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Boolean Expressions and Boolean Functions Ch.3-2
Identifies of Boolean Algebra Ch.3-3
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Ch.8-13

Exercise Set4-1



Ch. 1 Logic-1

<
unn1
4

4 9
ATINEEASLUDIO® {(Introduction to Logic)
AIINENFAT A ma@z‘fﬁ"nz\mﬁwé“nmmcﬁmsﬁmwmgﬂa

11 Propositional Logic (A53ngi@ailsenaii)

=> 1J3ewail (Proposition) fn Taa213 (Statement) wiatszlua (Sentence) fitin

L7
av

= -1 = 1 1 A ] D‘: E N s
aSnTariastelaodenitayiig asdunsgasastelyle

Ex.1 aratnaszloaiiiudszwail

1. nyanwy Liwisanasvesdsaneng

2. winalulafgond agludimiauarnofun
3. 1+1=2

4, 2+2=3

Ex.2 Ansmselondaluil

1. wnsihdunsurinle

2. BunIRed g ue

3. x+1=2

4. X+y=z

“luda 3, 4 unudremudsazdulsewal

=> mlfardnuslunisunudszwayl (Propositional variable) anwsfifiesls 14
p,g.r.s,...

=> 1Fia1ua3e (Truth value) lumaiwnadndszwasd da lu T (adueds uas
dlu F el

v o =l — i 4 A
Bea 1 1 p iduddsewast fuwmues p fa —p (wie p) dudses laldnsdiadu pr

P L I § a <,
Ex.3 willgrvaIdszwanni qu%LﬂuQHﬂﬂi

F-Y = 4 w3 A‘ Qs o & " L = P= Qe 5‘"

Sol. #niienw 1 fuasvastszwant “Iubiduwiugns” fo “lildnsdiaiuiliduiugns
- : L ae AW g &,
Fodowine g lein “Sudldleduand
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Ch. 1 Logic -2
. o b “ X
Ex. 4 williasvasilszweil “duanat1aia (at least) 10 gninenffafilasaini
Foy & & “ ¥ [} Al ¥ @ E:‘P P o Al"
Sol. wpvasdszwan fe “lilgnsdifiduanatnaton 10 gnunedfiafilasnsiui

] f cgl |ﬁl o 3
U “WuAnitosni (less than) 10 gmnafiai Insaiuil

AN iianuadlszweyd (Negation of a proposition) Aa

14 —P
T F
F T

Y o A o
P 2 I pURE Q iWudsewad msigay p W&z q (conjunction of p and q) g pAg

Wuiszwatt “nd p uaz g

‘ﬂl ‘ A =] &l 2 gu 6‘1] <t 18 - A’ n
Ex.5 winafenwasdszwai p uaz q tie p Aa “uidugn’ q Aa “Tuitduan
P e 2 4 o b ¢
Sol. MuaNveIlTWIR p Uaz q Aa pag T pag (Dudszwan TURIUANIURE
-
TuRNuan”

ATHANRNNITIVBIN W aNRaILUsEWAE (Conjunction of two proposition) fia

P q PAg
T T T
T F F
F T F
F F F

wea 3 18 p use g iilwiszwarl mmBen p uss g (disjunction of p and q) #a pv g

Wutlszwad “p wla g

Ex.6 maifan (disjunction) SRR prAlo p RS q lu Ex. 5 fioazls
= & = A4 A -4 ¢ & o g "
Sol. myILRanvaIlIENaL plRcqaa pvyg Fanatszwai qumuqmmmuuﬂmﬂ

ANTAIANNITIvaINITIRENEBITEwaN (Disjunction of two proposition) fia

423202 Discrete Structure, CPE, SUT




Ch. 1 Logic-3

P q pvg
T r T
T F T
F r T
F F F

= < ¥ L] & . 1=
Raa 4 nafanadalaadronils (exclusive or) UBd p Uaz g Aa p@yq

AT WANAINUITIVDY exclusive or FaIUTENINAS

P q p@g
T T F
T F T
F T T
F F F

fga 5 Uszloadanly (conditional statement) p — g fia Ysswalt “1 p uds o

ATIWNAINNITIS p o g fB

P q P4
T T T
T F F
F T T
F F T

Ex.7 @anudslun p— ¢ e p unu FMWIREUATATALLN” UAz g unu GHRTREH

I&ane

423202 Discrete Struciure, CPE, SUT




Ch. 1 Logic-4

L5 =l = 9 @ C:l:l
Sol. p— g @ “HgmwiSsudsaiauanudigniwsazldmung
2 i a o A a & o . ™~
* fnsdllnuiafidueSenduwlyldfezifiadn Wldasedinnuaieues
p - g Wrglunsiany

a | . L o =
e 6 Uszluadanly (viconditional statement) p <> ¢ fia Uszwayl “p Aidaudia o

ATNAIBNUITIUBY p & ¢ fD

P q Pyg
T T T
T F F
F T F
F F T

L = ok a6 P . A a 6 2 2l
Ex. 10 ‘L‘H D A "i‘;ﬂf}’ﬂ:‘l@lud‘mﬂli LR g 72 a8 TafITnNIY WaT p <> g A
2 ab o E& = & o [
Sol. “’ﬂﬂH%Siﬂ%diﬂﬂ?gﬂﬂmﬁaﬁ)aU“ﬁﬂ@niﬂﬂ’l‘g”

< ?E%ﬂﬁﬁﬂ?quﬂ"m(ﬂ’ﬁﬁdﬂlﬁﬂﬁ'mﬁl%ﬂ >

dytanseananuais
P q —p pPArg pvgqg | p®q | poq | perg
T T F T T F r T
T F F F T T F F
F T T F T T T F
F F r F F F T T

423202 Discrete Structure, CPE, SUT



Ch. I Logic -5
1.2 @7179AIAN9sItadlsewailsznay (Compound Proposition)

Ex. 11 23a3Neraayasuasdsewatidsznou

(pv-)—=>(pArg)
& k) =) s Qur AJ
Sol. E«ﬁ’lﬂ@l'ﬁ’wﬂ’lﬂ?’l&ﬁ}‘iﬂ@ Ji
D q —q pv—q pAg (pv—qg)>(pArg)
T T F T T T
T F T T F F
F T F F F T
F F T T F F
Homework

1. RFINTNAINMIRTIIN (p® ) o> (PAg)
2. WETHMTHAIAMNITVI (p < @)V (=g € F)

1.3  Logic and Bit Operation (A35nsuazn1sANRUNIIVILA)

A WAIAIINITITOY Bit Operation OR , AND ILaz XOR

X y xXvy XAY Dy

0 0 0 0 0

0 1 1 0 1

1 0 1 0 1

1 1 1 1 0
T->1 F->0

423202 Discrete Structure, CPE, SUT



Ch. 1 Logic-6

1.4 Propositional Equivalences (N7aayanuuadlszwa)

AIBHNAITNAIAINIFIUBS —p Vg UAE p~> g

P q P pvVyg p—>q
T r F T T
T F F F F
F T T T T
F F T T T

*Funai —pvg MU p - g Sienuaiviassiulunnned dau
—pVvg T p—>g ANNANWITINTING

(logically equivalent)

WeBMnuaI —pvg=p-—>gq

423202 Discrete Structure, CPE, SUT



Ch. 1 Logic-7

a1319851 Logical Equivalence 1

Equivalence Name
AT =
? i ldentity laws
pvFE=p
pvl=T
Domination laws

pAF=F
pAp=Ep
pvp=p ldempotent laws
—~(-p)=p Double negation laws
Pv4g=qvp
PAGEGA P Commutative laws

(pva)yvr=pv(gvr)
(pAgynr=pAa(gnar)

Associative laws

pvgar)=(pvgr(pvr)
palgve)=(pagv(pnar)

Distributive laws

~(pAg)=-—pV—g
—(pVvg)=—pAr—g

Pe Morgan's laws

* Absorption laws

pv(pAg)=p
pr(pvg)=p
pv—p=T
pr-p=F

Negation laws

@i’!‘i’]{iﬂ‘gﬂ Logical Equivalence fitigIny Conditional Statements

prg=-pvyg *F

P> q=—ag—>-p
pvg=—-p—>q
pag=E—(p—>-—gq)
P=2gArpo>r)sp>@nr)
(p=>rin(g=ry=(pvg)—>r
(p=2>q9)vip—>r)sp—>(gvr)
(poryvig—ory=(pag)—>r

423202 Discrete Structure, CPE, SUT



Ch.1 Logic -8

m’li‘mﬂ‘gﬂ i_ogical Equivalence ﬁtﬁ“&ﬂﬁ“v Biconditional Statements
Ppoq=(p>9Ag>p)s-g>-p=(pAg)v(=pA=g)
peg=speg=-poyg

Ex. (Ex.6 in Text-p.26)

WUFMIFAUI —(p = g) = pA—g

Sol. —=(p—q) =—=(—pvVvg) NHNITTUYR
= wa(—p) A g De Morgan’s laws.
=pA—g Double negative laws

Ex. (Ex.8 in Text-p.27)

WUEMAAWI (pAg) = (p v q) ludaatisuas

Note: #aafiiuas Ao 1Duase (T) 1aue

Sol. (prg)—>(pve) ==(prg)v(pvg)
=-pVvogVv(pvyg)

(—pvpIvi(=gvyg)

=TvT

=T

* Homework ¥inAu e Ex.7 in Text-p.26

423202 Discrete Structure, CPE, SUT




Ch.2 Set-1

o
Unn 2
LA (Set)
21 BUNDAITA
He 1y 1 mﬁamﬁwLﬂuna;umaai'ﬂqttuﬁ”lajt‘%'mqéwm“u
e 2 Jagnagluiwaiundt aandn (element wia member)

AIBH1IVDILTR

Ex.1 |lo@28dassiumsadngw

V ={a,e,i,o,u}

o =3 Gi j e L
Ex.2 la@arsdniuinanawinniagnit 10
0 ={1,3,5,7.9}
o ol A o .
={x |x Dudwnauinfiesndy 10}
o ot
={xeZ" |x uiwuduaz x <10}
e Z* ={1,2,3,...}

Ex. 3 Lﬁmﬁusj KT
N ={0,1,2,3,4,...} iluimauasdnwiuil (Natural numbers)
Z=4{..,—2,-1,01,2,...} uiravaisruinidy (integers)
O={plqlpeZrgeZnqg=0} \duravasimwinassne: (Rational numbers)
R iulareuass uinaie (Real numbers)

Ex. 4 @208 TR00TR

o £ 1 Gr l:l = £ bailad
Wwarad {N,Z,0, R} S wanaandniyvinny 4 lasnaundnudazaaniduses

w1 3 gAYl a daandnniauny o

A=B o Vx{x|xe A< xe B}

423202 Discrete Struciure, CPE, SUT




Ch.2 Set-2

Ex.5 Wosovuoadaludl
{1,3,5}
{3,5,1}
{1,3,3,3,5,5,5}
vamuaalumafritwnefandnmiiautu

Hea 4 e A4 1wiamdag (subset) 1a3wa B (A4 < B) fidalile sngnynda

189 4 dusnndnuadan Beg wuda AC B> Vif{xe 4 > x e B)

une A il subset ¥ (proper subset) U84 B 12 1@ A4 11l subset 189 B L
A# B \Jduulnudis 4 < B

wuAa A 1w proper subset 99 B @

Vi(xeAd—->xeB)adx(xe Baxg A)

Ex. 6 @rathivadiaatay (subset)

- wazasiwndufuanfitasndn 10 Wu subset BadiRYBITIMIMENLIN
#aunit 10

- ERYAITIWINATINAZLE W sebset BB T1UIUT

- RIS WIRENANIAIanTINaaNR@aT 11 subset Tatindnmnlu
fFundriansiumans

- auaddszrirunanualulasmiiu subset astvErTURIRua lla s
(subset §12L89)

]
= =t

naufh 1 dmiuwe S lag azlah
Mecs
2) Sc s

By 5 W s e drdwruandnlu Si # @9 Auendwns Sonaa S0

o W da (e = %
Wwaadnafdawiarinny nawiees § Wanunudas | S|

423202 Discrete Structure, CPE, SUT




Ch.2 Set-3

WM 6 1§ 1w ud? power set 189 S Aa LAUY subset YIWNAVANTA S

Wiwinuals P(S)

Ex.7 @208 NUUIALT6
o 3 = AA ar 3 L 2]
- Adwaassiwwanuandntesonia 10 2:ld4n | Al=5

- Silwaravasdadneslumsnaingy alddn | S =26

- 19i=0

Ex. 8 39%1 power set vadloa {0,1,2}

P({0,1,2}) = {¢,{0}.{1},{2}.{0,1},{0,2},{1,2},{0,L,2}}

22 MIALARNTITUWLEG (Set Operation)

o . & ]
N T W 4 uaz B Wuksa N7 union Yaulwa A waz B eim AU B o3

AUB={x|xe Avxe B}

Venn diagram 1789 A B @

\Wa U 1w Universal set (<@g adiannm

Q- A [
RUNNT)

Ex.9 ™7 union nurasiaa {1,3,5) uss {1,2,3} fa {13,5}U{1,2,3} = {1,2,3,5}

423202 Discrete Structure, CPE, SUT




Ch.2 Set - 4

=) 5 N ' &
Weta 8 W A4 uaz B tilule NT intersection VaatTa A waz B fa AN B T3

ANB={x|xe Arxe B}

Venn diagram 984 AN B fa 74

(fla U D Universal set (L@adtannu

G g

FUNNT

Zp

Ex. 10 N5 intersection nuvadaa {1,3,5) uar {1,2,3} da {1,3,5)"{1,2,3} = {1,3}

Hea 9 LHRFaITAL disjoint NWHNNT intersection UBITARILITULTATV

{empty setf)

Ex. 11 1% 4={1,3,579) uaz B={2,4,6,8,10}
“AnB=¢
<. A uaz B i Disjoint N

Py [ Pl
He1310 1% Auaz Bidura | difference 89 Aus: Bha A—B &9

A-B={x|xeAnrxe B}

e a . ’
TdENA3EN A -8 1 Q/
Complement 484 B (ilaifiwuny A

Venn diagram 84 4 — B @a

Ex. 12 Difference w83 {1,3,5} usz {1,2,3} fa {1,3,5}—{1,2,3} = {5}
Difference w84 {1,2,3}uaz {1,3,5} @n {1,2,3}-{1.3,5} = {2}

423202 Discrete Structure, CPE, SUT




Ch.2 Set-5

) ” 4
DYRIVEE W U Iy Universal set us? Complement 283 4 fia 4 4

A={x|xe 4

4 ~ —
Tioaduw A4 1w U~ A4

Venn diagram wa9y 4 @a

7

Ex.13 W A dulaausssruiwdnuinfiuinnit 10 (ila Universal set @s 1aa89d 1171
W@NLIN) 290 A4
aldin 4 ={1,23,..10}

423202 Discrete Structure, CPE, SUT



Ch.2 Set-6

23 mmvAwYadna (Set Identities)

Identity Name
Avug=4

identity laws
AnlU =4
AulU=U
Ang=¢ Domination laws
AuAd=A4

Idempotent laws
AmAd=A
@ =4 Complementation laws
AUB=BuA

Commutative laws
ANnB=BnNnA4

AvBuC)y=(Avu BHuC

Associati
AN(BNC)=(ANB)NC ssociative laws

AN(BUC)=(ANB)U(ANC)

Distributi
AU(BNCYy=(AUB)N(AU() istributive laws

AUB=ANEB
- De Morgan's laws
ANnB=AUBRB
AVv(AnNB)=A4 Ab ion |
AN(AUB) = A sorption laws
AUAd=U

- Complement laws
AMA=¢

Ex.14 33Wgaingves De Morgan AnB =4 U B lagld ngmiviiusassauasian

IWajlugyl Set builder

Sol. ANB ={x|xg AN B) N1y zad Complement
={x|=(xe(4dn B)} fonuwasmIldidluaungn
={x|=(xedrxe B)} #y1u289 Intersection

={x|=(xe Ayv—~(xe B)} npUsy De Morgan

={x|x¢ AvxeB} fionuyasmstiidusunsn
={x|xe AvxeB) #1289 Complement

={x{xe AUB) #810284 Union

=AUB N3 Union 91n3uuad Set builder

423202 Discrete Struciure, CPE, SUT



Ch.2 Set-7

ExA5 1% 4, Buaz C 1w 990807

AU(BNC)=(CUBYNA

Sol. AU(BNC) =AnBNO) nHvay De Morgan
=ANBUC) ngve9 De Morgan
=(BuC)nA Commutative law U84 N7 Intersection
=(CUBYNA Commutative law 284 113 Union

2.4 AT Unions Lag N5 Intersection Luuvia byl

{Generalized Unions and Intersection)

Venn diagrams 184 AV BUC waz ANBNC

74 W

s

AvBuC AnBnC
o " n
WweN 12 113 Union NUIINANVBILTR B 4 U A, V..U A4, = UA:
i=]
a - - 13
weu 13 N3 Intersection NUVBINANVENTA A8 A4 N A, NN 4, = ﬂA,.

=i

423202 Discrete Structure, CPE, SUT



Ch.2 Set- 8

Ex16 suyd 4 ={1,23,..1} fla i=123..
wladn 4, = (1}
A, ={1,2}

A4, =1{1,23,..,1}
UA;‘ = {132:39--'3i} = {13253’} = Z+

i

i=

A4, =

[

s

1,23, = {1}

i

¥

s

Homework:  fwualw 4, ={,i+1i+2,..}

TR ﬁAi (1} OA,.
i=1 im=]

423202 Discrete Structure, CPE, SUT



Ch. 3 Boolean Algebra -1

UNN 3

Boolean Algebra

a £ ] A ks ar A
Boolean algebra (Jumsdufiumsuazngeng g fitananlfauniy set vad {0,1} $9 0 wia

1 an99:tdu input %38 output lmwwaaqﬂmri electronic @196 LHWABINUALI9DT LY

computer

3.1 Boolean Functions

= 1% B = {0,1} , Boolean sum , Boolean product iz Boolean complement a3

o U Qs gd
element 184 B vualRasiae

Boolean sum t+1=1 , 1+0=1 , 0+1 =1, 040 = O
Boolean product : i«1=1 , 10=0, 01=0, 0:0=0

Boolean complement : 1=0 , 0=1

Note : 612849 Boolean asFUWHINL fogical operators fa

T—>1,F—=>1

Ex.1 391A128d 10+ (0+1)

Sol. 160+ (0+1) = 0+1
0+0
0

Ex.2 2ulas 10+ (0+1) =0 vlﬂaglugﬁmm logical equivalence.
Sol. Wiy 1T, 0F

+(sum) - V , e(product) > A , — (complement)— —
te0+ (0+1) =0 ulasididu

(TAF)v—-(TvF)=F

Ex.3 a4uUsd logical equivalence (T AT)v —F =T liiil Boolean algebra
Sol. (le1)+0 =1
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Ch. 3 Boolean Algebra -2

3.2 Boolean Expressions and Boolean Functions
= 1B ={0,1) ud? B" ={(x,,X;,.,X,}|x, €B for I<i<n} dudavas
& A o & ' : Fr
n-tuples Navuaidwlldvas o uaz 1 Ga5un x 31 Boolean variable wazWInTwan

B" — B #iuiSunin Boolean function of degree n.

Ex.4 Function F(x,y) = x§ \IJ% Boolean function of degree 2 ‘ﬁi F(1,1y=0 , F(1,0) =1
, F(0,1)=0 uax FO,00=0 @IA1719

x |y | ¥ Fxy)

1 1 0 0

1 0 1 1

0 1 0 0

0] 0 1 0
Ex.5 AIA1289 Boolean function F(xy,z) = xy + z

Sol. #1984 Boolean function UEGIAIATITI

X y y4 Xy 7 F{x,y,z} = xy + z
1 1 1 1 0 1
1 1 0 1 1 1
1 0 1 0 0 0
1 0 0 0 1 1
0 1 1 0 0 0
0 1 0 0 1 1
0 0 1 0 0 0
0 0 0 0 1 1
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Ch. 3 Boolean Algebra - 3

3.3 ldentities of Boolean Algebra

Identities Name

:: < Law of the double complement

X+X=X ldempotent laws

XeXmX

Xx+0=x Identity faws

xel=x

X+1=1 Domination laws

xe0=0

X+y=y+x ;
Commutative laws

Xy = yX

X+(y+)=(X+y)+z
x(yz) = (xy)z

Associative laws

X+yZ=(X+y}x+2z)

X(y +2Z) =Xy + Xz

Distributive laws

Xy)=x+y

(i WX, De Morgan's laws

(x+y)=xy

X+Xy=X .
Absorption laws

X(x+y)=x

+x =1 Unit Property

xx =0 Zero Property

Ex.6 URAIbALAWI Distributive laws

x(y +z) = xy + xz 1Juada

Sol. waaslauldarTIuand uay Boolean Function lede

X Y P4 y+z Xy Xz x(y+z) Xy+XzZ
1 1 1 1 1 1 1 1
1 1 0 1 1 0 1 1
1 0 1 1 0 1 1 1
1 0 0 0 0 0 0 0
0 1 1 1 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 0
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Ch. 3 Boolean Algebra - 4

FziAwind U0 Boolean Function F(xy.z) = x(y+z) WAz F(x,y,2) = xy+xz fenniiouns

lunnnsdl - x(y+z)=xy+xz 1w

Ex.7 297gattdn Absorption laws fla x(x +y) = x lusSalaunmsin Identities B9 89

Boolean Algebra mf*ﬁwlumsw“gﬂﬁ

Sol.  x{xt+y) = (x+0){x+y)
= x+0ey
= X+yel
= x+0

= X

ldentity laws
Distributive laws
Commutative faws
Domination laws

Identity laws

Ex.8 2Wgalin xy + xy = x lagl? Identities v Boolean Algebra

Sol. xy+x§= x(y+§)
=xel

- X

Ex.9 2Wgalil x(x+y)=xy
Sol. x(g +y)= XX+ Xy
=0+ Xy
= xy

Ex10 wAgadil x+xy=x+y

(X + X)X +Y)
le(x+y)
X+y

Sol. X+ §y

"

3.4 Representing of Boolean Functions

Sum - of — Products Expansions (SOP)

Distributive laws
Unit Property

tdentity laws

Distributive laws
Zero Property

Identity laws

Distributive laws
Unit Property

tdentity laws

%39a71995un9 Disjunctive Normal From a4 Boolean Function 17

F(x,y,z) = xyE + x§£ + xy—z_

F(A,B)

KB+K§+AB+A§

423202 Discrete Structure, CPE, SUT



Ch. 3 Boolean Algebra - 5

Products — of —- Sums Expansions (POS)

#3801992L30n097 Conjunctive Normal From 284 Boolean Function 7%
F(x.y,2) = (x+2)(y +2)(x +y)(x+2)
F(A,B,C,D) = (A+B+C)A+C)A+C+D)

Ex.11 2911 Sum — of — Products Expansions %83 F(x,y,z)=(x+ y)E

Sol. 1 F(x,y,z) = (x+ y)E
= Xz+ yz Distributive laws
= xlz+ lyE ldentity laws

il

x(y+ Ez +(x+ ;)yg Unit Property

XYZ+XyZ+ Xyg + ;yg Distributive laws

il

xyE + xﬁ + ;yg ldempotent laws

o ' . - & Sa
Sol. 2 §39a1THAN Boolean Function 289 F(X,v,z) = (X + y)z URILRaNUDIN
anilu 1

X y z Xty z (x+y)z
1 1 1 0
Xyg — 1 0 1 1 @
1 U 1 1 0
%Yz < | ,AW’_O——“:D 1 1 @
P S R 1 0

wyr i 1 1 1 @

[a>)
(=]
o

SOP 18y F(x,y,2)= xyE + x?i + §y£

Note : N15¥1 Products — of — Sums il Self Study !
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Ch.4 Relation, Function, Sequence and Summation - 1

uni 4

ATNANNIS WINTw A1AVUAZNITIIN
4.1 ANNANHWS (Relation)

Tug3 a1z uaamaniTin ﬁ'n'a:wuﬁam"mﬁLLﬁﬂaﬁaﬂzwuﬁuw”uﬁﬂ”uag;t,ﬂu,
U5z vin vandn sumuilufiTiuss suAnd wwuaaIRInNRITUETI AT uFa AW
fo afuimeves wiadaninu wand@nmidugnvauaifivn AUENWUETERINaF A 14
Faviifaa 1Tugnves” nIadMILAMUFNAUTEISTTUUAAY 1% 3 WBLNTN 7 UEasdn 3
i 7 danuauwus “daand”

“ea 1. waguarifiduuvanae 4 uszioe B (4 x B) Aairauasgaudy (x,y)

navua lopfl X iusungnuas A use yidugunTnwes B iaiunsndow Ax B
ol o A a [ ¢

lag3tmaiwualianlovassudnlaneh 4xB={(x,y)|xe 4 A y e B}

Ex1 A={g,b} war B={1,2,3} nagnaififunuasian 4 uasisa B iin
Ax B ={{(a,]),(a,2),(a,3),(b,1)(5,2),(5.3)} -
Bx A ={(l,a),(L,5),(2,a), (2.)3,a)(3,5)}
Ax A={(a,a),(a,b),(b,a),(b,b)}

s
ar

with A={q,b} usz B=¢ !,Tl‘il“‘vLGn’l AxB ¢ waz BxA ¢ X
1. dwsuaa 4 lag Axg=gxd=¢ _ : _
2. FMTUTR A4 ums Loa B log AxB;&BxAzmnu A Bwsa A¢¢ wia
B#g
3. 1 4 usz B 1fwaadniaazld n(dxB) = n(A)xn(B)

e 2. Riduanusunutaaniae 4 liwusa B fidgeis R ifuguirauas
Ax BuaziSunamuguiusanee 4 Whae 4 Jeudunwesluse 4

4

BN 3. mﬂu@'lﬁ@; uay (x y) aﬂ'lquB WA X auwuﬁnu y Eont

&

ANMVFUNUS R nuwdouunudls xRy
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Ch.4 Relation, Function, Sequence and Summation - 2

Ex2 fmuald 4={0,1,2} usz B={12,3} Samurdn x wa9 4 ssdunusivaundn
y 129 B fdafla “x Haundny” ssmeanudunuivinuasina 1
A8 wleenn Ax B ={(0,),(0,2),(0,3), (11, (1,2), (13), (2.1, (2,2), (2,3)}
14 R unuanaduwus “x sasndn y” aswudn
OR1, 1wsEin 0 < 1
OR2, w7 0<2
OR3, w5z 0<3
1R2, Wz 1<2
1R 3, w5271 1 < 3 uae
2R3 Wz 2<3

AINUAIUFNWLT ¥ Yaund1 )y’ nevueda

{(0,1),(0,2),(0.,3),(1,2),(1.3),(2,3)}

Ex 3. fwua 4={4,56} usz B={5678} 29m
1. ANVFNWUT “Unninamn 4 1 B
AMUFUALT “Uoeniam 4 W B

aNNFNALT “WuaTanie 9n 4 Il B

own

ANBTUABT “vinL” an 4 1 B
Note: Ex. 8¢ 2zun@lan1ali class
4.2 Werizw (Function)
F 1 W
uges £ (dwdsimuanoe 4 ldae B dlsuunudas f:A—->B

Wa A4 1w Domain 189 f uaz

B \ilu Co domain U84 f

a \usninvueasa 4 uaz

b ilugundnvediwe B
wastmuald & SerinuWiituves o
wuie b= 7(a)
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Ch 4 Relation, Function, Sequence and Summation - 3

B 1 I duaz B ilwandlddwoadie Weddu 7 an 4l 8 Jums
AunasaEnfiukuantas B 1 mliiuuAasaaEnDa 4 Jouw £(a)=b
b durdnnitandaves B dnvueleodsisn £ Wiusndnoes aves
Lve A

@128 WNIATHUULAT 7

ae
°2 One — to — one,
be
® 3 Not onto
Ce
* 4
a
1
b
2 Onto,
¢ 3 Not one — to — one
d

One — to — one
¢ / e And onto
d -

a |

jwy
]

5 1aifuns One — to - one

has onto

[ )
—

2

fla)=2
, T @y =3

.

.
o
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Ch.4 Relation, Function, Sequence and Summation - 4

Exd  Wordu £ {a,b,c,d} Wi 1,234,509 F(a)=4, () =5, F(c) =1 unz

f(d) =3 i one-to-one function #3a b
Ex2 wWintw f(x)=x291n Z > Z Iu one-to-one function wia'lsl

Ex.3  woritu F®=x%1n Z > Z i onto function w3a'lal

Ty 2 1% 7 10u One - to — one WariTusniam 4’4 B A fla)y=b W

o _ oA .
WARY (Inverse function) 183 f @A ' & /' (B)=a

e (b)_

f
e o A& e
ugaIWsntu £ Gadu Inverse vasvianzu £

Ex.4 W filudadtuan {a,b,c} > {123} 7 f(a)=2,/()=3, f(c) =1 ufh f
inverse 'low3a lai e inverse 989 £ Agazls
Sol. -+ fiilunerfTiuuy One — to — one Weridi
- finverse & Tag#l
JANOEY:
/T @=a
F@=b

Note: Ex. A9 3zun@atnilu class
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Ch.4 Relation, Function, Sequence and Summation - 5

4.3 AAUURLATTIIN (Sequences and Summations)
Sequences
. = o .
\u Discrete structure NLElUNTUEAIEIALDS list
o
Ex 1,2,3,5,8 du sequence 3 5 terms

1,3,9,27,81,... 1w sequence LO% infinite sequence

Rew 1 A geometric progression v sequence ﬁag}lugﬂm ]

2 n N .
a,ar,ar” ,..,ar .. Imm initial term @ W&Z common ratio » L%
FTUINDTI

Ex.t  @8t19 sequence nln geometric progression

(1) Sequence {b,,} i b, =(-H" a=1,r=-1

{2) Sequence {c,} i3 c,=2-5" a=2,r=>5
4

(3) Sequence {d,} % d, mﬁ.(%)n a=6,r=%

List 289 5 tnauwInuadudas sequence Lo »# 306U N 0 A
by by by by by ,=1,~1,1,-1,1,..
Cp-€1,C2,C3,C4 5.0 32,10,50,250,1250,...

dy,dy,dy,ds,dy o =6,2, %.%.% .

Note: LMausNUad sequence HNILLSHNIN 0 W32 1

. A
WyH 2 A arithmefic progression 1w sequence ‘Haglugﬂ‘uﬂd
a,a+d,a+2d,..,a+nd,..

lapfi initial term @ Uaz common difference » LW wiuasa

Ex.2 @19i19%84 arithmetic progression sequence
(1) Sequence {s,,} 89 5, =~1+4n a=-1,d=4
(2) Sequence {t,} 4 tp,=7=3n a=7,d=-3

o
Ex.3 99w formulae U84 sequence sia LUl

@1 S Vi o oo

ap = %n (D1 Geometric progression Tavfl g =1 ¥ = %
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Ch.4 Relation, Function, Sequence and Summation - 6

) 1,3,5,7,9,..

a, =2n+1 \Du Arithmetic progression Toufl a=1 ,d=2

Ex4 wwunaunalliias g 184 sequence

1,2,2,3,3,3,4,4,4,4,7

Ex.5 assweeunn formulae ¥ad sequence
5,11,17,23,29,35,41,47,53,59, ...
(zFunamanaiiiaiy 6)
ay =5+6(n-1)

=6n-—1 cn=123,...

Summations

F
o & = = =l
fwuald Sequence {a,} A8 ay, , a1 - @, BRI S a ; v

Jj=m

] <t ol
ijm a; wie stanaj WUl a,, + a0 + ...+ a,

e
Ex.6 WUFAINRLINYEY 100 thaudinued {a,} Wa a, =% Sh=123,...

Lower limit U84 index = 1

Upper limit 2184 index = 100

Hufe 4auInaa Zy
J

. 5,
Ex.7 94916189 Zj=ij2

Sol. % =P +27 432 442 457

=1+4+9+16+25
=55

Theorem 01 g U8z r LWIIWINDII Uae # 20 Ua

A i o
Sard =4 7 ir#l
J=0 (n+1) ;r=1
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Ch.4 Relation, Function, Sequence and Summation - 7

4 3
Ex.8 @18t195849 double summation 2mdas > 3 ij
i=1 j=1

=6+12+18+24 =60

Summation Formulae filziag 9

Sum Closed Form
Sak  (r20) a™—a
k=0 Fo] ’
2”: P n(n+1)
k=1 2
i 52 na(n+D2n+1)
k=1 6
ik3 [n(n—kl)T
k=1 2
Sxb o xkl i
k=0 I-x
1
DA P13 —
P (1-x)
100
Ex.9 29WFwad Zkz
k=350
100 49 100
Note: Zk2 = Zkz + Zk2

k=1 k=l k=50

100 100 49

Y e =Y RSk

k=50 k=1 k=1
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Ch.4 Relation, Function, Sequence and Summation - 8

2, ikz - n(n+1)6(2n+1)
k=1
%’k? _100-101-201  49-50-99
k=50 6 6
=338,350 — 40,425
= 297,925

Note: tWuLANLABINY bit string, bit operations LLae floor and ceiling function

- P A a &
Bit string L‘ﬂ‘% sequence a4 bit 0 B3a bit "r’lgdﬁ'ﬂ HIYUIFUDINY @8 971U bit
& )
Lo string % (Ex. 101010011 10w bit string AizuIa = 9)

4.4 Bitwise OR, AND u&az XOR

Ex.1 94%1 bitwise OR, AND uaz XOR %@+ bit strings 01 1011 0110 uas
11 0001 1101

01 1011 0110
11 0001 1101

11 1011 1111 bitwise OR
01 0001 0100 bitwise AND
10 1010 1011 birwise XOR

Bit string N Set

Ex.2  bit string 1a3lwe {1,3,5,7,9} \ila universal set Ao {1,2,3,...,10} @a 10 1010 1010
Complement ﬁaatﬁiﬂﬁﬁa 01 0101 0101 “?NL‘ij% bit string vaIL1e {2,4,6,8,10}

Ex.3 291 union WA intersection Ba3 bit string vavwa {1,2,3,4,5} wax {1,3,5,7,9}
Bit string w189 {1,2,3,4,5} Aa 11 1110 0000
Bit string w849 {1,3,5,7,9} @a 10 1010 1010
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Ch .4 Relation, Function, Sequence and Summation -9
Bit string 970077 union fo

11 1110 G000 v 10 1010 1010 =11 1110 1010
Bit string 27nN"17 intersection )

11110 0000 A 10 1010 1010=10 1010 0000
. union fanny OR , intersection fla M3 AND

4.5 Floor function llaz Ceiling function

o @ o i 4w ' P e
|_)C_l : i]’m’mwm%’!sﬂﬂﬁa:@l (Iargest) ‘ﬂﬁ%ﬂﬂﬂ'ﬁ’lﬁ%a NNy x

o & oo : ] ] r_ A
[x]:  $wowdnnteofige (smallest) Faannnimia iy x

R

13.1]=3 , [3.1]=4 17]=7 , [7]=7

AUENLIRYa4 floor Uag ceiling function firaule (ffe # Wuswandia)
(1a) |x|=non<x<n+l
(1b) [x]=neon-1<xs<n
(o) |x|=nex-l<n<x
(1d) [x]=neox<nsx+l
@) x-l<|x|<xs[x]<x+1
(@a) [-x|=-x]
@p) [-x]=-|x]
(4a) |x+n|=|x]+n

@b) [x+n|=[x]+n
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Ch.5 Introduction to Proof- 1

UNN 5

ﬂ’}‘sﬁg‘{ﬁ)ﬁtﬁaﬁﬁ% (Introduction to Proofs)

5.1 n1sRgoiuuuase (Direct Proof)

myRgaduunas vesdszloadawly p > ¢ wldlay

anad (Assume) 11 p1iluads udusasliiAuin g iluasedas

a 5 = o Vv oA = A o s
Wi 1 FIUIBLAN n Lﬁummu@, i wIway k& Al n =2k uas

o « o o e
LGN 7 usrwaud 6

M P A I
8 waudy £ AW n =2k +1

Ex.1 14 direct proof lumsfignsingufii i n iudwmdnd ud n*dudwnu
= o
LAh”
oo Wy A
nnpufiiennlain Ya(P(n) - O@) \la
o = A
P(r) f *n dudwmdud”

o = A
Q(n) @ “n* duiuwawdna

lunafigasiuuy Direct proof wxdasmun@dn P(n) 1luads udrezdasusasliiin
1 Q(n) daailueSei
Sol. muyddn P(n) 1duass Wi auyain n dudunudud
Garin snflnuvasimmdya (fany 1y 2l

o a I
n=2k+1 Wi kdusiuwiudy

erdasmanaaaiidui  p2 i dudwuduf)

n=2k+1D)?
=4k* + 4k +1
=2(2k* +2k)+1
=2/+1
2 o o
Wa 7 iud ey
s ﬁ‘: o o = cl ) 9 2 ] & ﬁ:i o =l
ALY PINULIVVBITIUINLANA (Uend 1) magﬂ“lm'} nduIuIaNA wuda
e @ . a o @ ad o = A
m‘l@wgaﬁumm ‘01 o duduiudud uar A duiwwdud”

-
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Ch.5 Introduction to Proof-2

Ex.2 |7 direct proof lumsfigabin g musz » windsmasauysal (prefect square)

wad mn Nl perfect square

Note: e84 perfect square fa

o 3 L7 o I3 ::J 5 Qr
dwuian o du perfect square TASIWIBLAN & AR a = b°

Sol. suyfdimMd muaz n 1w perfect square
= L2 o o (=3 dl o kg 2 o o
INiigINUBY Perfect square 3¢ la41 T5waudn s Al m = s? uazdduan
= o o o 3
W r A vl n=y
(daInsuaadIiiAwIn ma 1w Perfect square)
mn = st
= (s1)’
INARLINVAL Perfect square Li‘lagﬂvlé"iﬂ mn \Uu Perfect square
iufie imldRgadudd ds musz » \lwrindamasmuysal (Prefect square)
W82 mn ALl Perfect square

i

5.2 nshgasuuuudsnay (Proofs by Contraposition)

nyAgaduuy Contraposition vasuszluaiauly p — ¢ inldlasnisusasliiiu
1 I:i U G =
1 Beulaudindl —g - —p 1wty enngniiauys)

o V4 ° a d M 3
Ex.3 wAgald 1 7 dudwawdn use 32+ 2 udmwand udr niduiwoud
@ o <
Sol. 14 P(n) @0 “3n+ 2 1duwitwaud”
2 ° =
Q(n) fa “nifduiuiua”
(1) nanasld direct proof 'Lum'iﬁfg‘ﬂ‘li
LY 3/ o & 4
WWA8 WABINGIWIN Yn(P(n) - Q1)
a & o r-'i 2y
ey 1 4 3+ 2 10w wud azldin

3n+2 = 2k+1
3n+l = 2k e kududwawdu
3n =2k-1

o Eail 'Lumiﬁ%m%mmﬁgﬂ'h A DUSUIUA =
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Ch.5 Introduction to Proof-3

(2) tlEmfigasiuuy Contraposition azeasfigaiiin
Yr(—0(n) = —P(n)) e
—-0(n) fa “nifludwang”
—P(n) fa “3n+ 21w rug’

e 1t nduduoug arldi
o o =
n=2k e kdudwiuau
WNWAT 7 =2k adlw 3n+2 asle
3n+2 =32k +2
=6k+2
=20k +1) = 2/
P o o
e 1 dudruwoudy
ERLTN mmma;ﬂ”l.ﬁ"h 3n -+ 2 Lilud g aartu 1 lduaaalwifuusan
IYn(=0(n) = —P(n)) 10ua3e
o o~ L7 & % i 9 o “ o A W
nuAe vl@mgwumm 1 7 OUUIUAY Waz 3n+ 2 Wi wiwd uan n il
FuIua
ot

5.3 miﬁgﬁ]ﬁuuuﬁmﬁa (Proofs by Contradiction)

mMsAgakuuY Contradiction va3azlen p ildlasnissuy@ld —p 1ua%e ush
waasliimwindul e Ramstaudsfendn-p)

nsfigeiiuuy Contradiction vastszloaiowly p - g Mldlasnsauydld p
Wuass uaz —g 1iluass udusaldiduwinduwlulale ¢Ransdauds)

L2 [l Qe au ¥ A s A 1 Qur P~ A Q. Ié}

Ex. 4 29uaad AW w22 Tudasidadetan 4 mmﬂayﬂmummnu (Alufil
=3 a A ™ 5 ei P s = 5 Gt G [
wanoiivinlunisalan duda waied - Tusund)

% Qs f o a A o a s
Sol. 1# p wnn lu 22 Tudasdiadaon (at least) 4 Tunianagluwindeain
L") G?: =~ "3 9L =l ' E L= A [l ar = L=
Il —p Ao 1w 22 Tudasdatneunn (at most) ud 3 mmnag’tmummnu

=3 it ] H L =l g Qs A o =l Qo o
aznlddn —p 1JulUldld e Tiuvivue 22 3 waslunilsddonwd 7 74
flatiaun (at most) ud 3 Tufanagluwiudriuazsunild 21 34 detufafamsdaud
unie —p (uldldle aduidia) dann p Sadusss
it
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Ch,5 Infroduction to Proof-4

Ex.5 ldn1sfigaiuy Contradiction lunsiigailin *dh 3n+2 1uduoud udh midu
.
FImIuA"
Sol. suy@ld 3n+2 1w waud uaz o lhiludwoud Eundld piwass uas g

1uasa)

o ° P o o N o .

wufia n iiludwoug dasu 1 =2k (@miiwasiaug)

. A o i 3 L

wlddn 3n+2=3(2k) + 2= 6k +2 =203k +1) Foiludmoug udluaauduin

auy@ld 3n+ 2 ludwaud Taflensdauds dniu » udwoug lale

4 A va LA R Y o o Y o o,
UUFD L‘sﬂﬂwgﬁmumn 01 374 2 LDWIUINA WA 1 IDus IR

—#

ey 2 FuIUAT ridudrwanasnes (rational) Siiswiwmdn pusz ¢ e

g#0 Al r= % uszdiuauaden lildswanassnue fa Suaneasinys

* Homework: 814 Ex. 10 in Text-p.80
lﬁﬁgﬂﬁ'ﬁ’l V2 Li‘ju"ﬁ']u’éué}@li?ﬂﬂ:t@ﬁl“ﬁ,ﬂ’l‘sﬁg%ﬁLLUU Contradiction

o= ' o 3 : F=3 a o o 3
'wwgﬁ)ﬁwﬁam'}ma‘lﬁmﬁumammunnmmumaJ n:
i a A:I'C: ¥ 1.‘.: o l"
niduduirudnaatila 5n+3 Lﬂ%ﬁl’!%’)%ﬂ
Hint: Mgl p © ¢ Muendu
(@ p—gq
(b) g->p
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Exercise Set 1- 1
wUUHNYR gan 1

Logic

1. sugasliidiudn p— (g vr) auysit (pa~g) > r lavldngnisauas

o A
2. WWINIGNITUYANT p > g=~pvg s pog=(~pvg)a(~qv p) N
= ] A:Y 1 Fl el o = ]
Itlumndoudrzwatdaluflnalanlilvinsdniivnms — e o VEREEHIEY
(a). (por)e(@—r)

(b). (P @g—-onr)eo(pag—r)

3. WMENAAWI ~[rv(@a(~ro~p))] = ~ra(pv~q) layld
(a). ATTHATIRIINDTY
(b). NHAIFUYR

4. g liidwin (g A (p -~ q)) o~ p dlufiifuat (tautology) Tapld
(a). AT NAIAIINDTY
(b). NYNIFUYA

Sets
1. fmualv 4={a,b,c} usz B={b,{c}) udnst a@iavlﬂﬁgnﬁ?aﬁm
(@. A={a,b,c} (e). {e}c B
(b). [P(B)|=2 (). {b,c}e P(A)
(c). peP(B) (@) {b{c}}e P(B)
(d). Bc 4 (). {{{c}}}c P(B)

] e ] P Lo ] a:}’ = L
2. mnvald S ={¢,a,{a}} wwwrnluudazdade Wi (usundnvonae S wiaduay
rATaILEa S wialunigaiagnd

(@). {a} (d). {{¢}.a}
(b). {{a}} (e). {#}
©. ¢ (f). {44}

3. HWuA LY Universal Set Aa U={,2,.,9}, 4 ﬁmfﬂ@maawaﬁmmamad (multiples of
2), B ﬁammmwaﬂmmmm {multiples of 3) uax C ={3, 4,5, 6} IRLTa
1 C —(B-A4)

423202 Discrete Structure, CPE, SUT



Exercise Set 1- 2

4. trwualw A={a,c, e, h, k} usr B={a,b,d,e,h,i,k,l}usz C ={a,c,e,i,m} 3avI%
. @ A
udaztadn il

(8. AnB (d). AvBUC
(). ANBAC (e). A-B
(c). AUB . A-(B-C)

5. fwuali Universal set fia set #a9dnwinsSa Ruazli A ={x e R|0 <x <2} uaz
w A
B={xeR|1<x <4} wmluudaztadalui

(a). AUB (). ANnB
). AN B M. AUB
(c). 4 (@. AnB
(d). B (. AUB

6. 9417 De Morgan's law 3nngnisiviiuaadsina (set identities) lunsuaasliduin

AUB=ANEB I@mﬁmlugﬂ%q set builder

7. aldngmswiniuvaae (set identities) lumsuaaaliidiuin 4— (41— B)=4NB
(Hint. A-B=ANB )

, o N
8. 9971@ Venn Diagram :nnmsdssnaunuuadivada i

(a). AN(B-C)

(b). AnBNC

(c). (ANBYu(ANC)

(d). (A-BYu(A-C)U(B-C)

N T O TR
9. a1 U 4; usz N2 4; vasudazdadalud s 7 Dudwiwduuan

(a). A=l i+l iv]...}
(b). 4;=10, 1}
{c). A=(0,1) Fudugavasdmamass X Al 0<x<i

1 L 1 l;’ di * o =3
10. 2w US4, uae N7y 4; vadudsztade LU e 7 iudwimduuan

(a). Api={-,—i+1,.,-L0,1,...,i-1,i}
(b). 4={-,1}
(c). Ai=[-1,1] Faduaauasiwined x A 0<x<i
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Exercise Set 1-3

Boolean Algebra
] E 2 ] A’
1. Wmaadudasdoda lUd
a. (1-D)+(0-1+0)
b. (1-0)+(1-0)

2. 944189 boolean function ‘luLL@iaz"ﬁ'a@iavlﬂiﬂﬂayﬂuzijmm logical equivalence
a. (1-D+(0-1+0)=1 '
b. (1-0)+(1-0)=1

A v o . ' W Pt % '
3. aswienfduldldnanuazas boolean function Tuudaztadalufilagltarsuaa e
Y84 Boolean function

a. 3+ ()
b. ¥y(xz+Xxz)

4, WUEAIWIAWIN X + VZ + Xz = Xy + Jz + 22 laolFaninauansd1ue Boolean function

5. mﬁqaﬁﬁluu@ia:ﬁ’a@iavlﬂiﬁﬂuﬁa lawld Identities @199 a4 Boolean Algebra
a. a+(a-by=a+b
b. a-@+b)y=a-b

(x+p)x-3)=0

x+)+(EF-y)=1

a o

6. W1 Sum-of-Products Expansions 284 F(x,y,2) = (x+z)y Tagld
a. ldentities 619¢) Y849 Boolean algebra

b. AITMUFAIATVDY Boolean function

7. 3% Sum-of-Products Expansions U84 F(x,y,z) =%+ Xxz Toale
a. ldentities @149 289 Boolean algebra
b. @1¥F4UEAIAIUBY Boolean function

Functions

) + A 1] A’ Qe Qe QA
1. sawriwlidsudelfanweas {a, b, ¢, d} tdsdrduaailn one-to-one

function uaztil Onto function #3a Ly
@.  fla)=b, f(b)=a, f(c)=c, f(d)=d
).  fl@)=b, f(B)=b, flc)=d, f(d)=c
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(c).

fla)=d, f(b)=a,

Exercise Set 1- 4

fle)=c,

fd)y=d

] +~ ol ] A’
2. sswriwansudaldfian Z M Z 1w One-to-one functionwastdu Onto function

i hal

f(n)y=n-1
Ff(m)y=n*+1
fnm)=n’
ro=|)

2 + Tour ) A’ a 3
3. W f aidudelufiann R W R dshmuadn £(x) = x> 2am

(a).
(b).
(c).

ACiY

ST ({x[0<x<1})

ST ({x x> 43)

4. W g(x) = | x| dudou amn R W Z s

(al.
(b).
(c).

‘ . - . . 5
5. 3118137 floor function Wag ceiling function dalud

g7 ({0}
g_l({hla 09 1})

g ({x|0<x<1})

(@). [1.1] (). [2.99] 0, _ﬂ (m). [3]

(). [1.1] . [-2.99] 0 %} ). [-1]
SR Y I Y2
(d). [-0.1] 1

[

|+

2

|
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Exercise Set 1- 5

Sequences and Summations

t:l a a 3 & 3 A‘ 4
1. aswwnaud gy, @, 4, uaz a; vesiel {a,} TuudezTadallil e a o

(a). 2" +1 (b). (n+1)"!

(©). [7/2 +[n/2] (d). 2" +(=2)"

NTRY
2. 99W1 formulae vasdaUsa il

(a). 15, 20, 25, 30, 35, ...
(b). 1,0.9, 0.8, 0.7, 0.6, ...
(©). 1, 1/3, 1/5, /7, 119, ...

. Y
3. wWwdaudacadalui

4 .
(a). 2.(=2)
J=0
8 ) .
(b). 3 (27 -2
Jj=0
8 .
(©) 2.2-(=3)
Jj=2
8 N .
(d). >(2-37+3:27)
Jj=0
3 2
©). 2 2.0+
=l j=1
3 2
. Y, 2.(3i+2))
=0 j=0

(@). >k
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Exercise Set 1- 6

Introduction to Proofs

wslEmsfgastuuuass (direct proof) lumausasliiAwimauansasiwudugasadi

a9 iudrmruidug

U

a €1 w s o 9 s P et a :
N‘Wgﬁ%%’ﬂﬂﬂ n Lﬂu‘-&’m’mm&iﬁlﬂum n ﬁ]:tﬁuﬁnu’mﬂﬂ(ﬂmﬂm Tn+4 tﬁuﬁ]‘lu‘luﬂ

4 = Lo @/ W 4. = ad ] w
wsldmsAgaduuudauds (contradiction) lumsRgeinguffii th x uas 1w

hwuduiui x+ yduduwaug”
wltmsAgaduuudauds (contradiction) lunsfigadin wawnvssimauaasingziy

éﬂuﬂuﬂiﬁﬂUtLﬁ%"ﬁ'}%’J%ﬁ@ﬁﬁﬂﬂﬁ

wﬁgaﬁdﬁﬁﬂ n L DUWTWIMANDINLAE 31 +2 Lﬁuﬁ‘hu’m@;uéﬁ n Lﬁmﬁmu@ﬂ@ﬁ
(a). ldmafigaiunuudingls (contraposition)
(b). IFmsfigaiupudauds (contradiction)

= LK)

ot ' w o oa & ot o
FINFTIUIT UAUDLNUDE 4 ﬂul% 40 ﬂu"r’lm@l'lmﬂaumﬂ'm%

¥
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Ch.6 Induction and Recursion - 1

UNN 6

m‘sqﬂﬁﬂmaﬂﬁmmamﬁmzmiﬁ UWUILNA
6.1 nMIgUiBNIANAMEAT (Mathematical Induction)

Lﬂumﬂﬁﬂm‘iﬁgaﬁﬁl%ﬁumn‘lu%mmsﬂauﬁqma{r‘imaauﬁ'sme{ VNams
L=l @ ] s A | [ L Ru: o é} :‘
ATIARDUNAANTVBITONA1IEN B99UIUMT (Process)  Andndatufadud 9 uwaed
A o wa & V-4 \ o
3ﬂttuﬁwmlmnmmu'lmwlmuqm 1 nsdutinle

K+ o .
K v ldluandn

p R
3 1. maansoduduusn@un 1) la
2 E
i WUUaY

2. idwlufeaun Kk uf imEenen
& o A
Tuaudaldk+1) leiSan q

¥ oa & a a-
Ex.1 ﬁﬂ%ﬂ'lx‘i’]'} LIWGILLE 4 U’mmu"lﬂmmmmmnnmﬁ'zmnumaam%‘my 2 UM LR

wien 5 v ldndwam

PNVINEIB W WU
1. mawnePade 4 v ldusiueuanmion 2 vin 2 wmSey
2. lumssenndu kumwm W k1 v fldlen
- dondu kuwm LifwSey s vmedian, &dhadu k1 vnldlasmsuny

winy 2 um 2 ndsylwdu k um domsoy s umednates 1 mTem,
A k7 =
ORI kel U

- M ldu ki dmSoy 5y edwdes 1 e, ahe k+runnldlas
MIMNWATEY 5 U 1 mlsgle kU dammSoy 2 un 3 indegy
WWaEIg k+7 UM
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Ch.6 Induction and Recursion - 2

Eg P T in (.J’m)ﬁizgﬁ"l@

242
5
6 24242
7 2
8 2424242
9 +2+2
10 [242+2+2+2]
11 5'-1—_2_—1—_2-%2
12 [2424+242+2+2]
13 542+4+2+2+2
14 24242 + 2424242
15 5 + 242424242
16 2+2+2 )
17 542+... ...

18

6.2 MygouuVaURe (Induction Proof)

W P(m)idudandradisla 9 lunisfiged (waaalwidning P(m)iduwadadmiugn

Fuudnuan awnsaiilale 2 Tunanie

Basis Step: N1IATIARAVLN P (a2u3n) tduase
Inductive Step:  uaad bkt lomdawly

P(k) P(k + Iaiwdedmivnndwawduuan k

Ex.2 FIUFAAIIN (ﬁ]aﬁgﬁ]ﬁ'ﬁﬁ) M 70 Wndmnmduunus?

n{nr+l) , )
718 induction proof

1+24+34...4+40n =

. e 8w “ nin+1i) 4
fgad WP(n)fe 1+2+3+...+n = > 2 gs nezt

g
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Ch.6 Induetion and Recursion - 3

Basis Step  @vnameuin P{dwsn) iuaTamdoly

wuAaaTasaud P{1) 1dueTmielyl
1{1+1) 1x2

AP (n)wui =1
31 = 1 ifluese
o P (@husn hiluass
Inductive Step <gpvusaaliiiuir P (i) —» P(k + 1 hduess>
auy@i P (k)iueds wudla
o, {E+1) -
SRk 14+2+3+ v+k ="\ {uas
udusdpanaas sy p(k + l)t'ﬂuﬁa
I's s
P (k+1)[{k+1)+1]
el +2 +3 + -+ hk+{k+1) = .

(e Dk +2)
N 2

Ly

=) = A)
Lﬂu%samnnﬁiausg@nawuﬁu

_ k{k+1}

9 1+2+3+-+k

R w1 plk + 1)

(k+ D[+ 1)+ 1]

14+2+3++hk+(k+1) =

2
kik+1)  (kt1)+2(k+1)
2 2
kP dk42k+2)
- 2
K 3k+2)
L2
Ak L{RT2)
2
Lo Induction Proof imanansnagdldd P (n) luets
@ a , ni{n+1)
e 1 +24+3 4+ +n= ——.m€ z*
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Ch.6 Induction and Recursion - 4

Ex.3 14 induction proof lumiﬁg'ﬂﬁ’h
1+2+22++2"~-1,vn 20

fimg Wemaal +2 +22 4+ +20 - 1,¥n =0
Basic_Step: @%1a&8U P (#ausn) nufe
P(O)=20"t_1=2-1=1
3 29 =1
s P(0)idua%s

Inductive Step : < dssugasliiuin P(k) —» P(k + 1 )iilusse >
Fuyain P k) uad iuda
auyddn 1+ 2 + 22 4 oo 4 2k = 2KHL 9 dua3y

swewaasiiiun p(k + Ddussniudo
dufle 14+ 2+ 22 4. 4 2K = o(k+D+1 _ g

fvaw w Pk + 1)
142422 412Kkl = (k4 _ 9] ok
— pk+i 4 = ok+1 + ok+1 _ 4
= 2.2k _1
— 21 oktt _ 4
= pk+i+i _ 4

— 2k+2___. 1

aaulay Induction proof L‘i’l&;ﬂ@i”i’} P (n) 10ua%4
Wi 1 +2 4+2%2 +-++ 22 =21 vnz= 0wk
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Ch.6 Induction and Recursion - 5

Ex.4 9% formular TIXALIN (sum) 184 SUINANUINA n @UIN (first npositive odd

integer) LLs‘?'}ﬁ;pﬁ@U inductionproof 1 formular shugneas

w1 formular

+3 45+ +7=2,n>1

n=1
n=2
formular fia
2 2

D
1,+3,+5 ...,2n—1 = ?

1+3+5++2n+1= 7

n=1 ; 1 =z 1
= 12
n=2 ; 1+ 3 = 4
= 22
n=3 ; 1+3+5 = 9
s 32
n=4 ; 1+34+5+7 = 16
= 42
n=n n?

I induction proof lumsfigawit formular Mldgndas (duase)

Y ¢

At Wemunw 143454+ +02n4+1)= nin=1

Basis Step: @77380U P (@7L3N)
P)=(02x1)~1=12

=1
& P{1hiluase
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Ch.6 Induction and Recursion - 6

Inductive Step : &wa@d1 P (k) 1ua3e nuda
auydiin 1+3+5+ 4+ Qk+1) = k? iiwese

wideamanddiiuh p(k + 1)dlusiaiufe

143454+ -+ 2+ +[2k+1)—1]= (k+ 1)2
1+3+54+@k+D+2(k+1) = (k+1)*

G 1+3+5++@k+1D+2k+1) = k2+Q2k+1)
PER)=k*= k*+2k+1
= (k+1)(k+ 1)
= (k+1)2

aatiulay  induction proof waUlddn Py 1wt
nude 1+3454++2n—-1 = nin=1 fuds

6.3 Recurrence Relation (ﬂ’n&!ﬁ’&iﬁ‘%ﬁ'ﬁﬂmﬁﬂ)
Tunsidfion Sequence TasdwAnANLINA n dausn anadeuwldlwiuudn 9
1. 1,3,5,7 ... , n=1

2. a,=2n-—1 , n=1

3. 1% recurrence Relation

An = Qp-1+2 ,n=1 < recurrence relation

a, = 1 <« [nitial Conditon

AOILNUAT N 1% recurrence relation "az\lﬁ
a; = 1 ¥7ninitial condition
a2:a2_1+2 :al+2 —_ ]3'{“2 — 3

A3 = Az-1+2 =a,+2 = 3+2 = 5
a ' ' PR P e a = ' 2
mmm%ma:mamwmimwmmmauwmj‘numauﬂﬁmnauvﬁm
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Ch.6 Induction and Recursion - 7

A g -
Ex.1 99¥1 5 mamwn‘na&Sequence‘mﬂ’muﬂI@U recurrence relation fia

bn = bn:—-i + bn,,g s n=2

b, = 1 « initial Conditon
by = 3
W b, %
b, = byq+by; =b +bhy = 3+1
by = by+by =4+3 = 7
by = by+bh, =7+4 = 11

M5 lnaauInuad Sequence fal, 3,5, 7,11

Ex.2 3938w n! lugﬂmad recurrence relation

or = 1

1 = 1

20 = 2x1 = 2% 1!
3= 3X2X1 =3 X 2!
4 = X3 X2X1 = 4 X 3!
51 = 55X 4X3xX2x1 = 5 X 4!
nl = nh-1)!

~Recurrence relation a3 n! @&a

nl = nh—1)! ,m=1

lunsitiew recurrence relationsiban ot duuladuinin 1 wUL T

S, = 35,,-1 , n=1

n

A = 35 , n=0

n n

- - 2 YT ", i s 3 g
recurrence relation wmﬁamu wet initial condition #1904 ﬂﬁ]zvlﬂ

Sequence N1GWNW LTW
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Ch.6 Induction and Recursion - 8

an = 3Qu-1 n =2 b, = 3bp4 , n=2
a; = 2 bl = 1
a, = 3a, =3x2=6 b, = 3by =3x1=3
“initial conditiondnezy
Fibonacci Number
inyzdweg 1 @ (@iudniy) anausuduazauydi
1. was 2 hewezilgniiin 1 ¢ (dniudade)
2, nnea laifinsans
luudazifian 9 vlinszdoninuafyg
o ' & o
TIHIUA IAeUN
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Ch.6 Induction and Recursion - 9

Sequence fa 1, 1, 2, 3, 5, 8, 13, 21, 34, 55,

fo = fa-1 Fha-2, n=3
fi =1
=1

1% Recurrence relation a4 Fibonacci number

Mnduass n @ lasdwuedmn 9 2 iduezdesdanu uadlill 3 dudanuiaa

WAEINT  WALFRESING n tERLUIR R aandwALSIm

1
1 1]
3 4 4 |5
2 e
P 7 2

n = 1n = 2n = 3

r = 2r = 4r = 7
]
]

. &l
Recurrence relation aa

1

W= Thoq+n ,n22

n=2
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Ch.6 Induction and Recursion - 10

. A a o
11311 Recurrence relation tNanwim formular Yad Sequence N

Ex.1 2311 recurrence relation?84 sequence

G, = 6n ,n=1
Sequence fida 6, 12, 18,

el o LR
3591 270 formular A¢ 169

i, = 6k ®
a, = 6(k—1) =6k—6 @
@ a,— a,_, = 6k—(6k—6)
a;k - ak,_,l _ 6
a-gg = avk__i + 6
J+Recurrence relation fia
a;, — Op4 + 6 ’ k=2
a, = 6
Ex.2 %% recurrence relation U84 sequence
a,= 10" ,nz1
X
Sequence W#a10, 100, 1000,...
35 n formular  2zl@dn
) = 10% O,
Apoqg = 10%7% L@
L k
a 10 10 1
D+@—% = — = — __ — _ 10l =10
ey o8- ggF107t 307
a
=10
Q-1
<«Recurrence relation fa
!’lk - 1*0(1RW1 R k = 2

a1=10
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Ch.6 Induction and Recursion - 11

Ex.3 239%1 formular ‘lumam‘fj} n Usd sequence
1, 4,7,10, ... n =0 3n-1

W& recurrence relation AR formular 7146

Formular @8 @, = a, ,+3, k=1

a, =1

Ex.4 2991 formular lwnavf n Uaisequence
0, 1,37 ... . e n =0

WA Recurrence relation 9nformular 7160

Formular fia 2™ =1 ,nz0
Recurrence relation fig

a,= 2a,4+1, k=1

ag = 0

A
Ex.5 23%1 formular <U83inayn n Uadsequence

; iy ) X
2, 6, 10, 14, 18, ... Wilan = LU recurrence relation Ydsequence AN

formular Ale

acd o P &
AT W1 formular #andu nildan = 1

4 4 4 4
AN
2, 6,10,14,18, ...

Formular fndn —2 Him=1- 2
n=2-=56
n=3—10

#1  Recurrence relation

N formular ﬁvl,@‘i’ﬁa A, =4 —-2,n=1

aele ay = 4k -2 o,
A, =4(k—1)—2 =4k—6 @
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Ch.6 Induction and Recursion - 12

D@ : a,—a,,=4k-2—-4k+6=4
e ak == a..k_z + 4 2, 6, 10,...

XTIV

Recurrence relation #e
Ay = Qs +4 , k=2
a, = 2
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Exercise Set 2- 1

RUUHNER " 2

acd o '

induction Proof (‘lﬁimm’mmaﬂ’i&a:éﬁsm)

1. aslEiSmyRgeiuuuguiit (induction proof) lumsRgaiki

144474104 +0n—-2) = 2G7=D 54

2

2. wlFiBmyAgatuuugii (induction proof) lumsfigailin
1 1 1 1 ] 4
e = da nz1
1.2 2.3 3.4 n(n+1) ntl
3. wlFISmsRgestuuugiit (induction proof) luntsfigailii

n+l
1+34+9+27+---+3" = 37 -1 5 l ,n=0

4, *ﬂﬂ"ﬁﬁmiﬁgﬁ]ﬁuuuqﬂﬁ'ﬂ (induction proof) lﬁmiﬁg‘ﬂﬁ’h
12° 422" +32° +42° +-- 402" = n-D2"+1 ,n21

=y & e

5. 99w formular ﬁBGNaU’m‘Baﬁ?mmﬁumﬂ@; n fIN LLﬁ’ng%umm induction proof

71 formular ﬁ’ugn@‘i’ad

Recurrence Relation (1Wiansdivinesiasidua)

1. WUFAIIALAWIN sequence 2,3,4,5,--,2+n ,n=0 §aanfedInl recurrence

. =

relation a1
2. 3IW1 recurrence relation 724 sequence
a = 4n-2 ,nz21

n

= P Y] P o .
3. 9% formular luinasi n 289 sequence luudaztasdaludl w91 recurrence relation
970 formular 7ile

(). 2,4,8,16,32,... o n>1
(b). 2,4,8,16,32,... \la n=2
(c). 5,8,11,14,... e n>1

(). 1,5,25,125,... ila n=0
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Ch.7 Counting - 1

uni 7

G
wann1IHULoean (Basic of Counting)
ar et dib kol
7.1 AANANTHLLUDIAH

anaduesnumMIRUTIwIRituensiauuneadg w%aﬁ'lmu“a%‘ﬁm@;nﬁrﬁ
TR R IR EL Y (T ST AR TR RPN RV T NET-R TRt BURITIE SRS BRI 8
ﬁ}“@ﬂun@;wﬁmﬁ"\w”n it issamsudetuuasfiuinfvn Wudu wanmiudsdu
fdz“ﬁamlﬁ’msﬁfm‘i’}mwﬁwmm@;m’a‘ﬂi@m g fldipuazazainmiaidu wannsiy
Lﬁaaﬁ’uaxﬂsznaué’aﬂﬁé’ﬂmiﬂmuawéi’nmimn@“iwiavl.ﬂﬁ

ﬁa‘“nms@m
Fo G 3 1 t:Y
Forsmnealadeda i
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Ch.7 Counting - 12
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Ch.7 Counting - 13
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Ch.7 Counting - 14

o s o ] ] = [l 9 an
Ex 7.17 23WTUWIUITIOAU 6 AL ﬂ’l?.l?;ﬁt.ﬁu 2 U0 ¢ A 3 Al IG}E}Y]@]%?’]EIQLLH’J%%’}%G

9/ A’ = 1 =] P=)
Le Liﬂtﬂ%ﬂﬂ%uﬂﬁﬂﬂdﬂuﬁﬂdLLﬂ'J

oY utiteu 6 au iuseangu 98z 3 au
&t g
(322!

'«i‘]"amu"iﬁl,t.ﬂamimﬁ"]ﬂ"’u

0% 3 awkasoawadls 3! 5%
f

(3h2z!

AL ﬁwuau’?ﬁﬂ“@ﬂuﬁwgmmﬁu X 31X 31X 21=720 5%

423202 Discrete Structure, CPE, SUT



Exercise Set 3-1
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Exercise Set 3- 3
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Ch.8 Graph and Tree- 1

UNh 8

Graph and Tree

8.1 Graphs and Graph Models
nsluuulaifiienis (Undirected Graphs)
® A simple graph {V,E) consists of vertices, V, and edges, E, connecting distinct
elements of V.
- No arrows
- no loops
- can't have muitiple edges joining vertices

Example:

)

Ny

® A multigraph allows multiple edges for two vertices
- redundancy in networks

Example;

® A pseudograph is a multigraph which permits loops.

Example:
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Ch.8 Graph and Tree - 2

nTMBUUANANS (Directed Graphs)
® Directed graph (V, E) - single directed edges between vertices

® Directed multigraph - multiple directed edges between vertices

Example:

A pseudograph

A directed multigraph

8.2 Graph Terminology and Special Types of Graphs

Undirected Graph

Definition: Two vertices u, vin V are adjacent or neighbors if there is an edge e between
uand v,

The edge e connects u and v.

The vertices v and v are endpoints of e.
Definition: The degree of a vertex v, denoted deg(v), is the number of edges for which it
is an endpoint.

A loop contributes twice in an undirected graph.

Exampie:
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Ch.8 Graph and Tree-3

® |f deg(v) = 0, v is called jsolated.

® Ifdeg(v) = 1, v is called pendant.

The Handshaking Theorem:
Let G =(V, E}. Then

2|E]= 2 deg(v)

=
Each edge represents contributes twice to the degree count of all vertices.
Example:

If a graph has 5 vertices, can each vertex have degree 3? 47
® The sum is 35 = 15 which is an odd number. Not possible.

® Thesumis 20 = 2| E|and 20/2 = 10. May be possible.

Theorem: A graph has an even number of vertices of odd degree.
Proof:
Let V1 = vertices of odd degree

V2= vertices of even degree

The sum must be even. But

+» odd times odd = odd

+* odd times even = even

* even times even = even

* even plus odd = odd

It doesn't matter whether V2 has odd or even cardinality.
V1 cannot have odd cardinality.

Example:

It is not possible to have a graph with 3 vertices each of which has degree 1.
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Ch.8 Graph and Tree - 4

Directed Graph
Definition: Let <u, v> be an edge in G. Then uis an initial vertex and is adjacent to v and

vis a ferminal vertex and is adjacent from u.

Definition: The /n degree of a vertex v, denoted deg-(v) is the number of edges which
terminate at v. Similarly, the out degree of v, denoted deg+(v), is the number of edges

which initiate at v.

Theorem:

| El= Y deg (v) = Y deg™(v)

yvel vel

Special Simple Graphs
® Complete graphs - Kn: the simple graph with
- n vertices

- exactly one edge between every pair of distinct vertices.

Maximum redundancy in local area networks and
processor connection in parallel machines.

Example:
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Ch.8 Graph and Tree- 5

Note: K5 is important because it is the simplest nonplanar graph: It cannot be drawn in a

plane with nonintersecting edges.

® (Cycles:
Cn is an n vertex graph which is a cycle. Local area networks are sometimes configured

this way called Ring networks.

® Wheels:
Add one additional vertex to the cycle Cn and add an edge from each vertex to the new

vertex to produce Wn. Provides redundancy in local area networks.
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Ch.8 Graph and Tree- 6

Bipartite Graphs
Definition: A simple graph G is bipartite if V can be partitioned into two disjoint subsets
V71 and V2 such that every edge connects a vertex in V7 and a vertex in V2.

Note: There are no edges which connect vertices in V7 orin V2.

A bipartite graph is complete if there is an edge from every vertex in V1 to every vertex in

V2, denoted Kmynwhere m=| VI |and n=] V2|.

Examples:

* Suppose bigamy is permitted but not same sex marriages and males are in V1 and
females in V2 and an edge represents a marriage. If every male is married to every
female then the graph is complete.

* Supplier, warehouse transportation models are bipartite and an edge indicates that a
given supplier sends inventory to a given warehouse.

+ A Star network is a K7,n bipartite graph.

1.8

» Ck for k even is a bipartite graph: even numbered vertices in V1, odd numbered in V2.
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Ch.8 Graph and Tree-7

* Is the following graph bipartite?
If ais in V1 then e, ¢ and b must be in V1 (why?).

Then cis in VT and there is no inconsistency.
b C
’ \ d
e

We rearrange the graph as follows:

8.3 Representing Graphs and Graph isomorphism

We wish to be able to determine when two graphs are identical except perhaps for

the labeling of the vertices.

We derive some alternate representations which are extensions of connection

matrices we have seen before.
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Ch.8 Graph and Tree- 8
Adjacency Matrices

Afj= 1 if there is an edge from vertex i to vertex j

= ( else

In pseudographs, Aj = number of edges from vertex i to vertex |j.

ul uz

us u3

u4

010 1 1
101 1 1
Gl={0 1 0 1 0
L1101
1 1 0 1 0]
00 1 1 1]
00 1 0 1
G2=|1 1 0 1 1
1 01 0 1
1111 0

incidence Matrices
Aif = 1 if edge j is incident with vertex i
=0 else

Note: this method requires labeling of edges. Only 2 1's per column.
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Ch.8 Graph and Tree- 9

Examples:

u3
[1 000 1 0 0 17
1 1.0 00 L 1 0
4=lo 1 1 00 0 0 ol
001101 01
[00011010J
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Ch.8 Graph and Tree - 10

8.4 More on Graph and Exercises

® Walks, Paths and Circuits
Let G be a graph and v and w be the vertices in G

A walk from v to w is a finite alternating sequence of adjacent vertices and edges of G. A

walk has the form
Vo8,V €,V 8V,
where v, = v, v, = w and v,, and v, are the end points of e
A path - a walk which no repeated edge (all ¢, are distinct).
A simple path — a path which no repeated vertex (therefore, all ¢, are distinct
and all v,are also distinct)
A closed walk — a walk that starts and ends at the same vertex.
A circuit — a closed walk which no repeated edge (all g, are distinct).
A simple circuit — a circuit which no repeated vertex except the first and last.

(all ¢, are distinct and all v;are distinct except that v, = v,)

Summarized Table

Start and End at
Repeated Edge? Repeated Vertex?
Same Vertex?
Walk allowed allowed allowed
Path no allowed allowed
Simple path no no no
Closed walk allowed allowed yes
Circuit no allowed yes
Simple circuit no First and last only yes
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Ch.8 Graph and Tree - 11

Note: Circuit is a path which is closed.

Simple circuit is a simple path which is closed.

Example: Consider the following graph

t b C

- a,d, ¢ [, eis a path of length 4 and it's also a simple path because {a, d}, {d, ¢}, {

¢, f}, and {#, e} are all distinct edges.

- byc f e bis apath of length 4, not a simple path. But it is a circuit (first and last

vertex are the same).

- a b, e d a bisjust a walk of length 5, not a path (edge {a, b} is repeated), not a

simple path. Therefore, it cannot a circuit and a simple circuit.

® Connected

The graph G is connected if, and only if, given any two vertices v and win G, there is

a path from v to w (there is a path between every pair if distinct vertices).

17} o
g a b
A o % e
c
& e d b

G, is connected but G, is not.

More Exercises
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Ch.8 Graph and Tree- 12

Ex.1 09w G uaz H Lﬂuﬂﬂwtmuaaanqu (bipartite graphs) 138 b4

u b a b

Ex.2 dswanningls=Fa (adjacency matrix) uaziannindannszny (incidence

matrix) 2aInTINALALN

Ex.3 afuuunningdiszdia (adjacency matrix) vaansiwilwan

a b

d ¢

Ex.4 nyw G waz H dldunidunyineauuuni (isomorphism) wia'ls

b b

Ex.5 09w G uaz H Aliuudunnnfineauuuny (isomorphism) w3ala
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9.5 Tree

® A free is a connected undirected graph that contains no simple circuits.
- There is a unique simple path between any two of its nodes (vertices).

® A (not-necessarily-connected) undirected graph without simple circuits is called a

forest.

Ch.8 Graph and Tree - 13

Wy V3

Vg

Vg Yy

Tree

Ex 1. Which graphs in G,, G,, G,, and G, are trees and are not trees.
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@ The MaGraw-Hill Companias, inc. ali fighls raserved.

] I o 4 I b
o ¢
& o
« d
¢ r ¢ f & I
I €7s Gy Gy

Ans. G; and G, are not trees.

Terms about trees:

® A leaf node in a tree or forest is any pendant or isolated vertex. An infernal node is

any non-leaf node.

® A roofed tree is a tree in which one node has been designated the root.

— Every edge is directed away from the root.

Ex 2. Rooted trees

© The McGraw-Hill Companies, Inc. all rights raserved.

T With root a With roat ¢
f 8 a ¢
d b o
» C
d €
¢ b,
a ! § ¢ d
c f g

Ex 3. All leaves node oftree Tare d, e, [, k, i,/,m

Allinternal nodes are ¢, b, 8,9, h, i
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Exercise Set 4- 1
wuudniia e 4

WULRNWRLANLAN: Counting, Graphs and Trees

Counting

1. 13l PC lia IBW ag) 6 Lhzas e Dell 10 1384 uaziifin HP 12 1f7ad a9un

k

(a). Knfaenisieataaianunlldannely ofice Withiuna 1 wnaanunsanl4s
A% (Ans. 28)

(0). Enfaennsianies 8 isaanuan fifuwingu aunsailEiAe (Ans.
C(28, 8))

(c). fifiAsEnuteq 8 WsasTilamauaniiu Dell Wavueise HP e (Ans.

C(10, 8)+C(12, 8))

(d). Kraziandrasiitia 1BW uwanlfifufidnnas 3 aude Jack, Joe uaz Jan
dnansovin15ARs (Ans. P(6, 3) BeAmaLasyininsAnsnuILAS
C(6, 3 )X P(3,3))

(e). lunnsuaniFsasanualffunin fesusnlatnetiastiAsaaieaziila

T e L w P
Iﬂ”‘ﬂ LATENN LL@ﬂ1ﬂ3~lﬁ|1ﬁ’@ Dell agUasBleLATAY

Note: toawmavlunisaay idud s ugtlaeenisunuagasrainiugunyeg e

dogdsuaylidutaunin (eealeesesmaulugyesnisunuangns) 154 1aeia (b)

!
C288) = 2o
208

wa9dn (c) Arsmatiiu

R
C(10,8) + C(12,8) = 10! 121 _10x9 12x11x10x9
28 4181 2 4x3%2

=5+(11x9x35)

Graphs

1. aadenunyisndis=Ta (adjacency matrix) 2849n3W Cs

2. asd@wumindannseny (adjacency matrix) 189037 W,

3. N9 K, H8uauantien (vertices) wavanuaudinu (edges) Wuwinls
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4. tiraznansavietngdn (simple graph) Sefigatan (vertices) 7 an laaifldruiu degree

reudavqmiiu 3, 3, 4, 4, 4, 5, 5 swrnnalserlndeld iwnzerls

ol =t . o 1
5. asuAnante i (in degree) WasAninieuan (out degree) 3RIUARTANLIDA (vertex) AN

124
wr

naHuuuEAANIg (digraph) Mtunfnuans uamsaagaudiuauanaad in degree ¥iausn

- ave o e a2 .
WATHALINTBY out degree ﬂQWNmﬂiﬂWﬂﬂuwifﬂiﬂé

ad
=

e
I

4:‘ v ] ﬂ?’t‘ ={t 1 L = 6
6. namAliusalliuflunsWiucielfidh 2 dou (Bipartite Graph) vige T

(( ’”\\

&2
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7. Graph #ldnnfunswinesuuuiu (lsomorphism) 1ealad

/ . 1
S

8. Graph #lfunilunsnesuuuiu (lsomorphism) vt ls

P
L o
¥ P
1
G u A

c F

9. Graph #lfunilunsvoanuuuiu (Isomorphism) vidalsi

A

Note: fiantinuwanmaidgunaudinamwaasinsmidunsmoenuuy (isomorphism) fiely
naIag il Quiz#4 98 3 newlaaans i liiunilunswRneauuuiiu (isomorphism)

ysalal
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G1

(1). mraasey luiiedi:
— U9 vertices 184N Gt LAz G2 Wi Aa 7 4m
— A7 edges 28409 G1 WA G2 winriu Ae 9 A1u

— Degree 103L5AY vertex 189 G1 A8 3, 3, 3, 3, 2, 2, 2 (AsdeuiFadainuan
ludian) uaz Degree 29usRE vertex 284 G2 An 3, 3, 3, 3, 2, 2, 2 4

< ot
wiauiy
(2). ¥IRATUIBINTT map:

d‘l da"’ o 2 1 = ar - o ar [ ;’1 J r W
INARTIRADLILIANAUAINNAL NINNBUNY FRNUIAN AT LABING map A8 (?fldﬁ@uﬁ?&lﬁ@@

UAANIBNIIUA 1A 81919 RNNITUANARINATT map ﬁl@'ﬂu?ﬁlﬁu@@nm‘fmmm
AN G1 waz G2 Feidusaanis map 7% An
A-7, B-4, C-3, b-6, E-5, F-2, G-1

(3). msammaLIiTUYINIT map gnaaezali ;

anWaridunIg map rRraanufaents map annsn G1 1w G2 (Fansam G1%)

-G 2« 3C 4B &E 6D 7-A

1-G 0 1 0 0 1 1 G

2-F 1 0 1 0 0 0 0

G1* 60 | 1 0 0 0 1 0 1
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Adjacency matrix 123 G1*

G2 6 1 0 0 0 1 0 1

Adjacency matrix 1039 G2

2
o

Azindn Adjacency matrix 11#a1nn12 map nsd 61 Tluwn G2 (uadlfRansaw G17) iy
wilauriuriy Adjacency matrix 18997 G2 dnusnansoagléidn naw 61 uaz G2 iy

o . o
N7 isomorphism N

1
=+ 1019 map Wuaz map A nna G2 v G1 AlfduRaaus adjacency matrix 18ansav

.

#l#annne map (auyfiransw G2¢) feaFenfiauiy adjacency matrix 289nsH G1 =

1

Trees

1. graph nl#urdeladlu ree

- - - /a ﬁ. e
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2. a1 Tree AlHNI29U7

. . X &
Tuuaneu (internal vertices) iaunmaad tree il
. ¥ 2
Tuualy (leaves vertices) Yiauunued tree 3
seell (level) 984iuum 2 Hhuwnle
ANMEN (height) 184 tree Tifluminlug

Tree TWiu tree WULANHANA (3-ary tree) vidalu
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Ch.8 Graph and Tree - 15

@ Tha McGraw-Hit Companias, Inc. all rights reserved.

T a

n-ary trees

® A rooted tree is called n-ary if every vertex has no more than n children.

— |t is called full if every internal (non-leaf) vertex has exactly n children.

* A 2-ary tree is called a binary tree.

- These are handy for describing sequences of yes-no decisions.

Example: Comparisons in binary search algorithm.

Ex 4. n-ary trees

12 The tdoGrave-Hill Companies, Inc. all rights seserved.

Some Tree Definitions and Theorems

* Any tree with n nodes ({vertices) has e = n~1 edges.

— Proof: Consider removing leaves.
* A full m-ary tree with i internal nodes has n=mi+1 nodes, and €=(m~‘l)i+‘1 ieaves.

— Proof: There are mi children of internal nodes, plus the root. And, {=ni

= (m-1)i+1. [l
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Ch.8 Graph and Tree - 16

®* Thus, when m is known and the tree is full, we can compute all four of the values

e i n and £, given any one of them.

* The fevel of a node is the length of the simple path from the root to the node.
— The height of a free is maximum node level,

— A rooted m-ary tree with height h is called balanced if all leaves are at

levels i1 or A=1.
* There are at most mh leaves in an m-ary tree of height h.

* An m-ary tree with £ |eaves has height thEogmf-‘ . If mis full and balanced
then h=|- logmf_].

Ex 5. Consider a tree below.

What is the level of node m?

What is the level of node h?

What is the height of a tree below?

Is it a 3-ary free? Is it a full 3-ary tree?

List all its leaves nodes. List all its internal nodes.

© The McGraw-Hill Companies, Inc. alt rights reserved.
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