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When ultrasonic wave encounter rough surfaces, they become scattered,

leading to speckle noise in an ultrasound image. The speckle noise occurring can

be explained statistically by the Rayleigh distribution:

Rσ(r) =
r

σ2
e−

r2

2σ2 ,

where r ≥ 0 and σ is a parameter.

One mathematical model for reconstructing an observed noisy ultrasound

image is the integral equation

E(u) = β

∫∫
Ω

(√
u2

x + u2
y

)
dA +

∫∫
Ω

(
ũ2

u2
+ 2 ln u + F(ũ)

)
dA,

where F(ũ) being a constant depending on ũ, for coordinate (x, y), u(x, y) is

intensity of desired image, ũ(x, y) is intensity of observed image and Ω is the

image domain.

The Calculus of Variations is the tool used to finding an optimal solution

u of the integral equation. It transforms the integral equation to the differential

equation

∂

∂x

(
ux√

u2
x + u2

y

)
+

∂

∂y

(
uy√

u2
x + u2

y

)
+

2

βu3
(ũ2 − u2) = 0,
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where u = ũ on ∂Ω, which is called Euler-Lagrange equation.

The solution u is expected to be the noiseless image. The gradient descent

method is used to find the solution of the Euler-Lagrange equation numerically in

the prototype software. The results show that the noise in the ultrasound images

and videos is reduced.
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