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PENTAQUARK/ QUARK MODEL/ PARTIAL WIDTH RATIO

Since the pentaquark discovery in the LHCb collaboration, physicists have tried
to describe its structure and possible decay processes, resulting in the determination
of the quantum numbers of the pentaquark. In this research, we constructed the pen-
taquark wave functions by using the quark model under the compact pentaquark pic-
ture. The wave function was derived from the combination of 3 light quarks and heavy
quark-antiquark pair (c¢). There are two possible color singlets for pentaquarks, which
are the combination of color singlet-singlet ([111],4, ® [111].z) and color octet-octet
([21]4qq ® [21]z). The possible pentaquark configurations can be in 17 states. The tran-
sition amplitudes and partial width ratios were calculated between the pentaquark states
and the possible decay channel states. We found that the decay channels p.J /1) remained
dominant when compared with other decay channels. Meanwhile, the partial width ratio
showed that if there is no mixing among the [ = % and J = % states as well as among
the I = % and J = % states, the two states in p.J /1) channel have the same decay widths,
which indicates that P.(4440) may not be a compact pentaquark state since its decay
width is much larger than others. Our results suggested that P,(4312) might be a spin-%
particle while the spin-% may be assigned to F.(4457). Moreover, this work constructs
all possible pentaquark states by using group theory, and the pentaquark states in other
decay channels discussed in this thesis can be possibly searched and confirmed in the

future.
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CHAPTER I

INTRODUCTION

Various types of particles were discovered in hadron colliders over the past cen-
turies. In 1964, the quark model was proposed by Gell-Mann and Zweig to study the
inner structure of hadrons (Gell-Mann, 1964; Zweig, 1964) to classify the then observed
particles. The basic picture of the quark model is that baryons and mesons are composed
of three quarks (qqq) and quark-antiquark (qq), respectively.

In recent years, various efficient theoretical approaches have been developed to in-
vestigate hadronic structure such as chiral quark-soliton model (Liu et al., 2019), and the
nonperturbative effect of Quantum Chromodynamics (QCD), including phenomenolog-
ical model such as QCD inspired model. Amongst various approaches, the quark model
is still a successful method in understanding and describing the characteristics and prop-
erties of hadronic systems. For instance, the mass of the {2~ was predicted by Gell-Mann
and experimentally detected in 1964 by Barnes and others (Barnes et al., 1964). Many
years later, the quark model was still employed to study hadronic structure such as the
nucleon and its lower-lying resonances (Yan et al., 2003; Yan et al., 2010) as well as the
states of the =, (Limphirat et al., 2010).

Quark model concepts are also applied to explain the exotic hadrons which include
more quark contents than the ordinary baryon and meson. It is interesting to study the
multiquark system, such as exotic mesons named tetraquark (2-quarks and 2-antiquarks
bound state) and pentaquark or exotic baryons (4-quark and 1-antiquark bound state).
Since 2003, many observations have reported these possible exotic hadrons. The first
observation of ©" pentaquark was reported by LEPS (Yao et al., 2006) but there has
not been enough information to justify that it is a pentaquark state. In 2015, the A) —

pJ /1K~ decay process was studied by the LHCb collaboration (Aaij et al., 2015). They



proposed two possible decay processes, one is the process A) — A*.J /¢ with A* —
pK~. The experimental data were fitted by using the 14 A* states with the invariant
mass of K~ p. The results of this fitting were not a satisfactory explanation for the
A* — pK~ channel. The other process is the A) — P."K~ where P, is the hidden-
charm pentaquark states which were observed in the p.J /v channels (P;f — p.J/4) at
7 and 8 TeV proton-proton collisions. There are two pentaquarks which were reported
on this observation, the P.(4380) and the P.(4450). P.(4380) has a mass spectrum of
4380 + 8 £+ 29 MeV and a width of 205 £+ 18 4+ 86 MeV. The P.(4450) has a mass
spectrum of 4449.8 4+ 1.7 £ 2.5 MeV and a width of 39 £ 5 &= 19 MeV. The analysis of
the angular distribution of two P, leads to the possible quantum number J* as %_ and
g+ despite a possible combination between the two. Moreover, the acceptable quantum
numbers in the cases with opposite parity is also found as either (%Jr, gf) or (ng, %7).
In 2019, LHCb collaboration combined the data between Run 1 (pp collision en-
ergies of 7 and 8 TeV) and Run 2 (pp collision energy of 13 TeV). The new reso-
nance P.(4312) was observed, whose mass is 4311.9 & 0.770% MeV with a width of
9.8 +£2.77%T MeV. The P.(4450) pentaquark structure in the previous report is resulted
as the overlapped between two peaks which are the P.(4440) and the P.(4457). Both
narrow peaks have respective masses of 4440.3+1.3"}1 MeV and 4457.340.6 "3+ MeV
and widths of 20.6 & 4.9%,", MeV and 6.4 & 2.0"7-7 MeV. The spin and parity of these
P, states have not been reported, they are only suggested the possible quantum numbers
as1”,17,and 2" forthe P.(4312), P.(4440) and P,(4457), respectively. Moreover, the
LHCDb suggested that the P, states are the bound state between a baryon and a meson due
to the masses of the P.(4312) and the P.(4457) states are approximately 5 MeV and 2
MeV below the ©F D° and the ¥} D* at thresholds, respectively. While the P.(4440)*
can be ¥} D* below about 20 MeV. For a broad P, peak, the data can neither confirm
nor exclude existence of the P.(4380) state (Aaij et al., 2019). The P.(4380) state may
be overlapping peaks like P.(4450). Due to insufficient information, we did not include

the P.(4380) in this thesis.



At the same time, the J /1) resonances in the A) — p.J /1K~ process was repeated
by ATLAS collaboration and DO collaboration (ATLAS, 2019; Abazov et al., 2019).
Both collaborations confirmed the mass spectra and widths of P.(4440) and P.(4457)
which are consistent with LHCb experiment except the P.(4312) pentaquark.

In 2020, the decay process AY — pn.K~ was reported by LHCb for the first time.
The branching fraction of decay was measured by using A) — p.J /1K~ as a normal-
isation mode, which is BR(AY) — pn.K~) = (1.06 £ 0.16 + 0.067523) x 10~*. The
mass spectrum of pr), is not evidently the P.(4312)" pentaquark state (Aaij et al., 2020),
which is predicted theoretically.

Although the evidence of the P, peak structures was suggested with the molecular
picture because of the masses close to the ¥ ¥ D) at threshold and observed only in
the pJ /1 decay channel, the nature of P, is still an open question about its structure
and possible decay modes. In this work, we study the P." in the compact pentaquark
picture. We work out all possible configurations with possible decay channels in the

quark content of uudce.



CHAPTER 11

HADRON WAVE FUNCTIONS IN QUARK MODEL

To study the P. decay channels, one needs to construct the wave functions of the
initial and final states. We suppose that the initial particle is a P. compact pentaquark in
this thesis, and the final particles are baryon and meson. In this chapter, we constructed
the wave functions of hadrons in the quark model. The wave function was derived from
four degrees of freedom, which are spin, flavor, color, and spatial. The configurations
of spin, flavor, and color were studied and worked out by group theory. The general

form of the total wave function can be represented as

U= 'Qbspatialwspinqyz)flavarwcalar- (2 1)

U has to be a totally antisymmetric wave function. Due to quark confinement, the

color of hadrons should be color singlet for any multiquark systems.

2.1 The P. Wave Functions

We assume the quark contents inside the P, structure as uudce. The internal degree
of freedom in terms of flavor is u, d, and s of SU(3) symmetry, excluding charmed
quark (c) and anticharm quark (¢). All quarks are spin-% particles with colors of R, G,
and B of SU(3). Antiquarks transform under the conjugate fundamental representation.
The construction of P, wave function was considered in terms of a combination of ¢*
and quark-antiquark pair (c¢) in this thesis. The ¢ and quark-antiquark pair (cc) are
combined to form the compact pentaquark according to color confinement of hadrons,
which dictates the color wave function must be a color singlet. Thus, the wave function

zﬁgm] is required for pentaquark, which is represented as



Viogg) = - 2.2)

In the language of group theory, we can represent the permutation group by Young
tabloids (see Appendix A). We have two possible combinations of Young tabloid from
the direct product of the color wave functions of the ¢ and quark-antiquark pair (c¢) to
get the color singlet of pentaquark ([222]¢). It can either be the color singlet-singlet or

component of color octet-octet, which are

1. w€11]<q3) ® ¢ﬁ11}(06) :

Uiy(e®) ® Yy (ce) = ® (2.3)

2. ¢§1}(q3) ® w[gl](@) :

Uon (6%) ® Yoy (cE) = ® (2.4)

2.1.1 Wave Functions of ¢

In the part of ¢, we demonstrate the combination of the total wave function which
depends on the possible construction of color singlet. The total wave function can be
described in the general form with the color wave functions (1/¢) and orbital-spin-flavor

wave functions (1/?%F) in different permutation symmetries, and takes the form as

Vam = >, Y. ayp{y9" (2.5)

i:SvA7p7Aj:S7A7p7)‘
where S, A, p and A are symmetric, antisymmetric, mixed-symmetric, and mixed-

antisymmetric, respectively. The four types are representations of S3 permutation group.



They can be written in the permutation as [3], [111], [21],, and [21],, respectively.

From the possible color singlet of the pentaquark, we can determine the total wave
function of the particle. There are two possible forms of the ¢® part which follows from
Eq. (2.5).

(a) For color singlet ([111]¢),

\1;[111]@3) = ¢€11]¢85F7 (2.6)

where W(j,, is totally antisymmetric and 43" is totally symmetric.

(b) For color octet ([21]¢),

Von(e®) = Do Y iy vl (2.7)

1=p,A j=p,A

where wgl] ® ¢8ﬁF provides a singlet as indicated in Eq. (2.4).
Applying (12) element of the S3 group of permutation in Appendix A, we obtain the

wave function of color octet (Eq. 2.7) as

(12)¥py(¢°) = —Vpy(q’)

= Vi, VR — ot e, — aaton, b, t G, Y,
(2.8)

if Wo1)(¢?) is the fully antisymmetric wave function, W[21](¢*) + (12)¥[21](¢*) must

be zero.
U[21](¢%) + (12)¥[21](¢*) = 0 = axaly, Vi + ap ooy, Vot - (2.9)
hence ay \ = a,, = 0, we get

Wity (¢°) = ax oy, V1), + apatio, Vi, - (2.10)



By applying (23) element of the S5 group of permutation, we get

(23)¥1211(q”) = =¥y (q?)

1 V3 V3
= ak,p(—éﬁ/)[%h + 7¢§1]p)( 1/][%9]5 wf%ﬁF) (2.11)

V3 1 V3
+ ap,A(7¢gl}p + éi/f[gm)(?l/f[gﬁf ¢OSF)

and follow the discussion in Eqs. (2.8) - (2.10), we have a,, = —a, . The wave

function takes the form,

1
\Ij[?l}(qs) = E(Qﬂgu wng - 1/’21 ¢[gig]f) (2.12)

Eq. (2.12) shows the total wave function for color [21]¢ of the ¢® part wave function.
For the spatial-spin-flavor (%) and spin-flavor (¢°") in Eq. (2.6) and (2.12), we

can find the combination of /" in term ) and 1/°F". The 1° can be derived in terms

of ¢ and x which are the flavor and spin wave function. We can write the general form

as

\I,OSF Z Z bZ]¢O¢SF (213)

1=S,A,p,A j=5,A,p,\

Z Z Cini¢ja (2.14)

i=S,A,p,A j=5,A,p,\

where [)] is the irreducible representation of permutation group.
From Egs. (2.6) and (2.12), we have worked out the possible configuration of 1)©>%
by applying S5 permutation. The results of the combination of the spatial-spin-flavor

wave function for color singlet and octet configurations are shown in Table 2.1 and Table

2.2, respectively. The results of the spin-flavor wave function are shown in Table 2.3.



Table 2.1 The spatial-spin-flavor wave function of ¢ cluster for color singlet state.

[3losr

Orbital | Spin-Flavor

Table 2.2 the spatial-spin-flavor wave function of ¢* cluster for color octet state.

21]osr
Orbital Spin-Flavor
Blo 21]sr

21]o | [Blsr,[21]sF , [111]sp

111]o [21]sF

Table 2.3 The configuration of spin-flavor wave function for ¢* cluster.

3lFs [Blr ® [3]s 21]F ® [21]s
21lps [B]r @ [21]5 21]F ® [3]s
[21]F ® [21]5 [111]F ® [21]5

The detailed wave function of ¢® part in P, for both color singlet and octet configura-
tions in Tables 2.1, 2.2, and 2.3 are listed in Table 2.4. We assume the ¢* wave function

in the ground state.



Table 2.4 The ¢ part configuration of P, wave function.

A GRRETPEE
¢{%¢€11]¢[21}X[211
YR YhnPE X
Y YhnPeuXs)
Ui ¥y Bl X 21)

1/)[‘03}1551@[21])([21}

Color singlet model

Color octet model

In Table 2.3, the symmetry properties of spin-flavor wave function can be expanded
to the detail in terms of combination between SU(3) and SU(2). The detailed wave

functions are classified according to permutation symmetries in Table 2.5.

Table 2.5 Spin- flavor wave function of ¢* classified in language of permutation sym-
metry.

(BLBD: PP
([211,[21]): \/%(gb[m]px[zl]p + @2ty 211
((1111,[3]): @11yl
([211,[21)): %(Qs[?llpx[m]p _ l2thy 210y
(B1[21]): ¢y
(21L,[3]); o2Vl
([210[21]): 5 (@PTAx e 4 Ty 2ty
([1117,[21]):  — ottty (21
([3L[21]): o2ty EA
(21L[3]): @28l
([211,[217): %ﬁ(qﬂzupx[mp _ g2ty 211y
([111],[21]): 111y 121

Symmetric, [3]

Antisymmetric, [111]

p-type, [21],

A_type9 [2 1] A
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By the way, we have worked out the spin, flavor, and color wave function by using
the projection operators of S5 in Appendix B. The explicit forms of flavor wave function
are shown in Table 2.6. In the same way, the spin wave functions with the [3], [21],
and [21], symmetries can be derived by the projection operators. All configurations
of spin for S3 are shown in Table 2.7. We define I, I3, S, and S5 as the total isospin,
the projection isospin, the total spin, and the projection spin, respectively. The color

configuration is given in Table 2.8.

Table 2.6 Flavor wave function of ¢>.

Types Flavor (¢; 1,)
¢%7% = uuu
¢s1 = %(uud + duu + duw)

Symmetric (¢g)
= —=(ddu + udd + dud)

-
o

-5 3
¢%,—% = ddd
11 = L uud — duu — udu
Mype gy P )
¢1 1= Vl—g(dud + udd — 2ddu)
ng;’; — L(udu — duu)
pype(s,) TV
(b%,,% = Ti(udd — dud)
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Table 2.7 Spin wave function of ¢>.

Types Spin (xs.5,)
X33 = [117)
_ 1
Symmetric (xs) X34 f |TT¢ + I+ 1 iT)
Xa 1= Z= [T+ T+ )

1= 2 —
Mtype (1) X1,1 \f 220 R Ay W
" 135 |¢N + T =2 1)
11 = —= [T — It
p-type (x,) X1 ‘ >
Xi-1= 7 T =41

Table 2.8 Color wave function of ¢* part for pentaquark.

Singlet | - (RGB — RBG + GBR — GRB + BRG — BGR)

L
p type A type
Octet
1 ~5(RGR — GRR) 75 (RRG — RGR — GRR)
2 5(RGG — GRG) 75(RGG — GRG — 2GGR)
3 7(RBR — BRR) \/ilé(QRRB — RBR — BRR)

(RBG + GBR — BRG (2RGB +2GRB — GBR

N =

4 Vi2
—BGR) —RBG — BRG — BGR)
5 | 5(GBG -~ BGG) 7(2GGB — GBG — BGG)
¢ | 7z(2RGB—2GRB-GBR 3(RBG — GBR+ BRG
+RBG — BRG + BGR) —BGR)
7 | 55(RBB ~ BRB) 7;(RBB + BRB — 2BBR)

8 | =(GBB- BGB) L(GBB + BGB — 2BBG)
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2.1.2 Wave Functions of the Quark-antiquark Pair

The quark-antiquark pair color must be [111]¢ and [21] configurations for heavy
quark-antiquark pair (cc). The spin wave functions of mesons can be singlet (S = 0) or
triplet (S = 1). In this part, we worked out and listed all configurations of cc ground
state that corresponds to the ¢® part in Table 2.9. Moreover, the configuration of spin
and color are also worked out and shown in Table 2.10 and 2.11. The c¢ color wave
function was the conjugation of the ¢® or baryon color wave function. The anti-color
can be represented in the [11] pattern in group theory language as

1 1 1

R=-—(GB - BG), G=—=(BR—RB), B= NG

7 (RG —GR).  (2.15)

For example, the color singlet of baryon can be changed to color singlet of meson.

Vi1 ez = (RGB — RBG + GBR — GRB + BRG — BGR)'

= (R(GB — BG))! + (G(BR — RB))! + (B(RG — GR))!
(2.16)
= RR+ GG + BB
1

V3

= (RR + GG + BB).

Table 2.9 The wave function of cc part.

208]%0[%1])(1 Cb[ca}
VUG XoPLea
¢8}¢[€1}X1¢[cé]
¢[(§]¢[62Y1} X0¢[c6]

color singlet model

color octet model
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Table 2.10 Spin wave functions of meson.

Types  Spin(xs.s;)
X1 = [T1)
Triplet x10 = o5 [T+ 1)
X1-1 = [H)
Singlet  xo0 = 5[} — 1))

Table 2.11 Color wave function of meson.

Color list QQ
Singlet | —=(RR+ GG + BB)
Octet
1 BR
9] BG
3 —-GR
4 \/%(RR - GG)
5 RG
) P
/ 7B B ARR
ee
7 —-GB
8 RB
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2.1.3 Total Wave Functions of the F.

We show all configurations of P, in Table 2.12 by combining ¢* part of Table 2.4
and cc part of Table 2.9. In Table 2.12, we define the configuration in short form to
simplify the following discussion. We assume that the particles are in their ground state
and therefore the spatial part is a totally symmetric wave function and not included in
the short form. From the direct product between ¢* and quark-antiquark (cc) parts, the
configurations of P, can generate the states in the different quantum number of each
configuration, where [ is the total isospin and .J is the total spin. It can be following in
Eq. (2.6) and (2.12) which included with the spatial-spin-flavor configurations and spin-
flavor configurations in Tables 2.1, 2.2, 2.3, and 2.5. We define @D[% as the symmetric
state of spatial part or ground state. ¢(3 and x[3 are symmetric wave functions of flavor
(¢s) and spin (x5), respectively. ¢po1) and x[21) are mixed symmetric wave functions of

flavor (¢ and ¢,) and spin (x andy,), respectively.
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Table 2.12 All configuration of P, with the short form and possible quantum numbers.

Short form Configuration . ;
¢* part cC part
C11] FB] S8 bl v@vfidexes  ©  vavigd(c@xi 5 35555
C11] F[3] S[3] [xol  ¥@vfidmxe  ©  vguimolc@xo 3 35
OO FR1) S0 ] 9Gufubmen © v 1 L3
0[111] F[21] 5[21] [XO] ¢8]¢€11]¢[21}X[21] 02y @/}8]@/}511@(05))(0 % %
C21] F[3] S[21] [xal - vgdGndmxen ®  dgvppelcdx 5 33
C[21] F[3] S[21] [xo]  ¥vgytexe  ©  Ugvgydlcdxe 5 3
C[21] F[21] S[3] il v@aydpuxe ®  YEvpyd(c@xi 5 3303
CR1] F21] B3] [xo]  Yfgvfondpuxis @  viueydlcdxo 3 3
C21] F[21] S[21] D] vgpyfenXen ®  Ygvppélc@x 3 33
C[21] F[21] S[21] [xo ¢8}¢[§1]¢[21]X[21] ® w%wgl](b(@)){o : :
0[21] F[lll] 5[21] {Xl] ¢8}¢§1]¢[111]X[21] & @b&@/)[glﬁb(@)m 0 %, %
C[21] F[111] S[21] [xo] w[g]w[%@[ln])([m] ® 8}1#51@(05))(0 0 3

We neglected the configuration C'[21]F[111]S[21][x:] and C[21]F[111]S]21][x0]
since the P, has no s quark. Thus, the total pentaquark states are 17 states that are
listed in this thesis.

The total wave function of pentaquark can take the form as

VR V0. P XL ) © (V) et cc®(CE) Xez)
= U ® Ve Wi @ Ve [Pna @ de) X ® Xeo) (217

= [V5) [VF,)

<Z5([A],Pc> AL, Xee, jm)>Pc )
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with

H)‘]v XcEvjm»Pc - XPc(j’ m)
J1 J2 (2.18)
= Z Z CG((jlj2>j7 (mlm?)m)qu(jl,mﬂXcE(jmmz)7

mi=-—j1 ma=—7j2

where [A] is Young tabloid representation as [3], [21] and [111], which are the types of
q> part in pentaquark wave function. The Y. can either be spin zero or one state. The
Xp,.(j, m) denotes the spin wave function with pair of direct product type as subscript
term, j is the total spin, 1 is spin projection, Xgs(j, m,)» and Xce(j,,m,) are the spin of
baryon part and meson part, and C'G((712)73; (m1ms)ms) is the Clebsch-Gordan co-
efficients.

The representation meaning of [3] denote the quantum number S = 2, [21]* or [21]°
denote the quantum number S = % and [111] denote the quantum number S = 0.

In the color part, the case of [111]¢ is a direct product between the color of ¢* and
quark-antiquark pair parts for the pentaquark color singlet. In the case of [21]-, we must
sum over all possible color octet product states because each color octet will become the

color singlet by the direct product itself. The color singlet of both models can be shown

as
For [111]c,
7/’[%22},136 F ¢€11},q3 ® wﬁu],c@ (2.19)
For [21]c, .
W = 7 3 Vi © Ve (220
i=1

where i is a number of ¢> and QQ color octet states.

We concluded the color wave functions for ¢> and Q) in Table 2.13.
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gy (oggc—gog +ag90)% (gog —ga0)% 3
go—- (yggc—gug+agguy)L (qug —gan)?% L
(D5~ (yog—  (Upg+pyg —oayd+
9p 14 o 9
Y — gg2)% DYT +4dD — DIY)T gD — GUIT — 94T)
oy (909 - pgo — goo7)%L (o0g —pgn)%L
B (od — DU — DHU = (Tod—
(99 =~ 4) gD — gD+ 9o L oug —ugo+ogy): ¥
yo— (Jug - 9gy - mmm@h (yg —ug9)% ¢
o (4opoz - U — HoY)L (oo -ood)% ¢
yg  (yyo —yoy — oyy) L (o —yon)%L 1
19100
@@ adKy X b adKy dcb
(gg+ (Yog — oyg + gudH—
= 1913U1
o0 +yy)L yeao +ogy - goy)L TS
OO ¢P

“renbejuad 10J UOSOW pue UOATRQ JO UOHOUNJ JABM I0[0)) €]°T dqEL
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2.2 Wave Functions for Decay Channels

The final particles are baryons and mesons which could either be [gqq] and [c¢] or
[qqc] and [g¢], but only color singlet states. We denote the final particle [qqq| [cc| as
hidden charm decay channels and [gqc] [¢¢] as open charm decay channels. In the case
of a hidden charm channel, the hadron wave function can be taken from the ¢* part and
quark-antiquark pair part in the pentaquark wave function. We obtain the baryon wave

functions in the following form
\I’[nl](qg) | 1/)&1/)&1]2#%@3 (2.21)

\Ij[lll](q%) = ¢f§]¢ﬁll]w§fq2 ®¢SF (2.22)

For the baryon wave function, we can follow the combination ¢»°* in Table 2.3 for
¢® and Table 2.14 for ¢>c. The flavor wave function for ¢* and ¢*c can be expanded
according to Table 2.6 and Table 2.15, respectively. In terms of spin and color wave

function, both configurations are also the same as in Tables 2.7 and 2.8, respectively.

Table 2.14 The configuration of spin-flavor wave function for open charm baryon.

2lrs | 2]lF ® [2]s [11]F ® [11]s

M]es | 2]r @ [11]s [11]p ® [2]s




Table 2.15 Flavor wave function of open charm baryon.

Types Flavor (¢r,1,)

¢1,1 = uuc
Symmetric (¢s,.) N \/%(“dC + duc)
¢1,—1 = ddc

Antisymmetric (pac) oo = \/%(udc — duc)

The full wave function of baryons for both configurations is given in Table 2.16.

Table 2.16 Full wave function of baryons.

flavor configuration Particle wave function

A YU XE o

P YRV Xende

2 R X
qqc X YgiigXende

@Z}%@Dﬁn]){[zuﬁ[n]

499
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The wave function of meson are given in Table 2.17. The spin and color wave

function provided in the Tables 2.10 and 2.11, respectively.



Table 2.17 Full wave function of mesons.

flavor configuration Particle wave function

T/ Y i
ne VY XoPlad
D* gy xadue
VY1 X0Pla

]

2.3 Spatial Wave Function of Hadrons

20

From quantum chromodynamics (QCD), we expect confinement at low energies.

Thus, we approximate spatial wave functions by a harmonic oscillator. Furthermore, the

harmonic oscillator wave functions can serve as a complete basis of the multiquark wave

function. The explicit form is derived from the non-relativistic Schrodinger equation

with the Hamiltonian of the N-quark system as

After introducing Jacobi coordinates, the complete Hamiltonian reads

p2
Hr = 5+ C(07),

2m
2 2
Px” | Pp 2, 2
Hp ==+ = +3C(\
¢ 2m+2m+ ( +p)a
n? p? p.l gl
Hpqe =5 =+ 50+ S+ 2 + 50N + p + 0 + X7,

T 2m  2m 2M T 2uy

(2.23)

(2.24)
(2.25)

(2.26)
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where

— 1 — —
p= E(ﬁ —73), (2.27)
-1
A= —6(1 + 75 — 273), (2.28)
7= (-7 (2.29)
0=—F—=(rs—75), .
\/i 4 5
— 1 — — — — —
X = 5(2( L+ Ty +75) — 3(Fy + 75)), (2.30)
d 1 — —
Py = —2(p1 — Pa), (2.31)
. T . .
Da = —6(]?1 + Py — 2p3), (2.32)
— 1 — —
Do = ﬁ(m — P5), (2.33)
. V5 (2M(py + Pa + Ps) — 3m(ps + ) 2349
Px =775 3m + 20 ) :
>mM
=— 2.35
ST 3 aM 2.35)

where p1, pa, P3, P4, and p5 are the momenta of quarks, 7, 75, 773, 74, and 75 are position
coordinates of quarks. C'is the coupling constant. m and M are the mass of light
quark(q) and heavy quark(Q), respectively.

The ground state wave functions in momentum space can be written as

_R? . .
1/182:N6Xp|: 8M(pi/—pj/)2], (2.36)
o (=R (5 =N (Bt — 25\
9 =N exp[ - ((pfﬁp’“> +<?w+p> >] (2.37)

_R§3 <171—172>2+ (}71 +ﬁ2—2ﬁ3>2
2 V2 V6

2
R <¢5 OM (B + Ps + 7) — 3m (7 +ﬁ5))

exp (2.38)

6 3m +2M

_R2 e 2
eXp 2Q2<4 25>]7




22

where N, N', and N are the normalization constants. These wave function will be used

for calculating the decay probability which is discussed in the next chapter.



CHAPTER III

DECAY CHANNELS OF P

In this chapter, we describe the method to obtain the transition amplitude of open
channels of P, states that were constructed in the previous chapter. It was employed to
describe the decay processes by considering quark contents. The possible decay pro-
cesses must follow the OZI rule, which states that a Feynman diagram is suppressed
when the transition from the initial to the final state could be separated without cutting a
quark line (Le Yaouanc et al., 1988). In this work, we consider the compact pentaquark
decay. It has two possible decay processes with different final states. The decay pro-

cesses are shown in Figures 3.1 and 3.2.

q1 »(d6
P 92 " 497 | Baryon
14 »\38

Cq &
£ k ncw]/w

Figure 3.1 The direct decay process diagram.

qi1 » (6

q2 » g7
e % "

Ca _

_ ()

Figure 3.2 The cross decay process diagram.
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3.1 Transition Amplitudes

The transition amplitude between pentaquark and final states (baryon and meson) is

T= <1/}final| O |winitial> ; (31)

where O denote the operator associated with the transition amplitude. For our work, the

operator O takes the form as,

Oa = MG — G6)0° (@ — §)0° (@ — G5)0° (0 — )0° (@5 — Gro)s  (3.2)

Oc = X0 (4 — 36)0° (@ = G7)0° (G — 3)0° (@ — G5)0° (G5 — To),  (3.3)

where d and ¢ stand for direct diagram and cross diagram, respectively.

From Egs. (2.17) and (2.18), we obtain the states of P. as

Up.)

[Ty = > > CG((jrj2) s (mama)m) [¢:2)

mi=-—j1 ma=—7j2

PP

|Xq3(j1,m1)> |XCE(jQ,m2)> > 3.4

For the final particle, the baryon and meson wave functions can be separated by
considering the decays diagram as shown in Figures 3.1 and 3.2:

1. The direct decay process diagram, the ¢® baryon is formed as

W) 5 =[98 [¥ia) leon) xan) » (3.5)

where [\] ([3] or [21]) in the flavor and the spin part of final baryon ¢® must be the same
type to get the total symmetric spin-flavor wave function.

The final mesons are

)y = |¢1(\)/.f> W[C{uﬂ [p(ce)) [x) (3.6)
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where y can either be spin zero and spin one state which are given in Table 2.10.

Thus, the final particle obtains the direct product form as

|\Ij>1 = |¢Baryoaneson>
= Wgw[?n}ﬁb([/\} X(ALa?) > |¢M¢[111 PeeX)

= |3v5) |¢[111 Ban) [Pa3)ee) [X(.2) @ X)

J1

= Z Z CG((j1J2)J; (mama)m)

mi=-—ji me=—7j2

|XB(j17m1)> ’XM(jz,m2)> W}g@bgﬁ |¢[€11]B,M> |¢([>\},q3)c6> . (37)
f

2. The cross decay process diagram reads

¥) 5 W’B) |¢[111 ) |¢( > |X( A],42) > (3.8)

where [\] ([2] or [11]) in flavor and spin part of final baryon ¢*c must be the same to get
the total symmetric spin-flavor wave function.

The meson in the final state are

|\I’>M T |1/}]?4> W[?n]) |¢qa> X) - (3.9)

Thus, the final particle can get the direct product form as

|\Il>1 = |¢Ba7‘y0n1/}Meson>
|¢B¢[111 1,a3) X ([\],¢3) > |¢M1/}[111 PezX)

= |YBUEr) Iw(’fn]B M) [Bn.yee) [X (. @ X)

= Z Z CG((j1j2)J; (myma)m)

mi1=—j1 ma=—/jz2

IXBGi1m1) § XM (jaima)) VBV 105 a0) |D(N.G)ee) (3.10)
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2. The cross decay process diagram reads

W) g W’B) |9 111]> [% ((\.q?) > |X( \],q2) > (3.11)

where [\] ([2] or [11]) in flavor and spin part of final baryon ¢*c must be the same to
get the total symmetric spin-flavor wave function.

The meson in the final state are

’\II>M = |1/’1(\)4> W’[(inﬂ |¢qa> X) - (3.12)

Thus, the final particle can get the direct product form as

|‘I’>2 = ’¢Baryon,¢ﬂfeson>
W)B¢ 111]925( N,a2)e X ([N],q2) > |¢M¢[111 ¢5ch>
= Wg%oﬂ I@/)[(fu]B,M) |¢([/\],q2)c ® ¢q6> |X([>\],(12C) ® X)
= 95U ; [Wis.a) (Dl @ia)e @ Pac) [D((a¢%)ce)

X(Le®) @ XIX(PLa)e @ Xae) [X(.e2) ® X)

J1 J2
Z Z CG((jrj2)d; (mama)m) [Xp(i1ma)) [XM(Gasms))

mi1=—j1 ma=—/j2
Wgwgﬁ |¢€11]B7M> <¢([z\]7q3)cék¢([z\]7q2)c ® Ggc) |¢([/\],q3)05>

XL @ XIX(ALg2)e D Xaz) - (3.13)

Due to the calculation of the inner product with initial state and final state, we can

employ the Wigner’s 9-j symbols in Appendix C to find the coefficient of

<¢ (A, q3)cr2|¢ (M\,g2)e @ ¢q0> and < X(N,¢3) @ X’X( \g2)e @ Xq5>-
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From Eq. (3.1), we obtain the transition amplitude of both diagrams by using the
wave function in Egs. (3.4), (3.10) and (3.13). For the direct decay process, the transi-

tion amplitude is

Ty = Wvir] O [We) (Wiiysa V) (SN aree, [ PN 0)ce:)
J1 J2 7 72
SO S Y COG)is (muma)m) CG(i) s (mimim)
m1=—j1 ma=—ja mh=—j} mh=—j,

<XB(j;,m'1)|XB(j1,m1)> <sz1(j§.,m’2)\sz1(j2,m2)> . (3.14)

The transition amplitude for the cross decay process is evaluated as

T = <¢gi/1]?/[\ O; W’JQJ <w€11}B7M|¢gC> <¢([A],q3)céf|¢([A],q3)c@~>
J1 J2 7 Ja
Yood D D CG(()i (mame)m) CG((fa)f'; (mimy)m!)
mi=—j1 ma=—j2 my=—j1 mh=—j}
(XB(;m) IXBG1m)) XaaGmy) | XM Gayme))

(XP1e?) @ Xtor ol X(N.a2)e @ Xae) {P(Ng%)eel P(A,g2)e @ Paz) - (3.15)

3.2 Spin-Flavor-Color Transition Amplitude

In this section, the spin-flavor-color transition amplitude is calculated to find the pos-
sible channels. We employ the wave functions of P, and final states which are discussed
in the previous section to determine the transition amplitude which were evaluated and
provided in Tables 3.1 and 3.2 with isospin % and %, respectively. In these tables, C'[\]
is the type of color product of pentaquark. F'[\], and S[)\] are the ¢® configurations of
flavor and spin. 1] and [xo] are the spin of c¢. The transition amplitudes in Egs. (3.14)

and (3.15) are calculated.
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Table 3.1 The allowed spin-flavor-color transition amplitudes for I = 3/2 of pentaquark.

P, Configuration J” An. AJ/y D %.D X:D* ¥.D*
CLFEISBING] 3 1 .

CLFBISEIa] & A L
CLLFESE)e] 2 Lol VAR
CFBEISEI ] 5 Vi
CRUFBISRYN] & 2 EEY. B
CRUFBISRUN] 4 RN
CRUFRFSRN] L R
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3.3 Partial Decay Width

The partial decay width for the transition of P, states to baryon-meson final states

can be calculated by Fermi’s Golden Rule (in the center of mass frame)

Ffi = 27T‘Tfi|2p<Ef), (316)

where p(Ey) is the density of final state.

dPpg dPpy, | .
Lppu = (27r)4/ (27]:; (2% 5 (P + par)d(mp, — Ep — Ex)|Tra(Q)?, (3.17)

1
Up, py = e / ¢*dgdQY 6(m — Eg — Ex)|T7.4(Q)?, (3.18)

where m is the P. mass, ¢ is the final momentum, and Epy = (/m% 5 + ph 18

the energy of the outgoing baryons and mesons with mass m ), and momentum p a

which is equal |¢]. We can calculate this equation by using the property of d-function

Q| EpEy / 9
Up oy = o | dUTs:(9)]" (3.19)
& (27T)2mpa

The transition amplitude of the partial decay width for the transition can be written
as

ponn = Cf (B, M)[(077C 10779 2, (3.20)

where C is a constant, (1)7"C[¢7"C) is the transition coefficient between initial and
final states, and the function f(B, M) is the kinematical phase-space factor depending
on the relative momentum and the masses of baryon and meson. Due to the harmonic
oscillator approximation with the particles in ground state, f(B, M) is replaced by the

phenomenological function (Vandermeulen, 1988; Gutsche et al., 1997; Gutsche et al.,
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1999; Srisuphaphon et al., 2016)

f(B,M) = ’(ﬂj—l@ exp{—1.2 GeV ! (s — 50)"/?}, (3.21)
P

c

with so = (m + mar), |3 = gk /(2 + (mp — mar)?)(m2, + s0).

2mp,
Vs = (mE + )Y+ (md, 4+ ¢*)V? and B\ B, = %(mfw —m% —mi; — 2¢%).

We calculate the phase space factor from Eq. (3.21) by using the initial particles
as P.(4312), P.(4440) and P.(4457) with the processes P. — Bmn., P. — BJ/1,
P. — B.D and P. — B.D*. The results of our calculations are listed in Table 3.3.

In Table 3.3, the phase space factor does not allow the . D* and ¥* D* channels

because the energy of all three P. are sufficient here. Thus, we need to eliminate these

two decay channels for consideration of allowed channels.

Table 3.3 Phase space factor for P.(4312), P.(4440) and P.(4457) with possible pro-
cesses.

Total mass of
Final particles P.(4312) P.(4440) P.(4457)
final particles (GeV)

Pe 3.922 0.08056  0.07038  0.06911
Ane 4214 0.12653  0.11442  0.11221
pJ /Y 4.035 0.08929 0.07827  0.07686
AJ /4 4327 N/A 0.12631  0.12516
A.D 4.157 0.15350  0.13097  0.12797
.D 4.325 N/A 0.16237  0.16014
YD 4.390 N/A 0.16176  0.16517
A D* 4297 0.12507 0.16132  0.15847
¥.D* 4.465 N/A N/A N/A

¥ D* 4.530 N/A N/A N/A




32

3.4 Partial Decay Width Ratios

We can find the normalized partial decay width of states which takes the form

L fBs M)W 1e7 ) (3.22)
Tres  J(Brops Myoy)[(USFC[USTON2, |

where I'; is the decay width of arbitrary allowed decay channels and I, ; is the reference

decay width that we choose.

We study the partial decay width ratio for the possible allowed decay channels. In the
following tables, the squared transition amplitude of the three experimentally observed
P. (P.(4312), P.(4440) and P.(4457)) are given in three sub-rows.

We consider the partial decay width ratio under the conditions as:

1) Choose one mode as the reference channel for each configuration (Shown in Ta-
bles 3.4 and 3.5)

2) Choose P.(4312) — pJ /1 as reference channel for all configurations (Shown in

Tables 3.6 and 3.7).
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CHAPTER 1V

DISCUSSIONS AND CONCLUSIONS

In this thesis, we studied the P, states in the compact pentaquark picture. We con-
structed all possible wave functions by group theory. There are totally 17 states includ-
ing the quantum number in terms of isospin and total spin (I, J”) as (£,27), (3,27),
Gz G336y hand (g ).

By energy conservation, the possible decay channels are pn., An., pJ /v, AJ /1,
A.D, ¥.D, Z;ﬁD and A,D*. Among these 17 pentaquark configurations, the state
C[21]F[21]S[3][x1] with total spin 5/2 has no allowed channel in all of the eight possible
final states. Thus, we did not include this state in this study.

We studied the partial width ratios of each P, configuration in Tables 3.4 and 3.5,
which chooses one mode as a reference channel. The other modes in the same configu-
ration are calculated corresponding to this reference channel. The three P, in the exper-
imental observations are described in any of these 17 configuration states because the
experimental reports have not determine the isospin and spin of each P, state. The spins
of P.(4312), P.(4440) and P,(4457) are suggested by LHCb as 3, £, and 2, respectively.
The results of Tables 3.4 and 3.5 show that the p.J /1) channel is open for only two states
in the isospin 1/2 configuration which are C[111]F'[21]S[21][x1] with spin £ and . For
the configuration C[111]F[21]5[21][x1] with spin 2, the P,(4312) has one more open
charm decay channel (A.D*) while P.(4440) and P.(4457) have two more open charm
decay channels (X D and A.D*). For the configuration C[111] F[21]S[21][x;] with spin
1, P.(4312) has two more open charm decay channels (A.D and A.D*) while P,(4440)
and P.(4457) have three more open charm decay channels (X.D, A.D and A.D*). In

addition, the p.J /1) channel is still dominant over the open charm decay channels in each

P, configuration.
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In another consideration, the four / = % and J = % states in Table 3.6 could linearly

1

combine to form four physical states. The same goes with the five I = % and J = 3

states in Table 3.7. Therefore, there could possibly be nine charmonium-like pentaquark
states, which may decay into p.J /¢). Based on the decay ratios in Tables 3.6 and 3.7, we
suggest charmonium-like pentaquarks to be searched in other channels too, especially in
the pn. channel. Experimental data of decay branching widths to all dominant channels
are key to reveal the nature of these charmonium-like pentaquark states.

1 3

If there is no mixing among the / = ; and J = 3 states as well as among the

I = % and J = % states, there are only two states with the pentaquark configuration
C[111]F[21]S[21][x1] that may decay through the p.J /1) channel. Therefore, one may
describe only two of the three observed P. in the compact pentaquark picture. Mean-
while, we employed the P.(4312) — p.J /1 channel to normalize the all allowed chan-
nels for [ = % which are shown in Table 3.7. Our results show that the configuration
C[111]F[21]S[21][x1] states with spin 3 and 1 have the same decay width ratios in the
pdJ /1 decay channel which indicates that P.(4440) may not be a compact pentaquark
since its decay width is much larger than the other observed F.. This results suggest that
one may assign J =  to P.(4312) and J = 3 to P.(4457).

In the future, if the experimental branching ratios does appear in the decay channels
Pe> AoD and A, D* larger than p.J /¢, then P,.(4312) may not be a compact pentaquark.
Also if the experimental branching ratio of A, is less than p.J /1, then P.(4312) may
also not be a compact pentaquark because the our calculation of width ratios get the op-
posite way. Even though the partial width ratios of the four possible open charm decay
channels are small when they normalized by P.(4312) — p.J /1, they may probably be
found in a future experiment. So far we have only observed P. — P.J /1), the remaining
seven possible decay channels should be searched in the future for pentaquark. How-
ever, the study of hidden charm pentaquarks needs more experimental information to

confirm its structure. This thesis serves a model to learn about the structure of P, in the

compact pentaquark picture.
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APPENDIX A

PERMUTATION GROUP

In this thesis, we consider the baryon which corresponds to S3 permutation group.
This permutation has 3! or 6 members : e, (12), (13), (23), (123),(132).
The conjugacy class of S3 can be represented by Young tabloids. Young tabloids can be
systemically constructed by the following rules:
(1) Number of the box equal to number of n in .S,
(2) Number of the top box and right box always larger than or equal to the below and
left box

For the 3-quarks, we employed S3 permutation group. The Young tabloids have 3

irreducible representation which are [3], [21], and [111].

Fo

I

We can label and fill the number of each box to determine the dimensions of irre-
ducible representation. Young tableaux can be constructed by the following rules:
(1) the number in a box differs from any number in other boxes.
(2) the numbers in a row must increase from left to right.

(3) the numbers in a column must increase from top to bottom.
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Therefore, the dimension can correspond to Young tableaux and be listed below:

3] 1]2]3 r=1
112 3

[21] : r=2
3 2
1

111] : 2 r=1
3
i

where r is dimension of irreducible representation.

We know the singlet representation in the Young tabloids is [111] in case of 3-quarks
when we put the different quarks (u, d, and s) or color (R, G, and B) into the boxes. We
must get only one possible which follow the dimension. In case of the P., we also get
the singlet as [222].

The group elements of permutation group can be defined by Yamanouchi basis. The

Yamanouchi basis utilized in this thesis is written in the form

B =N (Pa sty =, m)]) (A1)

where [A] is the young tabloid, r; stands for the row from which a box is removed in the
order of large number to small number.

The operation of the element (n — 1, n) on the standard basis of S,, follows the rules:

(n=1,n) [[A](r,r,Tna, ..., 72, 1)) = +|[N(r, 7, r=2y ..., 72, 1))
(A2)

(n=1,n) [\ (r,r=1, 1m0, ..., 79, 1)) = — |[[A](r, r—1, rp—a, ...y 72, 1))
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when |[A](r—1,r, 7-9, ..., T2, 1)) not exists, and

(n—=1,n) [[A](r, 8, "n-2y ..y T2, 71)) = /1 — 02 |[A] (8,7, Pr—2y oy T2, 711))

+UT$ |[/\] (T7 S, Tn-2,---,T2, T1>>

(A.3)

when |[A](7, s, Tn-2, ..., T2, 71)) and |[A](s, 7, 72, ..., T2, 71)) all existand r # s. For [A\] =

[A1, A2y ooy Ape Ase Ay ], we have

1
s = A4
o ) (hes) (&4
For other elements there is an additional formula from group theory,
(i,n) = (n=L,n) (i, n—1)(n—1,n) (AS5)

Finally, we get the group element for S3 which are shown below:

(1) Matrix representation of S5[3]
DB(12) = D¥(13) = DV¥I(23) = <1>
2) Matrix representation of S3[21]

0 —1 —/3/2  1/2

~1/2 V/3/2
V3/2 1/2

DP(23) =



(3) Matrix representation of S3[111]

DBI(12) = DBI(13) = DPI(23) = (—1)
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APPENDIX B

PROJECTION OPERATORS

The explicit form of the baryon spin and flavor functions can be easily derived in
the framework of the Yamanouchi basis developed in the permutation group. One needs
to work out the projection operators for the Young tableaux of the multiplet states, and
then act the operators onto certain state configurations. The projection operators corre-
sponding to the Yamanouchi basis function |[A|(7)), of the representation [A] of S,, take

the form

Wey = ST PN ) P (B.1)

2

where P; stand for all the permutations of .S,,.

We directly worked out the projection operators of S3, which are written by

P =1+ (12) + (13) + (23) + (123) + (132)

P=1+ 1(12) — 1(13) — 1(23) — 1(123) - 1(132)

TS ST PR (B2)
PP=1= 5(12) + 5(13) + 5(23) = 5(123) - 5(132)

PA=1-(12) — (13) — (23) + (123) + (132)

where P°, PP, PP, and P are the projection operators for symmetric, \-type sym-
metric, p-type symmetric, and antisymmetric state, respectively. For example, we ap-

plied the projection on the flavor state uud (with u = ¢, and d = ¢,) as
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For flavor symmetric wave function([3]),

PSujugds = ujuads + usuyds + dsusuy + updsus + usdsug + dstqus
= 2uud + 2udu + 2duu

1
= ¢ = —(uud + duu + udu) (B.3)

V3

For flavor mixed-type wave function ([21]),

2lu|u
31 '|d
5\ Il 1 1
P U1U2d3 = U1U2d3 + Uguldg - §d3U2U1 3 §U1d3U2 - EUngul — §d3U1U2
= 2uud — udu — duu
1
A
= ¢" = —(2uud — duu — udu B.4
¢ \/6( ) (B.4)
113 ||ulu
21 '|d
1 1 1
Ppuld2U3 = U1d2U3 — ng1U3 11 §U3d2U1 3 §U1'U,3d2 — §d2U3U1 — §U3U1d2
3
= —udu — §aluu
2 2

= ¢ = %(udu — duu) (B.5)



APPENDIX C

WIGNER'’S 9-J SYMBOLS

In the calculation of pentaquark system, the changing of states with coupled pair of
quarks for final state were necessary to prepare state for easier calculation. Wigner’s
9j symbols mainly employed in the coupling of four angular momenta. Suppose that
there are four angular momenta fl, J;, Jfo, and Jz, the simultaneous eigenstates of the

operators |JZ, J;.) are |j;m;). The direct product states

|71729374; maimamsgmy) = |j1ma) |jame) [jsms) |jama) (C.1)

are the eigenstates of the operators |.J2, J;.). For given j; withi=1, 2, 3, 4, these states
form a complete basis in the direct product space of dimension (2j; +1)(272+ 1) (275 +

1)(2j4 + 1) with transformation corresponding to the direct product representation
D(X) = D' (X) ® D”(X) ® D(X) @ D () (C.2)

we get the infinitesimal operator is J = J; + Jy 4+ Js + J4. There are different
ways to couple the four angular momenta to get the same total angular momentum, For

example

|(J1 ® J2)j1s @ (J3 @ Ja)jsas JM) (C.3)

or

|(]1 & j3)j13 ® (]2 ® j4)j24;jm> (C4)
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The relation between the above bases is

|(.71 ® j2)j12 ® (]3 & j4)j34;jm> - Z <(j1j3)j13 (j2j4)j24;jm|(j1j2)j12 (j3j4)j34;jm>

J13j24

‘(]1 ® j3)j13 ® (]2 ® j4)j24;jm>

(C.5)
with
((9173) 413 (52J4) oss I (5152) 12 (J3J4) o3 TT0)
J1 J2 o Ji2 (C.6)
Vi + D22+ D)2+ D(2ia+ 1) S js ja jaa
J13 Joa ]
where
Ji o J2 Ji2
J3  Ja Jsa
J13 Joa J

is called Wigner’s 9] symbols.
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