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Abstract� Explicit formulae and recurrence relations for the calculation of
generalized B�splines �GB�splines� of arbitrary order are given� We derive main
properties of GB�splines and their series� i�e� partition of unity� shape preserving
properties� invariance with respect to a�ne transformations� etc� It is shown
that such splines have the variation diminishing property and are Chebyshevian
splines�
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�� Introduction

Fitting curves and surfaces to functions and data requires the availability of
methods which preserve the shape of the data� In practical calculations we usually
deal with data given with prescribed accuracy� Therefore we need to develop
methods for constructing fair�shape�preserving approximations that satisfy given
tolerances and inherit major geometric properties of the data such as positivity�
monotonicity� convexity� presence of linear sections� etc� Such approximations�
based on GB�splines ���� with automatic choice of tension parameters are suggested
in �����

Until recently� local support bases for computations with generalized splines
have been available only for some special types of splines �������	�� This limits
the choice of methods when using generalized splines� In �
����� local support
basis functions for exponential splines were introduced and their application to
interpolation problems was considered� A recurrence relation for rational B�splines
with prescribed poles was obtained in �	�� In ������ the author constructed GB�
splines for tension generalized splines allowing the tension parameters to vary from
interval to interval�

In this paper we expand the main results of ���� to GB�splines of arbitrary
order� These GB�splines are nonnegative functions with supports of minimal length
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which form a partition of unity� We get explicit formulae for such GB�splines
and develop recurrence algorithms for their calculation� In the particular case
of polynomial B�splines we recover the well�known recurrence relation for such
B�splines ���� The main properties of GB�splines and their series such as shape
preserving properties� invariance with respect to a�ne transformations� etc� are
investigated� It is shown that the GB�spline series is a variation diminishing
function and the systems of GB�splines are weak Chebyshevian systems�

�� GB�splines of Arbitrary Order

Let a partition � � a � x� � x� � � � � � xN � b of the interval �a� b� be given
to which we associate a space of functions SG

n whose restriction to a subinterval
�xi� xi���� i � � � � � � N � � is spanned by the system of n linearly independent
functions f�� x� � � � � xn����i�n��i�ng� n � �� and where every function in SG

n has
n� � continuous derivatives�

De�nition �� A generalized spline of order n is a function S � SG
n such that

�i� for any x � �xi� xi���� i � � � � � � N � �

S�x� � Pi�n���x� � S�n����xi��i�n�x� � S�n����xi����i�n�x�� ���

where Pi�n�� is a polynomial of order n� �� and

�
�r�
i�n�xi��� � �

�r�
i�n�xi� � � r � � � � � � n� �

�
�n���
i�n �xi� � �

�n���
i�n �xi��� � ��

���

�ii� S � Cn���a� b��

The functions �i�n and �i�n depend on tension parameters� In practice we
choose �i�n�x� � �i�n�pi� x�� �i�n�x� � �i�n�qi� x��  � pi� qi � �� In the limiting
case when pi� qi � � we require that limpi�� �i�n�pi� x� � � x � �xi� xi��� and
limqi���i�n�qi� x� � � x � �xi� xi��� so that the function S in formula ��� turns
into a polynomial of the order n � �� Additionally� we require that if pi � qi � 
for all i we get a conventional polynomial spline of order n with

�i�n�x� � �
�x� xi���

n��

�n� ���hi
� �i�n�x� �

�x� xi�
n��

�n� ���hi
� hi � xi�� � xi�

Consider now the problem of constructing a basis in the space SG
n consisting of

functions with local supports of minimal length� For this� it is convenient to extend
the mesh � by adding points x�n�� � � � � � x�� � a� b � xN�� � � � � � xN�n���
As dim�SG

n � � nN � �n � ���N � �� � N � n � �� it is su�cient to construct a
system of linearly independant GB�splines Bj�n� j � �n� �� � � � � N � � in SG

n such
that Bj�n�x� �  if x � �xj � xj�n� and Bj�n �  outside �xj � xj�n��

For n � � we require the ful�llment of the normalization condition

N��X
j��n��

Bj�n�x� � � for x � �a� b�� ���
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According to ���� on the interval �xj�l� xj�l���� l � � � � � � n� �� the GB�spline
Bj�n has the form

Bj�n�x� � Pj�l�n���x� �B
�n���
j�n �xj�l��j�l�n�x� �B

�n���
j�n �xj�l����j�l�n�x�� ���

where Pj�l�n�� is a polynomial of order n� ��
Taking into account the continuity conditions for neighboring polynomials

Pj�l���n�� and Pj�l�n��� l � �� � � � � n� �� in ���� we have the relations

Pj�l�n���x� � Pj�l���n���x� �B
�n���
j�n �xj�l�

n��X
r��

z
�r�
j�l�n�x� xj�l�

r�r�

l � �� � � � � n� � �	�

with z
�r�
j�l�n � �

�r�
j�l���n�xj�l�� �

�r�
j�l�n�xj�l�� r � � � � � � n� ��

As Bj�n�x� �  if x �� �xj� xj�n� and by �	�� the polynomials Pj�l�n�� are
identical to zero when l �  and l � n��� Then by repeated application of formula
�	� we have

Pj�l�n���x� �
lX

l���

B
�n���
j�n �xj�l��

n��X
r��

z
�r�
j�l��n�x� xj�l��

r�r�

� �

n��X
l��l��

B
�n���
j�n �xj�l��

n��X
r��

z
�r�
j�l��n�x� xj�l��

r�r�

���

l � �� � � � � n� ��

In particular� the following identity is valid�

n��X
l��

B
�n���
j�n �xj�l�

n��X
r��

z
�r�
j�l�n�x� xj�l�

r�r� � � �
�

Using the expansion of polynomials by powers of x we can rewrite �
� in the
form

n��X
l��

B
�n���
j�n �xj�l�

n��X
���

x�

��

n��X
r��

z
�r�
j�l�n

��xj�l�
r��

�r � ���
� � ���

Now by equating the coe�cients of the monomials x�� � � � �� � � � � n � � in ���
to zero� we arrive at a system of n� � linear algebraic equations which de�nes the

unknown quantities B
�n���
j�n �xj�l�� l � �� � � � � n� ��

n��X
l��

B
�n���
j�n �xj�l�

n��X
r��

z
�r�
j�l�n

��xj�l�
r��

�r � ���
� � � � � � � � � n� ��
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To obtain the unique solution of this system we can use the normalization
condition ���� Substituting formula ��� into the identity ��� written for x �
�xi� xi���� we obtain

iX
j�i�n��

Bj�n�x� ��i�n�x�
i��X

j�i�n��

B
�n���
j�n �xi� � �i�n�x�

iX
j�i�n��

B
�n���
j�n �xi���

�
i��X

j�i�n��

Pj�i�j�n���x� � ��

As according to ���

i��X
j�i�n��

B
�n���
j�n �xi� �

iX
j�i�n��

B
�n���
j�n �xi��� � �

it follows from ��� that

i��X
j�i�n��

Pj�i�j�n���x� �
i��X

j�i�n��

i�jX
l��

B
�n���
j�n �xj�l�

n��X
r��

z
�r�
j�l�n�x� xj�l�

r�r� � ��

This gives us the system of linear equations

i��X
j�i�n��

i�jX
l��

B
�n���
j�n �xj�l�

n��X
r��

z
�r�
j�l�n

��xj�l�
r��

�r � ���
� ����� � � � � � � � n� ��

where ���� is the Kronecker symbol�
We can eliminate the unknowns analogously as has been done in �������

Having computed the unknowns B
�n���
j�n �xj�l�� l � �� � � � � n��� we �nd the coe�ci�

ents of the polynomials Pj�l�n��� l � �� � � � � n � �� in ��� by using formulae ����
In this way� the computation of the coe�cients of the polynomials Pj�l�n�� can be
realized starting from either the left or right endpoint of the support interval�

�� Recurrence Algorithm for the Calculation of GB�splines

Let us de�ne the function

Bj���x� �

���
��

�
�n���
j�n �x�� xj � x � xj��

�
�n���
j���n�x�� xj�� � x � xj��

� x �� �xj � xj���

���

where the functions �
�n���
j�n � �

�n���
j���n are assumed to be positive and monotone on

�xj � xj��� and �xj��� xj��� respectively�
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We will consider the sequence of GB�splines de�ned by the recurrence formula

Bj�k�x� �

Z x

xj

Bj�k�����

cj�k��
d� �

Z x

xj��

Bj���k�����

cj���k��
d�

k � �� � � � � n

���

where

cj�k�� �

Z xj�k��

xj

Bj�k�����d��

In practical calculations� an alternate representation of formula ����

Bj�k�x� � �

Z xj�k��

x

Bj�k�����

cj�k��
d� �

Z xj�k

x

Bj���k�����

cj���k��
d��

k � �� � � � � n

is useful�
By di�erentiating formula ��� we obtain

B�j�k�x� � Bj�k���x��cj�k�� �Bj���k���x��cj���k��

k � �� � � � � n�
����

Theorem �� The recurrence formulae ��� and ���� de�ne the sequence of GB	
splines of the form

Bj�k�x� �

������������
�����������

B
�k���
j�k �xj����

�n�k�
j�n �x�� xj � x � xj��

Pj�l�k���x� �B
�k���
j�k �xj�l��

�n�k�
j�l�n �x�

�B
�k���
j�k �xj�l����

�n�k�
j�l�n �x�

xj�l � x � xj�l��� l � �� � � � � k � �

B
�k���
j�k �xj�k����

�n�k�
j�k���n�x�� xj�k�� � x � xj�k

� x �� �xj� xj�k�

����

k � �� � � � � n� where

P j�l�k���x� �

lX
l���

B
�k���
j�k �xj�l��

n��X
r�n�k

z
�r�
j�l��n�x� xj�l��

r�n�k��r � n� k��

� �
k��X

l��l��

B
�k���
j�k �xj�l��

n��X
r�n�k

z
�r�
j�l��n�x� xj�l��

r�n�k��r � n� k��

����

and
k��X
l��

B
�k���
j�k �xj�l�

n��X
r�n�k

z
�r�
j�l�n�x� xj�l�

r�n�k��r � n� k�� � 

k � �� � � � � n�

����
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Proof� For k � � the formula ���� takes the form

Bj���x� �

���
��
Bj���xj����

�n���
j�n �x�� xj � x � xj��

Bj���xj����
�n���
j���n�x�� xj�� � x � xj��

� x �� �xj � xj����

We choose Bj���xj��� � �� and then by ���� this formula coincides with ����
Using mathematical induction� we assume that the assertion of the theorem is

ful�lled for some k� � k� � � n� � �k � �� � � � � n� ��� Let us show its validity for
k � n� According to ��� and ���� we have

Bj�k�x� �
�

cj�k�
B

�k����
j�k� �xj����

�n�k����
j�n �x�� x � �xj� xj���

Bj�k�x� � �
�

cj���k�
B

�k����
j���k� �xj�k���

�n�k����
j�k��n �x�� x � �xj�k� � xj�k�����

By virtue of ���� and because GB�splines have local supports�

B
�k���
j�k �xj��� � B

�k����
j�k� �xj����cj�k� �

B
�k���
j�k �xj�k��� � �B

�k����
j���k� �xj�k���cj���k� �

Therefore�

Bj�k�x� � B
�k���
j�k �xj����

�n�k�
j�n �x�� x � �xj� xj����

Bj�k�x� � B
�k���
j�k �xj�k����

�n�k�
j�k���n�x�� x � �xj�k��� xj�k��

��	�

Let now the formula ���� be ful�lled in �xj�l� xj�l��� for some l� � l�� � k��
�l � �� �� � � � � k � ��� We must show its validity for l� � k � �� According to ����
and by the induction assumption for x � �xj�l� xj�l���� we have

Bj�k�x� � Pj�l���k���xj�l�

�B
�k���
j�k �xj�l����

�n�k�
j�l���n�xj�l� � B

�k���
j�k �xj�l��

�n�k�
j�l���n�xj�l�

�
�

cj�k��

Z x

xj�l

Bj�k�����d� �
�

cj���k��

Z x

xj�l

Bj���k�����d�

� Pj�l���k���xj�l� � B
�k���
j�k �xj�l��

�n�k�
j�l���n�xj�l�

�
�

cj�k��

� lX
l���

B
�k����
j�k� �xj�l��

n��X
r�n�k�

z
�r�
j�l��n

�� � xj�l��
r�n�k���

�r � n� k� � ���

����
x

xj�l

�B
�k����
j�k� �xj�l��

�n�k����
j�l�n ���

����
x

xj�l

�B
�k����
j�k� �xj�l����

�n�k����
j�l�n ���

����
x

xj�l

�

�
�

cj���k��

�
I �B

�k����
j���k� �xj�l��

�n�k����
j�l�n ���

����
x

xj�l

�B
�k����
j���k� �xj�l����

�n�k����
j�l�n ���

����
x

xj�l

�
�

����
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where

I �
l��X
l���

B
�k����
j���k� �xj���l��

n��X
r�n�k�

z
�r�
j���l��n

�� � xj���l��
r�n�k���

�r � n� k� � ���

����
x

xj�l

�
lX

l���

B
�k����
j���k� �xj�l��

n��X
r�n�k�

z
�r�
j�l��n

�� � xj�l��
r�n�k

�r � n� k��

����
x

xj�l

�

Using the formula of di�erentiation ���� we obtain

B
�k���
j�k �xj�l� � B

�k����
j�k� �xj�l��cj�k� � B

�k����
j���k� �xj�l��cj���k� �

This permits us to transform the expression ���� into the form

Bj�k�x� �
l��X
l���

B
�k���
j�k �xj�l��

n��X
r�n�k

z
�r�
j�l��n

�xj�l � xj�l��
r�n�k

�r � n� k��

�B
�k���
j�k �xj�l�z

�n�k�
j�l�n �B

�k���
j�k �xj�l��

�n�k�
j�l�n �x�

�B
�k���
j�k �xj�l����

�n�k�
j�l�n �x�

�
lX

l���

B
�k���
j�k �xj�l��

n��X
r�n�k�

z
�r�
j�l��n

�x� xj�l��
r�n�k

�r � n� k��

�
lX

l���

B
�k���
j�k �xj�l��

n��X
r�n�k�

z
�r�
j�l��n

�xj�l � xj�l��
r�n�k

�r � n� k��

�
lX

l���

B
�k���
j�k �xj�l��z

�n�k�
j�l��n �B

�k���
j�k �xj�l��

�n�k�
j�l�n �x�

� B
�k���
j�k �xj�l����

�n�k�
j�l�n �x�

�
lX

l���

B
�k���
j�k �xj�l��

n��X
r�n�k�

z
�r�
j�l��n

�x� xj�l��
r�n�k

�r � n� k��

� Pj�l�k���x� �B
�k���
j�k �xj�l��

�n�k�
j�l�n �x� � B

�k���
j�k �xj�l����

�n�k�
j�l�n �x��

We have now proved the formula ���� with

Pj�l�k���x� �
lX

l���

B
�k���
j�k �xj�l��

n��X
r�n�k

z
�r�
j�l��n

�x� xj�l��
r�n�k

�r � n� k��

l � �� � � � � k � ��

��
�

Taking into account the conditions for continuity we obtain the validity of the
formula ��
� for l � k � �� However� according to ��	�� Pj�k���k�� � � So from
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��
� for l � k � � we obtain the identity ����� By subtracting this identity from
��
� we arrive at the second formula in ����� This proves the theorem�

To use the formulae ���� and ���� for calculations we �rst need to �nd the

quantities B
�k���
j�k �xj�l�� l � �� � � � � k � �� k � �� � � � � n� According to �����

B
�k���
j�k �xj�l� � B

�k���
j�k�� �xj�l��cj�k�� � B

�k���
j���k���xj�l��cj���k��

l � �� � � � � k � �� k � �� � � � � n�
����

In particular� it follows from here with Bj���xj��� � � that

B�j���xj��� �
�

cj��
� B��j�	�xj��� �

�

cj��cj��

B�j���xj��� � �
�

cj����
� B��j�	�xj��� � �

�

cj����

�
�

cj��
�

�

cj����

	

B��j�	�xj��� �
�

cj����cj����

etc� Therefore� to �nd the required values of the derivatives of the GB�splines in
the interior nodes of their support intervals� it is necessary to know the quantities
cj�k� i� e� the integrals of the GB�splines Bj�k� k � �� � � � � n� ��

Theorem �� The integrals cj�k �
R xj�k
xj

Bj�k���d� of GB	splines are given by the

formula

cj�k �
k��X
l��

B
�k���
j�k �xj�l�

n��X
r�n�k��

z
�r�
j�l�n

�xj�� � xj�l�
r�n�k��

�r � n� k � ���

� � �� � � � � k � �� k � �� � � � � n� ��

����

Proof� For k � � according to ��� we obtain

cj�� �

Z xj��

xj

Bj�����d� � Bj���xj���z
�n���
j���n � Bj���xj��� � ��

which corresponds to the formula ����� Let us suppose by induction that the formula
���� holds for all k� � k � � � n� � �k � �� � � � � n� ��� We must prove its validity
for k� � � � k � n� �� By formula �����

cj�k �

Z xj�k

xj

Bj�k���d� � B
�k���
j�k �xj����

�n�k���
j�n �xj���

�
k��X
l��

Z xj�l��

xj�l

h
Pj�l�k����� � B

�k���
j�k �xj�l��

�n�k�
j�l�n ���

� B
�k���
j�k �xj�l����

�n�k�
j�l�n ���

i
d� � B

�k���
j�k �xj�k����

�n�k���
j�k���n�xj�k����

� ��
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Choosing the knot xj�� � suppBj�k� � � � � k � � and using the formulae
���� we can transform the expression ��� into the form

cj�k �
k��X
l��

B
�k���
j�k �xj�l�z

�n�k���
j���n

�
���X
l��


 lX
l���

B
�k���
j�k �xj�l��

n��X
r�n�k

z
�r�
j�l��n

�� � xj�l��
r�n�k��

�r � n� k � ���

�����
xj�l��

xj�l

�
k��X
l��



�

k��X
l��l��

B
�k���
j�k �xj�l��

n��X
r�n�k

z
�r�
j�l��n

�� � xj�l��
r�n�k��

�r � n� k � ���

�����
xj�l��

xj�l

�

Collecting here the terms with B
�k���
j�k �xj�l�� l � �� � � � � k � �� we have

cj�k �
k��X
l��

B
�k���
j�k �xj�l�z

�n�k���
j���n

�
���X
l��

B
�k���
j�k �xj�l�

n��X
r�n�k

z
�r�
j�l�n

�xj�� � xj�l�
r�n�k��

�r � n� k � ���

�
k��X

l����

B
�k���
j�k �xj�l�

n��X
r�n�k

z
�r�
j�l�n

�xj�� � xj�l�
r�n�k��

�r � n� k � ���

�
k��X
l��

B
�k���
j�k �xj�l�

n��X
r�n�k��

z
�r�
j�l�n

�xj�� � xj�l�
r�n�k��

�r � n� k � ���

This proves the theorem�

Theorem �� If cj�k� k � �� � � � � n � �� are integrals of GB	splines Bj�k then the
following equalities are valid

k��X
l��

B
�k���
j�k �xj�l�

n��X
r�n�k����

z
�r�
j�l�n

��xj�l�
r�n�k����

�r � n� k � �� ���
� cj�k � ����

� � � � � � � k � �� k � �� � � � � n� ��

����

where ���� is the Kronecker symbol�

Proof� We can write these identities

cj�k � Fj�k�x� �
k��X
l��

B
�k���
j�k �xj�l�

n��X
r�n�k��

z
�r�
j�l�n

�x� xj�l�
r�n�k��

�r � n� k � ���
�

k � �� � � � � n� ��

����

For k � �� formula ���� does not depend on x and coincides with �����
According to Theorem �� the polynomial Fj�k � cj�k� � � k � n � �� of order
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k � � takes zero values at the points xj��� � � �� � � � � k � �� Therefore� by the
Fundamental Theorem of Algebra it must be identically equal to zero�

Using the expansion of polynomials in ���� by powers of x we obtain

cj�k �
k��X
l��

B
�k���
j�k �xj�l�

k��X
���

x�

��

n��X
r�n�k����

z
�r�
j�l�n

��xj�l�
r�n�k����

�r � n� k � �� ���

k � �� � � � � n� ��

The right�hand side is a polynomial of order k� � for �xed j� k while the left�hand
side is constant� It follows that the coe�cient of x� equals cjk when � �  and
equals zero otherwise� From this we obtain the equalities ����� This proves the
theorem�

To construct the GB�spline Bj�k� k � �� � � � � n� we can formulate an algorithm
by applying formulae ���� and ����� and requiring the calculation of the following
quantities for GB�splines

Bj���xj��� � � � B
�k���
j�k �xj��� � � � B

�n���
j�n �xj���

���
���

��� � �
�

�� � �� � � � � n� ��

Bj�n�k���xj�n�k��� � � � B
�k���
j�n�k�k�xj�n�k���

��� � �
�

�� � �� � � � � k � ��
Bj�n�����xj�n���

and the integrals of GB�splines

cj�� � � � cj�k � � � cj�n��
cj���� � � � cj���k � � � cj���n��

���
���

��� � �
�

cj�n�k�� � � � cj�n�k�k
��� � �

�

cj�n����

Algorithm ��

�a� Form the diagonal matrix A � faijg� i� j � �� � � � � n � � with diagonal
elements al���l�� � Bj�l���xj�l��� � �� l � � � � � � n � �� Attach to the matrix
A at the left an additional column with elements al���� � cj�l��� l � � � � � � n � �
calculated by formula �����

�b� For k � �� � � � � n� using formula ���� we �nd the elements a��l�� �

B
�k���
j�l��k����k�xj���� � � l��� k� � � � � l��� l � n� �� � � � � k� �� and place them on

the main diagonal and on the �rst k � � upper o��diagonals of the matrix A� At
every step k �for k � n� �� we also calculate the elements al���k�� � cj�l��k����k�
l � n � �� � � � � k � �� using the formula ���� and place them into the �k � ���nd
column of the lower triangular part of the matrix A�
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As a result the matrix A is transformed to the form

A �

�
BBBBBBB

cj�� Bj���xj��� � � � B
�k���
j�k �xj��� � � � B

�n���
j�n �xj���

���
���

���
���

cj�k���� cj�k���� � � � B
�k���
j�k �xj�k��� � � � B

�n���
j�n �xj�k���

���
���

���
���

cj�n���� cj�n���� � � � cj�n���k�k�� � � � B
�n���
j�n �xj�n���

�
CCCCCCCA
�

The �k � ���st column of the upper triangular part of the matrix A contains

the quantities B
�k���
j�k �xj���� � � �� � � � � k � �� k � �� � � � � n� This permits us to

construct the GB�splines Bj�k� k � �� � � � � n using formulae ���� and ����� The
integrals for these GB�splines are located along the main diagonal of the matrix A�

The supports of the GB�splines Bj�k� k � �� � � � � n begin at the point xj � We can
also consider an alternative version of the above algorithm in which the GB�splines
Bj�k�n�k� k � n� �� � � � � � whose supports end at the point xj�n are calculated�

Algorithm ��

�a� Form the diagonal matrix A of dimension �n� ��	 �n� �� with diagonal
elements al���l�� � Bj�l���xj�l��� � �� l � � � � � � n��� Attach to A the additional
n�th row with elements an�l�� � cj�l��� l � � � � � � n� � calculated by formula �����

�b� For k � �� � � � � n� l � � � � � � n � k� we �nd al���l�� � B
�k���
j�l�k �xj�l����

� � k� �� � � � � � and �for k � n� �� an�k���l�� � cj�l�k by formulae ���� and �����
As a result the matrix A takes the form

A �

�
BBBBBBBBB

B
�n���
j�n �xj��� � � � B

�n���
j�n �xj���n�k� � � � B

�n���
j�n �xj�n���

���
���

���

cj�k�� � � � B
�k���
j�n�k�k�xj���n�k� � � � B

�k���
j�n�k�k�xj�n���

���
���

���

cj�� � � � cj�n�k�� � � � Bj�n�����xj�n���
cj�� � � � cj�n�k�� � � � cj�n����

�
CCCCCCCCCA
�

The elements of the �n�k����st row in the upper triangular part of the matrix
A permit us to construct the GB�splines Bj�n�k�k� k � �� � � � � n using formulae ����
and ����� The integrals of these GB�splines are located along the main diagonal of
the matrix A�

�� Another Representation for GB�Splines

According to ���� and ���� the expressions for Bj�k� k � �� � � � � n in the
subintervals �xj�l��� xj�l� and �xj�l� xj�l��� di�er by the quantity

��
�n�k�
j�l���n�x�B

�k���
j�k �xj�l��� �

�
�
�n�k�
j�l�n �x���

�n�k�
j�l���n�x�

�
n��X

r�n�k

z
�r�
j�l�n

�x� xj�l�
r�n�k

�r � n� k��

�
B

�k���
j�k �xj�l� � �

�n�k�
j�l�n �x�B

�k���
j�k �xj�l����
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By summing over the jumps we arrive at the representation

Bj�k�x� �
k��X
l��

�j�l�k�x�B
�k���
j�k �xj�l�� k � �� � � � � n ����

with

�j�l�k�x� � �
�n�k�
j�l���n�x�	�x� xj�l��� �

�
�
�n�k�
j�l�n �x���

�n�k�
j�l���n�x�

�
n��X

r�n�k

z
�r�
j�l�n

�x� xj�l�
r�n�k

�r � n� k��

�
	�x� xj�l�� �

�n�k�
j�l�n �x�	�x� xj�l����

����

	�x� y� �

�
�� x � y�
� x � y�

As 	�x� y� � �� 	�y � x� we obtain

Bj�k�x� � �
k��X
l��

��j�l�k�x�B
�k���
j�k �xj�l� � Rj�k�x�� ��	�

where ��j�l�k is derived from �j�l�k by replacing 	�x � xj�m� with 	�xj�m � x��
m � l � �� l� l� �� Now according to ����

Rj�k�x� �
k��X
l��

B
�k���
j�k �xj�l�

n��X
r�n�k

z
�r�
j�l�n

�x� xj�l�
r�n�k

�r � n� k��
� � k � �� � � � � n

and it follows from formulae ���� and ��	� that Bj�k�x� �  if x �� �xj � xj�k�� Any
of these formulae can be used to de�ne the GB�spline of order k� � � k � n�

We will transform the expression for the function �j�l�k in ����� Using the

Taylor expansion of the functions �
�n�k�
j�l�n � �

�n�k�
j�l�n with the remainder in integral

form and the properties ��� we have

�j�l�k�x� �
h Z x

xj�l��

�x� ��k��

�k � ���
�
�n���
j�l���n���d�

i
	�x� xj�l���

�
h Z x

xj�l

�x� ��k��

�k � ���
�
�n���
j�l�n ���d� �

Z x

xj�l

�x� ��k��

�k � ���
�
�n���
j�l���n���d�

i

	 	�x� xj�l��
h Z x

xj�l��

�x� ��k��

�k � ���
�
�n���
j�l�n ���d�

i
	�x� xj�l����

From here we obtain for polynomial splines with

�j�n�x� � �
�x� xj���

n��

�n� ���hj
� �j�n�x� �

�x� xj�
n��

�n� ���hj
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that
�m�k�x� � �xm�� � xm���gk�x�xm��� xm� xm���� m � j � l�

gk�x� y� � ����k�x� y�k��� ��k � ���� z� � max�� z�

and thus ���� is transformed to

Bj�k�x� � �xj�k � xj�gk�x�xj� � � � � xj�k�� k � �� � � � � n�

The recurrence formula ��� takes the form ����

Bj�k�x� �
x� xj

xj�k�� � xj
Bj�k���x� �

xj�k � x

xj�k � xj��
Bj���k���x�

with

cj�k �

Z xj�k

xj

Bj�k�x�dx �
xj�k � xj

k
�

	� Properties of GB�splines

Let us formulate some properties of GB�splines which are similar to those of
polynomial B�splines �����

Theorem �� The functions Bj�k� k � �� � � � � n have the following properties

�i� Bj�k�x� �  if x � �xj� xj�k� and Bj�k�x� �  if x �� �xj � xj�k��
�ii� the splines Bj�k have k � � continuous derivatives�

�iii� for k � � and x � �a� b��
PN��

j��k��Bj�k�x� � ��
�iv� for x � �xj � xj����

�
�r�
j�n�x� � �

n�r��Y
k��

cj�k�Bj�n�r�x�� �
�r�
j�n�x� �

n�r��Y
k��

��cj�k���k�Bj�n���r�n�r�x�

j � � � � � � N � �� r � � � � � � n� �� where cj�k �
R xj�k
xj

Bj�k���d��

Proof� The functions Bj���� given by formula ��� are positive if x � �xj���
xj������ while Bj�����x� �  if x �� �xj��� xj������ and are monotone on the
intervals �xj���l� xj���l���� l � � �� � � � � � � � k � ��

Let us suppose by induction that the functions Bj���k���x� �  if x � �xj���

xj���k���� Bj���k�� �  if x �� �xj��� xj���k��� and B
�k���
j���k���x� is monotone on

the intervals �xj���l� xj���l���� l � � � � � � k�� with ����l��B
�k���
j���k���xj���l� � �

l � �� � � � � k � �� � � � �� Then by formula ���� the function B
�k���
j�k is monotone

in �xj�l� xj�l���� l � � � � � � k � �� and in addition ����l��B
�k���
j�k �xj�l� � � l �

�� � � � � k� �� Therefore� B
�k���
j�k has exactly k� � zeros in �xj � xj�k� and by Rolle�s

theorem� Bj�k does not vanish on �xj� xj�k�� Taking formula ��� into account� we
have Bj�k�x� �  if x � �xj � xj�k� and Bj�k�x� �  if x �� �xj � xj�k��

Property �ii� is obvious by virtue of the recurrence formula ��� and by continui�
ty of the function Bj���
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According to ���� for x � �xj � xj����

Bj�n�x� � B
�n���
j�n �xj����j�n�x�� Bj�n���n�x� � B

�n���
j�n���n�xj��j�n�x�� ����

Applying the di�erentiation formula ���� we obtain

B
�r�
j�n�x� �

rY
k��

c��j�n�kBj�n�r�x��

B
�r�
j�n���n�x� �

rY
k��

��c��j�n���k�n�k�Bj�n���r�n�r�x�� x � �xj � xj����

r � �� �� � � � � n� �

��
�

and in particular�

B
�n���
j�n �xj��� �

n��Y
k��

c��j�n�k� B
�n���
j�n���n�xj� �

n��Y
k��

��c��j�k�k���� ����

Therefore� if x � �xj� xj��� then according to ����� ��
�� and ���� we have

�
�r�
j�n�x� �

n�r��Y
k��

cj�kBj�n�r�x�� �
�r�
j�n�x� �

n�r��Y
k��

��cj�k���k�Bj�n���r�n�r�x��

r � � � � � � n� ��

Applying the recurrence formula ��� for k � �� we have for x � �a� b��

N��X
j��k��

Bj�k�x� �
N��X

j��k��

hZ x

xj

Bj�k�����

cj�k��
d� �

Z x

xj��

Bj���k�����

cj���k��
d�
i

�

Z x

x�k��

B�k���k�����

c�k���k��
d� �

Z x

xN

BN�k�����

cN�k��
d� �

Z x�

x�k��

B�k���k�����

c�k���k��
d� � ��

i� e�
N��X

j��k��

Bj�k�x� � �� k � �� � � � � n if x � �a� b� ����

This proves the theorem�

Corollary �� The following identities are valid

i��X
j�i�k��

i�jX
l��

B
�k���
j�k �xj�l�

n��X
r�n�k

z
�r�
j�l�n

�x� xj�l�
r�n�k

�r � n� k��
� �� k � �� � � � � n�
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Proof� Substituting formula ���� into the identity ���� written for x � �xi� xi����
we obtain

iX
j�i�k��

Bj�k�x� ��
�n�k�
i�n �x�

i��X
j�i�k��

B
�k���
j�k �xi� � �

�n�k�
i�n �x�

iX
j�i�k��

B
�k���
j�k �xi���

�
i��X

j�i�k��

Pj�i�j�k���x� � ��

According to ����

i��X
j�i�k��

B
�k���
j�k �xi� �

iX
j�i�k��

B
�k���
j�k �xi��� � �

Then using ���� one obtains

i��X
j�i�k��

Pj�i�j�k���x� �

i��X
j�i�k��

i�jX
l��

B
�k���
j�k �xj�l�

n��X
r�n�k

z
�r�
j�l�n

�x� xj�l�
r�n�k

�r � n� k��
� ��

This proves the corollary�

Corollary �� Let Fj�k� k � �� � � � � n� �� be polynomials as de�ned in ����� Then
the following equalities are valid

N��X
j��k��

Z b

a

Bj�k�x�dx �
N��X

j��k��

Fj�k�x� � b� a� k � �� � � � � n� ��

Proof� Integrating the identity ���� on the interval �a� b� and using ���� we obtain

N��X
j��k��

Z b

a

Bj�k�x�dx �
N��X

j��k��

Z xj�k

xj

Bj�k�x�dx

�
N��X

j��k��

cj�k �
N��X

j��k��

Fj�k�x� � b� a�

This proves the corollary�

Theorem 	� The GB	splines Bj�k� k � �� � � � � n� have supports of minimum length�

Proof� It follows from the explicit formula ��� that the support of the GB�spline
Bj�� cannot be reduced� Let us suppose that the assertion of the theorem is ful�lled
for some k� � k�� � n �k � �� � � � � n�� Using mathematical induction we will prove
its validity for k� � � � k � n�

By the properties of the functions �j�l�n� �j�l�n�  � l � k��� and by formula
����� GB�spline Bj�k cannot be di�erent from zero on only a part of the interval
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�xj�l� xj���l��  � l � k��� If we suppose thatBj�k is zero on interval �xj�l� xj���l��

 � l � k � �� then due to the continuity of B
�k���
j�k � we have B

�k���
j�k �xj�l� �

B
�k���
j�k �xj�l��� � �

Using formula ���� one can show� however� that ����l��B
�k���
j�k �xj�l� � �

l � �� � � � � k � �� For k � � we have Bj���xj��� � �� Suppose by induction that

����l��B
�k����
j�k� �xj�l� � � l � �� � � � � k� � � for � � k� � k � �� By formula ���� we

get

����l��B
�k���
j�k �xj�l� � ����l��

hB�k����
j�k� �xj�l�

cj�k�
�

B
�k����
j���k� �xj�l�

cj���k�

i

� ����l��
B

�k����
j�k� �xj�l�

cj�k�
� ����l

B
�k����
j���k� �xj����l����

cj���k�
� � l � �� � � � � k � ��

We have obtained a contradiction� This proves the theorem�

Theorem 
� The GB	splines Bj�k� j � �k��� � � � � N��� k � �� � � � � n are linearly
independent and form a basis for the space SG

k of generalized splines�

Proof� Let us assume to the contrary that there exist constants bj�k� j � �k �
�� � � � � N � �� k � �� � � � � n� which are not all equal to zero and such that

b�k���kB�k���k�x� � � � �� bN���kBN���k�x� � � x � �a� b�� ���

According to formula ���� and taking into account the properties of the functions
�i�n and �i�n in ���� we obtain from ��� for k � �

N��X
j���

bj��Bj���xi� � bi���� � � i � � � � � � N�

Thus� bj�� � � j � ��� � � � � N � �� and the functions Bj��� j � ��� � � � � N � � are
linearly independent�

Suppose by induction that the functions Bj�k� � j � �k�� � � � � N � � are linearly
independent for some k� � k � � � n �k � �� � � � � n�� We will prove the assertion
of theorem for k� � � � k � n� Di�erentiating the equality ��� and using the
recurrence formula ��� we have

N��X
j��k��

bj�kB
�
j�k�x� �

N��X
j��k��

bj�k

hBj�k���x�

cj�k��
�

Bj���k���x�

cj���k��

i

� b�k���k
B�k���k���x�

c�k���k��
�

N��X
j��k��

�bj�k � bj���k�
Bj�k���x�

cj�k��

� bN���k
BN�k���x�

cN�k��
� � ����
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The supports of the GB�splines Bj�k��� j � �k � �� N � however� are outside
the interval �a� b�� By the induction assumption� the GB�splines Bj�k��� j � �k �
�� � � � � N � � are linearly independent and thus from ���� we get bj�k � bj���k � �
j � �k � �� � � � � N � � or bj�k � c � const� j � �k � �� � � � � N � �� By Theorem ��
the GB�splines Bj�k� j � �k��� � � � � N � � give a partition of unity on the interval
�a� b�� Using this property� and the equation ����� we arrive at the equality

N��X
j��k��

bj�kBj�k�x� � c
N��X

j��k��

Bj�k�x� � c � � � �

Therefore� bj�k � � j � �k��� � � � � N�� and the GB�splines Bj�k� j � �k��� � � � � N
� �� k � �� � � � � n� are linearly independent�

Since by the de�nition �� dim�SG
k � � kN � �k����N ��� � N �k��� we see

that the GB�splines Bj�k � SG
k � j � �k � �� � � � � N � � form a basis of this space�

This proves the theorem�
By virtue of this theorem� any spline S � SG

k � k � �� � � � � n can be uniquely
written in the form

S�x� �
N��X

j��k��

bj�kBj�k�x� for x � �a� b� ����

for some constant coe�cients bj�k�

Corollary �� Any spline S 
�  in SG
k � k � �� � � � � n� with �nite support of minimal

length coincides with a GB	spline up to a constant multiplier�

Proof� By theorem 	� the minimal support of a spline S � SG
k � k � �� � � � � n

di�erent from identical zero� is an interval �xi� xi�k�� i � � � � � � N � k� Using
representation ���� we get

S�x� � bi�k���kBi�k����k � � � �� bi�k���kBi�k���k�x��

As S �  for x �� �xi� xi�k�� when choosing sequentially x � �xp� xp���� p �
i � k � �� � � � � i � �� we obtain bp�k � � In the same manner� bp�k �  for p �
i� k � �� � � � � i� �� Therefore� S�x� � bi�kBi�k�x�� This proves the corollary�


� Series of GB�splines

In practical applications such as approximation of functions� discrete data etc�
one considers linear combinations of GB�splines� According to Theorem �� any
generalized spline S � SG

k � k � �� � � � � n can be uniquely represented in the form

S�x� �
N��X

j��k��

bj�kBj�k�x� for x � �a� b� ����

with some constant coe�cients bj�k�
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Let us study how the behaviour of a spline S depends on the coe�cients bj�k�
Since GB�splines are local� from ���� we obtain the inequalities

min
i�k���j�i

bj�k � S�x� �
iX

j�i�k��

bj�kBj�k�x� � max
i�k���j�i

bj�k�

xi � x � xi��� k � �� � � � � n�

����

Hence it follows that the behaviour of the spline S on the interval �xi� xi��� is
determined by the coe�cients bi�k���k� � � � � bi�k� In particular� in order for a spline
S to be zero at a point of the interval �xi� xi���� it is necessary that bj�kbj���k � 
for some i� k � � � j � i�

The estimate ���� can be substantially improved on� Applying the di�erentia�
tion formula ����� we obtain for r � k � �

S�r��x� �
N��X

j��k�r��

b
�r�
j�kBj�k�r�x� ��	�

where

b
�l�
j�k �

��
�

bj�k� l � 

b
�l���
j�k � b

�l���
j���k

cj�k�l � l � �� �� � � � � r�
����

Lemma �� If bj�k �  �� �� j � �k � �� � � � � N � �� k � �� � � � � n� then S�x� � 
�� � for all x�

The conclusion is obvious� because the GB�splines Bj�k are nonnegative�

Lemma �� If bj�k � bj���k �bj�k � bj���k�� j � �k � �� � � � � N � �� k � �� � � � � n�
then the function S is monotonically increasing �decreasing��

Proof� According to formulae ��	� and ����� we have

S��x� �
N��X

j��k��

b
���
j�kBj�k���x�� b

���
j�k �

bj�k � bj���k
cj�k��

Because the GB�splines Bj�k��� k � �� � � � � n are nonnegative� the formula above
and Lemma � imply that S is monotonic� This proves the lemma�

Lemma �� If b
���
j�k � b

���
j���k �b

���
j�k � b

���
j���k�� j � �k � �� � � � � N � �� k � �� � � � � n�

then the function S is convex downwards �upwards��

Proof� By virtue of ��	� and ����� we have

S���x� �
N��X

j��k��

b
���
j�kBj�k���x�� b

���
j�k �

b
���
j�k � b

���
j���k

cj�k��
��
�

Because the GB�splines Bj�k��� k � �� � � � � n� are nonnegative� taking into account
Lemma � we obtain that S is convex� This proves the lemma�

Let Z
a�b��f� denote the number of isolated zeros of a function f on the interval
�a� b��
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Lemma �� If the generalized spline S�x� �
PN��

j��k�� bj�kBj�k�x�� k � �� � � � � n is
not identically zero on any subinterval of �a� b�� then

Z
a�b��S� � N � k � ��

Proof� According to ��	� and ������ for x � �xi� xi��� we have

S�k����x� �
N��X
j���

b
�k���
j�k Bj���x� � b

�k���
i���k�

�n���
i�n �x� � b

�k���
i�k �

�n���
i�n �x�

This function has at most one zero on �xi� xi���� because the functions �
�n���
i�n and

�
�n���
i�n are monotonous and nonnegative on this subinterval� Hence Z
a�b��S

�k���� �
N � Then� according to Rolle�s theorem ����� we �nd Z
a�b��S� � N � k � �� This
proves the lemma�

Denote by supp Bj�k � fxjBj�k�x� 
� g� k � �� � � � � n� the support of GB�spline
Bj�k� i�e� the interval �xj � xj�k��

Theorem �� Assume that ��k�� � ��k�� � � � � � �N��� k � �� � � � � n� Then

D � det �Bj�k��i�� 
� � i� j � �k � �� � � � � N � �

if and only if
�j � supp Bj�k� j � �k � �� � � � � N � �� ����

If condition ��� is satis�ed� then D � �

Proof� Let us prove the theorem by induction� It is clear that the theorem holds
for a single basis function� Assume that it also holds for l � � basis functions� Let
us show that if ���� is satis�ed� then D 
�  for l basis functions�

Let �l �� supp Bl�k� If �l lies to the left �right� with respect to the support
of Bl�k then the last column �line� of the determinant D consists of zeros� i�e�
D � � If �l � supp Bl�k and D � � then there exists a nonzero vector c �
�c�k���k� � � � � cl�k�k� such that

S��p� �
l�kX

j��k��

cj�kBj�k��p� � � p � �k � �� � � � � l� k�

i�e� the spline S has l isolated zeros� But this contradicts Lemma �� which states
that S can have no more than l � � isolated zeros� Hence c �  and D 
� �

Now it only remains to prove that D �  if ���� is satis�ed� Let us choose
xp � �p � xp�� for all p� Then the diagonal elements of D are positive and all the
elements above the main diagonal are zero� i�e� D � � It is clear that D depends
continuously on �p� p � �k��� � � � � l� k� and D 
�  for �p � supp Bp�k� Hence the
determinant D is positive if condition ���� is satis�ed� This proves the theorem�

The following three statements follow immediately from theorem 
�
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Corollary �� The system of GB	splines fBj�kg� j � �k��� � � � � N��� k � �� � � � � n�
is a weak Chebyshevian system in the sense of ���� i�e� for any ��k�� � ��k�� �
� � � � �N�� we have D � � and D �  if and only if condition ��� is satis�ed� If
the latter is satis�ed� then the generalized spline

S�x� �
N��X

j��k��

bj�kBj�k�x�� k � �� � � � � n�

has no more than N � k � � isolated zeros�

Corollary 	� If the conditions of Theorem � are satis�ed� the solution of the
interpolation problem

S��i� � fi� i � �k � �� � � � � N � �� fi � IR ����

exists and is unique�

Let A � faijg� i � �� � � � �m� j � �� � � � � n� be a rectangular �m	n� matrix with
m � n� The matrix A is said to be totally nonnegative �totally positive� ��� if the
minors of all orders of the matrix are nonnegative �positive�� i�e� for all � � l � m
we have

det�aipjq � �  �� � for all � � i� � � � � � il � m

� � j� � � � � � jl � n�

Corollary 
� For arbitrary integers �k � � � 
�k�� � � � � � 
l�k � N � � and
��k�� � ��k�� � � � � � �l�k� k � �� � � � � n� we have

Dl � detfB�j �k��i�g � � i� j � �k � �� � � � � l� k�

and Dl �  if and only if

�j � supp B�j�k� j � �k � �� � � � � l� k�

i�e� the matrix fBj�k��i�g� i� j � �k � �� � � � � N � � is totally nonnegative�

The last statement is proven by induction on the basis of Theorem 
 and the
recurrence relations for the minors of the matrices fBj�k��i�g� k � �� � � � � n� The
proof does not di�er from that described by Schumaker �����

Since the supports of GB�splines are compact� the matrix of the system ����
is a banded matrix and has �k� � nonzero diagonals in general� If the knots of the
spline xi� i � �k� �� � � � � N � �� are placed in a suitable manner� then the number
of nonzero diagonals of this matrix can be reduced to k � ��

De Boor and Pinkus ��� proved that linear systems with totally nonnegative
matrices can be solved by Gaussian elimination without choosing a pivot element�
Thus� the system ���� can be solved e�ciently by the conventional Gauss method�

Denote by S��v� the number of sign changes �variations� in the sequence of
components of the vector v � �v�� � � � � vn�� with zeros being neglected� Karlin ���
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showed that if a matrix A is totally nonnegative� then it decreases the variation�
i�e�

S��Av� � S�v��

By virtue of Corollary �� the totally nonnegative matrix fBj�k��i�g� i� j � �k �
�� � � � � N � �� k � �� � � � � n� formed by the GB�splines decreases the variation�

For a bounded real function f � let S��f� be the number of sign changes of the
function f on the real axis IR without taking into account the zeros

S��f� � sup
p

S��f����� � � � � f��p��� �� � �� � � � � � �p

Theorem �� The generalized spline S�x� �
PN��

j��k�� bj�kBj�k�x�� k � �� � � � �
n is a variation diminishing function� i�e� the number of sign changes of S does
not exceed the one in the sequence of its coe�cients

S�IR

� N��X
j��k��

bj�kBj�k

	
� S��b�� b � �b�k���k� � � � � bN���k�

Proof� We use the approach proposed by Schumaker ����� Let S��b� � d� �� Let
us divide the coe�cients bj�k into d groups�

b�k���k� � � � bk��k� bk����k� � � � � bk��k� � � � � bkd���k� � � � � bN���k

In each group at least one coe�cient is not zero� and all the nonzero coe�cients
have the same sign�

Putting k� � �k and kd�� � N � �� we de�ne the function

 Bj�k�x� �

kj��X
i�kj��

jbi�kjBi�k�x�� j � �� � � � � d�

Then for arbitrary �� � �� � � � � � �d we have

det
�
 Bj�k��i�

�d
i�j��

�
k�X

���k���

� � �

kd��X
�d�kd��

jb���kj � � � jb�d�kjdet�Bj�k��i�� � 

i � �� � � � � d� j � 
�� � � � � 
d� k � �� � � � � n

by virtue of Corollary � and because at least one coe�cient bi�k is not zero in each

group� It is clear that we can choose �� � �� � � � � � �d such that det�  Bj�k��i�� � �

Hence the functions  Bj�k are linearly independent�
Assume that � � �� is the sign of the �rst group of the coe�cients bi�k� Let

us take  bi�k � ����i���� i � �� �� � � � � d� Then

 S�x� �
dX

i��

 bi�k  Bi�k�x� � S�x� �
N��X

j��k��

bj�kBj�k�x��
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Applying Lemma �� we obtain

Z
� N��X
j��k��

bj�kBj�k

�
� Z

� dX
i��

 bi�kBi�k

�
� d� �

� S��b�k���k� � � � � bN���k�� k � �� � � � � n�

This proves the theorem�
The statement of theorem � can be re�ned� namely we can point out a relation

between the point at which the spline changes its sign and the corresponding spline
coe�cient� The coe�cient corresponds to the GB�spline whose support includes
the point of the sign change �see ������

Theorem �Assume that the inequalities ����iS��i� � � i � �� �� � � � � d� are valid

for the generalized spline S�x� �
PN��

j��k�� bj�kBj�k�x� at some �� � �� � � � � � �d�
Then there exist �k � � � j� � j� � � � � � jd � N � � such that

����ibji�kBji�k��i� � � i � �� � � � � d

The proof of this statement does not di�er from the proof of the corresponding
theorem for polynomial B�splines �����

�� Invariance of Generalized Splines with Respect to

A�ne Transformations

In some applications of spline approximation we encounter a�ne transforma�
tions of the independent variable� �x � px � q� where p 
�  and q are constant�
It is well�known that the usual Lagrange!Newton� Chebyshev� etc� polynomials
are invariant with respect to such transformations� Let us show that generalized
splines also have this property�

Let �SG
n be a set of generalized splines on the mesh �� � f�xi j �xi � pxi � q� i �

� � � � � Ng which is obtained from the linear space SG
n by a�ne transformation of

the variable x�

Theorem ��� An approximating generalized spline S � SG
n is invariant with

respect to a�ne transformations of the real axis IR � �������

Proof� The function Bj�� in ��� can be written in the form

Bj���x� �

�����
����

�
�n���
j�n

�x� xj
hj

�
� xj � x � xj���

�
�n���
j���n

�x� xj��

hj��

�
� xj�� � x � xj���

 otherwise�

where

�j�n
�x� xj

hj

�
hn��j � �j�n�x�� �j���n

�x� xj��

hj��

�
hn��j�� � �j���n�x��
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Using the change of the variable �x � px� q we get

�
�n���
j�n

�x� xj
hj

�
� �

�n���
j�n

� �x� �xj
�xj�� � �xj

�
�

�
�n���
j���n

�x� xj��

hj��

�
� �

�n���
j���n

� �x� �xj��

�xj�� � �xj��

�
�

Therefore� Bj���x� � �Bj����x�� Let the equality Bj�l�x� � �Bj�l��x� be ful�lled for
l � k � � � n �k � �� � � � � n�� By virtue of the recurrence relation ��� we have

Bj�k�x� �

Z x

xj

Bj�k�����

cj�k��
d� �

Z x

xj��

Bj���k�����

cj���k��
d��

k � �� � � � � n�

with

cj�k�� �

Z xj�k��

xj

Bj�k�����d��

Using the substitution �� � p� � q we obtain by induction

cj�k�� �

Z �xj�k��

�xj

�Bj�k������
�

p
d�� �

�

p
�cj�k���

Bj�k�x� �

Z �x

�xj

�Bj�k������

�cj�k��
d�� �

Z �x

�xj��

�Bj���k������

�cj���k��
d�� � �Bj�k��x��

k � �� � � � � n�

If now S � SG
n and �S � �SG

n are approximating splines on the meshes � and
�� respectively� connected by an a�ne transformation �x � px � q� then by the
uniqueness of the spline representation as a linear combination of GB�splines we
obtain

S�x� �
X
j

bjBj�n�x� �
X
j

bj �Bj�n��x� � �S��x�� ���

Therefore� the approximating generalized spline S is invariant with respect to a�ne
transformations of its variable� This proves the theorem�

It was shown above that Bj�k�x� � �Bj�k��x�� k � �� � � � � n� By di�erentiation of
this equality we obtain

d

dx
�Bj�k�x�� �

d

dx
� �Bj�k��x�� �

d

d�x
� �Bj�k��x��

d�x

dx
� p �B�j�k��x���

k � �� � � � � n�

Di�erentiating now the equality ���� we can write down

S��x� �
X
j

bjB
�
j�n�x� �

X
j

bjp �B
�
j�n��x� � p �S���x��

By repeated di�erentiation of the last and next to last equalities we arrive at

S�r��x� �
X
j

bjB
�r�
j�n�x� �

X
j

bjp
r �B

�r�
j�n��x� � pr �S�r���x��

r � �� � � � � n� ��
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�� Local Approximation by GB�Splines

Using the locality of GB�splines one can reduce the representation of a spline
S as a linear combination of GB�splines ���� for k � n to the form

S�x� �
iX

j�i�n��

bj�nBj�n�x�� x � �xi� xi���� i � � �� � � � � N � �� ����

Theorem ��� The restriction ���� of the spline S to the interval �xi� xi��� can be
written in the form

S�x� � Pi�n���x� � b
�n���
i���n�i�n�x� � b

�n���
i�n �i�n�x�� ����

where

Pi�n���x� �
i��X

j�i�n��

bj�n

i�jX
l���

B
�n���
j�n �xj�l��

n��X
r��

z
�r�
j�l��n

�x� xj�l��
r

r�

b
�k�
j�n �

b
�k���
j�n � b

�k���
j���n

cj�n�k
� k � �� � � � � n� �� b

���
j�n � bj�n� j � i� n� �� � � � � i�

Proof� We use induction on n� According to formula ���� the representation ����
holds for n � �

S�x� � bi����Bi�����x� � bi��Bi���x�

� bi�����i���x� � bi���i���x�� x � �xi� xi����

Suppose that ���� holds for n � l � �� Then for n � l one has from ����

S�x� �
iX

j�i�l��

bj�lBj�l�x�� x � �xi� xi����

Using ��� for n � l� one obtains

S�x� �
iX

j�i�l��

bj�l�Pj�i�j�l���x� � B
�l���
j�l �xi��i�l�x� � B

�l���
j�l �xi����i�l�x��

� Pi�l���x� � I� ����

where according to ���

Pi�l���x� �
i��X

j�i�l��

bj�l

i�jX
l���

B
�l���
j�l �xj�l��

l��X
r��

z
�r�
j�l��l

�x� xj�l��
r

r�
����

and

I � �i�l�x�

i��X
j�i�l��

bj�lB
�l���
j�l �xi� � �i�l�x�

iX
j�i�l��

bj�lB
�l���
j�l �xi����
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By applying the formula of di�erentiation ���� one gets

I � �i�l�x�
i��X

j�i�l��

bj�l

hB�l���
j�l�� �xi�

cj�l��
�

B
�l���
j���l���xi�

cj���l��

i

��i�l�x�
iX

j�i�l��

bj�l
hB�l���

j�l�� �xi���

cj�l��
�

B
�l���
j���l���xi���

cj���l��

i

� �i�l�x�
h
bi�l���l

B
�l���
i�l���l���xi�

ci�l���l��
�

i��X
j�i�l��

bj�l � bj���l
cj�l��

B
�l���
j�l�� �xi�

� bi���l
B

�l���
i�l�� �xi�

ci�l��

i

��i�l�x�
h
bi�l���l

B
�l���
i�l���l���xi���

ci�l���l��
�

iX
j�i�l��

bj�l � bj���l
cj�l��

B
�l���
j�l�� �xi���

� bi�l
B

�l���
i���l���xi���

ci���l��

i
� ��	�

Because B
�l���
i�l���l��l���xi�l�� � B

�l���
i�l��l���xi�l�� � � l� � � �� the expression ��	�

can be rewritten in the form

I � �i�l�x�
i��X

j�i�l��

b
���
j�l B

�l���
j�l�� �xi� � �i�l�x�

iX
j�i�l��

b
���
j�l B

�l���
j�l�� �xi���

with

b
���
j�l �

bj�l � bj���l
cj�l��

� j � i� l� �� � � � � i�

By the assumption of induction however�

i���l�X
j�i��l����l�

bj�l��B
�l���
j�l�� �xi�l�� � b

�l���
i���l��l��� l� � � ��

Therefore� one gets

I � b
�l���
i���l�i�l�x� � b

�l���
i�l �i�l�x�

and using ����� we can write down ���� in the form

S�x� � Pi�l���x� � b
�l���
i���l�i�l�x� � b

�l���
i�l �i�l�x��

This is formula ���� in the assertion of the theorem for n � l� This proves the
theorem�
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Theorem ��� In formula ���� the polynomial Pi�n�� can be written in the form

Pi�n���x� �
n��X
k��

b
�k�
i�n���k�nQ

�n���k�
i�n�� �x��

where

Q
�k�
i�n���x� �

���
��
Qi�n���x��ci����� k � �

Q
�k���
i���n���x��Q

�k���
i�n���x�

ci�k���k��
� k � �� �� � � � � n� ��

Qj�n���x� �
n��X
l��

z
�r�
j�n

�x� xj�
r

r�
� j � i� n� �� � � � � i� Q

�n���
i�n�� �x� � ��

This assertion is new even for polynomial splines� and can be proven by
induction�

� Examples

Let us give examples of the de�ning functions �i�n�x� and �i�n�x� in ����
which are most commonly used� In the examples given below they depend on the
parameters�

�i�n�x� ��i�n�t�h
n��
i � �n�pi� �� t���hi�

n���

�i�n�x� ��i�n�t�h
n��
i � �n�qi� t�h

n��
i �

where t � �x� xi��hi and  � pi� qi ���
By de�nition � the function �i�n�t� satis�es the conditions

�
�r�
i�n�� � � r � � � � � � n� �� �

�n���
i�n ��� � �� ����

��� Rational splines�

�i�n�t� �
tn��

�n� ���

C��n�qi�

� � qi��� t�
� C����n �

n��X
j��

Cj
n��

qji
j � �

�

where Cj
n�� �

�
n� �
j

	
is the usual binomial coe�cient�

��� Exponential splines�

�i�n�t� �
tn��

�n� ���
e�qi���t�C��n�qi�� C����n�qi� �

n��X
j��

Cj
n��

qji
�j � ���

�

��� Hyperbolic splines�

�i�n�t� �
"i�n�t�

qn��i sinh�qi�
�
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where

"i�n�t� �

����
���

sinh�qit��
Pm��

j��
�tqi�

�j��

��j � ���
if n � �m�

cosh�qit��
Pm��

j��
�tqi�

�j

��j��
if n � �m� ��

��� Splines with additional nodes�

�i�n�t� �
� � qi
�n� ���

�
t�

qi
� � qi

�n��
�

�

If we take �i � ���pi�
�� and i � �����qi�

��� then the points xi� � xi��ihi
and xi� � xi � ihi �x the positions of two additional nodes of the spline on the
interval �xi� xi���� By moving them� we can go from a spline of the order n to a
spline of the order n� ��

The constants Ck�n�qi�� k � �� �� in the expressions for the function �i�n�t�

above are calculated from the condition �
�n���
i�n ��� � � in �����
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