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CHAPTER I
INTRODUCTION

Over the last half-century, hundreds of hadrons have been observed
while these established hadrons are classified as mesons and baryons easily by
the naive quark model. In the past two decades, after the discovery of X(3872)

in 2003 (Choi et al., 2003), over 20 charmonium-like and bottomonium-like XY Z

states have been observed (Brambilla et al., 2020), which can not be classified by
the naive quark model easily. Because of the observations of these XY Z states,
the discovery of the underlying structures of the XY Z states has attracted the
curiosity of many theorists. Instead of using the latest naming scheme suggested by
Particle Data Group (PDG) (Zyla et al., 2020), throughout this thesis, X represents
neutral states, Zc represents charged states, and Y represents JPC = 1−− states,
for the convenience of referring to other works.

In Figure 1.1, some charmonium-like XY Z states are indicated as red and
purple rectangles aligned, which do not match the expectations for the currently
unassigned charmonium states (Olsen, 2015).

Obviously, the charged states observed in the charmonium meson mass
region are beyond the conventional cc̄ meson picture and are good tetraquark candi-
dates with quark contents cc̄ud̄ and cc̄dū because of taking a charge. These observed
charged XY Z states provide a good place for testing various phenomenological
methods of hadron physics. Eight charged charmonium-like resonances Zc(4430),
Zc(4250), Zc(4200), Zc(4100), Zc(4055), Zc(4050), Zc(4020) and Zc(3900) have been
successively observed by experimental collaborations (Brambilla et al., 2020). The
multiquark study is applied to understand these exotic states in quark models.

The possible existence of multiquarks was suggested at the birth of the
quark model (Gell-Mann, 1964), such as, tetraquark consisting of two quarks and
two antiquarks (q2q̄2), pentaquark consisting of four quarks and one antiquark (q4q̄),
dibaryon consisting of six quarks (q6), and baryonium consisting of three quarks
and three antiquarks (q3q̄3). A systematic study of the charged Zc states’ internal
structure would bring fresh insights into multiquark system dynamics and provide
information for future experimental searches for the Zc missing higher excitations.
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Figure 1.1 Charmonium meson spectrums include some XYZ states (Olsen, 2015).
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The newest experimental evidences for eight Zc states from the major
collaborations are collected as follows:

a. Zc(3900): The charged Zc(3900) is first observed in the J/ψπ± invariant
mass distribution in the e+e− → J/ψπ+π− process by BESIII Collaboration (Ablikim
et al., 2013a). In the same production channel, a charged Zc(3900) structure is
also reported by Belle Collaboration (Liu et al., 2013).

The quantum number JP of the charged Z+
c (3900) is determined to be 1+

in a partial wave analysis of the process e+e− → J/ψπ+π− by BESIII (Ablikim et al.,
2017b). The measured mass and width of the charged Z+

c (3900) are (3881±4±53)

MeV and (52 ± 5 ± 36) MeV respectively. The neutral state Z0
c (3900) is observed

in π0J/ψ invariant mass spectrum while studying the process e+e− → J/ψπ0π0 by
BESIII (Ablikim et al., 2020), and the JP of the Z0

c (3900) is determined to be 1+.
The measured mass and width of the neutral Z0

c (3900) are (3893 ± 2 ± 20) MeV
and (44± 5± 9) MeV respectively.

The open-charm decays e+e− → (DD̄∗)±π∓ and e+e− → (DD̄∗)0π0 are
also studied by BESIII, and charged structures are found in the (DD̄∗)± and (DD̄∗)0

invariant mass spectrum (Ablikim et al., 2014b; Ablikim et al., 2015c). Because the
measured mass is lower than that of the Zc(3900) in the J/ψπ channel by BESIII
and Belle, the resonance is named as Zc(3885) by BESIII. The mass and width of
the Zc(3885), on the other hand, are compatible with the Zc(3900) state obtained
by Xiao (Xiao et al., 2013). Nowadays, the Zc(3900) and Zc(3885) are thought
to be related (Zyla et al., 2020). The Zc(3900) / Zc(3885) may be seen in both
the hidden-charm J/ψπ and open-charm DD̄∗ decay channels if the Zc(3900) and
Zc(3885) are considered the same state.

b. Zc(4020): The charged charmonium-like Z±
c (4020) and neutral Z0

c (4020)

in the π±hc(1P ) and π0hc(1P ) invariant mass distribution are reported while studying
the processes of e+e− → hc(1P )π

±π∓ and e+e− → hc(1P )π
0π0 by BESIII (Ablikim

et al., 2013c; Ablikim et al., 2014a), respectively. The mass and width are measured
to be (4023± 1± 3) MeV and (8± 3± 3) MeV for charged Z±

c (4020).
The charged and neutral Zc(4020) in the (D∗D̄∗)± and (D∗D̄∗)0 invariant

mass distributions are also reported by BESIII (Ablikim et al., 2014c; Ablikim et al.,
2015b) while studying the processes of e+e− → (D∗D̄∗)±π∓ and e+e− → (D∗D̄∗)0π0,
respectively. The charged and neutral Zc(4020) are grouped together due to their
comparable production rates and mass values (Zyla et al., 2020).
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c. Zc(4050) and Zc(4250): The two charged states, Z+
c (4050) and

Z+
c (4250), are first observed by Belle in 2008 (Mizuk et al., 2008) while study-

ing the π+χc1(1P ) invariant mass distribution in the exclusive B → K−π+χc1(1P )

decay. The masses and widths of the Z+
c (4050) and Z+

c (4250) are determined to
be (4051± 14+20

−41) MeV and (82+21+47
−17−22) MeV, and (4248+44+180

−29−35 ) MeV and (177+54+316
−39−61 )

MeV, respectively.
d. Zc(4055): The charged Zc(4055) is first observed in the process

e+e− → γπ+π−ψ(2S) with a significance of 3.5σ by Belle (Wang et al., 2015). The
mass and width are measured to be (4054 ± 3 ± 1) MeV and (45 ± 11 ± 6) MeV
respectively.

Later, the charged and neutral Zc(4055) in the π±ψ(2S) and π0ψ(2S)

invariant mass distribution are reported while studying the processes of e+e− →

π+π−ψ(2S) and e+e− → π0π0ψ(2S) with significances of 9.2σ and 5.9σ by BE-
SIII (Ablikim et al., 2017a; Ablikim et al., 2018), respectively. The mass and width
are measured to be (4032 ± 2) MeV and (26 ± 5) MeV for charged Zc(4055), and
(4039± 6) MeV and (32± 15) MeV for neutral Zc(4055).

e. Zc(4100): The charged Z−
c (4100) is observed in the ηc(1S)π

− invariant
mass distribution in B0 → ηc(1S)K

+π− decay process with a significance 3.4σ by
LHCb Collaboration (Aaij et al., 2018). The mass and width are measured to be
(4096± 20+18

−22) MeV and (152± 58+60
−35) MeV respectively.

f. Zc(4200): A charged charmonium-like structure Z+
c (4200) which decays

into π+J/ψ is observed by Belle (Chilikin et al., 2014) in the B̄0 → K−π+J/ψ decay
process with a significance of 6.2σ. The measured mass and width of the Z+

c (4200)

are (4196+31+17
−29−13) MeV and (370+70+70

−70−132) MeV respectively while the quantum number
JP is assigned as 1+. In addition, the evidence of Z+(4430) → π+J/ψ is found
during studying the same process.

g. Zc(4430): The charged charmonium-like state Z+
c (4430) is first observed

by Belle in the π+ψ(2S) invariant mass distribution in B+ → Kπ+ψ(2S) decay
process in 2007 (Choi et al., 2008) with a significance of 6.5σ. The mass and
width are measured to be (4433± 4± 2) MeV and (45+18+30

−13−13) MeV, respectively. A
year later, a signal for Z+

c (4430) → π+ψ(2S) is also observed during performing a
Dalitz plot analysis of B+ → Kπ+ψ(2S) by Belle with a significance of 6.4σ (Mizuk
et al., 2009). The existence of Z−

c (4430) is confirmed by LHCb in B → K+π−ψ(2S)

decays with a model-independent approach (Aaij et al., 2014; Aaij et al., 2015). The

 



5

quantum number JP is determined unambiguously to be 1+, and the mass and
width are measured to be (4475± 7+15

−25) MeV and (172± 13+37
−34) MeV by LHCb (Aaij

et al., 2014), and (4485± 22+28
−11) MeV and (200+41+26

−46−35) MeV by Belle (Chilikin et al.,
2013), respectively.

Except for these Zc states listed above, recently, while studying the
process of e+e− → K+D−

s D
∗0 and K+D∗−

s D0, the first candidate of the charged
charmonium-like tetraquark with strangeness with a quark content cc̄sū named
Zcs(3985)

− is observed by BESIII with a significance of 5.3σ (Ablikim et al., 2021).
The mass and width are measured to be (3982.5+2.1

−2.0± 1.7) MeV and (13.8+8.1
−5.2± 4.9)

MeV, respectively.
Four exotic states, the Zcs(4000)

+ and Zcs(4220)
+ with a quark content

cc̄us̄, and the X(4630) and X(4685) with a quark content cc̄ss̄, are reported by
LHCb in the J/ψK+ invariant mass spectrum with high significance (Aaij et al.,
2021). The mass, width, and quantum number of Zcs(4000)+ are measured to be
(4003± 6+4

−14) MeV, (131± 15± 26), and JP = 1+ with the highest significance 15σ in
these four exotic states. The Zcs(4000)

+ is not related to the Zcs(3985)
− observed

by BESIII due to their significantly different decay widths.
In the mass spectrum of J/ψ pair, the first fully-heavy tetraquark candi-

dates X(6900) with a quark content cc̄cc̄ is observed by LHCb with a significance
around 5σ (Aaij et al., 2020).

Due to the discovery of these tetraquark candidates, many phenomeno-
logical methods of hadron physics can be tested. A systematic study for tetraquark
mass spectrum would provide information for future experimental searches for
the undiscovered higher excitations. Some representative models and improved
pictures proposed to study the tetraquark states are briefly reviewed here and later
in Chapter V.

The charmonium-like tetraquark mass spectrum has been studied in
diquark-antidiquark model (Maiani et al., 2005; Maiani et al., 2013; Maiani et al.,
2014), non-relativistic potential model (Silvestre-Brac and Semay, 1993; Patel et al.,
2014), chromomagnetic interaction model (Zhao et al., 2014a; Wu et al., 2019),
color flux-tube model (Deng et al., 2015; Deng et al., 2018), and relativized diquark
model (Anwar et al., 2018b). These theoretical works of charmonium-like tetraquark
are briefly reviewed as follows:

a. Diquark-antidiquark model: After the discovery of X(3872), a

 



6

charmonium-like tetraquark mass spectrum is derived, and the X(3872) is taken as
an input in a diquark-antidiquark model named “Type-I” model. In this model, the
X(3872) is assumed as a diquark-antidiquark charmonium-like tetraquark state (Ma-
iani et al., 2005), and the parameters of diquark and quark-antiquark pairs are fixed
by the conventional baryon and meson mass spectra respectively. The constituent
quark mass of diquark is fixed by taking the X(3872) state as an input. After the
discovery of the Zc(3900), the Zc(3900) is also interpreted as a tetraquark state.
The decay modes were investigated in the “Type-I” model (Maiani et al., 2013).
Later, the “Type-I” model was further developed to be “Type-II” diquark-antidiquark
model where more complicated spin-spin interactions are employed (Maiani et al.,
2014).

b. Non-relativistic potential model: In a non-relativistic quark model,
the S-wave tetraquark states are systematically studied with all quark configurations.
The Bhaduri potential is employed (Silvestre-Brac and Semay, 1993). The parameters
are fitted by reproducing charmonium mesons. The constituent quark mass mu,d

is chosen by reproducing the magnetic moments of nucleons, and other masses
are fixed by reproducing conventional ϕ, J/ψ and Υ mesons.

The Zc(3885)/Zc(3900) and Zc(4025)/Zc(4020) states are studied in a
diquark-antidiquark non-relativistic potential model. The Cornell potential is em-
ployed and the parameters are fitted by taking the mass of X(3823), Zc(3885),
and Zc(3900) states as inputs (Patel et al., 2014). The Zc(3885) is assigned as a
diquark-antidiquark tetraquark state while the Zc(3900) and Zc(4025) are assigned
as Qq̄ − Q̄q molecularlike tetraquark states.

c. chromomagnetic interaction model: The cc̄qq̄ and bb̄qq̄ tetraquark
states are studied in a chromomagnetic interaction model where the color-magnetic
interaction is empolyed (Zhao et al., 2014a). The constituent quark masses are
extracted by fitting seven conventional meson masses, and the other parameters
are extracted by fitting the observed Zc(4200), Zc(4025), and Zc(3900) states.

The charmonium-like, bottomnium-like, and Bc-like tetraquark states are
studied in a chromomagnetic interaction model where both parameters and con-
stituent quark masses are extracted from eight conventional mesons and nine
conventional baryons (Wu et al., 2019). Assignments of tetraquark states are
suggested.

d. color flux-tube model: The charmonium-like tetraquark states are
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studied in a color flux-tube model where a multi-body confinement potential is
employed (Deng et al., 2015). The parameters and constituent quark masses are
determined by reproducing the nineteen ground state meson masses except for mπ,
mK , and mη which are fixed by experimental data. The ground state meson mass
spectrum is obtained by solving the two-body Schrödinger equation. Assignments
are suggested after comparing theoretical results and experimental data. Later,
based on this color flux-tube model, all X , Y , and Zc hidden-charm tetraquark
states are studied, and assignments for all X , Y , and Zc states are suggested (Deng
et al., 2018).

e. relativized diquark model: The hidden-charm qcq̄c̄ and scs̄c̄ tetraquarks
are studied in a relativized diquark model where one gluon exchange plus confining
potential are employed. Most of parameters are extracted from previous meson
mass spectrum studies (Anwar et al., 2018b). After comparing theoretical results
and experimental data of X , Y , and Zc states, assignments are provided for both
qcq̄c̄ and scs̄c̄ tetraquarks.

Fully-heavy tetraquark mass spectrum has also been studied in non-
relativistic potential model (Silvestre-Brac and Semay, 1993; Berezhnoy et al., 2012;
Wang et al., 2019; Liu et al., 2019; Debastiani and Navarra, 2019), non-relativistic
effective field theory (Anwar et al., 2018a), chromomagnetic interaction model (Wu
et al., 2018), and QCD sum rules (Wang, 2017; Wang and Di, 2019). The theoretical
works of fully-charm tetraquark ccc̄c̄ in potential models are briefly reviewed as
follows:

All tetraquark configurations, including fully-charm tetraquark ccc̄c̄, are
studied in a non-relativistic potential model systematically (Silvestre-Brac and Semay,
1993). Bhaduri potential is employed, and charmonium mesons are chosen for
fitting the parameters. The experimental data of magnetic moments of nucleons,
conventional ϕ, J/ψ, and Υ meson masses are chosen for fitting the constituent
quark masses mu,d, ms, mc, and mb respectively.

In a diquark-antidiquark picture, the S-wave mass spectra of fully-heavy
tetraquark ccc̄c̄, bbb̄b̄, and bbc̄c̄ are calculated in two non-relativistic potential mod-
els simultaneously while considering 3̄c ⊗ 3c, 6c ⊗ 6̄c, and mixture color configura-
tions (Wang et al., 2019). The potential of the first quark model adopted from
the work (Wong et al., 2002) contains Coulomb plus linear confinement interac-
tions, spin-spin interactions, and a constant, and the potential of the second quark
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model is adopted from the work (Silvestre-Brac, 1996). The model parameters are
extracted from 9 conventional heavy meson states.

Similar with the work reviewed above, the mass spectra of fully-heavy
tetraquarks are studied in a potential model where the potential contains the linear
confining potential, Coulomb potential, and spin-spin interactions (Liu et al., 2019).
10 bottomonium and bottom-charm meson states are chosen for fitting the model
parameters.

The ground state mass spectra of fully-heavy tetraquark ccc̄c̄, bbb̄b̄, and bcb̄c̄

are studied in a non-relativistic quark model where the OGE spin-spin interaction
is considered (Berezhnoy et al., 2012). The wave function is formed in a diquark-
antidiquark picture, but only 3̄c ⊗ 3c color configuration is considered.

The fully-charm ccc̄c̄ tetraquark mass spectrum is calculated in a Cornell-
inspired potential model (Debastiani and Navarra, 2019), but only 3̄c ⊗ 3c color
configuration is considered. The parameters are extracted by reproducing all char-
monium meson cc̄ mass spectrum, and 14 recent experimental data of charmonium
states are selected. The masses of ccc̄c̄ tetraquark are lighter than other works in
potential model.

In the framework of the color-magnetic interaction, the fully-heavy
tetraquark mass spectrum is studied where the Hamiltonian contains only effective
mass and OGE interaction (Wu et al., 2018). The parameters of OGE interactions
are fixed by mass splittings between pseudoscalar and vector mesons from experi-
mental data, the effective masses are adopted from their previous charmonium-like
tetraquark and pentaquark calculations.

For the light-unflavored mesons, the experimental status is shown in
Figure 1.2, where the mesons of an isovector, a strange isodoublet and two
isoscalars are grouped together to represent a flavor nonet, and the clear and
definitive assignments are shaded. The states are classified by their total angular
momentum J , orbital angular momentum L, spin multiplicity 2S + 1, and radial
excitation n while the vertical scale is v = n + L − 1, and the horizontal scale is
the orbital excitation L. Even though the ground state pseudoscalars (JPC = 0−+)

and vectors (1−−) are well established, a number of predicted radial excitations
(n > 1) and orbital excitations (L > 0) are still missing and some observed
meson candidates do not fit into quark model conventional meson mass spectra
easily (Amsler and Tornqvist, 2004).
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Figure 1.2 Tentative qq̄ mass spectrum for the three light quarks (Amsler and
Tornqvist, 2004).
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The researches on conventional qq̄ meson states have conducted for
more than a half century, and the light-unflavored meson mass spectrum has been
studying in various quark models, which provide us with a good knowledge to
understand their underlying structures. Theoretical predictions of conventional qq̄
meson states can be found in some works (Godfrey and Isgur, 1985; Vijande et al.,
2005; Ebert et al., 2009; Xiao et al., 2019; Li et al., 2021).

The meson mass spectra from the π to Υ are studied systematically in
a relativized quark model with chromodynamics (Godfrey and Isgur, 1985). The
potential motivated by QCD contains linear confinement, Coulomb-type interaction,
OGE hyperfine interaction, and spin-orbital interaction.

Similar as the one above, a study of meson spectra from the light meson
states to the bb̄ states are performed in the constituent quark model (Vijande et al.,
2005). Goldstone-boson exchanges are considered, and parameters of π, σ, η, and
K are fixed separately with other mesons. After comparing theoretical results and
experimental data, assignments and discussions are performed.

The mass spectrum of strangeonium ss̄ up to 3D multiplet within a non-
relativistic linear potential model where Cornell-like potential, spin-spin contact
hyperfine potential, spin-orbit interaction, and tensor potential are employed (Li
et al., 2021). Detail discussions for assigning states of experimental data are
performed and classified by quantum number JPC , and assignments are suggested.

With reasonable flavor symmetry breaking and binding assumptions, the
well established experimental candidates can be easily assigned to the theoretical
predictions of L = 0 and 1 ground state meson nonets except for the scalar 3P0

nonet due to too many observed candidates (Hagiwara et al., 2002).
Exotic meson states such as glueballs, tetraquarks, and hybrids have been

widely studied in the past two decades, especially focusing on the states having
same quantum numbers as conventional qq̄ systems.

Hybrids might come with exotic quantum numbers which are different with
quantum numbers of conventional qq̄ mesons, and the main assumption of hybrid
states is that meson-meson interactions are dominated by s-channel resonances.
Some JPC = 1−+ exotics may have properties consistent with the interpretation,
the quark-antiquark bound by a gluon string, in flux tube model (Klempt and
Zaitsev, 2007).

Glueballs are bound states of gluons without valence quarks, which is
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guided by quantum chromodynamics (QCD). However, glueballs have not been
observed and identified with certainty so far, and may be mixed with conventional
qq̄ mesons while particles are identified in accelerators (Ochs, 2013). In QCD, the
ground state scalar glueball with quantum number 0++ is estimated in the mass
range from 1000 to 1800MeV, the ground state mass of tensor glueball 2++ is
higher than the scalar glueball (Klempt and Zaitsev, 2007). In lattice gauge theories,
the lowest mass of 0++ and 2++ glueballs are estimated to be 1710± 50± 80 and
2390± 30± 120 respectively (Chen et al., 2006).

Two typical exotic light mesons f0(1500) and f0(1710) which can not be
fitted into conventional qq̄ meson mass spectrum easily, and the f0(1370) which
might be a conventional qq̄ meson, are reviewed as follows:

a. f0(1370): The mass and decay width averaged by PDG of the very
broad f0(1370) states are 1200 to 1500 MeV and 200 to 500 MeV respectively (Zyla
et al., 2020). According to the partial decay width, the f0(1370) decays mostly into
4π channel within four main decay modes 4π, 2π, ηη, and KK̄ . Branching fraction
Γ4π/Γtotal is measured to be (80± 5)% from pp̄ annihilation (Gaspero, 1993).

b. f0(1500): The averaged mass and decay width of the f0(1500) are
1506 ± 6 MeV and 112 ± 9 respectively (Zyla et al., 2020), which are significantly
accurate comparing with the f0(1370). The f0(1500) decays mostly into 2π and 4π
within four main decay modes 4π, 2π, ηη, and KK̄ . Branching fractions Γ2π/Γtotal

and Γ4π/Γtotal are (34.5± 2.2)% and (48.9± 3.3)% respectively (Zyla et al., 2020).
c. f0(1710): The mass and decay width are averaged to be 1704 ± 12

MeV and 123 ± 18 respectively (Zyla et al., 2020). The f0(1710) is observed from
five main decay channels KK̄ , ηη, ππ, γγ, and ωω. Branching fractions ΓKK̄/Γtotal

and Γηη/Γtotal are (36± 12)% and (22± 12)% respectively from a coupled channel
study (Albaladejo and Oller, 2008).

We do not focus on repeating the tetraquark mass by applying a huge
number of parameters, instead establishing a simplified model. In this model, we
predetermine the model parameters by fitting the believed normal meson mass
spectrum, and apply these predetermined parameters as imported parameters to
predict the mass of all possible tetraquark configurations.

This thesis is organized as follows. The construction of tetraquark wave
function is in Chapter II and the details are presented in Appendix B and C. The
constituent quark model is introduced in Chapter III. Fixing model parameters
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by calculating meson mass spectrum is also in this section. The prediction of
tetraquark masses is displayed in Chapter IV. After comparing theroretical results
and experimental data of exotic states, tentative assignments with discussions are
given in Chapter V. Finally, the conclusions are summarized in Chapter VI.

 



CHAPTER II
CONSTRUCTION OF TETRAQUARK WAVE FUNCTIONS

2.1 Tetraquark Color Wave Functions

A tetraquark state must be a color singlet, which means that the tetraquark
color wave function must be a [222]1 singlet of the SUc(3) group. The Young tabloid
construction of the q1q2q̄3q̄4 configuration is shown as,

(q1q2q̄3q̄4) = (q1q2) ⊗ (q̄3q̄4),

(q1q2q̄3q̄4) = (q1q2) ⊗ (q̄3q̄4).

The Young tabloids [11]3̄ and [2]6 of the SUc(3) group characterize the
permutation symmetry of the two-quark cluster (q1q2) of tetraquark state, while the
color part of the two-antiquark cluster is a [211]3 triplet and [22]6̄ antisextet. Thus,
a [222]1 color singlet of tetraquark state demands the following configurations:

[11]3̄(q1q2)⊗ [211]3(q̄3q̄4), [2]6(q1q2)⊗ [22]6̄(q̄3q̄4). (2.1)

The general color wave function of 3̄c⊗3c and 6c⊗ 6̄c color configurations
may be written as follows:

ψq1q2q̄3q̄4
[11]c

3̄
[211]c3

=
1√
3

3∑
i=1

ψq1q2
[11]c

3̄
iψ

q̄3q̄4
[211]c3i

,

ψq1q2q̄3q̄4
[2]c6[22]

c
6̄
=

1√
6

6∑
i=1

ψq1q2
[2]c6i
ψq̄3q̄4

[22]c6̄i
.

(2.2)

Three quark configurations, charmonium-like (qcq̄c̄ ), fully-light (qqq̄q̄ ) and
fully-charm (ccc̄c̄ ) tetraquark, are considered in this work. The explicit color wave
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functions are listed as follows:

ψq1q2q̄3q̄4
[2]c6[22]

c
6̄

=
1√
6
[R1R2R̄3R̄4 +G1G2Ḡ3Ḡ4 +B1B2B̄3B̄4

+
1

2
(R1G2 +G1R2)(R̄3Ḡ4 + Ḡ3R̄4)

+
1

2
(B1R2 +R1B2)(B̄3R̄4 + R̄3B̄4)

+
1

2
(G1B2 +B1G2)(Ḡ3B̄4 + B̄3Ḡ4)]

=
1√
6
[RRR̄R̄ +GGḠḠ+BBB̄B̄

+
1

2
(RGR̄Ḡ+GRR̄Ḡ+RGḠR̄ +GRḠR̄)

+
1

2
(BRB̄R̄ +RBB̄R̄ +BRR̄B̄ +RBR̄B̄)

+
1

2
(GBḠB̄ +BGḠB̄ +GBB̄Ḡ+BGB̄Ḡ)],

ψq1q2q̄3q̄4
[11]c

3̄
[211]c3

=
1√
3
[
1

2
(R1G2 −G1R2)(R̄3Ḡ4 − Ḡ3R̄4)

+
1

2
(B1R2 −R1B2)(B̄3R̄4 − R̄3B̄4)

+
1

2
(G1B2 −B1G2)(Ḡ3B̄4 − B̄3Ḡ4)]

=
1√
3
[
1

2
(RGR̄Ḡ−GRR̄Ḡ−RGḠR̄ +GRḠR̄)

+
1

2
(BRB̄R̄−RBB̄R̄−BRR̄B̄ +RBR̄B̄)
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+
1

2
(GBḠB̄ −BGḠB̄ −GBB̄Ḡ+BGB̄Ḡ)].

2.2 Spatial-spin-flavor configurations of tetraquark

For charmonium-like tetraquark states, q1 and q2 are light quark q and
charm quark c respectively, and q3 and q4 are light antiquark q̄ and charm antiquark
c̄ respectively. The possible spin combinations are:[

ψqc
[s=1] ⊗ ψq̄c̄

[s=1]

]
S=0,1,2

, ψqc
[s=1] ⊗ ψq̄c̄

[s=0], ψqc
[s=0] ⊗ ψq̄c̄

[s=0]. (2.3)

The explicit spin wave functions ψS(qcq̄c̄)(S(qc)⊗S(q̄c̄)) of qcq̄c̄ tetraquark states are
listed as follows:

ψS=2
(1⊗1) =↑↑ ↑̄↑̄,

ψS=1
(1⊗1) =

1

2
(↑↑ ↑̄↓̄+ ↑↑ ↓̄↑̄− ↑↓ ↑̄↑̄− ↓↑ ↑̄↑̄),

ψS=1
(1⊗0) =

1√
2
(↑↑ ↑̄↓̄− ↑↑ ↓̄↑̄),

ψS=0
(1⊗1) =

1√
3
[↑↑ ↓̄↓̄ − 1

2
(↑↓ ↑̄↓̄+ ↑↓ ↓̄↑̄+ ↓↑ ↑̄↓̄+ ↓↑ ↓̄↑̄)+ ↓↓ ↑̄↑̄],

ψS=0
(0⊗0) =

1

2
(↑↓ ↑̄↓̄− ↑↓ ↓̄↑̄− ↓↑ ↑̄↓̄+ ↓↑ ↓̄↑̄).

(2.4)

Considering that a fully-light (qqq̄q̄) and a fully-charm (ccc̄c̄) tetraquark state
must be a color singlet and antisymmetric simultaneously under any permutation
between identical quarks, one gets the spatial-spin-flavor configurations of color
[2]6 and [11]3̄ configuration must be [11] and [2] states by conjugation for identical
cluster, respectively. Considering the identical qq cluster of a qqq̄q̄ tetraquark state,
since the spatial wave function is always symmetric, one gets all the possible
color-spatial-spin-flavor configurations of the qq cluster as follows:

ψc
[2]ψ

o
[2]ψ

s
[11]ψ

f
[2], ψ

c
[2]ψ

o
[2]ψ

s
[2]ψ

f
[11], (2.5)
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for ψc[2]ψosf[11] , and

ψc
[11]ψ

o
[2]ψ

s
[11]ψ

f
[11], ψ

c
[11]ψ

o
[2]ψ

s
[2]ψ

f
[2], (2.6)

for ψc[11]ψosf[2] .
The possible spin combinations are

[
ψqq[s=1] ⊗ ψq̄q̄[s=1]

]
S=0,1,2

, ψqq[s=1] ⊗ ψq̄q̄[s=0],
and ψqq[s=0] ⊗ ψq̄q̄[s=0].

The explicit spin wave functions ψS(qqq̄q̄)(S(qq)⊗S(q̄q̄)) of qqq̄q̄ tetraquark states are
listed as follows:

ψS=2
(1⊗1) =↑↑ ↑̄↑̄,

ψS=1
(1⊗1) =

1

2
(↑↑ ↑̄↓̄+ ↑↑ ↓̄↑̄− ↑↓ ↑̄↑̄− ↓↑ ↑̄↑̄),

ψS=1
(1⊗0) =

1√
2
(↑↑ ↑̄↓̄− ↑↑ ↓̄↑̄),

ψS=0
(1⊗1) =

1√
3
[↑↑ ↓̄↓̄ − 1

2
(↑↓ ↑̄↓̄+ ↑↓ ↓̄↑̄+ ↓↑ ↑̄↓̄+ ↓↑ ↓̄↑̄)+ ↓↓ ↑̄↑̄],

ψS=0
(0⊗0) =

1

2
(↑↓ ↑̄↓̄− ↑↓ ↓̄↑̄− ↓↑ ↑̄↓̄+ ↓↑ ↓̄↑̄).

(2.7)

For ccc̄c̄ tetraquarks, since the flavor wave function for cc is always
symmetric, the spin wave functions for cc must be symmetric and antisymmetric
are for [11]3̄ and [2]6 color configurations, respectively. Thus, the possible color-
spatial-spin-flavor configurations of the cc cluster are ψc[2]ψ

o
[2]ψ

s
[11]ψ

f
[2] for ψc[2]ψosf[11] , and

ψc[11]ψ
o
[2]ψ

s
[2]ψ

f
[2] for ψc[11]ψosf[2] .

The explicit spin wave function ψ
S(ccc̄c̄)
(S(cc)⊗S(c̄c̄)) of ccc̄c̄ [2](c1c2) ⊗ [22](c̄3c̄4)

configuration is listed as follows:

ψS=0
(0⊗0) =

1

2
(↑↓ ↑̄↓̄− ↑↓ ↓̄↑̄− ↓↑ ↑̄↓̄+ ↓↑ ↓̄↑̄). (2.8)

The explicit spin wave functions ψS(ccc̄c̄)(S(cc)⊗S(c̄c̄)) of ccc̄c̄ [11](c1c2)⊗ [211](c̄3c̄4)
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configuration are listed as follows:

ψS=2
(1⊗1) =↑↑ ↑̄↑̄,

ψS=1
(1⊗1) =

1

2
(↑↑ ↑̄↓̄+ ↑↑ ↓̄↑̄− ↑↓ ↑̄↑̄− ↓↑ ↑̄↑̄),

ψS=0
(1⊗1) =

1√
3
[↑↑ ↓̄↓̄ − 1

2
(↑↓ ↑̄↓̄+ ↑↓ ↓̄↑̄+ ↓↑ ↑̄↓̄+ ↓↑ ↓̄↑̄)+ ↓↓ ↑̄↑̄].

(2.9)

2.3 Spatial Wave Function

Here we introduce jacobi coordinates, a complete basis may be con-
structed with qq̄ systems in the harmonic oscillator interaction.

H =
p2ρ
2m

+
1

2
C

(
ρ2
) (2.10)

where

ρ⃗ =
1√
2
(r⃗1 − r⃗2) (2.11)

In the center of mass system, with R⃗ = 1/2(r⃗1 + r⃗2), we have:

r⃗12 =
√
2ρ⃗ (2.12)

The spatial wave functions of the qq̄ take the general form,

ψNLM =
∑

{nρ,lρ}

A(nρ, lρ)× ψnρlρ(ρ⃗ ), (2.13)

where A(nρ, lρ) are coupling constants, and N = 2nρ + lρ. ψnrlrmr
(r) are harmonic

oscillator wave functions with the form, ψnrlrmr
(r) = Rnrlr(r)Ylrmr

(r̂). Ylrmr
denotes

spherical harmonics. The state function Rnrlr(r) reads,

Rnl(r) =

[
2α3n!

Σ(n+ l + 3/2)

]1/2
(αr)le−

1
2α

2r2Ll+1/2
n (α2r2) (2.14)

where Ll+1/2
n are the associated Laguerre polynomials.
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The complete bases for tetraquark system are constructed by using the
harmonic oscillator wave function. The antisymmetric property of identical particles
is guaranteed by enforcing the corresponding symmetries of the spatial wave
functions. The Jacobi coordinates and the corresponding momenta are defined as

x⃗1 =
1√
2
(r⃗1 − r⃗3),

x⃗2 =
1√
2
(r⃗2 − r⃗4),

x⃗3 =
m1r⃗1 +m3r⃗3
m1 +m3

− m2r⃗2 +m4r⃗4
m2 +m4

,

x⃗0 =
m1r⃗1 +m2r⃗2 +m3r⃗3 +m4r⃗4

m1 +m2 +m3 +m4

,

p⃗i = ui

dx⃗i

dt
,

(2.15)

where r⃗j and mj are the coordinate and mass of the jth quark. ui are the reduced
quark masses defined as:

u1 =
2m1m3

m1 +m3

, u2 =
2m2m4

m2 +m4

, u3 =
(m1 +m3)(m2 +m4)

m1 +m2 +m3 +m4

. (2.16)

For the qcq̄c̄, ccc̄c̄, and qqq̄q̄ tetraquark states, we have:

r⃗12 =
x⃗1√
2
− x⃗2√

2
+ x⃗3 , r⃗13 =

√
2x⃗1 , r⃗23 =

x⃗1√
2
+

x⃗2√
2
− x⃗3

r⃗14 =
x⃗1√
2
+

x⃗2√
2
+ x⃗3 , r⃗24 =

√
2x⃗2 , r⃗34 = − x⃗1√

2
+

x⃗2√
2
+ x⃗3 .

(2.17)

The total spatial wave function of tetraquark may be expanded in the
complete basis formed by the function,

ψNL =
∑
{ni,li}

A(n1, n2, n3, l1, l2, l3)

× ψn1l1(x⃗1 )⊗ ψn2l2(x⃗2 )⊗ ψn3l3(x⃗3 )

(2.18)

 



19

where ψnili are harmonic oscillator wave functions and the sum {ni, li} is over
n1, n2, n3, l1, l2, l3. N and L are the total principle quantum number and orbital
angular momentum number of the tetraquark respectively. One has N = (2n1+l1)+

(2n2 + l2) + (2n3 + l3). The spatial wave functions ψNL are employed as complete
bases to study tetraquark states, and the bases size is N = 14 in the calculation.
The best eigenvalue is from adjusting the length parameter of harmonic oscillator
wave functions.

The complete bases of the tetraquarks are listed in Appendix C Table C.
1, up to N = 14, where l1, l2, and l3 are limited to 0 only.

 



CHAPTER III
THEORETICAL MODEL ESTABLISHMENT

3.1 Constituent quark model

The qq̄ and qqq̄q̄ systems are studied in the nonrelativistic Hamiltonian,

H = H0 +HOGE
hyp ,

H0 =
N∑
k=1

(
1

2
M ave

k +
p2k
2mk

) +
N∑
i<j

(− 3

16
λ⃗i · λ⃗j)(Aijrij −

Bij

rij
),

Hhyp =
∑
i<j

Cijλ⃗i · λ⃗j σ⃗i · σ⃗j,

(3.1)

where mk denotes the constituent quark masses. Mave
k are the spin-averaged

masses taking the form 1
4
MPS +

3
4
MV (except for ss̄ and qq̄), where MPS and MV

are the ground state masses of pseudoscalar and vector mesons from experimental
data. For each kind of mesons, the spin-averaged masses Mave

k are listed in
Table 3.1, with units in MeV. To avoid the Goldstone bosons of the chiral symmetry
breaking (Brambilla et al., 2020), the spin-averaged masses Mave

k for ss̄ and qq̄ are
fitted by experimental data.

Table 3.1 Spin-averaged masses Mave
k for various kinds of mesons.

Meson bb̄ (ηb,Υ) cc̄ (ηc, ψ) sb̄ (Bs) qb̄ (B) sc̄ (Ds) qc̄ (D) ss̄ (ϕ) qq̄ (ρ)

Mave
k 9445 3069 5404 5314 2076 1972 952 675

In studies of lattice QCD and quark model, the Cornell potential,

V (r) = Ar − B

r
, (3.2)

has been widely employed while fitting the string tension coefficient A and Coulomb
coefficient B with experimental data. Each kind of hadrons has a set of model
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parameters in quark model and lattice QCD studies (Kawanai and Sasaki, 2011;
Ikeda and Iida, 2012).

The Cornell potential predicts that the average velocity of large quark
mass will saturate at the value ⟨v2⟩ = B2, where B denotes the Coulomb coefficient
in Eq. (3.2). ⟨v2⟩Υ/⟨v2⟩J/ψ ≈ mc/mb is expected based on the approximate equality
of bb̄ and cc̄ level splittings. For large quark masses, the Coulomb coefficients B

are mass-dependent with the form BΥ = BJ/ψ
√
mc/mb.

For heavy quarkonia in lattice QCD, interquark potentials (Vqq̄) at finite
quark mass are studied (Kawanai and Sasaki, 2011). For fitting the data, the
Cornell potential is employed. With finite quark masses (mi) ranging from 1.0 to
3.6 GeV, the Coulomb coefficient B fit results are mass-dependent with the form
B = B0

√
1/mi.
Later, in a quenched lattice QCD, interquark potential study for qq̄ is carried

out (Ikeda and Iida, 2012). Cornell-type fitting functions, V (r) = Ar −B/r + C , are
one of the fitting functions. B are mass-dependent while constant quark masses
mq ranging from 0.52 to 1.275 GeV and determined by half of vector meson masses
MV , i.e., mq = MV /2, according to the fitting results. The B = B0

√
1/mq is the

form of the Coulomb coefficient. Meanwhile, with the form A = a+b mq, the string
tension coefficient is linearly mass-dependent.

In accordance with the previous studies discussed above, we propose
that Aij and Bij are mass-dependent coupling parameters, having the form,

Aij = a+ b mij, Bij = B0

√
1

mij

. (3.3)

where a, b, and B0 are constants. mij are the ith and jth quark reduced masses
which are defined as mij =

2mimj

mi+mj
.

The hyperfine and Coulomb-like interactions coming from the same route
of one gluon exchange are assumed. The mass-dependent hyperfine coefficient
Cij is denoted by the form,

Cij = C0

√
1

mij

. (3.4)

Here, C0 is a constant. The quark color and spin operator are represented by λ⃗i
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and σ⃗i in Eq. (3.1) respectively. The color matrix elements are listed in Table 3.2.

Table 3.2 Color matrix elements of tetraquarks.

Ô < ψc6−6̄|Ô|ψc6−6̄ > < ψc3̄−3|Ô|ψc3̄−3 >

λ⃗1 · λ⃗2 4/3 –8/3
λ⃗1 · λ⃗3 –10/3 –4/3
λ⃗1 · λ⃗4 –10/3 –4/3
λ⃗2 · λ⃗3 –10/3 –4/3
λ⃗2 · λ⃗4 –10/3 –4/3
λ⃗3 · λ⃗4 4/3 –8/3∑
λ⃗i · λ⃗j –32/3 –32/3

Table 3.3 Spin matrix elements of qcq̄c̄ and qqq̄q̄ tetraquark states.

Ô ψS=0
0⊗0 ψS=0

1⊗1 ψS=1
1⊗0 ψS=1

1⊗1 ψS=2
1⊗1

σ⃗1 · σ⃗2 –3 1 1 1 1
σ⃗1 · σ⃗3 0 –2 0 –1 1
σ⃗1 · σ⃗4 0 –2 0 –1 1
σ⃗2 · σ⃗3 0 –2 0 –1 1
σ⃗2 · σ⃗4 0 –2 0 –1 1
σ⃗3 · σ⃗4 –3 1 –3 1 1∑
σ⃗i · σ⃗j –6 –6 –2 –2 6

Tables 3.3 and 3.4 summarize the spin matrix elements for the spin
combinations of qcq̄c̄ and qqq̄q̄ states, as listed in Eqs. (2.4) and (2.7), and the spin
combinations of ccc̄c̄ states, as listed in Eqs. (2.8) and (2.9), respectively.

3.2 Fixing model parameters

The light, charmed and bottom mesons mass spectra are evaluated in
the Hamiltonian in Eq. (3.1), which are believed and treated as conventional qq̄
states. The comparison of the theoretical results and experimental data is listed in
Table 3.5 with units in MeV. The deviation between the theoretical and experimental
mean values, D = 100 · (M exp−M cal)/M exp, is listed in the last column, and M exp

is taken from PDG (Zyla et al., 2020).
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Table 3.4 Spin matrix elements of ccc̄c̄ tetraquark states.

Ô ψC,S=0
(6⊗6̄)(0⊗0) ψC,S=0

(3̄⊗3)(1⊗1) ψC,S=1
(3̄⊗3)(1⊗1) ψC,S=2

(3̄⊗3)(1⊗1)

σ⃗1 · σ⃗2 –3 1 1 1
σ⃗1 · σ⃗3 0 –2 –1 1
σ⃗1 · σ⃗4 0 –2 –1 1
σ⃗2 · σ⃗3 0 –2 –1 1
σ⃗2 · σ⃗4 0 –2 –1 1
σ⃗3 · σ⃗4 –3 1 1 1∑
σ⃗i · σ⃗j –6 –6 –2 6

Table 3.5 Meson states applied to fit the model parameters.

Meson M exp M cal D(%)
Υ(1S) 9460 9467 –0.07
Υ(2S) 10023 10063 –0.40
ηb 9399 9404 –0.05
ηb(2S) 9999 10001 –0.02
J/ψ 3097 3092 0.16
ψ(2S) 3686 3674 0.32
ψ(3S) 4040 4048 –0.20
ηc 2984 2979 0.16
ηc(2S) 3638 3561 2.12
B∗
s 5415 5438 –0.42

B0
s 5367 5309 1.08

B∗ 5325 5371 –0.86
B0 5279 5218 1.16
D∗
s 2112 2125 –0.61

D∗
s1(2700) 2708 2730 –0.81

Ds 1968 1980 –0.61
D∗(2010)0 2010 2043 –1.64
D0 1870 1876 –0.32
ϕ(1020) 1020 1027 –0.69
ϕ(1680) 1680 1658 1.31
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Table 3.5 (Continued)
Meson M exp M cal D(%)
ρ(770) 770 788 2.34
ρ(1450) 1450 1455 –0.34

The fitting results of four model coupling parameters and four constituent
quark masses are as follows:

a = 67413 MeV2, b = 35 MeV,

B0 = 31.7 MeV1/2, C0 = −188.8 MeV3/2,

mu,d = 380 MeV, ms = 550 MeV,

mc = 1270 MeV, mb = 4180 MeV.

(3.5)

The Hamiltonian in Eq. (3.1) is applied to predict the tetraquark masses
with the predetermined as well as imported parameters .

 



CHAPTER IV
PREDICTION OF TETRAQUARK MASSES

The mass spectra of the 1S, 2S, and 3S fully-charm ccc̄c̄ tetraquarks,
as well as the 1S and 2S charmonium-like qcq̄c̄ and light qqq̄q̄ tetraquarks, are
evaluated in Eq. (3.1). The complete bases defined in Chapter II are applied.
Model parameters are predetermined in Chapter III. The hyperfine interaction Hhyp

in Eq. (3.1) may mix up different color-spin configurations due to the cross terms,

⟨ψc
3̄⊗3ψ

S=0
(0⊗0)|λ⃗i · λ⃗jσ⃗i · σ⃗j|ψc

6⊗6̄ψ
S=0
(1⊗1)⟩ = 8

√
6,

⟨ψc
3̄⊗3ψ

S=0
(1⊗1)|λ⃗i · λ⃗jσ⃗i · σ⃗j|ψc

6⊗6̄ψ
S=0
(0⊗0)⟩ = 8

√
6.

(4.1)

Eigenstates of the Hamiltonian are linear combinations of ψc3̄⊗3ψ
S=0
(0⊗0)

and ψc6⊗6̄ψ
S=0
(1⊗1) as well as ψc3̄⊗3ψ

S=0
(1⊗1) and ψc6⊗6̄ψ

S=0
(0⊗0). Thus, mixed states

|ψc3̄⊗3ψ
S=0
(0⊗0), ψ

c
6⊗6̄ψ

S=0
(1⊗1)⟩ and |ψc3̄⊗3ψ

S=0
(1⊗1), ψ

c
6⊗6̄ψ

S=0
(0⊗0)⟩ are considered.

Listed in Tables 4.1, 4.2, and 4.3 are the theoretical results including
mixed states for charmonium-like, light, and fully-charm tetraquarks of various
quark configurations, respectively.

Table 4.1 1S and 2S qcq̄c̄ tetraquark masses.

J qcq̄c̄ configurations M(1S) M(2S)

J = 0
|ψc3̄⊗3ψ

S=0
(0⊗0), ψ

c
6⊗6̄ψ

S=0
(1⊗1)⟩ 3824 4119 4232 4275

|ψc3̄⊗3ψ
S=0
(1⊗1), ψ

c
6⊗6̄ψ

S=0
(0⊗0)⟩ 4012 4305 4419 4504

J = 1

|ψc6⊗6̄ψ
S=1
(1⊗0)⟩ 4169 4539

|ψc3̄⊗3ψ
S=1
(1⊗0)⟩ 4117 4512

|ψc6⊗6̄ψ
S=1
(1⊗1)⟩ 4026 4395

|ψc3̄⊗3ψ
S=1
(1⊗1)⟩ 4159 4554

J = 2
|ψc6⊗6̄ψ

S=2
(1⊗1)⟩ 4230 4599

|ψc3̄⊗3ψ
S=2
(1⊗1)⟩ 4241 4636

All the possible color-spatial-spin-flavor configurations of the qq cluster
for ψc[2]ψosf[11] are listed in Eq. (2.5) and Eq. (2.6). All the possible isospins of the
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Table 4.2 1S and 2S qqq̄q̄ tetraquark masses.

J qqq̄q̄ configurations M(1S) M(2S)

J = 0
|ψc3̄⊗3ψ

S=0
(0⊗0), ψ

c
6⊗6̄ψ

S=0
(1⊗1)⟩ 1431 1812 1886 1986

|ψc3̄⊗3ψ
S=0
(1⊗1), ψ

c
6⊗6̄ψ

S=0
(0⊗0)⟩ 1676 2041 2141 2252

J = 1

|ψc6⊗6̄ψ
S=1
(1⊗0)⟩ 1858 2262

|ψc3̄⊗3ψ
S=1
(1⊗0)⟩ 1823 2280

|ψc6⊗6̄ψ
S=1
(1⊗1)⟩ 1678 2081

|ψc3̄⊗3ψ
S=1
(1⊗1)⟩ 1875 2331

J = 2
|ψc6⊗6̄ψ

S=2
(1⊗1)⟩ 1936 2339

|ψc3̄⊗3ψ
S=2
(1⊗1)⟩ 1978 2435

Table 4.3 1S, 2S, and 3S ccc̄c̄ tetraquark masses.

J ccc̄c̄ configurations M(1S) M(2S) M(3S)
J = 0 |ψc3̄⊗3ψ

S=0
(1⊗1), ψ

c
6⊗6̄ψ

S=0
(0⊗0)⟩ 6389 6591 6785 6865 7088 7106

J = 1 |ψc3̄⊗3ψ
S=1
(1⊗1)⟩ 6491 6907 7248

J = 2 |ψc3̄⊗3ψ
S=2
(1⊗1)⟩ 6548 6964 7305

light tetraquark qqq̄q̄ configurations are listed as follows:
For |ψc3̄⊗3ψ

S=0
(0⊗0), ψ

c
6⊗6̄ψ

S=0
(1⊗1)⟩, since the configurations of qq cluster must be

ψc[11]ψ
o
[2]ψ

s
[11]ψ

f
[11] and ψc[2]ψ

o
[2]ψ

s
[2]ψ

f
[11], the isospin I = 0.

For |ψc3̄⊗3ψ
S=0
(1⊗1), ψ

c
6⊗6̄ψ

S=0
(0⊗0)⟩, since the configurations of qq cluster must be

ψc[11]ψ
o
[2]ψ

s
[2]ψ

f
[2] and ψc[2]ψ

o
[2]ψ

s
[11]ψ

f
[2], the isospin I = 0, 1, 2.

For |ψc3̄⊗3ψ
S=1
(1⊗0)⟩ and |ψc6⊗6̄ψ

S=1
(1⊗0)⟩, since the total flavor configurations must

be ψf[2] ⊗ ψf[11], the isospin I = 1.
For |ψc6⊗6̄ψ

S=1
(1⊗1)⟩ and |ψc6⊗6̄ψ

S=2
(1⊗1)⟩, since the total flavor configurations must

be ψf[11] ⊗ ψf[11], the isospin I = 0.
For |ψc3̄⊗3ψ

S=1
(1⊗1)⟩ and |ψc3̄⊗3ψ

S=2
(1⊗1)⟩, since the total flavor configurations must

be ψf[2] ⊗ ψf[2], the isospin I = 0, 1, 2.
The possible color-spatial-spin-flavor configurations of the cc cluster are

ψc[2]ψ
o
[2]ψ

s
[11]ψ

f
[2] for ψc[2]ψosf[11] , and ψc[11]ψ

o
[2]ψ

s
[2]ψ

f
[2] for ψc[11]ψosf[2] . Thus, the total flavor

configurations must be ψf[2] ⊗ ψf[2], and the isospin I = 0, 1, 2 for all fully-charm
tetraquark ccc̄c̄ configurations.

Since color-spatial-spin-flavor configurations are not considered for
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charmonium-like tetraquark qcq̄c̄ states due to the inexistence of identical quarks,
the isospin can not be identified.

 



CHAPTER V
ASSIGNMENTS OF TETRAQUARK STATES

5.1 Tentative assignments of qcq̄c̄ tetraquark

Recent years in hadron physics is a revolutionary period due to the
discovery of a number of exotic states. Charged charmonium-like mesons, which
have a charmonium-like mass but are electrically charged, may be the most
intriguing of the exotic particles (Albuquerque et al., 2019). Because of carrying one
charge, the charged charmonium-like states are likely cc̄ud̄ tetraquark states, which
are beyond the normal cc̄ meson image. These exotic charmonium-like states are
listed in Table 5.1. Throughout this discussion, we will refer to neutral states and
charged states with hidden charm as X and Zc, respectively.

Zc(4050) and Zc(4250) have been observed together by Belle in the
process B̄0 → K−(π+χc1) (Mizuk et al., 2008). Tetraquark interpretations of the
Zc(4050) and Zc(4250) are widely studied in various models.

In a non-relativistic quark model with a Cornell-like potential, the Zc(4050)

is studied as a molecular-like tetraquark states in the cluster of Qq̄ and Q̄q (Patel
et al., 2014). In the theoretical results, Zc(4050) is associated with two predicted
states. One state is with mass 4046 MeV and with quantum number JPC = 2+−,
and another state is with mass 4054 MeV and with quantum number JPC = 3++. In
a color flux-tube model, the Zc(4050) is assigned to be a tetraquark (cu)(c̄d̄) state
in diquark-antidiquark picture with JP = 1−. The Zc(4250) is also interpreted as a
(cu)(c̄d̄) tetraquark state with a different quantum number JP = 1+ (Deng et al.,
2015). The Zc(4250) is also interpreted as a tetraquark state in a relativistic quark
model, but there is no tetraquark candidate being found for the Zc(4050) (Ebert
et al., 2008).

Since both Zc(4050) and Zc(4250) are observed in the process B̄0 →

K−π+χc1 (Mizuk et al., 2008), supported by the present predictions, the Zc(4050)

and Zc(4250) are assigned to be the tetraquark 1S states J = 0 of the
|ψc3̄⊗3ψ

S=0
(1⊗1), ψ

c
6⊗6̄ψ

S=0
(0⊗0)⟩ mixed configuration, respectively.

Z+
c (4200) is observed by Belle in the B̄0 → K−(π+J/ψ) decay process
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with a significance of 6.2σ while the quantum number JP is assigned as 1+ (Chilikin
et al., 2014). Meanwhile, the evidence of Z+(4430) → π+J/ψ is found during
studying the same process.

The Z+
c (4430) is first observed by the Belle in B → K(π+ψ(2S)) decay

process in 2007 with a significance of 6.5σ (Choi et al., 2008). A year later, a signal
for Z+

c (4430) → π+ψ(2S) is also observed during performing a Dalitz plot analysis
of B+ → Kπ+ψ(2S) by Belle (Mizuk et al., 2009). The existence of Z−

c (4430) is
confirmed by LHCb in B → K+π−ψ(2S) decays with a model-independent approach
with the quantum number JP = 1+ determined unambiguously (Aaij et al., 2014;
Aaij et al., 2015).

Tetraquark interpretations of the Zc(4200) and Zc(4430) are suggested in
several model calculations. A (cu)(c̄d̄) tetraquark state associated with Zc(4200)

with JP = 1+ is predicted in a color flux-tube model. The interactions of quark-
quark are considered through σ exchange, one boson exchange and one gluon
exchange (Deng et al., 2018). The Z+

c (4430) is widely interpreted as the 2S
tetraquark state with a quark content cuc̄d̄ (Ebert et al., 2008; Patel et al., 2014;
Wang, 2015; Goerke et al., 2016; Agaev et al., 2017).

In a chromomagnetic model based on color magnetic interactions, both of
the Zc(4200) and Zc(4430) are described as an tetraquark states with JP = 1+ (Zhao
et al., 2014a). In a light-front holographic QCD framework, a soft-wall model is
generalized with a generic dilaton profile. Both of the Zc(4200) and Zc(4430) are
categorized into tetraquark states with J = 1, and preferred having a generic dilaton
profile (Guo et al., 2016).

Considering both Zc(4200) and Zc(4430) are observed while studying the
process B̄0 → K−(π+J/ψ) with the same order decay widths (Chilikin et al., 2014),
the Zc(4200) and Zc(4430) are naturally paired together. Therefore, the Zc(4200)

and Zc(4430) may be assigned to be the 1S and 2S states, with J = 1, of the
(6c ⊗ 6̄c)(1s ⊗ 0s)S=1 configuration, respectively.

The Zc(4025) and Zc(4020) are considered to be a same state nowadays
in PDG (Zyla et al., 2020). The quantum numbers of the X(4020) except for the
parity are not well determined. The quantum number assignment JPC = 1+− is
assumed in all the experimental analyses from BESIII (Ablikim et al., 2013c; Ablikim
et al., 2014c; Ablikim et al., 2014a; Ablikim et al., 2015b).

Tetraquark states in the diquark-antidiquark configuration are studied in a
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color flux tube model, and the Z+
c (4025) is assigned to be a tetraquark state with

quantum number JP = 2+ (Deng et al., 2014; Deng et al., 2015). However, more
works support that the Z+

c (4025) is a tetraquark state with quantum numbers 1+−.
In a nonrelativistic quark model study with a Cornell-type potential, a tetraquark
state of Qq̄−Q̄q with JPC = 1+− is predicted around 4036 MeV, which is associated
with the Zc(4025) (Patel et al., 2014).

The process e+e− → π+π−hc is studied by BESIII at c.m. energies from
3.90 to 4.42 GeV (Ablikim et al., 2013c). At 4.02 GeV, a distinct structure is observed
in the π±hc mass spectrum, which is referred to the Zc(4020). The mass and width
are measured to be (4022.9 ± 0.8 ± 2.7) MeV and (7.9 ± 2.7 ± 2.6) MeV for the
Zc(4020), where the first errors are statistical and the second systematic.

Belle studies the process e+e− → π+π−ψ(2S) via initial state radiation
(ISR) using the 980 fb−1 full data sample (Wang et al., 2015). In Fig. 5.1, the
Mmax[π

±ψ(2S)] distribution is showed, a structure at around 4.05 GeV can be seen.
The mass and width are fitted to be (4054 ± 3 ± 1) MeV and (45 ± 11 ± 6) MeV
with a significance of the signal 3.5σ.

Figure 5.1 The distributions of Mmax[π
±ψ(2S)] from Belle (Wang et al., 2015).

Later, the same process e+e− → π+π−ψ(2S) is studied by BESIII at c.m.
energies from 4.0 to 4.6 GeV (Ablikim et al., 2017a). As shown in Fig.5.2, a narrow
structure was observed around 4030 MeV in the M [π±ψ(2S)] spectrum. The mass
and width are measured to be (4032.1 ± 2.4) MeV and (26.1 ± 5.3) MeV with a
much higher significance than Belle of 9.2σ.

At the Charm 2018 meeting, a work (Bondar, 2018) of preliminary partial
wave analysis (PWA) on the process e+e− → π+π−ψ(2S) are reported by using BESIII
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Figure 5.2 The distributions of M [π±ψ(2S)] at √
s = 4.416 GeV from BESIII (Ablikim

et al., 2017a).

published results (Ablikim et al., 2017a) where the fit quality is much improved.
The structure can be described well with a charged state, and the mass and width
are fitted to be (4019.0±1.9) MeV and (29±4) MeV respectively, which is close to
the mass of the Zc(4020) state observed in the π+π−hc final state (Ablikim et al.,
2013c). Another decay mode of the Zc(4020), Zc(4020) → π+ψ(2S), may be argued
when such PWA results are identified later. Moreover, Zc(4020) and Zc(4055) might
be the same state. Thus, both π+π−hc and π+π−ψ(2S) final states need to be
further investigated in order to fully understand the intermediate structures.

At this moment, we may just assign either Zc(4020) or Zc(4055), if they
are not the same particle, to be the (6c ⊗ 6̄c)(1s ⊗ 1s)s=1 configuration tetraquark
1S states with J = 1.

The Z−
c (4100) is observed in the ηc(1S)π

− invariant mass distribution in
B0 → ηc(1S)K

+π− decay process with a significance 3.4σ by LHCb (Aaij et al.,
2018). The mass splitting among tetraquark states including Zc(4100) is studied in a
simple chromomagnetic model (Wu et al., 2019). The model is based on the idea
that the chromomagnetic interaction term in the one gluon exchange potential
give the mainly contribution to the mass splitting among the same quark content
hadron states. The Zc(4100) is assigned to be a 0++ (cq)(c̄q̄) tetraquark state.

In our assignments, Zc(4100) is assigned to be tetraquark 1S state, with
J = 0, of the |ψc3̄⊗3ψ

S=0
(0⊗0), ψ

c
6⊗6̄ψ

S=0
(1⊗1)⟩ mixed configuration.

In the present model, there is no room for the Zc(3900) in the scenario
of tetraquark states. The Z+

c (3900) state can be explained in two ways: as a

 



34

charged diquark-antidiquark (cu)(c̄d̄) state or as a DD̄∗ molecular state. In the
molecular-like tetraquark studies (Zhao et al., 2014b; He, 2014; Prelovsek and
Leskovec, 2013; Chen et al., 2014), the Z+

c (3900) can not be accommodated as
a JP = 1+ DD̄∗ molecule state. In the works (Wang and Huang, 2014; Aceti
et al., 2014; Ke and Li, 2016), however, a DD̄∗ molecular state interpretation is
compatible with the Zc(3900) and the Zc(3900) can be interpreted as a axial vector
moleculelike state with JPC = 1+−.

Except the assignments discussed above, the X(3860) is tentatively as-
signed to be the |ψc3̄⊗3ψ

S=0
(0⊗0), ψ

c
6⊗6̄ψ

S=0
(1⊗1)⟩ mixed configuration tetraquark 1S state

with J = 0, and the X(4160) is tentatively assigned to be the (3̄c ⊗ 3c)(1s ⊗ 1s)S=1

configuration tetraquark ground state with J = 1, due to the mass matching.
Here, in Table 5.2, the work has assigned seven in eight charged

charmonium-like tetraquark states observed by experimental collaborations. To
make unambiguous assignments, more theoretical works and experimental data are
required. Furthermore, in the present tetraquark state scenario, there is no room
for the X(3915), X(3940), and X(4350) in the 1S and 2S states.

5.2 Tentative assignments of qqq̄q̄ tetraquark

The meson mass spectrum has been studied by using the quark model
for more than a half century. Especially, the heavy (c and b) flavor sector is well
described by the NQM, and the predictions of NQM are accurate even for higher
excited states. However, in the light meson region, the problem of understanding
some exotic light mesons, firstly f0 states, has puzzled people for many years.
Listed in Table 5.3 are the masses, widths, JPC , and decay processes of these
exotic mesons which are going to be reviewed and discussed separately in this
section.

For the states with JPC = 0++, three isoscalar resonances: the f0(1370),
f0(1500), and f0(1710) which are likely non-qq̄ candidates are mainly reviewed
in (Zyla et al., 2020). One conclusion reached is that none of the proposed qq̄

ordering schemes in scalar multiplets is completely satisfactory. The f0(1370) and
f0(1500) decay mostly into pions (2π and 4π), and the f0(1710) decays mainly into
KK̄ final states. Naively, one implies an nn̄(= uū+ dd̄) structure for the f0(1370)

and f0(1500), and an ss̄ structure for the f0(1710).
However, the 13P0 state is always the lightest state in the three 13PJ
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states (J = 0, 1, 2) in potential model studies (Godfrey and Isgur, 1985; Vijande
et al., 2005; Ebert et al., 2009; Xiao et al., 2019; Li et al., 2021), which is confirmed
in the observation of the χcJ(1P ) and χbJ(1P ) for charmonium and bottomonium
mesons respectively. Since the mass splitting between χc0(1P ) and χc2(1P ) is
around 150 MeV, and the mass splitting between χb0(1P ) and χb2(1P ) is around 50
MeV (Zyla et al., 2020), one may conclude that the 13P0 nn̄ and ss̄ states should
be obviously lighter than 13P2 nn̄ and ss̄ states which are widely accepted as the
f2(1270) and f ′

2(1525) respectively (Amsler and Tornqvist, 2004). Thus, the f0(1500)

and f0(1710) are too heavy to be accommodated as conventional mesons.
In γγ collisions, both of the f0(1500) and f0(1710) are not observed by

ALEPH in γγ → π+π− (Barate et al., 2000), and the f0(1500) is also not observed by
Belle in γγ → π0π0 (Uehara et al., 2008), which does not favor an nn̄ interpretation
for the f0(1500). Several glueball interpretations are proposed: the f0(1370) is
mainly nn̄, the f0(1500) mainly glueball, the f0(1710) dominantly ss̄ (Amsler and
Close, 1996; Close and Kirk, 2001), or the f0(1710) as the glueball (Janowski et al.,
2014; Brünner and Rebhan, 2015).

The f0(1710) and f2(2200) are observed by Belle in γγ → K0
SK

0
S (Uehara

et al., 2013). The mass, total width, and decay branching fraction to the KK̄ state
ΓγγB(KK̄) are measured. One conclusion is that the f0(1710) and f2(2200) are
unlikely to be glueballs because their total widths and ΓγγB(KK̄) values are much
larger than those expected for a pure glueball state. The f0(1500) is observed
by BESII in J/ψ → γππ (Ablikim et al., 2006) and by BESIII in J/ψ → γηη (Ablikim
et al., 2013b) with a much smaller rate than for the f0(1710), which speaks against
a glueball interpretation of the f0(1500). Recently, The f0(1500) is studied in the
framework of supersymmetric light front holographic QCD (LFHQCD) and identified
as a isoscalar tetraquark (Zou et al., 2019).

As the review and discussion above, neither a conventional meson nor a
glueball interpretation for the f0(1500) and f0(1710) is completely satisfactory.

The f0(1370) is assigned to be the 13P0 ss̄ state by a recently quark
model study of ss̄ meson mass spectrum (Li et al., 2021), which is consistent
with quark model mass spectrum studies (Xiao et al., 2019; Vijande et al., 2005;
Ebert et al., 2009) but conflicts with the experimental conclusion that the f0(1370)

decays mostly into pions. Actually, since the average mass of the f0(1370) is from
1200 MeV to 1500 MeV (Zyla et al., 2020), the broad f0(1370) resonance may
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correspond to two different states, each with the nn̄ or ss̄ content. Therefore,
some resonances around 1370 MeV observed in the KK̄ channel might be good
candidates for the 13P0 ss̄ state (Li et al., 2021).

Since both the f0(1500) and f0(2020) were observed by E835 in the
process pp̄→ (ηη)π (Uman et al., 2006), we may group the f0(1500) and f0(2020)

to be the 1S and 2S states respectively, with J = 0, of the |ψc3̄⊗3ψ
S=0
(0⊗0), ψ

c
6⊗6̄ψ

S=0
(1⊗1)⟩

mixed configuration.
Considering that both the f0(1710) and f0(2100) were observed by BESIII

in the process J/ψ → γ(ηη) (Ablikim et al., 2013b), and the f0(2020) was observed
by E835 in the process pp̄→ (ηη)π and their decay widths are in the same order
(Uman et al., 2006), and both the f0(1710) and f0(2200) were observed by BES
in the process ψ(2s) → γπ+π−(K+K−) with the same order decay widths (Ablikim
et al., 2005b), we may assign the f0(1710) and f0(2020) to be the 1S states, the
f0(2100) and f0(2200) to be the 2S state with J = 0 of the |ψc3̄⊗3ψ

S=0
(1⊗1), ψ

c
6⊗6̄ψ

S=0
(0⊗0)⟩

mixed configuration, respectively.
Two states with masses 1815 and 1890 MeV are predicted in the calcu-

lation, which are close to X(1835) and X(1840). The X(1835) is interpreted as
a baryonium (Wang, 2011; Deng et al., 2012; Deng et al., 2013) or the second
radial excited state of η′(958) (Liu et al., 2010; Yu et al., 2011). The X(1835)

has been observed and confirmed mainly by BESIII since 2005 (Ablikim et al.,
2005a; Ablikim et al., 2012; Ablikim et al., 2013d; Ablikim et al., 2015a; Ablikim
et al., 2016), with the mass determined ranging from 1825 to 1910 MeV in various
decay processes. The X(1840) listed in Table 5.3 is observed in the decay pro-
cess J/ψ → γ3(π+π−) (Ablikim et al., 2013d), and can theoretically take the 0++

quantum numbers. More experimental data in the 1800 – 1900 MeV region are
essential to reveal whether there might be more resonances in the mass region.

Two well established 2++ states, the f2(1270) and f ′
2(1525), are widely

accepted as the isoscalar 13P2 mesons for nn̄ and ss̄ structure respectively (Amsler
and Tornqvist, 2004), which is consistent with the theoretical predictions of mesons
(Godfrey and Isgur, 1985; Vijande et al., 2005; Ebert et al., 2009; Xiao et al.,
2019; Li et al., 2021). At higher masses, the f2(1950) and f2(2010) appear to be
solid (Zyla et al., 2020), and the f2(2010) is assigned to be the 23P2 ss̄ state while
the f2(1950) does not fit into quark model spectrum easily (Ebert et al., 2009; Li
et al., 2021). Another two established tensor states, the f2(2300) and f2(2340), do
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not fit into quark model spectrum either.
The broad f2(1950) has been observed in several processes decaying to

4π (Barberis et al., 2000), ηη (Binon et al., 2005), and K+K− (Abe et al., 2003).
Based on assuming that the ηη and the K+K− are the dominant decay modes
of the f2(1950), the f2(1950) is unlikely to be nn̄ state. And it may not be a
ss̄ state too since the 23P2 ss̄ state is occupied by the f2(2010) (Li et al., 2021).
Meanwhile, the big mass difference of the two f2(1950) determined in the two
processes π−p → (ηη)n (Binon et al., 2005) and γγ → (K+K−) (Abe et al., 2003)
leads us to propose that they are likely two different states. We may use the
X2(1930) and X2(1980) to represent the states of ηη and K+K− decay modes
respectively.

Since both the X2(1980) and f2(2300) are observed in the process γγ →

(K+K−) with the similar decay widths (Abe et al., 2003), one may naturally pair
the X2(1980) and f0(2300) together. Therefore, we may assign the X2(1980) and
f0(2300) to be the 1S and 2S states, with J = 2, of the (6c ⊗ 6̄c)(1s ⊗ 1s)S=2

configuration, respectively.
Since both the the X2(1930) and f2(2340) can decay to ηη and their

decay widths are in the same order, we may group the X2(1930) and f2(2340) to be
the 1S and 2S tetraquark states respectively, with J = 2, of the (3̄c⊗3c)(1s⊗1s)S=2

configuration.
With JPC = 1+−, the h1(1170) and h1(1415) are convinced ground states

of nn̄ and ss̄ isoscalar mesons respectively, and the b1(1235) is the ground
state of isovector mesons in quark model (Godfrey and Isgur, 1985; Li et al.,
2021; Zyla et al., 2020). However, the h1(1595) observed by BNL-E852 in the
π−p → (ωη)n process (Eugenio et al., 2001), the h1(1965) with a mainly decay
channel ωη (Anisovich et al., 2002b), and the b1(1960) and b1(2240) observed in
the process pp̄ → ωπ0, ωηπ0, π+π− (Anisovich et al., 2002a) do not fit into the qq̄

meson mass spectrum.
The main decay channel of the h1(1595) and h1(1965), ωη, is observed

for neither the h1(1170) nor h1(1415) while the decay widths of the h1(1595)

and h1(1965) are in the same order, one may tentatively pair the h1(1595) and
h1(1965) together and separate them from conventional mesons. We may group
the h1(1595) and h1(1965) to be the 1S and 2S states respectively, with J = 1, of
the (6c ⊗ 6̄c)(1s ⊗ 1s)S=1 configuration.
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We may tentatively assign the b1(1960) and b1(2240) to be the 1S and
2S states, with J = 1, of the (6c ⊗ 6̄c)(1s ⊗ 0s)S=1 configuration, respectively.
The b1(1960) and b1(2240) are paired since they are observed in the process
pp̄ → ωπ0, ωηπ0, π+π− (Anisovich et al., 2002a) and their decay widths are in the
same order. There are very rare experimental data for b1 states except for the
established b1(1235), and the b1(1960) and b1(2240) are not established states in
PDG (Zyla et al., 2020). More experimental data for b1 states are required to make
more unambiguous assignments.

As shown in Table 5.4, the 1S and 2S 0++, 1+−, and 2++ light tetraquark
states predicted in the work have been tentatively matched with experimental
data in pairs. We have provided in the work a possible tetraquark interpretation
for exotic meason states. For the interpretation that those exotic particles might
be the mixture of qq̄ meson, glueball, and tetraquark, one may refer to (Klempt,
2021; Sarantsev et al., 2021).

5.3 The first ccc̄c̄ tetraquark candidate: X(6900)

The LHCb collaboration has reported evidence for at least one resonance
in the J/ψ-pair spectrum around 6900 MeV (Aaij et al., 2020). As illustrated in
Figure 5.3 adapted from figure S3 in (Aaij et al., 2020), the data also revealed a
broader structure centered about 6500 MeV. Such states have the valence-quark
content cc̄cc̄, making them the first all-heavy multiquark exotic candidates reported
in the experimental literature to date. The mass and width of the resonance
around 6900 MeV are measured to be:

M [X(6900)] = 6905± 11± 7,

Γ[X(6900)] = 80± 19± 33,
(5.1)

and in the second fitting model,

M [X(6900)] = 6886± 11± 11,

Γ[X(6900)] = 168± 33± 69.
(5.2)

The theoretical predictions, as given in Table 4.3, support assigning the
X(6900) to be the 2S fully-charm tetraquark state in the 3̄c⊗ 3c configuration, with
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J = 1. Meanwhile, with J = 1, the 1S and 3S states of fully-charm tetraquarks
are about 6491 and 7248 MeV, respectively, in the 3̄c ⊗ 3c configuration, which is
consistent with the experimental data in Figure 5.3.

Figure 5.3 Invariant mass spectra of weighted di-J/ψ candidates (Aaij et al., 2020).

For comparison, our numerical results and some typical results of other
works are collected in Table 5.5 with units in MeV. Including our results, the
predictions from non-relativistic quark models which consider both confining and
OGE Coulomb-like potentials are compatible (Wang et al., 2019; Liu et al., 2019;
Ader et al., 1982; Lloyd and Vary, 2004). Similar results are given in a QCD
sum rules work (Chen et al., 2020). Without considering color configurations, the
works (Barnea et al., 2006; Berezhnoy et al., 2012; Wang, 2017; Wang and Di, 2019;
Debastiani and Navarra, 2019) give smaller masses.
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CHAPTER VI
CONCLUSIONS

We compared the experimental data and theoretical results of light,
charmed, and bottom mesons to fit the model parameters. The predetermined
model parameters are applied to calculate the qcq̄c̄ and qqq̄q̄ tetraquark masses of
1S and 2S states, as well as the ccc̄c̄ tetraquark masses of 1S, 2S, and 3S states.

The predicted 1S and 2S qcq̄c̄ tetraquark states and the X and Zc parti-
cles have been tentatively matched. Some charmonium-like qcq̄c̄ tetraquark states
predicted in this work can not be matched with observed particles. Experimental
searchings in the processes e+e− → π∓(π±hc), π

∓(π±ψ(2S)) for higher mass reso-
nances, most likely the first radial excited states of Zc(4020), and Zc(4055), might
be suggested.

The X(6900) detected by LHCb is likely the 2S ccc̄c̄ tetraquark state in
the 3̄c ⊗ 3c color configuration, with J = 1. The ccc̄c̄ tetraquarks in the J = 1

3̄c⊗ 3c color configuration may have 1S and 3S states of 6491 MeV and 7248 MeV,
respectively.

A tentative matching has been made between the predicted 1S and 2S
light tetraquark states and the believed exotic mesons.

For J = 0 states, the work suggests that the f0(1500) and f0(2200)

might be the 1S and 2S states respectively of the |ψc3̄⊗3ψ
S=0
(0⊗0), ψ

c
6⊗6̄ψ

S=0
(1⊗1)⟩ mixed

configuration, and that the f0(1710), and the f0(2020) and f0(2100) might be the
1S and 2S states of the |ψc3̄⊗3ψ

S=0
(1⊗1), ψ

c
6⊗6̄ψ

S=0
(0⊗0)⟩ mixed configuration, respectively.

For J = 2 states, we first assume that the f2(1950) may represent
two different resonances because of the large mass difference of the f2(1950)

determined in the two processes π−p → (ηη)n (Binon et al., 2005) and γγ →

(K+K−) (Abe et al., 2003). Then we have tentatively assigned the X2(1980) and
f0(2300) to be the 1S and 2S states of the (6c ⊗ 6̄c)(1s ⊗ 1s)S=2 configuration,
respectively, and the X2(1930) and f2(2340) to be the 1S and 2S tetraquark states
respectively of the (3̄c ⊗ 3c)(1s ⊗ 1s)S=2 configuration.

For J = 1 states, the work supports that the h1(1595) might be the 1S
light tetraquark state of the (6c ⊗ 6̄c)(1s ⊗ 1s)S=1 configuration, and the h1(1965)
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might be the 2S state of the h1(1595). The assignment of the b1(1960) and b1(2240)

is rather ambiguous in the work, that is, the b1(1960) and b1(2240) may be paired
to be the 1S and 2S states respectively of the (6c ⊗ 6̄c)(1s ⊗ 0s)S=1 configuration.
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APPENDIX A
GROUP THEORY APPROACH

Tetraquark states consist of two quarks and two antiquarks, qqq̄q̄. The
contributions of the spatial degrees of freedom as well as the internal degrees of
freedom of color, flavor, and spin are included in tetraquark wave functions. The
two light flavors u and d with spin s = 1/2 and three potential colors r, g and b

are assumed to be the internal degrees of freedom.
The quark and antiquark transform under the fundamental representation

of SU(n) and the conjugate representation of SU(n), respectively, with n = 2, 2, 3

for the spin, flavor, color degree of freedom. The spin, flavor, and color algebras,
SUf (2)⊗ SUs(2)⊗ SUc(3), make up the algebraic structure of the multiquark state.

The construction of tetraquark q1q2q̄3q̄4 states follows two rules. One is
that a q1q2q̄3q̄4 state must be a color singlet. Another is that the wave function of
the identical quark cluster must be antisymmetric under any permutation between
identical quarks. In the language of group theory, the permutation symmetry of
the quark-quark configuration qq is characterized by the S2 Young tabloids [2], and
[11].

The rule that a tetraquark state must be a color singlet, which means
that the tetraquark color wave function must be a [222]1 singlet of the SUc(3)

group, is followed while constructing tetraquark states. Since the color part of the
quark-quark cluster (q1q2) in tetraquark states are a [2]6 sextet and a [11]3̄ antitriplet
as follows,

ψc
[2](q1q2) = , ψc

[11](q1q2) = , (A.1)

the color part of the two antiquarks cluster (q̄3q̄4) must be a [22]6̄ antisextet and
[211]3 triplet respectively as follows,

ψc
[22](q̄3q̄4) = , ψc

[211](q̄3q̄4) = . (A.2)

The identical quark cluster q2 must be antisymmetric under any permuta-
tion between identical quarks, which implies that the spatial-spin-flavour part must
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be a [11] and [2] states for color part [2]6 and [11]3̄ states, respectively,

ψosf
[11](q1q2) = , ψosf

[2] (q1q2) = . (A.3)

For the q2 configuration, the total wave function may be written in the
general form,

ψ = ψc
[2]ψ

osf
[11] , ψ = ψc

[11]ψ
osf
[2] . (A.4)

Since the spatial wave function is symmetric ψo[2], all the possible color-
spatial-spin-flavor configurations of the q1q2 cluster for ψc[2]ψosf[11] are listed as follows:

ψc
[2]ψ

o
[2]ψ

s
[11]ψ

f
[2], ψ

c
[2]ψ

o
[2]ψ

s
[2]ψ

f
[11], (A.5)

and for ψc[11]ψosf[2] :

ψc
[11]ψ

o
[2]ψ

s
[11]ψ

f
[11], ψ

c
[11]ψ

o
[2]ψ

s
[2]ψ

f
[2]. (A.6)

For ccc̄c̄ tetraquarks, the flavor wave functions for cc and c̄c̄ must be
symmetric ψf[2]. Thus, the possible color-spatial-spin-flavor configurations of the cc

cluster are ψc[2]ψ
o
[2]ψ

s
[11]ψ

f
[2] for ψc[2]ψosf[11] , and ψc[11]ψ

o
[2]ψ

s
[2]ψ

f
[2] for ψc[11]ψosf[2] .

 



APPENDIX B
COLOR-SPIN WAVE FUNCTIONS

For q2 system, according to Young tableaux of symmetric (S), and anti-
symmetric (A) types, the projection operators of , and are as follows:

P[2]S = 1 + (12) ,

P[11]A = 1− (12) .
(B.1)

q2 color wave functions can be derived by applying the symmetric (S),
and anti-symmetric (A) type projection operators of the S2 IR[2] and IR[11] in
Yamanouchi basis respectively,

|1 2 , RR⟩ = P[2]S(RR) =⇒ ψc
[2]S

(RR) : RR,

|1 2 , GG⟩ = P[2]S(GG) =⇒ ψc
[2]S

(GG) : GG,

|1 2 , BB⟩ = P[2]S(BB) =⇒ ψc
[2]S

(BB) : BB,

|1 2 , RG⟩ = P[2]S(RG) =⇒ ψc
[2]S

(RG) :
1√
2
(RG+GR),

|1 2 , GB⟩ = P[2]S(GB) =⇒ ψc
[2]S

(GB) :
1√
2
(GB +BG),

|1 2 , BR⟩ = P[2]S(BR) =⇒ ψc
[2]S

(BR) :
1√
2
(BR +RB),

∣∣∣12 , RG⟩ = P[11]A(RG) =⇒ ψc
[11]A

(RG) :
1√
2
(RG−GR),

∣∣∣12 , GB⟩ = P[11]A(GB) =⇒ ψc
[11]A

(GB) :
1√
2
(GB −BG),

∣∣∣12 , BR⟩ = P[11]A(BR) =⇒ ψc
[11]A

(BR) :
1√
2
(BR−RB).
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q̄2 color wave functions take same form with q2 color wave functions,

ψc
[22](R̄R̄) : R̄R̄,

ψc
[22](ḠḠ) : ḠḠ,

ψc
[22](B̄B̄) : B̄B̄,

ψc
[22](R̄Ḡ) :

1√
2
(R̄Ḡ+ ḠR̄),

ψc
[22](ḠB̄) :

1√
2
(ḠB̄ + B̄Ḡ),

ψc
[22](B̄R̄) :

1√
2
(B̄R̄ + R̄B̄),

ψc
[211](R̄Ḡ) :

1√
2
(R̄Ḡ− ḠR̄),

ψc
[211](ḠB̄) :

1√
2
(ḠB̄ − B̄Ḡ),

ψc
[211](B̄R̄) :

1√
2
(B̄R̄− R̄B̄).

The singlet color wave functions ψc[2]6[22]6̄ and ψc[11]3̄[211]3 of tetraquarks are
given by:

ψq1q2q̄3q̄4
[2]c6[22]

c
6̄
= 1√

6

∑6
i=1 ψ

q1q2
[2]c6i
ψq̄3q̄4

[22]c6̄i
,

ψq1q2q̄3q̄4
[11]c

3̄
[211]c3

= 1√
3

∑3
i=1 ψ

q1q2
[11]c

3̄
iψ

q̄3q̄4
[211]c3i

.

The explicit color wave functions are listed as follows, and the terms
without subscripts are using the quark order q1q2q̄3q̄4:

ψq1q2q̄3q̄4
[2]c6[22]

c
6̄

=
1√
6
[R1R2R̄3R̄4 +G1G2Ḡ3Ḡ4 +B1B2B̄3B̄4

 



64

+
1

2
(R1G2 +G1R2)(R̄3Ḡ4 + Ḡ3R̄4)

+
1

2
(B1R2 +R1B2)(B̄3R̄4 + R̄3B̄4)

+
1

2
(G1B2 +B1G2)(Ḡ3B̄4 + B̄3Ḡ4)]

=
1√
6
[RRR̄R̄ +GGḠḠ+BBB̄B̄

+
1

2
(RGR̄Ḡ+GRR̄Ḡ+RGḠR̄ +GRḠR̄)

+
1

2
(BRB̄R̄ +RBB̄R̄ +BRR̄B̄ +RBR̄B̄)

+
1

2
(GBḠB̄ +BGḠB̄ +GBB̄Ḡ+BGB̄Ḡ)],

ψq1q2q̄3q̄4
[11]c

3̄
[211]c3

=
1√
3
[
1

2
(R1G2 −G1R2)(R̄3Ḡ4 − Ḡ3R̄4)

+
1

2
(B1R2 −R1B2)(B̄3R̄4 − R̄3B̄4)

+
1

2
(G1B2 −B1G2)(Ḡ3B̄4 − B̄3Ḡ4)]

=
1√
3
[
1

2
(RGR̄Ḡ−GRR̄Ḡ−RGḠR̄ +GRḠR̄)

+
1

2
(BRB̄R̄−RBB̄R̄−BRR̄B̄ +RBR̄B̄)

+
1

2
(GBḠB̄ −BGḠB̄ −GBB̄Ḡ+BGB̄Ḡ)].

The possible spin combinations are
[
ψq1q2[s=1] ⊗ ψq̄3q̄4[s=1]

]
S=0,1,2

, ψq1q2[s=1] ⊗ ψq̄3q̄4[s=0],
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ψq1q2[s=0]⊗ψ
q̄3q̄4
[s=1], and ψq1q2[s=0]⊗ψ

q̄3q̄4
[s=0] for charmonium-like (qcq̄c̄) and light (qqq̄q̄) tetraquark

states. For fully-charm (ccc̄c̄) tetraquark states, the possible spin combinations are[
ψq1q2[s=1] ⊗ ψq̄3q̄4[s=1]

]
S=0,1,2

for ψc[11]3̄[211]3 color configuration, and ψq1q2[s=0]⊗ψ
q̄3q̄4
[s=0] for ψc[2]6[22]6̄

color configuration while the possible color-spatial-spin-flavor configurations of the
cc cluster are ψc[2]ψ

o
[2]ψ

s
[11]ψ

f
[2] for ψc[2]ψosf[11] , and ψc[11]ψ

o
[2]ψ

s
[2]ψ

f
[2] for ψc[11]ψosf[2] .

The spin of tetraquark state is the coupling of the q2 and q̄2 spin with
corresponding Clebsch-Gordan coefficients. The tetraquark spin wave functions
ψS(S, Sz) with the symmetry [2] of q2 and [2] of q̄2 are formed as follows for the
spin combination

[
ψq1q2[s=1] ⊗ ψq̄3q̄4[s=1]

]
S=0,1,2

:

ψS(2, 2) = P[2]S | ↑↑⟩P[2]S |↑̄↑̄⟩,

ψS(2, 1) =

√
1

2
P[2]S | ↑↑⟩P[2]S |↑̄↓̄⟩+

√
1

2
P[2]S | ↑↓⟩P[2]S |↑̄↑̄⟩,

ψS(2, 0) =

√
1

6
P[2]S | ↑↑⟩P[2]S |↓̄↓̄⟩+

√
2

3
P[2]S | ↑↓⟩P[2]S |↑̄↓̄⟩

+

√
1

6
P[2]S | ↓↓⟩P[2]S |↑̄↑̄⟩,

ψS(2,−1) =

√
1

2
P[2]S | ↑↓⟩P[2]S |↓̄↓̄⟩+

√
1

2
P[2]S | ↓↓⟩P[2]S |↑̄↓̄⟩,

ψS(2,−2) = P[2]S | ↓↓⟩P[2]S |↓̄↓̄⟩,

ψS(1, 1) =

√
1

2
P[2]S | ↑↑⟩P[2]S |↑̄↓̄⟩ −

√
1

2
P[2]S | ↑↓⟩P[2]S |↑̄↑̄⟩,

ψS(1, 0) =

√
1

2
P[2]S | ↑↑⟩P[2]S |↓̄↓̄⟩ −

√
1

2
P[2]S | ↓↓⟩P[2]S |↑̄↑̄⟩,

ψS(1,−1) =

√
1

2
P[2]S | ↑↓⟩P[2]S |↓̄↓̄⟩ −

√
1

2
P[2]S | ↓↓⟩P[2]S |↑̄↓̄⟩,

ψS(0, 0) =

√
1

3
P[2]S | ↑↑⟩P[2]S |↓̄↓̄⟩ −

√
1

3
P[2]S | ↑↓⟩P[2]S |↑̄↓̄⟩
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+

√
1

3
P[2]S | ↓↓⟩P[2]S |↑̄↑̄⟩.

The all explicit spin wave functions ψS(S, Sz) of
[
ψq1q2[s=1] ⊗ ψq̄3q̄4[s=1]

]
S=0,1,2

tetraquark states are listed as follows:

ψS(2, 2) = ↑↑ ↑̄↑̄,

ψS(2, 1) =
1

2
(↑↑ ↑̄↓̄+ ↑↑ ↓̄↑̄+ ↑↓ ↑̄↑̄+ ↓↑ ↑̄↑̄),

ψS(2, 0) =
1√
6
(↑↑ ↓̄↓̄+ ↓↓ ↑̄↑̄+ ↑↓ ↑̄↓̄+ ↑↓ ↓̄↑̄+ ↓↑ ↑̄↓̄+ ↓↑ ↓̄↑̄),

ψS(2,−1) =
1

2
(↑↓ ↓̄↓̄+ ↓↑ ↓̄↓̄+ ↓↓ ↑̄↓̄+ ↓↓ ↓̄↑̄),

ψS(2,−2) = ↓↓ ↓̄↓̄,

ψS(1, 1) =
1

2
(↑↑ ↑̄↓̄+ ↑↑ ↓̄↑̄− ↑↓ ↑̄↑̄− ↓↑ ↑̄↑̄),

ψS(1, 0) =
1√
2
(↑↑ ↓̄↓̄− ↓↓ ↑̄↑̄),

ψS(1,−1) =
1

2
(↑↓ ↓̄↓̄+ ↓↑ ↓̄↓̄− ↓↓ ↑̄↓̄− ↓↓ ↓̄↑̄),

ψS(0, 0) =
1√
3
[↑↑ ↓̄↓̄ − 1

2
(↑↓ ↑̄↓̄+ ↑↓ ↓̄↑̄+ ↓↑ ↑̄↓̄+ ↓↑ ↓̄↑̄)+ ↓↓ ↑̄↑̄].

The tetraquark states of a certain spin and the same q2 and q̄2 spins but
different spin projection ms have the same expectation values. In this work all
the spins take the maximum spin projections. The spin combinations ψq1q2[s=1]⊗ψ

q̄3q̄4
[s=0],

and ψq1q2[s=0] ⊗ψq̄3q̄4[s=1] give same expectation values. In this work, only ψq1q2[s=1] ⊗ψq̄3q̄4[s=0] is
taken.

The explicit spin wave functions ψ
S(q1q2q̄3q̄4)
(S(q1q2)⊗S(q̄3q̄4)) of tetraquark states are

 



67

listed as follows:

ψS=2
(1⊗1) =↑↑ ↑̄↑̄,

ψS=1
(1⊗1) =

1

2
(↑↑ ↑̄↓̄+ ↑↑ ↓̄↑̄− ↑↓ ↑̄↑̄− ↓↑ ↑̄↑̄),

ψS=1
(1⊗0) =

1√
2
(↑↑ ↑̄↓̄− ↑↑ ↓̄↑̄),

ψS=0
(1⊗1) =

1√
3
[↑↑ ↓̄↓̄ − 1

2
(↑↓ ↑̄↓̄+ ↑↓ ↓̄↑̄+ ↓↑ ↑̄↓̄+ ↓↑ ↓̄↑̄)+ ↓↓ ↑̄↑̄],

ψS=0
(0⊗0) =

1

2
(↑↓ ↑̄↓̄− ↑↓ ↓̄↑̄− ↓↑ ↑̄↓̄+ ↓↑ ↓̄↑̄).

(B.2)

 



APPENDIX C
SPATIAL WAVE FUNCTION

In this appendix the spatial wave function of tetraquark in the harmonic
oscillator basis are displayed, and the total spatial wave function of tetraquark may
be expanded in the complete basis formed by the function,

ψNL =
∑
{ni,li}

A(n1, n2, n3, l1, l2, l3)

× ψn1l1(x⃗1 )⊗ ψn2l2(x⃗2 )⊗ ψn3l3(x⃗3 )

(C.1)

where ψnili are harmonic oscillator wave functions and the sum {ni, li} is over
n1, n2, n3, l1, l2, l3. N and L are the total principle quantum number and orbital
angular momentum number of the tetraquark respectively. One has N = (2n1 +

l1)+ (2n2+ l2)+ (2n3+ l3). We employ the spatial wave functions ψNL as complete
bases to study tetraquark states with other interactions. The spatial wave functions
ψNL are employed as complete bases to study tetraquark states, and the bases
size is N = 14 in the calculation. The best eigenvalue is from adjusting the length
parameter of harmonic oscillator wave functions.

The complete bases of the tetraquarks are listed in Table C.1, up to
N = 14, where l1, l2, and l3 are limited to 0 only.

Table C.1 The complete bases of tetraquark with N = 2n, L = 0, and N ≤ 14.

ψNL ψn1,l1(x⃗1 )ψn2,l2(x⃗2 )ψn3,l3(x⃗3 )

ψ00 ψ0,0(x⃗1)ψ0,0(x⃗2)ψ0,0(x⃗3).
ψ20 ψ1,0(x⃗1)ψ0,0(x⃗2)ψ0,0(x⃗3), ψ0,0(x⃗1)ψ1,0(x⃗2)ψ0,0(x⃗3), ψ0,0(x⃗1)ψ0,0(x⃗2)ψ1,0(x⃗3).
ψ40 ψ2,0(x⃗1)ψ0,0(x⃗2)ψ0,0(x⃗3), ψ0,0(x⃗1)ψ2,0(x⃗2)ψ0,0(x⃗3), ψ0,0(x⃗1)ψ0,0(x⃗2)ψ2,0(x⃗3),

ψ1,0(x⃗1)ψ1,0(x⃗2)ψ0,0(x⃗3), ψ1,0(x⃗1)ψ0,0(x⃗2)ψ1,0(x⃗3), ψ0,0(x⃗1)ψ1,0(x⃗2)ψ1,0(x⃗3).
ψ60 ψ3,0(x⃗1)ψ0,0(x⃗2)ψ0,0(x⃗3), ψ2,0(x⃗1)ψ1,0(x⃗2)ψ0,0(x⃗3), ψ2,0(x⃗1)ψ0,0(x⃗2)ψ1,0(x⃗3),

ψ1,0(x⃗1)ψ2,0(x⃗2)ψ0,0(x⃗3), ψ1,0(x⃗1)ψ0,0(x⃗2)ψ2,0(x⃗3), ψ0,0(x⃗1)ψ3,0(x⃗2)ψ0,0(x⃗3),
ψ0,0(x⃗1)ψ2,0(x⃗2)ψ1,0(x⃗3), ψ0,0(x⃗1)ψ1,0(x⃗2)ψ2,0(x⃗3), ψ0,0(x⃗1)ψ0,0(x⃗2)ψ3,0(x⃗3),
ψ1,0(x⃗1)ψ1,0(x⃗2)ψ1,0(x⃗3).

ψ80 ψ4,0(x⃗1)ψ0,0(x⃗2)ψ0,0(x⃗3), ψ3,0(x⃗1)ψ1,0(x⃗2)ψ0,0(x⃗3), ψ3,0(x⃗1)ψ0,0(x⃗2)ψ1,0(x⃗3),
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Table C.1 (Continued)
ψNL ψn1,l1(x⃗1 )ψn2,l2(x⃗2 )ψn3,l3(x⃗3 )

ψ2,0(x⃗1)ψ2,0(x⃗2)ψ0,0(x⃗3), ψ2,0(x⃗1)ψ1,0(x⃗2)ψ1,0(x⃗3), ψ2,0(x⃗1)ψ0,0(x⃗2)ψ1,0(x⃗3),
ψ1,0(x⃗1)ψ3,0(x⃗2)ψ0,0(x⃗3), ψ1,0(x⃗1)ψ2,0(x⃗2)ψ1,0(x⃗3), ψ1,0(x⃗1)ψ1,0(x⃗2)ψ2,0(x⃗3),
ψ1,0(x⃗1)ψ0,0(x⃗2)ψ3,0(x⃗3), ψ0,0(x⃗1)ψ4,0(x⃗2)ψ0,0(x⃗3), ψ0,0(x⃗1)ψ3,0(x⃗2)ψ1,0(x⃗3),
ψ0,0(x⃗1)ψ2,0(x⃗2)ψ2,0(x⃗3), ψ0,0(x⃗1)ψ1,0(x⃗2)ψ3,0(x⃗3), ψ0,0(x⃗1)ψ0,0(x⃗2)ψ4,0(x⃗3).

ψ100 ψ5,0(x⃗1)ψ0,0(x⃗2)ψ0,0(x⃗3), ψ4,0(x⃗1)ψ1,0(x⃗2)ψ0,0(x⃗3), ψ4,0(x⃗1)ψ0,0(x⃗2)ψ1,0(x⃗3),
ψ3,0(x⃗1)ψ2,0(x⃗2)ψ0,0(x⃗3), ψ3,0(x⃗1)ψ1,0(x⃗2)ψ1,0(x⃗3), ψ3,0(x⃗1)ψ0,0(x⃗2)ψ2,0(x⃗3),
ψ2,0(x⃗1)ψ3,0(x⃗2)ψ0,0(x⃗3), ψ2,0(x⃗1)ψ2,0(x⃗2)ψ1,0(x⃗3), ψ2,0(x⃗1)ψ1,0(x⃗2)ψ2,0(x⃗3),
ψ2,0(x⃗1)ψ0,0(x⃗2)ψ3,0(x⃗3), ψ1,0(x⃗1)ψ4,0(x⃗2)ψ0,0(x⃗3), ψ1,0(x⃗1)ψ3,0(x⃗2)ψ1,0(x⃗3),
ψ1,0(x⃗1)ψ2,0(x⃗2)ψ2,0(x⃗3), ψ1,0(x⃗1)ψ1,0(x⃗2)ψ3,0(x⃗3), ψ1,0(x⃗1)ψ0,0(x⃗2)ψ4,0(x⃗3),
ψ0,0(x⃗1)ψ5,0(x⃗2)ψ0,0(x⃗3), ψ0,0(x⃗1)ψ4,0(x⃗2)ψ1,0(x⃗3), ψ0,0(x⃗1)ψ3,0(x⃗2)ψ2,0(x⃗3),
ψ0,0(x⃗1)ψ2,0(x⃗2)ψ3,0(x⃗3), ψ0,0(x⃗1)ψ1,0(x⃗2)ψ4,0(x⃗3), ψ0,0(x⃗1)ψ0,0(x⃗2)ψ5,0(x⃗3).

ψ120 ψ6,0(x⃗1)ψ0,0(x⃗2)ψ0,0(x⃗3), ψ5,0(x⃗1)ψ1,0(x⃗2)ψ0,0(x⃗3), ψ5,0(x⃗1)ψ0,0(x⃗2)ψ1,0(x⃗3),
ψ4,0(x⃗1)ψ2,0(x⃗2)ψ0,0(x⃗3), ψ4,0(x⃗1)ψ1,0(x⃗2)ψ1,0(x⃗3), ψ4,0(x⃗1)ψ0,0(x⃗2)ψ2,0(x⃗3),
ψ3,0(x⃗1)ψ3,0(x⃗2)ψ0,0(x⃗3), ψ3,0(x⃗1)ψ2,0(x⃗2)ψ1,0(x⃗3), ψ3,0(x⃗1)ψ1,0(x⃗2)ψ2,0(x⃗3),
ψ3,0(x⃗1)ψ0,0(x⃗2)ψ3,0(x⃗3), ψ2,0(x⃗1)ψ4,0(x⃗2)ψ0,0(x⃗3), ψ2,0(x⃗1)ψ3,0(x⃗2)ψ1,0(x⃗3),
ψ2,0(x⃗1)ψ2,0(x⃗2)ψ2,0(x⃗3), ψ2,0(x⃗1)ψ1,0(x⃗2)ψ3,0(x⃗3), ψ2,0(x⃗1)ψ0,0(x⃗2)ψ4,0(x⃗3),
ψ1,0(x⃗1)ψ5,0(x⃗2)ψ0,0(x⃗3), ψ1,0(x⃗1)ψ4,0(x⃗2)ψ1,0(x⃗3), ψ1,0(x⃗1)ψ3,0(x⃗2)ψ2,0(x⃗3),
ψ1,0(x⃗1)ψ2,0(x⃗2)ψ3,0(x⃗3), ψ1,0(x⃗1)ψ1,0(x⃗2)ψ4,0(x⃗3), ψ1,0(x⃗1)ψ0,0(x⃗2)ψ5,0(x⃗3),
ψ0,0(x⃗1)ψ6,0(x⃗2)ψ0,0(x⃗3), ψ0,0(x⃗1)ψ5,0(x⃗2)ψ1,0(x⃗3), ψ0,0(x⃗1)ψ4,0(x⃗2)ψ2,0(x⃗3),
ψ0,0(x⃗1)ψ3,0(x⃗2)ψ3,0(x⃗3), ψ0,0(x⃗1)ψ2,0(x⃗2)ψ4,0(x⃗3), ψ0,0(x⃗1)ψ1,0(x⃗2)ψ5,0(x⃗3),
ψ0,0(x⃗1)ψ0,0(x⃗2)ψ6,0(x⃗3).

ψ140 ψ7,0(x⃗1)ψ0,0(x⃗2)ψ0,0(x⃗3), ψ6,0(x⃗1)ψ1,0(x⃗2)ψ0,0(x⃗3), ψ6,0(x⃗1)ψ0,0(x⃗2)ψ1,0(x⃗3),
ψ5,0(x⃗1)ψ2,0(x⃗2)ψ0,0(x⃗3), ψ5,0(x⃗1)ψ1,0(x⃗2)ψ1,0(x⃗3), ψ5,0(x⃗1)ψ0,0(x⃗2)ψ2,0(x⃗3),
ψ4,0(x⃗1)ψ3,0(x⃗2)ψ0,0(x⃗3), ψ4,0(x⃗1)ψ2,0(x⃗2)ψ1,0(x⃗3), ψ4,0(x⃗1)ψ1,0(x⃗2)ψ2,0(x⃗3),
ψ4,0(x⃗1)ψ0,0(x⃗2)ψ3,0(x⃗3), ψ3,0(x⃗1)ψ4,0(x⃗2)ψ0,0(x⃗3), ψ3,0(x⃗1)ψ3,0(x⃗2)ψ1,0(x⃗3),
ψ3,0(x⃗1)ψ2,0(x⃗2)ψ2,0(x⃗3), ψ3,0(x⃗1)ψ1,0(x⃗2)ψ3,0(x⃗3), ψ3,0(x⃗1)ψ0,0(x⃗2)ψ4,0(x⃗3),
ψ2,0(x⃗1)ψ5,0(x⃗2)ψ0,0(x⃗3), ψ2,0(x⃗1)ψ4,0(x⃗2)ψ1,0(x⃗3), ψ2,0(x⃗1)ψ3,0(x⃗2)ψ2,0(x⃗3),
ψ2,0(x⃗1)ψ2,0(x⃗2)ψ3,0(x⃗3), ψ2,0(x⃗1)ψ1,0(x⃗2)ψ4,0(x⃗3), ψ2,0(x⃗1)ψ0,0(x⃗2)ψ5,0(x⃗3),
ψ1,0(x⃗1)ψ6,0(x⃗2)ψ0,0(x⃗3), ψ1,0(x⃗1)ψ5,0(x⃗2)ψ1,0(x⃗3), ψ1,0(x⃗1)ψ4,0(x⃗2)ψ2,0(x⃗3),
ψ1,0(x⃗1)ψ3,0(x⃗2)ψ3,0(x⃗3), ψ1,0(x⃗1)ψ2,0(x⃗2)ψ4,0(x⃗3), ψ1,0(x⃗1)ψ1,0(x⃗2)ψ5,0(x⃗3),
ψ1,0(x⃗1)ψ0,0(x⃗2)ψ6,0(x⃗3), ψ0,0(x⃗1)ψ7,0(x⃗2)ψ0,0(x⃗3), ψ0,0(x⃗1)ψ6,0(x⃗2)ψ1,0(x⃗3),
ψ0,0(x⃗1)ψ5,0(x⃗2)ψ2,0(x⃗3), ψ0,0(x⃗1)ψ4,0(x⃗2)ψ3,0(x⃗3), ψ0,0(x⃗1)ψ3,0(x⃗2)ψ4,0(x⃗3),
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Table C.1 (Continued)
ψNL ψn1,l1(x⃗1 )ψn2,l2(x⃗2 )ψn3,l3(x⃗3 )

ψ0,0(x⃗1)ψ2,0(x⃗2)ψ5,0(x⃗3), ψ0,0(x⃗1)ψ1,0(x⃗2)ψ6,0(x⃗3), ψ0,0(x⃗1)ψ0,0(x⃗2)ψ7,0(x⃗3).
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