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This thesis presents a systematic study of the existence of mild solutions
and relaxed controls for a class of semilinear impulsive evolution equations where

the differential operator involved is the infinitesimal generator of Cy— semigroup.

At first, theorems on existence and uniqueness of mild solutions are ob-
tained under some assumptions on the semilinear term Continuous dependence of
solutions on the initial state and control is also proved.

Secondly, the existence and uniqueness of mild solutions for the relaxed
impulsive equation are proved.

Finally, the existence of optimal relaxed controls and relaxation results is

presented.
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CHAPTER 1

INTRODUCTION

Differential equations have been found in the study of pure sciences, applied
sciences, engineering, and many areas of social sciences extensively. We know that
the mathematical model of these systems can be described as differential equa-
tions. Depending on the problem, these equations may take various forms: or-
dinary differential equations, functional differential equations, partial differential
equations, etc. The study of ordinary differential equations is mature nowadays.
The study of partial differential equations is comparatively more difficult, because
of the complexity of its variables. Therefore, under broad assumptions, we try to
reformulate the partial differential equations by ordinary differential equations on
abstract spaces, for example, Banach spaces. This is where semigroup theory plays
a central role and provides a unified and powerful tool for the study of partial dif-
ferential equations. Semigroup theory concerns the study of existence, uniqueness
and continuous dependence of solutions on parameters and their regularity
properties. The dynamical system (eg. heat conduction, properties of elastic
material, fluid dynamics, etc.) described by partial differential equations (or in
combination with ordinary differential equations) involves finding a control policy
to minimize or maximize some objective functional subject to a dynamic frame
work. This is the optimal control problem. In some diffusion reaction processes
and emigration problems, we need to use integral differential equations. Further-
more, compared with traditional initial value problems, we know that impulsive

conditions can be used to model more physical phenomena than traditional initial



value problems.

Many interesting phenomena that cannot be modelled by traditional initial
value problems can be done so by impulsive conditions, for example, the dynamics
of populations subjected to abrupt changes caused by epidemic, harvesting or im-
migration. Moreover the study of engineering structures, such as beams, satellites
with flexible appendages, suspension bridges, etc: as well as the presence of any
form of impact forces also need an impulsive evolution equation. All of these give
rise to the study of nonlinear impulsive integral partial differential equations and
the optimal control problem.

Impulsive systems have been widely investigated on finite dimensional
spaces. The readers can consult the related books written by Lakshmikan-
than(1989) and Yang(2001) etc. There is also a great number of papers studying

such problems. For example, for general nonlinear impulsive evolution equations:

(t) = Az(t) + F(t,z(t)) te (0,T7)\ D,

z(0) = o,

Ax(t;) = Li(z(t;), i=1,2,... n.
Guo and Liu(1995), Liu and Willms(1995) have studied the existence, uniqueness
and stability of the solution or other properties respectively on finite dimensional
spaces for different cases.

Concerning the study of evolution system on infinite dimensional spaces,
the readers are suggested to consult the related books written by Ahmed(1991),
Pazy(1983), Li and Yong(1995) etc. Many authors studied evolution systems
on infinite dimensional spaces. For example, for Rogovchenks(1997), Liu(1999),
Ahmed(2001) have studied the same equations on infinite dimensional spaces for
different cases.

Since the end of last century, impulsive equations on infinite dimensional



Banach space have been considered. See Pazy(1983), Lakshmikanthan(1989), Li
and Yong(1995) and Liu(1999). Particularly, Ahmed discussed a series of problems
for the impulsive system on infinite dimensional space. See also Li and Yong(1995),
Liu(1999) and Balder(1987). It is only in recent years that the optimal control of
system governed by impulsive evolution equations have been studied. Ahmed for

the first time considered the following controlled impulsive system;

de = (Azx + f(x))dt + g(x)dv,

z(0) = o,

Ax(t;) = Fi(x(t;), i0=to<ti<ta<...<t,<T.
Some authors have studied optimal control theory for infinite dimensional systems
governed by impulsive evolution equation in recent years, see Xiang, Peng and
Wei(2004).

It is well-known that to guarantee existence of optimal “state-control” pair,
we need a convexity hypothesis on a certain orientor field. When this convexity
hypothesis is no longer satisfactory to obtain optimal solutions, we need to pass
to a longer system, in which the orientor field has been convexified and cohere
measure valued controls, so-called relaxed control, have been introduced. Many
authors working on variational and optimal control problems have convexified
finite-dimensional control system for existence of optimal controls. This problem
(called relaxation) has already been studied. See Warga(1962) and Warga(1996).

For infinite-dimensional control systems, Ahmed dealt with this problem
and introduced a measure-valued control in which the control space is compact and
values of relaxed control are countable additive measures, see Ahmed(1983). Then
Papageorgious and other authors continued to discuss this problem. See Papageor-
gious(1989), Xiang and Ahumed(1993) and Xiang, Sattayatham and Wei(2003).

Since 1991, Fattorini has been working with relaxed controls whose values are fi-



nitely additive measures. By his approach we can cope with such a control set
which is a normal topological space even on arbitrary set. See Fattorini(1999) and
Fattorini(1994). However, to our knowledge, there are only a few authors who
have studied the problem on relaxed controls of system governed by impulsive
evolution equations, in particular, the semilinear impulsive evolution equations on
Banach space.

In this thesis, we first study a class of nonlinear impulsive evolution equa-

tions as follows:

(t) = Ax(t) + f(t,z(t)), tel\D,

z(0) = xo, (1.1)
Ax(t;) = Ji(z(t;)), 1=1,2,...,n,
on a Banach space(X, | - ||), where I = [0,T], D = {t1,ts,--- ,t,} C (0,7),
0<t;<ty<...<t,<T. Ais the infinitesimal generator of a Cy—semigroup
and Ax(t;) = z(t}) — z(t;), representing the jump in the state = at time ¢;, with
J; determining the size of the jump at ¢;.

We then consider the following controlled system governed by the impulsive

differential evolution equation

z(0) = xo (1.2)

ALL’(tl) = Jl(.f(tl)), U() S Uad-

As we discuss system (1.1) and the corresponding controlled system (1.2),
we first introduce the mild solution, prove the existence and uniqueness of mild
solution. We also make a priori estimates of (1.1) and study the continuous de-
pendence on initial states control for the system (1.2). In addition, we generalize

Gronwall lemma which plays the important role in the paper.



We consider the following relaxed control system corresponding to (1.2)

z(0) = xo, (1.3)

Before discussing system (1.3), we introduce relaxed control space and discuss
system(1.3). We then study the existence and uniqueness of mild solutions, and
also introduce original and relaxed trajectories and study their properties.

In addition, we consider the Lagrange problem (F) and (P,) and discuss
the existence of optimal relaxed control for Lagrange problem (P,) and study the
relation between problem (Fy) and (FP,).

The thesis is organized as follows. In Chapter II, we give some associated
notations and preliminaries. In Chapter III, we begin to discuss the original im-
pulsive systems on Banach space. The existence and uniqueness of mild solution
for impulsive differential evolution equations are presented. We also study the
continuous dependence on initial state and control of solution for the controlled
system. In Chapter IV, we discuss relaxed impulsive systems. We introduce re-
laxed control space. The existence and uniqueness of mild solution for relaxed
impulsive equation are proved, we also introduce original and relaxed trajecto-
ries and present properties of relaxed trajectories. In Chapter V, we discuss the

existence of optimal relaxed control for Lagrange problem (P, ).



CHAPTER 11

MATHEMATICAL PRELIMINARIES

In this chapter we will review some basic concepts and results that are
necessary for the presentation of the theories in the later chapters. Most proofs

will be omitted as they can be found in standard textbooks.

2.1 Elements of Functional Analysis

In this section, some basic concepts and theorems of functional analysis are

collected. We assume that the reader is familiar with basis concepts from topology.

2.1.1 Normed linear spaces

We begin by reviewing the notions of normed linear spaces and inner prod-

ucts.

Definition 2.1. Let X be a linear space over a field F(F' =R or C).

A map || -] : X — R is called a norm on X if it satisfies
l«ll = 0
lz|| = 0 x=0
lozll = |o| ]

lz+yll < llzll +llyll,
forall z,y € X and « € F.

If the second condition above is omitted from the definition, then || - || is

called seminorm.



A map (-,-) : X x X — F is called an inner product on X if it satisfies

(r,z) > 0

(r,z) = 0 2=0

(z,y) = (y,2)

(ax +By,z) = oz, 2)+ By, 2)

for all z,y,z € X and «, 8 € F, and where (y, x) denotes the complex conjugate
of (z,y) (If F =R the bar can be omitted ).

Hereafter, we denote a norm on X by || - || x. Similarly, we denote an inner
product on X by (-, -)x. If X has a norm, then the pair (X, ||-||x) is called a normed
linear space. The norm || - || x induces a metric d on X by d(x,y) = ||z — y||x and
thus X become a topological space.

Let us now recall some standard topological concepts in normed linear

spaces.

Definition 2.2. Let X be a normed linear space with the norm || - ||x. We say

that a sequence {z,} converges strongly to x € X if
lim ||z, —z||x = 0.
n—oo

We write z,, = z or &, — .

Definition 2.3. A sequence {z,} C X is called a Cauchy sequence provided that

for any £ > 0 there exists NV > 0 such that
|ty — zpm||x < e for all n,m > N.

Definition 2.4. A normed linear space (X, ||-||x) is called complete if each Cauchy
sequence in X converges; that is, whenever {z,} is a Cauchy sequence, then there

exists © € X such that {z,} converges strongly to .



Definition 2.5. A complete normed linear space (X, || - ||x) is called a Banach

space.

Example 2.1. There are various ways to construct a new Banach space from a
given one. For example, let €2 be topological space and Y be a Banach space. The
space C'(,Y) = {f : Q — Y] f is continuous} with pointwise addition and scalar

multiplication and supremum norm

171l = sup{1£ ()} (2.)

is Banach space.

Definition 2.6. Let X be a linear space with inner product (-,-)x. The inner
product induces a norm on X by || - ||x = +/(,:)x. Then X is called a Hillbert

space if it is complete under the norm || - || x.
Definition 2.7. Let X be a Banach space and G C X.

1. Given z € X and r > 0, the set O,(z) = {y € X|||ly —z||x < r} is called the

open ball centered at x with radius r.

2. The set IntG := {z € G| Ir > 0 such that O,(z) C G} is called the interior
of G; the smallest closed set containing G is called the closure of G and

denoted by G; and 9G := G\IntG is called the boundary of G

3. G is compact if for any family of open sets {G,,a € A} with G C UyeprGa,

there exist finitely many G,, say Gai,. ¢, in this family, such that G C

.....

4. G is relatively compact if the closure G of G compact.

5. G is totally bounded if for any € > 0, there exists a finite set {z1,...,2x} C G,

such that G C U, O.(x;).



6. G is separable if it admits a countable dense subset, i.e., there exists a count-
able set Gy = {x;,i > 1} C G, such that the closure G of Gy contains G. If

X is itself separable, then we say that X is a separable Banach space.
7. G is convez if for any z,y € G and « € [0, 1] then az + (1 — a)y € G.

Proposition 2.1. Let X be Banach space and G C X. Then, the following are

equivalent:
1. G 1is relatively compact;
2. G 1is totally bounded;

3. FEvery sequence {x,} C G has a (strongly) convergent subsequence.

2.1.2 Linear Operator

In the following, unless stated otherwise X and Y will denote normed linear

spaces over a field F'.
Definition 2.8. Let D(A) be not necessarily closed linear subspace of X.

1. Amap A: D(A) — Y is called a linear operator if the following holds:

Alax + By) = aA(z) + fA(y), Vr,y€ D(A), a,feF.

The set D(A) is called the domain of A.
2. We say that A is densely defined if D(A) is dense in X.

3. A is called closed if whenever z,, — z in X, z,, € D(A) and Az, — y inY,

then

z € D(A) and Az = y.
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4. We say that A is closable if there exists a closed operator A : D(A) C X —

Y, such that
D(A) C D(A), and Ax = Az, Vx € D(A).

Proposition 2.2. Let A: X — Y be a linear operator. The following two condi-

tions are equivalent:

1. A is bounded, i.e., there exists a constant d > 0 such that
|Az|ly <d||z||x forallz e X.

2. A is continuous, i.e., r, — x as n — oo implies Ax, — Axr as n —

oo, V{z,} C X.

Given two normed linear spaces X and Y, let £(X,Y) denote the set of
all bounded linear operators from X to Y. L(X,Y) becomes a normed linear
space if we define vector operations in a natural way and define the operator norm

1Al zcxyy = sup [|[Az|ly. If X =Y, we simply write £(X) for £(X, X).
ex

Hfg:l\xﬁl
Theorem 2.3. (Uniform Boundedness Principle). Let X andY be Banach spaces

and A C L(X,Y). Then,

sup [[Az|ly < oo, Vae X impliesthat sup |[Alzxy) < oo.
AcA AcA

2.1.3 Linear Functionals and Dual Spaces

Definition 2.9. 1. A bounded linear operator z* : X — F'is called a bounded

linear functional on X.

2. We write X* to denote the collection of all bounded linear functionals on X

and call it the dual space of X.
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3. If r € X,2* € X* we write

to denote the real number z*(z).

4. Let | - |

x+ denote the operator norm on X*. Then for z* € X*,

%[ x+ := sup{ (2", )| ||| x <1}

5. A Banach space is reflexive if (X*)* = X. More precisely, this means that

for each x** € (X*)*, there exists x € X such that

(x**, %) = (z*,z) for all x* € X*.

Definition 2.10. A function f : X — R is called convexr provided that for all

x,y € X and t € [0, 1],

fltz + (L =t)y) <tf(x) + (1 —=1t)f(y).

Definition 2.11. A locally convezr space (X,{p;}) is a linear space X over F

together with a system of seminorm {p,};ec; such that

r=0«pj(x)=0forall jeJ.

2.1.4 Closed Operator

Definition 2.12. Let X and Y be normed linear spaces and T" : X — Y a

function. The graph of T', denote by G, is defined by
G(T) ={(z,Tx) |z e X} C X xY.

If T is linear, it is easy to verify that G(T') is a linear subspace of X x Y.
We say that the map T': X — Y has a close graph or T 1is a closed operator if

G(T) is a closed subspace of X x Y.
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Lemma 2.4. Let X and Y be normed linear spaces and T : X — Y a linear
operator. Then T has a closed graph if and only if for every sequence {x,} in X,

if v, —x and Tz, — y, then y="Tx.

Theorem 2.5 (Closed Graph Theorem). Suppose that X and Y are Banach
spaces and T : X — 'Y a linear operator. Then T 1is bounded if and only if T

has a closed graph.

2.1.5 Weak Topology and Weak Convergence

The difference between a finite dimensional Banach space and an infinite
dimensional Banach space is that in the latter, a bounded sequence need not have
a convergent subsequence. This is responsible for many difficulties in the calculus
of variations and the theory of partial differential equations. In order to overcome
this difficulty, one needs to introduce the concept of weak convergence.

Let X be a Banach space and X* its dual. Elements of X™* can be used to
generate a new topology for X called the weak topology. It is obtained by taking

as a base all sets (neighborhoods of the form)
N(zg, F*e):={x € X : (a*,x — x9) < g,z € F*},

where x¢ € X, F* is any finite subset of X*, and ¢ > 0. Endowed with this weak
topology, X becomes a locally convex linear topological vector space.

The concepts of open or closed sets, compactness, convergence, ect. are
topological, hence they must be qualified by referring to the topology involved. In
the case of normed linear spaces, when one speaks of open or closed sets, com-
pactness, convergence, etc., one refers to the norm topology, while when referring
to the weak topology, one uses the terms weakly open or weakly closed sets, weak

compactness, weak convergence, ect.
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Definition 2.13. A sequence {z,} C X is said to converge weakly to x € X,

written z,, — =, if lim (z*, z,) = (z*, z) for all z* € X*.

n—oo

Proposition 2.6. 1. If X is a reflexive Banach space, then every bounded se-
quence {x,} in X has a weakly convergent subsequence. If in addition, each

weakly convergent subsequence of {x,} in X has the same limit x, then

w .
T, —  n X asn — oo.

2. If X 1s a Banach space, and

. w .
x, —x* X", x,—ximX asn — oo,

then

w . .
xy —x"in XY, x,—zinX asn — oo.

Moreover, if X is a reflexive Banach space, then

w . .
xy —x"in XY, z,—xinX asn — oo,

implies
(xf,x,) — (%, 2) as n — 0.

Lemma 2.7. (Mazur). Let X be Banach space and K be a norm closed convex

set in X. Then K is weakly closed in X.

2.1.6 Compact operators

Definition 2.14. Let X and Y be Banach spaces, and T be a map from some

subset D(T') of X into Y. Then T is called compact if and only if:
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1. T is continuous,
2. T maps bounded sets into relatively compact sets.

Theorem 2.8. (Arzela-Ascoli). Let X andY be Banach spaces, G C X be com-

pact and F C C(G,Y). Suppose that
1. for each x € G, the set {F(z)|F € F} is relatively compact in'Y .

2. F is uniformly bounded, i.e.,

sup ||F(x)]ly < oc.
FeF zeG

3. F is equicontinuous, i.e., for any € > 0, there exists 6 = §(¢) > 0, such that
|F(x) — F(2')||ly <e, whenever ||x—2||x <0, F € F,x,2' €G.
Then there exists a sequence {Fy} C F and Fy € C(G,Y), such that
l}g&”ﬂ — Folle@y)y =0

where C(G,Y") denotes the supremum norm (2.1).
The proof can be found in Xunjing Li and Jiongmin Yong(1995).

Proposition 2.9. Let A: X — Y be linear operator, where X andY are Banach

spaces.

1. If A is compact, then A is strongly continuous, i.e.,
Up — u as n — oo implies Au, — Au as n — 0o.

2. Conwversely, if A is strongly continuous and X is reflexive, then A is compact.

The proof can be found in Zeidler(1990).
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2.2 Lebesgue Integration Theory

In this section, we review the notions of Lebesgue measure and Lebesgue
integral for Banach space valued functions. We then state some standard con-
vergence theorems for integrals and introduce the Lebesgue function spaces in
which we will be working. For details and proofs we refer to Zeidler(1990), unless

otherwise stated.

2.2.1 The Lebesgue Measure

Let us first give a quick outline of some fundamentals of Lebesgue measure theory.
Loosely speaking, the Lebesgue measure provides a way of describing the “size”

or “volume” of certain subsets of R".

Definition 2.15. A collection M of subsets of R" is called a o—algebra if
1. ) € M and R* € M,
2. A€ M implies R"\ A € M,

o0

3. if {4y} C M, then |J A, € M and () A, € M.
k=1 =1

k
Theorem 2.10 (Existence of Lebesgue measure and Lebesgue measurable

sets). There ezists a o—algebra M of subsets of R™ and a mapping
|- |: M — [0, +o0]
with the following properties:
1. Every open subset of R™, and thus every closed subset of R", belongs to M.

2. If B is a ball in R™, then | B | equals the n—dimensional volume of B.
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3. If {Ax} C M and the sets { Ay} are pairwise disjoint, then
| UAk |= Z | A | (countable additivity).
k=1 k=1

4. If AC B, where B€ M and | B |=0, then A€ M and | A |=0.

The sets in M are called Lebesgue measurable sets and | - | is called the
n—dimensional Lebesque measure. If some property holds everywhere on R", ex-
cept for a measurable set with Lebesgue measure zero, then we say that this prop-
erty holds almost everywhere or for almost all x € R™, abbreviated “a.e.”. In the

following, we will simply use the word “measurable” for “Lebesgue measurable”.

2.2.2 Measurable Functions

Let M C R™ be a measurable set and X a Banach space.

Definition 2.16. 1. A function f: M — X is called a step function if there
exist finitely many pairwise disjoint measurable subsets M; of M such that

|M;| < oo for all i, and elements a; of X such that

a; if xe Mz
flx) =

0 otherwise.

That is, f is constant on each set M;.

2. The integral of a step function is defined to be

/M fdx = Z | M;|a;.

3. A function f : M — X is called (strongly) measurable if there exists a

sequence { f,,} of step functions f, : M — X such that

lim f,(x) = f(x) for almost all x € M.

n—o0
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4. (Measurable functions via substitution). Let X, U be real and separable
Banach spaces, M C R" be measurable, f: M xU — X and u: M — U.

Set

If the function u : M — U is measurable, then the function F' : M — X is
also measurable provided that f satisfies the Caratheodory condition:
(a) z — f(x,u) is measurable on M for all u € U,

(b) x — f(z,u) is continuous on U for almost all x € M.

2.2.3 The Lebesgue Integral

The Lebesgue theory of integration is especially useful since it provides powerful

convergence theorems. Throughout, X will denote a Banach space.

Definition 2.17. Let X be Banach space. A function f: M C R" — X is called
integrable if it is strongly measurable and there exists a sequence {f,} of step

functions f, : M — X such that

1. f(z) = lim f,(z) for almost all x € M,

n—oo

2. given € > 0 there exists ng = ng(¢) € N such that
/ | fu(z) = fn(z)||dz < e for all n, m > no(e).
M

The second condition implies that the sequence{ | I fn(:v)d:v} is Cauchy in X, so

that we can define the Lebesgue integral of f by

/Mf(x)dx = lim | f.(x)dx (2.2)

n—oo M

One can show that this integral is well defined, i.e., the limit in (2.2) does not

depend on the choice of the step functions f,,. Furthermore if B € £(X) and the
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integral of f exists, then the integral of B f exists, and

ABf(x)dx—BLf(x)dx.

Proposition 2.11 (Monotone convergence theorem). Let {f,}, f. : M C
R™ — R be a monotone increasing (monotone decreasing) sequence of integrable
functions, with sup | [,, fodx |< co. Then f,(x) converges a.e. to some integrable

function f, and

lim an(x)dx:/Mf(x)dx.

n—oo

Proposition 2.12 (Majorant criterion). Let f : M C R™ — X be measurable.
If there exists g : M — R such that ||f(z)]| < g(x) for almost all x € M, and

[y 9(x)dx exists, then f is integrable, and

| [ s < [ swlds < [ gwar

Proposition 2.13 (Majorant convergence principle). Let f, : M CR" — X
be measurable for all n and suppose that f,(x) converges almost everywhere to
some function f: M — X. If there exists g : M — R such that || f.(z)] < g(z)
for almost all x € M and all n € N, and fMg(x)dx exists, then [ is integrable,

and

lim an(x)dx:/Mf(x)dx.

n—od

2.2.4 Lebesgue Spaces of Vector-valued Functions

We now introduce the function spaces which we will be working in, and discuss

some of their properties. Let X be a Banach space and 0 < T < oo.

Definition 2.18. By C™([0,7],X) with m = 0,1,... we denote the set of all

continuous functions u : [0,7] — X that have continuous derivatives up to order
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m on [0, 7], with the norm

[ul| = 3 max | u(t) | . (2.3)

Here, only the right-hand and the left-hand derivatives need exist at the

end points ¢ = 0 and ¢ = T, respectively, and ©(®) means u. Note that C°([0, 7], X)
coincides with C([0, 7], X) of example (2.1).

Let M C R be measurable.

Definition 2.19. By LP(M, X) with 1 < p < oo we denote the set of all mea-
surable functions u : M — X for which [, |lu(t)||Pdt exists, endowed with the

norm
1
lallarx = ( /M () %de) 7. (2.4)

If X =R or X = C, we simply write LP(M). We note that L¥((0,T), X)

can be identified with L ([0, T], X'), and one often writes LP(0, T; X ) for this space.

Definition 2.20. Let X and Y be Banach spaces over F' with X C Y. The

embedding operator j : X — Y is defined by j(u) = u for all u € X.

1. The embedding X C Y is called continuous if j is continuous, i.e., if there

exists d > 0 such that
lully < d|lul|x for all u € X. (2.5)
In this case, write X — Y.

2. The embedding X C Y is called compact if j is compact as a linear map,
i.e., (2.5) holds, and each bounded sequence (u,) in X has a subsequence

(u,/) which is convergent in Y. In this case, we write X —<— Y.

Proposition 2.14 (Properties of Lebesgue Space). Let m = 0,1,... and

1 <p<oo. Let X and Y be Banach spaces over F'. Then:
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1. C™([0,T], X) with the norm (2.3) is Banach space over F.

2. LP((0,7),X) with the norm (2.4) is Banach space over F if one identifies

functions that are equal almost everywhere on (0,T).

3. C(]0,T),X) is dense in L*((0,T), X), and the embedding
C([0,T], X) C LP((0,T), X)

18 continuous.
4. L*((0,7), X) is separable in the case where X is separable.
5. LP((0,T),X) is reflexive in the case where X is reflexive for 1 < p < co.
6. If the embedding X CY is continuous, then the embedding

L"((0,7),X) C L0, 7),Y), 1<qg<r<oo
s also continuous.

Proposition 2.15 (Hoélder’s inequality). Assume 1 < p, ¢ < oo with %—l—é =1.

Then if u € LP(M), v € LY(M), we have uv € L*(M) and

/M junldz < ulloan o] 2o

2.3 Theory of Cy—semigroups

In this section, we introduce the concept of and present some basic results
on Cp—semigroups. For more details and proofs, we refer to Pazy(1983). X and

Y will always denote Banach spaces unless otherwise stated.
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2.3.1 (Cj—semigroups
Let us first introduce the following definition.

Definition 2.21. Let {T'(t),t > 0} be a family of bounded linear operators on

X. The family {T(t), t> 0} is said to be a semigroup of operators on X if
1. T(0) = I ( I is the identity operator on X),
2. T(t+s)=T)T(s) =T(s)T(t) forall t,s>0.

The semigroup {T(t),t > O} is said to be wuniformly continuous if t — T(t) is
continuous on [0,00) in the norm topology of £(X). It is easy to show that this
is equivalent to

lim [|T°(¢) — I[|(x) = 0.
Jm () = Ileex)

Definition 2.22. A semigroup {T(t), t> 0} of bounded linear operators on X is
said to be strongly continuous if t — T(t)x is continuous on [0, 00) for all x € X.

It is easy to show that this equivalent to
lin¥r||T(t)x —z|lx =0 forallz e X.
t—0

A strongly continuous semigroup of bounded linear operators on X is called a

Co—semigroup.

Definition 2.23. Let {T(¢),t > 0} be a Co—semigroup on X. The operator A
with domain

Tt)—1
D(A):={z e X : lim Lx exists }
t—0+ t
and defined by

T(t)—1
%x, for all x € D(A),

Az = lim
t—0t

is called the infinitesimal generator of the semigroup. The operator A : D(A) C

X — X is linear but not necessarily bounded.
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Some important properties of strongly continuous semigroups of bounded

linear operators and their infinitesimal generators are formulated as follows:

Theorem 2.16. Let {T'(t),t > 0} be a Co—semigroup on X. Then there exist

constants M > 1, and w > 0 such that
IT(@t)|| < Me', t>0.

If we can choose w = 0 in Theorem 2.16, then T'(t) is called uniformly
bounded and if in addition, we can choose M = 1, then it is called a Cy—semigroup

of contractions.

Theorem 2.17. Let {T'(t),t > 0} be a Co—semigroup and let A be its infinitesimal

generator. Then

1. Forx e X,
t+h

.1
;ILE%E t T(s)xds =T(t)x.

2. Forx € X, fot T(s)xds € D(A) and

A( /0 t T(s)xds) _ Tt -

3. For x € D(A), T(t)x € D(A) and the function t — T(t)x is differentiable
with

d
ET(t)z = AT (t)x = T(t)Ax.

4. Forxz e D(A),

T(t)z — T(s)z = / t T(r)Awdr = / t AT (7)zdr.
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2.3.2 Hille-Yosida’s Theorem

In this section we state Hille-Yosida theorem which provides necessary and suffi-
cient conditions for a closed operator to be the generator of a Cy—semigroup. Let

A be a linear but not necessarily bounded closed operator on X.

Definition 2.24. 1. We say that a complex number A belongs to p(A), the
resolvent set of A, provided the operator A\l — A : D(A) — X is one-to-one

and onto.

2. If X € p(A), then AI — A is invertible, and its inverse operator R(\, A) :=

(M — A)~! is called the resolvent operator.

According to the Closed Graph Theorem, the resolvent operator R(\, A) :

X — D(A) C X is bounded. Furthermore, AR(\, A)u = R(\, A)Au if u € D(A).

Theorem 2.18 (Properties of resolvent operators). 1. If A, u € p(A),

we have
and
RO\ A)R(p, A) = R(p, A)RO, A).

2. Suppose that A is the infinitesimal generator of a Cy—semigroup of contrac-

tions {T(t),t > O}. If A\ >0, then A € p(A),

R\, A)u = / e MT(Hudt; ue X
0

and thus ||[R(\, A)|lx < 3.

Theorem 2.19 (Hille-Yosida ). A linear operator A is the infinitesimal gener-

ator of a Cy—semigroup {T(t), t> 0} if and only if

1. A is closed, D(A) is dense in X.
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2. For some w € R and M > 1, we have p(A) D {\ € C|ReX > w} and

M
—, foralln >0, ReA > w.

[(AL—=A)7" < (Reh —w)

Corollary 2.20. A linear operator A is the infinitesimal generator of a
Co—semigroup satisfying ||T(t)|| < e“t if and only if

1. Ais closed, D(A) = X.

2. The resolvent set p(A) of A contains the ray {\: Im\ =0, A > w} and for
such X\,
1

M — A< ——.
IO = A7 < —

2.3.3 Semigroups of Compact Operators

Definition 2.25. A Cy—semigroup {T(t),t > O} on X is called compact semi-
group for t >ty if T'(t) is compact operator for every t > t,. It is simply called

compact if it is compact operator for all £ > 0.

Note that if 7'(0) is compact, then X must be a finite dimensional Banach
space, since the identity operator is compact if and only if X is finite dimensional.
Hence for general Banach space, one can expect T'(t) to be compact only for ¢ > 0.
Note also that if T'(ty) is compact for some ¢y > 0, then T'(¢) is compact for all
t > to. This follows from the fact that T'(t) = T'(t — to)T (to), to > 0, and that the

composition of a compact operator with a bounded operator is always compact.

Theorem 2.21. Let {T(t),t > O} be a Cy—semigroup. If T(t) is compact for

t > to, then T(t) is continuous in the uniform operator topology for t > t.

For the converse statement one has:
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Theorem 2.22. Let {T(t),t > O} be a Co—semigroup and let A be its infinitesimal
generator. T(t) is a compact semigroup for t >ty if and only if T(t) is continuous

in the uniform operator topology for t > 0 and R(\, A) is compact for some A\ €

p(A).

2.4 Linear Evolution Equation

We wish to study both linear and nonlinear evolution differential equations
covering only deterministic systems. We shall consider the existence of solutions of
evolution differential equations. Let X be a Banach space, A € L£(X) with D(A)

and R(A) C X and consider the existence of homogeneous equation in X given by

i(t) = Az(t), for t>0, (26)

x(0) = xo,

where A is the infinitesimal generator of a Cy—semigroup in X.

Definition 2.26 (Classical Solution). The Cauchy problem (2.6) is said to
have a classical solution if for each given xq € D(A) there exists a function z(t) =

x(t, o), t > 0, with values in X, satisfying the following properties:

1. x € CY
2. @(t) = Ax(t) for all t > 0;

3. z(0) = xy.
Theorem 2.23. Let A be a densely defined linear operator on X with p(A) # (.
Then the system (2.6) has a unique classical solution for each xo € D(A) if and
only if A is the infinitesimal generator of a Cy—semigroup {T(t),t > O} on X.
Corollary 2.24. If A is the infinitesimal generator of a Cy—semigroup {T(t), t>

0}, on X, then for every xo € X, the system (2.6) has a mild solution x(t) =

T(t)xo, t > 0.
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Definition 2.27 (Weak Solution). A function z € C([0,al], X) is said to be a
weak solution of (2.6) if for every zp € X and t € [0,a] and z* € D(A")
t
(x(t),z") = (xo,2¥) +/ (x(7), A*z")dr.
0

Theorem 2.25. If A is the infinitesimal generator of a Cy—semigroup {T(t), t>

O} on X, then for every mild solution of (2.6) is weak solution.

We now consider the inhomogeneous initial value problem

@(t) = Ax(t) + f(t), t>0,

x(0) = xo,

(2.7)

where A is the infinitesimal generator of a Cy—semigroup on X.

Definition 2.28 (Classical Solution). A function z : [0,a) — X is said to be a

classical solution of the system (2.7) if
1. x € C([0,a), X);
2. € CY(0,a), X);
3. z(t) € D(A) for t € (0,a), and
4. x satisfying (2.7) on (0, a).

Definition 2.29 (Mild Solution). A function z € C(/, X) for any finite interval
I =[0,a], is said to be a mild solution of the system (2.7) corresponding to the

initial state rop € X and the input f € L'(I, X) if z is given by
t

x(t) = T(t)xo —|—/ Tt —7)f(r)dr, t>0.
0

Theorem 2.26. Let vy € D(A) and f € L1(1,X)(C((0,a),X) and suppose that
A is the infinitesimal generator of semigroup {T(t),t > O} being the corresponding

semaigroup and x, given by
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where
t
(1) = / T(t—7)f(r)dr, tel,
0
18 the associated mild solution. Then, in order that x be a classical solution, it is

necessary and sufficient that any one of the following conditions hold
1. z€ CY(0,a), X);
2. z(t) € D(A) fort € (0,a) and Az(t) € C((0,a), X).

Corollary 2.27. Let A is the infinitesimal generator of semigroup {T(t),t > 0}
being the corresponding semigroup and f € LY(I,X) and xo € X. Then on any
subinterval [0,0),b < a the mild solution x of the system (2.7), is the uniform limit

of classical solutions.

Definition 2.30 (Strong Solution). A function x € C(I,X) is said to be a

strong solution of the system (2.7) if
1. z is differentiable a.e. on I and £z(t) € L'(I, X),
2. 2(0) = zp and Lx(t) = Az(t) + f(t) a.e. on I.

Theorem 2.28. If A is the infinitesimal generator of a Cy—semigroup {T(t),t >
0} on X, then the system (2.7) has a strong solution if and only if, one of the

following conditions hold

1. z, as defined by z(t) = fot T(t — 7)f(7)dr, is differentiable a.e. on I and

L2(t) € LMI, X).

2. 2(t) € D(A) a.e. on I and Az € L}(I,X).
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2.5 Set-Valued Maps

In this section, we introduce the concept of and present some basic results
on set-valued maps. For more details and proofs, we refer to Aubin(1990). Let
Z be a Hausdorff topological space ( Z should be thought as a metric space or a
locally convex space, when appropriate )

The basis notations

27 : the collection of all subsets of Z ( the power set of Z )
22\{(} : the collection of all nonempty subsets of X,

Pi(Z) = {A C Z : nonempty, closed },

Py(2) = Py(2) U {0},

P;.(Z) = {A C Z : nonempty, closed, convex },

P.(Z) = {A C Z : nonempty, compact },

P.(Z) ={A C Z : nonempty, compact, convex },

B(z,e)={2€ Z:d(z,%) <e} and B(z,e) = {4 € Z :d(z,%) < &}
B.={z€Z:|z|l<e} and B. ={2¢€ Z:|z| <¢},

[y, z] = ordered pair in the product space Y x Z.

Definition 2.31. Let X and Y be sets, F' : X — 2Y is called multifunction or
set-valued map, if it is characterized by its graph Graph(F'), the subset of the

product space X x Y defined by
Graph(F) = {[z,yl € X x Y|y € F(z)}
We shall say that F'(x) is the image or the value of F at .

A set-valued map is said to be nontrivial if its graph is not empty, i.e., if
there exists at least an element x € X such that F(z) is not empty.

We say that F' is strict if all images F(x) are not empty. The domain of F’
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is the subset of elements x € X such that F(z) is not empty:
Dom(F) := {z € z|F(z) # 0}.

The image of F' is the union of the image (or values) F(x), when x ranges

over X:

Im(F) := | JF(x).

rET

The inverse F'~! of F' is the set-valued map from Y to X defined by
r€F 1 (y) & ye F(r) < (z,y) € Graph(F).

Definition 2.32. Consider a measurable space (€2,.4), a complete separable met-
ric space Z and a set-valued map F : Q — 27 with closed images. The map F
is called measurable if the inverse image of each open set is a measurable set: for

every open subset O C Z, we have
FHO)={weQFwnNO+#0} e A

Definition 2.33. Let (€2,.4) be a measurable space and Z a complete separable
metric space. Given a multifunction F : Q — 24. The map F is called graph

measurable if
Graph(F) ={[w,z] € QA x Z:x € F(w)} € Ax B(Z).

Proposition 2.29. Let (2,.A) be a measurable space and Z a complete separable

metric space, if F': ) — Pf(Z) is measurable, then F(-) is graph measurable.

Definition 2.34. A set-valued map F : X — 2\ {()} is called upper semicontin-

uous at x € Dom(F') if and only if for any neighborhood U of F(x),
dn >0 such that Vi € Bx(z,n), F(&)CU.
when F'(x) is compact, F' is upper semicontinuous at z if and only if

Ve >0, dn >0 suchthat Vi € Bx(z,n), F(f) C By(F(x),e¢).
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Definition 2.35. A set-valued map F : X — 2Y \ {0} is called lower semicon-
tinuous at x € Dom(F) if and only if for any y € F(z) and for any sequence
of elements =, € Dom(F') converging to x, there exists a sequence of elements
yn € F(x,) converging to y.

Definition 2.36. We shall say that set-valued map F' is continuous at x if it is

both upper semicontinuous and lower semicontinuous at x, and that it continuous

if and only if it is continuous at every point of Dom/(F).

Definition 2.37. When X and Y are normed spaces, we shall say that F': X —
2Y \ {0} is Lipschitz around x € X if there exist a positive constant [ and a

neighborhood Y C Dom/(F') of x such that
Yoy, xp €U, F(r1) C F(xg) + |2y — 22 By
In this case F' is also called Lipschitz (or [—Lipschitz) on U.

Definition 2.38. Consider a set-valued map F : X — 2V \ {0}. A single valued

map f: X — Y is called a selection of F' if for every x € X, f(x) € F(x).

Definition 2.39. Let (£2,.4) be a measurable space and Z a complete separable
metric space. Consider a set-valued map F : Q — 27\ {0}. A measurable map
f:Q — Z satistying

Yw e Q, f(w) € F(Q)
is called a measurable selection of F'.

Theorem 2.30 (Measurable Selection). Let Z be a complete separable metric
space, (2, A) a measurable space, F' a measurable set-valued map from Q to closed

nonempty subsets of Z. Then there exists a measurable selection of F'.

Theorem 2.31 (Michael’s Theorem). Let F' be a lower semicontinuous set-
valued map with closed convex values from a compact metric space X to a Banach

space Y . It dose have a continuous selection.
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Definition 2.40. Let (2, A, 1) be a o—finite measure space and Z a separable

Banach space. Given a multifunction F': Q — 27\ {0}, we define the set
Sp={feLlN,2): f(w) € F() u—ae}

For 1 < p < o0, we define
SE={fel”(Q,2): flw) € F(Q) pu—ael}.

Lemma 2.32. Let Z be a separable Banach space and (£, A, 1) a o— finite measure
space. Given F : Q0 — 272\ {0} is a multifunction, if F(-) is graph measurable and

1 < p<oo, then SE # 0 if and only if

inf{||z]| : 7 € F(w)} < h(w) p— a.e for some h e L7 ().



CHAPTER III

ORIGINAL IMPULSIVE SYSTEMS

The purpose of this chapter is to establish the existence of solutions for a
class of semilinear impulsive equations. The first section will introduce our class of
equations and the various assumptions to be used. In addition, we will discuss local
existence, global existence, uniqueness of solutions and continuous dependence of
the solutions with respect to the initial function. In the remaining section, we
will introduce admissible control space and discuss uniqueness of solutions and

continuous dependence on the initial and control value.

3.1 The first order nonlinear impulsive equation

We discuss the following impulsive equation

x(t) = Az(t) + f(t,z(t)), te(0,T)\D,
z(0) = o, (3.1)

in Banach space(X, ||-||), where D = {t1,to, -+ ,t,} C(0,7),0<t; <ty <--- <
t, < T. Ais the infinitesimal generator of a Co—semigroup {T'(¢),t > 0} and
Az(t;) = z(t}) — z(t;). This system contains the jump in the state z at time ¢
with J; determining the size of the jump at ¢;.

In what follows, let the Banach space (X, || - ||x) be the state space, I =
[0,7] be a closed and bounded interval of real line, C(/, X) denote the space
of continuous functions and C(I, X) denote the space of one order continuous

differentiable functions. Let L(X,Y") denote the space of bounded linear operators
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from X to Y and L(X) denote the space of bounded linear operators from X to
X. We denote the ball {z € X : ||z| < r} by B,.

Define PC(I,X) = {z : I — X|z(t) is continuous at ¢t # t;, left continuous at
t = t; and right hand limit z(¢]") exists }. Equipped with the supremum norm
topology, it is a Banach space.

We introduce the following assumptions.

[A] : The operator A is the infinitesimal generator of a Cy—semigroup {T(t),t >
0} on X.

[F]: f:Ix X — X is an operator such that

1. t — f(t,€) is measurable and locally Lipschitz continuous with respect to the
last variable, i.e. for any finite number p > 0 there exists constant Li(p) > 0

such that

[F (1) = F(E 2a)llx < Lalp)ller — 22 x,

Vi, 20 € B,,.

2. There exists a constant k£ > 0, such that
1f(tz)lx < k(1 +[[zx).

[J]: J;: X — X is an operator such that
1. J; maps bounded set to bounded set.

2. There exist constants h; > 0, 7=1,2,...,n such that

1 i(x) = Ji@)l| < hllz —9ll,  z,yeX.
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3.1.1 Nonlinear equation without impulsive

Now, we consider nonlinear evolution equations

i(t) = Az(t) + f(t,z(t)) t>0
(t) (t) + f(t, (1)) (32)
z(0) =z
Definition 3.1 (Mild Solution). A function = € C([0,7],X) is said to be a

mild solution of the (3.2) if x satisfies the integral equation
¢
x(t) = T(t)zo +/ Tt —7)f(r,z(1))dr, tel=]0,T].
0

Theorem 3.1. Suppose the assumptions [A] and [F] hold, then the problem (3.2)

has a unique mild solution on [0, T].

Proof: Step 1: Local existence

Define a closed ball B(zg,1) as follows.

B<x0’ 1) = {I S C([OleLX)? ||J}(t) - xO” <1, 0<t< Tl}’

where T} would be chosen later and ||z(t)|| < 1+ ||xo|| = p, 0 <t < T}, B(zo,1) C
C(]0,T1], X) is a closed set.

Define a map P on B(wg,1) by

(Px)(t) = T(t)zo + /0 T(t—71)f(r,z(r))dr

and define M = sup [|T(t)|.

te(0,7
Using assumption[F], one can verify that P maps B(wzg, 1) to B(z¢,1). To prove

this, we note that
t
|(P2)(t) — xo]| < IIT(t)z0 — ol] + / 1Tt — P)IILf (7 2(r)) | dr
t
< T (V)0 — o] + / 1Tt — r)(1 + le(r))dr
0
< || T(t)zo — wol| + Mkt + Mkpt

= ME(1+ p)t + ([T (t)zo — 2ol
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Since T'(t) is the strongly continuous Cy—semigroup, there exists 77; > 0 s.t. for
all t € [O,TH], ||T(t)l‘0 — Io” < % NOW, let 0 < Ty < m Set Tll =
min{7’, Toe} hence for all ¢t € [0,7]] we have ||(Px)(t) — x9|| < 1. This means
that (Pz)(t) € B(xo,1). Hence P : B(zg, 1) — B(xo, 1).

Next, to show that P is a contraction map on B(zg, 1).

Let 21,25 € B(x0,1). By assumption [F](1), we have

[(P1)(t) = (Pa)(1)]] S/O 17 = n)If (r21(7)) = f (7 2a(7)) [l dT

< MtLy(p)||x1 — 22|

Now, let 0 < T" = m, then ||(Pz1)(t) — (Pz2)(t)|| < %llz1 — 22| This
means that the map P is contraction map. This implies that we can choose
Ty = min{77},T}'} > 0 (small enough) such that P is a contraction map on B(zo, 1).
By contraction map principle, there exists a unique fixed point, i.e. equation (3.2)
has a unique mild solution on [0, 7).

Step 2: An (a priori) Estimate

Suppose z(-) is a mild solution of (3.2), then we have
t
[N < 1T ()l +/0 1T (¢ = TI]Lf (7, (7)) || dr
t
< Ml + Mk [ (14 la()l)dr
0
t
< M||zol| +Mk:T~I—Mk:/ |z(7)||dT.
0
By Gronwall inequality, we obtain
Rt
le (@)l < (M|lzo]| + MET)e™* 0%
< (M||zo|| + MET)eM*™ = M.

That is, there exists a constant M = (M||zo| + MET)eM*” > 0 such that for

t € [0,7] we have ||lzt)|| < M.
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Step 3: Global Existence

We give the result on existence of mild solution on [0, 7.

First, by step2 we get a priori estimate of the solutions. That is, there exists
M > 0 such that for t € [0,T] we have ||x(t)| < M.

Second, we have to find the ¢ and extend solution for [0, 7}] to [0, T7.

We start by showing that for every tq > 0, xg € X, the initial value problem(3.2)
has, under our assumptions, a unique mild solution = on an interval [ty, T}].
Indeed, let Ty = to + 6(to, ||z0]), to >0

where

: [zl
(5 = min 1, —_— .
{ k+L1(P)M}

The mapping P defined by

(Px)(t) = T(t)zo + /0 T(t—71)f(r,z(r))dr

maps the ball of radius 2M ||x¢|| centered at 0 of C([to,T1], X) into itself. This

follows from the estimate, for 0 <t <ty + 1.
t
[(Pz)@)]| < [|T'()zol +/t 1Tt = T)[[If (7, =(7))|dT
0
t ¢
< Mol + M [ O)lldr + M [ |f(roa(r) = £(7,0)ldr
to to

< Mol + ME(t — to) + ML (p) / x(r) dr
< M|jxo|| + ME(t —to) + MLy (p)M(t — to)
< M(|Jzoll + (k(t — to) + MLy (p)FD)( — o))

< 2M ||zo|

where the last inequality follows from the definition of 77. In this ball, f satisfies
a uniform Lipschitz condition with constant Li(p), so it is a contraction map on
this ball. By the contraction map principle, there exists a unique fixed point. i.e.

equation (3.2) has a unique mild solution x(t) on [ty, T1]. Since ¢ only depends on
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(to, |lzol]) and ||2(t)|| < M, z(t) can be extended to [to, T} + 6].
Especially, if tg = 0, then z(¢) on [0, 6] can be extended to [0, 26] with 6(||zo||) > 0.

By defining on [§, 20], x(t) = y(t) where y(t) is the solution of the integral equation
t
y(t) =T(t — §)x(9) —|—/ T(t—7)f(r,z(7))dr, § <t <20.
5

Moreover, § depends on ||z(d)]|.

Similarly, one can verify that the (3.2) has a unique mild solution on
29, 361, [34, 44, . ..

This implies the global existence of mild solution of (3.2).00

3.1.2 TImpulsive Evolution Equation

We consider the following impulsive equation

(t) = Ax(t) + f(t,z(t)), tel[0,T]\D,
z(0) = xo, (3.3)

Definition 3.2 (Mild Solution). A function z € PC(I,X) is called a mild

solution of system (2.1) if it satisfies the following integral equation

x@%:T@MO+Z}Ht—ﬂﬂﬂxUWh+-XITQ—QLMMQ»

0<t;<t

for all ¢ € [0, T].

Theorem 3.2. Suppose the assumptions [A],[F] and [J] hold, then the system
(2.1) has a unique mild solution on [0,T].
Proof: First, we study the following equation

#(t) = Az(t) + f(t,a(t), 0<t<t,

z(0) = x.
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By Theorem 3.1, we have

x1(t) =T (t)zo +/0 T(t—71)f(r,z:(7))dr ,t€0,t1)

is a unique mild solution of (3.4).

Now, define
t1
ni(t) = Tlt)ao + [ Tt = 1) (ran(r))dr
0
so that x;(+) is left continuous at t;.

Secondly, consider ¢ € (t1,t3]. We study the following equation

#(t) + Ax(t) = f(t,2(t), t<t<t
ZL’(tl) =T

where

xr = Qi(tl — 0) + Jl(di(tl — 0))

= z1(t1) + Ji(z(t1)).

By Theorem 3.1 again, we have a unique mild solution zo(-) satisfying for t €

(th tQ]I

msz@—mam+/ﬁw—ﬂﬂnmmwr

t1

=Ta—muwn+ﬁwmm+/dW—ﬂﬂnmmmf

t1

=Tt —t)[T(t1)xo + /0 1 T(ty — 1) f(1,21(7))dr + J1(x(t1))]

+/ T(t—71)f(r,z2(7))dr

t1

:Tmm+lﬁwrwvwmmmew—MA@m»

—i—/ T(t—7)f(1,22(7))drT.

t1

Define

2, (t it 0<t<t,
() = 1) '
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Hence
aﬂw:Junm+AHW—Tﬁﬁw@mh+Ta—ML@um.
Now define
m@g:T@ﬁ@+Awﬂb—Tﬁhwﬁ»m+Twr%QL@m»

so that xa(+) is left continuous at ts.

Third, consider t € (ta,t3]. We study the following equation

ill'(tg) = T9,

{Mﬂ+Adwf@x@L ty <t <t

where
xy = x(ty — 0) + Jo(x(ty — 0))
= 2o(t2) + Jo(x(t2)).
By Theorem 3.1 again, we have a unique mild solution x3(-) satisfying for ¢ € (2, ¢3]
x3(t) = T(t —ta)x(t2) + /t:T(t — 1) f(7,23(7))dr
=T(t — ty)[xa(te) + Jo(z(t2))] + /t: T(t—71)f(r,23(7))dr
=T(t —ta)[T(ta)xo + /;2 T(ty —7)f(1,2(7))dr + T(ty — t1)J1(x(t1)) + Ja(x(t2))]
+ /t: T(t—71)f(r,z3(7))dr
=T(t)xo + /Ot2 Tty —7)f(r,2(7))dr +T(t — t1)J1(z(t1)) + T(t — ta2) Jo(z(t2))
+ /t: T(t—71)f(r,z3(7))dr
=T(t)xo + /Ot Tt —7)f(r,x(1))dr +T(t —t1)J1(z(t1)) + T(t — ta2) Jo(z(t2))

where z(t) = x3(t) if to <t <lts.

Similarly, this procedure can be repeated on t € (t3,t4], (t4,t5],..., (tn,T], Thus
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we obtain a unique mild solution of problem (2.1) on [0, 7] given by

z(t) =T(t)zo + /OtT(t — 1) f(7,x(7))dT + Z T(t—t;)Ji(x(t;), 0<t<T.

Next, we consider the continuous dependence of solutions on the initial values.

Theorem 3.3. Assuming that the hypotheses of Theorem 3.2 are satisfied, if
xo, Yo € X and if x(t), y(t) are mild solutions of equation (2.1) which satisfy

x(0) = xo and y(0) = yo. Then there exists a constant C' > 0 s.t.

sup [|z(t) — y(4)|| < Cllzo — woll
t€[0,T)

Proof: For t € [0, ]
t
lz@)] < [T ()0l +/0 | Tt = 7)f (7, 2(7))||d7
t
< Mool + M [ K1+ fa(r))dr
0
t
< Mljzo| +Mk:t+Mk/ z(7)||dr.
0
By Gronwall inequality, we have
t
lz()|| < M(||xol| + kt) exp/ Mkdr.
0

Hence, there is a finite number p; > 0 such that ||z(¢)|| < p;. For the same reason,

ly()[] < p1. Then
Jo(6) = 0l < 1700~ ol + [ 176 =D)L 7) — S w(r)l
< Mllrg =gl + ML) | la(r) = y(r)
By the Gronwall inequality, we have
Jo(6) = (o) < Miizo —ollexp | ME(pr)ir

Hence

lz(t) =y < Cillzo = woll,
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where C; = M exp fot ML(py)dr.
For t € (t1,t5];
(@)l < 1T ()0 +/Ot 1Tt =)L (7, () ldr + [T = ) ||| 1 (@ (8) ]
< M([lzoll + hupy + [[(0)]]) + M/Ot k(L [lz(r)[Ddr
< M([lzoll + hupy + [ (O) [ + Kt) + ME /Ot [l (7)]|d-
By the Gronwall inequality, we have
[zl < M(llzoll + hapr + Kt + [|J1(0)]]) exp /0t2 Mkdr.

Hence, there is a finite number py > 0, such that ||z(¢)|| < p2. For the same reason,

ly()]] < pa. Then

() =y@)] < [T(t)z0 = T@)yol| +/0 17t = DIILf (7, 2(7)) = (7 9(7))lld
HINTE = )l (x(t) = Jiy(E)]

t
< Mlzo — yoll + M L(p2) / l2(7) = y(7)[ld7 + Mhy Cy |0 — yoll
0

= M1+ hC)lzo — yoll + ML(pz)/O l(7) = y(7)[dT.

By the Gronwall inequality, we have

() =y < M1+ hiCh)l[zo — yoll exp /Ot ML(pz)dr.
Hence
lz(t) =y < Callzo = woll,
where Cy = M(1+ h1Cy) exp fot ML(py)dr.

Repeating the procedure above, we can deduce that there exist finite p, C' > 0,

such that for ¢ € [0, T]
[zl < p, @I <p

and

() =y < Cllzo = yoll-
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3.2 Original Control Systems

In this section we introduce three different of admissible controls space U,q.
Case 1: Let I' be a compact Polish space (i.e. separable complete metric space).

We define
Ul = {u:[0,T] — T'| u is strongly measurable function}.

Case 2: Let I' be a compact Polish space, U : [0,7] — P.(I') a measurable

multifunction.

We define
U2, ={u:[0,T] — I'| uis strongly measurable function and u(t) € U(t) a.e. in0 <t < T}.

Case 3: Let I' be a separable Banach space, U : [0,7] — P.(I') a measurable
multifunction.

We define
U2, ={u:[0,T] =T ue LY[0,T],T') and u(t) € U(t) a.e. in 0 <t < T}

By the Measurable Selection theorem, the three definitions U,y # (.(see Aubin
and Frakowska (1990)).

We make the following assumptions for our control systems.

Assumption:

[F1] f: I x X x I' = X is an operator such that

1. t— f(t,&,n) is measurable, and

(&,m) — f(t,&,n) is continuous on X x I'.
2. For any finite number p > 0 there exists a constant L(p) > 0 such that

”f(t7x170-> - f(t,l’g,O’)”X < L(p)Hxl - 1'2HX:

for all ||z1]|x < p, ||2]lx < p,and t € [0,T], o €T
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3. There exists a constant kr > 0, such that

If(t,z,0)|lx < kr(l+|z]x) (Vo €T, tel).

We consider the following original control system

x(0) = xo, (3.5)

Definition 3.3 (Mild Solution). A function z € PC(I,X) is called a mild
solution of system (2.2) with respect to u € Uyq if x satisfies the following integral
equation

x(t) = T(t)xo + /o Tt —7)f(r,z(7),u(r))dr + Z T(t—t;)J;(x(t;))

0<t; <t

for all t € [0, 7.

Theorem 3.4. Suppose the assumption [A], [J] and [F1] hold. For every xo € X

and u € Uyq, the system (2.2) has a unique mild solution.

Proof: Let u € U,y and define g, (t, z) = f(t,x, u).
Since f is measurable, then g, : I x X — X is measurable on [0, T for each fixed
x e X.
Hence g, satisfies assumption [F]|. By theorem 3.2, the system (2.2) has a unique
mild solution x € PC(1, X).

Next, we consider continuous dependence of solutions on parameters such

as initial states and controls for the controlled system (2.2).

Theorem 3.5. Assuming that the hypotheses of Theorem 3.4 are satisfied, and

that there ezists a nonnegative Lo(py) for any finite number p; > 0, provided
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lz1]|x, [|z2llx < p1, such that for every o1,09 € I' (in case 3):

| f(t,21,01) — f(t, 22, 09)||x < La(p1) (|21 — 22l x + [|on — 02fIr).

Then the mild solution of (2.2) is continuously dependent on the initial value and
control with respect to the strong topology X x L*([0,T],T), i.e., let x¢ ., and x, .,
denote the mild solution of (2.2) corresponding to the initial value and control

{& w1} and {n,us} respectively. Then there is a constant C' > 0 such that

tSEéI;} e (1) = s (B)|] < CUIE = nllx + llur — w2l L1 o.11,m))-
€10,

Proof: It suffices to prove the inequality above, since it also implies continuity,

For t € [0, 4]
s (O < ITOINEN+ [ 17 =7 (r) 0 ()
< Mg+ M [ ke + e (D
< Mgl + Mt + 2k [ e (7).
By the Gronwall inequality, we have
g (01 < MCIE] + het) exp(Ot | ).

Thus there is a finite number p; > 0, such that ||zg,, (¢)|| < p1, For the same
reason, 2, (1)]| < 1.

Then,

¢,u1 (8) = 2pus (]| < /0 1T =TS (7 e (7), (7)) = F (75 25 (T), ua (7)) [ dT

+HIT@)11E —nll
< M/0 La(p1) ([T, (7)) = Ty (T + [Jua (7) — ua(7)|)dr
+M||€ — ||

< M€ —nll + M Ly(p1)[Jur — uz|| 21 o,r),1)

t
ML) [ e (7) = 200 ()
0
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By the Gronwall inequality, we have

t1
[ ur (8) = Ty ()] < M| =1l + La(p1) [ur — w2l 21o,1y1)) exp(MLz(m>/0 dr).
Hence,
[Te,uy (8) = Ty (O] < Cr[1€ = 1l + [[ur = wallLroryry)
where Cy = M max(1, Lo(p1)) exp [, M Lo(p)dr.
For t € (t1,t2):
[, ()] < [T(E)[[1I€]] +/0t 1T = T (7, 2 (7), ua (7)) || dT
HT(E = ) 11 (e, (22))

< MU+ hup + B + 1 [ k1 + e, (1)
< MU+ hupy + O]+ ket) + M [l (7
By the Gronwall inequality, we have
e (O] < MUIE] + b+ 160V + krtyesp [ Mk

Thus, there is a finite number p, > 0, such that ||z¢,, (t)|| < p2. For the same
reason, [[7qu(t)]| < o2

Then,

126y () = Tpap (B < /0 1Tt = TS, D (7),ur (7)) = f(7, 20, (7), ua(7)) || dT

1T =t 1 (ze s (t1)) = Ji(@nu EO)I -+ NTEONE = nll

< M/O La(p2)([[e,uy (7)) = T (T) || + [Jua (7) — wa(7)[[)d7
+M|[€ = nll + Mhy||zeu (1) — T (81|

< M(Cihy + La(pa))|lur — sz Lro,ryry + M(1+ Cihy)|[€ — ]|
M [ Lalpllzean (7) =t (Dldr

0
< Mw(|§ = nllx + |lur — a1 qo.ry,m)

t
M [ Lol o6 (7) = 27
0
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where w = max(1, La(ps)) + C1h;.

By Gronwall inequality, we have

e (1) = Ty (B)[] < Co(l|€ = nllx + Jur — el L1 o,11,1))

where Cy = M{max(1, La(p2)) + C1h1} exp fgg M Ly(p2)dr.
Repeating the procedure above, we can deduce that there exist finite number

p and C' > 0, such that for ¢ € [0, T:

[z O <, Nnw @] < p,

and

Sup, 220,01 (1) = @yo, (B) | < Cllz0 = ollx + llur = w2l L1o.11.1))-
€10,



CHAPTER IV

RELAXED IMPULSIVE SYSTEMS

In this chapter, we introduce the space of relaxed control and study the

existence and uniqueness of relaxed control systems.

4.1 Relaxed Control Spaces

In this section we introduce some basic concepts and results that are nec-

essary for the theories in this chapter. For details and proofs we refer to Fattorini

(1999).
Let I be compact polish space (i.e separable complete metrics space )
Define
Y =C)={u:T — R | uis continuous}
with norm

|lully = sup |u(o)| < 4oc.
oel’

First, to show (Y] - ||y) is normed space. Let u,v € Y and « be a scalar.
(N1) Since |u(o)| >0 for all 0 € T' so sup|u(o)| > 0. Hence ||ully > 0.

el

(N2)

[ully =0 < supfu(o)| =0
oel
& |u(o)] =0 Voel
s ulo)=0 VYoel

< u=0.
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Hence ||ul]ly =0 < u = 0.

(N3)

|aully = sup[au(o)|
el
= sup |al[u(o)]|
el

= || sup |u(o)]
el

= lafllully-

Hence ||aully = |al||ul]y.
(N4)

lu+vlly = sup |(u+v)(o)]
[AS]

= sup [u(o) +v(o)|

< ig(lﬂ(ﬁ)! + [v(o)])

= sup [u(0o)| + sup |v(o)]|
oel oel’

= llully + llvfly-
Hence ||u+vlly < |Jully + [Jv]]y-
So (Y, || - |ly) is normed space.
Next, to show (Y, | - ||y) is Banach space.

Let {u,} CY be a Cauchy sequence. Then for every o € T', we have
|un(0) — um(o)] — 0 as n,m — oo.
Since R is Banach space, u,(0) — u(o) as n — oo. It implies that u is bounded

and continuous, we have u(-) € Y. Hence (Y, || - ||y) is Banach space.l

Let ®(C) be a o—field generated by the collection C of all closed subsets of T'.

Then we have (I', ®(C)) is measurable space.
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Definition 4.1. Let X be a Hausdorff topological space. A Borel measure on X
is a measure whose domain is B(X). Suppose that A is a o—algebra on X such

that B(X) C A. A positive measure p on A is regular if
1. each compact subset K of X satisfies u(K) < 400,

2. each set A in A satisfies

p(A) =inf{p(U) | AC U and U is open}, and

3. each open subset U of X satisfies

pu(U) =sup{u(K) | K C U and K is compact}.

Let ¥, (I") be the space of all regular countably additive measures on the mea-

surable space (I', ®(C)). For u in ¥,.,(I"), |¢| denotes the total variation of p.

Lemma 4.1. The dual space C(I')* can be identified algebraically and metrically
Yrea(I') with the norm || pls, ..y = |1|(I'). The duality pairing of C(I') and E,cq(I)
15 given by

(o) = / f(0)u(do).

Definition 4.2. Given a Banach space X, we say that an X*—valued function

f() is X—weakly measurable if

t (f(t),y)

is measurable function for each y € X.
We denote by L°(I,C(I')*) the linear space of all C'(I')*—valued C(I")—weakly

measurable functions g(-) such that there exists C' > 0 with

[(9(®), )| < Cllyllery ae in0<t<T, (4.1)
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for each y € C(I'), (the null set where (4.1) fails to hold may depend on y). Two
functions g(-), h(-) are said to be equivalent in L°(I,C(I")*) (in symbols, g ~ h)

if (g(t),y) = (h(t),y) a.e. in 0 < ¢ <T for each y € C(T).

Let L'(I,C(I")) be the space of all (equivalence class of) strongly measur-

able C(I")—valued functions u(-) defined on I such that

Jull = [ o) e < o
We have L'(I,C(T)) is Banach space.

Lemma 4.2. The dual L'(I,C(T))* is isometrically isomorphic to L(I,C(T)*).

The duality pairing between both spaces is given by

(g, f)) = / (g(t), F(1))dt. (4.2)
Where g € L(1,C(T)*) and f € LY(I,C(T)).

Proof: If g(-) € L(I,C(I')*), the integral (4.2) makes sense for every f(-) €
LY(I,C(T)) and defines a bounded linear functional in L!(I, C(T)).
In fact, if f(-) is countably valued, the function ¢ — (g(t), f(¢)) is measurable in

each set where f(t) is constant, thus it is measurable, and

[{g(@), FO)] < N9l a.oammllf Ollowy  ae im0 <t <T. (43)

That t — (g(t), f(t)) is measurable for any f(-) € L'(I,C(T')) and (4.3) holds
follows approximating f(-) uniformly a.e. by countably valued functions.
Inequality (4.3) also shows that, if ||g[[1(;,c(r))- is the norm of g(-) as a linear
functional in L'(I, C(T")) then |||l z.cmy < 19llLeer.om)-

To prove the opposite inequality, let ¢ > 0. By definition of ||g||r(I,C(I')*)
there exists y € C(I'), |ly]| = 1 and a set e of positive measure 0 < ¢t < T such

that (g(t), f(t)) > ||g9/|Lee(r,ory) — €(t € e). Hence, if x(-) is the characteristic
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function of e we have (g, xy) > le|(||g]

Leemy) — €) so that |lgllorem)y =
9l 0wy —

We now show that every bounded linear functional in L'(7,C(T")) admits
the representation (4.2). Let ¢ be such a functional. Given f(-) € L'(I), the map

y — ¢(f(-)y) is a linear functional in C(I"). Since

(SO < lllcraomy-

o llvllem, (4.4)

this functional is bounded (with norm < [|¢|| 117,y || f]|z1 (1)), thus there exists

yy € X* with ¢(f(-)y) < (yj,9) and [[yjllowy < 9l a.cmy)-

Consider the map

By = yj (4.5)

from L' into C(I')*. Obviously, B is a linear bounded operator from L'([)
into C(I')* with norm || B||.ra).cmyy < ollrae@y+ By Theorem 12.2.4
(Dunford-Pettis Part 1) in Fattorini(1999), there exists a representing function

g(+) € Ly (I,C(I)*) satisfying ||g||ree 1,00y = | Bl (21 (1),c(r)+) and such that

o(f()y) = (Y}, y) / f(t) (4.6)

for f(-) € L'(I) and y € C(I'). The argument after (4.3) shows that

9l zee .oy = @lleromy=- Moreover, taking fi(-),..., fo(-) € L*(I) and

yl: oo )yn € O(F) we have

o3 fulm) =3 / Ao midt = [ (00,3 feltymar

The proof of Lemma (4.2) ends observing that elements of the form ) fi(+)yx with

fe(:) € L*(I) and y;, € O(T') are dense in L'([).

Definition 4.3 (Radon-Nikodym Property). A Banach space X has the

Radon-Nikodym Property with respect to (2, %, ) if for each pu—continuous vector
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measure GG : ¥ — X of bounded variation there exists g € L'(y, X) such that
G(E) = [, gdu for all E € X.
A Banach space X has the Radon-Nikodym Property if X has the Radon-

Nikodym Property with respect to every finite measure space.

Definition 4.4. A Banach space E is called a Gelfand space if every E—valued

absolutely continuous function is differentiable almost everywhere.

Theorem 4.3. Let E be either (a) reflexive or (b) separable and the dual of another

Banach space. Then E is a Gelfand space.

The result above identifies some Gelfand space through the equivalent
Radon-Nikodym property.

*

Since I' is a compact metric space, C'(I')* is a separable Banach space

and hence has the Radon-Nikodym property which tells us that L'(I,C(T'))* =

L(1,%,0(T).

Definition 4.5. The space R(I,I") of relaxed controls consists of all u(-) in

L®(1,%,(T)) = LY(I,C(T))* that satisfy

1. if f(-,-) € L'(I,C(I")) is such that f(t,0) >0 for 0 € T a.e. int € I then
T
/ /f(t,cr)u(t,da)dt >0,
o Jr

2. if x(t) is the characteristic function of a measurable set e C [0,7] and 1 €

C(T") is the function 1(¢) = 1, then
/O / (x(t) ® (o)) pa(t, dor)dt = o]

Note that x(-) ® 1(-) € L*(I,C(T)).
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We note that (2) can be generalized to

/OT /F(¢(t) ® 1(o0))pu(t, do)dt = /OT o(t)dt

for any ¢(-) € L*(I).

In fact, for p(-) € R(I,T"), we have
|l oot ey <1, pu(t) >0, and p(t,I') =1l ae in0<t <T.

In particular,

11(®)]|syeary =1 ae. in 0 <t <T.

Lemma 4.4. Let {y,(-)} be a sequence in R(1,I"). Then there ezists a subsequence

LY (I,C(T"))—weakly convergent in L>®(I,%,.(T)) to u(-) € R(I,T).

Sometimes, using another equivalent definition of R(I,T") is more conve-
nient. We denote by II,.,(T") the set of all probability measures p in ¥, (T"). We
denote the Dirac measure with mass at u by the functional notation 6(- —u) or by

dy. The set D = {0, : u € I'} of all Dirac measures is a subset of I,.,(I").

Lemma 4.5. II,.,(I") is C(I')—weakly compact, also C(I')—weakly closed in
Drae(T).-

Let conv denote closed conver hull (closure taken in the weak C(I')—topology).
Then

Hrca(r) - W(D)

Since C(I") be a Banach space Il (I") C %,.(I") convex, bounded and
C(I")—weakly closed. A set D C 11, (I") is total in 11,4, (T") if conv(D) = I1,..o(T)
where conv(D) is closed convex hull in the C'(I')—weak topology of ¥,.,(I"). This

means that for every u € Il,.,(I") there exists a generalized sequence {u;} C



54

conv(D) with up, — u C(I')—weakly. Since C(I') is separable, the equivalent

relation in L°(1, 3,.,(I")) is equality almost everywhere. Let us denote the set

R(I,1,.(T)) = {u € L2(1, %, (1)), Jv s.t.

vawand v(t) € IL,(I) ae in0<t<T}.

If u(-) € Uyq then one can check that the Dirac delta with mass at u(t) (written
d(- —wu(t))) is an element of R(I, 1L, (I")). Hence we can identify U, as a subset

of R(I,11,.(I")). We note further that R(1,1L,. (")) = R(I,T)

4.2 Original Control Systems and Relaxed Control Sys-

tems

4.2.1 Original Control Systems

Let Uy = U,y be the set of all strongly measurable I'—valued functions defined in

0 <t <T. The original control system is

We will go back to assumption [F1].

[F1] f: I x X xI' = X is an operator such that

1. t — f(t,&,n) is measurable, and

(&,m) — f(t,&,n) is continuous on X x I'.
2. For any finite number p > 0 there exists a constant L(p) > 0 such that
”f(ta L1, U) - f(ta T2, U)”X < L(p)Hxl - 1'2HX7

for all ||z1]|x < p, ||2]lx < p,and t € [0,T], o €T
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3. There exists a constant kr > 0, such that

1f(t 2, 0)lx < kp(l+[z]lx) (Vo el tel).

Theorem 4.6. Assume that assumptions [A], [J] and [F1] hold. For every u(-) €

Uy, the original control system (4.7) has a unique mild solution.

Proof: For any given u(t) € U, fixed, we have that f(¢,z,u(t)) satisfies as-
sumption[F]|. By theorem 3.2, the original system (4.7) has a unique mild solution

z € PC([0,T),X) :

Details can be found in Theorem 3.4.

4.2.2 Relaxed Control Systems

Let U, = R(I,T") = R(I,11,,,(I")) be the space of relaxed controls. Given any

relaxed control u(-) € U,, the function F': I x X x 3,.,(I") — X is defined by

F(t,x),u = /Ff(t,l’,O'),u(dO'),

the integral interpreted coordinatewise. For each ¢, x, F(t,x) is a linear operator
from %, (") into X.

For fixed x € X, by assumption [F1], each t — f(¢,x,-) is measurable and (¢, 0) —
f(t,z,0) belongs to L*(I,C(T)).

For p € I1,4.(I") fixed, hence

F(t,:l]),u = /Ff(t,.T,U),u,(dO')

is meaningful.

Now, let us consider the new larger system known as relazed impulsive system
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corresponding to (4.7)

The admissible control space is U,..

Theorem 4.7. Assume that assumptions [A], [J] and [F1] hold. For every u(-) €

U,, the relaxed control system (4.8) has a unique solution.

Proof: For y; € U, be fixed, by assumption [F1], (t,0) — f(t,z,0) € L'(I,C(T))
and on the other hand p; € L®(I,%,.,(I")). Hence F(t,z)u; = fr f(t,z, o) (do)
is meaningful and denoted by F(t,z).

By definition of the duality pairing between L'(I,C(T')) and its dual

L*>®(1,%,0(T)), the function

Fo (f(t ), u(t) = / £tz 0)u(t) (do)

belongs to L'(0,T). In particular, the function F(t, ) is measurable.
Next, we show F(t, ) satisfies the Lipschitz continuity property.
Let x1 and x5 belong to X, s.t. for any finite p > 0, provided ||z1]|x, [|z2]lx < p,

we have

1E (8, 21) — F(t,z2)| S/llf(tal“hﬁ)—f(t,wzvg)HMt(dU)
r
< L(p)llxy = o[l pell 2 catry-
If u(-) € U, we may assume that ||u(t)|| = 1, thus F(t,z) satisfies Lipschitz

continuity property.

Finally, we show the linearly growth condition for F(t,z).
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Let x belongs to X, we have

|E(t )] = | / F(t,2.0)u(do)|
< / 1£(t, 2. 0) | e(do)

< kp(L+ (lz|)|lpell s eam

and it clearly holds independently of u(-) € U,. Hence, E(t, z) satisfies assumption

[F]. By theorem 3.2, the relaxed control system (4.8) has a unique solution.

4.2.3 Original and Relaxed trajectory

We will denote the set of original trajectories and relaxed trajectories of system

(4.7) by X, and system (4.8) by X, respectively, i.e.

Xo = {2z € PC([0,T]; X)|  is a solution of (4.7)corresponding to u(-) € Uy}

and X, = {z € PC([0,T]; X)| « is a solution of (4.8) corresponding to u(-) € U, }.

By Theorem 4.6 and Theorem 4.7 show that Xy # @) implies X, # () Moreover,

since Uy C U, we have Xy C X,.

4.3 Properties of relaxed trajectories

We introduce one more hypothesis concerning the operator A.
[A1] An operator A is the infinitesimal generator of a compact Cy—semigroup

(T(t),t > 0}.

Lemma 4.8. Let A satisfy assumption [A1] on some Banach space X. Let p > 1

and define a linear operator S by

St0(0) = | Tt s)gs)ds g e D((0,T),X).

Then S : L*((0,T),X) — C([0,T], X) is compact.
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Proof: Let M = Oi?ETHT(t)H and let || - || and || - || r((0,7),x) denote the norms
on C([0,T], X) and L?((0,T), X) respectively. Also let g5 € LP((0,T), X) with
gkllr(01),x) < 1, VE > 1. We need to prove that {S(gi)}r>1 € C([0,7],X) and
that this sequence possesses a convergent subsequence. To this end, we show that
the assumptions of Arzela-Ascoli’s theorem are satisfied.

We first prove that {S(gx)(t)}x>1 is relatively compact in X for each ¢ €
[0,7]. In fact, for ¢ = 0, this trivial. So let ¢ € (0,7] be fixed, and let € > 0 be

given. If 0 < § < ¢, then

S(000) = [ Tt )i
t—4d t
= /0 T(t — s)gr(s)ds + /t_(s T(t — s)gx(s)ds (4.9)

t—4 t
T(6) /0 T(t—6—s)gr(s)ds + /t—é T(t — s)gr(s)ds.

Now set xp = Lia T(t — s)gr(s)ds and yg = 0t_6 T(t—6—s)gr(s)ds. We
estimate the norms of x;, and y;. Note that for 0 <t; <t, <t < T,

t2
t1

H/t1t2T(t—8)gk<S)d8HXS/ 1Tt = 9)[|llge(s) || xds
< ([Fir— o) ([ oo as) Taao

t1 t1

< Mty — t:)Y) gell, < M(t2 — t1)"/q.

Here we have used Holder’s inequality with % + % =1

Thus, reducing § so that § < (53;)?, we obtain from (4.10) that
lallx < M6V < 5,

and also that

lyullx < M(t—0)Y? < MT9

for all k. This shows that the set {yx}r>1 is bounded in X. Thus by the com-

pactness of the operator T'(9), we can find a finite set {z; : 1 <i <m} in X such
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that

{T(6)yrte=1 C UO%<Z1'>‘

i=1

This means that for each k > 1, there exists an element z; so that

€
T(0)yr — zi]|x < 5

Then for these values of k and i we have by (4.9),

15(gr)(t) — zillx = (T (0)yx + 1) — 2illx
< |NTO)yr — zillx + [|zellx

< €.

This show that {S(gx)(t)} C Lnj O-(z), so that {S(gx)(t)}x>1 is totally bounded
in X. Thus {S(gx)(t) }x>1 is rell_altively compact in X.

Next, we show that the family {S(gx)(t) }x>1 is equicontinuous on [0, 7. Let
e > 0 be given. Set ¢’ = (55;)?, and choose 6 > 0 so that § < ¢&’. Let ', t € [0, 7]

with 0 < ¢ — ¢ < §. We consider two cases, t' < & and ¢’ > &’. If ¢/ < &’ then by

(4.10),

15(gi)(t) = Sgr) ()l x < 115 (g) ()llx + 15 (ge) (8) ]l x
S/O HT(W—S)|H|gk(8)llxds+/0 IT(t = s)l[llgr(s)llxds

< 2M ()Y < 2M ()1 < e. (4.11)
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If t > &' then

t/

S(ge)(t) = S(ge)(t) = [ T(t" = s)gr(s)ds — /0 T(t = s)gr(s)ds

t

Tt — s)gr(s)ds + /t Tt — s)gr(s)ds — /0 T(t — s)gr(s)ds

t/

Tt — s)gr(s)ds + /o Tt —s)—T(t —s)}gr(s)ds
/Nﬂ—$%@M&+A_1T@Uw)—T@—QMAQ$

t

+ {T({#' —s)—T(t—s)}gr(s)ds

t—e!

=L+ 1)+ Is.

— T —

We now estimate each of the integrals. By (4.10),

It =) [ 7 - sty < e - < e =2
and,
il = | [ @ =9 -1 - oo
< [ r@ = oawolxds + [ = lauts) s

< 2M ()1 < %

Finally, applying Holder’s inequality and a change of variables,
t—e’
Il = [ {00 -9~ 76 - Nats)as]
0
t—e’
< [ =) - 1= llao)lxds
0
t—e’ 1/q t
< Tt —s)—T(t— s)||%s /
(] ) ()
t , 1/q
< ([ 1w —t+9 - 1)) Manlzson.n

g(Zﬂww—t+@—T@mmgw?

_&J

1/p
lgw(s) 1% ds)

Since T'(t) is a compact semigroup, it is uniformly continuous on [¢/, T, and thus

the integrand can be made arbitrarily small by choosing ¢' — t sufficient small.
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Reducing ¢ if necessary, it follows that ||I5|| < § provided that ¢’ —¢ < §. Thus,

15(gi) (@) = S(gr) Dllx < [ Lllx + [12llx + [ Ts]lx <e.

which shows that {S(gx)}x>1 is equicontinuous on [¢/, T']. Combining with (4.11),
we have shown that {S(gx)}x>1 is equicontinuous on [0,7]. In particular, each
S(gx) is an element of C([0,T], X).

Finally, {S,} is uniformly bounded, as by (4.10)
S(gr) ()| < Mt/ < MTY4

for all t € [0,T]. Arzela-Ascoli’s Theorem now establishes that {S(gx)} possesses

a convergent subsequence and thus the compactness of the operator S.
Lemma 4.9. Let X be reflezive and separable. Suppose the assumptions [A1]

and [F1] hold. If {u™(-)} be a sequence in L¥(I,%,.(T)) with p"(-) —

u(-) LYI,C(T))— weakly as n — oo then
pl) = [ T(=7) [ £ (e).0) 0" ()=l )i = 0 i C(1.X) asn = .
where z € C([0,T],X).

Proof: Due to reflexivity of X, T*(¢),t > 0 is a Cy—semigroup in Banach space

X* ( Ahmed, 1991)
Define  gu(7) = [ f(7,2(7), 0)(u™(7) — pu(7))(do)
then
lgn ()] < /F||f(7,ﬂf(7),0)||(u”<7) — u(7))(do)
< kp(L+ lz(m) DA™ (7) = w75 )
< 2kp(L+ [lz(n)]]).

Since x(t) is the solution of (4.8), then it is bounded by M. This implies that

{gn(-)} is bounded in LP(I,X), 1 < p < oco. Hence there exists a subsequence
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(denote with the same symbol) with g,(-) = g(-) in LP(I, X).

By lemma 4.8, we have
pn(-)Z/ T( = 7)go(r dT—>/ - 7)g(r)dr = p(-) in C(I,X).
For fixed 0 < t < T, h* € X*, we have
(pa).1) = [ (=g, )i
= [0 7t = s
/ (2,00 T (¢ = 1) () = )

- / / £(7,0) (" (7) — () (do)dr

where &(7,0) = (f(1,2(7),0), T*(t — 7)h*).
By assumption [F1], for 7 fixed, the map o — £(7,0) is continuous. This implies

that {(7,0) € C(I") and
[€(r, )| < k(L + [lz(7)])-

Hence &(-,-) € LY(I,C(T)).

Since p™(+) — pu(-) LY(I,C(T'))—weakly, then
t
| [ - nm)tdnyit — 0 as 0 oc
0 Jr
This implies that, for fixed ¢t € I,
(@), B") — 0 VA" € X",

Hence p,(t) —— 0 as n — oo. Thus p(t) = 0. This means that p,(-) — 0 as

n — oo in C(/,X).00

Remark: Using the same proof, one can see that the result of Lemma 4.9 is also

true when z € PC([0,T7], X).
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Theorem 4.10. Let X be reflexive and separable. Suppose the assumptions [A1],
[J] and [F1] hold. If x(-,u) be the solution of (4.8) corresponding to u then, for
every € > 0, there ezists u(-) € Uy such that x(-,u) is solution of (4.7) correspond-

ing to u and satisfying
Nz (-s ) = 2(-,u)| pea,x) <, tel.

Proof: Let u(-) € U,, since Uy C U, and Uy is dense in U,. Thus there exists a
sequence {u,} C Uy such that w, -, L.
Let z,(-) = z(-, u,) be the solution of (4.7)

and z(-) = z(-, ) be the solution of (4.8) corresponding to .

Since
a(t) = T(t)x0+/0tT(t—T)f(T, 2 (7) d7+0;<t (t —t;) Ji(za(ts))
= T(t)z, + /0 tT(t —7)| /F f(7, 20 (7),0)04, (7)(do)]dr
+ O;tT(t — ) Ji(za(t:))
and |
x(t):T(t)x0+/ (t—7)| /fo )(do)] dT+O<tZ<t (t —t:) Ji(z(t))
we have

£alt) — (t) = / T(t - )| / (s 2(7), 08 (7) — (7, 2(r), 0)bu (7)) (do)dr

n / T(t - 1) / F(r, (1), 0)Bu () — u(r))(do)dr
+ Z (t = t)[Ji(zn(t) — Ji(z(L:))]

0<t;i<t
= Il + ]2 + 13.

By the Lipschitz condition [F1], we get

1< [ 2)latr) o)l



where I} = [i T(t — 7)[ [ (f (T, 20(7),0)8u, (1) — f(1,2(7), )84, (7)) (do)|dT

and M is a bound for ||T'(¢)|| in 0 <¢ <T.

Using assumption [J](2), we have

] < Y Mhylla(t) — ()|

o<t; <t

where I3 = Y T(t —t;)[Ji(zn(ts)) — Ji(z(t;))]-

0<t; <t
We denote the second integral Iy by p,(t), i.e

Lo

pu(t) = Iy E/O T(lf—T)[/F f(r,2(7), 0) (0w, (7) — u(7))(do)]dr.

64

[l () —z(8)]] < M/ P)lzn(r) =2(D)ldr+ Ol + Y Mbillza(ts) =2 (t)])-

0<t;<t

By the impulsive Gronwall inequality, we obtain

l2n(t) = ()] < Cllpn(@)]

where C' = ] (14 Mh;)exp(ML(p)t).

0<t; <t

By using lemma 4.9, we have that p,(-) — 0 as n — oo in PC([0,7], X). Hence

Zn(-) — z(-) as n — oo in PC([0,7], X). The proof is now complete.[]



CHAPTER V

RELAXED OPTIMAL CONTROL

In this chapter, we now study the existence of optimal Lagrange-type con-

trols.

5.1 Relaxed optimal control

5.1.1 Original optimal control problem

Let U,q be the set of all strongly measurable I'— valued functions defined in 0 <
t<T.

Consider the following original control system

z(0) = xo, (5.1)

The cost functional J is given by

J(u) = /l(t,xu(t),u(t))dt,

I

where x,,(+) is solution of system (5.1) corresponding to the control u € U,g.
Consider the following Lagrange optimal control problem (Fp):

Find a control policy ug € U,y such that it imparts a minimum to the cost func-
tional J, i.e.

J(UQ) S J(u), Yu € Uad'
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5.1.2 Relaxed optimal control problem

Let U, = R(I,T") be the space of relaxed controls.

Consider the following relaxed control system

The cost functional J is given by

160 = [ [ ttufe). ot o

where z,(-) is solution of (5.2) corresponding to the control p € U,.
Consider the following Lagrange optimal control problem (P, ):

Find a control policy py € U, such that it imparts a minimum to the cost functional
J, i.e.

J(po) < J(p)  VpeU,.

5.2 Existence of relaxed optimal control

We make the following hypotheses concerning the integrand (-, -, ).

[L] [:IxXxI —R=RU{+o0o} is an operator such that
1. (t,&,0) — I(t,&, o) is measurable,
2. (&,0) — (t,&, 0) is lower semicontinuous,

3. |U(t,&,0)| < Or(t) for almost all ¢ € I provided that [|{]|x < R,0 € T" and

On(t) € LY(I).

Before proving the existence of the relaxed control, we need a lemma.
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Lemma 5.1. Suppose h : I x X x I' — R satisfying

(1) t — h(t,&, 0) is measurable, (§,0) — h(t,&,0) is continuous,

(2) |h(t,&, 0)| < r(t) € L) provided that ||¢||x < R and o € T.
If £, — x in C(I,X) then h,(-,-) — h(-,-) in LY(I,C(T)) as n — oo,

where hy,(t,0) = h(t,x,(t),0) and h(t,o) = h(t,z(t),0).

Proof: It follows immediately from the first hypothesis of this lemma that
hn,h € L*(I,C(T)).

For each fixed ¢t € I, we shall show that h,(t,-) — h(t,-) in C(I") as n — oo.

By definition, we have

sup |hn{t7 J) - h(t7 U)l = ”hn(t7 ) - h(t7 ')”C(F)'

oel

Since I' is compact, there exists o, € I'" such that
hn(t,00) = h(t, 00)] = [[hn(t, ) = B(E, )]l e

and we can assume o, — ¢* as n — 00.We note that

sgg \hn(t,0) — h(t,0)| = |ha(t,0n) — h(t, 0,)|
< Vhats5a) — hats )] + [hats ™) — hi(t, )|
+|h(t, o) — h(t, o).
Then, by continuity of h, we have |h,(t,0,) — h(t,0,)] — 0 as n — oo.
This means

|hn(t,-) = h(t,")|lcay = 0 as n — oo.
Assuming that z, — = in C(I,X) as n — oo then there exists R such that
lzn @], @) < R.
Hence, by the second hypothesis of this lemma, we have

< Yg(t) +¥r(t) = 2¢r(t).
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We have
i [[ (1) — h(t. )l = 0.
hence
[ Wt = bt et =0
and

This implies

We have

hn(s,) = h(-,+) in LY(I,C(T)) as n — oo.

This proves the lemma.[]
Let m, = inf{J(u) : p € U,}. We have the following existence of relaxed optimal

control.

Theorem 5.2. Suppose assumptions [Al], [F1], [J] and [L] hold. Then there

exists p* € U, such that J(p*) = m,.

Proof: Let {y,} be a minimizing sequence so that T}l_}r& J(pon) = m,.
Recall that U, is w*—compact in L>(I, %, (T")), by passing to a subsequence if
necessary, we may assume i, “ ' in L2(1, %, () as n — oo.
Next, we shall prove that (x, 1*) is an optimal pair, where z is the solution of (5.2)
corresponding to p*.

Since every lower semicontinuous measurable integrand is the limit of an in-

creasing sequence of Caratheodory integrands, there exists an increasing sequence

of Caratheodory integrands {l;} such that

I(t,&,0) T U(t,&,0) as k— oo forall tel,oel.
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Invoking the definition of the weak topology and applying Lemma 5.1 on each
subinterval of 0,7, Ix(t,z,(t),0) — lx(t,2(t),0) as n — oo for almost all t € [

and all 0 € I'. Then

J(z, 1) = J(1")

/I/r I(t, 2(t), o)p*(t)(do)dt
= [ o 0.0 waoa

k—o00

~ lim lim /I /F (s 2 (2), )i (1) (dor)t

k—o00 n—oo

< lim /I /F It 2 (1), ) i (1) (dor)

n—o0

= m,.

However, by definition of m,., it is obvious that J(x, u*) > m,. Hence J(z,pu*) =

m,.. This implies that (x, 4*) is an optimal pair.[]

5.3 Relaxation Theorem

Suppose that problem (Fy) has a solution i.e. If J(u) = [, {(t,z(t), u(t))dt

is the cost function for the original problem, then Jug € U,y s.t.
J(ug) < J(u) Vu € U

or

J(up) = inf{J(u), u € Uua} = mo.

In general, since U,y C U,, we have m, < my. It is desirable that m, = my, i.e.
our relaxation is reasonable. We have the following relaxation theorem. For this,
we need stronger hypotheses on [ than [L]:

[L1] 1: I x X x ' = R is an integrality such that
1. (t,&,0) — I(t,&, o) is measurable,

2. (&,0) = (t,&, o) is continuous,
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3. |U(t,&,0)| < Ogr(t) for almost all ¢t € I, provided |[{]|x < R, ¢ € ' and

Or € Ll(])

Theorem 5.3. If assumptions [A1], [J], [F1] and [L1] hold and T' is compact,

then mg = m,..

Proof: Let (z,u*) be the optimal pair (the existence was guaranteed by the
previous theorem) that is m, = J(x, u*).

By Theorem 6.6 there exists {u"} C U,q and {z,} C PC(I, X) such that
Ou, (-) = p*(-) L'(I,C(T)) — weakly in L=(1,5,(T)),

and

x, — o in PC(I,X) as n — oc.
Applying Lemma 5.1 to each subinterval of [0, 7], one can verify that
1, 2a(),) = 1, 2(), ) in LN(I,C(T)).
By definition of weak topology on U,., we have
(1) = T2, 60,) = /I /F Ut 20 (), 06, (1) (do)dt
- /I/Fl(t,x(t),a)u*(t)(da)dt _ J(w, pg7) = my.
But, by definition of mg, J(u,) > mq.

Hence m, = lim J(u,) > my.This implies my = m,..

n—oo

The proof is now complete.



CHAPTER 6

CONCLUSIONS

6.1 Thesis Summary

In this thesis, we have studied the existence of both, solution for a class of
semilinear impulsive evolution equations and relaxed controls, in the case where

the operator involved is the infinitesimal generator of Cy—semigroup.

6.1.1 Problems Considered

This thesis has considered the following problems:
1. Existence and uniqueness of mild solution for a class of nonlinear impulsive

evolution equations as follows:

#(t) = Ax(t) + f(t,(t), teI\D,

z(0) = xo, (6.1)

2. Existence and uniqueness of mild solution for the following controlled system

governed by impulsive differential evolution equation
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3. Existence and uniqueness of mild solution for the following relaxed control

system corresponding to (6.2) is

z(0) = zo, (6.3)

and discuss the existence of optimal relaxed control for Lagrange problem (P,) and
study relation between problem (Fp) and (P,). We found that in order to guarantee
that these properties hold, we required some of the following assumptions:

[A] : The operator A is the infinitesimal generator of a Cy—semigroup {T(t),t >
0} on a Banach space X.

[F]: f:Ix X — X is an operator such that

1. t — f(t,€) is measurable and locally Lipschitz continuous with respect to the
last variable, i.e. for any finite number p > 0 there exists constant L,(p) > 0

such that
If(t, 1) — f(t, 22)||x < La(p)|lz1 — 22l x,

Vri, x9 € B,,.

2. There exists a constant k& > 0, such that
1f(tz)lx < k(1 +[[z]x)

[J]: J;: X — X is an operator such that
1. J; maps bounded set to bounded set.

2. There exist constant h; >0, ¢=1,2,...,n such that

1 i(z) = Ji@)l| < hllz —yll,  z,yeX.
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[F1] f:1 x X xI' — X is an operator such that

1. t— f(t,&,n) is measurable, and

(&,n) — f(t,&,n) is continuous on X x T

2. For any finite number p > 0 there exists a constant L(p) > 0 such that
[f(t,21,0) = f(t 22,0)|lx < Lp)ller — 22llx,
for all [|z1]|x < p, ||z2]lx < p,and t € [0,T], 0 € T.
3. There exists a constant kr > 0, such that

1f(t 2, 0)l[x < kp(l+|z]lx) (Vo el tel).

[A1] An operator A is the infinitesimal generator of a compact Cy—semigroup
{T(t),t > 0}.

[L] [:IxXxI —R=RU{+o0} is an operator such that
1. (t,&,0) — Il(t,€, 0) is measurable,
2. (§,0) — (t, &, 0) is lower semicontinuous,

3. I(t, &, 0)] < Ogr(t) for almost all ¢ € I provided that ||¢||x < R,0 € I' and

Or(t) € L'(I).
[L1] 1: I x X x ' — R is an integrality such that
1. (t,&,0) — I(t,&, o) is measurable,
2. (§,0) = I(t,&, 0) is continuous,

3. |U(t,&,0)| < Ogr(t) for almost all ¢t € I, provided ||{]|x < R, o € ' and

Or € Ll(])
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6.1.2 Results

The main results of this thesis are summarized as follows:

Theorem 6.1. Suppose the assumption [A], [F] and [J] hold, then the system

(6.1) has a unique mild solution on [0,T].

Theorem 6.2. Assume that the hypotheses of Theorem 6.1 are satisfied, if o, yo €
X and if z(t) ,y(t) are mild solutions of equation (6.1)which satisfy x(0) = x¢ and

y(0) = yo. Then there ezists a constant C > 0 s.t.

sup ||lz(t) — y(¢)]| < Cllzo — yol|-
t€[0,T]

Theorem 6.3. Suppose the assumption [A], [J] and [F1] hold. For every xo € X

and u € Uyq, the system (6.2) has a unique mild solution.

Theorem 6.4. Assume that the hypotheses of Theorem 6.3 are satisfied, and there
exists a nonnegative Lo(p1) for any finite number p; > 0, provided ||z x, ||%2]lx <

p1, such that for every o1,09 € I' (in case 3).

| f(t, 21,00 = f(t,22,02))||x < La(pr) (|21 — 22| x + [|or — 02||p)

Then the mild solution of (6.2) is continuous dependence on the initial value and
control with respect to the strong topology X x L*([0,T],T), i.e., let x¢ ., and x, .,
denote the mild solution of (6.2) corresponding to the initial value and control

{& w1} and {n,us} respectively, there is a constant C > 0 such that

S 26, () = nu, (D] < CUIE = nllx + llur = wallLrqo11.0)-
€|0,

Theorem 6.5. Assume that assumption [A], [J] and [F1] hold. For every u(-) €

U,, the relaxed control system (6.3) has a unique solution.
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Theorem 6.6. Let X be reflexive and separable. Suppose the assumptions [A1], [J]
and [F1] hold.If x(-, ) be the solution of (6.3) corresponding to p then, for every
e >0, there exists u(-) € Uy such that x(-,u) is solution of (6.2) corresponding to

u and satisfying

|2(-s 1) — 2(-,u)|| po,x) < € ,tel.

Theorem 6.7. Suppose assumptions [Al], [F1], [J] and [L] hold. Then there

exists p* € U, such that J(pu*) = m,.

Theorem 6.8. If assumptions [A1], [J], [F1] and [L1] hold and T' is compact,

then mg = m,..

6.2 Discussion and Recommendations

We studied a class of semilinear impulsive evolution equation associated
with Cy—semigroups and discussed the existence, uniqueness and continuous de-
pendence of mild solutions. Further more we investigated the existence, unique-
ness and continuous dependence of mild solutions for controlled system governed
by impulsive evolution equation.

For the relaxed control, we discussed the existence and uniqueness of mild
solution and studied properties of relaxed trajectories.

In addition, we discussed the existence of optimal relaxed control for La-
grange problem (P,) and studied relation between problem (F) and (F,).

Based on the results and the approach of our thesis, we can continue to

discuss related problems, such as:

1. relaxed optimal control of this problem but in the case that I' is a normal

topological space;

2. relaxed optimal control of this problem but in the case of analytic semigroups;
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3. time relaxed control problem for semilinear impulsive evolution equations;

4. semilinear impulsive inclusion;

5. relaxed optimal control of this problem for integro-differential impulsive

equations.

Furthermore, we can also consider applications to practical problems and algo-

rithms for computing relaxed optimal controls.
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ABSTRACT

Relaxation control for a class of semilinear impulsive controlled systems is
investigated. Existence of mild solutions for semilinear impulsive controlled sys-
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the original control systems and obtain the corresponding relaxed control systems.
The existence of optimal relaxed controls and relaxation results is also proved.
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A.1 Introduction

Let I = [0,T] be a closed and bounded interval of the real line. Let D =
{t1,t3,- -+ ,t,} be a partition on (0,7) such that 0 < t; <ty < --- <t, <T. A
semilinear impulsive controlled system can be described by the following evolution

equation
x(t) = Az(t) + f(t,z(t),u(t)) te (0,T7)\ D,

2(0) = o, (1.1)

where A is the infinitesimal generator of a Cy—semigroup {7°(¢),¢ > 0} in a Banach
space X, the functions f, J;, i = 1,2, ..., are continuous nonlinear operators from
X to X, and Az(t;) = x(t;+0) —x(t; —0) = x(¢;+0) —x(¢;). This system contains
the jump in the state x at time ¢; with .J; determining the size of the jump at ¢;. In
this paper, we aim to prove the existence of state-control pairs of the system (1.1).
Moreover, by defining the objective functional J(x,u) = fOTL(t, x(t), u(t))dt, we
shall find sufficient conditions to guarantee the existence of optimal state-control
pairs when convexity conditions on a certain orientor field are not assumed. This
is the relaxation problem. By introducing regular countable additive measures,
we convexify the original control systems and obtain the corresponding relaxed
control systems. Under some reasonable assumptions, we prove that the set of
original trajectories is dense in the set of relaxed trajectories in an appropriate
space. The existence of optimal relaxed controls is obtained under some regularity
hypotheses concerning the cost functional.

In recent years, relaxed systems have attracted much attention since some
orientor fields do not satisfy the convexity condition. See, for instance, [1,8,10].
Ahmed [1] dealt with this problem and introduced measure-valued controls in

which the control space is compact and values of relaxed control are countable
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additive measures, while Papageorgious [8] and other authors including us continue
to discuss this problem in another direction. However, to our knowledge, there are
few authors who have studied the problem of relaxed controls of system governed
by impulsive evolution equations, particularly, relaxation on semilinear impulsive
evolution equations. We organize the paper as follows. In section 2, we describe
the original control systems and the corresponding relaxed control systems. The
properties of relaxed trajectories are given in section 3. Section 4 is devoted to

the existence of relaxed optimal controls and relaxation theorems.

A.2 Original and Relaxed Controlled Systems

In what follows, let the Banach space (X,| - ||x )be the state space,
I = [0,7] be a closed and bounded interval of the real line, C(I,X) denote
the space of continuous functions, and C'(I, X) denote the space of one order
continuous differentiable functions. Let L(X,Y’) denote the space of bounded
linear operators from X to Y and L(X) denote the space of bounded linear
operators from X to X.
We denote the ball {x € X : ||z|| < r} by B,. Define PC(I,X)={z:1— X :
z(t) is continuous at ¢ # t;, left continuous at ¢ = ¢;, and right hand limit z(¢;")

exists}. Equipped with the supremum norm topology, it is a Banach space.

We introduce the following assumptions.
[A] : The operator A is the infinitesimal generator of a Cy—semigroup {7'(¢),t > 0}
on X.

[F]: f:Ix X — X is an operator such that

1. t — f(t,€) is measurable and locally Lipschitz continuous with respect to

the last variable, i.e., for any finite number p > 0, there exists constant
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Li(p) > 0 such that
[t 20) = [t 22)l[x < La(p)ller — 22 x,

Vi, x9 € B,
2. There exists a constant k& > 0, such that || f(¢,2)||x < k(1 + ||z|x)-
[J] : J; : X — X is an operator such that
1. J; maps bounded set to bounded set.
2. There exist constants h; > 0, 7=1,2,...,n such that

[ i(z) = Ji@)|| < hallz —9ll,  zyeX.

Consider the following impulsive systems

x(t) = Azx(t) + f(t,z(t)) te€]0,T)\ D,

z(0) = xo, (2.1)

By a mild solution of (2.1), we shall mean that a function z € PC(I, X)
satisfies the following integral equation

z(t) =T (t)zo + /0 Tt —7)f(r,z(7))dr + Z T(t—t;)J;(x(t;)).

o<t <t

Theorem 1. Suppose the assumptions [A], [F] and [J] hold, then for every zy € X
the system (2.1) has a unique mild solution z € PC(I, X) and the mild solution
dependends continuously on the initial conditions- that is, if zg, yo € X and if z(t),
y(t) are mild solutions of equation (2.1) which satisfy 2(0) = xy and y(0) = yo.

Then there exists a constant C' > 0 s.t.

sup [[z(t) —y(®)|| < Cllzo — yol|x-
te[0,T]
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Proof: Firstly, we consider the following general differential equation without

impulse

i(t) = Ax(t) + f(t,2(t)) t>0, (2.1.1)
z(0) = o,

Define a closed ball B(z,1) as follows.

B(xo,1) ={z € C([0,T1], X), ||z(t) — x| <1, 0 <t < T3},
where T} will be chosen later. Define a map P on B(x,1) by

(Px)(t) = T(t)zo + /0 T(t—7)f(r,z(r))dr

and let M = sup ||T(¢)||. Using assumption [F], one can verify that P maps
t€[0,T]

B(z,1) to B(xg,1). To prove this, we note that

[(Pz)(t) — 2ol < ||T(t)xo—fvo||+/0 IT( = )1 (r (7))l dr

< MR+ p)t + 1T (1) — ol

Since T'(t) is the strongly continuous Cy—semigroup, there exists 7; > 0 such

that for all ¢ € [07T11], ||T(t)IL'0 — I()H < % NOW, let 0 < Ty < m Set

T] = min{Tyy,To} hence for all ¢t € [0,7]] we have ||(Px)(t) — xo|| < 1. Hence
P : B(xo,1) — Bz, 1).

Let 21,25 € B(x0,1). By assumption [F](1), we have

[(Pzy)(t) = (Pz2)(t)]] < /0IIT(t—T)IIIIf(T,xl(T))—f(T,wz(T))IIdT

< MtLi(p) ||z — 22|

Now, let 0 < T = #1@)’ then [|(Pz1)(t) — (Px2)(t)|| < 3llz1 — z2]|. Hence,

M

we shall choose 77 = min{7},7]'} to guarantee that P is a contraction map on

B(zg,1). This implies that (2.1.1) has a unique mild solution on [0,7}]. Again,
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using the assumption [F], we can obtain the a priori estimate of mild solutions of

equation (2.1.1). To see this, we note that

lz@)] - < HT(L‘):CoH+/OtHT(t—T)HHf(ﬂfﬂ(T))HdT

t
< M||zol| + MET + Mk:/ |x(7)||dr.
0
By Gronwall inequality, we obtain

Rt
lz()] < (Mo + MET)eM* o

< (M||zo|| + MET)eM* = M.

That is, there exists a constant M = (M||zo|| + MET)eM*T > 0 such that for
t € [0,T] we have ||z(t)|| < M. Then we can prove the global existence of the

mild solution of system (2.1.1) on [0, 7.

Now, we are ready to construct a mild solution for the impulsive system (2.1).
For t € [0,11), the above result imples that z(t) = T'(t)x —I—fot Tt—7)f(r,z(r))dr
is the unique mild solution of the system (2.1) on [0, ;]. Clearly the solution is
continuous on [0,¢;) and since T'(t) is a continuous semigroup, then z(¢) can be
extended continuously until the point of time ¢; which is denoted by x(¢;). It is
easy to see that x(t;) € X. Since J; maps bounded sets to bounded subsets of X,

the jump is uniquely determined by the expression
Consider the time ¢ € (t1,t3). We have
t
z(t) =T(t)zo + / Tt —7)f(r,z(1))dr +T(t —ty)J1(x(t1)).
0

Again, x € C((t1,t2), X) and can be extended continuously until the point of time

to which is denoted by z(t2) € X. By the previous result, () is a mild solution
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of equation (2.1) on (t1,?2]. Because J; maps bounded sets to bounded sets, the

jump is uniquely determined by
x(ta +0) = z(ta — 0) + Jo(x(ty — 0)) = x(t2) + Jo(z(t2)) = wo.

This procedure can be repeated on t € (to,t3], (t3,%4],..., (tn, T]. Thus we obtain
a unique mild solution of problem (2.1) on[0, 7] and it is given by

z(t) = T(t)zo +/OtT(t —T)f(ra(n)dr + Y Tt —t)J(z(t;), 0<t<T.

0<t; <t

For the proof of continuous dependence on the initial value, one can use Gronwall
inequality to find a constant C' such that ||z(¢t) — y(¢)|| < C|lxo — yol/x for all

t € [0,T]. The proof is now complete.

Now, we introduce admissible controls space U,g.

Let I' be a compact Polish space (i.e., a separable complete metric space).
We define

Usg = {u : [0, T] — T'|u is strongly measurable }.

By the measurable selection theorem, U,y # ¢ (see Aubin, 1990). We make the
following assumptions for our control systems.

Assumptions:

[F1] f:1Ix X xI' — X is an operator such that

1. t— f(t,&,n) is measurable, and

(&,n) — f(t,&,n) is continuous on X x I'.

2. For any finite number p > 0, there exists a constant L(p) > 0 such that
1 (t,21,0) = f(t,22,0)||x < L(p)|lw1 — 22|x,

for all ||z1|| < p,||z2|| < p, and t € [,0 € T.
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3. There exists a constant kr > 0 such that

1tz 0)l[x < kp(l+[lz]x) (tel,oecl).

Consider the following original control system

#(t) = Az(t) + f(t, x(t), u(t)),

z(0) = o, (2.2)

Ax(t;) = Ji(x(t;)), u(:) € Ugg.
Theorem 2. Suppose the assumptions [A], [J] and [F1] hold. Then for every
zo € X and u € U,g, the system (2.2) has a unique mild solution z € PC(I, X)
which satisfies

z(t) = T(t)xo + /0 Tt —71)f(r,z(7),u(r))dr + Z T(t —t;)Ji(x(t;)).

0<t; <t

Proof: Let u € U,y and define g,(t,z) = f(t,x,u). Since f is measurable, then
gu : I x X — X is measurable on [0,7] for each fixed x € X. Hence g, satisfies
the assumption [F]. By Theorem 1, the system (2.2) has a unique mild solution

z € PC(I, X).

In order to introduce the relaxed control system corresponding to (2.2), we
need some preparations which are drawn from (Fattorini, 1999. page 618-650).
Let I be a compact Polish space, and C(I") consists of all continuous real valued
functions. Endowed with the supremum norm, C'(I') is a Banach space. Let ®(C)
be a o—field generated by the collection C of all closed sets of ' and let 3,..,(I")
be the space of all regular countably additive measures on the measurable space

([, ®(C)). For p € X,e0(T), |1] denotes the total variation of pu.

Lemma 3. The dual space C(I')* can be identified algebraically and metrically

with ¥, (I") with the norm

[ 5rea(ry = |1l(L)-
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The duality pairing of C(I") and X,.,(I") is given by

(o) = / f(o)(do)

for f € C(T'), p€ (D).

Let L'(I,C(T")) be the space of all (equivalence class of) strongly measur-

able C(I")—valued functions u(-) defined on I such that

Jull = / lu(#)l1dt < +oc.

LY(I,C(T)) is a Banach space. L%°(I,C(T)*) is the space of all C(T")*—valued

C(I")—weakly measurable functions g(-) such that there exists C' > 0 with
gt 9| < Cllglloqy ae.in 0<t<T, (2.12)

for each y € C'(I') ( the null set where (2.1.2) fails to hold may depend on y). Two
functions g(-), h(-) are said to be equivalent in L°(I,C(I")*) (in symbols, g ~ h)

if (g(t),y) = (f(t),y) a.e. in 0 <t < T for each y € C(I).

Lemma 4. The dual L'(I,C(T))* is isometrically isomorphic to L°(I, C(T')*).

The duality pairing between both spaces is given by

(g, 1) = / (9(0), F(8))dt,

where g € L2°(I,C(T)*) and f € LY(I,C(T)).

* is a separable Banach space (see

Since I' is a compact metric space, C(I")
[12], p.265) and hence has the Radon-Nokodym property which tells us that

LI, CI))" = L¥(I, Xrea(I)).-

Definition 1. The space R(I,I') of relaxed controls consists of all u(-) in

L>®(1,%,(T)) = LY(I,C(T"))* that satisfy
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(i) if f(-,-) € LY(I,C(T)) is such that f(t,0) > 0forc € T ae. in 0<t<T

/OT/Ff(t,a)u(t,da)dtz 0,

(i) if x(t) is the characteristic function of a measurable set e C [0,7], and

then

1 € C(T) is the function 1(¢) = 1, then

/ / Vult, do)dt = Je].

Note that x(-) ® 1(-) € L}(I,C(T)).

We note that (ii) can be generalized to

/ / w(t, do)dt = / o(t)
for any ¢(-) € LY(I).
In fact, for p(-) € R(I,T"), we have
|l oot ey < 1, p(t) > 0,and p(t,I') =1 ae. in0<t <T.

In particular,

)]sy =1 ae. in0<t<T.

Lemma 5. Let {p,(-)} be a sequence in R(/,I"). Then there exists a subsequence

which is L' (I, C(T"))—weakly convergent in L>(I,%,.,(T)) to u(-) € R(I,T).

Sometimes, using another equivalent definition of R(I,T") is more conve-
nient. We denote by I1,.,(I") the set of all probability measures p in 3,..,(I"). We
denote the Dirac measure with mass at u by the functional notation 6(- —u) or by

dy. The set D = {0, : u € '} of all Dirac measures is a subset of I, (T").

Lemma 6. II,.,(I") is C(I") —weakly compact, also C(I") —weakly closed in ¥,,.(T").
Let conv denote closed convex hull (closure taken in the weak C(I')—topology).
Then

1,0 (T") = conv(D).
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Since C'(I") is separable, the equivalent relation in L>°(1, ¥, (I")) is equality
almost everywhere. Let us denote the set
R(I,11,(I) = {ue L>®(1,%,q), v s.t.

vauand v(t) € I,(T) ae in 0<t<T}.

If u(-) € Uyq then one can check that the Dirac delta with mass at u(t) (written
d(-—u(t)) is an element of R(I,11,.(I")). Hence we can identify U, as a subset of
R(I,11,04(T")). We note further that R(I,11,.(I")) = R(I,T") (see Fattorini, 1999.
Theorem 12.6.7).

Now, let us consider the new larger system known as “relaxed impulsive

system” i(t) = Ax(t) + F(t,z(t)u(t),

z(0) = o, (2.3)

Az(t;) = Ji(z(t:), n() € U,
The admissible control space is U, = R(I,11,.(I")).The function F' : [ x X X

Yrea(I') — X is defined by

Pt ) = / £(t, 2, 0)p(do).

The following Theorem is an immediate consequence of Theorem 2.

Theorem 7. Assume that assumptions [A], [J] and [F1] hold. For every u(:) € U,,

the relaxed control system (2.3) has a unique solution.

A.3 Properties of relaxed trajectories

In this section, we will denote the set of original trajectories and relaxed
trajectories of the system (2.2) by X, and the system (2.3) by X,, respectively,

ie.,
Xo={z € PC([0,T]; X)| z is a solution of (2.2) corresponding to u(-) € Uaq}

and X, = {z € PC(]0,T]; X)| x is a solution of (2.3) corresponding to u(-) € U, }.
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Theorem 2 and 7 show that X, # () implies X, # (). Moreover, since U,q C U, we
have Xy C X,.

Next, we introduce one more hypothesis concerning the operator A.

[A1] An operator A is the infinitesimal generator of a compact Cy—semigroup

(T(t),t > 0}.

Lemma 8. Let A satisfy assumption [A1l] on Banach space X. Let 1 < p and

define

Then S : LP(1,X) — C(I,X) is compact.
Proof: See lemma 3.2 in Li-Yong(1995).
Lemma 9. Let X be reflexive and separable. Suppose the assumptions
[Al] and [F1] hold. If {p™(-)} is a sequence in L*>(I,%,,(I")) with p"(-) —

u(-) LY(I,C(T))— weakly as n — oo then

pul’) = / () / P (7). 0) (™ () —p(7) (do)dr — 0 in C(I,X) as 1 — oo,

where z € C([0,T7], X).
Proof: Due to reflexivity of X, {T%(t),t > 0} is a Cy—semigroup in Banach space

X* (see [2], p.47). Define g,(7) = [ f(,2(7),0)(u"(1) — pu(7))(do) then

lgn(DII < /Fllf(7>$(7)70’)l|(u”(7)—M(T))(da)
< kp(U+ [lz()IDIa"(7) = ()l 2ea )

< 2kp(L+ |z (7))

Since x(t) is the solution of (2.3), then it is bounded by M. This implies that
{gn(-)} is bounded in LP(I,X), 1 < p < 400. Hence there exists a subsequence

(denoted with the same symbol) with g, (-) — g¢(-) in LP(I, X).



By lemma 8, we have

pn(s) = /O.T(~ — 7)gn(T)dr - /o‘ T(-—71)g(r)dr =p(-) in C(I,X).

For fixed 0 <t < T, h* € X*, we have

(oult), B7) = / (Tt — 7)gu(r), h)dr
= [ln 7t = ryar

// 7,2(7),0), T"(t = 7)h") (" (1) — u(7))(do)dr

/o /r5(7= o)(u" (1) — p(7))(do)dr

where &(7,0) = (f(1,2(7),0), T*(t — 7)h*).

By assumption [F1], for 7 fixed, the map o — £(7,0) is continuous.

that {(7,0) € C(I") and
[€(r, )| < k(L + [lz(7)])-

Hence &(+,-) € LY(1,C(I)).

Since p"(-) — u(-) LY(I,C(T))—weakly in L®(I,%,.,(T)) then
t
| [ - nm)tdnyit — 0 as n—oc
o Jr
This implies that, for fixed t € I,

(pu(t),h*) — 0 Vh* € X*.
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It implies

Hence p,(t) — 0 as n — oo. Thus p(t) = 0. This means that p,(-) — 0 as

n — oo in C(I, X).

Remark: Using the same proof, one can see that the result of Lemma 9 is also

true when « € PC([0,77], X).
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Theorem 10. Let X be reflexive and separable. Suppose the assumptions [A1] [J],
and [F1] hold. If x(-, u) is the solution of (2.3) corresponding to u then, for every
e > 0, there exists u(-) € Uy such that x(-,u) is solution of (2.2) corresponding

to u and satisfing

|2(-, 1) = 2(-, u)|| por.x) <é, tel.

Proof: Let u(-) € U,, since U,q C U, and U,y is dense in U,. Thus there exists a
sequence {u,} C U,q such that u, -, w. Let z,(-) = z(-,u,) be the solution of

(2.2) corresponding to u, and z(-) = x(-, u) be the solution of (2.3) corresponding

to p. Since
T,(t) = :1:0+/0 Tt —7)f(1,2,(7), un(7))dT + Z T(t —t;)Ji(zn(t;))

= :1:0+/0 T(t—7)] /f 7, 20(7), 0)8u,, (T)(do)]dr + Y T(t — t:) J(wn(t;))
and

x(t) =T(t)xo + /0 T(t— T)[/F f(r,x(1),0)u(r)(do)]dr + Z (t —t;)Ji(x(t;)).

0<t; <t

We have

oo (t) —x(t) = /OtT(t - T)[/r(f(T’ 2n(7),0)0u, (1) = f(7,2(7), 0)0u, (7)) (do)]dT

n / T(t - 7)] / F(r,2(7), 0)(Bu (7) — (7)) (do)]dr
+ ) Tt —t)ixa(ts) — Jila(ts)]

0<t; <t
I+ I + Is.

By the Lipschitz condition [F1], we get

L <M / llen(r) — 2(7)].

where [} = fOtT o (f (7, 20(7),0)0u, (T) — f(7,2(7),0)04,(7))(do)]dr, and

M is a bound for || T'(t)|| in 0 <t <T.



96

Using assumption [J](2), we have

13| < Y Mhy||z(t:) — x(t)]),

o<t; <t

where I3 = Y T(t —t;)[Ji(zn(ts)) — Ji(x(t;))]-

0<t; <t
We denote the second integral I by p,(t),i.e.,

pn(t)EIQE/O T(t—T)[/Ff(ﬂiv(f),a)(%n(ﬂ—M(T))(dg)]dT-

lza(t) =2()| < M | L(p)lln(r) = 2(r)lldr+llpa()| + D Mhillza(ts) =2 (t)]].

0 0<t;<t

By impulsive Gronwall inequality, we get

[z (t) = 2@ < Cllpn(®I],

where C'= [] (14 Mh;)exp(ML(p)t).

0<t;<t
By using lemma 9, we show that p,(-) — 0 as n — oo in PC([0,T], X). Hence

Zn(-) — z(-) as n — oo in PC([0,7], X). The proof is complete.
A.4 Relaxed Optimal Controls and Relaxation Theorems

Consider the following Lagrange optimal control (P,): Find a control policy

1o € U, such that it imparts a minimum to the cost functional J given by

100 = T = [ [ 100,00 @) (Pr)

where z,, is solution of the system (2.3)corresponding to the control p € U,.

We make the following hypotheses concerning the integrand (-, -, -).

[L] 1:IxXxI —R=RU{+o0o} is an operator such that
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(1) (t,&,0) — (t, €, 0) is measurable,

(2) (&,0) — [(t,&, 0) is lower semicontinuous,

(3) |U(t, &, 0)| < Og(t) for almost all ¢ € I provided that ||{]|x < R,o0 € T
and 0x(t) € L*(I).

Before proving the existence of the relaxed control, we need a lemma.

Lemma 11. Suppose h : [ x X x I' — R satisfying
(1) t — h(t,&, o) is measurable, (£, 0) — h(t,£, o) is continuous,

(2) |h(t, &, 0)| < Ygr(t) € LY(I) provided that ||€||x < R and o € T.
If z, — x in C(I,X) then h,(-,-) — h(-,+) in L*(I,C(T")) as n — oo,

where h,(t,0) = h(t,z,(t),0) and h(t,0) = h(t,z(t),0).
Proof: It follows immediately from the first hypothesis of this lemma that
hn,h € LY(I,C(T)).

For each fixed t € I, we shall show that h,(t,-) — h(t,-) in C(T") as n — oo.

By definition, we have

sup [y (L, 0) = h(t, o) = [[n(t,-) = h(L, )llcwm)

oel

Since I' is compact, there exists o, € I such that

(bt 00) = hlt, a)] = [ha(t, ) = h(t, loq

and we can assume o, — o* as n — oco. We note that

sup |h,(t,0) — h(t,0)| = |ha(t,00) — h(t,04)|

cel’

< |hn(t70n) - hn(tvg*)l + |hn(t70-*) - h(t70*)| + |h(t70-*) -

Then, by continuity of h, we have |h,(t,0,) — h(t,0,)] — 0 as n — oo.
This means

Vnt, ) = Bt ey = 0 as = co.

h(t,on)|
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Assuming that z,, — z in C(I,X) as n — oo then there exists R such that
lzn @O @)1 < R.

Hence, by the second hypothesis of this lemma, we have

1Pn(t, ) = h(E, )ow) < Pr(?).

This implies
/th(t, ) = h(t,Ylomdt — 0 as n — oo.
I

We have

ho(-,-) — Rh(-,-) in L'(I,C(T)) as n — oo.

This proves the lemma.

Let m, = inf{J(u) : p € U,}. We have the following existence of relaxed optimal

control.

Theorem 12. Suppose assumptions [Al], [F1], [J] and [L] hold. Then there exists

w* € U, such that J(u*) = m,.

Proof: Let {u,} be a minimizing sequence so that nh—>Holo J(pn) = m,.. Recall that
U, is w*—compact in L>®(1,%,.,(T)), by passing to a subsequence if necessary, we
may assume i, > 4 in L>®(1,%,.,(T")) as n — oo. Next, we shall prove that
(x,1*) is an optimal pair, where z is the solution of (2.3) corresponding to u*.
Since every lower semicontinuous measurable integrand is the limit of an in-

creasing sequence of Caratheodory integrands, there exists an increasing sequence

of Caratheodory integrands {l;} such that
lp(t,&,0) TU(t, & 0) as k— oo forall tel,oel.

Invoking the definition of weak topology and applying Lemma 11 on each subin-

terval of [0,T], lx(t,z,(t),0) — lk(t,z(t),0) as n — oo for almost all ¢ € I and
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all 0 € I'. Then

I i) = J() = / / I(t, 2(t), o) (£)(dor)dt
= lim/I/Flk(t,x(t),a)u*(t)(dcr)dt

k—o0

~ Jim lim /I /F (s 2n(8), ) pin (1) (do)

k—o00 n—00

< lim /I/Fl(t,xn(t),a)un(t)(da)dt

n—oo

= m,.

However, by definition of m,., it is obvious that J(x, u*) > m,. Hence J(x, p*) =
M.

This implies that (x, u*) is an optimal pair.(]

If J(u) = [, 1(t,z(t),u(t))dt is the cost function for the original problem,
and J(ug) = inf{J(u), u € Uyq} = my. In general, since U,y C U,, we have
m, < mg. It is desirable that m, = my, i.e., our relaxation is reasonable. We have
the following relaxation theorem. For this, we need stronger hypotheses on [ than
[L):

[L1] 1: I x X x ' = R is an operator such that

(1) (t,&,0) — U(t, &, 0) is measurable,

(2) (&,0) — I(t, €, 0) is continuous,

(3) |U(t,&,0)] < Og(t) for almost all ¢ € I, provided ||£||x < R, o € I" and

Or € Ll(I)

Theorem 13. If assumptions [Al], [J], [F1] and [L1] hold and T is compact then

mo = M.

Proof: Let (z,pu*) be the optimal pair (the existence was guaranteed by the
previous theorem) that is m, = J(z, u*). By Theorem 10, there exists {u"} C U,q

and {z,} € PC(I, X) such that
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Ou, (-) = p*(-) LN(I,C(T)) — weakly in L>(I,%,.,(T)),
and z, — xin PC(I,X) as n — oo.

Applying Lemma 11 to each subinterval of [0, T], one can verify that
(s a(e),) = I 2(), ) in LML C(T)).
By definition of the weak topology on U,, we have
J(up) = J(bu,) = /I/Fl(t,xn(t),a)éun(t)(da)dt
. /I/Fl(t,x(t),o)u*(t)(da)dt: T 1) = my.

But, by definition of mg, J(u,) > mg. Hence m, = lim, ., J(u,) = mo This

implies mg = m,.. The proof is now complete.
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