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CHAPTER 1

INTRODUCTION

Recently, differential equations with impulsive conditions have been studied

quite extensively, where the traditional initial value problems
2(0) = o,
are replaced by the impulsive conditions
z(0) = zg, Aux(m) = Brx(r), k=12,...

where 0 < 7 < 7 < ..., Ax(r) =z(r)) —=z(r,), k=12,..., and Bjs
are some operators.

That is, the impulsive conditions are the combinations of traditional initial
value problems and short-term perturbations, the durations of which are negligible
in comparison with the duration of the whole process. The Impulsive differential
equations appear to represent a natural framework for mathematical modelings of
several real world phenomena. For instance, systems with impulses effects have ap-
plication in physics, in biotechnology, in industrial robotics, in pharmacokinetics,
in population dynamics, in optimal control and so on. The qualitative investigation
of impulsive differential equations began with the work of Mil’'man and Myshkis
(1960). The possibility of broad practical applications of impulsive differential
equations in recent years and the publication of monographs about this subject
is explored in Samoilenko and Perestyuk (1987), Lakshmikantham, Bainove and
Simeonov (1989) and Bainove and Simeonove (1989). For the basic theory on

impulsive differential equations, the reader is referred to Lakshmikantham (1989).



In the recent past, attention has been given to impulsive differential equa-
tions with results concerning the existence of periodic solutions for first-order
impulsive differential equations appearing. See, for instance, the papers by Hris-
tova and Bainov (1987), Nieto (1997) and Benchohra, Henderson and Ntouyas
(2001). The fundamental tools used in the existence proofs of all the above men-
tioned works are essentially fixed point arguments, nonlinear alternative, topolog-
ical transversality, degree theory or the monotone method combined with upper
and lower solutions.

On the other hand, another important and interesting problem concerns the
impulsive periodic systems arising naturally in the mathematical modeling of var-
ious physical processes. Since many processes are cyclic, for example, chemother-
apeutic treatments in Lakmeche and Arino (2000), vaccinations against disease in
Shulgin, Stone and Agur (1998) and inputs of substrates in Liu and Zhang (2005).
An important trend in the investigation of impulsive differential equation is related
to the periodic solution for the systems. Related basic theory on this aspect can
be found in Bainove and Simeonov (1993), Yang (2001) and the references cited
therein.

Although, there are some papers discussing the existence of periodic so-
lutions on finite dimensional space, linear and semilinear periodic systems with
impulses on infinite dimensional space have not been studied.

In this thesis, we systematically study the existence and uniqueness of peri-
odic mild solutions for linear and semilinear periodic systems with impulses on infi-
nite dimensional space, where the differential operator involved is the infinitesimal

generator of Cp-semigroup by using semigroup theory and fixed point theorems.



The thesis is organized as follows. Chapter II presents some basic concepts
and results from functional analysis, semigroup theory and evolution equations
that are necessary for the presentation of the theory in later chapters. Chapter
ITI deals with the existence of periodic mild solutions for linear periodic systems
with impulses. In chapter IV, we study the existence of periodic mild solutions for
semilinear periodic systems with impulses. In chapter V, we present two examples

to demonstrate the applicability of our abstract results.



CHAPTER 11

MATHEMATICAL PRELIMINARIES

In this chapter, we review the theoretical background from functional anal-
ysis, real analysis and semigroup theory which will be used throughout this thesis.
Results are mostly without proof which can be found in standard textbooks (see

Ahmed (1991), Erwin Kreyszig (1978) and Pazy (1983) for example).

2.1 Elements of Functional Analysis

2.1.1 Normed Linear Spaces

Definition 2.1.1. Let X be a vector space over field F, (where F = R or C).

A function || - || : X — R is said to be a norm on X if it satisfies :
(NT)lz[] = 0,
(N2) ||z]| =0 & z=0,
(N3) laz|| = [elll]l,

(N4) -l +yll < llzfl + llyl;

forall z,y € X and a €.

Definition 2.1.2. Let X be a vector space over field F, (where F = R or C).

A function (-,-) : X x X — [ is said to be an inner product on X if it satisfies :
(IP1) (z,z) >0,

(IP2) (z,z) =0 & x=0,

(IP3) (x,y) = (y, ),



(IP4) (az + By, z) = alz,z) + B(y, 2),
forall z,y,z € X and «,f € F.In (IP3), the bar denotes the complex conjugate.

Consequently, if X is a real vector space, we simply have (z,y) = (y, z).

Hereafter, we denote a norm on X by | -|,. Similarly, we denote an

inner product on X by (-,-),. If X has a norm, then the pair (X,| -] ,) is

X

induces a metric d on X by

called a normed linear space. The norm | - ||,

d(z,y) = ||r — y||, and thus X become a topological space.

Definition 2.1.3. A sequence {z,} in a normed space (X, | -]||) is said to be a

Cauchy sequence if for every e > 0 there exists N = N(g) > 0 such that

|€m — xn|| < e, forall m,n > N.

Definition 2.1.4. A normed linear space X is said to be complete if every Cauchy

sequence in X converges (that is, has a limit which is an element of X).

Definition 2.1.5. A normed linear space X is said to be a Banach space if it is

complete.

Definition 2.1.6. A Banach space X 1is uniformly conver, if whenever

{z,},{yn} € B1(0) and ||z, + yu|| — 2, as n — oo, then ||z, — y,| — 0.

Definition 2.1.7. Let X be a linear space with inner product (-,-),. The inner
product induces a norm on X by |||, = +/(-,:)x. Then X is said to be a Hilbert

space if it is complete under the norm || - ||.

2.1.2 Linear Operators

Definition 2.1.8. Let X and Y be vector spaces. A linear operator or a linear

map T from X into Y is a function T': X — Y such that



(i) T(x+y)=T(x)+T(y) forall z,y€ X,

(ii) T(ax) =aT(z) forall x € X and a€F.

Definition 2.1.9. Let X and Y be normed linear spaces and T : X — Y a linear

operator. Then T is said to be bounded if there exists M > 0 such that
ITz||y < M|z||x forall ze X.

Theorem 2.1.1. Let X and Y be normed linear spaces and T : X — Y a linear

operator. Then the following statement are equivalent :
(i) T is continuous at 0, the zero vector in X,

(ii) T is continuous on X,

(iii) T is bounded on X.

Let X and Y be normed spaces. Consider the set L£(X,Y) consisting
of all bounded linear operator from X to Y. L£(X,Y) becomes a normed linear

space if we define vector operations in a natural way and define the operator norm

(Al sup [|[Tz|,. If X =Y, we simply write £(X). Moreover, we have

[l <1
the following theorem

LXY)

Theorem 2.1.2. If X is a normed linear space and Y is a Banach space, then

L(X,Y) is a Banach space.

Lemma 2.1.3. If T': X — Y and S : Y — Z are bounded linear operators, then

ST : X — Z is also a bounded linear operator. Moreover,
1S < [ISINT|-

Theorem 2.1.4. (Uniform Boundedness Principle). Let X and Y be Banach

spaces and T C L(X,Y). Then,

sup || Tz|, < oo, Y € X implies that sup ||T|| < 0.
TeT TeT

L(X,Y)



2.1.3 Linear Functionals and Dual Spaces

Definition 2.1.10. A linear functional on a normed linear space X is a linear

map from X into the scalar field F.

We write X* for the space of all bounded linear functionals on X and call
it the dual space of X and (x,y) to denote the pairing of an element x € X*

with an element y € X.

Definition 2.1.11. A Banach space is reflezive if (X*)* = X. More precisely,

this means that for each 2** € (X*)*, there exists x € X such that

(™, 2%y = (¢, z) for all * € X™.

2.1.4 Closed Operators

Definition 2.1.12. Let X and Y be normed linear spaces and T : X — Y

a function. The graph of T', denote by G(T), is defined by
G(T)={(z,Tz) |z e X} C X xY.

If T is linear, it is easy to verify that G(7') is a linear subspace of

X xY. We say that the map T': X — Y has a closed graph or T is a closed
operator if G(T') is a closed subspace of X x Y.

The following lemma gives a characterization of the closedness of a linear

operator in terms of sequences.

Lemma 2.1.5. Let X and Y be normed linear spaces and 7 : X — Y a linear
operator. Then T has a closed graph if and only if for every sequence {z,} in X,

if ©, -2 and Tx, — y, then y="Tx.



Theorem 2.1.6. (Closed Graph Theorem). Suppose that X and Y are Banach
spaces and T : X — 'Y a linear operator. Then T is bounded if and only if T

has a closed graph.

Definition 2.1.13. Let X be a Banach space, Y a subspace(not necessarily closed)
of X andlet A:D(A) C X — X be a linear operator in X. The subspace Y

of X is an invariant subspace of A if A:D(A)NY — Y.

2.1.5 Compact Linear Operators
First, we recall the following facts from topology.

Definition 2.1.14. A subset M of a topological space X is compact if every open

cover of M contains a finite subcover.

Definition 2.1.15. Let X and Y be normed spaces. An operator A : X — Y is
called a compact linear operator ( or completely continuous linear operator) if A
is linear and if for every bounded subset M of X, the image A(M) is relatively

compact, that is, the closure A(M) is compact.

Definition 2.1.16. (s-net, total boundedness). Let B be a subset of a metric
space X and € > 0 be given. A set M. C X is called an e-net for B if for every
point z € B thereis a point of M, at a distance from z less than e. The set B
is said to be totally bounded if for every € > 0 there is a finite e—net M. C X for
B, where “finite” means that M. is a finite set (that is, consists of finitely many

points).
Lemma 2.1.7. Let B be a subset of a metric space X.
1. If B is relatively compact, then B is totally bounded.

2. If B is totally bounded and X is complete, then B is relatively compact.



3. If B is totally bounded, then for every e > 0 it has a finite e—net M. C B.

Theorem 2.1.8. Let T : X — X be a compact linear operator and S : X — X a

bounded linear operator on a normed space X. Then T'S and ST are compact.

The following fixed point theorems are the main tools in the proof of the
existence of periodic mild solutions for linear and semilinear periodic systems with

impulses.

Definition 2.1.17. Let X be a Banach space and let A : X — X be an operator

(not necessarily linear). A fized point of A is a point x € X such that
Axr = x.
In other words, a fixed point of A is solution of the equation
Ar =1z, v € X.

Definition 2.1.18. Let X be a Banach space and let A : X — X be an operator.

The operator A is called Lipschitz continuous (or, briefly, A is Lipschitz) if
Az — Ay|| < Lz — y|
for some constant L and all z,y € X. If 0 < L < 1 is called a contraction.

Theorem 2.1.9. (The Contraction Mapping Theorem). Let X be a Banach space

and let A : X — X be a contraction. Then the equation
Ax ==

has a unique solution in X, i.e., A has a unique fived point x. Further, this fixed

point may be obtained by the method of successive approximations as follow:

xg € X arbitrary, x, = Az, 1(n>1); x= lim x,.

n—oo
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Corollary 2.1.10. Let Xy be a closed subset of the Banach space X and assume
that A maps Xq into itself and is a contraction on Xy. The equation Ax = x has

a unique solution x € Xj.

Theorem 2.1.11. (Schauder Fized Point Theorem). Let G be a compact convex
set in a Banach space B and let T be a continuous mapping of G into itself. Then

T has a fixed point.

Corollary 2.1.12. Let G be a compact convex set in a Banach space B and let
T be a continuous mapping of G into itself such that the image T'G is relatively

compact. Then T has a fixed point.

Theorem 2.1.13. (Leray-Schauder Fized Point Theorem). Let G be a compact
mapping of a Banach space B into itself and suppose there exists a constant M
such that

lellp < M

for all x € B and X\ € [0, 1] satisfying x = AGx. Then G has a fized point.
The proof can be found in Gilbarg and Trudinger (1977).

Theorem 2.1.14. (Arzela-Ascoli). Let X and Y be Banach spaces, G C X be

compact and F C C(G,Y). Suppose that
1. for each z € G, the set {F(x)| F € F} is relatively compact in'Y.

2. F s uniformly bounded, i.e.,

sup |[F(z)], < oo
FeF,zeG

3. F is equicontinuous, i.e., for any € > 0, there exists § = d(¢) > 0 such that

|F(z) — F(y)|l, <e, when ever ||z —y|l, <0, FeF, z,yeG.
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Then there exists a sequence {Fi} CF and Fy € C(G,Y) such that

khm HFk - FOHC(G,Y) =0
—0Q

where C(G,Y) denotes the supremum norm

The proof can be found in Xunjing Li and Jiongmin Yong (1995).

2.1.6 Spectral Properties of Compact Linear Operators

In this section, we consider spectral properties of a compact linear operator

T : X — X on a normed space X. For this purpose we use the operator
T\=T—-M\ (A e ©), (2.1)
where [ is the identity operator on X.

Definition 2.1.19. Let X be a complex Banach space andlet T: D(T) C X — X
be a linear, not necessarily bounded operator. The resolvent set p(T) of T is the
set of all complex numbers A for which 7' — A is invertible, i.e., (T — A\)7! is a

bounded linear operator in X, that is, the resolvent set p(T) of T is given by
p(T)={XeC:(T—X)"'eL(X)}

I is the identity operator on X. When X € p(T), R(\,T) = (T —XI)~! is called

the resolvent operator of T at .

Definition 2.1.20. An eigenvalue of an operator T' is a complex number A\ such
that

Tr = M\x

has a solution x # 0. This x is called an eigenvector of T' corresponding to that

eigenvalue \.
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Theorem 2.1.15. The set of eigenvalues of a compact linear operator T : X — X
on a normed space X is countable (perhaps finite or even empty) and the only

possible point of accumulation is X = 0.

Theorem 2.1.16. Let T' : X — X be a compact linear operator on a normed
space X. Then for every X # 0 the null space N(Ty) of Th = T — M is finite

dimensional.

Theorem 2.1.17. Let T : X — X be a compact linear operator on a normed

space X . Then for every X\ # 0 the range of T\ =T — A s closed.

2.1.7 Operator Equations Involving Compact Linear Op-

erators

I. Fredholm (1903) investigated linear integral equations and his famous
work suggested a theory of solvability of certain equations involving a compact
linear operator. We will consider a compact linear operator 7' : X — X on a

normed space X, the adjoint operator 7% : X* — X*, the equation
Tex—Adr =y (y € X), (2.2)
the corresponding homogeneous equation
Tx — e =0, (2.3)
and two similar equations involving the adjoint operator, namely
T"f=XA=gy (9 € X7), (2.4)
the corresponding homogeneous equation
T°f—=\f=0, (2.5)

for all nonzero A € C. We will study the existence of solutions x and f, respectively.
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Theorem 2.1.18. Let T' : X — X be a compact linear operator on a normed

space X and let X # 0. Then (2.2) has a solution x if and only if y is such that

fly) =0 (2.6)
for all f € X* satisfying (2.5).

Hence if (2.5) has only the trivial solution f = 0, then (2.2) with any y € X

is solvable.

Theorem 2.1.19. Let T : X — X be a compact linear operator on a normed

space X and let X # 0. Then (2.4) has a solution f if and only if g is such that
g9(x) =0 (2.7)
for all x € X satisfying (A.2).

Hence if (A.2) has only the trivial solution = 0, then (2.4) with any given

y € X is solvable.

Theorem 2.1.20. Let T : X — X be a compact linear operator on a normed
space X and let X # 0. Then :

(a) Equation (2.2) has a solution x for every y € X if and only if the
homogeneous equation (A.2) has only the trivial solution x = 0. In this case the
solution of (2.2) is unique and Ty has a bounded inverse.

(b) Equation (2.4) has a solution f for every g € X* if and only if (2.5)

has only the trivial solution f = 0. In this case the solution of (2.4) is unique.

Theorem 2.1.21. Let T : X — X be a compact linear operator on a normed
space X and let X # 0. Then (A.2) and (2.5) have the same number of linearly

independent solutions.
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2.1.8 Fredholm Alternative

Definition 2.1.21. A bounded linear operator A : X — X on a normed space X
is said to satisfy the Fredholm alternative if A is such either one of the following
holds :

(I) The nonhomogeneous equations
Az =y, Af=g

(A* © X* — X* being the adjoint operator of A) have solutions x and f, re-
spectively, for every given y € X and g € X*, the solutions being unique. The

corresponding homogeneous equations
Ax =0, Af=0

have only the trivial solution z = 0 and f = 0, respectively.

(IT) The homogeneous equations
Ax =0, A f=0
have the same number of linearly independent solutions
T1,...,Tp and fiooos fn
respectively. The nonhomogeneous equations
Ar =y, Af=yg

are not solvable for all y and g, respectively ; they have a solution if and only if y

and g are such that
fr(y) =0, g(xr) =0
(k=1,...,n), respectively.

Theorem 2.1.22. Let T : X — X be a compact linear operator on a normed

space X and let X # 0. Then T\ =T — A satisfies the Fredholm alternative.
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2.2 Integration Theory

In this section, we review some basic concept of measurable functions and
Bochner integral for Banach space valued functions. We then state some standard
convergence theorems for integrals and introduce the definition of Fréchet deriva-

tive. For details and proofs we refer to Zeidler (1990), unless we state otherwise.

2.2.1 Measurable Functions

Let M C R™ be a measurable set and X a Banach space.

Definition 2.2.1. 1. A function f: M — X is called a step function if there
exist finitely many pairwise disjoint measurable subsets M; of M such that

|M;| < oo for all i and element a; of X such that

a;, if x e M,
flz) =

0, otherwise.

That is, f is constant on each set M;.

2. The integral of a step function is defined to be

/M fdx = Z | M;|a;.

3. A function f : M — X is called (strongly) measurable if there exists a

sequence { f,,} of step functions f, : M — X such that

lim f,(x) = f(x) for almost all = € M.

4. (Measurable functions via substitution). Let X,U be real and separable
Banach spaces, M C R™ be measurable, f: M xU — X and u : M — U.

Set
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If the function u : M — U is measurable, then the function F' : M — X is

also measurable provided that f satisfies the Caratheodory condition :
(i) x — f(x,u) is measurable on M for all u € U.

(ii) u +— f(z,u) is continuous on U for almost all x € M.

2.2.2 Bochner Integral

Definition 2.2.2. A function f : Q@ — X is called simple if there exist

T1,2T2, ..., 0 € X and Ey, E,, ..., E, € M such that

where Yy, is the characteristic function of a measurable set E; and the set E; are

pairwise disjoint with union €.

Definition 2.2.3. A function f :Q — X is called Bochner integrable if ) is
measurable and there exists a sequence { f,} of simple functions f, : Q@ — X such

that

1. f(x) = lim f,(x) for almost all z € ),

n—od

2. given € >0, there exists ng = ng(e) € N such that
/ | fn(z) — fru(z)||ydx < e forall m,n > mngy(e).
Q

The second condition implies that the sequence{ / I fn(:c)d:v} is Cauchy in X, so

that we can define the Lebesgue integral of f by

/Mf(x)dx = lim an(a:)da: (2.8)

n—oo

One can show that this integral is well defined, i.e., the limit in (2.8) does not

depend on the choice of the step functions f,,. Furthermore if B € £(X) and the
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integral of f exists, then the integral of B f exists and

/MBf(:c)da::B/Mf(:c)da:.

Theorem 2.2.1. A strongly measurable function f : Q — X is Bochner inte-

grable if and only z'f/ | f(x)]|dx < 0.
Q

Theorem 2.2.2. (Majorant criterion). Let f : Q — X be measurable. If

there exists g : Q — R such that ||f(x)|, < g(x) for almost all = € Q

and /g(x)dx exists, then [ is integrable and
Q

| [s@i]| < [l < [ o

2.2.3 Fréchet Derivative

Definition 2.2.4. A function f defined on an open subset D of a normed space X
with values in a normed space Y is Fréchet differentiable at x € D if there exists

a bounded linear operator df(x) € L(X,Y) such that if
pl,h) = f(x+h) = f(x) = 0f(@)h, (z,x+heD),

then

et Bl

=0.
=0 [l

The operator Of(z) is called the Fréchet differential or Fréchet derivative
of f at x. Obviously, Fréchet differentiability implies continuity. The mean value

theorem holds for Fréchet differentiable maps : we need it in the form

1£() = £ < e = vl sup [0£ (v,

(I the segment joining x and y) valid for D convex. The Fréchet differentiable is

of course the calculus differential if X = R™.
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2.3 Theory of C)-semigroup

In this section, we recall some basic concepts and results on Cy-semigroups.

For more details and proofs, we refer to Ahmed (1991) and Pazy (1983).

2.3.1 C(y-semigroups

Definition 2.3.1. The family of operators {T'(t),t > 0} is said to be a semigroup

of bounded linear operators on X if
(i) T(0) = I, (I is the identity operator on X).
(i) T(t+s)=T)T(s) =T(s)T(t) forall t,s>0.
The semigroup {7'(t),t > 0} is said to be uniformly continuous if t — T(t) is

continuous on [0, c0) in the uniform operator topology, that is,

%E% ||T(t) - IHL(X) =0.

Equivalently, from the definition it is clear that if {T'(¢),t > 0} is a uniformly

continuous semigroup of bounded linear operators then

lim || T(t) — T'(to)

t—to

=0,

HL(X)
for all tg € [0, 00).
Definition 2.3.2. The operator A : D(A) C X — X defined by

D(A) = { reX @ lim A existsin X }

t—0t

Az = lim Aux for € D(A),

t—0t+

T(t)r —x

where for t > 0, Ayx = , x € X, is called the infinitesimal generator

of the semigroup {7'(t),t > 0} on X.
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Theorem 2.3.1. A linear operator A : D(A) C X — X is the infinitesimal
generator of uniformly continuous semigroup of operator {T(t),t > 0} in X if and

only if A is a bounded linear operator.

Definition 2.3.3. (Cy-semigroup). The semigroup {7'(¢),t > 0} is said to be

strongly continuous at the origin if for each x € X,

lim [|T(t)z — x|, = 0.

t—0+t
That is, t — T(t)z is continuous from the right at ¢ = 0 for each z € X.

A strongly continuous semigroup of bounded linear operator on X is called

a Cy-semigroup.

It readily follows from the semigroup property that strong right continuity
at origin implies strong continuity for every ¢ > 0, we only have to note that
T(t+h)x—T(t)x =T(t)(T(h)x —x) for h > 0. To obtain left continuity, we have

to invoke the uniform boundedness principle.

Theorem 2.3.2. (Properties of Cy-semigroups). Let X be a Banach space and

{T'(t),t > 0} a Cy-semigroup on X with A as its infinitesimal generator. Then,

(1) There exist constants M > 1 and w > 0 such that

| T'(t) < Me*" for all t > 0.

e

(2) For each x € Xt — T(t)x is continuous X -valued function on [0, 00).

(3) Forx € X andt >0,

t+h

1
lim — T(1)xdr =T(t)z.
h—0 t

(4) For x € X,t € [0, 00), f(f T(r)xdr € D(A) and

A ( /0 t T(T)mdf) = T(t)z — z.
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(5) For x € D(A), T(t)x € D(A) and %T(t)x = AT (t)x = T(t)Ax.

(6) Forx € D(A), 0 <s <t,
/t AT (1)xdr = /t T(r)Azxdr =T (t)x — T(s)z.

(7) D(A) = X and A is closed operator or equivalently to its graph T'(A) =
{(z,y) € X x X :y = Az} is closed subset of X x X.

(8) Let B be the infinitesimal generator of Co-semigroup {S(t),t > 0}. If
A = B, then T(t) = S(t) for all t > 0, that is, each Cy-semigroup generator

generates a unique Semigroup.

2.3.2 Semigroup of Compact Operators

Definition 2.3.4. A Cy-semigroup {7'(¢),t > 0} in a Banach space X is called a
compact semigroup for t >ty if T'(t) is a compact operator for every t > t. It is

simply called compact if it is compact for all £ > 0.

Note that if 7'(0) is compact, then X must be a finite dimensional Banach
space, since the identity operator is compact if and only if X is finite dimensional.
Hence for a general Banach space, one can expect T'(t) to be compact only for
t > 0. Note also that if T'(to) is compact for some tq > 0, then T'(t) is compact
for all ¢ > ty. This follows from the fact that T'(t) = T(t — to)T'(to), to > 0 and
that the composition of a compact operator with a bounded operator is always

compact.

Definition 2.3.5. Let {T'(t),t > 0} be a Cy-semigroup. If T'(t) is compact for

t > ty, then T'(¢) is continuous in the uniform operator topology for ¢ > t.
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2.3.3 Differentiable and Analytic Semigroups

Definition 2.3.6. A Cy-semigroup {7'(t),t > 0} in a Banach space X is said to

be differentiable if, for each x € X, T'(t)x is differentiable for all ¢ > 0.

We have seen in Theorem 2.3.2(5) that if 7'(¢) is a Cp-semigroup with

infinitesimal generator A and = € D(A) then ¢t — T'(¢)z is differentiable for ¢ > 0.

Theorem 2.3.3. If {T'(t),t > 0} is differentiable semigroup with A as its in-
finitesimal generator then it is differentiable infinitely many times and for each

n=1,23,...
(i C%T(t) _ 7OV () = AMT(t) € £(X) for all >0,
(ii) T™(t) = (AT(%))n forall t>0.

(iii) T (t) is uniformly continuous for all t > 0.

Definition 2.3.7. Let A = {z € C: 0; < argz < #5;0; < 0 < 03} and suppose
T(z) € L(X) for all z € A. The family {T(z),z € A} is called an analytic

semigroup in A if it satisfies the following properties :

(i) z — T(z) is analytic in A, that is for each z* € X* and z € X, the
scalar valued function z — z*(7T'(z)z) is analytic in the usual sense uniformly with
respect to x* € By(X*) = {z* : [|[z*|,. <1} and x € By(X) = {z : [|z|, <1},

(ii)) 7(0) =1 and lim T(z)z =z foreach z € X,

z—0,z€A

(ili) T(21 + 22) = T(21)T(z9) for z1,2z9 € A.

A complete characterization of analytic semigroups is given in the following

theorem.

Theorem 2.3.4. Let A be the infinitesimal generator of a uniformly bounded Cy-

semigroup {T'(t),t > 0} with 0 € p(A). The following statements are equivalent:
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(i) T(t) can be extended to an analytic semigroup from [0,00) to a sector

around it given by
N5 ={z:|argz| < d} for some § > 0,

and ||T(z) is uniformly bounded in every closed subsector Ng C Ng, 6" < 0.

||£<X>

(ii) There exists a constant C' > 0 such that for every o >0 and T # 0

C

HR(J + 7, A)Hﬁ(X) < m

(iii) There exists 0 < 0 < g and M > 1 such that

p(A)DZ:{)\G(C:|arg)\\<g+5}u{0}

and
M
IR Al ) < o forall AeX, X#0.
(iv) T(t) 1is differentiable for t >0 and there exists a constant C >0
such that
C
jar@l, << or >0

2.4 Differential Equations on Banach Spaces

In this section, we introduce the concept and results on semigroups of op-
erators via differential equations on Banach spaces which are abstract formulation
of initial value problem for partial differential equations. For more details and

proofs, we refer to Fattorini (1999).
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2.4.1 The Homogeneous Initial Value Problem

Let X be a Banach space and let A: D(A) C X — X be a given operator.

Consider the differential equation on X given by

#(t) = Az(t), t>0 29

z(0) = .
Definition 2.4.1. The Cauchy problem (2.9) is said to have a classical solution

if for each given xy € D(A) there exists a function z € C'([0,00), X) satisfying

the following properties :
(i) z € C([0,00), X) N C((0, 00), X),
(i) z(t) € D(A) for all t > 0,
x(t) = Az(t),t >0

(iii) (2.9) is satisfied, i.e.,
z(0) = xo.

Theorem 2.4.1. Let D(A) = X,p(A) # (. Then (2.9) has a unique classi-
cal solution xz(t) which is continuously differentiable on [0,00), for every initial

value g € D(A) if and only if A is the infinitesimal generator of a Cy-semigroup

{T(t),t >0} in X.
Theorem 2.4.2.
(i) If A is the infinitesimal generator of a differentiable semigroup {T'(t),t > 0}

in X then for every xy € X, (2.9) has a unique (classical) solution x(t) =

T(Zf)(l?o,t > 0.

(ii) If A 1is the infinitesimal generator of an analytic semigroup {T(t),t > 0}
then for every xy € X, (2.9) has a unique (classical) solution x(t) =

T(t)xo, t>0.
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Proof. (i) Since {T'(t),t > 0} is a differentiable semigroup for ¢t > 0, the X-valued

function t — T'(t)xq is differentiable for every xy € X and

%T(t)xo = AT (t)z, for t > 0.

Further, by Theorem 2.3.3(iii), AT'(t)xo is Lipschitz continuous for ¢ > 0 and hence

we conclude that x(t) = T'(t)xg,t > 0, is the unique (classical) solution of (2.9).

(ii) This follows from the simple fact that for analytic semigroup, T'(t)x €
D(A) for every x € X and t > 0 and consequently every analytic semigroup is

also a differentiable semigroup. O]

If A is the infinitesimal generator of a Cy-semigroup which is not differentiable
then, in general, if x ¢ D(A), the initial value problem (2.9) dose not have a
solution. The function ¢ — T'(t)zy is then a generalized solution of (2.9) which we

will call a mild solution.

2.4.2 The Inhomogeneous Initial Value Problem

Consider the inhomogeneous initial value problem

a(t) = Au(t) + f(t), t>0
(t) () + f(#) (2.10)
u(0) =z9, z0€ X
where A is the infinitesimal generator of Cy-semigroup {7'(¢),¢ > 0} in X and
J € Lig([0,00), X).

loc

Definition 2.4.2. A function u : [0,7) — X is a (classical) solution of (2.10) on
[0, T) if w is continuous on [0, T"), continuously differentiable on (0,7), u(t) € D(A)

for 0 <t < T and (2.10) is satisfied on [0, 7).

Theorem 2.4.3 (Existence and Uniqueness). Let A be the infinitesimal generator

of a Cy-semigroup {T(t),t > 0}. If f € L*([0,T),X) then for every x € X the
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initial value problem (2.10) has at most one solution. If it has a solution, this

solution s given by
t
u(t) =T(t)x + / T(t—s)f(s)ds, 0<t<T. (2.11)
0

Definition 2.4.3. A function v € C([0,7],X) is said to be a mild solution of
(2.10) corresponding to the initial state zop € X and the input f € L'([0,T], X)

if u is given by (2.11).

The definition of the mild solution of (2.10) coincides when f = 0 with
the definition of T'(t)xy as the mild solution of the corresponding homogeneous
equation. It is therefore clear that not every mild solution of (2.10) is a (classical)

solution even in the case f = 0.

Theorem 2.4.4. Let A be the infinitesimal generator of a Cy-semigroup {T'(t),t >

0}, let fe LY[0,T],X) be continuous on (0,T) and let

o(t) = /OtT(t—s)f(s)ds, 0<t<T

The initial value problem (2.10) has a solution u on [0,T) for every x € D(A) if
one of the following conditions is satisfied,
(1) v(t) is continuously differentiable on (0,T).

(ii) v(t) € D(A) for 0 <t <T and Av(t) is continuous on (0,T).

Corollary 2.4.5. Let A be the infinitesimal generator of a Cy-semigroup
{T(t),t > 0}, f(s) is continuously differentiable on [0,T] then the initial value

problem (2.10) has a solution u on [0,T") for every x € D(A).

Corollary 2.4.6. Let A be the infinitesimal generator of a Cy-semigroup T (t) and
f € LY([0,T],X) be continuous on (0,T). If f(s) € D(A), then the initial value

problem (2.10) has a solution on [0,T).
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2.4.3 Semilinear Initial Value Problem and Perturbations

Theory.

Consider the semilinear initial value problem

a(t) = Au(t) + f(t,u®),  u(s)=(, (2.12)

where A is the infinitesimal generator of a Cy-semigroup {7'(t),t > 0} in X and
f:]0,00) x X — X. The assumption on A is that the initial value problem for

the linear equation
u(t) = Au(t) (2.13)
is well posed in 0 <t < T, as defined in Fattorini (1999), pp 207. Below, S(,s)

denotes the solution operator of (2.13) is defined and strongly continuous in the

triangle 0 <s <t <T.

Define a solution of (2.12) as a solution of the integral equation
t
u(t) = S(t, s)((t) +/ S(t, 1) f(r,u(r))dr. (2.14)

We summarize in this section the necessary existence-uniqueness theory
of (2.12). Result will be proved under two hypotheses on f(¢,u). The second

hypothesis is stronger than the first.

Hypothesis 1. f(¢,u) is strongly measurable in ¢ for fixed u. For every ¢ > 0

there exists K(-,c) € L*(0,T) such that
If(twll < K(te)  (0<t<T,[lul <c). (2.15)

Hypothesis II. f(t,u) is strongly measurable in t for fixed u. For every ¢ > 0

there exists K(-,¢), L(-,c) € L*(0,T) such that (2.17) holds and

1) = ft )l < Lt )’ —ull - (0<t < T [lul,[[W]| < ). (2.16)
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Theorem 2.4.7. Assume Hypothesis II holds in 0 < t < T. Then the integral

equation
t
ult) =)+ [ St ur))dr (2.17)
has a unique solution in some interval s <t <T', where s <T' < T.

Theorem 2.4.8. Let uy(-) (respectively, us(-)) be solution of (2.17) in s <t <
T" with ((t) = ((t). (respectively, with ((t) = (3(t)). Let ¢ be a bound for

|lur (D], ||u2(t)|| in s <t <T'. Then
s (0) = (0}l < sup [1Ga(8) = al) exp <M/ L(r, c)d7> (s <t <T).(2.18)

In particular, if w;(-) (respectively, wus(-)) is solution of (2.14) with { = (;

(respectively, with { = (3), then
Jon(®) = o) < Ml - Gl e (M [ Lirdar) (s<e<T) (219)
Lemma 2.4.9. Let u(t) be a solution of (2.17) in an interval [s,7"). Assume that
lu@®)| <c (s <t<T). (2.20)

Then u(-) can be extended to an interval [s, 7") with 7" > T" (that is, a solution
of (2.17) coinciding with u(-) in s <t <T” exists in [0,7"] ).
Corollary 2.4.10. The solution u(-) of (2.17) exists in s <t < T orin an interval

(s, T0n), Ty < T and

sup ||u(t)| < occ. (2.21)

t—Tm
Corollary 2.4.11. Assume that there exists K(-) € L*(0,T) such that

[fEwll < KGO+ [lul) (0<t<T,ueX). (2.22)

Then (2.20) holds in every interval where the solution u(t) of (2.17) exists accord-

ingly, u(t) ezists in s <t <T.
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The following theorem is one of the main tools in the proof of the existence
of periodic mild solutions for the semilinear impulsive peridic control systems with

parameter perturbations discussed in this thesis. Its proof can be found in Fattorini

(1999), pp.213.

Theorem 2.4.12. Let the Cauchy problem for (2.13) be well posed in s <t < T
and let {B(t),0 < t < T} be a family of bounded linear operators in X such
that (a) for each uw € X,t — B(t)u is strongly measurable, (b) there exists a(-) €

LY0,T) such that
IBOI<aft) (0<t<T) (2.23)
Then, the Cauchy problem for
a(t) = (A(t) + B(t))u(t) (2.24)

is well posed in 0 < t < T, solution of (2.24) with u(s) = ¢ understood as solutions

of the integral equation

u(t) = S(t, $)C + / S(t,7)B(r)u(r)dr (2.25)

If U(t,s) be the solution operator of (2.24), solutions of the inhomogeneous equa-

tion
u(t) = (A(t) + B())u(t) + f(t), uls)=¢ (2.26)
with f(-) € LY(0,T), understood as solutions of the integral equation

u(t) = S(t, s)¢ +/ S(t,7)B(7)(u(r) + f(7))dr, (2.27)

can be expressed by the variation of constants formula

u(t) = U(t, s)C + / t U(t,7)f(r)dr. (2.28)
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2.5 Gronwall’s Lemma

Theorem 2.5.1. Fort > ty let a nonnegative piecewise continuous function u(t)

satisfy

u(t) < c+ / v(s)u(s)ds + Y buu(ry)

to to<Tn<t

where ¢ > 0,b, > 0,v(s) > 0,u(t) has discontinuous points of the first kind at 7.

Then we have

ut)<c [] (1+bn)e$p</tv(s)ds>.

to<tn<t to



CHAPTER III
LINEAR PERIODIC SYSTEMS WITH

IMPULSES

In this chapter, we study the existence and uniqueness of periodic mild
solution for linear periodic systems with impulses. The first section contains some
notations and basic assumptions. In the second section, regularity of mild solution,
existence and uniqueness results of periodic mild solutions for homogenous linear
impulsive periodic systems will be presented. In the third section, we will discuss
the existence of periodic mild solutions for the nonhomogenous linear impulsive
periodic control systems. Finally, in Section 4, we will discuss the existence of
periodic mild solutions for the linear impulsive periodic systems with parameter

perturbations.

3.1 Notations

Let I :=[0,Tp] be a closed bounded interval of the real line and define the

sets D:={0=7p <7 < <T3<...} C[0,00).

Definition 3.1.1. A sequence (%) is said to be an impulsive moment if 0 = 15 <

T <Tg<T3<...and 7, — 00 as k — 00.

We now introduce the piecewise continuous function spaces. Let X be a
Banach space and 0 < T < oo.
(1) PC(]0,00),X) is the set of all functions = : [0,00) — X which are

continuous at ¢ # 7,  is left continuous at ¢ = 7 and x(7;") exists for all k € N.
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(2) PCr,(]0,00), X) is the set of all functions x € PC([0,00), X) such that
x(t) = x(t +Tp) forallt > 0.
3.2 Homogenous Linear Impulsive Periodic Systems

We consider the following homogenous linear impulsive periodic systems

x(t) = Ax(t), t # Tk,

Ax(t) = Brr(t), t=Tp,

(3.1)

where Ax(m;) = z(7,) —x(r, ) for all k € N. Suppose that system (A.5) satisfies
the following assumption (Al).
Assumption (A1) ;
(A11) 0= <m<m<...<T(<..., T >0 as k— oo and
there exists a positive integer ¢ such that 7., =7 + Ty for all k€ N.
(A1.2) A is the infinitesimal generator of a Cy—semigroup {T'(¢),t > 0} in X.

(A1.3) By € L(X) such that Byi, = By.

3.2.1 Impulsive Evolution Operator

Definition 3.2.1. Let assumption (A1) hold. An operator value function U(t, s)
with values in L£(X), defined on the triangle A = {0 < s <t < a} with

t,s € (tp_1, 7] for all k €N, given by

(

T(t—s), Th—1 < 8 St < T,
T(t—Tk)<[+Bk)T(Tk—S>, Tk71<5§7-k<t§7-k+17
Ult,s) = k (3.2)
T(t—m) | [[ 4+ B)T(7;—7-0)| (I + B)T (7 — s),
j=i+1
fori<k, 1 <s<T<...<7<t<Tpn
\

is called an impulsive evolution operator.
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Proposition 3.2.1. Let assumption (A1) hold and {U(t,s),0 < s <t <a} be
a family of impulsive evolution operators. For each fired Ty = 1, > 0, then the

following conditions are satisfied :
(1) U(t,t) =1, (I is the identity operator on X ).
(2) U(t,s) =U(t,r)U(r,s) forall 0<s<r<t<a.

(3) U(t+ KTy, s+ KTy) =U(t,s) forall KN and 0<s<t<Ty with

T()SCL.

Proof. (1) Since T(0) = I, U(t,t) = T(0) = I. (2) By substitution in equation
(A.3) and using semigroup property that T'(t + s) = T'(t)T(s), the relation (2)

follows. By assumption (A1.1), it is easy to prove (3). O

Proposition 3.2.2. Let assumption (A1) hold. If {U(t,s),0<s<t<a} isa
family of impulsive evolution operators, then there exist M > 1 and w > 0 such
that

lU(t, )|l < M exp (w(t —s)+ > (M| + Bn||)>.

s<Tp<t
forall 0 <s<t<a.

Proof. Suppose {U(t,s),0 < s <t < a} is a family of impulsive evolution
operators. Let t¢,s € (7,_1,7] for k € N. By assumption (Al) and Theorem
2.3.2(1), there exist M >1 and w >0 such that
U, s)|| = [|T(t —s)|| < Me~t*) for o1 <s<t <.
For 7.1 <s <7 <t <71, we have
1O, s)l| = [Tt =) (I + B)T(7i = 5)|
<7 = )L+ Bell[|T (e = s)
< Me)|| T+ By || Me#=)

— Mexp <w(t — )+ In (M| + Bk||)>.
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For 7, 1 <s<7,<...<7 <t < Tpy1, we have
UL, s)|| = Tt = ) + Br)T (7% — Ti—1) - .. (L + Bi)T'(7; — s) ||

< 1Tt =l I 17+ BT — )+ BT (7 = 9)]
Jj=i+1
k

< Met (] M+ Byl | + By Met-
Jj=i+1

= M exp (w(t—s)—f- Z 1n(M||]+BnH)>.

s<tp<t

This completes the proof. Il

Corollary 3.2.3. Let assumption (A1) hold and {U(t,s),0 < s <t < a} be a

family of impulsive evolution operators, then

sup [|U(t,s)|| < oo

0<s<t<a

for all a > 0.

Proof. Let a > 0 be fixed. By Proposition 3.2.2 ;| there exist constants M > 1
and w > 0 such that

[U(t5)]) < Mexp (w(t —s)+ 3 W (MT+By)

s<Tp<t

for all 0 <s <t <a. Since

wit—s)+ > WM +B,|)<wa+ > In(M|I+B,|)

s<Tp <t 0<m<a

for all 0 < s <t < a, this implies that

sup ||U(t, s)|| < M exp <wa+ 3 W(M|I+B, H))

0<s<t<a 0<mn<a

This completes the proof. Il
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Corollary 3.2.4. Let assumption (A1) hold and {U(t,s),0 < s <t <a} bea
family of impulsive evolution operators. For each a > 0 and v € R, there exists
K > 0 such that

Ut 5)]| < Ke=
forall 0 <s<t<a.

Proof. Let a > 0 and v € R be given. By Corollary A.2, there exists a constant

K, > 0 such that
1U(t, s)|| < Ky = Kie " 9?79 < [ jellagr(t=9)
for all 0 < s <t < a. Welet K := Kel”l this implies that
Ut )] < Ke'=)

forall0 <s <t <a. [l

3.2.2 Definitions of Solutions

Definition 3.2.2. Let assumption (Al) hold. The impulsive system (A.5) is
said to have a classical solution if for every xzy € D(A) there exists a function

x € PC([0,00), X) satisfies the following properties :
1. z € PC([0,00),X)NCY(0,0) \ D, X),
2. Fort >0, z(t) € D(A) and @(t) = Ax(t) where t # 7y,
3. 2(0) =9 and Auz(t) = Byx(t) where t = 7.

Definition 3.2.3. A function x € PC([0,00),X) is said to be a mild solution

of system (A.5) with initial condition z(0) =z, if z is given by

w(t) = U(t,0)ay (3.3)



35

where
T(t), 0<t<m,
U(t,0) = k (3.4)
T(t — %) H[—l—B —7i21) |, e <t < Thqa,
J=1
for all £k € N.

Definition 3.2.4. A function x € PC([0,00),X) is said to be a periodic mild
solution of system (A.5) if it is a mild solution and there exists T > 0 such that

x(t+Ty) = z(t) forall t > 0.

Proposition 3.2.5. Let assumption (A1) hold and {U(t,0),0 <t < a} be a family
of impulsive evolution operators. For each fized Ty = 1, > 0, then the following

conditions are satisfied :
(1) U(0,0) =1,

(2) U(t,0) =U(t,0)[U(Ty, 0)]M where t =t+ MTy for t€[0,To] and M €

NuU {0}.

Proof. (1) Since 7'(0) = I with equation (A.6), U(0,0) = I.
(2) We consider the following impulsive system for ¢ € [MTj, (M + 1)Tp] ;
z(t) = Az(t), t % Trigtm,
Az(t) = Bagpmz(t), t= Trosm, m=1,2,...,0, (3.5)
r(MTy) = [U(Ty, 0)|Mxg, x(0) = zq,
where  MTy = Tare < Taios1 < -+ < T41)e = (M + 1)1
and  Az(Tarosm) = (T3100m) — T(Tarorm) for all M € NU{0}.
First, we consider the impulsive system for M = 0, that is for t € [0, T¢] ;
r(t) = Ax(t), t# T,
Az(t) = Bpz(t), t=1m, m=1,2,...,0, (3.6)
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where 0<7<m<...<7,=Ty and Ax(r,)=x(r)—z(7,).

For t € [0, 7] ;

The mild solution is  x(t) = T'(t)ze, 0<1t <.
For t € (1, 72] ;
z(t) = Az(t), t#1,

x(TlJr) = (I+ Bl)x(ﬁ), t = T1-
The mild solution is

(t = )x(r)

x(t) =T
T(t— 7)1+ By)x(m)
T

(t —m)( + By)T(m)xo,
forall = <t<m.
Proceeding in this way, we can be repeated on (7, Tins1],m = 2,3,...,0—1
to get the solution of system (3.6) on [0,7,] with initial condition x(0) = z
is given by

2(t) = U(t,0)zo

where U(t,0) is defined in (A.6).

Next, we consider the impulsive system for M = 1, that is for ¢ € [Tp, 27y);

i(t) = Ax(t), t # Torm
Ax(t) = Boymx(t), t="Torm, m=1,2,... 0, (3.7)
z(Ty) = U(Ty,0)xg, x(0) = o,
where  To =T, < Tor1 < ... < Too = 2Ty and Ax(Toqm) = (7, 0m) — 2(Toim)-
For t € [1,, Tot1] ;

(t) = Ax(t), t # 7o,
CC(T()) = U(T‘o7 0)1’0, t = To-
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The mild solution is  z(t) = T(t — 7,)U(To,0)z¢ for all 7, <t < 7,44.
For ¢ S (T0'+17 Ta+2] ;
(t) = Ax(t), t# Toit,

$(7;+1) = (I+ Boi1)x(Tot1), t=Tot1.

The mild solution is

x(t)

(t = Tor1)2(7551)

T
T(t — To11)(I + Boy1)2(7541) (3.8)
T

(t - TU+1)([ + Ba+1)T(Ta+1 - TO')U(TCH 0)$0a

forall 7,01 <t <7,59.

By similarity procedure, we can be repeated on (T,im,Totms1], m =
2,3,...,0 — 1 to get the mild solution of system (3.7) on [Ty, 275 with initial

condition z(Ty) = U(Tp, 0)zo,

m

2(t) = T(t — Toim) [H(I 4 Boi )T (Toss — Tosj1)

j=1

U(T(]? 0)$0 (39)

Since Boym = Bm, To4m = Tm + Ty and t =t + Ty forall 0 <t < Ty

and m € N, then the solution (3.9) can be rewritten in the form

2(t) = T(t —Tpsm) [H(z + Boi )T (T — Toij1) | U(Th, 0)o
= T(E—F T() — (Tm + T())) ﬁ([ + Bj)T(Tj + T() — (Tj—l + To)) U(To, 0)1’0
= T(t— ) [ﬁ(l + B;)T(1; — 1j-1) | U(T5,0)x

Then by Definition 3.2.3, we have
z(t) =U(t,0)zg = U(t,0)U(Tp,0)xg, forall 0<t<To.
That is for M =1 with ¢ =1t + Ty, we obtain

U(t,0) = U(E,0)U(Tp,0), forall 0<E<Tp.
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By mathematical induction, we proceeding in similar way. Then the mild
solution of system (3.5) on [MTp, (M + 1)Tp] with initial condition z(MT,) =
[U(Ty, 0)]Mzq is given by

() = T(t =) | ][ + B)T (75 = 75-1) | [U(T5,0)]M 0.

Jj=1

Again by Definition 3.2.3, we have
x(t) = U(t,0)zo = U(L,0)[U(Tp, 0)]Mzy, forall 0<7<Ty.
That is for M € NU{0} with ¢ =+ MT,, we obtain
U(t,0) = U(£,0)[U(Tp, 0)]M, forall 0<7<Ty.
This completes the proof. Il

Remark 3.1. If {T'(t),t > 0} is a compact semigroup in X, then U(¢,0) is a

compact operator. Particularly, U(7Tp,0) is also a compact operator.

Since {T'(t),t > 0} is a compact semigroup, then T'(7,—7x_1) is compact
forall 7, > 7.1 and k € N. From equation (A.6) and the fact that By € L(z),
then U(t¢,0) is a compact operator for ¢ > 0. Particularly, U(7},0) is also a

compact operator.

Lemma 3.2.6. If {T'(t),t > 0} is a Cp-semigroup, then for every z € X, t +—
T(t —m)z is a continuous X-valued function on [m, 00) and its right limit exists

at m for all m > 0.

Proof. Suppose that {T(t),t > 0} is a Cy-semigroup generated by A. Let x € X

and t —m > h > 0, then by the semigroup property

Tt—m+h)x—Tt—m)x=T{t—m)[T(h)z—z].
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By Theorem 2.3.2(1), there exist constants M > 1 and w > 0 such that

|T(¢) < Me“t for all t > 0. Then we have

e
[T(t =m+h)z =Tt —m)z|y <|TE=m)l TRz -zl
< Me"="™|T(h)x — x|,

and by the Cy-property, we obtain
}lLiI% Tt —m+h)z—T({t—m)x|, =0.

Similarly for t —m > h > 0, we have

(Tt —m—h)z—=Tt-—m)zll, <[TEt—-m—="nh)|, Tz -2z
< Meet=m=M||T(h)x — x|
Hence

flLiII%)HT(t—m—h)x—T(t—m)xHx =0

and

lim T(t —m)z =T(0)x = [z = z.

t—m™*
This implies that ¢ — T'(t —m)x is a continuous X-valued function on [m, co) and

its right limit exists at m. This completes the proof. O

Lemma 3.2.7. If A is an infinitesimal generator of Cy-semigroup {7'(¢),t > 0},
then for every xy € D(A), t — T(t — m)xg is differentiable for ¢ > m with the

derivatives given by

%T(t —m)xg = AT (t — m)xg = T(t —m)Axy, forallt>m. (3.10)

Proof. Suppose that {T'(t),t > 0} is a Cy-semigroup generated by A. For ¢t > 0
and xg € D(A) we show that ¢t — T'(t — m)x is differentiable for ¢ > m, that is

we must show that the right and left derivatives of T'(t — m)xg exist and are equal
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to equation (3.10). By definition of the right derivative is given by

dr (Tt —=m+ h)rg—T(t —m)wo
ET(t —m)xy = ,lllir(l) ( .

. (T(h)—1

(=Y 7

= AT(t — m)xg

and

;lfi% <T(t—m+h)xz—T(t—m)x0) _ }lg%T(t_m) (%) -

=T(t —m)Axo,
thus, we have

+
C;—tT(t —m)xg = AT(t — m)xg = T(t — m)Ax,.

This proves the existence of the right derivative and that T'(t — m)xy € D(A). For

the left derivative it suffices to verify that for t — m > h,

lim = 0.
h—0

(T(t —m)xg —T(t —m — h)xg

. ) — T(t — m) Az

X

By using the semigroup property and Theorem 2.3.2(1), there exist constants

M > 1 and w > 0 such that
H (T(t —m)xog —T(t —m — h)xg

: ) - mn

X

- HT(t —m — h) KW) - T(h)A:cO]

X

<7 —m —n)ll

(W - Ax0> + (I —T(h))Azq

L(X)
X

< M exp@t=m=h) < +[[(I = T(h))AajO"X) :

X

Since A is the infinitesimal generator of the semigroup {7'(¢),t > 0} and T'(t—m)

is continuous, the expressions within the bracket converge to zero as h — 0. Thus

%T(t —m)xg = T(t —m)Ax,.
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Since T'(t — m)Axyg = AT(t — m)xy and the continuity of T'(t — m), then
d-

aT(t —m)zg = AT(t —m)xg =T(t — m)Axy for all ¢t > m.

Thus for zp € D(A), both the right and left derivative exist and are identical.

Hence t — T'(t — m)x, is differentiable for ¢ > m. O

Theorem 3.2.8. Let assumption (A1) hold and xoy € X. Then a function
x:[0,00) — X defined by

x(t) = U(t,0)x

T(t)zo, 0<t<m,

() = (3.11)

T(t — %) ﬁ[—l—B —Ti1) | o, TK <t < Ty,
j=1
belongs to PC([0,00),X) and Ax(r,) = Bra(ry) for all k € N.
Proof. Let 2o € X. For t € [0, 1], we obtain
x(t) = U(t,0)xg = T(t)xo.
By Lemma 3.2.6, we have T'(t)zo is continuous on [0,7;] and

z(07) = lim T'(t)zo = o.

t—0t

For t € (7y, Tk41], we obtain

[k

2(t) = U(t,0)z0 = T(t — =) | [ [(I + B)T (75 = 75-1) | 2o,
Lj=1

for all k € N.

k
Define z := H(I + B;)T(1; — 7j-1) | o, then x(t) = T(t — 73) .

j=1
Again by Lemma 3.2.6, we have T'(t — Tk) xy, is continuous on (7, Tx41] and

z(r) = tlim+ T(t — 1p)x) = Tp-
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That is, x € PC([0,00), X) and
Ax(r) = 2(r]) — (1) = (I + Bp)z(i) — () = Br (i),
for all £ € N. This completes the proof. n

Corollary 3.2.9. Let assumption (A1) hold and {U(t,s),0 < s <t < oo} bea
family of impulsive evolution operators. For each s >0 and x € X, a function

U(-,8)x : [s,00) = X belongs to PC([s,0), X).
Proof. Let z, € X. For 0 < s <t < 77, we obtain
x(t) =Ul(t,s)xs = T(t — s)xs.
By Lemma 3.2.6, we have T'(t — s)zs is continuous on [s,7;] and

z(st) = tlilg T(t — s)xs = xs.

For 7,1 < s <7, <t < Tpy1, we obtain
x(t) =U(t,8)vs = T(t — 7)(I + Bp)T (7 — 8)ws forall k€ N.

Define xp = (I + Bg)T (1% — S)xs, then  z(t) = T(t — 7%) k.

Again by Lemma 3.2.6, we have T(t — 7)xy is continuous on (7g, 7x+1] and

x(sT) = lim T(t — 7.)x) = T4

t—st

For 7,1 <s<m<...<Tp <t <71, we obtain
x(t) = Ul(t,s)zs

k
:zu—mﬂglu+@ﬁ@—@4)u+&ﬁm—@%

=it+1

for all £ € N.
k

Define 1z := [H(I + B;)T (15 — 7j-1)

J=1

(I + B;)T(7; — s)xs, then

l’(t) = T(t — Tk)ZCk.
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Also by Lemma 3.2.6, we have T'(t — 73 )xy, is continuous on t € (7, Tx11] and

z(r) = tlim T(t — 7)) = T

That is, x € PC([s,00), X) and
Ax(r) = 2(1)) — (1) = (I + By)z(11) — 2(73) = Brx (),

for all £ € N. This completes the proof. Il

3.2.3 Regularity of Mild Solutions

Theorem 3.2.10. Let assumption (A1) hold. If D(A) is an invariant subspace
of T(t) and (I + By) for all k € N and t € [0,00), then for every o € D(A)

the mild solution of impulsive system (A.5) is a classical solution.

Proof. Assume that x is a mild solution of impulsive system (A.5) with initial
condition xy € D(A). Next, we want to show that the mild solution is differentiable
on (7, Tk41) for all k € NU {0}. By Lemma 3.2.7, we have z is differentiable on

(077-1)7
d

#(t) = ZU(t, 0)as %T@%zAT@m:Aﬂﬂ

and z(t) = T(t)xy € D(A). Since D(A) is an invariant subspace of T(t) and

(I + By), )
[HI+B QlimeDML
for all £ € N and ¢ € [0,00). By Lemma 3.2.7, we have x is differentiable on
(Ths Tht1),
d d d
i(t) = U 0)zy = Tt =) L];[l (I+ B)T(r; —7j_ 1)] o

= %T(t —1p)rE = AT(t — 73)x), = Ax(t)

and x(t) = T(t — )z, € D(A).
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That is, x € PC([0,00), X) N C((0,00) \ D, X) and i(t) = Az(t), where t # 7.
Therefore it follows from Theorem 3.2.8 that = € PC([0,00), X) and Ax(r) =

Bya(m,) for all K € N. Hence, z is a classical solution. O

Corollary 3.2.11. Let assumption (A1) hold and {T(t),t > 0} be a differential
semigroup generated by A. If D(A) is an invariant subspace of T(t) and (I + By,)
for all k € N, then for every xy € X the mild solution of impulsive system (A.5)

1s a classical solution.

Proof. Since {T'(t),t > 0} is a differential semigroup, {7'(t),t > 0} is Cp-

semigroup. From Theorem 3.2.10, the proof follows immediately. O]

Corollary 3.2.12. Let assumption (A1) hold and {T'(t),t > 0} be an analytic
semigroup generated by A. If D(A) is an invariant subspace of T(t) and (I+ By)
for all k € N, then for every xo € X the mild solution of impulsive system (A.5)

1s a classical solution.

Proof. This follows from the simple fact that every analytic semigroup is also
a differentiable semigroup and Cy—semigroup. From Theorem 3.2.10, the proof

follows immediately. O

3.2.4 Existence and Uniqueness of periodic mild solutions

Theorem 3.2.13. Let assumption (A1) hold. System (A.5) has a periodic mild

solution if and only if the operator U(T,,0) has a fized point xy € X.

Proof. Let x(t) be a periodic mild solution of system (A.5). Suppose z(0) = z
be the initial condition of system (A.5), then x(7y) = x(0) = zo. Since z(Tp) =
U(Ty,0)xg, xo = U(To,0)zo. That is, the operator U(7y,0) has a fixed point

xog € X. Conversely, assume that xzp be a fixed point of U(Tp,0). Use zy as



45

the initial condition of system (A.5), then the solution is x(t) = U(¢,0)xo, where
t =t+MTy forall ¢t €[0,To] and M € NU{0}. By assumption and Proposition
A1 (2), we have z(t) = z(t+ MTy) = U(L,0)[U(Tp,0)|Mae = U(t,0)zg = z(t).

Hence x is a periodic mild solution of system (A.5). O

Theorem 3.2.14. Let assumption (A1) hold. Furthermore, assume that A is the
infinitesimal generator of a compact semigroup {T'(t),t > 0} in X. Then system
(A.5) either has a unique trivial solution or have finitely many linearly independent

nontrivial periodic mild solutions in PC([0,00), X).

Proof. Since U(Tp,0) : X — X is a compact linear operator, applying Fredholm
alternative theorem, we obtain U(Tp,0) satisfy Fredholm alternative that either
(a) or (b) holds : (a) The homogenous equations [I — U(Ty,0)]x = 0 have only the
trivial solution x = 0. That is U(T,,0) has only a unique fixed point = =0
(i.e., by Theorem A.3, this means that system (A.5) has a unique trivial solution).
(b) The homogenous equations [I — U(Tp,0)]x = 0 have nontrivial solutions, then
all of linearly independent nontrivial solutions are finite. Suppose all of nontrivial
solutions  x}, z2, ..., " be such that [I — U(Tp,0)]zh =0, i=1,2,...,m.
So b, x, ..., x0" are fixed points of U(Tp,0). Again by Theorem A.3,

this means that system (A.5) has periodic mild solutions, say !, 22, ..., 2™
where ' are the solutions of system (A.5) corresponding to initial conditions

29(0) =z, i = 1,2,...,m. Hence the number of linearly independent nontrivial

periodic mild solutions of system (A.5) are finite. [
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3.3 Nonhomogeneous Linear Impulsive Periodic Control

Systems

We consider the following nonhomogeneous linear impulsive periodic control

systems

i(t) = Az(t) +ult), t#m, (3.12)

Ax(t) = Brx(t) + cx, t =1,

where Ax(m;) = z(r,)—x(r, ) for all k € N. Suppose that system (A.7) satisfies
assumption (A1l). We impose the following assumption for the remaining.
Assumption (A2) ;

(A2.1) A is the infinitesimal generator of a compact semigroup {7'(¢),t > 0}

in X.

(A2.2) u e PC([0,00),X) such that u(t + Tp) = u(t).

(A2.3) ¢ € X and ¢y, = ¢ forall ke N.

3.3.1 Definitions of Solutions

Definition 3.3.1. A function z € PC([0,00),X) is said to be a mild so-
lution of system (A.7) with initial condition x(0) = zp € X and the input

u€ L},.([0,00),X) if z is given by

z(t) = U(t,0)z + /t U(t, s)u(s)ds + Z U(t, i)k, (3.13)
for all k€ N.

Definition 3.3.2. A function x € PC([0,00),X) is said to be a periodic mild
solution of system (A.7) if it is a mild solution and there exists T > 0 such that

x(t+Ty) = z(t) forall t > 0.
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Definition 3.3.3. A function z € PC([0,00),X) is said to be a Ty-periodic
mild solution of system (A.7) if it is a mild solution and z(t + Tp) = z(¢) for all

t>0.

3.3.2 Existence and Uniqueness of Periodic Mild Solutions
Consider the nonhomogeneous system without impulses

i(t) = Ax(t) + u(t), t>0 (3.14)

z(0) = xo.

where A is the infinitesimal generator of Cy-semigroup {7'(¢),¢ > 0} in X.

Lemma 3.3.1. If u e L}, ([0,00),X), then for every x, € X the initial value

loc

problem (A.9) has a unique solution which satisfies
t
x(t) = T(t)zo +/ T(t —s)u(s)ds, 0<t<Ty. (3.15)
0
Proof. See Pazy (1983), pp.106. O

Theorem 3.3.2. Let assumptions (A1) and (A2) hold. If v € L} ([0,00), X),

loc

then system (A.7) has a unique mild solution x € PC([0,Tp], X).

Proof. For t € [0, 7], Lemma A.5 implies that system
(t) = Az(t) +u(t), 0<t<m, x(0)==x, (3.16)
has a unique mild solution on I; = [0, 7y] which satisfies
¢
z1(t) = T(t)xo +/ T(t — s)u(s)ds, te€[0,7]. (3.17)
0
Now, define

21(m) = T(r)a + /O " T(r — s)u(s)ds, (3.18)
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so that x;(+) is left continuous at 7.

Next, on Iy = (71, ], consider system
2(t) = Az(t) +u(t), 7 <t<m, zi(r])=+B)xi(n)+c, (3.19)

Since x; € X, we can use Lemma A.5 again to get a unique mild solution on (71, 73]
which satisfy
t
xo(t) =Tt — ) [({ + By)z1(m1) + 1] +/ T(t — s)u(s)ds. (3.20)
™
Now, define z5(72) accordingly so that xs(-) is left continuous at 7o.

It is easy to see that Lemma A.5 can be applied to interval (71, 73] to verify
that z5(72) € X. Proceeding in this way, we can be repeated on Iy, = (74_1, 7%], k =
3,4,...,0 (1, = Tp) to get a mild solution

t
xp(t) = T(t — Th—1) [({ + Br—1)xr—1(Tp-1) + cp—1] + / T(t — s)u(s)ds.
Tho1
for t € (14—, 7] and define zx(7;) accordingly with zx(-) left continuous at 7
and zx(1x) € X, k=1,2,...,0.

Thus we obtain = € PC([0,7p],X) is a unique mild solution of system

(A.7) and given by
x1(t), 0<t<m,

z(t) =
Slfk(t), Te1 <t < 7, k:2,3,...,0'.

Next, we use mathematical induction to show that (A.8) is satisfied on
[0,T5]. First, (A.8) is satisfied on [0, 7]. If (A.8) is satisfied on (74_1, 7|, then

for t € (1x, Tha1l,
x(t) = wp1(t) =Tt — ) [({ + Br)xg(mi) + k] + /t T(t — s)u(s)ds

= T(t—7)(I + Bp)x(m) + T(t — 70)ex + /t T(t — s)u(s)ds

Tk
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= T(t—m)(I+ By) U, 0o + /0 " Ulre, shu(s)ds + > Ul m)el

OS7'7;<7']C

+T(t — 7)ex + /t T(t — s)u(s)ds

Tk

= U(t,0)zo + /OTk Ult, s)u(s)ds + /t Ult, s)u(s)ds + Z U(t,mi)e; + U(t, ) cr

Tk 0<1; <7k

= U(t,O)xo—i—/Ot U(t, s)u(s)ds + Z U(t, ).

o< <t

Thus (A.8) is also true on (7y, 7g41]. Therefore (A.8) is true on [0, Tp). O

According to Definition 3.3.1, the mild solution of system (A.7) is given by

t
z(t) = U(t,O)mo—l—/ U(t, s)u(s)ds + Z U(t, m)cr,
0
where z(0) = z, for all £ € N.

If z(t) is Tp-periodic mild solution of system (A.7), then we have z(7Ty) = z(0);

namely,

T — U(Ty, 0)]2(0) = /O UMy sus)ds+ Y Uy m)ee (3:21)

0<7,<Ty

We consider in 2 cases.

Case 1 : [I — U(Tp,0)] ! exists.

Theorem 3.3.3. If system (A.5) has only trivial solution , then system (A.7) has

a unique Ty-periodic mild solution
To
rg ()= U(t,0)[I —U(Tp,0)]! (/ U(Tp, s)u(s) ds
0

+ ) U(To,Tk)Ck>+/0 U(t, s)u(s)ds (3.22)

Proof. Suppose that system (A.5) has only trivial solution, then [I — U(Tp, 0)]~*

exists. This implies that (A.16) gives

z(0) = [I — U(Tp,0)] </0 ’ U(Th, s)u(s)ds + Z U(To,Tk)Ck) .

0<7,<Top
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Substituting z(0) = x¢ into equation (A.10), we get

z(t) = U(t,0)[I — U(Tp,0)] ! (/0 0 U(To, s)u(s) ds

S U(To,rk>ck>+ / U(t, s)u(s)ds (3.23)

0<7,<Ty

+ Y Ut )k

0<m<t
which is a mild solution of system (A.7).

Next, we want to show that a mild solution is unique and is Ty-periodic.
Suppose that y(t) = x(t + 1p) is a mild solution of system (A.7). By Proposition

(3.2.1), we have
t+To

y(t) = x(t+Ty) = Ut + Tp,0)zo + / Ut + Ty, s)u(s)ds
0

+ Z U(t+T0,Tk)Ck

0<mp<t+To

To
— U(t—i—TO,TO)U(TO,O)a:o—i—/ U(t+ Ty, s)u(s)ds + > Ut + To, mi)cx
0

0<1<Tp

t+TH
+/ U(t + Ty, s)u(s)ds + Z U(t + To, 7)cr,

To To<tip<t+To

— U(t,0)U(Tp, 0)z0 + / O U+ Ty T U (T, $)u(s)ds

+ Y U(t+T0,T0)U(T0,Tk)ck+/OtU(t,s)u(s)ds+ > Ut m)er

0<7,<Tp <<t

= U(t,0)U(To,0)zo + U(t,0) /OTO U(Ty, s)u(s)ds + U(t,0) Z U(Ty, m)cr

0<7,<Tp

+/Ot U(t, s)u(s)ds + Z U(t, Tx)ck

0<r<t

To
U(To, O)JIQ -+ U(To, S)U<S)d8 + Z U(To, Tk>Ck

0 0<7, <To

—l—/o Ult, s)u(s)ds + Z U(t, m)ck

o<, <t

= U(t,0)
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o< <t

t
= U(t.0)z(Ty) + [ Ult.s)u(s)ds+ Y U(t,m)cx
0
t
= U(t,0)y(0) —|—/ Ult, s)u(s)ds + Z U(t, ) ck
0 0<r, <t
This implies that y(¢) is also a solution. It follows from Lemma A.5 that
y(t) = z(t + To) = z(t) for all ¢ > 0. So x(t) is a Tp-periodic mild solution of

system (A.7), which is exactly (3.22). This completes the proof. ]

Case 2 : [I — U(Tp,0)]"! does not exists.
In this case, system (A.5) has nontrivial periodic mild solutions. Let us

construct the following adjoint equation of system (A.5),

y(t) - _A*y’ 13 7é Tk,

(3.24)

where A* is the adjoint operator of A, 0 =19 < < ... <7 <...<7, =1
and Ay(m) = y(r;7) —y(r,) forall k=1,2,...,0. Suppose that system (A.19)
satisfies the following assumption (A3).
Assumption (A3) ;
(A3.1) A* is the infinitesimal generator of the adjoint semigroup {77(t),t > 0}
in X*.

(A3.2) By € L(X*) such that By, , = Bj forall kecN.

Definition 3.3.4. A function y € PC([0,7p], X) is said to be a periodic mild

solution of system (A.19) with initial condition y(7p) = y(0) if y is given by

y(t) = U*(To, t)y(0), 0<t<T, (3.25)
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where
"
T*(To—t), To—1 <t§TU:T0,
k *
U*(Tg,t) = < T*(TZ — t)([ + Bz*) LH ([ + Bj)T(Tj — ijl) T*(TO — Tk),(326)
j=i+1
0< 7 <t<T7 <7, =1y,

\

forall i=1,2,...,0.

Theorem 3.3.4. Assume that (A1) and (A2) hold. Furthermore, assume that

X is a Hilbert space and u € L} ([0,00), X). If system (A.5) have m linearly

loc

1 2 m

mdependent periodic mild solutions x*, x°,..., x with 1 <m <n where

x' are periodic mild solutions of system (A.5) corresponding to initial conditions

2(0) ==z}, i =1,2,...,m, then

1. the adjoint system (A.19) also have m linearly independent periodic mild

solutions y*, %, ..., y™.

2. system (A.7) has a Ty-periodic mild solution if and only if
(y,z)=0, (3.27)
where y € X* satisfying
(I —U*(To,0)ly =0 (3.28)

To
and z::/ U(Ty, s)u(s)ds + Z U(To, Ti)cr,
0

0<71<Tp
or if and only if

/o O< y(s), u(s) )ds + Z (y(mk), e ) = 0. (3.29)

0<71<Tp
Furthermore, let z,(t) be a particular Ty-periodic mild solution of system (A.7),

each Tp-periodic mild solution of system (A.7) has the form

2(t) = zq(t) + Z oyt (t),

where «;, 1 =1,2,...,m, are constants.
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Proof. 1. Suppose system (A.5) have m linearly independent periodic mild solu-

1 2 m

tions !, 22,..., 2™ with 1 < m < n where z' are periodic mild solutions of

)

system (A.5) corresponding to initial conditions z'(0) =z, i =1,2,...,m.

By Theorem A.3, this means that the equations
[I — U(Ty,0)]xf =0 (3.30)

have fixed points z,z3,...,27". Then from Theorem 2.1.21, we know that the

following adjoint equations of (A.25)
[I —U*(Ty,0)lyy = 0, where yj=1y'(0) (3.31)

also have m linearly independent solutions w3, y2,..., y%". So ¥, v2,. ..,y

are fixed points of U*(7Tp,0). Again by Theorem A.3, this means that system

(A.19) have periodic mild solutions, say y',y?, ...,y™ where y’ are periodic

mild solutions of system (A.5) corresponding to initial conditions y*(0) = v, i =

1,2,...,m.

2. System (A.7) has a Ty-periodic mild solution z(t) if and only if the equation
To

[I — U(Ty,0)]z(0) = / U(Ty, syu(s)ds+ Y U(To, ) =2z (3.32)

0 0<me<To

has a solution z(0). It follows from Theorem 2.1.18 that the above condition is

equivalent to
(y,2)=0, (3.33)
for any y € X* satisfying

[ — U*(Ty, )y = (3.34)
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From equation (A.28), we obtain

(y,2)=0 & (y,/OOU(TO,S)u(s)ds+ Z U(Ty, m)cx) =0

0<1,<To

& <y,/00U(Tg,s)u(s)ds>+<y, Z U(To, mi)ex) =0

0<7,<Th

= /0 O( y, U(To, s)u(s) )ds + Z (y, UTo,)er) =0

0<71,<To

& /00< U*(To, s)y, u(s))ds + Z (U (To, )y, ck) = 0

from which we immediately get (A.24). This completes the proof. Il

The following theorem guarantee the existence of periodic mild solution.

The proof is based on boundedness property.

Theorem 3.3.5. If system (A.7) has a bounded mild solution, then it has at least

one Ty-periodic mild solution.

Proof. Assume that z(¢) is a bounded mild solution of system (A.7). For any
t >0, we have
¢
x(t) = U(t,0)x +/ Ut s)u(s)ds+ > U(t,m)ex,
0 0<rp <t
where 2(0) = zy and

x(Ty) = U(Tp, 0)xo —{—/0 i U(Ty, s)u(s)ds + Z U(Ty, )k

0<7,<To

To
Define z::/ U(To, s)u(s)ds + Z U(To, ) ck, then
0

0<7<To

x(Ty) = U(To,0)zo + 2.
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We know that the function z(t + 7T) is also a solution of system (A.7) on

[Ty, 2T] for t € [0,Tp] and its value at ¢t = 0 is z(7p). So

z(t + Ty) = U(To, 0)z(To) + /Ot Ul(t, s)u(s)ds + Z U(t, i)cx

o< <t

and
x(2Ty) = U(Ty, 0)x(Ty) + z = U*(Ty, 0)xg + [U(Tp, 0) + 1]z
Proceeding in this way, we get

m—1

x(mTy) = U™(Ty, 0)xo + Z U'(Ty,0)z for all m € N. (3.35)
i=0

By contradiction, we assume that (A.7) has no Ty-periodic mild solution. This

means that the periodicity condition
x(Ty) = U(Toy,0)z0 + 2 = x9 (3.36)
has no solution, i.e., the equation
[[ —U(Ty,0)|xe = = (3.37)

has no solution. By Theorem 2.1.18, this implies that there exists y € X*

such that
I —U"(15,0)ly=0 and (y,z) #0. (3.38)
The first condition means that  U*(7},0)y =y, so
U (Ty,0)y =y for all m € N. (3.39)

Assume that (y, z) =7 # 0. Then from equation (A.30), we have

-1

3

(y, z(mTy)) = (y, U™(To,0)x0) + Y (y, U(Tp,0)z)

11

—_

= (U (To,0)y, 20} + (U (Ty,0)y, 2)

s
Il
o

=(y, )+ ) (y,2)

i

3

Il
o

=(y, o) +my.



56
Letting m — oo, we obtain
lim (y, 2(mTp)) = oo. (3.40)

Since xz(t) is bounded mild solution and y € X*, then

[(y, a(mTo))| < [yl s lx(mTo)llx < Mlly|

o o < 0Q.

But lim (y, z(mTp)) < co. It contradicts (A.35) and the theorem is proved. [

m—0o0

Corollary 3.3.6.

1. Assume that system (A.7) has no Ty-periodic mild solution, then all of its

solutions are unbounded for t > 0.

2. Assume that system (A.7) has a unique bounded mild solution for t > 0,

then this solution is Ty-periodic.

3.4 Linear Impulsive Periodic Control Systems with Pa-
rameter Perturbations

We consider the following linear impulsive periodic control systems with

parameter perturbations

B(t) = Ax(t) + u(t) + p(t, z(t), &), ¢ # 7,

Ax(t) = Bra(t) + cx + qr(z(t), ), t =1,

(3.41)

where Ax(m;) = x(7)— (7, ) forall k € N. Suppose that system (3.41) satisfy
assumptions (Al) and (A2).

We impose the following assumption for the remaining.
Assumption (A4) ;

(A4.1) p(,2,€) € PC([0,00),X) such that p(t+ To,z,€&) = p(t,z, &) for all
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(t,z,€) € ]0,00) x B, x [0,&].
(A4.2) q, € C(B, x [0,&],X) such that gpio(z,§) = qu(z,§) forall keN
(A4.3) For each (t,z,€) € [0,00) x B, x [0,&], there exists a nonnegative

function x(£) such that

lim () = x(0) = 0

and lp(t, 2, )l < x(€),  llar(z, Ollx < x(&) (3.42)

for all £ &€ N.

3.4.1 Definitions of Solutions

Definition 3.4.1. A function z € PC([0,00),X) is said to be a mild solu-
tion of system (3.41) with initial condition z(0) = zp € X and the input

uwe L ([0,00),X) if x is given by

loc

x(t) = U(t,0)zo —l—/o Ult, s)[u(s) + p(s,z(s),&)]ds

+ Z U(t, m)ler + qr(z(1x), 6],

0<7,<t

(3.43)

for all k € N.

Definition 3.4.2. A function z € PC([0,00),X) is said to be a periodic mild
solution of system (3.41) if it is a mild solution and there exists Ty > 0 such that

x(t+Ty) = z(t) forall t > 0.

Definition 3.4.3. A function z € PC([0,00),X) is said to be a Ty-periodic
mild solution of system (3.41) if it is a mild solution and x(t+ Tp) = x(t) for all

t>0.

From now on, we will find sufficient conditions for the existence of Tj-

periodic mild solutions of system (3.41). We assume that system (A.5) has only
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trivial solution. Let & = 0, then system (3.41) has the same form as system (A.7)
because of the fact from (3.42) that p(¢,x,0) = 0 and gx(z,0) = 0. It follows
from Theorem A.7 that system (3.41) has the following Ty-periodic mild solution
To
00 = U0 - V@01 ([ 0T suts) a
-
+ Z U(To, ) c —i—/ Ul(t, s)u(s)ds (3.44)
0

0< 7, <Th

+ Z U(t> Tk’)cka

0<m <t

where U(t,s) is defined in (A.3). Then we have the following theorem to show

that for small ¢ system (3.41) has a Ty-periodic mild solution which is closed to

T, (1)

3.4.2 Existence and Uniqueness of Periodic Mild Solutions

Theorem 3.4.1. Let assumptions (A1), (A2) and (A4) hold. Assume that
1. system (A.5) has only trivial solution,
2. the following inequality is valid
m= s e, 0] < (3.45)

where p be any positive real number,

3. p(t,x, &) and qi(x,€) satisfy Lipschitz conditions, i.e. for any (t,x,¢§),

(t,y,€) € [0,00) x B, x [0,&], there exists a constant N(§) > 0 such that

Ip(t,z,8) — p(t,y, )l x < Nz —yll«

and gk (2, ) = ar(y, )l x < Nl = yllx-

Then for any constant p > py > 0, there exists a sufficiently small & > 0

such that for every fized & € [0,&] system (3.41) has a unique Ty-periodic mild
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solution a:io (t) satisfying

125, (8) = 20 ()l < p = po (3.46)
and
; '3 _
lim 27, () = 2, (t) (3.47)

uniformly on t.

Proof. Let PCr,([0,00),X) :={z € PC([0,00),X) | z(t + Tp) = =(t),Vt > 0}.

Moreover, PCr, ([0, Tp], X) is a Banach space with the norm
2l pey, = sup [lz(t)]|x-
t€[0,Tp)

Let us define

B:= B(Z‘TO’pl) = {JZ S POTO([O’TOLX) | ||.T _xTOHPCTO SpLi=p - 100}

L, = sup ||U(t, s)

0<s<t<Ty

Ly = |1 = U(T5,0)] 7"l

(3.48)

H £(X)

L(X)

and an operator ) : B — PCr,([0,75], X) such that
Vx)(t) := U0 = U(To,0)] </0 U@y, 9)[uls) + pls,a(s),€)] ds
+ Y UTo,m)er + anl(m), 5)]) +/0 Ut s)luls)  (3.49)

0<71,<Tp

+p(s,x(s),£)]ds + Z (t, 7)[ck + qr(x(T), &)].

0<r<t

We note that Q(x) € PCqp([0,00), X). Since

Oa)(Ty) = U(Ty, 0)[I — U(Th. 0)] " ( | v 9lute) + pls.ats). ) ds

+ Z U(To, 7o) [er + qr(2(T )f)])

0<71<Tp

N /0 U, $)[uls), p(s, 2(s), €))ds

-+ Z U(To,Tk)[Ck+Qk(x(Tk)7£)]

0<7,<Ty
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= <U(T0, 0)[I — U(Ty,0)] " — I> (/OT U(Ty, s)[u(s) + p(s,z(s),€)] ds

+ Z U(To, ) [ex + qr(x(7 )f)])

0<7,<Tp

- Um0 ( [ U@t + s 0(5). 0 s

+ Z U(Ty, ) [cr + qe(z(T )f)]) = Q(2)(0).

0<T}€<T0

From (A.37) and (A.40), we know that if x € B, then

<z - L, HPCTO + HxTO HPCTO = p1+ po=p. (3.50)

[l e,
For any x,y € B, we have

19(2) = QW) e, = sup IU(E0)[I —U(To,0)]7

te[0,To)

(/0 oU(To,S)[p(S,x(s),f) _p(S,y(S),é)] ds

+ Z U(To,Tk)[Qk(fU(Tk)af)—Qk(y(Tk)v@])

0<7,<Ty

+/0 U(t, s)[p(s, z(s), &) — p(s,y(s), §)]ds

+ Z (t, ) [qr (2 (), &) — qr(y(Th), &)]

0<7, <t

X

IN

sup (10 (¢, 0) | o 117 = U (T, 0)]

t€[0,To)

( (100 I 29.) = 5.5, O s

+ D MU0, 7)o law (e (7). €) = qiy (), €)Hx>

0<7,<Th

n / VU8, 905 2(),€) — pls 5(5), €) | v ds

+ Z ”U(TO’Tk)”ﬁ(x)”(lk(x(Tk)ag)_Qk(y(Tk)v€)||x>

o< <t
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< Lils(LBN©e = lrey, + L1oNE) 2 =Yl ey, )

HLTN )l = yllpe,, + LioNE2 = yllpe,,

= (BLTy + Lo + LTy + Lo ) N(€) | -

y”PC’TO'

So 126) = 2w ey, < INE = Yl e, (351)

where L =12LyTy+ L3Lyo + LTy + Lioc  and

HQ(‘%TO) - xTO HPCTO =

IN

IA

So

sup ||U(t,0)[I — U(Tp,0)]"

t€[0,To)

(/OTO U(To, s)p(s, x4, (), €) ds

™ Z U(T07 Tk)q’f<xT0 (Tk>7 g))

0<T,<To

+/0 U(t; s)p(s, .y, (), €)ds

+ ) Ut m)gr(x, (1), €)

0<7p<t

sup [|U(#,0)

tG[O,To]

</0 O”U(T(b | e 1905, 2, (), )l ds

X

e I = U(Zo,0)]

+ Z HU(T(b Tk)”g(x) HQI€<IT0 (Tk)v 5)”){)

0<7,<To

) 57, 51, )]
+ Z ||U(t7 Tk)”z:(x) ||Qk(xT0 (Tk)7 5)”){

0<r, <t
LiLa (L Tox(€) + Liox(€) ) + LiTox(€) + Liox(€)

<L§L2T0 + LiLoo + LT + Lla)x(é’)

19202 7,) = 2 [l ey, < LX(E), (3.52)

where L= L%LQTO + L%LQO' -+ L1T0 + Lla.
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Let us choose &, > 0 such that

n=L sup N(§) < 1,
56[0760]

L sup x(&§) < m(1—n).
£€0, &)

(3.53)

Assume that & € [0, ], then it follows from (A.43), (A.44) and (A.45) that

1922) = QY re, < nllz—yllpe,
0 0
(3.54)

||Q(xTO) - ITOHPCTO < /01(1 - n)
This implies that Q(Igo) € B and Q:B — B is a contraction mapping. So {2

has a unique fixed point xio € B and satisfy

w5 (1) = U(t0)[I - U(Tp,0)] " (/0 U Ty, $)[uls) +p(s, a5 (5),€)] ds
+ > UM, m)len + au(al, (), f)])

0<71<Tp

: (3.55)
+ [ Ut s)uts) plo., ().

+ Z U(t, )] Ck+Qk(§T(k)£)]

0<71<Tp

Since

5,00 = UE 0l - U0 ([ U 9luls) + pls.5%, (1,60 s

+ Z U(Tg,Tk)[Ck+Qk(x§po(7_k>>§)]>

0<7<To

n / UM, 8)[u(s). pls, a5, (5). O)lds

+ Z U(To, ) [ew + (s, (Tk) 3]

0<7,<Top

= (U@ - U0 — 1) ([ UCT $)luls) + s, 2%, (5),) ds
( ) ([

+ Z U(Tg,Tk)[Ck+Qk(l’§b(7-k>7£>]>

0<7,<Ty
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— (-0 ([ U+ plsaf, (0,60

+ Z U(To, ) [cr + qr(x i(Tk) f)])

0<71<Tp

= 4, 0)

To

:cio (t) is a To-periodic mild solution of system (3.41) which satisfies the estimate

(A.38) because
xéo €EB= Hxio -

Ty ||PCTO <

= sup ||ZE ( )_ ‘Z‘T0 (t)Hx < P1
te[0,To)

= laf, () — 2, () < p1=p— po.
Because we know that Q(xfpo)(t) = x% (t) for all t e [0,Tp.
Then [l (t) — 2, (t)]lx = 1225 )(8) — 2 ()] < Lx(E).
Letting £ — 0, we obtain (A.39). This completes the proof. O
The following definition and lemma will be used in the proof of Theorem A.13.

Definition 3.4.4. A set S C PC([0, Ty, X) is quasiequicontinuous in [0, Tp] if for
any 0 > 0 there exists ¢ > 0 such that if x € S,t1,ty € (11,7 N[0, To),k € N

and [t; — ta] < e, then ||z(t1) — z(t2)||, < 0.

Lemma 3.4.2. A set S C PC([0,Tp], X) is relatively compact if and only if
1. § is bounded for each x € S,
2. S is quasiequicontinuous in [0, Tp).

Proof. The proof can be found in D.D. Bainov and P.S. Simeonov (1993). O
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Theorem 3.4.3. Let assumptions (A1), (A2) and (A4) hold. Assume that
1. system (A.5) has only trivial solution,

2. the following inequality is valid

po= sup [lz, ()]l <p (3.56)

te[0,00]

Then for any constant p > py > 0, there exists a sufficiently small & > 0
such that for every fized & € [0,&] system (3.41) has a unique Ty-periodic mild

solution x% (t) satisfying

|25, () = 27, (W)l < p— po- (3.57)

Proof.  Asin the proof of Theorem A.11, we determine the number p; = p— po,
the Banach space PCr,([0, Ty}, X), the set B := B(z,;p1) and the operator
QB — PCp(]0,Tp],X) is defined in (A.41). Obviously, B is a non-empty
bounded closed and convex set. It follows from the condition in (A.42) that if
x € B, then HxHPCTO < p. For any = € B, we have

12(2) = 2y lpeg, = sup [[U(t,0)[I — U(T5,0)] ™

te[0,To]

(/OTO U(To, s)p(s, 2(s), ) ds

+ Z U(TO, Tk)qk($(7k)> 5))

0<7<To

+/0 U(t, s)p(s, z(s),§)ds

+ Z U(t, ) qr((7%), €)

0<7,<Tp
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< swp |U(0)

t€[0,T0)

(/0 0 HU(TO,5)“5(;()”]9(8,1’(5),5)HX ds

HL(X) || [I - U(T()? 0)]_1H£(X)

+ ) HU(To’Tk)HE(X)qu(fﬁ(Tk),f)Hx>

0<7,<Top

n / 102, )| e, (5 (), )| o s
+ Z ||U(t7Tk)HL(X)HQk(]:(Tk)?g)Hx

0<7,<To

< (L%LQTO 4 L2Loo + LTy + Lla) NG
So 192(2) = 27, [ pe,, < LX(E)- (3.58)

where L= L%LQTO + L%LQO' + LlTQ + L10.

Let us choose & € [0,&] such that

L sup x(§) < pr. (3.59)
£€(0, &]

Then for ¢ € [0,&], we have

192(2) — 2. || por, < Lx(E) < p1, (3.60)

From which we know that (z) € B and therefore Q:B — B.
Next, we want show that () satisfies the assumptions of Corollary 2.1.12.
1) The map Q:B — B is a continuous.

Let {x,} be a sequence such that z, —x as n —oo in B. Then we have

19(2n) = Q)| pe,, = sup [[U(E0)I = U(Tp, 0)]

te[0,To)

(/0 b U(TO,S)[p(S,xn(S),f) —P(S,x(s),f)] ds
+ Y U(To,m)lae(wa(i), §) — qk(x(rk),g)]>

0<7,<Tp
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; / Ut 5)[p(s, 2a(s), &) — pls, a(s), €)lds

—+ Z t Tk qk l‘n<7—k) 5) - QR(l'<Tk)7£)]

0<7, <t <
< sup ||U(t’0)||£(x)||[j_U(TOaO)]_lng(x)
te(0,7To]
To
([ 10 ) (5.2, s
+ |\U<To,mumqum),aux)
0<7,<To
[NV (s, 2(5), Ol
0
D DR (2R A PAEICARSTN
0<m,<To
< s (U0 I = U@ 01
To
( | 109l s, 209.€) = s, (51, O
+ Y |\U<To,mumuqk(wnm),e)—qk<w<m>,5>ux)
0<7<To
b [ U3 ey 20051, = pls. (). ) s
0
+ > ||U<To,m>||ﬁ(x>||qk<xn<m>,s>—qk<x<m>,5>||x)
0<r <t
< Lo (LTN©lzn = ol ey, + LioN©)llen = llc,, )

FLTON(©)lon = 2l e, + Lo N(E)[|n —

.
= (BLoTy + LiLoo + LTy + Lo ) N(©)l|e — @l

which tends to zero as n — oo.
2)  Q(B) is uniformly bounded

By assumption and equation (A.52),

1) lpey, < [19(z) =24 l[Por, + 27 lPog, < pr+po=p,  (3.61)
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from which we know that Q(B) is uniformly bounded.

3) Q(B) is quasiequicontinuous in [0, Tp].
Let =z € B, and t,ty € (1;i-1, ) N[0,T0], i = 1,2,...,0, where 7p = 0 and

7, = Tp. For 0 < e <t; <ty <Tp, then we have

1) () — @)ty < U (t0,0) = Ultar 0) Lo I — U (T, 0,
( |10 5 1) + 55209, s
+ Z ||U(T0>7—k)”a(x)||ck+Qk($(7—k)7§)||x)

0<7,<Tp

n / Ut 8) = Ulta, )l () + ps, (), )l s
T / U (t1,5) = Ul )l 10(5) + 005, 2(),) s
+/2 1U (2, )]0, 14(5) + p(5, 2(5), )| s

t1

+ Z ||U(t177_/€) - U(t277_k)||£(x)||ck + qk(x(Tk)’§)||x7

0<1 <t
from which we know that for any § > 0, there exists ¢ > 0 such that if t; — t5 < ¢,

then ||(Qz)(t1) — (Qx)(t2)]|x < 6. Thus Q(B) is quasiequicontinuous.

From Lemma A.12, we know that the following set

S={yeB | y=Qx), z € B}.

is relatively compact in PC’TO([O,TO],X ). Applying Corollary 2.1.12, it follows

that the operator €2 has a fixed point xgo € B and satisfy

w5 ()= U0l = U(To,0)] < 0 U(To, 5)[u(s) + p(s, a5, (s),€)] ds

0 To

+ Z U(To,m)[ck+C]k(fv§TO(Tk)>§)])

0<7,<Tp

T / U(t, )[u(s). pls, 25, (s). £))ds
+ Z U(t,Tk)[Ck+Qk(x§0(7-k’)v€)]'

0<71,<Top
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Since

5,00 = U0l = U0 ([ U 9luls) + pls.5%, (1,60 s

+ Z U(Tg,Tk)[Ck+Qk(1§0(7—k>>§)]>

0<7,<To

0

n / U (T, )uls), pls, a5, (5). ©)lds

+ Z U(To, ) [ew + (s, (k) 3]

0<7,<Tp

= (U(TO,O)[[ —U(Tp,0)]7! — [) (/OTO U(To, s)[u(s) —|—p(s7x§0(s),£)] ds

+ Z U(Tg,Tk)[Ck+Qk(x30(7k>7£>]>

0<7,<Ty

— (=@ ([ U ) + plossf, (1,60 s

+ Z U(To, 7i)ex + qu(a, L (7r), f)])

0<71<Tp

= 0,

0

25 (t) is a Ty-periodic mild solution of system (3.41). This completes the proof.

To

]



CHAPTER IV

SEMILINEAR PERIODIC SYSTEMS WITH

IMPULSES

In this chapter, we study the existence and uniqueness of periodic mild
solution of semilinear impulsive periodic systems, semilinear impulsive periodic
control systems and semilinear impulsive periodic control systems with parameter

perturbations.

4.1 Semiliner Impulsive Periodic Systems

We consider the following semilinear impulsive periodic systems

p(t) = Az(t) + f(t,2(t),  t# 7,
Ax(t) = Brx(t), t = Tk,

(4.1)

where  Axz(r;) = z(r;7) — (7, ) for all k € N. Furthermore, we suppose that
A is infinitesimal generator of a compact semigroup {7'(t),t > 0}.
In addition to assumption (A1), we introduce the following assumption.
Assumption (A5) ;
(A5) f:]0,00) x X — X is an operator such that f(t+ Ty, z) = f(t,z) and
t— f(t,x) 1is strongly measurable. For every p > 0, there exist constants

Ki(p), K2(p) >0 such that

17 (& 2)] < Kilp)

and ||f(tax)_f(t>y)||x §K2(p)||x_y”x>

for all t > 0 and all z,y € X such that ||z],, ||lyl]ly < p-
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4.1.1 Definitions of Solutions
Definition 4.1.1. A function z € PC([0,00), X) is said to be a mild solution of
system (4.1) with initial condition x(0) = zo € X if x is given by
t
(t) = U(t, 0)o + / Ut ) f(s, (s))ds (4.2)
0

Definition 4.1.2. A function x € PC([0,00);X) is said to be a periodic mild
solution of system (4.1) if it is a mild solution and there exists Ty > 0 such that

x(t+Ty) = z(t) forall t > 0.

Definition 4.1.3. A function z € PC([0,00);X) is said to be a Ty-periodic
mild solution of system (4.1) if it is a mild solution and z(t + Ty) = «(t) for all

t>0.

4.1.2 Existence and Uniqueness of Periodic Mild Solutions

At first, we consider the following semilinear system without impulses,

i(t) = Az(t) + f(t,z(1)),
z(0) = o,

(4.3)
where A is the infinitesimal generator a compact semigroup {7'(¢),t > 0} in X
and f:]0,00) x X — X.

Definition 4.1.4. A function x € C([0,Tp], X) is said to be a mild solution of

system (4.3) if = is given by

z(t) = T(t)xo +/0 T(t—s)f(s,z(s))ds.

Theorem 4.1.1. Suppose (al) A be the infinitesimal generator of a compact
semigroup {T'(t),t > 0}, (a2) f :[0,00) x X — X is continuous and map a

bounded set of [0,00)x X into a bounded set of X. Then for every xo € X system
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(4.3) has a mild solution x € C([0,tmax), X), where [0,tmax) 1S a mazimal

interval solution of existence. Further, if tmax < 00, then lim |lz(t)|, = oc.

t—tmax

Proof. Let T, € (0,00). For any 7 >0, p >0 be such that
By(xo) = {x € X | [l = zollx < p}-

Then there exists a constant N > 0 such that || f(¢,z)||, <N for 0 <t <7’
and x € By(xy). Clearly, due to the strong continuous of Cj-semigroup of

{T'(t),t > 0}, there exists 7" > 0 such that

p

5 for te[0,7"].

1T ()0 = ol <

Let M= sup |[T(t—s and define

M
0<s<t<Tp

Y, :={z € C([0,t:], X) | 2(t) € B,(x0), t € [0,t1]},

where t; = min{ ', " T, Then Y, is a closed bounded convex

TV )
2MN J°
subset of Y = C([0,#], X). We define a mapping F :Y — Y, as follow,

(Fx)(t) =T(t)xzo —|—/O T(t—s)f(s,z(s))ds. (4.4)
Since
[(Fz)(t) = xollx < [IT(t)w0 — ol + / 1T = 8)l| i) I1f (5, 2())] < ds
< §+tMN < p,

so FY, C Y, Next, we want to show that F' has a fixed point. According
to Schauder’s fixed point theorem, first we want to show that F :Y, — Y, is
continuous. Let {z,} be a sequence such that z,, — 2 as n — oo inY,. Then,

we have

[(Fzn) () — (Fz)(t)]lx < / [T(¢ = )| oo [1f (5, 20(5)) = f(s,2(5))] x ds
(4.5)

IN
S
c\
=
w
8

3

f(s,2(s))| ds
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By continuity of f, we obtain the right hand side of (4.5) tends to zero as n — oo.
Thus, F is continuous.
Moreover, FY, is a relatively compact subset of Y,. By Ascoli-Arzela
theorem states that a subset W C C(I,X) is relatively compact if and only if
(a) its t-section W (t) = {(Fx)(t) | x € W} is relatively compact subset of X,
(b) the set W is equicontinuous.
Define W =FY, and W(t)={(Fz)(t)|zeY,} for te]l0,t].
Clearly, W(0) = {xo} is compact. Let 0 <t <t; be fixed and let 0 < e <.

For z €Y, we define
(Far)(t) = T(t)zo + /O T = ) f (s, 2(s))ds
— T(t)we +T(e) /0 U= s — o) (s, 2(s))ds.
Since T(t) is a compact operator, the st W.(t) = {(F.)(t) | = € Y}

is relatively compact in X for every ¢, 0 < e < t. Furthermore, for z €Y,

we have

5;1}1/) |(Fzx)(t) — (Fex) ()|l < 5;1}1/3 /t T(t—s)f(s,z(s))ds

< eMN.

X

This shows that the set W(t) can be approximated to an arbitrary degree of
accuracy by a relatively compact set. Hence W (t) itself is relatively compact. For

equicontinuity, we note that for 0<z2; <2z <t and z€Y,,
[(Fz)(z1) = (Fz)(22)[lx < [T(z1) = T(22) |l 1ol
[T =9 = T 9l s ) s
[T = 5 200 s
1T (21) = T(22) |l £y |0l
+N/ 1T (21— s) = T(2z2 — 8)| o x, s

+MN ZQ — Zl)

IN
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from which we know that for any § > 0, there exists € > 0 such that if |21 — 29| < ¢,

then ||(Fx)(z1) — (Fz)(22)|, < 0. Therefore, W is equicontinuous. This implies

I
that FY, is a relatively compact subset of Y, and hence F' has a fixed point
in Y, which is a mild solution of system (4.3) on [0,,].

We note that a mild solution x of system (4.3) defined on a closed interval

[0,¢1] can be extended to a larger interval [0,¢; + d], 0 > 0, by defining y(t) =

x(t; +t) where y(t) is a mild solution of the following system

y(t) = Ay(t) + f(t, y(t)),
y(0) = z(t1).

(4.6)

The existence of positive constant § > 0 is guarantee by the above assertion. Re-
peating this procedure, one continues the solution till time ¢y, where [0, tpax)

is the maximal interval of existence of mild solution. Thus system (4.3) has a
unique solution x € C([0, tmax), X). If tmax < 00, then tlitrilax lz(t)|, = oo. If

not, there exists a sequence {t,} such that ¢, — tma and ||z(,)||, < 5 forall

I
n. Taking n sufficiently large, so that {t,} near enough to ¢,.x, one can use the

previous arguments to extend the solution beyond t,,., which is a contradiction

to the definition of ¢,,,x. This proves the theorem. O
Remark 4.1. It is not difficult to see that Theorem 4.1.1 holds if T = oo.

Corollary 4.1.2. Suppose assumptions of Theorem 4.1.1 hold. If there exists a
constant [ > 0 such that |z(t)|, < B hold for every mild solution x. Then

system (4.3) has a global mild solution z € C([0,Tp], X).

Theorem 4.1.3. Suppose A be the infinitesimal generator of a compact semi-
group {T'(t),t > 0}. If assumptions (A1) and (A5) hold, then system (4.1) has a

unique mild solution x € PC([0,To], X).
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Proof. For t € [0, 7], Theorem 4.1.1 implies that system
(t) = Az(t) + f(t,z(t)), 0<t<m, xz(0)= o, (4.7)
has a mild solution on I; = [0,7] which satisfies

r1(t) = T(t)xo +/0 T(t—s)f(s,z1(s))ds, t€[0,m]. (4.8)

Now, define

22(m) = T(m)zo + / " T(n — ) f(s,02(s))ds, (4.9)

so that z1(-) is left continuous at 7.

Next, on Iy = (71, 2], consider system
i(t) = Az(t) + f(t,z(t), T <t<mT, x(1y)= I+ By)xi(m), (4.10)

Since z; € X, we can use Theorem 4.1.1 again to get a mild solution on (71, 73]

which satisfying

2o(t) = T(t — )y (1) + / T(t —s)f(s,z2(s))ds. (4.11)

T1

Now, define z5(72) accordingly so that xo(-) is left continuous at 5. It is easy
to see that Theorem 4.1.1 can be applied to interval (71, 73] to verify that xzo(72) €
X. Repeat the procedure above, use step-by-step approach on intervals [, =
(The1, Tk}, k=3,4,...,0 (1, = Tp) to get a mild solutions

t
zp(t) = Tt — 1) Tp1 (T3 ) + / T(t —s)f(s,zx(s))ds.
Tk—1
for t € (1—,7¢] and define zx(7) accordingly with xj(-) left continuous at 7y
and zi(m) € X, k=1,2,...,0.
Thus we obtain x € PC([0,Tp], X) is a mild solution of system (4.1) and
given by

(1), 0<t<m,
x(t) =
xk(t), Te1 <t < 1, k’:2,3,...,0‘.
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Next, by mathematical induction we can show that (4.2) is satisfied on [0, 7).
First, (4.2) is satisfied on [0, 7]. If (4.2) is satisfied on (73_1,7x], then for t €

(Tk77k+1]7

(t) = xp(t) =Tt —7)ak(r) + / T(t—s)f(s,rpr1(s))ds

Tk

= T(t—m)(I + Br)x(m) + / T(t—s)f(s,xpr1(s))ds

Tk

_ T(t—Tk)(I+Bk)[U(Tk,O)xO_i_/Om U ()£ (5, 2(5))ds|
+/ T(t—s)f(s,zrr1(8))ds

- U(t,O)xo—F/OTk U(t,s)f(s,x(s))ds—i—/ U(t,s)f(s,z(s))ds

Tk

= U(t,())a:o—i-/o Ult,s)f(s,z(s))ds.

Thus (4.2) is also true on (7x, 7x41]. Therefore (4.2) is true on [0, Tp).
Next, we want to show that a mild solution is unique on PC([0, Tp], X).
Suppose that z, y are mild solutions of system (4.1) on PC([0,75], X). Then

by Corollary 3.2.4, we have
lz(t) =yl < /0 [U(E, $) |y 1S (s, 2(s)) = f(s,9(s))] < ds

t
< et [ e als) — o)l s

It follows from Gronwall Lemma, we obtain ||z(t) — y(t)|| =0 for all t € [0, Tp].
That is, = = y. Therefore, system (4.1) has a unique mild solution. This completes

the proof. O

We consider the following system,

#(t) = Az(t) + f(t,2(t)), t=0 (4.12)

z(0) = xo,

and we suppose that it has a global mild solution ().



We also consider the following system,

y(t) = Ay(t) + f(t,x(t), =0

y(0) = 2(0).
By Lemma A.5, system (4.13) has a unique mild solution y(t).

Let P:C([0,Tp],X) — X be the Poincar mapping, defined by

Pz = y(Tp)

Finally, we consider the following system,

(t) = Az(t) + f(t,z(t)), t>0

z(0) = P,

which by Lemma A.5 also has a unique mild solution xz(t).

Let @ : C([0,Tp]), X) — C([0,Tp], X) be a mapping defined by

Qz = T(t)xo + /0 T(t—s)f(s,z(s))ds.
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(4.13)

(4.14)

(4.15)

(4.16)

We are now in a position to state and prove the basic tool for the proof

existence of periodic mild solution.

Theorem 4.1.4. System (4.12) has a Ty-periodic mild solution if and only if the

mapping @ has a fived point.

Proof. Let x be a Tj-periodic mild solution of system (4.12). Then =z is clearly

a To-periodic mild solution of system (4.13). Since x is Ty-periodic mild solution,

x(0) = x(Ty). Therefore x(0) = x(1y) = Px, where z satisfy (4.15) and so Qz =

x. Conversely, let x be a fixed point of Q. By definition, z satisfies (4.13) and since

x(0) = y(0). By Lemma A.5 , show that z(t) = y(¢t) and hence z(Ty) = y(Tp).

Since Qz = z, it follows from (4.15) that z(0) = Px = y(Ty) = z(Tp). That is,

z(0) = x(Tp). The function (t) := x(t + Tp) is also a mild solution of (4.12).
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Since f is Ty-periodic, ¥(t) = @(t + Tp) = Ax(t + Tp) + f(t + To, z(t + Tp)) =
AY(t) + f(t,¥(t)). Therefore z(t) = x(t + Tp) for all ¢ > 0. i.e., system (4.12)

has a Ty-periodic mild solution. This completes the proof. O]

Theorem 4.1.5. If assumptions (A1) and (A5) hold, then system (4.1) has a
unique Ty-periodic mild solution x € PC([0,To],X) and there exists a constant

B > 0 such that

2]l pe < 8.

Proof. Consider the following semilinear system without impulses,

x(t) = Az(t) + f(t,2(t)), ten,
(t) () + f(t, (1)) (4.17)
(1) =9, @eX,
where v is any subinterval of [0,7;] and 7 is the left end point of 7.
Define B={y | y € C(v,X), y(7) = ¢} and amapping F: B — B by y= Fux,

where y is a mild solution of the following system,

y(t) = Ay(t) + f(t,z(t)), ten, (418)
y(m) = ¢,

Similar to the proof Theorem 4.1.1, we can show that [F is continuous and

compact on B. Next, we want to show that there is a constant 3; > 0 such that

1]l x) < P

forall x € B and A € [0,1] satisfying o = AF'z.

Let = € C(v,X). We consider the operator equation

r=AFz, Xel0,1]. (4.19)
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If = is a mild solution of equation (4.19), then we have

t
[z(®)[lx < MTEN x 170l + /\/O [Tt = 8)|l o x, 1 f (5, 2(8))[ y ds
< AM(||woll + KiTo)
< M(||lzollx + KiTo) == 81, A €0,1],

where M; = sup ||T(t—s)

0<s<t<Tp

and ||f(t,2)|, < K.

ey I
That is, there exists a constant $; > 0 such that [z,  , <8 forall z € B
and = = AFz where A € [0,1]. This shows that all mild solutions of (4.19) are
bounded independently of A € [0, 1]. By Leray-Schauder’s fixed point theorem,
F has a fixed point x € C(v,X) which is a mild solution of system (4.17).
Next, we must show that a mild solution is unique on C(v, X). Suppose
that «, y are mild solutions of system (4.17) on C(v, X). By Theorem 2.3.2(1),

there exist constants K >1 and w >0 such that |[|T(¢) < Ke*“!. Then

||c<X>

we have

() =y < /OHT(t—S)HMX)Hf(ij(S))—f(é’,y(S))deS

t
< Koot / e ||z(s) — y(s)|| . ds.

It follows from Gronwall Lemma, we obtain ||z(t) — y(¢)|| =0 for all ¢ € ~.
That is, = = y. Therefore, system (4.17) has a unique mild solution. Further by

Theorem 4.1.4 which implies that a mild solution is Ty—periodic.

Now we consider the partition of interval I = [0,7p]. We define 7, =
(Th—1, 7k}, K =1,2,...,0, where 79 =0 and 7, = Ty. Consider any arbitrary
interval, say, 7, and z(r;") = (I + Bi)x(7) € X. By Theorem 4.1.1 and similar

procedure of Theorem A.6, we obtain = € PC([0,75], X) isa unique mild solution
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of system (4.1) and given by

(1), 0<t<m,
x(t) =
.%’k(t), Te1 <t < 1, k:2,3,...,0'.

x is just To—periodic mild solution of system (4.1). By assumption (A5), one

can verify the priori estimate of solution of system (4.1) that

@)l < I\U(tO)HL(X)onHx+/O IO, $)| 2 1S (55 2()) | x ds

< MHIOHX + MKlTO = ﬁ,

where M = sup ||U(t,s)

0<s<t<Tp

and || f(t,7)]| < K.

”L(X)

That is, there exists a constant > 0 such that |z|,. <S. O

4.2 Semilinear Impulsive Periodic Control Systems

We consider the following semilinear impulsive periodic control systems

(t) = Ax(t) + f(t, x(t)) + u(t), t # T,
(t) () + f(t,2(t)) + u(t) # Tk (4.20)
Ax(t) = ka(t) + Ck, t = T,
where  Az(7,) = x(r;7) — x(7;) for all k € N. Suppose that system (4.20)

satisfy the assumptions (A1), (A2) and (Ab).

4.2.1 Definitions of Solutions

Definition 4.2.1. A function z € PC([0,00), X) is said to be a mild solution of

impulsive system (4.20) with initial condition x(0) = zg € X if x is given by

z(t) = U(t,0)xq —i—/o U(t,s)[f(s,z(s)) + u(s)]ds + Z Ult,m)ce.  (4.21)

0<TE <t

Definition 4.2.2. A function x € PC([0,00);X) is said to be a periodic mild
solution of system (4.20) if it is a mild solution and there exists 7y > 0 such that

x(t+Ty) = z(t) forall t > 0.
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Definition 4.2.3. A function z € PC([0,00);X) is said to be a Ty-periodic
mild solution of system (4.20) if it is a mild solution and x(t+ Tp) = x(t) for all

t>0.

4.2.2 Existence and Uniqueness of Periodic Mild Solutions

At first, we consider the following semilinear systems without impulses

(t) = Ax(t) + f(t,z(t)) + u(t),

x(0) = xo,

(4.22)

where A is the infinitesimal generator a compact semigroup {7°(¢t),t > 0} in X,

f:[0,00) x X - X and u:[0,00) — X.

Definition 4.2.4. A function x € C([0,7p], X) is said to be a mild solution of

system (4.22) if = is given by

z(t) = T(t)xo+ /0 T(t—s)[f(s,x(s)) + u(s)]ds.

Theorem 4.2.1. Suppose (al) A be the infinitesimal generator of a compact
semigroup {T'(t),t > 0}, (a2) f :[0,00) x X — X s continuous and map a
bounded set of [0,00) x X into a bounded set of X and (a3)u :[0,00) — X
is continuous and map a bounded set of [0,00) into a bounded set of X. Then
for every xy € X system (4.22) has a mild solution x € C([0,tmax), X), where
0, tmax) S @ mazimal interval solution of existence. Further, if tyax < 00, then

lim ||z(t)

t—tmax

I = oo

Proof. Similar to the proof of Theorem 4.1.1. O]

Theorem 4.2.2. Suppose A be the infinitesimal generator of a compact semi-
group {T'(t),t > 0}. If assumptions (A1), (A2) and (A5) hold, then system (4.20)

has a unique mild solution on x € PC([0,Tp], X).
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Proof. For t € [0, 7], Theorem 4.2.1 implies that system

#(t) = Ax(t) + f(t,2(t) +ut), 0<t<m, (4.23)

x(0) = xo,

has a mild solution on I; = [0,7] which satisfies

x1(t) = T(t)xo+ /Ot T(t—s)[f(s,x1(s)) +u(s)lds, te€][0,7]. (4.24)

Now, define

x1(m) =T (m)zo + /OT1 T(m — s)[f(s,21(s)) + u(s)]ds, (4.25)

so that x;(-) is left continuous at 7.

Next, on Iy = (71, 7], consider system

p(t) = Ax(t) + f(ta(t) tult), m<t<m, (4.26)

z1(m1") = (I + Bz (1) + 1.

Since z; € X, we can use Theorem 4.2.1 again to get a mild solution on (71, 7]
which satisfying
t
xo(t) =Tt — 1)y (1) + / (T(t — s)f(s,x2(s)) + u(s)]ds. (4.27)
T1
Now, define z5(7) accordingly so that xs(+) is left continuous at 7. It is easy to
see that Theorem 4.2.1 can be applied to interval (71, 73] to verify that xo(m) €
X. Repeat the procedure above, use step-by-step approach on intervals [, =
(Th—1, Tk}, k=3,4,...,0 (1, = Tp) to get a mild solutions
t
rp(t) = Tt —mp_1)xp1(r3 ) + / [T(t — s)f(s,xk(s)) + u(s)]ds.
Tk—1
for ¢t € (14—, 7] and define xy(7;) accordingly with xx(-) left continuous at 7y

and zg(m) € X, k=1,2,...,0.
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Thus we obtain = € PC([0,Tp], X) is a mild solution of system (4.20) and

given by.

z1(t), 0<t<m,
x(t) =
xk(t), Teer <t <m, k=2,3,...,0.

Next, by mathematical induction to show that (4.33) is satisfied on [0, Tp).
First, (4.33) is satisfied on [0,7]. If (4.33) is satisfied on (74_1, 7%, then for

t e (Tkﬂ—k—i—l],

2(t) = wrpa(t) = Tt — me)an(r)) + / T(t = 5)[f (s, 2r41(5)) + uls)lds

Tk

= T(t —m)[({ + Br)x(rs) + ci] + / Tt —s)[f(s;z+1(s)) + uls)lds
= T(t—m)(I+ By) |:U(Tk, 0)zo + /OTk U(t, s)[f(s,2(s)) + u(s)]ds

+ ) T(m- Ti)cz} + Tt — 7)o + / T(t = s)[f (s, p41(s)) 4 uls)]ds

0<T; <Tg

= U(t,0)xo + /OTk U(t,s)[f(s,z(s)) + u(s)]ds + Z Ul(t, ;)

0<T; <Tg

U(t, m)c —i—/ U(t,s)[f(s,z(s)) +u(s)]ds

= U(t,O)xg—i-/o U(t,s)f(s,z(s))ds + Z U(t, ;).

o<r; <t

Thus (4.33) is also true on (7g, Tx+1]. Therefore (4.33) is true on [0, Tp).
Next, we want to show that a mild solution is unique on PC([0, Tp], X).
Suppose that z, y are mild solutions of system (4.20) on PC([0,Tp], X). Then

by Corollary 3.2.4, we have
lz(t) =yl < /O 1O ) oo [1f (s, 2(5)) = f (s, 9(5))]] c ds

t
< ke [ e as) - )l s
0
It follows from Gronwall Lemma, we obtain ||z(t) — y(t)|| =0 for all t € [0, Tp].
That is, x = y. Therefore, system (4.20) has a unique mild solution. This com-

pletes the proof. n
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To study the semilinear impulsive periodic control systems (4.20), define

the operator € : C([0,Ty], X) — C([0,Tp], X) by
Qe =T(t)xo + /0 T(t—s)[f(s,x(s)) + u(s)|ds. (4.28)

Analogous to Theorem 4.1.4 | system (4.22) has a Ty-periodic mild solution if and

only if the following operator equation has a fixed points
x = Qux.

Theorem 4.2.3. If assumptions (A1), (A2) and (A5) hold, then system (4.20)
has a unique Ty-periodic mild solution x € PC([0,Ty], X) and there exists a

constant 3 > 0 such that

[z]lpe < 6.
Proof. Consider the following semilinear control system without impulses,

z(t) = Ax(t) + f(t,z(t)) +u(t), ter,
(t) () + f(t,2(t)) + u(t) (4.29)
x(t) =9, peX,
where v is any subinterval of [0,7;] and 7 is the left end point of ~.
Define B={y | y € C(v,X), y(7) = ¢} and amapping F: B — B by y= Fux,

where y is a solution of the following system,

y(t) = Ay(t) + f(t,z(t)) +u(t), ten, (4:30)
y(m) = o,

Similar to the proof of Theorem 4.1.1, we can show that F is continuous and

compact on B. Next, we want to show that there is a constant 3; > 0 such that

||x||c’(%x> S ﬁl

for all z € B and X\ € [0,1] satisfying = = AFz.
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Let z € C(v,X). We consider the operator equation
x=AFz, Xel0,1]. (4.31)

If z is a mild solution of equation (4.31), then we have

[z@)]lx < MTO 2 x 7ol « +A/O IT(t = ) 2(x, [Ilf(s,ﬂf(S))HX + [lu(s)ll | ds

IN

MMy (ol + (K1 + Ka)Th)
< Mi(llaoll + (Ko + Ko)To) = 81, A€ 0,1),

where  M; = sup |[[T(t—s)ll,y, and Kz= sup [[u(s)]y-
0<s<t<Tp 5€[0,To]

That is, there exists a constant () > 0 such that |z| < B foral ze€B

C(v.X)
and = = AFx where X € [0,1]. This shows that all mild solution of (4.31) are
bounded independently of A € [0, 1]. By Leray-Schauder’s fixed point theorem,
F has a fixed point = € C(vy, X) which is a mild solution of system (4.29). Next,
we want to show that a mild solution is unique on C'(vy, X). Suppose that z, y
are mild solutions of system (4.29) on C'(v, X). By Theorem 2.3.2(1), there exist

constants K >1 and w >0 such that ||7(¢) < Ke*t. Then we have

e
() =y < /O||T(t—S)||L<X)Hf(8,$(8))—f(87y(8))||xd8

t
< Keot / e la(s) — y(s)|| ds.

It follows from Gronwall Lemma, we obtain ||z(t) — y(t)|| =0 for all ¢ € 7.
That is, = = y. Therefore, system (4.29) has a unique mild solution. Furthermore,
a mild solution is a Ty—periodic mild solution.

Now we consider the partition of interval I = [0,Tp]. We define 7 =
(Th—1, 7k}, K =1,2,...,0, where 79 = 0 and 7, = Ty. Consider any arbitrary
interval, say, v and z(7;}) = (I + Bg)z(7) + ¢ € X. By Theorem 4.2.1 and

similar procedure of Theorem 4.2.2, we obtain x € PC([0,T,], X) is a unique
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mild solution of system (4.20) and given by

xl(t)u OStSTla
x(t) =
l’k(t), Te1 <t < 7, k:2,3,...,0'.

x is just To—periodic mild solution of system (4.20). By assumption (A2) and

(Ab), one can verify the priori estimate of solution of system (4.20) that

lz@x < MU0z ox) ol « +/0 1O ) 2x, [Hf(s,x(S))Hx + [lu(s)llx | ds

< M(Jlwolly + (K + Ky)To) = 5,
where M= sup [U(t )],y and Kz= sup [u(s)y.
0<s<t<Tp 5€[0,To]

That is, there exists a constant > 0 such that |z|,. < f. O

4.3 Semilinear Impulsive Periodic Control Systems With
Parameter Perturbations

We consider the semilinear impulsive periodic control system with param-

eter perturbations as the following

#(t) = Aw(t) + f(t, 2(1)) + u(t) + p(t, 2(1),£), t # 7,

Azx(t) = Bra(t) + cx + qr(z(t),€), t =1,

(4.32)

where Az(7) = z(r;7) —x(r;) for all k€ N. In addition to assumptions (A1),
(A2), (A4) and (A5), we introduce the following assumption
Assumption (A6) ;
0
(A6.1) The Fréchet derivative a—f(t, x) exists in [0,00) x X. For each
x
0 0
ye X, t— —f(t,x)y Iis strongly measurable, x+— —f(t,z)y is
Ox Ox
continuous. For every p > 0, there exists a constant Kj3(p) > 0 such that

< K3(p)

L£(X)

|50
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forall ¢t >0 and all x € X such that |z], <p.
(A6.2) p(t,x,&) and qx(x,&) satisfy Lipschitz conditions, i.e. for any (¢, z,¢),

(t,y,€) € [0,00) x B, x [0, &), there exists a constant N(§) > 0 such that

Ip(t,2,8) = p(t, 4, Ol < N(E)lz —yllx

and gk (2, €) = ar(y, )l x < Nz = yllx-

(A6.3) By € L(X) and there exists constant hy(p) > 0 such that

1Br(x) = Be(y)llx < hu(p)llz = yllx,

forall k€ N and all z,y € X such that |z|, [|yl]ly <p.
0

(A6.4) The Fréchet derivative 8—Bk(x) exists in X. For every p >0,
x

there exists a constant hy(p) > 0 such that
< hi(p)

‘ 9,
£(x)

- Bi(x)
forall ¢t >0, ke N and all x € X such that ||z, <p.

4.3.1 Definitions of Solutions

Definition 4.3.1. A function z € PC([0,00), X) is said to be a mild solution of
impulsive system (4.32) with initial condition x(0) = zg € X if x is given by
z(t) = U(t,0)xo + /Ot U(t,s)[f(s,z(s)) +u(s) + p(s,z(s),&)]ds
+ ) Ut 7)len + au(a(m), ).

O<TE<t

Definition 4.3.2. A function z € PC([0,00),X) is said to be a periodic mild

(4.33)

solution of system (4.32) if it is a mild solution and there exists Tj > 0 such that

x(t+ To) = x(t) for all t > 0.

Definition 4.3.3. A function z € PC([0,00),X) is said to be a Ty-periodic
mild solution of system (4.32) if it is a mild solution and x(t+ Tp) = x(t) for all

t>0.
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4.3.2 Existence and Uniqueness of Periodic Mild Solutions

First, we consider the following reference system

o(t) = Ax(t) + f(t,2(t)), t#m,
Ax(t) = Brx(t), U= Tk,

(4.34)

and assume that z, (t) is a Ty— periodic mild solution of the reference system

(4.34) which satisfies

t
z,, (t) = U(t,0)zg +/ U(t,s)f(s,z(s))ds. (4.35)
0
Next, we consider the following variation system

H(1) = Ault) + 5 f o, (O)alt), 1 £ 7
) (4.36)

Ax(t) = %Bk(%o (t))x(t), t =Ty,

and assume that the variation system (4.36) has only trivial solution.

Theorem 4.3.1. Let assumption (A1), (A2), and (A4)-(A6) holds. Suppose

xq,(t) be a Ty-periodic mild solution of the reference system (4.34) satisfies

po= sup |z, (t)-
te[0,To)
Assume that
1. system (4.36) has only trivial solution,

2. let & >0 and ¢, € (0,p— po) such that n <1 with

ni= M ([Kaeo) + Ka(=0)|To + [h(z0) + hu(=0)]o + [Ty + 0] sup N(€))

66[0950]
where
M = sup ||U(t, S)”E(X)’
0<s<t<Tp
_ 0
hi(eo) =  sup a—Bk(@“TO (k) +y(m)||
keN, [y <eo || OF x
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3. the following inequality is valid

sup
tE[O,To}, |§‘§§0

U(t,0)zy + / U(t, 5)[us) + pls, 7, (5),)lds

+ D, U(t»Tk)[Ck+Qk($TO(Tk),§)]H < eo(1—1).

0<7<Tp

Then for any constant p > py > 0, there exists a sufficiently small & > 0
such that for every fized £ € [0,&] system (4.32) has a unique Ty-periodic mild

. é . .
solution s (t) satisfying

|2, (#) =2y (V)| < &0 forall >0 (4.37)
and %I_I}% w5 (1) = ag, (1) uniformly on t.

Proof. Let z(t) =z, (t) + y(?), then we can change system (4.32) into

y(t) ZAy(t)Jra%f(t, 2 (0)y )+ o(t, y(1)) +u(t)+p(s, w4 (1) +y(t), ), t # 7,

(4.38)
Ay(t) =5 Byl ()(0) + 0rly(®) + & + sl (0 450, =
where
ob5(8)) = (1,23, (1) + 9(0) = F(1,71, (1)) — 5Tt (1))
0uy(1)) = Beliy (6 + y(1)) ~ Belay, () — - Bulay, (6)u() "

Let  PC, ([0.Ty); X) := {x € PC(0,Ti}: X) | 2(0) = 2(Ty) }

with norm

lelner, = sup la(t)lx.
€(0,10

Let us define

B:=B(e) = {y € PC ([0, To[; X) | [[Yllpe, <eo} (4.40)
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and an operator €):B — PC, ([0,Tp]; X) such that

Qe)() = U(t.0za-+ | U(t:5) ol () +(s) + plsy, () +(5). ] s

(4.41)
+ Y U m)ow(y(m) + e + gy, (1) + y(7), €)].
0<1<t
If y € B, then
||5L“||chO = |2y, +y||chO
< ||90T0||chO + ||?J||chO
< po+eéo
< po+(p—po) =p.
From equation (4.41), we have
t
Qz, )(t) = U(t,0)x0 +/ Ult, s) [u(s) +p(s,xT0(s),§)] ds
° (4.42)

+ Y Ut m)ler + grlag, (70), €]

0< <t

For any z,z, € B, then we have

192(2) = ()l P,
< /O [UE; 8)ll oo llo(s,y(s)) + p(s, 2g,(s) + (), &) — p(s, 24, (5), §) |l ds

> MU ) ok () + ai (g, (70) +y (7). €) = @iy, (1), )l

<<t

< [ 106 (Hf(t,xTO ()4 9) — F(t 0 (5)) — (L ()

X

Hlps, 4, (5) + 9(5). ) = pls,, (). ) ) ds
+ Z ||U(t=7—k)||g()()(

0<m, <t

Bi(@x, (7) + ) = Bi(@, (7)) = 5 Br(@s, (70))y

e, (76) + 5(72),€) = au(2, (7))l )
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< [ 10, (r\f<t,xTo<s> ) = £t DI+ | 5L, ()

X

Hp(s, 4, (5) + (), €) = pls. 2, (), )l ) ds

+ Y UG T) e (IBr(g, (1) + ) = By, (7))

<<t

0

== Bi(w,, (7))y

+8x

Nk, (76) + 9(7), €) = @u(2r, (72),€)1x )

X

< M ([Ka(=0) + Ks(2o) + N(E)]To + [ha(e0) + (o) + N(€)]o ) |2 =, |l ey

Let us choose & >0 and ey € (0,p — po) such that n <1 with

= M ([Ka(e0) + Kse0)|To + [u(c0) + hulzo)lo + [To + o] s N()). (4.43)

So 192(z) = Qzp ) por, < nlle =25 l|por, (4.44)
It follows from (4.42), (4.44,) and assumption (3) that

192(2)] | pog, < 11Qx) = Qzg)llpor, + 11225l por,
<l =z lpog, +€0(1 —n)
<mneo+eo(l —1n) = eo
from which we know that (x) € B, then 2 :B — B is a contraction mapping.
Therefore, there exists a unique fixed point w;(¢) € B. From the fact that y;(¢)

is a solution of system (4.38), we know % (t) = 2, (t) +y:(t) is a Ty periodic

mild solution of (4.32) and satisfies

25, (1) = 2, (O]l = 1. ()] < <.

So we have %1_{% .7:30 =z, (1) uniformly on t.

This completes the proof. Il



CHAPTER V

APPLICATIONS

In this chapter, to illustrate the application of our work, we apply Theo-
rem 4.1.5 to prove the existence of periodic mild solution of systems governed by
semilinear partial differential equations of parabolic types with impulses.

The first part of this chapter is about basic concepts of Sobolev spaces
and related results. The second part consists of our example that we introduce

constructively to show how our abstract results can be applied.

5.1 Terminology

In the following we use y = (y1,%2,...,¥y,) to be a variable point in the

n-dimensional Euclidean space R™. For any two such points y = (y1, Y2, .- -, Yn)

n
and z = (21,29,...,2,) Weset y-z= Zyizi and |y]* =y -y.
i=1
An n-tuple of nonnegative integers « = (ay, @, ..., q,) is called a multi-

index and we define
n
af = E Q
i=1

and

a1, 02

Yy =ytyst oyt for oy = (e, Yn)-

0
Denoting D;, = o and D = (Dy,Ds,...,D,) we have
Yk

0™ 0*2 0%n
DY =D{Dg? Do = ‘
Y1 0y, Oyom

Let Q be a fixed domain in R™ with boundary and closure 2. Assume that

09 is sufficiently smooth, e.g., Q) is of the class C* for some suitable & > 0,
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this means that for each point y € 9€) there is a ball B with center at y such
that Q2N B can be represent in the form y; = (y1,...,Yi—1,Yit1,.--,Yn) for
some 7, and ¢ is a k—times continuously differentiable function.

For a nonnegative integer m, we denote by C™(Q)(resp. C™(Q)) the set
of all m—times continuously differentiable real-valued or complex-valued functions
in Qresp.Q, by CP*(Q) the subspace of C™() consisting of those functions

which have compact support in (2.

For x € C™(2) and 1< p < oo, we define

lellog = | [ 32 1Dvapy | 6.1

2 |aj<m

Also for p=2 and u,v € C™(R2), we define

(U, V) :/Q Z D*uD*udy. (5.2)

jaf<m
Let CA';”(Q) be the subset of C™(§2) consisting of those function z for which
|Z||m,p < co. We define W™P(Q) and Wy ""(2) to be the completions in the
norm ||+, of C’;”(Q) and C{'(€2), respectively. The space W™P(§2) consists
of function z € LP(Q) whose derivatives D%z in the sense of distribution,
of order |a| < m are in LP(Q2) and Wy "P(Q) is the closure of CJ'(f2), in
WmP(Q).

It is well known that W™P(Q2) and W7 "P(€) are Banach spaces with the
usual norm || - ||, Then W™P(Q) is separable, uniformly convex and hence

reflexive. Let
H™Q) =W™Q) and HPQ) = W]*(Q).

The spaces H™(Q2) and H["(€2) are Hilbert spaces with the scalar product (-, -)
is given by (5.2). The following embedding theorem describes various relations

among the above spaces.
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Theorem 5.1.1. (Sobolev) The following relations among W™P(Q), C™(Q2) and

LP(Q) hold ;
1. Wme(Q) c Wm™r(Q) if 1 <r <p and the embedding is continuous.

2. Wmr(Q) € WH(Q) if 1 <r, p < oo,j and m are integers such that

1 1 om
0<j3<m and — > —+ J_m and the embedding is compact.
p r n on

3. Wm(Q) € Lms(Q) if mp <n and there exists a constant ¢ such that

[2llo, 22 < crll@llmp  for x€ WTP(Q).

4. WmP(Q) C CH(Q) if 0 <k <m— " and there exists a constant co such that
b

sup{|D*z(y)|; la| <k, y € O} < cof|zllmyp  for =€ W™(Q).

5. (Poincaré Inequality) There exists a constant ¢ = c(§) such that
inf |2+ klloz < () Valoa for =€ HY(Q)

Since O is smooth, C°°(Q?) is dense in Wi"P(Q) and Lo(S2), Wy""(Q2)
is dense in L9(Q2). From Sobolev’s embedding theorem, we have that the
embeddings

C™(Q) — W"P(Q) — Lao(Q).

For any ¢ = k+n > 0, where k is a nonnegative integer and 7 €
(0,1), C°(Q) denotes the Banach space consisting of those functions belonging
to CF(Q) whose derivatives D% of order |a| = k satisfy a uniform Holder
condition with exponent 7. The norm in this space is defined as

lellem@) = lellox + Y (D],
la|=k

with

[U] _ sup |U(y) - U(Z)‘ ]
Y, 2€Q, y#2 |y — 2|7
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5.2 Example

In the following, we give some examples of the existence of periodic mild

solution of semilinear impulsive periodic systems.

Example 5.2.1. Consider

ox(t, 02z (t,
T = Tl A ety veQ t4n, T

Az(tg,y) = Bra(ty,y), t=m, k=0,1,2,...,0,

(5.3)
513'(0, y) = x(Tmy)a on Q,

z(t,y)lon =0, te|0,Tl,

where Az(7;) = z(r;f) — (7)) and Q C R™ is a bounded open domain with
2

C?—boundary. Take X = L*(Q), A := 6a_y2 with domain D(A) = {H*(Q) N
H}(Q)}. We suppose that f; satisfies the following assumption :

(F) f1:]0,00) x R — R is an operator such that fi(t + Ty, z) = fi(t,x)
and t — fi(t,x) is strongly measurable. For every p > 0 there exist constants

My, My > 0 such that

[f1(t, 2)] < My

and |fi(t, ) — fi(t,y)| < Malo —y,

forall t > 0 and all z,y € R.

Define z(t)(y) = z(t,y) and Byz(ty) = fr(tr)x(tx) where fp € L®(Q).
Then it is clearly that By satisfies assumption (A1.3). Given 2z € X, define

mappings f :[0,7p] x X — X by
f(t,Z)(y) = fl(tvz<y))'

In order to apply Theorem 4.1.5 we have to show that f take value in X

and satisfies assumption (A5).
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Lemma 5.2.2. f(t,z) satisfies assumption (A5) in Section 4.1.

Proof. Since f(t+ Tb,2)(y) = fi(t + 1o, 2(y)) = fi(t, 2(y)) = f(t, 2)(y), so that
f(t+ Ty, z) = f(t,2). Next, we show that f takes value in X. Since f(¢,z2)(y) =
fi(t, z(y)), we obtain for almost all ¢ that
[leampay= [ 15 =Py
Q Q
< /Q Midy < oo,

since € is bounded. This show that f(t,z) € L?(2) for almost all ¢ and all
z € X, so that f is well defined on [0,75] x X. Next, we show that f(t,-)

satisfies a Lipschitz condition. For any z;, 2o € L*(2), we have
1t 21) = f(t, 22) 1720y = /Qlf(t, 21)(y) — f(t 22)(y)|*dy
= [ 1A = it ) P

< M / 21(y) — 22 Py = M1 — 22

for almost all t. Hence f(¢,-) satisfies a Lipschitz condition for almost all ¢.

This shows that f satisfies assumption (A5). O

Thus system (5.3) can be written as

#(t) = Az(t) + f(t,2(t), ¢ # 7,
Ax(ty) = Bra(ty), t=m, k=0,1,2,...,0, (5.4)
z(0) = z(Tp).
Obviously, it satisfies all the assumptions given in our former Theorem 4.1.5,

our result can be applied to system (5.3).
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Example 5.2.3. Consider
Oz(t,y)  Pa(t,y)
ot 0y?
Az(tg,y) = —x(tr,y), t=m,, k=0,1,2,..., 0,

+sint, ye, t#m, tel0,Ty,
(5.5)
:U(O, y) = LU(T(),y), on Q7

.I'(t, y)|8Q - 07 le [O’ TO]:

where Az(7;) = z(r;f) — (7, ) and Q C R™ is a bounded open domain with
2

C?—boundary. Take X = L*(Q), A := % with domain D(A) = {H*(Q) N
Y

Hi(2)}. Define z(t)(y) = x(t,y), f(t,z) = sint and Byz(ty) = —x(t). Then it

is clearly that Bj and f satisfy assumption (A1.3) and (A5), respectively. Thus
system (5.5) can be written as (5.4). Since it satisfies all the assumptions given in

our former Theorem 4.1.5, our result can be applied to system (5.5).



CHAPTER VI

CONCLUSIONS

6.1 Thesis Summary

In this thesis, we have studied the existence of periodic mild solutions for
linear and semilinear impulsive periodic systems with impulses, in these case where

the operator involved is the infinitesimal generator of Cjy-semigroup.

6.1.1 Problems

This thesis has considered the following problems :
1. Linear periodic systems with impulses :
1.1 Existence of periodic mild solutions for the homogenous linear impulsive

periodic systems.

x(t) = Ax(t), t # 14,
Az(t) = Brx(t), t =1,

(6.1)

where Az(7;.) = z(1;f) — z(7,) for all k € N.

1.2 Existence of periodic mild solutions for the nonhomogenous linear im-

pulsive periodic control systems.

x(t) = Az(t) + u(t), t # T,

Ax(t) = Brx(t) + cx, t =1,

(6.2)

where Az (7,) = x(r;7) — (7)) for all k € N.
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1.3 Existence of periodic mild solutions for the linear impulsive control

systems with parameter perturbations.

B(t) = Ax(t) + u(t) + p(t, x(t), &),  t# 7,

(6.3)
Ax(t) = Bra(t) + cx + qr(z(t), ), t=Tp,

where Aux(7,) = x(1;f) — (7)) forall keN.

2. Semilinear periodic systems with impulses :

2.1 Existence of periodic mild solutions for the semilinear impulsive systems

#(t) = Ax(t) + f(t,2),  tF# T,
A.T(t) :Bkl'(t), t:Tk,

(6.4)

where  Aux(r,) = z(1;}) — (7)) forall keN.

2.2 Existence of periodic mild solutions for the semilinear impulsive control

systems.
B(t) = Ax(t) + f(t,z) +ut), ¢ # 7%,
Ax(t) = Brx(t) + c, t =Tk,
where  Az(r,) = z(1;}) — z(7;) for all ke N.

2.3 Existence of periodic mild solutions for the semilinear impulsive control

systems with parameter perturbations.

#(t) = Ax(t) + f(t, 2(1)) +u(t) + p(t, 2(1),£), t # T,

(6.6)
Ax(t) = Bra(t) + ¢, + qr(x(t), ), t =1,

where Aux(7,) = z(r;7) — (7)) forall keN.
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6.1.2 Assumptions

Assumption (A1) ;
(Al1) 0= <m<m<...<T(<..., T >0 as k— oo and
there exists a positive integer ¢ such that 7., =7 + Ty for all k€ N.
(A1.2) A is the infinitesimal generator of a Cy—semigroup {T'(¢),t > 0} in X.

(A1.3) By € L(X) such that By,, = B.

Assumption (A2) ;
(A2.1) A is the infinitesimal generator of a compact semigroup {7'(¢),t > 0}
in X.
(A2.2) ue PC(]0,00),X) such that u(t+ Tp) = u(t).

(A2.3) ¢, € X and ¢y = ¢ forall ke N.

Assumption (A3) ;
(A3.1) A* is the infinitesimal generator of the adjoint semigroup {77(t),t > 0}
in X*.
(A3.2) By € L(X*) such that By, , = Bj forall kecN.

Assumption (A4) ;
(A4.1) p(-,2,€) € PC([0,00),X) such that p(t+ Tp,x, &) = p(t,z, &) for all
(t,2,€) € [0,00) x B, x [0,&].
(A4.2) q, € C(B, x [0,&],X) such that gpio(z,§) = qu(z,§) forall ke N
(A4.3) For each (t,z,€) €[0,00) x B, x [0,&], there exists a nonnegative

function (&) such that

lim x(€) = x(0) = 0

for all £ € N.
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Assumption (A5) ;
(A5) f:]0,00) x X — X is an operator such that f(t + Ty, z) = f(t,x) and
t — f(t,z) is strongly measurable. For every p > 0, there exist constants

Ki(p), K2(p) >0 such that
17t 2)]x < Kilp)

and 1t 2) = fty)llx < Kalp)llz =yl

forallt > 0 and all z,y € X such that ||z],, ||lyllx < p-

Assumption (A6) ;
0
(A6.1) The Fréchet derivative Ep f(t,x) existsin [0,00) x X. For each
x
0 0
yeX, t— a—f(t,x)y is strongly measurable, z+— a—f(t,x)y is
x x

continuous. For every p > 0, there exists a constant K3(p) > 0 such that

< K3(p)

L(X)

0
—J(t
|5 s2)
forall t>0 andall 2 € X such that ||z|, < p.

(A6.2) p(t,x,&) and qx(z,&) satisfy Lipschitz conditions,i.e. for any (¢,x,&),

(t,y,€) € [0,00) x B, x [0, &), there exists a constant N(§) > 0 such that

Ip(t, 2, €) = p(t,y, Ol < Nz —yllx

and gk (2, €) = ar(y, )l x < Nz = yllx-

(A6.3) By € L(X) and there exists constant hg(p) > 0 such that

1Br(z) = Br(y)llx < hi(p)llz = yllx,

forall k€N and all z,y € X such that ||z, [y < p.

0
(A6.4) The Fréchet derivative 8—Bk(:c) exists in  X. For every p > 0,
T

there exists a constant hy(p) > 0 such that
< hi(p)

‘ 0
L(X)

=-Bi(x)
forall t >0, ke N and all x € X such that ||z, <p.




101

6.1.3 Results

The main results of this thesis are summarized as follows :

Theorem 6.1.1. Let assumption (A1) hold. The system (6.1) has a periodic mild

solution if and only if the operator U(T,,0) has a fized point xy € X.

Theorem 6.1.2. Let assumption (A1) hold. Furthermore, assume that A is the
infinitesimal generator of a compact semigroup {T'(t),t > 0} in X. Then system
(6.1) either has a unique trivial solution or have finitely many linearly independent

nontrivial periodic mild solutions in PC([0,00), X).

Theorem 6.1.3. If system (6.1) has only trivial solution , then system (6.2) has

a unique Ty-periodic mild solution
To
00 = V0= U0 ([ U, uls)
0

+ Z U(TO,Tk)Ck)+/O U(t, s)u(s)ds (6.8)

0<7<Top

+ ) Ut 7).

o< <t
Theorem 6.1.4. Assume that (A1) and (A2) hold. Furthermore, assume that

X is a Hilbert space and u € Lj ([0,00), X). If the system (6.1) have m lin-

loc

early independent periodic mild solutions x', z?,..., 2™ with 1 <m<n

where x° are periodic mild solutions of the system (6.1) corresponding to initial

conditions x'(0) = zi, i =1,2,...,m, then

1. the adjoint system (A.19) also have m linearly independent periodic mild

solutions y*, %, ..., y™.

2. system (6.2) has a Ty-periodic mild solution if and only if

(y,2z)=0, (6.9)



102
where y € X* satisfying
[ = U(Ty,0)]ly =0 (6.10)

To
and z::/ U(Ty, s)u(s)ds + Z U(To, )k,
0

0<71<Tp

or if and only if

| s+ 3 (w0 =o. (6.11)

0<71<Tp
Furthermore, let z,(t) be a particular Ty-periodic mild solution of system (6.2),

each Tp-periodic mild solution of system (6.2) has the the form
z(t) = x4(t) + Z ;7' (t),
i=1
where «;, 1 =1,2,...,m, are constants.

Theorem 6.1.5. If system (6.2) has a bounded mild solution, then it has at least

one Ty-periodic mild solution.
Corollary 6.1.6.

1. Assume that system (6.2) has no Ty-periodic mild solution, then all of its

solutions are unbounded for t > 0.

2. Assume that system (6.2) has a unique bounded mild solution for t > 0,

then this solution s Ty-periodic.
Theorem 6.1.7. Let assumptions (A1), (A2) and (A4) hold. Assume that
1. system (6.1) has only trivial solution,
2. the following inequality is valid
po= sup g (Dllx < p (6.12)

te(0,To]

where p be any positive real number,
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3. p(t,x, &) and qi(x,€) satisfy Lipschitz conditions, i.e. for any (t,x,¢§),

(t,y,€) € [0,00) x B, x [0,&], there exists a constant N(§) > 0 such that

Hp(t,l’,§) _p(t7y7£)Hx < N(§)||l’ - yHX

and lge(z,€) — an(y, )« < N[z —yll-

Then for any constant p > py > 0, there exists a sufficiently small & >0 such
that for every fizred & € [0,&)] system (6.3) has a unique Ty-periodic mild solution

:cgo (t) satisfying

25, () — 24 ()l < p— po (6.13)
and
; '3 _
lim 27, () = 7, (t) (6.14)

uniformly on t.
Theorem 6.1.8. Let assumptions (A1), (A2) and (A4) hold. Assume that
1. system (6.1) has only trivial solution,

2. the following inequality is valid

po= sup |lzg (Bl <p (6.15)
te[0,00]

Then for any constant p > pg > 0, there exists a sufficiently small & > 0 such
that for every fivzed & € [0,&] system (6.3) has a unique Ty-periodic mild solution

x‘fTO (t) satisfying

|25, () — 24, (D)l < p— po- (6.16)
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Theorem 6.1.9. If assumptions (A1) and (A5) hold, then system (6.4) has a
unique Ty-periodic mild solution x € PC([0,Ty], X) and there exists a constant

6 > 0 such that

2]l pe < 5.

Theorem 6.1.10. If assumptions (A1), (A2) and (A5) hold, then system (6.5)
has a unique Ty-periodic mild solution x € PC([0,Ty],X) and there exists a

constant 3 > 0 such that

2]l e < 8.

Theorem 6.1.11. Let assumption (A1), (A2) and (A4)-(A6) holds. Suppose

xq,(t) be a Ty-periodic mild solution of the reference system (4.34) satisfies

po= sup |z, (t)-
t€[0,T0]
Assume that
1. system (4.36) has only trivial solution,

2. let & >0 and €, € (0,p— py) such that n <1 with

0= M([KQ(EO) + Ka(eo)|To + [hi(co) + hu(0)]o + [To + o] sup N(§)>

66[07501
where
M = sup ||U(t, S)HE(X),
0<s<t<Tp
_ 0
hi(g0) = sup a_Bk'<xTO (7e) +y(7))||
keN, [y <eo || OF

X
3. the following inequality is valid

sup
t€[0,To], 1€]<&o

U(t,0)xo + /0 U(t,s)u(s) + p(s,z, (s),6)]ds

+ Z U<t77-k)[ck + Qk(xTO (ﬂc)?f)]H < 80(1 - 77)'

0<1<To
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Then for any constant p > py > 0, there exists a sufficiently small & >0 such
that for every fized & € [0,&] system (6.6) has a unique Ty-periodic mild solution

xio (t) satisfying

|28 (8) =2, (O] <20 forall t>0 (6.17)
and %1_{]% 3730 (t) =z, (1) uniformly on t.

6.1.4 Applications

All results of the abstract framework in this thesis can be applied to semi-
linear partial differential equations of parabolic types with impulses. The example
concerning second order semilinear parabolic impulsive differential equation was

given. We prove the existence of periodic mild solutions.

6.1.5 Suggestion for Further Work

We should observe that further problems can be considered. For instance,
how to deal with the relaxation and optimal control for impulsive periodic control
problem. Discuss existence of almost periodic solution for linear and semilinear
impulsive control of almost periodic systems. Furthermore, we can consider other
application problems and computation algorithm. We will continue to study in

this field.
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APPENDIX A

PUBLICATION

IMPULSIVE PERIODIC CONTROL SYSTEM WITH

PARAMETER PERTURBATIONS*

S. Hinpang, X. Xiang and P. Sattayatham

Abstract : In this paper, we study the existence of periodic solution for impulsive
periodic control system with parameter perturbations on infinite dimensional space, in
these cases where the differential operator involved is the infinitesimal generator of Cj-

semigroup.

Keywords : Impulsive differential equation, semigroup, periodic solution, Banach
space.

2000 Mathematics Subject Classification : 34A37, 34G10, 34K13.

A.1 Introduction

The impulsive differential equations appear to a natural framework for mathe-
matical modelings of several real world phenomena. For instance, systems with impulse
effects have applications in physics, in biotechnology, in population dynamics, in optimal
control and so on. For an introduction to the theory of impulsive systems, we refer the

reader to see in [4]. In the framework of impulsive differential equations, some exis-

*S. Hinpang, X. Xiang and P. Sattayatham (2006), Thai Journal of Mathematics, Volume

4 Number 1 : ppl07-125
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tence result of periodic solutions for impulsive periodic control systems with parameter
perturbations on finite dimensional space has been studied by many authors in [2] and
[6].

However, the investigation of the existence of periodic solutions for impulsive
periodic control systems with parameter perturbations on infinite dimensional space
have not been study. We apply the semigroup theory (see [1] and [5]) and fixed point
theorems (see [3] and [7]) for impulsive systems, we establish conditions for ensuring
that the system has a unique periodic solution.

The organization of this paper is as follows. Firstly, in Section 2, we introduce
some definition of impulsive evolution operator and prove the existence of periodic solu-
tion for homogeneous linear impulsive periodic system by using fixed point theorem and
Fredholm alternative theorem. In Section 3, nonhomogeneous linear impulsive periodic
control system is investigated, we prove the existence of periodic solution by using prop-
erties of compact operators and boundedness of solution. Finally, in Section 4, we prove
the existence of periodic solution for impulsive periodic control system with parameter

perturbations by using fixed point theorems.

A.2 Impulsive Evolution Operator and Homogeneous Lin-

ear Impulsive Periodic System

Throughout this paper X will denote a Banach space with norm |||, and
L(X) denote the space of all bounded linear operators on X. Let PC([0,Tp]; X) be the
space of all functions z : [0,Tp] — X, x(t) is continuous at t # 73, left continuous at
t = 1 and the right limit x(le) exists for k=1,2,...,0, where 0 =7 < 71 <7 <
. < Too1 < To =Ty < o0, which is a Banach space with the norm
lzllpc = sup |[lz(t)]|x-

t€[0,To)

In this paper, we study the existence of periodic solutions for impulsive periodic
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control systems with parameter perturbations on infinite dimensional space,

#(t) = Ax(t) +u(t) +p(t,2,8),  t#m,

Az(t) = Brx(t) + ¢ + qr(z,§), t=7., keN

(A1)

where Az(r) = x(r;") — 2(7, ). Suppose that the system (A.1) satisfy the following

assumptions (A1), (A2), and (A3).

(A1.1)

(AL.2)
(AL3)
(A2.1)
(A2.2)

(A3.1)

(A3.2)

(A3.3)

D=1 <T<nm<..<mp<.. 17 —0 as k — oo and there exists a

positive integer o such that 744, =7 +7p for all k€ N.

A is the infinitesimal generator of a Cy-semigroup {7'(¢),t > 0} in X.
By, € L(X) such that By, = By for all k€ N.

u € PC([0,00),X) such that wu(t+ Tp) = u(t) for all ¢ > 0.

cp € X such that cxs =c¢; forall ke N

For each p >0 and z € B, := {z € X |||z]x < p}. p(-,2,§) € PC([0,00), X) such

that p(t + To,2,€) = p(t,2,€) for all (f,2,€) € [0,00) x B, x [0, &.

g € C(B, x [0,&),X) such that grio(z,§) = qx(z,&) for all k¥ € N and

(x,6) € B, x [0,&)].

there exists a nonnegative function x(§) such that
Ip(t 2, Ol x < x(&), llan(z, &)l <x(§) and gig%x(f) =x(0)=0 (A2)
forall k€N and (t,2,£) € [0,00) x B, x [0, &o).

For the system (A.1), we give the following definition.

Definition A.1. Let Assumption (A1) hold. An operator value function U(t,s) with

values in L£(X), defined on the triangle A={0<s<t<a} with ¢ s€ (71, 7%
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for all k € N, given by

,

T(t—S), Tk—1 SSStSTk)
T(t—Tk)(I—i-Bk)T(Tk—S), Tk,1<8§7'k<t§7’k+1,
Ult,s) = k (A.3)
T(t—m) | [[ U+ B)T(rj—75-1)| I+ B)T(7 — s),
j=i+1
fori<k, o1 <s<m<...<Tp<t<Tper

is called an impulsive evolution operator.

Proposition A.1. Let assumption (A1) hold and {U(t,s),0 < s <t <a} be a family
of impulsive evolution operators. For each fixed Ty = 17, > 0, then the following are

satisfied :
(i) U(t,t) =1, the identity operator on X ;
(ii) U(t,s) =U(t,r)U(r,s) forall 0<s<r<t<a;
(iii) U(t+ KTy, s+ KTy) =U(t,s) for all K €N and 0<s<t<Ty with Ty <a.

(iv) U(t,0) = U(£,0)[U(Tp,0)|™ where t =t + MTy for all t € [0,Ty] and M €

N U {0}

Corollary A.2. Let assumption (A1) hold and {U(t,s):0<s <t <a} be a family of

impulsive evolution operators, then

sup ||U(t,s)
0<s<t<a

||£(X> < oo forall a>0.

Definition A.2. A function z € PC([0,00);X) is said to be a mild solution of the
system (A.1) with initial condition x(0) =z if = is given by
t
x(t) = U(t,0)zo + / U(t, s)[u(s) + p(s,z,§)|ds + Z U(t, m)[ck + qr(x,&)]. (A.4)
0 0<Tp<t
Definition A.3. A function x € PC([0,00);X) is said to be a periodic solution of the

system (A.1) if there exists Tp > 0 such that x(t + Tp) = z(¢) for all ¢ > 0.
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Definition A.4. Function z € PC([0,00);X) is said to be a Ty-periodic solution of

the system (A.1) if z(t + Tp) = =(t) for all £ > 0.

First, we consider the homogeneous linear impulsive periodic system,
i(t) = Ax(t),  tF# Tk,
Az(t) = Brx(t), t=1, keN.

where Az(r;) = z(r7) — z(r, ) and satisfies the assumption (Al).

For the system (A.5), we give the following definition.

Definition A.5. A function x € PC([0,00);X) is said to be a mild solution of the

system (A.5) with initial condition x(0) =z if x is given by
z(t) = U(t,0)xg

where

(), 0<t<m,

U(t,0) = k (A.6)
T(t — 1) H(I +B)T(1j —7j—1) |, T <t < Thy,
j=1

for all kK € N.

Remark A.1. If {T'(¢),t > 0} is a compact semigroup in X, then U(¢,0) is a compact

operator. Particularly, U(Tp,0) is also a compact operator.

Theorem A.3. Let assumption (A1) hold. The system (A.5) has a periodic solution if

and only if the operator U(Ty,0) has a fized point xo € X.

Proof. Let z(t) be a periodic solution of system (A.5). Suppose 2:(0) = xg be the initial
condition of system (A.5), then x(7p) = x(0) = zo. Since z(Tp) = U(Tp,0)xo, then
xo = U(Tp,0)zg. That is, the operator U(Tp,0) has a fixed point zy € X. Conversely,
assume that xo be a fixed point of U(7p,0). Use z( as the initial condition of system

(A.5), then the solution is z(t) = U(t,0)xg where t =t+ MT, for all ¢ € [0,7p] and
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M € NU{0}. By assumption and Proposition A.1 (4), we have x(t) = z(t + MTp) =
U(t,0)[U(To,0)]Mzg = U(t,0)zg = x(f). Hence = is a periodic solution of system

(A.5). 0

Theorem A.4. Let assumption (A1) hold. Furthermore, assume that A is the infinites-
imal generator of a compact semigroup {T'(t),t > 0} in X. Then system (A.5) either has
a unique trivial solution or have finitely many linearly independent nontrivial periodic

solutions in PC([0,00), X).

Proof. Since U(Tp,0) : X — X is a compact linear operator, then by applying Fred-
holm alternative theorem (see[3]), we obtain U(Tp,0) satisfy Fredholm alternative that
either (a) or (b) holds: (a)The homogenous equations [I — U(Tp,0)]x = 0 have only
the trivial solution = 0. That is, U(Tp,0) has only a unique fixed point x = 0
( i.e., by theorem A.3, this means that system (A.5) has a unique trivial solution).
(b) The homogenous equations [I — U(Tp,0)]x = 0 have nontrivial solutions, then all of
linearly independent nontrivial solutions are finite. Suppose all of nontrivial solutions
xé,mg,..., x" be such that [I — U(TO,O)]mf) =0,72=1,2,....,m. So xé,xg,...,:com
are fixed points of U(Tp,0). Again by Theorem A.3, this means that system (A.5)

1 ,.2 m

have periodic solutions, say z',22%,...,2™ where 2’ are the solutions of system (A.5)

i

0, @ = 1,2,...,m. Hence the number of

corresponding to initial conditions z¢(0) = z

linearly independent nontrivial periodic solutions of system (A.5) are finite. O]

A.3 Nonhomogeneous Linear Impulsive Periodic Control

System

We consider the following nonhomogeneous linear impulsive periodic control sys-

tem,

#(t) = Az(t) +u(t), t#m, (A7)

Ax(t) = Bra(t) + cx, t=1k k€N
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where Axz(7,) = (1)) — (7, ) and A is the infinitesimal generator of a compact

semigroup {7'(t),t > 0} in X. Suppose that system (A.7) satisfy the assumptions (A1)
and (A2).

For system (A.7), we give the following definition.
Definition A.6. A function z € PC(]0,00),X) is said to be a mild solution of system

(A.7) with initial condition x(0) = zg and the input u € L} ([0,00), X) if x is given by

loc

t
z(t) = U(t,0)xo +/ Ul(t, s)u(s)ds + Z Ul(t, )k, (A.8)
0 0<7p<t
for all k€ N.
To be able to apply the method in Pazy [5], we also need the following lemma.

Lemma A.5. ([5]) Consider the nonhomogeneous initial value problem

@(t) = Ax(t) +u(t), t>0; (A.9)

x(0) = xo.
If u € L}, ([0,00), X), then for every zp € X the initial value problem (A.9) has

a unique solution which satisfies
t
(t) = T(t)zo + / T(t— syu(s)ds, 0<t<Th. (A.10)
0

Theorem A.6. If assumptions (A1) and (A2) hold, then system (A.7) has a unique

mild solution x € PC([0,To], X).
Proof. For t € [0,71], Lemma A.5 implies that system
(t) = Az(t) +u(t), 0<t<m7, xz(0)=wx, (A.11)
has a unique mild solution on I = [0,7;] which satisfies
t
xz1(t) = T(t)xo +/ T(t — s)u(s)ds, te€[0,7]. (A.12)
0
Now, define

x1(m) =T (1) + /OT1 T(m — s)u(s)ds, (A.13)
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so that x1(-) is left continuous at 1.

Next, on Iy = (71, T2, consider system
(IZ(t) :Am(t)—i—u(t), 1 <t< 19, 1'1(7'1_'—) = (I—i—Bl):Cl(Tl)—i-Cl, (A.14)

Since z1 € X, we can use Lemma A.5 again to get a unique mild solution on (71, 73]
which satisfying
t
z2(t) =T(t — 1) [(I + B1)z1(m1) + 1] + /T1 T(t — s)u(s)ds. (A.15)
Now, define x5(72) accordingly so that zo(+) is left continuous at 75.
It is easily seen that Lemma A.5 can be applied to interval (1, 72] to verify

that zo(72) € X. It is also easily seen that this procedure can be repeated on I =

(Th—1,7k], k=3,4,...,0 (1o = Tp) to get a mild solutions

xp(t) = T(t—74-1)[({ + Br—1)xp—1(76—1) + c—1] + /t T(t — s)u(s)ds.

Tk—1

for t € (7%, 7] and define zx (1) accordingly with zx(-) left continuous at 7, and
rp(k) € X, k=1,2,...,0.
Thus we obtain x € PC([0,Tp], X) is a unique mild solution of system (A.7) and

given by.

Qfl(t), OStSTla
(t) =
:L’k(t), 1 <t<T, k=2,3,...,0.

O]

Next, by mathematical induction to show that (A.8) is satisfied on [0, Tp]. First,

(A.8) is satisfied on [0, 71]. If (A.8) is satisfied on (71, 7%], then for ¢ € (73, Tk41],

x(t) =axp1(t) =Tt — 1) [({ + Br)x(1) + ] + /t T(t — s)u(s)ds

Tk

=Tt —1) + Br)x(ri) + T(t — 1) ex + /t T(t — s)u(s)ds

Tk

= T(t — Tk)([ + Bk) [U(Tk,())l'o + /OTk U(Tk, s)u(s)ds + Z U(Tk,Ti)Ci]
0<7; <71
+T'(t — i) cx + /t T(t — s)u(s)ds

Tk
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t

=U(t,0)zo + /OTk U(t, s)u(s)ds +/ U(t, s)u(s)ds

Tk

—+ ZOSTz‘<Tk U(t, Ti)ci + U(t, Tk)ck

t
:U(t,O)mo+/ U(t,s)u(s)ds+ > Ult,:)e
0

0<r; <t
Thus (A.8) is also true on (7, 7x11]. Therefore (A.8) is true on [0, Tp).

If x(t) is To-periodic solution of system (A.7), then we have x(Ty) = z(0) ; namely,

To
[I—U(TO,O)]x(O):/ U(To, s)u(s)ds + Y U(To,m)c (A.16)
0 0<7<Tp

We consider into 2 cases.
Case 1 : [I — U(Tp,0)] exists

Theorem A.7. Let assumptions (A1) and (A2) hold. Assume that [I — U(Tp,0)]!
exists and system (A.5) has no nontrivial periodic solution , then system (A.7) has a

unique Ty-periodic solution

zp, () =U(t,0)[I — U(Tp,0)] ! ( To, s)u(s) ds
)

I
v

Ju(s)
t,s)u(s)ds

+ Z U(To,Tk cr | +
0<7,<Top

+ > Ult,m)e (A.17)
0<T, <t

Proof. Suppose that [I — U(Tp,0)]~! exists and system (A.5) has only trivial solution.
Then (A.16) gives

To
$(0) - [I - U(T07 O)]_l /(; U(T07 S)U(S)ds + Z U(T(),Tk)ck = Tg.

0<,<Top

Substitute z(0) = x( into equation (A.8), we get

x(t) = U(t,0)[I — U(Tp,0)] < To, s)u(s) ds

To
| @)
0
+ Z U(To, mx)c —}—/OtU(t,s)u(s)ds

+ Z U(t,Tk)Ck. (A.18)
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which is a mild solution of system (A.7).
Next, we want to show that a mild solution is unique and is Ty-periodic. Suppose
that y(t) = x(t + Tp) is a mild solution of system (A.7).

By Proposition A.1(3), we obtain

t+To
y(t) = x(t + Tp) = U(t + T, 0)zo + / Ut + Tp, s)u(s)ds
0

+ ) Ul+To,m)en
0<1, <t+Tp

To
=U(t + To, To)U(To,0)xo + / U(t + To, s)u(s)ds + Z U(t + To, 7 )ck
0

0<7<To

t+To
+/ U(t+ To, s)u(s)ds + Z U(t + To, Tr)ck
To To<mi<t+Tp

To
— U(t,0)U(Ty, 0)zo + / Ut + T, To)U (To, s)u(s)ds
0
t
+ Z U(t+To,T0)U(T0,Tk)Ck+/ U(t, s)u(s)ds + Z U(t, m)ck
0<7, <To 0 0< <t

To
=U(t,0)U(Tp,0)zo + U(t,0) / U(Ty, s)u(s)ds + U(t,0) Z U(To, )k
0 0<71<Tp

+ /0 tU(t,s)u(s)ds—i— > Ut )

o< <t

To
= U(t, O) U(T(), 0)$0 + /() U(Tg, s)u(s)ds + Z U(Tg, Tkz)ck

0<1,<To
—i—/o U(t, s)u(s)ds +0§zﬂ;<tU(t’Tk)Ck
:U(t,O)x(To)—i-/O U(t, s)u(s)ds + Z U(t, mx)ck

0<71<t

:U(t,O)y(O)—i-/O U(t, s)u(s)ds + Z U(t, ) ck.

0<<t

This implies that y(t) is also a solution. By Corollary A.5 implies that y(t) =
x(t+Tp) = z(t) forall t>0.S0 z(t) is a Tp-periodic solution of system (A.7), which

is exactly (A.17). This completes the proof. O

Case 2 : [[ — U(Tp,0)]"! does not exists

In this case, system (A.5) has nontrivial Tp-periodic solutions. Let us construct
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the following adjoint equation of system (A.5),

y(t) = _A*ya t 7£ Tk

—Ay(t) =Byt), t=m, k=1,2,...,0

(A.19)

where A* is the adjoint operator of A, 0 < 71 < < ... < 7,1 < 7T, = Ty
and Ay(7) = y(1;7) — y(7, ). Suppose that system (A.19) satisfies the following

assumption (A4).
(A4.1) A* is the infinitesimal generator of the adjoint semigroup {7*(¢),t > 0} in

X

3

(A4.2) B € L(X*) such that Bj, , = B; forall keN.

Definition A.7. A function y € PC([0,Tp], X) is said to be a periodic solution

of system (A.19) with initial condition y(7p) = y(0) if y is given by

y(t) = U*(Ty, t)y(0), 0<t<Ty, (A.20)
where
( T*(Ty — t), To1 <t <7, =Ty,
U(To,t) = § T"(mi —t)(I + B;) Lﬁ (L + Bj)T (75 — 7j-1) | T"(To — 7:)(A.21)
j=i+1
0<71<t<7 <71, =Ty,

\
forall i=1,2,...,0—1.

Theorem A.8. Let assumptions (A1) and (A2) hold. Furthermore, assume that
X is a Hilbert space and u € L, ([0,00), X). If system (A.5) have m linearly
independent periodic solutions x*, z2,..., 2™ with 1 < m < n where z* are periodic

solutions of system (A.5) corresponding to initial conditions z'(0) = x¥ for all

1=1,2,...,m, then

(i) the adjoint system (A.19) also have m linearly independent periodic solutions
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(ii) system (A.7) has a To-periodic solution if and only if
(y,2)=0, (A.22)

where (y, z) the pairing of an element y € X* with an element z € X such

that
(I —U*(To,0)ly =0 (A.23)

To
and z = / U(Ty, s)u(s)ds + Z U(To, 7)ck, or if and only if
0

0<7,<Top

| s+ 3 (w0 =o. (A.24)

0<71<Tp
Furthermore, let x,(t) be a particular Ty-periodic solution of system (A.7), then

each Ty-periodic solution of system (A.7) has the form

p(t) = z4(t) + Y oz’ (t),
i=1
where «;, 1 =1,2,...,m are constants.

Proof. (i) Suppose system (A.5) have m linearly independent periodic solutions
xh, 2% .. 2™ with 1 < m < n where 2' are periodic solutions of system (A.5)
corresponding to initial conditions #’(0) = &, for all i = 1,2,...,m. By Theorem

A.3, this means that the equations
[ —U(Ty,0)]2! =0 (A.25)

have fixed points z},2,... 2. Then from Theorem 8.6-3 [3], we know that the

following adjoint equations of (A.25)

I — U*(TO,O)]yé =0, where yé = yz(()) (A.26)

m

o are

also have m linearly independent solutions y,, y2,..., y7". So y., y2,..., Y

fixed points of U*(Tp,0). Again by Theorem A.3, this means that system (A.19)
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have periodic solutions, say y', 32,..., y™ where y* are periodic solutions of sys-
tem (A.19) corresponding to initial conditions y*(0) =y, for all i = 1,2,...,m
(ii) System (A.7) has a Ty-periodic solution x(t) if and only if the equation
To
[I — U(Tp,0)]z(0) = / U(To, s)u(s)ds + > U(To,m)ex =2  (A.27)
0 0<7<Top

has a solution x(0). It follows from Theorem 8.5-1 [3], that the above condition is

equivalent to
(y,2z)=0, (A.28)
for all y € X* satisfying
[ —U*(15,0)]y =0 (A.29)
From equation (A.28), we obtain

(y,2)=0 < <y,/OU(To, shu(s)ds+ > U(Ty,m)er) =0

T 0<7,<Tp
0
= / Y, TO, d8+ Z T(),Tk)ck> 0
0<7<Tp
To
A / (U*(To,s)y, u(s) )ds + Z U*(To, )y, cx) =0
0<7,<Top
To
~ / dS + Z < y(Tk)7 Ck> = 07
0<1<Tp
from which we immediately have (A.24). This completes the proof. O

The following theorem guarantee the existence of periodic solution. The

proof is based on boundedness property.

Theorem A.9. If system (A.7) has a bounded solution, then it has at least one

Ty-pertodic solution.
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Proof. Assume that x(t) is a bounded solution of system (A.7). Then for any
t > 0, we have
t
z(t) = U(t,O)mo—l—/ U(t, s)u(s)ds + Z U(t, i)k,
0 0<r, <t
where z(0) =z, and

x(TO):U(TO,O)x0+/OOU(TO,s)u(s)ds+ > U(Ty, mi)ck

0<1L<Tp

To
Deﬁnez::/ U(Ty, s)u(s)ds + Z U(To, )¢k, then
0

0<7,<Ty

I(Tg) = U(T(), O)CL'O + z.

We know that the function z(t + Tp) is also a solution of system (A.7) for
t € [0,Tp] and its value at t = 0is x(7p). So
¢
z(t+Ty) = U(t,0)x(Tp) +/ Ult, s)u(s)ds + Z U(t, )ck
0 0<, <t
and

x(2Ty) = U(Tp, 0)x(Tp) + z = U*(Ty, 0)xg + [U(Tp,0) + 1z

Proceeding by this way, we get

m—1
x(mTy) = U™(Tp,0)z0 + Z U'(Ty,0)z for all m € N. (A.30)

i=0
By contradiction, we assume that (A.7) has no Ty-periodic solution. This means

that the periodicity condition
ZL’(T()) = U(TQ, O)I‘O +z =12 (Ag]_)
has no solution, i.e., the equation

[I —U(Tp,0)]|zo = 2 (A.32)
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has no solution. Then from Theorem 8.5-1 [3], we know that there is y € X* such

that
I —U"(T0,0)]ly =0 and (y, z) #0. (A.33)
The first condition means that U*(7y,0)y =y, hence
U (Ty,0)y =y, forall mecN. (A.34)

Assume that (y, z) = # 0. Then from equation (A.30), we have

-1

3

(y, 2(mTy)) = (y, U™(To,0)m0) + Y (y, U (Ty,0)z)

N

[y

= (U (T,0)y, 7o) + (U (Ty,0)y, =)

~
I
o

3

= <y,$0>—|— <y72>

=0
= (y, zo) +m.
Letting m — oo, then
lim (y, z(m1p)) = oo. (A.35)

m—00

Since z(t) is bounded solution and y € X*, then

r(mTo)lly < Mllyl

(y, z(mTo))] < |yl v < 00

X*

It’s contradiction to (A.35). Consequently, the assumption is not true and system

(A.7) has at least one Ty-periodic solution. O
Corollary A.10.

(i) Assume that system (A.7) has no Ty-periodic solution, then all of its solutions

are unbounded for t > 0.

(ii) Assume that system (A.7) has a unique bounded solution fort > 0, then this

solution is Ty-pertodic.
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A.4 TImpulsive Periodic Control System with Parameter

Perturbations

In this section, we will find sufficient conditions for the existence of Tj-
periodic solutions of system (A.1), by using the fixed point theorems of an operator
acting in a Banach space (see [7]). We assume that system (A.5) has only trivial
solution. Let £ = 0, then system (A.1) has the same form as system (A.7) because
it follows from (A.2) that p(t,z,0) = 0 and gx(z,0) = 0. It follows from Theorem

A.7, that system (A.1) has a Ty-periodic solution ;
To
00 =00 - U@ 01 ([0 suts) a
0
t
+ Y U(Th,m)e ) +/ U(t, s)u(s)ds (A.36)
0

0<1,<To

+ > Ut mi)er,

0<7, <t

where U(t,s) is defined in (A.3). Then we have the following theorem to show

that for small € system (A.1) has a Tp-periodic solution which is closed to x, (¢).

Theorem A.11. Under assumption (A1)-(A3). Let A be the infinitesimal gener-

ator of a compact semigroup {T'(t),t > 0} in X. Assume that
(1) system (A.5) has only trivial solution ;
(i) the following inequality is valid
po= sup. [z, )]l <p (A.37)

where p be any positive real number ;

(iii) p(t,z,&) and qi(x,&) satisfy Lipschitz conditions, i.e. for any (t,z,§),

(t,y,€) € [0,00) x B, x [0,&], there exists a constant N(§) > 0 such that

lp(t,2,€) = p(t,y, Ol < N(E)llz —yllx
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and lar(2,€) = an(y, &)l x < N[z =yl

Then for any constant p > py > 0, there exists a sufficiently small & > 0 such
that for every fized £ € [0,&] system (A.1) has a unique Ty-periodic mild solution

xio (t) satisfying

25, () = 20, ()]l < P — po (A.38)
and
%ir% .:1:30 (t) =2, (1) (A.39)

uniformly on t.

Proof. Let PCy,([0,00),X) := {z € PC([0,00), X) | x(t + Tp) = x(t),Vt > 0 }.

Moreover, PCr,([0,Tp], X) is a Banach space with the norm

[lrey, = sup 2Ol
€(0,10

Let us define

B = B<xTO’p1) = {ZL’ = PCTO([07T0]7X) | ||J] - xTOHPCTO SpLi=p- pO}

Ly = sup ||U(ta S)HL(X) <A40)

0<s<t<Ty

Ly =|[I = U(To,0)] 7"l

£(X)

and an operator €): B — PCr ([0,75], X) such that
Ya)(t) := U0 = U(To,0)] </0 U@y, 9)[uls) + pls,a(s),€)] ds

+ > U(TO>Tk)[Ck+Qk<x(7—k)a£>])+/0 U(t,s)u(s)  (A.41)

0< 7, <Tb

+p(s,2(s),lds + Y Ut mo)len + ai(z(m), €)].

0<7<t

From (A.37) and (A.40), we know that if x € B, then

|‘$HPCTO < HJZ‘ - xTOHPCTO + HxTOHPCTO < p1+ po = p- (A'42)
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For any x,y € B, we have

1) = QW lpe,, = sup [[U(E0)I = U(Tp,0)]

t€[0,T0]

(/0 OU(TO,S)[p(S,I(.S),f)—p(37y(s)’€)] ds
+ Y U(To, )k (, )£>_Qk(y(7'k),§)]>

0<7,<To

. (A.43)
+ [ U pls.0(6).9) = pls.(s). s
+ Z t Tk Qk ) 5) - Qk(y(Tk),g)]HX
0<1 <t
< LNt = Yl
where L=13LTy+ L3Ly0 + LTy + Lo and
19(2,) = 25l po, = sup [U(t0)[I = U(Tp,0)] "
0 t€[0,To]
To
([ vt smts.z,, (5.6) s
0
+ Z U(To, 7)) qr (24, (m);E))
0<Zk<T° (A.44)
—l—/ U(t,s)p(s,x, (s),§)ds
+ Z tTk Qk Ty Tk) )HX
0<m, <t
< Lx(§)
Let us choose &y > 0 such that
n=_Lsup N(§) <1,  Lsup x(§) < pi(l—n). (A.45)
1€1<&0 [€1<&o

Assume that £ € [0, &], then it follows from (A.43), (A.44) and (A.45) that

1262) = 2W)lper, < 1l = Yl e,

||Q(xTO) - xTO”PCTO < ,01(1 - n)

(A.46)



129

This means that €2 : B — B is a contraction mapping, so ) has a unique fixed

point x?o € B satisfy

:L‘Sb (t)= U(t,0)[I —U(Tp,0)]" (/0 i U(To, s)[u(s) +p(s,x§0(s),§)] ds
+ Z To,Tk Ck+Qk( (Tk) f)])

0<71<Tp

t (A.47)
i / U(t, 5)[us), pls, o, (5),€)]ds

+ Z (t, 7)[cr + i (), 6)]-

0<ry, <t
It is clear that :E%J (t) is a Ty-periodic solution of system (A.1) and satisfies

estimate (A.38). Since we know that Q(x’s;o)(t) = £E§b (t) for all t € [0, Tp).

Then a5 () =z, (1) = 1025, )(£) — 2 (D)« < Lx(&)-

Letting & — 0, we obtain (A.39). This completes the proof. ]

The following definition and lemma will be used in the proof of Theorem

A.13.

Definition A.8. A set S C PC([0,Ty], X) is quasiequicontinuous in [0, Tp] if for
any ¢ > 0 there exists € > 0 such that if x € S, 1, t3 € (761, 7%| N[0, o), k €N

and |t —to| <e, then |x(t1) —x(t2)], <.

I
Lemma A.12. A set S C PC([0,Tp], X) is relatively compact if and only if
(i) S is bounded for each z € S,

(ii) S is quasiequicontinuous in [0, Tp).

Theorem A.13. Under assumption (A1)-(A3). Let A be the infinitesimal gener-

ator of a compact semigroup {T'(t),t > 0} in X. Assume that

(i1) system (A.5) has only trivial solution;
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(i) the following inequality is valid

po = sup |lzg ()] <p- (A.48)
te[0,00]

Then for any constant p > pg > 0, there exists a sufficiently small & > 0 such
that for every fized & € [0,&)] system (A.1) has a unique Ty-periodic mild solution

xio (t) satisfying

|25, (1) = 2, (O« < p = po- (A.49)
Proof. As in the proof of Theorem A.11, we determine successively the number
p1 = p — po, the Banach space PCr,([0, o], X), the set B := B(z,;p1) and the
operator 2 : B — PCrp ([0,T5], X) is defined in (A.41). Obviously, B is a non-
empty bounded closed and convex set. It follows from equation (A.42) that if

x € B, then ||9(:||PCT0 < p. For any x € B, we have

12(@,) = 2 lPcr, = sup Ut 0)[I = U(Tp, 0)]

t€[0,To)

</0TO U(To, s)p(s, 24, (), €) ds

+ ) U(T(J,Tk)q/c(%o(m),é))

0<7,<Ty

+/0 U(t, s)p(s, .y, (), £)ds

+ Y Ut m)gr(ag, (1), )llx

0<71<Tp

< (LfLQTO + LiLyo + LT + Lm)x(f)-
So

192(27,) = 25, ey, < Lx(E): (A.50)
where L = L%LQTO + L?LQO- + L1T0 + L10'.

Let us choose & € [0,&] such that

L sup x(¢§) < pr. (A.51)
£€l0, &)
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Then for & € [0, &), we have
HQ(‘/ETO) - xTOHPCTO < LX(S) < p1, (A52)

From which we know that Q(z) € B and therefore Q: B — B.

It follows from (A.36), (A.48) and (A.52) that

12 )l per, < 11Qzy,) = 24 P, + 24, lPer, < pr+po=p. (A53)

That is, the set B is uniformly bounded.
Let x € Bp and tl,tg S (Tifl,Ti]m[O,Tg], 1= 1,2, .., 0, WhereTo = OandTg = To.
For 0 <e <t; <ty <Tj, then we have

1(Q2)(t2) — (Q)(t2)[[x < |U(t1,0) = U(t2,0) [ = U(To,0)] 7"l

Hg(x)” L(X)

( | W0 ) + 565,29, s
+ Z ||U(T07Tk)”£(x)||ck+Qk(x(7_k>’§)||x)

0<71<Tp

[ I 015) = Ul )l u(s) + (s, 2(5). s
[ N008) = U9l )+ (s, 2(5). s

+/ Nt )] l(5) + L5, 2(5), €] s

t1

+ Z HU(tth) _U(t277—k)Hc(X)Hck+qk(x<7-k)7£)“)<'

o< <t

from which we know that for any 6 > 0, there exists € > 0 such that if t; —t; < ¢,
then [|Q(z)(t1) —Q(x)(t2)||, < d. Thus B is quasiequicontinuous and by Lemma

A.12, we know that the following set is relatively compact in B;
S={yeB | y=Qx), z € B}. (A.54)

Applying Schuader’s fixed point theorem, it follows that the operator ) has
a fixed point 2§ € B and satisfies equation (A.47). It is clear that zf (t) is a

To-periodic solution of system (A.1). O
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