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For the uniform partition, we prove that the second derivative at the point x, of the cubic
spline (denoted by M, ) and the second central finite difference of the function u(x,) (denoted
by 5zl¢(x,)/h2) approximate u"(x,) on the opposite side. By using this property, we
introduce the number C, to be the average of M, and §%u(x,)/h* and we can conclude that
C, gives a better approximation to u”(x;). Finally, we use C, in the numerical solution of

second order PDEs. Numerical examples are given.,
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Use of cubic splines and the second central
finite differences in numerical solution of

PDEs"

P. Sattayatham

School of Mathematics

Suranaree University of Technology
Nakhon Ratchasima, 30000
Thailand

Abstract

For the uniform partition, we prove that the second derivative at the point
z; of the cubic spline( denoted by M;) and the second central finite difference
of the function u(z;) (denoted by 0'2u(;1:.:)/h2) approximate u''(z;) on the
opposite side. By using this property, we introduce the number C; to be the
average of M; and 6%u (x;) /h® and we can conclude that C; gives a better
approximation to " (x:). Finally, we use C; in the numerical solution of second
order PDEs. Numerical examples are given.

1 Introduction

For the cubic spline 5y (z) of a function u (z), we denoted the first derivative of S, ()
at the point z; by m; and the second derivative by M;. If the mesh is uniform and
u(z) is smooth enough, it can be shown that the cubic spline approximation is the
fourth-order accurate for m; and the second-order accurate for M,.(See [1])

6211. (CE“)
h2
approximate u' (z;) . The accuracy of this approximation is O (h?). In summary, M;

§%u (z;)
and ————

h2
In this paper, we let

We also use the second central finite difference of u (z) at the point z; to

are second-order accurate for u” (z;).

§u(z;
Ci = <“T(f—) + Mi> /2,

and we shall prove that C; gives a better approximation to u”(z;) than M; or
§%u(x;
—7(2—). More precisely, we can show that C; is the third-order accurate for u' (z;).

Furthermore, we shall use this new estimator C; in the numerical solution of PDEs.

“Research supported by Suranaree University of Technology, Thailand.



The governing matrices obtained are tridiagonal or pentadiagonal which can be
solved by the sweep method (see [3}]). It is easy to do and in a low cost.

Finally, we will give a numerical example which verified that our numerical
method is more effective than only use of cubic spline method or second central
difference method.

; ; : §%u (z;
2 Cubic spline functions and the property of M, and ———}—<2—1—>—
)
approximate v’ (z;)on the opposite sides
Let the uniform partition of interval [a, 8] be A :
a=zyg <y < - < Lp=2b
and denote A = z; — z;-1 > 0,4 = 1,2,--- k. Let u(z) be a function which is

defined and has second order continuous derivative on [a,b]. We denote the value
w(z;) by u;. Let S, (x) be the cubic spline of function u (z) on the grid A. Denote
My =S5) (z;)and m; = S’; (z;). We have

: . 2 b ¢
. (z; —~7;)3 (:L'—y;iﬁl)3 M h* (2] —x)
S, (x :;’\/l" ——————+\/[i————+ -1
P (z) fin 6h ! 6h (it 6 ) h

A/[l}ll‘z (.L — fL'i_l) ,
+<“1‘ 6 ) n (1)

where T € [z~ ).

The Theorem 3.18, 3.24. 3.30 in [4] proved the existence and uniqueness for the
Complete splines, Periodic splines and Natural splines. Using equation (1) and the
continuity relations of the function S, (z) at the node points z;,i=1,--- k— 1, we
get the following cubic spline relations.| see [4], lemma 3.33)

6 (Uier — 2u; + 1w q)

Mi_+4M; + M, = Y , (2)
3 Uiryp = U .
mi o +4dmg+mi = —(“;Lh—“l—), (3)
h h Uy — U
my = —=M; + =M,;_ —_ 4
m =g Mot g 1+ A (4)
h h Uiy — Uy .
m;=——M - =M, | + ——, :
=Ty g 3 )
, 2 4 Ui — Ui
J\/[L:Emi,.1+g'mi—-6———ﬁ72———, (6)
4 2 Uiey — U; ~
:V[lz——};'mi—ﬁmi+1+6————;ﬂ—. (7)



We shall consider three cases of boundary conditions. In the first case, if S, (z)
is a complete spline, ie., S, (zo) = u'(zo) and S, (zx) = u'(xx) are known, then
one can obtain the following boundary conditions by evaluating the first derivative
of S, (z) from equation (1) at point z = zg and z = zy.

2 fu(z)) —u(x ,
4M0+2M1=% (J_)_hfi_(ﬁ~u (3:0)>

12 —
21,\/11\:_1 +4A/[k:___ (u/ (Ik)— U(:Ek:) u(mk"l)) .
h h
In the second case, if S, (z) is a natural spline, i.e., S} (z) = Sy (zx) = 0, the
boundary conditions are:

!\/[0 = S;’ (Z‘o) =0
]V[;c = S; (Il,‘k) = 0.

In the third case, if S, (z) is a periodic spline, i.e., S,(,J) (zo) = S,(,J) (zx), § =
0,1,2, then S, (z) can be extended to (—co, +00) with periodic b — a. Therefore, by
setting Tppy = 21 +(b — a) , equation (2} also holds for i = k. Since S} (zx) = 57 (20)
and S}/ (xx+1) = S (1), the boundary conditions are

My = My
L2 (1) —uo + ug-1 — w)

My + My + 4V = -

Lemma 1 Consider the tridiagonal system of equations:

oM +aM, +eMi =d;, 1=01,2,- -k

)

Suppose bg = cx =0, b, 20,¢, 20, 1 =1,2,--- k and there is a constant K,
such that

@ —bi—ci 2 K" >0, for 1=0,1,2,-- k.
Then
max |M;| < K max |d;]. (8)
0< i<k 0<i<k
Proof. Since
biZO, CiZO, ai—bi—ci>0
We get a; >0, 1=1,--,k. Let ig € {0,1,2,--- k} be an integer such that

| M| = max |Mi],
0<i<k



then

/7

K- |‘/L‘[10| <Hag — bi - C!o) :
< aig | Mig| = by M| = e Miga|
= i(L.;O;V[1,0| - |biOJV[,'0__1| !,40_\/[10+1|
g My = big Moy + g My
=id;,) £ max d;, .
0< i<k’
Therefore
M| < K max |(~,| |
()\1 J<is
Theorem 2 Letu(z) € C°la,b] and S, (x) be a cubic complete spline of u{x). Then
M = Mo hz () 7.0 O 3 O\
M, =u (.Eg)—ﬁll VL) (h ) \)/
where My = S, (2, . (=0,1,--- k)
Proof. Setting
1 / } (4) 7 : . )
=M, - )+—T—u fry), 1=0,.,- K

shen by (2) and boundary conditions of the complete spline of u (), one can get

dyo + 2y = do
Yoot + 4y + iy = s, r=1, - k-1
2k oy = di

where

12 u(r) —ulr C . h? .
dy = —/7(_Ll_)‘—z—(_())—tt/ (zo)) — (du" (zg) +2u" (11'1))+F'\‘17~( Y z0) 420t ()

o2
. 60 t, (Iz) T N 1 ", "oy { l) v oL LAY 1y b)) 7. 3
111 = ———f—;—————l\u (‘Ll--l) it 174 (“'1) +u (\-Lz ...1 +'_ QU Tyoq) g ) +u (\~L1-—1)

1= 1,2, k~1_

. 12 \ «'L(liL‘k - U fk—l\ . N “ h,"z / R o 4y .
di = + wizg) — — ) }‘ ( 2 —(2u" (meo ) + (.r,xc))~—T2- (\-L'u“) (zg ) + 2wt (:z:k)> :



Apply Taylor Theorem to the function u(z), v’ (z), u® (x) around the point
z;, t=0,1,--- k, we obtain

do=0(r%), de=0(r"), di=0(rY), i=12-- k-1

We take K = 1/2 , then the assumptions of lemma satisfy. So

< A< a . = .
il < max ;| < 1/2 max |dj], i=0,1,-- k.
We obtain
M; = u (z;) Ly (z:) + O (3 n
My = () - Fu )+ O (h%).

By using (9) and the following relation

5%u ()
he

R )
=y (lz) + -lféu( ) (Lz) +0 (h&) s

)
“uflx;) ) o
we can conclude that -———(,—— and M; approximate «' (z;) on the opposite side. If

§2M(IL'I')‘
h?
\/" ;2 T, }2
(Jiz‘[”fﬁ(”/z (10)

we use the average of M, and

to approximate u' (z;), then the accuracy is the third-order. This is more accurate
2 2
than M; and §°u (z;) /h=.

Remark 1 Similarly, for periodic spline and natural spline , we can prove that C;
is the fourth order accurate for u' (x;).

3 Application to solution of PDEs

For the general second order parabolic equations:

Uy = f (U, Uy, Uzy) (1)

We have
(we); = f (ue,mu, (M + 6%, /h?) /2) (12)
here u; is an ¢ imate soluti c o= Sh(z), M, = S Pu
where u; is an approximate solution, m; = S (z;), M; = S (z.), =

Ujo — 2U; + Uiy
h2
Let a time grid sizes be At and space grid sizes be h. We get the standard finite
difference equations:




U — U

o == s (13)

0 = Ogives an explicit scheme, § = | gives a full implicit scheme and § = 0.3 gives
the Crank-Nichoson scheme.
Equation (13) can be rewritten in the form

’

_ 52 n-1
ul b= Py le’f""l + R, (.W;n*l + %) (1)

By (2),(4) and (5), we can reduce (14) to the following equations:

-1 -1 -l =1 - 5 _—
Eul™ + Dol + Al - B} +CulT =G, =230 k=2 (13}
with explicit expressions for the coefficients 4,, B,.C,, D,, E, and G,.
This is the pentagonal matrix , we solve u?™', i =0.1,- - &k using sweep method
o . - Q : -1 - h . . . .
(See(3], P207). Substitute u™', ¢ = 0,1,2,-- .4 into (2),(3) and its boundary

N - -1 . L . ,
conditions, we car get M L m 7" by solving two tridiagonal matrices using sweep
method.

4 Numerjcal example
Example 3 Consider the parabolic equation

U Upz
=t T 0<x <L t>
e o T <r<llo6>0 (10.a)

unth initial and boundary values
n(x.0) =sin(27z), 0<r<i, (16.h)
w(O8)=w(lt) =sint/ (L+£), £>0 (lv.c)
The ezact solution of this problem is
uw(z.t) =sin(2arz +6)/ (1L +¢£).

Discretise the time derivative term in the usual finite difference fashion. we get

L RN R SV STk Y
At 27 3TAH1 +t,) h?
mi! l ulmb = 2ut eyt
+/} i - : \/[n—L -1 '.‘ -1
(=7 873(1‘*@1-1)( : PE )
Then



mp 1 U, —2ul b
S PR § )V (L S 5P 5 S Mt 21
bt u o+ ( ) 2T + 87r2(l—+—nAt)(/[1 + )

h‘Z
n-+1 n+1 n+1 n+1
m. 1 wur T — 2 + U,
OAL i - \/[TH-I 1i—1 1 i+1
S T s T e A T nz )

Compare the last equation with equation (13), then P, @; and R; are determined

m? L u = 2ul +ul
Pi=ul + (1= 0) At | = + —7——= (M} + =4 L2
ul =+ ) <‘27r +87r2(l+nL\.t)( s h? )>’
AL
Qt——_z?v
OAL
Ri:

(L+ (n+ 1) At)8n?

Since the solution is a periodic function in the variable z on [0,1], then we can
extend u (x) to (—oo, +c0), L.e., the system of equations of (16) can be extended to
i=1,2, -,k by setting U_9 = Ug-2, U.| = Uk, Ukwet = Uy, Uger = Uy and using
the boundary condition u§ = u} = sin(nAt)/ (1 +nAt). The system of equations
will be solved. We use periodic spline while we compute M; and m;. The computed
results are compared with exact soluations as in the Table 1.

The computed results which is obtained by using our method, the spline method,
and the finite difference method are compared in Table2 and Table 3.



Table 1 Comparison of approximate solutions with exact solutions of equation (16)
when h = 0.25, h =0.125

Approximate solution

Approximate solution

t T (h = 0.25) (h = 0.125) Exact solution
0.00 0.04760 0.04760 0.04760
0.25 (0.94978 0.95092 0.95119
0.05 0.50 -0.04537 -0.04795 -0.04760
0.75 -0.95105 -0.95101 -0.95119
1.00 0.04760 0.04760 0.04760
0.00 0.09076 0.09076 0.09076
0.25 0.90206 0.90404 0.90454
0.10 0.50 -0.08683 -0.09137 -0.09076
0.73 -0.90443 -0.90404 -0.90454
1.00 0.09076 0.09076 0.09076
0.00 0.12995 0.12995 0.12995
0.25 0.85652 0.85908 0.85980
0.15 0.50 -0.12425 -0.13077 -0.12995
0.75 -0.85990 -0.85904 -0.85980
1.00 0.12995 0.12995 0.12995
0.00 0.16556 0.16556 0.16556
0.25 0.81290 0.81582 0.81672
0.20 0.50 -0.15823 -0.16655 -0.16558
0.75 -0.81719 -0.81579 -0.81679
1.00 0.16556 0.16556 0.16556
0.00 0.19792 0.19792 0.19792
0.25 0.77100 0.77406 0.77513
0.25 0.50 -0.18910 -0.19903 -0.19792
0.75 -0.77610 -0.77406 -0.77512
.00 0.19792 0.19792 0.19792




fable 2 Comparison of absolute error of the solution of equation (16) among the
three methods
(h =0.25, At = 0.05)

n X Present method | Spline method | Finite difference method
0.25 2.4951E-03 1.2627E-02 7.6369E-03
1| 030 1.7465E-04 1.7466E-04 1.7465E-04
0.75 1.2074E-03 1.2340E-03 8.9247E-03
0.25 4.5886F-03 2.3486E-02 1.4504E-02
2 0.50 6.0088E-04 1.6246E-03 4.2289E-04
0.75 1.9758E-03 2.0491E-03 1.6735E-03
0.25 6.32631E-03 3.2750E-02 2.0671E-02
3 0.50 1.1934E-03 3.9881E-03 1.6661E-03
0.75 2.3955E-03 2.7871E-02 2.3573E-02
0.25 7. 7488 E-03 4.0580E-02 7.6369E-02
4 0.50 1.8891E-03 6.9993E-03 1.7465E-03
0.75 2.5362E-03 3.3801E-02 8.9247E-03
0.25 8.8923E-03 4.7126E-02 3.1126E-02
3 0.50 2.6407E-03 1.0460E-02 5.6873E-03
0.75 2.4529FE-03 3.8528F-02 7.1950E-02




Table 3 Comparison of absolute error of the solution of equation (16) among the
three methods
(h =0.125, At = 0.05)

n X Present method | Spline method | Finite difference method
0.125 3.50730E-06 1.79472E-03 1.80725E-03
0.250 2.73174E-04 2.68540E-03 2.14244E-03
0.375 4.47084F-04 2.08827E-03 1.19818E-03

1 0.500 3.46293E-04 2.48730E-04 4.44426 E-04
0.625 4.86487E-05 1.72927E-03 1.82950E-03
0.750 2.92247E-04 2.71366E-03 2.13556E-03
0.875 3.87934E-04 2.01056E-03 1.23619E-03
0.125 4.21575E-05 3.56637E-03 3.51369E-03
0.250 5.10294E-04 4.98226E-03 3.96793E-03
0.375 8.13541E-04 3.69675E-03 2.08835E-03

2 0.300 6.17004E-04 2.10361E-04 1.02796 E-03
0.625 6.76292E-05 3.39430E-03 3.54073E-03
0.750 5.44711E-04 5.03303E-03 3.97541E-03
0.875 6.487:42E-04 3.48937E-03 2.18784E-03
0.125 1.19321E-04 5.26965-03 5.12125E-03
0.250 7.18670E-04 6.946551-03 5.531081E-03
0.375 [.11429E-03 4.90019E-03 2.71284E-03

3 0.500 3.26952E-04 5.6868TE-05 1.72211E-03
0.625 6.31682E-05 4.98562E-03 5.13786E-03
0.750 7.535763E-04 6.99080E-03 5.553194E-03
0.875 8.19801E-04 4.57332E-03 2.90969E-03
0.125 216301804 8.83037E-03 $5.62257E-03
0.250 9.03240E-04 8.61843E-03 6.79992E-03
0.373 1.36128E-03 5.76131E-03 3.10741E-03

4 0.500 9.87441E-04 3.06790E-04 2.50321E-03
0.625 4.16011E-05 6..19228-03 6.62433E-03
0.750 9.28020E-04 8.628291-03 6.89400E-03
0.875 0.26340E-04 5.35609E-03 3.44437TE-03
0.125 3.25223E-04 8.38594E-03 8.01992E-03
0.250 1.06737E-03 1.00293E-02 7.85977E-03
0.375 1.56399E-03 6.33179E-03 3.30248E-03

5 0.500 1.10751E-03 1.10087E-03 3.35136E-03
0.625 8.34895E-06 7.90624E-03 3.00326E-03
0.750 1.06566E-03 9.98579E-03 8.02707E-03
0.875 9.86732E-04 5.90472E-03 3.82559E-03
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