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In this research, we interested in the self-propulsion of a rigid body. The
shape of the body is constant during the motion, and the thrust is produced
because of the motion of the body boundary. The combined body which consists of
two rotating circular cylinders of equal radii is an example where the self-propelled
motion is due to a non-zero velocity of the boundary. We study the self-motion
of rotating cylinders and also flow over two towed rotating cylinders. Different
rotation of cylinders can be considered as a propulsion device for controlling the
motion of the body. In the present study, we have numerically investigated steady
viscous incompressible fluid flow over two rotating circular cylinders in a side-
by-side arrangement at moderate Reynolds numbers, 1 < Re < 40, with gap
spacing between cylinder surfaces, 0.0D < g < 14D, and the rate of rotation,
0<a<25, (Re=DUx/v, a =wD/2U,, D is diameter of cylinder, w is angular
velocity of cylinder, U,, is velocity of stream flow, v is the coeflicient of kinematic
viscosity). First, we construct a mathematical formulation to describe the self-
propelled motion and transform the problem to cylindrical bipolar coordinate.
Secondly, we derive a finite difference scheme for the approximate solution which
is based on the splitting method. Finally, we compare the basic hydrodynamic

characteristics of flow past towed and self-propelled two rotating circular cylinders.
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CHAPTER 1

INTRODUCTION

1.1 General Context

Fluid flows past a bluff body have long drawn great interest in the field of
fluid mechanics because of their academic and engineering importance. Flow over
a single circular cylinder has yet to be accepted as a building-block problem for
understanding the fluid dynamics in the bluff-body wake. Because of this, various
analytical, numerical and experimental investigations have been carried out and
flow results are now available in the literature providing information for various
Reynolds numbers. A detailed survey an nonrotating circular cylinder flows can
be found in a book by Zdravkovich (1997). However, most flows over bluff-bodies
of engineering interest involve geometries that are too complex to be reasonably
modeled by such a simple configuration as a single cylinder. Parametric studies
have been performed by several researchers to understand the dynamics of flow
over two nonrotating circular cylinders. Zdravkovich (1977, 1987) has reviewed
the problem of flow interference when two cylinders are placed in a steady current.
He observed that, “...when more than one bluff body are placed in a fluid flow,
the resulting forces and vortex shedding pattern may by completely different from
those formed on a single body at the same Reynolds number ...”. A variety of
flow patterns may be discerned as the spacing between two circular cylinders
is changed. In many engineering applications, such as off-shore structures, heat
exchangers, power transmission lines and chimneys, multiple cylindrical structures

are often found.



Results on the flow past rotating cylinders are scarce. A survey of work
on the flow past rotating cylinder has been provided by Stojkovic et al. (2002).
For such flows the results depend not only on the Reynolds number but also on a
parameter representing the rotational velocity of the cylinder wall. The rotation
of a cylinder in a viscous uniform flow is expected to modify the wake flow pattern
and may reduce drag and lift forces. The basic rationale behind the rotational
effect is that as a cylinder rotates, the flow is accelerated on one side of the
cylinder and decelerated on the other side. Hence, the pressure on the accelerated
side becomes smaller than that on the decelerated side, resulting in a lift force.
Such a phenomenon is referred to as the Magnus effect.

Owing to difficulties arising from the analytical treatment of viscous flows
around rotating cylinders, investigations are mainly restricted to experimental and
numerical studies in order to provide reliable information on this phenomenon.
As mentioned above, many experimental studies are available on the flow around
stationary cylinders (e.g. Zdravkovich (1997)). However, for a rotating cylinder
and especially for force measurements (lift and drag) in the lower Reynolds number
range, there is only a limited amount of reliable data exist. A few numerical
investigations have been devoted to the laminar flow around a rotating cylinder.

The problem of steady flow past two rotating circular cylinders in a viscous
fluid has long attracted mathematicians, because it is impossible, in general, to
obtain a solution of Stokes’ equations of slow viscous flow in which the fluid
velocity vanishes at infinity (Jeffery (1922)). This is Jeffery’s paradox. It has
been shown numerically that in the case of steady motion of two rotating cylinders
there is no overall force or torque acting upon them. It was ascertained that the
pair of rotating cylinders is a self-propelled body.

There are two different types of stationary motion of bodies in a fluid.



The first type is a towed body. In the stationary motion regime external forces
must affect the body. The second type is a self-propelled body. Self-propelled
means that a body moves because of the interaction between its boundary and
the surrounding fluid and without the action of an external force. To realize such
a motion regime, the body must have its own source of energy, i.e., the energy
spent against the drag forces. In pure motion by self-propulsion the total net force
and torque, external to the system body-fluid, acting on the body are zero. The
forward force (thrust) that makes the body move is generated by the body itself
and the motion is due to the interaction of the body’s external surface and the
fluid in which it is immersed. The hydrodynamic mechanism of self-propulsion is
different. The problem of the flow past a self-propelled body has a natural origin
(self-propulsion is executed by marine animals, ships and airplanes). Though the
problem of fluid flow past a self propelled body has a natural origin and though

it is of practical importance, the number of works concerning it is very limited.

1.2 Governing Equations of Continuum Motion

We assume the fluid to be a continuum, a point of which is a very small
portion of the real fluid. The small volume, a point in our mathematical descrip-
tion, will be called a fluid particle or element of fluid.

Let ©Q be a region in 2-D or 3-D space filled with a fluid. Let X =
(X1, X2,X3), X € Q be the coordinates of the fluid particle at time ¢ = 0. Let
7= (2%, 2%, 23), 7 € Q be the coordinates of a given fluid particle at time ¢. Then

the fluid motion is, by definition, a function
F=p(X,t) (ora'=¢'(X,1) (1.1)
such that:

a)  is invertible,



b) ¢ and ¢~! are smooth enough so that the main operations of calculus may be

performed on them,
c) X = QO()Z,O),QO()Z,tl +1ty) = 80(80()2>t1)at2)'

If X is fixed and ¢ is changed, then equation (1.1) determines a trajectory of a
fluid particle which is initially placed at point X. On the other hand, if ¢ is fixed,
then equation (1.1) determines the transformation of the fluid domain at time
t = 0 to the fluid domain at time ¢t = ;.

Generally two descriptions are used for fluid flow analysis. They are the
Lagrangian and Fulerian descriptions. The Lagrangian method describes the
motion of each particle of the flow field in a separate discrete manner. For example,
the velocity of the nth particle of an aggregate of particles moving in space can

be specified by the scalar equations

where v, vy, v, are the velocity components in the z,y and z directions, respec-
tively. They are independent of space coordinates, and are functions of time only.
Usually, the particles are denoted by the space point they occupy at some initial
time to. Thus, p(zo,t) refers to the density at time t of a particle which was at
location xy at time ty. This approach of identifying material points and follow-
ing them along is also called the particle or material description. It is usually
preferred in the description of low density fields, and for moving solids, such as
in describing the motion of a projectile and so on. However, in a deformable
system such as a fluid, there are an infinite number of elements whose motion is

to be described; in such a case, the Lagrangian approach becomes unmanageable.



Instead, we can use spatial coordinates which help in identifying the particles in
a flow. The velocity of all particles in a flow can be expressed in the following

manner:

Vg = f(x7y7zat)
Uy = g(x7y7zat)

v, = h(z,y,z1)

This is called the Eulerian or Field approach. If properties and flow characteristics
at each position in space remain invariant with time, the flow is called steady flow.
A time-dependent flow is called unsteady flow.

Fluids obey the general laws of continuum mechanics: conservation of mass,
linear momentum and energy. In the Eulerian representation of the flow, we
represent the density p(Z,t) as a function of the position # and time t. The

conservation of mass is expressed by the continuity equation

dp .
a5 + div(p?) = 0. (1.2)

If we assume that the fluid is incompressible and homogeneous, then the density
is constant in space and time: p(Z,t) = po. Then the continuity equation (1.2)

becomes

divi = 0. (1.3)

The momentum equation, which is based on Newton’s second law, represents the

balance between various forces acting on a fluid element. The forces are

a) The force due to rate of change of momentum, generally referred to as the

inertia force
b) Body forces such as buoyancy force, magnetic force, and electrostatic force

c) Pressure force



d) Viscous forces (causing shear stress).

For a fluid element under equilibrium,
Inertia force + body force + pressure force + viscous force = 0.

or
or . S
Plgt (0-V)U ) + f=—-Vp+ puAd, (1.4)
where p is called the coefficient of dynamic viscosity.

Equations (1.3) and (1.4) govern the motion of a viscous incompressible

fluid, they are called “the Navier-Stokes equations for viscous incompressible flow”

1.3 Previous Research

The problem of flow past two rotating circular cylinders in a viscous fluid
has long attracted mathematicians and engineers. This flow shows some analytical
peculiarities regarding the implementation of near-field and far-field boundary
conditions. It might be for this reason that the flow has attracted much interest
from theoretical fluid dynamicists. It is impossible, in general, to obtain solutions
of Stokes’ equations of slow viscous steady flow in which the fluid velocity vanishes
at infinity (Jeffery, 1922). If the cylinders are outside one another, Jeffery found
that it is impossible, in general, to make the fluid velocity vanish at infinity. He
illustrated this by a detailed treatment of the case of equal cylinders, rotating with
equal speeds in an opposite sense. This is the Jeffery paradox. To resolve this
paradox, Smith (1991) obtained an asymptotic solution of the Stokes equations
for the stream function which is valid at large distances from the cylinders. This
asymptotic expansion involved many unknown coefficients of the Fourier series
and there was no obvious way of obtaining these coefficients. Elliott et al. (1995)

established the boundary element method by using the asymptotic expansions



given by Smith and showed numerically that the combined bodies have no overall
force or torque acting upon them. Watson (1995) pointed out that the pressure
field given by Smith’s asymptotic form is not single-valued and proposed that an
additional term to Jeffery’s Fourier series is necessary. However, he did not derive
the force, since the outer flow which is governed by the Navier-Stokes equations
was not obtained.

In 1973 the problem of flow past rotating cylinders was considered by Sen-
itskii (1973). The problem was studied using a boundary layer approach for the
case of large distance between the center of cylinders. In the work of Senitskii
(1975) the first terms of an asymptotic expansion by inverse degree of Reynolds
number were obtained. Using an asymptotic expansion by degree of a small para-
meter, which is the ratio of cylinder radius to distance between axes of cylinders,
the problem of stationary flow past rotating cylinders was solved approximately
by Senitskii (1975a, 1975b). It was ascertained that in the approximation con-
sidered the pair of rotating cylinders is a self-propelled body. In connection with
the problem of determining the energy required for a body to move in a liquid
the motion of a pair of rotating cylinders in a liquid has also been investigated
experimentally (Senitskii (1980, 1981)).

In pure motion by self-propulsion the total net force and torque, external
to the system body-fluid, acting on the body are zero. The forward force (thrust)
that makes the body move is generated by the body itself and the motion is
due to the interaction of the body’s external surface and the fluid in which it
is immersed. The hydrodynamic mechanism of self-propulsion is different for
macroscopic and microscopic bodies. Large objects which propel themselves make
use of inertia in the surrounding fluid. Their thrust can be produced by muscular

action and change of shape, as in animal locomotion, or can be provided by



mechanical propulsion systems, as in an airplane, rocket or submarine (Milne-
Thomson (1952)).

Though the problem of a self-propelled body has a natural origin and
though it is of practical importance, the number of works concerning it is very
limited. Let us briefly refer to the literature on the mathematical analysis and
numerical simulation of motion by self-propulsion of a rigid body in an infinite
Navier-Stokes fluid. In (Finn (1965), Pukhnacev (1989, 1990)) the asymptotic
properties of steady flow past a self-propelled body moving with purely trans-
lational velocity are investigated. The existence of such solutions was first es-
tablished for very particular shapes, like balls and cylinders in (Sennitskii (1978,
1984, 1990)) and for a symmetric body around an axis in Galdi (1997). Con-
sidering the general form of rigid body motion, with the rotation of the body
taken into account, Galdi (1999) gave a detailed study which proved the exis-
tence of steady self-propelled solutions for a body with arbitrary geometry for
the cases of zero and nonzero Reynolds number. In (Silvestre (2002a, 2002b)) the
existence of a weak solution to the general unsteady nonlinear problem and the
attainability of steady purely translational self-propelled motion for a symmet-
ric body was proved. Using a method consistent with asymptotic decomposition
for a low Reynolds number, Sennitskii (1978, 1984, 1990) investigated the flow
past a circular cylinder with a moving boundary and of flow past a ball with
a liquid-permeable boundary and obtained asymptotic formulas for the velocity
at great distance from the body. It was noted that the velocity perturbation at
large distance from a self-moving body showed more rapid decay than that from
a towed one. In Lugovtsov (1971), examples of flat potential viscous flow past a
self-moving “body” whose boundary consisted of two symmetrical coupled com-

ponents were studied. On each boundary, the normal velocity components were



equal to zero and the tangential components were constant.

A numerical solution to the problem of momentumless flow past an ex-
tended ellipsoid of rotation was obtained by Izteleulov (1985). A propelling model
has a self-consistent distribution of volume force located in a small region behind
the body. Simulation of the problem of conductive incompressible viscous flow
past a body in an electromagnetic field was considered in Shatrov and Yakovlev
(1985), Kxonichev and Yakovlev (1985). In the work of Moshkin et al. (1989)
and Moshkin(1991), two particular cases of self-motion were studied by numerical
solution of the Navier-Stokes equations. In one case, there was a surface behind
(downstream of) the ball. The liquid flows through this surface and obtained
thereby an additional momentum. In the other case the ball surface was per-
meable. On one of its parts, between two cones with the divergence semi-angles
01,05 and a mutual axis © = 7, the liquid is sucked in, and on the other part,
‘cut’ by a cone O3 < O < 7, the same quantity of the liquid returned to the flow.
Nakanishi et al. (1999) applied the vortex method to a low Reynolds number un-
steady flow generated by two circular cylinders of equal radii set rotating abruptly
with equal angular velocities in a flow initially at rest. Elliot et al. (1995) de-
veloped the boundary element method by using the asymptotic expansions and
showed numerically that the combined bodies (two cylinders) have no overall force

or torque acting upon them.

1.4 Objectives and Overview of the Thesis

In this research, we interested in the self-propulsion of a rigid body. The
shape of the body is constant during the motion, and the thrust is produced
because the body boundary moves. The motion of the body is therefore completely

determined by its geometry and by the distribution of the velocity on its boundary.



10

In fact, the combined body, which consists of two rotating circular cylinders,
is an example where self-propelled motion is due to a non-zero velocity of the
boundary. We study not only self-motion of rotating cylinders but also flow past
two towed rotating cylinders. Different rotation of cylinders can be considered as
a propulsion device for controlling the motion of the body.

The main objectives of the research work presented in the thesis are

1. to develop and validate a numerical algorithm to simulate viscous incom-

pressible fluid flow past two rotating and nonrotating circular cylinders,

2. to obtain a consistent set of data for the drag and lift forces for moderate
rate of cylinder rotation for which, to the author’s knowledge, no data are

available in the literature,

3. to highlight and discuss the difference between uniform flow past towed and
self-propelled bodies using the example of flow past two rotating circular

cylinders.

The mathematical formulation of the problem of rigid body motion in a
viscous liquid is described in Chapter II, which aims in defining the differences
between steady towed and self-propelled body motion. The problem of fluid flow
past two rotating circular cylinders is recast in terms of cylindrical bipolar coor-
dinate system. Chapter III presents a numerical algorithm based on a projection
method. In Chapter IV, we present the results of validation of our numerical
algorithm by a comparison with available numerical and experimental data. The
results of various numerical experiments are reported and discussed in Chapter
V. Finally some general comments, a summary of the achievements of this work

and some ideas on how this research could be continued are provided in Chapter

VL



CHAPTER II

MATHEMATICAL FORMULATION OF

PROBLEM

2.1 DMotion of Rigid Body in a Viscous Incompressible

Fluid

To better explain our results, let us first give a mathematical formulation
of the problem in the general case. We represent a rigid body by a compact set B
that is moving in a viscous fluid £ which occupies the region D = R?/B exterior
to the body. The motion of {B, L} is described by the following coupled system

of equations and boundary conditions

Di
pﬁz = div T(%,p),in D x (0,T), (2.1)
div & = 0,in D x (0,T), (2.2)
v=17, at ¥ x(0,7), (2.3)
lim (#(Z,t) + V(Z,t)) = 0,for t € (0,T), (2.4)
as " . :
m— =— | T(U,p)-ndo, in (0,7T), (2.5)
dt >
do . . . :
I— = —/[x x T(0,p)] -7 do, in (0,T), (2.6)
dt 5
0(2,0) = vo(%), €D, (2.7)

S10) =, &(0) = wy. (2.8)
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The quantities ¢ = 0(Z,t) and p = p(Z,t) represent the velocity and pressure

associated with each particle of £ and T'(¥, p) is the stress tensor, defined by

N ov; v, ..
Crz’j(vap) =K {8x + 826‘]} _péib 1) = 1727 37 (29)
j i

where 1 is the coefficient of dynamic viscosity. The field V(Z,t) = ¢(t) + & (t) x &
represents the velocity of B, ¢(t) and &(t) are velocity of center mass and vector
of angular velocity of the body, respectively. In equations (2.5) and (2.6) the

positive constant m is the mass of B and [ is its inertia tensor. Recall that

Iy = [ pn@ 7P, — iz,
B

and [ is symmetric and positive definite (Danielson (1997)). Here pp is the mass
density of the body B. The distribution of velocity ¥, on ¥ represents the thrust,
responsible for the motion of the body. The two equations (2.5) and (2.6) are
consequences of Newton’s laws of conservation of linear and angular momentum,
respectively, for the body B. Let us consider three possible cases.

a) If {B, L} performs a steady motion then the left hand side of equations
(2.5) and (2.6) are equal to zero. This is the case of steady self-propelled motion.
One of the basic questions for this type of problem is the following one: in which
way can we choose the field @, in order that B moves with a (constant) rigid motion
velocity V = —¢'— @ x &, where ¢'# 0 (so that B does not move). Equations (2.5)
and (2.6) with zero left hand side express the fact that the total external force
and torque on B are identically zero, that is that B is a self-propelled body. In
this case a suitable distribution of velocity field v, at ¥ are additional unknown
quantities.

b) In the case of a towed body the motion of B is due to external forces.
The field V(Z,t) = ¢(t) + &(t) x Z is a known function of (Z,¢) and the velocity

U, on X is also a given function. In this case we use integrals in the right hand
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side of equations (2.5) and (2.6) to find the external drag force and torque on B.
In the simplest case, where 17(:13', t) = ¢ — const and v, = 0 on X the problem is
fluid flow past the towed body. The direction of stream flow coincides with the
direction of the vector V

¢) In the more general case, equations (2.1) —(2.9) represent the problem of
rigid body motion in a viscous incompressible fluid due to the distribution velocity
U, on the boundary that furnishes the “thrust”.

When a body moves in a fluid it experiences forces from the relative fluid
flow which is taking place around it. If the body has arbitrary shape and orienta-
tion, the flow will exert forces and moments about all three coordinate axes. The
force on the body along the flow direction is called drag. The drag is essentially a
force opposing the motion of the body. Viscosity is responsible for the drag force,
and the shape of the body generally determines the overall drag. In the design
of transport vehicles, shapes experiencing minimum drag are considered, to keep
the power consumption at a minimum. Low drag shapes are called streamlined
bodies and high drag shapes are termed as bluff bodies.

Drag arises due to the difference in pressure between the front and back
regions, these force is called pressure or form drag and the friction between the
surface of body and the fluid causes viscous shear stress known as skin friction or
shear drag.

The net force and torque exerted by fluid on an immersed body with surface

Y are
F = / 7dS, M = / 7 x 7] dS, (2.10)
) )
where 7 = T - 7 is the stress vector, 7 is the unit vector normal to the

Y that points outside the region occupied by the fluid. The force per unit area

exerted across a rigid boundary element with normal 7 in an incompressible fluid
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is defined by

T =—pi — p(i x J) (2.11)

where p is pressure and & is vorticity defined as & = curlv' (see Batchelor (2000)).
The problem of self-motion is to find solution of the Navier-Stokes equations

(2.1) — (2.2) with boundary conditions (2.3) — (2.4) and additional constraints

F=DM=0. (2.12)

2.2 Viscous Incompressible Fluid Flow Past Two Circular

Cylinders.

It is natural to study the fluid flow in a boundary fitted curvilinear co-
ordinate system. In order to study fluid flow past two circular cylinders, the
reasonable coordinate system is the cylindrical bipolar coordinate system. The

cylindrical bipolar coordinate system can be defined by the following equations

asinhn asin&
. coshn — cos¢&’ coshn — cos &’ S (2.13)

where £ € [0,27),n € (—00,00), 2 € (—00,00), a is a characteristic length in the
cylindrical bipolar coordinate system which is positive. The following identities

show that curves of constant £ and 7 are circles in xy-space

2 2 2 2
x° 4 (y —acot&)” = a’csc¢, (2.14)
(z — acothn)? + y? = a’csch™y.

The coordinate surface n = const corresponds to a family of nonintersecting

cylinders whose centers lie along the z-axis. The value n = 0 is a cylinder of

infinite radius and is equivalent to the entire plane x = 0. Figure 2.1 shows two

cylinders that are chosen to be n = n; (with 7, > 0) and n = 7y (with 7, < 0).

The cylinders’ radii r; and ro and the distances of their centers from the origin
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dy and dy are given by
r; = a csch|n, d; = acoth|n|, 1=1,2. (2.15)

The center to center distance between the cylinders equals d = d; + dy. If 71,1

and d are given, one can find a, 7; and 7 from relations (2.13) — (2.15) as follows

d2 + 7“12 — 7“22 d2 + 7“12 — 7“22 2
=In|(——1—2 ) +/([——2—2) -1
n172 o < 2d’f’1 2d’f’1 ’

\/d4 — 2d2(7’12 + 7”22) + (7’12 — 7’22)2
a = .

(2.16)

4d?

The Navier-Stokes equations in the cylindrical bipolar coordinate system (£, 7, z)

are

Ove 1(% %) 0, 2

ot T \%ae Ty

_é (simbn(vgvy) —sin€(u)?) = — ~ZE +v7 (2.17)

v (1 (0% 0%v 2(.  0Ov, . Ovu, coshn + cos ¢
h {% (? +a—n2) Ta (S‘“h"a—g e a—n) ) (—) “ﬁ}’

ov 1 v ov v
8—; + E <U5—n —+ Un—n) -+ Uz—n

1
+= (sinh n(ve)? — sin
a

(
v (1 (0%, %, 2( . Ove . Ov coshn + cos ¢
(Gt )+ (g o) - (S5 ).

v, + 1 % + % + % _
o h\"ac " "an ) T, T (2.19)
_1@ + i 8202 + 8202 + % ‘
00z U\ m2\aer T ) a2 [
1 [0(hve)  O(hvy) ov,
ﬁ{ 5 o |t =0 (2.20)

where v¢, v, and v, are the physical components of velocity vector v = (vg, vy, v,),

p is the pressure, v = B s the coefficient of kinematic viscosity and

p
a

(coshn — cos &)




16

Prrtttittte

Figure 2.1 Physical coordinates.

In the present situation the boundary conditions are no-slip requirement

on cylinders
ve =wiry, v, =0, on n=mn;, £€][0,2n), i=1,2, (2.21)

where w;, @ = 1,2 are rotational velocities of the cylinder walls. Positive values of
w;, ©=1,2 correspond to counterclockwise rotation. Upstream and downstream

boundary conditions at infinity are

v, =0, v,=Uy, asr’=1"+y>— oo, (2.22)

where v, and v, are components of the velocity vector in z and y directions
respectively. Self motion requires that the resultant fluid force and torque on the
combined system of the two cylinders are zero.

The main definitions of tensor-vector calculus and transformation of the
Navier-Stokes equations into the cylindrical bipolar coordinate system are repre-
sented in Appendix A.

Equations (2.17)—(2.22) are dimensional. They can be made dimensionless
if we redefine the dependent and independent variables to be dimensionless, by
dividing them by constant reference properties appropriate to the flow. In this

case, we set diameter of cylinder,D, is reference length and velocity at infinite,



17

Us, is reference velocity. For such flows, the results depend not only on the
Reynolds number Re but also on the non-dimensional gap spacing between the
two cylinders, ¢, and on parameters, «; representing the ratios of the rotational

velocities of the cylinder walls to the oncoming flow velocity

d—’f’l—’l“g

Re=Uy, D/v, a;=Dw;/2Us, i =1,2, and g = o) ,

(2.23)

where w; are constant angular velocities of the cylinders rotation and v is the
kinematic viscosity of the fluid.

For a two-dimensional flow (see Figure 2.1) of an incompressible fluid with
constant properties, the nondimensional governing equations, in cylindrical bipo-
lar coordinates are equations (2.17), (2.18) and (2.20) in which p = 1 and instead
of v, the term é will appear. The nondimensional no-slip boundary conditions

on cylinders wall are
ve=o0y, v, =0, at n=m,, £€[0,27), i=1,2, (2.24)

Nondimensional upstream and downstream boundary conditions at infinity

are

v, =0, v,=1, as r’=2>+y*>— oo, (2.25)



CHAPTER 111

NUMERICAL METHODS

3.1 Discretization of the Solution Domain

The first step in computing a numerical solution to the Navier-Stokes equa-
tions is the construction of a grid. A well-constructed grid generate improving the
accuracy and quality of the solution. In this chapter, techniques for generating
grid will be discussed. For the construction of a finite difference scheme the new

independent variables are introduced

~

E=x1(8), 1= xa2(n), (3.1)

or by implication
E=01(8), 1=pn), 15
g A8 Ly ¢2)
A& M)

This mapping is used to transform the nonuniform mesh in physical space (£, 1)

into uniform rectangular mesh in computational domain (é, 7). The sketch of
meshes in physical and computational domain can be seen in Figure 3.1. The
functions ¢ and ¢, establish the one-to-one correspondence between nodes of
uniform mesh in the computational domain and nodes of nonuniform mesh in the
physical domain. The functions ¢; and y are constructed by tabular assigning
points in the physical domain to the corresponding points in computational do-
main. The choice of mapping (3.1) and (3.2) enables as to condense the mesh node
near solid boundaries and in the neighborhood of lines n = 0 and £ = 0 (£ = 2m).
In the computational domain (é ,7) the nodes of the mesh are distributed uni-

formly (see Figure 3.1).



19

\
=

- /\
n, 0 , m, 0 nooTn

a) Physical domain (&,7) b) Computational domain (EA,TA))
Figure 3.1 Sketch of the meshes in physical and computational domains.
It is not convenient to solve the governing equations over a nonuniform grid.

The governing equations (2.17) — (2.20) recast according mesh transformations

(3.1) and (3.2)

v 11 v v 1. )
a—f Ej (Uf’r/ 85 ngé* 5) - a (Slnhlrl(vgvﬁ) - Smg(vn)2) =
11 dp 1 110 [n;00 9] <fg@v§)
W og T Reh? T [ag (55 oc ) 0n \ny o0 3
1 1[12 ovy, Oovy, coshn + cos &
el [?5 (smhn Ny —= 85 —siné 55 - ) (T) Uf] )
v 11 v ov 1, )
ETR (”wn ag +Une n) — (sinhp(ve)” — sin € (vev,)) =
_ 11 0p 11100 [y 0vy) O (& du,
= h7% o0 TRy [ag <5€ ot ) " an \n, o (34)
1112/, Ove ) v _ (coshn+cosg
+Re . {Ja (smhn M4 o sin ¢ &g 877) <—a ) Un} ;
L[ ) |, )]
= [77" IR o

3.2 Discretization of the Governing Equation

In this section, we give the time and space discretizations used in order to

solve the Navier-Stokes equations (3.3) — (3.5). In order to describe the numerical
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method it is convenient to represent the momentum and continuity equations in
vector form
ov

ET +Lv=—-Vp+f, (3.6)

div = 0. (3.7)

Here the operator L includes convective and diffusive terms

Lt = (§- V)i = -0,

(&

3.2.1 The Projection Method in Time

Most numerical methods for solving equations (3.6) and (3.7) in terms
of primitive variables use a projection method. We will describe here the pro-
jection method in the form is suggested by Tolstykh (1991). Introducing the
finite-difference analogues L, div, and V}, of the operators L, div and V on the

grid €, the following approximations of equations (3.6) and (3.7) are considered

v—7"

+ 0Lyt + (1 — 0)LyT" = —Virp" + Bif, (3.8)

«

—n+1 —n

_ ~ 1 .
T 0L+ (1= )Ly = — V(™ + (o — Dep™)Bef,  (3.9)

T a
div, 7" = 0. (3.10)
The scalar parameters «, 0, 31, 32 and x allowed us to vary the property of ap-
proximation and convergence. In particular case here « =1, # =0, kK = 0. We
have original projection method of Chorin (1968) and Temam (1991). Equations
(3.8) — (3.10) are not convenient for computation. These equations can be reor-
ganize by the following steps :
First, subtract equation (3.8) from equation (3.9) to eliminate convective and

diffusive terms

—a S Evh (p"*' + (v = 1)rp") — Virp™ | + (B2 — B)f,
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or we can rewrite in this form

I = i+ (1= a)i" = ZVadp" ! 4 7(8, = B)S. (3.11)

n+1

where 6p"T! = p"T! — kp" is called pressure-correction. Apply the divergence op-

erator to both side of the last equation we get
dth’(_Jm—i—l = Oédth5+ (1 - Oé)dthUn - Idivhvhép"H + T(BQ - 61)dthf
o

Take into account (3.10), we have the following ”elliptic equation” for pressure-
correction

2 ~ —
divy, V,,0p"+! = %divhm (B — B)divif. (3.12)

Approximate solution of the Navier-Stokes equations (3.6) and (3.7) can be
founded on three steps :

The first step consists on solving momentum equation (3.8) which yields an in-
termediate velocity field 5’, that do not satisfy the divergence constraint

v—7"

a +0L,v + (1—-0)Lp0" = =Vpkp" + Bif.

This step is followed by the pressure correction step. Poisson equation for

pressure-correction (3.12) is solved during second step
a? |~ -
dthvh(Spn—H = —dthU—i‘ 04(62 - 61)divhf.
T

On the solid wall the Neumann boundary conditions derived from the normal

component of momentum equation or homogeneous Neumann boundary condi-
85p"+1
on

satisfied. Once dp™*! is known, the last, third step of the method is to update

tions, = 0, is used. Note that the necessary compatibility condition is

the velocity field at the level (n + 1)At by using equation (3.11).

T = a4 (L= Q)i = ZV0p" 4 7(8 = B,
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As example, for parameters a = 1,3 = f = 0,60 = 0 and x = 0 above algorithm

are the following : the intermediate velocity is computed in the first step
=" — TLyi", (3.13)

1
where L,0" = (0" - V)T" — —Av".

Re
Next, pressure is computed from difference analog of the Poisson equation in
second step

1
dWﬁVhQW+U::;dth, (3.14)

Finally, the velocity at (n + 1) level is computed
7 =5 — 7V, (p" ) (3.15)

Figure 3.2 shows the flow chart of numerical algorithm.

3.2.2 Discretization in Space

In this section, we give the space discretization used in order to solve the
Navier-Steady equations. The staggered arrangement of unknown functions is

used:

e velocity components ve and v, of velocity vector ¥ = (v, v,) are located at

the centers of cell sides normal to them.
e pressure, p, is located at the cell center.

In Figure 3.3 the location of different functions is also shown.

Let us use the following notations: the upper index n denotes values of
variables at the time t,, = nxAt, lower indices 7, 7 denote the quantity at the center
of computational cell, §; = (j — 1) * A&, n; = n2+ (1 — 0.5) * An, and lover indices

An

A
i+ 1/2,7 4 1/2 correspond to the node ;112 = & + 75, Nit1/2 = M2 + 0% -



Declare all variables
and Set all parameters

Y

Compute geometric parameters of
cylindrical coordinate system

Y

Construct grids

Y

Set initial and boundary conditions
of primitive variables

Y

Compute intermediate velocity | fa@=

!

Solving Poisson equation for pressure

'

Compute velocity level n+1

condition of convergence

Print outputs : velocity, pressure

Figure 3.2 The flow chart of the numerical algorithm.
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Figure 3.3 Staggered arrangement of ve, v, and p

Boundary Condition at Infinity
The behavior of pressure and velocity field at large distances from a rigid body
placed in a uniform stream of velocity U is analyze. From the analytical point

of view, it is known that (see Boundary condition (2.22))

lim #(7,t) = Uy (3.16)

|#|—00
In a numerical simulation it is impractical to use equation (3.16) for high Reynolds
number flow as it involves the placement of the outer boundary at vary large
distance from the body. In our research, we study only steady fluid flow past
rigid circular cylinders. The highest Reynolds number Re,.;; for which the flow
remain steady is about Re..; = 45. Therefore, in our research, a slightly lower
values of Reynolds number is used Re < 40, guaranteeing steady-state flow. For
steady-state flow the boundary conditions at infinity shift on the boundary of
sufficiently large domain. In this thesis, it is assumed that at sufficiently far from

two-cylinders boundary, the uniform stream boundary conditions are utilized.

U':U'ooandp:poo.



25
To be more exact we choose far boundary as the following
Sel = {(5’77)|(77 = ifn and 0 < ¢ < 55) U (f = &¢ and —&p,<n< 577)}

S2={(&n)|(n==%eyand 2m e <€ <2m) U (§ =2m —ecand —¢, <7 < &)}

where g¢, g, sufficiently small positive numbers.

In Figure 3.3 this far boundaries are shown by doubled lines. For sake of
simplicity of computational code boundaries S! and S? coincide with coordinate
lines & = const and i = const. So, in the shadowed domain (see Figure 3.3) we
do not compute velocity and pressure. At the nodes of mesh which located on S!

and S? we assumed that

Ve =0 = (—% sinh 7 sin &) (vy) oo + (%(Coshncosg — 1)) (vy) oos

Uy = U= (—%(coshncosg — 1) (vp)oo + (—% sinh 7sin &) (vy ) oo- (3.17)

P =P
Space Discretization
For the sake of simplicity we consider only explicit projection method without
pressure correction (o« = 1,60 = k = 0,5, = 2 = 0). In the projection method,
the first step consists on solving an analog to equation (3.8) which yields an
intermediate velocity field ¢ = (v, 7;,) = (9, 4) that do not satisfy the divergence
constraint. We used the following finite difference approximation of equation (3.8)

in the component form
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=~ _ n
Vij+1/2 = Vi jy1)2
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Vi j+1/2 | A7 Ui s+1/2 \ - -
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Re hi,j+1/2 a 9 ) i1y MY/ iy

1 1 [ (coshn + cos&
— 5. ' a zy+1/2 )

_|_

(3.18)

Uit1/2,5 = WUiyq/9,5
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hivi/2, 123\ o¢ i+1/2,5 w2\ o i+1/2,]
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+
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+

where for the sake of simplicity we introduced the following notations

n _ 1
ui7j+1/2 =1 [ui_l/z,j + Ui+1/2,5 + WUit1/2,5+1 + Ui—1/2,j+1}

(@)n _ 1 (m+1/2 - 771'—1/2) |:Ui7j+3/2 - Um_l/ﬂ
) ijs1e  Jig+iy2 An 208
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Since, u",v™ are known in all nodes of the computational domain, including the
boundaries, the above explicit method allows to determine u,v in all nodes of
computational domain, including the boundaries. (To approximate the derivative
near the boundary we use oneside second order finite differences on nonuniform
stencil). That is to say, in the present explicit scheme, no specific boundary
conditions are needed for the intermediate velocity field o = (@, @,) = (@, @) at
each time step.

Finite difference approximation of the incompressibility condition (3.5) be-
comes, for each cells of computational domain,

1 2 1 h n+1 id —(h n+1 i
ER Ny (h")ijarje = (0" ijore)
hij Jij A£

Py — (B )iy o
+ (55)2] |i( Uu )+1/2,]An( U ) 1/2,]:| -0

- on M1 — Ni /3 §]+1 §i-1
(”ﬁ)“_<aﬁ)q‘ oy o &= (85) T 2A¢

Now to obtain the finite difference equation for pressure, we take the discrete

(3.19)

where

divergence (defined as for equation (3.19)), of equation (3.15). First, inside the

domain (see Figure 3.4), we have

n ~ n+1 n+1
(U +1)i,j+1/2_(v)i,j+1/2 _ ( ) (PJH pzj_

VAN
(W iprj25 = (@ivr/25 _ P?fllg P?fl
At

Hence, using the incompressibility condition (3.19)
1 1 i n+1 n—l—l n+1 n+1
T (Ag)Q (g) (pz]-i-l Di; ng — D 1)
K ¢ i,5+1/2 i,j—1/2

gé n n n n

_A) (pz—:_llj - pz;’_l ( ) pz ;_1 p; +llj)
N/ i+1/2,5 1—1/2,5

11 {(hﬁ)i,ﬁl/z (h)i ;- 1/2}

(3.20)

+
g
e

RS

= T (1)1 AE

(3.21)
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Then, near the boundary, for example when ¢ = 2 (see Figure 3.4), equation

(3.19) becomes

(o™ i1 0 — (0™ )55 1o (hu" )50 — (hu" )50 ;

(72)2; [ AE } + (&5 [ A =0

So, when we apply this discrete divergency to equation (3.15), we find pressure

at (n+1)Atfori=2and j=2,...,N+1

1 77" 7 7 ,r]A 7 7
(1E)? <£_77) (pz,—]"i1 - pzj_l) - (g) (pz,—]"_l - pz,}i1)
£/ 25+1/2 £/ 2j5-1/2
1

€ ) §e
; (— (i1 — pit) — (—) (it — prt)
(An)Q [ nf] 5/27‘7' »J »J nﬁ 3/2’]‘ 3J 3J

— (1) [(h@)2,j+1/2A—§(h17)2,j—1/2] () [(hﬂ)s/z,jﬁ—n(hﬁ):*)ﬂd}

with the following definition for the pressure on the fiction mesh points

The same technique is used near the boundary n = ;.

The discrete divergency is used to construct difference equation for pres-
sure near boundaries S! and S2. The pressure at the fictitious mesh points is
assumed to be equal p... As a result, owing to discrete incompressibility condi-
tion for each computational cells we have finite difference equation for pressure
with the Neuman type boundary conditions on rigid boundaries n = 7,17 = 19,
periodic boundary condition on boundaries £ = 0,£ = 27 (p(0,7) = p(27, 7)) and
the Dirichlet type boundary condition on boundaries S! and S?. This system of
algebraic equations is solved by iterative method of stabilizing corrections (Ya-
nenko (1970)). Detailed description of the method of stabilizing corrections can

be found in the Appendix.
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Figure 3.4 Grid construction

Once p is known, the last step of the method is to update the velocity field

at the instant (n + 1)At by using equation (3.15)

2 n+1 n+1
= — A () (PP
i,j+1/2 ,j+1/ hij Ag
2 n+1 n+1
e T Y 1 Pit1, — Pij (3.22)
i+1/2,j i+1/2,5 hij An
1=2,... M+1,j=2,...,N + 1.
The steady state compute solution is defined by

||‘9n+1 _ enH

_— .2
Ao <e (3.23)

where § = (v, v,;, Cp, Cp); At is the time step and 6™ refers to numerical approx-
imation at time nAt, ¢ is sufficiently small positive number (¢ has been chosen

such that variation of C'p and C, on the large time interval less than 0.1%).
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3.3 Force Computation

When a solid body is placed in a fluid flow the direction of the force on
the body does not coincide with the direction of the (undisturbed) flow. It is very
convenient to decompose the force into components Fj; and Fp, perpendicular
and parallel to the flow direction, respectively. Fp, is the lift force. Fp is the drag
force, the resistance. In self-propelled steady motion Fp has to be balanced by
the thrust force generated by the engines. The lift and drag forces are usually

expressed as
Fp = 0.5CpAUZ,

Fp = 0.5CppAU2,

where Fp, Fp are lift and drag force, respectively, C, and Cp are called lift and
drag coefficient, p is fluid density, A is reference area (choice of reference area A
affects the value of Cp and C7p).

Let us turn back to the fluid flow past two cylinders. If F,, and F,,, i =1,2

are the lift and drag on the cylinders, the lift and drag coefficients are defined by

F, F,
C = Ty C ) Yi
L=u.D T u.D"

=1,2, (3.24)

and each consists of components due to the friction forces and the pressure. Hence

CL:CLf+CLp, CD:CDf+CDp, (325)
where
Cr, = / 7 - Zx ds,
Cf .
Cr, = / X @) i, dS,
Cp, = — onoD pn Zde
1 R
C’Df——pUOOD/EM(nxw)-zde,

Here i,, 4, are unit vectors in = and y axes directions.
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This non-dimensional coefficients C'p and Cp are evaluated by an integra-
tion around cylinders walls. The formulas for coefficients in cylindrical bipolar

coordinates are the following

2w

Cp, = —/ hp K—gsinhnsinf) ng + (—g(coshncosﬁ—l)) ”n] dg
0
2 B

CL, = —/ hpw (—gsinhnsinﬁ) ny, + (—S(COShUC()Sg—l)) "5] dg
0, i

Cp, = —/ hp [(%(coshncosg—l)) ne + (—%sinhnsin§> nn] dg
0 \

2m h h
Cp, = —/0 hpiw (g(coshncosf—l)) ny, + (_E SiHhUSinf) nf] dg
- (3.26)

where n¢ and n,, are component of outward unit normal vector in £ and 7 direction,

respectively and w is component of vorticity in direction z

% a (sinh n ve —sinfvn)}

To evaluate integrals in equation (3.26), we used trapezoidal rule.



CHAPTER 1V
VALIDATION OF NUMERICAL

ALGORITHM

It is well known that for large gap spacing between the two surfaces of
the cylinders the mutual influence between cylinders disappear, leading to sep-
arate flow over single cylinders. To validate the present numerical algorithm,
the uniform flow past fixed and rotating circular cylinders with 0 < Re < 40,
0 < ay(= az) < 2.5 and with a large gap between cylinder surfaces, g = 14, have
been calculated and the results are compared with experimental and simulation
data for flow past a single cylinder. All the simulations have been performed in a
large domain so as to reduce the influence of the outer boundary. A sequence of
uniform grids is used. Because the cylinder wake is stable to perturbations in the

flow regime below Re < 46 4+ 1 the flow will reach a steady state for Re < 40.

4.1 Flow Past Two Nonrotating Circular Cylinders (Large

Gap Spacing)

We begin code validation with flow that tests the spatial fidelity of algo-
rithm without the complication associated with nontrivial boundary condition on
cylinders surface. In this paragraph, we consider the two-dimensional flow over
two identical circular cylinders in a side by side arrangement at the low Reynolds
numbers (5 < Re < 40) and large gap spacing between cylinder centers, g = 14.

Figure 4.1 shows variations of the drag and lift coefficients (Cp and Cp) with
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the gap spacing at fixed Reynolds number Re = 20. Obviously the quantities
depend on gap spacing and for large gap spacing approach the value of drag
coefficient of single-cylinder. It is shown that the drag coefficient stay nearly
constant, with values slightly larger than the single-cylinder one, in the range of
g > 8-+9D. In the same range of g the lift coefficient almost zero. In the range of
4+-5D < g < 8+9D, Cp is up to 10% larger than the Cp of the single-cylinder.
Drag coefficient steeply increases with decreasing g in the range g < 4 +5D. The

lift coefficient steeply increases with decreasing ¢ in the range g < 3D.

a5

2

15+

05f

Drag coefficient (CD)
Lift coefficient (CL)
o

L L L L L L
L L -
0 2 4 0 2 4 6 8 10 12 14

1 1
0 2 4 6 8
Gap spacing (9) Gap spacing (9)

Figure 4.1 Variations of the drag and lift coefficients with g at Re = 20

Figure 4.2 shows comparison of pressure distribution around the cylin-
der surface for the Reynolds number Re = 40 with experimental results from
Thom for Re = 36,45 and numerical results from Apelt and Kawaguti for
Re = 40 (see in Batchelor (2000)). Our results are shown by solid line. The
wake of an isolated cylinder consist of a recirculation zone with steady closed
streamline for Reynolds number above Re ~ 1 but less than Re ~ 40. The length
of the region of closed streamlines behind circular cylinders are shown in Figure
4.3 which our results are shown by solid square sign and circle sign represent
length which are measured by Taneda (1956). The calculated nondimensional
steady-state wake length L, (the distance from the cylinder trailing edge to the

reattachment point) and the drag coefficient Cp = Cp, + Cp, are compared with
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previously established results. The current results of wake length and drag coeffi-
cient are compared to the numerical simulations and experimental data in Tables
4.1 and 4.2. In Table 4.2, Cp, and Cp, denote the pressure and friction drag

coefficients, respectively. The spatial resolution of the mesh is shown in brackets

1.5
1 -
- . .
g —— Re=40 calculation (present)(g=14, right)
\\ ------ Re=40 calculation (Apelt)
0.5F g : - Re=40 calculation (Kawaguti) : B
° o Re=36 observation (Thom)
° ‘e o Re=45 observation (Thom)
= of
o
-0.5F
_l |-
_15 I I I I I

I I I I
-80 -60 -40 -20 0 20 40 60 80
Degrees from forward stagnation point

Figure 4.2 Pressure distribution at the surface of a circular cylinder (right),

Re =40, g =14
25
2F {g ) > N
Lw
15 7
a
H
|
1r © Taneda (1956) - - -
@ Taneda (1956)
W present (80x80)
0.5 N
0 | | | | | | |
0 5 10 15 20 25 30 35 40 45

Re
Figure 4.3 Observed lengths of the region of close streamlines behind a circular

cylinder

Figures 4.4,4.5 and 4.6 show the steady-state streamlines, pressure and
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Figure 4.4 Streamline patterns of flow over two circular cylinders (near left

cylinder) at Re = 5,10, 20 and 40 with g = 14D
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(b)

(d)

Figure 4.5 Pressure patterns of flow over two circular cylinders (near left cylin-

der) at Re = 5,10,20 and 40 with ¢ = 14D



38

(b)

(d)

Figure 4.6 Vorticity patterns of flow over two circular cylinders (near left cylin-

der) at Re = 5,10,20 and 40 with ¢ = 14D
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Renolds number 10 20 30 40
Takanmi & Keller (1969) — | 1.870 | 3.223 | 4.650
Dennis & Chang (1970) — | 1880 | — |4.690

Nieuwstadt & Kalln (1973) | — | 1.786 | 3.086 | 4.357
Ta (1975) — | 1.870 | — ]4.270
Present (80 x 80) 0.525 | 1.868 | 3.070 | 4.408

Table 4.1 Length of wake bubble

vorticity patterns corresponding to the case Re = 5;10;20 and 40, g = 14, re-
spectively. Due to the symmetry about y-axis we represent the all patterns only
around left cylinder. The present all patterns near left cylinder are very simi-
lar to those in case of flow past single cylinder at the same Reynolds number.
The accuracy of the numerical results is checked by computations on various
grids. We performed calculations on sequences of grids with number of nodes
40 x 40(AE = 0.16535, An = 0.17436), 80 x 80(AE = 0.080554, An = 0.086078)
and 160 x 160(A¢ = 0.039767, An = 0.042759). Some data on comparison of the
calculation results are represented in Tables 4.2 and 4.3. The comparisons made

above show that the present results are in a good agreement with previous results.

4.2 Flow Past Two Rotating Circular Cylinders (Large

Gap Spacing)

In this paragraph we study the two-dimensional flow past two rotating cir-
cular cylinders of equal radii in side-by-side arrangement at low Reynolds number,
Re < 40, large gap spacing, g = 14, and variable rate of rotation (0.1 < o < 2).
Both cylinders are placed in a stream (from down to up-positive direction at

y-axis) of uniform speed U, at infinite. Left cylinder rotating with constant
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Re | Contribution Ch Cp, | Cp, | Lw/D
Present (20 x 20) 3.748 | 1.883 | 1.865 | —
Present (40 x 40) 4.050 | 2.099 | 1.960 | —

5 | Ingham et al. (1990)(one cylinder) | 3.997 | 2.104 | 1.843 | —
Batchelor (2000)(one cylinder) 3.995 | — — —
Present (20 x 20) 2.022 | 1.193 | 0.829 | 0.720
Present (40 x 40) 2.069 | 1.229 | 0.840 | 0.840
Present (80 x 80) 2.120 | 1.270 | 0.850 | 0.934
Relf (1913) (one cylinder) 2.160 | — — —

20 | Tritton (1959) (one cylinder) 2080 | — — —
Chung (2006) (one cylinder) 2.050 | — — | 0.960

Ingham et al. (1990) (one cylinder) | 1.995 | 1.201 | 0.794 | —

Batchelor (2000) (one cylinder) 2.001 | — — | 0.900
Present (40 x 40) 1.539 | 1.002 | 0.537 | 2.160
Relf (1913) (one cylinder) 1.620 | — — —
40 | Tritton (1959) (one cylinder) 1.590 | — — —
Chung (2006) (one cylinder) 1.540 | — — | 2.300
Batchelor (2000) (one cylinder) 1.538 | — — | 2.150

Table 4.2 Validation of the numerical algorithm; comparison study for flow over

two side-by-side circular cylinders at g = 14 with flow over a single cylinder

gl"id CD CD CD CL CL CL

P f P f

40 x 40 | 2.069 | 1.229 | 0.840 | 0.020 | 0.010 | 0.010

80 x 80 | 2.120 | 1.270 | 0.850 | 0.019 | 0.010 | 0.009

160 x 160 | 2.124 | 1.274 | 0.850 | 0.019 | 0.010 | 0.009

Table 4.3 Sequence of grid; Drag and lift coefficient at Re = 20 and g = 14
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Figure 4.7 Variations of the drag and lift coefficients with ¢ at Re = 20 and

a=1.0

clockwise angular velocity. Right cylinder rotating with the same constant anti-
clockwise angular velocity.

To the author’s knowledge, there are very few published data of drag and
lift coefficients at Re < 40 and angular speed even for flow past single cylinders.
Figure 4.7 shows variations of the drag and lift coefficient (Cp and Cp) with
the gap spacing at fixed Reynolds number Re = 20 and fixed angular velocity
w = |wy| = |wz| = 1. For large gap spacing the values of drag coefficients approach
the values of drag and lift coefficients of single cylinder rotating in uniform stream.

Table 4.4 lists lift and drag coefficients from our calculation and makes a
comparison with Ingham et al. (1990), Badr et al. (1989) and Chung (2006).
It can be seen that the differences are acceptable for Cp and Cp. For Re =
20, the flow induced by several angular speeds in interval 0 < «; < 2.5 have
been computed. To check accuracy of our algorithm in case of rotation cylinder.
We make computation on sequence of grid. Table 4.5 shows the result of our
simulation on sequence of grid in case Re = 20 with ¢ = 14 and o = 1.0. Figure
4.8 shows the predicted steady-state streamline patterns for o = 0.1;0.5; 1.0; 2.0,
respectively. Due to symmetry we only present the streamline patterns around

the left cylinder in Figures 4.8 —4.9. For the case of a large gap between cylinders
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Re | Contribution Ch Cy

a=01 a=10 a=20|a=01 a=10 a=20

Present (80 x 80) 2.119 1.887  1.363 | 0.291 2797  5.866
20 | Badr et al. (1989) 1.990  2.000 — 0.276  2.740 —

Ingham et al. (1990) | 1.995 1.925 1.627 | 0.254  2.617  5.719

Chung (2006) 2.043 1.888  1.361 | 0.258  2.629  5.507

Table 4.4 Hydrodynamic parameters of flow over a rotating circular cylinder at

Re = 20 with g = 14

gl"id CD CDp CDf CL CLp CLf

40 x 40 | 1.858 | 1.033 | 0.825 | 2.740 | 2.393 | 0.347
80 x 80 | 1.887 | 1.061 | 0.826 | 2.797 | 2.437 | 0.360

160 x 160 | 1.901 | 1.074 | 0.827 | 2.802 | 2.440 | 0.362

Table 4.5 Sequence of grid; Drag and lift coefficient at Re = 20 and g = 14,

a=1.0

the streamline patterns are similar to those in the flow behind a single cylinder,

M.H.Chung (2006) and Batchelor (2000).

4.3 Flow Past Two Nonrotating Circular Cylinders (Small

Gap Spacing, g = 1)

For the case of small gap between fixed cylinder there is a very few data.
In the case of Re = 40 and g = 1 wake streamline patterns are similar to those
in Kang (2003). The computed drag coefficients for both cylinders are nearly the
same. The lift coefficients are in the opposite directions. The lift force try to

move out cylinders from each other along y-axis. There is about 10% difference
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cY

(©)

Figure 4.8 Streamline patterns of flow over two rotating circular cylinders at

Re =20, g =14, and o = 0.1, 0.5, 1.0, 2.0.
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(b)

()

Figure 4.9 Pressure patterns of flow over two rotating circular cylinders at Re =

20, g = 14, and a = 0.1, 0.5, 1.0, 2.0.
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in Cp between the present calculation (Cp = 1.514) and Cp reported by Kang
(CDiany = 1.70). The same difference is occurred for lift coefficient Cp,...,. =

0.358 and Cp,,,, = 0.4, Relative difference is 10%.

4.4 Results of Validation

The comparison of the data between our computational results and the
experimental and numerical data available in the literature shown in Figures 4.1 —

4.9 and Tables 4.1 — 4.4 indicates a satisfactory level of agreement within 10%.



CHAPTER V

SIMULATION RESULTS

After verifying the numerical method, we have conducted numerical sim-
ulations of flow past constantly rotating circular cylinders of equal radii in a
side-by-side arrangement at Reynolds number Re = 10,20 and 40, rate of rota-
tion 0.5 < o < 2.5 and nondimensional gap spacing 0.5 < g < 1.5. Both cylinders
are placed in a stream (from down to up) of uniform speed U, at infinity. The left
cylinder is rotating with constant clockwise angular velocity. The right cylinder
is rotating with the same constant anti-clockwise angular velocity. The sketch of
the present problem is shown in Figure 2.1. One of the target of present research
is to find self-propelled regime of motion. In the case of two rotating cylinders,
drag and lift forces depend on Reynolds number, gap spacing and rate of rotation

are defined as follows:
C1D :CD(R€,9,0Z), CL :CL(RQ,Q,O()-

Self-propelled motion corresponds to Cp = Cp(Re,g,a) = 0, and Cp =
Cr(Re,g,a) = 0. Let us define o as that produces zero drag on a combined
body, i.e. at @ = agi, Cp(Re, g, i) = 0, and Cp = Cp(Re, g, erig) = 0. Tt is

clear that a..; depends on Re and g, i.e. it = qerit(Re, ).

5.1 Wake Patterns Depending on the Reynolds Number

and Rate of Rotation

The influence of the rotation rate & = oy = ay = |w;|D/2U4 is demon-

strated in Table 5.1 and Figure 5.1. Table 5.1 and Figure 5.1 give the values of
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drag and lift coefficients in case Re = 10,20,40 and ¢ = 1 for 0.5 < a < 2.5.
Indexes 1 and 2 correspond to the right and left cylinder, respectively. The fluid
forces are distributed over the two cylinders such that lift forces in z—direction
on the combined system are in equilibrium, Cp, + Cr, = 0. However, the fluid
forces acting upon an individual cylinder demand that some additional external
forces are applied to it in order for its position to remain fixed. There is a repul-
sive force acting on the cylinders, Cr, > 0,C, < 0. The absolute values of lift
coefficients increase with increasing «, as shown in the sixth column of Table 5.1.
The lift forces acting on cylinders are mostly resulted from the pressure force,
as can be seen in two last columns of Table 5.1. The pressure contribution in
(', increases with increasing Re, which is the same behavior as observed in the
study of Stojkovic et al. (2002) for the case of a single rotating cylinder. The
drag coefficients decrease with increasing «, see third column of Table 5.1. For
it = 1.65 (Re = 10), aerir = 1.74 (Re = 20) and .y ~ 1.755 (Re = 40) the
drag force becomes zero. This case corresponds to the self-propelled motion of
cylinders as a coupled body. It is interesting that both Cp, and Cp, decrease
with increasing «, see columns 4 and 5 in Table 5.1, resulting in negative values
of Cp, and Cp, for higher rotational velocities. This is opposite to the case of
flow past single rotating cylinder, where Cp, increases and Cp, decreases with in-
creasing « (Stojkovic et al. (2002)). Additionally, for « > 2.0 the total drag force
is negative. In the case of flow around a single rotating cylinder the effect is quite
different. It has to be pointed out that the self-propelled regime happened due to
different reasons at Re = 10, at Re = 20 and at Re = 40. In case of Re = 10 the
drag Cp ~ 0 due to Cp, =~ —CDf ~ 0.33. In the case of Re = 20 self-propelled
regime corresponds to Cp >~ 0 due to Cp, ~ —Cp, ~ 0. In case of Re = 40

self-propelled regime corresponds to Cp =~ 0 due to Cp, ~ —Cp, ~ —0.141. In



o« Re Cp Cp,  Cp,  Cu, Ci, Cu,
10 1.942 1219 0723 42181 +1.623 +0.558
0.5 20 1485 0919 0566 +1.721 +1.382 =+0.339
40  1.129 0.727  0.402 £1.457 +£1.245 =£0.212
10 1.094 0824 0270 +3.028 +2355 +0.673
10 20 0862 0530 0332 +2.774 +2300 +0.474
40 0680 0389 0291 42511 +£2.198 +0.313
10 0.247 0440 -0.193 +3544 +2811 +0.733
15 20 0260 0151 0109 +3.645 +3.065 +0.580
40 0222 0035 0.187 +3.482 +3.078 +0.404
1.65 10 0004 0335 -0.331 +3.633 +2.894 +0.739
1.74 20 -0.001 -0.004 0003 =+3.958 +3.345 +0.613
1.755 40 0.000 -0.141 0.141 43971 =£3.520 =+0.451
10 0516 0.134 -0.650 +3.713 +2.983 +0.730
20 20 -0.265 -0.152 -0.113 +4.196 +3.563 +0.633
40 -0.205 -0.305 0.100 +4.437 +£3.944 =+0.493
10 -1.199 -0.076 -1.123 +3.415 +2.767 +0.648
25 20 -0.685 -0.330 -0.355 +4214 +3.608 =+0.606
40 -0.502 -0.504 0.002 +4.988 +4.461 +0.527
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Table 5.1 Drag and lift coefficient of flow over two rotating circular cylinders at

Re = 10,20 and 40 with g =1
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Figure 5.1 Drag and lift coefficients at Re = 10(a) — (b), 20(c) — (d), 40(e) —(f)

and g = 1, a € [0.5,2.5]
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Figures 5.2 — 5.4 streamlines patterns are displayed for Re = 10,20 and 40, g = 1
and different rate of rotation 0.5 < o < 2.5. All streamline patterns are symmet-
rical about the y—axis. There are regions of closed streamlines near cylinders for
all values of a. These streamlines only exist very close to the cylinders for small
values of a. However, as « increases they exist in larger and larger regions as
illustrated in Figures 5.2 — 5.4. For small o the space between regions of closed
streamlines is sufficiently large that fluid can go through gap between cylinders,
see Figures 5.2(a), 5.3(a) and 5.4(a)-(b). As « increases the stagnation points ro-
tate in the direction opposite to the direction of the cylinders rotation and depart
from the surfaces of the cylinders and approach the y—axis at the smallest spacing
between cylinders. Finally, the space between cylinders surfaces becomes narrow
for further increasing of the closed streamlines regions. At a between ~ 1.0 and
~ 1.5 these regions touch each other along y—axis. The stagnation points are now
located on the y—axis, both upstream and downstream, as illustrated in Figures
5.2(b)-(d) and 5.3(b)-(d). Further increases in angular velocity of cylinders is a
reason of increasing of closed contour regions around the cylinders, see Figures
5.2(c)-(d) and 5.3(c)-(d). The stagnation points on y—axis move upstream and
downstream of the cylinders. The stagnation point moves far away from the line
between the center of the cylinders. The streamline patterns of the self-propelled
regime are represented by Figures 5.2(c) and 5.3(c) for Re = 10 and Re = 20,
respectively. For Re = 40, the self-propelled regime C'p ~ 0 occurred before the
stagnation point located on y—axis, small amount of fluid can go through gap

between cylinders, at a = 1.755 (see Figure 5.4(c)).
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5.2 Wake Pattern Depending on Gap Spacing and Rate

of Rotation

In this section, we show the results of our numerical simulations in case
of fixed Reynolds number, Re = 20, and gap spacing g = 0.5,1.0, 1.5 for rate of
rotation 0.5 < a < 2.5. Table 5.2 gives the values of drag and lift coefficient in
case Re = 20,9 = 0.5,1.0,1.5 for 0.5 < a < 2.5. We used the same notations as
in Table 5.2. The absolute values of lift coefficients increase with increasing g at
fixed «a, as shown at the six column of Table 5.2. The lift force acting on cylinders
mostly result from the pressure force, as can be seen in two last column of Table
5.2. The pressure contribution in C}, increases with increasing gap spacing, g, at
fixed rotation rate in case 1.0 < a < 2.5. In case a = 0.5, small rotation rate,
behavior of Cp and Cp, is different. Lift force decreases with increasing g, at
the same time (', first decreases in case g increases from 0.5 to 1.0 and when g
increases from 1.0 to 1.5, (', increases slightly. This behavior has to be analyze
more carefully and it is a aim of future work.

The drag coefficient increases with increasing, g, at fixed «, see the third
column of Table 5.2. Both Cp, and Cp, increase with increasing gap spacing
at fixed rate of rotation. The self-propelled regime happen at different rate of
rotation when ¢ increase. Rate of rotation corresponding to zero drag force in-
creases with g increase. In the last three rows of Table 5.2 the parameters of self-
propelled cylinders are demonstrated. It is interesting that, If ¢ = 0.5,Cp =~ 0
due to —Cp, =~ Cp, = 0.146, if g = 1.0,Cp =~ 0 due to —Cp, =~ Cp, =0,
if g =1.5,Cp = 0 due to —C’Df ~ C(Cp, = —0.196. For all calculation with
Re = 20, (represented in Table 5.2) the results for corresponding drag and lift
coefficient are shown in Figure 5.5.  In Figures 5.6 — 5.9 streamlines for three

different gap spacing g = 0.5,1.0,1.5 at Re = 20 and o = 0.5,1.5,2.0,2.5 are



a g Ch Cp, Cp;  Cu, O, Ci,
0.5 1.039 0.707 0.332 =£1.984 +1.541 =£0.443
0.5 1.0 1.485 0919 0.566 +1.721 =+1.382 =+0.339
1.5 1909 1.176 0.733 =+£1.684 =+1.392 =+0.292

0.5 0.311 0.305 0.006 4+2.511 42.030 40.481
1.0 1.0 0.862 0.530 0.332 +2.774 =£+2.300 =0.474
1.5 1.427 0.859 0.568 +2.954 +2.506 =+0.448
0.5 -0.413 -0.053 -0.360 =£2.456 +£2.021 =£0.435
1.5 1.0 0.260 0.151 0.109 43.645 =+3.065 =0.580
1.5 0.897 0.485 0412 =4+4.169 =+3.571 =0.598
0.5 -0.974 -0.268 -0.706 =£2.056 =£1.706 =0.350
2.0 1.0 -0.265 -0.152 -0.113 =4+4.196 =+3.563 =0.633
1.5 0.338 0.068 0.270 4+5.378 +4.630 =+0.748
0.5 -1.424 -0.343 -1.081 =£0.971 =£0.792 =£0.179
2.5 1.0 -0.685 -0.330 -0.355 =+4.214 =+3.608 =+0.606
1.5 -0.190 -0.339 0.149 =+6.606 =+5.714 =+0.892
1.245 0.5 -0.002 0.146 -0.148 =+2.664 +£2.180 =+0.484
1.74 1.0 -0.001 -0.004 0.003 43.958 =+3.345 =+0.613
2.32 1.5 -0.005 -0.196 0.191 =+£6.171 +£5.329 +0.842
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Table 5.2 Drag and lift coefficient of flow over two rotating circular cylinder at

Re = 20 with ¢ = 0.5,1,1.5
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61

displayed. Figures 5.10 — 5.13 depicts the pressure distribution around cylinders
for the same cases. Figures 5.14 and 5.15 show the streamline patterns and
pressure field for Re = 20, = i (self-propelled regime) and g = 0.5,1.0 and
1.5.
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Figure 5.10 Pressure patterns of flow over two circular cylinders at Re = 20,

a=0.5and g =0.5;1.0;1.5
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(€Y

Figure 5.11 Pressure patterns of flow over two circular cylinders at Re = 20,

a=1.0and g =0.5;1.0;1.5
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Figure 5.12 Pressure patterns of flow over two circular cylinders at Re = 20,

a=15and g =0.5;1.0;1.5
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Figure 5.13 Pressure patterns of flow over two circular cylinders at Re = 20,

a=20and g=0.5;1.0;1.5
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= 20, @ = agqy and g

of self-motion at Re

Figure 5.15 Pressure patterns

0.5;1.0;1.5



CHAPTER VI

CONCLUSIONS

In the present study, we have numerically investigated steady viscous
incompressible fluid flow over two rotating circular cylinders in a side-by-side
arrangement at moderate Reynolds numbers, 5 < Re < 40, with gap spacing
and the rate of rotation in the range of 0.5 < ¢ < 14 and 0 < a < 2.5, re-
spectively. Special emphasis was put on rotation rates for which the two rotating

cylinders perform self-propelled motion as a coupled body.

The following conclusions can be drawn:

1. Numerical algorithms and computer codes have been developed and vali-

dated.

2. For moderate values of Re in the steady flow regime (e.g.,5 < Re < 40)),
and for a gap spacing, g = 1, the flow around the two cylinders shows similar
behavior to the flow around a single rotating cylinder: Cp increases with
increasing «. The lift forces acting on the cylinders mostly result from the
pressure force. As « increases, both the pressure drag and friction drag
coefficients decrease, resulting in a net decrease of the total drag force. For
a > aeq, Cp becomes negative. (In the case of a single cylinder, as «

increases, the pressure drag decreases, with increasing friction drag).

3. In the case a = a,;; the self-propelled motion of two cylinders as a coupled
body occurs. In the self-propelled regime (Re = 10,20) there is a region

which encloses both cylinders and which consists of two subregions of closed
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streamlines. These subregions are connected along the axis of symmetry.

4. The critical rotation speed a..;; depends on the Reynolds number and gap
spacing, for example, for gap spacing g = 1, ag =~ 1.65,1.74 and 1.755
for Re = 10,20 and 40, respectively. For a fixed Reynolds number, the
value of a..;; depends on the gap spacing, for example, if Re = 20 . =

1.245,1.74 and 2.32 for g = 0.5,1.0 and 1.5 respectively.

5. For Re = 10, g = 1 the self-propelled regime occurs for the drag coefficient
Cp = 0 because Cp, = —Cp, ~ 0.33. For Re = 20, g = 1 the self-propelled
regime corresponds to Cp = 0 due to Cp, ~ CDf ~ 0. In the case of Re =

40, g = 1 the self-propelled regime corresponds to Cp, ~ —Cp, = 0.141.

The numerical investigations presented in this thesis suggest that it is possible
to study flow past two cylinders of different radii which rotate with different
angular velocities and to also study the case in which cylinders are in a tandem
arrangement. Future work should include simulations for the cases of higher

Reynolds number, Re > 45.
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APPENDICES



APPENDIX A

TRANSFORMATION OF GOVERNING
EQUATIONS TO CYLINDRICAL BIPOLAR

COORDINATES

In this Appendix, we review the main definitions of tensor-vector calculus
in curvilinear coordinate systems. We then derive a detailed transformation of

the Navier-Stokes equations into the cylindrical bipolar coordinate system.

A.1 Definitions of Main Tensor Operations in the Curvi-

linear Coordinate System

Let Q C R3(Z) be an open set. A one-to—one and reciprocal continuously
differentiable mapping from € to a subset of R? is called a coordinate system.

This mapping is defined by the formula
T — K(7) = (K'(Z), K*(7), K*(T)).

The values of the functions K*(Z) are called the coordinates (curvilinear coor-
dinates) of the point #. Let a point ¥ € ) be fixed. At this point there are
vectors

0F  _, OK

T =VK', (i=1,2,3), (A1)

€; =

which form a basis, €;, and cobasis, €%, in R3. These bases are called a coordinate

basis and cobasis of the coordinate system K at the point Z. A vector ¢ can be
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decomposed along either basis or cobasis vectors
U =uv,e’ =v'e;.

The components, v;, are called covariant components of the vector, ¥, and the v?,
are called contravariant components of the vector, v.
A coordinate system is called orthogonal (at a point or on a set) if its basis is

orthogonal (at the point or on the set).
e -¢=0, ¢ e =0,(i#j).
The fundamental tensor and its inverse are defined by
Gij = €; - €}, gl =e"-év. (A.2)

Coordinates of the fundamental tensor g with respect to an orthogonal coordinate

system are
gun 0 0 gt 0 0
@i))=1 0 g 0 |, WH=1]10 ¢2 0 |,
0 0 gs3 0 0 g%
where
gii:|€i\2=‘£§i2, g = = VK", i=1,2,3 |g|=[a (& x &)

The derivatives of the basis and cobasis vectors with respect to curvilinear coordi-

nates can be represented in terms of the basis {€;} and cobasis {€"}, respectively

a€i ;
_ s ]

I 0K

9¢e;
OKJ

where the coefficients I'j; are called Christoffel symbols of second order. The

Christoffel symbols are related to the derivatives of the fundamental tensor

1 9gis | 9g;s _ 99ij \ s
Yi=s\ori Yo ars )9 (A-3)
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Covariant derivatives are expressed in terms of partial derivatives with respect to
corresponding coordinates, Christoffel symbols and components of a tensor. The
simplest are covariant derivatives of a scalar field, F', which coincide with the

usual partial derivatives

or
T OK?

The covariant derivatives of the covariant and contravariant components of a
second order tensor ® are

0P, o 0PY

(I)ij,l 8Kl Flz(I)S] F? (I)isa (I)flj = 8Kl

4T3 0% + Y. 9% (A.4)

J
Similarly, the covariant derivatives of the mixed components are

P . , %)
R

/) = s *i.» A0 K1

HOK!

— 5@ 4 T, 0%, (A.5)

In the above equations and everywhere below, a comma with an index in a sub-
script denotes covariant differentiation. A derivative of the vector field, ¥, is the

8—)
second order tensor which is denoted by the symbol, (a—ﬁ) . Covariant and mixed
i

coordinates of the <8—3> are
or

o o, o\’ o't o
(1) = o — T = vig <—) 3= g T = (A6)
ij

0x 0K ox T 0K
The divergence of a vector field, ¥, is a scalar. Divergence can be expressed in

terms of the covariant derivatives of the contravariant components of vector field,

v,
o' , vi vt OV/lgl 10 ,
div v = v, + I = - - lglv*) . (A7)
T OK T 0K gl 0K ( )
The vector
oF  OF &
V= 97 0K

is called a gradient of the scalar function F'. Covariant components of the gradient

vector are

== (A.8)
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The scalar

PF ., OF
OK-0K:  “0Ka]’

AF =div (VF) = ((VF)"); = (¢"(VF),); = ¢" {

is called the Laplace operator of the scalar function F'. We can rewrite this formula

in the following form

19 L OF
AP = ot (Vi s ) (A9)

A curl of a vector field, U, is a vector field. In a right-handed basis, 103 =

—

€1 - (€5 x €3) = +/|g|, the contravariant components of curl v are

( l_,)l . 1 8213 _ 81)2 ( l_,)g . 1 81}1 _ 8213
curtv) = _|g| K2 K3 s curtv) = \/m K3 K1 y

( l_,)g . 1 8212 _ 81}1
curtv) = \/m K1 K2 .

(A.10)
The divergence of a tensor field is a vector. The s-th contravariant component of
this vector is

div P)* = P¥ .= div (P°) + I'*_ P A1l
J jo

where P° = (P%', P*2, P%3) is s-th row of a matrix which represents second order

. opv
tensor P and div (P") = ng

The Laplace operator of a vector field is a vector field and the contravariant

+ 1Y, P

components of this vector are

o\ g | ol
é—*l_ i _ i l ) X s 0 l s
( U) _g] <<8f)J> ‘_g](v,i),j _gj lﬁKj _Fjiv,s_'_rjsv,i]

g 0! ort ov® ot ov’
= g" —— Dot Th—— | =T It v ) +T -+ T2 |
g [(aKaaKz+aKﬂ” - ’saKJ) ﬂ(@Ks+ sa¥ )+ s\ o Tl

After regrouping one has

. s (Ot
(AF) = (M) + 2g7TE gfv(j 4 g (% —T9I, + rgar;) v°, (A.12)

2,1 I
where (Av') = g% [ ov___ rs Ov

BYRENC i3 KS} is the Laplace operator of scalar function

vt
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The covariant and contravariant components of the acceleration of a vector field,

U, are
dv ov; Ly v 4ot v, 9 48
_ — V' Vg = — v — U Vs,
), ot T ot oKs v
(A.13)
doN' o0 SO s
at) o Ve T o T aRes T et

If vectors of coordinate bases and cobases are not normed, then components of
tensors have different numerical values in different bases even if directions of
basis vectors coincides. Numerical values of tensor components divided by the
length of corresponding basis or cobasis vectors, which define these components
are called physical components of the tensor. For example, if a; = @é; are covariant

coordinates of a vector @, then the physical components are

(A.14)

the covariant components of a tensor, L;;, related with the physical components
as
~ Ly

1= TEnen (A.15)

A.2 The Cylindrical Bipolar Coordinate System

Let & be a fixed right-handed orthonormal Cartesian basis in R3. A vector

— — ——

7 € R3 has components T = (z,y,2); (v = Zéy,y = Téy, 2 = Té3) in this basis.

Curvilinear coordinates are a transformation from R? to a subset of R?
K(¥) = (Kl(aj, Y, 2), K2(x, Y, 2), Ks(aj, Y, 2)).
For the cylindrical bipolar coordinates we use the notation

é- = Kl(gj7 y7 Z)’n = Kz(gj? y7 Z>7Z = Ks(gj? y7 Z)’
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The cylindrical bipolar coordinate system can be defined by the inverse transfor-
mation K1

ih .
y— _ asinh7 ’ _ asiné R (A.16)
coshn —cos ¢ coshn — cos &

where £ € [0,27),n € (—00,00), 2 € (—00,00), a is a characteristic length in the
cylindrical bipolar coordinate system which is positive. The following identities

show that curves of constant £ and 7 are circles in xy-space

2 2 2 2
x° 4 (y —acot&)” = a’csc*¢, (A7)
(z — acothn)? + y? = a’csch™y.

The coordinate surface n = const corresponds to a family of nonintersecting

cylinders whose centers lie along the z-axis. The value n = 0 is a cylinder of

infinite radius and equivalent to the entire plane x = 0. Figure A.1 shows the

sketch of the cylindrical bipolar coordinate system. If two cylinders are chosen to

be n = n (with ; > 0) and n = 1, (with 75 < 0) then cylinders radii r; and 7

as well as the distances of their centers from the origin d; and dy are given by
r; = a csch|n, d; = acoth|n|, 1=1,2. (A.18)

The center to center distance between the cylinders equals d = dy + ds. If 1,79

and d are given, one can find a, 1, and 7, from the relations (A.16) — (A.18) to

m =In <cosh m + 1/ cosh®n, — 1) (A.19)
7 =In (cosh 1y — 1/ cosh? 1y — 1) (A.20)

o= \/d4 — 2d2(’f’12 + 7“22) + (7’12 — 7“22)2

be as follows

o (A.21)

Using the main definitions of vector-tensor operations given above, we now
demonstrate the detailed transformation of the Navier-Stokes equations into cylin-

drical bipolar coordinates:
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Figure A.1 Geometrical sketch of the cylindrical bipolar coordinates.

The bases and cobases of the cylindrical bipolar coordinate system are orthogonal

and consist of the vectors

or Ox 8y 82) . .
€1 = = = —sinhnsin&, cos £ coshn — 1,0),
or Oxr Oy 82’) o
€y = —— = = 1 — coshncos&, —sinésinhn, 0),
2= 55 (877 o’ 91 coshn—cosg) 5 ( ncos ¢ sinhn,0)
or 8x 8y 0z
€y = ———= = (0,0,1),
REYE "9z’ 82)
K! K1 K*! 1
el = 0 0 ’8 = —(—sinhnsin&, cos€ coshn — 1,0),
8x2 8y2 822 a
K* 0K* 0K 1
€2 = 0 ,8 ’8 = —(1 — coshncos &, —sin E sinh 7, 0),
8x3 8y3 823 a
0K° 0K° 0K
€ ( ax Y 8y Y 82 ) (0707 )
(A.22)
and |&)] = [&| = h = coshn — cos &’ €' =[e% = n |&5| = |e?] = 1.
The fundamental tensor can be written as follows
— — B 1 T
h? 0 0 7 0 0
ij 1
| 0 0 1] 0 0 1
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The Christoffel symbols (A.3) for the cylindrical bipolar coordinate system are

F}lszzzf‘gl:—h%, F%lthith>
. a . (A.24)
1 sinh n 1 sin & 9 sinh n
1—‘2—F21— —h P Fz—h , Iy =—h a

with all other components being equal to zero.
Let (ve, vy, v,) be the physical component of the velocity vector, ¥, in the cylin-

drical bipolar coordinate system. Then the tensor components of ¢ are

1 1

(El)g, Evn,vz), (v1, v, v3) = (hvg, hoy, v,). (A.25)

(007, 0%) =
If the physical components of a tensor T are

Tee Tey T
(M= Tpe Ty, Ty | (A.26)
Tz§ Tzn Tzz

then the contravariant and covariant components of the tensor 1" are

wlee mTe 37 WTee h*Tey hT.
(Tij) - 3 T§ %Tnn %Tnz ’ (T”) - h2Tn§ h2T7717 thz
%Tzf %Tzn Tzz hTz§ hTzn Tzz

(A.27)

The covariant and contravariant coordinates of the gradient of a scalar function

p are
) 9 0
(V) = 55 (V8)y = G (Vo) = 5
- 1 8p 2 1 8p
(Vp) =g (Vp), = h2 9’ (V)" = g%(Vp), = h2on’ (A.28)
(Vp)® = ¢*(Vp), = gi

A matrix of the covariant derivatives of a vector field can be written as follows

i ' I o®
v,j—aKj+ sV




86

Thus we have a matrix of covariant derivatives in terms of physical components

of vector U

L0ve sinhp - L0ve  sing - 10ve

hoe  a " hap ' a " ho:

i yv_ | 10v,  sinhpy 10v, sin¢ 1 0v,
(v%) = h 0§ a ¢ R on a ¢ no:
8’UZ avz aUz

o¢ an 0z

(A.29)

The divergence of a vector field, ¢/, (A.7) can be expressed in terms of physical

components of the vector ¢ as follows

. (A.30)

dvi=1: 170 T oy 5,

hl2 [8(hv5) a(;wn)] Lo

The ¢ — th contravariant components of the convective derivative are defined by
[(U v)ﬂl = Ulvivl ’

or in term of physical components as follows

oot L[ Ove g 1 0Ove 1 [sinhy siné, 9
[('U V)’U] - h2 _Uf ag +'U77 877 h'UZ Oz h a UeUn a (Uﬁ) )
. 1 [ v ov 1 ov 1 [sinhn sin &
(090 = 5 a2 + 2] + oG+ 1 | ? - Do)
. 1 ov, ov, ov,
[(’U : V)’l_]jg = E |:’U§a—€ + Una—n:| + ’UZE.
(A.31)
The Laplace operator of a scalar function p, (see equation (A.9)) is
1 [0% O*p] %
Ap = ﬁ |:8—§2 + 8—7]2:| + @ (A32)

The contravariant components of the vorticity vector, curlt = V x ¥, (see equation

(A.10)) are
. 10v, 10y, o 1Ove 1 0v,

= — w- =
h?20n h oz’ h 0z h?9¢’
53 1 (821,7 8215) B sinfv N sinhnv (A.33)

w

Ww=2\2c "o n 3

0& on a a



87

The divergence of a tensor T' (see equation (A.11)) is a vector with the contravari-

ant components

: | 1 (sin¢ sinh n
@iy = din(T) + 3 (25T~ Te) - ST+ o)),

. 9 L2 1 [sinhn sin & A
(divT)” = div(T") + h (Tee = Toy) — T(Tfn +The) ), (A.34)

(divT)? = div(T"),
where

—1 1 1 1 —9 1 1 1
T = (ﬁTEE’ ﬁTfna ETEZ) . T = (ﬁTn& ﬁTnm ETUZ) )

3 1 1 1
= _Tz a_Tz a_Tzz .
(h ST )

The Laplace operator of a vector field, U, (see equation (A.12)) is the vector with

N

the contravariant components

1 L1 (0% 0% 2 (. ov, . Oy,
(89" = 35 [h (ag2 o) T Mg Tty

1 (coshn+cosg _i_l&
h? a AR
1 [1 /0%, 0% 2 ov ov
AT = — | = 7 1) + 2 (sinhp=s —siné—= || — A.35
80 =g [ (gt + ) 2 (s —sme o) [ - s
1 (coshn+ cos 1 0%,
h? a AR

(AD)® =

1 8202_‘_82112 —I—82UZ
2o "o | T o

The acceleration has the components

dv 170 i inh 1
( U) = — | D(ve) + %W“n - Sma n”ﬁ“n )

dt h|
A sin & sinhn ]
(%) =5 _D(Un> — T Unve T v (A.36)
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WhereD(f):g{jL}ll gjg—l-l 8f+ Zgjzc

With the use of above formulae, one can transform the Navier-Stokes equa-

tions into the cylindrical bipolar coordinates (£, 7, z) and obtain

Ove 1 Ove Ove dve 1. . 2
— + w \veae 5 + vy —— o +, 5, o (sinh n(vevy) — sin&(vy)”)
1 10p 0% OPve  0vg
i S i A.
nopoe Y 8z2+h{ <a§2+8n2 (A.37)

!
h
2( . . Ov, . O cosh 7 + cos §
p (smhn o€ sin & 077) ( . Ve o,

ov, 1 vy, 8@,7 81)77 1. 2 .
T + ; < Ve—rr o€ + v, +v 5, + = (smhn(vg) smf(vgvn))
2 2 2
1 10p 81)77 8vn+8vn (A.38)

1/
 hopon o2 T h E 0¢?
2 (. v . 0v coshn 4 cos &
—l—a (smhnﬁ—é_5 —siné 87;) — (f) vn},

—I—l ov, o ov, o ov,
ot ' h 585 on ) T e, (A.39)

__1@_{_1/ i 82vz+821)z +82115
- pOz h2 \ 02 = On? 022 |’

1 [8(hvg) 8(%)} 4 v —0, (A.40)

2| ¢ on 0z
where v¢, v, and v, are the physical components of velocity vector v = (vg, vy, v,),

p is the pressure, v = 1 is the coefficient of kinematic viscosity.
P



APPENDIX B

THE METHOD OF STABILIZING

CORRECTIONS

In this research we use the iterative method of stabilizing corrections (Ya-
nenko (1971)) for computing the finite difference equation (3.21) for pressure. The
method of stabilizing corrections, which was introduced by Douglas and Rachford
(1956) and formulated in its general form by Douglas and Gunn (1964), is a very
general and effective method for the construction of schemes with fractional steps.
We present here the general iterative scheme of stabilizing corrections for elliptic
equations. In our explanation, we follow Yanenko (1970).

For the elliptic equation

- 0*u
et}

ij=1
the parallel between the iterative schemes and integration schemes of the corre-

sponding parabolic equation

ou " 0%u
ot Z i Ox;0x; + (B-2)

INES
is always valid, i.e., the solution of the unsteady problem (B.2) approaches the
solution of the steady problem with the same boundary conditions, regardless of

the choice of initial data. The scheme of stabilizing corrections is
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n+1/m n

u —Uu

- = A11Un+1/m + (Q - Au)u",
n+2/m __ ,,n+l/m
u u _ A22(un+2/m - uTL>’
T (B.3)

)

untl — un—l—(m—l)/m

— Amm(un+1 - un>’
T

n
where (2 = Z A;;. After eliminating fractional steps, the equivalent scheme in
ij=1
whole steps is

un-i—l —un
= Aun+1 + (Q — A)Un — T Z A,-,-Ajj(u"H — Un)+
T 1<j
+70 ) N (" — ) 4 -
i<j<k (B.4)

—|—(—1)m_1A11 Ce Amme_l(Un+1 — Un),

A:in:A“, i,j,k‘:l,...,m.

i=1
From (B.4) complete consistency follows at any m. Scheme (B.3) is strongly
stable. The main idea of the scheme of stabilizing correction is to solve at each
fractional step the system of algebraic equations only with tridiagonal matrix.
Next we give a short description of the “sweep” method of solution of three-
point equations and the cyclic elimination method for three-point equations. The
three-point equations arise from three-point difference schemes designed to find
periodic solutions of second-order ordinary differential equation and also when
approximating the solutions of equations with partial derivatives in cylindrical

bipolar coordinates.
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B.1 The Elimination Method for Three-Point Equations

(Samarskij (1989))

Suppose we must solve the following system of three-point equations

coyo —boyr = Jfo, 1 =0,
—;yi-1+ ¢y — biyiy1 = fi I1<i<N-—1, (B.5)
—anyn-1+cenvyy = fn,  i=N,
or, in vector form,

AY = F (B.6)

where Y = (yo,%1,...,yn)? is the vector of unknowns, F' = (fo, fi,..., fn)7 is
the right hand side vector, and A is the square (N 4+ 1) x (N + 1) matrix with

real or complex coefficients.

co —bp O 0 0 0 0 0
—a; ¢ b 0 0 0 0 0
0 —as co —by - 0 0 0 0
A =
0 0 0 0 -+ —any—s c¢cy_—o —DN =2 0
0 0 0 0o .- 0 —an-1  cn-1 —byn_
0 0 0 0o .- 0 0 —ay cN

Systems of the form (B.5) arise from a three-point approximation to a
boundary-value problem for second-order ordinary differential equations with con-
stant and variable coefficients, and also when realizing difference schemes for
equations with partial derivatives.

Following the idea of Gauss’ method, we carry out the elimination of the

unknown in (B.5). We introduce the notation a; = by/co, 51 = fo/co and write
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(B.5) in the following form

Yo —ayr = [, i=0,
—aiYi—1 + Y — biyir1 = fi, 1<i<N-1, (B.7)
—anyn-1+cenvyn = fn, 1= N,

Take the first two equations of the system (B.7)

Yo —oqyr = B, —a1yo + iy — biye = fi.

Multiply the first equation by a; and add it to the second equation. We get

(Cl — aloq)yl — blyg = f1 —+ 06151 or, after leldlIlg by C1 — a1

by fi+aiB
— o=
1 — 14y 1 — (1ag

Y1 — aya = [a, g =
All the remaining equations of the system (B.7) do not contain yg, therefore

this stage of the elimination process is completed. As a result we obtain a new

“reduced” system

Y1 — oYz = [o, =1,
—;iyi1 + ¢y — biyiy1 = fi 2<i< N -1, (B.8)
—anyn-1+cenyy = fn,  i=N,
which does not contain the unknown yy and which has a structure analogous to
(B.7). When this system has been solved, the unknown g, is found from the
formula yg = a1y + B1. We can apply the above described elimination procedure
to system (B.8). At the second stage, the unknown y; is eliminated, at the third

Y2, and so forth. At the end of the I'" stage we obtain a system for the unknowns

yl>yl+1>"' y YN

v — oYy = B, =1,
—Q;Y;—1 + CiY; — biy,-H = fi, [+1 < 7 < N — 1, (Bg)

—anyn—1+cNvyn = ., it =N,
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and formulas for finding y; for i <[ —1

Yi = Qi1Yir1 + Biv1, t=1—1,1—2,...,0. (B.lO)

The coefficients «; and (3;, clearly, are found from the formulas

b; fi+aif; b J
iyl = — ﬁi+1:7;221,2,...,;a1:—0, 61:—0
C; — O;a; C; — ;a; Co Co
Substituting { = N — 1 in (B.9), we obtain a system for yy and yy_;
Yn-1 — anyn = OBy, —anyn—1 + cnyn = fn (B.11)

from which we find Yn = ﬂN—l—la YN—1 = ANYN -+ ﬂN.
Combining these equations with (B.10) (I = N — 1), we obtain the final

formulas for finding the unknowns

Vi = Qir1¥Yie1 + Bit1s t=N-1,N-2,...,0,
B (B.12)
ynv = By +1,
where «; and [3; are found from the recurrence formulas
b; ) b
qjyp = ———, Z:1,2,...,N—1, Oéi:—o,
G o B.13
it aiB . _Jo ( )
/62'4-1 - 2_172a"'aN7 /62__
C; — a; 0 Co

Thus, the formulas (B.12) and (B.13) describe Gauss'method which, when ap-
plied to the system (B.5), is given a special name - the elimination method. The
coefficients «; and f3; are called the elimination coefficients, formulas (B.13) de-
scribe the forward elimination pate, and (B.12) the backward path. Since the
values y; are found sequentially in reverse order, the formulas (B.12) and (B.13)
are sometimes called the right-elimination formulas.

An elementary count of the arithmetic operations in (B.12) and (B.13)
shows that realizing the elimination method using these formulas requires 3N

multiplications, 2N + 1 divisions and 3V additions and subtractions. If there is no
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difference between arithmetic operations, the total number of operations required
for the elimination method is ) = 8N + 1. Of this total, 3N — 2 operations are
used for computing «;, and 5N + 3 operations for computing 3; and ;.

Notice that the coefficients «; do not depend on the right-hand side of
the system (B.5), but are determined solely by the coefficients a;, b;, ¢; of the
difference equations. Therefore, if we must solve a series of problems (B.5) with
different right-hand sides, but with the same matrix A, then the elimination
coefficients «a; are only computed for the first problem of the series. Thus solving
the first problem in the series costs () = 8 N + 1 operations, but solving each of
the remaining problems only costs 5N + 3 operations.

In conclusion we indicate the order of the computations for the formulas
of the elimination method. Beginning with «; and 3;, we calculate and store «;

and (; using (B.13). Then the solutions y; are found using (B.12).

B.2 The Cyclic Elimination Method (Samarskij (1989))
Let us consider the following system
—a;Yi—1 + ¢y — biyi1 = fi, i =0,£1,+£2, ... (B.14)
the coefficients and right-hand side of which are periodic with period N :
a; = aitN,b; = bisn, ¢ = Cion, fi = fisn- (B.15)

Systems of the type (B.14) and (B.15) arise, for example, from three-point dif-
ference schemes designed to find periodic solutions of second-order ordinary dif-
ferential equations, and also when approximating the solutions of equations with
partial derivatives in Cylindrical bipolar coordinate,

A solution of system (B.14) satisfying the conditions (B.15) will, if it exists,
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also be periodic with period N, i.e.,

Yi = Yi+N- (B.16)
Therefore it is sufficient to find the solution at, for example, ¢ = 0,1,..., N — 1.
In this case, the problem (B.14) — (B.16) can be written as:
—apyn-1+ coYo —boyn = fo, =0
(B.17)
—aiYi-1 + Y —biyin = fi, 1<i<N-1,
YN = Yo- (B.18)

We appended the condition (B.18) to the system (B.17) so that the equations for
1 = N — 1 would not include yy, it having been replaced by 9. This allows us to
retain a unique form for the equations (B.17) fori =1,2,..., N — 1.

If we introduce the vector of unknowns Y = (yo,%1,...,yn — 1)T and the
right-hand side F' = (fo, f1,..., fv — 1)T,then (B.17) and (B.18) can be written

in the vector form AY = F where

cw —bp 0 0 0 0 —ay
—aq cg —=by O 0 0 0
0 —as ¢y —by 0 0 0
A =
0 0 0 0 cn-3  —by-z 0
0 0 0 0 —an_2 CN—2 —byn_o
—by_1 O 0 0 0 —anN_1 CN—1

is the matrix of the system (B.17) and (B.18). The presence of non-zero coef-
ficients ay and by_1 in (B.17) does not allow us to solve this system using the
elimination method described in the previous section. To find the solution of the
system (B.17) and (B.18) we construct a variant of the elimination method called

the the cyclic elimination method
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The solution of the problem (B.17) and (B.18) will be found in the form

of a linear combination of the grid functions u; and v;

Yi =u;i +Yovi, 0<i<N, (B.19)

where u; is the solution of the non-homogeneous three-point boundary-value prob-

lem

—QiUi—1 + C;U; — blul = fi, 1 S 7 S N — 1,
' o (B.20)
Ug = 0, unN = 0

with homogeneous boundary conditions, and v; is the solution of the homogeneous

three-point boundary-value problem

—a;Vi—1 + v, — by = fi, 1<i<N-—1, (B.21)
v = 1, wyy=1
with non-homogeneous boundary conditions.

We now find under what conditions y; from (B.19) is the desired solution.
Multiplying (B.21) by yo, adding it to (B.20), and taking into account (B.19), we
find that the equations in (B.17) can be satisfied for i = 1,2,..., N — 1. From the
boundary conditions for u; and v; it follows that (B.18) will be satisfied. Thus, if

y; satisfied the remaining unused equation at i = 0 in (B.17), the problem would

be solved. Substituting (B.19) in this equation, we obtain

—apUN—1 — AYoUN—1 + CoYo — bour — boyov1 = fo. (B.22)

Thus, if we choose yg from the formula

fo —aoun—_1 + bouy
b
Co — apUn—1 — bovy

Yo = (B.23)

then (B.22) will be satisfied, and consequently the solution of the problem

(B.17), (B.18) can be found from (B.19).
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We are left with solving (B.20) and (B.21). They are particular cases
of the three-point systems of equations solved in the previous section using the
elimination method. For (B.20) and (B.21), the elimination formulas have the

following form:

U = Qi1 Uip1 + Biy1, t=N-1LN=2..,1 uy=0, (B.24)

Vi = Oy 1Vig1 + Yit1, Z.:N_laN_Qa"'a]-) UN:]-7

where the elimination coefficients «;, 3; and ~; are found from the following for-

mulas
bi :

Njy1 = ———, Z:1,2,...,N, 041:0, (B25)
C; — a; 0

By = LT W0 s N g =0, (B.26)
C; — a; ¢

iy = —2 19 N, =1, (B.27)
C; — a; 0

Let us transform (B.23). From (B.24) we obtain uy_1 = ayuy + Oy =
Bn,un—1 = Yv + ay. We substitute these expressions in (B.23) and take into

account (B.15),(B.25) — (B.27) :

JN +anBn + Bnu By taniaw

cny —anay —an YN —byvr 1 = ynp — anpiv;

Yo =

We have constructed an algorithm for solving problem (B.17) and (B.18) called

the method of cyclic elimination:

042251/01, 62:f1/01> 72=a1/01>
B b; it aif; 4 93 N
Qi1 = ————, 5¢+1—7, Yirl = 5, V= 4,9,...,1V]
C; — a; 0 C; — a; 0 C;, — ;0
un—1 = B, UN-1 = VN + an,
Ui = Qip1Uig1 + Big1s Vi = Qip1Vip1 + Yigr, 1=N—-2,N=3,...,1;

Byt aniiw
Yo = 1
— IN+1 — ON41U1

y Yi = Ui + Yo, 1=1,2,...,N —1.
(B.28)

An elementary computation indicates that the algorithm requires 6(N — 1) mul-

tiplications, 5N — 3 additions and subtractions, and 3N + 1 divisions. If no dis-
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tinction is made among arithmetic operations, the total number is @ = 14N — 8.



CURRICULUM VITAE

NAME: Surattana Sungnul.

SEX: Female.

NATIONALITY: Thai.

DATE OF BIRTH: February 1, 1974.

MARITAL STATUS: Married.

EDUCATIONAL BACKGROUND:

- B.Sc. 2™ Class Honors in Applied Mathematics, King Mongkut’s Institute of
Technology North Bangkok, Bangkok, Thailand, 1995.

- M.Sc. in Applied Mathematics, Mahidol University, Bangkok, Thailand, 2000.
WORK EXPERIENCE:

- Lecturer in Mathematics Department, King Mongkut’s Institute of Technology
North Bangkok, Bangkok, Thailand since 1997.

- Visitor, Department of Mathematics and Statistics, Curtin University of Tech-
nology, Perth, WA, Australia, February 2004 - May 2004.

PUBLICATIONS:

- S. Sungnul, “On the representation of the Navier-Stokes equations in cylindrical
bipolar coordinate system”, The 9" Annual National Symposium on Computa-
tional Science and Engineering, 2004, Mahidol University.

- S. Sungnul, N.P. Moshkin, “Numerical simulation of flow over two rotating self-
moving circular cylinders” , The International Workshop on Computational Science
and Its Education, 2005, Capital Normal University, Beijing, China.

- N.P. Moshkin, S. Sungnul, “Numerical Simulation of flow over two rotating cir-

cular cylinders”, The 315 Congress on Science and technology of Thailand, 2005,



100

Suranaree University of Technology, Nakornratchasima, Thailand.

- N.P. Moshkin, S. Sungnul, “Numerical simulation of flow past two rotating circu-
lar cylinders”, The 10" Annual National Symposium on Computational Science
and Engineering, 2005, Chiangmai University, Chiangmai, Thailand.

- S. Sungnul, N.P. Moshkin, “Numerical simulation of steady viscous flow past
two rotating circular cylinders”, Suranaree Journal of Science and Technology,
2006, Suranaree University, Nakornratchasima, Thailand.

SCHOLARSHIPS:

- The Ministry of University affairs of Thailand (MUA), 2001-2003.





