII

CONCLUSIONS

The use of undulator magnets in low energy storage rings like the 1.2 GeV

SIAM Photon Source (SPS) is limited in its ability to produce high energy photons.

Short undulator period are desired for the generation of short wavelength photons.

However, the period length is limited by the need to provide sufficient aperture

for the electron beam. Reducing the period length to and below the gap height

results in dramatic loss of field strength. Higher photon energies could be obtained

at higher harmonics, which is only possible if the undulator strength is sufficiently

high. Superconducting magnet technology seems to be the way to ameliorate

these problems. Higher fields can be expected even for short period length and

acceptable gap height.

In this thesis we discussed and studied the problems surrounding a supercon-

ducting undulator to produce short wavelength radiation from low energy storage

rings. It is especially desirable to generate high harmonic radiation up to 7th or 9th

order. The angular photon flux densities at such high harmonics is severely reduced

by even small manufacturing imperfections in the magnetic field and periodicity

of the undulator. Such imperfections are also apparent in conventional permanent

material undulators, but can be corrected by applying thin ferromagnetic shims at

specific locations along the array of magnet poles. This distribution is guided by

instant magnetic measurements and control. Unfortunately, this cannot be done

in superconducting undulators because of the limited access into a cryogenic en-

vironment. We have discussed in this thesis a variety of methods, each with its

own advantages and disadvantages, which could be used to prepare a magnetically
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corrected undulator at room temperature after first measuring the magnetic field

in the cryostat. This is possible only if we can device correction methods which are

predictable. Among the correction methods discussed, the most promising seems

to be one that modifies the magnetic saturation in each magnetic pole. Each mag-

netic pole is hollowed out and then backfilled with ferromagnetic iron such that

the desired magnetic field is achieved. This method works quite locally with only

small perturbations in neighboring poles. The correction in each pole is generally

influenced by all corrections in all poles. A matrix can be established relating the

amount of iron to be added or subtracted from a pole to the magnetic field change

in each poles. A matrix inversion with SVD gives the change in iron content per

pole as a function of the desired field correction. Simulations of this procedure

show excellent results which restore the angular photon flux at high harmonics

from noise level to more than 90 % of ideal values. We gained confidence in the

simulations by comparison with measurements although not for this exact correc-

tion methods. To compare simulations with measurements for this variation of iron

content would be desirable, but the high expense of cryogenic experimentation kept

this so far only a goal. Applying this correction scheme to a real superconducting

undulator we could imagine an undulator with 200 periods or a total length of

3 m to be installed in the 1.2 GeV SIAM Photon Source. Such an undulator is

expected to produce high brightness radiation up and beyond some 3.5 keV at the

9th harmonics as shown in Figure 8.1. Higher harmonics may be possible.

The correction of the undulator is based on saturation characteristics and

is therefore limited in its application. On the low field end the correction does not

work because there is no saturation. This is of no practical consequence because

this mode of operation does not allow the generation of higher harmonics. On the

very high field end the saturation conditions are much different from that present

when the corrections were done. This also is of no practical impact because we
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Figure 8.1 A comparison of angular flux density emitted from an ideal (dotted

line) and from actual SCU with field correction (solid line) consisting of 200 periods

in the 1.2 GeV SPS storage ring.

Table 8.1 Tunability range of field strength for an actual SCU

Harmonic no. Field strength [T] K parameter

1 0.48 - 1.92 0.67 - 2.60

3 0.57 - 1.87 0.80 - 2.62

5 0.65 - 1.82 0.91 - 2.55

7 0.69 - 1.79 0.97 - 2.51

9 0.73 - 1.74 1.02 - 2.44

already push for the highest magnetic fields possible within the limitations of

superconducting technology which, for example, limits the current density in the

excitation coils. We therefore retain almost all the tunability of the undulator

with the correction method employed. Figure 8.1 includes that tunability where

we have assumed that the angular photon flux density should be at least 90 %

of ideal. The range of undulator strengths for these limits are given in Table

8.1. Obviously, there is a significant change in the strength limits at low fields

because decreasing harmonics are less and less sensitive to field errors. On the
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high field side the limits are practically all the same as we would expect. The

most urgent continuing study on this subject would be the actual construction of

a superconducting undulator which allows the implementation of the iron content

correction scheme as discussed. After measuring the raw magnet field corrections

should be applied and the magnetic field should be measured again.
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