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We focus on the application of the group analysis method to two systems
of integro-differential equations describing behavior of one-dimensional viscoelastic
materials with memory. Recently developed approaches for calculating an admit-
ted Lie group of integro-differential equations were used in this thesis.

The first system considered is a system of integro-differential equations
related with nonlinear stress relaxation. The determining equations of these equa-
tions are constructed and the complete group classification is derived by solving
the determining equations. Using the admitted groups, invariant solutions of the
system are also presented.

The second system studied in the thesis is a system of equations corre-
sponding to a linear thermoviscoelastics model. The determining equations for
this system are also obtained. To solve these equations, four different cases of the

system are studied. Finally, the symmetry groups of each case are obtained.

School of Mathematics Student’s Signature Lﬁnﬂ Z“M ZAM

Academic Year 2015 Advisor’s Signature M/




ACKNOWLEDGEMENTS

During the process of the completion of this thesis, I have received much
guidance, help and support from many people. Here I would like to extend my
sincere gratitude.

First and foremost, my deepest gratitude goes to my thesis advisor Prof.
Dr. Sergey V. Meleshko for his enlightening guidance and valuable suggestions.
Without his great patience, constant encouragement and illuminating instruction,
this thesis could not have reached its present form.

Moreover, many thanks go to Asst. Prof. Dr. Eckart Schulz who has taught
me and made possible the expansion of my knowledge and extended my profes-
sional development in the past three academic years. I would like to thank Prof.
Dr. Adrian E. Flood, Asst. Prof. Dr. Jessada Tanthanuch and Asst. Prof. Dr.
Prapart Pue-on for sitting at the thesis committee and giving me advice.

Besides, I am greatly indebted to teachers at the School of Mathematics
who have offered me great support and help during my preparation for this the-
sis. Special thanks to Guizhou University of Finance and Economics for financial
support.

I also would like to thank my friends and my classmates who shared their
knowledge with me and helped me out whenever I was faced with difficulties about
the thesis. Last but not least, I would like to give my special thanks to my beloved
family for their encouragement, understanding, insistent support and for providing

me with a comfortable atmosphere to complete my study.

Longgiao Zhou



CONTENTS

Page

ABSTRACT IN THAT . . . . . .. I

ABSTRACT IN ENGLISH . . . . . ... ... . ... IT

ACKNOWLEDGEMENTS . . . . . .. . ... . ... 111

CONTENTS . . . . v
CHAPTER

I INTRODUCTION . . . . .. .o ittt i i it e e e 1

1.1 The method used in this thesis . . . . . ... ... ... ... ... 1

1.2 The background of the studied models . . . . . .. .. .. ... .. 3

1.3 Objectives and organization of this thesis . . . .. .. ... .. .. 8

I GROUP ANALYSIS. . . . . . . o it e e e it e e e 9

2.1 One-parameter transformation groups . . . . . . ... ... . ... 9

2.1.1 Definition of a transformation group . . . .. .. ... ... 9

2.1.2  Generator of a one-parameter group . . . . . . . . . . . ... 10

2.1.3 The Lie equations . . . . . . ... .. .. ... ... ... . 11

2.1.4 Prolongation of Lie group transformations . . .. ... ... 11

2.2 Admitted Lie group of a system of differential equations . . . . . . 14

2.2.1 Invariant of Lie group. . . . . . . . . . . ... ... ... .. 14

2.2.2 Admitted Lie group . . . . . . . ... 15

2.3 Symmetry groups of integro-differential equations . . . . . . . . .. 17

2.3.1 Lie-Bécklund operators . . . . . . ... ... ... .. .... 17



I11

v

CONTENTS (Continued)

Page
2.3.2 Definition of a Lie group admitted by integro-differential

equations . . ... 19

2.3.3 Group classification . . . . . .. ..o 21

2.4 Lie algebra of generators . . . . . .. ... ..o 21
2.5 Classification of subalgebras . . . . . .. .. ... ... ... .... 23
2.6 Invariant solutions . . . . . ... ... oo 25
MATHEMATICAL MODELS . ... ... ............ 28
3.1 Nonlinear stress relaxation model . . . . . . . . .. ... ... ... 28
3.1.1 Fundamental equations . . . . . . .. .. ... ... ... .. 28
3.1.2 Discussions on the integral kernel . . . . . . ... ... ... 29

3.2 Linear thermoviscoelastic model . . . . . . . .. ... ... ... .. 31
3.2.1 Three-dimensional case . . . . . . . . ... .. ... ..... 31
3.2.2 Onme-dimensional case . . . . . . .. .. .. ... ... ..., 34
3.2.3 Dimensional analysis . . ... ... ... o000 35
3.2.4 Basic equations and two special cases . . . . . ... ... .. 36

GROUP CLASSIFICATION OF NONLINEAR STRESS RE-

LAXATION EQUATIONS . . . . . . ... ... o oo .. 38
4.1 Admitted Lie groups . . . . . . . ... 39
4.1.1 Determining equations (4.2) . . . . .. ... ... ... ... 41
4.1.2 Determining equation (4.3) . . . . . . . ... L. 45

4.2 Group classification of equations (4.1) . . . .. ... ... ... .. 49
4.2.1 Arbitrary function p(o) . . . ... 50

4.2.2 Linear function (o) . . . . .. ..o 51



4.3

VI

CONTENTS (Continued)

Page

4.2.3 Nonlinear function ¢(o), (¢"(0) #0) . . . . ... ... ... 52
Case of function ¢(0) = aexp(yo) + 5, (ay #0) . . . 53

Case of function ¢(0) = ac® + 7, (aB(B—1)#0) . . . 55

Invariant solutions for arbitrary kernel H(¢t,7) . . . . . .. ... .. 55
4.3.1 Invariant solutions with ¢(¢0) = Fo, (E#0) . . . . ... .. 56
4.3.2 Invariant Solutions with (o) = aexp(yo), v #0 . . . . .. 58
4.3.3 Invariant Solutions with p(0) = ad”?, (af(B—1)#0) . . . . 60
Case f=—1 . . .. . . . ... 61

Case B# —1 . . . . ... 61

V. SYMMETRY GROUPS OF EQUATIONS FOR ONE-

DIMENSIONAL LINEAR THERMOVISCOELASTICITY . 63

0.1
5.2

2.3

5.4
2.5

2.6

Initial functions and their derivatives . . . . . . . . .. .. .. ... 63
Determining equations . . . . . . . . . ..o 68
Case (a) . . . . . VUL DL L 72
5.3.1 Solving determining equations for PDE . . . . . . ... . .. 72
Case: Ly(t,s) #0 . . . . . . 74
Case: Li(t,s) =0 . . . . ... .. 82
5.3.2 Solving determining equations for IDE . . . . .. ... . .. 88
Case: G(t,s) A0 . . . . . . 90
Case: G(t,s) =0 . . . . ... . . 92
Case (b) . . . . . 94
Case (C) « . v v v v 94



VII

CONTENTS (Continued)

Page

5.6.1 Solving determining equations for PDE . . . . . . .. . . .. 97

Case: 1 —hiqu 0 . . . . . ... 98

Case: 1 —hig1 =0 . . ... .. ... ... .. ..... 107

5.6.2 Solving determining equations for IDE . . . . .. ... . .. 112

For result 1: system (5.42) . . . . ... ... ... ... 113

For result 2: system (5.182) . . .. .. ... ... ... 113

For result 3: system (5.183) . . . ... ... ... ... 115

VI CONCLUSION . . . . . e it e e e e e e e e e e e e e 119
REFERENCES . . . . . . 121

CURRICULUM VITAE . . . . . e 129



CHAPTER 1

INTRODUCTION

Many important physical processes in nature are governed by differential
equations. Nonlinearity and the presence of a large number of variables in the
initial equations are sources of significant mathematical difficulties in the analysis
of the solutions of these equations. Frequently, it is virtually impossible to give ex-
plicit solutions, and while a multitude of numerical methods has been developed
to obtain approximate solutions, there remains intense interest in finding exact
solutions. Each solution has value, first, as the exact description of the real pro-
cess in the framework of a given model; secondly, as a model to compare various

numerical methods; thirdly, as a basis to improve the models used.

1.1 The method used in this thesis

One of the methods for obtaining exact solutions of differential equations
is the Lie group analysis method. The general theory of applications of Lie groups
to differential equations is discussed in numerous books and papers, in particular
in (Ovsiannikov, 1982; Bluman and Kumei, 1989; Olver, 1993; Ibragimov, 1999).
In the literature, this approach has been applied to many mathematical physics
problems, for example, (Ibragimov, 1996) and references therein.

The classical Lie group theory provides a universal tool for calculating the
admitted Lie group for a system of differential equations. However, one encoun-
ters several difficulties when trying to apply this method to integro-differential

equations. The main difficulty comes from their nonlocal terms (integral terms).



Since the definition of an admitted Lie group given for partial differential equa-
tions cannot be applied to integro-differential equations, this concept requires fur-
ther investigation. A regular method for calculating an admitted Lie group of
integro-differential equations was introduced in (Grigoriev and Meleshko, 1986;
Grigoriev and Meleshko, 1987; Grigoriev et al., 2010), where a Lie group admitted
by integro-differential equations was defined as a Lie group satisfying determining
equations.

The way of obtaining determining equations for integro-differential equa-
tions is obtained in a similar (and not more difficult) way as used for differential
equations. The main difficulty in obtaining an admitted Lie group of integro-
differential equations consists in solving the determining equations, because they
are also of integro-differential type. Usually, a solution of the determining equa-
tions of a system of partial differential equations is obtained by its simplification,
where the main simplification is derived by splitting the determining equations. It
should be noted that contrary to differential equations, the way of splitting deter-
mining equations of integro-differential equations depends on the equations stud-
ied. There are several methods to split determining equations of integro-differential
equations (Grigoriev and Meleshko, 1986; Grigoriev et al., 2010; Meleshko, 1988;
Kovalev et al., 1992). One of these methods was first used in (Meleshko, 1988)
for finding the admitted Lie group of the system of equations that describes one-
dimensional motion of a viscoelastic medium. Other applications of the method
can be found in (Kovalev et al., 1992; Grigoriev and Meleshko, 1990; Ozer, 2003a;

Ozer, 2003b).



1.2 The background of the studied models

Behavior of many materials under applied load can be approximated by
specifying a relation between the applied load or stress ¢ and the resultant de-
formation or strain e. This relation is described by constitutive equations. For
example, in the case of elastic materials the constitutive equation, identified as
Hooke’s law, states that stress is proportional to strain, i.e., 0 = Fe (E is called
Young’s modulus). In the case of viscous materials, the relation states that the
stress is proportional to strain rate, i.e., 0 = né (n is called the viscosity). Here é
is the derivative of e with respect to .

The class of materials that exhibit the characteristics of elastic as well as
viscous materials are known as viscoelastic materials (Rabotnov, 1977; Lokshin
and Suvorova, 1982; Lakes, 1998; Reddy, 2007; Borcherdt, 2009; Shames and Coz-
zarelli, 1997; Renardy et al., 1987). The description of the behavior of viscoelastic
materials is more complicated than that of either elastic materials or viscous flu-
ids. In an elastic materials, the stress depends on the present value of the strain,
while the stress in a viscous fluid is determined by the velocity gradient. All ma-
terials exhibit some viscoelastic response, and in some applications, even a small
viscoelastic response can be significant. In general there are two alternative forms
used to represent the stress-strain-time relations of viscoelastic materials.

First, one considers a differential form of the constitutive equations, where
the stress is a function of the present values of both the strain and the velocity
gradient. Usual one-dimensional models such as Kelvin—Voigt, Maxwell and their
generalizations are widely used in the theory of linear viscoelastic materials.

Generalizations of the Kelvin—Voigt and Maxwell models to the nonlinear
and three-dimensional case can be found in (Destrade and Saccomandi, 2005; De-

strade and Saccomandi, 2009; Filograna et al., 2009; Beatty and Zhou, 1994; Pucci



and Saccomandi, 2010; Pucci and Saccomandi, 2011)*. Here we also mention the
approaches of (Godunov, 1978; Godunov and Romenskii, 1998) and (Sokolovskii,
1948; Malvern, 1951). In (Godunov, 1978; Godunov and Romenskii, 1998), the
formulation of a nonlinear Maxwell model using equations for the metric tensor of
effective elastic deformation in Eulerian coordinates is developed. The Sokolovski-
Malvern model (Sokolovskii, 1948; Malvern, 1951) is applied for describing visco-
plastic longitudinal waves in bars (Cristescu, 2007).

The model considered in the thesis belongs to the second alternative form
where the constitutive equations include integrals. Experiments show that there
are some viscoelastic materials (e.g. polymers, suspensions and emulsions) which
cannot be described using a differential form of the constitutive equations. Such
materials have memory: the material response is not only determined by the
current state, but is also determined by all past states. The models including
past history have an integral representation. The advantage of using an integral
representation over a differential form lies in the flexibility of representing the
actually measured viscoelastic material properties. The integral representation
can also be extended readily to describe the behavior of aging materials.

Knowledge of the viscoelastic response of a material is based on measure-

ments. Experiments for the measurements can roughly be separated into two

types:

(a) experiments where the strain holds a constant value (stress relaxation
test);

(b) experiments where a constant stress is applied to a specimen (creep
test).

Creep is a slow, continuous deformation of a material under constant stress. Stress

*See also literature therein.



relaxation is the gradual decrease of stress when the material is held at constant
strain. Creep and stress relaxation phenomena are common to many viscoelastic
materials. According to this classification, models applied for describing the be-
havior of viscoelastic materials also fall into two types: stress relaxation and creep
models.

The constitutive equation relating stress to strain describing stress relax-

ation behavior of one-dimensional linearly viscoelastic materials is given by
t
o(t) = Y()e(0) + [ Y(t=r)e(r) dr, (1.1)
0

where the variable ¢ is the present time, 7 is the past time, o(t) denotes stress
as a function of time, e(¢) denotes strain as a function of time, Y (¢) is called the
relaxation modulus (or relaxation function), which does not depend on the spatial
coordinate. The stress o(t) depends on the earlier history of the strain e(t) via
the strain rate é(7). Here the spatial coordinate z is omitted.

Some alternative forms of (1.1) are
L.
o(t) =Y (O)e(t) + [ V(t=r)e(r) dr,
0

and

o(t) =Y (0)e(t) + /OtY(T)e(t —7) dr. (1.2)

Equation (1.2) represents a viscoelastic material with the memory property: the
variable ¢ depends on not only the current value of the variable e, but also the
past history of e.

It is important to note that the use of Y (¢t — 7) in equation (1.1) implies
that the shape of the relaxation function is invariant with respect to a shift in
the time origin. Thus, the stress response in material subjected to some applied

strain at t = 7 is identical to the response that would have occurred if the same



strain had been applied at t = 0. A material satisfying this condition is said to
be nonaging. For aging materials Y (¢ — 7) in equation (1.1) is replaced by a more
general material function Y (¢, 7) which is a function of two variables. Discussions
of aging materials can be found in (Hodge, 1995; Struik, 1978).

Linear constitutive equations are suitable for describing the behavior of real
materials for small deformations only. However, in most viscoelastic materials, the
actual behavior exhibits nonlinearity. Thus it is necessary to develop constitutive
equations for nonlinear viscoelastic materials.

The constitutive equations derived by Volterra (Volterra, 1930) and Green-
Rivlin (Green and Rivlin, 1957) belong to the first type (creep models). In the one-
dimensional case and for unaging materials, they can be written in the following
form

e(t) = /t Ji(t — 1) do(m) + /_too /_; Jo(t =71, t —13) do(m1)do(m2) + ... (1.3)

—0o0

where e(t) is strain, o(t) is stress and J;(t — 7;) is called a creep function.
Since the form of equation (1.3) is very general, for practical purposes the
following constitutive equations were used:

(a) Rabotnov equation (Rabotnov, 1977)
t
ole(t) =o(t)+ [ K(t—1)o(r)dr
(b) Leaderman-Rozovski equation (Leaderman, 1943; Rozovskii, 1955)
t
e(t) = v(o(®) + [ K(t—7)Glo(r)dr

It was shown that these two models give similar approximation of experimental

results (Lokshin and Suvorova, 1982).



The first studied model in the thesis is a stress relaxation model

plo(®) = e(t) + [ H(t.7)e(r) dr, (o) £0, (14)

which is an alternative to Rabotnov’s model allowing for aging.

Further extension of linear viscoelasticity is inclusion of thermodynamics
in a model. The general framework of the theory of thermodynamics of simple
materials with fading memory was proposed by (Coleman, 1964a; Coleman, 1964b;
Day, 1972; Fabrizio and Morro, 1992; Amendola et al., 2012).

For viscoealstic materials with fading memory the constitutive assumption
states that the free anergy 1, the stress T, specific entropy n and the heat flux
q at time ¢ depend on the history of the deformation gradient F, the history of
the temperature 6, and the present value of the temperature gradient V. The
thermodynamics process obeys the laws of balances of momentum and energy;
the first and second laws of thermodynamics. Roughly speaking, the second law
of thermodynamics is viewed as the basic tool for an a priori characterization of
the description of the material behavior. Much research on thermodynamics (in
particular, thermoviscoelasticity) has been undertaken in (Gurtion and Herrera,
1965; Gurtion and Hrusa, 1988; Brandon and Hrusa, 1988; Fabrizio and Morro,
1992; Lazzari and Vuk, 1992; Hajar and Blanc, 1998), where attempts to produce
constitutive equations, to find the thermodynamic restrictions on the constitutive
equations and to establish some theorems for the equations were presented.

A thermodynamical model for a body composed of an inhomogeneous
isotropic linear thermoviscoelastic material was established by (Navarro, 1978),
whose constitutive equations are an extension of linear viscoelasticity to the non-
isothermal situation. He studied the existence, uniqueness, and asymptotic be-

havior of solutions and obtained very interesting theorems. Other research on



the existence, uniqueness and asymptotic stability of solutions of thermodynamics
models can be found in (Foutsitzi et al., 1997; Liu and Zheng, 1996; Giorgi and

Naso, 2000; Foutsitzi et al., 2003).

1.3 Objectives and organization of this thesis

The main objective of the thesis is to apply the Lie group analysis
method to two systems of integro-differential equations describing behavior of
one-dimensional viscoelastic materials with memory.

The thesis is divided into six chapters, its content can be summarized as
follows. Because the main tool used in the thesis is the Lie group analysis method,
Chapter II is devoted to an outline of some concepts of group analysis.

Chapter III presents the two models of one-dimensional viscoelastic materi-
als with memory which are extensions of linear viscoelasticity. The first considered
model is a nonlinear stress relaxation model. The second model is a linear ther-
moviscoelastics model. Some studies and restrictions of these two models are also
discussed in this chapter.

The results of group analysis of integro-differential equations related with
nonlinear stress relaxation are described in Chapter IV. Determining equations are
constructed by applying the definition of admitted Lie group of integro-differential
equations. In the first step, a classifying equation is obtained. Studying the clas-
sifying equation, the complete group classification is derived. Using the admitted
Lie groups, invariant solutions are found.

Chapter V deals with symmetry groups of equations for the linear ther-
moviscoelastics model. For solving determining equations, four different cases are
studied. Finally, the symmetry groups of each case are obtained.

Lastly, the conclusion is presented in Chapter VI.



CHAPTER 11

GROUP ANALYSIS

In this chapter we review the basic concepts from Lie group analysis: con-
tinuous transformation groups and their generators, Lie algebra of generators,
invariant solutions, admitted Lie groups of differential equations and admitted Lie

groups of intgro-differential equations.

2.1 One-parameter transformation groups

Many elements of group analysis are based on the consideration of one-
parameter transformation groups, to which this section is devoted. Continuous
groups G are determined by a first-order linear differential operator (called in-
finitesimal generator). The important theoretical fact is that there is a one-to-one
correspondence between a group G and its generator. This section also contains

an introduction to the theory of prolonged generators and Lie-Backlund operators.

2.1.1 Definition of a transformation group

Let V be an open set in Z = RY(z), and /A be a symmetric interval in R'.

Assume that the point transformations
zi=g'(z;a), (i=1,2,---,N) (2.1)

are invertible. Here z € V C Z and a € A is a parameter. It is also convenient to

use the notion g,(2) = g(z; a).
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Definition 1 A set of transformations (2.1) is called a local one-parameter Lie

group of transformations G* if it has the following properties:
1. go(2) =z for any z € V;
2. 9a(90(2)) = gasp(2) for all a,b,a+b e A and z € V;
3. ifae A and go(z) = z for all z € V', then a = 0.

A Lie group G' is called a continuous group of the class C* if the function
g(z,a) belongs to the class C*(V). In applied group analysis all functions are

considered to be sufficiently many times continuously differentiable.

2.1.2 Generator of a one-parameter group

Consider a local one-parameter Lie group G' of transformations (2.1), ex-
pand the functions ¢‘(z,a) into the Taylor series in the parameter a in a neigh-
borhood of a = 0. Taking into account the initial condition which is property 1
of definition 1, we arrive at what is called the infinitesimal transformation of the
group G':

Z x4 al(z), i=1,...,N, (2.2)

where

'(2) = agiéi’@ oo - (2.3)

The infinitesimal transformation (2.2)-(2.3) defines the tangent vector

at a point z to the curve described by the transformed points z, and is therefore

called the tangent vector field of the group G'. The tangent vector field is often
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written as a first-order linear differential operator
X = ('(2)0.,, (2.4)

Notice that the summation convention is adopted in which there is summa-

tion over repeated upper and lower indices.

2.1.3 The Lie equations

Given an infinitesimal transformation (2.2), or generator (2.4), the transfor-
mations (2.1) of the corresponding one-parameter group G! are completely defined

by solving the following system of first-order ordinary differential equations:

T Hoo== (2.5)

Equations (2.5) are called Lie equations.

Theorem 1 (Lie) Let ¢ € C*(V) with ((z9) # 0 for some 2o € V. The solution
of the Cauchy problem (2.5) generates a local Lie group of transformations with

the infinitesimal generator X = ('(2)0.;.

The Lie theorem establishes a one-to-one correspondence between Lie group

of transformations (2.1) and the infinitesimal generator X = (%(2)0,,.

2.1.4 Prolongation of Lie group transformations

Application of Lie group analysis for differential equations requires intro-
duction of functions which depend not only on the independent variables and the
dependent variables, but also on derivatives of finite orders. Hence, the question

arises: how do the point transformations act on derivatives? The transformations
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of derivatives under the action of the point transformations, regarded as a change
of variables, is well-known from Calculus.
The space Z = R"(x) x R™(u) is prolonged by introducing the variables

p = (pl). The space J! of the variables
T (xl,.rQ,...,LL‘n), = (UI7U2""’um>7 p= (pzv) (j - 1’27"'7m; |Q| S l)

is called an [ — th prolongation of the space Z. This space can be provided with

a manifold structure. Here and below the following notions are used:
a= (a1, ), [al=ar+ay+- -+ ap,
O{,i — (Oél, Qg, v = Jaifla Q; + 17 ai+17 e 7an)7
The variable p?, plays the role of a derivative:

olalyd lalyd
i \4
Po = Ny .
“on ) 0zt 0x5? ... 0zl

Let G be a one-parameter group of transformations of independent variables

x = (21,29, ...,2,) and dependent variables u = (u',u?, ..., u™):
ii:f%x:u;a): fi |a=O: Z;, 1=1,2,...,n, (26)
W=l (v,u50), @ o=, j=1,2,...,m. (2.7)

The generator of the group G is written in the form

X = &(x, )0y, + 0 (2,1)0,, (2.8)

a-]: (SC,U; 0)7 77j<5'3':u) = %(SC,U; 0) (29)

¢z u) =

0
Equations (2.6), (2.7) yield the rule for the change of derivatives:

PLD;i(f*) = Di(¢), (2.10)
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where D; is the operator of the total differentiation with respect to x; is defined
by

Dizaxi+u§auk+u§jau?+---, i=1,2,...,n. (2.11)
Upon solving equation (2.10) with respect to 13?, we obtain the transformation of
the first derivatives,

Pl = Pg(%%P(l)’a)-

Extensions to second and higher order derivatives are obtained by further differen-
tiating equation (2.10). An extension of a group of transformations (2.6), (2.7) to
derivatives of any order is again a one-parameter group and is called an extended

point transformation group.

Set
=l + ar].
By differentiating equation (2.10) with respect to the parameter a and using prop-

erty 1 of a Lie group, we obtain the first prolongation formula:
nl = D’ — plDigk.
Hence, the extended generator is
Xy =& + 000 +1] i
Similarly, we have the following definition

Definition 2 The generator
X=X+ nd, (2.12)
7,
with the coefficients

M, = Dinl, — sz;uDkgz
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is called the | — th prolongation of the generator X.

2.2 Admitted Lie group of a system of differential equa-

tions

2.2.1 Invariant of Lie group

In applications, the study of most equations is closely connected with a
regularly assigned manifold. The concept of invariant manifolds, relative to trans-
formations, is studied in this subsection.

Consider a system of s equations in RV:

Fi(2) =0, k=1,2...,s (2.13)
where z = (21,2,...,2y) € RY and s < N. If the Jacobian matrix |5 || is of
rank s:

8Fk(2)
k = . 2.14
ran H 92, s (2.14)

at all points z satisfying equations (2.13), then the locus of solutions z of system

of equations (2.13) is an (N — s)-dimensional manifold M C RY.

Definition 3 The system (2.13) is said to be invariant with respect to a Lie group

G' of transformations
Z=g'(z;a), (i=1,2,---,N)

if each solution z = (z1, 22, ..., 2n) of system (2.13) is mapped to a solution z =

(z1, 22, ..., Zn) of the same system, i.e.

Fo(2)=0, k=1,2...s.
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Geometrically, the invariance of (2.13) means that each point z on the
surface M (the manifold defined by (2.13)) is moved by G along the surface M,
ie., z € M implies that z € M. The manifold M is also called an invariant
manifold with respect to G*.

In the following theorem the necessary and sufficient condition that some

system is an invariant of the group is presented.

Theorem 2 The system of equations (2.13) is invariant with respect to a Lie

group G' with an infinitesimal generator X if and only if
XFk(Z) ’]\/[: 0, k:1,2,...,S, (215)

where the symbol |y means that the equations X Fy(z) are considered on the man-

ifold M.

2.2.2 Admitted Lie group

For the purpose of group analysis it is convenient to view the differential
equation S as a manifold. According to Lie’s suggestion, one says that S admits
a group (or generator) if S is contained in an invariant manifold of a Lie group.
In the present subsection is devoted to finding and studying the set of all groups
G', which are admitted by the differential equation S.

A system of [ — th order differential equations is considered as a manifold

in J'. Let this manifold be assigned by the equations
S*(x,u,p) =0, (k=1,2,...,5).
The system and the manifold

(S) = {(x,u,p) € J'|S*(x,u,p) =0, (k=1,2,...,5)}, (2.16)
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are denoted by (5). It is assumed that (5) is a regularly assigned manifold.

Definition 4 A Lie group of transformations G (2.6), (2.7) with the generator
X (2.8) is admitted by the system (.S) if the manifold (S) is an invariant manifold
with respect to the prolonged group Gy of the Lie group G'. The generator X of

the admitted Lie group G' is also called admitted by the system (S).

This definition and Theorem of the previous subsection provide the follow-

ing infinitesimal criterion for admitted Lie groups of differential equations.

Theorem 3 The system of differential equations (S) is invariant under the group

with an infinitesimal generator X if and only if
XuyS(@, u,p) |(s=0, (2.17)

where Xy is the prolonged infinitesimal generator of X, and the symbol |(s) means

that the equations XyS(x,u,p) are considered on the manifold (S).

Equations (2.17) are called the determining equations and will be denoted
by the symbol DE. They are considered as equations with respect to the unknown
coefficients & (z, u), 0’ (z, u).

The first important property of the system DFE is that all equations are
linear and homogeneous relative to the coefficients &'(z,u), n/(x,u). Since the
coefficients of the generator X do not depend on the derivatives p* the determining
equations DFE can be split with respect to the parametric derivatives.

The second important property of the determining equations is that the
vector space of its solutions is closed under the commutator. Hence, all admit-
ted generators of given differential equations form a Lie algebra. The algebraic

structure of the admitted Lie group is used to obtain invariant solutions which is
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described latter. The main feature of invariant solutions is that they reduce the

number of the independent variables.

2.3 Symmetry groups of integro-differential equations

As we mentioned in the Chapter I, the main difficulties when applying
group analysis to integro-differential equations arise from the nonlocal terms; a
direct transference of the known scheme of the group analysis method to integro-
differential equations is impossible. It is thus necessary to develop a method for
constructing determining equations defining a Lie group admitted by the studied
integro-differential equations.

A newly developed definition of admitted Lie group for equations with
nonlocal operators was introduced by (Grigoriev and Meleshko, 1987) (also see
(Grigoriev et al., 2010; Meleshko, 2005)), where a Lie group admitted by integro-
differential equations was defined as a Lie group satisfying determining equations.
The determining equations are obtained by the action of a canonical Lie-Bécklund

operator.

2.3.1 Lie-Backlund operators

Definition 5 A Lie-Bdicklund operator is defined by the formal sum

0 0

0 0 PR
ox; K ouk

ouf "2 ouk

1112

X=¢ + ¢F 4., (2.18)

where & and n* depend on the independent and dependent variables and finite

number of derivatives. Other coefficients are determined by the prolongation for-
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mulae:
¢F = Di(nff — &ub) + &ul,

(2.19)
The Lie-Béacklund operator (2.18) is often written in the abbreviated form
.0 0
X=¢ P 2.20

The set of all Lie-Bécklund operators is an infinite dimensional Lie algebra
and it is denoted by Lg, This Lie algebra is endowed with the following properties:

(1) D; € Lg. In other words, the total differentiation is a Lie-Bécklund
operators. Furthermore,

X, =¢D; € Ly (2.21)

for any £ € A.

(2) Let L, be the set of all Lie-Backlund operators of the form (2.21), then
L, is an ideal of Lg.

(3) Two operations X, Xo € Lg are said to be equivalent (i.e., X7 ~ X5)

Definition 6 Lie-Bdicklund operator with & = 0 (i = 1,2,...,n) is called a

canonical Lie-Bdcklund operator.

Remark. Any Lie-Backlund operator X is equivalent to a canonical Lie-

Bicklund operator. Namely, X ~ X, where

_ . ) B .
X=X-¢D; = nk% + ..., nk = 77’“ —{Ju;?.
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2.3.2 Definition of a Lie group admitted by integro-
differential equations

Let us consider an abstract system of integro-differential equations:
O(z,u) = 0. (2.22)

Here as above, u is the vector of the dependent variables and x is the vector of the

independent variables. Let G*(X) be a one-parameter Lie group of transformations
= fY(z,u;a), u= f"r,u;a) (2.23)
with the generator
X =&z, u)0,, + 1 (z,u)0,s,

transforms a solution g (z) of equations (2.22) into the solution w,(x) of the same

equations. The transformed function u,(z) is

ua(T) = f*(, ulx); a),

where © = ¢*(Z;a) is substituted into this expression. The function ¢*(Z;a)
is found from the relation £ = f*(x,u(x);a). Differentiating the equations
O (x,u,(z)) with respect to the group parameter a and evaluating the result for

the value a = 0, we obtain the equations

(Zotvaia) -

These equations coincide with the equations

(X®)(x, uo(x)) = 0 (2.24)
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obtained by the action of the canonical Lie-Bécklund operator X, which is equiv-
alent to the generator X:

X =00+,
with 77 = 1 (&, u) — € (z, u)u!. Equation (2.24) can be constructed without requir-
ing the property that the Lie group should transform a solution into a solution.

This allows the following definition of an admitted Lie group.

Definition 7 A one-parameter Lie group G*(X) of transformations (2.23) is a
Lie group admitted by (2.22), or a symmetry group of (2.22), if GY(X) satisfies
the equations (2.24) for any solution ug(x) of (2.22). Equations (2.24) are called

the determining equations.

Remark. As a rule, equations or systems considered along nonlocal op-
erators also include operators or equations with partial derivatives. Hence, the
definition of an admitted Lie group for equations with nonlocal terms has to be
consistent with the definition of an admitted Lie group of partial differential equa-
tions. It is worth to note that for a system of differential equations (without
integral terms) the determining equations (2.24) coincide with the determining
equations (2.17).

The way of obtaining determining equations of integro-differential equa-
tions is similar (and not more difficult) to the way used for differential equations.
Notice that the determining equations of integro-differential equations are integro-
differential equations.

The main difficulty in finding an admitted Lie group of integro-differential
equations consists of solving the determining equations. For solving the deter-
mining equations we need to study the problem of existence of a solution of a
Cauchy problem. Although in applications of the group analysis method to par-

tial differential equations there is no special attention to the problem of existence
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of solutions of a Cauchy problem, this problem plays one of the key roles in solving
determining equations: it allows splitting them. In partial differential equations
there is no special study of the Cauchy problem because either a studied system
of equations is of Cauchy-Kovalevskaya type, or a geometrical approach is used

for finding an admitted Lie group.

2.3.3 Group classification

Most systems of equations include arbitrary elements: constants and func-
tions of the independent and dependent variables. These elements specify a pro-
cess. The group classification problem consists of finding all principal Lie groups
admitted by a system of equations. Part of these groups is admitted for all arbi-
trary elements. This part is called a kernel of admitted Lie groups. Another part
depends on the specification of arbitrary elements. This part contains extensions

of the kernel.

2.4 Lie algebra of generators

Consider two generators

Definition 8 The commutator [ X1, Xs] of generators (2.25) is a generator defined
by the formula

[X17X2] - X1X2 - X2X17

or equivalently

[X1, Xa] = [X1(&(2)) — Xa(£1(2))]0:, (2.26)
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It follows from (2.26) that the commutator satisfies the following algebraic
properties:
(1) The commutator is bilinear. This means that for any generators X,

X5, X3 and any numbers a, b, the following identities hold:

[aX1 + bX27X3] = G[Xl,Xg] + b[XQ, X3],

(X1, aXs + 0X3] = a[ X1, Xo] + 0] X1, X5,
(2) The commutator is skew-symmetric. This means that for any generators
X1, Xy, the identity
[X1, Xa] = —[Xp, X4],
is satisfied.

(3) The commutator satisfies the Jacobi identity. that is to say that for any

generators X, X5, X3 the relation

(X1, [Xo, Xs]] + [Xo, [ X5, Xa]] + [ X5, [ X0, Xo]] = 0

is satisfied.

Definition 9 A vector space L of generators is called a Lie algebra if it is closed

under the commutator, i.e., [ X1, Xs] € L for any X;, Xs € L.

The dimension of the Lie algebra L is the dimension of the vector space L.

We use the symbol L, to denote an r—dimensional Lie algebra.

Theorem 4 If a system S admits generators X, and Xo, then the system S admits

their commutator [ X1, Xs].

This theorem means that the vector space of all admitted generators is a
Lie algebra (admitted by the system S). This algebra is called a principal algebra.

To construct exact solutions we uses subalgebras of the admitted algebra.
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Definition 10 A vector subspace N of a Lie algebra L is called a subalgebra of L
if
[X,Y]e N, forany X,Y € N.

Definition 11 A vector subspace I of a Lie algebra L is called a ideal of L if
(X,Y]elI, foranyXelL,Yel.

Definition 12 Two Lie algebra of generators L and L' are similar if there exists

a change of variable that transforms one into the other.

Hence, if Lie algebras L and L’ are similar, then the generators X = (?(2)9., € L

and X = 65(2)3§£ € L’ of these algebras are related by the formula

¢'(2) = X(¢°(2)

Z=q ()

A linear one-to-one mapping F' of a Lie algebra L onto a Lie algebra L’
is called an isomorphism (algebra L and L’ are said to be isomorphic) if for any
X,Y € L, the equality

F(IX,Y]) = [F(X), FO)I'

holds, where the symbol [, ] and [, | are used to denote the commutator in
L and L', respectively. An isomorphism of Lie algebra L onto itself is called an
automorphism of L.

The set of all subalgebras can be classified with respect to automorphisms.

These constructions are studied in the next section.

2.5 Classification of subalgebras

Consider an r—dimensional Lie algebra L,. Let X, Xs,...,X, be a basis

of the vector space L,. Any X € L is their linear combination. In particular,
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(X, X;] € L, hence
[(Xa, Xp] =l Xy, a,B=1,2,...,m (2.27)

The constant coefficients ¢4 are called the structure constants of the Lie algebra
L, for the basis X,,.

In applications, it is convenient to use relations (2.27) written in the form
of a table of commutators whose entry at the intersection of the X, row with the
X3 column is [X,, X5].

If X =2X, and Y = 3’ X; belong to L,, then
(X,Y] = x“yB[Xa,Xg] = xayﬁczﬁXv.

Therefore, for the coordinates z = (z',22,...,2") and y = (y', %>, ...,y") of the

generators X and Y, we can define an operation of commutation [z, y|:

(2,9 = 2%9Pcly, (v=1,2,...,7).

With this operation the vector space R"(x) becomes a Lie algebra. This Lie algebra
is also denoted by L,.

An automorphism A, (t) of R is defined by
&= A,(t)x,
where & = (£',2%,...,2") is the solution of the equations

dt

Y — aay B A Y
=Ty Chpy Tjeg =T

The set of all automorphisms A,(t) is called a set of inner automorphisms of
the Lie algebra L,. This set is denoted by Int(L,). Any subalgebra L, C L, is

transformed by A,(t) into a similar subalgebra. Similar subalgebras of the same
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dimension composes a class and select a representative of each class.

Definition 13 A set of the representatives of all these classes is called an optimal

system of subalgebras.

Thus, an optimal system of subalgebras of a Lie algebra L with inner automor-

phisms A = Int(L) is a set of subalgebras © 4(L) such that

(1) No two elements of this set can be transformed into each other by inner

automorphisms of the Lie algebra L;

(2) Any subalgebra of the Lie algebra L can be transformed into one of the

subalgebras of the set © 4(L).

In group analysis the problem of finding all inner automorphisms is reduced
to the problem for finding inner automorphisms A, for the canonical basis vectors

y=¢e" (k=1,2,...,r)in R":

The inner automorphisms A, corresponds to the Lie group of transformations with
the generator

x40

2.6 Invariant solutions

Definition 14 Let a system (S) of differential equations admits a group G, and let
H be a subgroup of G. A solution w = U(x) of system (S) is called an H—invariant
solution if the manifold uw = U(x) is an invariant manifold with respect to any

transformation of the group H.
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Let a system () of differential equations admit a group G, and let H, be

its r—parameter subgroup generated by
Xp = E(x,u)0p, + 1l (2, )0y, k=1,2,...,7 (2.28)

Let 7, = rank||€, n]|. Hence, H, has m +n — r, functionally independent invari-
ants

Ji(x,u)y . I, (T, ).
Suppose that the Jacobian of J with respect to u is of rank m, without loss of

generality we can choose the first m invariants such that

OJo(x,u)
ou’

rank H ' =m, (2.29)

where «, 7 = 1,...,m. Hence, setting
p = Js(z,u), N = Jpp(z,u), a=1,....m; v=1,...,n—r, (2.30)
we can write the invariant solution of system (.5) in the form
p® = 0N AT, fa =1, m. (2.31)

The functions ¢ are determined by a system of differential equations, denoted
by S/H,. The system S/H, is called a reduced system, the number n — r, is the
number of independent variables in factor system S/H, and it is called a rank of
the invariant solution.

Remark. In most applications, we can choose invariants (2.30) such that
the invariants \* (v = 1,...,n — r,) don’t depend on the dependent variables
w?. This facilitates the calculation of invariant solutions. The condition (2.29)
guarantees that equations (2.31) can be solved for uw/. Substituting them into

original system (.S), we can obtain reduced system S/H,.



27

The algorithm of seeking invariant solutions of differential equations con-
sists of the following four steps.

1st step. Find the admitted Lie group of the differential equations by solving
the determining equation. All admitted Lie groups form a Lie algebra.

2nd step. Choose a subalgebra and find invariants of the subalgebra.

3rd step. Construct a representation of an invariant.

4th step. Substituting the representation into the original system of differ-
ential equations, we obtain equations with reduced number of independent vari-

ables.



CHAPTER III

MATHEMATICAL MODELS

In this chapter, we study one-dimensional viscoelastic materials with mem-
ory, considering two different models: a nonlinear stress relaxation model and a

linear thermoviscoelastic model.

3.1 Nonlinear stress relaxation model

3.1.1 Fundamental equations

Consider longitudinal motion of a homogeneous one-dimensional body, e.g.
a bar of uniform cross-section. If the body is incompressible, then we can assume
that p = 1, where p is the mass density. We denote by u(t, z) the displacement at
time ¢ of the particle with reference position = (x is Lagrangian coordinate, and
x4 u(t, ) is the position at time ¢ of this particle). The strain e(¢, x) and velocity
v(t,x) given by
ou ou

e = — v =

ox’ ot’

satisfy the kinematic compatibility relation

€r = Uy (3.1)

The equation of balance of linear momentum, in the absence of body force, has
the form

Ogp = Uy, (32)

where (¢, x) is the stress.



29

The first model considered in this chapter which describes the stress relax-
ation behavior of one-dimensional viscoelastic materials (allowing aging) is given
by the system consisting of two partial differential equations and an integral equa-
tion:

Uy =0y, € =10, @lo)=e+ /Ot H(t,7)e(r) dr, ¢'(0) #0. (3.3)

Here time t and reference position x are independent variables, while the stress o,
the velocity v, and the strain e are dependent variables, H(t, ) is the kernel of
relaxation and does not depend on x, ¢(0) is a sufficiently smooth function of the
stress. If p(o) is a linear function, then system (3.3) describes the linear behavior

of a viscoelastic material.

3.1.2 Discussions on the integral kernel

The relaxation modulus is one of the main characteristics of a material:
each material has its own value of relaxation modulus, so choosing different kernels
H(t,7), system (3.3) describes the behavior of different materials. For example,
if the kernel is identically zero, i.e., H(t,7) = 0, then system (3.3) becomes the

nonlinear wave equation
/
U = ¢ (u:c)uxza

which is called a nonlinear viscoelastic one-dimensional Kelvin model (Chirkunov,
1984). Here the function ¢ is the inverse function of .

Reduction of system (3.3) to a system of differential equations is also pos-
sible for some more complicated kernels*. For example, if the kernel has the form

H(t,7) = k(t)p(7), then the integral equation of system (3.3) becomes the differ-

*Examples of integro-differential equations modeling materials with memory which can be
reduced to systems of partial differential equations and their exact solutions can be found in

(Pucci and Saccomandi, 2015).
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ential equation

er(t, v) = ' (0)ou(t, x) + [h(t) — k()p(t)le(t, x) — h(t)p(),

where h(t) = k'(t)/k(t). In particular, if the kernel is an exponential function,
H(t,7) = Ke ®t=7/1 where K, R and 7 are constant with K = —R?/n, then

system (3.3) is reduced to the following system of partial differential equations

; R R
Vp = Oy, €=Uy, €= ¢ (0)0y — 7](1 — R)e — ng(U)' (3.4)

System (3.4) describes stress relaxation response of the Maxwell model. More
details about the Maxwell model and some other models can be found in (Nowick
and Berry, 1972; James and Kasif, 1989).

If the kernel has the following form
Ht,7)=H{t—-7)—H({Et—-17—-1), (t>1),

where H is the unit Heaviside step function, then system (3.3) becomes a system

of delay partial differential equations
V=0 €=Uy ¢(o)oy=e +e(t)—e(t—1).

Research of delay partial differential equation can be found in (Ibragimov et al.,
2011).

If system (3.3) of integro-differential equations can be reduced to a system
of differential equations, then the kernel H(t¢,7) is called a degenerated kernel.
In the thesis, we apply group analysis to the integro-differential equations (3.3),
excluding degenerated kernels from the study. In particular, it is assumed that

H #0and H(t,7) # k(t)p(7).
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3.2 Linear thermoviscoelastic model

In this section we present the constitutive equations defining linear ther-

moviscoelastic material, as well as two special models studied in the thesis.

3.2.1 Three-dimensional case

Consider a body occupying a fixed bounded domain 2 in a suitable refer-
ence configuration, and assume that the reference configuration is a natural state,
namely a state with zero stress and constant absolute base temperature ©,. Let
X be the position vector of a material point, u(X,t) be the displacement field and
O(X,t) — ©g = 0(X,t) be the temperature difference from 6. If the material is
homogeneous, then under hypotheses of small deformations and small variations
of temperature with respect to the given natural state, we assume that p = 1,
where p is the mass density.

We consider a specific Helmoltz free energy functional depending upon both

displacement and temperature difference histories in quadratic manner ((Navarro,

1978))
o) = ;Vu(t) LG Vu(t) — 0(t) L - Vu(t) ;Z)OZGQ(IS)
—; OOO [Vu(t) — Vu(t — s)] - G(s)[Vu(t) — Vu(t — s)]ds

8 (3.5)
+ [T 0t — LGs) - [Vu(t) — Vult — jds
1

Yoo /0 T H)[6(8) — 0(t — $)]2ds,

where the dependence on X is omitted for convenience. The material properties
G(s), L(s), and ¢(s), s > 0, are the relaxation tensor fields of fourth, second, and

zero order, respectively. In addition, we assume that they do not depend on the
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position vector X. The limits

Go = lim G(s), Ly = lim L(s), ¢ = lim ¢(s),

§—00 5—00 5§—00

are called the equilibrium elasticity modulus, the equilibrium stress-temperature
tensor, and the equilibrium specific heat. The tensors G and L are assumed to be

symmetric

G(s) = G'(s), L(s)=L"(s), forall s>0,

where the symmetry of the tensor G means that
Gijkl<s) - Gk’lij(s)v fOT any iaj? ka .

The Clausius-Duhem inequality (second law of thermodynamics) assures
that the stress tensor T and the entropy 7 are determined by the free energy
(more details can be found in (Coleman, 1964b; Gurtin, 1990)). In assumptions

of small deformations these relations are

_ oy 9

T_aiEa T]—_%a

where E = —(Vu + Vu’) is Green’s strain tensor. Hence, the constitutive equa-

1
2
tions for the stress tensor T and the specific entropy n are

T(t) = GuVu(t) - /0 T Gs)[Vult) — Vu(t — 5)]ds
“L.6() + /0 T L()[0() — 0(t — 5)]ds,

Ou(t) = O, {LOO-Vu(t)— /OmL(s)-[Vu(t)—Vu(t—s)]ds
(3.7)

Fenf(t) — /0 T i )[0() — 0(t — s)]ds.

There are the following alternative forms for the stress tensor T and the specific
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entropy 7
T(0) = GoVult) + [ "Gt — 5)Vu(s)ds — Lod(t) — / Lt — s)0(s)ds, (3.8

Oun(t) = O, [Lo-vu(t) + [ tI'J(t—s)-Vu(s)ds} +ablt) + [ "ot — $)0(s)ds,
(3.9)
where Gy, Lo, ¢ are the values of the functions G(s), L(s), ¢(s) at the point
s = 0, respectively.
We complete the set of constitutive equations with the Fourier heat con-

duction law for the heat flux vector:
q(t) = -KVo(t), (3.10)

where K is a constant tensor called a thermal conductivity tensor. The Clausius-
Duhem inequality implies that the thermal conductivity tensor K is positive semi-
definite.

Using assumptions of small deformations and small variations of the tem-
perature with respect to the natural state, we only retain the first-order in Vu and
0. Hence we assume that h = ©¢n, where h is the rate at which heat is absorbed

per unit of volume, and it is defined by
ph =pé—"T:L,

where e is the internal energy pre unit mass, L is the velocity gradient. Therefore,
the equations of balances of linear momentum and energy, in the absence of body

forces and radiant heating, become
a = div,'T, (3.11)

Ooi(t) + divyq = 0. (3.12)
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3.2.2 One-dimensional case

Now we restrict our attention to a linear thermoviscoelastic bar with mem-
ory, occupying the reference configuration {2 = [0, 7]. In the one-dimensional case

equations (3.8)-(3.10) are reduced to the following constitutive relations
t . t.
o(t) = Goe(t) +/ G(t — s)e(s)ds — Lob(t) — / L(t — s)0(s)ds,
0 0
t t
Oun(t) = Oy [Loe(t) + / it — s)e(s)ds} +coblt) + / &t — $)0(s)ds,
Jo 0

q(t) = —rbx (1),

(3.13)
where the material coordinate x is omitted, o is the axial stress, e = u, the axial
deformation, the constitutive functions G(s), L(s), ¢(s) do not depend on x, the
constants Go, Lo, ¢ are values of the functions G(s), L(s), ¢(s) at the point s = 0,
which are assumed to be positive, the constant x is also assumed to be positive.

Now we match (3.13) with motion, energy balance equations involving zero

sources (i.e. b =1 = 0) and the kinematic compatibility relation, namely
Oz = Ut 6077+qx =0, €t = Uy,

where v is the velocity defined by v = u;. As a consequence, we obtain the following

system of integro-differential equations
Or = Uy, e = Uy, Wy = Kbyg,
t . t .
o= Goe + / G(t — s)e(s)ds — Lol — / L(t — s)0(s)ds, (3.14)
0 0

w = 0 [Loe + /Ot L(t — s)e(s)ds} + cof + /Ot é(t — s)0(s)ds,

where the new variable w is defined by w = Ggn.
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3.2.3 Dimensional analysis

Equations (3.14) contain a large number of variables and parameters, thus it
is difficult to study equations (3.14) directly. Dimensional analysis is a method for
reducing the number and complexity of variables and parameters. This method is
widely used in engineering and mechanics in the literature, for example (Bridgman,
1922; Sedov, 1993). In this subsection, model (3.14) is simplified by applying

dimensional analysis to it. For this end, it is rewritten as

0z = U, €f = Uz, Wy = Kbzz,
t.

o =Goe+ | G(t — 5)é(5)ds — Lof — /OtL(E— 5)0(5)ds, (3.15)

t. _ _ t _
w = O [L06+/ L(t - s)e(s)ds] + ¢of +/ ¢(t — 5)0(5)ds.
0 0
Let us consider the following transformation

t=tot, T =mxox, V=19V, =000, €=-¢epe, 0=00, w=wow, (3.16)

where ty, o, vo, 00, €9, Oy and wy are positive dimensional numbers. Applying

transformation (3.16) to equations (3.15), they are transformed to

oo Vo €0 Vo Wo 560
0y = 7V, 6= U, W= Tgxx;
Zg lo to Zg to x3
G t t, Ly0 tobo rt .
= 0%, W% [T et — 8))e(s)ds — =200 — 20 [T fto(t — 5))0(s)ds,
0o 0o JO o)) oo JO
O Loe Ootoeo /t . coby tobo [t .
= + L{ty(t — ds + —0 4+ — tolt — 0(s)ds.
w= koo, OO [y yeqshas + D04 20 [ gt~ s))ots)ds
(3.17)
Let
t—e—iﬁ 112—1;2—7’{2 O'_E 9——R w—i
0 — O*GOL(Q)a 0 — Oi@OCOL%’ 07C0, OiCOLO’ 07L07
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we obtain the equations
Op =V, €=Uy, W= 0y,
o= Fe+ /Ot G(t — s)e(s)ds — 6 — /Ot L(t — 5)6(s)ds, (3.18)
w—e+/ (t—s)e d5+9+/ (t —s)0(s)ds,

where the number F is defined by

Goco

FE =
OyL2’

and the functions G(t — s), L(t — s) and &(t — s) are

RCq

G(to(t — s)),

L(t—s) = 5 L(to(t = 5)), &lt—s)= c(to(t — 5)).

K K
@0[/3 @OCOLO

3.2.4 Basic equations and two special cases

The second model which describes thermoviscoelastic bar with memory

(allowing for aging) is established by the following system

Op = Uta €t = Uxa ea:a: - U)t,
t t
o= e+ / G(t, s)e(s)ds — 6 — / L(t, $)0(s)ds, (3.19)
0 0

w—e+/ (t,s)e ds—|—9+/ (t,s)0(s)ds.

Here time ¢ and distance x are the independent variables, the stress o, the velocity
v, the strain e, the temperature #, and w are the dependent variables, G(t,s),
L(t,s) and c(t, s) are the relaxation functions.

Group analysis of system (3.19) of linear thermoviscoelasticity will be

discussed in Chapter V. A way of splitting determining equations of integro-
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differential equations depends on the equations studied. For some special relations
among the material functions G(t, s), L(t, s), ¢(t, s), we need to develop different
ways for splitting the determining equations. Two special cases of system (3.19)
are of particular interest. The first case defines behavior of linear thermoviscoelas-
tic material described by equations (3.19) without kernel L(t, s). These equations
have the form

Oy = Ut €t = Ug, e = wy,

t t (3.20)
o=FEe—40 +/0 G(t,s)e(s)ds, w=e+0 +/0 c(t, s)0(s)ds.

To avoid that these equations are reduced to partial differential equations, we
assume that G(t,s) # 0 and ¢(t,s) # 0.

The second case is obtained by letting G(¢,s) = hy(t)L(t,s) and c(t,s) =
q1(t)L(t, s) in system (3.19) for some functions hq(t), ¢;(t). In this case, equations

(3.19) become
Ox = Uty €t = Uy, Ore = W,

o= Betha [ Lit, $)els)ds = 6~ /; L(t, 5)0(s)ds, (3.21)

ot
0
t t
w=et /0 L(t, s)e(s)ds + 6 + g1 /0 L(t,5)0(s)ds.

For this model, we will exclude the kernel L(t,s) = 0 from the study,
because this kernel is a degenerate one. There exist more complicated kernels
L(t, s) such that equations (3.21) are degenerated. For example, if 1+ hjq; # 0

and the kernel L(t, s) is a function of separable variables, i.e.,

L(t, s) = k(t)p(s),

with some function k(t), p(s), we can show that equations (3.21) can be reduced

to partial differential equations.



CHAPTER 1V
GROUP CLASSIFICATION OF NONLINEAR

STRESS RELAXATION EQUATIONS

In this chapter we focus on the application of the group analysis method
to the equations describing the stress relaxation behavior of one-dimensional vis-

coelastic materials

Vi =0y €=Uy @(0)=e+ /OtH(tJ)e(T) dr, ¢'(0) #0, (4.1)

which are presented as equations (3.3) in Chapter III. Here time ¢ and distance x
are independent variables, the stress o, the velocity v and the strain e are depen-
dent variables, the relaxation function H(t,7) does not depend on the variable z,
(o) is a sufficiently smooth function of the stress. If (o) is a linear function,
then system (4.1) describes linear behavior of a viscoelastic material.

As for differential equations, an admitted Lie group of integro-differential
equations (4.1) is defined by determining equations. The general theory of con-
structing determining equations for integro-differential equations can be found in
Chapter II.

In the first section of this chapter we obtain a classifying equation by solv-
ing the determining equations. In the section following it, the complete group
classification of equations (4.1) with respect to the arbitrary function ¢(o) and
kernel H(t,7) is studied. Invariant solutions of the system of equations (4.1) are

discussed in the last section.
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4.1 Admitted Lie groups

The determining equations of system (4.1) are integro-differential equations

for the coordinates of the infinitesimal generator
X = 5806 + nat + gvav + Caﬁa + Cea&

where the coefficients &, 7, (", (7 and (¢ are functions depending on the variables
t, x, v, 0 and e. In order to construct the determining equations, one has to use
the canonical Lie-Bécklund operator (Ibragimov, 1999) which is equivalent to the

generator X:
X = (Cv — vy — th)av + (CU S ZA% TZUt)@f + (ge — ey — net)ae + -

Applying the prolonged canonical Lie-Bécklund operator to system (4.1),

the determining equations are

0~ 0 ~ 0 —~ 0 —~
(GTen-goea) =0 (586 -gTea) <o w

(gpf‘;(t, o) = Clto) - [ CH(t ) (7 2) dT)KS) 0. (4.3)

Here

—

C?(h1) = ¢"(h2) — &(ha)vz(h1) — n(ha)vi(h1),
C7(h1) = (7 (h2) — &(ha)os(h1) — n(ha)oe(ha),
e(hy) = C*(ha) — E(ha)es(ha) — nha)es(ha),

where for the sake of simplicity of the presentation we have denoted

hy = (t,x), he = (t,z,v(t, x),0(t,x),e(t,x));
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and the subscript |(S) means that the expression is satisfied for any solution of
system (4.1).
We assume that there exists a solution to the Cauchy problem consisting

of equations (4.1) with the initial data*

e(t,zg) = eo(t), wv(t,xg) =wo(t), o(t,zo) = oo(t),

where eq(t), vo(t), are arbitrary functions, and initial function oy(t) satisfies the

equation
t
P(00(t)) = colt) + [ H(t,)eo(r) dr. (4.4)
The main derivatives of the functions e(t,x), v(t,x), o(t,z) at the point z = x

are found from equations (4.1)

o:(t,x0) = vi(t, xo) = v5(t), vt x0) = elt, o) = €y(t),

(4.5)
ot ) = =0 eolt) = £10)
where
o0) = ehft) + H(t, Oeolt) + [ H(t,m)eofr) d (4.6)
and the function f(t) satisfies the second kind Volterra integral equation
P oo()eb(t) = 1) + [ H (e, 7)1 () dr. (4.7

Remark. Using a fixed-point theorem, we can prove that equation (4.7)

has a unique solution.

*Mathematical studies of initial and boundary value problems modeling materials with mem-

ory can be found in (Renardy et al., 1987).
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4.1.1 Determining equations (4.2)

Now we begin the study of the determining equations from equations (4.2)
which are related with partial differential equations of system (4.1).
Substituting the main derivatives vy, oy, €, vy, 04, €, (4.5) into the de-

termining equations (4.2), considered at the point x = z( defined in (4.5), we

obtain
Vo (G = e — €7 + & — meep) + (06)2(—771; + &) + f(=C + 7762,) + o fée
¥

(4.8)

+¢,+¢—g+m?+d(g—q+m?—@?—@—@Q=a

4 ¥ 2 ¥

U(/)(CS — Gyt 1+ faeg) + (06)2770 + f(_gai, — (= &)+ 'U(/)f(_gv + 7e)

4 (4.9)

e e v e g v
TG G Gl e S = G G (e +6) =0
For splitting the determining equations let us show that the variables vy, v}
and f are functionally independent. In fact, fix the function ey(t) (but arbitrary)

and consider the following initial data

g
vo(t) = a1 + | wuy(s) ds,

to
where

1 s n
ui(s) = m[m(s) +/0 H(s,T)us(7) dr], us(s) = as + az(to — s)™.

Here ¢ is a fixed (but arbitrary) time, n > 1 is an integer, and a;, as and ag are

arbitrary constants. We have that

o(t) =u __ 1 u t T)us(T) d
() = wilt) = s lua(®) + [ H (el d)

or

¢W@M@ZMM+KHWWMﬂW
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Because of the uniqueness of solution of equation (4.7), we find that
f(t) = as + a3(t0 - t)n

Notice that at t = 3, we have

vo(to) = a1, f(to) = aq,

! —éa ato TTCLtO )tg — 7)" dr
) = i e fy Ml T dr b [T H o7t — )" i)
(4.10)

Since the set of functions (tp — 7)™ is total in the space Ls[0,to], and ty is such
that H(ty,7) # 0, there exists n for which [1° H(to, 7)(to — 7)"d7 # 0. Hence, for
given values vy(to), vi(to), f(to) we can solve equations (4.10) with respect to the
coefficients ay, ag, az. This means that the variables vy, v{, and f are functionally
independent.

By virtue of the functional independence of the variables vy, v and f, we
can split determining equations (4.8) and (4.9) with respect to them. The splitting

gives

gv = fe = 50 = 07 T = TNe = Nl = 07 Cg = _§t7
(4.11)

fz—UtZCg— v Cg:07 CS—C;’:—%,

(G +m2)g + (¢ — C7)¢" = (2& + ¢ )¢ep,
(4.12)

Gy + (G = Q) =+ ¢ — & — CE)¢'ep.

Further splitting can be performed with respect to the variables e, e, g
and ¢'(0¢). Let us show that they are also functionally independent. Consider the

initial data for fixed time ¢,
eo(t) = a1 + as(t — to) + (t — to)*[as(t — to)™ + as(t — to)"], (4.13)

where n; > 1 (i = 1,2) are integer numbers. Hence, the variables ey(to), €j(to),
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g(to), w(oo(to)) have the following expression
eo(ty) = a1, ey(to) = as,
ot0) = artaHlto,to) +ay [ Hlto,) drtas [ Hilto, 1)~ to) dr

t t
tas / " Hy(to, 7)( — to)™*2 dr + ay / " Hy(to, 7)(7 — to)™*2 dr,
0 0

¢ ¢
QD(O-()(tO)) = a +a1/00H(t0,T) dT+a’2/OOH<tO,7-)<T—t0) dr
to to
—|—a3/ H{(to, 7)(1 — to)™*? dr + a4/ H(to,7)(T — to)"2"? dr.
0 0

(4.14)

The Jacobian of ey(to), e;(to), g(to), w(oo(to)) with respect to aq, as, ag and ay is
to to
A = (/ H(to, 7)(1 — to)"2t? dT) (/ Hy(to, 7)(T — to)™ ™ dT)
0 0
to "to
([ Ho ) =t ar) ([ Hulto, T — to)+2 dr ).
0 0

Because of

Jd 0 _@"(oo(to)) Op(ao(te)) .
%SO(UO(tO))_aai(’O(@ (80(00(750))))—@,(00(%)) P i=1,2,3,4,

(2

then the Jacobian of ey(tg), €(to); g(to), ¢'(a0(to)) with respect to ay, as, az and

a4 is

If A = 0 for any integer numbers n; (i = 1, 2), then by virtue of H(ty,7) # 0

we obtain that there exists a function h(ty) such that

Ht(to,T) = h(to)H(to,T) (415)

Solving equation (4.15) and since ¢, is arbitrary, the kernel has the form

H(t, 1) = k(t)p(r), (4.16)
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with some functions k(t) and p(7). Since this is a degenerate kernel, there exist
two integer numbers nq, ny such that A # 0. This means that the variables eg, e,
g and ¢(0g) are functionally independent.

If ¢" # 0, then A; # 0. Equations (4.12) can be split with respect to ey,
ep, g and ¢'(0g). Splitting, the overdetermined system of equations

Cf,’—i—nx:O, C;)—ngo, 25t+<g:()7 Qf—:Oa
(4.17)

G =G =0, m+q —&—¢ =0

is obtained.
If ¢ = 0, then equations (4.12) can also be split. In this case we use
arbitrariness of e, € and g. Splitting also gives system (4.17).

Integrating the overdetermined system of equations (4.11), (4.17), we find
E=tlerw + o) + c32? + 5w + 6, 1 = x(est + cq) + 1t + ert + cg,

("= —e(c1x + c2) — a(est + ¢4) — v(2e1t + 232 + €5 — ¢9) + Aat,

(4.18)
(7 = —0(3c1t + c3x + ¢7 — ¢9) — 2v(c1 T + ¢2) + A,
(¢ = —e(ert + 3egx + 2¢5 — 7 — ¢g) — 2v(cst + ¢4) + Apa-
Herec;, (i =1,2,...,9) are arbitrary constants, and (¢, z) is an arbitrary function

of two arguments.
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4.1.2 Determining equation (4.3)

For the study of the determining equation (4.3), which is related with the

integral equation, it is convenient to introduce

20 = (7 + 20§ = —o(3cit + 37 + c7 — ) + At

(4.19)
21 = (¢ + 2un, = —e(eyt + 3csx + 25 — 7 — C9) + A
By virtue of (4.5) and (4.19) we have at point = z( that
o / g e _ /
(7 = 2o — 200§ — §Uy — T (¢ =z1 — 2vomy — £ — ney.
Determining equation (4.3) becomes
t
©'zg — 21 — / H(t,7)z (1) dr
0
¢
~2u06s’ — £/ + 2oome +6F + [ Ht (D F(7) dr (4.20)

—ng +nejy + 2 /Ot H(t, 7)vo(T)ne(7) dr + /(: H(t,7)n(t)ey(r) dr = 0.
Integrating by parts
[ H @ ey dr = HEGnE)ee) — H(t,0)n(0)eo(0)
- [ e dr - [ HE () dr

and using (4.6) and (4.7), determining equation (4.20) reduces to the equation

Fro— = [ HET)a0) dr + 20— ¢6) + [ HDIEIER) - 0] dr

+2 /Ot H(t, T)UO(T)n:Jc<T) dT—H<t7 0)”(0)60(0) - /Ot H<t7 7')60(7')7%(7) dr

_ /Ot eo(T)[Hy(t, T)n(t) + H.(t,7)n(T)] dT = 0.

(4.21)
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We can show that the underlined part of equation (4.21) vanishes. In fact, choosing

the initial data vg(t) = 0, we obtain from equation (4.21) that
t
Y20 — 21 —/ H(t,7)z(7) dr
0
t
—H(0)n(0)eo(0) — [ Hlt,T)eo(rIon(r) dr (422

_ /Ot eo(T)[Hy(t, T)n(t) + H,(t,7)n(7)] dT = 0.

Hence, equation (4.21) becomes

20001 = /60 + [ H7)(IE) = 0] dr +2 [ H(tmyeo(r)nalr) dr =0
(4.23)

1
If one chooses the initial function vy(t) = 2 then f(t) = 0, and equation (4.23)
gives

Ne — @&+ /Ot H(t,7)n.(r) dr = 0. (4.24)

Substituting the coefficients (4.18) into (4.24), and splitting it with respect to z,

we obtain

1 = 07 (425)
t
—cop’ + (cst +¢q) + /0 H(t,7)(esT + ¢4) dT = 0. (4.26)

Using (4.4), equation (4.22) reduces to the equation
'[Nt — (c32 + c7 — cg)o0] + (2c37 + 205 — 207 — o) p
t
- / H(t, 7)Aaa(7) dT — Aaw — (caz + c5) H(t, 0)eo(0) (4.27)
0
t
+(Cgl‘ + 07)60 — / GQ(T)ZQ(t, T, ZL‘) dr = O,
0

where

2o(t, T, x) = [(est + cqg)x + cqt + cg|Hy(t, 7) + [(e37 + ca)x + e77 + cs)| Ho(t, 7).
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We can derive that there exists a function f;(¢, z) such that
2o(t, 7, x) = fi(t,x)H(t, 7). (4.28)
In fact, let us consider the function®

eo(T) = a1 + aoT + 7(t — 7)[az1(7) + agha(7)].

Then we have
60(0) = a, eo(t) =a; + CLQt,
oloy) = ar <1+/OtH(t,T) dT) +as (t—i—/OtTH(t,T) dT)
+ay [ = D (D H(E T) dr
t
—I—a4/0 T(t — T)o(T)H (L, T) dT,

t

t t
/ eo(T)z2(t, T,x) dT = al/ 2o(t, T, x) dT + ag/ T2o(t, T, ) dT
0 0 0

[]] /O CHt = D) (Pt T 7) dr

oy /0 "t = TV () et o 3)
(4.29)

If there exist functions ¥;(7), (i = 1, 2) such that the determinant
8y = ([ rte=nena ) ar) ([ 7 =)o) dr)
— ([ =y r) dr) ([ e = myin ()t ) dr)

is not equal to zero, then for the given wvalues ey(0), eo(t), ¢(0o0),

t
/ eo(T)z2(t, 7,x) dr equations (4.29) are solved, with respect to the coefficients
0

TFor the sake of simplicity we use here the general form of the functions v;(7), (i = 1,2)

compare with (4.13).
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t
a1, as, as, ay. Thus, the variables eg(0), eo(t), w(00), [ eo(T)z2(t, 7, x) dr are func-

0
tionally independent. Then we can split equation (4.27) with respect to those
variables. Splitting equation (4.27), we obtain contradictory relations. Hence,
Ay = 0 for all functions ¢ (7), ¥a(7) € Lo[0,t]. By virtue of H(t,7) # 0 we obtain
that there exists a function f;(t, z) such that zy(t, 7, z) = fi(¢,2)H(¢, 7).

Substituting (4.28) into (4.27), the following equation
@[ — (3 + 7 — c9)ao] + (232 + 25 — 2¢7 — cg — fi)p

— /ot H(t, T) A\ (7) d7 — Ao — (cax + cg) H(,0)eo(0) + (c3x + ¢z + f1)eo = 0.

(4.30)

is obtained. Splitting it with respect to eg(0), eo(t), oo(t), we obtain
C3x + C7 + f1 = O, (431)
(C4$ + Cg)H(t, O) = 0, (432)

t
0 [hit— (€32-+67— o) 0]+ (3es-+2¢5— 1 — )0 = Mgt /0 H(t, ) Aaa(7) dr. (4.33)

Furthermore, splitting equation (4.32) and (4.28) with respect to x, we have

csH(t,0) =0, «¢gH(t,0)=0, (4.34)
(cst + ca)Hy(t, 7) + (cs7 + ca) H-(t, 7) = —csH(t, 7), (4.35)

and
(et + cg)Hy(t, 7) 4+ (c77m + cg) Ho(t,7) = —cr H(t, 7). (4.36)

From equations (4.34)-(4.36) we derive that ¢4 = 0 and ¢g = 0. Indeed, if
¢ + ¢ # 0, then uniqueness of the Cauchy problem of equation (4.35) or (4.36)
with the initial data H(¢,0) = 0 implies that H(¢,7) = 0, which contradicts

assumptions about the function H(t, 7).
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Equations (4.35) and (4.36) reduce to the equations
ci[tHy(t,7) + TH (t,7)+ H(t,7)] =0, (i=3,7).
The general solution of the equation
tHy(t, 7))+ 7H,(t,7)+ H(t,7) =0

1
has the form H(t,7) = ER(%) The kernels of this type are excluded from the

study, because they have a singularity at the time ¢ = 0. Hence
C3 = O, Cr = 0.

Equation (4.26) gives that

02:0.

Therefore,

=0, (i=1,2,3,4,7,8),

and the classifying equation is

¢
O (Mt + co0) + (2¢5 — o) = Apa —1—/0 H(t, T)\pee(7) dr. (4.37)

4.2 Group classification of equations (4.1)

In this section, the group classification of equations (4.1) with respect to
the function (o) and kernel H (¢, T) is obtained. For classification we consider the

classifying equation (4.37).
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4.2.1 Arbitrary function ¢(o)

Splitting equation (4.37) with respect to ¢, we obtain
)\tt = 07 Cs = 07 Cg = 07

Ao + /0 CH( T)ha(7) dr = 0. (4.38)

Since Ay = 0 then

At, z) = a(x)t + b(x)

with some functions a(z) and b(x). Substituting this A(¢, z) into equation (4.38),

equation (4.38) becomes
t t
a’(x)[t —1—/ TH(t,7) dr] + b"(x)[1 +/ H(t,T) dr] = 0. (4.39)
0 0
Equation (4.39) implies that
t
Vi(z) =0, a"(z)]t + / TH(t,7) dr] = 0. (4.40)
0
Because the Volterra integral equation of second kind,
t
0+ [ HEr) /() dr =0

t
has unique solution f(¢) = 0, then t—l—/ TH(t,7) dr # 0. The last equation of
0

(4.40) gives that a”(x) = 0. Hence, a(x), b(z) and A(t, z) have the following form
a(flf) = aopT + aq, b(l’) = box + bl, )\(t, {E) = (aol' + (Il)t + box + bl,

where ag, aq, by, by are constant. Thus, the components of the infinitesimal gen-

erator are as follows,

62067 T]:Ov Cv:am UZO: Ce:Oa
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with arbitrary constants cg and ag. Therefore, the kernel of the admitted Lie

groups of equations (4.1) is defined by the generators
X1 =0y, Xo=0, (4.41)

4.2.2 Linear function (o)

Let p(0) = Eo + E;, where E # 0. Without loss of generality we can
E
assume that E; = 0. In fact, if £y # 0, then we consider ¢ = o + fl for which

system (4.1) becomes
t
V=0, e€=1v, FEo=e —I—/ H(t,7)e(r,z) dr.
0
Substituting ¢(o) = Fo into the classifying equation (4.37), we have
"t
2Ecs0 + By~ Apw / H(t, ) \oo(7) dr = 0.
0
Splitting it with respect to o, we obtain
"t
cs =0, FElg = Ao +/ H(t, T)\pue(7) dr.
0
Therefore, system (4.1) along the generators X, X5 also admits the generators
X3 =00, + 00, + €0e;, X4 = MzOy + MOy + AzzOk, (4.42)
where (¢, x) is a solution of the equation

t
EXi = Ao + / H(t,7)Aga(7) dr.
0
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4.2.3 Nonlinear function ¢(o), (¢"(0) #0)

Differentiating equation (4.37) with respect to o, equation
@"( M + co0) + 25" =0
is obtained. Differentiating this equation with respect to t and =, we have
©" Xy = 0, ©" Atz = 0.
The condition ¢” # 0 implies that
Att = C10, (4.43)

where ¢ is constant.

Substituting (4.43) into (4.37), it becomes
ot
o' (c10 + o) 4 (265 — €0)p = Aow & /0 H(t, ) Aeo(7) dr. (4.44)

Since the left hand side term of equation (4.44) does not depend on t and x, and
the right hand side term of equation (4.44) does not depend on o, then there exists

a constant c¢;; such that
@' (cr0 + coo) + (205 — o) = 11, (4.45)

and

t
Ao -+ /0 H(t, 7)Ao (1) dr = a1 (4.46)

Substituting the general solution of equation (4.43)

At z) = %t? +a(x)t + b(z)
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into (4.46), we get that
¢ ¢
a’(x)[t —I—/ TH(t,7) dr] + V' (z)[1 +/ H(t,7) dr] = c11, (4.47)
0 0

where a(z) and b(x) are some functions.

For t = 0, equation (4.47) reduces to the equation
b/,(ZL‘) = C11-
t
Since t + / TH(t,7) dT # 0, we obtain that
0
a’(x) = —enir(t), (4.48)

where

This implies that

d'(z) = cra, —cnr(t) = e, (4.49)
where ¢y, is constant.

The further study depends on equation (4.45). All functions (o) satisfying
equation (4.45) have the following two forms p(0) = aexp(yo) + 3, (ay # 0) and
(o) = ac® +, (aB(B —1) # 0). Here, a, § and ~ are constant. In addition, we
need to proceed with the analysis of the kernel H(¢, 7).

Case of function (o) = aexp(yo) + 3, (ay # 0)

From equation (4.45) we get that
cs =7k, co= -2k, co=0, cn =20k,

where k is constant.
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For arbitrary kernel H(t,7), equations (4.49) implies that ¢;; = 0 and
c1o = 0. Extensions of the kernel of admitted Lie algebras only occur for g = 0.

The extension of the kernel of admitted Lie algebras consists of the generator
X5 = vy(x0, — 00, — 2€0,) — 20,.
The kernel H (t,7) satisfies the equation
t
/ H(t,7) dr = 0. (4.50)
0

Then we have

c12 =0, Atz = C13, Azz = C11.

Therefore, the extension of the kernel of admitted Lie algebras is defined by the

generator

X¢ = y[x0; — 00, — 2(e = 3)0e] — 20,.

If the kernel H(¢,7) is such that r(t) = 1/K or
t
t+/ (1 —K)H(t,7) dr =0, (4.51)
0
where K is constant. Then
Kcipa = —ci1, Mg =car+ 13, Ape = Crat + c14
and the extension of the kernel of admitted Lie algebras is defined by the generator

X7 =v[Kx0, — (Kv + 202)0, — 2(Ke + ft — BK)0.] — 2K 0,.
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Case of function (o) = ac? + v, (aB(8 —1) #0)

Substituting the representation of the function (o) into equation (4.45),
one has
1-p
2

C5 = Cy, cio =0, C11 = —5709-

For arbitrary kernel H(t,7) there is an additional generator
Xsg = (1= B)x0, + (1 + pB)v0y + 200, + 2Be0,

for v = 0.
If the kernel H(t,7) satisfies equation (4.50), then there is an additional
generator

Xog = (1—=p)x0, + (1 4+ 5)vd, + 200, + 26(e — 7)0..

If the kernel H(t, 7) satisfies equation (4.51), then the additional generator

is

X0 = K(1 = 5)z0, + [K(1+ B)v + 267vx]0, + 2K00, + 25(Ke + vt — K7v)0..

4.3 Invariant solutions for arbitrary kernel H (¢, )

The study presented in this section is aimed at constructing invariant solu-
tions of equation (4.1). For each obtained function ¢(o), we study the admitted
Lie algebra. Choosing a subalgebra from an optimal system of subalgebras, finding
invariants of the subalgebra, and assuming dependence between these invariants,
we obtain the representation of invariant solutions. Substituting the representation
into equations (4.1) we construct equations with reduced number of independent

variable.
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4.3.1 Invariant solutions with ¢(o) = Fo, (E #0)

Consider the admitted Lie algebra L3 consisting of the generators X, X,

X3. The commutator table of the Lie algebra Lj is

X1 Xo Xj

Using this table of commutators, the inner automorphisms are obtained

AQZ Z)AZQ = T9 — A3,
. 23 4 a
As: X9 = x9€%3,
where only changeable coordinates of the inner automorphisms are presented, as,

az are parameters of automorphisms A,, As, respectively. An optimal system of

one-dimensional subalgebras is
{Xa}, (XX}, {Xs+uXi}, {Xof,

where g is a constant.
Invariants of the subalgebra {X;} are t, v, 0 and e. Hence, an invariant

solution has the representation

Substitution of this representation of a solution into equations (4.1) with ¢ = Eo
gives

Vi(t) =0, Wi(t) =0, EU(t)=W(t) +/OtH(t,T)W(T) dr.
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Therefore, this invariant solution is
b ¢
v=a, e=b, o= —[1+/ H(t, 1) dr],
E 0

where a, b are arbitrary constants.
A representation of an invariant solution corresponding to the subalgebra

{Xl + Xg} is

Substituting this representation of a solution into equations (4.1), the reduced

equations are obtained
t
Vi(t) =0, Wi(t)=+1, BU(t)=W(t)+ / H(t, )W (r) dr.
0
Therefore, this invariant solution is
1 't
v=atz, e=btt o= E[bit+/ H(t,7)(b+7) drl,
0

where a, b are arbitrary constants.

Considering invariants corresponding to the subalgebra {X35 + uX;}, one
can note that there are no invariant solutions for p = 0. For p # 0 the invariants
are

).

xr
t, vexp(—y), oexp(—y), eexp(—y) (yzﬁ

Invariant solutions have the representation

v=V(t)exp(y), o=U(t)exp(y), e=W(t)exp(y).

Substituting this representation into equations (4.1), the reduced equations are

Vi(t) = ~U(t), Wt(t):iV(t), EU®t) = W(t) + /OtH(t,T)W(T) dr. (4.52)

1
1
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The latter system (4.52) is a system with the single independent variable ¢.

4.3.2 Invariant Solutions with (o) = aexp(vyo), v # 0

For the function ¢ = aexp(vyo), v # 0, the commutator table of the Lie

algebra {X;, X5, X5} is

X1 0 0 ’yXl

X2 0 0 —’YXQ

X5 | =7 X1 7X, 0

The set of automorphisms is defined by the commutator table:

where only changeable coordinates of the inner automorphisms are presented, aq,
as, asz are parameters of automorphisms A, Ay, As, respectively.
The optimal system of one-dimensional subalgebras of this Lie algebra con-

sists of the subalgebras
{X5}7 {XQ + MX1}7 {X1}7

where g is constant.
2
Invariants of the subalgebra {X5} are t, zv, o0 + —Inz, z%ec. Invariant
Y

solution has the representation

2
v=a"'V({t), o=U(t)— ;lnx, e=ax2W(t).
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Substituting this representation into equations (4.1) with ¢ = aexp(yo), v # 0,

they become

Vit) = =2, Wit) = —V(1), aexp(vU(H) +/ (£, 7)W (7) dr.

2t t2
V(it)=——+a, W({t)=——at+0b,
Y y

and U (t) satisfies the equation
2 + 2

aexp(yU(t)) = r_ at+b+/ H(t,T)(T— —ar +b) dr,
v 0 v

where a, b are arbitrary constants.
In the case of the subalgebra {Xs + X1} (1 # 0) the representation of an

invariant solution is

Substituting this representation into equations (4.1), one has

1
Vi(t) =0, Wi(t) = Py aexp(yU(t) —|—/ (t,7) ) dr.
Hence,
t
=l hv=S4a e=W(t)=—+b,
7 7 7

and U (t) satisfies the equation

aexp(yU (1)) = Z +ht /Ot H(t. )+

where a, b are arbitrary constants. An invariant solution of the subalgebra {X;}

has the form
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Equations (4.1) become
¢
v=V(t)=a, e=W(t)=b, aexp(yU(t))="0[1 +/ H(t,7) dr],
0

where a, b are arbitrary constants.

4.3.3 Invariant Solutions with ¢(0) = ac”, (aB(8 —1) #0)

For the function (o) = ac?, (a8(B — 1) # 0), the admitted Lie algebra is

{X1, Xy, Xs} and the commutator table of this Lie algebra is

X Xo Xg

X 0 0 ky X4

X5 0 0 ko Xo

Xg | —k1Xqh —ka Xy 0

where k;y = 1 —  and ks = 1 + 3. The set of automorphisms is defined by the
commutator table:

Ay By =1 — kagas,

Ay: Bg =19 — koaoxs,

Ag: T = x1eMB, Ty = 196293,
where only changeable coordinates of the inner automorphisms are presented, aq,
as, agz are parameters of automorphisms A, Ay, As, respectively.

Automorphisms of this Lie algebra depend on 5. The optimal system of

one-dimensional subalgebras consists of the subalgebras:

p=-1: {Xsg+pXo}, {X1+pXa}, {Xo};

B#—1: {Xg}, {Xi+pXa}, {Xo},

where p is constant.
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Case = —1
For the subalgebra {Xgs + pXs} the invariants are
t, v-— Pln z, z lo, we.
2
A representation of invariant solutions has the form
v = glnx + V), o=aU), e=ax'W(t),
where functions U, V', W have to satisfy the equations
t
Vi(t) =U(t), Wi(t) = g, a(U()™t = W(t) +/0 H(t,7)W(r) dr.
For the subalgebra {X; + pXy}, a representation of invariant solutions is
v=pr+V(t), o=Ut), e=WI().
Substituting this representation into equations (4.1), one obtains
v=pr+a, e=pt+b,
and U (t) satisfies the equation
t
a(U()™ =pt+b+ [ HE7)(pr +1b) dr,
0

where a, b are arbitrary constants.

Case  # —1

For the subalgebra { X3}, the invariants are

t, x M, x Po, x Pe.
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—
+

™
N}

and y3 = i Invariant solutions have the form

T1-5 T 1-8 1-3

v=ao"V(t), o=z7U(t), e=aBW(t),
where functions U, V', W have to satisfy the equations
Vilt) = U, W) =0V (O, alU®) =W+ [ HE. W) dr
For the subalgebra {X; + pXs}, a representation of invariant solutions is
v=pr+V(t), oa=U{), e=WI().
Substituting this representations into equations (4.1), one obtains
V(t)=a, W(t)=pt+b,
and U (t) satisfies
U0 =pt+b+ CH(E ) (pr +b) dr,

where a, b are arbitrary constants.



CHAPTER V
SYMMETRY GROUPS OF EQUATIONS FOR
ONE-DIMENSIONAL LINEAR

THERMOVISCOELASTICITY

In this chapter, we deal with applications of the group analysis method to
the model describing a thermoviscoelastic bar with memory (allowing for aging).

The considered system is (see (3.19))
Og = Ut, €t = Uy, eacx = Wy,

o= Fe+ /Ot G(t,s)e(s)ds — 0 — /Ot L(t,s)0(s)ds, (5.1)

t t
w=e +/ L(t,s)e(s)ds + 6 +/ c(t, s)0(s)ds.

0 0
Here time ¢ and distance x are the independent variables, the stress o, the velocity
v, the strain e, the temperature ¢, and w are the dependent variables, G(t,s),
L(t,s) and c(t, s) are relaxation functions.

5.1 Initial functions and their derivatives

The Cauchy problem for equations (5.1) is stated with the following initial
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Here wvg(), eo(t), Oo(t), 0:1(t) are arbitrary functions and the initial data o(t,x¢)

and w(t, xq) are

o(t,xo) = fo(t) — go(t), w(t,zo) = fi(t) + g1(1),
where
folt) = Beolt) + | "Gt s)eo(s)ds,  fi(t) = eolt) + / "L(t, s)eo(s)ds,

go(t) = bo(t) + /Ot L(t,s)bo(s)ds,  gi(t) = bo(t) + /Ot c(t, s)bo(s)ds

By virtue of the initial conditions (5.2) and equations (5.1) we can find the main

derivatives of the functions v(t,z), o(t,x), e(t,z) 0(t,z) and w(t,z) at x = z¢:
ox(t, x0) = vi(t, xg) = vy(t),  vu(t,x0) = e(t, xg) = €g(t),
oe(t, o) = fo(t) — go(t), et mo) = ex(t), Ou(t, m0) = 04(t), (5-3)
wi(t, xo) = fi(t) +91(t),  wa(t, z0) = ka(t) + pr(t).
Here the functions ki (), pi1(t) have the expressions
0+ [ LS, mil) =00+ [ clt,5)o(s)ds,

and the function e;(t) is the solution of the Volterra integral equation of second

kind
Be(t) + | "Gt $)er(s)ds = vl () + polt), (5.4)
where
0+ [ "L(t, 5)0,(5)ds
Setting

kolt) = Ber(6) + | "Gt s)ea(s)ds,
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we have the relation
vp(t) = ko(t) — po(t). (5.5)

For studying the determining equation of the third equation in system (5.1)
we need to consider the main second order derivatives of the functions v(¢,x),
o(t,x), e(t,z) 6(t,z) and w(t,z) at x = zg:

sz<t7 -Z'O) = €g(t)> Uxx<ta .230) = 6/1 (t), €rx = 62(t)7 et:c(ta 370) = ‘9,1 (t)a

(5.6)

Here the functions k3(t), f3(t), g3(t) are
ko(t) = ealt) + [ Lt 9)ea(s)ds,
fa(t) = fi(t) + Jyc(t.s) fi(s)ds.  gat) = gi(t) + fy c(t, )gi(s)ds,

and the function ey(t) satisfies the Volterra integral equation of second kind

Bex(t) + [ CGUt, $)es(s)ds = el(t) + Fo(t) + ga(t), (5.7)

where

Bt) = Fi0) + [ L) fils)s, oalt) = 6h(0) + [ Lt 9)gh(s)ds.

Denoting
kalt) = Bealt) + | "Gt 5)ea(s)ds,
we have
eo(t) = ka(t) = fa(t) — g2(1). (5.8)
The Cauchy problem written above contains a large of number of functions
0;(t), pi(t), e;(t), k. (t), fr(t), g-(t), (1 =0,1; 7 =0,1,2; r=0,1,2,3). In order to

solve the determining equations of system (5.1) we need to understand relations
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between them. Only four of the functions can be arbitrarily chosen, they are
e1(t), 01(t), eo(t) and y(t). The remaining functions are determined by these four

functions. For example, the functions ko(t) and ki(t) only depend on e;(t), and

the functions po(t), p1(t) only depend on 6#;(¢). As integral equation (5.4) has

a unique solution, the arbitrariness of e;(t) is determined by the arbitrariness of
/

vy (t) when po(t) is fixed. To split the determining equations of system (5.1), the

following properties are used.

Proposition 1 Let y(t) be an arbitrary function. If L(t,s) # 0, then the variables

¢
v, v,y and/ L(t, s)y(s)ds are functionally independent.
0
Proof Let the initial function y(s) have the form
a
y(S) =a; + CLQ(S — to) + ‘2—3(8 — t0>2 + CL4(S - to)n+3, n > 1.

Here ty is a fixed (but arbitrary) time, and a;, (i = 1,2, 3,4) are arbitrary constants.

Thus, at t = ty, we have

y(tO) = an, y,(tO) = G2, y,/(t0> = ag,

t t t
/OL(to,s)y(s)ds = al/OL(to,S)dS+a2/OL(t0,S)(S—t[))ds
0 0 0
as o 2 fo n+3
+ 2 [ Lo, $)(s — to) ds+a4/ L(to, s)(s — to)"™*3ds.
0 0

(5.9)
Since the set of functions (s —ty)™ is complete in the space Ls|0, o], and tq is such
that L(tg,s) # 0, there exists n for which /to (to, s)(to — s)"ds # 0. Hence, for
given values y(to), v'(t0), ¥"(to) and / (to, $)y(s)ds we can solve equations (5.9)
with respect to the coefficients aq, a9, az, ay. This means that the variables vy, 1/,

y” and / (to, s)y(s)ds are functionally independent.

Proposition 2 Let y(t) be an arbitrary function. If L(t,s) # 0 and G(t,s) #
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t
h(t)L(t,s) for any function h(t), then the variables y, v/, y", / G(t, s)y(s)ds and
0

¢
/ L(t, s)y(s)ds are functionally independent.
0

Proof Choose the following initial data

y(S) =a + CLQ(S — t(]) +

s = t0)” + (s = to) aa(s — to)"™ + as(s — t0)"].

Here t; is a fixed (but arbitrary) time, n; > 1 (i = 1,2) are integer numbers, and

aj, (j =1,2,3,4,5) are arbitrary constants. Hence, we find at ¢t =t

y(to)

/Oto G(to, s)y(s)ds

/Oto L(to, s)y(s)ds

= a, y/(tO) = ag, y,/(tO) = as,
to

= al/ G(to, s)ds
0

to
+@A Clto. 5)(s — to)ds

t
+% " Glty, 5)(s — to)2ds
0

¢
+M/”G@m@@—mwﬁ%s
0
t
vor [ Gl s~y Hds, (310)
0
to
= al/ L(to, s)ds
0
to
—l—ag/ L(to, s)(s —to)ds
0
¢
+% OL(to,s)(s—to)st
0

t
+M/°um@@—mwﬁ@
0

t
+ﬂ5/°L@msxs—t@m%m&
0

t t
The Jacobian of y(to), ¥'(t0), y"(to), /OG(to,s)y(s)ds, /OL(to,s)y(s)ds with
0 0
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respect to aq, as, as, ay and as is
to to
A = ( / Glto, 5)(s — to)m+2d5> ( / L(to, s)(s — to)"2+2ds>
0 0
to to
- ( | Gt )5 - to)n2+2ds) ( | o) - to)"1+2ds) .
0 0

If A =0 for all integer numbers n; (i = 1,2), then, by virtue of L(ty,s) # 0, we

get that there exists a function h(ty) such that
G(to, S) = h(to)L(to, S),

which contradicts the assumptions. Hence, there exist two integer numbers ny, no
such that A # 0, and for the given values y(ty), v'(to), y”(to), /Oto G(to, s)y(s)ds,
/Oto L(to, s)y(s)ds we can solve equations (5.10) with respect to the coefficients
ai, as, as, as, as. This means that the variables vy, v/, ", /OtG(t, s)y(s)ds and

¢
/ L(t, s)y(s)ds are functionally independent.
0

5.2 Determining equations

A symmetry group of equations (5.1) is assumed in the form
X = E0p + 10 + ("0 + (705 + (0 + (" 0p + (O,

where the coordinates &, 1, ¢Y, (7, ¢¢, ¢? and (" are functions of the seven variables
t,x,v,0,e 0, w.
The canonical Lie-Bécklund operator which is equivalent to the generator

X is
Y = (Cv - fvx - th)av + (CU - fO'x - n0t>aa

+(Ce - Sex - net)ae + (g& - 599: - 7’]0,5)89 + (Cw - gwx - nwt)aw + -
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According to the definition of admitted Lie group for integro-differential equations,

the determining equations for equations (5.1) are

a v 8 o —
(“W 2= W (t7x)>|<s> -0 o1
0 e 9 1o _
(mw (ta) = oW (t,x))(s) =0, (5.12)
2 0w B
(WW (t.2) = 5 W (t, x)) . 0, (5.13)
(We(t,x) — EW*(t,x) + W' (t, )
t t (5.14)
~ [ Gl wes,a) ds+ [ Lt (s,2) ds)l(s) 0,
(W t,z) = We(t, x) — Wo(t, )
(5.15)

¢
c(t, s)W? (s, x) ds> =0,
1(5)

— /OtL(t, s)W€(s,x) ds — /

0

where

W (h1) = (" (ha) = £(h2)ve(hn) — n(he)v(hy),

W (hy) = (7(ha) = (h2)ow(h1) = n(h2)or(ha),
We(hy) = ¢(ha) — E(ha)ea(hy) — n(ha)e(hn),

W(h1) = ¢"(ha) = €(h2)0s(h1) — n(ha2)0(a),
W (hy) = ¢“(h2) = &(h)ws(hn) — nha)wi(ha),

for the sake of simplicity of the presentation we have denoted
hy = (t,x),  he = (t,z,v(t,x),o(t,z),e(t,z),0(t,x),w(t,z));

and the subscript |(S) means that the expression is satisfied for any solution of
system (5.1).
According to Propositions 1 and 2, the study of determining equations

(5.11)-(5.15) is separated into the following four different cases:
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(a) L(t,s) # 0 and c(t,s) # q:(t)L(t, s) for any function ¢, (¢);

(b) L(t,s) # 0, c(t,s) = q:(t)L(t,s) for some function ¢;(¢), but there is no a

function hy(t) such that G(t,s) = hy(t)L(t,s);
(¢) L(t,s) = 0;
(d) e(t,s) = q(t)L(t,s) and G(t,s) = hy(t)L(t, s) for some functions ¢ (t), hi(t).

For each case, the algorithm of seeking solutions of the determining equa-
tions of system (5.1) consists of two steps. The first step is to solve determining
equations (5.11)-(5.13) which are related with partial differential equations (PDE)
of system (5.1). The second step is to simplify determining equations (5.14) and
(5.15) which are related with integral equations (IDE) of system (5.1) by substi-
tuting the results obtained in the first step, and to solve the simplified equations.

Let us study determining equations (5.11) and (5.12). Substituting the
derivatives (5.3) and relations (5.5) into the determining equations (5.11) and

(5.12), considered at point zy, these equations are
(& = 1) (P0)? — &opotr + Ewpops 4 (&5 — M) (ko)? 4 Ecerko + Ewhkiokr + Egkobs
+2(ny — &5 )kopo — Eee1po — &wkipo — Ewkopr + (M0 fo — negy — C§ )01 + [neeq
w1+ no0h + nwgt — (€ = ¢+ & = m)lpo — (M fo — Mwgo — Co)P1
—[me€t + nuwf1 + 100 + nwgh — (&) = CF + & — me) Ko
ey — Mgy — C2)ex + (Mufg = nwgh — Co)kr — &e(et)® + (e — & )et fo
—&wen 1 — (8006 + (1 — &0) 90 + Swgt — (62— ¢7 — &)]eg

+(C + ) fo + Cofi + 660 — (GG +n2)go + Cogr + (& —¢7) =0,
(5.16)
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and
NP — MoPob1 + Nwpopr + Nekg + (e — &v)erko + mukoks + nekoby — Nwkopr
—2n5kopo — (e — &o)erpo — Muwkipo + (oep — C5)0h — [Eoen — (¢G5 — ¢ — 1) Ipo
—(wen — Cu)p1 + [Soep — (G5 = ¢ = ma)lko + (Swep — Gu)ka
~[&o fo + Eu 1+ o8 — Eogp + Swgr + (¢ + &)ler + (& — ne) (ep)?
—No€0fo — Mweo 1 + (1290 — Moty — wgt + (6 — ¢ — e + & )] €

+Co fo + Co i+ 50 — Cgo + Codh + (¢&E — &) = 0.
(5.17)

Determining equation (5.13) is cumbersome. However, further analysis of equa-
tions (5.16) and (5.17) leads us to the property that the coefficients £ and 7 do
not depend on the variables v, o, e, , w in each of the case (a)-(d). For the sake

of completeness we present here equation (5.13) where this property is applied:
=200 + C0p07 + Chut + Coeph — 20590110 + 2¢0,,popr — 2C5,01p1 + Clel + (Cel
+ 8, k3 + 0 kD + 2¢8 senko + 2¢0 erky + 288, kok1 — 2¢2.poer + 2¢%)01€1
—2¢¢,mer — 200, poko + 2¢0p01ko — 20, pr1ko — 2¢0, pok1 + 2¢0, 01k — 2¢3,,pika
+[2G0e0 + (2Cas — &aa) 1 — [2C0 €0 + (2C5, — Gpo — [2Gueh + (200, + &P
+(2Geh + 2Gz e + (2G50 + (267, — Cko + [2C0ue0 + (2G, + &)1k
—(G + Mwa) 0 + G 90 + (GF — G — 26 + me) gt + Chgs + Clule)® + Chks + (e

+(oeq + (2¢0, — ey — C¥ fo + (66 — G — 26 +me) fi + (o fs + (C0 — ¢°) = 0.
(5.18)
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5.3 Case (a)

In this case, it is assumed that L(t, s) # 0 and c(t, s) # q1(t)L(t, s) for any
function ¢ (¢). According to Proposition 2 and definitions of the variables py, p,

the variables 60y, 6}, po and p; can be taken arbitrary.

5.3.1 Solving determining equations for PDE
The arbitrariness of 6;, 0}, pop and p; allows us to split the determining
equations (5.16) and (5.17) with respect to the variables 6y, py and p;. The
following overdetermined system of equations is obtained
61}260256259:510:0’ nv:nazne:’rm:nw:o;
G =GC=0, ¢ =¢,=0, (5.19)

G =Gt =0, (=C—n+&=0,

—(Zer + (0= CT — &)eh + (¢ +ma) fo — (¢ +ma)go + (¢ —¢g) =0, (5:20)

=G+ &)er + (¢ — ¢ —m A &)ey + o fo + Cufi
(5.21)
+G5b — C590 + Cugr + (G = ¢) = 0.

By virtue of arbitrariness of eg, 6y and e;, equations (5.20)-(5.21) are simplified

(=0, ¢+&=0, CH+n=0, - =0,

(5.22)

G—G6G=0, ¢—¢-&=0,
(CC=¢o—m +&)ep + Cofo +Cofi =0, (5.23)
50 — Cgh + Cog = 0. (5.24)

As noted, the property that &,  do not depend on the variables v, o, e,

0, w, reduces determining equation (5.13) to equation (5.18). Splitting equation



(5.18) with respect to 0y, 0], po and p;, we derive the equations

ne =0, b, = 39: o =0, Cgezgngov 6 =0,

oo ow ww

2G2pe1 + 20090 + (207 — &ua) =0,
2¢5.e1 +2,€0 + (2¢0, — ¢) =0,
262ue1 + 2G0,€0 + (2¢5, + &) =0,
Coen + Cheel + 200 ko + 2¢0 ek + (2C0.e + 2C0, )er
+[20,€0 + (2¢0, — C)]ko + [2C0, €0 + (2¢7,, + &)k — (565
+Cr g+ (G — G — 28, + )i + Chgs + CJef + (262, — C¥)el — C¥ fg

+(C) — Q¥ =26 +n) f1+ oS+ Coks + Clea + (¢8, — ¢) = 0.

According to the arbitrariness of e; and e[, equations (5.26) imply that

0 _ 0 6_0_0_0
— Y

ed — Soe T ew—07 v T Svo T Svw

2(39 - ngﬂ = 07 QCgo 4 C:)U = 07 chw + ét = 0.

Then equation (5.27) can be split:

Cg:Ou 9:()7 9:07 gg;_cthoa

€e xTre

—C’0y + ¢ g0 + (Cg — (W =28 +n)9) + ngs + CZkS + C§€2

+Clef — Cley — QU f+ (¢ — C¥ — 28 + o) f1 + C0 fs = 0.
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(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

In order to study equation (5.30), consider the initial data ey(t) = 0 for

which the variables ef, e, fi, fi, f2, f3 vanish. Hence, equation (5.30) is reduced

to the equation

—C'0h + (P go + (Qg — (o =28 +n0)gy +C393+C3/53+C§éz =0,

(5.31)
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where the function es(t) satisfies the equation
t
Eés(t) + /0 G(t, 5)éa(s)ds = go(t), (5.32)

and the function ks(t) has the form

Ba(t) =)+ [ "Lt 5)es(s)ds. (5.33)

Further splitting determining equations (5.23), (5.24) and (5.30) can be
performed with respect to the variables which are associated with eq and 6y. To

this end, we consider two cases: L;(t,s) # 0 and L(t,s) = 0.

Case: L(t,s) #0

We divide this case into the following three subcases.

1°. Case: ¢(t,5s) # q2(t)Li(t, s) for any function ¢ (t).

We can show that the variables 6, g{ and ¢} can be arbitrarily chosen.
In fact, using proposition 2, we have that the variables 6, 6y, /0 t L(t, s)00(s)ds,

t
/ ci(t, $)0p(s)ds are functionally independent. Notice that
0

(0) = O4(1) + Lt 000(0) + [ Lt 5)0u(s)ds,
and
9h(0) = 05(0) + clt,000(0) + [ cult, )00(s)ds,

it is possible to show that the variables 6, ¢{ and ¢; are also functionally inde-
pendent.

Therefore, we can split equation (5.24) with respect to 6y, g;, 91:

G =G =G =0, (5.34)
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Then, equation (5.23) becomes

Ce =G —m+&=0. (5.35)

Because of the property that the derivatives 6], g(, ¢ can be arbitrarily
chosen, and the variables g3, €2, ks only depend on g}, after splitting equation

5.31) with respect to 6, g, and g}, we get
0 90 1

(¢ —¢¥ — 26, +ne)gh + gz + ks + Pea = 0, (5.37)

By virtue of the arbitrariness of ¢, the variables ¢/, g2 and g3 are also functionally
independent in case (a). Because ks and é; are determined by gs, equation (5.37)

yields the equations

@=6G=0 (G- —2+n=0 (5.38)
Substituting (5.36) and (5.38) into (5.30), we obtain
fhalgiads: (5.39)

Consequently, splitting determining equations (5.16) and (5.17), we obtain

the following overdetermined system of equations
fv:fazfezfosz:(), nv:nazne:n0:nw:07
G=6G=0 =¢G=¢=0 ¢=GG=¢=0 +&=0,
(5.40)

GAne=0, ¢=¢=0 ¢=G=0 ¢ —=¢+n=0,

G—=C¢=&=0, ¢—C-m+&=0, ¢—¢ —n+&=0.
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Splitting determining equations (5.18), we have
& =0, 1, =0, Cg:Cg:d:CfZ:Oa Cg(;:(),
G=G=C=¢ =0 20— & =0, (5.41)

Integrating the overdetermined system of equations (5.40) and (5.41), we obtain
=cax+cy, n=cttcy, (C=-v(c—cs)+ A,
(7 =—0(cg—c5)+ My, (= —e(2c1 — 3 — ¢5) + A (5.42)

C0 =l + s, €Y= (c6—2¢; + c3)W + pgs-

Here ¢;, (i = 1,2,...,6) are arbitrary constants and A = A(t,x), p = u(t, z) are
arbitrary functions of two arguments.

2. Case: ¢(t,s) = q2(t)L4(t, s) for some function ¢»(t) but there is
no function hy(t) such that G.(t,s) = ha(t)L(t, s).

For this subcase, using Proposition 2, we can verify that the variables e, f;
and f] are functionally independent. Splitting equation (5.23) with respect to e,
1, f1 and simplifying equation (5.24), we derive that the solution of determining
equations (5.16) and (5.17) is the same as in the previous case (5.40).

Using Proposition 1 for solving equation (5.30), the condition L;(t,s) # 0
and the arbitrariness of 6y(¢) imply that the variables 6y, 6y, /0 t L(t,s)0p(s)ds are

functionally independent. Notice that

Gh(6) = 04(8) + L(t,006(0) + [ Lalt, )00(5)ds,

and

g1(t) = 05(t) + c(t, t)0o(t) + ga(t) /Ot Ly(t, s)0o(s)ds.
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The dependence of the variables 6], ¢;, g} is determined by the coefficients
q2(t) and ¢(t,t). In fact, we have the following relations.

If g2(t) = 0 and ¢(t,t) # 0, then the variables 6, g, and ¢| are still func-
tionally independent. This means that equations (5.41) are still valid.

If ¢2(t) = 0 and c(t,t) = 0, then 0 = g;, and substituting this relation
into equation (5.31) and splitting it with respect to g;, ¢;, system (5.41) is again
derived.

Now assume that ¢o(¢) # 0. It is convenient to introduce

The relation between g and ¢ is

g0(t) = (1 = 1())05(t) + [L(t, 1) — L(t)e(t, £)]6o(t) + 1(t) g (2).
Substituting this relation into equation (5.31), we get that

(65 = "= L(1)C106 + CFIL(E, 1) — L(t)e(t, )60+

(5.43)
(G5 — i — 26 + ) + 1E)GH gt + Clgs + Coks + ¢ =0,
Splitting equation (5.43) with respect to 6y, 6y and g}, we have
CPIL(t, ) = U(t)e(t, 1)] = 0, (5.44)
¢ = ¢ =) =0, (5.45)
(5 = € = 26 +m) + 1)K Ng1 + Clgs + ks + Clez = 0. (5.46)

Furthermore, splitting equation (5.46) with respect to ¢, g2 and g3, we find

G =Co=0, (Cf—C—2&+m)+It) =0, (5.47)
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Equations (5.45) and (5.47) lead equation (5.30) to the equation

ey — (el — CU fy — LY f1 = 0. (5.48)

Notice that
Fi(t) = Eel(t) + G(t, )eo(t) + /0 "Gt $)eo(s)ds,

fi(t) = eo(t) + L{t, t)eo(t) + /0 t Li(t, s)eo(s)ds.

Because of Gy(t,s) # ha(t)Li(t,s) for any function hy(t), the variables ej, e, f;

and f] are functionally independent. This means that equation (5.48) can be split:

- =\ = 0. (5.49)

From equations (5.45) and (5.47), it follows that

G=0, G—Ch—2+n=0

Therefore, we also obtain system (5.41).
Consequently, because systems (5.40) and (5.41) are still valid, the coeffi-
cients &,1, (%, (%, ¢¢, ¢? and (¥ of the infinitesimal generator have form (5.42).
3Y.  Case: ¢(t,s) = qo(t)L4(t,s) and Gy(t,s) = hy(t)Li(t,s) for some
functions qy(t), ha(t).

For convenience, we introduce the functions

f(t) = /Ot Li(t,s)eo(s)ds,  g(t) = /Ot Ly(t, s)00(s)ds. (5.50)

Then

f6:E€6+G<t,t)60+h2f, f{:€6+L(t7t)60+f,
(5.51)

go =0, + L(t,t)00 + g, g1 =0y+ c(t, )0y + ¢a9.
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Substituting these expressions into (5.23) and (5.24), they reduce to the equations

(G — ¢ —me+ &) + EC + (ileg
(5.52)

HG(t )¢ + Lt t)Cleo + (hats +C5) f =0,

(G5 = ¢G5+ Ca)blo — [L(t, )¢5 — elt, )10 — (C5 — a2¢5)g = 0. (5.53)
By virtue of L(t, s) # 0, the variables e}, ey, f are functionally independent,
and the variables 6], 0y, g are also functionally independent. Splitting equations
(5.52) and (5.53) with respect to ¢}, eo, f and 6}, 6y, g, respectively, we obtain

that

(CE—C—m+&) +EE+CE =0, (§—C+¢=0, (5.54)

Go — @Gy =0, ha(s+ (=0,
(5.55)

G(t, )¢ + L(t, )¢, =0, L(L, )¢5 — c(t, )¢, = 0.
Notice that system (5.55) consists of a homogeneous linear equations for (¢

and (¢ it is natural to consider equations (5.55) in matrix form

- Co 4,
G
where
ho(t) 1

G(t,t) L(t,t)

L{tt) —c(t,t)

If rank(A) = 2, then system (5.55) has only the trivial solution, that is

G =G =0
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It follows from equations (5.54) that

gg:()’ C:_gg_nt—f—gm:o
This means that system (5.40) is also obtained.
If rank(A) = 1, then equations (5.54) and (5.55) yield:
G=ol, G=(@-DG C-G-n+&=—(Be+1)g.  (5:56)

Therefore, the determining equations (5.16) and (5.17) can be split to the following

overdetermined system of equations
§o=8 =E =8 =& =0, m="1=1=1 =N =0,
G=C=0 =¢G=0=0 G=aql, =1,
CH+&=0, GHn=0, ¢~(=0, ¢-C¢=0, (5.57)
G =G tm=0, ¢ —¢ —&=0,

G=C—m+&=0, = —m+&=—(Egp+1)(.
For studying equation (5.30), notice that equations (5.44), (5.45), (5.47)
and (5.48) are still valid in this case. By substitution of expressions (5.51) into
equation (5.48) we obtain that

Jeq — [C¥ + (E+1(1))C¥ et
(5.58)

—CIG(tt+ 1) L(t1))]eo — ¢ (ha(t) +1(2)) f = 0.

Splitting this equation with respect to e, ep, €o and f, we have the equations
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CY 4+ (E+1(1)¢” =0, (5.59)
UGt + 1)L )] =0, ¢@(hao(t) +(t) = 0. (5.60)

Equations (5.44) and (5.60) imply that if rank(A) = 2, then (¥ = 0. From

equations (5.45) (5.47) and (5.59), it follows that

=¢'=0, ¢ —C—26+n=0.

That is, system (5.41) is still valid for the present case.

If rank(A) = 1, then hy(t) = —I(t). This leads to the equations

== B), =L +h)( ¢ — G =26 +m = ha(.
Therefore, we obtain
&=0, n.=0, G=¢=¢=0=0 (=0,
=0, =(ha=E), 20p—&w=0, (&—¢ =0, (5.61)

@ =1 +ha)C = Co— 26+ = hay

Summarizing, we have the following results:

(a) If rank(A) = 2, then the determining equations (5.16)-(5.18) can be
split to the system of equations (5.40) and (5.41). Moreover, the general solution
of the system of equations (5.40) and (5.41) is the system of equations (5.42).

(b) If rank(A) = 1, then the overdetermined system of equations (5.57) and
(5.61) are obtained. We can show that in this case ¢; # 0. Indeed, if ¢} = 0, that
is, qo(t) is constant, say «, then hs(t) is constant and ¢, (t,s) = aL(t,s). Hence,

the function ¢(t, s) has the form

c(t,s) = aL(t,s) + m(s),
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for some function m(s). Because of rank(A) = 1, we have the relation c(t,t) =

aL(t,t), which implies that m(s) = 0. Thus
c(t,s) = aL(t,s),

which contradicts the assumptions. As ¢, # 0, the general solution of the system
of equations (5.57) and (5.61) is the system of equations (5.42).
In other words, the system of equations (5.42) constitutes a solution of the

determining equations (5.16)-(5.18) for the present case.

Case: L(t,s) =0

Since Li(t,s) = 0 (i.e. L(t,s) = L(s)), the variables fi, f{, g, and ¢} can

be written in the forms
fo(t) = Eey(t) + G(t, t)eo(t) + f(1),  [1(t) = ep(t) + L(t)eo(t),

90(t) = 05(t) + L(£)0o(t),  g1(t) = b5(t) + c(t, )60 (1) + §(t),

where
¢

f(t) = /Ot Gyi(t, s)eg(s)ds,  g(t) = | c(t,s)b(s)ds.

0

Substituting these expressions into equations (5.23) and (5.24), they are rewritten

in the forms

[(CE = C2 — e+ &) + BC+ ey + [G(t, 1) + L) Jeo + (o f =0,  (5.62)

(G5 — o+ Co)0h — [L(CE — eft, 1G5 160 + €5 = O, (5.63)
and equation (5.31) becomes

(—=¢o" + €0 + G L(t)bo
(5.64)

+(¢§ — C2 — 26 +m) gt + CCgs + (Oks + (Per = 0.



83

For studying equations (5.62)-(5.64), we also divide this case into three
subcases as follows.

1°. Case: ¢(t,s) # 0.

Notice that the variables 6, 6y, § are functionally independent, equation

(5.63) can be split with respect to 6y, 6y, g to the three equations
Go=0, L)z =0, ¢ —¢ =0,
Since L(t) # 0, then (¢ = 0. So we find
= G=¢ =0,
which lead equation (5.62) to the equation
G —C—m+&=0.

Finally, we also derive that system (5.40).
Since the variables g3, k3, € only depend on g1, splitting equation (5.64)

with respect to 6, 6y, g1, we get

G =G =0, L) =0, (5.65)

(CF — ¢ = 26 + M) gt + Chgs + ks + (lea = 0, (5.66)

Equations (5.65) imply that
w=¢ =0 (5.67)
For splitting equation (5.66), notice that the variables g}, ga, g3 can be arbitrarily

chosen and the variables ks, &, are only determined by g,. Splitting (5.66) with

respect to g1, g2, g3, we derive

C=C=0 G-C+26-—m=0, (5.68)



84

Equations (5.67) and (5.68) lead (5.30) to the equations
¢ =¢"=0.

That means that the system of equations (5.41) is also established.

As a result of the system of equations (5.40) and (5.41), equations (5.42)
also constitute a solution of the determining equations (5.16)-(5.18) in the present
case.

29, Case: ¢(t,s) = 0, but Gy(t,s) # 0.

Similar to the way of solving equations (5.62) and (5.63) for the previous
case, splitting equation (5.62) with respect to e, e, f, and reducing equation
(5.63), we also get that system (5.40).

Since the condition ¢ (t,s) = 0, (i.e. ¢(t,s) = ¢(s)) implies that § vanishes,
then 0, = ¢} — c(t)fy. Because of this relation and the arbitrariness of 6y, g1,

equation (5.64) can be split to the equations
L(t)¢ + c(t)(¢g’ = ¢) =0, (5.69)

CC=0Cu=0, =G +(¢—Cy— 26 +mn)=0. (5.70)

Hence, equation (5.30) becomes

Coeo — Clep — G5 fo + (¢6 — G — 28 +me) f1 = 0. (5.71)

By virtue of the relations Gy(t,s) # 0, L(t) # 0 and Proposition 1, it is
possible to show that the variables ej, ej, fj, fi can be arbitrarily chosen. This
means that we can split equation (5.71) with respect to ef, ej, f{, fi. Splitting it,
we obtain

G=C=¢=0, §—C —26+mn=0

From the latter equations and equation (5.69), it follows that ¢} = 0. That is,
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system (5.41) is also established.

In other words, for this case, equations (5.42) form a solution of the deter-
mining equations (5.16)-(5.18).

3%.Case: ¢(t,s) =0 and Gy(t,s) = 0.

For this case, we have that G(t,s) = G(s) and f, § vanish. Splitting
equation (5.62) and (5.63) with respect to e, eg, and 6}, 8y, respectively, we find

that the relations
GO+ L), =0, L(t)C — e(t)¢E =0, (5.72)

(C—C—m+&)+BE+HCE =0, -+ =0, (5.73)

Equations (5.72) consists of a homogeneous linear equations for (¢ and (¢, consider

its matrix form

B o =0,
G
where
| ew Lo
L(t) —c(t)

If rank(B) = 2, (i.e. L2(t) + c(t)G(t) # 0), then the solution of equations (5.72)
1s
G =Cy=0.
From this solution and equations (5.73), it follows that equations (5.40) are still
valid.
If rank(B) = 1, then L%*(t) + c¢(t)G(t) = 0, equations (5.72) and (5.73)

imply that the relation

Cg = 7’@7 C@e = (T - 1)<§;7 Cee - qj — 1+ éx = —(ET + 1)<§)7
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where

c(t)
r(t) = o)

Therefore, we have the following overdetermined system of equations
§o=8 =C =8 =8 =0, N ="1=10 =1 =N =0,
G=C=0@=¢=¢=0¢=rg, §=r-1)Cq¢,
GH&E=0, Q=0 ¢-¢=0, ¢-=0 (5.74)
G—CG+n=0, - —-&=0,

G—C—m+&=0, G- —m+&=—(Er+1)¢.

For studying equation (5.64), notice that equations (5.69)-(5.71) are still

valid in this case, and the variables f}, f| have the forms
fo=Eey +G(t)eo,  fi = ey + L(t)eo.

Substituting these expressions into equation (5.71), and splitting it with respect

to ef, €p, €o, we get that

¢l =0,
G(t)¢y — L(t)(¢) — ¢ — 26 +m) = 0, (5.75)
(C§ —Cu =26 +m) — ¥ — EC¥ = 0. (5.76)

From equations (5.69) and (5.70), it follows that
Ch— G =28 +m = — ¢, (5.77)

L(t)¢5 + c(t)(¢f — G — 26 +m) = 0. (5.78)

If rank(B) = 2, then the homogeneous linear equations (5.75) and (5.78)
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for ¢¥ and ¢ — C¥ — 2, + n; only have the trivial solution, that is

=0, G—Co—2+m=0

Moreover, equations (5.76) and (5.77) become

This means that system (5.41) is also obtained.
If rank(B) = 1, then L?(t) + c(t)G(t) = 0, and equations (5.75), (5.76),

(5.77) imply the equations

Co = Cu + 26 —m=k¢F, (= (k=B ¢ =k+1),

where

G 1

k(t) = —= = .
KIN7O RO
Therefore, we obtain the following overdetermined system of equations for solving

determining equation (5.18):

&=0, n.=0 === =0, (=0,
=0, &=Fk-E} ¢ =Q0+k)¢, (5.79)
20— & =0, (= =0, {§—Co+286 —n=k(
If " = 0, then r(t) is constant (say 7), we have ¢(s) = yL(s) which contra-
dicts the assumptions. Hence, we can assume that ' £ 0. The general solution of

the overdetermined system of equations (5.74) and (5.79) is the system of equations

(5.42).
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5.3.2 Solving determining equations for IDE

We new study the remaining determining equations (5.14) and (5.15) which
are related with the integral parts of system (5.1). From equations (5.3), it follows

that at point x = z¢
Wo =7 =&vy—nfo—g), W= —Eer — ey,

W= =00 —ny, WY =¢"—&(ki+p1) —nlf]+ g1)-

Notice that & does not depend on ¢ and the relation (5.5), thus the determining

equation (5.14) reduce to the equation
= BC 4+~ [ G )ds + [ Lt ) (s)ds
0 0
t
—n(fs — g6) + Enejy + /0 Gt 5)n(s)eb (s)ds (5.80)

—nby — /Ot L(t, s)n(s)by(s)ds = 0.

Using the expression
fo—g90 = Bel— 0+ Gt t)eg

~L(t. 00+ | "Gt s)eo(s)ds — / " Lu(t, 5)00(s)ds,

t

t
and integrating by parts for/ G(t, s)n(s)eg(s)ds,/ L(t, s)n(s)8y(s)ds, determin-
0 0

ing equation (5.80) can be rewritten in the form

7= B+ ¢ = [ G ()ds + [ Lt ) (s)ds

t

—G(t,0)1(0)eo(0) — / G(t, s)m(s)eo(s)ds — /O " 70t 8)eo(s)ds (5.81)

0

L 0)n(0)00(0) + [ "Lt 5 ()0 (s)ds + / " Za(t, $)00(s)ds = 0.
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where

Zi(t, s) = Gy(t, s)n(t) + Gs(t, s)n(s),
(5.82)

Zy(t,s) = Ly(t, s)n(t) + Ls(t, s)n(s).

Similarly, determining equation (5.15) can be reduced to the equation
t t
¢" = ¢ =" = Lt )¢ ()ds = [ elts)C(s)ds
0 0
t t
—L(t,0)7(0)eo(0) — /0 L(t, s)n:(s)eo(s)ds — /0 Zo(t, 8)eo(s)ds (5.83)
t t
—e(t,0)5(0)05(0) — /0 c(t, 8)1:(5)00(s)ds — /O Za(t, s)0o(5)ds = 0,
where
Zs(t,5) = cilt, )n(t) + cs(t, s)n(s). (5-84)
By substitution of equations (5.42) into equation (5.81), we obtain that
t t
Nt — Edg + 111 — / G(t, ) Aea(8)ds + / L(t, 8)pua(s)ds
0 0
+2E(c1 — c3)eg — caG(t,0)e(0) + (cs — 5 + ¢6)60 + ¢4 L(t,0)60(0)
(5.85)

+(2¢1 — 3cs) /Ot G(t, s)eg(s)ds — /Ot Z1(t, s)eo(s)ds

Hoe - +a) | " L(t, 5)0o(5)ds + / " Za(t, )0 (s)ds = 0.

Here the relation
t t
00 = Eeo + / G(t, 5)eo(s)ds — By — / L(t, 5)00(s)ds,
0 0

is used.
Since equation (5.85) has to be satisfied for any initial functions ey(t) and

o(t), choosing initial functions eo(t) = 0 and 6y(t) = 0, equation (5.85) becomes

t t
At — Edgs + 1y — / G(t, 8)Aa(5)ds + /0 L(t, $)p(s)ds = 0. (5.86)

0
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If we choose the initial function 0y(t) = 0, then equation (5.85) yields:

2E(Cl — 03)60 — C4G(t, 0)60(0)

(5.87)
t t
+(2¢1 — 303)/ G(t,s)eo(s)ds —/ Z1(t, s)eo(s)ds = 0.
0 0
Finally, equation (5.85) reduces to the equation
(03 —C5 + 06)00 + C4L(t, 0)00(0)
(5.88)

.t .t
+(203—c5+c6)/ L(t, 5)90(3)d3+/ Zo(t, $)80(s)ds = 0.
0 0
For further study, it is necessary to consider two cases: G(t,s) # 0 and
G(t,s) = 0.
Case: G(t,s) #0

If G(t,s) # 0, then we can derive that there exists a function K;(t) such
that

Zy(t,s) = K1(t)G(t, s). (5.89)
In fact, consider the initial function
eo(s) = ay + ags + s(t — s)[ag(t — )™ + as(t — ).
Then we have
60(0) = a, eo(t) =a; + (lgt,
t t t
/ G(t, s)eo(s)ds = al/ G(t,s)ds + az/ sG(t,s)ds
0 0 0
t t
+as / s(t — )Gt 8)ds + ag / s(t — )Gt 5)ds,
0 0

t t t
/ Zy(t, s)eg(s)ds = al/ Zy(t, s)ds+a2/ sZy(t, s)ds
0 0 0

t t
—i—ag/ s(t— )"t Zy(t, s)ds + a4/ s(t —s)" T Z,(t, s)ds.
0 0
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If there exist numbers n;, (i = 1,2) such that the determinant
t t
Ay = </ s(t — s)" M G(t, 3)d8> (/ st — s)"T 7, (¢, s)ds>
0 0
t t
— </ s(t —s)™ TG, s)ds> (/ s(t —s)m 1 Z(t, s)ds>
0 0

is not equal to zero, then for the given values /Ot Zy(t, s)ep(s)ds, /Ot G(t, s)eo(s)ds,
eo(t), eo(0), we can solve the latter four equations with respect to the coefficients
ai, as, ag, ay. Thus, the variables ey(0), eq(t), /OtG(t, s)eo(s)ds, /Ot Zy(t, s)eo(s)ds
are functionally independent. This means that we can split equation (5.87) with
respect to them. Splitting equation (5.87), we obtain contradictory relations.
Hence, Ay = 0 for all numbers n; and ny. By virtue of G(t, s) # 0 we obtain that
there exists a function K (¢) such that Z,(t,s) = K,(t)G(t, s).

From this relation, equation (5.87) is rewritten in the form

2E(c1 — c3)eg — c4G(t,0)ep(0) + (2¢1 — 3es — K4 (1)) /Ot G(t, s)eg(s)ds = 0.

(5.90)
¢
Splitting (5.90) with respect to eg(0), eo(t), / G(t,s)eo(s)ds, we obtain
0
C1 = Cs, Kl = —Cs, (591)
cyG(t,0) = 0. (5.92)

From equations (5.89) and (5.92) we derive that ¢, = 0. Indeed, if ¢4 # 0,
then by virtue of uniqueness of the solution of Cauchy problem of equation (5.89)
with the initial data G(¢,0) = 0, we get that G(¢,s) = 0, which contradicts the
assumption.

Thus, equation (5.89) becomes

c3[tGi(t, s) + sGs(t, s) + G(t, s)] = 0.
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The general solution of the equation
tGe(t, s) + sGs(t,s) + G(t,s) =0

1
has the form G(t,s) = ER(;) The kernels of this type are excluded from the

study, because they have a singularity at the time ¢ = 0. Hence
C3 = 0.
From the equalities ¢3 = ¢4, = 0, equation (5.88) reduces to the equation
t
(ce — ¢s5)[0o —1—/0 L(t, s)0y(s)ds] = 0.

Notice that this equation has to be satisfied for any initial function 6y(¢). This is
only possible if

C; = Cg.

Case: G(t,s)=0

If G(t,s) =0, then L(t,s) # 0. Similar to the previous case (G(t,s) # 0)

we have that there exists a function Ky (¢) such that
Zy(t,s) = Kq(t)L(t, s). (5.93)

Hence, equation (5.88) is rewritten in the form

(Cg — Cp + 66)00 + C4L(t, 0)00(0)
(5.94)

¢
+(2e5 — 5 + 6 +K2(t))/0 L(t, $)0o(s)ds = 0.
¢
Splitting equation (5.94) with respect to 6y, 65(0) and / L(t, s)0y(s)ds, we obtain
0

C3 = C5 — Cg, KQ = —Csg, C4L(t, O) =0. (595)
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Similarly to the previous case, we can get that ¢ = ¢4 = 0, and equation (5.87)

becomes

c1|Feg + /Ot G(t, s)eo(s)ds] =0,

which implies that ¢; = 0.
In other words, in both cases we derive that
Cy; = Cg.

cp=c3=c4 =0,

Substituting these equalities and system (5.42) into determining equation (5.83),

it can be reduced to the equation

t t
Pz — Ngw — fht — / L(t, $) Mgz (s)ds — / c(t, s)pe(s)ds = 0. (5.96)
0 0
Thus, the components of the infinitesimal generator are as follows
52627 77:07 Cv :Cﬁv_‘_)\:pta CJ :CGU+)\tt7
(5.97)

Ce :Cﬁe+)\zm7 <6 B C66+Mt7 Cw = CeW + gy,

Therefore, we obtain that the symmetry groups of equations (5.1) corre-

spond to the Lie algebra L3 with generators

Xl - ar7
X = 08y + 00, + €0, + 005 + wd,, (5.98)
X3 = Atxav + )\ttaa + )\xccae + ,utaQ + pdxxawa

where A(¢,x), pu(t, z) is a solution of system (5.86) with (5.96).
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5.4 Case (b)

For case (b): L(t,s) # 0, c(t,s) = q(t)L(t, s) for some function ¢ (t), but
there is no a function hy(t) such that G(t,s) = hq(t)L(t, s), using Proposition 1,
we can prove that the variables e, €}, ko and k; are functionally independent.
Splitting determining equations (5.16) and (5.17) with respect to e;, ko and ki,
equations (5.19), (5.22)-(5.24) are still valid. By splitting equation (5.18) with
respect to ey, €}, ko and ki, we also derive equations (5.25), (5.28)-(5.30). Next,
the process of solving determining equations is similar to the process presented in
the case (a), we only need a small amount of modifications to obtain the same
results which is system (5.42).

Because the result obtained in this case is consistent with the result found
in the case (a) for solving determining equations (5.11), (5.13), when substituting
the result into determining equations (5.14) and (5.15), it does not cause change.

Therefore, for this case, the admitted Lie group generators are still X;, X5, X3.

5.5 Case (c)

The linear thermoviscoelastic equations (5.1) without the kernel L(t,s)
(L(t,s) = 0) has the form (also see (3.20))

Og = Uy, €t = Uy, excp = Wy,

(5.99)
t t
o=FEe—0 +/ G(t,s)e(s)ds, w=e+0 —I—/ c(t, s)0(s)ds.
0 0
In this case, we have that k1 = ey, po = 6,. Because G(t,s) # 0 and c(t, s) #
0, it is possible to verify that the variables €/, ey, ko are functionally independent,
and the variables 0, 6;, p; are also functionally independent. After simplifying

determining equations (5.16) and (5.17) by substituting into the relations k; = ey,
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po = 01, and splitting them with respect to ey, kg, 01, p1, the overdetermined system
of equations (5.19), (5.22)-(5.24) is also obtained. The property that &, n do not
depend on the variables v, o, e, § and w guarantees equation the determining
equation (5.18) is still valid in this case. Splitting equation (5.18) with respect to
ey, e1, ko, 07, 01, p1, we derive equations (5.25), (5.28)-(5.30).

Notice that the following relations hold in this case:
fo=fi=ep g=0, g0=9, k=e

Equations (5.23), (5.24) and (5.30) reduce to the equations

[(C8 = Co —m + &) + Coleh + ¢ fo =0, (5.100)

(65 — 650 + g = 0, (5.101)

(G2 = )0 + (¢ — ¥ =26 + m)gh + gz + (¢4 + F)es
(5.102)

+Cgeg + [(6 — G = 26 +m) — (el = ¢ fo + Cufs = 0.

Since ¢(t,s) = 0 and c(¢,t) = 0 imply that c(t,s) = 0, then ¢/(t,s) # 0
or ¢(t,t) # 0. In both cases the variables 6, and ¢; can take arbitrary values by
choosing the proper initial function 6y(¢). Similarly, the variables ef, and f can
also take arbitrary values by choosing the proper initial function ey(¢). Splitting
equations (5.100) and (5.101) with respect to ep, f and 6], ¢}, respectively, we
also obtain (5.34), (5.35). This means that equations (5.40) are also established.

In order to solve equation (5.102), consider initial data eg(t) = 0 for which

the variables ej, ep, f} and fs; vanish. Then equation (5.102) becomes

(G2 — Oy + (€ — ¢ — 26, +m) g} + gz + (8 + ¢0)éy = 0, (5.103)
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where function é, satisfies the equation
t
Eés(t) + / G(t, 5)éa(s)ds = gL (1). (5.104)
0

Splitting equation (5.103) with respect to 6, and ¢}, we get that

G — ¢ =0, (5.105)
and
(€ — C¥ — 26, +m)gy + Cgs + (¢ + (e = 0. (5.106)
The latter equation implies that
¢ —Cr -2, 4m=0 ¢ =¢=0. (5.107)

Equation (5.102), when substituted into (5.105) and (5.107), reduce to the equation
Coey — Gleg — G fy = 0. (5.108)

Splitting equation (5.108) with respect to ef), e, and fj, we have
= =¢=0. (5.109)

This means that system (5.41) is also derived.
Consequently, the solution of determining equations (5.16)-(5.18) is still
system (5.42) in the present case. Therefore, by studying determining equations

(5.14) and (5.15), the admitted generators X;, X, X3 are obtained.

5.6 Case (d)

A special system of system (5.1) is established by letting G(t,s) =

hi(t)L(t,s) and ¢(t,s) = qi1(t)L(t,s) for some functions hq(t), ¢i(t). It can be
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written as follows: (also see (3.21))
Oy = U, et = Uy, Oy = Wy,
o= FEe+ hy /Ot L(t,s)e(s)ds — 0 — /Ot L(t,s)0(s)ds, (5.110)
¢

w=e+ [ "L(t, s)e(s)ds + 0+ g [ Lt s)6(s)as

5.6.1 Solving determining equations for PDE

Since G(t,s) = hy(t)L(t,s) and c(t,s) = q(t)L(t, s), then the variables ko,

e1, k1, 01, po, p1 have the relations

ko= (E — hi)er +hiki,  p1= (1 —q1)01 + qipo. (5.111)

Substituting these relations into equations (5.16) and (5.17), and splitting them

with respect to ey, ki, 01, po, we obtain the following equations

Ny — 50’ = q16w7 59 ~— (1 e Q1)£w7 fe - Q1(E - h1)€w7

(5.112)
Ne = —Nws Mo = (1= q )N, Ne—& = q(E — hi)nw,
(1= h1q)&w =0, (1= hiq)n, =0, (5.113)
27— (1 —qi)z =0, 29 — 123 = 0,
(5.114)
(E' - hl)ZQ — 24 = 0, —h122 + zZ3 = 07
r—(1—q)rs =0, ro +qir3 = 0,
(5.115)

(E—hl)TQ—T4:0, h1T2+T’3:0,
—&e(€0)® + (o — &o)enfo — Swet f1 — (€00 + (10 — &) g0 + Swgt — (G2 — ¢

—&)len + (Co +ne) fo + Cofi + G506 — (65 +1m2)g0 + Cogr + (¢ — ¢7) =0,
(5.116)
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(&0 = 1) (€0)* = o€t fg — et f1 + (1296 — 100y — N}
+(CE = ¢ = e+ &)len + ¢ fo + G f1 + (5o (5.117)

—Csg0 +Cog1 + (& —¢) =0,

where
21 =N fo — N6go — C§»
2o = Ne€p + N f1 + M0y + Mgy — (¢ — ¢ + & — ),
23 = Nwfo — Mo — Con 24 = Nefo — Negp — ¢, (5.118)

re =28y — G5, T2 = &) — (6 — ) — 1),

r3 = éwelo - C}j;a Ty = fofé ¥ fwf{ + 6906 - 609(/) + fwgll + (C: + £t>

For further studying these equations, we need to consider the following two

cases: 1 — hyq; # 0 and 1 — hygy = 0.

Case: 1 —hyq1 #0

For this case, equations (5.113) imply that

Then equations (5.112) become

§o=E6=0, No=19=0, m—-&=0, n—&=0. (5.119)

Notice that equations (5.114) consist of homogeneous linear equations for z; (i =
1,2,3,4), and the system of equations (5.115) is also composed of homogeneous

linear equations for r; (i = 1,2,3,4). Because the determinants of the coefficient
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matrices are both 1 — hyq; which is not equal to zero, we have

21222223:224:0, 7’1:7‘2:7’3:7’4:0. (5120)

By virtue of arbitrariness of e and f§ — g}, from equations (5.118)-(5.120), it

follows that

écr:Ou 7]6207 nggg;zov CeU:CHU:C;;:O?

(5.121)
C:—i_gt:()? C5_<g+777:07 Cg_gg_nt—i_é%:()
Moreover, equations (5.116) and (5.117) reduce to the equations
GAne=0 ¢-¢=0, G-¢=0, ¢-¢g-&=0, (122
(G =G =m+&)eb + G fo+ LS =0, (5.123)
(500 — €590 + Cugr = 0. (5.124)

Notice that the relations fy = (E — hy)eg + hy fi and g1 = (1 — ¢1)8p + ¢1go hold

in this case. The variables f{, ¢} have the forms

fo = (B~ hy)eg + hifi — hieo + R fi,

(5.125)
91 = (1= @)t + q195 — 6100 + 4190-
Substituting them into equations (5.123) and (5.124), they become
[(CE = ¢ —me + &) + (B — h1)Cleg
(5.126)
+(Co + hGo) fi — Mcgeo + Mg fr = 0,
G5+ (1 —q1)¢5l06 — (5 — 1) g0 — 416t + a1C590 = 0. (5.127)

If there is no function k(t) such that L;(t, s) = k(t)L(t, s), then the variables

ey, €o, f1, f1 are functionally independent and the variables 6}, 6o, g{, go are also
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functionally independent. Splitting equations (5.126) and (5.127) with respect to

eg, €os f1, f1 and 6y, 0o, g5, 9o, respectively, we get that

- -—m+&) +(E-m)E=0, G+ (1 -aq)g=0, (5.128)

hiCe+ ¢ =0, C&—qC,=0, RhCC=0, ¢c=0. (5.129)

If Ly(t,s) = k(t)L(t,s) for some function k(t), then f] has the expression
f{ = 66 +e9 — k?(t)@o -+ ]{?(t)fl,

Substituting this expression into equations (5.126) and (5.127), and splitting them

with respect to €f, ep, fi, we also derive equations (5.128) and (5.129).

Set
hy 1
1 —q
C= :
K, 0
0 4

If rank(C) = 2, then the homogeneous linear system of equations (5.129) only has

trivial solution, that is

From equations (5.128), it follows that

ngov C:—Cg_ﬁt+§x:0

This means that equations (5.40) have also been obtained.
If rank(C') = 1, then equations (5.128) and (5.129) imply that the following
relations hold:

G =0 G = (@ —1)C,

G =G —m+&=—(Eq+ 1),
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Therefore, we obtain
=86 =8=8=8% =0, N="1="n=1np=1=0,
G=C=0 =¢=0=0, G=ad, =1,
CH&=0, ¢H+mn=0 ¢-¢=0, ¢-¢=0 (5.130)
G —C+n:=0, ¢—¢ —&=0,

C)}_Cg_nt_}'fxzoa Cg—gg—ﬁt+€x:—(EQ1+1)Ci-

Because &, n do not depend on v, o, e, 0, w, the determining equation
(5.18) is still valid. To solve determining equation (5.18) in this case, substituting
relations (5.111) into (5.18), and then, splitting equation (5.18) with respect to e,

e1, ki, 07, 61, po, we get that
¢=0, n,=0, ¢ —¢ =0, (5.131)
h% go + thcgw + Cg;w i O>

0+ 2q1C8, #1a3¢0, =0, (5.132)

thga + (1 + h1Q1) gw + ql(fvw = 07

hi(E = h1)¢2, + h¢l. + (B = hi)l, +¢0, =0,
(5.133)

(E_hl) ga—l—cge—l—ql(E_hl) gw—'—ql eg'wzo’

b — (1 —aq)Cl +al, —a(l—aq)cd, =0,
(5.134)

Ml — (1 — @)y + G — (1 —q)ch, =0,
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(E_h1)2 UGJ+2(E_h1) ge+ 896 :O7

oo —2(1 — q1)Cy + (1 — q1)%¢, =0, (5.135)

(E—=h)¢+ ¢ —(E—h)(1—q)d, —(1—a)l, =0,

ha(2¢%, — )+ (2¢0, + &) =0,

(5.136)
(2C£0 - C:)U) T (2C£w + £t> = 07
QC.gc + (E - hl)(2€f¢7 - C:)U) = 07
(5.137)
(2C39 —&ez) — (L QI)(QC:fw +&) =0,
and
—C§00 + Can + (C§ — G — 26 + m)gy + Chga + ok + (les
(5.138)
+Coeg — Gley — G fo + (¢ — G = 26 + ) fi + (o fs = 0.
Since 1 — hyiq; # 0, equations (5.132) and (5.136) imply that
ga = ng = cfuw =0, zgga - C;u =0, 2C§w + gt = 0. (5139)
From equations (5.133)-(5.135) and (5.137), we can derive that
ge:Cgﬁz()? 6962609:ng07
(5.140)

Cge = ng = 07 ge = O: 2C£9 - fzx =0.
For studying equation (5.138), consider initial data eq(t) = 0, for which e,

ey, fos f1, f2 and f3 vanish. Then equation (5.138) becomes

—C0 + g+ (G — C8 = 26 +m)gl + Chga+ Chks + (fea =0, (5.141)
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where the function e, is a solution of the equation
t
Eé(t) + hu(t) /0 L(t, s)@s(s)ds = ga(1), (5.142)

and the function ks(t) has the form

Ba(t) =)+ [ "Lt 5)es(s)ds. (5.143)

Because the variables gs, ks and €, are determined by ¢}, we hope to retain
the variable ¢/, it is necessary to consider two cases: ¢; = 0 and ¢; # 0.

If g3 =0, then g3 = g} = 6, and
t

go = 6 +/ L(t, s)0,(s)ds.
0

Equation (5.141) can be rewritten as the form

C¥gh+ [(¢f — ¢¥ — 26, +m) — ¢ + 010 + ks + Pes =0, (5.144)

Notice that
Gh(0) = B4(1) + Lt 000(0) + [ (1, 5)0u(s)ds.
If Li(t,s) # 0, then the variables 6 and g can take arbitrary values. If
L(t,s) = 0, then L(t,t) # 0, because of L(t,s) # 0. The variables 6], and g|, are
still arbitrary. So after splitting equation (5.144) with respect to 6], and g, we

have

v =0, (5.145)

(8 — ¥ — 28, +ny) — & + 2100 + COks + (ley = 0. (5.146)

Since L(t,s) # 0, the variables #) and g, are arbitrary. By virtue of ks, & are

determined by go, and ks, és are functionally independent, from equation (5.146),
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we find
C=C=0 ¢§—C—26+mn=C. (5.147)
Substituting equations (5.145) and (5.147) into equation (5.138), equation (5.138)

becomes
Coell — (el + (C§ — ¢V — 26, + ) f = 0. (5.148)
Splitting this equation with respect to ef, e and fj, the following equalities are

derived:
(=C=0, {§—Co—-2+n=¢ =0 (5.149)

Therefore, equations (5.131), (5.139), (5.140), (5.145), (5.147) and (5.149)
imply the overdetermined system of equations (5.41).

Now assume that ¢; # 0. It is convenient to introduce

The relation among 6y, gg and g is
go= (1 —11)bo + lLign,
Then the variable g has the form
9o = (1 = 1)0 + ligy — 1100 + 1191

Substituting this relation into equation (5.141), it becomes

[=¢6" + (1 = L)¢66 — 11¢ b0 + 1i¢T g
(5.150)

+[(¢) — ¢ — 28, + ) + 1iC¥)gy + gz + ngf:s + (%, = 0.

If ¢(t,s) # R(t)c(t,s) for any function R(t). then the variables 6f, 6y, ¢}

and g; are functionally independent. So we can split equation (5.150) with respect
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to 6], 0y, g and g,. After splitting we obtain

e o (5.151)
G = (1-h)¢, (5.152)
(G5 — ¢ = 26 +m) + LiC¥gy + Chgs + Coks + (fEa = 0. (5.153)
If ¢(t,s) = R(t)c(t,s) for some non-zero function R(t), then we have
c(t,t) # 0 and the relation
0 = O+ ——[g) — B — c(t, )]

Splitting equations (5.150) with respect to 6, 6y, ¢;, when substituted into last
relation, the equations (5.151)-(5.153) are also found.

If ¢(t,s) = 0, then c(t,t) # 0 and the relation 6 = g; — ¢(t,t)6p holds.
Substituting this relation into (5.150), and splitting it with respect to 0, g1, g1,
also give the equations (5.151)-(5.153).

Because c(t,s) = qi(t)L(t,s), then g3 = (1 — ¢1)g] + ¢192, and equation

(5.153) can be rewritten to the equation

[(C§ — ¢¥ — 28 +n) + hC® + (1= q1)C8gh + 1892 + Gy + (Pey = 0,
(5.154)

which implies that

=C=0, —¢—26+n=—he. (5.155)

Substituting equations (5.125), (5.152) and (5.155) into equation (5.138), it be-

comes

e — [C2 + (B = h)¢leh — (h + L)CE f1 + hireo — ¢y fr = 0. (5.156)
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From the latter equation, it follows that
(=0, &+ (E-h) =0, (5.157)

(hy + 1)CY = B, (Y = 0. (5.158)

Because the condition rank(C) = 2 implies that at least one in A}, [},
hy + 11 is not equal to zero, from equations (5.151) and (5.158), we can deduce

that (Y = 0. Furthermore,

U=C =0, ¢ —Cr—2,+mn=0 (5.159)

Therefore, the overdetermined system of equations (5.41) is also derived
from equations (5.131), (5.139), (5.140), (5.152), (5.155), (5.157) and (5.159).
If rank(C) = 1, then b} = [} = hy + 1, = 0, and we obtain the following

equations
&=0, n.=0, Cg:CgZCf:CfL:Oy Cgezov
=0, C=(h-E)XCr, 2% —&. =0, - =0, (5160

G =1 +h)¢, =G +26 —m =M

Consequently, for solving determining equations (5.11)-(5.13) in case: 1 —
hiq1 # 0, we obtain the following results:

(1) If rank(C) = 2, then we have equations (5.40) and (5.41). The system
of equations (5.42) is the solution of equations (5.40) and (5.41).

(2) If rank(C') = 1, then we derive the overdetermined system of equations
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(5.130) and (5.160); The general solution of this system is
E=cx+c, n=ct+ecy, ("=—-v(cr—c5)+ A,
(7 =—0(cs—cs) 4+ My (= —e(2c1 —c3—c5) + H(x,7) + Ape.  (5.161)

¢ =col+pe, ¢V = (c6 —2c1+ cs)w + R(x,0) + flaa-

Here ¢;, (i =1,2,...,6) are arbitrary constants, H(z,7), R(x,v) and A = \({, x),

= u(t,z) are arbitrary functions of two arguments, where
T=qo—(Eq+ e+ (@ — 1) +w,

v=0+(h —E)e+ (1+ h1)f — hyw.

Because rank(C') = 1 implies the relation 1 + hyq; = 0, using this relation
and the last two equations of original system (5.110), we have 7 = v = 0. This
means that the functions H(z,7) and R(z,v) only depend on z, denote H(z,7) =
H(z) and R(xz,v) = R(x). We can assume that H(z) = R(z) = 0. Indeed, If
H(z) # 0 and R(x) # 0, then we consider any functions A(¢, ) and ji(t, z) having

the form

Mt z) = MNt,2) + H(z),  j(t,z) = put,z) + R(z),

where the functions H (x) and R(z) satisfy H,.(7) = H(x), Rye(r) = R(z). There-

fore, system (5.161) becomes system (5.42).

Case: 1 — hiq; =0

In this case, by arbitrariness of ey and 6y, equations (5.114) imply that
ne = (Equ — 1)1,

G=0-q)¢g, G-CG+&—m=qll, = (Eq—-1)q, (5.162)
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and
Ne€h + Nuwfi — N fo =0, 160 + Nwgl + @nwgh = 0. (5.163)
From equations (5.163), we can deduce that 7, = 0. In fact, since 7, =

(Eq1 — 1)ny, and ng = (1 — ¢1)nw, then equations (5.163) become

Nol(Bqy — ey + f1—auf)] =0, no[(1—aq)0y+9g, +aqgy =0,  (5.164)

If n, # 0, then
(Equ — L)e) + f1 —a1fy =0, (5.165)
(1—q)b) + g + q196 = 0. (5.166)

Notice that the relations (5.125), equations (5.165) and (5.166) can be reduced to
ahi(eo — fi) =0, (5.167)

2(1 = q1)0 + 2q195 — 4100 + 4190 = 0. (5.168)
From equation (5.167), by arbitrariness of ey — f1, it follows that ¢; = 0 or A} = 0.
If ¢; = 0, then equation (5.168) implies that ¢ = 0 which is impossible. If A} = 0,
then ¢; = 0. Hence, equation (5.168) becomes (1 — ¢1)0) + 19, = 0. Since 6,
and g; are arbitrary, so we get that 1 —¢; = 0 and ¢; = 0, it is also impossible.
Therefore, n,, = 0. Furthermore, 1, =n. =ny =0 and &, = 0.

Similarly, equations (5.115) yield:
nv:()y 50’266259:07

G=0-a)C G-CG-m=-al, ¢+&=—(Ba-1). (169
Thus, using arbitrariness of ey and 6y, equations (5.116) and (5.117) are split as

follows:

¢ =G =0 ¢-=0, (5.170)
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(€& = ¢ =&t + (G + 1) fo + Cufi = 0,

(5.171)
(80 — (G +12)90 + Cugr = 0,
(C6 =G —m+ &g + o fo + Cofi =0,
(5.172)
G50 — (590 + Cug1 = 0.

Substituting the relations (5.125) into equations (5.171), we derive

(6 = &7 = &) + (B = ha) (¢ + mo)]eg + [ha (G + ne) + Gl
(5.173)

—hﬁ(Cﬁ + Um)eo + hll(gg + nz)fl =0,

(G5 + (1= q)¢ul — [(C2 + 1) = aiCilgh — diCibo + ¢iChgo = 0. (5-174)
Because 1 + hiq; # 0 and the general solution of equation L(t,s) =
k(t)L(t,s) has the form L(t,s) = m(t)r(s) with some functions m(t), r(s), which
is a degenerate kernel, we can assume that L.(t,s) # k(t)L(¢,s) for any function
k(t). Hence, the variables ef, e, f{, fi are functionally independent, and 6, 6y,
g6, 9o are also functionally independent. Splitting equations (5.173) and (5.174)

with respect to e, eo, f1, fi and 6}, 0o, g5, go, respectively, we obtain

(= —&)+(E-hm)(+n)=0, G+ —-aq)=0, (5.175)

hi(CC4m:) +C¢ =0, (C+n)—q¢ =0, h(¢+n)=0, ¢c =0.
(5.176)

Since 1 — hyq; = 0, then rank(C') = 2. From equations (5.176), we get
o+ 12 =G =0,
which leads equations (5.175) to

=0, —=¢-&=0.
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Similarly, for studying equations (5.172), we can obtain that

=0 =C=0 ¢—=¢—m+&=0.

Therefore, for studying determining equations (5.16) and (5.17), we obtain

the following equations
=== =8%=0, =" =70 =1 =1 =0,
G=C=0, ¢=¢G=¢=0 ¢=>0-aq),
¢ =Ba-1¢, ¢+&=0, ¢+n=0 ¢-¢=0 (177
G—6G=0, ¢-G+m=0 ¢—--&=0,

G =G +&—m=aql, (=6 —n+&=0.

Since &, n do not depend on v, o, e, 6, w, the determining equation (5.18) is
still valid in the present case. Thus, equations (5.131)-(5.138) still hold. Because
the process of solving equation (5.138) does not depend on the condition 1—hyq; #
0, the solution of equation (5.138) is the same with the previous case. Notice that
the condition 1 — hyq; = 0 implies that ¢; # 0 and rank(C) = 2, equation (5.138)

can be reduced to the equations

== =0, "=C"=Cr=0 (§—C"—2,+mn=0  (5178)

As a result of these equations, equations (5.132)-(5.134) are trivial, equa-

tions (5.135)-(5.137) imply that
(BEq —1)& =0, (5.179)

CgO = 07 C;U = Q1£t7 2@?9 - éacz = (1 - q1)€t- (5180)
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Therefore, if Eq; — 1 # 0, then we obtain system (5.41). If Fq; — 1 = 0,

then we derive
ngcgzcg:gi:ov Cg&zoa CéU:C;U:CéU:(L
Ne = 07 26;(30 - ga:a: = (1 - q1)€t7 C'EU = (hfta (5181)

=G =0, - -2, +n=0.

Consequently, for solving determining equations (5.11)-(5.13), we obtain
the following results:
(1) If Eq; — 1 # 0, then we have the overdetermined system of equations

(5.177) and (5.41). Integrating this system, we obtain
E=car+c, n=ct+ec, ("=-v(ct—cs)+ A,
(7 =—o0(c3—c5) + K(t,71) + A, (¢ = —e(2c1 — 3 = ¢5) + Aaas (5.182)

CO =cel + s, C¥ = (ce—2c1+ C3)W+ figg.

Here ¢;, (i = 1,2,...,6) are arbitrary constants, K(¢t,71) and A = A(¢,z), p =

u(t, x) are arbitrary functions of two arguments, where
n=—qo+(1—q)0+ (Eqx —1)e+ w.

Remark: For this result, we can state two assumptions: 1° ¢; is constant;
20 K(t,m) satisfies K(¢t,0) = 0. In fact, if ¢; # 0, then K(¢,7) = 0. That is
equations (5.182) becomes the equations (5.42). For assumption 2°; if K(t,0) # 0,

we consider the following functions:

K(t,n) =K(t,n) — K(t0), AMtz) =\t z)+ k),

where the function k(t) satisfies equation k() = K(¢,0).
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(2) If Eq1—1 = 0, we derive the overdetermined system of equations (5.177)

and (5.181). Integrating them, we obtain
E=ct+car+c, n=cgl+cy,
"=—cre—(c1 —e5)v+ Ay, (¢ = —(2¢1 — 3 — ¢5)€ + A,
7= —(c3—c5)0 — 2c70 + Ky (t,v1) + A, (5.183)

1
5 o e + c6)0 + iy,

¢" =

1 —

5 « crx + cg — 201 + C3)W + iy

¢ = crquv + (

Here ¢;, (i = 1,2,...,7) are arbitrary constants, Ki(t,14) and A = A(t,x), p =

u(t, z) are arbitrary functions of two arguments, where

vy = —q10 + (1 — q1>8 + w.

Similar to the previous remark, we can assume that K;(t, ;) satisfies condition
K;(t,0) = 0.

In other words, the following three different results are obtained by solving
determining equations for PDE:

Result 1: system (5.42) for the general case;

Result 2: system (5.182) for case: 1 — hyqy = 0, ¢ is constant, but
Eq —1#0;

Result 3: system (5.183) for case: 1 — hjqy =0, Eq; — 1 =0.

5.6.2 Solving determining equations for IDE

Because there are three different cases in solving determining equations
(5.11) and (5.13) which are related with the partial differential equations of system

(5.110), we consider each of the three cases for studying determining equations
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(5.14) and (5.15) which are related with integral equations of system (5.110).

For result 1: system (5.42)

For the general case, we have the system (5.42). Omitting the calculations
akin to those done in the Sect. 5.3.2, we present the final expression for the group

generator:

X1=0,, Xo=v0,+ 00, + €0, + 00y + w0,

(5.184)
X3 = )\tzav + )\ttao + Azmae + ,U/tae + sza’wv
where A(t,x), u(t, x) is a solution of the equations
t t
it — Bdga + 1t — / L(t, 8) Aua (8)ds + / L(t, $)g(s)ds =0, (5.185)
0 0
t t
Mgz — )\xx — Mt — / L(t, S)Axx<3)d5 — 1 / L(t, S)lut(8>d5 = O’ (5186)
0 Jo

which are the reduced equations of system (5.86) with (5.96) when substituting

into the relations G(t,s) = hy(t)L(t, s), c(t,s) = q1(t)L(t, s).

For result 2: system (5.182)

For this result, we have 1 — hyq; = 0, ¢ is constant, but Fg; — 1 # 0. Since
¢ also does not depend on ¢ in this solution, then equations (5.81)-(5.84) are still
suitable for the present case. The substitution of equations (5.182) into equation

(5.81) gives
t t
K(t,71) + Mt — Edas + 11 — ha /O L(t, 8)Aua(s)ds + /0 L(t, s)ua(s)ds

—|—2E(Cl — 03)60 — C4h1L(t, 0)60(0) + (Cg — C5 + 66>90 + C4L(t, 0)90(0)
(5.187)

t
0

+(2¢) — 303)]’L1/ L(t, s)eg(s)ds — hy /Ot Zo(t, 8)eo(s)ds

(265 — cs + cg) /Ot L(t, $)0(s)ds + /Ot Zo(t, )80 (s)ds = 0,
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where
Zy(t,s) = Ly(t,s)(cst + c4) + Ly(t, 8)(c38 + ¢4),
t
1= —q0o0+ (1 —q1)b + (Eq — 1)eq + wo = 2 <90 + Ch/o L(t, 3)90(3)d3> :
(5.188)
Here, the relation 1—h;q; = 0 and the last two equations of original system (5.110)
are used.
By virtue of the arbitrariness of ey, 0y, and K (¢,0) = 0, equation (5.187) is

reduced to the three equations:
t t
Mt — EXgy + g — hl/ L(t, s)\pu(s)ds +/ L(t, s)u(s)ds = 0, (5.189)
0 0

2E<C1 — Cg)eo = C4h1L<t, O)ﬁo(O)

(5.190)
t t
+(2¢, — 303)h1/ L(t, s)ep(s)ds — hl/ Zy(t, s)eg(s)ds = 0,
0 0
K(t, 7'1) -+ (03 C5 g 06)90 + C4L(t, 0)90(0)
(5.191)
t t
(265 — ¢5 + co) / L.(t, 5)6b(s)ds + / Zs(t,5)00(s)ds = 0.
0 0
Because of L(t,s) # 0 and h; # 0, then equation (5.190) yields:
Cl = C3 = C4 = O,
which leads equation (5.191) to
t
K(t,m) + (c6 — e5)[fo + /0 L(t, s)o(s)ds] = 0. (5.192)

According to the expression (5.188), equation (5.192) can be rewritten in the form

(c5 — ¢o)

K(t,Tl) = 2q1

T+ (5 — co) (1 - ;) fo. (5.193)

Since the variables 6, and 7 are functionally independent, then this equation
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implies that

(cs — co) (1 _ 1) ~0. (5.194)

q1

If g1 # 1, then ¢5 = ¢g. Therefore, we obtain the admitted Lie groups
corresponding to the generators X, X,, Xj.
If ¢; =1, then

K(t,m)= <C5;C6)71. (5.195)

Since ¢; = c3 = ¢4 = 0, the components of the infinitesimal generator for n, ¢¢, ¢?,

¢“ have the forms

=0, (“=csetNg, =cl +p, (Y= cow+ pa (5.196)

Substituting these expressions into equation (5.83), equation (5.83) and last equa-

tion of the original system (5.110) yield equation (5.186) and
C; = Cg.

Hence, K(t,71) = 0. Therefore, the admitted Lie groups corresponding to the

generators Xi, Xo, X3 are also obtained for the present case.

For result 3: system (5.183)

This result is presented in the case: 1 — hyg1 = 0, EFq; — 1 = 0. For this

model, we have the expressions
1
G(t,s) = EL(t,s), c(t,s)= EL(t, s),
and the system (5.183) is satisfied. It is convenient to write

20 = (7 +20& = —(cq — cg)o + Ky (t,v1) + M. (5.197)
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By evaluating some integrals by parts, the expanded form of determining equation

(5.14) is
20— BC ¢ = B [ L6 )¢ (9)ds + [ Lt ) (s)ds
o+ B [ L0, 9)[E(s) — E0ler(s)s — [ Dt )IEG) — EDI(s)ds
~BL(1,0)(0)es(0) — B | "Lt s)m(s)eo(s)ds — E / " 2ot $)eo(s)ds

+L(t,0)n(0)8(0) + /Ot L(t, s)m(s)0o(s)ds + /Dt Zy(t, 5)00(s)ds = 0,
' (5.198)

Because of the arbitrariness of the functions vy(t) and 6;(t), the last equation can

be simplified to two equations (let vy(t) = 61(t) = 0)
%—EG+&—EAE@@G@@+AE@g&@@
~BL(5,0)9(0)e(0) — F [ "Lt s)m(s)eo(s)ds — E / " Zolt, $)eo(s)ds  (5.199)

+L(t,0)n(0)6,(0) + /Ot L(t, s)ni(s)00(s)ds + /Ot Zy(t, $)b(s)ds = 0,

b+ 2 [ "Lt 9)[E(s) — E(t)]ea(s)ds
’ (5.200)

~ [ e )lels) - i s)ds =0,

where

Zy(t,s) = Ly(t, s)n(t) + Ls(t, s)n(s).

For simplifying equation (5.200), we choose initial functions vg(t) = 5 and 0;(t) =

0 (then e;(¢) vanishes). Equation (5.200) becomes & = 0, which implies that
Cr = 0.

Substituting system (5.183) (when ¢; = 0) into equation (5.199), it is sim-
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plified to the form
Kift01) + M = Eea +p = B [ "Lt ) Aaa(s)ds + / "Lt $)u(s)ds
+2E(c1 — c3)eg — 4 EL(t,0)en(0)
+H2er = 3ep)E [ "L(t, s)eo(s)ds — E / " Za(t, $)eo(s)ds (5.201)

—f-(Cg —C5 + 06)‘90 + C4L(t, 0)00(0)

"t

—I—(203 — Cx + 06) /0

L(t, $)0(s)ds + '/Ot Zo(t, )00 (s)ds = 0,

where

1 1 1t
V= —EO'O + (]_ — E) 90 + wy = 2 <90 + E/() L(t,S)Ho(S)d8> . (5202)

Using the arbitrariness of g and 6, from equation (5.201), it follows that
t t
Mt — Edge + 1o — E / L(t, 8)Auu(s)ds + / L(t, $)ue(s)ds =0,  (5.203)
0 0

2(c1 — e3)eg — caL(t,0)eq(0)
(5.204)

¢ t
+(2¢1 — 303)/ L(t, s)eg(s)ds — / Zs(t, s)eg(s)ds = 0,
0 0
Kl(t, V1) + (03 — C5 + 06)90 + C4L(t, 0)00(0)

t t (5.205)
(263 — 5 + c6) /0 L(t, 5)00(s)ds + /0 Zo(t, )00 (s)ds = 0.

Because of L(t,s) # 0, then equation (5.204) gives:
Cl = C3 = C4 = 0.
Hence, equation (5.205) reduces to

Ki(t,v1) + (e — ¢5)[00 + /Ot L(t, 5)0y(s)ds] = 0. (5.206)
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According to the expression (5.202), equation (5.206) can be rewritten in the form

E(cs — ce)

Kl(tayl): 9

v+ (5 — cg) (1 — E) 6. (5.207)

Since the variables 0y and 14 are functionally independent, then this equation

implies that

If £ # 1, then ¢5 = ¢5. Therefore equations (5.110) admit Lie groups cor-

responding to the generators X, X, X3. If £ =1, then K;(t,11) = (Cf’g%)yl.

Since ¢; = ¢3 = ¢4 = ¢; = 0, equation (5.83) is still valid. This equation

and last equation of the original system (5.110) yield equation (5.186) and
Cs; — Cg.

Hence, Ki(t,v1) = 0. Therefore, the admitted Lie groups corresponding to the

generators X7, Xo, X3 are also obtained for the present case.



CHAPTER VI

CONCLUSION

In this thesis, we have studied two models which describe the behavior
of one-dimensional viscoelastic materials with memory by using the Lie group
analysis method. These models are presented in integro-differential forms, that is,
the constitutive equations include nonlocal terms (integral terms). The classical
Lie group analysis method could not be used for these equations. A recently
developed approach for calculating an admitted Lie group of integro-differential
equations was applied in the thesis.

The first model considered in the thesis is a nonlinear stress relaxation
model, which is described by a system of integro-differential equations (4.1). De-
termining equations of system (4.1) were constructed by applying the definition of
admitted Lie group for integro-differential equations. The general solution of the
determining equations gave us a complete group classification of equations (4.1)
with respect to the function (o) and the kernel H (¢, 7). The group classification
separates all models into three classes: (a) the linear function ¢(o) = Eo; (b)
the function (o) = aexp(yo) + B, (ay # 0); (c) the function ¢(0) = ac” + 7,
(aB(p —1) #0). Along with the group classification, representations of all invari-
ant solutions and reduced equations are constructed.

The second model studied in the thesis is the model extending linear vis-
coelastics model to non-isotermal situation (5.1). The determining equations for
system (5.1) are still integro-differential. To solve these equations two propositions

are proven. According to these propositions, the study is separated into equations
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four different cases: (a) L(t,s) # 0 and c(t, s) # q1(t)L(t, s) for any function ¢ (t);
(b) L(t,s) # 0, c(t, s) = qi(t)L(t, s) for some function ¢ (¢), but there is no a func-
tion hy(t) such that G(t,s) = hy(t)L(t, s); (c) L(t,s) = 0; (d) c(t,s) = q:(t)L(t, s)
and G(t,s) = hq(t)L(t,s) for some functions q;(t), hq(t). In each case, the sym-
metry groups of equations (5.1) correspond to the Lie algebra with generators X7,

Xo, X;.
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