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The investigation of electromagnetic transition form factors provides the
intrinsic structural properties of hadrons such as A and N. In our work, the transition
form factors in the A(1232) — Ny reaction are studied in the combination of baryon
chiral perturbation theory and dispersion relations at low ¢* regions. We explore
the three Jone-Scadron multipole form factors G}, G and G% in the unsubtracted
and subtracted dispersion relations. The g*-dependence of our theoretical results

of magnetic dipole form factors is compared with the experimental data on the

3/2

14 Of the e™N — e~ A(1232) scattering in the space-like ¢* <0

resonant multipole ImM
region.

The two ratios Rey = Gi/Gj, and Rsy = G /Gy, are fitted to the data in the
subtracted dispersion relations. After fitting the transition form factors of subtracted
method, we have calculated the differential decay width of the two-body decay
process A(1232) — Ny and Dalitz decay A(1232) — Nete~ in the standard quantum
field theory as well as in terms of three Jone-Scadron form factors. The differential
cross-section of the e*e™ — A(1232)N scattering is calculated in the time-like g2 >0

regions.
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CHAPTER |
INTRODUCTION

Electromagnetic transition form factors have been studied for decades
and have played an important role in revealing the intrinsic structure of hadronic
matters, see e.g. (Jones and Scadron, 1973; Cardarelli et al., 1996; Alexandrou et al,,
2005: Burkert and Lee, 2004; Pascalutsa et al., 2007; Leupold, 2018; Aznauryan
and Burkert, 2012a; Elsner et al,, 2006; Stave et al., 2008; Aznauryan et al., 2009;
Blomberg et al., 2016; Kaewsnod et al., 2022) and references therein. Form factors,
as functions of the four momentum transfer Q?, describe the charge and current
distributions in momentum space. Among all form factors, the magnetic and electric
form factors received most attentions since they supply necessary information on
the electroweak hadron structure, and also help us understand electromagnetic
and weak interactions of hadrons. The form factors are also experimentally defined
in different kinematical regimes with distinct processes (see in Figure 1.1). In the
space-like region, the magnetic and electric form factors are accessed by scattering
electrons on a fixed target experiment, like e"B; — e Bs. In the time-like region, the
form factors are explored via Dalitz decays into a lighter baryon and an electron-
positron pair, By — Bete™ at low energies and via the electron-positron scattering
ete” — BB, at high energies.

The A(1232) resonance, as the lowest spin 3/2 particle, plays a crucial role

By By

| | |
| | | 2

F ; 2 . £
0 Jmf, (my —ma}* imy + ma¥*

Figure 1.1 Schematic diagrams of the space-like (¢> <0) and time-like (¢*> > 0) form

factors in different regions.



in many nuclear processes, i.e, the pion-production threshold (Brown and Weise,
1975), the pion photo- and electro-production and so on. A(1232) electromagnetic
properties which mainly are three transition-multipoles: the magnetic dipole M1(Gj,),
the electric quadrupole E2(Gj), the coulomb quadrupole C2(Gg) and also their
ratios Rgy = E2/M1 and Rgy = C2/M1 provide valuable information on the quark-
quark interaction.

In the recent years, the nucleon A(1232) transition has been well measured
in a large Q% range by means of electromagnetic probes with the advent of the
new generation of electron beam facilities, such as LEGS, BATES, ELSA, MAMI, and
Jefferson Lab (Pascalutsa and Vanderhaeghen, 2006). The current experimental data
of the NA(1232) transition form factors in the space-like extracted from e™N — e~ A
are presented in Figure 1.2 (Pascalutsa et al., 2007; Burkert, 2018). The data
are compared to three different models: dashed-dotted curves are the results
obtained from Dubna-Mainz-Tapei (DMT) model, the dashed curves are from the
Sato-Lee (SL) model and the solid curves are from the dynamical Utrecht-Ohio
(DUO) model, see more detailed in (Pascalutsa et al., 2007). The high precision
experimental data of NA(1232) transition and the interests in the differential decay
rate of the Dalitz decay A? — Nete™ have inspired us to carry out the present
study of the electromagnetic form factors of N—A(1232) transition. The early study
of form factors was carried out with QCD in the perturbative QCD regime at high
0? (Carlson, 1986). At low Q? regions, the pion-cloud was expected to make a
sizable contribution to the electromagnetic form factors (Pascalutsa et al,, 2007).
One may tackle the electromagnetic form factors of A—N transition at low Q2
region in the chiral perturbation theory (xPT) which is more or less a model-
independent approach for the low-energy QCD (Bissegger and Fuhrer, 2007; Gasser
and Leutwyler, 1984; Scherer, 2003; Scherer and Schindler, 2012c) together with
the dispersion theory which relates the pion vector form factor to the low-energy
electromagnetic transition form factors (Frazer and Fulco, 1960; Hohler et al., 1976;
Mergell et al,, 1996; Hoferichter et al., 2016a).

There are several theoretical frameworks to describe the N—A transition.
In the 1980’s, perturbative QCD was used to study the electromagnetic N —A
transition at high Q? where the helicity of the hadrons is conserved (Carlson,
1986). The electromagnetic N —A transition form factors was investigated in the

chiral effective field theory (Davidson et al.,, 1991; Hanstein et al., 1996; Kalleicher
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the electric quadrupole ratio Rgy and the Coulomb quadrupole ratio Rgy.

The data are taken from: BATES (blue squares) (Sparveris et al., 2005), MAMI (red
circles) (Beck et al,, 2000; Stave et al, 2006; Sparveris et al,, 2007), JLab/Hall C
(open circles) (Frolov et al,, 1999), JLab/CLAS (black squares) (Joo et al., 2002) and
inverted triangles (Ungaro et al,, 2006), and JLab/Hall A (blue stars) (Kelly et al,,

2005).



et al,, 1997; Gellas et al,, 1999), which predicted the Q* dependence of the three
transition-multipoles: the magnetic dipole M1(Gj},), the electric quadrupole E2(Gg),
and the coulomb quadrupole C2(G{), and also their ratios Rey = EMR = E2/M1
and Rgy = CMR=C2/M1 as well. These three form factors are also named as
Jones-Scadron form factors which are the main physical observables in this work.

The behavior of the quadrupole amplitudes at low photon virtualities
Q? and the ratios of the E2/M1 and C2/M1 of the multipole amplitudes for
electroproduction of the A(1232) were also calculated in the chiral chromodielectric
model and linear o model (Fiolhais et al., 1996). In addition, the helicity amplitudes
Ay, and Az, were reasonably well-reproduced except for the low Q? regions. The
helicity amplitudes A;, and Az, of the yN — A transition were also evaluated
in the perturbative chiral quark model (Pumsa-ard et al,, 2003) which gave rather
good fitting to the experimental data by including the meson cloud contribution. In
particular, the meson cloud effects were found to be quite important in not only
the y*N — A transition (Dong et al.,, 2001; Ledwig et al.,, 2012) but also other cases,
for example, the weak pion production reactions and the Roper resonance (Sato
and Lee, 2001).

With the spectator quark model, the electromagnetic form factors for the
A — Ny* were related to Dalitz decay A — Nete™ in the timelike region, and the Q?
dependence of the form factors and partial width decays widths of these processes
were estimated (Ramalho and Pena, 2009; Ramalho and Pena, 2012). The quark
core contribution to electroexcitation amplitudes of the resonances A(1232) and
N(1440) was predicted in the light-front relativistic quark model (Aznauryan and
Burkert, 2012b). The pion-cloud contribution might again play an important role in
the magnetic and electric FFs at very small Q% while at high Q% this contribution
was negligible. The @? dependence for the ¥*N — A(1232) transitions up to virtuality
0% =12 GeV? was later evaluated within the approach of light-front relativistic quark
model (Aznauryan and Burkert, 2015), only at the Q? <4 GeV? region the magnetic
dipole FFs and the ratios Rem, and Rsy fitted well to the experiment data.

The dispersion theory (Frazer and Fulco, 1960; Hohler et al., 1976; Mergell
et al,, 1996; Hoferichter et al., 2016a) was developed to relate the lightest hadronic
state that couples to electromagnetism. Using the dispersion theory, the low-energy
electromagnetic form factors of the nucleon are related to the pion vector form

factor (Leupold, 2018). The pion-nucleon scattering amplitudes were determined by



relativistic NLO chiral perturbation theory including the nucleons and optionally the
A resonances. The pion rescattering was considered by solving the Muskhelishvili-
Omneés (MO) equation (Granados et al, 2017) and using N/D (Alarcén et al.,, 2017)
approach. A fully dispersive calculation of the pion-nucleon amplitudes based on
Roy-Steiner (RS) equation (Hoferichter et al., 2016b) has shown us that the inclusion
of A resonances was necessary to obtain reasonable results. And the method has
been applied to the electromagnetic form factors of the transition from the spin-3/2
¥ to the ground-state A in the Uppsala group very recently (Junker et al., 2020),
to predict the form factors in the hyperon sector (Granados et al., 2017; Alarcon
et al, 2017), as well as the A—n TFFs (purely isovector form factors) (Leupold,
2018). In the magnetic sector of the nucleon A transition, the combination of the
dispersion relation theory and xPT at NLO works very well (Leupold, 2018).

In this thesis, we derive the electromagnetic A to nucleon transition in
the dispersion theory and chiral perturbation theory (xPT) at the low Q? regions.
The differential decay rate of two-body A? — Ny, the Dalitz decay A® — Nete™ are
calculated in the one-photon approximation. The radii of the magnetic, electric and
Coulomb form factors are determined in the time-like regions as well. Finally, we
calculate the differential cross-section of ete™ — AN scattering within the framework
of the quantum feild theory to complete the whole time-like ¢*> > 0 at the kinematic
diagram of 1.1. All theoretical outcoming values are well fitted to the experimental
data up to the energy range Q?=0.7 GeV2.

The thesis is organized as follows. In Chapter Il, we present and discuss
how the anomalous cut structure of the scalar triangle diagram is relative to the
dispersive representation according to the fundamental Cutkosky’s cutting rules and
principles. The technical ways of special attention such as the optical theorem in
the language of dispersion theory approach for eTFFs are described in Chapter Il
The main part of the thesis works including the technical developments of how
the Jone-Scadron form factors relate to our transition form factors are mentioned
in Chapter lll. The interest of all input sources of projection formalism through
Feynman matrix elements for A’N — n* = interaction and the corresponding helicity
amplitudes are presented in Chapter IV. Chapter V contains a main computation for
the differential cross section of ete™ — AN reaction in addition to the predictions
of differential decay width of decay A — Ny— Nete™ in the similar direction of

time-like @2 regions. Our theoretical results of the multipole form factors for the



interaction A — Ny in comparison with the experimental data are also mentioned
describing both options of the present work in Chapter VI. Numerical results of the
radii of TFFs, the decay width of two-body A — Ny and Dalitz decay A° — Nete™
are provided in the same Chapter VI. The conclusions and outlooks are finally

summarized in Chapter VI



CHAPTER I
CUTTING RULES OF DISPERSIVE FRAMEWORK

In the present chapter, we describe systematically a basic framework for
the Cutkosky’s cutting rules which are applied to the expansion of the dispersion
technique. Then we address in general analytic functions relative to the dispersion
relations and also the analytic cut structure of the scalar triangle diagram. And
the proof of analytic properties of the discontinuity is described for the dispersive
representation. In the end, we will see the simplest form of the dispersive

framework that is very important for calculating A—N TFFs in the thesis.

2.1  Cutkosky theorem to dispersive integrals

We start from the Cauchy integral

fEEAE= L fra’z’f(zl) : (2.1)

21 Z—z

where f(z) is analytical inside the countor T, and the contour of I'=T"1 +Tr+I2+T%
does not cross any singularity, as shown in Figure 2.1. Assuming that the integral
holds at the boundaries T'r =+ 0 and I'e =0 as R— o and &€ — 0, we may rewrite

the relation of Eqg. (2.1) as the sum of two integrals separately,

B > f(d+i€) ,fZ—lS
f(Z)—w(/Od Jinpulatsit )

1 - ,discf(Z/)
fl) = 2751/ 4 77—z

For very point on the real axis, the function f also satisfies the Schwarz’s reflection

principle (Zwicky, 2017), that is,

flz+ie) = f(z—ie),
(2.3)
Ref(z+i€) =Rref(z—i€),



3(2")

R(Z')

Figure 2.1 Schematic diagram of the contour integral on the branch curve T" we
defined in the relation Eq. (2.1).

Imf(z+i€) = —imf(z — i€). (2.4)

Then we have the discontinuities function related to the imaginary part along the

branch cut by
discf(z) = f(z+i€) — f(z—i€) = 2imf(z+i€). (2.5)

and then

/ FTLLACID (2.6)
2%

It is well known as the formal dispersion relation, where an integral expression

constitutes both real and imaginary parts of the analytic continuation of the function

f(z). Note, however, that there are functions, where the boundary integral along

I’y does not vanish when R— . One may make the well-known dispersion

representation above converge when z— o by using the derivative of the function

f(2),

/ L disef (2)
= a7 —————, (2.0
f(z) /ZO 7 AT

27i -z



i

filz)= e {dis,c]: ) IZO+/ dz ’d'scf )} (2.8)

—z)?

The lowest threshold state zg is indeed 4m2 in our dispersion integral of transition
form factors evaluation. Assuming the first integral term drops out at the boundaries,

then integrating over both sides of the above equation leads to

o 12 ©  discf(Z)
e [ [eE)
/Zl lie s D ey

flz2) = flz1) = %/mdz’ {%{(ZZ—I))IZ

[disc f(&)  discf (Z/)] ,

@ =) 2 a)

(2.9)

f(z2) =f(21)+—2—% /mdz'

20

(zg 21) discf(Z)
)= .
f@)= f) Z_ZZ_ZI)
This is the so-called once-subtracted dispersion relation. The first subtraction
constant parameter, f(z;) shall be taken from the experiment directly since there

is no capability for the dispersive method to deal with the high energy physics

yet. The convergence of the second term is improved due to the contribution of

the extra factor z,_IZI. The subtraction procedure can be carried out repeatedly,
resulting more free parameters. For a general n-power case, we can formulate the
subtracted dispersion relation based on the derivative of f(z) in a cut plane with

the branch point z; as:

f(Z):f(Zl)+EBi(z—zl)i+M g dscf (@)

= 2ri Jpr  (Z—2)(@ —z)’

(2.10)

f(z):f(zl)+niB(z el o imf (2)

= n  Jegr  (@—2)(d—2)"

The model independent parameters B; are to be determined experimentally.
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2.2  Cutkosky’s cutting rules to optical theorem

Introducing the Cutkosky cutting rules in this section aims to identify the
imaginary part of the full amplitude when the internal propagators are compatible
with the on-shell condition s=¢%.

The integration resulted from Feynman diagram of L-loop of momenta

ki(i=1,...,L), N propagators, external momenta p; may have a form,

L

I= / Dk _m2+lg) with Dk:gd“ki. (2.11)
where ¢; = qi(pj,k;) are the momenta of the propagators. Here, we are not going
to deal with problems far away from the on-shell contribution since there is no
imaginary part in the amplitude if ie =0 in the propagators. In (Cutkosky, 1960),
Cutkosky has proven rigorously that the imaginary part can be computed by
carrying out all possible cuts to propagators, which lead to on-shell processes. We
have (Zwicky, 2017),

dsc(l)= . ) /( 27i)D 1}4 181 gi —mi) =2im(I). (212
J

all possible cuts (q] m + 18)

where the sum is over all possible cuts to the propagators i=1,...,n <M, leading

to on-shell processes, and we have applied the rules,

1
———m—— — —27i8; (g7 —m?), and
q%—-m%-l—ig +<% z) an
i ' (2.13)
5 PR R forj=n+1,....M,
qj—mj+18 qj—mj+18

with the substitution of positive delta functions, () (g? —m?) = §(q? —m?)®(qo) to
assure the correct energy following through the external momentum in the diagram.
It is straightforward to derive the optical theorem by considering the

unitarity of S-matrix,

1=8S"=1+i(T -T")+|T)?,
N—_——

—Zlm[T]

(2.14)
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then

2mT = |T|?,

1 . (2.15)
ImTa—p = 5 Z Ty—xTy_,p,
X

where A and B are symbolized for the initial and final particles, and X refers to
all intermediate states. Figure 2.2 shows how the propagators contribute to the
unitarity cut of the optical theorem. ;

In our study of the process Ai— 7y, we consider the lowest order ap-
proximation, that is, only two-pion intermediate states included since the lightest
hadronic states dominantly contribute to the low energy TFFs. The pions are
brought to the on-shell condition for the system A coupled to the real photon,
as shown in the triangle diagram, Figure 2.3. For the unitarity cut, the two pions
threshold is located at the starting branch point 4m2 along the real positive axis.
And the imaginary part of the scattering amplitude can be identified by cutting the
triangle diagram in all possible ways with the internal pions propagators according
to the cutting rules.

In the particular case of lightest state exchanged, there will be a need to
consider the additional anomalous threshold cut in the dispersive approach beside
the unitarity cut in the triangle diagram. To be concrete, the dispersive formalism
involves more integration whenever an extra threshold produces a new cut at low
energies. However, the intermediate state of A has occupied a big enough mass,
so we can directly imply the unitarity integral for our dispersive representation.
The aspects of the vector meson dominance inclusion such as loop diagrams for
which the photon couples to the baryons by two pions and how the anomalous
cut comes out in the implementation of the dispersion relation are examined with
respect to the scalar triangle diagram. The scalar direct loop representation in
the next topic is done based on the step-by-step calculation of 't Hooft and
Veltman (Phan, 2017).
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ImT

X hadronic states

Figure 2.2 Sketch of the optical theorem.

caa
oG
JV\NQ YP/A
\”‘h‘\'\
R —

Figure 2.3 Graphic representation of one-loop triangle diagram with the p and A

exchanged in the two-pion intermediate approximation.
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2.3  Scalar direct loop calculation

In this section, we present the scalar three-point function calculation to
reveal whether the anomalous threshold cut can be directly connected with the
dispersion relations. Applying the Feynman rules to the diagram in Figure 2.4, one

may write the scalar one loop n-point function may in the integral,

o g 1
= /d (@> —m3)((q+p1)? —md)((g+ p1+ p2)? —m3)...

) (2.16)

Note that we have omitted the —ie for every propagators. In our case, we are
interested in A% — ntn~ couple to the photon with the exchanged particles either
p or A, as shown in Figure 2.5, where the mass of the exchanged state is denoted
by me, and internal two-pion lines are labeled my;. There are also five variable
functions, i.e the external momenta pi1, pa, (p1+p2)*=s, p}=mk and pi=m? in

the three-point integral representation. We have

in? /d T @ =mz)(a+p ) —m2)(g—pi—mZ)’

Csls) = (2.17)

where # is a constant for later convenience. By applying Feynman parametrization,

/dxl i A [();.*13: 1]Xi)a (2.18)

with the particular identification of each parameters in our case

Ble

By = ((q—p2)*=m3),Ba= ((q+ p1)* —m3),

(2:19)
B3 = (qz ~mgx)'
we can rewrite the integral in Eq. (2.17) in the form,
Cals) = /d4q/ dxdydz6(1—x—y—2)— : : (2.20)
in? A3

with A=z (¢* —m2) +y ((g-+p1)? —m2) +x ((q— p2)* — m%), where the mass parameters

should be understood as m? —ie. The integration over x and z, as detailed in
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Figure 2.4 Schematic one-loop Feynman diagram. The internal masses are m; for

the momentum g, my for the momentum ¢+ p;, etc..

Appendix (A), leads to

(1-7) 1
—C3(s):/ dyﬁlog(P+by2+ey+f)

—{0

(I-7) 1 P 5
—/ dy = log(y—— +by" +ey+f) (2.21)
0 A 1—7

=G

1 P
+ | dy—log(—y=-+by*+ey+f).
0 P T

One may add one extra term into each integral in the above equation to make

the integration convergent when P(yp) =0. That is

(1-1) 1
—Cy(s)= [ dy (log(P+by? +ev-+ £) ~ log(by3 +evo + 1))
=T

(1-1) 1 P
—/0 dy—IS (log(yTT +by?+ey+f) — Iog(by%+eyo+f)> (2.22)

7 P
+ : dyI—J (log(—y;+by2+ey+f)—10g(by<2>+eyo+f)>,

where the term yo= —(et +d)/(c + 2td). If we take into account the component

7 as a purely real value, the defining Feynman parameters for the three-point
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Figure 2.5 Schematic diagram of the scalar three point triangle function with p;

and p, for incoming momenta, m, for two internal pions, and m,, for an exchanged

baryon.

function described in Eq. (A.17) can be used directly in our case. However, it must
be noted that the boundaries of the integration are unambiguously defined in the
complex space for the argument t (z € C). By doing the replacements, y =y -1,
y=(1-1)y" and y=—1y"” in the three integrals in Eq. (2.22), respectively, one may
simplify the integration boundaries,

1 '
el =| 8
3(5) /0 y(c+2’cb)y+re+d+2a+c’v

x (log(by*+ (e+c)y+a+d+f) — log(byg +eyo + f))

: (1-y)
_/o @ (c+2t0)(1— 1)y +Te+d

(2.23)
x (log((a+b+c)y* +(e+d)y+f) — log(byg +evo+ f))

. —7
d
+/o y—(c—|—2fcb)ry+re+d

x (log(ay* +dy+ f) — log(byg +eyo+f)) -

This function is a standard representation of the scalar loop integration.
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2.4 Analytic properties of the unitarity discontinuity

In the following, we calculate the imaginary part of the triangle diagram
shown in Figure 2.6 on the Cutkosky cutting rules. When the two pions are on
the mass threshold 4mZ on the real axis, the scalar triangle function itself involves
an imaginary part of the amplitude, i.e the discontinuous dependence on on-shell

condition. If the triangle function is analytic, the integral takes the form,

e / i 2( —21i)8((q+p1)* —m2)0(¢° + p9)
(2.24)

(—27i)8((q — p2)* —m%)©(q° — p3) .

For convenience, we make a shift of integration variables Z}’+ﬁ1 — g and work in

the center of mass frame, that is, py = —p,. The above integration becomes,

. 1 .
discC3(S) =4l/d4q——~q2_qa-m2 6((q0_|_p?)2__ \qlz_mi) @(q0+p(1))
0

ex

(2.25)
8((¢° - p9)*— 13> —m3)®(q’ — py),
and then
: 1
ascCy(s) = 4i [ dlqr————— 6((g"+ P ~ >~ m3)
Q()_(q—pl) 7K ex
f( ,141)
(2.26)

8((¢° — 3"~ |I” —m7) (¢’ + 1) ©(g" = py).
=g(¢%,/4l)

The above integral includes two delta functions of the two integration

variables, so it necessary to write the delta functions into one dimensional functions

by applying

6(f(x)) Z l; (xlxl (2.27)

Assuming that the smooth functions f(x,y) and g(x,y) are differentiable at least

once in the interval of integration, we derive the zero points of the two delta
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P2 P1+p2

Figure 2.6 Sketch of the unitarity cut along the two internal pions lines.

functions, as shown in the detail in Appendix (B). Substituting all these results into

the discontinuity relation of Eqg. (2.26), we get

I 1
discC3(s) = — /d4q - % 0 qo—qo* 0 qi— q* )
&= Tmar) T by g0 ¢ Aa-a)

= [ |4|°d|g|dQ —; Tk 6(I91—141"), (2.28)
g ] a0 ot o 300

ex

_ 2mi|g* /1 dcos (6) 1
Vslgl* J-1 ( gyl 2= 1 7| (B QOS (0) — |P1|* —m2,

This allows us to redefine as

—47i|g|* /1 1
discB {3 s = sy e
isc 3(S) \/E U Za(s) >y b(S)Z 5
O o " (2.29)
a(s) = 2{g>* + 2|B1|* + 2(¢*)* + 2mg,,
b(s) = 4l4|*|B1[",
which gives rise to
—4rmilgl* 1 b
discC3(s) = wilq] log als D) (2.30)

Vs b(s) Tals)—b(s)

/ s.m2 .m2
Suppose that the chosen momentum value in the CM frame: |pi|=|pal = —}—(#m”),
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we rewrite it in a convenient form as follow:

discC3(s) = log O(s —4my),
o A(s,m%,m2) a(s) —b(s) ( ) (2.31)

describing the step @®-function occurs when the two pion propagators can
simultaneously go on-shell. The explicit form of imaginary part which relative

to the unitary cut of three point function can be written as:

—T a(s)+b(s
im C3(s) = log () b( )@(S*4m?z)7 (2.32)
A(s, m3, mi)l " 25) = 2(6) i
with the components of the logarithm
a(s) = s+2m2 —mi —m? —2m2 =Y (s),
(2.33)

b(s) = 1/ M(s,m?%, e} [ 1 — 4’:% = k(s).

It is convenient to say that the branch point of the logarithm in the discontinuity
is actually laid on the Riemann sheet of the unitarity cut. The anomalous cut
associated with the dispersive integral will include all contributions of the complex
plane located at the branch point of the Riemann sheet. Notice here that there is
no longer contribution for anomalous threshold if a branch point lies on a different
Riemann sheet. Consequently, the tracking of the branch points location on the
Riemann sheet for the discontinuity has been checked in the Uppsala group. So,
we now turn to introduce the different interval points of the logarithm concerned
with the discontinuous function on the real axis in order to evaluate the anomalous

contribution in the dispersive integral conveniently. They are

2
o = 4m7z: )
2
Sar = (mpa —my)°,
(2.34)

se = 5mZ,

sy = m} +m? 4 2m2 — Zm?; ;
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sst = (ma-+mp)?, (2.35)

where s, refers to the two pions threshold, the decay threshold is assigned by
sai, Sc represents for the branch point and s, represents for the scattering region.
In line with all these intervals, the unitarity integral of the scalar triangle function

is specifically defined as:

— k((ss)) <logy e ];Eg) for  Sox < 8 <S4,
-2 k((;)) (arctan k((i))l) for Sz <8< Sc,

discC3(s) =2i —2m k((j)) (arctan 7 s))| - n) for Se <8 < Sy (2.36)
—2%%;)) (arctan [kls s)|> for I Bp et 8 <5

Y (s)
s +k(s
é;(logygg kgg) for . S <8,

Omitting the ®-function, the discontinuity on the real axis along the unitarity cut

becomes then,

wrts) = —on B RN o
dlscC3(S) = I ( ) (S) k(S) 2 G( )f( )7
(2.37)
m s s
ot G(S) 791 "\ 4S7r : f(s) / _k?;) g igSitIY]ES%

Later, we will compute the unitarity integration of the scalar triangle diagram
together with all these intervals above. What is truly interesting here is that the
logarithm of the analytic function f(s) is totally complex around the unitarity cut
in the complex domain, so we can quick-check it analytically. There is no pole in
the function f(s) when the component of logarithm k(s) is taken to zero at the
certain threshold two pions s=4m2, and therefore f(s) is analytically continuous

everywhere in the vicinity of unitarity as a result.
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Figure 2.7 One-loop triangle contribution diagram of the anomalous threshold cut
and the unitarity cut of the A—N TFFs.

2.5 Dispersive expansions to anomalous discontinuity

We present here the dispersion representations of the unitarity cut with the
emphasis on the anomalous contributions for the baryon transition form factors. The
anomalous contribution describes the motion of the branch point of the integrand
from the unphysical sheet onto the physical sheet (Lucha et al,, 2007). Likewise,
the anomalous threshold cut will lie on the first Riemann sheet in our case, i.e
physical sheet. In the following, we explain technically how the appearance of the
anomalous threshold cut beside the unitary cut in the three-point triangle diagram as
shown in Figure 2.7 based on (Barvinsky and Vilkovisky, 1990; Junker et al., 2020).

The mass of the exchange particles m2, caused by lighter baryon state is

m2, < —12— (m4 +m2 —2m3) . (2.38)
It means that there might be an anomalous threshold cut in case a nucleon is
exchanged. Note that for the exchange of heavy baryons like A, it does not need
a new cut for the dispersion relation. In addition, the amplitude with only the
unitarity cut will lead to purely real below the branch point of the threshold on
the real positive axis. Suppose that the delta can totally decay into the pion-proton
(about 99%) as a particular contribution cut, the distinuity of the anomalous will
lead to the imaginary part of the triangle diagram. Subsequently, it provides to
consider one additional anomalous discontinuity in the dispersive integrals of the
TFFs. Thus, we need to modify the trajectory of the unitarity and anomalous cut

lie on the first Riemann sheet in the complex domain for an analytic function f(z).
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.........

Figure 2.8 Graphic representation of a new integration contour in the complex
plane. The trajectory of unitarity cut along the real axis is shown in blue line and
the path of branch point through the anomalous threshold cut onto the physical

sheet is shown in red.

As shown in Figure 2.8, the blue line on the real axis in the closed contouring

represents for the unitarity cut denoted by
Yanit = [4mi,00), (2.39)
and the red line, i.e the so-called the anomalous cut, is parameterized simply as
y(x) = s(1 = x) +4m’x, ‘ (2.40)

with x =[0,1] and s being the branch point of the discontinuity, however, we
use slightly different value for the path of branch point 5m2 instead of 4m2
in reality computation of A—N case. As a consequence, considering a contour
F=Cr+n+9rn+7%+rB+1 along the closed domain in the z plane, the particular
configuration of analytic function f(z) at anywhere of points z except for the two

lines has the following form with respect to the cutting rules.

f(z) = 1 jé dz’f(zl> (2.41)

T 2mi =z
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In what follows we find an integral representation summing all of the segment

lines. It is

el f(Z)
f(Z)_ZE(/CRJr 7’1+/?2+ Ye+/?3+ 74>d e e

Let us the integral on the contour ¥ choose as a reducing point € —0 and then

one becomes

i @)

ys Z —Z

(2.43)

By theorem, it is of interest to observe that the radius of circular arch refer to
Cr in the relation of Eq. (2.42) and the correlated length of this arch is then
equivalent to 27R as € —0. The integral on the circular arch may be chosen as

an upper boundary based on the estimation of the ML equality:

dz’_@ < Z Jj_(Z_/)_

I(Cg). (2.44)
71—z Brc. |2 ©2

According to the properties of reverse triangle inequality, the absolute value of

any all three points on 7/ € Cy satisfies

I 1
= . 2.45
-2 R+[d o
Which gives rise to write the following integrable function
1GYTE
d /
/CR hak R+|z| ZEZC, f(Z (2.46)

The integrand on the circular arch Cg must vanish in the way of boundary when

the absolute |z] goes to complex o as |f(z) —0]. This is now given by

lim dr=——- f(z) =0

(2.47)
R—eo JCp Z S

We now pick up the two integrations on the segment lines 5, and 3 as an necessary
parameterization curve of y(x) at a certain boundary € —0. Note however that

these two integrals stand in the opposite direction caused by the chosen left and
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right side of the segments. These integrals present that

i /dyd L),
e=0 y2 z —z Z

(2.48)
e—0 Z —Z Z

This leads to a representation of the anomalous discontinuity function together
with the combination of two integrals above on the parametrization cut y as a

function of x in the plane if complex.

g_r;(l)(/ +/) dy . £l (;())—i(y(x)),

(2.49)

dy d|scanomf( (x))
/ R N

With these similar procedures above, we write a single representation for the

unitarity cut on the real axis with the use of two integrals, namely the segment

lines 1 and 9. Thus

lim </ ) / Yd f+ Yumt) (’}’unit) :
=0 \Jy Y4 dx Yunit — 2

y fd_l/ discunitf (’}’unit)
dx Yunit — 2

(2.50)

To simplify the notation, we introduce the unitarity relation of Eg. (2.50) in terms

of the two pions threshold point 4m? as:

d_’}/dx diSCunitf(’}/unit) 5 /oo o /d'SCumtf<Z ) (2.51)
4m2

ydx YVirsit — 2 Ak

The argument of the integrand dependence on the z is rearranged into z+ie by
setting with the infinitesimal epsilon in the unitarity integral in order to avoid the
singularities since the discontinuous function along the real axis itself is straight

away to define as the boundary value evaluated in the upper complex half plane;
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f(z) = limg_yo f(z+i€) for z€R. Such a form has

7 (2.52)
Yunit — 7 —z—i€

/d'}/d d'SCumtf '}/umt / dz /d'SClmltf( )
4m”

However, it may satisfy only for the unitarity case (right-hand cut) especially when
we don’t concern ourselves with a new cut in the physical Riemann sheet. Inserting
the relations Eq. (2.49) and Eq. (2.52) into the Eq. (2.42), the discontinuity function
of the form factors f(z) on the unitarity part and anomalous part may then be

written

f(Z) ol ‘2”}['; < d_’}/dxdiSCanomf(’}/(x)) _l_A: dz /d'scumlf(z )) (2.53)

ydx Y(XfE-Z Ziiz 1€

lt.is an example form of the unsubtracted dispersion relation for dealing the scalar

three-point function calculation with an anomalous contribution.



CHAPTER il
DISPERSIVE REPRESENTATION TO TRANSITION FORM
FACTORS

In the present chapter, we provide the main picture of the dispersive
formalism for N —A transition form factors. We give also the relations of the
Jone-Scadron form factors to helicity TFF G, derived in the unsubtracted and
subtracted dispersion relations. For the sake of completeness, input structures
such as the pion-baryon scattering amplitude 7,, and Omnés function Q(s) are

described following the general framework of Uppsala Group.

3.1 Dispersion relations for the transition form factors

These generic formula of TFFs with the three helicity configuration
m=0—-A==41,0 is completely analogy to the work of (Granados et al,, 2017;
Junker et al., 2020):

Gm(S) = _1_ /oo @ Tm(sl)pg‘m(sl)Fg*(s’) N Ganom(s) o (3.1)
1270 Jamz @ V(' — 5 —ig) =
with pcn is the pion center of mass momentum, 7,(s) is the pion-baryon scattering
amplitude and FY*(s) is the pion vector form factors. In the AN transition, there
are four possible spin projections for the A spin 3/2 particle, denoted by ¢ and
two possible spin projections for the nucleon N particle, denoted by 4. For spin
polarization, only the helicity m= o -4 =+1,0 is allowed to couple surely with the
real photon state in the Ny— A transition. The anomalous piece of TFFs obtained

from the left-hand side of cut structure connecting the branch point of the logarithm

is taken into account directly by the provided relation of (Junker et al., 2020):

1
xX)—s

anom s 1 1 dS,(x)
G (s_m/odx o
(3.2)
Sl ()’ (x) Fy (5'(x))

A=A (), m2y, )PP
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with the kallen function A(a,b,c) :=a?+b>+c*—2(ab+bc+ac). The pion vector form
factors FY*(s) which has to include the excellent description of the pion physics
for energies below 1 GeV is taken from (Leupold, 2018; Hoferichter et al., 2016a).
Thus the FY*(s) for the first order polynomial reads:

Fy = (1+ o) Q(s). (3.3)

The parameter oy, can be determined by fitting to the data of the tau decays (Fu-
jikawa et 'al., 2008) at low energy dynamics. Note that one should not expect
the Omnes function Q(s) as a good approximation at higher energies where other
intermediate states (four pions, six pions,..) may contribute (see more in (Leupold,
2018)). The Omneés function smoothly proportional to the p meson contribution is

then defined phenomenologically as follow:

Q(s) = exp <s/ - ﬁﬂ—) ~ FV*(s), (3.4)

a2 T SUSH—s— ig)

with § referring to the pion p-wave phase shift (Colangelo et al., 2001; Garcia-
Martin et al,, 2011). The corresponding radii of the three different types of TFFs

are calculated

(8.5)

in terms of the Jone-Scadron FFs at the photon point ¢*> =0.

3.1.1 Unsubtracted dispersion relations

In this section, we introduce the unsubtracted dispersion of the TFFs
following the general formula of Eq. (3.1). The amplitude T,(s) for the A% — atm~
process will be derived, too. The discontinuous function based on only the unitarity

cut is given in (Leupold, 2018)

Tl s gmsFVs*
discunitGm(S) =1 ( )p6717(\/)§ z ( ) )

where p2.(s) is the pion momentum in the two-pion center of mass frame, taking

(3.6)

the form, pem(s) = 2%/3 VA(s,m%,mZ) = $\/s—4mZ. Then, the unsubtracted version of
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dispersion relation of TFFs for three helicities m= +1,0 reads in general,

1 N ds Tu(s)p2 . (sEY*(s) M2
G o T i c.m T Gonom \4 3.7
() 127 Am% r s12(s —s—ig) On 8 e ME—s’ g

with the satisfaction range of the vector-meson mass My being 1.4GeV <My <
1.7GeV (Patrignani et al, 2016). In our numerical calculation we take the mass
of the excited vector mesons My = 1.55 GeV which has been adjusted such as
to explore the uncertainties of the effective pole of the p-wave projection on
the physical Riemann sheet. The unsubtracted anomalous piece is presented in

Eq. (3.2). The form factors G,(s) at the infinite energy satisfy the condition below,

A% N3 (NFV*( S
sGm(—s) = § / ds’ Tm(s )pc.m(s )Fﬂ (S )
4ms

1272 S12(s +5)
M?
+ s Gomom (i) (OO, 5=V
o (7%) e M2 +s

(3.8)

lims— 008G (—S

2 *
SR WAy T A G
1272 Jam2 512

VRO QM VA ) o T

With this condition, the adjusted dimensionless constant parameter ¢, in order to

improve the dynamics of higher-energy regime can be written as:

A " 3 NVl J
o '%(L/ ds’ T8 ) Pem (8 )z *(s')
M2 1272 Jam2 172
(3.9)
/ dx ) (8 ()8 (x) By ( '(x)) )
1271: dx —4(=A(s' x),mA,mz))3/2 ‘

From this, ¢, is determined by fitting the theoretical results to the data in
this unsubstracted dispersion relation. The numerical parameters of ¢, for each
polarization are produced by the chosen NLO parameters ¢; or the polynomial
parameters P,. In this investigation, ¢, is the only free parameter determined
by fitting to the experimental data at the real point photon, ReGj,(0). It is

interesting to see to what extent our theoretical results of the form factors with
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this formula of unsubtracted dispersion relation agree with the data at the specific
cutoff A=2 GeV.

3.1.2 Subtracted dispersion relations

Suppressing the large energy contributions at low energy TFFs, we
introduce a way to consider the once-subtraction term as a parameter relative
to available data in the dispersive integral. This dispersive representation approach
especially for low energy dynamics aspects, i.e subtracted dispersion relation, has
already been developed in the Uppsala group (Granados et al., 2017). A subtracted

dispersion relation for three different helicities m = £1,0 reads:

AZ o8 e e
s dgd® AR p2 (s FL*(s")
Gn(s) = Gn(0 +~—/ — B + GO (s (3.10)
where G,,(0) are three complex-valued subtraction constants at the photon point
q* =0, which are fixed by fitting to the experimental data when the cutoff energy
A is set. The anomalous piece of the subtracted integral takes the form (Junker
et al,, 2020),

s s'(x (ST ONEY (s (x
o= [t 1 IR

127 dx S/(x) 8 4 _4(_A(S/(x),mi’m%))3/2 5 @11)

with the killen function defined as A(a,b,c) = a* +b* +c* —2(ab + be + ac).

3.2 Jone-Scadron form factors

The Jones-Scadron form factors Gj,, Gi, and Gg, namely the magnetic
dipole, the electric quadrupole and the coulomb quadrupole form factors are

related to the three TFFs of different helicity (Gi1,Go),

1 m

Glim i R (G B
M \/61’11”—|—I71A( 1 -H)
S (G_1+G41) (3.12)
o \/_émn"‘nlA -1 +1)/» y
4 my,

Gelnaie
G V6 My +mp !
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The helicity form factors, G,, are calculated in the unsubtracted and subtracted
dispersion relations mentioned in Section 3.1. Note that it is necessary to consider
all constituent terms consistent with the baseline of the formula Eqg. (3.12) in the
dispersive integral.

The electroproduction multipoles obtained from the imaginary parts of
the resonant multipoles at the resonance position W =M, are also denoted by
Mff, Eff and Sﬁz (The superscript (3/2) in the multipoles refers to the total
isospin 3/2, 1 refers to the partial wave I=1, + indicate that the total angular
momentum is J=1+1/2, being 3/2) are related to the helicity amplitudes A,

Asp, and Sy, in Ref. (Pascalutsa et al,, 2007):

Mff = Ay + V3432,
3/2 1

Ely=A1p— %As/z, (3.13)
3

Sl{l-z e \/ESI/Z'

Following the literature of (Pascalutsa et al., 2007), the helicity transition amplitudes
are defined via the matrix elements of the electromagnetic current J, between

the nucleon and the delta states as:

e 1

Aqgfp = — 0 “E)_ —q 2
3/2 \/Z—qz (4mnmA)1/2 <A(O7 +3/2) |J 81—-!—1 ‘N( q, +1/ )> )
e I} -
i ANV (~7,-1/2
1/2 % <4mnmA)1/2 <A(O? +1/2) lJ 8)L—-I—l IN( q, / )> , (3.14)
e 1

(A©,+1/2) J°IN(=4,+1/2)),

Sip =
b2 V2qna (4mump)1/2

where gx = |g| = QZ{?[ is the three-momentum of virtual photon at the rest

frame of A, and the inside polarizaton vector of Aj, and Asp is given by

Epet :7‘5(0,1,1',0). And Q. is defined as Qi = +/Q% + (ma£m,)2. The relations

between the Jones-Scadron form factors and the helicity transition amplitudes are
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expressed via (Pascalutsa et al.,, 2007):

\/§ * *
Agip =N {Gy+Gg},

1
A1/2 == —NE {G&*:SGE}, : (3.15)

qa
V2ma

Combining Eq. (3.13) and Eg. (3.15), we obtain

Sip=N G

M =NGy,
3/2 3

E}l’=-NG3, (3.16)
<y » § qA

St = N5 - Ge,

where ga is the magnitude of the virtual photon three-momentum in the A rest
frame: ga = 4:2= ~0.259 GeV and N is defined as:

e (040 (my+my)
= — 3 3.17
N 2,/ el (3.17)

The electromagnetic properties of the N — A(1232) transition and the helicity

amplitudes Aj, Asp, and Sy, are both described by Jones-Scadron form fac-
tors, magnetic dipole (Gj), electric quadrupole (Gj3), and Coulomb quadrupole
(G).

The experimental data shown in Figure 1.2 are the Q* dependence of
NA(1232) transition magnetic dipole !mM?f, the electric quadrupole ratio Rgy and
the scalar quadrupole ratio Rgy. It is found that the magnetic dipole form factor
Gy, is much larger than the other two form factors Gy and Gg. The relations
between the conventional magnetic dipole form factor Mff, the two ratios Reu,

Rgy with the Jones-Scadron form factors are shown as below,

8mnmA 27IkAFA

Gy (—~0%) = - mM(02), (3.18)
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*

REGE
*x )

RGGM

_ 0+40- RreGp
4mi ReGI*VI.

Remy = — Rsy = (3.19)

with lmei2 being the imaginary part of the resonant multipoles at the resonance
position taken from experimental data, the electric charge e = v4ma ~0.303, the
delta decay width T’y ~0.117 GeV, and the momentum of the pion as produced
in the A rest frame, ka = A'2(m2,m2,m%)/(2my). Here, the Q* in the conventional
relation is 0% = —¢*. To avoid confusion, let us note that our form factors Gj,
Gi, and G are dependent on ¢%. At the real photon point Q? =0, the available

experimental values are provided by (Pascalutsa et al.,, 2007)
reG},(0) =3.02,
rReGE(0) =0.075, (3.20)
Rey(0) =—0.025.

In the present work, we are only interested in the A% — ntz~ process as
the input of the dispersive representation at the time-like region. The kinematical
point of virtual photon y is physically located outside the low energy region,
¢ = (mp+my,)?. Therefore, we can correlate the second kinematical constraint to
the point at the end of the Dalitz decay region, where g*= (my —mj,)?.

The fixed helicity amplitudes TFFs G, can be written in terms of form

factors, Fi, F, and F; (Carlson, 1986; Granados et al., 2017; Junker et al., 2020),
1
Go1(q?) = (—malmrt- ma) + ¢*) Fi(q%) + 5 (m3 =y + 4°)Fa(q”)
+¢*F(4%),

(3.21)
1
Go(q*) = maFi(q*) +maFa(q*) + E(mi —m2+q*)Fs(q%),

1
G11(q%) = ma(my+ma)Fi(q*) + 5 (mx —m2+ ) Fa(q”) +4°)F3(q%).

When the TFFs satisfy with the kinematical constraints ¢? = (ma —m,)? and
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¢ = (mp+m,)?, the helicity amplitudes have

G_1((ma —mp)?) = Gy1((mp —mp)?) = Go((ma—my)),

(3.22)
ma+m
G1((ma+mn)?) = Gy1((ma+my)?) = =——=Go((ma+my)?),
and the very useful inverted version of the relations Eq. (3.21) are
F1(q2) e G—H(qz) = le(qz) )
((ma +mn)* — %)
2
Fy(q®) = ——5—5—- [-24°Go(q*) + (mamn— m;, +¢°)G 41 () +
A(q amA7mn)
(3.23)

i (mi — maty )G 1 (qz)] J

2
A (g%, m3,m2)

F(q) = [(mx — m+ %) Go(q”)

—mg(G41(4%) +G-1(g*))].

According the Siegert theorem (Salone and Leupold, 2021; Ramalho, 2016), the
electric and charge form factors: Gj and G can be connected in a direct way
using the definition of Eq. (3.21) at the chosen threshold region. Then,

2ma

Ge((mp —my)?) = N Gy ((ma —nip)?). (3.24)

Due to the lack of experimental data for ReGE(0) at the zero point, we find the
subtraction constant G& in accordance with the dispersive integrals. It is expressed

in general form
D 2 2
G(q") = G(0) +q"Ag(q”). (3.25)
This supports to obtain

GE(0) = —(ma — mn)*Age((ma — ma)?)

it (3.26)

e e . AEE(( —my, 2A * o 2 :
= (GE(0) o+ (ma — gy (s —ma)))
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with Ag is given by the dispersive integrals and ReGj(0) is taken from the data.

Then the numerical values for Gi at zero point Q=0 we get

rReG(-(0) = 0.678,
(3.27)
Ry (0) = —0.023.

In this setting, we explore that the predictions of multipole form factors for A—N
transition: Gj;, Gy and Gy are fitted to the experimental data with both subtracted
and unsubtracted dispersion relations. As well as the two ratios Rgy and Rsy are
determined and compared to the data. For the case of these transitions, a simple
choice of physical range is to take into account the cutoff energy at A=1 GeV
and A=2 GeV. The interest of other quantities are the differential decay rate of
AV — Nete™ and the two-body decay rate of A? — Ny, see more discussion in the
Chapter (V).

3.3 Pion-baryon scattering amplitude 7,(s)

Having briefly introducing function T,,(s) as a crucial input in the dispersive
representation Eq. (3.1), let us now study the derivation of amplitude T, (s) based
on the cut structure of pion-baryon interaction according to the Figure 3.1. The
formal amplitude of the A% — ntz~ process are decomposed into two cut structure,

namely a left-hand cut Ki(s) and a right-hand cut Kg(s). That is
T(s) = Ki(s) + Kgr(s). (3.28)

The red blob of the left-hand cut relative to the internal baryon propagator makes
it possible to consider as a direct way of connection between the scalar triangle
diagram and the baryon exchanged diagram, i.e the amplitude K;(s). Following
the (Leupold, 2018), now we deal with the right-hand cut structure continue to

the discontinuity along the unitarity cut via the homogeneous MO equation

im(T(s) — Ki(s)) = T (s)e ®®sin (s), (3.29)
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n

Figure 3.1 Sketch of the Feyman diagram of Al interaction in the Lowest order

approximation (red blod), including the @ rescattering consideration (gray blob).

with the pion p-wave phase shift 8. By applying the ansatz with an auxiliary
function H(s),

T(s) — Kp(s)y=H(s)Q(s), (3.30)
we get,
im(H (s)Q(s)) = (K(s) + H (s)Q(s))e 0O sin 5 (s) . (3.31)

Focusing on the product of the imaginary part in above Eq. (3.31), we write

ImH(S)ReQ.(S) + ReH(S)ImQ(S)

(352)
= Ki.(s)e @) sin 8 (s) + H (5)Q(s)e ) sin 8 (s).
Recalling the homogeneous version of Eq. (3.29), i.e
mQ(s) = Q(s)e P sind, (3.33)

we rewrite the homogeneous equation

imH (5)ReQ(s) 4 ReH (5)imQ(s) = K1 (5)e 0@ sin 8 (s) + H(s)mQ(s), (3.30)
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imH (5)reQ(s) + ImQ(s) (rReH (s) — H(s)) = Ky (s)e ) sin §(s),
imH (5)ReQ(s) — imH (s)im€(s) = Ky (s)e ¥ sin 8(s),
imH () (ReQ(s) — imQ(s)) = K1(s)e ) sin 8 (s) 558
imH (5)|Q(s)|e %) = K (s)e ) sin §(s)

Ki(s)siné(s) _ K(s)sind(s)

Ok R T

Having the discontinuity relation,
discH(S) = 2iImH(S) : (3.36)
and the expression of the once-subtracted dispersion relation, we have,

s ] ImH (s)
H(s)= H(0) += / ds’ S "/ Sl
(5) \(,_)/ +7r 4 Ss’(s’—s~i8)
real polynomial

(3:37)

sl (o2 K(s")sind(s")
H(s) = Py =-[ | d¢ for the order of n
(S) n I(S)+ - [Lm% N |Q(S/)‘SI"(S’—S—Z'8)’ or the order of n

with the n—1 order of real polynomial terms denote PB,_;(s). The dispersion relation
of the T,(s) amplitude can then be formulated in line with the substitution of
Eq. (3.30) into PQr{3.37).

RE U A5 K(s")sind(s")

T(s) = K(s) +Q(s)Pu-1(s) + - o ¥ |Q(s’)|S/”(s’—s—i8)’

(3.38)

This is a familiar dispersive integral form of the pion-baryon scattering amplitude
related to only the unitarity cut consideration. However, notice that there is no any
polynomial B,_1(s) contribution for higher order terms since the Omnes function in
the integral Eq. (3.38) diverges as s tend to infinity. To avoid the problem, one may
express the input structure of amplitude function T,,(s) for the TFFs representation
Gu(s) in terms of the extra anomalous threshold cut caused by the light exchanged

baryon state p. One therefore can write the once-subtracted dispersion relations
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of the amplitude T,(s) for three helicity configurations m=+1,0 finally,

_ s [* o Ew(s)sind(s)
Tn(s) = Kn(s) +€s) (Pm@ﬁ s |sz<s'>|s’<s'—s—i8>> 339

+ Q)T " (s).

The anomalous contribution T#™(s) is given by (Junker et al., 2020)

aomeey _ o [ 5, B® 1 fan(s' ()
B /0 d dx s'(x)—s  Q(s'(x))s'(x) i
3.40
2/(s'(x))

A ), m2, M) 2R (5 (%))

with the straight-line path of the anomalous branch cut which is similar to the
structure of the branch point and branch cut for the scalar triangle definition
Eq:42.40),

s'(x) = (1 —x)sy + xdm2. (3.41)

Additionally, we also need to consider the analytic continuation of amplitude
tiam (s) in order to be the true scattering amplitude at the two-pion threshold in the
complex plane. For our case, this unitarized version of fam(s) can be taken directly
from approximation of ChPT derived by the inverse amplitude method (Junker et al,,
2020);

15(s)
5129, Gl G ket 3.42
1AM t05) = tals) (3.42)
with the components of amplitude
2
so°(s)
t -
2(s) 96mF?’
ue 2, has) sy S Ly (3.43)
14(5) = i0(s)as)? + s s <z ¥ -3-) I

(41 —2L(s)(73 — 240(s)?) + 3Ls(5)* (5 — 325(s)® + 30(5)*))],
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e il 1 1+ 0o(s)
Li(s)= (o) <20‘(s) log el 1) ; (3.44)

where the pion decay constant, F =0.0868 GeV. The helicity amplitude Kipn(s)
in terms of all possible parameters can be obtained numerically in the chiral
perturbation theory Eq. (4.43). Recalling that the structure of the helicity amplitudes
Kn(s),

K_1 = Cout (C_t +D_1 RE) + Cioc (E_1 + F_1 R®), (3.45)
Ko = Cout (Co+DoRS") + Caec (Eo + FoRG®),

with the constant parameters defined,

gaha ShaHy

Coct = ——1=—1 0N 3.46
oct 4\/6177% dec 12\/6F7% ( )

The numerical code for the partial-wave projection of the reduced amplitude Kin(s)

produces

2wl | fnls) | Xle) + ()

Kn(s) = gfl®) Y (s)k2(s) i k3(s) OgY(S) —k(s)

‘ (3.47)

Here, there is no cut structure in the introduced functions f.(s) and gm(s) above.
The other functions, Y(s) and k(s) are described in Appendix (D). fu(s) take the
explicit form from the definition of Eq. (3.45),

Fr1(s) = —Coa D1 (5) (K*(s) — Y (s)),
fo(s) = —Coe: Do(s) 2Y (s) (3.48)

f=1(s) = —Coa D-1(s) (k*(s) — Y (s)).

with regard to the inside parameters of the chiral Lagrangian. The polynomial

contribution terms, P, from the NLO contact diagram for numerical computation
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are introduced as

LD o MR B g R ol TR O SR A
+ oct T Cdec 6mA CF \/§F7% )
3mp — my mn(mA & mn)
PGl G e 1 :
0 oct T Cdec 6mA +cr \/§F,%mA
(3.49)
2(ma — my — 6ma —
P_ == Coct (mA i mp) = CdeC (mA + mn)( 2mA mn)
MA 6mx

nmpy (mA ar mn)
V3F}my

The insertion values in Eq. (3.41) for the branch points of the logarithm, when
Y(s) =k(s), are located at

1 1
St = =5+ o (mg + g + 2mz)

24 2q=20); 2 4
- My, — mn(mA +mn) +my

3.50
2m2, (3.50)

A2 (1, miy, miy) AN (i g, )

£ Zme

We take the trajectory of the branch point s located in the lower half plane on
the physical Riemann sheet for the small values of m3. For the case of baryon
exchange mﬁxsz,, there is some trajectory as varying the function of the mass
m} +ie crossing the unitarity cut. Thus the branch point s is written in the form

1 1
$1 = =5 Mgy + 5 (i + 1+ 2mz)

) 2 2 2 4
n MaNt, — mn(mA iF mn) + s

3.51
2m2, (3.51)

AV02 ) (A

2
2mg,
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The values of the parameters associated with the three point vertex functions are
given by the estimation of large-N, approximation (Pascalutsa et al, 2007; Ledwig
et al, 2012)

Fr=9228MeV g4 =D+F = 1.26,

: (3.52)
b= BA 067 Hy= 282 227,

V2 5
The above are the ingredients and finalized expressions for the pion-
baryon scattering amplitude. Then the dispersion relations for amplitude T, (s) can
be evaluated at a given cutoff energy up to A=2 GeV. We will use, as inputs, the
results of amplitude 7,(s) arising from the lowest order two pions approximation

for the representation of TFFs G,(s) at low energy regime.

3.4 Omnés function and pion p-wave phase shift

Our aim is to focus on the parameterization of pion vector form factors,
based on the discontinuity function that is subjected to the Muskhelishvili-Omnes
(MO) relation (lwamura, 1976) in a given pion p-wave phase shift. Various approaches
of the Omnés calculations can be seen in more details in (Anisovich and Leutwyler,
1996; Niecknig et al,, 2012). The fundamental expectation quantity of pion vector

form factors defines in general via (Hanhart, 2012)
(O |z (p )7 (p-)) = e(p+ — p-)"F(s), (3.53)

with s = (p; + p_)%. However, we discuss here only the pion form factors F, solely
in terms of the pion p-wave phase shift, ie Omnes function. It is assumed that

the homogeneous MO equation of motion of the function F(s) is given by
ImF (s) = F(s)e ) sin 8 (s) (3.54)

with 8(s) denoting a general form of the phase shift function and the corresponding

general form factors reading as;

Fls)i=H(s)Q(5); (3:55)
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where H(s) refers to some polynomial function and the Omnes function is equivalent
to 1 if the boundary condition s=0. The Omnes function is related to the pion
phase shift,

oo / /
Q(s) = exp <S/ i _?_(_S_l__) , for s€ER. (3.56)
4

m2 T 5(s —s—i€)

Later we calculate the Omnes function in the complex s-plane, so we may eliminate

the argument —ie from the expression of Eq. (3.59), that is,

81 el /
Q(s) =exp <S/ 2 —5(—{—2——) , for seC. (3.57)
4

m2 T s'(s' —s)

The derivation of the Omnes function is shown in Appendix (F).

As a particular case, we deal with the formalism of the amplitude of zx
scattering in the p-wave projection from the experimental data. The pion phase
shift for different wave projections beyond the pion scattering amplitude has been
examined in (Garcia-Martin et al., 2011) for each different energy interval. We
therefore take into account the parametrization function of the pion phase shift
from (Garcia-Martin et al., 2011) for the low /s <2mg and intermediate energies
2mg < /s < /5. The parameterized function for the phase shift in the energy region
above /5. is taken directly from (Hanhart, 2012) in order to extrapolate smoothly
the phase shift to a value as s— . So there will be a need to consider the
following three intervals for the pion p-wave phase shift parameterization function

in our process,

Ors) =

s 2 3
cot™! <2|p\c/i|3 (m%) —-S) <m§1\% +b0+b1W(S)>) for\/g < 2mg,

2
0y (ZMK) + A1 <§\;/5? . 1) + Az (2—\’1/1; o 1) for2myg < \/E < A/ Seuts
V[ 51 (Scut> <AA"2T—:S;,HL> for v/ Secut < \/57

(3.58)

with the value of energy above the intermediate level, (/s = 1.4 GeV, the K mass

fixed to mg =0.496 GeV, the p mass equal to m, =0.7736 GeV, and the function

) LS

= — for \/36 =] .05 GeV. (3.59)
\/E /50— S



41

150t

100

phase shift § [degrees]
wn
S

0'-..|...|..-|...|...|...|...|.'
0.0 0.2 0.4 0.6 0.8 1.0 1.2 14

s [GeV?]

Figure 3.2 Parametrization results of the pion p-wave phase shift in line with (3.58)
at the specific range, 0 < s(GeV?) < 1.4. In the plot, we start the energy range from
0 GeV? instead of starting at 4m2 GeV2.

The constant values of p-wave parameters from (Garcia-Martin et al., 2011) are
introduced as; by =1.043, by =0.19, A; =1.39, A, =—1.70 and A=10 GeV. The
numerical results of the Omnés function parameterized in the p-wave phase shifts
by using the experimental data are graphically shown in the following Figure 3.2,

Figure 3.3 and Figure 3.4.
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Figure 3.3 Real and imaginary part of the Omnes function as parameterized in the

pion p-wave phase shift at a given physical range, 0 < s(GeV?) < 1.4.
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Figure 3.4 The absolute parameterization result of Omnes function in the range,

0 < s(GeV?) < 1.4. All the parameterization results are similar to the works of (Garcia-

Martin et al,, 2011; Hanhart, 2012).



CHAPTER IV
HELICITY AMPLITUDES OF PROJECTION FORMALISM

This chapter lays the mathematical groundwork necessary to calculate the
Feynman matrix elements for the A—N interaction using baryon Chiral Perturbation
Theory (ChPT). We address how the amplitude function arises within the projection
formalism to obtain explicit expressions for the reduced amplitudes. These reduced
amplitudes serve as crucial input for the pion-baryon scattering amplitudes which are
ideally determined using the Muskhelishvili-Omnes function (Omnes, 1958). Further
theoretical calculations will be presented, following the established principles of

Feynman diagrams.

4.1 Baryon chiral perturbation theory

The leading-order (LO) chiral Lagrangian that incorporates decuplet baryon
states can be expressed as (Jenkins and Manohar, 1991; Pascalutsa et al., 2007;
Ledwig et al,, 2014; Holmberg and Leupold, 2018)

°£l§a1r)yon =1tr (B (lw — m(g)) B)

<+ Taic (vaaDa — Yuv m(lO)) (Tv)abc

+ 2By 95 BY) + 5 0(B1 35w, B)

ha ([ ade s b _ P (a.1)
T 22 (Sa “Th e (up)gBe+ €aae Be ('), T C)

Hy _
o €uvap (Tl (DT (P

+ (DT g (TH)™ (WP

where tr denotes the trace over flavor indices, B represents the octet baryon field,

T!. represents the decuplet baryon field, ) = y*Dy is the covariant derivative,
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m(g) and m are the octet and decuplet baryon masses, respectively, u, is the
pseudoscalar meson field, D, F, hs, and Hy are low-energy constants (LECs) to be
determined phenomenolosgically, mg is a reference mass scale, and &, and €,yqp
are the Levi-Civita symbols. The fully antisymmetric products of 2 and 3 gamma

matrices are defined as (Peskin and Schroeder, 1995),

P =27, @2
and
O R e T
S0 g M b A U S (4.3)
= %{7‘”,7"‘} = +ieh" Py,

respectively where ¥ :=iy?y'¥?y® and €23 = —1. The baryon octet can be repre-

sented by a matrix, B, as

1 y0, 1 +
\/QZ +\/5A 1 X 1 D
B= P —5Z+ A n (4.0)
;7 =0 —2A
% N V6

The baryon decuplet is expressed using a fully symmetric flavor tensor, T9¢, with

specific elements:

T]“:A++, T112=—A+,
V3
1
T122 — _______AO T222 — A~
\/3— ) )
(4.5)
T113 — __1___2*4- T123 — ___1__2*0 T223 — 'LZ*_
V3o Ve V3o
1
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The Goldstone bosons are encoded in

7z°+%n oY S

o=| V2 -n’+n V2K |,
V2K~ V2K° —%n (4.6)

W’ :=U = exp(i®/Fy), uy:=iu (V,U)u' = uL.

Under chiral transformations, the fields transform as (Jenkins and Manohar, 1991;
Scherer and Schindler, 2012a):

U— LUR', u— Luh' =huR",
uy — huy h', B— hBh', @7

d 4 T NIT
T — B RS TEE, Th > (WD) (hh)g (W) T .

abc

Specifically, the distinction between upper and lower flavor indices signifies their
transformation properties under flavor symmetry. Upper indices transform according
to the representation A, while their lower counterparts transform with the conjugate
representation h'. For baryon octet, the chirally covariant derivatives are defined
by

D'B =od*B+ (%, B], (4.8)
for a decuplet T by
(D/,LT)abc _ ghTabe 4 (I«y)nga'bc n (F“)’b’, T 4 (T4)E, Tabe , 4.9)
for an anti-decuplet by
(DHT )ape = 0 Tope — (P)5 Toppe — ()} Tape = (T*){ T, (4200

and for the Goldstone boson fields by

VuU =9,U —i(vy+ay)U+iU (vy —ay), (4.11)
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with

Ty =5 (u (O —i(vu+ay))u

N =

(4.12)
+u (duy —i(vy —ay)) uT) ,

where v and a denote external sources. Within our framework, the interaction term

proportional to Hy effectively reduces to the following form:
Hy Tt ov(T? abd aB c
+ I Fr Euvap Tpe 0" (T7) Dy, (4.13)

where mg denotes the resonance mass, which in this specific case corresponds
to ma. While seemingly straightforward, complications arise due to the use of
spin-3/2 Rarita-Schwinger fields. These fields inherently contain unphysical spin-1/2
degrees of freedom. Consequently, the interaction term not only describes the
desired spin-3/2 resonance exchange but also generates an unwanted contact
interaction. To eliminate this unphysical contact term, we employ the Pascalutsa
prescription (Pascalutsa and Timmermans, 1999; Pascalutsa and Vanderhaeghen,
2006; Pascalutsa et al., 2007; Ledwig et al, 2012). This approach dictates a specific
substitution in Eq. (4.14):

h
T+ — —— "M v, 9, T5. (4.14)
m

This procedure induces an explicit flavor breaking, but such effects are
beyond leading order in our calculations. The H, term in Eq. (4.13) is already
constructed such that only the spin-3/2 components contribute. We will explore
both the standard interaction term from Eq. (4.1) and the corresponding one
obtained by Eqg. (4.14). As discussed in (Junker et al, 2020), differences can be
accounted for by contact interactions of the chiral Lagrangian at next-to-leading
order (NLO) and beyond.

The complete NLO Lagrangian was presented in (Holmberg and Leupold,
2018). We focus on terms lifting mass degeneracies from leading order (LO) and
enabling interactions for the reaction Am — nm (formally Ani — 27), where the two
pions are in a p-wave.

The relevant NLO Lagrangian for the baryon octet sector reads (Oller
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et al, 2006; Frink and Meissner, 2006; Holmberg and Leupold, 2018):
2 - -
L = b, pte(B{x1,B}) + by rtr(B[xs,B]). (4.15)

Here, y+ =u'yu"+uyu and y =2By(s+ip) are constructed from the scalar source s
and the pseudoscalar source p. The low-energy constant By is related to the light-
quark condensate and the pion-decay constant (see, e.g., (Gasser and Leutwyler,
1984; Gasser and Leutwyler, 1985; Scherer, 2003; Scherer and Schindler, 2012a)).
While LO baryon octet states are mass-degenerate, the NLO terms in Eq. (4.15) lift
this degeneracy, essentially moving masses to their physical values. Technically, this
is achieved by replacing the scalar source s with the quark mass matrix. Numerical
results for these parameters can be found in (Kubis and Meissner, 2001). In practice,
we use physical masses and omit specifying these parameters here.

The relevant NLO Lagrangian for the baryon decuplet sector reads (Holm-
berg and Leupold, 2018):

°£1(§) = _dX:(S)Ta‘Zc (X+)a Yuv (Tv)abd- (4.16)

This term provides a mass splitting for the decuplet baryons, reproducing the
observed relations mgq —mz+ = mz+ — mg+ = my= —my, (Tanabashi et al.,, 2018). Here,
we focus on the A resonance.

For the reaction An — 2z, the relevant NLO Lagrangian term is given

by (Holmberg and Leupold, 2018):

C _ -
LD = = \@;2 A pAy (Hrtd'm — (1< v)) . 4.17)
V3

A vector-meson-dominance estimate for the contact parameter c¢r is provided in
Appendix D of (Junker et al,, 2020).
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4.2 Feynman amplitude of the scattering process A°N — n*z~

We proceed to compute the Feynman amplitude M for the A% — 7z~
scattering process using baryon chiral perturbation theory. Here, we utilize the
notations T for the decuplet baryons, B for the octet baryons, and ¢ for the
scalar mesons. All conceivable Feynman diagrams in our analysis are displayed in

Figure 4.1.

Figure 4.1 Feynman diagrams for the scattering process A% — ntn~.

Using the Lagrangians introduced in the previous section, the TT¢ vertices
are expressed as follows:
iHyp v B
VI = Lpop-g+ = ——=——EvaB Pro P
AVA-7 \/gmAFﬁ avop PA0 P g+ s
(4.18)
2i Hy

B
- 5\/—2—’% F, €nvap PXo Py

Vs = Lpopt g =
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The TB¢ vertices are given by:

1 hy
V2 = Lp-jin- ‘“Efpﬂ
T
1 hy
=g =52 pho, (4.19)

V6 = La+an+t = _F Fpm“
T

The BB¢ vertex is given by:

1 (D+F
Vo = Lypgt+ = \/_ ( F, ) Pt (4.20)

Lastly, the NLO vertex is represented as:
CF _
V7 = oLyo = _—\/ng (Pfl;{" P;— B P;‘;+ Pﬁ— )&vav(pa) Yu'Ys ua(PAO) - (4.21)
T

The total Feynman amplitude for the scattering process A% — ntz~ is written in

the following form:

_ 8aha 1 p — a
Mo a- = 2V6F2 u—mi+ie P-8uaVn P ¥Vs (P = Pre +1Mp)Ua

hAHA ) B

+ m 18vaB pXPn— pI:rJr 17nSu,l (pA e P;;—) ug
Az

(4.22)

haHpy . 3 v B u - .
S PSR P TS~ P

sz (P P2 = PP ) gap T Yot
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where g4 =D+F and the spm-— propagator S,y (p) is represented as:

I’ +m P,qu

Spv<p) p m2+8 #V()+3 2(p+ )
(4.23)
_ 1 pup®Yoav+YuaP% Py
3m p? '

4.3 Projection formalism

The entire calculation in this section directly leads to the analytic formula
of Feynman matrix elements (777) from the general spin structure of the pion-induced
A% — mtm~ process. The Feynman matrix elements with a spinor matrix structure
is a central concept used to decompose the process into linear combinations of
basis amplitudes. The fact that a projection formalism makes sense rests on the

scalar quantities a; being an explicit form of M. That is,

m(s’ 67 67)“ = 1/2) = gn(pﬁ, 1/2)Mp(PA,pﬁ,k_l_)uZ(pA, O-) )

_ (4.24)
Vn(Pﬁa I/Z)Mu(pAa pmk_L)uA (pA7 G) Zalvn(pna 1/2)M g#V”A(pA, )

The amplitude M, includes the product of gamma matrices y* and one p; it
can be contracted with p,, pa and k; to be moved towards the spinor v, or ua
into the elements of M. If we eliminate the contraction terms p , p, and ¥,
by the equation of motion, there is only one term left, f,. Supposing there are
four possible objects pk, pk, ki and y* for the Lorentz index on M, that we can
also reduce, we can eliminate the momentum p} and matrix ¥* using the relation
of the equation of motion. As a final result, this leaves us with four possible

independent structures of the M* type;

vk, vsph, ELwpE, Kok (4.25)

We now describe the simplest form of spin structures (M*) with states
indexed by (i=1,2,3,4) (Junker et al.,, 2020):

My = [q* — (ma+my) 2| yskY —ma vsp¥, (4.26)
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Mél = YSP#)
My =k, wph, (4.27)

My = [q” — (ma—ma)?Jf 5K, —makd v

These four constructed structures of (M*) in the center-of-mass frame satisfy
(Vn(Pns +1/2)MF guyui} (pa, ) ~ 8ia) With (ix =5/2—0). For the remaining task, we
find the scalar quantity (a;) for the amplitude (M*). In general, there is still a need
for a 64-basis decomposition of Lorentz-spinor structures since (M*) is a type of
(4 x4) spinor matrix with (1 =1,2,3,4). However, 32 basis elements of those are
not parity-conserving, so we can restrict ourselves to a basis of 32 spinor structures.
The first four terms at this point (Junker et al., 2020):

T} = PLMPAP,) (4.28)

with the projection operator ('t Hooft and Veltman, 1979):

" 1 1
on — (mn—Pﬁ)7 P:ffzm(mn+P;,),

2m,

1 1
A Ay 4
Pon_é';n‘A'(mA+PA)7 Poff_%(mA_ﬁAL

(4.29)

12 1 1
Ppé = 37#% =R Q(PAngva '*‘guaYv?A)Pga
A

3/2 1/2
Pp(} :guv"Pué-

Throughout this evaluation part of this section, we do not deal with the
specification of the other 28 structures from i=5 to i=32 because we do not
need it at the end of our calculation. Therefore, we introduce the Dirac adjoint

structures directly:
Ti=n(T)" for i=1,...,32 (4.30)

Having inserted 32 elements of linearly independent structures for Ti, we are now
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free to decompose any M, via the following relation:

32 32 ,
My=Y aT}, witha=Y (C")yTe(TiM*) (4.31)
i=1 j=1

and the 32 x 32 matrix elements C represented by the spinor trace:
Cij =Te(TT)g"" . (4.32)

Due to the basis elements C;; themselves as an inner product, we consider them
directly from the explicit calculation of det(C) # 0, which shows that C is an
invertible matrix and the 32 elements T‘i are linearly independent. Matrix C;; is
actually block diagonal since the different projection operators are zero in the inner
product for two basis elements. We are only interested in the first four a; block

diagonal, that is,
Cij=Cj6ji, for j,i=1,2,3,4 (4.33)

And the explicit formalism that supports a term to determine the coefficient

functions a; for the complete set of linearly independent structures becomes:

Tr(T;M*)
a=——-, foo i=1,2,3,4, (4.34)
G
with the definition of C;:
T Ter =151 LA (4.35)

The consequent values for four explicit expressions C; obtained numerically are

k2

C1 = o ((ma -+ me)? = ) A%, i, ),
—1 2 2 2 2 2

G i, ((ma — my)* — q°) A(q”, my, my,), (4.36)
k2

C3 = —%— ((ma + ma)* — ) A(g*, mx, m3),
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___(k2 )2
Cs= 4mAJ,;1n ((ma — ma)> = ¢°) A(q", mx, my), (4.37)
with the Kallén function
A(a,b,c) = a® +b* +c? — 2(ab + bc +ac) (4.38)

and k2 = —4p?,sin”0, where the center of mass momentum of the pions is
Pem = /@ —4m2/2, and 6 denotes the angle between the three momenta of A°
and nt. As a summary, we find the general amplitude structure of M, with the

best choice of the helicity amplitude o:

m(S, 97 67;{' = 1/2) = ‘7n(Pﬁ, l/z)Mp(pAapﬁakl)ug(pAa G) )

& n(pa, 1/2) M{ guv uy (P, ©)
l

where i=5/2— 0. The reduced amplitude dealing with Feynman scattering ampli-

tude in the basis elements v,M!' g, ujy for the dispersive representation;

Vn(—Pza +1/2) M{i 8uv ug (P2 +3/2)
Un(—Pzy+1/2) Ysul (pey+3/2) Pem

=25in 0 (¢* — (ma+my)?)

Un( =Pz, +1/2)M5 guvity (P2, +1/2) _ 24°p;
ﬁn(_pza +1/2) ¥ uz(pb +3/2)pc.m (mi = m% + qZ) Pec.m

, (4.40)

V(= Pz +1/2)MY guyih (p;,—1/2)  —25in8 (> — (ma+my)?)
17f’l(—pza +1/2) Y5 ulA(pm +3/2)pc.m ma

)

with p, = A2 (g%, mk,m2) /(24/q*) in the z direction. As a next task, we find
the values of helicity amplitudes using the mathematical expression of reduced

amplitudes formulated by the spinor coefficient.

4.4 Helicity amplitudes

In dispersion theory for form factors, the two-step procedure is used
to evaluate the structure of pion-baryon amplitudes. One of the formal inputs

to this procedure is a set of helicity amplitudes. A detailed evaluation of all
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dispersion integral formulations related to the pion rescattering contribution has
been carried out (Granados et al., 2017). Therefore, we can directly include the
helicity amplitudes of the reaction A% — z*z~, which excludes the effects of

two-pion rescattering in the center-of-mass frame.

m(s,0,1/2+1,1/2)
Vn(— PZ)+1/2)751‘A(P2,1/2i1)p0m

Kii(s) = ——/ d6'sin’ 0

3 mA—m2+s

Ko(s) = / dBsin6cos O (4.41)

Mm(s,0,1/2,1/2)
Pu(—pz,+1/2) Bsuxr(P2s1/2)Pem

Substituting Eq. (4.39) and Eq. (4.40) into the above Eq. (4.41), the helicity

amplitudes become:

Kii(s) = %/ﬂod(cos 6) (1 — cos? 6):13(—TC"11£V2 (s — (ma+my)?),
Te(TpMY) (s — (ma+my)?)

, (442
G ma

K_i(s) = %/Od(cos 6) (1 —cos®0)

Tr(Tv2 M V) Pz
G Pe.m '

3 0
Ko(s)-—:-—-z—/n d(cos @) cos 6

Projector formalism simplifies the evaluation of helicity amplitudes in-
volving delta and proton exchange. This formalism allows us to separate and
identify the contributions from left-hand cuts (represented by coefficient functions)
and purely polynomial terms (denoted by P). Explicit expressions for the helicity

amplitudes obtained from the left-hand-cut structures are:

gaha ShaHp )
Ky = Ci1+Dy R — E 1 +F R,
+1 4\/_F2(+1 +1R) 2\/6F7%(+1 1 RS™)
_ 8ahy oct ShyHy dec
K"l - 4\/_F2 (C—1+D‘1Rs )— 12\/6F7% (E—1+F—1Rs )7 (4.43)
gaha ShaHp
Ko=— Co+DoRS") — ——== (Eo+ FHRS") .
avorz O TPORD) =15 e (Fo
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All constant parameters, including the contact polynomial subtraction term (P,),

are listed in Appendix (D).



CHAPTER V
DIFFERENTIAL DALITZ DECAY OF BARYONS

In this section, the decay rates and differential cross-sections for the
transition form factors in the processes: A® — Ny, Dalitz decay A°— Nete™, and
ete” — AON scattering are presented. The primary objective is to extract the
fundamental intrinsic properties of baryons and measure the precision of the g2
dependence of form factors in the time-like region with respect to the Dalitz
decay distribution. To ensure comprehensive coverage, we present the complete
expression of the decay rate I' for the process A — Ny — Nete™, as well as for
the process ete~ — AON. These expressions are derived according to the Feynman
rules of QED (Peskin and Schroeder, 1995), and with additional insights drawn from
lecture notes authored by Stefan Leupold on EFT (Leupold and Terschlusen, 2012)
and QCD (Scherer and Schindler, 2012b).

5.1 Decay width of Dalitz decay A° — Nete~

Both decay rate and differential decay rate lie in the evaluation of the
Feynman matrix element for the two processes under the one-photon approxima-

tion. The decay rate for the delta particle, taking the form,

dr Iml-m!2 (2m)*s 4)( ZPJ) Il (27c)32E (5.1)

N

T
Phasespace

where M measured in its rest frame P = (M,3). This particle decays into n particles
with masses m; and momenta ¢;, where i=1,...,n, and d®p; denotes the volume
elements, as outlined in the reference by Peskin and Schroeder (Peskin and
Schroeder, 1995).

A Lorentz-invariant quantity known as the spin-averaged amplitude is
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defined as follows:

(m?) = }: mp,

s,,sf

(5.2)

N
D=]]@si+1),
i=1

with spins of the incoming particle N, i=1,...,N. The general form of the elec-
tromagnetic current expectation value for the transition between initial and final

baryon states is expressed as follows:

<B(pout)|j“ (O) IB(piﬂ» =y eﬁ(pout)ruu(pin) ) (5.3)

with T* being the vertex function for all possible independent Lorentz covariant

interaction terms:
I (pa,q) = —(1"q" — 4g"*) mavsFi(q°)
+ (Pha” — Pa-ag™") BF2(a%) (5.9)
+(g"q" - ¢° ") 5F3(4%).
Similarly, the complex conjugate values of the vertex function takes the form:
T (pa,q) = (¥q" — ¢ &™) mavsFi' (q°)
~ (Phq" — Pa-qg"" ) 5F5 (4°) (5.5)
—(¢"¢" — ") BF (4).

To obtain a simpler form, the Mandelstam variables is specified in terms of the
basic kinematics of the decay, such as the energy and momentum of the particles

being considered, at a particular reference frame, which takes the form:

5= (pa+Pn)* = (Pe+ +Pe-)* = miy =q*,
(5.6)
t = (pa—Pet)’ = (Pe- +pn)* = mh3,



58

= (pa—pe-)* = (Pe+ +pn)’, (5.7)
with the identity relation of the Mandelstam variables,
s+t+u=m+m>+mi+m?. (5.8)

The Dalitz process A% — Nete™ is straightforwardly written to the Feynman matrix
element by applying the Feynman rules of spinors, vertex functions, and the
propagating photon fields mentioned above. As shown in Figure 5.1, the general

form of amplitude reads

i} : g
M =i, (p.-,s.-) (_‘le’)/[l) Vet (Dot Se+) (—i 7 ) €itn (P, Sn)FVuA(pAaSA) )
(5.9)
62 = — uv_ A
= —?ue_ (pe‘ 3 Se”) ’}/,u Vet (pe+7se+) un(pmsn)r u, (pAasA) 3

with the corresponding hermitian conjugate being represented by
T e? A o B
n'= _q—zuﬁ(pAaSA)r un(pn,Sn)ﬁe+(Pe+,Se+)}’a Ue- (pe“ase‘)' (5.10)

Assuming there are four possible orientations for the incoming spin 3/2 particle,
ie., the factor D=2x2+1=4, we will aggregate all possibilities below to obtain

the average amplitude for the desired decay A® — Ne*e™., which takes the form:

4
e
<lmA—)Ne+e—|2> T %Z Z

Se— 5o+ 5AsSn
X (’ze_ (pe— ) Se_) Y Vet (Pe+ ) se"‘) Un (Pn, Sn) F”Vue(PAa SA))

X (ﬁﬁ(PA,SA)faﬁ un(Pn,sn)\?e+(pe+,se+)yaue_(pe_,se_)) . (511)

et

= 3 (@ )i(M)ij(ver); P (Vo) (o)

= 1A
4q Se- 7Se+ SAsSn

(’Zn)a (r'uv)ab<ue)b(ﬁé)c (faﬁ )cd (un)d )
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e4
(lmA—>Ne+e"12> = @ z(ue— )l (ﬂe“)i(yl—l)ij Z (ve"')j(‘_’-e*')k(’ya)kl

Y (n)a(@)a(T* Yo Y (19)5(5)c (TP )ca

4

e
=——= P - +m, )i ij — Myt );
i P, 1i(Yu)ij (P 4+ — Met) jx(Ya 6512

(P, +mn)aa(T"" )ab (P +ma)bcPrp (P )vcd, |

4

= T [ e W e

Tr [(pn +m, )T (p +mA)Pvﬁfaﬁ] :

This is a full expression of the spin-average amplitude in terms of the variables s,
t and u. Later, as a result, it will actually contain the mixing terms of constrained
form factors Gn(q*). However, we make it clear that we intend to eliminate all
mixing FF terms from the amplitude by substituting » with the help of relation in
Eqg. (5.8). The numerical method for the double differential decay rate, as outlined
in Junker’s thesis (Junker et al., 2020), is initiated in the center-of-mass frame and

expressed using a bilinear form, which takes the following form:

dr’ 2 | ) 2 Q

—— ) (@) =F'(q")A(g",1) F(g)- (5.13)
dm?,dms,

Here, the matrix representation of A(g%,t) obtains from the spin-averaged amplitude,

and the representations of form factors F¥(q?) and F(q?) take the form:

Fi(¢%) )
Fi@)=| R(@) |, F'(¢&) =(F("),F@) FG)). 61
F3(q?)

Note that it is still mixing form factors when we calculate the amplitude terms
with respect to form factors definition. Thus, a new quadratic relation is defined

below based on the bilinear form in order to get only the diagonalization terms
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via

dr
(““—‘dmz i )(qz,t)=G*(42)D(q2,t)G(q2), (5.15)
12 23

with the new representation of form factors,

Gi(q%)
G()=| Gg®) |, G'(d)=(Gi(d"),G5(d"),Gi(d), (516
G3(q)

which can be transformed as
G(4*)=T(¢") F(¢*), F(g*)=T "(d*)G(q*). (5.17)

It is implied a diagonalize matrix for the argument of D(¢?%1), so we can rewrite it

as the following form:

(dm2dl;m2 )(qz”):GT(qz) T ') AP NT@AGCP), 618
12 23

with the transformation matrix being defined by the fixed helicity amplitudes
Eqg. (3.21) and Eq. (3.23)

ma(ma+my)  3(mi—mi+q) 7
2
T(q%) = m3 m% Ymk—m2+q%) |, (519
—mn(ma-+my)+q* 5(my —m2+q°) s
where the inverse matrix takes the form
1 0 —1
Tmetm 2 _2)
((ma+mn)*—q?) ((ma+mp)?2—g?)
10y | 2=mgtmpmatg?) —44° 2(m% —mpmn)
T7(q°) = (2 m2 m2) (g2 m2 m2) A (g2 m2) ; (5.20)
~2m3 2(—mi+mA+q°) —2m?%
A(q?,m3% m3) A(q?m%,m?) A(q?m3,m2)

with the Kdllen function

A(x,3,2) =x* +y* + 22— 2(xy+yz+2zx). (5.21)
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et

Figure 5.1 Sketch of Feynman of Dalitz decay A? — Nete™ with respect to the
one-photon approximation. Here, the baryon vertex is represented by a gray blob

and the QED vertex is denoted with e"ety.

Figure 5.2 Graphic representation of the Dalitz decay A? — Ne~e* in the C-M frame.

For Dalitz case, we may define the coordinate system of particles in
alignment with the trajectory of polar angle 6 between the direction of electron

and nucleon at the center of mass frame. All observables of Feynman matrix
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elements for decay are dependent of Lorentz invariant, so that it is convenient to
assign the Lorentz scalar quantities in the center of mass frame, see in Figure 5.2.
From now on, the kinematic ¢ will be replaced by the choice of definition Eq. (5.22)

in the numerical calculation.
t =mby = m2+m?+2E,E, —2|P,-||Pn|cos 6. (5.22)

As a next step, we carry out the phase space integration for the Dalitz decay by
setting the momentum of mother particle P with the corresponding mass ma and
energy E, while the outgoing momenta refer to the symbols py, p2, p3 instead of
Pet+sPe-,Pn- The masses of decay particles refer to my, mp, m3 and the energies of
each state is represented by E,, E;, Es. The whole double differential decay rate

in the rest frame reads

dr m 3.d 27:4
(! A—)Ne+e I /H pz ) (P p1— pz—P3)

dm2,dms, 27:)3215

x 8(miy — (p1 + p2)*)8(mds — (p2 +p3)?),

_ (|mA-+Ne+e~|2> dpi dp> dps3 4 (5.23)
= (27)
2mA (271.')32E1 (27[)32E2 (271')32E3
Phasespace

x 8P p1 — p2— p3)8(mt = (P14 P2)) (s — (P2 + p3)?)

Phasespace

The detail calculation of the phase space intergration for the double differential
decay rate is provided in the Appendix (H). Thus, the final expression of the
double differential decay rate for Dalitz decay A? — Nete™ in a given frame can

be written in the form

dI’ 1

— m 13y,
dm%zdm% 32m2 (27[)3 <| A—Nete l > (5.24)

In the fixed photon approximation, one can express the differentials for the
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observable momenta |pa| and |p,-| as:

dmbs = —2|P,-||PaldcosB, (. |Bal = |Bal)
(5.25)
dm3, = dg*.

Inserting Eq. (5.25) into Eq. (5.24), it supports us to get the final simplest form

= - 0)).
dqzd cos @ 32 (pi)3/2 (27[)3 (th—>Ne+e I (q- ) )> (5.26)

When the results of the amplitude obtained from using the FeynCalc package in
Mathematica, with the replacement of the variables s and ¢ by the definition in
Eq. (5.22), and the angle @ is substituted into Eq. (5.24), we get

dr 1 éBallp|
dg*dcos®  (2m)3  96m3q>

(cf‘ - (mA - mn)z)

4 2
X [(1 +cos? 0+ ﬂ;— sin’ 6)
q (5.27)

x (31G11 (4 +1G-1(4"))

4 2 2
+4 (sin2 0+ —mze— cos? 9) *q—z-lGo(qz)lz} :
q \ s

with the momenta of the A and e being evaluated in the rest frame at §=0;

2 /11/2( 2 2 .2

= q — q 7mA’mn)

|Be-| =1/ —m2, p,=I|Pal= : (5.28)
4 2V

As a remarkable feature, the kinematic boundaries for the Dalitz decay allow

exploration up to the range of the timelike region.
4m? < ¢* < (mp—my)?, (5.29)

and the factor values of ¢ —(ma+m,)?* and g% — (mp —m,)?* are always non-positive.
However, if one integrates the scattering angle 6 over the range from 0 to =, the

total decay rate is indeed positive physically, as this 6 integration gives an essential
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minus sign for the decay process. Again, assuming that the kinematical boundaries
for m? < ¢* and m* <m3 in the fixed photon approximation, the 6-dependence of

the double-differential decay width is expressed:

dar _ 1 €4pz \/‘?ﬁ (qz_(m —m )2)
dg?dcos®  (2m)3 9%6mig? 2 ' AT

x [(1+cos®8) (3|G+1(¢*))* +1G-1(g*) ) (5.30)

4q%
+ L in?0|Go(?) Y,
o

with the kinematical electron velocity being presented by

4Am?

. (5.31)
7

Be: 1-—-

The electromagnetic Dalitz decay, which explores the strong interaction dynamics
at a given kinetic energy of 1.2 GeV, has been successfully studied through proton-
proton collisions at the HADES collaboration with GSI (Adamczewski-Musch et al,,
2017). With the described electromagnetic transition form factors (eTFFs) yielding
Gy =3, Gr =0, and G; =0, and the provided decay width T'ayy=0.66 MeV, we
now derive the generic formula for T'y_,y.+.- in terms of the Jone-Scadron FFs as
a function of g% It is convenient to introduce with our FFs G410 correlated to

Jone-Scadron FFs through the translational relations:

ma +my

n

2
) GIGHA)P + 1G4 @)P),
(5.32)

BIGn @+ 6P = (

ma +my

2
Gole)F =5 (") eI

n

Since we focus on the angular 6 intergration from z to 0 in the given relation
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Eq. (5.30) analytically, we can get:

ar e
dg®>  (2m)396m)q> Pz

\/2‘? B ((mA - mn)2 - qz)

X /_ 11 dx [ (14+x%) (3|G1+1(gH) > +1G-1(g*)?) (5.33)

44 2 212
+—5 (1=x") |Go(g")I7| -
M
With the substitution of formula Eq. (5.32), the decay width can be reduced to

the simplest form

dl’ e VP s o 3 (matmp\?
dqz_(27c)396mf§q2pz ) Be ((mA—mn> _Q)X§< - )

2
« [ ax] (GIGHAP+1Gu(IP) + 6P

2
+x (<3|Gz(q2)|2 +1Gu(a)I”) - ;n"—ilGE(f)lz) J

' g’ 2 oy (matma)?
_ V & iy n (5.34)

2
(Gl + G + Sic@)F )
(N

2
+2 (<3|c;z<q2>12+|cx4<q2>|2> —,j’TiIGWNZ)]’

o =ald) (24506

where the two parameters a(q?) and b(¢?) are defined in accordance

with (Bratkovskaya et al, 1995) for a comparison to the QED-type case, taking
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the form
et 2 mp +my \ 2
)= r) 6amigt ¥ \/261—5 e (0ma=ma)* =) (im__)
" . P
«((16k ) 103 + G .
- BIGE@)P+ G (P~ GIGe(a)
b(q") = 3

 GIGHPP+ G AP + SIGH@)P

For more convenience, we define new parameters based on the two g*-dependent

parameters by

A= /dqza(qz), B = /dqzb(qz). (5.36)

In the time-like eTFFs, a QED type determination of the Dalitz decay can be related
to the intrinsic structure of baryon coupling by a virtual photon. Such a type of

QED version of the Dalitz width in the one-photon approximation introduces

dlgen et V4 2

™ 22
dq2d0086 o (2”)3967712612 Pz > Be ((mA mn) q )

(5.37)

4 2
x <1+00529+~;—§£Sin26) (31G11(0)2+IG_1(0)]?) .

In this case, we replace Jone-Scadron TFFs combinations described in the relation
of Eq. (5.32) so as to compare with the parameter results in the width Ty ,ye+e--

The newly modified formula is then given by

dl geo et VP

= _ 2 2
dqzdcose_(zyrp%mzquz 5 Be ((ma—my)* —q%)

Am? 4 2
X <1 +cos? 0+ n;e — n;e cos? 9) (5.38)
q q

3 [mp+my,
2

2
) BIGHO) +GLO)P),

n
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dl e _ e \/q? 5 ((mA —my)? — qz)
dg?dcos6  (2mpeami@li 2 q*
x ((¢* +4m2) + (¢* — 4m2) cos? 8) (5.39)

(mA+mn
X

n

2
) BIGHO)R + |G O)).

Noticeably, this expression no longer depends on the electric and magnetic form
factors when we set it equal to the real photon case ¢*=0. From Eq. (5.39), the
two quantities which have a similar type to our Dalitz case are identified smoothly

as:

dl e 2 2 2
— = 1+b
dg*dcos 0 a(q”) (1+b(g") cos”6) ,
(5.40)
dFQED . 2 2 2
T = ald) (24360
with the identified parameters being refered to
2r)264myg® 2 q* my
2 2 * 2 * 2
x (q”+4m,) 3|GE (0)I” + |Gy (0)[%) (5.41)
v & 4m2
b(qZ) _ (C] e)

 (2+4m2)
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5.2 Decay width of two-body decay A° — Ny

Y

Figure 5.3 Sketch of Feynman diagram for the two-body decay A° — Ny.

We will now focus solely on evaluating the matrix element for the specific
scenario of the two-body decay width of A® = ny, shown in Figure 5.3. However,
the particular process does not involve the decay of particles from a real photon
to an electron-positron pair. Thus, all of the Feynman matrix elements, including

their conjugates, can be derived by applying the Feynman rules as follows:
M = —ieity(Pn, 5n) &5 (g, sy)TH" 1wy (Pa; 4) ,
= —ieity(pn,sn)T* 15 (pa,5a) €} (4, 57) (5.42)

mt=ieey(q, Sy) ﬁﬁ (pA,sA)f‘aﬁun(pn, Sn) -

Here, T*V is the vertex function, and gq(g,sy) is the transverse polarization vector
of photon. Since there are four possibility states for the incoming paritcle A (D =4),

the spin-averaged amplitude of the two-body decay takes the form:

82
Mooy =5 X [n(pmssa)T* 65 (0, 50) (a57) |

SASnsSy

(5.43)

< [eala,57) B (parsa) T (i)
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(lmA—myl Z (‘LS}')E(Z(‘]: S}') Zun(pmsn)lzn(pmsn)r#v
X Zue(pA,SA)ﬁg (pA,SA)faﬁ R (5.44)
SA

2
e _
= 2T [gua (p, + m)T (p, + )Pl |

with the spin sum rules for vector-spinors and the polorization vectors being
introducted in Appendix (E). Since these matrix elements are independent of the
momentum variable integration, we can separately determine the integral part of

the two-body phase space as follows:

d’p ’p2 4s@)(p_ . _
o (sl | s, (M)QEz(zvr) 5P —p1-pa)

IPS

(5.45)

The detailed integration over momentum for the underbrace part of the two-body
phase space is provided in Appendix (G). As a consequence, the formula can
explicitly yield the final form of the differential decay rate for the two-body decay

in the center-of-mass frame, which is given by

Pem|

L= P (10 ?) @(ma ), 540
87rmA

with the CM momentum being |pem| = (mA——m ). The final decay width of A — ny,

in terms of the transition form factors G+ for on-shell condition at a real photon
point g% =0, simplified by (Junker et al.,, 2020), takes the form

ez(mi~—m2) )
A  n/ —m, 3G 0 2 G_+1(0 2 . .
967m3 (ma —ma)* (3|G41(0)]* + |G-1(0)[*) (5.47)

I =
The correct experimental data of the total width for the electromagnetic de-
cay channel A — ny is provided T'a,ny =0.66 MeV from the HADES collabora-
tion (Adamczewski-Musch et al, 2017). It is important to verify the fundamen-
tal parameters before proceeding with the calculation of form factors for the
three-body decay. Based on the numerical value, our calculated decay width

result of Ty =0.65 MeV demonstrates excellent agreement with the available
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HADES data. This agreement holds when considering the input parameters of form
factors as G3,(0) =3.02 and G5(0) =0.075 at the exact energy value ¢*=0, as
reported in (Pascalutsa et al.,, 2007). Therefore, the impact of changing for A — ny

is acceptable around 1%.

5.3 Differential cross section of ete~ — AN scattering

e A0

Figure 5.4 Sketch of Feynman diagram for the 2 to 2 scattering e~et — AON.

To complete our theoretical investigation of the eTFFs for the entire time-
like region ¢, we also need to analytically simplify the differential cross-section
for electron-positron annihilation to antibaryon-baryon scattering with respect to
the Feynman rules. By analogy with this principle, the Feynman amplitude of the
formalism for the e~ et — A% reaction in Figure 5.4, and its corresponding Hermitian
conjugate, are nicely introduced through the contraction of indices for each particle,

taking the form,

_ . —iguv, _ :
m= eun(pmSn)FVVA(pA7SA)(_?ﬂ)ve+ (pe+ase+)(le},#)ue" (pe‘ase“) ’

2
e _ = _
= ?un(PnySn)ruvve(pAasA)Ve*" (pe+>se+)}/#ue“( e‘ase“)v (5.48)

62

m'= ?ﬁe— (Pe=+Se= ) Yaver (pe+,Se+)‘7ﬁ (pA75A>Faﬁun(pnasn) .
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The average value of the amplitude in the entire system of e~e* — An scattering,

obtained by directly multiplying matrix elements, takes the form:

4

(Ime“e+—>5nl2> = 4%47 Z (ﬁn)i(fpv)ij(ve)j (Ve*”)k(}'ﬂ)kl(ue‘ )

% (- )a(Ya)ab (Ve )o (7)e (T caun)a
o ,
aF N CICSRIRI MGHELBAICAT

< Y (V) 75)e) T )ca ¥ ((un)a()e) (T#Y)ij
A S (5.49)

e

= ZF (}be_ +me)la(7a)ab (¢e+ - me)bk('Yu)kl

X ((pA_mA)PvB)jc(ra'B)cd (p,+mn)ai(T")ij,

4

- ?4_5? Te | (p,- +me)Ya (P me)%|

x Tr [(pA - mA)PvﬁI““ﬁ (P, +m,,)1—"“"] :
with the necessary input vertex function being given by (Junker et al., 2020),
T (payg) = (1'q" — 48" ) ma 5P (4°)
+ (Pha” — pa-qg") 15F2(q%) (5.50)

+ (¢"q" — ¢*g") BB (q),

and their relative conjugate funtion refers to
T (pa,q) = —(Tq" — 48" ) ma %sFy' (¢)
— (Pha” — pa-ag™") BF (4°) (5.50)

—(¢"q" — ¢* ") BF5(4%).



72

A fully generic form of the differential cross-section for the average over the spin

orientations is conveniently described via

([T, o+ Anl ) 4 (4 &’p
do = £e 27)4 8@ (py + p p ”————
4pcm inV q2 ( ) ( 1 2 JZ j) (275)32E 552)

i/
o= do
[1;Nj! ’
with N being the indistinguishable number of the final state particles. Since all
observable of (|M,-,+_,/*) depend on Lorentz invariant quantities, it is allowed
to introduce the well-known Mandelstam variables for the 2 to 2 scattering in our

process;
§= (pe“ +pe+)2 = (pA+pn)2 = 612,
_ 2 2
t = (pe- — PA) = (Per — Pn)", (5.53)

U= (pe- — Pn)> = (Per — Pa)*-

Here, we denote the initial states’ four momenta as p,- and p.+, and the mass
value as m,. The momenta of final scattering states are represented by pa and
pn With their masses ma and m, respectively. The total energy of the system is
denoted as ¢?. Likewise the previous case, the whole calculation of spin-average
differential cross section will be performed in the center of mass frame, defined by
Po+ +P.- =0. In principle, by setting the kinematical angle trajectory, the observable

¢ relative to the scattering angle @ in the center of mass frame, takes the form

t = (pe- — Pa)? = P2 + pa —2E.Ex+2P,~ - Pa,
(5.54)
— m2 +m3 — 2E,Ep+2|P,-||Pal cos(8),

where @ is the angle between the direction of the incoming three-momentum p,-

and outgoing three-momentum p,. One can then continue further computation for
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the t-dependence of the momentum integration in this prescription:

do -/ Lo Py oy
dar 1/— 2M)32Es (2m)32E, ¢ € €
4P| (27)°2E, (2m)*2Ex (5.55)
X (270)*8W (pe- + et — pa— pn) 8(t — (Pe- — pa)?).
where;
I NN iy
z 2v/¢
» VA(G2mimi) [ q?
Ipe“|: 2\/q—2 = 'Z'"‘mg’ (5.56)

|"’|——\/l(q2m ,m3)
Y

The spin-averaged differential cross section of 2 to 2 interaction in terms of the

varialble ¢*> and 6 takes the form

dg 2 |Pal 5
—_— 9 m— 1 | ff— m « ) .
<dQ>CM (4,6) 6471:2|p’e_lq2 {l e e+—>An| ) (5.57)

Finally, the differential cross section for e~e* — An scattering can be written as

do 2 Bal  €* 7 2
() @) 12 s (@ = s = o))

< 2 4’"3 .2 )
Pz
(5.58)
x (3|G+1(g) > +1G-1(g))I?)
2 4m 2
4 Lsi 260) Guld")
mA mA

In particular, there is a negligible term associated with the electron mass, given

its very small value m, compared to the mass of the baryon decuplet state delta
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m? < m3. Since m, is omitted, the differential cross section can be simplified as:

do 2 o €1Pal V& 2 2
(%) @6) = st o (= (na o))

x [(1+cos?8) (3|G41(a) > +1G-1(g")?) (5.59)

A4 . 2
+ — sin” 0]Go(q )2 .
U

The form factors are also substituted accordingly by applying our combinations
Eqg. (5.32), taking the form

do 2 gy € Pal V& 2\ [(Mat My 2

x [(14cos?8) (3|GE(a)) > + |G (d))I) (5.60)
q 2 242
+ = sin 0 |Ge(q)| ] .
UON
In brief, the behavior of these cross-sections could be comparable to those
corresponding to the general relation predicted by the choice of e*e™ annihilation
into Baryon-Antibaryon pairs (Korner and Kuroda, 1977), but it is important to
consider the different kinematical regions, particularly at high energies g>. For such

a prediction in one-photon approximation, it is given by (Korner and Kuroda, 1977)

do
dcos O

o4 Z%(l +cos®0) (l["l““’)“(qzﬂ2 + |F’1_1’)‘(q2)|2)

A (5.61)

+sin? 0|7 (%) 2,
where the solid angle notation dQ =d¢dcos@. According to the formalism (Junker

et al., 2020), the helicity amplitudes to the form factors combinations are introduced

as follows directly

G(P)P _ I3
Gl 7 r2a(?)P

; (5.62)
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11
Go(A)I> _ 3mg [T22(¢%)|”

= _—-£ . (5.63)
Gri(@)* 26 r2i(g?)P

The expression of the differential cross-section for e*e™ annihilation into Baryon-

Antibaryon pairs aims solely to verify the correspondence with our kinematical

coefficients.



CHAPTER VI
RESULTS AND DISCUSSIONS

In the present chapter, we show the numerical results of the Jone-Scadron
A — Ny transition form factors in both the unsubtracted and subtracted dispersion
relations as well as the differential decay width of Dalitz decay A% — Nete™ resulted

from the subtracted transition form factors.

6.1 Results of unsubtracted dispersion relation

We apply the unsubtracted dispersion relation Eq. (3.6) to get the three
TFFs (G41,Go) of different helicity at the real photon point @?=0. The three
Jone-Scadron form factors Gj;, G} and G§ are derived via three TFFs Gi1,Go in
Eq. (6.1),

1 m
Gy=—-————(G_1-3G41),
M \/EanrmA( 1 49
G*—1 i (G_1+G41) (6.1)
E \/gmn+mA —1 +1) :
o 4 my,

— TNNER G
< \/gmn‘l'mA >

Both the polynomial subtraction” constants' Py p. and three Jone-Scadron form
factors depends on the three coupling constants ha, Ha, g4 and the NLO parameter
cr. In this unsubtracted dispersion relation calculation, A-nucleon-pion coupling
constant hy ~3gs/v/2 ~2.67, A-nucleon-photon coupling constant Hx ~ 9g4/5 ~2.27,
and g4+ =D+F =126 are determined in the Large-N, approximation and chiral
perturbation theory, and take the same values as in the previous works (Junker et al,,

2020; Pascalutsa et al,, 2007; Ledwig et al,, 2012; Pascalutsa and Vanderhaeghen,
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2006). The model parameters are shown in Eqg. (6.2),

Fr=9228MeV ,ga =D+ F = 1.26,

(6.2)
3
=l B T e 2§_A ~ 2.27.

V2
The only free parameter ¢ is determined by fitting the magnetic FFs Gy, to the
experimental data Gj,(0) =3.02 (Pascalutsa et al.,, 2007). It is found that there are
two values of ¢p which lead to a good fit to Gj;, as shown in Table 6.1 with the

cutoff A=2 GeV. For both cr=0.57 GeV-! and cr = -7.8 GeV~!, we can get the

Table 6.1 cr, G,(0) and G},(0) determined in the unsubtracted dispersion relation
with cutoff A=2 GeV.

Quantity cp=0.57 GeV~! cr =—7.8 GeV~!
G41(0) - 4278 #0926 4.823 + 0.126 i
G_1(0) 4299 +0.093 i - 2.637 + 0.093 i
Go(0) 4/40.953 537 i §\ 4211 - 0.537i
Gy (0)  3.025 - 0.050 i 3.020 + 0.050 i

perfect fit for Gj,(0). And we found that the polynomial subtraction constants Py
at the photon point are different for these two cases which are shown in Table 6.2.
The unsubtracted dispersion relation calculation is not enough to determine the
A — Ny transition form factors, but it provides us the hints about the basic range

of cr, we will carry on subtracted dispersion relation based on it.

Table 6.2 Polynomial constants P}, determined in the unsubtracted dispersion

relation for different cr.

Quantity Pl =451.15 GeV™2 P}, =366.92 GeV~2
G,(0) 3.02193 - 0.050 i  3.022 + 0.050 i
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6.2 Results of subtracted dispersion relation

The three Jone-Scadron form factors are calculated in the subtracted
dispersion relation in the space- and time-like regions —0.7 < g?(GeV?) < (mp —my)*
and are presented in Figure 6.1. The experimental values of Gj;, Gy and Gg at
0? =0 are taken from the Ref. (Pascalutsa et al,, 2007), as listed in Table 6.3.
The polynomial subtraction constants Py . /¢ and cp are determined by fitting the
theoretical results to the experimental values of the three Jone-Scadron form factors .

at the photon point and to experimental data of N-A(1232) transition magnetic

3/2

dipole ImM;’;

in Eq. (3.18), the electric quadrupole ratio Rgy and the scalar
quadrupole ratio Rsy. The least squares method is applied to get the best fit,
resulting in P}, =406.12 GeV~2, P;=10.24 GeV~2 and P:=122.89 GeV~2 for getting
the results of Gj,(0), G5(0) and G&(0) correspondingly. It tumns out that we can
get a better fit to the experimental data in the subtracted dispersion relation than

in the unsubtracted dispersion relation.

Table 6.3 The values of the magnetic, electric and charge form factors at the

real photon point in subtracted dispersion relation.

Quantity Data values
G M022
G0k - 0.0758
G:(0) 0.6784

Table 6.4 Jones-Scadron form factors Gj;, Gy, Gi at the photon point with the
cutoff A=1 GeV and A=2 GeV. Here hy =2.67 and Hy =2.27.

Quantity A=1 GeV~! A=2 GeV~!

G0} 3,02 3.02
(™), GeV-2  19.03 18.35
G(0) 0.07 0.07
()% Gev= - 8.01 - 8.69
G2(0) 0.67 0.67

()L Gev-2 - 2351 - 24.33
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Figure 6.1 Magnetic dipole form factor G}, electric quadrupole form factor G and

Coulomb quadrupole form factor G& in the region, —0.7 < ¢?(GeV?) < (mp — my)?

The polynomial constants are fixed to be P} =406.12 GeV~2, P; =10.24 GeV~2? and
P;=122.89 GeV~2. The cutoff A=2 GeV.

19



80

Table 6.5 Jones-Scadron form factors Gi;, Gy, Gi and corresponding radii with
different hy, Hy at the cutoff A=2 GeV.

Quantity k4 =29 hy~24 GeV! Hy=24 Hy=20

Gi,(0)  3.02 3.02 3077300
(), GeV2 18.76 17.95 1866  18.05

GL(0) 007 0.07 007 0T
(A% Gev-2 - 11.01 - 638 948, e 8o

GL(0)  0.67 Q6T 06 L 06T
(P)E GeV2 - 2857 - 2009 “g043 053

Since the hy and H, are directly taken from the Large-N. limit, we verify
the theoretical results by systematically adjusting these two coupling constants

within a range of +10% respectively. The theoretical magnetic dipole form factor

lmM?f, the two ratios Rgy, Rsy are compared with experimental data in Figure 6.2,

where hy and Hy are varied. The cutoff is still A=2 GeV.

3/2
1+

reproduced up to Q?=0.7 GeV?, while the ratios Rgy is fairly repeated up to

As shown in Figure 6.2, the magnetic dipole form factor ImM;.” is well
0% =0.5 GeV2. The theoretical results of the ratio Rgy are globally close to the
experimental data except Rsy around @? =0.12 GeV2. The theoretical results are
quite stable against varying hsy and Hs. We have also calculated the electric
and magnetic radii in Eq. (3.5). The radii with different cutoff A as well as
different coupling constants ks and Hy are presented in Table 6.4 and Table 6.5,
respectively. It is found that all the radii are very stable with changing the cutoff
and Hy, but ()3 and (r?)s decrease significantly with a smaller A-nucleon-pion

coupling constant Ay.
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Figure 6.2 Q*-dependence of \mM?frz, Ry and Rgy. Red dot-dashed curve shows
the results for the central parameters hy and Hy, the magenta and green color lines
show the results with k4 varied by +10%, and the orange and brown lines for the
results with Hy varied by 4+10%. Data are taken from BATES (blue color) (Sparveris
et al., 2005), MAMI (red color) (Sparveris et al., 2007; Stave et al., 2006), and CLAS

(black color) (Aznauryan et al., 2009).
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6.3 Results of Dalitz decay

In this section, we derived the differential decay width of A® — NeTe™
Dalitz decay with the energy range of 4m2 < ¢?(GeV?) < (mp—my)*. The results
presented in Figure 6.3, are compared with the QED-type approximation, proposed
by HADES collaboration (Adamczewski-Musch et al., 2017). We listed the values of
A and B, as defined in the previous Chapter, in Table 6.6, which are derived using
the model. parameters in our subtracted dispersion relation calculations. Included
in Table 6.6 are also the QED analogue results of these two parameters.

Our analysis reveals a remarkable agreement between our single differen-
tial decay width and the QED analogue, and the parameters A and B are very close
to the QED-type approximation. These findings further corroborate the validity of

the coupling constants and model parameters.

Table 6.6 Comparison of the two parameters A and B in the QED approximation

and our calculation in A — Nete™ Dalitz decay.

Quantity A B A(2+3B)
QED anologue 1.90612 x107% 0.0858258 3.92131 x107°
FFs 1.82418 x10~¢ 0.0856501 3.75251 x107°
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Figure 6.3 Single-differential decay width of the A®—Ne'e™ Dalitz decay in com-
parison with the QED-type approximation in the range, 4m? < ¢? (GeV?) < (mp —my)*.
The green line represents the results we calculated using the model parameters
fixed in subtracted dispersion relation and red line represents the QED analogue

results.



CHAPTER VI
CONCLUSIONS

In this work, we have studied the A—N electromagnetic transition form
factors in the dispersion theory and chiral perturbation theory at low Q? regions.
The three Jone-Scadron multipoles form factors, denoted as Gj,, Gi, and G¢, were
derived in both the subtracted and unsubtracted dispersion relations with the NLO
approximation. Additionally, we have also calculated the differential decay widths
of the two-body decay A? — Ny and three-body decay process A? — Nete™, the
cross-section for ete™ — AN has also been derived.

We have determined the NLO parameter cr to be cr=0.57 GeV™! or
cr =-1.8 GeV~!, by fitting G},(0) to 3.02 in the unsubtracted dispersion relation.
Then in the subtracted dispersion relation we got the polynomial subtraction
constants Pj; =406.12 GeV=2, Pz =10.24 GeV~2, and P:=122.89 GeV~? by fitting the
theoretical results to all experimental data of transition magnetic dipole Imef,
the electric quadrupole ratio Rgy and the scalar quadrupole ratio Rgy. We also
checked the stability of the theoretical results by varying the coupling constants
ha and Hy within a range of +£10%, applying the cutoff A=1 GeV and A=2 GeV.
We have also derived the parameters A and B and differential decay width for the
A% — Nete™ Dalitz decay, all the results are comparable to the direct QED-type
approximation from HADES collaboration.

It’s found that all. numerical results of the multipole FFs ex-
hibit a good agreement with experimental observations overall in the region
0.7 GeV? < g% (GeV?) < (mp—my)? including both space-like to time-like regions.
The model parameters fixed in subtracted dispersion relation demonstrates coher-
ence in the A® — Nete™ Dalitz decay calculation. The work shows that coupling
constants taken from chiral perturbation theory and Large N, limits result in a good
description of A—N electromagnetic transition form factors. We may apply the

method of dispersion relations to other transition form factors in the future.
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APPENDIX A
DERIVATION OF SCALAR ONE-LOOP FUNCTION

The procedure in this subsequent section is to derive the intermediate
steps of scalar direct loop function as mentioned in Eq. (2.23). Recalling that the
scalar function correspond to all parameters of the Feynman diagram represented
by

2
in?

1
Gs(s) = /d4q/0 dxdydzé(1 —x—y—2z)

1
Bla—pr ) (@t p? - )@l O

2 I 1
C3(s)=l—,7?/d4q/0 a’xa’ydz5(1—-x—y~z)z,

with A=2z(q*—m%) +y ((g+p1)* —m2) +x((g— p2)> —m2). In order to evaluate the
momentum integration from the relation of Eq. (A.1), it is enssential to rewrite the

momenta integrant as:

A =xg” +xp5 — 2qpox — xm% + yg* +yp? +2qp1y — ym: + 2¢> — zm?,,

(A2)
= (x+y+2)¢*+2q(yp1 — xp2) — zm2, — ym% — xm% + yp? .

Simplifying the denominator A by taking into account x+y+z=1 in the equation
Eqg. (A.2), it’s become as:

A = q*+2q(yp1 — xp2) — zm?, — ym%: — xm> + yp?. (A.3)
Making a shift of the transformation variable §=q+yp; —xp,, we get

A = 4"~ (yp1 —xp2)? — zmi — ymy — xm + yp} +xp3 + i . (A.4)
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It is straightforward to mention the relation above as:

2 0
Gi(s) = 1—725/1 dxdydz/d“g
(A5)
g . \-3
(@* — p1 —xp2)* — zmg, — ymi — xmiy + ypi +xp3 + i€)

together with the consideration of ie for all masses. The d-dimensional integral of

the Minkowski space vector [ is given by (Peskin and Schroeder, 1995)

d (_1\n _ (n—d/2)
a1 1 i(-1) T(n—d/2) (l) | "

)4 (2—A)  (4m)4/2  T(n) A

The variable numbers in the above must be written in the consideration of d =4

and n=23 for our calculation.

d*l 1 i(=1)’T(B3-2) (1 (3-2)
/(2%)4 (Z-A)3 (47?2 T(3) (K) - (A7)

Making the substitution in Eq. (A.5), the result is

i(—1)3 4
C3(S):%/Ol N\ I AL ) L (1)

(4m)2 2 \A
(A.8)
1 1
Cs(s) = —/ dxdydz6(1 —x—y—2) (—-) ,
0 A
with the terms
A= (yp1 —xp2)? + zm?,+ym + xmj — ypi — xp3,
A=Y’p? + x*p3 — 2xyp1pa + zmiy + ym3 + xm,
(A.9)

_yp%—xp%

A=y(y— I)P% + x(x — 1)1’% — 2xyp1p2 + zmgx + ymi -+ xm?r.
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Applying the choosen delta functionsx+y+z=1, y—1=—(x+2) and x—1=—(y+2)
for the integral Eq. (A.8), we have
_ 2 2 2 2 2
A= —y(x+2)pi —x(y+2) P2 — 2xyp1p2 + 2y + ymy + xmy,

A= —xy(p* + p3 + 2p1p2) — yzp? — xzp3 + zm? + ym: + xmZ,  (A.10)

A= —(yzp? + xzp} + xys — zm?, — ym’ — xmZ).

This yields to rewite the form of Eq. (A.8) as:

6(l—x—y—2)
()’Zp% + xzp% + xys — zm2, — ym2 — xm2) "

1
Cs(s) = /O dxdydz (A11)

In that relation above we perform the integration over the variable number z as

follow:

1 1—x 1
C3(s):/ dx/ dy—, (A.12)
0 0 7AY)

with A, refers to the variable of the integrant:

Ay = yp} — xyp} — y*p} + xp} — x*p3 — xyp} + xys — m2, + xm2,

2 2 2
+ ym,, — ymy — xmy,

Ay = —yzp% . xzp% + xy (S—p% » P%) - X(P% + mgx - m72T) (A.13)

+}’(p%+mgx—m72r) b mgxa

1 1—x 1
C3(s)-——/0 dx/O dy—A;.

Performing a shift the integration limits as described above x=1-x, we get:

0 X 1 X
/(-dx)/ dyz/ dx/ dy, (A10)
1 0 0 0
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The three-piont function integration can then be written as the simple transformation

form;

1 X 1
Cs(s) 2/ dx/ dy—, (A.15)
o Jo T As

with an intergrant term in each of the integrals

As=—(1-x)?p}—y*pi +(1-x)y (s—p?—p3) + (1—x)

X (p%+m§x_m?r) +y(p%+mgx"mgr) - mgx?

= —p3 + 2xp5 — Xp5 — ' pi +y(s—pi —p5) — xy (s — pi — P3)
+ D3 + gy — miy — x (5 +mey — my) — mg,
+y(pt+mi—m3), (A.16)
= —x*py — ¥'pi — xy(s— pt —p3) — x (mi. — p3 —m3)
+y (mgx—s —my — p3) — mz,
A3 =—(Xp5 + y*pt + xy (s— pi — p3) + x (m — p5 —m3)
+y (my+ p5—my —s) +m3).

Of course the terms in above for the Feynman parameters are identified using the

expressions in terms of momenta and masses p? =m} and p}=m?:

n:

2 2 2_ 2
a=m,,b=my,c=s—my—m;j,
— 2 2.2 ,_ .2 2 2
d=m,, —m,—my,e=m,+my—m, —S, (A17)
— 2
f=my+ic.

Thereafter we must now rewrite the expression of Eq. (A.15) with the use of above

Feynman parameters in an easiest ways as:

1 X _
C3(s):—/0 dx/o dy(ax2+by2+cxy+dx—l~ey+f) ' (A.18)
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This is a similar expression to a general one-loop scalar three-piont function in
a given reference ('t Hooft and Veltman, 1979). With the aim of getting one-
dimensional integral from where any integration does not cross any branch cuts,

we change the integration boundary limit as y=y +1x in equation above Eq. (A.18).
(1-1)x 5
Csi(s) = / dx/ dy(ax* + b (y+1x)" + cx (y+1x) + dx
+ey+ )7,
(1-7)x
= / dx/ ax + by? + b12x* + 2Thyx + cxy + cTx?
(A.19)
+dx+ey+etx+ )7

= /dx/ (bT* + ¢t +a) + y*b + xy(c+21b)

+x(d+et)+ey+ )7

Since the integrant 7 satisfies with one of the roots equation bt? + ¢t +a=0, one

(1- ’L’)x
Cs(s) = / dx /

(y?b + xy (c+2th) + x(d+et) +ey+ f)7 .

can write:
(A.20)

From this, it is satisfying to define in the form f(x,y) = (x ((c+2th)y+et+d) + by* +
ey + f)~L. Then it becomes

(1—-7)x
/ dx/ dy f(x,y). (A.21)

Separating the integration y into the two pieces in order to portray the boundaries
based on the specific domain area, assuming that 0 <7 <1 for the sake of graphics,

this can be rewritten as:

y (1-7)x 1 —1Tx
—Cs3(s) = / dx/ dy f(x,y) — / dx/ dy f(x,y). (A.22)
JO 0 J0 0
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Changing the order of integration quoted in Eq. (A.22) again,

Figure A.1 Two integral triangle boundaries in the step Eq. (A.22).

(1-7) 1 -1 1
—C3(s)=/ a'y/ dx f(x,y) —/ dy dxf(x,y). (A23)
0 y/(1-1) 0 -y/T

In addition, we insert the integration variable y = {£= into the first integral of
Eqg. (A.23), while the variable y:-% puts into the second part of these relation.
Then,

1 1 | "
~Gsls)= [y a0 ey) = [Cay" [ ax(-0) 7).

(A.24)
:1 2;}]
Solving the first piece I through the integration y, we obtain
1 1
12/ dy/ dx(1—1)
oo (A.25)
-1
x (x ((c+2bT)(1—1)y +et+d) +b(1-1)* +e(l-T)y+ f) ,
1 1 1— 1 1 1— 1
I——-/dy/dx( T)z/dy/dx( %) )
0 y XM +K 0 y M X+ M
(A.26)

' (1-1) M+K
[ 4 1
/o Y™ v ®*ymtk’
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with the arguments of M = (c+cbt)(1—1)y+et+d and K=b(1—1)>y* +e(1 - 1)y +f.

Likewise, the result for the second integral Ij is

1 1
-:/dy/dx
0 y

(=7)
x((c+2bt)(—T)y+et+d) + b(—1)2> + e(—T)y + f’
(A.27)
L D)
—/Ody/y dxxN—I—L’
r N+L
/dy YN+L’

where the substitution arguments N = (c+2b7)(—7)y +et+d and L=b(—1)%y* +
e(—7)y + f. Combination of all outcoming results from the integrals I and I; support

to the one has:

! 1—1‘ M+K N+K
—C3(s)—/0 dy i M+K /d log INTE (A.28)

In such a way that making a change of variables y:LLr and y=—-% in the two

integrals, the coefficients of the logarithmic term are obtained as;

——C3(s):/(l—r)fi—)—llog I;+by2+ey+f
P "y +by’+ey+f
(A.29)
—Tﬂlog P+by’+ey+f
o P T yEtby2teytf
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where P = (c+2th)y+et+d. It can be expanded the sum of the logarithms form

explicitly by combining some of the integral terms as

(1-1)
—C3(S)=/_ dyélog(P+by2+ey+f)

T

(1-1) 1 P 5
- [ g logr— + by eyt ) (A30)
0 P 1—-7

| P
+ dy —log(—y—+by* +ey+ f).
0 P T

This is the intermediate step of calculation for the scalar direct loop diagram as

presented in Eq. (2.21).



APPENDIX B
STEPS OF DELTA FUNCTION

The following procedure is the derivation steps of the delta function
presented in section (3.1.3). Let us recall the smooth functions f(x,y) and g(x,y)
which have a common zero are differentiable at least once in the interval of

integration. Then

o
8(1(x,3))3(5(x,y)) = o EZ20)O0 —20) 6
axB_IXOYO |'5—axl(xo7y0

From the two delta functions §(f(¢%4])) 6(g(¢°%|3])), we derive the zero point
of these functions which obey the rules of step O-functions according to

f(x0,y0) =0=g(x0,y0). Then, we have that zero of both functions

f(q0> lql) = (qo +p(l))2 - !qlz ~—’n?ra
(B.2)

g(¢’,1dl) = (¢° —p3)* — |gI* —m.

with the notation g% = —p{+./]G]> + mZ. Inserting this value of ¢** into the function
g(¢%,|3)) =0, we obtain the value of |G|. It becomes then

. L s 4m?
(@~ o9 - m2 =0, = L /1 2%, ©3

Taking the partial derivative at the zero point, we find that

af _ dg
aqo - \/E I W \/3’
6.4)
of B dg B
2T _ o, 28— oG,
3~ 24 g =
and
of d Jdf dg _ s
340 alg @ la) ~ gi g0l iapl = 4vslal (8.5




APPENDIX C
DERIVATION OF JONE-SCADRON FORM FACTORS

Recalling that the defintion of the matrix elements of helicity amplitudes
introduced in Eq. (3.14)

A3/2 = _\/ZE (4mnmA)]/2 <A(07 +3/2) IJ Er=+1 IN(_q7+1/2)>a
e 1 .
A1/2 - —-\/2@ (4mnmA)]/2 <A(O’+1/2) IJ'glz-f-l IN(“qa _1/2)>, (C1)

e

1
S =
1/2 \/qu (4m,,mA)

From the definition of Eq. (3.15), we derive the charge form factors G¢ inserting
the relation of Eq. (C.1)

73 (AO,41/2) [1°IN (=G, +1/2)).

V2my
Gy = S
c Naa 1/2
\/imA e

1 -
N Vv AQ,+1/2)°IN(-G,+1/2)), (2
Nas Voax (g2 BOH2VIIN(-G,41/2)), €2

_ 4m[23mn 1
(my +my) 0+0

) (A0, +1/2) |12 IN(=G,+1/2)).

According to the spin polarization vector in Eq. (E.2) , we define the expectation

value of electromagnetic current for the zeroth component in the A rest frame

1 e -
(AVOINY = — ph (AJJ*INY = —— @X ph T (pa, — Pn) thn. (C3)
mA mA . ,

~
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Choosing the selective part of Eq. (C.3) we make it clear to get the simplest form
=V uf :—v#(,y,u 2 uV) F(z)
UAPAL pv = Uppy 9 —q48" " )maysFi(q
H v BV e By (g2

+(Paq” — Pa-a8"") v5Fa(q%)

+(¢'q" 28" BB(e)]

=iy ppq" maVsFi(q%) + iy mig* ma vsF>(q%)

+ @3 pa-99" V5F3(q7), (-.axp, = dxmy), €4

=ixg" ¥ [miFl () +mAF>(q?) + pa.qF; (qz)} ,

_ 1
=" [mF () M) + 5 (¢ + i —mD) ()]

/

aVv

Go(4?)
_ 2
=ixq" %Go(q”),
where the three momentum of delta in the z-direction is pa-q =% (¢* +mk —m?)
and @y;.pa, =0. Assuming that ﬁXqV:—qAﬁZ in the rest frame, we write
0 €N 4 2
(AVTIN) = —— a3 q" 15Go(q”) un,
ma
(C.5)
1
=—qaGo(q®) @2 ¥su, .
my qa O(q) A Y5 Un
In accordance with the properties of the vector spinor (Junker et al,, 2020) and

gamma matrices of the block-diagonal form, we define the spinor structure explicitly

for the spinor component @3 (a =0,Sa, = +1/2) ¥sun(By = —, Sy, = +1/2)

N
3, = 0 -1 0
uA(pA:O7SAz:+1/2): m 7Y5= 0 1 . (C.6)
0
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The spin 1/2 spinor in the same frame has

1y 0 I\ | VE+p;
u (pas = +§) | VETp |’ u <PZaS = "z) = 0 . ()
0 VvE —p;
Substituting altogether into the underline part of equation Eq. (C.5), we get
—vEn+ pn
_ 2 0
i Y5y = \/; (v/ma,0,4/ma,0) x E— ,
n~— Pn
0 (C.8)

=-¢gﬁﬁfv&+m~v&—ml.

In addition to the square of the bracket in the underbrace of above Eq. (C.8),

2
(\/En+pn_ \/En_pn) :En'i"QA'{'En_CIA—Z\/Er%_Qia

=2(En—mn) (Ey—qa=E;=Pr=my),

—_ ) m123+m%_q2__m €9
”“‘“““‘““—"“zmA n |

_1 2 . _ 2 2

——*sz_ (..Qi—\/(mAimn) +Q0 )

Which yields

2 S
ﬁi}gun:—\@\/mAxQ x% —_——\/gQ_. (C.10)

ma



108

Now turning to the form of Eq. (C.5),

(A IN) = =2 Go(q?) \/gg_ ,

my
=+ 22 Go(8?) \/EQ_ , (S0 ==xel0) (C.11)
ma 3

_ 2
=+ % \/;GO(QZ)Q—

2
2mA

The finalize charge form factors relation can be written by inserting the relation
Eg. (C.11) into the Eq. (C.2);

. 4mim,, 1
€7 (mpt+ma) 0, 0%

Am%m 1 Q+Q%\/§
— 4 AT Z Golq? (C.12)
(mn+mp) Q10% 2mi V3 ola),

(A0, +1/2) [)°IN (-G, +1/2)),

{4 my,

.. Ge —% - |

Go(q?).

Now we move on the derivation for the helicity amplitude exp.ressed in terms of
Gj; and G by means of the definition A/, =—% (G}, —3Gp)

2 —e 1

N \/2qp /4m,mp

Gy —3Gh =~

x (A0,+1/2)|J.62—41 IN(—G,—1/2)),
_20em'r 1 my?
Q402 \fmama (Q4 Q)12 (C.13)
O+

mn+mA

22 omy, - )
=2 ’:‘L A0+ T NG, - 1/2)

X (A, +1/2) [J.&2=11 IN(—4,~1/2)),
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In a similar way, we firstly focus on the matrix elements of the underbrace in
Eq. (C.13) for the Jone-Scadron form factors formulae. Here, only the components
of index 1 and 2 will consistent for the state of o0 =—1 =1/2. As mentioned earlier
section, to obtain our conventional relation at hand, it is convenient to define the

sign for all m=+1,0. One can start

(A, +1/2) J.&1-41IN(=G,~1/2)),

_ % (A, +1/2) [J* [N(=F,—1/2)) ,

1

= |(AG.+1/2) /" V(4. 1/2)

S

(C.14)
—i(AD, +1/2) V2IN(-4,~1/2))]

1 - |
= ﬁ [— eﬁX FlV(pAa “pn) U, + leux F2v(pA, '“Pn) un] ,

e v = Py
= E [“f‘xrlv(pAa“Pn)/ Un +luXF2v(PA,—Pn)un] .

Solving the underlying piece as follow;
iix [y = ity [(Vﬂqv — &™) ma¥sFi(q%)
+ (Phq” = pa-gg™’) BFa(q°)
+(¢*q" — ¢°g") }’st(qz)] , (C.15)
= —ily [(PA —p)mavsFi(q°) + pa-qvsFa(q®) + é]z)’st(qz)} ,

(.- Pn”;\; = —myu, )
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ﬁX Iy = "’ZX Y5

1
[(matma)maFi (@) + 5(8 +m = m)B(E) + B,

VO

G-1(q%)

= -y 5G-1(¢%).

It allows us to write a form directly as

<A(6’ +1/2) IJ'£l=+l IN(-"é’a ‘“1/2»
(C.17)

= @k P unG_1(?) — il Y unG_1 ().
V2

Let us turn to the explicit derivation of spinor structure zZA(i?'A:f),SAZ =

+1/2) Ysun(Pn = —4,Sn, = —1/2) following the rules of vector spinor in this frame by

1
_ A _ U
— ﬁu(p, 1/2)e*(p,+1), (C.18)
L ED (=05 a =21/2)
Py l)u =V, =N :
\/6_ A\PA ZA
Then we calculate
0
» -1, ~VEn—pn
ity Yty = %(14-1)(07va,0,va) X 0 ’
\/En_*_pn
:-——1(l+i)\/mA (\/En+pn“\/En—p”>’
\/6 (C.19)
—1 ' 0 my
= —(14+i)/m X— X =0,
\/6( ) A M 0_
-1 )
:—(l—f‘l)Q__.

D
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Afterwards the matrix elements term become

(AD,+1/2)3.2-1 IN(=3,—1/2)) = —= G 1 (¢?)

V2 ff}

=—__=_G_ (g = edtg C.20
NG 1(@), (18241 = eI Ea—41) (C.20)

\/—\/—G (q)

Recall that the relation Eq. (C.13);

my, 242

my,+mp Q-

Gy —3Gg = (A, +1/2)J.e2=41IN(=5,~1/2)),

g n %2 ¢ 6., (C.21)

mp+mp Q- E\/E

- 4 my,
V6 My, +mp

G-1(q°).

We also derive below that the helicity amplitude for the component
Ay =-N¥2 [G;;,+Gg] as

2

Gy +Gg = “‘WAW,

. 2 —e (A(
V3N 2qa (4m,my)1/2

67 +3/2) IJ'elz—H IN(—ZL +1/2)> )

V6 \ 010 \/mump e \/Q+Q— My +ma

x (A0, +3/2) 3.1 11 IN(~4,+1/2)),

4 my, 1
\/— 6 My +mp Q—

(B0 +3/2) W11 IN(=G,+1/2)).
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The selective part of the helicity amplitude definition is simplied by

(A(0,+3/2) [J-£2=41IN (=5, +1/2))

_ _1\5 (A, +3/2) [ IN(~G,+1/2)),

(A@,43/2) 17" IN(=4,+1/2)

I
Sl

) (C.23)
—i(A(0,+3/2) |/ |N(=G,+1/ 2»] ’

[ - Fi fﬂV(pAa —pn) urﬁ +i ?%& fpv(PA7 "‘pn) ug] )

—it) 5G11(4%) —i% 15G11(4%)

Sie

e [._ .
= 75 [ (@) = G ()
Following to the constructed spinor form for the spin 3/2 state,

ul (p,+3/2) =u(p,+1/2) ¥ (p, +1),
(C.29)

1 -
=——14+iu = 0,52, = +1/2).
75 (1) Z (P /2
This can be inserted into the equation Eg. (C.23) in order to get the complete
expression of the helicity amplitude taking into account the spin 1/2 spinor. Here
it is
En+‘1A

= = () (Vi 0vim0) | |

0

(C.25)

(H—z)\/nTA(\/E ¥ qn—VEn— )

31

(141 g Vs

mA——— =

5 72_(1+i)Q_.

&l*‘
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It leads to write the matrix element as below

(A(0,+3/2) [.e2=41IN(=3,+1/2))

0-  0O- 2
\/— [\/— \/—] +1 (q )7
(C.26)
2e O_
\/— \/—G‘F](q )
=+0_G_1(4%).
Finally the spin 3/2 helicities relation reads as;
* * 4 My -
Gy +Gg = T mn b ma Q_ (A0, +3/2)J.£2—+1IN(=G,+1/2)),
. 4 my ], 2
__:f:% mn—f—mAéj +1(q )Q-—a (C.27)
4
\/— 6 m + +1 (q )

Collecting all the expression Eq. (C.21) and Eq. (C.27) relating the terms of Gj, and
Gy, we figure out the Jone-Scadron form factors bmultiplying 3 into the equation
Eqg. (C.27). Then

- 4 my,
\/amn'*'mA

Gy =36 = G-1(4°),

4 m,
3(Gy +Gr) =+3—
( M E) \/—mn+mA

Gi(q?), (C.28)

Gy = o

V6 My +mp (G—l(qz) —3G+1(92)) )

with the phase factor: {=—1. Again we multiply the negative sign into the relation
Eg. (C.21) and then take the combination of Eg. (C.21) and Eqg. (C.27) as well.
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Which gives rise to the final electric form factors relation

4 mn 2
— G* __3G* =t G_ 3
(G ~363) = £~ Gy
* * 4 my 2
GM+GE=:i:%———m +mAG+1(Q), (C.29)

LG = e e (0164 G (a).

These are all the essential derivation of Jone-Scadron FFs in terms of our linear
combinations TFFs G,,,m=0,+1 based on the helicity amplitudes of Az, Ay, and
S1/2 definitions from (Pascalutsa et al., 2007).



APPENDIX D
COEFFICIENT FUNCTIONS

AUl necessary input coefficient functions in equation Eq. (4.43) are intro-

duced as follow;

RO (s) = —,isz (1 _ ( _ ‘Y,;%) % (arctan (IY—'Z') +70(sy —s))) :

R (s) = % (1 ~ |Y_,5| <arctan <%) +7O(sy — S))) )

(D.1)
-2y, Y2\ |k ||
d _ A A
RE(s) = 7 <1 - ( - ;2-) Y—A arctan (—Y-A— ,
4 Y, x|
d _ A
R (s) = = (1 T arctan (—};A—)) )
with
Y, =2m‘12,—mi~mg—2m3,+s,
YA :mi—m%—Zmi—l—s,
(D.2)

1
KZ ‘o ; (S _4m?r) l(s,mi,m%) )

Sy ==mi+mﬁ+2m%—2m12,.

Note that k2 is negative in the range sy <s <sg, ie. |k|=+v-x2. Only for
negative k2 the expressions equation Eq. (D.1) are correct. For positive k* one
has log’s instead of arctan’s. In practice, however, the integration boundaries of
the dispersive integrals run from 4m2 to A=4 GeV? which lies below the scattering
threshold sg = (ma +my,)?. It follows that one has to replace the arctan’s with

the log’s only in the range 4m2 <s < sg4 = (mp —my,)?. The coefficient functions in
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equation Eq. (D.1) are given by

Cor = 2(mp — mp) (mn +mp)
1= 7
s — (mA“‘mn)

c - 6(mp —my) (my +mp)
1=

, 0.3
§— (mA - mn)2

Co = (ma +my) (mA+mp) _ 3mA(mn+mP)

s S“‘(mA‘mn)z,

3(ma — M) (M + myp) (M2 + mamy, — m2)

D+1 — 3mp (mn +mp) +

b

s — (mp —my)?

Doy = o (mn mp) (i — i - mamp = )
9 (mp —my,) (my+ mp) (m72t +mamy, — m127)
s — (ma —my)?

I

Dy = 3mp(mn+mp)(mi_mAmP_m3‘+mf’) (D.4)
2)2

Omp (my +mp) (mamy, + m?r —my

s — (ma —my)?

+

3(ma+my)(m,+m
a4 ) 0 2 00) (2, — o o )

+ 2m§m,2r - mf, (mA(mA +my) + 2m3,)

) 4
+ 2mamyumy; — m;’, (mp —ma) + m?t + mP) ’



(ma —my) ((ma+ my)% — m%)

Ey = >
3ma (5= (ma—mn)?)
(ma —my) ((ma+my)* —m2)
E_l = 2 )
mA(S - (mA - m,,) )
Eo— — (ma +my) (2m% + 2mpm, —m2%) — (mp+mp)? —m2
6mps 2(s — (mp—my)?)’
3s  m2(2mp+3m,)  S(mp+my,)?
Fo=—2 ¥
2 2mp 2
. Cm ) () )~y m2)
2mp(s — (mp —my)?) ’
Fy= 3s m2 (m3 + mamy, —m2) +mi . 5(mp +my)?
) 2m3} 2
30— ) (s ) 2) o~y — )
2ma(s — (mp —my)?) ’
Fo = 3m3 s B m2(Tm2 — 2mpmy, +2m2) + m3 (ma + my)? i

2 2

4mim%(mA —2my,)(mp + m,,)2

2mas

B miy (2m3 + maxmy, +m3) +mS(ma +my)
2ma s

3((ma -+ mn)? —mZ) (ma(my — ma) +mz)*
2(s = (ma —mn)?) '

+
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(D.5)

(D.6)
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The explicit expressions for the polynomial terms are

P L= — gAhA 5 ShAHA S(mA-i—m,,)
T U 4BE2T 12V/6F2 bmy

R gaha 2(mp—my,—mp)

4+/6F2 mp
 ShaHp s— 2m2 — (ma +my) (6mp — my,)
12+/6F2 6m% ’
(D.7)
— gAhA 2(mA—m,, —mp)
4+/6F2 ma
B ShaHy —(mA + mn) (6mA - m,,)
12+/6F2 6m3 ’
Py=— gaha  ShaHp 3mp—my
4v/6F2 124/6F2 6ma
The Aantrn~ contact diagram produces the following polynomials:
pNLOZPT _ _ ma ~+ My
+1 F \/§F7% )
pNLOZPT _ A :
0 F \/§F7%
(D.8)
pNLOXPT _ My (mp -+ my) — s
—1 =cC 2 9
\/—3—F71: ma
my (ma +my,)

~

R Cp—————".
V3FZmy



APPENDIX E
VECTOR SPINORS

Now we introduce very useful explicity form for the polorization vectors
in a given z direction of the center of mass frame. All solutions of the vector-
spinors for the spin-3/2 couple to spin-1/2 and spin-1 states are given by (Rarita
and Schwinger, 1941; Junker et al,, 2020) when it is satisfied the relativistic energy-
momentum relation of a particle E =+/p?+m?. The constructed vector-spinor
expressed by (Stoica et al., 2011);

3 1

uu(p7i§):u(pai§)8(pa:tl)7

B(p, 40y = be(p, 41

u (p7 E)“—\/gu(pazFi)e(p? )7 (E.1)
V2

+ ﬁu@,%)e(p,oy

The projections of the particle’s spin on the z direction

F1 ,
e*(p,,+1) = — (0,1, £+i,0),
(E.2)
|
gﬂ(me) i (me)OaE)s
ma
and the spin 1/2 spinor in this frame leads to
E —p, 0
1 0 1 VE+
’ (”“S:*E) =| vETE " (”“S“‘" ‘5) =1 o] e
0 E —p,
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When a particle at rest frame, p, =0, the four-spinors have the form

v MA 0

1 1 v/
u(ﬁz=0,s=+§)= \/f% ,u(ﬁzzo,s:——)z (’)"A ()
0

N



APPENDIX F
SOLUTION OF OMNEzS FUNCTION

The Omnés function above can be analytically solved according to the
Schwarz’s reflection principle. If a function F(s) = H(s)Q(s), then we write it down

in terms of the phase shift &(s) as;
Q(s+ig) =Q(s—ig),
Q(s +ig) = |Q(s) eV, (F.1)
Q(s —ig) = |Q(s)]e 00 .
Following the equality of Schwarz’s rules, we continue to rewrite it;
Q(s — ig) = Q(s +ig)e 200) |
logQ(s —ig) =log Q(s+ig) —2id(s),
log Q(s —i€) —log Q(s +ig) = 2id(s), (F.2)
disc logQ(s) = 2ié(s),
imlog Q(s) = 6(s).

We now move on to write a dispersion relation for logQ(s) in accordance with the

choosen normalization one Q(0)=1. That is

) / oo /
logQ(s) = 1 / 6(s) 1 / imlog Q(s") , 3
4 4

TT Jam2 8’ —s—i€ T Jamd: §'—s—Ii€
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Inserting a one subtracted term for the initial condition of Q(0) =1 into the relation
of Eq. (F.4),

log Q(s) —logQ2(0) = —71; L:% (s’ o(s) — — o) ) ;

—s—ig s —ie
s [ o(s)
log Q(s) = — _—
0g3(s) nlnés’(s’—s—ie)

(F.9)

It is a final representation form of the Omnés function mentioned in the relation
Eq. (3.59).



APPENDIX G
DERIVATION OF TWO BODY PHASE-SPACE

In this subsequent section, the two body phase-space integral of the
differential decay rate is derived as regrad to the appropriate rest frame as the

same trick parts for three-body. Supposing that

1 d’p d’p,
T= — (M) /
2mA <| A—)nyl > (27[)32E1 (27’[)32E2

2r)*8W (P —p1 —p2),

1 d’p1 d°p;
(271')2 E, E;

O(mp—E1 — E») G.1)

g

1
= — (Mg

N

Ips
§®)(—p1 - P2).

To simplify the elimination of component p, from the delta function of Eq. (G.1),
we set the frame where the initial particle is at rest, i.e P = (Ep,0)= (ma,0). By
the momenta of decaying particles |p,| = |p1], the corresponding energy observable

write as

E; = \/|ﬁ2|2 +m3 = \/lﬁ1l2 +mj = \/EIZ —m3+mb = Ey(E)). (G.2)
For the underbrace integral, we obtain

Ipce L d’p)
Ps = (275)2 E]Ez(El)

d(mp — E1 — Ex(Ey)),

= d|pi| —————=96 —E1 —E»(E
(27)? /ml |p1lE1E2(E1) (ma 1 2(Er))

(G.3)
1 2
/ d(cos6) de,
~1 0

1 o Iﬁllz
= — d|p1| =——=——=6(ma — E1 — E3(Ey)).
2 | dIBl iy Slma— By~ Ex(E))
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The above integration is done in the speherical coordinate consideration too. For
the remaining part, we change a energy variable from the momentum integrand

by E\dE; = |p|d|p,|. It is written as

1= Er|pi|
Ipec = — dE,———06(mx — E; — E»(E ,
Ps=— . 1E1E2(E1) (mp—E; — Ex(EY))
(G.9)
1= |P1]
= — dE 0(ma—E1 —E>(Eq)).
% o lEz(EI) (mp—E; — E3(Ey))

In the same frame, let we find the energies in terms of the masses of each

decaying particles as below

ma—E; —E)(E) =0,

(G.5)
E1:m§+m%~m% Ezzmi—m%-km%‘
2mA i 2mA
With the help of Dirac’s property, we calculate the inside of delta function;
1
6(f(x) = ) 7 6 —x),  f(x)=0,
)= L gy 20 S
d 1 289
—d‘E—(mA "El —Ez(El)) = —1 - '2'
1 \/El2 —m3} +m}
(G.6)
Er(Er)’

O0(mp—E| —E>(Ey)) =

Ez(E1)6 E - mi-f-m% —m%
ma 2mA .

Inserting all together into the relation Eq. (G.1), it is supported us to write a final
representation for the two-body decay width as

1 IP1]  E2(En)
= Ma_p? :
Sn.mA <l A— ')/| >E2(E]) mA
(G.7)
|D1]

— 2
= Sﬁmi <|mA—>ny| ) ®(mA - mn) ;
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with the center of mass momentum p; is given by

2 2 2\ 2 1/2
o _mi_ [p2 2 [ [(Mmatm—m 2
lpcml“lpll— E] —my = (( Ima ) ——ml) )

1 (G.8)
= E\/l(mi,m%,m%) y

= 1 2 2

lpcml = 2ma (my — mn) . ( my = 0) .

where the introducing Kallen function A(a,b,c) := a* +b? +c* —2(ab+bc +ac), the m
refers to the mass of nucleon and the m; represents for decaying particle gamma.

Al the above will similar to the some part of three-body phase space derivation.



APPENDIX H
DERIVATION OF THREE BODY PHASE-SPACE

Recalling that the double differential decay width relation Eq. (5.23), we
now focus on the phase space intergration over the momenta of the considered

particles in the following;

dar 1 dpi dp, dps 4
— m _12 2
dm2,dm3, ~ 2m (MasnereI) (27)32E, (27)32E, (27:)32153( 7)

Phasespace

(H.1)

X §(4) (P—p1 — p2— p3)8(mis — (p1 + p2)*) 8 (m33 — (p2+p3)°) -

Phasespace

Note the representation above that the decay paricle of momentum associated
with the positron is p;, the electron is p,, the nucleon is p, and all the analogus
quatities are defined in the section (6.1). Later, the energy state of a particle
related to the zeroth component of g will be used the symbols E,. To carry out

the integration, the property of the delta function introduces

/d4q6(4)(q—p1 —p2)=1. (H.2)

Inserting the identity above Eqg. (H.2) into Eq. (H.1), the three-body phase space

equation become

d’ps d’pi d’p>
ases| ace: d4 / / 2 4
INterasese / 1| Goag | @oeg | Greg

(H.3)
x 8W(P—p1— py— p3)8(m?, — (p1+ p2)?)

X 5("1%3 —(p2 +P3)2) 5(4)(61 —p1—Dp2),
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. 4 454
ltPl'lasespace /d /(2 )32E (2”’) (P q p3)

d’p d*p> ) ’ (H.9)
X S B 5 _ B .
2naE, | Gayag, 0~ (4 pa)) 80— pi—p2)
'n:nrew
Then the momentum integration of ity Of the underlined part for Eq. (H.4)
_/ d3pl p2 6(m2 ___( 4 )2)
"= | r)2E; 2r)2E, B 2T
o 6(4)(‘I_P1 —p2),
(H.5)

d*py &’ p, 2 2

x 8(q—E1 — E2)8®) (G~ pr — P2).

Since all inserting integrands inside the equation of Eq. (H.5) are Lorentz invariant
quantities, so it is convenient to evaluate it an appropriate frame where the decay

particle is at rest, i.e §=0. This relation Eq. (H.5) can then be written

d3P1 d3P2 g 2
o N
Intnew = / 2n)2E; | (2n)32E; (m23 = (P2+p3)") Heo

x 8(q—E1— E2)8%)(=p1 - B2).
To eliminate the momentum p, from the delta function of above §3)(—p; —p,), we

consider py+ p, =0 in the CM frame. For this choices |p,| = |pi1| due to p, = —pi,

the energy of state is

Ey=/P5+mj= \/Iﬁ1|2+m§ = \/E%—m%+m§ = E,(E)). (H.7)




128

After that it is satisfied to rewrite the momentum integral of Eq. (H.6) as follow:

Int, = ! d3p1
Minew = 4(2717)6 E]Ez(El)

6(m12 —E; —Ez(El))

X 6(m%3 —m% —m% —2E»E5+2|py||P3|cos 0),

(H.8)
1 d’p
= o —E\—E)(E
1277 | BEE) (m12 — E1 — Ex(E))
x 6(2|p1]|P3|cos O+ ........ ).
Setting the momentum integral in the spherical coordinate, we calculate
1 2 1]
d d 0) d pi| ———
Nonew = 4 2m)6 / ¢/ (cos6) | dIpil g B
X 8(myp — Ey — E»(Ey)) [ W3 _ d(cosH....) (H.9)
12 — L1 —£2(£ — vr) ,
2|p1l|p3l
1= |P1] 1
= d|pi| =———==06(m1» —E1 —Ey(E1)) — .
8(2m)3 /m, gl E\E>(E) (miz = E1 - E2(E1)) |53

From this, one can change the energy variables defined by the relation
\B11d|P1| = E\dE\.

1 E,
Intyew = —==——% dE| ——2 —_ §(myp — E1 — Ex(E1)) ——
e = S 3] /'"1 BB (B (my2 — E1 — E»(Ey)) |p3|
(H.10)
1 * 1
= —E|—Ey)E
ST o, By 2 B )
Supposing that the Dirac’s delta property
1
6(f(x)) = 0(x—x;), H.11
(f(x)) g’lf’(xz)l (x =) (H.11)

where x; is the zeroth of the function (f(x;) =0). We find the delta function of
Eqg. (H.10) since this function is fixed by the energy variable in terms of the particle
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masses.

mi2 —Ey —Ey(E)) =0,

My E} —2Eymyy = E} —mi +ni, (- Eo(Er) = \[E} —md +m3) 1
2 2 2 2 2 2
E =" mhm Ez(EI):m12+m2_ml.
2m12 2m12
The derivative of the delta dunction term become
d E>(Ey) +E; my2
—_— —E—E>(Ep)) = — = - . H.1
ag, "2~ B Ea(B)) E(EY) E(EY) (H.13)

Turning to the explicity calculation of outgoing momentum |ps3| from the zero
component of energy g in the CM frame, we start the law of conservation of

momentum

P=pi+pr+P3=4+ps, (-pr+p2=q=(g,9),

0=P+p3, |p3|=|P|, (H.14)

Es = \/|PR+nd = \/E2—nk +-m3 = E5(Ep).

Recall that the relation at the zeroth component

Ep—q—E3(Ep):0’
5 5 SIimnaleilcls
E,+q" —2Ey,q=E, —my+m3, (H.15)
2 2 2

E,=T "Mt g,

2_,2 2
_Ma—"3 49
240

2q0

At the same time, the center of mass momentum |ps| in terms of the masses is

given by

2 2 2N\ 2
P3| = \/ EF —m} = ((———————————mA ;n3 q) —m%> : (H.16)
q
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. 1
Ip31=§1(mi+m‘3”+q4—2mAm3 2miq® —2q°m ) ;

(H.17)
1

1/2¢2 2 2
= ZA’ / (q 7mA7m3) ’
with the Kallen function A(x,y,z) =x2+y?>+72> —2(xy+yz+zx). Since we have the

value of energy, the energy integration is now supposed to rewrite

Intpew = ’1— ) ! E> (El) 5( m%z + mz)
1 00 1 m2 _m2+m2
=—— [ dE,———8(E, — —2-——2),
8(271)° /m S (Ex T, )
1 1 (H.18)
= 8Gar L P o ),
mi2 X o
- O(g* — (m1 +my)*)0(q)
4(2m)> A 2[g2, m2,m2] ;
with the representation of step function refers to
O(miz — (1 +m5)) = O(q” — (m1 +m2))O(@). (19)

When we insert all expressions of Eq. (H.18) into Eq. (H.4), the integral of

phase-space write as below

|ntphasespace _/ / 7T )32E (275)46(4 (P q— p3)6(m12 q )

(H.20)
10— (m+m))e)
ARy AR (i m)
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Focusing on the part of integration over g in the integral above,

/ d*q8(my — %) O(q* — (my +m2)")0(q) (27)* 8 (P — g — p3)

= /d3q’/dq5(q2 — G —my) O(q* — (m +my)?)0O(q) (2x)*
(H.21)
x 8W(P—q-p3),

= [ @35 06"~ (m -+ mf) 2m)* 5P g~ ).
Here, we use [dp&(q*—g*—m?,)0O(q) = 2qu since the delta function &(g3—¢* —
m3,) satisfys with the energy-momentum definition g ==+./g+m?, = E,. After the
integration over g in the Eq. (H.21),

d3P3 3. 1 4 <(4)
lntPhasespace - m d qE(zn) 6 (P——q_p:;)

O (¢* — (m+my)?)
4(2m)5A1/2 (q%mi,m%) ¢

/d3P3 d3G O (g* — (my +m2)?)
16(27c

TN\ (H.22)

X 5(4)(P—q_p3)a

d3
sy | 2 [ Lo~y )59 )

O(q* — (my +my)?)

" )

Now this expression is exactly the same as the two-body phase space integration,

so it is easy to prove the momentum integration in a typical way of considering

where the paritcle exists at rest frame, P=0. In this frame, we have P = j; + p,+J,
N —

q
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that is |g| =|p3| and the energy variable

E; = \/Iﬁalz +m; = \/lfil“rm% = \/Eg —m,+md=E3(E;).  (H23)
Getting rid of the p3 from the delta function, one finds

1

asespace — d3_’—“—‘— "E '—E
Nenases 16(2n)4/ TE () O~ Ea— Es)
O(q* — (m1 +m)?)

A i)

X

1 /; a 1G> &(mp—E,—E3)

T T6027) 1 EgEs(Eq) AV2 (g2, mR)
(H.24)
1 27
x0(q> ~ (m+m)?) [ d(coss) [ do,
-1 0
Am [~ Fik
= d|G| =——— 6(mp — E, — E3(E,
. 8 — (m +my)?)
A2 g7 )
Changing the mometum |g| integration to the energy integration, we get
1 r Eq|q]
I asespace — o 7/A N2 dE—"“"q“—g —E, —E E
Mo = Q2R Sy EqEa(Eq) JAS™~ B
o O(q* — (m +my)?)
AP (2o )
(H.25)

I S A | YR
= o /m By s §(ma — E, — Es(E,))

O(q* — (m +my)?) .

C A ()
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In the similar way, the energy values in terms of the masses can directly be

calculated from the delta fuction with respect to the Dirac’s propery. That is

mp—E,—E3(E;) =0

2,2 2
my + i, —m3

2m A

2 2 2
my —mj, +mj3
2mA

. 1/2
|Gl = \/E2—mi, = 2mA)L /2 (q*,m3,m3) ,

and the derivative of input delta function becomes

E; =

, E3 (Eq) =

)

The phase space part is then obtained as

1 1 ll/z(q mi,mg)

I t asespace =
FHohasesp 8(2m)3 2m3 AV/2 (q?,m%,m3)

O(q* — (m1 +my)?)

X O(mp —m3 —my),

1
INtphasespace = — 7~ <2 5
e T 6(2m)3m2

The expression of the double differential decay rate is

dr’ 1

2
dmlzdm23 2mA <|mA—)Ne+e“| > X Intphasespace ;

@ (;75)3 : (lmA——>Ne+e l >

2 2
dmlzdm23

dr’ _ _2|ﬁA0”ﬁe_l L <|m N ‘12>
dg?d(cos8)  32(2m)3 md ANl

O(q? — (my +mp)?) O(mp —m3 —my).

(H.26)

(H.27)

(H.28)

(H.29)

It is the full derivation of the phase space integration part for the relation Eq. (5.24).

The kinematical boundaries of m?, and m3, which depend on the Lorentz invariant
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combinations of the four-momenta are introduced as

(my +my)? < m3, < (mp—m3)?,
(H.30)
2 2 2
(m33)min < M3 < (M53)max -

For the decay process in the system with m, at rest, the kinematical boundary for

m2, is maximum when the energy of particle E; is minimum. Hence,
(M3 max = (ma —m3)? = m% +m2 —2mamz = mi+m3 —2mpEsz.  (H31)

If |p1] = |P2] = 0, minimum is possible since we have the energy-momentum relation

m3, = (p1+ p2)? = (E1 +E2)? > (my +mg)?. Thus
(M2 min = (my +m2)?. (H.32)

For the kinematical limits (m2;)min < m33 < (M33)max, it is €asiest to begin with the

kinematic relation in the frame defined by pj+p> =0;
— -—*2 — —
m33 = (P2 + p3) = (E2+E3)” — p5 — 5 —2|P2|| P3| cos 6, (H.33)

and the respective energy variables are given by

2 2 2 2 2 2
mi, +ms5—m msy —ms—m
Ep=-—12_"2 "1 ‘p . _A 3 12 (H.34)
2 5 3
2mya 2mi2

If the direction of the outgoing particles p, and p3 are parallel, the polar angle 6

is equivalent to zero. Then

(m%3)min = (E2 +E3)2 — (P2 +ﬁ3)2 )

= (Er +E3)* — <\/E22 —m3+ \/E32 —-m§> :

(H.35)
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If the direction of the outgoing particles p, and p3 are anti-parallel, the polar angle

0 is equal to n. Then we get

(m33)max = (E2 + E3)* — (1B2] — | P3])°,

(H.36)
By + ) - <\/E§ - \[B3 -mg) |
That leads to write the kinematical boundary for my3 as a clearly form
(B2 +E3)* ~ <\/E§—m%+ V ngmg)
(H.37)

<mky < (Ex+E3)*— (\/Eg—m%—\/Eg——m%) :

The whole calculations of three-body phase space are carried out analytically based
on the energy-momentum conservation which is well-defined in the rest frame of

the decaying particle.
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