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CHAPTER I

INTRODUCTION

Various types of particles were discovered in hadron colliders over the past cen-

turies. In 1964, the quark model was proposed by Gell-Mann and Zweig to study the

inner structure of hadrons (Gell-Mann, 1964; Zweig, 1964) to classify the then observed

particles. The basic picture of the quark model is that baryons and mesons are composed

of three quarks (qqq) and quark-antiquark (qq̄), respectively.

In recent years, various efficient theoretical approaches have been developed to in-

vestigate hadronic structure such as chiral quark-soliton model (Liu et al., 2019), and the

nonperturbative effect of Quantum Chromodynamics (QCD), including phenomenolog-

ical model such as QCD inspired model. Amongst various approaches, the quark model

is still a successful method in understanding and describing the characteristics and prop-

erties of hadronic systems. For instance, themass of theΩ− was predicted byGell-Mann

and experimentally detected in 1964 by Barnes and others (Barnes et al., 1964). Many

years later, the quark model was still employed to study hadronic structure such as the

nucleon and its lower-lying resonances (Yan et al., 2003; Yan et al., 2010) as well as the

states of the Ξb (Limphirat et al., 2010).

Quark model concepts are also applied to explain the exotic hadrons which include

more quark contents than the ordinary baryon and meson. It is interesting to study the

multiquark system, such as exotic mesons named tetraquark (2-quarks and 2-antiquarks

bound state) and pentaquark or exotic baryons (4-quark and 1-antiquark bound state).

Since 2003, many observations have reported these possible exotic hadrons. The first

observation of Θ+ pentaquark was reported by LEPS (Yao et al., 2006) but there has

not been enough information to justify that it is a pentaquark state. In 2015, the Λ0
b →

pJ/ψK− decay process was studied by the LHCb collaboration (Aaij et al., 2015). They
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proposed two possible decay processes, one is the process Λ0
b → Λ∗J/ψ with Λ∗ →

pK−. The experimental data were fitted by using the 14 Λ∗ states with the invariant

mass of K−p. The results of this fitting were not a satisfactory explanation for the

Λ∗ → pK− channel. The other process is the Λ0
b → P+

c K
− where P+

c is the hidden-

charm pentaquark states which were observed in the pJ/ψ channels (P+
c → pJ/ψ) at

7 and 8 TeV proton-proton collisions. There are two pentaquarks which were reported

on this observation, the Pc(4380) and the Pc(4450). Pc(4380) has a mass spectrum of

4380 ± 8 ± 29 MeV and a width of 205 ± 18 ± 86 MeV. The Pc(4450) has a mass

spectrum of 4449.8± 1.7± 2.5MeV and a width of 39± 5± 19MeV. The analysis of

the angular distribution of two Pc leads to the possible quantum number JP as 3
2

− and
5
2

+ despite a possible combination between the two. Moreover, the acceptable quantum

numbers in the cases with opposite parity is also found as either (3
2

+, 5
2

−) or (5
2

+, 3
2

−).

In 2019, LHCb collaboration combined the data between Run 1 (pp collision en-

ergies of 7 and 8 TeV) and Run 2 (pp collision energy of 13 TeV). The new reso-

nance Pc(4312) was observed, whose mass is 4311.9 ± 0.7+6.8
−0.6 MeV with a width of

9.8± 2.7+3.7
−4.5 MeV. The Pc(4450) pentaquark structure in the previous report is resulted

as the overlapped between two peaks which are the Pc(4440) and the Pc(4457). Both

narrow peaks have respective masses of 4440.3±1.3−4.1
−4.7MeV and 4457.3±0.6−4.1

−4.7MeV

and widths of 20.6± 4.9+8.7
−10.1 MeV and 6.4± 2.0+5.7

−1.9 MeV. The spin and parity of these

Pc states have not been reported, they are only suggested the possible quantum numbers

as 1
2

−, 1
2

−, and 3
2

− for the Pc(4312), Pc(4440) and Pc(4457), respectively. Moreover, the

LHCb suggested that the Pc states are the bound state between a baryon and a meson due

to the masses of the Pc(4312) and the Pc(4457) states are approximately 5 MeV and 2

MeV below the Σ+
c D̄

0 and the Σ+
c D̄

∗0 at thresholds, respectively. While the Pc(4440)
+

can be Σ+
c D̄

∗ below about 20 MeV. For a broad Pc peak, the data can neither confirm

nor exclude existence of the Pc(4380) state (Aaij et al., 2019). The Pc(4380) state may

be overlapping peaks like Pc(4450). Due to insufficient information, we did not include

the Pc(4380) in this thesis.
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At the same time, the J/ψ resonances in the Λ0
b → pJ/ψK− process was repeated

by ATLAS collaboration and D0 collaboration (ATLAS, 2019; Abazov et al., 2019).

Both collaborations confirmed the mass spectra and widths of Pc(4440) and Pc(4457)

which are consistent with LHCb experiment except the Pc(4312) pentaquark.

In 2020, the decay process Λ0
b → pηcK

− was reported by LHCb for the first time.

The branching fraction of decay was measured by using Λ0
b → pJ/ψK− as a normal-

isation mode, which is BR(Λ0
b → pηcK

−) = (1.06 ± 0.16 ± 0.06+0.22
−0.19) × 10−4. The

mass spectrum of pηc is not evidently the Pc(4312)
+ pentaquark state (Aaij et al., 2020),

which is predicted theoretically.

Although the evidence of the Pc peak structures was suggested with the molecular

picture because of the masses close to the Σ+
c D̄

(∗)0 at threshold and observed only in

the pJ/ψ decay channel, the nature of Pc is still an open question about its structure

and possible decay modes. In this work, we study the P+
c in the compact pentaquark

picture. We work out all possible configurations with possible decay channels in the

quark content of uudcc̄.

 



CHAPTER II

HADRONWAVE FUNCTIONS IN QUARKMODEL

To study the Pc decay channels, one needs to construct the wave functions of the

initial and final states. We suppose that the initial particle is a Pc compact pentaquark in

this thesis, and the final particles are baryon and meson. In this chapter, we constructed

the wave functions of hadrons in the quark model. The wave function was derived from

four degrees of freedom, which are spin, flavor, color, and spatial. The configurations

of spin, flavor, and color were studied and worked out by group theory. The general

form of the total wave function can be represented as

Ψ = ψspatialψspinψflavorψcolor. (2.1)

Ψ has to be a totally antisymmetric wave function. Due to quark confinement, the

color of hadrons should be color singlet for any multiquark systems.

2.1 The Pc Wave Functions

We assume the quark contents inside the Pc structure as uudcc̄. The internal degree

of freedom in terms of flavor is u, d, and s of SU(3) symmetry, excluding charmed

quark (c) and anticharm quark (c̄). All quarks are spin-1
2
particles with colors of R, G,

and B of SU(3). Antiquarks transform under the conjugate fundamental representation.

The construction of Pc wave function was considered in terms of a combination of q3

and quark-antiquark pair (cc̄) in this thesis. The q3 and quark-antiquark pair (cc̄) are

combined to form the compact pentaquark according to color confinement of hadrons,

which dictates the color wave function must be a color singlet. Thus, the wave function

ψC
[222] is required for pentaquark, which is represented as
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ψC
[222] = . (2.2)

In the language of group theory, we can represent the permutation group by Young

tabloids (see Appendix A). We have two possible combinations of Young tabloid from

the direct product of the color wave functions of the q3 and quark-antiquark pair (cc̄) to

get the color singlet of pentaquark ([222]C). It can either be the color singlet-singlet or

component of color octet-octet, which are

1. ψC
[111](q

3) ⊗ ψC
[111](cc̄) :

ψC
[111](q

3)⊗ ψC
[111](cc̄) = ⊗ (2.3)

2. ψC
[21](q

3) ⊗ ψC
[21](cc̄) :

ψC
[21](q

3)⊗ ψC
[21](cc̄) = ⊗ (2.4)

2.1.1 Wave Functions of q3

In the part of q3, we demonstrate the combination of the total wave function which

depends on the possible construction of color singlet. The total wave function can be

described in the general form with the color wave functions (ψC) and orbital-spin-flavor

wave functions (ψOSF ) in different permutation symmetries, and takes the form as

ΨAsym =
∑

i=S,A,ρ,λ

∑
j=S,A,ρ,λ

aijψ
C
i ψ

OSF
j (2.5)

where S, A, ρ and λ are symmetric, antisymmetric, mixed-symmetric, and mixed-

antisymmetric, respectively. The four types are representations ofS3 permutation group.
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They can be written in the permutation as [3], [111], [21]ρ, and [21]λ, respectively.

From the possible color singlet of the pentaquark, we can determine the total wave

function of the particle. There are two possible forms of the q3 part which follows from

Eq. (2.5).

(a) For color singlet ([111]C),

Ψ[111](q
3) = ψC

[111]ψ
OSF
[3] , (2.6)

where ΨC
[111] is totally antisymmetric and ψOSF

[3] is totally symmetric.

(b) For color octet ([21]C),

Ψ[21](q
3) =

∑
i=ρ,λ

∑
j=ρ,λ

aijψ
C
[21]i

ψOSF
[21]j

, (2.7)

where ψC
[21] ⊗ ψOSF

[21] provides a singlet as indicated in Eq. (2.4).

Applying (12) element of the S3 group of permutation in Appendix A, we obtain the

wave function of color octet (Eq. 2.7) as

(12)Ψ[21](q
3) = −Ψ[21](q

3)

= aλ,λψ
C
[21]λ

ψOSF
[21]λ

− aλ,ρψ
C
[21]λ

ψOSF
[21]ρ − aρ,λψ

C
[21]ρψ

OSF
[21]λ

+ aρ,ρψ
C
[21]ρψ

OSF
[21]ρ ,

(2.8)

if Ψ[21](q
3) is the fully antisymmetric wave function, Ψ[21](q3) + (12)Ψ[21](q3) must

be zero.

Ψ[21](q3) + (12)Ψ[21](q3) = 0 = aλ,λψ
C
[21]λ

ψOSF
[21]λ

+ aρ,ρψ
C
[21]ρψ

OSF
[21]ρ , (2.9)

hence aλ,λ = aρ,ρ = 0, we get

Ψ[21](q
3) = aλ,ρψ

C
[21]λ

ψOSF
[21]ρ + aρ,λψ

C
[21]ρψ

OSF
[21]λ

. (2.10)
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By applying (23) element of the S3 group of permutation, we get

(23)Ψ[21](q
3) = −Ψ[21](q

3)

= aλ,ρ(−
1

2
ψC
[21]λ

+

√
3

2
ψC
[21]ρ)(−

1

2
ψOSF
[21]λ

+

√
3

2
ψOSF
[21]ρ )

+ aρ,λ(

√
3

2
ψC
[21]ρ +

1

2
ψC
[21]λ

)(

√
3

2
ψOSF
[21]ρ +

1

2
ψOSF
[21]λ

),

(2.11)

and follow the discussion in Eqs. (2.8) - (2.10), we have aλ,ρ = −aρ,λ. The wave

function takes the form,

Ψ[21](q
3) =

1√
2
(ψC

[21]λ
ψOSF
[21]ρ − ψC

[21]ρψ
OSF
[21]λ

). (2.12)

Eq. (2.12) shows the total wave function for color [21]C of the q3 part wave function.

For the spatial-spin-flavor (ψOSF ) and spin-flavor (ψSF ) in Eq. (2.6) and (2.12), we

can find the combination of ψOSF in term ψO and ψSF . The ψSF can be derived in terms

of ϕ and χ which are the flavor and spin wave function. We can write the general form

as

ΨOSF
[λ] =

∑
i=S,A,ρ,λ

∑
j=S,A,ρ,λ

bijψ
O
i ψ

SF
j , (2.13)

ΨSF
[λ] =

∑
i=S,A,ρ,λ

∑
j=S,A,ρ,λ

cijχiϕj, (2.14)

where [λ] is the irreducible representation of permutation group.

From Eqs. (2.6) and (2.12), we have worked out the possible configuration of ψOSF

by applying S3 permutation. The results of the combination of the spatial-spin-flavor

wave function for color singlet and octet configurations are shown in Table 2.1 and Table

2.2, respectively. The results of the spin-flavor wave function are shown in Table 2.3.
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Table 2.1 The spatial-spin-flavor wave function of q3 cluster for color singlet state.

[3]OSF

Orbital Spin-Flavor

[3]O [3]SF

[21]O [21]SF

[111]O [111]SF

Table 2.2 the spatial-spin-flavor wave function of q3 cluster for color octet state.

[21]OSF

Orbital Spin-Flavor

[3]O [21]SF

[21]O [3]SF , [21]SF , [111]SF

[111]O [21]SF

Table 2.3 The configuration of spin-flavor wave function for q3 cluster.

[3]FS [3]F ⊗ [3]S [21]F ⊗ [21]S

[21]FS

[3]F ⊗ [21]S [21]F ⊗ [3]S

[21]F ⊗ [21]S [111]F ⊗ [21]S

[111]FS [21]F ⊗ [21]S [111]F ⊗ [3]S

The detailed wave function of q3 part inPc for both color singlet and octet configura-

tions in Tables 2.1, 2.2, and 2.3 are listed in Table 2.4. We assume the q3 wave function

in the ground state.
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Table 2.4 The q3 part configuration of Pc wave function.

Color singlet model
ψO
[3]ψ

C
[111]ϕ[3]χ[3]

ψO
[3]ψ

C
[111]ϕ[21]χ[21]

Color octet model

ψO
[3]ψ

C
[21]ϕ[3]χ[21]

ψO
[3]ψ

C
[21]ϕ[21]χ[3]

ψO
[3]ψ

C
[21]ϕ[21]χ[21]

ψO
[3]ψ

C
[21]ϕ[21]χ[21]

In Table 2.3, the symmetry properties of spin-flavor wave function can be expanded

to the detail in terms of combination between SU(3) and SU(2). The detailed wave

functions are classified according to permutation symmetries in Table 2.5.

Table 2.5 Spin- flavor wave function of q3 classified in language of permutation sym-
metry.

Symmetric, [3]
([3],[3]):

([21],[21]):

ϕ[3]χ[3]

1√
2
(ϕ[21]ρχ[21]ρ + ϕ[21]λχ[21]λ)

Antisymmetric, [111]
([111],[3]):

([21],[21]):

ϕ[111]χ[3]

1√
2
(ϕ[21]ρχ[21]ρ − ϕ[21]λχ[21]λ)

ρ-type, [21]ρ

([3],[21]):

([21],[3]):

([21],[21]):

([111],[21]):

ϕ[3]χ[21]ρ

ϕ[21]ρχ[3]

1√
2
(ϕ[21]λχ[21]ρ + ϕ[21]ρχ[21]λ)

−ϕ[111]χ[21]λ

λ-type, [21]λ

([3],[21]):

([21],[3]):

([21],[21]):

([111],[21]):

ϕ[21]χ[21]λ

ϕ[21]λχ[3]

1√
2
(ϕ[21]ρχ[21ρ − ϕ[21]λχ[21]λ)

ϕ[111]χ[21]ρ
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By the way, we have worked out the spin, flavor, and color wave function by using

the projection operators of S3 in Appendix B. The explicit forms of flavor wave function

are shown in Table 2.6. In the same way, the spin wave functions with the [3], [21]λ

and [21]ρ symmetries can be derived by the projection operators. All configurations

of spin for S3 are shown in Table 2.7. We define I , I3, S, and S3 as the total isospin,

the projection isospin, the total spin, and the projection spin, respectively. The color

configuration is given in Table 2.8.

Table 2.6 Flavor wave function of q3.

Types Flavor (ϕI,I3)

Symmetric (ϕS)

ϕ 3
2
, 3
2
= uuu

ϕ 3
2
, 1
2
= 1√

3
(uud+ duu+ duu)

ϕ 3
2
,− 1

2
= 1√

3
(ddu+ udd+ dud)

ϕ 3
2
,− 3

2
= ddd

λ-type (ϕλ)
ϕ 1

2
, 1
2
= 1√

6
(2uud− duu− udu)

ϕ 1
2
,− 1

2
= 1√

6
(dud+ udd− 2ddu)

ρ-type (ϕρ)
ϕ 1

2
, 1
2
= 1√

2
(udu− duu)

ϕ 1
2
,− 1

2
= 1√

2
(udd− dud)
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Table 2.7 Spin wave function of q3.

Types Spin (χS,S3)

Symmetric (χS)

χ 3
2
, 3
2
= |↑↑↑⟩

χ 3
2
, 1
2
= 1√

3
|↑↑↓ + ↓↑↑ + ↑↓↑⟩

χ 3
2
,− 1

2
= 1√

3
|↓↓↑ + ↑↓↓ + ↓↑↓⟩

χ 3
2
,− 3

2
= |↓↓↓⟩

λ-type (χλ)
χ 1

2
, 1
2
= 1√

6
|2 ↑↑↓ − ↓↑↑ − ↑↓↑⟩

χ 1
2
,− 1

2
= 1√

6
|↓↑↓ + ↑↓↓ −2 ↓↓↑⟩

ρ-type (χρ)
χ 1

2
, 1
2
= 1√

2
|↑↓↑ − ↓↑↑⟩

χ 1
2
,− 1

2
= 1√

2
|↑↓↓ − ↓↑↓⟩

Table 2.8 Color wave function of q3 part for pentaquark.

Singlet 1√
6
(RGB −RBG+GBR−GRB +BRG− BGR)

ρ type λ type

Octet

1 1√
2
(RGR−GRR) 1√

6
(RRG−RGR−GRR)

2 1√
2
(RGG−GRG) 1√

6
(RGG−GRG− 2GGR)

3 1√
2
(RBR− BRR) 1√

6
(2RRB −RBR− BRR)

4
1
2
(RBG+GBR− BRG

−BGR)
1√
12
(2RGB + 2GRB −GBR

−RBG− BRG− BGR)

5 1√
2
(GBG− BGG) 1√

6
(2GGB −GBG− BGG)

6
1√
12
(2RGB − 2GRB −GBR

+RBG− BRG+BGR)

1
2
(RBG−GBR +BRG

−BGR)
7 1√

2
(RBB − BRB) 1√

6
(RBB +BRB − 2BBR)

8 1√
2
(GBB − BGB) 1√

6
(GBB +BGB − 2BBG)
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2.1.2 Wave Functions of the Quark-antiquark Pair

The quark-antiquark pair color must be [111]C and [21]C configurations for heavy

quark-antiquark pair (cc̄). The spin wave functions of mesons can be singlet (S = 0) or

triplet (S = 1). In this part, we worked out and listed all configurations of cc̄ ground

state that corresponds to the q3 part in Table 2.9. Moreover, the configuration of spin

and color are also worked out and shown in Table 2.10 and 2.11. The cc̄ color wave

function was the conjugation of the q3 or baryon color wave function. The anti-color

can be represented in the [11] pattern in group theory language as

R̄ =
1√
2
(GB − BG), Ḡ =

1√
2
(BR−RB), B̄ =

1√
2
(RG−GR). (2.15)

For example, the color singlet of baryon can be changed to color singlet of meson.

ψC
[111],cc̄ = (RGB −RBG+GBR−GRB +BRG− BGR)†

= (R(GB − BG))† + (G(BR−RB))† + (B(RG−GR))†

= RR̄ +GḠ+BB̄

⇒ =
1√
3
(RR̄ +GḠ+BB̄).

(2.16)

Table 2.9 The wave function of cc̄ part.

color singlet model
ψO
[3]ψ

C
[111]χ1ϕ[cc̄]

ψO
[3]ψ

C
[111]χ0ϕ[cc̄]

color octet model
ψO
[3]ψ

C
[21]χ1ϕ[cc̄]

ψO
[3]ψ

C
[21]χ0ϕ[cc̄]
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Table 2.10 Spin wave functions of meson.

Types Spin(χS,S3)

χ1,1 = |↑↑⟩

Triplet χ1,0 = 1√
2
|↑↓ + ↑↓⟩

χ1,−1 = |↓↓⟩

Singlet χ0,0 = 1√
2
|↑↓ − ↑↓⟩

Table 2.11 Color wave function of meson.

Color list QQ̄

Singlet 1√
3
(RR̄ +GḠ+BB̄)

Octet

1 BR̄

2 BḠ

3 −GR̄

4 1√
2
(RR̄−GḠ)

5 RḠ

6
1√
6
(2BB̄ −RR̄

−GḠ)

7 −GB̄

8 RB̄
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2.1.3 Total Wave Functions of the Pc

We show all configurations of Pc in Table 2.12 by combining q3 part of Table 2.4

and cc̄ part of Table 2.9. In Table 2.12, we define the configuration in short form to

simplify the following discussion. We assume that the particles are in their ground state

and therefore the spatial part is a totally symmetric wave function and not included in

the short form. From the direct product between q3 and quark-antiquark (cc̄) parts, the

configurations of Pc can generate the states in the different quantum number of each

configuration, where I is the total isospin and J is the total spin. It can be following in

Eq. (2.6) and (2.12) which included with the spatial-spin-flavor configurations and spin-

flavor configurations in Tables 2.1, 2.2, 2.3, and 2.5. We define ψO
[3] as the symmetric

state of spatial part or ground state. ϕ[3] and χ[3] are symmetric wave functions of flavor

(ϕS) and spin (χS), respectively. ϕ[21] and χ[21] are mixed symmetric wave functions of

flavor (ϕλ and ϕρ) and spin (χλ andχρ), respectively.
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Table 2.12 All configuration of Pc with the short form and possible quantum numbers.

Short form
Configuration

q3 part cc̄ part
I J

C[111] F [3] S[3] [χ1] ψO
[3]ψ

C
[111]ϕ[3]χ[3] ⊗ ψO

[3]ψ
C
[111]ϕ(cc̄)χ1

3
2

1
2
, 3
2
, 5
2

C[111] F [3] S[3] [χ0] ψO
[3]ψ

C
[111]ϕ[3]χ[3] ⊗ ψO

[3]ψ
C
[111]ϕ(cc̄)χ0

3
2

3
2

C[111] F [21] S[21] [χ1] ψO
[3]ψ

C
[111]ϕ[21]χ[21] ⊗ ψO

[3]ψ
C
[111]ϕ(cc̄)χ1

1
2

1
2
, 3
2

C[111] F [21] S[21] [χ0] ψO
[3]ψ

C
[111]ϕ[21]χ[21] ⊗ ψO

[3]ψ
C
[111]ϕ(cc̄)χ0

1
2

1
2

C[21] F [3] S[21] [χ1] ψO
[3]ψ

C
[21]ϕ[3]χ[21] ⊗ ψO

[3]ψ
C
[21]ϕ(cc̄)χ1

3
2

1
2
, 3
2

C[21] F [3] S[21] [χ0] ψO
[3]ψ

C
[21]ϕ[3]χ[21] ⊗ ψO

[3]ψ
C
[21]ϕ(cc̄)χ0

3
2

1
2

C[21] F [21] S[3] [χ1] ψO
[3]ψ

C
[21]ϕ[21]χ[3] ⊗ ψO

[3]ψ
C
[21]ϕ(cc̄)χ1

1
2

1
2
, 3
2
, 5
2

C[21] F [21] S[3] [χ0] ψO
[3]ψ

C
[21]ϕ[21]χ[3] ⊗ ψO

[3]ψ
C
[21]ϕ(cc̄)χ0

1
2

3
2

C[21] F [21] S[21] [χ1] ψO
[3]ψ

C
[21]ϕ[21]χ[21] ⊗ ψO

[3]ψ
C
[21]ϕ(cc̄)χ1

1
2

1
2
, 3
2

C[21] F [21] S[21] [χ0] ψO
[3]ψ

C
[21]ϕ[21]χ[21] ⊗ ψO

[3]ψ
C
[21]ϕ(cc̄)χ0

1
2

1
2

C[21] F [111] S[21] [χ1] ψO
[3]ψ

C
[21]ϕ[111]χ[21] ⊗ ψO

[3]ψ
C
[21]ϕ(cc̄)χ1 0 1

2
, 3
2

C[21] F [111] S[21] [χ0] ψO
[3]ψ

C
[21]ϕ[111]χ[21] ⊗ ψO

[3]ψ
C
[21]ϕ(cc̄)χ0 0 1

2

We neglected the configuration C[21]F [111]S[21][χ1] and C[21]F [111]S[21][χ0]

since the Pc has no s quark. Thus, the total pentaquark states are 17 states that are

listed in this thesis.

The total wave function of pentaquark can take the form as

|ψO
[λ],q3ψ

C
[λ],q3ϕ[λ],q3χ[λ],q3⟩ ⊗ |ψO

[λ],cc̄ψ
C
[λ],cc̄ϕ(cc̄)χcc̄⟩

= |ψO
[λ],q3 ⊗ ψO

[λ],cc̄⟩ |ψC
[λ],q3 ⊗ ψC

[λ],cc̄⟩ |ϕ[λ],q3 ⊗ ϕcc̄⟩ |χ[λ],q3 ⊗ χcc̄⟩

= |ψO
Pc
⟩ |ψC

Pc
⟩ |ϕ([λ],Pc⟩ |[λ], χcc̄, jm)⟩Pc

,

(2.17)
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with

|[λ], χcc̄, jm)⟩Pc
= χPc(j,m)

=

j1∑
m1=−j1

j2∑
m2=−j2

CG((j1j2)j; (m1m2)m)χq3(j1,m1)χcc̄(j2,m2),
(2.18)

where [λ] is Young tabloid representation as [3], [21] and [111], which are the types of

q3 part in pentaquark wave function. The χcc̄ can either be spin zero or one state. The

χPc(j,m) denotes the spin wave function with pair of direct product type as subscript

term, j is the total spin, m is spin projection, χq3(j1,m1), and χcc̄(j2,m2) are the spin of

baryon part and meson part, and CG((j1j2)j3; (m1m2)m3) is the Clebsch-Gordan co-

efficients.

The representation meaning of [3] denote the quantum number S = 3
2
, [21]λ or [21]ρ

denote the quantum number S = 1
2
and [111] denote the quantum number S = 0.

In the color part, the case of [111]C is a direct product between the color of q3 and

quark-antiquark pair parts for the pentaquark color singlet. In the case of [21]C , we must

sum over all possible color octet product states because each color octet will become the

color singlet by the direct product itself. The color singlet of both models can be shown

as

For [111]C ,

ψC
[222],Pc

= ψC
[111],q3 ⊗ ψC

[111],cc̄ (2.19)

For [21]C ,

ψC
[222],Pc

=
1√
8

8∑
i=1

ψC
[21]i,q3

⊗ ψC
[21]i,cc̄

(2.20)

where i is a number of q3 and QQ̄ color octet states.

We concluded the color wave functions for q3 and QQ̄ in Table 2.13.
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1 √
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1 √
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1 √
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B
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−
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+
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1 2
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B
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1 √
6
(2
B
B̄
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R
R̄
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G
Ḡ
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7
1 √
2
(R
B
B

−
B
R
B
)

1 √
6
(R
B
B

+
B
R
B

−
2B

B
R
)

−
G
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8
1 √
2
(G
B
B

−
B
G
B
)

1 √
6
(G
B
B

+
B
G
B

−
2B

B
G
)

R
B̄
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2.2 Wave Functions for Decay Channels

The final particles are baryons and mesons which could either be [qqq] and [cc̄] or

[qqc] and [qc̄], but only color singlet states. We denote the final particle [qqq] [cc̄] as

hidden charm decay channels and [qqc] [qc̄] as open charm decay channels. In the case

of a hidden charm channel, the hadron wave function can be taken from the q3 part and

quark-antiquark pair part in the pentaquark wave function. We obtain the baryon wave

functions in the following form

Ψ[111](q
3) = ψO

[3]ψ
C
[111]ψ

SF
[3],q3 (2.21)

Ψ[111](q
2c) = ψO

[3]ψ
C
[111]ψ

SF
[2],q2 ⊗ ψSF

c (2.22)

For the baryon wave function, we can follow the combination ψSF in Table 2.3 for

q3 and Table 2.14 for q2c. The flavor wave function for q3 and q2c can be expanded

according to Table 2.6 and Table 2.15, respectively. In terms of spin and color wave

function, both configurations are also the same as in Tables 2.7 and 2.8, respectively.

Table 2.14 The configuration of spin-flavor wave function for open charm baryon.

[2]FS [2]F ⊗ [2]S [11]F ⊗ [11]S

[11]FS [2]F ⊗ [11]S [11]F ⊗ [2]S
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Table 2.15 Flavor wave function of open charm baryon.

Types Flavor (ϕI,I3)

Symmetric (ϕS,c)

ϕ1,1 = uuc

ϕ1,0 =
1√
2
(udc+ duc)

ϕ1,−1 = ddc

Antisymmetric (ϕA,c) ϕ0,0 =
1√
2
(udc− duc)

The full wave function of baryons for both configurations is given in Table 2.16.

Table 2.16 Full wave function of baryons.

flavor configuration Particle wave function

qqq
∆

p

ψO
[3]ψ

C
[111]χ[3]ϕ[3]

ψO
[3]ψ

C
[111]χ[21]ϕ[21]

qqc

Σ∗

Σ

Λ

ψO
[3]ψ

C
[111]χ[3]ϕ([2]

ψO
[3]ψ

C
[111]χ[21]λϕ[2]

ψO
[3]ψ

C
[111]χ[21]ρϕ[11]

The wave function of meson are given in Table 2.17. The spin and color wave

function provided in the Tables 2.10 and 2.11, respectively.
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Table 2.17 Full wave function of mesons.

flavor configuration Particle wave function

cc̄
J/ψ

ηc

ψO
[3]ψ

C
[111]χ1ψ

F
[cc̄]

ψO
[3]ψ

C
[111]χ0ϕ[cc̄]

qc̄
D̄∗

D̄

ψO
[3]ψ

C
[111]χ1ϕ[qc̄]

ψO
[3]ψ

C
[111]χ0ϕ[qc̄]

2.3 Spatial Wave Function of Hadrons

From quantum chromodynamics (QCD), we expect confinement at low energies.

Thus, we approximate spatial wave functions by a harmonic oscillator. Furthermore, the

harmonic oscillator wave functions can serve as a complete basis of the multiquark wave

function. The explicit form is derived from the non-relativistic Schrödinger equation

with the Hamiltonian of the N-quark system as

H =
N∑
i=1

p2i
2mi

+ C
N∑
i<j

(r⃗i − r⃗j)
2. (2.23)

After introducing Jacobi coordinates, the complete Hamiltonian reads

HQ2 =
pρ

2

2m
+ C(ρ2), (2.24)

Hq3 =
pλ

2

2m
+
pρ

2

2m
+ 3C(λ2 + ρ2), (2.25)

Hq3Q2 =
pλ

2

2m
+
pρ

2

2m
+
pσ

2

2M
+
p⃗χ

2

2uχ
+ 5C(λ2 + ρ2 + σ2 + χ2), (2.26)
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where

ρ⃗ =
1√
2
(r⃗1 − r⃗2), (2.27)

λ⃗ =
1√
6
(r⃗1 + r⃗2 − 2r⃗3), (2.28)

σ⃗ =
1√
2
(r⃗4 − r⃗5), (2.29)

χ⃗ =
1√
30

(2(r⃗1 + r⃗2 + r⃗3)− 3(r⃗4 + r⃗5)), (2.30)

p⃗ρ =
1√
2
(p⃗1 − p⃗2), (2.31)

p⃗λ =
1√
6
(p⃗1 + p⃗2 − 2p⃗3), (2.32)

p⃗σ =
1√
2
(p⃗4 − p⃗5), (2.33)

p⃗χ =

√
5√
6

(
2M(p⃗1 + p⃗2 + p⃗3)− 3m(p⃗4 + p⃗5)

3m+ 2M

)
, (2.34)

uχ =
5mM

3m+ 2M
, (2.35)

where p⃗1, p⃗2, p⃗3, p⃗4, and p⃗5 are the momenta of quarks, r⃗1, r⃗2, r⃗3, r⃗4, and r⃗5 are position

coordinates of quarks. C is the coupling constant. m and M are the mass of light

quark(q) and heavy quark(Q), respectively.

The ground state wave functions in momentum space can be written as

ψO
Q2 = N exp

[
−R2

M

8
(p⃗i′ − p⃗j′)

2

]
, (2.36)

ψO
q3 = N

′ exp

[
−R2

B

2

((
p⃗j − p⃗k√

2

)2

+

(
p⃗j + p⃗k − 2p⃗i√

6

)2
)]

, (2.37)

ψO
q3Q2 =N

′′ exp

[
−R2

q3

2

((
p⃗1 − p⃗2√

2

)2

+

(
p⃗1 + p⃗2 − 2p⃗3√

6

)2
)]

exp

−R2

2

(√
5√
6
.
2M(p⃗1 + p⃗2 + p⃗3)− 3m(p⃗4 + p⃗5)

3m+ 2M

)2


exp

[
−R2

Q2

2

(
p⃗4 − p⃗5√

2

)2
]
,

(2.38)
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whereN ,N ′ , andN ′′ are the normalization constants. These wave function will be used

for calculating the decay probability which is discussed in the next chapter.

 



CHAPTER III

DECAY CHANNELS OF PC

In this chapter, we describe the method to obtain the transition amplitude of open

channels of Pc states that were constructed in the previous chapter. It was employed to

describe the decay processes by considering quark contents. The possible decay pro-

cesses must follow the OZI rule, which states that a Feynman diagram is suppressed

when the transition from the initial to the final state could be separated without cutting a

quark line (Le Yaouanc et al., 1988). In this work, we consider the compact pentaquark

decay. It has two possible decay processes with different final states. The decay pro-

cesses are shown in Figures 3.1 and 3.2.

Figure 3.1 The direct decay process diagram.

Figure 3.2 The cross decay process diagram.

 



24

3.1 Transition Amplitudes

The transition amplitude between pentaquark and final states (baryon and meson) is

T = ⟨ψfinal| Ô |ψinitial⟩ , (3.1)

where Ô denote the operator associated with the transition amplitude. For our work, the

operator Ô takes the form as,

Od = λ1δ
3(q⃗1 − q⃗6)δ

3(q⃗2 − q⃗7)δ
3(q⃗3 − q⃗8)δ

3(q⃗4 − q⃗9)δ
3(q⃗5 − q⃗10), (3.2)

Oc = λ2δ
3(q⃗1 − q⃗6)δ

3(q⃗2 − q⃗7)δ
3(q⃗3 − q⃗9)δ

3(q⃗4 − q⃗8)δ
3(q⃗5 − q⃗10), (3.3)

where d and c stand for direct diagram and cross diagram, respectively.

From Eqs. (2.17) and (2.18), we obtain the states of Pc as

|Ψ⟩Pc
=

j1∑
m1=−j1

j2∑
m2=−j2

CG((j1j2)j; (m1m2)m) |ψO
Pc
⟩ |ψC

Pc
⟩ |ϕ([λ],Pc⟩

|χq3(j1,m1)⟩ |χcc̄(j2,m2)⟩ . (3.4)

For the final particle, the baryon and meson wave functions can be separated by

considering the decays diagram as shown in Figures 3.1 and 3.2:

1. The direct decay process diagram, the q3 baryon is formed as

|Ψ⟩B = |ψO
B⟩ |ψC

[111]⟩ |ϕ([λ])⟩ |χ([λ])⟩ , (3.5)

where [λ] ([3] or [21]) in the flavor and the spin part of final baryon q3 must be the same

type to get the total symmetric spin-flavor wave function.

The final mesons are

|Ψ⟩M = |ψO
M⟩ |ψC

[111]⟩ |ϕ(cc̄)⟩ |χ⟩ , (3.6)
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where χ can either be spin zero and spin one state which are given in Table 2.10.

Thus, the final particle obtains the direct product form as

|Ψ⟩1 = |ψBaryonψMeson⟩

= |ψO
Bψ

C
[111]ϕ([λ],q3)χ([λ],q3)⟩ |ψO

Mψ
C
[111]ϕcc̄χ⟩

= |ψO
Bψ

O
M⟩ |ψC

[111]B,M⟩ |ϕ([λ],q3)cc̄⟩ |χ([λ],q3) ⊗ χ⟩

=

j1∑
m1=−j1

j2∑
m2=−j2

CG((j1j2)j; (m1m2)m)

|χB(j1,m1)⟩f |χM(j2,m2)⟩ |ψO
Bψ

O
M⟩ |ψC

[111]B,M⟩ |ϕ([λ],q3)cc̄⟩ . (3.7)

2. The cross decay process diagram reads

|Ψ⟩B = |ψO
B⟩ |ψC

[111]⟩ |ϕ([λ],q2)c⟩ |χ([λ],q2)c⟩ , (3.8)

where [λ] ([2] or [11]) in flavor and spin part of final baryon q2cmust be the same to get

the total symmetric spin-flavor wave function.

The meson in the final state are

|Ψ⟩M = |ψO
M⟩ |ψC

[111]⟩ |ϕqc̄⟩ |χ⟩ . (3.9)

Thus, the final particle can get the direct product form as

|Ψ⟩1 = |ψBaryonψMeson⟩

= |ψO
Bψ

C
[111]ϕ([λ],q3)χ([λ],q3)⟩ |ψO

Mψ
C
[111]ϕcc̄χ⟩

= |ψO
Bψ

O
M⟩ |ψC

[111]B,M⟩ |ϕ([λ],q3)cc̄⟩ |χ([λ],q3) ⊗ χ⟩

=

j1∑
m1=−j1

j2∑
m2=−j2

CG((j1j2)j; (m1m2)m)

|χB(j1,m1)⟩f |χM(j2,m2)⟩ |ψO
Bψ

O
M⟩ |ψC

[111]B,M⟩ |ϕ([λ],q3)cc̄⟩ (3.10)
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2. The cross decay process diagram reads

|Ψ⟩B = |ψO
B⟩ |ψC

[111]⟩ |ϕ([λ],q2)c⟩ |χ([λ],q2)c⟩ , (3.11)

where [λ] ([2] or [11]) in flavor and spin part of final baryon q2cmust be the same to

get the total symmetric spin-flavor wave function.

The meson in the final state are

|Ψ⟩M = |ψO
M⟩ |ψC

[111]⟩ |ϕqc̄⟩ |χ⟩ . (3.12)

Thus, the final particle can get the direct product form as

|Ψ⟩2 = |ψBaryonψMeson⟩

= |ψO
Bψ

C
[111]ϕ([λ],q2)cχ([λ],q2)c⟩ |ψO

Mψ
C
[111]ϕqc̄χ⟩

= |ψO
Bψ

O
M⟩ |ψC

[111]B,M⟩ |ϕ([λ],q2)c ⊗ ϕqc̄⟩ |χ([λ],q2c) ⊗ χ⟩

= |ψO
Bψ

O
M⟩f |ψ

C
[111]B,M⟩ ⟨ϕ([λ],q3)cc̄|ϕ([λ],q2)c ⊗ ϕqc̄⟩ |ϕ([λ],q3)cc̄⟩

⟨χ([λ],q3) ⊗ χ|χ([λ],q2)c ⊗ χqc̄⟩ |χ([λ],q3) ⊗ χ⟩

=

j1∑
m1=−j1

j2∑
m2=−j2

CG((j1j2)j; (m1m2)m) |χB(j1,m1)⟩ |χM(j2,m2)⟩

|ψO
Bψ

O
M⟩ |ψC

[111]B,M⟩ ⟨ϕ([λ],q3)cc̄|ϕ([λ],q2)c ⊗ ϕqc̄⟩ |ϕ([λ],q3)cc̄⟩

⟨χ([λ],q3) ⊗ χ|χ([λ],q2)c ⊗ χqc̄⟩ . (3.13)

Due to the calculation of the inner product with initial state and final state, we can

employ the Wigner’s 9-j symbols in Appendix C to find the coefficient of

⟨ϕ([λ],q3)cc̄|ϕ([λ],q2)c ⊗ ϕqc̄⟩ and ⟨χ([λ],q3) ⊗ χ|χ([λ],q2)c ⊗ χqc̄⟩.
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From Eq. (3.1), we obtain the transition amplitude of both diagrams by using the

wave function in Eqs. (3.4), (3.10) and (3.13). For the direct decay process, the transi-

tion amplitude is

T1 = ⟨ψO
Bψ

O
M |Oi |ψO

Pc
⟩ ⟨ψC

[111]B,M |ψC
Pc
⟩ ⟨ϕ([λ],q3)cc̄f |ϕ([λ],q3)cc̄i⟩

j1∑
m1=−j1

j2∑
m2=−j2

j′1∑
m′

1=−j′1

j′2∑
m′

2=−j′2

CG((j1j2)j; (m1m2)m) CG((j′1j
′
2)j

′; (m′
1m

′
2)m

′)

⟨χB(j′1,m
′
1)
|χB(j1,m1)⟩ ⟨χM(j′2,m

′
2)
|χM(j2,m2)⟩ . (3.14)

The transition amplitude for the cross decay process is evaluated as

T2 = ⟨ψO
Bψ

O
M |Oi |ψO

Pc
⟩ ⟨ψC

[111]B,M |ψC
Pc
⟩ ⟨ϕ([λ],q3)cc̄f |ϕ([λ],q3)cc̄i⟩

j1∑
m1=−j1

j2∑
m2=−j2

j′1∑
m′

1=−j′1

j′2∑
m′

2=−j′2

CG((j1j2)j; (m1m2)m) CG((j′1j
′
2)j

′; (m′
1m

′
2)m

′)

⟨χB(j′1,m
′
1)
|χB(j1,m1)⟩ ⟨χM(j′2,m

′
2)
|χM(j2,m2)⟩

⟨χ([λ],q3) ⊗ χ[1 or 0]|χ([λ],q2)c ⊗ χqc̄⟩ ⟨ϕ([λ],q3)cc̄|ϕ([λ],q2)c ⊗ ϕqc̄⟩ . (3.15)

3.2 Spin-Flavor-Color Transition Amplitude

In this section, the spin-flavor-color transition amplitude is calculated to find the pos-

sible channels. We employ the wave functions of Pc and final states which are discussed

in the previous section to determine the transition amplitude which were evaluated and

provided in Tables 3.1 and 3.2 with isospin 3
2
and 1

2
, respectively. In these tables, C[λ]

is the type of color product of pentaquark. F [λ], and S[λ] are the q3 configurations of

flavor and spin. [χ1] and [χ0] are the spin of cc̄. The transition amplitudes in Eqs. (3.14)

and (3.15) are calculated.
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Table 3.1 The allowed spin-flavor-color transition amplitudes for I = 3/2 of pentaquark.

Pc Configuration JP ∆ηc ∆J/ψ Σ∗
cD̄ ΣcD̄ Σ∗

cD̄
∗ ΣcD̄

∗

C[111]F [3]S[3][χ1]
5
2

− 1 1
3

C[111]F [3]S[3][χ1]
3
2

− 1
√

5
3

6
1
8

√
5
9

C[111]F [3]S[3][χ0]
3
2

− 1 1
6

√
5
3

6
− 1

3
√
3

C[111]F [3]S[3][χ1]
1
2

− 1
√

2
3

3
−1

9

√
2
9

C[21]F [3]S[21][χ1]
3
2

− 2
3
√
3

−2
√
5

9
−2

9

C[21]F [3]S[21][χ1]
1
2

− 1
3
√
3

−2
√
2

9
−5

9

C[21]F [3]S[21][χ0]
1
2

− −1
3

−2
√

2
3

3
1

3
√
3
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Ta
bl
e
3.
2
Th
e
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ed
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in
-fl
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or
-c
ol
or
tra
ns
iti
on

am
pl
itu
de
sf
or
to
ta
lI
=
1/
2
of
pe
nt
aq
ua
rk
.

P
c
Co

nf
ig
ur
at
io
n

J
P

pη
c

pJ
/ψ

Σ
∗ c
D̄

Σ
c
D̄

Λ
c
D̄

Σ
∗ c
D̄

∗
Σ

c
D̄

∗
Λ

c
D̄

∗

C
[1
11
]F

[2
1]
S
[2
1]
[χ

1
]

3 2

−
1

−
1

3
√
6

√
5 2

9
1

9
√
2

1
3
√
2

C
[1
11
]F

[2
1]
S
[2
1]
[χ

1
]

1 2

−
1

−
1

6
√
6

1
2
√
6

1 9
5

1
8
√
2

−
1

6
√
2

C
[1
11
]F

[2
1]
S
[2
1]
[χ

0
]

1 2

−
1

1
6
√
2

1
6
√
2

1
3
√
3

−
1

6
√
6

1
2
√
6

C
[2
1]
F
[2
1]
S
[3
][
χ
1
]

5 2

−
−

2 3

C
[2
1]
F
[2
1]
S
[3
][
χ
1
]

3 2

−
−
√

5 3

3
−

1 9
−

2
√
5

9

C
[2
1]
F
[2
1]
S
[3
][
χ
1
]

1 2

−
−

2
√

2 3

3
2 9

−
2
√
2

9

C
[2
1]
F
[2
1]
S
[3
][
χ
0
]

3 2

−
−

1 3
−
√

5 3

3
2

3
√
3

C
[2
1]
F
[2
1]
S
[2
1]
[χ

1
]

3 2

−
√

2 3

3
−

√
1
0

9
−

√
2 9

√
2 3

C
[2
1]
F
[2
1]
S
[2
1]
[χ

1
]

1 2

−
1

3
√
6

1 √
6

−
2 9

−
5

9
√
2

−
1

3
√
2

C
[2
1]
F
[2
1]
S
[2
1]
[χ

0
]

1 2

−
−

1
3
√
2

1
3
√
2

−
2

3
√
3

1
3
√
6

−
1 √
6
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3.3 Partial Decay Width

The partial decay width for the transition of Pc states to baryon-meson final states

can be calculated by Fermi’s Golden Rule (in the center of mass frame)

Γfi = 2π|Tfi|2ρ(Ef ), (3.16)

where ρ(Ef ) is the density of final state.

ΓPc→BM = (2π)4
∫

d3pB
(2π)3

d3pM
(2π)3

δ(3)(p⃗B + p⃗M)δ(mPc − EB − EM)|Tf,i(q⃗)|2, (3.17)

ΓPc→BM =
1

(2π)2

∫
q2dqdΩ δ(m− EB − EM)|Tf,i(q⃗)|2, (3.18)

where m is the Pc mass, q⃗ is the final momentum, and EB,M =
√
m2

B,M + p2B,M is

the energy of the outgoing baryons and mesons with mass mB,M and momentum p⃗B,M

which is equal |q⃗|. We can calculate this equation by using the property of δ-function

ΓPc→BM =
|q⃗|EBEM

(2π)2mpc

∫
dΩ|Tf,i(q⃗)|2 . (3.19)

The transition amplitude of the partial decay width for the transition can be written

as

ΓPc→BM = Cf(B,M)|⟨ψSFC
f |ψSFC

i ⟩|2, (3.20)

where C is a constant, ⟨ψSFC
f |ψSFC

i ⟩ is the transition coefficient between initial and

final states, and the function f(B,M) is the kinematical phase-space factor depending

on the relative momentum and the masses of baryon and meson. Due to the harmonic

oscillator approximation with the particles in ground state, f(B,M) is replaced by the

phenomenological function (Vandermeulen, 1988; Gutsche et al., 1997; Gutsche et al.,
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1999; Srisuphaphon et al., 2016)

f(B,M) =
|q⃗|E1E2

mPc

exp{−1.2 GeV−1 (s− s0)
1/2}, (3.21)

with s0 = (mB +mM)2, |q⃗| = 1
2mPc

√
(m2

pc + (mB −mM)2)(m2
pc + s0),

√
s = (m2

B + q2)1/2 + (m2
M + q2)1/2 and E1E2 =

1
2
(m2

pc −m2
B −m2

M − 2q2).

We calculate the phase space factor from Eq. (3.21) by using the initial particles

as Pc(4312), Pc(4440) and Pc(4457) with the processes Pc → Bηc, Pc → BJ/ψ,

Pc → BcD̄ and Pc → BcD̄
∗. The results of our calculations are listed in Table 3.3.

In Table 3.3, the phase space factor does not allow the ΣcD̄
∗ and Σ∗

cD̄
∗ channels

because the energy of all three Pc are sufficient here. Thus, we need to eliminate these

two decay channels for consideration of allowed channels.

Table 3.3 Phase space factor for Pc(4312), Pc(4440) and Pc(4457) with possible pro-
cesses.

Final particles
Total mass of

Pc(4312) Pc(4440) Pc(4457)
final particles (GeV)

pηc 3.922 0.08056 0.07038 0.06911

∆ηc 4.214 0.12653 0.11442 0.11221

pJ/ψ 4.035 0.08929 0.07827 0.07686

∆J/ψ 4.327 N/A 0.12631 0.12516

ΛcD̄ 4.157 0.15350 0.13097 0.12797

ΣcD̄ 4.325 N/A 0.16237 0.16014

Σ∗
cD̄ 4.390 N/A 0.16176 0.16517

ΛcD̄
∗ 4.297 0.12507 0.16132 0.15847

ΣcD̄
∗ 4.465 N/A N/A N/A

Σ∗
cD̄

∗ 4.530 N/A N/A N/A
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3.4 Partial Decay Width Ratios

We can find the normalized partial decay width of states which takes the form

Γi

Γref

=
f(Bi,Mi)|⟨ψSFC

f |ψSFC
i ⟩|2i

f(Bref ,Mref )|⟨ψSFC
f |ψSFC

i ⟩|2ref
, (3.22)

where Γi is the decay width of arbitrary allowed decay channels and Γref is the reference

decay width that we choose.

We study the partial decaywidth ratio for the possible allowed decay channels. In the

following tables, the squared transition amplitude of the three experimentally observed

Pc (Pc(4312), Pc(4440) and Pc(4457)) are given in three sub-rows.

We consider the partial decay width ratio under the conditions as:

1) Choose one mode as the reference channel for each configuration (Shown in Ta-

bles 3.4 and 3.5)

2) Choose Pc(4312) → pJ/ψ as reference channel for all configurations (Shown in

Tables 3.6 and 3.7).
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CHAPTER IV

DISCUSSIONS AND CONCLUSIONS

In this thesis, we studied the Pc states in the compact pentaquark picture. We con-

structed all possible wave functions by group theory. There are totally 17 states includ-

ing the quantum number in terms of isospin and total spin (I, JP ) as (3
2
, 5
2

−), (3
2
, 3
2

−),

(3
2
, 1
2

−), (1
2
, 5
2

−), (1
2
, 3
2

−), and (1
2
, 1
2

−).

By energy conservation, the possible decay channels are pηc, ∆ηc, pJ/ψ, ∆J/ψ,

ΛcD̄, ΣcD̄, Σ∗
cD̄ and ΛcD̄

∗. Among these 17 pentaquark configurations, the state

C[21]F [21]S[3][χ1]with total spin 5/2 has no allowed channel in all of the eight possible

final states. Thus, we did not include this state in this study.

We studied the partial width ratios of each Pc configuration in Tables 3.4 and 3.5,

which chooses one mode as a reference channel. The other modes in the same configu-

ration are calculated corresponding to this reference channel. The three Pc in the exper-

imental observations are described in any of these 17 configuration states because the

experimental reports have not determine the isospin and spin of each Pc state. The spins

of Pc(4312), Pc(4440) and Pc(4457) are suggested by LHCb as 1
2
, 1
2
, and 3

2
, respectively.

The results of Tables 3.4 and 3.5 show that the pJ/ψ channel is open for only two states

in the isospin 1/2 configuration which are C[111]F [21]S[21][χ1] with spin 3
2
and 1

2
. For

the configuration C[111]F [21]S[21][χ1] with spin 3
2
, the Pc(4312) has one more open

charm decay channel (ΛcD̄
∗) while Pc(4440) and Pc(4457) have two more open charm

decay channels (Σ∗
cD̄ andΛcD̄

∗). For the configurationC[111]F [21]S[21][χ1]with spin
1
2
, Pc(4312) has two more open charm decay channels (ΛcD̄ and ΛcD̄

∗) while Pc(4440)

and Pc(4457) have three more open charm decay channels (ΣcD̄, ΛcD̄ and ΛcD̄
∗). In

addition, the pJ/ψ channel is still dominant over the open charm decay channels in each

Pc configuration.
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In another consideration, the four I = 1
2
and J = 3

2
states in Table 3.6 could linearly

combine to form four physical states. The same goes with the five I = 1
2
and J = 1

2

states in Table 3.7. Therefore, there could possibly be nine charmonium-like pentaquark

states, which may decay into pJ/ψ. Based on the decay ratios in Tables 3.6 and 3.7, we

suggest charmonium-like pentaquarks to be searched in other channels too, especially in

the pηc channel. Experimental data of decay branching widths to all dominant channels

are key to reveal the nature of these charmonium-like pentaquark states.

If there is no mixing among the I = 1
2
and J = 3

2
states as well as among the

I = 1
2
and J = 1

2
states, there are only two states with the pentaquark configuration

C[111]F [21]S[21][χ1] that may decay through the pJ/ψ channel. Therefore, one may

describe only two of the three observed Pc in the compact pentaquark picture. Mean-

while, we employed the Pc(4312) → pJ/ψ channel to normalize the all allowed chan-

nels for I = 1
2
which are shown in Table 3.7. Our results show that the configuration

C[111]F [21]S[21][χ1] states with spin 3
2
and 1

2
have the same decay width ratios in the

pJ/ψ decay channel which indicates that Pc(4440) may not be a compact pentaquark

since its decay width is much larger than the other observed Pc. This results suggest that

one may assign J = 1
2
to Pc(4312) and J = 3

2
to Pc(4457).

In the future, if the experimental branching ratios does appear in the decay channels

pηc, ΛcD̄ and ΛcD̄
∗ larger than pJ/ψ, then Pc(4312)may not be a compact pentaquark.

Also if the experimental branching ratio of ∆ηc is less than pJ/ψ, then Pc(4312) may

also not be a compact pentaquark because the our calculation of width ratios get the op-

posite way. Even though the partial width ratios of the four possible open charm decay

channels are small when they normalized by Pc(4312) → pJ/ψ, they may probably be

found in a future experiment. So far we have only observed Pc → PJ/ψ, the remaining

seven possible decay channels should be searched in the future for pentaquark. How-

ever, the study of hidden charm pentaquarks needs more experimental information to

confirm its structure. This thesis serves a model to learn about the structure of Pc in the

compact pentaquark picture.
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APPENDIX A

PERMUTATION GROUP

In this thesis, we consider the baryon which corresponds to S3 permutation group.

This permutation has 3! or 6 members : e, (12), (13), (23), (123),(132).

The conjugacy class of S3 can be represented by Young tabloids. Young tabloids can be

systemically constructed by the following rules:

(1) Number of the box equal to number of n in Sn

(2) Number of the top box and right box always larger than or equal to the below and

left box

For the 3-quarks, we employed S3 permutation group. The Young tabloids have 3

irreducible representation which are [3], [21], and [111].

We can label and fill the number of each box to determine the dimensions of irre-

ducible representation. Young tableaux can be constructed by the following rules:

(1) the number in a box differs from any number in other boxes.

(2) the numbers in a row must increase from left to right.

(3) the numbers in a column must increase from top to bottom.
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Therefore, the dimension can correspond to Young tableaux and be listed below:

[3] : 1 2 3 r = 1

[21] :
1 2

3

1 3

2
r = 2

[111] :

1

2

3

r = 1

where r is dimension of irreducible representation.

We know the singlet representation in the Young tabloids is [111] in case of 3-quarks

when we put the different quarks (u, d, and s) or color (R, G, and B) into the boxes. We

must get only one possible which follow the dimension. In case of the Pc, we also get

the singlet as [222].

The group elements of permutation group can be defined by Yamanouchi basis. The

Yamanouchi basis utilized in this thesis is written in the form

ϕ
[λ]
(r) = |[λ(rn, rn−1, ..., r2, r1)]⟩ (A.1)

where [λ] is the young tabloid, ri stands for the row from which a box is removed in the

order of large number to small number.

The operation of the element (n − 1, n) on the standard basis of Sn follows the rules:

(n−1, n) |[λ](r, r, rn−2, ..., r2, 1)⟩ = + |[λ](r, r, rn−2, ..., r2, 1)⟩

(n−1, n) |[λ](r, r−1, rn−2, ..., r2, 1)⟩ = − |[λ](r, r−1, rn−2, ..., r2, 1)⟩
(A.2)
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when |[λ](r−1, r, rn−2, ..., r2, 1)⟩ not exists, and

(n−1, n) |[λ](r, s, rn−2, ..., r2, r1)⟩ =
√

1− σ2
rs |[λ](s, r, rn−2, ..., r2, r1)⟩

+σrs |[λ](r, s, rn−2, ..., r2, r1)⟩
(A.3)

when |[λ](r, s, rn−2, ..., r2, r1)⟩ and |[λ](s, r, rn−2, ..., r2, r1)⟩ all exist and r ̸= s. For [λ] =

[λ1, λ2, ..., λr...λs...λn], we have

σrs =
1

(λr−r)−(λs−s)
(A.4)

For other elements there is an additional formula from group theory,

(i, n) = (n−1, n)(i, n−1)(n−1, n) (A.5)

.

Finally, we get the group element for S3 which are shown below:

(1) Matrix representation of S3[3]

D[3](12) = D[3](13) = D[3](23) =

(
1

)

2) Matrix representation of S3[21]

D[21](12) =

1 0

0 −1

 D[21](13) =

 −1/2 −
√
3/2

−
√
3/2 1/2



D[21](23) =

−1/2
√
3/2

√
3/2 1/2


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(3) Matrix representation of S3[111]

D[3](12) = D[3](13) = D[3](23) =

(
−1

)

 



APPENDIX B

PROJECTION OPERATORS

The explicit form of the baryon spin and flavor functions can be easily derived in

the framework of the Yamanouchi basis developed in the permutation group. One needs

to work out the projection operators for the Young tableaux of the multiplet states, and

then act the operators onto certain state configurations. The projection operators corre-

sponding to the Yamanouchi basis function |[λ](r)⟩i of the representation [λ] of Sn take

the form

W
[λ]
(r) =

∑
i

⟨[λ](r)|Pi |[λ](r)⟩Pi (B.1)

where Pi stand for all the permutations of Sn.

We directly worked out the projection operators of S3, which are written by

P S = 1 + (12) + (13) + (23) + (123) + (132)

P λ = 1 +
1

2
(12)− 1

2
(13)− 1

2
(23)− 1

2
(123)− 1

2
(132)

P ρ = 1− 1

2
(12) +

1

2
(13) +

1

2
(23)− 1

2
(123)− 1

2
(132)

PA = 1− (12)− (13)− (23) + (123) + (132)

(B.2)

where P S , P ρ, P ρ, and PA are the projection operators for symmetric, λ-type sym-

metric, ρ-type symmetric, and antisymmetric state, respectively. For example, we ap-

plied the projection on the flavor state uud (with u ≡ ϕu and d ≡ ϕd) as
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For flavor symmetric wave function([3]),

- 1 2 3 , u u d

P Su1u2d3 = u1u2d3 + u2u1d3 + d3u2u1 + u1d3u2 + u2d3u1 + d3u1u2

= 2uud+ 2udu+ 2duu

⇒ ϕS =
1√
3
(uud+ duu+ udu) (B.3)

For flavor mixed-type wave function ([21]),

-
1 2

3
,
u u

d

P λu1u2d3 = u1u2d3 + u2u1d3 −
1

2
d3u2u1 −

1

2
u1d3u2 −

1

2
u2d3u1 −

1

2
d3u1u2

= 2uud− udu− duu

⇒ ϕλ =
1√
6
(2uud− duu− udu) (B.4)

-
1 3

2
,
u u

d

P ρu1d2u3 = u1d2u3 − d2u1u3 +
1

2
u3d2u1 +

1

2
u1u3d2 −

1

2
d2u3u1 −

1

2
u3u1d2

=
3

2
udu− 3

2
duu

⇒ ϕρ =
1√
2
(udu− duu) (B.5)

 



APPENDIX C

WIGNER’S 9-J SYMBOLS

In the calculation of pentaquark system, the changing of states with coupled pair of

quarks for final state were necessary to prepare state for easier calculation. Wigner’s

9j symbols mainly employed in the coupling of four angular momenta. Suppose that

there are four angular momenta J⃗1, J⃗2, J⃗3 and J⃗4, the simultaneous eigenstates of the

operators |J2
i , Jiz⟩ are |jimi⟩. The direct product states

|j1j2j3j4;m1m2m3m4⟩ ≡ |j1m1⟩ |j2m2⟩ |j3m3⟩ |j4m4⟩ (C.1)

are the eigenstates of the operators |J2
i , Jiz⟩. For given ji with i = 1, 2, 3, 4, these states

form a complete basis in the direct product space of dimension (2j1+1)(2j2+1)(2j3+

1)(2j4 + 1) with transformation corresponding to the direct product representation

D(λ⃗) = Dj1(λ⃗)⊗Dj2(λ⃗)⊗Dj3(λ⃗)⊗Dj4(λ⃗) (C.2)

we get the infinitesimal operator is J = J1 + J2 + J3 + J4. There are different

ways to couple the four angular momenta to get the same total angular momentum, For

example

|(j1 ⊗ j2)j12 ⊗ (j3 ⊗ j4)j34 ; jm⟩ (C.3)

or

|(j1 ⊗ j3)j13 ⊗ (j2 ⊗ j4)j24 ; jm⟩ (C.4)
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The relation between the above bases is

|(j1 ⊗ j2)j12 ⊗ (j3 ⊗ j4)j34 ; jm⟩ =
∑
j13j24

⟨(j1j3)j13(j2j4)j24 ; jm|(j1j2)j12(j3j4)j34 ; jm⟩

|(j1 ⊗ j3)j13 ⊗ (j2 ⊗ j4)j24 ; jm⟩
(C.5)

with
⟨(j1j3)j13(j2j4)j24 ; jm|(j1j2)j12(j3j4)j34 ; jm⟩

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)


j1 j2 j12

j3 j4 j34

j13 j24 j


(C.6)

where 
j1 j2 j12

j3 j4 j34

j13 j24 j


is called Wigner’s 9j symbols.
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