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Abstract

Rigorous lower bounds are derived for the exact ground state energy of neutral matter of bosonic and fermionic ty
Coulomb interactions with fixed positive charges by using, in the process, lower bounds for the kinetic energies as som
of an integral ofρ2 rather than of the familiarρ5/3, whereρ is the particle density. This method, while it leads to a weaken
of the bound for fermions, it improves the one for bosons from those in the literature. The bounds for fermionic matter lea
the inescapable conclusion that as more and more matter is put together, thus increasing the numberN of electrons, the numbe
k of nuclei, as separate clusters, would necessarily increase and not arbitrarily fuse together, and their individual charg
bounded. That is, technically, asN → ∞, thenstability implies thatk → ∞ as well, and no nuclei may be found in matter th
would carry arbitrarily large portions of the total positive charge available.
 2004 Elsevier B.V. All rights reserved.

The Hamiltonian under study is given by

(1)H =
N∑

i=1

p2
i

2m
+ V1 + V2 −

N∑
i=1

k∑
j=1

Zje
2|xi − Rj |−1,

where

(2)V1 =
N∑

i<j

e2|xi − xj |−1,

(3)V2 =
k∑

i<j

ZiZje
2|Ri − Rj |−1,

k∑
i=1

Zi = N, k � 2,
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with fixed positive charges, andxi , Rj refer to the negative and positive charges, respectively. We note th
k = 1, theV2 term in(3) will be absent in the expression forH and one would be dealing with an atom. Througho
we are interested in the case for whichk �= 1 relevant to matter.

A rigorous study of the instability and stability of such systems for bosons and fermions, respectively
several years ago in some remarkable work of Dyson and Lenard[1] giving rise to the respective famousN5/3

andN power laws for the ground state energy. Much simplified derivations with tremendous improvement
corresponding estimates have been given for the fermionic and bosonic cases notably by Lieb and Thirring[2–4].
A power law behaviour such asNα , with α > 1, implies the instability of such a system, since the formatio
such matter consisting of(2N + 2N) particles will be favourable over two separate systems brought into co
each consisting of(N +N) particles, and the energy released upon collapse, in the formation of the former s
being proportional to[(2N)α − 2(N)α] will be overwhelmingly large for realisticN , e.g.,N ∼ 1023.

In the present work, we are interested in lower bounds for the exact ground state energies of the above
and we present some new ideas on the construction of such bounds. The well-known estimates for thes
are[2], respectively,

(4)−cFN

[
1+

(
k∑

i=1

Z
7/3
i

N

)1/2]2

,

(5)−cBN5/3

[
1+

(
k∑

i=1

Z
7/3
i

N

)1/2]2

,

in units ofme4/2h̄2, for the fermionic and bosoniccases, respectively, wherecF andcB are some positive constan
The physically important question then arises as to what happens if matter could arrange itself in such a man

as the positive charges form large clusters (heavy nuclei) carrying large portions of the total positive charg
able constrained, of course, by the neutrality of matter. In particular, if, say,Z1 = Z2 = · · · = Zg = N/q,Zq+1 =
0, . . . ,Zk = 0 for some 2� q � N , i.e., theq nuclei carry large portions of the total positive chargeN |e|, then(4),
(5) lead to the respective behavioursN7/3/q4/3 andN3/q4/3, for sufficiently largeN , for fermionic and bosonic
systems. Motivated by the lower bound of the repulsive part[5] of the Coulomb potential derived below, rigoro
lower bounds are derived for the ground state energies of the above systems by using, in the process, low
for the kinetic energies as some power of an integral ofρ2 rather than of the familiarρ5/3, whereρ is the particle
density. The physical relevance of the our derived boundsin conjunction with the bounds given above to the qu
tion raised in the beginning of this paragraph will be elaborated upon below. For a recent review on most of the
technical aspects in the problem of the stability of matter, on lower bounds of kinetic energies for multi-partic
systems and related problems see[6] and references therein.

Consider a real functionv(x) � 0 such thatv(0) < ∞, and its Fourier transform̃v(p) � 0 as well. Letφ(x) be
a real function, andA1, . . . ,Ak (k � 2) be real and positive number. Then we may write

(6)
k∑

j=1

Ajφ(xj ) =
∫

d3p
(2π)3

φ̃(p)√
ṽ(p)

(
k∑

j=1

Aj

√
ṽ(p)eip·xj

)
,

which upon using the Cauchy–Schwartz inequality, we obtain

(7)
(
∑k

j=1 Ajφ(xj ))
2∫ d3p

(2π)3

|φ̃(p)|2
ṽ(p)

�
k∑

i,j=1

AiAjv(xi − xj ).
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by
For any real numbera, b such thatb > 0, we havea2/2b � a − b/2. Hence witha = ∑
j Ajφ(xj ), b =∫

d3p |φ̃(p)|2/(2π)3ṽ(p) used on the left-hand side of the inequality in(7), the latter leads to

(8)
1

2

k∑
i,j=1

AiAjv(xi − xj ) �
k∑

j=1

Ajφ(xj ) − 1

2

∫
d3p

(2π)3

|φ̃(p)|2
ṽ(p)

.

Let V (x) be real such thatV (x) � v(x), andρ(x) real, and so far arbitrary,

(9)φ(x) =
∫

d3x′ ρ(x′)V (x′ − x),

which upon substituting in(8), we obtain

k∑
i,j=1

AiAjV (xi − xj ) �
k∑

j=1

Aj

∫
d3x ρ(x)V (x − xj ) − 1

2

∫
d3x d3x′ ρ(x)V (x − x′)ρ(x′) − 1

2
v(0)

k∑
j=1

A2
j

(10)− 1

2

∫
d3p

(2π)3

∣∣ρ̃(p)
∣∣2[ |Ṽ (p)|2

ṽ(p)
− Ṽ (p)

]
,

where, needless to say,
∫

d3p |ρ̃(p)|2Ṽ (p) is real. In particular forV (x) = e2/|x| � v(x) = e2(1 − e−λ|x|)/|x|,
λ > 0, v(0) = e2λ, Ṽ (p) = 4πe2/p2, ṽ(p) = 4πλ2/p2(p2 + λ2), and(10)gives the bound(k � 2)

k∑
i,j=1

e2AiAj

|xi − xj | �
k∑

j=1

e2Aj

∫
d3x

ρ(x)

|x − xj | − 2πe2

λ2

∫
d3x ρ2(x) − λe2

2

k∑
j=1

A2
j

(11)− e2

2

∫
d3x d3x′ ρ(x)|x − x′|−1ρ(x′),

generalizing a result in[5].
For the bosonic case (of spin 0 for simplicity), for example, we may take

(12)ρ(x) = N

∫
d3x2 · · ·d3xN

∣∣ψ(x,x2, . . . ,xN)
∣∣2,

whereψ is anN boson symmetric normalized wavefunction. It is then straightforward to use(11) twice, once for
Aj = 1,k → N and then again forAj = Zj , xj → Rj for k � 2, for the repulsive potentials in(2), (3), respectively,
to obtain from(12)and(1) the bound

(13)〈ψ|H |ψ〉 � T − 4πe2

λ2

∫
d3x ρ2(x) − λe2

2

(
N +

k∑
i=1

Z2
i

)
,

whereT = 〈ψ|∑j p2
j /2m|ψ〉. Optimizing overλ, this gives the remarkably simple bound

(14)〈ψ|H |ψ〉 � T − 3e2

22/3π1/3

(
N +

k∑
i=1

Z2
i

)2/3(∫
d3x ρ2(x)

)1/3

.

It is of utmost importance thatk � 2, otherwise theV2 term will be absent in the expression forH in (1), and there
will be an additional term−e2N

∫
d3x ρ(x)/|x − R| on the right-hand side of the inequality in(14), after having

omitted the positive terme2
∫

d3x d3x′ ρ(x)|x − x′|−1ρ(x′)/2. The numerical factor 3 would be also replaced
3/2. This suggests to use a lower bound toT which is some power of an integral ofρ2.
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To the above end, given a functiong(x) � 0, the Schwinger bound[7] for the number of eigenvalues (countin
degeneracy)� −ξ , (if any) of a Hamiltonianp2/2m − g(x), for ξ > 0, satisfies[2] the inequality

(15)N−ξ

(
p2

2m
− g(x)

)
�

(
m

2h̄2

)3/2 1

π
√

ξ

∫
d3x g2(x).

Hence for anyδ > 0, we may choose

(16)−ξ = − (1+ δ)

π2

(
m

2h̄2

)3(∫
d3x g2(x)

)2

,

so thatN−ξ (p2/2m − g(x)) < 1, which implies thatN−ξ (p2/2m − g(x)) = 0, and the right-hand side of(16)
provides a lower bound to the spectrum of[p2/2m − g(x)] since its spectrum would then be empty for energ
� −ξ .

Accordingly, with

(17)g(x) = 4

3

Tρ(x)∫
d3x ρ2(x)

,

we obtain from(16), the following inequality involvingT , by noting, in the process, that for bosons, we may
all of theN particles at the bottom of the spectrum of[p2/2m − g(x)],

(18)T � 3h̄2

2mN1/3

(
π

2

)2/3 1

1+ ε

(∫
d3x ρ2(x)

)2/3

,

for anyε > 0, where we have set(1+ δ)1/3 ≡ 1+ ε.
Upon setting(

∫
d3x ρ2(x))1/3 = A, 3h̄2(π/2)2/3/2m(1+ ε) = c, (14), (18) lead to(k � 2)

〈ψ|H |ψ〉 � c

N1/3
A2 − 3

22/3
e2π1/3

(
N +

k∑
i=1

Z2
i

)2/3

A

= c

N1/3

(
A − 3e2π1/3N1/3

25/3c

(
N +

k∑
i=1

Z2
i

)2/3)2

− 9

8

e4

21/3

π2/3

c
N1/3

(
N +

k∑
i=1

Z2
i

)4/3

> −9

8

e4

21/3

π2/3

c
N1/3

(
N +

k∑
i=1

Z2
i

)4/3

(19)= −1.89

(
me4

2h̄2

)
N1/3

(
N +

k∑
i=1

Z2
i

)4/3

,

where we have takenε arbitrarily small forN sufficiently large. It is interesting to note that even ifZ1 = · · · =
ZN = 1 in (5), the coefficient ofN5/3 in (5) is of the order 8.71, and the new estimate in(19) improves this
numerical estimate by a factor of about two. ForZ1 = · · · = Zq = N/q , Nq+1 = · · · = Nk = 0, 2� q � N , i.e.,
N � N2/q , theN dependence of the right-hand side of(19) is N3/q4/3 coinciding with that obtained from(5).
SuchN dependences alone withN5/3 for Z1 = · · · = ZN = 1 andN3/q4/3 for the case just discussed imp
physically that for no arrangements of the positive charges corresponding to light or heavy nuclei, bosonic mat
may be stable. The situation with fermionic matter is quite different as discussed below.
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For the fermionic case, we may use a Lieb–Thirring inequality for the kinetic energy [8, Eg. (3.7),p = 2,n = 3]:
T � b(

∫
d3x ρ2(x))2/3h̄2/2m whereb is independent of N , which from(14) leads tok � 2

〈ψ|H |ψ〉 � h̄2

2m
b

(
A − 3me2

22/3bh̄2π1/3

(
N +

k∑
i=1

Z2
i

)2/3)2

− 9

24/3

π2/3

b

(
N +

k∑
i=1

Z2
i

)4/3
me4

2h̄2

(20)> − 9

24/3

π2/3

b

(
N +

k∑
i=1

Z2
i

)4/3
me4

2h̄2 .

(As a rough estimate obtained from[8], the numerical factor 9π2/3/24/3b is of the order 1.5.) ForZ1 = · · · =
Zq = N/q , 2� q � N , theN dependence on the right-hand side of(20) is N8/3/q4/3 and does not improve th
bound obtained from(4) which has theN dependence onN7/3/q4/3. On the other hand, forZ1 = · · · = ZN = 1,
or more generally for boundedZi the right-hand side of(4) grows with a single power ofN . One may consider th
situation of havingq separate ions, each in its ground state with nuclear charges|e|Z1, . . . , |e|Zq having each only
one electron and having separately(N − q) “free” electrons with arbitrarily small kinetic energies with all theN
entities, i.e., theq ions and the(N − q) “free” electrons being infinitely separated from each other. This leads
an upper bound for the ground state energy of such matter given by the well know expression−∑

i Z
2
i me4/2h̄2

(which incidently is bounded above by−Nme4/2h̄2 for
∑

i Zi = N ). From this and(4)/(20), we conclude that fo
Z1 = · · · = Zq = N/q,Zq+1 = · · · = Zk = 0,2 � q � N , the ground state energy for fermionic matter will gro
not slower than−N2 and is obviously quite relevant physically to thestability of matter. It leads to the conclusio
that as more and more matter is put together, thus increasing the numberN of electrons, the numberk of nuclei in
such matter, as separate clusters, would necessarily increase and not arbitrarily fuse together and their
charges remainbounded. That is, asN → ∞, then stability implies thatk → ∞ as well, and no nuclei may b
found in matter that would carry arbitrarily large portions of the total charge available.

Finally we note that our new estimates (obtained by somewhat simpler methods) and the other well kno
in the literature[2] for the bosonic case are comparable leading to theN5/3 law and, as expected, two differe
methods of estimation lead, in general, to different multiplicative numerical factors toN5/3 with some improvemen
in our case. The situation for the fermionic case is, however, more critical and deserves some comments. The lo
bound for the ground state energy arises as a competition between the kinetic energy and theinteraction parts in
(1) contributing, respectively, with positive and negative signs. A lower bound corresponding to the repuls
of the potential in(11)based on the so-called “no-binding theorem” (see[2,3] for detail), based on the 5/3 power
of ρ, is expected to be a better one than the one given in(11) based only on positivity arguments and hence
former will contribute more optimally to the lower bound of the ground state energy being sought. Also th
N1/3 multiplicative factor arising in the second term on the right-hand side of(20) may presumably be accounte
for by an application of Hölder’s inequality relating our integral ofρ2 and the familiar one of the integral ofρ5/3

of the densityρ. In this case, it reads

(21)
∫

d3x ρ5/3(x) �
(∫

d3x ρ2(x)

)2/3(∫
d3x ρ(x)

)1/3

or

(22)

(∫
d3x ρ2(x)

)2/3

� 1

N1/3

∫
d3x ρ5/3(x),

which upon comparison with the known method, using the 5/3 power of the density, would provide a weak
contribution to (a lower bound to) the kinetic energy in an estimation of the ground state energy.
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