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Chapter I

Introduction

Physical and mathematical modelling are very closely related. Physical
phenomena are used to construct mathematical models, and on the other hand,
the solutions of mathematical models are used to explain the physical phenomena.
The most important mathematical models applied in engineering and physics
today are in the form of nonlinear partial differential equations. General solutions
of these equations are usually very difficult to find. By using numerical methods,
only approximate solutions can be obtained, which do not allow for analyzing
the properties of the equations. However, exact solutions are of more interest, as
each exact solution has value, firstly, as an exact description of the real process
in the framework of a given model; secondly, as an analytical solution to compare
with the numerical solutions obtained by various numerical schemes; thirdly, as a
basis to improve the models used. Among all the methods used for finding exact
solutions, group analysis (Ovsiannikov (1978), Olver (1986), Bluman and Kumei
(1996)) can be used with a great variety of equations, and its aim is to reduce the
number of the independent variables. A historical review of group analysis can
be found in Ibragimov (1999) and Lawrence (1999). Review of modern results in
group analysis are collected in the Handbook of Lie group analysis of differential
equations (Ibragimov, 1994, 1995, 1996).

In this research, an application of group analysis is used to find exact so-
lutions of the three-wave equations in nonlinear optics. These equations are ob-
tained from the fact that two fundamental beams of light with the same frequency
ω and different polarizations propagate through quadratic nonlinear medium such
as Quartz, Potassium di hydrogen phosphate (KH2PO4) and Ammonium di hy-
drogen phosphate (NH4H2PO4). As the result of interaction, a third beam of
second harmonic frequency is generated. Maxwell’s equations and the slow en-
velope approximation derivation of the three-wave equations can be found, for
example, in Yariv (1989,1991), Butcher and Colter (1990), Dmitriev, Gurzadyan
and Nikogosyan (1991) Robert (1992), Nail and Adrian (1997), Maimistov and
Basharov (1999), Orszag (1999). These equations can be written as follows:

M1A1 = iσ1A3A
∗
2e

i∆kz,

M2A2 = iσ2A3A
∗
1e

i∆kz, (1.1)

M3A3 = iσ3A1A2e
−i∆kz

Here
A1 = u1 + iu2, A2 = u3 + iu4, A3 = u5 + iu6,
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A1, A2 are the complex valued amplitudes of two fundamental harmonic fields
with different polarizations and A3 is the complex valued amplitude of the second-
harmonic field, Mj are the linear differential operators

Mj =
∂

∂z
+ βj

∂

∂x
+

i

2kj
(
∂2

∂x2
+

∂2

∂y2
) +

kj
ω

∂

∂t
; (j = 1, 2, 3),

z is the coordinate along the propagation direction, (x, y) are the transverse coor-
dinates, t is time, k1,2 are the linear wave numbers of the fundamental frequencies,
k3 is the linear wave number of the second–harmonic frequency, ∆k = k3−(k1+k2)
is the wave vector–mismatch, the symbol ∗ denotes the complex conjugation, βj
are the walk-off angles of the fundamental and second harmonic, ω is the fre-
quency of the light, σj are nonlinear coupling coefficients. We will consider the
case of exact phase-matched condition:only ∆k = k3 − (k1 + k2) = 0. System
(1.1) is a system of nonlinear partial differential equations.

There are several reasons for the high level of current interest in studying
the three-wave equations. One of them is that the intense study of nonlinear
effects in optics offers new facilities for optical signal processing as well as long-
distance communication systems. Mostly one-dimensional temporal or spatial
solutions were considered by Yariv (1991), Torner et all (1995). Group analysis
allows constructing more complex representations of solutions.

The application of group analysis to system (1.1) consists of several steps.
The first step is to obtain an equivalence group and admitted group. An equiva-
lence group is a group of transformations that transfers the system of equations
(1.1) into a system with the same differential structure, but with different ar-
bitrary elements. A group of transformations is called an admitted group if
any solution of system (1.1) by means of any transformation from this group is
transferred into a solution of the same system of equations. For the three-wave
equations, the equivalence group and admitted group were constructed in Gor-
chakov and Meleshko (1997). The equivalence group is nine-dimensional and the
admitted group is eleven-dimensional G11.

The admitted group G11 allows dividing all exact solutions of equations
(1.1) into classes of essentially different solutions with respect to G11. Two so-
lutions u1, u2 are nonessentially different if one is transformable into the other
by a transformation belonging to the group G11. Therefore, essentially different
solutions are obtained with respect to different classes of similar subgroups. The
set of all representatives (one from each class) is called an optimal system of
subgroups.

One of the main goals of application of group analysis to differential equa-
tions is construction of representations of solutions. Solutions whose represen-
tations are obtained with the help of the admitted group are called invariant
or partially invariant. These solutions can be constructed with respect to any
subgroup of the group G11. The concept of invariant solutions permits an orga-
nization of the search process for particular solutions of system (1.1) admitted
by group G11, with the aid of different subgroups H ⊂ G11. It is expedient in
this research to begin with the lowest possible number of independent variables
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and move to successively higher number of independent variables of the studied
H−solutions. It is easier to find solutions with lower rank because the rank is
equal to the number of independent variables in the factor system (S/H).

All invariant solutions (as all solutions) can be divided into essentially dif-
ferent classes. The problem of enumeration of all invariant and partially invariant
solutions of a given finite–dimensional Lie group G11 can be done in two steps.
In the first step, the classification of all subgroups of the admitted group has
to be done. The classification of subgroups is equivalent to the classification of
all subalgebras. All subalgebras are divided into equivalent classes with respect
to the automorphisms of the admitted Lie group G11. A list of representatives
from each class is called an optimal system. Note that the determination of an
optimal system can be done relatively easy for small dimensionality. For large
dimensionality, we need to use the two–step algorithm developed by Ovsiannikov
(1994). This algorithm allows reducing the problem of the construction of the
optimal system of subalgebras of L11 to the classification of subalgebras of lesser
dimension. The construction of the optimal system of three-dimensional sub-
groups of the group G11 is one of the main result of the thesis. For the invariant
solutions, which are related with three-dimensional subgroups of the group G11,
the original system of the three-wave equations reduces to a system of ordinary
differential equations.

Therefore, to find invariant or partially invariant solutions, one needs to
find the optimal system of subalgebras and then for each subalgebra, one has to
find a universal invariant, a representation of a solution, substitute it into the
given system and study the compatibility of the resulting system.

Many parts of this method require the carrying out of a lot of compli-
cated symbolic manipulations. Because this is a very laborious part, we used a
computer for this task. All calculations were done with the REDUCE program
(Hearn, 1999).

The framework of the thesis is as follows. Chapter II introduces notations
of group analysis and provides references to well-known facts on application of
group analysis for constructing exact solutions of partial differential equations.
Chapter III deals with obtaining the three-wave equations from Maxwell’s equa-
tions. Chapter IV is devoted to constructing a three-dimensional part of the
optimal system of subalgebras. At first the factor algebra L9 is studied and then
by using the optimal system of subalgebras of the algebra L9 we obtain the op-
timal system of subalgebras of the algebra L11. In Chapter V invariant solutions
for which the original system of the three-wave equations reduces to a system of
ordinary differential equations are studied. To reduced system the Runge-Kutta
method is used. Results of representative calculations are presented.



Chapter II

Symmetries and Invariant
Solutions

2.1 Introduction

In this chapter, we discuss the classical method for constructing invariant
solutions of partial differential equations. We use this result to determine the
point transformations and to generate invariant solutions of the three wave equa-
tions. Discussions of the standard group method for constructing exact solutions
can be found in the textbooks (Ibragimov, 1994, 1995, 1996, and Ovsiannikov,
1994).

2.2 Admitted groups

In this section, we review the general theory related to group of continuous
transformations.

Let x = (x1, ..., xn) ∈ �n be a set of independent variables, u =
(u1, u2, ..., um) ∈ �m be a set of dependent variables and ∆ be a symmetrical
interval of �1.

We consider the set of invertible point transformations of the space �n+m:

xi = Φi(x, u; a), uj = Ψi(x, u; a) (2.1)

(i = 1, 2, ..., n); (j = 1, 2, ...,m).

Here a ∈ ∆ is a parameter of transformations.
Group analysis uses special kind of invertible transformations. These

transformations compose a local Lie group.

Definition 1 A set of transformations (2.1) is a local one-parameter group G1

if it has the following properties:

P.1. Φ(x, u; 0) = x, Ψ(x, u; 0) = u for any (x, u) ∈ �n+m

P.2. Φ (Φ(x, u; a), Ψ(x, u; a); b) = Φ(x, u; a+ b) and
Ψ(Φ(x, u; a), Ψ(x, u; a); b) = Ψ(x, u; a+ b)
for any a, b, a+ b ∈ ∆, (x, u) ∈ �n+m



5

P.3. If Φ(x, u; a) = x and Ψ(x, u; a) = u then a = 0

P.4. Φ, Ψ ∈ C∞(�n+m ×∆)

If we expand the function Φi, Ψj into the Taylor series with respect to
parameter a in a neighborhood of a = 0, then we obtain

xi ≈ xi + a

(
∂Φi

∂a

)
a=0

+ . . . (2.2)

uj ≈ uj + a

(
∂Ψj

∂a

)
a=0

+ . . .

where
(
∂Φi

∂a

)
a=0

,
(
∂Ψi

∂a

)
a=0

are functions of x and u that are denoted by ξi(x, u)

and ζj(x, u). If a is sufficiently small, then we can write the coordinates of the
image point (x, u) as

xi ≈ xi + aξi, (2.3)

uj ≈ uj + aζj

Transformation (2.3) is called an infinitesimal transformation and the vector
(ξ, η) is called a tangent vector field of the group G. Here ξ = (ξ1, ξ2, . . . , ξn), ζ =
(ζ1, ζ2, . . . , ζm). It can be written in the term of the first-order differential oper-
ator 1

X = ξi(x, u)
∂

∂xi
+ ζj(x, u)

∂

∂uj
(2.4)

that is also called an infinitesimal generator.
Let us consider the property (P.2) of group transformation (2.1). By dif-

ferentiating the left and right sides of it, we obtain the relations

∂

∂a

(
Φi(x, u; a)

)
=

(
ξi ◦ (Φ,Ψ)) (x, u; a), (2.5)

∂

∂a

(
Ψj(x, u; a)

)
=

(
ζj ◦ (Φ,Ψ)) (x, u; a)

The last equations and property (P.1) of any one parameter group of transfor-
mations (2.1) yields the functions x = Φ(x, u; a) and u = Ψ(x, u; a) which are
solutions of the Cauchy problem

dxi
da

= ξi(x, u), (2.6)

duj

da
= ζj(x, u),

xi|a=0 = xi, uj
∣∣
a=0

= uj (2.7)

Equations (2.6) are called Lie equations.

1We will use the summation convention that a repeated index implies summation over the
values of the index.
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Applications of groups of transformations to differential equations require
to know the transformations of derivatives. For the sake of simplicity, we explain
this idea by the case when n = 1 and m = 1.

Let u0(x) be a known function. The transformed function ua(x) can be
obtained by the following way. Firstly, one has to solve the equation

x = Φ(x, u0(x); a)

with respect to x. Since the Jacobian ∂x
∂x

∣∣
a=0

=
(
∂Φ
∂x
+ ∂Φ

∂u
u′0

)∣∣
a=0

= 1, then by
the inverse function theorem, one can find x = g(x, a) in some neighborhood of
a = 0. Note that there is the identity

x = Φ(g(x, a), u0 (g(x, a)) , a) . (2.8)

The transformed function ua(x) is

ua(x) = Ψ (g(x, a), u0 (g(x, a)) , a) . (2.9)

Differentiating the last expression, one gets

dua(x)

dx
=

∂Ψ

∂x
· ∂g
∂x
+
∂Ψ

∂u
· ∂u0

∂x
· ∂g
∂x

=

(
∂Ψ

∂x
+ u′0

∂Ψ

∂u

)
∂g

∂x
. (2.10)

The derivative ∂g
∂x
is obtained by differentiating (2.8) with respect to x:

1 =
∂Φ

∂x
· ∂g
∂x
+
∂Φ

∂u
· ∂u0

∂x
· ∂g
∂x

=

(
∂Φ

∂x
+
∂Φ

∂u
· u′0

)
∂g

∂x
.

Hence,
∂g

∂x
=

1
∂Φ
∂x
+ u′0

∂Φ
∂u

. (2.11)

Substituting (2.11) into (2.10), we obtain derivative of the transformed function

dua
dx

=
Ψx + u′0Ψu

Φx + u′0Φu

= h(x, u0, u
′
0, a). (2.12)

Note that du0

dx

∣∣
a=0

= u′0(x). Therefore the infinitesimal transformation of the
derivative is

u′a = u′0 + aζ1 + . . .

where ζ1 = D(η) − u′D(ξ). Here Dx =
∂
∂x
+ ux

∂
∂u
+ uxx

∂
∂ux

+ . . . . Similarly, we
obtain the infinitesimal transformation of the second derivative

u′′a = u′′0 + aζ2,where ζ2 = D(ζ1)− u′D(ξ).
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where ζ2 = D(ζ1)− u′D(ξ).

Let x = {xi} be the set of independent variables and u = {uj} the set
of dependent variables. Derivatives of the dependent variables are given by the
sets u(1) =

{
uji

}
, u(2) =

{
ujiα

}
, . . ., where j = 1, . . . ,m and i, α = 1, . . . , n.

The derivatives of the differentiable functions uj can be written in terms of the
operator of the total differentiation Di given below

uji = Di(u
j),

ujiα = Dα(u
j
i ).

where

Di =
∂

∂xi
+ uji

∂

∂uj
+ ujiα

∂

∂ujα
+ . . . , (i = 1, 2, . . . , n; j = 1, 2, . . . ,m) . (2.13)

In (2.13) there is a summation over the values of the repeated index α from 1 to
n. The set of transformations in (x, u) space is

xi = Φi(x, u; a), Φi|a=0 = xi, (i = 1, 2, . . . , n),

uj = Ψj(x, u; a), Ψj|a=0 = uj, (j = 1, 2, . . . ,m),

where a is a real parameter of a one-parameter group of point transformations
in the space of the dependent and independent variables if the group properties
apply. The generator of the group is

X = ξi(x, u)
∂

∂xi
+ ζj(x, u)

∂

∂uj
, (2.14)

where ξi = ∂Φi

∂a

∣∣∣
a=0

, ζj = ∂Ψj

∂a

∣∣∣
a=0
. The first prolongation of the generator (2.14)

is given by

X[1] = ξi
∂

∂xi
+ ζj

∂

∂uj,
+ ζji

∂

∂uji
,

where
ζji = Di

(
ζj

) − ujαDi (ξ
α) .

The second prolonged generator is

X[2] = X[1] + ζji1i2
∂

∂uji1i2
,

where
ζji1i2 = Di2

(
ζji1

) − ujαi1Di2 (ξ
α) ; (i1, i2 = 1, 2, . . . , n).

The higher order prolonged generator is

X[s] = X[s−1] + ζji1···is
∂

∂uji1···is
,
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where

ζji1···is = Dis

(
ζi1···is−1

) − ujαi1···is−1
Dis (ξ

α) ; (i1, i2, . . . , is = 1, 2, . . . , n).

Now we relate a local Lie group and differential equations. Let

Fl(x, u, u(1), . . . , u(s)) = 0, l = 1, 2, . . . (2.15)

be a system of s-th order differential equations and G be a local Lie group of
transformations.

Definition 2 A system of differential equations (2.15) is said to be invariant
under a group G of point transformations if the solutions of the system are merely
permuted among themselves by every transformation of the group G. The group
G is also termed a group admitted by the system. Consequently any solutions of
system of equations (2.15) are converted into solutions of the same system.

Finding symmetries of Fl leads to a system of linear and homogeneous
differential equations with respect to the components of an admitted generator.
These equations are called determining equations.

Definition 3 (determining equations)
The equations [

X[s]Fl

]∣∣∣
Fl=0

= 0 (2.16)

are called determining equations.

The determining equations can be split with respect to parametric derivatives.
After splitting, one gets overdetermined system of equations for the coefficients
of the generator. Because this system of equations is overdetermined, one can
solve it.

Theorem 1 If a differential equation admits the operators ζ · ∂ and ζ ′ · ∂, then
it also admits their commutator [ζ, ζ ′] · ∂.

2.3 Equivalence group of transformations

A system of PDE can be classified by the symbol E(m,n, s, l) where m
is the number of the dependent variables, n is the number of the independent
variables, s is the order of the highest derivative and l is the number of differential
equations. Normally the differential equations include arbitrary elements (θ).
For searching Lie group which are admitted by the original system, one needs
to determine group of transformations that changes arbitrary elements but does
not change the differential structure. An infinitesimal approach (Meleshko, 1996)
was applied for finding this group.
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Definition 4 A nondegenerate change of dependent, independent variables and
arbitrary elements which transfers any system of the differential equations of the
given class

Fl(x, u, p, θ) = 0. (2.17)

to the system of equations of the same class but with different arbitrary elements
is called an equivalence transformation. Here p are the partial derivative from
(u(1), u(2), . . . , u(s))

Group of these transformations with a parameter a can be written as the
following

xi = Φ
i(x, u, θ; a), uj = Ψj(x, u, θ; a), θ

k
= Πk(x, u, θ; a), (2.18)

where k = (k1, k2 · · · , kγ) be a set of arbitrary elements. Generators of this group
have the form

Xe = ξi∂x + ζj∂u + ζθ
k

∂θ

where

ξi = ξi(x, u, θ) =
∂Φi

∂a

∣∣∣∣
a=0

, ζj = ζj(x, u, θ) =
∂Ψj

∂a

∣∣∣∣
a=0

, ζθ
k
= ζθ

k
(x, u, θ) =

∂Πk

∂a

∣∣∣∣
a=0

.

Arbitrary elements are obtained by the following way. Let θ0(x, u) be given. By
the inverse function theorem with equation (2.18), we can find x = f(x, u; a) and
u = g(x, u; a). The transformed arbitrary elements are

θ0(x, u) = Π (f(x, u; a), g(x, u; a), θ0(f(x, u; a), g(x, u; a); a)) .

If u0(x) is a solution of system (2.17) and θ0(x, u) is a concrete value of the
arbitrary element, then we have

x = Φ(x, u0(x), θ0(x, u0(x)); a).

By the inverse function theorem, we can find

x = f(x; a)

and we also obtain the transformed function

u0(x) = Ψ(f(x, a), u0(f(x, a)), θ0(f(x, a), u0(f(x, a)); a)) . (2.19)

Differentiating (2.19) with respect to x, we get the transformation p. Since ua(x)
is a solution of the same system with transformed arbitrary elements θa(x, u)
then

Fl (x, ua(x), pa(x), θa (x, ua(x))) = 0, l = 1, 2, . . . .

The s-th prolongation of infinitesimal generator Xe is

X
[s]

e = Xe + ζji ∂uj
i
+ ζθ

k

xi
∂θk

xi
+ ζθ

k

uj ∂θk
uj
+ . . . (2.20)
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where

ζji = Dxi
ζj − ujαDxi

ξα,

ζθ
k

xi
= De

xi
ζθ

k − θkxα
De
xi
ξα − θkuβD

e
xi
ζβ,

ζθ
k

uj = De
ujζθ

k − θkxα
De
ujξα − θkuβD

e
ujζβ.

Here

Dxi
=

∂

∂xi
+ uji

∂

∂uj
+

(
θkxi
+ θkuju

j
i

) ∂

∂θk
+ . . . ,

De
xi

=
∂

∂xi
+ θkxi

∂

∂θk
+ . . . , De

uj =
∂

∂uj
+ θkuj

∂

∂θk
+ . . . .

By the same way as for the admitted group, one can obtain the deter-
mining equations for the equivalence group. Let G(θ) be admitted group with
the arbitrary element θ. A set of groups G(θ) that is admitted by equations for
all arbitrary elements is called a kernel of groups, corresponding to Lie-algebra,
which is called a kernel of algebra.

2.4 Lie algebra

Before giving a definition of Lie algebra, we need to introduce the commu-
tator. Let X1 = ξ1∂x + ζ1∂u, X2 = ξ2∂x + ζ2∂u be two generators. We define a
new generator X denoted by [X1,X2] with the following formula

X = [X1,X2] = (X1ξ2 −X2ξ1) ∂x + (X1ζ2 −X2ζ1) ∂u.

This generator is called a commutator of the generators X1,X2.

Definition 5 (Lie algebra) The vector space L over the field of real numbers is
called a Lie algebra if the operation of the commutator [ · , · ] satisfies the axioms:
a.1 (bilinearity) : for any X1, X2, X3 ∈ L and a, b ∈ �

[aX1 + bX2,X3] = a [X1,X3] + b [X2,X3]

[X1, aX2 + bX3] = a [X1,X2] + b [X1,X3]

a.2 (antisymmetry) : for any X1, X2 ∈ L

[X1,X2] = − [X2,X1]

a.3 (the Jacobi identity) : for any X1, X2, X3 ∈ L

[[X1,X2]X3] + [[X2,X3]X1] + [[X3,X1]X2] = 0
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Remark 1 Let Lr be an r-dimensional vector space with a basis X1, X2, . . . ,Xr:
i.e., any vector X ∈ Lr can be decomposed as the following

X =
r∑

k=1

xkXk

where xk are coordinates of the vector X in the basis {X1, . . . ,Xr}, then Lr is a
Lie algebra if

[Xi,Xj] =
r∑

k=1

ckijXk; i, j = 1, 2, . . . , r

with real constants ckij.

Definition 6 (Subalgebra) The vector space N ⊂ L is called a subalgebra of the
Lie algebra L if [u, v] ∈ N for any u, v ∈ N .

Definition 7 (Ideal) A subalgebra I ⊂ L is called an ideal of the Lie algebra L
if for any u ∈ L, v ∈ I it is also true that [u, v] ∈ I.

One of the main aims of group analysis is a construction of exact solutions.
All solutions can be divided into equivalent classes of solutions.

Definition 8 (Equivalent solutions) Two solutions u1 and u2 are equivalent with
respect to the group G if one is transformable into the another by a transformation
belonging to the group G.

The problem of classification of exact solutions is equivalent to classifica-
tion of subgroups (or subalgebras) of the groupG (or the subalgebra L). Because
there is a one-to-one correspondence between groups and algebras we explain here
about classification of subalgebras. In order to give the classification of subalge-
bras, we need to give some definitions.

Definition 9 (Automorphism) Let L, L be Lie algebras and X1, X2 ∈ L. A
linear one-to-one map f of L onto L is called an isomorphism if it satisfies the
equation

f ([X1,X2]L) = [f(X1), f(X2)]L

where the indices L and L denotes the commutators in the corresponding algebras.
An isomorphism of L onto itself is called an automorphism of the Lie algebra L.

In the finite-dimensional case, isomorphic Lie algebras have the same di-
mension. The criterion for the Lie algebras to be equivalent can be stated in terms
of their structural constants. If the Lie algebra L and L are isomorphic, then
there exist bases in them for which their structural constants are correspondingly
equal.

Let L be the Lie algebra. If a set {X1,X2, . . . ,Xn, } is a basis of L, then
we have

[Xi,Xj] =
n∑

k=1

cαijXα; (i, j = 1, 2, . . . , n),
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where cαij are the structural constants. From the table of commutators of the alge-
bra L, we can write a linear system of scalar equations with constant coefficients
for the automorphism Ai, (i = 1, 2, . . . , n):

dxj
da

=
n∑

β=1

cjβixβ, (j = 1, 2, . . . , n) . (2.21)

Initial values for this system are xj = xj at a = 0. The solutions of these
equations consist of a set of the automorphisms.

The set of all subalgebras is divided into equivalent classes with respect
to these automorphisms of the admitted Lie algebra L. A list of representatives,
where each element of this list is one representative from every class, is called an
optimal system of subalgebras.

Next, we consider a method for constructing the optimal system. Be-
cause of the difficulties in constructing the optimal system of subalgebras for the
large dimensional Lie algebras, there is a two-step algorithm (Ovsiannikov, 1978),
which reduces this problem to the problem for constructing an optimal system of
algebras with less dimensions.

Let us consider an algebra Lk with a basis {X1,X2, . . . ,Xk}. According
to the algorithm, the algebra Lk is decomposed on I1 ⊕N1, where I1 is an ideal
of the algebra Lk and N1 is a subalgebra of the algebra Lk. In the same way,
the subalgebra N1 can also be decomposed as N1 = I2 ⊕N2. Following the same
process (α − 1) times up to the algebra Nα, the optimal system of subalgebras
can be easily constructed.

By gluing ideals Il and subalgebras Nl starting from l = α to l = 1, one
constructs the optimal system of subalgebras for the algebra Lk. Note that for
every subalgebra Nl one needs to check subalgebra conditions and to use the au-
tomorphisms to simplify coefficients of these systems. Therefore, the problem for
constructing an optimal system of subalgebras of the algebra Lk by this method
is reduced to the problem of classification of algebras with fewer dimensions.

After constructing the optimal system, one can start seeking invariant and
partially invariant solutions of subalgebras from the optimal system.

The concept of invariant solution is based on the fact that the problem of
discovery of an invariant solution is reduced to the integration of a new system of
differential equations, in which the unknown functions depend on a fewer number
of independent variables in comparison with the original system. In this sense,
invariant solutions are found more easily than arbitrary solutions.

Let us consider some subgroup H of the group G. A function F (x, u) (x ∈
�n, u ∈ �m, N = n + m) is said to be an invariant of the subgroup H if for
each point (x, u), it is constant along the trajectory determined by the totality
of transformed point (x, u) : F (x, u) = F (x, u). The function F (x, u) is an
invariant of the group H with generators

X(k) = ξi(k)(x, u)∂xi
+ ζj(k)(x, u)∂uj , (k = 1, 2, ..., r)
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if and only if

X(k)(F ) = ξi(k)(x, u)
∂F

∂xi
+ ζj(k)(x, u)

∂F

∂uj
= 0, (k = 1, 2, ..., r). (2.22)

Any r-parameter group H has exactly N − r functionally independent invariants
J = (J1(x, u), ..., JN−r(x, u)). To find an invariant solution with respect to the
subalgebra H, one has to find a universal invariant and to divide the universal
invariant into two parts. The first part of the universal invariant is a function
depending on the second part. For the invariant solutions, it is required that

rank

(
∂(J1, ..., JN−r)
∂(u1, ..., um)

)
= m.

Invariant solutions are not the only types of particular solutions that can
be obtained by group analysis. One can consider a class of solutions which gen-
eralizes the concept of an invariant solution. The property which these new
solutions have in common is that they all are found from the knowledge of a
certain subgroup H of the main group G, therefore, such solutions are called
partially invariant solutions.

The concept of invariant and partially invariant solutions permits an or-
ganization of the search process for particular solutions of system (1.1) admitted
by group G11, with the aid of different subgroups H ⊂ G11. It is expedient in
this search to begin with the lowest possible number of independent variables
and move to successively higher number of independent variables of the studied
H−solutions.

It is easier to find solutions with lower rank because the rank is equal to
the number of independent variables in the factor system (S/H).

The algorithm for finding invariant and partially invariant solutions con-
tains an arbitrariness related to the choice of the defect δ, which satisfies the
following inequalities

max{r∗ − n, 0} ≤ δ ≤ min{r∗ − 1,m− 1}. (2.23)

Here

δ = m− rank
∂

(
J1, ..., JN−r)

∂ (u1, ..., um)
.

Where r∗ denoted general rank of its tangential mapping ξ of the group G. If
δ = 0 then the solution is invariant, otherwise it is partially invariant.

In the general case, the number of different types of solutions which are
obtained for given n and m, associated with the different pairs (r∗, δ), depends
only on m and n. A calculation shows that the maximum possible number of
types of invariant and partially invariant solutions is equal to mn. Of course, for
a specific equation E(n,m, k, s), the actual number of types of partially invariant
solutions admitted by the equation, which can be sought by using the subgroup
H of the group G may be less than mn. This can occur if the dimensionality
of the group G is not sufficiently large or because of the necessary condition
m− δ ≤ r∗(∂uJ).
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Generally, the classification of the invariant and partially invariant solu-
tions of the given differential equations is done on the same basis. If the rank of
the Jacobi matrix of the first part with respect to the dependent function u is
equal to the number of the functions u, then it is an invariant solution, otherwise
it is a partially invariant solution. However, for partially invariant solutions, it is
necessary to consider an additional characteristic of the defect δ. As it was noted,
a knowledge of the admitted group helps to reduce the number of independent
variables by constructing invariant and partially invariant solutions.



Chapter III

Three-wave Equations

3.1 Introduction

This chapter is devoted to deriving the three–wave equations. We consider
the propagation of two monochromatic waves with the same frequencies ω but
different polarizations in quadratic nonlinear medium. The interaction of this
phenomenon generates the second harmonic and parametric oscillation.

Figure 3.1: Second harmonic generation.

To construct the three–wave equations, one needs to study relations be-
tween electric and magnetic field. The interaction of these fields is described by
the Maxwell’s equations.

3.2 The three–wave equations in nonlinear op-

tics

In this section, we explain the derivation of the three-wave equations. The
starting point is the Maxwell equations:

∇× H = I +
∂D

∂t
,

∇× E = −∂B

∂t
(3.1)
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and the constitutive equations relating the polarization of the medium to the
displacement vectors

D = ε0E + P, I = σE,

B = µ0(H +M),

where I is the current density, E and H are the electric and magnetic field vectors,
respectively; D and B are the electric and magnetic polarizations of the medium,
ε0 and µ0 are the electric and magnetic permeabilities of vacuum, respectively,
σ is the conductivity. The total polarization P is separated into its linear and
nonlinear portions

P = ε0χlE + Pnl.

In non-linear optics for the magnetic polarizations, it is required that

M = χmH.

Taking the curl of both sides of equation (3.1) and using divE = 0 and the vector
identity

∇× (∇× E) = ∇(divE)−∆E = −∆E, (3.2)

we get

∆E = µ
∂

∂t
∆H,

where
µ = µ0(1 + χm).

After differentiating the first equation in (3.1) with respect to t and sub-
stituting it into the last equation, we obtain

∆E = µσ
∂E

∂t
+ µε

∂2E

∂t2
+ µ

∂2Pnl
∂t2

, (3.3)

where ε = ε0(1 + χl). System (3.3) is not closed. In strong fields for the nonlin-
ear part of the electric polarization Pnl of medium, there are phenomenological
expressions

Pnl = P
(2) + P(3) + . . . ,

where P(j) are the nonlinear part of j-th order. For P(j) the following formula is
suggested

P(j) =

∫ ∫ ∞

0

dτ1dτ2 · · · dτjχ(2) (τ1, τ2) E (t− τ1) E (t− τ1 − τ2) · · ·
· · ·E (t− τ1 − τ2 − · · · − τj) ,

where χ̂(j) are tensors of nonlinear susceptibility. We consider medium with
quadratic susceptibility.



17

In the general case, equations (3.3) are very complex. To study the non-
linear effects, a perturbation method is applied. According to this method, the
electric field vector is represented in the form

E (x, t) =
1

2

N∑
j=1

Ej (x, t) exp (iωjt) + c.c., (3.4)

where c.c. means complex conjugate terms. These waves generate waves with
the polarization

P =
1

2

∑
Pqexp (iωqt) + c.c. (3.5)

on the frequencies

ωq =
N∑
j=1

mjωj,

where mj are integer number. As the result in nonlinear medium, the new waves
with these frequencies are generated. At the same time, new waves take part
in interaction of (3.4) into formula for the polarization P(2). Each of the elec-
tromagnetic field Ej generates two quadratic polarization of medium on doubled
and zero frequencies:

P(2)
q =

1

2
χ(2) (ωj + ωj) EjEj,

P(2)
q =

1

2
χ(2) (ωj − ωj) EjE

∗
j . (3.6)

Two electromagnetic waves with different frequencies ωj and ωk generate two
more polarizations:

P(2)
q = χ(2) (ωj + ωk) EjEk,

P(2)
q = χ(2) (ωj − ωk) EjE

∗
k.

Substituting (3.4) and (3.5) into (3.3), we obtain the chain of the Helmholt equa-
tions :

∆Ej = µσ

(
∂Ej
∂t

+ iωjEj

)
+ µε

(
∂2Ej
∂t2

+ 2iωj
∂Ej
∂t

− ω2
jEj

)
+

+ µ

(
∂2P

(2)
j

∂t2
+ 2iωj

∂P
(2)
j

∂t
− ω2

jP
(2)
j

)
. (3.7)

If in the result of one act of the interaction of two waves in medium, the third
wave on combined frequency appears, then this is called a three-frequency inter-
action. In order to analyze this process, a method of slowly changing amplitudes
is applied. According to this method, the electromagnetic field and polarization
are represented in the forms

Ej (x, y, z, t) = ejAj

(
x
√
µ, y

√
µ, µz, µ

(
z
kj
ωj

− t

))
exp (−ikjz) ,

P
(2)
j (x, y, z, t) = pqPq (x

√
µ, y

√
µ, µz, µt) , exp (−ikjz) ,
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where ej and pq are unit vectors of polarization of the waves, Aj and Pq are slowly
changing amplitudes. Substituting these representations into Helmholt equations
(3.6) and leaving terms of the first degree with respect to the small parameter µ
we obtain

−2ik
2
j

ωj

∂Aj

∂t
+∆⊥Aj − 2ikj ∂Aj

∂z
− 1

µ
k2
jAj = σiωjAj − εω2

jAj −
−αqω2

jPj exp (−i (kp,j − kj) z)

kj
ωj

∂Aj

∂t
+
∂Aj

∂z
+

i

2kj
∆⊥Aj+iαj

ω2
j

2kj
Pj exp (−i (kp,j − kj) z) = Aj

ω2
j

2kj

(
εj − ε+ i

σ

ωj

)
,

(3.8)
where ∆⊥ is the Laplacian in (x, y) , αj = pjlj, k2

j = µω2
j εj

Let us limit our consideration to the field made up of three plane waves, two
of these fields are of the same frequency ω, for example ω1 = ω2 = ω. As the result
of their interaction, the third harmonic with the frequency ω3 = ω1 + ω2 = 2ω is
generated. In this case the polarizations are the following equations

P
(2)
1 =

1

2
χ(2) (ω3 − ω2) E3E

∗
2,

P
(2)
2 =

1

2
χ(2) (ω3 − ω1) E3E

∗
1,

P
(2)
3 =

1

2
χ(2) (ω1 + ω2) E1E2.

Therefore, equations (3.8) become

∂A1

∂z
+

i

2k1

∆⊥A1 +
k1

ω

∂A1

∂t
= iσ1A3A

∗
2 exp (−i∆kz),

∂A2

∂z
+

i

2k2

∆⊥A2 +
k2

ω

∂A2

∂t
= iσ2A3A

∗
1 exp (−i∆kz),

∂A3

∂z
+

i

2k3

∆⊥A3 +
k3

2ω

∂A3

∂t
= iσ3A1A2 exp (i∆kz)

where ∆k = k3−k1−k2. In short, these equations can be written as the following:

M1A1 = iσ1A3A
∗
2e

i∆kz, M2A2 = iσ2A3A
∗
1e

i∆kz, M3A3 = iσ3A1A2e
−i∆kz. (3.9)

Here Mj are linear differential operators

Mj = ∂z +
i

2kj
(∂2

x2 + ∂2
y2) + kjω

−1∂t, (j = 1, 2, 3). (3.10)

Derivation of equations (3.9) was done without taking account of anisotropy of a
crystal. For anisotropic crystals, the equation divE = 0 is not correct. Therefore,
in the process of deriving, one needs to use the full version of equation (3.2)

∇× (∇× E) = ∇(divE)−∆E.
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This will lead to equations (3.9) with the corrected differential operators

Mj = ∂z +
i

2kj
(∂2

x2 + ∂2
y2) + kjω

−1∂t + βj∂x, (j = 1, 2, 3). (3.11)

Note that by the equivalence transformations (Gorchakov, Meleshko, 1997) the
coefficients βj, (j = 1, 2, 3) can be transformed to zero. Therefore, in this thesis
we study the equations with βj = 0, (j = 1, 2, 3).



Chapter IV

Optimal System

4.1 Admitted group and equivalence group

In this section, we describe the equivalence group and group admitted by
system (1.1). This system is written in the individual variables. We set the
variables as follows :

x1 = t, x2 = x, x3 = y, x4 = z, A1 = u1 + iu2, A2 = u3 + iu4, A3 = u5 + iu6,

pji = ujxi
, pjiα = ujxixα

; (j = 1, 2, . . . , 6; i, α = 1, . . . , 4)

θk = βk, θ
3+k = κk, θ

6+k = σk, θ
10 = ω, (k = 1, 2, 3).

With these notations the functions Fl = Fl(x, u, p, θ), (l = 1, 2, .., 6) in (2.15) are
defined by (1.1). We assume that the generator has representation in the form

Xe = ξi(x, u, θ)∂xi
+ ζj(x, u, θ)∂uj + ζθ

k

(x, u, θ)∂θk

and prolonged operator is

X
e
= Xe + ζji (x, u, θ)∂uj

i
+ ζjiα(x, u, θ)∂uj

iα
+ ζθ

k

xi
(x, u, θ)∂θk

xi
+ ζθ

k

uj (x, u, θ)∂θk
uj

The coefficients of the prolonged operator are defined by formulae (2.20). The
determining equations are

[X
e
Fl]Fl=0 = 0. (4.1)

Because the arbitrary elements θk are constants, one needs to append the addi-
tional equations

ζθ
k

xi
= 0, ζθ

k

uj = 0; (j = 1, 2, . . . , 6; i = 1, 2, . . . , 4; k = 1, 2, . . . , 10).
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The result of the calculations is the equivalence group with the basis of the
generators:

Xe
1 = x∂x + y∂y + z∂z −

∑6
α=1 uα∂uα − k1∂k1 − k2∂k2 ,

Xe
2 = t∂t − ω∂ω,

Xe
3 = ωt∂x +

∑3
α=1 kα∂βα ,

Xe
4 = z∂x +

∑3
α=1 ∂βα ,

Xe
5 = (k1)

−1(k1x− (β3 − β2)ωt− (k3β2 − k2β3)z)(u4∂u3 − u3∂u4+
+u6∂u5 − u5∂u6)− (k2)

−1∂β2 − (k3)
−1∂β3 ,

Xe
6 = 2σ1∂σ1 − (u3∂u3 + u4∂u4 + u5∂u5 + u6∂u6),

Xe
7 = 2σ2∂σ2 − (u1∂u1 + u2∂u2 + u5∂u5 + u6∂u6),

Xe
8 = 2σ3∂σ3 − (u1∂u1 + u2∂u2 + u3∂u3 + u4∂u4),

Xe
9 = x∂x + y∂y + 2z∂z + 2t∂t − 2

∑6
α=1 uα∂uα − ∑3

α=1 βα∂βα .

Remark. In the experiments, it is very important to have β2
1 + β2

2 + β2
3 �= 0.

However, in this case, an admitted group is very complicated. Group equivalence
makes it possible to transform to equivalent system with βi = 0. It essentially
simplifies the calculations.

In the strength of the equivalence group, we consider βi = 0; i = 1, 2, 3.
The admitted Lie group corresponds to the Lie algebra L11 with the generators :

X1 = ∂x, X2 = ∂y, X3 = ∂z, X4 = y∂x − x∂y,

X5 = x∂x + y∂y + 2z∂z + 2t∂t − 2
∑6

α=1 uα∂uα ,
X6 = xX10 + z∂x, X7 = yX10 + z∂y, X8 = ∂t,
X9 = (k1 − k2)zX10 + ((k1 + k2)z − 2ωt)X11,
X10 = k1(u2∂u1 − u1∂u2) + k2(u4∂u3 − u3∂u4) + (k1 + k2)(u6∂u5 − u5∂u6),
X11 = k1(u2∂u1 − u1∂u2) + k2(u4∂u3 − u3∂u4) + (k1 − k2)(u6∂u5 − u5∂u6).

The table of commutators is

X1 X2 X3 X4 X5 X6 X7 X8 X9

X1 0 0 0 −X2 X1 X10 0 0 0
X2 0 0 X1 X2 0 X10 0 0
X3 0 0 2X3 X1 X2 0 α0X10 + β0X11

X4 0 0 X7 −X6 0 0
X5 0 X6 X7 −2X8 2X9

X6 0 0 0 0
X7 0 0 0
X8 0 −ωX11

X9 0

Here α0 = (k1−k2)/2, β0 = (k1+k2)/2. Two generators X10 and X11 constitute
the center of the algebra. Inner automorphisms are constructed with the help of
the table of commutators.

To construct automorphisms, one has to solve the Lie equations. For
example, for the automorphism A1, we have the system of ordinary differential
equations
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dx1

da
= x5,

dx2

da
= −x4,

dx10

da
= x6

.
and the initial values at a = 0

x1 = x1, x2 = x2, x10 = x10.

Therefore, the automorphism A1 only changes the coordinates x1, x2 and x10 by
the formulae

x1 = x1 + a1x5, x2 = x2 − a1x4, x10 = x10 + a1x6.

Other coordinates are not changed.
By the same way, we obtain the automorphisms Ai (i = 2, . . . , 9) :

A2 : x1 = x1 + a2x4, x2 = x2 + a2x5, x10 = x10 + a2x7,
A3 : x1 = x1 + a3x6, x2 = x2 + a3x7, x3 = x3 + 2a3x5,

x10 = x10 + α0a3x9, x11 = x11 + β0a3x9,
A4 : x1 = x1 cos(a4)− x2 sin(a4), x2 = x1 sin(a4) + x2 cos(a4),

x6 = x6 cos(a4)− x7 sin(a4), x7 = x6 sin(a4) + x7 cos(a4),
A5 : x1 = a−1

5 x1, x2 = a−1
5 x2, x3 = a−2

5 x3, x6 = a5x6, x7 = a5x7,
x8 = a−2

5 x8, x9 = a2
5x9,

A6 : x1 = x1 − a6x3, x6 = x6 − a6x5, x7 = x7 − a6x4, x10 = x10 − a6x1 +
a2
6

2
x3,

A7 : x2 = x2 − a7x3, x6 = x6 + a7x4, x7 = x7 − a7x5, x10 = x10 − a7x2 +
a2
7

2
x3,

A8 : x8 = x8 + 2a8x5, x11 = x11 − ωa8x9,
A9 : x10 = x10 − α0a9x3, x11 = x11 − a9(ωx8 − β0x3), x9 = x9 − 2a9x5.

Also there are two involutions

E1 : x1 = −x1, x6 = −x6,

E2 : x2 = −x2, x7 = −x7,

which correspond to the change of the independent variables x on −x and y on
−y, respectively.

4.2 Decomposition of the algebras L11

Before constructing an optimal system, we study an algebraic structure of
the algebra L11. Let us consider the vector space L9 spanned by the operators
X1, X2, ..., X9. Note that the space L9 is not a subalgebra, because, for exam-
ple [X1, X6] = X10 �∈ L9. Assume that H = {Y1, Y2, ..., Yk} is a k-dimensional
subalgebra of the algebra L11. Operators Yi, (i = 1, 2, . . . , k) are

Yi = Y i +
11∑

α=10

xiαXα, Y i =
9∑

α=1

xiαXα,
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where the first part belongs to the space L9, and the second part belongs to the
center {X10, X11}. The rank of the matrix Q = (xij) composed of the coefficients
xij, (i = 1, 2, . . . , k; j = 1, 2, . . . , 11) is equal to k. The rank of the matrix Q
composed of the first 9 columns of the matrix Q can be equal to either k, k − 1
or k − 2. If the rank is equal to k − 1 or k − 2, then, without loss of generality,
Yk ∈ {X10, X11}. In this case the rank of the Jacobi matrix of the universal
invariant with respect to the dependent functions is less than the number of
the dependent variables. The reson for this is that the process of finding the
universal invariant can start from the operator Yk which are expressed in term
of the dependent variables only. Therefore, for constructing invariant solutions,
we only have to consider the subalgebras of the first kind, where the rank of the
matrix Q is equal to k. This means that the vectors Y i, (i = 1, 2, . . . , k) are
linearly independent.

Conditions for H to be a subalgebra give

[Yi, Yj] =
k∑

α=1

Cα
ijYα; i, j = 1, 2, . . . , k.

Because the operators X10, X11 constitute a center, then

[Yi, Yj] = [Y i, Y j] =
k∑

α=1

Cα
ijY α + Yij,

where Yij ∈ {X10, X11}. Hence the operators Y i, (i = 1, 2, . . . , k) constitute
k-dimensional subalgebra of the factor algebra L9 = L11/{X10, X11}. A basis
of L9 can be chosen consisting of the classes Xi/{X10, X11}, (i = 1, 2, . . . , 9).
Because {X10, X11} is a center, then, for the classes Xi/{X10, X11}, one can
use the same automorphisms (without considering transformations of X10 and
X11) as for the operators Xi. Therefore, this allows simplifying the process of
constructing the optimal system of subalgebras of the algebra L11. At first, one
can construct an optimal system of subalgebras of L9. This gives the operators
Y i. Then the operators Y i can be supplemented by the operators from the center
Yi = Y i +

∑11
α=10 xiαXα. On the next step, one needs to check the subalgebra

conditions for the operators Yi in L11 and check a possibility to simplify the
coefficients xiα, (α = 10, 11) by the automorphisms.

Let us consider the factor algebra L9. A basis of L9 can be chosen, con-
sisting of the classes Xi/{X10, X11}, (i = 1, 2, . . . , 9). Later, for the sake of sim-
plicity, we write Xi for the basis element Xi/{X10, X11} ∈ L9, (i = 1, 2, . . . , 9).
Because the zero class of L9 consists of the operators c1X10+ c2X11, then a table
of commutators of the algebra L9 can be obtained from the table of commutators
of L11 by letting the element (c1X10 + c2X11) = 0 ∈ L9.

As noted before, the automorphisms of the algebra L11 can be used for
the algebra L9. To construct an optimal system of subalgebra of the algebra
L9, we use two-steps algorithm, which is explained earlier. According to this
algorithm on the first step, the algebra L9 is decomposed as I1 ⊕ N1, where
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I1 = {X1, X2, X3} is an ideal and N1 = {X4, X5, X6, X7, X8, X9} is a subalgebra.
At the same time, the subalgebra N1 can also be decomposed as N1 = I2 ⊕ N2

with the ideal I2 = {X6, X7} and the subalgebra N2 = {X4, X5, X8, X9}. After
these decompositions, the subalgebra N2 is four-dimensional. Its optimal system
can be easily constructed.

4.3 Classification of the algebra L4

Let us classify the algebra L4 = {X4, X5, X8, X9}. The table of commuta-
tors of the algebra L4 is

X4 X5 X8 X9

X4 0 0 0 0
X5 0 0 −2X8 2X9

X8 0 2X8 0 0
X9 0 −2X9 0 0

The automorphisms are

A4 : x4 = x4, x5 = x5, x8 = x8, x9 = x9,
A5 : x4 = x4, x5 = x5, x8 = x8e

−2a, x9 = x9e
2a,

A8 : x4 = x4, x5 = x5, x8 = x8 + 2ax5, x9 = x9,
A9 : x4 = x4, x5 = x5, x8 = x8, x9 = x9 − 2ax5.

There is one involution

E : x4 = −x4, x5 = x5, x8 = x8, x9 = x9.

Let us study an optimal system of the algebra L4. For convenience, we
will denote the generators Xi by i. A short description of different cases is given
in tables D.1, E.1 and F.1

4.3.1 One-dimensional subalgebras of the algebra L4

Let Y = x44+x55+x88+x99 which constitutes a one-dimensional
subalgebra of the algebra L4. The process of simplification of the coefficients of
the operator Y is separated in the following cases.

Case 1. Assume that x5 �= 0, then we can divide Y by x5. Hence, without
loss of generality one can consider

Y = x44+ 5+ x88+ x99.

By the transformation A8 and A9, we can transform to x8 = 0 and x9 = 0.
Other transformations cannot change x4. Therefore, in the case when x5 �= 0 the
class of equivalent subalgebras is described by the operators 5+ x44.

Case 2. Assume that x5 = 0, then we have Y = x44+ x88+ x99.
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Case 2.1. Let x4 �= 0. By dividing the operator Y by x4, we obtain
Y = 4+ x88+ x99.

Case 2.1.1. Let x8 �= 0. By the automorphism A8, the operator Y
is transformed to 4+ 8+ x99.

Case 2.1.2. If x8 = 0, then Y = 4+ x99.
Case 2.1.2.1. If x9 �= 0, then the operator Y can be trans-

formed by the automorphism A5 to 4±9, which is transformed by involution E
to the operator 4+ 9.

Case 2.1.2.2. If x9 = 0,then the representative of the class
is the operator 4.

Case 2.2. Let x4 = 0, this means that Y = x88+ x99.
Case 2.2.1. If x8 �= 0, then Y can be divided by x8 : Y = 8+x99.

Case 2.2.1.1. If x9 �= 0, then by the automorphism A5, the
operator Y is transformed to 8+ ε9, where ε = ±1.

Case 2.2.1.2. If x9 = 0, then Y = 8.
Case 2.2.2. Let x8 = 0. Because Y �= 0, then the representative

of the class is the operator 9.

4.3.2 Two-dimensional subalgebras of the algebra L4

Let a subalgebra be formed by the operators

Y1 = a114+ a125+ a138+ a149, Y2 = a214+ a225+ a238+ a249

where a11, a12, a13, a14, a21, a22, a23 and a24 are arbitrary constants. Note that

the rank of the matrix

(
a11 a12 a13 a14

a21 a22 a23 a24

)
is equal to two.

Case 1. Assume that a12 �= 0. We can divide Y1 by a12. Hence, by
subtracting the operator (a22/a12)Y1 from Y2, one can take a22 = 0. By the
automorphisms A8 and A9, the operator Y1 is transformed to Y1 = 5 + a114.
After checking subalgebra conditions, we have

[a114+ 5, a214+ a238+ a249] = α(a114+ 5) + β(a214+ a238+ a249)

where α and β are arbitrary constants. By calculating the left hand side and
comparing the coefficients in the left hand side with coefficients in the right hand
side, we have

−2a238+ 2a249 = (αa11 + βa21)4+ α5+ βa238+ βa249.

Therefore
(β + 2)a23 = 0, (β − 2)a24 = 0, βa21 = 0.

Further consideration depends on value of the coefficients a21, a23, a24.
Case 1.1. If a23 �= 0, then β = −2 and a24 = 0, a21 = 0. By the

automorphism A8 the operators Y1 and Y2 are transformed to Y1 = a114 + 5,
Y2 = 8.
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Case 1.2. If a23 = 0 and a24 �= 0, then β = 2 and a21 = 0. Hence,
the operators Y1 and Y2 are Y1 = a114+ 5, Y2 = 9.

Case 1.3. If a23 = 0 and a24 = 0, then a21 �= 0. Then operators Y1

and Y2 are Y1 = 5, Y2 = 4.

Case 2. :Assume that a12 = 0. If a22 �= 0 then by changing Y1 and Y2, this
case corresponds to the previous case. Hence, one can take a22 = 0. Therefore,
the operations are Y1 = a114+a138+a149, Y2 = a214+a234+a249. By checking
the subalgebra condition, we have

[Y1, Y2] = 0 = α(a114+ a138+ a149) + β(a214+ a238+ a249),

with some coefficient α, β. Hence

αa11 + βa21 = 0, αa13 + βa23 = 0, αa14 + βa24 = 0.

Further consideration depends on value of the coefficients a11, a21, a13, a23, a14

and a24.
Case 2.1. Let a11 �= 0. After dividing Y1 by a11, one can take

a11 = 1. Without loss of generality one can also take a21 = 0.
Case 2.1.1. Let a24 �= 0. After dividing the operator Y2 by

a24, and excluding 4 from Y2 we obtain Y1 = 4+ a138, Y2 = 9+ a238.
Case 2.1.1.1. If a13 �= 0, then by the automorphism

A5 the coefficient a13 is transformed to 1

Y1 = 4+ 8, Y2 = 9+ a238.

Case 2.1.1.2. If a13 = 0 and a23 �= 0 then by the
automorphism A5 the operators Y1 and Y2 are transformed to 4, ε8 + 9, where
ε = ±1.

Case 2.1.1.3. If a13 = 0 and a23 = 0 then Y1 =
4, Y2 = 9.

Case 2.1.2. Let a24 = 0. In this case we have the operators
4+ a149,8.

Case 2.1.2.1. If a14 �= 0 then, by the automorphism
A5, the coefficient a14 can be transformed to 1. Hence, we get Y1 = 4+9, Y2 = 8.

Case 2.1.2.2. If a14 = 0 then Y1 = 4, Y2 = 8.
Case 2.2. Let a11 = 0. We remind that a12 = a22 = 0. Note that if

a21 �= 0), then we have the previous case by changing Y1 and Y2. Hence, a21 = 0.
In this case we obtain Y1 = 8, Y2 = 9.

4.3.3 Three-dimensional subalgebras of the algebra
L4

Let a subalgebra be formed by the operators

Y1 = a114+ a125+ a138+ a149
Y2 = a214+ a225+ a238+ a249
Y3 = a314+ a325+ a338+ a349
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where aij, (i = 1, 2, 3; j = 1, 2, 3, 4) are arbitrary constants. Note that rank of
the matrix 

 a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34




is equal to three.
Case 1.
Assume that a12 �= 0, then by taking linear combinations one can take

a12 = 1 and a22 = a32 = 0. By the automorphisms A8 and A9 the coefficients a13

and a14 can be transformed to zero. Hence, the operators are Y1 = a114+5, Y2 =
a214+ a238+ a249, Y3 = a314+ a338+ a349.

Case 1.1. If a21 �= 0, then we can take a21 = 1 and a11 = a31 = 0.
Hence, the operators are Y1 = 5, Y2 = 4+ a238+ a249, Y3 = a338+ a349.

Case 1.1.1. If a33 �= 0, then we can take a33 = 1 and a23 = 0.
Hence, the operators are Y1 = 5, Y2 = 4+ a249, Y3 = 8+ a349.
The operators Y1, Y2, Y3 must constitute a subalgebra. Let us consider the
commutators

[5, 4+ a249] = 2a249 = α15+ β1 (4+ a249) + γ1 (8+ a349) ,
[5, 8+ a349] = 2a349 = α25+ β2 (4+ a229) + γ2 (8+ a349) ,

with some constants α1, α2, β1, β2, γ1and γ2. Hence α1 = 0, α2 = 0, β1 =
0, β2 = 0, γ1 = 0, γ2 = 0, a24 = 0, a34 = 0. Therefore, the operators Y1, Y2

and Y3 can be transformed to Y1 = 5, Y2 = 4 and Y3 = 8.
Case 1.1.2. If a33 = 0 then a34 has to be nonzero. Hence, we

can take a34 = 1 and a24 = 0. Therefore the operators are Y1 = 5, Y2 = 4+a238
and Y3 = 8. By checking the subalgebra conditions, we have

[5, 4+ a238] = −2a238 = α5+ β (4+ a238) + γ9,

with some coefficient α, β and γ. Hence α = 0, β = 0, γ = 0, a23 = 0. Therefore,
the operators Y1, Y2 and Y3 can be transformed to Y1 = 5, Y2 = 4, Y3 = 9.

Case 1.2. Assume that a21 = 0. If a31 �= 0, then by changing Y2

and Y3 this case corresponds to the previous case. Hence, one can take a31 = 0.
Because the rank of the matrix (

a23 a24

a33 a34

)

is equal to 2, then by taking linear combinations the operators Y1, Y2 and Y3 can
be transformed to Y1 = a114+ 5, Y2 = 8, Y3 = 9.

Case 2.
Assume that a12 = 0. From case 1, we can take a22 = a32 = 0. since the

rank of the matrix 
 a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34



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is equal to 3, then by taking linear combinations one can account that Y1 =
4, Y2 = 8, Y3 = 9.

4.3.4 Four-dimensional subalgebra of the algebra L4

Let a subalgebra be formed by the operators

Y1 = a114+ a125+ a138+ a149,
Y2 = a214+ a225+ a238+ a249,
Y3 = a314+ a325+ a338+ a349,
Y4 = a414+ a425+ a438+ a449,

where aij, (i, j = 1, 2, 3, 4) are arbitrary constants. Note that the rank of the
matrix 


a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44




is equal to four. Therefore,

Y1 = 4, Y2 = 5, Y3 = 8, Y4 = 9,

The optimal system of the algebra L4 = {4, 5, 8, 9} is the following:
Dimension

1 2 3 4
4 4,5 4,5,8 4,5,8,9
8 4,8 4,5,9
9 4,9 4,8,9

4+ 9 8,9 5+ x44,8,9
5+ x44 8,4+ 9
8+ ε9 4,9+ ε8

4+ 8+ x99 5+ x44,8
5+ x44,9

4+ 8,9+ x88

where x4, x8 and x9 are arbitrary real parameter and ε = ±1.

4.3.5 Optimal system of subalgebras of the algebra
L6 = {4,5,6,7,8,9}

The next step is a construction of an optimal system of the algebra L6 =
{4,5,6,7,8,9}. We construct it by gluing the subalgebras from the optimal
system of the algebra L4 with the ideal I2 = {6,7}.

The table of commutators of the algebra L6 is
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X4 X5 X6 X7 X8 X9

X4 0 0 X7 −X6 0 0
X5 0 0 X6 X7 −2X8 2X9

X6 −X7 −X6 0 0 0 0
X7 X6 −X7 0 0 0 0
X8 0 2X8 0 0 0 0
X9 0 −2X9 0 0 0 0

The automorphisms are

A4 : x6 = x6 cos a− x7 sin a, x7 = x6 sin a+ x7 cos a,
A5 : x6 = x6e

a, x7 = x7e
a, x8 = x8e

−2a, x9 = x9e
2a,

A6 : x6 = x6 − ax5, x7 = x7 − ax4,
A7 : x6 = x6 + ax4, x7 = x7 − ax5,
A8 : x8 = x8 + 2ax5,
A9 : x9 = x9 − 2ax5

and two involutions are

E1 : x4 = −x4, x6 = −x6,
E2 : x4 = −x4, x7 = −x7.

Here we give one example of the process of gluing. Other elements of the
optimal system of the algebra L6 are constructed similarly.

Let us consider the subalgebra {5+ x44,9} and the ideal I2 = {6,7}.
To construct two-dimensional subalgebras of the algebra L6 we use the matrix of
coefficients

X6 X7 X4 X5 X8 X9

h1 h2 x4 1 0 0
h3 h4 0 0 0 1

for three-dimensional subalgebras of the algebra L6 the matrix is

X6 X7 X4 X5 X8 X9

h1 h2 x4 1 0 0
h3 h4 0 0 0 1
h5 h6 0 0 0 0

and for a four-dimensional case, it is

X6 X7 X4 X5 X8 X9

h1 h2 x4 1 0 0
h3 h4 0 0 0 1
h5 h6 0 0 0 0
h7 h8 0 0 0 0

Note that the rank of the matrix

B = (h5 h6)
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in the three-dimensional case is equal to one and in the four-dimensional case the
rank of the matrix

C =

(
h5 h6

h7 h8

)
is equal to two. Hence, the matrix B is reduced to either

B = (1 h6) or B = (0 1)

and the matrix C is the unit matrix

C =

(
1 0
0 1

)
.

Let us consider three-dimensional subalgebras. Assume that the matrix
B = (1 h6). Then without loss of generality one can take h1 = h3 = 0. By the
automorphisms A4 and A7, the matrix of coefficients is transformed to

X6 X7 X4 X5 X8 X9

0 0 x4 1 0 0
0 h4 0 0 0 1
1 0 0 0 0 0

The subalgebra conditions give

[x44+ 5, 9+ h47] = α(x44+ 5) + β(9+ h47) + γ6

where α, β and γ are arbitrary constants. By calculating the left side, we have

−x4h46+ 29+ h47 = α(x44+ 5) + β(9+ h47) + γ6.

Comparing the coefficients in the left side with the coefficients in the right side,
we obtain

β = 2, h4 = 0, γ = 0.

Considering another commutator, we have

[x44+ 5, 6] = α(x44+ 5) + β(9+ h47) + γ6.

By calculating the left side and comparing the coefficients, we obtain x4 = 0.
Therefore, in this case the subalgebra can be transformed to {5, 6, 9}. The
optimal system of the algebra L6 is given in Appendix D.

4.3.6 Optimal system of subalgebras of the algebra
L9

After constructing the optimal system of subalgebras of the algebra L6,
the next step is a construction of an optimal system of the algebra L9 =
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{1, 2, 3, 4, 5, 6, 7, 8, 9}, by gluing subalgebras from the optimal sys-
tem of the algebra L6 with the ideal I1 = {1, 2, 3}.

The table of commutators of the algebra L9 is

X1 X2 X3 X4 X5 X6 X7 X8 X9

X1 0 0 0 −x2 x1 0 0 0 0
X2 0 0 0 x1 x2 0 0 0 0
X3 0 0 0 0 2x3 x1 x2 0 0
X4 x2 −x1 0 0 0 x7 −x6 0 0
X5 −x1 −x2 −2x3 0 0 x6 x7 −2x8 2x9

X6 0 0 −x1 −x7 x6 0 0 0 0
X7 0 0 −x2 x6 x7 0 0 0 0
X8 0 0 0 0 2x8 0 0 0 0
X9 0 0 0 0 −2x9 0 0 0 0

The automorphisms are

A1 : x1 = x1 + ax5, x2 = x2 − ax4,
A2 : x1 = x1 + ax4, x2 = x2 + ax5,
A3 : x1 = x1 + ax6, x2 = x2 + ax7, x3 = x3 + 2ax5,
A4 : x1 = x1 cos a− x2 sin a, x2 = x1 sin a+ x2 cos a,

x6 = x6 cos a− x7 sin a, x7 = x6 sin a+ x7 cos a,
A5 : x1 = x1e

−a, x2 = x2e
−a, x3 = x3e

−2a,
x6 = x6e

a, x7 = x7e
a, x8 = x8e

−2a, x9 = x9e
2a

A6 : x1 = x1 − ax3, x6 = x6 − ax5, x7 = x7 − ax4,
A7 : x2 = x2 − ax3, x6 = x6 + ax4, x7 = x7 − ax5,
A8 : x8 = x8 + 2ax5,
A9 : x9 = x9 − 2ax5

and two involutions are

E1 : x1 = −x1, x4 = −x4, x6 = −x6,
E2 : x2 = −x2, x4 = −x4, x7 = −x7.

As it was seen on the algebra L6, the process of constructing an optimal
system of subalgebras of the algebra L9 by gluing the algebra L6 and the ideal
I1 consists of the following steps. On the first step, the vectors

Yi =
3∑

j=1

aijXj +
9∑

j=4

bijXj, (i = 1, 2, . . . , k),

Yi+k =
∑

cijXj (i = 1, 2, . . . , s),

are composed. Here the vectors

9∑
i=1

bijXj

are basis elements from the one of k–dimensional subalgebras Lk of the opti-
mal system of the algebra L6. In matrix form, this step can be explained as a
construction of the matrix
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1 2 3 4 5 6 7 8 9
A B
C 0

where the matrices A, B and C consist of the coefficients aij, biα, cβj, (i =
1, 2, . . . , k; j = 4, 5, . . . , 9; α = 4, 5, . . . , 9; β = 1, 2, . . . , s). On this step, the
matrix A is arbitrary. The rank of the matrix(

A B
C 0

)

is equal to k+ s and this is the dimension of the subalgebra from the algebra L9.
The matrix C is chosen to be the simplest by taking linear combinations and has
to take all possible values of the given rank s. Note also that, the matrix A can
be simplified with the help of the matrix C.

The process of checking the subalgebra conditions is very cumbersome. For
example, for 8–dimensional subalgebra, in order to check subalgebra conditions,
one needs to construct C8,2 = 28 commutators and check their linear dependence
on the basis generators of the subalgebra. Therefore for this step, we need to use
a computer for the calculation. In this research, we use the Reduce-program (see
Appendix A).

Here we consider one example for constructing initial data for the Reduce-
program. Let us take the subalgebra {X4 , X9} of the algebra L6. We will glue
the ideal I2 to this subalgebra. The maximum possible dimension of subalgebra
of the algebra L9 after gluing a subalgebra to I2 is five. In this case, the matrix
C is a 3 × 3 square matrix, the rank of which is equal to 3. Hence, by linear
combinations of rows, this matrix can be transformed to the identical matrix
C = E: (

A B
E O

)
By taking linear combinations of rows of the last matrix one can eliminate the
elements of the matrix A, Therefore, we obtain the initial data

1 2 3 4 5 6 7 8 9
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0

Let us consider four-dimensional subalgebras of the algebra L9. In this
case, the rank of the matrix C is equal to two.

Assume that c211 + c221 �= 0, then without loss of generality we can account
that c11 = 1, c21 = 0. Because the rank of the matrix C is equal to two, then
c222 + c223 �= 0.
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First, assume that c22 �= 0, then one can take c22 = 1, c12 = 0. Hence, in
this case the matrix C for the initial data is

C =

(
1 0 c13
0 1 c23

)

By taking linear combinations the matrix A can be transformed to the matrix

A =

(
0 0 a13

0 0 a23

)

and the initial data for the Reduce-program in this case are

1 2 3 4 5 6 7 8 9
0 0 a13 1 0 0 0 0 0
0 0 a23 0 0 0 0 0 1
1 0 c13 0 0 0 0 0 0
0 1 c23 0 0 0 0 0 0

Now assume that c22 = 0, then c23 �= 0 and one can take c23 = 1. Note that in
this case by the automorphism A4 one can transform c12 to zero. The matrix A
by taking linear combinations is transformed to the matrix

A =

(
0 a12 0
0 a22 0

)

and by the automorphism A1 the element a12 can also be transformed to zero.
Hence, the initial data for the Reduce-program are

1 2 3 4 5 6 7 8 9
0 0 0 1 0 0 0 0 0
0 a22 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0

For the three-dimensional case the table of coefficients is

1 2 3 4 5 6 7 8 9
a11 a12 a13 1 0 0 0 0 0
a21 a22 a23 0 0 0 0 0 1
c11 c12 c13 0 0 0 0 0 0

If c211 + c212 �= 0, then using the automorphism A4 we can take c11 = 1, c12 = 0.
In this case by linear combinations and by the automorphism A1 the matrix A
is transformed to the matrix

A =

(
0 0 a13

0 a22 a23

)

and the initial data for the Reduce-program are
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1 2 3 4 5 6 7 8 9
0 0 a13 1 0 0 0 0 0
0 a22 a23 0 0 0 0 0 1
1 0 c13 0 0 0 0 0 0

If c211 + c212 = 0, then c13 �= 0, without loss of generality we can take c13 = 1.
After linear combinations and the automorphism A1 and A2 the initial data in
this case are

1 2 3 4 5 6 7 8 9
a11 0 0 1 0 0 0 0 0
a21 a22 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0 0

In the same way we determined matrices for all subalgebras of the algebra
L6. The result of this analysis is initial data (see in Appendix B) for the computer
program, which checks the subalgebra conditions. This Reduce-program is given
in Appendix A. It must be noted that a computer cannot do full analysis of
checking the subalgebra conditions, because this requires analysis of a nonlinear
system of equations, which are obtained after taking commutators. But many of
these equations can be simplified by using computer (taking linear combinations)

After calculations and analysis of these calculations we obtain the optimal
system of subalgebras of the algebra L9. The list of subalgebras of the optimal
system consists of 299 representative classes (see the table in Appendix E).

4.4 Three–dimensional subalgebras of the alge-

bra L11

As explained before, the next step in constructing the optimal system
of subalgebras of the algebra L11 invariant solutions is to study the subalgebra
conditions of the subalgebras {Yi, . . . , Yk} where

Yi = Y i +
11∑

α=10

xiαXα, Y i =
9∑

α=1

xiαXα.

Here
{
Y 1, . . . , Y k

}
with

Y i =
9∑

α=1

xiαXα ∈ L9,

is an element of the optimal system of the factor algebra L9 and the rank of the
matrix Q composed the coefficients xiα (i = 1, 2, . . . , k; α = 1, 2, . . . , 9) is equals
to k.

In this thesis, we study three-dimensional subalgebras of the algebra L11.
Three-dimensional subalgebras allow obtaining an invariant solutions, which re-
duce the initial system of partial differential equations to a system of ordinary
differential equations.
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The result of calculations of the optimal system of three-dimensional sub-
algebras of the algebra L11 (after running the Reduce-program and analysis of the
calculations) consists of 417 classes. According to the discussion on subalgebras
explained before, only 196 classes of subalgebras can have invariant solutions.
The table of subalgebras is given in Appendix F. In the table, α, β, ε, ε1 and ε1

are arbitrary constants with ε = ±1, ε1 �= 0, ε2 �= 0. All subalgebras are written
in symbolical form: only number of the basis generators are given.



Chapter V

Invariant Solutions of the
Three-wave Equations

In this chapter, we study invariant solutions of the three-wave equations,
which reduce the initial system of partial differential equations to a system of
ordinary differential equations. We are confined to considering three-dimensional
subalgebras of the algebra L11. The list of all essentially different (nonsimilar)
three-dimensional subalgebras that can have invariant solutions is presented in
Appendix F and it consists of 196 classes. Note that the subalgebras in which
one of the basis elements is X9 have to be excluded from our consideration.
The reason for excluding such class of subalgebras is the same as in the case of
subalgebras with the operators c1X10+c2X11 being in the basis of subalgebra: the
rank of the Jacobi matrix of an universal invariant with respect to the dependent
variables is less than number of the dependent functions. Therefore, from 417
classes, only 196 classes can have invariant solutions.

In this section, some of invariant solutions are presented. As noted be-
fore, these solutions reduce the initial system of partial differential equations to a
system of ordinary differential equations. To solve the ordinary differential equa-
tions, we use the forth–order Runge–Kutta method. For the sake of complete
consideration, this method is explained in Appendix G.

5.1 Subalgebra 1 : {4, 5, α3 + 8}
The basis of this subalgebra consists of the generators

X4 = y∂x − x∂y, X5 = x∂x − y∂y + 2z∂z + 2t∂t − 2uk∂uk
, αX3 +X8 = α∂z + ∂t.

In order to find invariant solution, one needs to find a universal invariant of this
subalgebra. Let a function

f = f(t, x, y, z, u1, u2, u3, u4, u5, u6)

be an invariant of the generator X4. This means that

yfx − xfy = 0.

The general solution of this equation is

f = F (t, x2 + y2, z, u1, u2, u3, u4, u5, u6).



37

After substituting it into the equation

(αX3 +X8)f = 0

we obtain the equation
αFz + Ft = 0.

The general solution of this equation is

f = ϕ(r, z, u1, u2, u3, u4, u5, u6),

where r = x2 + y2 and z = z − αt. Substituting the last representation into the
equation

(x∂x + y∂y + 2z∂z + 2t∂t − 2uk∂uk
)f = 0,

we obtain
(2rϕr + 2zϕz − 2ukϕuk

) = 0.

Hence, the universal invariant of this subalgebra consists of the invariants

x2 + y2

z − αt
, (z − αt)uk, (k = 1, 2, . . . , 6).

The representation of the invariant solution of this subalgebra has the following
form

uk = (z − αt)−1φk(q), (k = 1, 2, . . . , 6)

with arbitrary functions φk(q), (k = 1, 2, . . . , 6). Here q = (x2 + y2)/(z − αt).
The functions φk(q) have to satisfy the equations, which are obtained after sub-
stituting the representation of the invariant solution into the initial system. The
system for the functions φk(q) is called a reduced system. Hence, the functions
φk(q) must satisfy the equations

2ωq
d2φ1

dq2
+ 2ω

dφ1

dq
+ k1q(αk1 − ω)

dφ2

dq
− σ1k1ω(φ3φ5 + φ4φ6) + k1(αk1 − ω)φ2 = 0,

−2ωq
d2φ2

dq2
− 2ωdφ2

dq
+ k1q(αk1 − ω)

dφ1

dq
+ σ1k1ω(φ3φ6 − φ4φ5) + k1(αk1 − ω)φ1 = 0,

2ωq
d2φ3

dq2
+ 2ω

dφ3

dq
+ k2q(αk2 − ω)

dφ4

dq
− σ2k2ω(φ1φ5 + φ2φ6) + k2(αk2 − ω)φ4 = 0,

−2ωq
d2φ4

dq2
− 2ωdφ4

dq
+ k2q(αk2 − ω)

dφ3

dq
+ σ2k2ω(φ1φ6 − φ2φ5) + k2(αk2 − ω)φ3 = 0,

2ωq
d2φ5

dq2
+ 2ω

dφ5

dq
+ q

dφ6

dq
+ σ3k3ω(φ2φ4 − φ1φ3)k2

3q
dφ2

dq
− k3ω + k3(αk3φ2 − ωφ6) = 0,

−2ωq
d2φ6

dq2
− 2ωdφ6

dq
+ k2

3q
dφ2

dq
− k3ωq

dφ5

dq
+ σ3k3ω(φ1φ4 − φ2φ3) + k3(αk3φ1 − ωφ5) = 0.

(5.1)

The reduced system is a system of the second order ordinary differential
equations. For constructing solution of this system, we use the fourth-order
Runge-Kutta method. The result of the calculations is illustrated in Figures H.1,
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H.2 and H.3 in Appendix H. The initial values (q = 1.0) for the calculations were
the following :

φ1 = 0.2, φ2 = 0.3, φ3 = 0.4, φ4 = 0.5, φ5 = 0.6, φ6 = 0.7,

dφi
dq

= 1.0, (i = 1, 2, . . . , 6).

5.2 Subalgebra 24 : {3, 4, 5}
The basis of this subalgebra is

X3 = ∂z, X4 = y∂x − x∂y, X5 = x∂x − y∂y + 2z∂z + 2t∂t − 2uk∂uk
.

Let a function
f = f(t, x, y, z, u1, u2, u3, u4, u5, u6)

be an invariant of the generator X3. This means that

fz = 0.

The general solution of this equation is

f = F (t, x, y, u1, u2, u3, u4, u5, u6).

After substituting it into the equation X4f = 0, we obtain the equation

yFx − xFy = 0

The general solution of this equation is

f = ϕ(t, x2 + y2, u1, u2, u3, u4, u5, u6),

Substituting the last representation into the equation

(x∂x + y∂y + 2z∂z + 2t∂t − 2uk∂uk
)f = 0,

we obtain
(2rϕr + 2tϕt − 2ukϕuk

) = 0.

where r = x2 + y2. Hence, the universal invariant of this subalgebra consists of
the invariants

x2 + y2

t
, (x2 + y2)uk, (k = 1, 2, . . . , 6).

The representation of the invariant solution is

uk = (x
2 + y2)−1φk(q), (k = 1, 2, . . . , 6).
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with arbitrary functions φk(q), (k = 1, 2, . . . , 6) and q = (x2 + y2)/t. After
substituting this representation into the initial system, we obtain the reduced
system of the ordinary differential equations:

2ωq2d
2φ1

dq2
− 2ωqdφ1

dq
− k2

1q
2dφ2

dq
− σ1k1ω(φ3φ5 + φ4φ6) + 2ω)φ1 = 0,

−2ωq2d
2φ2

dq2
+ 2ωq

dφ2

dq
− k2

1q
2dφ1

dq
+ σ1k1ω(φ3φ6 − φ4φ5)− 2ω)φ2 = 0,

2ωq2d
2φ3

dq2
− 2ωqdφ3

dq
− k2

2q
2dφ4

dq
− σ2k2ω(φ1φ5 + φ2φ6) + 2ω)φ3 = 0,

−2ωq2d
2φ4

dq2
+ 2ωq

dφ4

dq
− k2

2q
2dφ3

dq
+ σ2k2ω(φ1φ6 − φ2φ5)− 2ω)φ4 = 0,(5.2)

2ωq2d
2φ5

dq2
− 2ωqdφ5

dq
− k2

3q
2dφ2

dq
+ σ3k3ω(φ2φ4 − φ1φ3) + 2ω)φ5 = 0,

−2ωq2d
2φ6

dq2
+ 2ωq

dφ6

dq
− k2

3q
2dφ1

dq
+ σ3k3ω(φ1φ4 + φ2φ3)− 2ω)φ6 = 0.

The result of the calculations is illustrated in Figures H.4, H.5 and H.6 in
Appendix H. The initial values (q = 1.0) for the calculations were the following :

φ1 = 0.2, φ2 = 0.3, φ3 = 0.4, φ4 = 0.5, φ5 = 0.6, φ6 = 0.7,

dφi
dq

= 1.0, (i = 1, 2, . . . , 6).

5.3 Subalgebra 25 : {3, 4 + ε110 + α11, 5}
For this subalgebra, it is more convenient to use dependent variables :

θ1, v1, θ2, v2, θ3, v3, where

u1 = v1 cos θ1, u3 = v2 cos θ2, u5 = v3 cos θ3,

u2 = v1 sin θ1, u4 = v2 sin θ2, u6 = v3 sin θ3,

tan θ1 =
u2

u1

, tan θ2 =
u4

u3

, tan θ3 =
u6

u5

.

The system (1.1) can be written as follows :
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v1

{
2k2

1

∂θ1

∂t
− ω

[(
∂θ1

∂x

)2

+

(
∂θ1

∂y

)2
]
+ 2k1ω

∂θ1

∂z

}
+ ω

(
∂2v1

∂x2
+
∂2v1

∂y2

)
−2σ1v2v3k1ω cos(θ3 − θ1 − θ2) = 0,

v1ω

(
∂2θ1

∂x2
+
∂2θ1

∂y2

)
+ 2

(
ω
∂θ1

∂x

∂v1

∂x
+ ω

∂θ1

∂y

∂v1

∂y
− k2

1

∂v1

∂t
− k1ω

∂v1

∂z

)
+2σ1v2v3k1ω sin(θ1 + θ2 − θ3) = 0,

v2

{
2k2

2

∂θ2

∂t
− ω

[(
∂θ2

∂x

)2

+

(
∂θ2

∂y

)2
]
+ 2k2ω

∂θ2

∂z

}
+ ω

(
∂2v2

∂x2
+
∂2v2

∂y2

)
−2σ2v1v3k2ω cos(θ3 − θ1 − θ2) = 0,

v2ω

(
∂2θ2

∂x2
+
∂2θ2

∂y2

)
+ 2

(
ω
∂θ2

∂x

∂v2

∂x
+ ω

∂θ2

∂y

∂v2

∂y
− k2

2

∂v2

∂t
− k2ω

∂v2

∂z

)
+2σ2v1v3k2ω sin(θ1 + θ2 − θ3) = 0,

v3

{
2k2

3

∂θ3

∂t
− ω

[(
∂θ3

∂x

)2

+

(
∂θ3

∂y

)2
]
+ 2k3ω

∂θ3

∂z

}
+ ω

(
∂2v3

∂x2
+
∂2v3

∂y2

)
−2σ3v1v2k3ω cos(θ3 − θ1 − θ2) = 0,

v3ω

(
∂2θ3

∂x2
+
∂2θ3

∂y2

)
+ 2

(
ω
∂θ3

∂x

∂v3

∂x
+ ω

∂θ3

∂y

∂v3

∂y
− k2

3

∂v3

∂t
− k3ω

∂v3

∂z

)
+2σ3v1v2k3ω sin(θ1 + θ2 − θ3) = 0.

(5.3)

The generators of the subalgebra {3,5,4+ ε1110} in this case are
∂z, x∂x + y∂y + 2z∂z + 2t∂t − 2v1∂v1 − 2v2∂v2 − 2v3∂v3 ,

y∂x − x∂y − ε1 [k1∂θ1 + k2∂θ2 + (k1 + k2)∂θ3 ] .

Let a function
f = f(t, x, y, z, θ1, θ2, θ3, , v1, v2, v3)

be an invariant of the generator X3. This means that

fz = 0.

The general solution of this equation is

f = F (t, y, θ1, θ2, θ3, , v1, v2, v3).

After substituting it into X5f = 0, we obtain the equation

xFx + yFy + 2tFt − 2v1Fv1 − 2v2Fv2 − 2v3Fv3 = 0.

The general solution of this equation is

f = ϕ(x, y, θ1, θ2, θ3, v1, v2, v3),
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where x = x2/t and y = y2/t. The function f has to satisfy one more equation

(y∂x − x∂y − ε1[k1∂θ1 + k2∂θ2 + (k1 + k2)∂θ3 ])f = 0.

Hence, for the function ϕ there is the equation

2
√
xy(ϕx − ϕy)− ε1[k1ϕθ1 + k2ϕθ2 + (k1 + k2)ϕθ3 ] = 0.

Therefore, the universal invariant of this subalgebra consists of the invariants

θ1 − ε1k1 arcsin

(√
x2

x2 + y2

)
, θ2 − ε1k2 arcsin

(√
x2

x2 + y2

)
,

θ3 − ε1k3 arcsin

(√
x2

x2 + y2

)
,
x2 + y2

t
, v1t, v2t, v3t

The representation of the invariant solution is

θi = φi (q)− ε1ki arcsin

(√
x2

x2 + y2

)
, (i = 1, 2, 3).

vj = t−1Vj

(
x2 + y2

t

)
, (j = 1, 2, 3).

where q = (x2+y2)/t. Substituting the representation of the invariant solution of
the subalgebra {3,4+ ε110+α11,5} into system (5.3), we obtain the reduced
system of ordinary differential equations:

4v1ωq
d2φ1

dq2
+ 8ωq

dφ1

dq

dV1

dq
+ 4v1ω

φ1

dq
+ 2k2

1q
V1

dq

+2σ1k1ωv2v3 sin(φ1 + φ2 + φ3) + 2k
2
1v1 = 0,

4v2ωq
d2φ2

dq2
+ 8ωq

dφ2

dq

dV2

dq
+ 4v2ω

φ2

dq
+ 2k2

2q
V2

dq

+2σ2k1ωv1v3 sin(φ1 + φ2 + φ3) + 2k
2
2v2 = 0,

4v3ωq
d2φ3

dq2
+ 8ωq

dφ3

dq

dV3

dq
+ 4v3ω

φ3

dq
+ 2k2

3q
V3

dq

+2σ3k1ωv1v2 sin(φ1 + φ2 + φ3) + 2k
2
3v3 = 0, (5.4)

4ωq2d
2V1

dq2
− 4v1ωq

2

(
dφ1

dq

)2

− 2v1k
2
1q

2φ1

dq
+ 4ωq

V1

dq

+2σ1k1ωqv2v3 cos(φ1 + φ2 + φ3)− ε2
1k

2
1ωv1 = 0,

4ωq2d
2V2

dq2
− 4v2ωq

2

(
dφ2

dq

)2

− 2v2k
2
2q

2φ2

dq
+ 4ωq

V2

dq

+2σ2k2ωqv1v3 cos(φ1 + φ2 + φ3)− ε2
1k

2
2ωv2 = 0,

4ωq2d
2V3

dq2
− 4v3ωq

2

(
dφ3

dq

)2

− 2v3k
2
2q

2φ3

dq
+ 4ωq

V3

dq

+2σ3k3ωqv1v2 cos(φ1 + φ2 + φ3)− ε2
1k

2
3ωv3 = 0.
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The result of the calculations is illustrated in figures H.7, H.8 and H.9 in
Appendix H. The initial values (q = 1.0) for the calculations were the following :

φ1 = 0.2, φ2 = 0.3, φ3 = 0.4, V1 = 0.5, V2 = 0.6, V3 = 0.7,

dφi
dq

= 1.0,
dVi
dq

= 1.0; (i = 1, 2, 3)

5.4 Subalgebra 31 : {1, 5, α3 + 8}
This subalgebra is composed of the generators

X1 = ∂x, αX3 +X8 = α∂z + ∂t, X5 = x∂x + y∂y + 2z∂z + 2t∂t − 2
6∑

k=1

uk∂uk
.

Let a function
f = f(t, x, y, z, u1, u2, u3, u4, u5, u6)

be an invariant of the generator X1. This means that

fx = 0.

The general solution of this equation is

f = F (t, y, z, u1, u2, u3, u4, u5, u6).

After substituting it into the equation

(αX3 +X8)f = 0

we obtain
αFz + Ft = 0.

The general solution of this equation is

f = ϕ(y, z − αt, u1, u2, u3, u4, u5, u6),

Substituting the last representation into the equation

(x∂x + y∂y + 2z∂z + 2t∂t − 2uk∂uk
)f = 0,

we obtain
(yϕy + 2zϕz − 2ukϕuk

) = 0,

where z = z − αt. Hence, the universal invariant of this subalgebra consists of
the invariants

z − αt

y2
, y2uk, k = 1, 2, . . . , 6.

The representation of the invariant solution is

uk = y−2φk(q), (k = 1, 2, . . . , 6),
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where q = (z − αt)/y2. After substituting this representation into the initial
system, we obtain the reduced system of ordinary differential equations:

2ωq2d
2φ1

dq2
− 3ωqφ1

dq
+ k1q

2(αk1 − ω)
φ2

dq
− k1ωσ1(φ3φ5 + φ4φ6) + 3ωφ1 = 0,

−2ωq2d
2φ2

dq2
+ 3ωq

φ2

dq
+ k1q

2(αk1 − ω)
φ1

dq
+ k1ωσ1(φ3φ6 − φ4φ5)− 3ωφ2 = 0,

2ωq2d
2φ3

dq2
− 3ωqφ3

dq
+ k2q

2(αk2 − ω)
φ4

dq
− k2ωσ2(φ1φ5 + φ2φ6) + 3ωφ3 = 0,

−2ωq2d
2φ4

dq2
+ 3ωq

φ4

dq
+ k2q

2(αk2 − ω)
φ3

dq
+ k2ωσ2(φ1φ6 − φ2φ5)− 3ωφ4 = 0,

2ωq2d
2φ5

dq2
− 3ωqφ5

dq
+ αk2

3q
2φ2

dq
− k3ωq

2φ6

dq
+ k3ωσ3(φ2φ4 − φ1φ3) + 3ωφ5 = 0,

−2ωq2d
2φ6

dq2
+ 3ωq

φ6

dq
+ αk2

3q
2φ1

dq
− k3ωq

2φ5

dq
+ k3ωσ3(φ1φ4 − φ2φ3)− 3ωφ6 = 0.

(5.5)

The result of the calculations is illustrated in figures H.10, H.11 and H.12 in
Appendix H. The initial values (q = 1.0) for the calculations were the following :

φ1 = 0.2, φ2 = 0.3, φ3 = 0.4, φ4 = 0.5, φ5 = 0.6, φ6 = 0.7,

dφi
dq

, (i = 1, 2, . . . , 6).

5.5 Subalgebra 34 (α = 0) : {3, 5, 8}
This subalgebra is composed of the generators

X3 = ∂z, X5 = x∂x + y∂y + 2z∂z + 2t∂t − 2uk∂uk
, X8 = ∂t.

Let a function
f = f(t, x, y, z, u1, u2, u3, u4, u5, u6)

be invariant of the generator X3, it means that

Fz = 0.

The general solution of this equation is

f = F (t, x, y, u1, u2, u3, u4, u5, u6).

After substituting it into the equation

X8f = 0

we obtain the equation
Ft = 0.
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The general solution of this equation is

f = ϕ(x, y, u1, u2, u3, u4, u5, u6).

Substituting the last representation into the equation

(x∂x + y∂y + 2z∂z + 2t∂t − 2uk∂uk
)f = 0,

we obtain
xϕx + yϕy − 2ukϕuk

= 0.

Hence, the universal invariant of this subalgebra consist of the invariants

y

x
, x2uk, k = 1, 2, . . . , 6

and the representation of the invariant solution of this subalgebra is

uk = x−2φk(q) k = 1, 2, . . . , 6,

where q = y/x. After substituting this representation into the initial system, the
reduced system is

(q2 + 1)
d2φ1

dq2
+ 6q

dφ1

dq
− 2k1σ1(φ3φ5 + φ4φ6) + 6φ1 = 0,

−(q2 + 1)
d2φ2

dq2
− 6qdφ2

dq
+ 2k1σ1(φ3φ6 − φ4φ5)− 6φ2 = 0,

(q2 + 1)
d2φ3

dq2
+ 6q

dφ3

dq
− 2k2σ2(φ1φ5 + φ2φ6) + 6φ3 = 0,

−(q2 + 1)
d2φ4

dq2
− 6qdφ4

dq
+ 2k2σ2(φ1φ6 − φ2φ5)− 6φ4 = 0, (5.6)

(q2 + 1)
d2φ5

dq2
+ 6q

dφ5

dq
+ 2k3σ3(φ2φ4 − φ1φ3) + 6φ5 = 0,

−(q2 + 1)
d2φ6

dq2
− 6qdφ6

dq
+ 2k3σ3(φ1φ4 − φ2φ3)− 6φ6 = 0.

The result of the calculations is illustrated in figures H.13, H.14 and H.15 in
Appendix H. The initial values (q = 0.01) for the calculations were the following
:

φ1 = 1.0, φ2 = 2.0, φ3 = 3.0, φ4 = 4.0, φ5 = 5.0, φ6 = 6.0,

dφi
dq

= 1.0, (i = 1, 2, . . . , 6).

5.6 Subalgebra 34 (α �= 0) : {3, α4 + 5, 8}
This subalgebra is composed of the generators

X3 = ∂z, X8 = ∂t, αX4+X5 = α(y∂x− x∂y) + x∂x+ y∂y +2z∂z +2t∂t− 2uk∂uk
.
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Let a function
f = f(t, x, y, z, u1, u2, u3, u4, u5, u6)

be an invariant of the generator X3, it means that

fz = 0.

The general solution of this equation is

f = F (t, x, y, u1, u2, u3, u4, u5, u6).

After substituting it into X8f = 0, we obtain the equation

Ft = 0.

The general solution of this equation is

f = ϕ(x, y, u1, u2, u3, u4, u5, u6).

Substituting the last representation into the equation

(αX4 +X5)f = 0,

we obtain
(x− αy)ϕx + (αx+ y)ϕy − zukϕuk

= 0.

Hence, the universal invariant of this subalgebra consist of the invariants

arctan
(y
x

)
− α

2
ln

(
x2 + y2

)
, uke

2 arctan
y
x

α , (k = 1, 2, . . . , 6)

and the representation of the invariant solution of this subalgebra is

uk = e−
2
α

arctan y
xφk

(
arctan

y

x
− α

2
ln(x2 + y2)

)
, (k = 1, 2, . . . , 6),

or
uk = e−

2
α
q(x2 + y2)−1φk(q),

where q = arctan
(
y
x

) − α
2
ln(x2 + y2).

After substituting this representation into the initial system we obtain the
reduced system

2q3(α2 + 1)
d2φ1

dq2
+ 2q2(α2 − 1)dφ1

dq
− k1α

2σ1(φ3φ5 + φ4φ6) + 2qφ1 = 0,

−2q3(α2 + 1)
d2φ2

dq2
+ 2q2(1− α2)

dφ2

dq
− k1α

2σ1(φ3φ6 − φ4φ5)− 2qφ2 = 0,

2q3(α2 + 1)
d2φ3

dq2
+ 2q2(α2 − 1)dφ3

dq
− k2α

2σ2(φ1φ5 + φ2φ6) + 2qφ3 = 0,

−2q3(α2 + 1)
d2φ4

dq2
+ 2q2(1− α2)

dφ4

dq
− k2α

2σ2(φ1φ6 − φ2φ5)− 2qφ4 = 0,

2q3(α2 + 1)
d2φ5

dq2
+ 2q2(α2 − 1)dφ5

dq
+ k3α

2σ3(φ2φ4 − φ1φ3) + 2qφ5 = 0,

−2q3(α2 + 1)
d2φ6

dq2
+ 2q2(1− α2)

dφ6

dq
+ k3α

2σ3(φ1φ4 + φ2φ3)− 2qφ6 = 0.

(5.7)
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The result of the calculations is illustrated in figures H.16, H.17 and H.18 in
Appendix H. The initial values (q = 0.5) for the calculations were the following :

φ1 = 1.0, φ2 = 2.0, φ3 = 3.0, φ4 = 4.0, φ5 = 5.0, φ6 = 6.0,

dφi
dq

= 1.0, (i = 1, 2, . . . , 6).

5.7 Subalgebra 37 : {3, 4, 8}
Basis operators of this subalgebra are

X3 = ∂z, X4 = x∂y − y∂x, X8 = ∂t.

Let a function
f = f(t, x, y, z, u1, u2, u3, u4, u5, u6)

be invariant of the generator X3, it means that

fz = 0.

The general solution of this equation is

f = F (t, x, y, u1, u2, u3, u4, u5, u6).

After substituting it into X8f = 0, we obtain the equation

Ft = 0.

The general solution of this equation is

f = ϕ(x, y, u1, u2, u3, u4, u5, u6).

Substituting the last representation into the equation X4f = 0, we obtain

yϕx − xϕy = 0.

Hence, the universal invariant of this subalgebra consists of the invariants

x2 + y2, uk, (k = 1, 2, . . . , 6).

The representation of the invariant solution of this subalgebra is

uk = φk(q), (k = 1, 2, . . . , 6)

where q = x2 + y2. After substituting this representation into the initial system,
the reduced system is
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2q
d2φ1

dq2
+ 2

dφ1

dq
− k1σ1(φ3φ5 + φ4φ6) = 0,

−2qd
2φ2

dq2
− 2dφ2

dq
+ k1σ1(φ3φ6 − φ4φ5) = 0,

2q
d2φ3

dq2
+ 2

dφ3

dq
− k2σ2(φ1φ5 + φ2φ6) = 0,

−2qd
2φ4

dq2
− 2dφ4

dq
+ k2σ2(φ1φ6 − φ2φ5) = 0, (5.8)

2q
d2φ5

dq2
+ 2

dφ5

dq
− k3σ3(φ2φ4 − φ1φ3) = 0,

−2qd
2φ6

dq2
− 2dφ6

dq
+ k3σ3(φ1φ4 + φ2φ3) = 0.

The result of the calculations is illustrated in figures H.19, H.20 and H.21 in
Appendix H. The initial values (q = 1.0) for the calculations were the following :

φ1 = 0.2, φ2 = 0.4, φ3 = 0.6, φ4 = 0.8, φ5 = 1.0, φ6 = 0.6,

dφi
dq

= 1.0, i = 1, 2, . . . , 6.

5.8 Subalgebra 137 : {1, 3, 5}
The subalgebra is composed of the generators

X1 = ∂x, X3 = ∂z, X5 = x∂x + y∂y + 2z∂z + 2t∂t − 2uk∂uk
.

Let a function
f = f(t, x, y, z, u1, u2, u3, u4, u5, u6)

be invariant of the generator X1, it means that

fx = 0.

The general solution of this equation is

f = F (t, y, z, u1, u2, u3, u4, u5, u6).

After substituting it into X3f = 0, we obtain the equation

Fz = 0.

The general solution of this equation is

f = ϕ(t, y, u1, u2, u3, u4, u5, u6).
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Substituting the last representation into the equation X5f = 0, we obtain

yϕy + 2tϕt − 2ukϕuk
= 0.

Hence, the universal invariant of this subalgebra consists of the invariants

y2

t
, ukt, k = 1, 2, . . . , 6

The representation of the invariant solution of this subalgebra is

uk = t−1φk(q), k = 1, 2, . . . , 6,

where q = (y2)/t. After substituting this representation into the initial system,
the reduced system is

2ωq
d2φ1

dq2
+ ω

dφ1

dq
− k2

1q
dφ2

dq
− σ1k1ω(φ3φ5 + φ4φ6)− k2

1φ2 = 0,

−2ωqd
2φ2

dq2
− ω

dφ2

dq
− k2

1q
dφ1

dq
+ σ1k1ω(φ3φ6 − φ4φ5)− k2

1φ1 = 0,

2ωq
d2φ3

dq2
+ ω

dφ3

dq
− k2

1q
dφ4

dq
− σ2k2ω(φ1φ5 + φ2φ6)− k2

2φ4 = 0,

−2ωqd
2φ4

dq2
− ω

dφ4

dq
− k2

2q
dφ3

dq
+ σ2k2ω(φ1φ6 − φ2φ5)− k2

2φ3 = 0, (5.9)

2ωq
d2φ5

dq2
+ ω

dφ5

dq
− k2

3q
dφ2

dq
+ σ3k3ω(φ2φ4 − φ1φ3)− k2

3φ2 = 0,

−2ωqd
2φ6

dq2
− ω

dφ6

dq
− k2

3q
dφ1

dq
+ σ3k3ω(φ1φ4 + φ2φ3)− k2

3φ1 = 0,

The result of the calculations is illustrated in figures H.22, H.23 and H.24 in
Appendix H. The initial values (q = 1.0) for the calculations were the following :

φ1 = 0.2, φ2 = 0.4, φ3 = 0.6, φ4 = 0.8, φ5 = 1.0, φ6 = 0.7,

dφi
dq

= 1.0, (i = 1, 2, . . . , 6).

5.9 Subalgebra 144 : {1, 2, α3 + 4}
This subalgebra is composed of the generators

X1 = ∂x, X2 = ∂y, αX3 +X4 = α∂z + y∂x − x∂y.

Let a function
f = f(t, x, y, z, u1, u2, u3, u4, u5, u6)

be an invariant of the generator X1. This means that

fx = 0.
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The general solution of this equation is

f = F (t, y, z, u1, u2, u3, u4, u5, u6).

After substituting it into X2f = 0, we obtain the equation

Fy = 0.

The general solution of this equation is

f = ϕ(t, z, u1, u2, u3, u4, u5, u6).

Substituting the last representation into the equation αX3 +X4, we obtain

ϕz = 0.

Hence, the universal invariant of this subalgebra consists of invariants

t, uk, (k = 1, 2, . . . , 6).

The representation of invariant solution of this subalgebra is

uk = φk(t), (k = 1, 2, . . . , 6).

After substitution this representation into the initial system. The reduced system
is

k1
dφ2

dt
− σ1ω(φ3φ5 − φ4φ6) = 0,

k1
dφ1

dt
+ σ1ω(φ3φ6 − φ4φ5) = 0,

k2
dφ4

dt
− σ2ω(φ1φ5 − φ2φ6) = 0,

k2
dφ3

dt
+ σ2ω(φ1φ6 − φ2φ5) = 0, (5.10)

k3
dφ6

dt
+ σ3ω(φ2φ4 − φ1φ3) = 0,

k3
dφ5

dt
+ σ3ω(φ1φ4 + φ2φ3) = 0,

The result of the calculations is illustrated in figures H.25, H.26 and H.27 in
Appendix H. The initial values (q = 0.0) for the calculations were the following :

φ1 = 0.1, φ2 = 0.2, φ3 = 0.3, φ4 = 0.4, φ5 = 0.5, φ6 = 0.6,

5.10 Subalgebra 158 : {1, 2, α3 + 8}
This subalgebra is composed of the generators

X1 = ∂x, X2 = ∂y, αX3 +X8 = α∂z + ∂t.
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Let a function
f = f(t, x, y, z, u1, u2, u3, u4, u5, u6)

be an invariant of the generator X1. This means that

fx = 0.

The general solution of this equation is

f = F (t, y, z, u1, u2, u3, u4, u5, u6).

After substituting it into X2f = 0, we obtain the equation

Fy = 0.

The general solution of this equation is

f = ϕ(t, z, u1, u2, u3, u4, u5, u6).

Substituting the last representation into the equation αX3 +X8, we obtain

αϕz + ϕt = 0.

Hence, the universal invariant of this subalgebra consists of invariants

z − αt, uk, k = 1, 2, . . . , 6

The representation of invariant solution of this subalgebra is

uk = φk(q), k = 1, 2, . . . , 6.

where q = z − αt. After substituting this representation into the initial system.
The reduced system is

(ω − αk1)
dφ2

dq
− σ1ω(φ3φ5 + φ4φ6) = 0,

(ω − αk1)
dφ1

dq
+ σ1ω(φ3φ6 − φ4φ5) = 0,

(ω − αk2)
dφ4

dq
− σ2ω(φ1φ5 + φ2φ6) = 0,

(ω − αk2)
dφ3

dq
+ σ2ω(φ1φ6 − φ2φ5) = 0, (5.11)

−αk3
dφ2

dq
+ ω

dφ6

dq
+ σ3ω(φ2φ4 − φ1φ3) = 0,

−αk3
dφ1

dq
+ ω

dφ5

dq
+ σ3ω(φ1φ4 − φ2φ3) = 0.

The result of the calculations is illustrated in figures H.28, H.29 and H.30 in
Appendix H. The initial values (q = 0.0) for the calculations were the following :

φ1 = 0.1, φ2 = 0.2, φ3 = 0.3, φ4 = 0.4, φ5 = 0.5, φ6 = 0.6,
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5.11 Subalgebra 171 : {1, 3, α2 + 8}
This subalgebra is composed of the generators

X1 = ∂x, X3 = ∂z, αX2 +X8 = α∂y + ∂t.

Let a function
f = f(t, x, y, z, u1, u2, u3, u4, u5, u6)

be an invariant of the generator X1. This means that

fx = 0.

The general solution of this equation is

f = F (t, y, z, u1, u2, u3, u4, u5, u6).

After substituting it into X3f = 0, we obtain the equation

Fz = 0.

The general solution of this equation is

f = ϕ(t, y, u1, u2, u3, u4, u5, u6).

Substituting the last representation into the equation αX2 +X8, we obtain

αϕy + ϕt = 0.

Hence, the universal invariant of this subalgebra consists of invariants

y − αt, uk, k = 1, 2, . . . , 6

The representation of invariant solution of this subalgebra is

uk = φk(q), k = 1, 2, . . . , 6.

where q = y − αt. After substituting this representation into the initial system.
The reduced system is

ω
d2φ1

dq2
− 2αk2

1

dφ2

dq
− 2σ1ωk1(φ3φ5 + φ4φ6) = 0,

−ωd
2φ2

dq2
− 2αk2

1

dφ1

dq
+ 2σ1ωk1(φ3φ6 − φ4φ5) = 0,

ω
d2φ3

dq2
− 2αk2

2

dφ4

dq
− 2σ2ωk2(φ1φ5 + φ2φ6) = 0,

−ωd
2φ4

dq2
− 2αk2

2

dφ3

dq
+ 2σ2ωk2(φ1φ6 − φ2φ5) = 0, (5.12)

ω
d2φ5

dq2
− 2αk2

3

dφ2

dq
+ 2σ3ωk3(φ2φ4 − φ1φ3) = 0,

−ωd
2φ6

dq2
− 2αk2

3

dφ1

dq
+ 2σ3ωk3(φ1φ4 + φ2φ3) = 0.
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The result of the calculations is illustrated in figures H.31, H.32 and H.33 in
Appendix H. The initial values (q = 0.0) for the calculations were the following :

φ1 = 0.2, φ2 = 0.3, φ3 = 0.4, φ4 = 0.5, φ5 = 0.6, φ6 = 0.7,

dφi
dq

= 1.0, (i = 1, 2, . . . , 6).



Chapter VI

Conclusion

6.1 Thesis summary

In this thesis, we have considered the application of group analysis to the
three–wave equations, which describe the behavior of beam lights propagating
through a nonlinear medium.

6.1.1 Problems

The three–wave equation were derived from the Maxwell’s equations
by using the slow envelope approximation method. In the compact form, these
equations can be written as follows

M1A1 = iσ1A3A
∗
2e

i∆kz,

M2A2 = iσ2A3A
∗
1e

i∆kz,

M3A3 = iσ3A1A2e
−i∆kz

Here
A1 = u1 + iu2, A2 = u3 + iu4, A3 = u5 + iu6

are complex-valued amplitudes; A1, A2 are the amplitudes of two fundamental
harmonic fields with different polarizations; A3 is the amplitude of the second-
harmonic field; Mj are linear differential operators

Mj =
∂

∂z
+ βj

∂

∂x
+

i

2kj
(
∂2

∂x2
+

∂2

∂y2
) +

kj
ω

∂

∂t
; (j = 1, 2, 3),

z is the coordinate along the propagation direction; (x, y) are the transverse
coordinates; t is time; k1, k2 are the linear wave numbers of the fundamental
frequencies; k3 is the linear wave number of the second–harmonic frequency;
∆k = k3−(k1+k2) is the wave vector-mismatch; the symbol ∗ denotes the complex
conjugation; βj are the walk–off angles of the fundamental and second harmonic;
ω is the frequency of the light and σj are nonlinear coupling coefficients. We
have studied the case of exact phase–matched condition:∆k = 0. Mostly one–
dimensional temporal or spatial solutions of these equations were considered.
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Therefore, it is natural to investigate more complex representations of solutions.
Group analysis can do it.

The application of group analysis consists of several steps. After finding
an equivalence and admitted groups one has to construct an optimal system
of subgroups (subalgebras). The admitted algebra of the three–wave equations
is eleven-dimensional. The construction of an optimal system of subalgebras
can be done relatively easy for small dimensions. Therefore, this problem was
divided into several steps. In the first step, we classified the factor algebra L9 =
L11/{X10, X11}, where {X10, X11} is the center of the algebra L11. The algebra L9

is difficult to be classified. Its classification is divided into several steps. The main
problem of the thesis was to construct all subalgebras of the algebra L11, which
can be the source of invariant solutions with a system of ordinary differential
equations as a reduced system.

6.1.2 Results

1. For the classification of the algebra L9, the two–steps algorithm devel-
oped by Ovsiannikov (1978) was used. The algebra L9 was decomposed into the
ideal I1 = {X1, X2, X3} and the subalgebra N1 = {X4, X5, X6, X7, X8, X9}. The
subalgebra N1 was decomposed into the ideal I2 = {X6, X7} and the subalgebra
N2 = {X4, X5, X8, X9}. Optimal systems of the algebras N2, N1 and then L9

were constructed. The optimal system of N2 consists of 21 representative classes,
the optimal system of N1 consists of 53 classes and the optimal system of the
algebra L9 consists of 299 classes.

2. The Reduce-program for checking subalgebra conditions was prepared.
3. All essentially different three-dimensional subalgebras of the algebra

L11 were obtained.
4. Invariant solutions with respect to some of subalgebras of the algebra

L11 were studied. For the reduced systems, the Runge-Kutta method was used.

6.2 Limitations

The present research of an application of group analysis is used for find-
ing exact solutions of the three-wave equations (1.1) in nonlinear optics. We
limit the research to invariant solutions whose reduced systems contain only one
independent variables.



References



References

Bluman, G.W. and Kumei, S. (1996). Symmetries and Differential Equa-
tions. Berlin, New York, Heidelberg: Springer-Verlag.

Butcher, P.N. and Colter, D. (1990). The Elements of Nonlinear Optics.
New york: Cambridge University Press.

Dmitriev, V.G., Gurzadyan, G.G. and Nikogosyan, D.N. (1991). Handbook of
Nonlinear Optical Crystals. USA: Springer-Verlag.

Gorchakov, A.V. and Meleshko, S.V. (1997, 30 June-5 July) Group classifica-
tion of three-wave equations of nonlinear optics. computation and
application proceeding of the international conference(pp.219).
Nordfjordeid, Norway: Sophus Lie conference center.

Hearn, A.C. (1999). REDUCE. User’s and Contributed Packages Manual
Version 3.7. Rand Corp., Santa Monica, CA, .

Ibragimov, N.H.(ed.). (1994). CRC Handbook of Lie Group Analysis of
differential equations volume 1. Boca Raton, Florida: CRC Press.

Ibragimov, N.H.(ed.). (1995). CRC Handbook of Lie Group Analysis of
differential equations volume 2. Boca Raton, Florida: CRC Press.

Ibragimov, N.H.(ed.). (1996) CRC Handbook of Lie Group Analysis of
differential equations volume 3. Boca Raton, Florida: CRC Press.

Ibragimov, N.H. (1999). Elementary Lie Group Analysis and ordinary
differential equations. Chichester: Wiley.

Lawrence Dresner (1999). Applications of Lie’s Theory of Ordinary and
Partial Differential Equations. USA: IOP Publishing Ltd.

Maimistov, A.I. and Basharov, A.M. (1999)Nonlinear Optical Waves. Boston,
London, Dordrecht: Kluwer Acadamic Publishers.

Meleshko, S.V. (1996). Generalization of the equivalence transformations. Jour-
nal of Nonlinear mathematical physics. 3: 170-174.

Nail Akhmediev and Adrian Ankiewicz (1997). Solitons Nonlinear Pulses and
Beams. London: CHAPMAN & HALL.

Olver, P.J. (1986). Applications of Lie groups to differential equations.
New York: Springer-Verlag.



57

Orszag, M. (1999). Quantum Optics. Berlin, Heidelberg, New York: Springer-
Verlag.

Ovsiannikov, L.V. (1978). Group analysis of differential equations. New
York: Academic Press.

Ovsiannikov, L.V. (1994). Program SUBMODELS. Gas dynamics.
J.Appl.Maths Mechs 58(4): 30-55.

Robert, W. Boyd (1992). Nonlinear Optics. America: Acadamic Press.

Torner, L. et al. (1995). Stationary trapping of light beams in bulk second-order
nonlinear media. Optics Communications. 121:145-155.

Yariv, A. (1989). Quantum electronics. New York: Jonh Wiley and Sons.

Yariv, A. (1991). Optical electronics (4th ed.) America: HBJ.



Appendix



Appendix A

Reduce-program Checking for
Subalgebra Conditions

%off echo$

share ork,orj,ssu,lak;

symbolic procedure fir(ff)$

begin scalar ssu;

ssu:=cadr ff;

return ssu;

end;

symbolic procedure seco(ff)$

begin scalar ssu;

ssu:= reverse ff;

ssu:= car ssu;

return ssu;

end;

algebraic procedure creatmat(k_mat,n)$

begin

if not (modd=m) then begin

write("\hline");

write("\hline");

write("\end{tabular}");

write("\begin{tabular}{|l|l|l|}");

write("\hline");

write("N & Generator & Tab Norm. \\ ");

write("\hline");

write("\hline");

write(" \multicolumn{3}{|c|}{r=",m,"} \\ ");

write("\hline");

model :=0; modd:=m;

end;

m:=k_mat;

if k_mat=8 then for k:=1:m do for j:=1:n do ama(k,j):=am8(k,j);

if k_mat=7 then for k:=1:m do for j:=1:n do ama(k,j):=am7(k,j);

if k_mat=6 then for k:=1:m do for j:=1:n do ama(k,j):=am6(k,j);

if k_mat=5 then for k:=1:m do for j:=1:n do ama(k,j):=am5(k,j);
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if k_mat=4 then for k:=1:m do for j:=1:n do ama(k,j):=am4(k,j);

if k_mat=3 then for k:=1:m do for j:=1:n do ama(k,j):=am3(k,j);

if k_mat=2 then for k:=1:m do for j:=1:n do ama(k,j):=am2(k,j);

if k_mat=3 then for k:=1:m do begin

for j:=3:n do ama(k,j-2):=am3(k,j);

for j:=1:2 do ama(k,9+j):=am3(k,j);

end;

matrix pri(1,n);

for k:=1:m do for j:=1:n do

if (che(ama(k,j))=1 or ama(k,j)=E) then aa(k,j):=ama(k,j) else

if not (ama(k,j)=0) then clear aa(k,j)$

pois(m,n)$

for k:=1:m do for j:=1:n do aa(k,j):=0$

end$

algebraic procedure pois(m,n)$

begin integer mn;

symbolic operator seco$

symbolic operator fir$

for k:=1:m do oper(k):=for lj:=1:n sum aa(k,lj)*x(lj);

mn:=0;

for k:=1:(m-1) do for j:=(k+1):m do

begin

mn:=mn+1;

op(mn):=for kl:=1:n sum for lj:=1:n sum aa(k,kl)*aa(j,lj)*com(kl,lj);

sk(mn):=sop(k,j);

end;

mn1:=mn+m;

for k:=1:m do

begin

op(k+mn):=for kl:=1:n sum for lj:=1:n sum z(kl)*aa(k,lj)*com(kl,lj);

end;

for k:=1:m do begin

for l:=1:n do if aa(k,l)=1 then ll:=l;

for kj:=1:mn1 do op(kj):=op(kj)-df(op(kj),x(ll))*oper(k);

end;

kkn:=0 ;

for kj:=1:m do for kl:=1:n do

if not (aa(kj,kl)=0 or aa(kj,kl)=1 or aa(kj,kl)=E ) then

begin

kkn:=kkn+1; y(kkn):=aa(kj,kl); la(kkn):=la(kj,kl);

end;

gh:=0;

for kj:=1:mn do for l:=1:n do bk(kj,l):=df(op(kj),x(l));

for kj:=1:mn do for kl:=1:n do if not(bk(kj,kl)=0) then

if che(bk(kj,kl))=1 then begin
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gh:=2; opkj:=kj;

return;

end;

if gh=2 then go to ss1;

for kj:=1:mn do for kl:=10:11 do

if not (bk(kj,kl)=0) then begin % end 0

for k:=1:kkn do begin % end 2

ord:=0;

s:=df(bk(kj,kl),y(k));

if not (s=0) then begin % end 3

ss:=df(s,y(k)); if not (ss=0) then ord:=2 else ord:=1;

if ord = 1 then for sl:=1:kkn do if not (df(s,y(sl)) = 0) then ord:=0;

if ord = 2 then for l:=1:kkn do if not (df(ss,y(l))=0) then ord:=3;

end;

if ord = 1 then if not(che(s)=1) then ord := 0;

if ((ord=1) or

((ord=2) and (2*bk(kj,kl)-df(bk(kj,kl),y(k),2)*y(k)**2=0) ) )

then begin % end 4

lak:=la(k);

ork:=fir (lak);

orj:=seco(lak);

if k_out=1 then begin

if ord = 1 then write("denom s = ", s );

if ord = 2 then write("coef. = ", bk(kj,kl)," = 0 " );

end;

if ord=1 then

aa(ork,orj):=aa(ork,orj)-bk(kj,kl)/s

else aa(ork,orj):=0;

clear y(k);

end;

end;

end; model:=model+1;

if k_out=3 then

write("*****"," model =(",m,",",model,")*****");

for k:=1:mn do if not (op(k)=0) then if

k_out=1 then

write ("op(",k,") := commut of ",sk(k),":=",op(k)," =0");

upor:=1; for j:=1:n do

for k:=upor:m do

begin

if df(oper(k),x(j))=1 then

if k=upor then upor:=upor+1 else

if not (k=upor) then begin

s1:=oper(k); s2:=oper(upor); clear oper(k),oper(upor);

oper(upor):=s1; oper(k):=s2;
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upor:=upor+1;

end;

end;

if k_out=1 then <<

for k:=1:m do

write ("oper(",k,") := ",oper(k)) ;

write("___________________________________________________________");

>>

else if not (k_out=3) then begin % end 0

write(model);

write(" & ");

for kj:=1:m do begin % end 1

kk:=1;

for k:=1:n do begin % end 2

s:=df(oper(kj),x(k));

if not (s=0) then begin % end 3

if kk=2 then write(" + ");

if not (s=1) then write(s," * ",k) else write(k);

kk:=2;

end; % 3

end; % 2

if not (kj=m) then write(" , ");

end;

write(" \\ ");

write("\hline");

end;

for k:=(1+mn):mn1 do if not (op(k)=0) then

if k_out=4 then

for kj:=1:n do begin

s:=df(op(k),x(kj)); if not (s=0) then

write ("for normal.: ", s," = 0 ");

end;

go to ss2;

ss1:

if k_out=4 then

write ("commutator of ", sk(opkj),

" contradicts to SC op(",opkj,")= ",op(opkj));

ss2:

end;

end;

end$
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Initial Data for the Program for
the Algebra L9

am3 :=mat((u, u, u, 1, 0, 0, 0, 0, 0 ),

(0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, u, 1, 0, 0, 0, 0, 0 ),

(0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 1, 0 ) )

am3 :=mat((0, 0, 0, u, 1, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 1, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((0, 0, u, 1, 0, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 1, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 1, 0 ) )

am3 :=mat((u, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, u, 1, 0 ),

(u, u, u, 0, 0, 0, u, 0, 1 ) )

am3 :=mat((0, 0, 0, u, 1, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 1, 0, 0 ) )

am3 :=mat((0, 0, u, 1, 0, 0, 0, 0, 0 ),

(0, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 1, 0, 0 ) )

am3 :=mat((0, 0, u, 1, 0, 0, 0, 0, 1 ),

(0, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 1, 0, 0 ) )

am3 :=mat((0, 0, u, 1, 0, 0, 0, 1, u ),

(0, u, u, 0, 0, 1, 0, 0, 0 ),
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(u, u, u, 0, 0, 0, 1, 0, 0 ) )

am3 :=mat((0, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 1, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 1, 0 ) )

am3 :=mat((0, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 1, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 1, e ) )

am3 :=mat((0, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 1, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((0, u, u, 1, 0, 0, 0, 0, 0 ),

(0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((u, u, 0, 1, 0, 0, 0, 0, 0 ),

(0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, u, 1, 0, 0, 0, 0 ),

(0, u, u, 0, 0, 0, 0, 0, 1 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, u, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 1 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, u, 1, 0, 0, 0, 0 ),

(0, u, u, 0, 0, 0, 0, 1, 0 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, u, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 1, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, u, 1, 0, 0, 0, 0, 0 ),

(0, u, u, 0, 0, 0, 0, e, 1 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, e, 1 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, u, 1, 0, 0, 0, 0, 0 ),

(0, u, u, 0, 0, 0, 0, 0, 1 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 1 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, u, 1, 0, 0, 0, 1, 0 ),

(0, u, u, 0, 0, 0, 0, u, 1 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, 1, 0, 0, 0, 1, 0 ),

(u, u, 0, 0, 0, 0, 0, u, 1 ),
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(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, u, 1, 0, 0, 0, 0, 1 ),

(0, u, u, 0, 0, 0, 0, 1, 0 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, 1, 0, 0, 0, 0, 1 ),

(u, u, 0, 0, 0, 0, 0, 1, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, u, 1, 0, 0, 0, 0, 0 ),

(0, u, u, 0, 0, 0, 0, 1, 0 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 1, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, u, u, 0, 0, u, u, 1, 0 ),

(0, u, u, 0, 0, u, u, 0, 1 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((u, u, 0, 0, 0, u, u, 1, 0 ),

(u, u, 0, 0, 0, u, u, 0, 1 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(0, u, u, 0, 0, 1, 0, 0, 0 ),

(1, u, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, 0, u, 0, 0, 1, 0, 0, 0 ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 1, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, u, u, 0, 0, 1, 0, 0, 0 ),

(0, u, u, 0, 0, 0, u, 1, e ),

(1, u, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((u, 0, u, 0, 0, 1, 0, 0, 0 ),

(u, 0, u, 0, 0, 0, u, 1, e ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((u, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, u, 1, e ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, u, u, 0, 0, 1, 0, 0, 0 ),

(0, u, u, 0, 0, 0, u, 1, 0 ),

(1, u, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((u, 0, u, 0, 0, 1, 0, 0, 0 ),

(u, 0, u, 0, 0, 0, u, 1, 0 ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ))

am3 :=mat((u, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, u, 1, 0 ),
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(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, u, u, 0, 0, 1, 0, 0, 0 ),

(0, u, u, 0, 0, 0, u, 0, 1 ),

(1, u, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((u, 0, u, 0, 0, 1, 0, 0, 0 ),

(u, 0, u, 0, 0, 0, u, 0, 1 ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((u, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, u, 0, 1 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, u, u, 0, 0, 1, 0, 0, 0 ),

(0, 0, u, 0, 0, 0, 1, 0, 0 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((u, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, 0, 0, 0, 0, 0, 1, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, u, 0, 0, 1, 0, 0, 0 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, u, 0, 0, 0, 1, 0, 0, 0 ),

(1, u, 0, 0, 0, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, 0, 0, 1, 0, 0, 0 ),

(0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, u, 1, 0, 0, 0, 0 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, u, 1, 0, 0, 0, 0 ),

(1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, u, 1, 0, 0, 0, 1, u ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, 1, 0, 0, 0, 1, u ),

(1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, u, 1, 0, 0, 0, 0, 1 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, 1, 0, 0, 0, 0, 1 ),

(1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, u, 1, 0, 0, 0, 0, 0 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ),
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(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, 0, 1, 0, 0, 0, 0, 0 ),

(1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, u, 0, 0, u, 0, 1, e ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, u, 0, 0, 0, u, 0, 1, e ),

(1, u, 0, 0, 0, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((u, 0, 0, 0, 0, u, 0, 1, e ),

(0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, u, 0, 0, u, 0, 1, 0 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, u, 0, 0, 0, u, 0, 1, 0 ),

(1, u, 0, 0, 0, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((u, 0, 0, 0, 0, u, 0, 1, 0 ),

(0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, 0, u, 0, 0, u, 0, 0, 1 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((0, u, 0, 0, 0, u, 0, 0, 1 ),

(1, u, 0, 0, 0, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am3 :=mat((u, 0, 0, 0, 0, u, 0, 0, 1 ),

(0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((u, u, u, 1, 0, 0, 0, 0, 0 ),

(0, 0, 0, 0, 1, 0, 0, 0, 0 ) )

am2 :=mat((0, 0, 0, u, 1, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 1 ) )

am2 :=mat((0, 0, 0, u, 1, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 1, 0 ) )

am2 :=mat((0, 0, u, 1, 0, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, e, 1 ) )

am2 :=mat((0, 0, u, 1, 0, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 1 ) )

am2 :=mat((0, 0, u, 1, 0, 0, 0, 1, 0 ),

(u, u, u, 0, 0, 0, 0, u, 1 ) )

am2 :=mat((0, 0, u, 1, 0, 0, 0, 0, 1 ),

(u, u, u, 0, 0, 0, 0, 1, 0 ) )
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am2 :=mat((0, 0, u, 1, 0, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 1, 0 ) )

am2 :=mat((u, u, u, 0, 0, u, u, 1, 0 ),

(u, u, u, 0, 0, u, 0 ,0, 1 ) )

am2 :=mat((0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 1, 0, 0, 0 ) )

am2 :=mat((0, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, u, 1, e ) )

am2 :=mat((0, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, u, 1, 0 ) )

am2 :=mat((0, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, u, 0, 1 ) )

am2 :=mat((0, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 1, 0, 0 ) )

am2 :=mat((0, u, u, 0, 0, 1, 0, 0, 0 ),

(1, u, u, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((0, 0, u, 0, 0, 1, 0, 0, 0 ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((0, u, 0, 0, 0, 1, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((0, 0, 0, u, 1, 0, 0, 0, 0 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((0, 0, 0, u, 1, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((0, 0, u, 1, 0, 0, 0, 1, u ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((0, 0, 0, 1, 0, 0, 0, 1, u ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((0, 0, u, 1, 0, 0, 0, 0, 1 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((0, 0, 0, 1, 0, 0, 0, 0, 1 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((0, 0, u, 1, 0, 0, 0, 0, 0 ),

(1, 0, u, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((0, 0, 0, 1, 0, 0, 0, 0, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((0, u, u, 0, 0, u, 0, 1, e ),

(1, u, u, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((u, 0, u, 0, 0, u, 0, 1, e ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((u, u, 0, 0, 0, u, 0, 1, e ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((0, u, u, 0, 0, u, 0, 1, 0 ),

(1, u, u, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((u, 0, u, 0, 0, u, 0, 1, 0 ),
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(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((u, u, 0, 0, 0, u, 0, 1, 0 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((0, u, u, 0, 0, u, 0, 0, 1 ),

(1, u, u, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((u, 0, u, 0, 0, u, 0, 0, 1 ),

(0, 1, u, 0, 0, 0, 0, 0, 0 ) )

am2 :=mat((u, u, 0, 0, 0, u, 0, 0, 1 ),

(0, 0, 1, 0, 0, 0, 0, 0, 0 ) )



Appendix C

Initial Data for the Program for
the Algebra L11

am3 :=mat((u, u, 0, 0, 0, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 0, 0, 0, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 0, 1, 0 ) )

am3 :=mat((u, u, 0, 0, 0, u, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 0, 1, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 0, 0, u, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 0, 1, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, 1, 0 ) )

am3 :=mat((u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, u, 0, 0, 0, 0, 0, 1, 0 ),

(u, u, u, u, 0, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, u, u, 0, 0, 0, 0, 1, 1, 0 ),

(u, u, u, u, 0, 0, 0, 0, u, 0, 1 ) )

am3 :=mat((u, u, 0, 0, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, 1, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 1, 0, 0, 0, 0 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 1, 0, 0, 0, 0 ),
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(u, u, 0, 0, 0, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, u, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 0, 1, 0 ) )

am3 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, u, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, 1, 0 ) )

am3 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, e, 1 ) )

am3 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 1, 0, 0, 0, 1, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, u, 1 ) )

am3 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 1, 0, 0, 0, 0, 1 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, 1, 0 ) )

am3 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, 1, 0 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, u, 0, 0, u, u, 1, 0 ),

(u, u, 0, 0, u, 0, 0, u, u, 0, 1 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, u, u, 1, 0 ),

(u, u, 0, u, 0, 0, 0, u, 0, 0, 1 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, u, 0, 1, 0 ),

(u, u, 0, u, 0, 0, 0, u, 0, 0, 1 ) )

am3 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 0, 1, 0 ),

(u, u, u, u, 0, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 1, u, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 1, 0, 0, 0 ) )

am3 :=mat((u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 1, 0, 0, 0 ))

am3 :=mat((u, u, 0, 0, 0, u, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 1, 0, 0, 0 ),
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(u, u, 0, 0, 0, 0, 0, 0, 1, 0, 0 ) )

am3 :=mat((u, u, 0, 0, 0, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 1, 0, 0 ) )

am3 :=mat((u, u, 0, 0, 0, 1, 0, 0, 0, 0, 1 ),

(u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 1, 0, 0 ) )

am3 :=mat((u, u, 0, 0, 0, 1, 0, 0, 0, 1, u ),

(u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 1, 0, 0 ) )

am3 :=mat((u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 1, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 0, 1, 0 ) )

am3 :=mat((u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 1, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 0, 1, e ) )

am3 :=mat((u, u, 1, u, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, u, u, 0, 0, 0, u, 1, e ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, u, 1, e ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, 0, 0, 1, e ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, 0, 0, 1, e ) )

am3 :=mat((u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, u, 1, e ) )

am3 :=mat((u, u, 1, u, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, u, u, 0, 0, 0, u, 1, 0 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, u, 1, 0 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 0, 1, 0 ) )

am3 :=mat((u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, u, 1, 0 ) )

am3 :=mat((u, u, 1, u, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ),
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(u, u, 0, u, u, 0, 0, 0, u, 0, 1 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, u, 0, 1 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, u, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, u, 0, 1 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 1, 0, 0 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, u, 1, 0, 0, 0, 0 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 1, 0, 0, 0, 0 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 1, 0, 0, 0, 1, 1 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 1, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 1, 0, 0, 0, 0, 0 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, u, 0, 1, e ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, u, 0, 1, e ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),
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(u, u, 0, 0, u, 0, 0, u, 0, 1, 0 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, u, 0, 1, 0 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, u, 0, 0, 1 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, u, 0, 0, 1 ) )

am3 :=mat((u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 0, 1, e ) )

am3 :=mat((u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 0, 1, 0 ) )

am3 :=mat((u, u, 1, 0, u, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 1, u, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 0, 0, 1 ) )

am3 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 1, u, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, u, 0, 0, 1 ) )

am3 :=mat((u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 0, 0, 1 ) )

am2 :=mat((u, u, 0, 0, 0, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 1, 0, 0, 0, 0 ) )

am2 :=mat((u, u, 0, 0, 0, u, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 0, 0, 0, 1 ) )

am2 :=mat((u, u, 0, 0, 0, u, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 0, 1, 0 ) )

am2 :=mat((u, u, 0, 0, u, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 0, e, 1 ) )

am2 :=mat((u, u, 0, 0, u, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 0, 0, 1 ) )

am2 :=mat((u, u, 0, 0, u, 1, 0, 0, 0, 1, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 0, u, 1 ) )

am2 :=mat((u, u, 0, 0, u, 1, 0, 0, 0, 0, 1 ),

(u, u, 0, 0, u, 0, 0, 0, 0, 1, 0 ) )

am2 :=mat((u, u, 0, 0, u, 1, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 0, 0, 1, 0 ) )

am2 :=mat((u, u, u, u, u, 0, 0, u, 0, 1, 0 ),

(u, u, 0, 0, u, 0, 0, u, 0, 0, 1 ) )

am2 :=mat((u, u, u, u, 0, 0, 0, u, u, 1, 0 ),

(u, u, 0, u, 0, 0, 0, u, 0, 0, 1 ) )
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am2 :=mat((u, u, 0, u, u, 0, 0, u, 0, 1, 0 ),

(u, u, u, u, 0, 0, 0, 0, 0, 0, 1 ) )

am2 :=mat((u, u, u, 0, 0, 0, 0, 0, 0, 1, 0 ),

(u, u, u, u, 0, 0, 0, 0, 0, 0, 1 ) )

am2 :=mat((u, u, 0, 0, 0, 0, 1, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 0, 1, 0, 0, 0 ) )

am2 :=mat((u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, u, 0, 0, 0, 0, 0, 1, e ) )

am2 :=mat((u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, u, u, 0, 0, 0, 0, 0, 1, e ) )

am2 :=mat((u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, u, 0, 0, 0, 0, 0, 1, 0 ) )

am2 :=mat((u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, u, u, 0, 0, 0, 0, u, 1, 0 ) )

am2 :=mat((u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ),

(u, u, u, u, 0, 0, 0, 0, 0, 0, 1 ) )

am2 :=mat((u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, u, u, 0, 0, 0, 0, u, 0, 1 ) )

am2 :=mat((u, u, 0, 0, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, u, u, 0, 0, 0, 0, 1, 0, 0 ) )

am2 :=mat((u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 1, 0, 0 ) )

am2 :=mat((u, u, 1, u, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ) )

am2 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ) )

am2 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, 1, 0, 0, 0 ) )

am2 :=mat((u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, 1, 0, 0, 0 ) )

am2 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 0, 1, 0, 0, 0, 0 ) )

am2 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, u, 1, 0, 0, 0, 0 ) )

am2 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 1, 0, 0, 0, 1, u ) )

am2 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 1, 0, 0, 0, 0, 1 ) )

am2 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, 0, 1, 0, 0, 0, 0, 0 ) )

am2 :=mat((u, u, 1, u, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, u, 0, 1, e ) )

am2 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, u, 0, 1, e ) )

am2 :=mat((u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),
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(u, u, 0, 0, u, 0, 0, u, 0, 1, e ) )

am2 :=mat((u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 0, 1, e ) )

am2 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 0, 1, e ) )

am2 :=mat((u, u, 1, u, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, u, 0, 1, 0 ) )

am2 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, u, 0, 1, 0 ) )

am2 :=mat((u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, u, 0, 1, 0 ) )

am2 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 0, 1, 0 ) )

am2 :=mat((u, u, 1, u, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, u, 0, 0, 1 ) )

am2 :=mat((u, u, 1, 0, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, u, 0, 0, 0, u, 0, 0, 1 ) )

am2 :=mat((u, u, 0, 1, 0, 0, 0, 0, 0, 0, 0 ),

(u, u, 0, 0, u, 0, 0, u, 0, 0, 1 ) )

am2 :=mat((u, u, 0, 0, 1, 0, 0, 0, 0, 0, 0 ),

(u, u, u, 0, 0, 0, 0, 0, 0, 0, 1 ) )



Appendix D

Optimal System of the Algebra
L6

Table D.1: Subalgebras of the optimal system of the algebra L6.

6-Dimension

N Generator
1 4, 5, 6, 7, 8, 9

5-Dimension

N Generator N Generator
2 4, 5, 6, 7, 8 4 4, 6, 7, 8, 9
3 4, 5, 6, 7, 9 5 5 + x44, 6, 7, 8, 9

4-Dimension

N Generator N Generator
6 4, 5, 6, 7 12 4, 6, 7, 9 + ε8
7 4, 5, 8, 9 13 4 + 9, 6, 7, 8
8 4, 6, 7, 8 14 5 + x44, 6, 7, 8
9 4, 6, 7, 9 15 5 + x44, 6, 7, 9
10 5, 6, 8, 9 16 4 + 8, 6, 7, 9 + x88
11 6, 7, 8, 9

3-Dimension

N Generator N Generator
17 4, 5, 8 24 6, 7, 9
18 4, 5, 9 25 4 + 9, 6, 7
19 4, 6, 7 26 6, 7, 8 + ε9
20 4, 8, 9 27 5 + x44, 6, 7
21 5, 6, 8 28 5 + x44, 8, 9
22 5, 6, 9 29 4 + 8 + x99, 6, 7
23 6, 7, 8 30 6, 8 + x77, 9 + x77
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2-Dimension

N Generator N Generator
31 4, 5 38 5 + x44, 9
32 4, 8 39 4, 8 + ε9
33 5, 9 40 4 + 8, 9 + x88
34 5, 6 41 6, 8 + x77
35 6, 7 42 6, 9 + x77
36 4 + 9, 8 43 6, 8 + 9 + x77
37 5 + x44, 8 44 8 + x66 + x77, 9 + y66

1-Dimension

N Generator N Generator
45 0 50 8 + x66
46 4 51 9 + x66
47 6 52 4 + 8 +x99
48 4 + 9 53 8 + ε9 + x66
49 5 + x44



Appendix E

Optimal System of the Algebra
L9

Table E.1: Subalgebras of the optimal system of the algebra L9.

9-Dimension

N Generator
1 1, 2, 3, 4, 5, 6, 7, 8, 9

8-Dimension

N Generator
2 1, 2, 4, 5, 6, 7, α 3 + 8, 9

7-Dimension

N Generator
3 1, 2, 4, 5, 6, 7, 9
4 1, 2, 4, 5, 6, 7, α 3 + 8
5 1, 2, α 4 + 5, 6, 7,

β 3 + 8, 9

N Generator
6 1, 2, α 3 + 4, 6, 7,

β 3 + 8 , γ 3 + 9
7 1, 2, 4, 6, 7, β 3 + 8, 9

6-Dimension

N Generator
8 4, 5, 6, 7, 8, 9
9 1, 5, 6, 7, 8, 9
10 1, 2, 4, 5, α 3 + 8, 9
11 1, 2, 5, 6, α 3 + 8, 9
12 1, 3, 5, 6, 8, 9
13 1, 2, 4, 5, 6, 7
14 1, 2, α 4 + 5, 6, 7, 9
15 1, 2, β 4 + 5, 6, 7, α 3 + 8
16 1, 2, α 3 + 4, 6, 7,

β 3 + ε 8 + 9
17 1, 2, α 3 + 4, 6, 7, β 3 + 9
18 1, 2, 4, 6, 7, 9

N Generator
19 1, 2 , α 3 + 4 + ε 8, 6, 7,

γ 3 + δ 8 + 9
20 1, 2, α 3 + 4 + ε 9, 6, 7,

γ 3 + 8
21 1, 2, β 3 + 4, 6, 7, α 3 + 8
22 1, 2, 4, 6, 7, α 3 + 8
23 1, 2, α 3 + 6, β 3 + 7,

γ 3 + 8, δ3 + 9
24 1, 2, 6, β 3 + 7, γ 3 + 8,

δ3 + 9
25 1, 2, 6, 7, γ 3 + 8, δ3 + 9



80

5-Dimension

N Generator
26 4, 5, 6, 7, 9
27 4, 5, 6, 7, 8
28 β 4 + 5, 6, 7, 8, 9
29 4, - α 2 + 6, α 1 + 7, 8, 9
30 4, 6, 7, 8, 9
31 3, 4, 5, 8, 9
32 1 + α 2, 5, 6, β 3 + 8, 9
33 2, 5, 6, 8, 9
34 1, 5, 6, 7, 9
35 1, 5, 6, 7, 8
36 1, α 2 + 6, β 3 + 7, γ 2 + 8,

δ 2 + 9
37 1, 6, 7, 8, 9
38 1, 2, 4, 5, 9
39 1, 2, 4, 5, α 3 + 8
40 1, 2, β 4 + 5, α 3 + 8, 9
41 1, 3, 5, 8, 9
42 1, 2, α 3 + 4, β 3 + 8 ,

γ 3 + 9
43 1, 2, 4, β 3 + 8, 9

N Generator
44 1, 2, 5, 6, 9
45 1, 3, 5, 6, 9
46 1, 2, 5, 6, α 3 + 8
47 1, 3, 5, 6, 8
48 1, 2, δ 3 + 6, µ 3 + α 7 + 8,

ν 3 + β 7 + 9
49 1, 2, 6, µ 3 + 8, 9
50 1, 3, α 2 + 6, β 2 + 8 ,

γ 2 + 9
51 1, 3, 6, 8, 9
52 1, 2, α 4 + 5, 6, 7
53 1, 2, α 3 + 4, 6, 7
54 1, 2, α 3 + 4 + 9, 6, 7
55 1, 2, α 9 + β 3 + 4 + 8, 6, 7
56 1, 2, α 3 + 6, β 3 + 7,

γ 3 + 8
57 1, 2, α 3 + 6, β 3 + 7,

γ 3 + ε 9 + 8
58 1, 2, α 3 + 6, β 3 + 7,

γ 3 + 9

4-Dimension

N Generator
59 4, 5, α 3 + 8, 9
60 5, 6, 8, 9
61 4, 5, 6, 7
62 β 4 + 5, 6, 7, 9
63 β 4 + 5, 6, 7, 8
64 4, - α 2 + 6, α 1 + 7,

ε 8 + 9
65 4, - α 2 + 6, α 1 + 7, 9
66 4, 6, 7, 9
67 4 + ε 8, - α 2 + 6, α 1 + 7,

β 8 + 9
68 4 + ε 9, - α 2 + 6,

α 1 + 7, 8
69 4, - α 2 + 6, α 1 + 7, 8
70 4, 6, 7, 8
71 α 1 + β 2 + 6, γ 1 + 7,

δ 1 + 8, µ 1 + ν 2 + 9

N Generator
72 β 2 + 6, -β 1 + 7, 8, 9
73 6, 7, 8, 9
74 3, 4, 5, 9
75 3, 4, 5, 8
76 1, 5, α 3 + 8, 9
77 3, α 4 + 5, 8, 9
78 3, 4, 8, 9
79 1 + α 2, 5, 6, 9
80 2, 5, 6, 9
81 1 + α 2, 5, 6, β 3 + 8
82 2, 5, 6, 8
83 1 + α 2, β 3 + 6,

γ 2 + µ (β 3 - α 7) + 8,
δ 2 + κ (β 3 - α 7) + 9

84 1 + α 2, 6, 8, 9
85 1, β 2 + 6, µ (α 3 + 7) + 8,

δ 2 + κ (α 3 + 7) + 9
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4-Dimension

N Generator
86 1, β 2 + 6, µ 2 + 8,

κ (α 3 + 7) + 9
87 1, α 3 + 6, ν 2 + β 3 + 8,

δ 2 + γ 3 + 9
88 1, µ 2 + 6, β 3 + 8,

δ 2 + γ 3 + 9
89 1, 6, β 3 + 8, 9
90 1, µ 2 + 6, ν 2 + 8, γ 3 + 9
91 1, µ 2 + 6, ν 2 + 8, γ 2 + 9
92 1, 6, 8, 9
93 2, γ 3 + 6, δ 1 + α 7 + 8,

µ 1 + β 7 + 9
94 2, 6, 8, 9
95 1, 2, 4, 5
96 1, 2, β 4 + 5, 9
97 1, 3, 5, 9
98 1, 2, β 4 + 5, α 3 + 8
99 1, 3, 5, 8
100 1, 2, α 3 + 4, β 3 + ε 8 + 9
101 1, 2, α 3 + 4, β 3 + 9
102 1, 2, 4, 9
103 1, 2, α 3 + 4 + ε 8,

β 3 + γ 8 + 9
104 1, 2, α 3 + 4 + ε 9, β 3 + 8
105 1, 2, α 3 + 4, β 3 + 8
106 1, 2, 4, β 3 + 8

N Generator
107 1, 2, ν 3 + α 6 + γ 7 + 8,

κ 3 + β 6 + 9
108 1, 3, γ 2 + α 6 + 8,

δ 2 + β 6 + 9
109 1, 3, 8, 9
110 1, 2, 5, 6
111 1, 3, 5, 6
112 1, 2, γ 3 + 6,

δ 3 + α 7 + 8 + ε 9
113 1, 3, α 2 + 6, β 2 + 8 + ε 9
114 1, 2, β 3 + 6, γ 3 + α 7 + 8
115 1, 2, 6, γ 3 + 8
116 1, 3, α 2 + 6, β 2 + 8
117 1, 3, 6, 8
118 1, 2, β 3 + 6, γ 3 + α 7 + 9
119 1, 2, 6, 9
120 1, 3, α 2 + 6, β 2 + 9
121 1, 3, 6, 9
122 1, 2, α 3 + 6, β 3 + 7
123 1, 2, 6, 7
124 1, 5, 6, 7
125 1, α 2 + 6, β 3 + 7, γ 2 + 8
126 1, α 2 + 6, β 2 + 7,

γ 2 + ε 9 + 8
127 1, α 2 + 6, β 3 + 7, γ 2 + 9

3-Dimension

N Generator
128 4, 5, 9
129 4, 5, α 3 + 8
130 β 4 + 5, α 3 + 8, 9
131 α 3 + 4, β 3 + 8, γ 3 + 9
132 4, β 3 + 8, 9
133 5, 6, 9
134 5, 6, 8
135 α 3 + 6, β 1 + γ 2 + 8,

µ 1 + ν 2 + 9
136 α 2 + 6,

β 1 + γ 2 + µ 7 + 8,
κ 1 + ν 2 + δ 7 + 9

N Generator
137 6, 8, 9
138 3, 4, 5
139 1, 5, 9
140 3, α 4 + 5, 9
141 1, 5, α 3 + 8
142 3, β 4 + 5, 8
143 3, 4, ε 8 + 9
144 3, 4, 9
145 3, 4 + ε 8, α 8 + 9
146 3, 4 + ε 9, 8
147 3, 4, 8
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3-Dimension

N Generator
148 1, µ (γ 3 + 7) + δ 6 + 9,

α 2 + β(γ 3 + 7) + κ 6 + 8
149 1, α 2 + µ 3 + κ 6 + 8,

γ 3 + δ 6 + 9
150 1, µ 6 + α(κ 3 + 7) + 8,

γ 2 + δ 6 + 9
151 1, α 3 + κ 6 + 8,

γ 2 + δ 6 + 9
152 1,α 3 + 8, 9
153 1, α 2 + κ 6 + 8,

γ 2 + δ 6 + 9
154 1, 8, 9
155 3, α 1 + 8, β 1 + γ 2 + 9
156 3, 8, β 1 + 9
157 3, 8, 9
158 1 + α 2, 5, 6
159 2, 5, 6
160 α 4 + 5, 6, 7
161 4, α 2 + 6, β 1 + 7
162 4 + 9, α 2 + 6, β 1 + 7
163 α 9 + 8 + 4, β 2 + 6,

γ 1 + 7
164 α 2 + 6, β 1 + 7, γ 1 + 8
165 α 2 + 6, β 1 + 7,

γ 1 + ε 9+ 8
166 1 + α 2, β 3 + 6,

γ 2 + µ (α 7 - β 3) + 8 + ε 9
167 1, β 2 + 6,

µ ( 7 + ν 3) + 8 + ε 9
168 1, α 2 + β 3 + 6,

µ 3 + 8 + ε 9
169 1, β 3 + 6, µ 2 + 8 + ε 9
170 1, α 2 + 6, µ 2 + 8 + ε 9
171 2, α 3 + 6,

β 1 + γ 7 + 8 + ε 9
172 1 + α 2, γ 3 + 6,

β 2 + ν (α 7 - γ 3) + 8
173 1 + α 2, 6, 8
174 1, γ 2 + 6, ν (µ 3 + 7) + 8
175 1, α 2 + β 3 + 6, µ 3 + 8
176 1, 6, µ 3 + 8
177 1, β 3 + 6, 8

N Generator
178 1, α 2 + 6, 8
179 1, 6, 8
180 2, α 3 + 6, β 1 + γ 7 + 8
181 2, 6, 8
182 1 + α 2, γ 3 + 6,

β 2 + ν (α 7 - γ 3) + 9
183 1 + α 2, 6, 9
184 1, γ 2 + 6, ν (µ 3 + 7) + 9
185 1, α 2 + β 3 + 6, µ 3 + 9
186 1, 6, µ 3 + 9
187 1, β 3 + 6, 9
188 1, α 2 + 6, 9
189 1, 6, 9
190 2, α 3 + 6, β 1 + γ 7 + 9
191 2, 6, 9
192 1, α 2 + 6, β 3 + 7
193 1, 6, 7
194 1, 2, α 3 + 6
195 1, 2, 6
196 1, 3, α 2 + 6
197 1, 3, 6
198 1, 2, α 4 + 5
199 1, 3, 5
200 1, 2, α 3 + 4 + ε 8 + β 9
201 1, 2, α 3 + 4 + ε 9
202 1, 2, α 3 + 4
203 1, 2, 4
204 1, 2, α 3 + β 6 + 8 + ε 9
205 1, 2, α 3 + 8 + ε 9
206 1, 3, α 2 + β 6 + 8 + ε 9
207 1, 2, α 3 + β 6 + 8
208 1, 2, α 3 + 8
209 1, 3, α 2 + β 6 + 8
210 1, 3, 8
211 1, 2, α 3 + β 6 + 9
212 1, 2, α 3 + 9
213 1, 2, 9
214 1, 3, α 2 + β 6 + 9
215 1, 3, 9
216 α 3 + 1, β 3 + 2, γ 3 + 9
217 1, α 3 + 2, β 6 + γ 3 + 9
218 1, 3, α 2 + 9
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2-Dimension

N Generator
219 4, 5
220 α 4 + 5, 9
221 α 4 + 5, β 3 + 8
222 α 3 + 4, β 3 + ε 8 + 9
223 α 3 + 4, β 3 + 9
224 4, 9
225 α 3 + 4 + ε 8, β 3 + γ 8 + 9
226 α 3 + 4 + ε 9, β 3 + 8
227 α 3 + 4, β 3 + 8
228 4, β 3 + 8
229 α 1 + β 2 + γ (µ 3 + 6) + 8,

ν (µ 3 + 6) + 9
230 α 1 + β 2 + γ 6 + δ 7 + 8,

κ 2 + ν 6 + 9
231 α 1 + β 3 + 8, µ 3 + 9
232 β 3 + 8, µ 3 + 9
233 α 2 + β (µ 3 + 6) + 8,

γ 1 + δ 2 + 9
234 α 2 + β 6 + 8, γ 1 + δ 2 + 9
235 µ 3 + 8, α 1 + 9
236 µ 3 + 8, 9
237 µ 1 + 8, α 1 + β 2 + 9
238 8, α 1 + 9
239 8, 9
240 5, 6
241 α 3 + 6, β 1 + γ 2 + 8 + ε 9
242 α 2 + 6, β 1 + γ 2 + 8 + ε 9
243 α 3 + 6, β 1 + γ 2 + 8
244 α 2 + 6, β 1 + γ 2 + δ 7 + 8
245 6, 8
246 α 3 + 6, β 1 + γ 2 + 9
247 α 2 + 6, β 1 + γ 2 + δ 7 + 9
248 6, 9
249 6, α 1 + β 2 + 7
250 α 2 + 6, - α 1 + 7
251 6, 7

N Generator
252 1 + α 2, β 3 + 6
253 1 + α 2, 6
254 1, α 3 + 6
255 1, α 2 + 6
256 1, 6
257 2, α 3 + 6
258 2, 6
259 1, 5
260 3, α 4 + 5
261 3, 4 + ε 8 + α 9
262 3, 4 + ε 9
263 3, 4
264 1 + α 2,

β (µ 3 + 6) + 8 + ε 9
265 1, µ 3 + β 6 + 8 + ε 9
266 1, µ 2 + β 6 + 8 + ε 9
267 2, α (µ 3 + 6) + 8 + ε
268 2, β 3 + 8 + ε 9
269 2, α 1 + 8 + ε 9
270 3, α 1 + 8 + ε 9
271 3, 8 + ε 9
272 1 + α 2, β(µ 3 + 6) + 8
273 1, β 3 + α 6 + 8
274 1, β 3 + 8
275 1, β 2 + α 6 + 8
276 1, 8
277 2, β (µ 3 + 6) + 8
278 3, α 1 + 8
279 3, 8
280 1 + α 2, β(µ 3 + 6) + 9
281 1, β 3 + α 6 + 9
282 1, β 2 + α 6 + 9
283 1, 9
284 2, β (µ 3 + 6) + 9
285 3, α 1 + 9
286 3, 9
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1-Dimension

N Generator
287 0
288 1
289 2
290 3
291 4 + α3
292 6 + α2 + β3
293 4 + 9 + α3

N Generator
294 9 + α3
295 9 + α2
296 9 + α6 + β2 + γ3
297 4 + 8 + α3 + β9
298 8 + ε9 + α2 + β3 + γ6
299 8 + ε9 + α1 + β2 + γ3



Appendix F

Optimal System of
three-dimensional Subalgebra of

the Algebra L11

Table F.1: Subalgebras of the optimal system of 3-dimension of the algebra L11,
which can have invariant solutions.

N generators
1 4, 5, α 3 + 8
2 4 + ε110 + α11, 5, β3 + 8
3 4, 5 + ε110 + α11, β3 + 8
4 4 + α10 + ε211, 5,β3 + 8
5 4, 5 + α10 + ε211, β 3 + 8
6 4 + ε110, 5 + ε211, β3 + 8
7 4 + ε211, 5 + ε110, β3 + 8
8 4, ω3 + β08, α3 + 9
9 4 + ε110 + α11, ω3 + β08,

β3 + 9
10 4, ω3 + 8 + β0ε110 + α11,

β3 + 9
11 4, ω3 + 8, α3 + ε110 + 9

N generators
12 4 + α10 + ε211, ω3 + β08,

β3 + 9
13 4, β3 + 9,

ω3 + β08 + α10 + β0ε211
14 4, ω3 + 8, α3 + 9 + ε211
15 4 + ε110, α 3+9,

ω3 + β08 + β0ε211
16 4 + ε110, ω3 + β08, α3 + 9
17 4 + ε211, α3 + 9,

ω3 + β08 + β0ε110
18 4, ω3 + β08 + β0ε110,

α3 + 9
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N generators
19 4 + ε211, ω3 + β08,

α3 + 9
20 4, ω3 + β08 + β0ε211,

α3 + 9
21 5, 6, 8
22 5 + ε110 + α11, 6, 8
23 5 + α10 + ε211, 6, 8
24 3, 4, 5
25 3, 4 + ε110 + α11, 5
26 3, 4, 5 + ε110 + α11
27 3, 4 + α10 + ε211, 5
28 3, 4, 5 + α10 + ε211
29 3, 4 + ε110, 5 + ε211
30 3, 4 + ε211, 5 + ε110
31 1, 5, α3 + 8
32 1, 5 + ε110 + α11, β3 + 8
33 1, 5 + α10 + ε211, β3 + 8
34 3, 5 + α4, 8
35 3, α4 + 5 + ε110 + β11, 8
36 3, α4 + 5 + β10 + ε211, 8
37 3, 4, 8
38 3 + ε110 + α11, 4, 8
39 3, 4 + ε110 + α11, 8
40 3, 4, 8 + ε110 + α11
41 3 + α10 + ε211, 4, 8
42 3, 4 + α10 + ε211, 8
43 3, 4, 8 + α 10 + ε211
44 3 + ε110, 4+ε211, 8
45 3 + ε110, 4, 8 + ε211
46 3 + ε211, 4 + ε110, 8
47 3, 4 + ε110, 8 + ε211
48 3 + ε211, 4, 8 + ε110
49 3, 4 + ε211, 8 + ε110
50 1, β0(8 + α 7) + ω3,

ω9 + β(α7 + 3)
51 1, β08 + ω3, 9 + α3
52 1 + ε110 + α11,

β0(8 + β 7) + ω3,
ω9 + γ(β7 + 3)

N Generator
53 1 + ε110 + α11, β08 + ω3,

9 + β3
54 1, β0(8 + β7 + α11) + ω3,

ω9 + γ(β7 + 3)
55 1, β0(8 + ε110 + α11) + ω3,

+ α11) + ω3, 9 + β3
56 1, β0(8 + β7) + ω3,

ω9 + ε110 + α (β7 + 3)
57 1, β08 + ω3,

9 + α3 + ε110
58 1 + α10 + ε211,

ω9 + γ(β7 + 3),
β0(8 + β7) + ω3

59 1 + α10 + ε211, β08 + ω3,
9 + β3

60 1, β0(8 + β7 + ε211) + ω3,
ω9 + α(β7 + 3)

61 1, β0(8 + α10 + ε211)
+ ω3, 9 + β3

62 1, β0(8 + β7) + ω3,
ω9 + ε211 + α(β7 + 3)

63 1, β08 + ω3,
9 + α3 + ε211

64 1 + ε110, ω9 + α(β7 + 3),
β0(8 + β7 + ε211) + ω3

65 1 + ε110, β0(8 + ε211) + ω3,
9 + α3

66 1 + ε110, β0(8 + β7) + ω3,
ω9 + α(β7 + 3)

67 1 + ε110, β08 + ω3, 9 + α3
68 1 + ε211, β0(8 + β7) + ω3,

ω9 + α(β7 + 3)
69 1 + ε211, β0(8 + ε110) + ω3,

9 + α3
70 1, β0(8 + β7) + ω3,

ω9 + α(β7 + 3)
71 1, β0(8 + ε110) + ω3,

9 + α3
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N Generator
72 1 + ε211, β08 + ω3,

9 + α3
73 1, αβ08 + ω(α3 + α07),

α2 + 9
74 1 + ε110 + α11, β2 + 9

ββ08 + ω(β 3 + α07),
75 1, αβ0(8 + β11) α07),

+ ω(α 3 + α2 + 9
76 1, αβ08 + ω(α3 + α07),

α2 + 9 + ε110
77 1 + α10 + ε211, β2 + 9

ββ08 + ω(β3 + α07),
78 1, αβ08 + ω(α3 + α07),

α2 + 9 + ε211
79 1 + ε110, α2 + 9,

αβ0(8 + ε211)
+ ω (α3 + α07)

80 1 + ε211, α 2+9,
αβ08 + ω (α 3 + α07)

81 1,α β08 + ω(α3 + α07),
α2 + 9

82 2, 5, 6
83 2, 5, ε110 + α11, 6
84 2, 5 + α10 + ε211, 6
85 α4 + 5, 6, 7
86 α4 + 5 + ε110 + β11, 6, 7
87 α4 + 5 + β10 + ε211, 6, 7
88 4, 6, 7
89 4 + ε110 + α11, 6, 7
90 4 + α10 + ε211, 6, 7
91 4 + 9, 6, 7
92 4 + 9 + ε110 + α11, 6, 7
93 4 + 9 + α10 + ε211, 6, 7
94 4 + 8 + α9, 6, 7
95 4 + 8 + α9 + ε110 + β11,

6, 7
96 4 + 8 + α9 + β10 + ε211,

6, 7
97 α2 + 6 + β11, γ1 + 7, 8

N Generator
98 α2 + 6, β1 + 7+ γ11, 8
99 α2 + 6, β1 + 7,

8 + ε110 + γ11
100 α2 + 6, β1 + 7,

8 + γ10 + ε211
101 α2 + 6 + ε211,

β1 + 7, 8 + ε110
102 α2 + 6, β1 + 7 + ε211,

8 + ε110
103 α2 + 6, β1 + 7,8 + e9
104 α2 + 6 + β11, γ1 + 7,

8 + e9
105 α2 + 6, β1 + γ11 + 7,

8 + e9
106 α2 + 6, β1 + 7,

8 + e9 + ε110 + γ11
107 α2 + 6 + ε211,

β1 + 7, 8 + e9
108 α2 + 6, β1 + 7,

8 + e9 + γ10 + ε211
109 α2 + 6, β1 + 7,

8 + e9 + ε211
110 α2 + 6 + ε211, β1 + 7,

8 + e9 + ε110
111 α2 + 6, β1 + 7 + ε211,

8 + e9 + ε110
112 2, 6, 8 + e9
113 2 + ε110 + α 11, 6, 8 + e9
114 2,6 + α11, 8 + e9
115 2, 6, 8 + e9 + ε110+α11
116 2 + α10 + ε211, 6, 8 + e9
117 2, 6, 8 + e9 + α10 + ε211
118 2 + ε110, 6 + ε211, 8 + e9
119 2 + ε110, 6, 8 + e9 + ε211
120 2 + ε211, 6, 8 + e9 + ε110
121 2, 6 + ε211, 8 +e9 + ε110
122 2, α3 + 6 + β11, 8
123 2 + ε110 + α11, 6 + β3, 8
124 2, 6 + α3, 8 + ε110 + β11
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N Generator
125 2 + α10 + ε211, 6 + β3, 8
126 2, 6 + α3 + ε211, 8
127 2, 6 + α3, 8 + β10 + ε211
128 2 + ε110, 6 + α3 + ε211, 8
129 2 + ε110, 6 + α3, 8 + ε211
130 2 + ε211, 6 + α3, 8
131 2, 6 + α3, 8 + ε211
132 2 + ε211, 6 + α3, 8 + ε110
133 2, 6 + α3 + ε211, 8 + ε110
134 1, 2, α4 + 5
135 1, 2, α4 + 5 +ε110 + β11
136 1, 2, α4 + 5 + β10 + ε211
137 1, 3, 5
138 1, 3, 5 + ε110 + β11
139 1, 3, 5 + β10 + ε211
140 1, 2, α3 + 4 + 8 + β 9
141 1, 2, α3 + 4 + 8

+ 9 + ε211
142 1, 2, α3 + 4 + β9
143 1, 2, α3 + 4 + 9 + ε211
144 1, 2, α3 + 4
145 1, 2, α3 + 4 + ε110 + β11
146 1, 2, α3 + 4 + β10 + ε211
147 1, 2, α3 + 8 + e9
148 1 + ε110 + β11, 2,

α3 + 8 + e9
149 1, 2 + ε110 + β11,

α3 + 8 + e9
150 1, 2, α3 + 8 + e9 + β11
151 1 + β10 + ε211, 2,

α3 + 8 + e9
152 1, 2 + β10 + ε211,

α3 + 8 + e9
153 1 + ε110, 2 + ε211,

α3 + 8 + e9
154 1 + ε211, 2 + ε110,

α3 + 8 + e9
155 1, 2 + ε110, α3 + 8 + e9
156 1 + ε211, 2, α3 + 8 + e9
157 1, 2 + ε211, α3 + 8 + e9

N Generator
158 1, 2, α3 + 8
159 1 + ε110 + β11, 2, α3 + 8
160 1, 2 + ε110 + β11, α3 + 8
161 1, 2, α3 + 8 + ε110 + β11
162 1 + β10 + ε211, 2, α3 + 8
163 1, 2 + β10 + ε211, α3 + 8
164 1, 2, α3 + 8 + β10 + ε211
165 1 + ε110, 2 + ε211, α3 + 8
166 1 + ε110, 2, α3 + 8 + ε211
167 1+ε211, 2 + ε110,α3 + 8
168 1, 2 + ε110, α3 + 8 + ε211
169 1 + ε211, 2, α3 + 8 + ε110
170 1, 2 + ε211, α3 + 8 + ε110
171 1, 3, α2 + 8
172 1 + ε110 + β11, 3, α2 + 8
173 1, 3 + ε110+β11, α2 + 8
174 1, 3, α2 + 8 + ε110 + β11
175 1 + β10 + ε211, 3, α2 + 8
176 1, 3 + β10 + ε211, α2 + 8
177 1, 3, α2 + 8 + β10 + ε211
178 1 + ε110, 3 + ε211, α2 + 8
179 1 + ε110, 3, α2 + 8 + ε211
180 1 + ε211, 3 + ε110, α2 + 8
181 1, 3 + ε110, α2 + 8 + ε211
182 1 + ε211, 3, α2 + 8 + ε110
183 1, 3 + ε211, α2 + 8 + ε110
184 1, 2, α3 + 9
185 1 + ε110 + β11, 2, α3 + 9
186 1, 2 + ε110 + β11, α3 + 9
187 1, 2, α3 + 9 + β11
188 1 + β10 + ε211, 2, α3 + 9
189 1, 2 + β10 + ε211, α3 + 9
190 1, 2, α3 + 9 + ε211
191 1 + ε110, 2 + ε211, α3 + 9
192 1 + ε110, 2, α3 + 9
193 1 + ε211, 2 + ε110, α3 + 9
194 1, 2 + ε110, α3 + 9
195 1 + ε211, 2, α3 + 9
196 1, 2 + ε211, α3 + 9



Appendix G

Fortran-program of the
Fourth-order Runge-Kutta

Method

For solving ordinary differential equations we use fourth-order Runge-
Kutta method. Here for the sake of complete consideration we explain it.

Let
dy

dx
= F (x, y), y(x0) = y0

be a Cauchy problem. One of the Runge-Kutta methods with step size h is given
by the formula

yi+1 = yi +
h

6
(k1 + 2k2 + 2k3 + k4),

where k1 = F (xi, yi), k2 = F (xi +
h
2
, yi +

h
2
k1), k3 = F (xi +

h
2
, yi +

h
2
k2), k4 =

F (xi + h, yi + hk3). We apply this algorithm for reduced systems. Some of these
systems are second order. For the second order system of equations one has to
reduce this system to a first order. We use the following way for reducing.

Let {
d2φ
dx2 = F (x, φ, φ′),

φ(x0) = φ0, φ′(x0) = φ1

be a Cauchy problem. This problem can be rewritten as the following{
dφ
dx

= z, dz
dx

= f(x, φ, z),
φ(x0) = φ0, z(x0) = φ1.

For the obtained system of first order equations one can use Runge-Kutta method
described above with

y = (φ, z)∗, F = (z, f)∗.

Example of program in Fortran

REAL P(12),PP(12),SP(4,12),QQ,Q,H,T1,T2,T3,T4,S1,S2,S3,S4

INTEGER N

OPEN (12,FILE=’ORG1’)

OPEN (21,FILE=’FH1’)
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OPEN (22,FILE=’FH2’)

OPEN (23,FILE=’FH3’)

OPEN (24,FILE=’FH4’)

OPEN (25,FILE=’FH5’)

OPEN (26,FILE=’FH6’)

OPEN (27,FILE=’FH7’)

DATA Q,P,N,H/1.0,

= .2,.3,.4,.5,.6,.7,6*1.0,10,0.1/

DATA SI1,SI2,SI3,K1,K2,K3,AL,OM/7*1.,2./

WRITE (*,100) H

100 FORMAT(’STEP SIZE H =’,E10.4)

WRITE (*,150)

WRITE (12,150)

150 FORMAT(4X,’Q’,6X,’F1’,9X,’F2’,9X,’F3’,9X,’F4’,9X

= ,’F5’,9X,’F6’)

T1= 0.5*K1*(AL*K1-OM)/OM

T2= 0.5*K2*(AL*K2-OM)/OM

T3= 0.5*(AL*K3**2)/OM

T4= 0.5*K3

S1=(0.5*K1*SI1)/Q

S2=(0.5*K2*SI2)/Q

S3=(0.5*K3*SI3)/Q

S4=1.0/Q

DO 600 I=1,N

DO 300 J=1,12

PP(J)=P(J)

300 CONTINUE

QQ=Q

DO 400 J=1,4

DO 320 K=1,12

SP(J,K)=FUNC(K,PP,T1,T2,T3,T4,S1,S2,S3,S4)

320 CONTINUE

IF (J.LT.3) THEN

QQ=Q+0.5*H

DO 340 K=1,12

PP(K)=P(K)+0.5*H*SP(J,K)

340 CONTINUE

ELSE

IF (J.EQ.3) THEN

QQ=Q+H

DO 360 K=1,12

PP(K)=P(K)+H*SP(J,K)

360 CONTINUE

ELSE

DO 380 K=1,12
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P(K)=P(K)+0.1667*H*(SP(1,K)+2.*SP(2,K)

= +2.*SP(3,K)+SP(4,K))

380 CONTINUE

ENDIF

ENDIF

400 CONTINUE

Q=Q+H

WRITE(*,450) Q,(P(K),K=1,6)

WRITE(12,450) Q,(P(K),K=1,6)

450 FORMAT(F5.2,6E11.4)

WRITE(21,480) P(1)

WRITE(22,480) P(2)

WRITE(23,480) P(3)

WRITE(24,480) P(4)

WRITE(25,480) P(5)

WRITE(26,480) P(6)

WRITE(27,490) Q

480 FORMAT(E11.4)

490 FORMAT(F5.2)

600 CONTINUE

CLOSE (12)

CLOSE (21)

CLOSE (22)

CLOSE (23)

CLOSE (24)

CLOSE (25)

CLOSE (26)

CLOSE (27)

STOP

END

c*****************************************************************

FUNCTION FUNC(K,PP,T1,T2,T3,T4,S1,S2,S3,S4)

REAL PP(12)

IF (K.LT.7) THEN

FUNC = PP(K+6)

RETURN

ENDIF

IF (K.EQ.7) THEN

FUNC=-S4*PP(7)-T1*PP(8)

= +S1*(PP(3)*PP(5)+PP(4)*PP(6))-(T1*S4*PP(1))

RETURN

ENDIF

IF (K.EQ.8) THEN
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FUNC=-S4*PP(8)+T1*PP(7)

= +S1*(PP(3)*PP(6)-PP(4)*PP(5))+(T1*S4*PP(2))

RETURN

ENDIF

IF (K.EQ.9) THEN

FUNC=-S4*PP(9)-T2*PP(10)

= +S2*(PP(1)*PP(5)+PP(2)*PP(6))-(T2*S4*PP(3))

RETURN

ENDIF

IF (K.EQ.10) THEN

FUNC=-S4*PP(10)+T2*PP(9)

= +S2*(PP(1)*PP(6)-PP(2)*PP(5))+(T2*S4*PP(4))

RETURN

ENDIF

IF (K.EQ.11) THEN

FUNC=-S4*PP(11)-T3*PP(8)+T4*PP(12)

= +S3*(PP(1)*PP(3)-PP(2)*PP(4))-T3*S4*PP(2)+T4*S4*PP(6)

RETURN

ENDIF

FUNC=-S4*PP(12)+T3*PP(7)-T4*PP(11)

= +S3*(PP(1)*PP(4)+PP(2)*PP(3))+T3*S4*PP(6)-T4*S4*PP(5)

RETURN

END



Appendix H

Figures

The Figure H.1, H.2 and H.3 show the result of calculation of system (5.1) for
the Runge-Kutta method (h = 0.1)

1.2 1.4 1.6 1.8 2
0.2

0.4

0.6

0.8

1

1.2

φ
1
 

q 
1.2 1.4 1.6 1.8 2

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

φ
2
 

q 

Figure H.1: Graphs of φ1, φ2
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Figure H.2: Graphs of φ3, φ4
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Figure H.3: Graphs of φ5, φ6
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The Figure H.4, H.5 and H.6 show the result of calculation of system (5.2) for
the Runge-Kutta method (h = 0.1)
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Figure H.4: Graphs of φ1, φ2
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Figure H.5: Graphs of φ3, φ4
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Figure H.6: Graphs of φ5, φ6



95

The Figure H.7, H.8 and H.9 show the result of calculation of system (5.4) for
the Runge-Kutta method (h = 0.05)
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The Figure H.10, H.11 and H.12 show the result of calculation of system (5.5)
for the Runge-Kutta method (h = 0.1)
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Figure H.10: Graphs of φ1, φ2
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Figure H.11: Graphs of φ3, φ4
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Figure H.12: Graphs of φ5, φ6
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The Figure H.13, H.14 and H.15 show the result of calculation of system (5.6)
for the Runge-Kutta method (h = 0.01)
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Figure H.13: Graphs of φ1, φ2
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Figure H.14: Graphs of φ3, φ4
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Figure H.15: Graphs of φ5, φ6
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The Figure H.16, H.17 and H.18 show the result of calculation of system (5.7)
for the Runge-Kutta method (h = 0.05)
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Figure H.16: Graphs of φ1, φ2
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Figure H.17: Graphs of φ3, φ4
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Figure H.18: Graphs of φ5, φ6
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The Figure H.19, H.20, H.21 show the result of system (5.8) for the
Range-Kutta method (h = 0.1)
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Figure H.19: Graphs of φ1, φ2
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Figure H.20: Graphs of φ3, φ4
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Figure H.21: Graphs of φ5, φ6
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The Figure H.22, H.23 and H.24 show the result of calculation of system (5.9)
for the Runge-Kutta method (h = 0.01)
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Figure H.22: Graphs of φ1, φ2
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Figure H.23: Graphs of φ3, φ4
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Figure H.24: Graphs of φ5, φ6
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The Figure H.25, H.26 and H.27 show the result of calculation of system (5.10)
for the Runge-Kutta method (h = 0.01)
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Figure H.25: Graphs of φ1, φ2
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Figure H.26: Graphs of φ3, φ4
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Figure H.27: Graphs of φ5, φ6
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The Figure H.28, H.29 and H.30 show the result of calculation of system (5.11)
for the Runge-Kutta method (h = 0.01)
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Figure H.28: Graphs of φ1, φ2
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Figure H.29: Graphs of φ3, φ4
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Figure H.30: Graphs of φ5, φ6
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The Figure H.31, H.32 and H.33 show the result of calculation of system (5.12)
for the Runge-Kutta method (h = 0.05)

0.2 0.3 0.4 0.5 0.6

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

φ
1
 

q 
0.2 0.3 0.4 0.5 0.6

0.25

0.3

0.35

0.4

0.45

0.5

φ
2
 

q 

Figure H.31: Graphs of φ1, φ2
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Figure H.32: Graphs of φ3, φ4
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Figure H.33: Graphs of φ5, φ6
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