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CHAPTER I 

INTRODUCTION 

 

1.1 Background 

Particle size and shape can have a significant impact on the production and 

efficacy of special chemicals used in medicines, food, dyes, textiles, and cosmetics 

(Khanam et al., 2011). Smaller particles generally have a larger surface area to volume 

ratio, which can increase reactivity and solubility. This can lead to faster and more 

efficient chemical reactions, making the production process more efficient. 

Additionally, smaller particles can also improve the dispersion and absorption of the 

chemical, leading to better efficacy. On the other hand, larger particles can be easier 

to handle and may have better mechanical properties, such as increased strength and 

stability. The shape of the particle can also impact its behavior; for example, a spherical 

particle will have a different flow behavior than a needle-shaped particle. Overall, the 

particle size and shape can play a crucial role in the properties and effectiveness of 

the final chemical product. The study of extracting information from particles by using 

light tends to increase in many fields of study (Hariharan, 2007). The reason for this 

interest is that using light allows for the non-destructive analysis of particles and for 

multiple measurements to be taken on the same sample. The particles can be 

analyzed without causing any damage and it is easy for scientists to develop their skills 

through trial and error. This is known as non-intrusive laser optical measurement 

(Misono, 2019). One of the optical techniques that uses light to extracting information 

from small particles is laser Doppler velocimetry (LDV). LDV measures the velocities of 

flowing particles by using the Doppler effect, where a monochromatic laser beam with 

a known frequency is split into two crossing beams in order to produce an interference 

area. When the particle passes through the interference area, light scattered by the 

particle is detected by a photomultiplier. The scattered light frequency is changed 
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according to the Doppler shift effect. The particle velocity can be calculated as a 

multiplication of the fringe spacing by the change in frequency (Yeh and Cummins, 

1964). The LDV technique is fast and highly accurate for measuring the velocity of 

small particles, and it can also be applied to different particles, such as flow of red 

blood cells (Kilpatrick, Tyberg and Parmley, 1982; Memmolo et al., 2014), micro-fiber 

(Bou et al., 2019), and sizing of spray-droplets (Bachalo, 1980). 

Phase Doppler anemometry (PDA) is an optical technique based on the LDV 

technique that can measure not only the velocity but also the size of the particles. 

This technique uses two photodetectors with different fields of view to extract 

different phases of the detected interference signals. The phase difference between 

the two detected signals is directly proportional to the size of the particle. This 

technique has a fast-sizing response. However, it can not measure large particles 

because the phase difference may become greater than 2p (Xie, Dou and Zhou, 2016). 

The limitations of both techniques, LDV and PDA, are: 

§ The observation area is limited as the LDV is a single-point measurement. 

§ They can measure only particles with a low aspect ratio such as spherical 

particles. 

§ There is no shape information. 

The number of measurement points can be increased by using particle image 

velocimetry (PIV) (Willert and Gharib, 1991). In the PIV technique, the flowing particles 

are recorded in a two-dimensional (2-D) plane (Wereley and Meinhart, 2010) or 3-D 

space (Zhang et al., 2014) by a combination of a pulse laser and a single or two 

cameras. To track the movement of particles, a correlation between the first recorded 

image and the next recording is calculated. The PIV has higher accuracy in tracking and 

sizing particles (Kohli, 2012). However, its setup is more complicated than the LDV 

technique. 

On the other hand, the 3-D shape of particles can be reconstructed by using 

holography, which is also a non-intrusive optical technique. In-line holography, 
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invented by Gabor in 1948, is an interference technique for recording the amplitude 

and phase of light waves diffracted by small objects (Gabor, 1948). The recording 

process requires a monochromatic light wave to illuminate the objects being studied. 

An interference of two waves that are diffracted by the objects and the un-diffracted 

light is recorded onto either a photosensitive medium or an array image sensor. Since 

it is based on diffraction phenomena, the recorded light pattern, called a hologram, 

contains 3-D information of the object. In accordance with the recording medium, the 

in-line holography provides either an analog or digital hologram (Buters and Lendertz, 

1971; Schnars and Jüptner, 1994). The advantage of holography is that the 3-D particle 

information is recorded without changing the physical configurations and characteristics 

of the particles. There is barely any other invention that has had more influence on 

the optical sciences than holograms. (Caulfield, 2004; Gabor, 1984). 

Consequently, the extractions of particle information can be done by means 

of the diffraction process. In digital in-line holography (DIH), the extraction is performed 

by solving numerically the angular spectrum method or the Fresnel diffraction integral 

of the digital hologram (Kim, 2010). Owing to the unknown axial position of the particle, 

the numerical extraction is done for different reconstruction distances. In order to 

obtain the correct axial position of the particle, the contrast of the edges of the 

reconstructed image is then measured using a variance operator (VAR) or Laplacian 

operator (LAP). The reconstructed image with the highest contrast gives the correct 

axial position (Kim and Lee, 2007; Memmolo et al., 2015). Both techniques are good at 

measuring the contrast of the reconstructed image from the holograms with low 

particle density, where the particle separation is large (Seo and Lee, 2014). There exist 

also other techniques such as weighted spectral analysis and an absolute gradient 

calculation (GAR) (Langehanenberg et al., 2008).  

The numerical reconstruction method combined with the contrast 

measurement has also been applied in different fields of science and technology. In 

biomedical science, a short-coherence light source has been used to record digital 

holograms from backscattered light from dense tissue. Since, a hologram can preserve 

the phase information of a light wave, phase modulation caused by intracellular 
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motions in living tissue can be recorded. Therefore, the recorded hologram can be 

used to study the shape and motility of tumor spheroids (Merrill, An, Turek and Nolte, 

2015), while the study of motility, shape, and viability of live sperm cells using the DIH 

was reported by Caprio et al. (Caprio et al., 2014). The DIH was also used in ophthalmic 

instruments to provide a set of high-contrast images of engraved marks in progressive 

addition lenses. This is because conventional visual inspection is difficult to identify 

and characterize engraving marks that are often faint, weak, obscured by scratches and 

partially occluded on tinted or antireflection-coated lenses (Perucho and Micó, 2014). 

Shao, Li and Hong (Shao, Li and Hong, 2019), proposed a new technique for the 

measuring the instantaneous gas leakage rate from a ventilated supercavity generated 

in a water tunnel using the DIH. Besides being low cost, compact, and high-resolution, 

the technique can be used for characterizing low void fraction bubbly flow in a broad 

range of applications. Recently, tomographic imaging of blood coagulation structures 

using digital holographic microscopy was reported by Funamizu and Aizu (Funamizu 

and Aizu, 2018). By recording digital holograms of rotating red blood cells, complete 

3-D structures and refractive index distributions can be successfully reproduced. This 

method has advantages over different tomographic methods using quantitative phase 

imaging in that the proposed system is low-cost, portable, and able to provide 

complete 3-D structures of red blood cells, which have high aspect ratios. Furthermore, 

besides the above advantages, the DIH has also been found to be a very safe method 

for studying interactions between rod-shaped Escherichia coli bacteria and their 

physical environments (McCartney et al., 2001; Molaei and Sheng, 2014; Bianchi, 

Saglimbeni and Leonardo, 2017) and the identification of bacterial species (Buzalewicz 

et al., 2016). 

The conventional holographic particle sizing requires many steps of calculation, 

such as the numerical reconstruction followed by the contrast measurement and the 

sizing step itself. Therefore, the computational cost is high. To solve this problem, 

different algorithms for extracting the particle size and its axial position from holograms 

without numerical reconstruction have been proposed using a wavelet transform 

(Soontaranon, Widjaja and Asakura, 2008). This is because the wavelet transform is a 

multi-resolution signal representation that can be used to analyze non-stationary 
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holographic signals. However, its limitation is that the wavelet transformation requires 

many window functions.  

Instead of the wavelet transform, the holographic particle tracking and sizing 

can also be done by using the Wigner-Ville distribution (WVD). The WVD is a joint space-

frequency signal representation. Unlike the wavelet transform, the WVD employs a 

single window function. Therefore, the WVD computation is simpler and more 

straightforward. In the WVD analysis of the particle hologram, the particle axial position 

can be tracked by determining either the slope of the WVD coefficients with the 

maximum peak (Chuamchaitrakool, Widjaja and Yoshimura, 2015) or the single WVD 

coefficient with the minimum peak (Widjaja, Dawprateep and Chuamchaitrakool, 2017). 

In the case of WVD-based particle sizing, the size is calculated by using local spatial-

frequency information at the half length of the holograms being analyzed, provided 

that the particle position is known. 

 

1.2 Significance of the study 

Our previous study found an important finding: the particle size can be 

calculated from the WVD coefficients along the spatial frequency axis at the half length 

of the hologram. Therefore, WVD analysis of the particle holograms is very useful for 

extracting 3-D information without the use of conventional numerical reconstructions 

and the focus function, which are iterative and time-consuming. 

 In real-world problems such as the mentioned studies of red blood cells and 

microorganisms, the required object position is generally unknown. In order to solve 

this limitation, the present research work proposes a new method for particle sizing 

from in-line holograms without the need to first track their positions. This proposed 

method is implemented by further taking advantage of the single WVD coefficient 

(Widjaja, Dawprateep and Chuamchaitrakool, 2017). Consequently, the proposed 

method has advantages over our previous works in that, firstly, errors in measuring the 

particle size are not affected by the accuracy of the particle tracking. Secondly, the 
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calculation technique is simpler without sacrificing accuracy. Finally, its measurement 

response is shorter, because tracking the particle position is unnecessary. 

1.3 Research objectives 

§ To propose a method for sizing a line-shaped particle from the in-line digital 

holograms by using a single WVD coefficient without the need to know its 

position information. 

§ To reconstruct the 3D profile of the line-shape particle from the in-line digital 

holograms by using the proposed WVD method. 

§ To verify the feasibility of the proposed method through experiments. 

 

1.4 Scope and limitation of the study 

§ Test particles are opaque microtubes with diameters of 80.0 and 100.0 

micrometers. 

§ The feasibility of the proposed method is experimentally verified. 

 

1.5 Organization 

This thesis consists of five chapters. This first chapter gives an introduction to 

the thesis. In Chapter II, the fundamentals of digital holography, numerical techniques 

for image reconstructions, and particle information extraction are reviewed. In Chapter 

III, the theory of the WVD and the WVD coefficient with minimum amplitude are 

presented. Its applications to the sizing and 3D reconstruction of the line-shaped 

particle are discussed. Chapter IV presents the experimental verifications of the 

proposed method. The conclusions of the thesis are provided in Chapter V.



 

 

 

CHAPTER II 

HOLOGRAPHY 

 

Following the invention of coherent laser light, the interference of two light 

waves, an object wave and a reference wave, results in the coding of an object's 

information (Goodman and Lawrence, 1967). The recording and the reconstruction of 

the object image are referred to as holograms, while the technique for producing a 

three-dimensional image of the object is called as holography. The main difference 

between holography and photography is that in holography, the phase of the object 

wave that depends on the object depth can be preserved. The second difference is 

that holography can be done without a focusing lens. In this chapter, the fundamentals 

of holography are introduced. Numerical reconstruction from digital particle holograms 

by using the angular spectrum method is discussed with a focus on the extraction of 

the particle size and orientation. 

 

2.1 Hologram recording 

Dennis Gabor got the Nobel Prize in 1971 for his original invention of in-line 

holography in 1948 (Gabor, 1948). He was trying to make an electron microscope for 

atomic-level analysis. The result was a new holographic work that would affect the 

science of electron holography and optical holography 10-20 years later. At the time 

holography was introduced, the recording of the hologram was done using a 

photographic film. Since the development of digital sensor in holography, digital 

holography has been widely used in many fields of science and technology (Meyer-

Arendt, 1989). In the study of small particles, the digital hologram encodes information 

about the particle such as position, size, and orientation. 3-D particle information 

recorded in the digital holograms can be etracted via a numerical reconstruction 

method. Digital hologram recording is separated into two main types depending on 
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the path of the light in the recording setups, such as digital in-line holography and 

digital off-axis holography. The details of both are as follows. 

2.1.1 Digital In-line Holography (DIH) 

Figure 2.1(a) shows a schematic diagram of an optical setup for recording the 

particle hologram by using Gabor’s in-line setup with a laser light source operating at 

a wavelength of $. 

 

 

Figure 2.1 A schematic diagram for recording (a) the digital in-line hologram and (b)  

               the digital off-axis holography (DOH). 

The schematic diagrams of the optical setup for recording the hologram are 

shown in Figure 2.1(a): in-line holography and (b) off-axis holography. Both setups are 

non-intrusive to the particle environment or the particles themselves. Figure 2.1(a) 

shows the simple design of the hologram recording of a digital in-line hologram. In 

(a) 

(b) 
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contrast, in DOH in Figure 2.1(b), the collimated light has been separated into two 

beams with a constant distance (Wopschall and Pampalone, 1972), which makes 

device alignment more complex and complicated. When comparing both techniques, 

the reconstructed image does not show much difference (Latychevskaia et al., 2010). 

However, the DIH setup is simple and requires less equipment, making DIH cheaper 

and more attractive. An example of one use for in-line holography is to extract the 

information of the particles from the interference fringe of the in-line hologram from 

a single-shot picture (Li et al., 2020). 

Consider a rod-shaped particle with a diameter of 2a. that is illuminated by a 

collimated beam. The beam collimation provides a wide analyzable region of the 

particle distribution. The diffracted object wave and the reference wave are recorded 

by the charge-coupled device (CCD) sensor at position z. After recording the 

interference pattern by the sensor, the intensity transmittance of the hologram can be 

expressed as (Tyler and Thompson, 1976) 

																																	2(+) = 51 −
48
√$:

cos >
?+@
$: −

?
4AB

sin E2?8+$: F
2?8+
$:

G 

+
48@
$: B

sin E2?8+$: F
2?8+
$:

G

@

I rect E
+
2,F ,																																					 (2.1) 

where 2, is the width of the CCD sensor. Hence, the recorded hologram is limited by 

the sensor's length of 2,. The background intensity of light is represented by the first 

term. The second term is the product of a cosine chirp function with a sinc function. 

The cosine chirp function has a space-varying frequency, which is inversely 

proportional to the product of the wavelength l and the recording distance z. The 

sinc function represents the diffraction of the particle. The width of the sinc’s main 

lobe is proportional to the ratio of the wavelength to the particle size, l/8. A 

comparison of the amplitudes of the third term and the previous terms reveals that 

the square of the sinc function is significantly lower, allowing the third term to be 

ignored (Murata, Fujiwara and Asakura, 1970). 
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Figure 2.2 (a) 2-D simulated in-line hologram of the line-shaped particle with the size  

               a = 50 µm recorded with l = 543.5 nm at the distance z = 15 cm and (b)  

               its corresponding intensity transmittance. 

An in-line hologram of the line-shaped particle that is oriented in the vertical 

direction is shown in Figure 2.2(a). The hologram is simulated with a particle size 2a of 

100 µm at a distance z of 15 cm and a wavelength of 543.5 nm. The sensor has an 

area of 6.4 mm ´ 8.3 mm. Figure 2.2(b) is the corresponding plot of the 1-D intensity 

transmittance along the horizontal direction. The space-varying fringe frequency 
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caused by the second term of Eq. (2.1) can be clearly observed in figure 2.2(b). For a 

shorter recording distance, the frequency of the cosine fringe increases rapidly. Since 

the spatial resolution of the digital image sensor is limited, the hologram is potentially 

under-sampled. This is the limitation of digital in-line holography. To avoid this 

limitation, the hologram recording must satisfy the Nyquist sampling theorem 

(Laughton and Warne, 2003) that is the highest chirp frequency must be smaller or 

equal to two times of a sampling frequency of the sensor. 

   

Figure 2.3 1D simulated in-line hologram of the line-shaped particle with the size  

                  a = 40 µm and 50 µm recorded at the distance z = 15 cm.  

Figure 2.3 shows the simulated intensity transmittance of the holograms of line-

shaped particles with a diameter of 80 and 100 µm at the distance z = 15 cm. They 

are simulated using the second and third terms of Eq. (2.1). Its is obvious that the 

hologram contains the particle size, as the envelope of the hologram fringe is broad 

when the size of the particle is small. The digital in-line holography is efficient for 

measuring the size of the small particles. And it is a non-intrusive technique to the 

particle environment, or even the particles themselves. To extract the information of 

the particles from the interference fringe of the in-line hologram, the reconstruction 

process is always used to measure particle size and orientation. The reconstruction 

process is reviewed in the next section. 
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2.2 Numerical reconstruction  

 In DIH, each image particle needs to be reconstructed at a different distance 

along the optical axis. This is because of the unknown particle position. This is similar 

to searching for the best-focused image reconstruction in optical holography. The best-

focused image is reconstructed at the correct distance. To find the correct particle 

position, the sharpness of each reconstructed image is measured using a focus 

function. The particle size is determined by measuring the full width at the half 

maximum of the reconstructed image. 

2.2.1 Angular spectrum method (ASM) 

Due to its fast computational algorithm, the angular spectrum method has 

been widely applied in particle analysis to obtain the position, size, and orientation of 

the particle from the digital holograms (Yu and Kim, 2005). The angular spectrum 

method is a mathematical representation for calculating the propagation of optical 

fields in homogeneous media. The reconstruction using the angular spectrum method 

is mathematically defined as  

J(+, K) = ℱM(NℱOJ(P, Q)R × TOUV, UWRX.                      (2.2) 

where ℱ and ℱM( denote the Fourier transform and its inverse transform, 

respectively. J(P, Q) and J(+, K) represent the wave fields of the hologram and the 

reconstructed image, respectively. According to the Eq. (2.2), the reconstruction 

process can be done by taking the inverse Fourier transform of the multiplication of 

the hologram’s spectrum and the transfer function TOUV, UWR of the propagation 

through free space given by (Goodman, 1996) 

																		TOUV, UWR =

⎩
⎨

⎧\+] ^(_`:)a1 − ($UV)@ − O$UWR
@b,					aUV@ + UW

@ <
1
$

0																																																															otherwise.

						(2.3) 

The transfer function is derived by considering the propagation of the angular spectrum 

as a linear spatial filter. Equation (2.3) shows that wave components are rapidly 

attenuated outside a circular boundary of radius 1/l in the frequency plane. 
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Figure 2.4 The intensity impulse response of the wave propagation through free  

                 space. 

Plots of the intensity of the impulse response and the transfer function of the 

wave propagation through free space are shown in Figures 2.4 and 2.5, respectively. 

They are generated by calculating Eq. (2.4) with a wavelength of 543.5 nm at a distance 

of z = 10 cm using the Matlab program. The plots demonstrate the holograms’ 

nonstationary nature. 

 

Figure 2.5 The corresponding transfer function of Figure 2.4. 
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Figure 2.6 shows comparisons between the reconstructed image of the 100 µm 

particle holograms recorded at the distance of z = 30 cm. The numerical 

reconstructions at the wrong positions of 20 and 40 cm broaden the resultant images. 

 
Figure 2.6 Comparisons between the 1D cross-sectional scan of image intensities  

                 reconstructed from the hologram of the 100 µm line-shaped particle  

                 recorded at the wrong and the correct distance z = 30 cm. 

In contrast, the correct recording position of 30 cm gives the sharpest reconstruction 

than the other images. Therefore, the correct particle position can be measured from 

the reconstructed image. 

 

2.3  Particle Analysis 

The interference fringe of the hologram encodes the information of the particle. There 

are several methods for extracting the information of the particle after the 

reconstruction process. This section discusses methods for particle analysis. 

2.3.1 Particle position 

The mean of the reconstructed image intensity is an easy way to use. This 

approach regards the best-focused reconstruction at the correct distance as having the 
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highest intensity. The mean values of intensities of reconstructed images of digital 

holograms 2 ̅is obtained by (Xia, Xu, and Qi, 1999)  

2 ̅ =
1
_kll2(+, K, :)

m

W

n

V
,																																										(2.8) 

where 2(+, K, :) is the image intensity reconstructed at the distance of z. Since its mean 

intensity is the highest, the particle position can be measured. However, this method 

is more error-prone, such as when there are many particles or the particles are rotated. 

The variance of gray value distribution (VAR) measures the intensity values 

variation of the reconstructed image, defined as (Qiu, 2017) 

opq =
1
_kll{2(+, K, :) − 2}̅@

m

W

n

V
,																																											(2.9) 

The VAR can be used to find the correct reconstruction position. In the case of 

the particles close to others, the VAR makes an error because it takes into account the 

mean of the intensity of image. The VAR is good for low particle density, as is the LAP. 

Laplace operator (LAP) measures the variation of the intensity gradient of image 

defined as (Choi and Lee, 2009) 

,pt =ll{∇@2(+, K, :)}@
m

W

n

V
,																																											(2.10) 

where is the discrete Laplacian operator. The LAP can be used for finding the 

correct reconstruction position by simply choosing the reconstructed image with the 

highest LAP.  

Since the particle image is sharpest at the correct particle location, LAP has 

better performance when compared with the other two methods because the LAP 

detects edges of the particle while ignoring other areas with constant intensity 

gradients (Seo and Lee, 2014). 

2Ñ
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2.3.2 Particle size 

The second analysis is the measurement of the particle size from the 

reconstructed image at the correct position. After getting the best-focused 

reconstructed image from the LAP, the particle size measurement is done by scanning 

the image intensity along the width of the particle at the full width at the half 

maximum (FWHM) of the normalized intensity. 

 

Figure 2.7 Particle size measurement at the FWHM by using the Fresnel diffraction  

                integral and the angular spectrum method. 

Figure 2.7 shows the normalized image intensity reconstructed by using the 

Fresnel diffraction integral (Goodman, 1996) and the angular spectrum method. Their 

plots are represented by dashed and solid lines, respectively. The dotted line indicates 

the FWHM, where the particle size is equal to the width of Δ+. The FWHM obtained by 

the two methods is different because the angular spectrum method is not derived by 

using the Fresnel approximation. The particle size measurement depends on the 

quality of the sensor, the reconstruction method and the sharpness measurement to 

find the best-focus from the reconstructed images.  

Δx  
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2.3.3 Particle orientation and length  

In the analysis of particles with a high aspect ratio, particle orientation and 

length are considered important parameters. As shown in this flowchart, the 

conventional method requires many reconstructions to obtain the particle's 

orientation and length (Khanam et al., 2011). 

 

 

 

 

 

 

 
 

 

 

 

 

 

Figure 2.8 Flowchart for particle analysis. 

Due to the high aspect ratio, the best reconstruction must be searched from 

large depth positions by using the LAP. Consequently, the measurements of the 

particle size need to be done at various depths. The next step is to merge all the best- 

focused reconstructed images. The merged images give the 3D orientation of the 

particle.  

According to this approach, the particle's orientation can be measured in the 

range of 0 to 80 degrees (Khanam et al., 2011). The orientation and the range of the 

depths are then used for finding the particle length. However, it is found that the error 

Hologram recording 

Reconstructions at several depths 

by the angular spectrum method  

Measurement of particle size 

Measurement of the depth position by 

finding the best-focused image (LAP) 

Performing the 3D reconstruction 

Measuring length and the orientation  
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in the length measurement increases as the orientation angle increases due to the 

limitations of depth of focus and the orientations of particles depend on the selected 

analytical method. In summary, the particle analysis using the conventional 

reconstruction methods involves tedious processes because it always requires 

knowledge of the particle position to obtain the other information. Therefore, there is 

a significant need to solve this problem by investigating a new method for analyzing 

particles with a high aspect ratio. 



 

 

CHAPTER III 

WIGNER-VILLE DISTRIBUTION 

 

This chapter presents the principles of a Wigner-Ville distribution (WVD) of in-

line hologram analysis of nonstationary signals incident on sensor arrays, specifically 

the characterization of the WVD for solving the angular spectrum method’s problem, 

representing space-frequency domain information. In the case of a nonstationary 

signal, the Fourier transform cannot provide space-varying frequency information. This 

limitation is solved by using the WVD. Using a single coefficient of the Wigner-Ville 

distribution with minimum amplitude to extract the particle size is proposed. And the 

last section, the performances for measuring the particle size are proposed. 

 

3.1 Wigner-Ville distribution (WVD) 

The Wigner distribution function was proposed to relate the wavefunction in 

Schrödinger's equation to a probability distribution in phase space by Eugene Wigner 

in 1932 (Wigner, 1932). The WVD was later developed into nonstationary signal analysis 

and was applied to signal processing (Ville, 1948).  

The WVD of an analytic signal w(+) is defined as (Boashash, 1988) 

%&(+, UV) = x w(+ + y/2)w∗(+ − y/2)exp(−k2?UVy)}y,
~

M~

											(3.1) 

which can be interpreted as the Fourier transform of an instantaneous autocorrelation 

w(+ + τ/2)w∗(+ − τ/2). In Eq. (3.1), * represents the complex conjugate symbol, while 

w(+) represents the analytic signal. The analytic signal is defined as, 

w(+) = Ä(+) + kT[Ä(+)],																																																						(3.2) 
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where T[Ä(+)]	 is the Hilbert transform of the signal Ä(+) (Abeysekera and Boashash, 

1991). The Hilbert transform yields the signal's harmonic conjugate. It shifts the phase 

of the signal Ä(+) in the frequency components by +90 degrees. As a result, the 

analytic signal has only positive spatial-frequency components. 

The WVD is a real-valued function. Unlike the short-time Fourier transform, 

which has a drawback in choosing a suitable width of the analyzing window, the WVD's 

window is the signal itself. The WVD is the joint space-frequency representation of 

nonstationary signals (Pachori and Nishad, 2016). Therefore, it is useful for analyzing 

local frequency variation of hologram’s fringes. 

 

3.2 WVD of in-line hologram.  

 Consider the simulated in-line hologram of the line-shaped particle with a size 

a of 50 µm recorded with l = 543.5 nm at the distance z of 15 cm shown in Figure 

2.2(b). Figure 3.1(a) shows the 1-D intensity transmittance plotted along the positive x 

axis. After generating an analytic signal from the hologram using the function Hilbert 

transform in Matlab, the WVD of the corresponding signal is calculated by using Eq. 

(3.1) and is plotted in Figure 3.1(b). The vertical axis of the plot represents the spatial 

frequency UV , while the horizontal axis corresponds to the position x. Figure 3.1(b) can 

be interpreted as showing how the local spatial frequency of the hologram signal varies 

with respect to position. 
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Figure 3.1 (a) The simulated 1-D in-line hologram signal shown in Figure 2.2(b) with a  

               background removal for the positive x axis and (b) the corresponding WVD  

               of the in-line hologram of Figure 3.1(a). 

Besides reducing computation time and saving computer storage, this 

calculation is free from the interference problem because the analytic signal has no 

negative frequency components. The WVD coefficients with maximum and minimum 

values are mostly concentrated in a stripe region, whose slope is inversely proportional 

to the particle position z. When the distance z becomes shorter, the orientation has a 

(a) 

(b) 
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steeper slope. These coefficients relate to the local frequencies of the hologram fringe, 

which varies linearly with respect to spatial position. Therefore, this characteristic of 

the WVD signal is in agreement with the properties of the cosine chirp signal given by 

Eq. (3.3). Furthermore, the particle size affects the width of the stripe area, such that 

the bigger the particle size, the broader the area. 

In order to have a better insight into the WVD coefficient shown in Figure 3.1 

(b), the hologram of Eq. (2.1) is simplified by first considering only the second term of 

Eq. (2.1) along the positive x axis  

2'(+) = cos >
?+@
$: −

?
4A É

sin E2?8+$: F
2?8+
$:

Ñ rect Ö
+ − ,/2

, Ü .																						(3.3) 

This simplification extracts the desired fringe signal. Second, the sinc function is 

approximated with a product of R cosine functions (Morrison, 1995) 

sinc(2Uá+) =àcos Ö
2?Uá+
2â Ü ,																																													(3.4)

ä

âã(
 

where the frequency of the cosine function Uá equals to 8 ∕ $:. As a result, the analytic 

expression of Eq. (3.3) could be derived as (Chuamchaitrakool, 2017) 

												w(+) = l çexp ^k2?Uá >
2é − 1
2ä + +

è+@
2Uá

−
1

2äUá
Ab

äê(

âã(
 

+exp ^k2?Uá >−
2é − 1
2ä + +

è+@
2Uá

−
1

2äUá
Abë × rect Ö

+ − ,/2
, Ü .					(3.5) 

with è	 = 	1/$:. Substitutions of Eq. (3.5) to Eq. (3.1) gives the resultant WVD of the 

approximated Eq. (3.3) as (Chuamchaitrakool, 2017) 

	%&í(+, UV) = l ìl(−1)î +l2cos ç2?Uá ^
2äê( − 2(|2ä − ñ| + 1)

2ä b +ë
â

ó

îã(
ò

@ôöõM(

óã(
	

× 2(, − 2|+ − , 2⁄ |)sinc ç2(, − 2|+ − , 2⁄ |) >UV − >
2ä − `
2ä AUá − è+Aë ,(3.6) 
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where UV = +/$: is the spatial frequency of the hologram fringe. ñ is the index of the 

cosine terms, whose range is determined according to Table 3.1. 

Table 3.1 The range of the index of l of cosine terms in Eq. (3.6). 

` ñ 

Even number and ≤ 2ä Even number and	ñ ≤ ` 

Even number and > 2ä Even number and ñ ≤ 2ü+1 − ` 

Odd number and ≤ 2ä Odd number and ñ ≤ ` 

Odd number and > 2ä Odd number and ñ ≤ 2äê( − ` 

` = 1, 2, 3, ..., 2äê( − 1. The maximum number of the WVD components is equal to 

2äê( − 1. For ü	 = 	5, there are 63 components of the WVD that appear along the 

same slope in the WVD plane. In Eq. (3.6), the characteristics of the WVD of the 

simplified in-line hologram are as follows: First, each component of the WVD is equal 

to the product of two functions: the spatial cosine function and the 2-D sinc function 

of the space and the spatial frequency. Second, the sinc function is modulated by the 

triangular function, whose width is equal to the hologram length. Its spatial frequency 

is determined by è	and Uá. Therefore, the significant values of the WVD of the in-line 

hologram appear along a positive slope, as shown in Figure 3.2. 
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3.2.1 The WVD coefficient with minimum amplitude 

 

Figure 3.2 Distribution of the WVD coefficients obtained by using Eq. (3.6) with N = 5,  

    2a = 100.00 µm, z = 15 cm, and $ = 543.5 nm. 

Figures 3.2 is a heat map of the WVD calculated by using Eq. (3.6) for N = 5 using 

the same diameter 28, wavelength $, and distance z as in Figure 3.1(b). As compared 

to Figure 3.1(b), the significant WVD coefficients appear along the same slope in the 

WVD plane. There is a single WVD coefficient with the minimum amplitude among the 

63 WVD components in the stripe area. When a line is drawn through the minimal 

coefficient and the origin of the WVD plane, the line crosses the middle of the WVD 

coefficient stripe. Therefore, this minimal coefficient corresponds to the 32nd 

component of the WVD, which crosses through the center of the stripe. The 32nd 

component of the WVD %&í°¢ can be mathematically written as 

					%&í°¢(+, UV) =l2cos ç2?Uá ^2 −
2(|2£ − ñ| + 1)

2§ b +ë
â

 

× 2(, − 2|+ − , 2⁄ |)sinc{2(, − 2|+ − , 2⁄ |)(UV − è+)}													(3.7) 

where n is 2, 4, 6, …, 32. The summation of 16 cosine functions in Eq. (3.7) can be 

simplified as the product of the cosecant and the sine functions. 

 

  Minimum 

  amplitude 

x 



37 

%&í°¢(+, UV) = csc(?Uá+/8) sin(4?Uá+)																																						 

× 2(, − 2|+ − ,/2|)sinc{2(, − 2|+ − ,/2|)[UV − è+]}																			(3.8) 

This cosecant function has a spatial frequency which is 32 times smaller than the 

frequency of the sine function. As the phase of the cosecant function varies from 0 to 

?, its amplitude decreases nonlinearly from an undefined value. Therefore, it 

attenuates the amplitude of the sine function. Since the product of the triangular and 

the sinc functions in Eq. (3.8) is broader than that of the first two terms, it can be 

concluded that the minimum WVD coefficient is mainly caused by the sine function of 

the 32nd component of the WVD. The validity of the analysis can be determined by 

comparing the WVD coefficient of the hologram signal shown in Figure 3.1(b) and Eq. 

(3.8). In Figure 3.3, the solid line represents the WVD coefficients scanned along the 

stripe’s center with the origin as the starting point, while the dotted line is the 32nd 

component of the WVD calculated by using Eq. (3.8). It is apparent that the coefficients 

with the minimum amplitude appear at the same position. 

 

Figure 3.3 Comparison of 1-D plots along the slope of the WVD coefficients of Eqs.  

                (3.8) with WVD of the original hologram in Figure 3.1(b). 

 

WVD of Eq. (3.3) 

%&í°¢of Eq. (3.8) 

Minimum 

coefficient 
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Figure 3.4 1-D plots along the corresponding slope of the 31st, 32nd and 33rd  

                 components of WVD. 

Figure 3.4 shows amplitude variations of the 31st, 32nd and 33rd components of 

the WVD scanned along the slope. They are calculated by using Eq. (3.8) and 

represented by the solid, dashed, and dotted lines, respectively. In comparison with 

the other two components, the 32nd component has the lowest amplitude. Therefore, 

it can be concluded that the sinc function of %&'*@ is truly the origin of the minimum 

amplitude. 

 
Figure 3.5 Plots of the WVD coefficients scanned along the slopes 1/lz for the particle  

               sizes a = 40 and 50 µm, respectively. 

%&í°õ  

%&í°¢  

%&í°°  

a = 40 µm 

a = 50 µm 

 

Minimum 

Amplitude 
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Figure 3.5 confirms the dependency of the minimum coefficient position on 

the particle size. The minimum coefficient of the spatial frequency of the bigger 

particle diameter is at a lower pixel number than the smaller particle diameter. 

3.2.2 Previous WVD-based particle sizing 

The WVD-based particle sizing has been reported by Chuamchaitrakool et al. 

(Chuamchaitrakool, Widjaja and Yoshimura, 2015) using the local frequencies scanned 

at the half length of the holograms being analyzed. According to Eq. (3.6), for N = 5, 

%&íõ and %&í¶° of the WVD components given by 

														%&íõ(+, UV) = 2(, − 2|+ − , 2⁄ |) 

                             												×sincN2(, − 2|+ − , 2⁄ |){UV − (62 64⁄ )Uá − è+}X													(3.9) 

and 

												%&í¶°(+, UV) = 2(, − 2|+ − , 2⁄ |) 

                             												×sincN2(, − 2|+ − , 2⁄ |){UV + (62 64⁄ )Uá − è+}X.          (3.10) 

Plots of %&íõ and %&í¶° calculated using Eqs. (3.9) and (3.10) appear as the upper most 

and the lowest signals in Figure 3.6, respectively. The peaks of the two components 

that always appear at the location at ,/2 on the WVD plane are higher than the other 

components, because their amplitudes are modulated only by the triangular functions. 

Therefore, the peak locations of the %&íõ and the %&í¶° can be easily detected by 

scanning the WVD output along the frequency axis at the spatial position ,/2 in Figure 

3.6. By substituting +	 = 	,/2 into Eqs. (3.9) and (3.10), the peak positions of  %&íõ and 

the %&í¶° along the spatial-frequency axis are determined by the particle size as 

		UV = ±(628/64$:) + è , 2⁄ .																																					(3.11)  

Consequently, the particle size can be calculated from the spatial-frequency value at 

the peak by 

					8 = 	±
64
62 $:(UV − è , 2⁄ ).																																						(3.12) 

Equation (3.12) reveals that the particle size can be measured, provided the particle 

position is known. 
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Figure 3.6 The WVD coefficients of the in-line hologram for z = 15 cm scanned at x =  

                  L/2. 

The process to extract the particle size using the average of the peak positions of the 

1st and the 63th of the WVD components along the spatial frequency axis at + = , 2⁄  

is summarized in Figure 3.7. 

Figure 3.7 Flowchart for the particle size extraction using the peak position of %&'(  

                and %&')* along the frequency axis at + = , 2⁄ . 

 

©™´¨ 

©™´≠Æ 

+ = , 2⁄  

Record in-line particle hologram 

Find the peak position of %&'( and %&')* along the frequency axis at + = , 2⁄   

Calculate the particle size 8 = ±64$ : 62⁄ (UV − è , 2⁄ ) 

Calculate the object position z  

Compute its WVD by taking Fourier transform of 

the autocorrelation of the analytic signal 

 

Generate the analytic signal of the recorded holograms  

by using Hilbert function of Matlab 
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3.3 Proposed extraction of particle size using a single WVD coefficient 

with minimum amplitude 

According to Eq. (3.8), the coefficient with the minimum amplitude is mainly 

caused by the sine function of the 32nd component of the WVD. In the + direction, the 

position of the minimum amplitude is located at the negative peak of the sine function, 

which is 
*
§ T or 

Pixel number of +@±_é × ∆+ =
3

4
¥,																																																(3.13) 

where +@±_é and ∆+ are the position of the minimum amplitude coefficient in the 

+ direction and the pixel size of the image sensor, respectively. ¥ represents the period 

of the sine function in Eq. (3.8) and is defined as 

¥ =
1

2 × Uá
=
$:
28 .																																																						(3.14) 

Substitution of Eq. (3.14) into Eq. (3.13) gives 

Pixel number of	+@±_é × ∆+ =
3$:

88
																																				 (3.15) 

or 

8 =
3$:

8(Pixel number of	+@±_é × ∆+) .																																				 (3.16) 

Since UV = +/$:, Eq. (3.16) can be rewritten as  

8 =
3

8 × Pixel number of	UV@±_é × ∆UV
,																																	 (3.17) 

where ∆UV is the spatial frequency resolution of the WVD, given by 1/2,. Equation 

(3.17) shows that the relationship between the particle size is inversely proportional 

to the spatial frequency at the minimum coefficient position. Therefore, the particle 

size can be measured by detecting the position of the minimum amplitude coefficient 

in the spatial frequency direction. This is the first significance of this study because the 
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particle size can be measured without searching the particle position as the 

conventional numerical reconstructions do. The second one is that the error in size 

measurement is minimized, because it is free from the error in particle tracking. 

The process to extract the size of the particle by using the proposed method 

of Eq. (3.17) is shown in figure 3.8. This newly proposed method for sizing line-shaped 

particle has a fast measurement time without sacrificing its accuracy. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.8 Flowchart of the line-shaped particle sizing using the single spatial 

                 frequency information of the WVD coefficient with minimum amplitude. 

 

3.4 Particle sizing performance 

Consider an implementation of the proposed particle sizing method using the 

sensor with the resolution of ü × ü pixels in an area of , × ,, giving the pixel size of 

µ+ = ,/ü. The recording of the particle hologram needs to satisfy the Nyquist 

sampling theorem (Nair, 2002). For the hologram of a line-shaped particle, the 

hologram frequency has to be smaller than twice the sensor’s sampling frequency 

Generate the analytic signal of the recorded holograms  

by using Hilbert function of Matlab 

Record in-line hologram 

Find the coordinate UV@înâ  of the WVD coefficient  

with a minimum amplitude 

 

Calculate the particle size 

8 = Ö
3

8 × UV@±_é × ∆UV
Ü 

Compute its WVD by taking Fourier transform of 

the autocorrelation of the analytic signal 
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U ≤
UÄ8±]_éw
2 .         				 	         					  						      (3.18) 

The sampling frequency U∂'î∑nâ∏ of the sensor is inversely proportional to the pixel 

size µ+ or 

U∂'î∑nâ∏ =
ü
, .             																											   									   (3.19) 

The preceding discussion shows that the WVD coefficient with the minimum 

amplitude appears at the negative peak of the sine function in Eq. (3.8), whose 

frequency can be expressed as 

  Usine = 1/¥ = 28
$: .																																																	   (3.20) 

To correctly detect the position of the minimum amplitude, the sensor’s sampling 

frequency must satisfy the Nyquist theorem 

Uπ∫ªº ≤ UÄ8±]_éw/2 

28
$: ≤

ü
2, 

8î'V ≤ ü$:/4,.																																													     (3.21) 

Equation (3.21) defines the maximum measurable size of the line-shaped particle using 

the proposed method. 

Furthermore, the position of the minimum amplitude is determined by the sine 

function as 

 +@±_é = 3$:/88.																																																								(3.22) 

It is apparent from Eq. (3.22) that the smaller the particle size, the farther the minimum 

position moves from the origin of the WVD plane. Hence, the minimum coefficient 

must appear within the sensor length with a size of L 

, > 3$:/88.      						   							   																																   (3.23) 

According to Eq. (3.23), the minimum measurable size of the line-shaped particle is 

defined as 

8înâ > 3$:/8,.      						   							   																																   (3.24) 
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Equations (3.21) and (3.24) define the range of measurable size of the line-shaped 

particle using this proposed method, ensuring the recorded hologram is not under-

sampled. 

 

3.5 Particle tracking using a single WVD coefficient with minimum 

amplitude 

In the previous work, particle tracking using a single WVD coefficient with 

minimum amplitude has been reported (Widjaja, Dawprateep and Chuamchaitrakool, 

2017). Figure 3.9 shows the flowchart for tracking particles from the holograms using 

the single WVD coefficient with the minimum amplitude. To obtain the depth position 

of the particle, the spatial frequency of the chirp signal at the minimal coefficient 

UV@±_é = +@±_é $:⁄  is detected and used to calculate the depth position z 

: =
+@±_é
$UV@±_é

																																																							 (3.25) 

Therefore, both space and spatial frequency coordinates, x and fx, of the WVD plane 

are needed. 

 

 

 

 

 

 

 

 

Figure 3.9 A flow chart for extracting the particle position from the in-line hologram  

               with the WVD coefficient with minimum amplitude. 

Generate the analytic signal of the recorded holograms  

by using Hilbert function of Matlab 

Compute its WVD by taking Fourier transform of the autocorrelation 

of the analytic signal 

 

 Find the coordinate (+@Ω∫ª, UV@Ω∫ª)of the WVD coefficient  

with a minimum amplitude 

Calculate the object position : = (V@înâ×∆V)
æ(ø¿@înâ×∆ø¿)

 

Record in-line hologram 
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Our previous study (Dawprateep, 2015) shows that the minimum and maximum 

depth position of the particle that can be measured are defined as 

:înâ >
,@
$ü 																																																									(3.26) 

and  

:î'V <
28,
$ ,																																																								(3.27) 

respectively. 

 

3.6 3D reconstruction of line-shaped particles 

In the case of the line-shaped particles, the extracted information of size and 

position can be used to reconstruct 3-D profile of particles. This section presents the 

algorithm for reconstructing the 3-D line-shaped particle with arbitrary orientation and 

length. 

Consider the line-shaped particle with a length of p and a diameter of 2a is 

illuminated by the expanded coherent light with a wavelength of l. The line-shaped 

particle is oriented at angles a, b, and g with respect to the x, y, and z axes in 3-D 

space, respectively, as shown in Figure 3.10. The recorded hologram contains 3-D 

information about the particle that is confined in a finite 3-D volume with a size of 

dxdydz confined by the dotted lines. Here, dx, dy, and dz stand for the projected 

lengths of the particle in the x, y, and z axes, respectively. The recording plane is 

separated from the back plane (x¢, y¢,z¢) of the finite volume at a distance of z0. 
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Figure 3.10 Recording geometry of hologram of a line-shaped particle in 3-D space. 

From the geometry shown in Figure 3.10, the orientation angles of the particle are 

mathematically given by 

	¡ = arccos Ö
d+
] Ü ,																																																							(3.28) 

è = arccos Ö
dK
] Ü ,																																																							(3.29) 

and 

√ = arccos Ö
d:
] Ü ,																																																								(3.30) 
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Figure 3.11 The recorded hologram of the line-shaped particle with an arbitrary  

                  orientation in 3-D space. 

Figure 3.11 shows an example of the recorded hologram of the line-shaped 

particle with an arbitrary orientation in 3-D space, where the row and column 

correspond to the vertical and horizontal axes of the recording geometry in Figure 3.10, 

respectively. It is worth mentioning that the fringe orientation is parallel to the particle 

length. To reconstruct the 3-D profile particle from this hologram using the proposed 

WVD, the following process is done: 

 

Figure 3.12 1-D cross-sectional scan of the hologram fringe for measuring the angle a. 

ƒ 

1st minimum           2nd minimum 
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First, to obtain the angle a, the fringe signal in every row of the hologram in 

Figure 3.11 is scanned. Figure 3.12 shows the fringe signal scanned at row 350 of the 

hologram in Figure 3.11. Zeros are added to the left part of the scanned signal because 

of the limited sensor size. The positions of the first and second minima of the scanned 

fringe shown in Figure 3.12 are then determined to detect the center of fringe signals. 

This is because the peaks of the minima are sharper than those of the maxima, yielding 

accurate peak detection. As a result, the fringe center in each row can be obtained by 

averaging the minimum positions. Figure 3.13 shows the plot of the resultant averaged 

positions of the fringe center for all rows. Besides providing the slope of the fringe, the 

projected length of the particle in the x and y directions can be calculated as the 

product of the number of columns or rows occupied by the fringe and the pixel sizes, 

dx = NColumnDx and dy = NRowDy, respectively. As a result, the particle orientation ¡ 

with respect to the x axis can be determined as  

 

Figure 3.13 Plot of the resultant averaged position of the fringe center as a function   

                 of the row. 

¡ = atan(dK/d+).     (3.31) 

Second, to simplify the extractions of the particle depth and size, the value of the 

rotation angle a calculated using Eq. (3.31) is used to rotate the hologram back into 

the vertical direction by the angle 90°− a using the Matlab function imrotate. This 

d+ 

dK 
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Matlab function accommodates the dimension of the rotated hologram. The resultant 

vertically oriented hologram is shown in Figure 3.14. Since it is possible to compute 

the WVD of the hologram signal along either positive or negative x axis, the particle 

analysis can be done by using the signals in either the 1st or 2nd area in Figure 3.13. 

This thesis computes the WVD of the signal along the positive x axis. 

 

Figure 3.14 The vertically oriented hologram after the rotation with the angle 90°−  

                       a. 

Third, the depth of the particle position in each row of the hologram is 

computed from the scanned fringe using the flowchart shown in Figure 3.9. The 

difference between the depth at the top of the particle and that at the particle’s 

bottom gives the depth range of dz. Therefore, if the projected particle height dy 

occupies the range of dz, the rotation angle è can be calculated as 

è = arctan Ö
d:
dKÜ .																																																	(3.32) 

Fourth, the angle √ is calculated using the direction cosines of the particle 

orientation 

cos@ √ = 1 − cos@ ¡ − cos@ è .																																					(3.33) 

Finally, the particle length ] is calculated by using the Pythagoras theorem 

 

 

      2nd area 

 

 

 

  1st area 
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] = ≈d+@ + dK@ + d:@	.																																							(3.34) 

The preceding discussion reveals that performance of the 3-D reconstruction 

of the particle profile is determined by the sensor resolution and the WVD-based 

particle tracking. 

Equation (3.34) can be regarded as the expression for the longest measurable 

particle length, while the shortest measurable length occurs when the particle 

occupies 2 pixels along either the sensor’s x or y axis. Table 3.1 summarizes the range 

of measurable size, position, and length of the line-shaped particle from the digital 

holograms using the proposed WVD. 

Table 3.2 Range of the measurable size, position and length of the line-shaped particle  

              from the digital holograms using the proposed WVD. 

 Minimum Maximum 

a aînâ >
3$:
8,  aîâ ≤

ü$:
4,  

: :înâ >
,@
$ü :î'V <

28,
$  

] 2D+	or	2DK a+á@ + Ká@ + :á@ 

The above discussion reveals that performance of the 3-D reconstruction of 

the particle profile is determined by the sensor resolution and the WVD-based particle 

tracking. According to Eqs. (3.31), (3.32), and (3.33) and also taking into account the 

positive and negative directions of the axes, the proposed method can be used to 

reconstruct the line-shaped particle with an orientation angle that varies from 0 to 

180°. Finally, the obtained particle information such as: size, position, orientation and 

length, can be used to reconstruct the 3D profile of the line-particle. 

Figure 3.15 shows the process for plotting 3D particles using the proposed 

method.  
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Figure 3.15 A flow chat for plotting 3D profile of particles using the proposed method. 

The results of the reconstruction of the 3D particle profile using this proposed 

method are presented in the next section.

Find the coordinate  of the WVD coefficient with a minimum amplitude ),( xfx

Calculate the particle position z	= (V@înâ×∆V)
æ(ø¿@înâ×∆ø¿)

 

Record in-line hologram 

Compute the particle size a = E *
∆×ø¿@înâ×∆ø¿

F 

Measure the rotation angle a 

 

Measure the length 

Measure the orientation angles of the particle (b and g ) 

Generate the analytic signal of the resultant holograms  

by using Hilbert function of Matlab 

Compute its WVD by taking Fourier transform of 

the autocorrelation of the analytic signal 

 

Plot a cylinder with a radius of 8 and length of ] at  

the depth position of : for all rows of dy 
 

Rotate the generated cylinder according to the angle a, b and g 

 
 

Rotating the hologram back in the vertical direction by (90๐− a) 
)- 



 

 

 

CHAPTER IV 

EXPERIMENTAL VERIFICATIONS 

 

First, this chapter discusses the experimental verifications of the proposed 

particle sizing by using a single spatial frequency of the WVD coefficient with the 

minimum amplitude. Second, the 3D reconstruction of the line-shaped particle by 

using the size, position, length, and orientation from the in-line hologram signals is 

described. 

 

4.1 Experimental setup 

 
Figure 4.1 A schematic diagram of an optical setup for recording the digital in-line  

                holograms of the microtube with different orientation in 3-D space. 

Figure 4.1 shows a schematic diagram of an optical setup for recording the 

digital inline holograms of polycarbonate microtubes with diameters 2a of 80 μm and 

100 μm (Paradigm Optics, CTPC-053-080 and CTPC-067-100). The holograms of the 

microtubes were experimentally generated by using a He-Ne laser with an operating 

wavelength  of 543.5 nm (MellesGriot, 05-LGR-193) at the recording distances of 10 

to 15 cm. The laser beam was expanded to about 20 mm in diameter using a 

combination of a spatial filter and a collimating lens to illuminate the whole length of 

the microtube. The digital holograms of the microtubes were recorded using a CCD 

l



53 

image sensor (HAMAMATSU C5948) with a total resolution of 640 480 pixels in an 

area of 8.30 6.40 mm2. Therefore, the spatial resolution in the vertical and horizontal 

directions, Dy and Dx, of the holograms was 12.97 μm. The digital holograms were 

saved in TIFF format. Matlab software version 2019a, run on a macOS version 10.13.6 

was used for all computations. 

A combination of two rotating mounts (MellesGriot, 07-HPR-223) was used to 

provide different orientations of the microtubes in 3-D space. Orientation in the (x,y) 

plane was done by attaching the microtube to the first rotating mount, as shown in 

Figure 4.2. This mount was installed on the second rotating mount to provide rotation 

in the (y,z) plane, as shown in Figure 4.3. 

 

Figure 4.2 A microtube mounted on a rotating mount. 

 

Figure 4.3 A combination of two rotating mounts to rotate the microtube in 3-D space. 

´
´
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Figure 4.4 shows the experimental setup for the verifications of the proposed 

method and the hologram of the microtube recorded at the distance z away from the 

sensor and oriented with the angles. It is apparent that the interference fringes are 

inclined with respect to the x and y axes. The experimental verification of our proposed 

sizing and reconstruction of the line-shaped particles will be presented in the next 

section. 

 

Figure 4.4 Experimental setup for the verifications of the proposed method. 

In Table 4.1, the range of measurable particle sizes calculated for recording 

distances of 10 - 15 cm using Eqs. (3.21) and (3.24) is presented. The measurable 

particle sizes are determined by the recording distances, the laser wavelength, and the 

sensor used in the experiment. 
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Table 4.1 Range of measurable particle sizes using the proposed method for recording  

               distances of 10 - 15 cm. 

Recording 

distance z  

(cm) 

8înâ >
3$:
8,  

(µm) 

8î'V ≤
ü$:
4,  

(mm) 

10.0 4.911 1.048 

11.0 5.402 1.152 

12.0 5.893 1.257 

13.0 6.384 1.362 

14.0 6.876 1.467 

15.0 7.367 1.572 

 

4.2 Experimental verifications of particle sizing from holograms 

Figure 4.5(a) shows the recorded in-line holograms of the microtube with 

diameter is a	= 50 µm at the recording distance z = 15 cm. In order to calculate the 

WVD of the hologram, the background intensity of the collimated beam shown in 

Figure 4.5(b) was subtracted from the hologram. 
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Figure 4.5 (a) The in-line hologram of the 100 µm microtube recorded at the distance 

               z = 15 cm with the rotation angles a = 90๐, b = 0๐ and g = 90๐ and (b)  

               its background intensity. 

Figure 4.6 shows the normalized 1D intensity of the hologram shown in Figure 

4.5(a) scanned at the 350th row with background removal. The scanned intensity is 

compared with the hologram signal simulated using Eq. (2.1). It can be observed from 

the figure that the background removal almost eliminates the unwanted dc signal. 
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Figure 4.6 Normalized 1D intensity of the recorded particle hologram shown in Figure  

               4.5(a) and its corresponding simulation with the background removal. 

The comparison of the fringe patterns from the simulated and experimental holograms 

in Figure 4.6 shows that they are almost identical. Thus, the experimental setup could 

record faithfully the particle holograms. 

Figures 4.7(a) and (b) show the WVDs of the holograms of the 80 and 100 um 

microtubes recorded at the distance z = 15 cm, respectively. Since the particle depth 

positions are the same, the resultant WVD coefficients with maximum amplitudes 

appear at the same slope 1/lz. However, according to Eq. (3.22), the position of the 

minimum coefficient is dependent on the particle size. 
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(a) 

 

 

 

 

 

 

 

 

 

(b)  

 

 

 

 

 

Figure 4.7 The WVD outputs of the holograms recorded at the axial distance z = 15  

               cm. The particle diameters are (a) 80 and (b) 100 µm, respectively. 

Figure 4.8 confirms the dependency of the minimum coefficient position on 

the particle size because the minimum position for the larger particle diameter is at a 

lower pixel number than that of the smaller one. 
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Figure 4.8 Plots of the WVD coefficients scanned along the slopes 1/lz of Figure 4.7 

               (a) and (b). 

Table 4.2 Mean of the detected spatial frequencies of the minimum WVD coefficient  

               and the mean absolute errors (MAEs) in the size measurement of microtube  

               with the diameter 2a = 80 µm and the rotation angles a  = 90๐ , b	= 0๐ and  

               g = 90๐ in the x-y plane by using the proposed single WVD coefficient. 

Recording 

distance z 

Mean of spatial 

frequency fx@min  

Mean of  

radius a 

MAE of  

radius a 

cm pixel lp/mm µm % 

10.0 90.51 10.905 39.99 0.704 

11.0 90.51 10.905 39.99 0.694 

12.0 90.65 10.921 39.93 0.683 

13.0 90.19 10.867 40.14 0.675 

14.0 90.13 10.858 40.17 0.654 

15.0 90.89 10.951 39.83 0.623 

Tables 4.2 and 4.3 present the mean absolute error in the size measurement of the 

microtubes with the diameters of 2a = 80 µm and 100 µm from 50 rows, row numbers 

Minimum Amplitude 

a = 40 µm 

a = 50 µm 
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325–375, of the experimental holograms, respectively. In the first experimental 

verifications, the microtubes were oriented in the vertical directions, in the x-y plane. 

The errors in the size measurement are always smaller than 1%. The highest error is 

0.704% at the shortest position z = 10 cm. The experimental results show that the 

tendency of the errors in the size measurement is inversely proportional to the depth 

position z of the particle. This is because at the longer depth position, the holograms 

are less affected by the undersampling effect. 

Table 4.3 Mean of the detected spatial frequencies of the minimum WVD coefficient  

              and the mean absolute errors (MAEs) in the size measurement the  

              microtube with the diameter 2a = 100 µm and the rotation angles a = 90๐, 

              b	= 0๐ and g = 90๐ in the x-y plane by using the proposed single WVD  

              coefficient.  

Recording 

distance z 

Mean of spatial 

frequency fx@min  

Mean of  

radius a 

MAE of 

radius a  

cm pixel lp/mm µm % 

10.0 89.22 10.749 49.88 0.531 

11.0 89.30 10.759 49.84 0.510 

12.0 89.06 10.730 49.97 0.498 

13.0 87.20 10.506 48.79 0.489 

14.0 88.78 10.696 50.16 0.403 

15.0 89.29 10.758 49.87 0.353 

Table 4.3 shows the errors in the size measurement of the 100 µm microtube 

have a similar dependency on the depth position of the particles as Table 4.2. 

However, their values are smaller than those in Table 4.2. This maybe caused by the 

fact that the fringe intensity modulation given by Eq. (2.1) is proportional to the particle 

size; the bigger diameter, the higher the modulation. Consequently, the holograms of 

the smaller microtube has a broader lobe width and a lower intensity transmittance. 

Since, the fringe signal around the zero-crossing lobe cannot be faithfully sampled 
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during the hologram recording, the frequency variation of the fringe signal is affected. 

As a result, the frequency at the minimum amplitude position deviates (Dawprateep 

and Widjaja, 2021). In summary, the experimental results of the microtube sizing verify 

that high measurement accuracy can be obtained using the proposed method without 

searching the depth position of the particle. 

4.2.1 Experimental verifications of the particle sizing using the flip and 

replication technique (FRT). 

FRT was introduced in order to improve the spatial frequency resolution by 

Chuamchaitrakool in 2018 (Chuamchaitrakool, Widjaja and Yoshimura, 2018). The FRT 

is implemented by flipping and replicating the original hologram signal. The replicated 

signal is then successively connected to the original one. Besides extending the length 

of the hologram signal, the successive extensions prevent signal discontinuities. The 

use of one-time FRT extends the hologram signal twice, reducing the spatial frequency 

by half. The result of using FRT is shown in Table 4.4. 

Table 4.4 Mean of the detected spatial frequencies of the minimum WVD coefficient  

               and the mean absolute errors (MAEs) in the size measurement of the  

               microtube with the diameter 2a = 80 µm and 100 µm and the rotation  

               angles a = 90๐, b	= 0๐ and g = 90๐ by using the FRT one time. 

Recording 

distance z 

Mean of spatial frequency 

fx@min 

MAEs of radius a 

2a = 80 µm 2a = 100 µm 2a = 80 µm 2a = 100 µm 

cm lp/mm lp/mm % % 

10.00 11.25 10.18 0.487 0.478 

11.00 11.29 10.17 0.449 0.439 

12.00 11.29 10.23 0.427 0.417 

13.00 11.27 10.22 0.397 0.389 

14.00 11.28 10.18 0.373 0.369 

15.00 11.28 10.18 0.333 0.311 
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Table 4.4 shows the average of the size measurements of diameter 2a = 80 

and 100 µm from the hologram using the FRT one time, respectively. The average error 

in measurement of the microtube size by using the FRT reduces as the recording 

distance increases. Therefore, the FRT could improve the accuracy of the particle size 

measurement using the proposed method without searching for the particle's depth 

position. 

4.2.2 Experimental verifications of the size measurement from the in-line 

hologram of rotated particles 

 
Figure 4.9 The hologram of the 100 µm microtube oriented parallel to the yz plane  

                with the angle a = 90๐, b = 60๐ and g = 30๐, and the recording distance 

                z = 14 cm. 

Further experimental verifications were done by measuring the size of the 100 

µm microtubes aligned parallel the yz plane of the schematic diagram of the geometry 

shown in Figure 3.9 with the angles g set at about 60°. The holograms were recorded 

at the recording distance z = 13, 14 and 15 cm. All distances were measured from the 

microtube’s center, corresponding to row number 250, to the recording plane. Figure 

4.9 shows the hologram of the microtube recorded at the distance z = 14 cm. Since 

the microtube is parallel to the y axis, there is no need to rotate the hologram back 

into the vertical direction. When the orientation angles of the microtube were 
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calculated from the fringe pattern using Eqs. (3.31) - (3.33), the resultant calculations 

gave the angles were a = 90๐, b = 60๐, and g = 30๐. 

 

 

 

 

 

 

(a)  

 

 

 

 

 

 

 

 

 

(b) 

 

 

 

 

 

Figure 4.10 1D cross-sectional intensities of the hologram in Figure 4.9, which were  

                  scanned along (a) the 20th and (b) the 440th rows, respectively. 

Figure 4.10(a) and (b) show the 1D cross-sectional intensities of the hologram 

scanned along the 20th and the 440th rows of the CCD sensor, respectively. 

Computations of the WVD of the 1D cross-sectional intensities in Figures 4.10(a) and 

(b) gave different slopes 1/lz. The slope of the hologram signal at row 20 is 1.45, while 

that at row 440 is 1.39. The higher slope means that its local frequency varies faster. 
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This is because the signal in row 20 is interference from the bottom end of the 

microtube, which is closer to the recording plane than the top end. Since there are 

different depth positions along the microtube length, it is important to measure not 

only the microtube’s diameter but also the distance z in each row of the holograms. 

The region of interest was the rows from 225 to 275, the same row numbers analyzed 

in the holograms of the vertically oriented microtube. Equations (3.17) and (3.25) were 

used to calculate the diameter and depth position of the microtube, respectively.  
 

 

Figure 4.11 Plots of the measured depth position z for different recording distances of  

                 the holograms of the microtube parallel to the yz plane as a function of  

                 the row numbers represented in mm unit. 

Figure 4.11 shows the measured depth position z of the microtube for different 

recording distances as a function of the rows. The measured position values become 

longer as the row increases from  increases from 225 to 275, equivalent to 3.00 to 3.60 

mm, regardless of the recording distances. This agrees with the microtube orientation 

during hologram recording where row = 3.00 mm is closer to the recording plane than 

row = 3.60 mm. Consequently, for small row numbers, nonlinear variations of the 
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measured depth positions are caused by the under-sampled fringe signals. The strong 

under-sampling effect is apparent for the recording distance of 13 cm. 

The errors in the depth and size measurements of the microtube parallel to 

the yz plane are presented in Table 4.5. The table shows that both the errors in the 

position and size measurements decrease as the recording distance becomes longer. 

The errors in the size measurement of the rotated microtube are higher than those 

without rotations presented in Tables 4.2 and 4.3 because the hologram signal with a 

short recording distance has a higher chirp frequency than the longer recording 

distance. When the effect of the undersampling on the holograms is stronger, the 

frequency of the chirp signal deviates more. Consequently, the MAEs became higher 

than the previous measurements.  

The rotation angle b is calculated by using Eq. (3.32), which can be obtained 

by applying a linear regression to the plots of the depth positions shown in Figure 4.11. 

The regression line equation for each plot in Figure 4.11 describes the relationship 

between the mean of depth position z of the microtube and the rows of the CCD 

sensor. For example, when the recording distance is 14 cm, the regression line has a 

slope dz/dy of 1.76. According to Eq. (3.32), the corresponding angle b is given by 

arctan(dz/dy), which equals 60.4°. The difference between the theoretical and 

calculated angles may be caused by an error in the alignment of the rotating mounts. 

Table 4.5 Errors in measurement of the depth z and the size a from the recorded  

               holograms of the microtube parallel to the yz plane at the angles a = 90๐,                       

                      b = 60๐ and g  = 30๐. 

Recording 

distance z 

(cm) 

Mean of  

distance z 

(cm) 

MAE of  

distance z 

(%) 

Mean of 

radius a 

(µm) 

MAE of  

radius a 

(%) 

13.0 12.92 4.514 50.30 3.128 

14.0 13.88 4.155 50.49 2.429 

15.0 14.94 3.881 50.39 2.391 
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Figure 4.12 (a) The hologram of the microtube oriented parallel to the xy plane with  

                 the angle a = 50๐, b = 40๐ and g  = 90๐ at the recording distance z = 14  

                 cm. (b) The vertically oriented hologram after the rotation with the angle  

                 90๐- a. 

The next experimental verification was done by recording the microtube oriented 

parallel to the xz plane with the angles a = 50๐, b = 40๐, and g = 90๐. The holograms 

were recorded at the same recording distances z = 13, 14 and 15 cm. The recorded 

hologram at the distance z = 14 cm is shown in Figure 4.12(a). Calculation of the angle 
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a  according to the proposed method discussed in Sect. 3.6 gave a result equal to  

50๐. Figure 4.13(b) is the resultant hologram rotated back by 90๐ - a. 
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Figure 4.13 1D cross-sectional intensities of the hologram shown in Figure 4.12(b),  

                  which were scanned along (a) the 250th and (b) the 450th rows,  

                  respectively. 

Figure 4.13(a) and (b) show the 1D cross-sectional intensities of the hologram 

scanned along the 250th and (b) the 450th rows, respectively. The two scanned 

intensities almost have the same frequency spacings because the microtube is parallel 
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to the xz plane. Confirmations are done by calculating the slopes of the WVD 

coefficients. The resultant two slopes have the same value of about 1.40. 

Table 4.6 MAEs in the position and size measurements of the 100 µm microtube  

               oriented parallel to the xz plane at the angles a = 50๐, b = 40๐
 and g  = 90๐  

               using the proposed single WVD coefficient. 

Recording 

distance z 

(cm) 

Mean of  

distance z 

(cm) 

MAE of 

distance z 

(%) 

Mean of 

radius a 

(µm) 

MAE of  

radius a 

(%) 

13.0 12.95 4.273 47.73 4.170 

14.0 13.99 4.144 51.55 4.150 

15.0 14.96 3.855 51.14 3.737 

Table 4.6 presents the errors in the depth and size measurements of the 

microtube parallel to the xz plane. The recording distance strongly determines the 

accuracy in the measurements using the proposed method. The error in the position 

measurements is slightly lower than those in Table 4.5 because the microtube 

orientation is parallel to the xz plane. In contrast, it is apparent that the errors in the 

size measurement are higher than those in Table 4.5. Firstly, this may be caused by 

the fact that the rotated fringe patterns are sampled at a lower sampling resolution 

than the vertically oriented patterns. Secondly, since the used CCD sensor has a finite 

dimension, the rotated hologram signals have a shorter length. Note that the frequency 

resolution is determined by the signal length. Therefore, degradation of the holograms 

of the rotated microtube is more significant. 
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Figure 4.14 (a) The hologram of the 100 µm microtube diagonally oriented in 3D space  

                 with the angles a = 45°, b = 60°, and g = 60°, and the recording distance  

                 z = 14 cm. (b) The vertically oriented hologram after the rotation with the  

                 angle 90๐−	a. 

The last experimental verification was done by recording the 100 µm microtube 

oriented in 3D space in such a way that one end of the microtube was on the origin 

and the other one crossed the y axis of the schematic diagram of the geometry shown 

in Figure 3.9. Figure 4.14(a) shows the hologram of the microtube recorded at the 

distance z = 14 cm, while Figure 4.14(b) is the hologram rotated by the angle 90°− a. 

The calculations of the orientation angles using the proposed method discussed in 

Sect. 3.6 gave the angles a = 45°, b = 60°, and g = 60°. 
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Figure 4.15 1D cross-sectional intensities of the hologram in Figure 4.14(b), which  

                  scanned along (a) the 250th and (b) the 450th rows, respectively. 

Figures 4.15(a) and (b) show the 1D cross-sectional intensities of the hologram 

shown in Figure 4.12(b). They were scanned along (a) the 250th and (b) the 450th rows, 

respectively. The scanned fringe signals reveal that they appear as a flipped signal with 

respect to the y axis and the difference between the fringe spacings is less significant 

compared with those in Figure 4.11. This is confirmed by calculating the slopes of the 

WVD coefficients. The slopes of the hologram signals at row 250 and 450 are 1.42 and 

1.40, respectively. 
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Figure 4.16 Plots of the measured depth position z for different recording distances of  

                the holograms as a function of the row numbers represented in mm unit. 

The position and size of the particle are extracted for each row of the 

holograms. Figure 4.16 shows the measured depth position z of the microtube for 

different recording distances as a function of the sensor rows. For the recording 

distances of 14 and 15 cm, the increases in the measured depth positions are almost 

linear compared to those at the distance of 13 cm. The reason for this difference is 

that when the microtube is oriented with the angle a < 90°, the range of the depth 

variation is smaller than that for the microtube parallel to the yz plane, which has the 

angle a = 90๐.  

Table 4.7 presents the errors in the depth and size measurements of the 

microtube oriented diagonally in the 3D space. Similar effects of the recording distance 

on the errors can be observed. However, the position and size measurements have 

higher errors than those of the microtube oriented in the yz and xz planes. These 

results can be understood by considering that besides the under-sampling effect 

caused by the recording distance, the rotated hologram fringes are sampled with a 

lower resolution. 

12.5

13.0

13.5

14.0

14.5

15.0

15.5

4.33 4.43 4.53 4.63 4.73 4.83 4.93

De
pt

h 
po

sis
io

in
 z

 (c
m

)

Row (mm)

zz13 cm = 1.68y + 0.122

zz14 cm = 1.72y + 0.132

zz15cm = 1.69y + 0.142



72 

Table 4.7 MAEs in the position and size measurements of the 100 µm microtube  

               oriented diagonally in the 3D space, a = 45๐, b = 60๐
 and g  = 60๐ using the  

               proposed single WVD coefficient. 

Recording 

distance z 
(cm) 

Mean of 

distance z 

(cm) 

MAE of 

 distance z 

(%) 

Mean of   

radius a 

(µm) 

MAE of 

radius a 

(%) 

13.0 13.02 5.396 50.40 4.734 

14.0 14.02 4.651 50.04 4.276 

15.0 15.02 4.566 50.56 3.747 

4.2.3 Reconstructions of 3D profile of the rotated particle  

In this section, the reconstructions of the 3D microtube’s profile using the 

proposed method are presented. Tables 4.8 and 4.9 present the calculated orientation 

angles and the length of the microtube using the proposed method for the microtubes 

oriented parallel to the yz plane and in the 3D space of the bounding box in Figure 

3.9, respectively. In the case of the parallel orientation of the microtube with respect 

to the yz plane, the size dx in the hologram shown in Figure 4.9 is zero. When the 

calculated number of rows dy was equal to 51, the corresponding depth range dz can 

be obtained from the linear regression line of the difference depths at rows 275 and 

225 shown in Figure 4.11. As a result, the orientation angle g could be calculated using 

an arctan(dy/dz), while the microtube length p was calculated by using Eq. (3.34) with 

dx =0. 

Table 4.8 The orientation angles and length of the 100 µm microtube oriented parallel  

               to the yz plane for difference recording distances. 

z dx  dy  dz  a b g p  

(cm) (cm) (cm) (cm) (degree) (degree) (degree) (cm) 

13.0 0 0.66 0.36 90 61 29 0.83 

14.0 0 0.66 0.37 90 60 30 0.84 

15.0 0 0.66 0.38 90 60 30 0.84 
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The 3D plot of the 100 µm microtubes oriented parallel to the yz plane is 

shown in Figure 4.17. The hologram was recorded at the recording distance z of 14 cm. 

In the figure, the microtube profile is plotted according to row numbers 275 – 325 of 

the sensors. It is apparent that the surface of the reconstructed profile is not uniform 

because the measured diameter in each row was slightly different. 

 

Figure 4.17 3D reconstructed profile of the 100 µm microtube profile oriented parallel  

                 in the yz plane using the proposed method. The hologram was recorded  

                 at the recording distance z of 14 cm. 

In the case of the diagonal orientation, the position of the fringe center was 

first determined. After determining the orientation angles using Eqs. (3.31) – (3.33) 

discussed in Sect. 3.6, the dimensions, dx, dy, and dz, of the bounding box in Figure 

3.9 were then calculated. The calculated results are presented in Table 4.9. The 

microtube length p is slightly longer than that in Table 4.8 because dx is not equal to 

zero. 
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Table 4.9 The orientation angles and length of the 100 µm microtube oriented  

                diagonally in the 3D space for difference recording distances. 

z dx  dy  dz  a b g p  

(cm) (cm) (cm) (cm) (degree) (degree) (degree) (cm) 

13.0 0.39 0.66 0.38 45 61 59 0.86 

14.0 0.38 0.66 0.37 45 60 60 0.85 

15.0 0.39 0.66 0.38 45 61 59 0.85 

Figure 4.18 shows the 3D plot of the 100 um microtubes oriented in the 3D 

space of the bounding box in Figure 3.9. The hologram was also recorded at the 

recording distance z of 14 cm. Since the errors in the size measurement are larger than 

those of the microtube oriented in the yz plane, the nonuniformity of the 

reconstructed surface profile is more obvious. The experimental results verify that the 

proposed method can be used to reconstruct the 3D profile of the line-shaped particle 

with arbitrary orientation from in-line holograms. 
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Figure 4.18 3D profile of the reconstructed particle of z = 14 cm from the recorded  

                 in-line hologram of a line-shaped particle with a = 50 µm and the rotation  

                 angle a = 45, b = 60, and g = 60 degrees. 

 



 

 

 

CHAPTER V 

CONCLUSIONS AND THE FUTURE WORK 
 

5.1 Conclusions 

This thesis has proposed and experimentally demonstrated a new method for 

extracting the size of the line-shaped particles from the in-line holograms by using the 

spatial frequency information of the single pixel of the WVD coefficients with a 

minimum amplitude. In conjunction with the information on particle depth position 

obtained using the WVD, the thesis has also demonstrated the reconstruction of the 

3D profiles of the line-shaped particles.  

The significance of this thesis is that the particle size can be extracted without 

using information about the particle position. Therefore, the advantage of this 

proposed method is that, firstly, the error in the size measurement does not depend 

on the position information. Secondly, the sizing process is faster because it does not 

require iterative computations of the depth position of the particle. 

Theoretical analysis of the performance of the proposed method shows that 

the range of size measurement and reconstruction are dependent on the recording 

distance and the sensor resolution.  

 The feasibility of the proposed method was validated using microtubes with 80 

and 100 μm diameters. The in-line holograms of the microtubes were recorded using 

the CCD sensors at different axial positions and orientations. The proposed WVD 

analysis was done using Matlab software version 2019a, run on MacOs. The 

experimental results show that the sizing of microtubes with different orientations can 

be accurately performed by using a single computation of the proposed method. The 

error in size measurement is higher than 1% because the low-resolution of the sensor 

results in the under sampling effect. The error increases as the recording distances 

become shorter. 
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5.2 Future work 

A single computation method for tracking small particles together with the 

ability to reconstruct their shapes is highly demanded in diverse microscopic fields. As 

discussed in this proposed method, the WVD coefficient with the minimum amplitude 

can provide not only information on particle position and size but also the 

reconstruction of the 3D particle profile. Therefore, dynamic particle flow will be 

studied for future research.
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