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บทคดัย่อ 
งานวิจยัน้ีศึกษาการก าจดัพื้นหลงัในฟูเรียร์ทรานฟอร์มโปรฟิโลเมทรีโดยใชอ้นุพนัธ์ล  าดบัท่ีหน่ึง
และล าดบัท่ีสองของเวฟเลทชนิดเกาส์เซียน ซ่ึงขอ้ดีของการใชเ้วฟเลทชนิดเกาส์เซียนเม่ือเทียบกบั
กระบวนการปกติคือ สามารถก าจดัสัญญาณพื้นหลงัไปพร้อมๆกบัการคดัเลือกความถ่ีมูลฐานท่ีใช้
ในการสกดัขอ้มูลเฟส ผลการทดลองแสดงใหเ้ห็นวา่การวดัความสูงสามมิติโดยใชอ้นุพนัธ์ล  าดบัท่ี
สองของเกาส์เซียนเวฟเลท็ใหผ้ลท่ีแม่นย  ากวา่การใชอ้นุพนัธ์ล  าดบัท่ีหน่ึง 
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Abstract 

Background elimination in Fourier transform profilometry by using first and second derivatives 

of Gaussian wavelets are studied. The advantage of the Gaussian wavelets over the conventional 

method is that it can simultaneously eliminate the background signal and select fundamental 

frequency used for phase extraction. Experimental results show that 3D height measurements by 

using the second derivative Gaussian wavelet is more accurate than the first derivative.  
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Chapter 1 

Introduction 

 

1.1 Background and Significance 

Non contact and non invasive abilities of optical measurement techniques have found 

growing interest in three-dimensional (3D) shape measurement and imaging such as object 

modeling, medical diagnostics, computer-aided design and computer-aided manufacturing. One 

of these optical methods is Fourier transform profilometry (FTP) [1-6]. The FTP has found various 

applications in diverse fields such as biomedical applications [7-11], quality control of printed 

circuit board manufacturing [12-16], kinematic study of a moving creature [17-19], cultural 

heritage and preservation [20,21], global measurement of free surface deformations [22,23], and 

biometric identification [24] etc. 

The FTP reconstructs the 3D object profile by projecting a Ronchi grating or a sinusoidal 

grating pattern onto a specimen being studied. A grating pattern deformed by height variations is 

captured by an image sensor camera. As a result, height variations of the object surface modulate 

phase information of the grating pattern. Therefore, the key to this shape measurement technique 

is accuracy and reliability of the phase extraction. In order to extract the phase modulation, Fourier 

transform of a 1D signal of the deformed grating captured by the CCD is computed. After filtering 

only the fundamental spatial-frequency spectrum component via a rectangular band-pass filter and 

subsequently taking its inverse Fourier transform, the height information can be decoded from the 

extracted phase [1,2]. The conventional FTP has a drawback in that firstly, high slope object will 

cause deep phase modulation, broadening the desired fundamental spatial-frequency spectrum. As 

the result, the fundamental and the zero-order spectra overlap. This limits measurable heights. 

Secondly, the rectangular filter which has sharp frequency responses will degrade fine details of 

the reconstructed 3D surface profile. This is because the filter has an oscillatory impulse response 

of sinc function in the space domain which is known as the ringing artifacts.  

Recently, methods for solving this drawback by using a wavelet transform (WT) [25,26] 

have been reported. On the basis of its multi-resolution property, the WT analyzes an input signal 

by using a bank of wavelet filters generated from a unique function which has a response of band-

pass filter. By taking an advantage of this band-pass nature, the unwanted zero-order spectrum 

can be eliminated, while the desired fundamental spectrum can be simultaneously filtered to give 

the phase information. Therefore, dynamic 3D profiles can be reconstructed by using a single 

computation of the wavelet analysis. This is evidently faster than the conventional FTP. A main 
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concern of the frequency domain processing is that precise extraction of the fundamental 

frequency is hardly achieved when bandwidth of the deformed grating image is broad. In this 

project, the 3D shape reconstruction from the deformed grating images by using wavelet transform 

(WT) is studied by employing first- and second-order derivatives of Gaussian functions which 

have different frequency responses. Measurement performance of the proposed methods will be 

compared with that of the conventional technique. 

 

1.2 Objectives 

1. To verify feasibility of 3D height reconstruction by using the WT method  

2. To develop software for extracting phase modulation and reconstructing 3D height 

3. To compare the proposed and the conventional methods 

 

1.3 Scope 

In this study, a sinusoidal grating digitally generated by using a LCD projector is projected onto 

a 3D test object. Firstly, grating patterns deformed by the object and the reference plane are 

captured by a CCD camera connected to a computer system. Secondly, the two grating images 

deformed by the object and the reference plane are wavelet transformed by using the first- and the 

second-order derivatives of the Gaussian function at an appropriate dilation factor. This step 

removes simultaneously the background information and the ringing artifacts. Desired phase 

modulation is then extracted from the background-eliminated deformed gratings. After 

unwrapping the phase, the height distribution is reconstructed. The determination of the phase 

modulation and the 3D reconstruction is done by using Matlab 6.0. Calibration of the system will 

be done by utilizing a 3D triangular prism with known dimension.  

 

1.4 Expected Benefit 

1.4.1 The result of this research project is useful for electronic manufacturers, automation 

industries, health care and medical diagnostics, cultural heritage and preservation, security 

etc. 

1.4.2 Participation of graduate students as research assistant provides an opportunity for 

developing manpower with capability to conduct research in the area of science, medicine 

and engineering. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 3 

Chapter 2 

3D Height Reconstruction Using Wavelet Filter 

 

2.1 Fourier Transform Profilometry 

Figure 1 shows a schematic diagram of crossed-optical-axes setup for implementing the grating-

based profilometry. A LCD projector is used to project a sinusoidal grating pattern stored in a 

computer system. The grating images deformed by the object being measured and the reference 

plane are given by 

)],(2cos[),(),(),( 01 yxxfyxboyxoyxg            (1) 

and  

)],(2cos[),(),(),( 002 yxxfyxbryxryxg   ,         (2) 

 

respectively. Here, o(x,y) and r(x,y) correspond to the irradiances caused by non-uniform light 

reflection of the object and the reference plane, respectively. In the above equations, f
0
 stands for 

the carrier frequency of the observed grating image, while b is the modulation factor. (x,y) and 


0
(x,y) are the phase modulations arising from the height profile of the object and the reference 

plane, respectively. Note that the higher the profile, the broader the phase modulation. 

 

 

 

Figure 2.1 A schematic diagram of an optical setup for implementing  

the FTP-based profilometry by using the wavelet filters. 

 

 In the FTP, the phase modulation (x,y) is extracted in the spatial frequency domain by 

using Fourier transform. For the sake of simplicity, Eq. (1) can be mathematically rewritten as 
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)2exp(),()2exp(),(),(),( 0

*

01 xfiyxcxfiyxcyxoyxg           (3) 

where 

)],(exp[),(5.0),( yxiyxboyxc  .          (4) 

 

A 1-D Fourier transformation of Eq. (3) with respect to the x direction can be mathematically 

expressed as 

       yffCyffCyfOyfG xxxx ,,,, 001  
,        (5) 

 

 

Figure 2.2 Power spectrum of a 1D signal scanned from a typical grating 

pattern deformed by 3D object. 

 

where the first, the second and the third terms of Eq. (5) are the 1-D Fourier spectra of the non-

uniform reflected light o(x,y), c(x,y) and c*(x,y), respectively. Figure 2.2 shows a typical power 

spectral distribution G1(fx,y) of Eq. (5). The first term which appears at the origin is known as the 

zero-order spectrum, while the second and the third terms correspond to the +1st and the -1st orders 

of the frequency spectra, respectively. They are separated from the zero-order spectra by the 

carrier frequency f0. According to Eq. (5), the desired phase modulation (x,y) is encoded into the 

+1st and the -1st fundamental frequency spectra. The 3-D shape can be accurately measured, 

provided the fundamental spectra are not corrupted by the zero-order spectrum. When there is no 

spectral overlapping, filtering one of the fundamental spectra such as C(fx - f0,y0) can be done by 

using the rectangular band-pass filter. An inverse Fourier transformation of the filtered spectrum 

gives a complex signal          

       yxxfiyxboyxg ,2exp,5.0, 0

'

1   .         (6) 
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By applying the same filtering to the grating image deformed by the reference plane, a second 

complex signal  

       yxxfiyxbryxg ,2exp,5.0, 00

'

2  
         

(7) 

is produced. The carrier frequency can be eliminated by taking a product of Eq. (6) and a complex 

conjugate of Eq. (7) 

             yxyxiyxryxobyxgyxg ,,exp,,25.0,, 0

2'

2

'

1    .         (8) 

The phase modulation due to the object height distribution is extracted by calculating a complex 

logarithm of Eq. (8)  

              yxyxiyxryxobyxgyxg ,,,,25.0log,,log 0

2'

2

'

1    .        (9) 

The phase difference (x,y)0(x,y) in the imaginary part is completely separated from the 

unwanted amplitude variation    yxryxob ,,2
 in the real part. Finally, the height distribution is 

calculated according to 

dfyxyx

yxyxl
yxh

00

00

2)],(),([

)],(),([
),(








 ,       (10) 

where l0 and d are the separation distances between the CCD camera and the reference plane and 

between the camera and the projector, respectively.  

 

2.2 Wavelet Transform 

The wavelet transform (WT) is a mathematical technique which has been introduced in signal 

analysis to overcome the inability of Fourier analysis in providing local frequency spectra. The 

definition of the WT of a spatial signal g(x) is given by [27] 

 












 
 dx

a

bx
hxg

a
baWg )(

1
),( ,       (11) 

where a and b are the dilation and the translation parameters, respectively. This equation can be 

interpreted as a cross correlation between the signal g(x) and a set of elementary functions derived 

by dilating the mother wavelet h(x) which has a response of band-pass filter. When the signal g(x) 

has the same frequency content as that of the dilated analyzing wavelet h(x/a) in the region 

subtended by h* [(x-b)/a], a correlation peak is generated in the WT domain. Thus, the WT of the 

signal g(x) is a description of the signal across a range of frequencies. The resultant WT gives 

many wavelet coefficients which are a function of the dilation and the position. Since the WT is 
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computed at given continuous values of the dilation and the translation, this type of WT is called 

the continuous WT. 

There are two Gaussian wavelets which are widely used for signal and image analysis 

[25,26]. The first wavelet is the first-order derivative of the Gaussian function given by 














2

2

3 2
exp

2
)(



xx
xh .        (12) 

The second one is the second-order derivative of the Gaussian function or the so-called Mexican 

hat wavelet defined as [27] 




















2

2

2

2

3 2
exp1

2

1
)(



xx
xh .       (13) 

 

 

(a) 

 

(b) 

 

Figure 2.3 (a) First- and (b) second-order derivatives of the Gaussian functions, respectively. 
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Figures 2.3(a) and (b) illustrate the first-order derivative of the Gaussian function and the Mexican 

hat wavelet for different scale factors. Their spatial widths can be varied by changing the dilation 

factors. The small dilation compresses the wavelet signal, while the large one causes a wavelet 

dilation. The changes of the signal width in the space domain will affect its frequency responses. 

The mother wavelet h(x) must satisfy the admissible condition such as  

0)(
2
xa afH  for xf = 0        (14) 

and 

.0)( 




dxxh          (15) 

These condition show that the mean of the mother wavelet must equal to zero or its spectrum H(fx) 

has a zero dc component. 

In the spatial frequency domain, Eq. (11) can be rewritten as 






 xxxaxg dfbfiafHfGabaW )2exp()()(),( *  ,       (16) 

which is calculated by taking an inverse Fourier transform of a product of two spectra of the signal 

g(x) and the wavelet h(x) dilated by the factor a. By varying the dilation of the analyzing wavelet, 

the signal g(x) is analyzed via a set of band-pass filters having different center frequency and pass-

band.  

Figures 2.4(a) and (b) show the corresponding frequency responses of the two Gaussian 

wavelets for different dilation factors. It is obvious that besides these filters are concentrated in 

the space and the spatial frequency domains, their amplitudes vary smoothly. The admissible 

condition can be employed for eliminating the zero-order spectrum and simultaneously localize 

the desired fundamental frequency components of the deformed grating signals. Therefore, the 

ringing artifacts will not occur in the spatial domain of the reconstructed shape. Furthermore, the 

spectral plots also reveal that the small dilation factor produces a band-pass filter with high center 

frequency and broad pass-band. For a large dilation factor, the center frequency and the pass-band 

reduce. If the spatial width and the bandwidth of the wavelet function are regarded as the spatial 

and the frequency resolutions, respectively, the small dilation factor corresponds to the wavelet 

analysis with high spatial resolution and low frequency resolution. In contrast, the high dilation 

caused an analysis with low spatial resolution and high frequency resolution. This is known as the 

multi-resolution property of the WT. Due to this property, the unwanted zero-order spectrum of 

the deformed grating patterns can be eliminated, whereas, its desired fundamental spectrum can 

be localized for the phase extraction without causing the ringing artifact as the conventional FTP.  
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Further comparisons of the frequency responses of the two wavelet filters reveal that firstly 

they have different center frequencies and width of pass-bands. These are caused by the fact that 

 

 

(a) 

 

(b) 

 

Figure 2.4 Frequency responses of (a) the first- and (b) the second-order derivatives 

of the Gaussian functions, respectively. 

 

the frequency response around the low cutoff-frequency of the first-order derivative of the 

Gaussian wavelet varies linearly, instead of nonlinear variation of the Mexican hat wavelet. 

Secondly, the amplitude of the frequency spectrum of the first-order derivative of the Gaussian 

wavelet is higher and less affected by the changing of the dilation factor than that of the Mexican 

hat wavelet. Thus, the first-order derivative of the Gaussian function may not be effective for 

suppressing low frequency components of the deformed grating patterns. Since these differences 
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may affect the reconstructed 3-D profiles, the present work studies the reconstruction performance 

of the two wavelet filters. 

 

(a) 

 

(b) 

 

Figure 2.5 Frequency localization of the deformed grating pattern by using (a) the first- 

and (b) the second-order derivatives of the Gaussian functions, respectively. 

 

Figures 2.5(a) and (b) illustrate the effects of applying the first-order derivative of the 

Gaussian and the Mexican hat wavelets to the frequency spectrum G(fx,y) of the deformed grating 

pattern. The dot lines represents the frequency responses of the wavelets.  In this figure, an area 

of the spectrum of the deformed grating overlapped by that of the wavelet filter corresponds the 

spectral localization where the phase information will be extracted. The first effect is related to 

the low cutoff-frequency response of the two wavelets. When the first-order derivative of the 

Gaussian wavelet is employed, the low frequency components of the zero-order spectrum of the 
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deformed grating patterns is not completely eliminated, due to the linear frequency response 

around the zero frequency. This means that the unwanted background signal still exist. As 

consequences, the desired fundamental spectrum may be overlapped by the zero-order spectrum. 

The second effect can be observed from Fig. 2.5(b) which shows that when the Mexican hat 

wavelet is used for localization of the fundamental spectrum, more low frequency components of 

the deformed grating pattern are suppressed. Therefore, it is important to verify experimentally 

the reconstruction performance of the two wavelets. 
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Chapter 3 

Materials and Methods 

 

In order to conduct our study of the 3D profilometry by suing the wavelet filters, the FTP setup 

shown in Fig. 3.1 was constructed by using a LCD projector (Toshiba TLP-X2000) with resolution 

1024  768 pixels and a CCD camera (Hamamatsu C5948) with resolution 640  480 pixels in  

 

 

Figure 3.1 An experimental setup for implementing the FTP-based profilometry. 

 

8.3 mm  6.3 mm sensor area. Lens (AF Nikkor, f=50mm, f/1.4D) was used to produce images 

on the CCD sensor. The axes of the projector and the camera formed the angle  of 28.  

The isosceles triangle prism shown in Fig. 3.2 with dimension of 13 cm 7 cm  4 cm was 

employed as the test object and installed in the flat reference plane. The sinusoidal grating patterns 

were projected from the LCD projector. The grating patterns deformed by the object and the 

reference plane were recorded by using the CCD camera and saved into tiff format. The distances 

l0 and d were 100 cm and 53 cm, respectively. The grating pitch projected at the angle   = 0on 

the reference plane was 5.35 mm. According the FTP technique, the reconstructions are done after 

 

CCD 
camera 

LCD 
projector 

Prism 
Object 
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the phase modulation can be extracted from each row of the grating image deformed by the object. 

All computations were done by using Matlab. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.2 An isosceles triangular prism object. 
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Chapter 4 

Results and Discussions 

 

 (a)             (b)  

  

(c)              (d) 

Fig. 4.1Grating images deformed by (a) the isosceles triangle prism object and 

(b) the reference plane. Intensities scanned at the row 100th of the 

grating images shown in (c) Fig. a and (d) Fig. d, respectively. 

 

Figures 4.1 (a) and (b) show the grating images deformed by the prism object and the 

reference plane, respectively. In Fig. 4.1(a), the projection angle causes an elongation of the 

grating pattern incident on the left side of the prism and a pattern compression on the right side. 

Consequently, an irradiance and a pitch of the deformed gratings on the left side become lower 

and broader than those on the other side, respectively. Black areas appeared immediately on top 

of the pattern deformed by the object correspond to the shadows of the prism. The irradiance of 
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the grating deformed by the screen varies slightly since the reference plane has a zero height. The 

intensities scanned at the row 100th of the corresponding deformed grating images are shown in 

Figs. 4.1 (c) and (d). Due to different reflectivity and height, the two images have different dc bias 

levels and intensity variations. It is worth mentioning that Fig. 4.1(c) exhibits signal discontinuity 

around the middle of the signal scanned from the grating deformed by the prism object. This 

middle signal correspond to the prism peak. The discontinuity occurs because the grating pattern 

is compressed by the height around the peak position. When the grating pitch incident on the peak 

is narrow, the compressed grating pattern cannot be resolved by the imaging system of the camera. 

This may cause wrong phase modulation encoded into the deformed grating.  

 

 

Fig. 4.2 Height reconstructions of the prism generated by using the conventional 

FTP and the first-order derivative of the Gaussian function. 

 

Figure 4.2 shows the height distributions of the prism object obtained by using the 

conventional FTP and the proposed first-order derivative of the Gaussian function dilated by the 

dilation factor a of 0.5. The solid line represents the height reconstructed by using the Gaussian 

wavelet, while the dot line is the result obtained by the conventional FTP. The circle sign 

corresponds to the height measured through direct physical contact of the prism object with a 

digital height gauge (Moore and Wright, MW190-30DBL) having an accuracy of 0.01 mm. It can 
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be observed that the conventional FTP fails to reconstruct the 3D prism profile. It is obvious that 

its reconstructed surface is indeed not smooth. The base does not have zero height and the peak 

of the prism does not have correct height. This may be caused by the inherent ringing artifacts of 

the rectangular band-pass filter together with the degradation of the desired fundamental 

frequency of the grating pattern by the zero-order spectrum. In contrast, although the prism peak 

cannot be correctly reconstructed, the use of the first-order derivative of the Gaussian function 

gives smoother surface profile and better height. This is mainly because the amplitude variation 

of the Gaussian wavelet in the space and the spatial frequency domains are smooth, removing the 

ringing artifacts.  

 

 

Fig. 4.3 Height reconstructions of the prism generated by using the conventional 

FTP and the second-order derivative of the Gaussian function. 

 

The comparison of the reconstructed heights obtained by using the conventional FTP and 

the Mexican hat wavelet dilated by the same dilation factor is shown in Fig. 4.3. It is apparent that 

in comparison with the results shown in Fig. 4.2, the second-order derivative of the Gaussian 

function does not only reconstruct smoothly and accurately the prism surface, but also producing 

symmetrical peak shape. However, since the discontinuous grating signal at the peak gives wrong 
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phase modulation, a sharp shape of the peak cannot be reconstructed. In comparison with the 

measurement result done by the digital height gauge, the error in measurement of the peak height 

is 3.22%. This improvement is achieved because the stop-band of this wavelet around the zero 

frequency shown in Fig. 2.5(b) is broader than the first-order derivative of the Gaussian function. 

Therefore, the Mexican hat wavelet can suppress more low frequency components. This results in 

better localization of the desired fundamental frequency spectrum.  
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Chapter 5 

Conclusions 

 

We have studied the implementation of the FTP-based 3D profilometry by using the first- and the 

second-order derivatives of the Gaussian function. The advantage of using the Gaussian wavelets 

over the conventional rectangular filter of the conventional FTP is that they can simultaneously 

eliminate the zero order spectrum and localize particular frequency components of the desired 

fundamental spectrum of the deformed grating signals without causing the ringing artifacts on the 

reconstructed shape.  

The experimental results show that in comparison with the first-order derivative of the 

Gaussian function, the height measurements by using the second-order derivative of the Gaussian 

function is more accurate. This is because the second-order derivative of the Gaussian function 

has broader stop-band around the zero frequency. Therefore, this wavelet filter can suppress more 

efficient the low frequency components.  
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