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A mathematically rigorous analysis is carried out of the stability of matter in

bulk by invoking, in the process, the fundamental Pauli exclusion principle which has

far reaching consequences in nature relevant to our world. To do this, we derive several

lower and upper bounds for the exact ground-state energy as functionsof the num-

berN of electrons and of the nuclear charges. One of the lower bounds obtained is

based on positivity properties followed by deriving a lowerbound for the expectation

value of the exact kinetic energy of the electrons, involving some power of the integral
´

d3x ρ2(x) (aρ2(x)−law), whereρ(x) is the electron density :
´

d3x ρ(x) = N, while

another traces the classics Lieb-Thirring approach, whichis however much more in-

volved, based on theρ5/3(x)−law, followed by establishing a “No-binding Theorem”,

leading, in the process, to a lower bound to the repulsive electron-electron potential en-

ergy. The upper bounds are based on specific constructions with appropriate choices

of trial wavefunctions for the electrons. One upper bound isbased on localizing the

electrons inN non-overlapping ordered boxes, with thek nuclei centered at the origins

of the firstk boxes, while another is obtained by introducingN infinitely separated

clusters consisting of :k hydrogenic atoms with nuclear chargesZ1|e|, . . . , Zk|e| each

containing one electron all in their ground states, and(N − k) free electrons with van-

ishingly small kinetic energies. We learn, in particular, that as more and more matter

is put together, thus increasing the numberN of electrons, the numberk of nuclei, as

separate clusters, would necessarily increase and not arbitrarily fuse together, and their
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CHAPTER I

INTRODUCTION

Undoubtedly, one of the most important and serious problemsthat quantum

physics has faced over the years, since its birth over a three-quarter of a century ago,

is that of the stability of matter. That is of consistently demonstrating as to why matter

in our world consisting of a large number of electrons, in spite of their mutual repul-

sions, but with increasing attractions to its nuclei, as their number increase, and contin-

uously accelerating around them, does not eventually lead to its collapse, as expected on

classical grounds, and a perfect balance between these phenomenae occurs and matter

remains stable. The so-called Pauli exclusion principle turns out to be not only suffi-

cient for stability but also necessary. That is, if one invokes the exclusion principle then

stability may be established. On the other hand, if the exclusion principle is revoked

leading with what is called “bosonic matter” then instability, i.e., collapse, of such mat-

ter may be established. A very detailed technical treatmentof “bosonic matter” has been

the subject matter of the recent doctoral thesis of Muthaporn (2005) providing original

contributions to the problems involving such matter and contains extensive references.

The burden on a theoretical physicist is to actually spell out, mathematically, the details

for establishing the stability of matter and work out its consequences by invoking, in the

process, the Pauli exclusion principleand not just providing qualitative arguments for

stability, as is often done by a phenomenologist, and is the subject matter of this thesis.

The Pauli exclusion principle, or more generally the Spin and Statistics Theo-

rem, in its simplest form, states that no two identical particles of half-odd integer spins

(fermions) can occupy the same state while any number of identical particles of integer

spins (bosons) may do so without limitation. The practical effect of this theorem pre-

vails over the whole of science and provides the basis for explaining the periodic table

of elements from which we are made of. Without the Spin and Statistics connection our
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world will be unstable and ceases to exist. The translator ofthe classic book by the No-

bel Laureate S.–I. Tomonaga (1997), on the “Story of Spin”, T. Oka, a Robert Milikan

Distinguished Service Professor at the Enrico Fermi Institute of Chicago, writes the fol-

lowing concerning this theorem : “The existence of Spin, and the Statistics associated

with it, is the most subtle and ingenious design of Nature–without it the whole universe

would collapse”. The legendary Freeman Dyson (1967) in regard to matter, without the

Spin and Statistics connection, writes : “Matter in bulk would collapse into a condensed

high–density phase. The assembly of any two macroscopic objects would release energy

comparable to that of an atomic bomb”. E.H. Lieb (1990), regarding “bosonic matter”,

i.e., matter for which the Pauli exclusion principle does not apply, as mentioned above,

writes : “Such “matter” would be very unpleasant stuff to have lying around the house”.

The Spin and Statistics Theorem is usually credited to Stoner (1924), Pauli (1925), Pauli

and Weisskopf (1934), Pauli (1936), Ivanenko and Sokolov (1937), Fierz(1939), Pauli

and Belifante (1940), deWet (1940), Pauli (1950), Wightman (1956), Hall and Wight-

man (1957), Schwinger (1958a, 1958b), Bourgogne (1958), Lüders and Zumino (1958),

Jost (1960), Brown and Schwinger (1961), Schwinger (1988).

Already in 1931, the practical relevance of the Spin and Statistics Theorem was

recognized : “We take a piece of metal or stone when we think about it, we are as-

tonished that this quantity of matter should occupy so largea volume. Admittedly, the

molecules are packed tightly together, and likewise the atoms within each molecule. But

why are the atoms themselves so big ? Consider for example the Bohr model of an

atom of lead. Why do so few of the 82 electrons run in the orbitsclose to the nucleus ?

The attraction of the 82 positive charges in the nucleus is sostrong. Many more of the

82 electrons could be concentrated into the inner orbits, before their mutual repulsion

would become too large. What prevents the atom from collapsing in this way ? Answer

: only the Pauli principle. ‘No two electrons in the same state’. That is why atoms

are so unnecessarily big, and why metal or stone are so bulky”. These words were

addressed by Ehrenfest to Pauli (Ehrenfest, 1931, 1959) as quoted by Dyson (1967).
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The first systematic analysis as to why matter is stable was carried out by Dyson and

Lenard (1967), Lenard and Dyson (1968) in a rather very complex way of the under-

lying analysis. Since then much improvements were made (Lieb, 1976, 1980, 1983,

1990; Leib and Thirring, 1975, 1976; Manoukian and Sirininlakul, 2005) on the prob-

lem of stability. The basic analysis in the modern developments rested on a remarkable

result due to Julian Schwinger (1961) which simply gives rise to an upper bound for

counting the eigenvalues of a given Hamiltonian. Recently, an exactfunctional expres-

sion (Manoukian and Limboonsong, 2006), not just a bound, have been obtained for

the number of eigenvalues, within a given range, of a given Hamiltonian. The relevant

papers which led to modern developments of the fundamental problem of stability were

due to Fermi (1927), Heisenberg (1927), Hartee (1927, 1928), Thomas (1927), Dirac

(1930), Fock (1930), Slater (1930), Lenz (1932), Sommerfeld (1932), von Weizs̈acker

(1935), Sobolev (1938), Gombas (1949), Scott (1952), Sheldon (1955), Kompaneets

and Paulovski (1956), Kirzhnitz (1957), Birman (1961), Teller (1962), Fisher (1964),

Baĺazs (1967), Dyson (1968), Kato (1951, 1972), Rosen (1971), Stein (1970), Conlon

(1984), Conlon, Lieb and Yau (1988), Helffer and Robert (1990), Hoffmann–Ostenhof

(1977), Leib (1976, 1979, 1980, 1983, 1990), Leib and Lebowitz (1972), Leib and Si-

mon (1974, 1977), Leib and Thirring (1976), Wang (1983), Perez, Malta and Coutino

(1988), Wiedl (1996), Manoukian and Sirininlakul (2004, 2005, 2006b), covering es-

sentially the history of which is relevant to the problem of the stability of matter. In ad-

dition to the earlier investigations of Dyson and Lenard (1967, 1968) mentioned above,

the contribution of Leib and Thirring (1975) has embodied the central result of this prob-

lem, in which they bound the ground-state energy from below,as Dyson and Lenard,

by a single power ofN (the number of electrons in a piece of matter) multiplied by

a negative constant whose magnitude is much smaller than that found by Dyson and

Lenard. It is expected that an ultimate treatment of stability of matter should involve

the full machinery of quantum electrodynamics (Schwinger,1951a, 1951b, 1953, 1954,

1958c; Manoukian, 1985, 1986; Thirring (Lieb Selecta), 1991).
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The drastic difference between matter with the exclusion principle and “bosonic

matter” with Coulomb interactions, is that the ground-stateenergyEN for the former

−EN ∼ N , with N denoting the number of negative charges (the electrons), while for

the latter−EN ∼ Nα, with α > 1. A power law behaviour withα > 1 implies that

of instability as the formation of a single system consisting of (2N + 2N) particles

is favoured over two separate systems brought together, each consisting of(N + N)

particles, and the energy released upon the collapse of the two systems into one, being

proportional to[(2N)α − 2(N)α], will be overwhelmingly large for realistic largeN ,

e.g.,N ∼ 1023. Thus the actual demonstration of a single power ofN for the ground-

state energy of matter is essential.

The Hamiltonian into consideration in this work is defined by

H =
N∑

i=1

p2
i

2m
+ V1 + V2 −

N∑

i=1

k∑

j=1

Zje
2|xi − Rj|−1 (1.1)

where

V1 =
N∑

i<j

e2|xi − xj|−1 (1.2)

V2 =
k∑

i<j

ZiZje
2|Ri − Rj|−1 ,

k∑

j=1

Zj = N, k > 2 (1.3)

with fixed positive charges,xi, Rj refer to the positions of the negative and positive

charges, respectively, andm denotes the mass of the electron. We note that fork = 1,

theV2 term in (1.3) will be absent in the expression forH and one would be dealing

with an atom.Throughout, we are interested in the case for whichk > 2 relevant to

matter. We consider neutral matter, i.e., for which
k∑

j=1

Zj = N as indicated in (1.3).

The purpose of this thesis is to carry a mathematically rigorous analysis of the

problem of stability of matter in bulk by invoking, in the process, the fundamental

Pauli exclusion principle which, as mentioned above, has far reaching consequences
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in nature relevant directly to our world. To do this, we derive several lowerand upper

bounds for the exact ground-state energy of matter, corresponding to the Hamiltonian

H in (1.1)–(1.3), as functions of the numberN of electrons and of the nuclear charges

Z1|e|, . . . , Zk|e|. One of the lower bounds (Chapter II) is based on positivity properties

followed by deriving a lower bound for the expectation valueof the exact kinetic energy

of the electrons involving some power of the integral
´

d3x ρ2(x), whereρ(x) is the

electron density, i.e.,

ˆ

d3x ρ(x) = N. (1.4)

The other one traces the classic Lieb–Thirring approach andis much more involved

and is based on deriving a lower bound for the expectation value of the kinetic energy

involving the integral
´

d3x ρ5/3(x) followed by establishing a “No–binding Theorem”

leading to a lower bound to the repulsive electron–electronpotential energyV1 in (1.2).

The upper bounds (chapter III) are based on specific constructions with appropriate

choices of trial wavefunctions for the electrons. The first upper bound is obtained by

localizing the electrons inN non-overlapping ordered boxes, with thek nuclei centered

at the origins of the firstk boxes. The second upper bound is obtained by introducing

N infinitely separated clusters consisting of :k hydrogenic atoms with nuclear charges

Z1|e|, . . . , Zk|e| each containing one electron all in their ground states, and(N − k)

free electrons with vanishingly small kinetic energies. Welearn, in particular, that as

more and more matter is put together, thus increasing the numberN of electrons, the

numberk of nuclei, as separate clusters, would necessarily increase and not arbitrarily

fuse together (Chapter IV), and their individual charges remain bounded, i.e.,N → ∞,

implies thatk → ∞, and no nuclei may be found in nature that would carry arbitrar-

ily large portions of the total positive charge available. In Chapter IV, we establish the

inflation of matter by showing that for a non-vanishing probability of having the elec-

trons in matter within a sphere of radiusR, the latter necessarilygrowsnot any slower

thanN1/3 for largeN . No wonder why matter occupies so large a volume(!) bringing
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us into contact with the classic debate of Ehrenfest and Pauli mentioned earlier. Our

methods of study developed allow us also to obtain new estimates on matter when the

exclusion principle is revoked dealing with the so-called “bosonic matter” as elaborated

upon earlier. This is carried out in Appendices A and B of thisthesis. In particular, we

prove that if deflation occurs of such matter, upon collapse,thenR necessarily cannot

decrease faster thanN−1/3 for largeN . The mathematical analyses methods are based

on modern functional analyses techniques (e.g., Yosida, 1980; Mitrinovíc, Pĕcaríc and

Fink, 1993) and fitting particles within specific regions (e.g., Casselman, 2004; Pfender

and Ziegler, 2004; Croft, Falconer and Guy, 1991). Due to the overwhelming interest in

recent years in physics in two dimensions (e.g., Geyer 1995;Badhuri, 1996; Semenoff,

1987; Forte, 1992) and its relevance to our world, we prove rigorously, in Chapter V, the

stability and inflation of such matter by invoking the exclusion principle. [Some of the

present field theories (e.g., Green and Schwarz, 1988; Schwarz, 1985) speculate that at

early stages of our universe the dimensionality of space wasnot necessarily coinciding

with three, and by a process which has been referred to as compactification of space, the

present three-dimensional character of space arose upon the evolution and the cooling

down of the universe. Due to technical reasons mentioned in the introductory section

5.1, the stability problem is not considered in the present work for dimensions higher

than three.] Chapter VI deals with our main conclusions. Although the mathematical

details and the corresponding intermediate estimates turnout to be quite tedious and

involved, the final results are expressed in terms of simple expressions and are readily

interpreted.



CHAPTER II

RIGOROUS LOWER BOUNDS FOR THE

GROUND-STATE ENERGY OF MATTER

2.1 Introduction

The purpose of this chapter is to derive rigorous lower bounds for the ex-

act ground-state of matter based on the Hamiltonian (1.1)–(1.3). The first, given in

(Sect. 2.3), relies heavily on positivity conditions together with a derivation of a lower

bound (Sect. 2.2) for the expectation value of the exact kinetic energy of the electrons

involving some power of an integral ofρ2(x) with ρ(x) being the particle density (see

Eq.(2.37)). Another, though technically much more involved, derivation of a lower

bound is also given of the exact ground-state energy in Sect.2.6 based on the follow-

ing chain of analyses and tracing the Lieb–Thirring approach. First we carry out a

fairly detailed analysis of the so-called Thomas–Fermi atom which surprisingly turns

out to be relevant to the exact theory for matter based on the Hamiltonian in question

through a “No-binding Theorem” studied in Sect. 2.5. The later theorem then leads to

a lower bound for the exact electron-electron interaction potential energy. These results

are then combined in Sect. 2.6 to derive the second lower bound for the ground-state

energy which follows the celebrated Lieb–Thirring approach to study the stability of

matter. The second lower bound for the expectation value of the kinetic energy involves

an integral ofρ5/3(x) rather than ofρ2(x). The method of deriving the first lower bound

for the ground-state energy mentioned above turns out to be quite useful when extended

to bosonic systems which is studied in detail in Appendices Aand B of the thesis.
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2.2 Lower Bound for the Expectation Value of the Exact Kinetic

Energy of Matter

To obtain a lower bound for the ground-state energy of matter, first we have to

find a lower bound for the expectation value kinetic energyT which is the first term on

the right-hand side of (1.1). We first consider the Hamiltonian of a single particle

H = H0 + V (2.1)

whereH0 is the free Hamiltonianp2/2m.

By introducing a variable coupling parameterg > 0, with g = 1 corresponding

to above the Hamiltonian, we rewrite (2.1) in the form

H(g) = H0 + gV (x). (2.2)

We rewrite the potential, by using in the process the step function

V (x) =V (x)(1)

=V (x) [Θ(V (x)) + Θ(−V (x))]

=V (x)Θ(V (x)) + V (x)Θ(−V (x))

>V (x)Θ(−V (x)). (2.3)

SinceV (x)Θ(V (x)) > 0, whereΘ(V (x)) + Θ(−V (x)) = 1.

Let−v = V (x)Θ(−V (x)) wherev(x) > 0, from (2.3) we then obtain

V (x) > − v(x). (2.4)
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Substitute this into (2.2), to obtain

H(g) =H0 + gv(x)

H(g) >H0 − gv(x). (2.5)

LetN−ξ(H(g)) denote the number of eigenvalues ofHg 6 −ξ, with ξ > 0. For

future developments, we establish an order relationship between the eigenvalues of two

self-adjacent operatorsH(g) andH0 − gv(x), whose spectra are bounded from below,

such that for all vectors|Ψ〉 in their domains, we obtain

〈Ψ|H(g)|Ψ〉 > 〈Ψ|H0 − gv(x)|Ψ〉 > −ξ. (2.6)

Also the number of bound-state ofH0 − gv(x) cannot be less than those ofH(g),

N−ξ (H0 − gv(x)) > N−ξ (H0 + gv(x)) . (2.7)

Similarly 0 < g′ < g,

H0 − g′v(x) >H0 − gv(x) (2.8)

and

N−ξ (H0 − gv(x)) > N−ξ (H0 − g′v(x)) . (2.9)

From (2.3)–(2.9), we have the important relation :

N−ξ (H0 − v(x)) = [Number of g′’s in0 < g′ 6 g for which

H0 − g′v(x) has the eigenvalue= −ξ] (2.10)
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so thatH0 − g′v(x) has energy≡ −ξ.

From (2.10), we introduce the new eigenvalue equation :

(H0 − g′v(x)) |Ψ〉 = − ξ |Ψ〉 , 〈Ψ| Ψ〉 = 1

(
p2

2m
− g′v(x)

)∣∣∣∣Ψ
〉

= − ξ |Ψ〉

(
p2

2m
+ ξ

)∣∣∣∣Ψ
〉

=g′v(x)|Ψ〉

=g′
√
v(x)

√
v(x) |Ψ〉

=g′
√
v(x) |φ〉 (2.11)

where|φ〉 =
√
v(x) |Ψ〉.

Multiply (2.11) by
√
v(x), to obtain

√
v(x)

(
p2

2m
+ ξ

)∣∣∣∣Ψ
〉

=g′
√
v(x)

√
v(x)|φ〉

√
v(x) |Ψ〉 =g′

√
v(x)

1(
p2

2m
+ ξ
)
√
v(x)|φ〉

|φ〉 =g′A|φ〉

A|φ〉 =
1

g′
|φ〉 (2.12)

whereA is the positive operator

A =
√
v(x)

1(
p2

2m
+ ξ
)
√
v(x) (2.13)
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The eigenvalue of the operatorA is 1/g′ and0 < g′ < g. Also

Aρ =
∞∑

j=1

1

g′ρj
|g′j〉〈g′j|. (2.14)

From (2.13), forρ > 0, in particular

ˆ

dνx 〈x|Aρ |x〉 >
1

gρ
× [Number of allg′’s as eigenvalues ofA

in 0 < g′ 6 g for whichH0 − g′v(x)

has the eigenvalue= −ξ] . (2.15)

From (2.10) and (2.15), we obtain

N−ξ (H0 − gv(x)) 6 gρ

ˆ

dνx 〈x|Aρ |x〉 (2.16)

giving from (2.16), the so-called Schwinger inequality.

In three dimensions(ν = 3), we chooseρ = 2 on the right-hand side of (2.15).

Thus with the definition ofA in (2.13), we obtain for the right-hand side of (2.15) with

g(x) = 1

ˆ

d3x 〈x|A2 |x〉 =

ˆ

d3x

ˆ

d3x′ 〈x|A |x′〉 〈x′|A |x〉

=

ˆ

d3x

ˆ

d3x′ 〈x|A |x′〉 〈x|A |x′〉∗

=

ˆ

d3x

ˆ

d3x′ |〈x|A |x′〉|2

=

ˆ

d3x

ˆ

d3x′ v(x) v(x′)

∣∣∣∣∣∣

〈
x

∣∣∣∣∣∣
1[

p2

2m
+ ξ
]

∣∣∣∣∣∣
x′

〉∣∣∣∣∣∣

2

. (2.17)
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For

〈
x

∣∣∣∣
[

p2

2m
+ ξ
]−1
∣∣∣∣x′
〉

, let Â(p) =
[

p2

2m
+ ξ
]−1

, we obtain the following chain of

the equalities :

〈
x

∣∣∣∣∣∣
1[

p2

2m
+ ξ
]

∣∣∣∣∣∣
x′

〉

=
〈
x
∣∣∣Â(p)

∣∣∣x′
〉

=

ˆ

d3p

(2π~)3

ˆ

d3p′

(2π~)3
〈x | p〉

〈
p
∣∣∣Â(p)

∣∣∣p′

〉
〈p′ | x′〉

=

ˆ

d3p

(2π~)3

ˆ

d3p′

(2π~)3
eip

~
·x
〈
p
∣∣∣Â(p)

∣∣∣p′

〉
e−ip

′

~
·x′

=

ˆ

d3p

(2π~)3

ˆ

d3p′

(2π~)3
ei(p·x−p′ ·x′)/~

〈
p
∣∣∣Â(p)

∣∣∣p′

〉

=

ˆ

d3p

(2π~)3

ˆ

d3p′

(2π~)3
ei(p·x−p′ ·x′)/~ Â(p) (2π~)3 δ3 (p − p′)

=

ˆ

d3p

(2π~)3
Â(p) (2π~)3

ˆ

d3p′

(2π~)3
ei(p·x−p′ ·x′)/~δ3 (p − p′)

=

ˆ

d3p

(2π~)3
Â(p) eip·(x−x′)/~

=

ˆ

d3p

(2π~)3

eip·(x−x′)/~

[
p2

2m
+ ξ
]

=
2π

(2π~)3

ˆ ∞

0

p2 dp(
p2

2m
+ ξ
)
ˆ 1

−1

d(cos θ) eiηp cos θ/~, η = |x − x′|

=
2π

(2π~)3

~

iη

ˆ ∞

0

p dp
eiηp/~ − e−iηp/~

(
p2

2m
+ ξ
)

=
2π~

(2π~)3

1

iη

ˆ ∞

−∞

p(
p2

2m
+ ξ
) dp eiηp/~
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=
1

(2π~)2

2m

iη

ˆ ∞

−∞

p

(p2 + 2mξ)
dp eiηp/~

=
1

(2π~)2

2m

iη

i
√

2mξ

2i
√

2mξ
(2πi) e−η

√
2mξ/~

=
m

(2π~2)

1

η
exp

(
−η

~

√
2mξ

)

=
m

2π~2

1

|x − x′| exp

(
−|x − x′|

~

√
2mξ

)
. (2.18)

Substitution (2.18) into (2.17), to obtain

ˆ

d3x 〈x|A2 |x〉 =
( m

2π~2

)2
ˆ

d3x

ˆ

d3x′ v(x) v(x′)
e−2|x−x′|

√
2mξ/~

|x − x′|2 . (2.19)

Finally substitution (2.19) into (2.16), to obtain the so-called Schwinger inequality :

N−ξ (H0 − v(x)) 6
( m

2π~2

)2
ˆ

d3x

ˆ

d3x′ v(x) v(x′)
e−2|x−x′|

√
2mξ/~

|x − x′|2 . (2.20)

Recently an equality, that is, an exact functional expression forN−ξ(H0−v(x)) has been

derived (Manoukian and Limboonsong, 2006) not just an upperbound as in (2.20).

We note that the integrand in (2.20) is positive, and the exponential factor is

bounded above by one. We first use Young’s inequality

∣∣∣∣
ˆ

d3x

ˆ

d3x′f(x)g(x − x′)h(x′)

∣∣∣∣ 6
{
ˆ

d3x |f(x)|p
}1/p{ˆ

d3x |g(x)|q
}1/q

×
{
ˆ

d3x|h(x)|s
}1/s

. (2.21)

Let p = 2, s = 2, q = 1 and

f(x) =v(x), (2.22a)

g(x − x′) =
e−2|x−x′|

√
2mξ/~

|x − x′|2 , (2.22b)
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h(x′) =v(x′) (2.22c)

substitute the values forp, s, q, in (2.21), to obtain

∣∣∣∣∣

ˆ

d3x

ˆ

d3x′ v(x)
e−2|x−x′|

√
2mξ/~

|x − x′|2 v(x′)

∣∣∣∣∣

6

(
ˆ

d3x |v(x)|2
)1/2

(
ˆ

d3x

∣∣∣∣∣
e−2|x|

√
2mξ/~

|x|2

∣∣∣∣∣

)

×
(
ˆ

d3x |v(x)|2
)1/2

=

(
ˆ

d3x [v(x)]2
)1/2(ˆ

d3x [v(x)]2
)1/2

×
(
ˆ

d3x

∣∣∣∣∣
e−2|x|

√
2mξ/~

|x|2

∣∣∣∣∣

)

6

(
ˆ

d3x [v(x)]2
)(
ˆ

d3x
e−2|x|

√
2mξ/~

|x|2

)
. (2.23)

For the second term on the right-hand side of (2.23) we have

ˆ

d3x
e−2|x|

√
2mξ/~

|x|2 =

ˆ

d3x
e−2x

√
2mξ/~

x2

=

ˆ ∞

0

x2dx

ˆ π

0

sin θ dθ

ˆ 2π

0

dϕ
e−2x

√
2mξ/~

x2

=4π

ˆ ∞

0

dx e−2x
√

2mξ/~

=
4π~√
8mξ

(2.24)
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which upon substituting (2.24) into (2.23), to obtain

ˆ

d3x

ˆ

d3x′ v(x)
e−2|x−x′|

√
2mξ/~

|x − x′|2 v(x′) 6

(
4π~√
8mξ

)(
ˆ

d3x [v(x)]2
)

(2.25)

and substituting (2.25) into (2.20), gives

N−ξ (H0 − v(x)) 6
( m

2π~2

)2
(

4π~√
8mξ

)(
ˆ

d3x [v(x)]2
)

=
( m

2~2

)3/2 1

π
√
ξ

ˆ

d3x (v(x))2

∴ N−ξ (H0 − v(x)) 6
( m

2~2

)3/2 1

π
√
ξ

ˆ

d3x (v(x))2 (2.26)

wherev(x) > 0.

For ξ such that

1 =
( m

2~2

)3/2 1

π
√
ξ

ˆ

d3x (v(x))2

ξ =
( m

2~2

)3 1

π2

(
ˆ

d3x (v(x))2

)2

. (2.27)

To obtainN−ξ (H0 − v(x)) < 1 we chooseξ such that

ξ =
( m

2~2

)3 1 + δ

π2

(
ˆ

d3x (v(x))2

)2

(2.28)

for anyδ > 0, however small, or

−ξ = −
( m

2~2

)3 (1 + δ)

π2

(
ˆ

d3x [v(x)]2
)2

(2.29)

so thatN−ξ(p
2/2m − v(x)) < 1, which implies thatN−ξ(p

2/2m − v(x)) = 0, and

the right-hand side of (2.29) provides a lower bound to the spectrum of[p2/2m− v(x)]

since its spectrum would then be empty for energies less or equal to−ξ. That is, (2.29)
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gives the following lower bound for the ground-state energyof the Hamiltonian,

−
( m

2~2

)3 (1 + δ)

π2

(
ˆ

d3x [v(x)]2
)2

. (2.30)

For a one particle system, we may then obtain a lower bound forkinetic energy

T , as follows. First we consider the one particle state which
´

d3x ρ(x) = 1, where

ρ(x) = |Ψ(x)|2 andΨ(x) is the wavefunction, and define the positive function

v(x) = γ
ρα(x)

´

d3x ρα+1(x)
T (2.31)

whereα, γ are to be determined andv(x) is not the potential energy for any Hamilto-

nian. It is just introduced in order to be able to obtain a lower bound forT . Substituting

(2.31) into〈Ψ |H0 − v(x)|Ψ〉, to obtain

〈
Ψ

∣∣∣∣
p2

2m
− v(x)

∣∣∣∣Ψ
〉

= −(γ − 1) T (2.32)

and in reference to the bound in (2.30), we obtain

〈
Ψ

∣∣∣∣
p2

2m
− v(x)

∣∣∣∣Ψ
〉

> −
( m

2~2

)3 (1 + δ)

π2

(
ˆ

d3x [v(x)]2
)2

. (2.33)

From (2.32) and (2.33), we obtain

−(γ − 1) T > −
( m

2~2

)3 (1 + δ)

π2

(
ˆ

d3x [v(x)]2
)2

= −
( m

2~2

)3 (1 + δ)

π2

(
ˆ

d3x

(
γ

ρα(x)
´

d3x ρα+1(x)
T

)2
)2

= −
( m

2~2

)3 (1 + δ)

π2
γ4T 4

´

d3x ρ2α(x)
(´

d3x ρα+1(x)
)4

∴ (γ − 1) T 6
( m

2~2

)3 (1 + δ)

π2
γ4T 4

(´
d3x ρ2α(x)

)2
(´

d3x ρα+1(x)
)4 . (2.34)
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To determineα, we consider the right-hand side of inequality (2.34). Thissuggests to

choose2α = α+ 1, givingα = 1. So the inequality (2.34) will become

(γ − 1) T 6
( m

2~2

)3 (1 + δ)

π2
γ4T 4 1

(´
d3x ρ2(x)

)2

T 3 >
(γ − 1)

γ4

(
2~

2

m

)3
π2

(1 + δ)

(
ˆ

d3x ρ2(x)

)2

T >

(
γ − 1

γ4

)1/3
4π2/3

(1 + δ)1/3

(
~

2

2m

)(
ˆ

d3x ρ2(x)

)2/3

. (2.35)

Optimizing (2.35) overγ, to obtain

d

dγ

γ − 1

γ4
=0

−3

γ4
+

4

γ5
=0

γ =
4

3
. (2.36)

Substituteγ from (2.37) into (2.35), to obtain for the expectation valueof the kinetic

energyT for one particle system

T >

(
4
3
− 1
(

4
3

)4

)1/3
4π2/3

(1 + δ)1/3

(
~

2

2m

)(
ˆ

d3x ρ2(x)

)2/3

=
3

44/3

4π2/3

(1 + δ)1/3

(
~

2

2m

)(
ˆ

d3x ρ2(x)

)2/3

=
3

(1 + δ)1/3

(π
2

)2/3
(

~
2

2m

)(
ˆ

d3x ρ2(x)

)2/3

∴ T >
3

(1 + δ)1/3

(π
2

)2/3
(

~
2

2m

)(
ˆ

d3x ρ2(x)

)2/3

. (2.37)

From (2.37), we rewrite the expectation value of the kineticenergyT (for one particle



18

systems), whose the particle number density is denote byρ(x), in compact form

T >B

(
~

2

2m

)(
ˆ

d3x ρ2(x)

)2/3

(2.38)

where

B =
3

(1 + δ)1/3

(π
2

)2/3

. (2.39)

For multi-particle systems, we considerN identical fermions, each of massm

and introduce the particle number density in three dimensions :

ρ(x) = N
∑

σ1,...,σN

ˆ

d3x2...d
3xN |Ψ(xσ1,x2σ2, ...,xNσN)|2 (2.40)

whereσ1, . . . , σN specify spin projection values eachq = (2s+ 1) values for a particle

of spins.

The total number of particleN is obtained from the normalization condition

ˆ

d3x ρ(x) = N (2.41)

and the wavefunctionsΨ(xσ1,x2σ2, ...,xNσN) are assumed to satisfy the appropriate

statistics which in this case are anti-symmetric in the exchange of any two particles

which amounts into the interchange of the position-spin labeling : (xiσi) ⇔ (xjσj).

In reference to (2.31), withγ = 4/3, α = 1, and the positive functionv(x)

v(x) =
4

3

ρ(x)
´

d3x ρ2(x)
T (2.42)

where

T =

〈
Ψ

∣∣∣∣∣

N∑

i=1

p2
i

2m

∣∣∣∣∣Ψ
〉
. (2.43)
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It is easily verified that

〈
Ψ

∣∣∣∣∣

N∑

i=1

v(xi)

∣∣∣∣∣Ψ
〉

=
4

3
T (2.44)

where
N∑

i=1

v(xi) = v(x) andv(x) is not the potential energy for any Hamiltonian. It is

just introduced in order to be able to obtain the expectationvalue of the kinetic energy

T (for N identical fermions) in three dimensions.

We consider the operator

N∑

i=1

[
p2

i

2m
− v(xi)

]
(2.45)

defining a hypothetical Hamiltonian ofN non-interacting fermions which, however,

interact with the external “potential”v(x).

From (2.43) and (2.44), we have

〈
Ψ

∣∣∣∣∣

N∑

i=1

[
p2

i

2m
− v(xi)

]∣∣∣∣∣Ψ
〉

= − 1

3
T. (2.46)

To derive a lower bound to the lower end of the spectrum of the “Hamiltonian”

(operator) in (2.45), we note that, allowing for multiplicity and spin degeneracy, we can

put theN fermions in the lowest energy of levels of the “Hamiltonian”in conformity

with Pauli’s exclusion principle, ifN number of such levels. IfN is larger than this

number of levels, the remaining free fermions may be chosen to have arbitrary small

(→ 0) kinetic energies, and be infinitely separated, to define the lowest energy of the

Hamiltonian in (2.45). That is, in all cases, the Hamiltonian (2.45) is bounded below by

the spin multiplicity(2s+ 1) = q times the ground-state energy in (2.30). From (2.33),

(for N identical fermions) we obtain

〈
Ψ

∣∣∣∣∣

N∑

i=1

[
p2

i

2m
− v(xi)

]∣∣∣∣∣Ψ
〉

> −q
( m

2~2

)3 (1 + δ)

π2

(
ˆ

d3x [v(x)]2
)2

. (2.47)
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Substitute (2.42), (2.46) into (2.47) and using the normalization condition
´

d3x ρ(x) =

N , to obtain the expectation value of the kinetic energyT (for N identical fermions)

−1

3
T > − q

( m
2~2

)3 (1 + δ)

π2

(
ˆ

d3x [v(x)]2
)2

= − q
( m

2~2

)3 (1 + δ)

π2

(
4

3

)4

T 4 1
(´

d3x ρ2(x)
)2

T >
1

q1/3

3

44/3

4π2/3

(1 + δ)1/3

(
~

2

2m

)(
ˆ

d3x ρ2(x)

)2/3

=
1

q1/3

3

(1 + δ)1/3

(π
2

)2/3
(

~
2

2m

)(
ˆ

d3x ρ2(x)

)2/3

=BF

(
~

2

2m

)(
ˆ

d3x ρ2(x)

)2/3

∴ T >BF

(
~

2

2m

)(
ˆ

d3x ρ2(x)

)2/3

(2.48)

where

BF =
1

q1/3

3

(1 + δ)1/3

(π
2

)2/3

(2.49)

as a modification of the “Lieb-Thirring inequality for the kinetic energy (forN identical

fermions)”.

2.3 Lower Bound for the Exact Ground-State Energy of Matter I

Consider a real functionv(x), wherex is a vector in 3-dimensions, we have

v(x) =

ˆ

d3k

(2π)3
ṽ(k) eik·x (2.50)
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and

ṽ(k) =

ˆ

d3x v(x) e−ik·x (2.51)

and wechoosev (x) > 0 such thatv (0) < ∞ , and that its Fourier transform is real

andṽ (k) > 0 as well. Letφ (x) be a real function, we have

φ (x) =

ˆ

d3k

(2π~)3
φ̃(k) eik·x

φ (xj) =

ˆ

d3k

(2π)3
φ̃(k) eik·xj (2.52)

and the Fourier transform ofφ(x) is given by

φ̃(k) =

ˆ

d3x φ(x) e−ik·x. (2.53)

LetA1, . . . , Ak (k > 2) be real and positive numbers. We have

A1φ(x1) =A1

ˆ

d3k

(2π)3
φ̃(k) eik·x1

A2φ(x2) =A2

ˆ

d3k

(2π)3
φ̃(k) eik·x2

...

Akφ(xk) =Ak

ˆ

d3k

(2π)3
φ̃(k) eik·xk (2.54)

and

A1φ(x1) + A2φ(x2) + . . .+ Akφ(xk) =
k∑

j=1

Ajφ (xj) (2.55)
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Substituteφ (xj) =
´

d3k
(2π)3

φ̃(k) eik·xj into
k∑

j=1

Ajφ (xj), to obtain

k∑

j=1

Ajφ (xj) =

ˆ

d3k

(2π)3
φ̃(k)

(
k∑

j=1

Aj eik·xj

)
. (2.56)

Insert
√

ev(k)√
ev(k)

into the right-hand side (2.56). Then we may write

k∑

j=1

Ajφ (xj) =

ˆ

d3k

(2π)3

φ̃(k)√
ṽ(k)

(
k∑

j=1

Aj

√
ṽ(k) eik·xj

)
. (2.57)

Now we recall the Cauchy-Schwartz inequality

(
n∑

j=1

ajbj

)2

6

n∑

j=1

|aj|2
n∑

j=1

|bj|2 (2.58)

We square (2.57) and using the Cauchy-Schwartz inequality, gives

(
k∑

j=1

Ajφ (xj)

)2

=

(
ˆ

d3k

(2π)3

φ̃(k)√
ṽ(k)

(
k∑

j=1

Aj

√
ṽ(k) eik·xj

))2

6

ˆ

d3k

(2π)3

∣∣∣∣∣
φ̃(k)√
ṽ(k)

∣∣∣∣∣

2
ˆ

d3k

(2π)3

∣∣∣∣∣

k∑

j=1

Aj

√
ṽ(k) eik·xj

∣∣∣∣∣

2

. (2.59)

Consider
´

d3k
(2π)3

∣∣∣∣∣
k∑

j=1

Aj

√
ṽ(k) eik·xj

∣∣∣∣∣

2

on left-hand side of (2.59), to obtain

ˆ

d3k

(2π)3

∣∣∣∣∣

k∑

j=1

Aj

√
ṽ(k) eik·xj

∣∣∣∣∣

2

=

ˆ

d3k

(2π)3

(
k∑

j=1

Aj

√
ṽ(k) eik·xj

)
·
(

k∑

j=1

Aj

√
ṽ(k) eik·xj

)∗

=

ˆ

d3k

(2π)3

(
k∑

i=1

Ai

√
ṽ(k) eik·xi

)
·
(

k∑

j=1

Aj

√
ṽ(k) e−ik·xj

)
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=

ˆ

d3k

(2π)3

k∑

i=1

Ai

k∑

j=1

Aj ṽ(k) eik·(xi−xj)

=
k∑

i,j=1

AiAj

ˆ

d3k

(2π)3
ṽ(k) eik·(xi−xj)

=
k∑

i,j=1

AiAjv(xi − xj) (2.60)

whereA1, . . . , Ak (k > 2) be real and positive number,ṽ(k) > 0 and

v(xi − xj) =

ˆ

d3k

(2π)3
ṽ(k) eik·(xi−xj) (2.61)

Substitute (2.61) to the right-hand side of (2.59), to obtain

(
k∑

j=1

Ajφ (xj)

)2

6

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)

k∑

i,j=1

AiAjv(xi − xj) (2.62)

We can rewrite (2.62) as

(
k∑

j=1

Ajφ (xj)

)2

´

d3k
(2π)3

|eφ(k)|2
ev(k)

6

k∑

i,j=1

AiAjv(xi − xj). (2.63)

For any real numbera, b such thatb > 0, we have

(a− b)2
>0

a2 − 2ab+ b2 >0

a2 >2ab− b2

a2

2b
>

2ab

2b
− b2

2b
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a2

2b
>a− b

2
. (2.64)

Define

a =
k∑

j=1

Ajφ (xj) (2.65)

b =

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)
(2.66)

as to be used on the left-hand side of the inequality in (2.64), the latter leads to

1

2

(
k∑

j=1

Aj φ (xj)

)2

´

d3k
(2π)3

|eφ(k)|2
ev(k)

>

k∑

j=1

Aj φ (xj) −
1

2

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)

1

2

k∑

i,j=1

AiAjv(xi − xj) >

k∑

j=1

Aj φ (xj) −
1

2

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)
. (2.67)

Consider the left-hand side of the inequality in (2.67),

1

2

k∑

i,j=1

AiAjv(xi − xj) =
k∑

i<j

AiAjv(xi − xj) +
1

2

k∑

i=j

AiAjv(xi − xj)

=
k∑

i<j

AiAjv(xi − xj) +
1

2
v(0)

k∑

j=1

A2
j

k∑

i<j

AiAjv(xi − xj) =
1

2

k∑

i,j=1

AiAjv(xi − xj) −
1

2
v(0)

k∑

j=1

A2
j . (2.68)

Substitute (2.67) into (2.68), giving

k∑

i<j

AiAjv(xi − xj) >

k∑

j=1

Ajφ (xj) −
1

2

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)
− 1

2
v(0)

k∑

j=1

A2
j . (2.69)
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Let V (x) be real such thatV (x) > v(x) , andρ(x) real, and so far arbitrary,

φ(x) =

ˆ

d3x′ρ(x′)V (x′ − x). (2.70)

We may also write

φ(xj) =

ˆ

d3x ρ(x)V (x − xj). (2.71)

Substituting (2.71) into (2.68), we have

k∑

i<j

AiAjv(xi − xj) >

k∑

j=1

Aj

ˆ

d3x ρ(x)V (x − xj) −
1

2

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)

− 1

2
v(0)

k∑

j=1

A2
j . (2.72)

We note that with

φ(x′) =

ˆ

d3x ρ(x)V (x − x′) (2.73)

and withφ̃(k) is the Fourier transform ofφ(x′)

φ̃(k) =

ˆ

d3x′φ(x′) e−ik·x′

(2.74)

we may write

φ̃(k) =

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) e−ik·x′

(2.75)

and

φ̃∗(k) =

ˆ

d3y′
ˆ

d3y ρ∗(y)V ∗(y − y′) eik·y′

. (2.76)
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Sinceρ(x) andV (x − x′) are real functions, that isρ(x) = ρ∗(x) andV (x − x′) =

V ∗(x − x′), from (2.75), we obtain

φ̃(k) =

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) e−ik·x′

=

ˆ

d3x′
ˆ

d3x ρ(x)V ∗(x − x′) e−ik·x′

. (2.77)

Using the inverse Fourier transforms ofρ̃(k), ρ̃∗(k), Ṽ (k) andṼ ∗(k), we obtain

ρ(x) =

ˆ

d3k

(2π)3
ρ̃(k) eik·x (2.78)

ρ∗(x) =

ˆ

d3k

(2π)3
ρ̃∗(k) e−ik·x (2.79)

V (x − x′) =

ˆ

d3k

(2π)3
Ṽ (k) eik·(x−x′) (2.80)

V ∗(x − x′) =

ˆ

d3k

(2π)3
Ṽ ∗(k) e−ik·(x−x′) (2.81)

which upon substituting (2.81) into (2.77) gives

φ̃(k) =

ˆ

d3x′
ˆ

d3x ρ(x)

ˆ

d3k′

(2π)3
Ṽ ∗(k′) eik′·(x−x′) e−ik·x′

=

ˆ

d3x′
ˆ

d3x ρ(x)

ˆ

d3k′

(2π)3
Ṽ ∗(k′) e−ik′·x ei(k′−k)·x′

=

ˆ

d3x ρ(x)

ˆ

d3k′ Ṽ ∗(k′) e−ik′·x
ˆ

d3x′

(2π)3
ei(k′−k)·x′

. (2.82)

For further analysis we use the integral representation of the delta function in 3-

dimensions :

δ3(k − k′) =
1

(2π)3

ˆ

d3x ei(k−k′)·x (2.83)
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δ3(x − x′) =
1

(2π)3

ˆ

d3k ei(x−x′)·k (2.84)

F (x′) =

ˆ

d3x F (x) δ3(x − x′). (2.85)

Applying the integral representation of the delta functionin 3-dimensions into (2.79),

gives

φ̃(k) =

ˆ

d3x ρ(x)

ˆ

d3k′ Ṽ ∗(k′) e−ik′·x δ3(k′ − k)

=

ˆ

d3x ρ(x) Ṽ ∗(k) e−ik·x. (2.86)

Substitute (2.78) and apply the integral representation ofthe delta function in 3-

dimensions into (2.86), to obtain

φ̃(k) =

ˆ

d3x ρ(x) Ṽ ∗(k) e−ik·x

=

ˆ

d3x

ˆ

d3k′

(2π)3
ρ̃(k′) eik′·x Ṽ ∗(k) e−ik·x

=

ˆ

d3k′ ρ̃(k′) Ṽ ∗(k)

ˆ

d3x

(2π)3
ei(k′

−k)·x

=

ˆ

d3k′ ρ̃(k′) Ṽ ∗(k) δ3(k′ − k)

=ρ̃(k) Ṽ ∗(k)

∴ φ̃(k) =ρ̃(k) Ṽ ∗(k). (2.87)

Similarly we have

φ̃∗(k) =

ˆ

d3y′
ˆ

d3y ρ∗(y)V ∗(y − y′) eik·y′
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=

ˆ

d3y′
ˆ

d3y ρ∗(y)V (y − y′) eik·y′

=

ˆ

d3y′
ˆ

d3y

ˆ

d3k′′

(2π)3
ρ̃∗(k′′) e−ik′′·y

×
ˆ

d3k′

(2π)3
Ṽ (k′) eik′·(y−y′) eik·y′

=

ˆ

d3y

ˆ

d3k′′

(2π)3
ρ̃∗(k′′) e−ik′′·y

ˆ

d3k′ Ṽ (k′) eik′·y

×
ˆ

dy′

(2π)3
ei(k′

−k)·y′

=

ˆ

d3y

ˆ

d3k′′

(2π)3
ρ̃∗(k′′) e−ik′′·y

ˆ

d3k′ Ṽ (k′) eik′·yδ3(k′ − k)

=

ˆ

d3y

ˆ

d3k′′

(2π)3
ρ̃∗(k′′) e−ik′′·y Ṽ (k) eik·y

=

ˆ

d3k′′ ρ̃∗(k′′)

ˆ

d3y

(2π)3
e−ik′′·y Ṽ (k) eik·y

=

ˆ

d3k′′ ρ̃∗(k′′)

ˆ

d3y

(2π)3
ei(k−k′′)·y Ṽ (k)

=

ˆ

d3k′′ ρ̃∗(k′′) δ3(k − k′′) Ṽ (k)

=ρ̃∗(k) Ṽ (k)

∴ φ̃∗(k) =ρ̃∗(k) Ṽ (k). (2.88)

Since
∣∣∣φ̃(k)

∣∣∣
2

= φ̃∗(k) · φ̃(k), from (2.87) and (2.88), we have

∣∣∣φ̃(k)
∣∣∣
2

=φ̃∗(k)φ̃(k)

=ρ̃(k) Ṽ ∗(k) · ρ̃∗(k) Ṽ (k)
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=ρ̃∗(k) ρ̃(k) · Ṽ ∗(k) Ṽ (k)

= |ρ̃(k)|2
∣∣∣Ṽ (k)

∣∣∣
2

(2.89)

and hence

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)
=

ˆ

d3k

(2π)3
|ρ̃(k)|2

∣∣∣Ṽ (k)
∣∣∣
2

ṽ(k)
. (2.90)

SinceV (y) > v(y), soV (y − y′) > v(y − y′), we have

ϕ̃∗(k) =

ˆ

d3y′
ˆ

d3y ρ∗(y) v∗(y − y′) eik·y′

=

ˆ

d3y′
ˆ

d3y ρ(y) v(y − y′) eik·y′

=

ˆ

d3y′
ˆ

d3y ρ(y)

ˆ

d3k′

(2π)3
ṽ(k′) eik′·(y−y′) eik·y′

=

ˆ

d3y ρ(y)

ˆ

d3k′ ṽ(k′) eik′·y
ˆ

dy′

(2π)3
ei(k−k′)·y′

=

ˆ

d3y ρ(y)

ˆ

d3k′ ṽ(k′) eik′·y δ3(k − k′)

=

ˆ

d3y ρ(y) ṽ(k) eik·y. (2.91)

Divide (2.91) byṽ(k), to obtain

ϕ̃∗(k)

ṽ(k)
=

ˆ

d3y ρ(y)
ṽ(k)

ṽ(k)
eik·y

=

ˆ

d3y ρ(y) eik·y (2.92)
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which upon multiplying byϕ̃(k), gives

φ̃(k)ϕ̃∗(k)

ṽ(k)
=

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) e−ik·x′

ˆ

d3y ρ(y) eik·y (2.93)

and hence

ˆ

d3k

(2π)3

φ̃(k)ϕ̃∗(k)

ṽ(k)

=

ˆ

d3k

(2π)3

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) e−ik·x′

ˆ

d3y ρ(y) eik·y

=

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′)

ˆ

d3y ρ(y)

ˆ

d3k

(2π)3
eik·(y−x′)

=

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′)

ˆ

d3y ρ(y) δ3(y − x′)

=

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) ρ(x′). (2.94)

We now rewrite

ˆ

d3k

(2π)3

φ̃(k)ϕ̃∗(k)

ṽ(k)

=

ˆ

d3x′
ˆ

d3x ρ∗(x)V (x − x′) ρ(x′)

=

ˆ

d3x′
ˆ

d3x ρ∗(x)V (x − x′)

ˆ

d3k′

(2π)3
ρ̃(k′) eik′·x′

=

ˆ

d3x′
ˆ

d3x ρ∗(x)

ˆ

d3k′′

(2π)3
Ṽ (k′′) eik′′·(x−x′)

×
ˆ

d3k′

(2π)3
ρ̃(k′) eik′·x′

=

ˆ

d3x ρ∗(x)

ˆ

d3k′′

(2π)3
Ṽ (k′′) eik′′·x

ˆ

d3k′ ρ̃(k′)
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×
ˆ

d3x′

(2π)3
ei(k′

−k′′)·x′

=

ˆ

d3x ρ∗(x)

ˆ

d3k′′

(2π)3
Ṽ (k′′) eik′′·x

×
ˆ

d3k′ ρ̃(k′) δ3(k′ − k′′)

=

ˆ

d3x ρ∗(x)

ˆ

d3k′′

(2π)3
Ṽ (k′′) eik′′·x ρ̃(k′′)

=

ˆ

d3x

ˆ

d3k

(2π)3
ρ̃∗(k) e−ik·x

ˆ

d3k′′

(2π)3
Ṽ (k′′) eik′′·x ρ̃(k′′)

=

ˆ

d3k

(2π)3
ρ̃∗(k)

ˆ

d3k′′ Ṽ (k′′) ρ̃(k′′)

ˆ

d3x

(2π)3
ei(k′′

−k)·x

=

ˆ

d3k

(2π)3
ρ̃∗(k)

ˆ

d3k′′ Ṽ (k′′) ρ̃(k′′) δ3(k′′ − k)

=

ˆ

d3k

(2π)3
ρ̃∗(k) Ṽ (k) ρ̃(k)

=

ˆ

d3k

(2π)3
|ρ̃(k)|2 Ṽ (k). (2.95)

From (2.94) and (2.95), we have

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) ρ(x′) =

ˆ

d3k

(2π)3
|ρ̃(k)|2 Ṽ (k) (2.96)

which upon substituting (2.90) and (2.96) into (2.72), gives

k∑

i<j

AiAjv(xi − xj) >

k∑

j=1

Aj

ˆ

d3x ρ(x)V (x − xj) −
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2

∣∣∣Ṽ (k)
∣∣∣
2

ṽ(k)

+
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2 Ṽ (k)

− 1

2

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) ρ(x′)
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− 1

2
v(0)

k∑

j=1

A2
j . (2.97)

SinceV (x) > v(x) > 0, we obtain
k∑

i<j

AiAjV (xi − xj) >
k∑

i<j

AiAjv(xi − xj), so that

(2.97) will become

k∑

i<j

AiAjV (xi − xj) >

k∑

j=1

Aj

ˆ

d3x ρ(x)V (x − xj) −
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2

∣∣∣Ṽ (k)
∣∣∣
2

ṽ(k)

+
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2 Ṽ (k)

− 1

2

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) ρ(x′)

− 1

2
v(0)

k∑

j=1

A2
j

=
k∑

j=1

Aj

ˆ

d3x ρ(x)V (x − xj)

− 1

2

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) ρ(x′)

− 1

2
v(0)

k∑

j=1

A2
j −

1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2

∣∣∣Ṽ (k)
∣∣∣
2

ṽ(k)

+
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2 Ṽ (k)

k∑

i<j

AiAjV (xi − xj) >

k∑

j=1

Aj

ˆ

d3x ρ(x)V (x − xj)

− 1

2

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) ρ(x′)

− 1

2
v(0)

k∑

j=1

A2
j
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− 1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2




∣∣∣Ṽ (k)
∣∣∣
2

ṽ(k)
− Ṽ (k)


 (2.98)

where, needless to say,
´

d3k | ρ̃(k)|2 Ṽ (k) is real. Letv(x) = e2(1 − e−λ|x|)/|x|,

λ > 0, then the Fourier transform ofv(x) is

ṽ(k) =

ˆ

d3x v(x) e−ik·x

=

ˆ

d3x
e2(1 − e−λ|x|)

|x| e−ik·x

=

ˆ

d3x
e2(1 − e−λx)

x
e−i|k||x| cos θ

=

ˆ ∞

0

x2dx

ˆ π

0

sin θ dθ

ˆ 2π

0

dϕ
e2(1 − e−λx)

x
e−i|k||x| cos θ

ṽ(k) =

ˆ ∞

0

dxx2 e
2(1 − e−λx)

x

ˆ π

0

dθ sin θ e−i|k||x| cos θ

ˆ 2π

0

dϕ. (2.99)

Theϕ integration is

ˆ 2π

0

dϕ =2π (2.100)

Theθ integration is

ˆ π

0

sin θ dθ e−i|k||x| cos θ = −
ˆ −1

1

du e−i|k|xu , u = cos θ

=

ˆ

−1

du e−i|k|xu

=
1

i|k||x|
(
ei|k||x| − e−i|k||x|) . (2.101)
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Substitute (2.100) and (2.101) into (2.99), gives

ṽ(k) =2πe2

ˆ ∞

0

dx x2 (1 − e−λx)

x

1

i|k||x|
(
ei|k||x| − e−i|k||x|)

=2πe2

ˆ ∞

0

dx x2 (1 − e−λx)

x

1

i|k|x
(
ei|k|x − e−i|k|x)

=
2πe2

i|k|

ˆ ∞

0

dx (1 − e−λx)
(
ei|k|x − e−i|k|x)

=
2πe2

i|k|

[
ˆ ∞

0

dx
(
ei|k|x − e−i|k|x − e(i|k|−λ)x + e−(i|k|+λ)x

)]

=
2πe2

i|k|

[
ˆ ∞

0

dx ei|k|x −
ˆ ∞

0

dx e−i|k|x −
ˆ ∞

0

dx e(i|k|−λ)x

+

ˆ ∞

0

dx e−(i|k|+λ)x

]

=
2πe2

i|k|

[
ei|k|x

i|k|

∣∣∣∣
∞

0

+
e−i|k|x

i|k|

∣∣∣∣
∞

0

− e(i|k|−λ)x

i|k| − λ

∣∣∣∣
∞

0

− e−(i|k|+λ)x

i|k| + λ

∣∣∣∣
∞

0

]

=
2πe2

i|k|

[
e∞

i|k| −
1

i|k| −
1

i|k| −
(

e∞

i|k| − λ
− 1

i|k| − λ

)
+

(
1

i|k| + λ

)]

=
2πe2

i|k|

[
e∞

i|k| −
1

i|k| −
1

i|k| −
e∞

i|k| + λ
+

1

i|k| − λ
+

1

i|k| + λ

]

=
2πe2

i|k|

[
1

i|k| − λ
+

1

i|k| + λ
− 2

i|k|

]

=
2πe2

i|k|

[
(i|k| + λ)(i|k|) + (i|k| − λ)(i|k|) − 2(i|k| + λ)(i|k| − λ)

(i|k| − λ)(i|k| + λ)(i|k|)

]

=
2πe2

i|k|

[
2λ2

(i|k|3 − i|k|λ2)

]

=
2πe2

i|k|

[
2λ2

(i|k|3 − i|k|λ2)

]

ṽ(k) =
4πλ2e2

|k|2(|k|2 + λ2)
. (2.102)
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To evaluate the Fourier transform of the Coulomb potential,V (x) = e2/|x|,

the Fourier transform ofV (x) is not defined atk = 0. However, if we work with the

Yukawa potential,

Vλ(x) =
e2e−λ|x|

|x| , λ > 0 (2.103)

the Fourier transform will be defined and we take the limitλ → 0 to recover the

Coulomb potential. So that, to obtain the Fourier transform of the Coulomb poten-

tial, we have to seek the Fourier transform ofVλ(x). To obtain, let̃vλ(k) is the Fourier

transform of Yukawa potential ,Vλ(x), we obtain

ṽλ(k) =

ˆ

d3x v(x) e−ik·x

=

ˆ

d3x
e2e−λ|x|

|x| e−ik·x

=e2
ˆ ∞

0

x2dx

ˆ π

0

sin θ dθ

ˆ 2π

0

dϕ
e−λx

x
e−i|k|x cos θ

ṽ(k) =e2
ˆ ∞

0

dx x2 e−λx

x

ˆ π

0

dθ sin θ e−i|k|x cos θ

ˆ 2π

0

dϕ. (2.104)

Reference (2.100)–(2.101), applying to (2.104), we obtain

ṽλ(k) =2πe2

ˆ ∞

0

dx x2 e−λx

x

1

i|k|x
(
ei|k|x − e−i|k|x)

=
2πe2

i|k|

ˆ ∞

0

dx e−λx
(
ei|k|x − e−i|k|x)

=
2πe2

i|k|

ˆ ∞

0

dx
(
e(−λ+i|k|)x − e−(λ+i|k|)x)

=
2πe2

i|k| lim
a→∞

[
ˆ a

0

dx
(
e(−λ+i|k|)x − e−(λ+i|k|)x)

]
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=
2πe2

i|k| lim
a→∞

[
e(−λ+i|k|)x

−λ+ i|k|

∣∣∣∣
a

0

+
e−(λ+i|k|)x

λ+ i|k|

∣∣∣∣
a

0

]

=
2πe2

i|k| lim
a→∞

[
e(−λ+i|k|)x

−λ+ i|k|

∣∣∣∣
a

0

+
e−(λ+i|k|)x

λ+ i|k|

∣∣∣∣
a

0

]

=
2πe2

i|k| lim
a→∞

[
e(−λ+i|k|)a − 1

−λ+ i|k| +
e−(λ+i|k|)a − 1

λ+ i|k|

]

=
2πe2

i|k| lim
a→∞

[
e−λa

(
ei|k|a(λ+ i|k|) − e−i|k|a(−λ+ i|k|)

)

−|k|2 − λ2

−(λ+ i|k|) − (−λ+ i|k|)
−|k|2 − λ2

]

=
2πe2

i|k|

[ −2i|k|
−|k|2 − λ2

]

=
4πe2

(|k|2 + λ2)

∴ ṽ(k) =
4πe2

(|k|2 + λ2)
(2.105)

and is well defined fork = 0, i.e., for |k|2 = 0. In fact, it was in response to the

short range of nuclear forces that Yukawa introducedλ. For electromagnetism, where

the range is infinite,λ becomes zero andVλ(x) = e−λ|x|

|x| reduces toVλ→0(x) → 1
|x| the

Coulomb potential. Thus, referring to (2.102), the Fourier transform of the Coulomb

potential in3-dimensions is

Ṽλ→0(k) = lim
λ→0

4πe2

(|k|2 + λ2)

=
4πe2

|k|2 . (2.106)

From the Coulomb potential,V (x) = e2/|x|, we obtain

V (xi − xj) =
e2

|xi − xj|
(2.107)
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V (x − xj) =
e2

|x − xj|
(2.108)

V (x − x′) =
e2

|x − x′| . (2.109)

Considerv(0) when now we choosev(x) = e2(1 − e−λ|x|)/|x|, then

v(0) = lim
|x|→0

e2(1 − e−λ|x|)

|x|

=e2 lim
|x|→0

[ ∞∑

n=1

−(−λ|x|)n

|x|n!

]

=e2 lim
|x|→0

[
λ− 1

2!
λ2|x| + 1

3!
λ3|x|2 − 1

4!
λ4|x|3 + · · · − · · ·

]

v(0) =e2λ. (2.110)

Substitute (2.102), (2.106), (2.107), (2.108), (2.109) and (2.110) into (2.98), to obtain

the bound(k > 2)

k∑

i<j

e2AiAj

|xi − xj|
>

k∑

j=1

e2Aj

ˆ

d3x
ρ(x)

|x − xj|
− 1

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λ

2

k∑

j=1

A2
j −

1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2




∣∣∣4πe2

p2

∣∣∣
2

4πλ2e2

p2(p2+λ2)

− 4πe2

p2




=
k∑

j=1

e2Aj

ˆ

d3x
ρ(x)

|x − xj|
− 1

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λ

2

k∑

j=1

A2
j −R(k) (2.111)
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where

R(k) =
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2




∣∣∣4πe2

|k|2

∣∣∣
2

4πλ2e2

|k|2(|k|2+λ2)

− 4πe2

|k|2




=
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2

[∣∣∣∣
4πe2

|k|2
∣∣∣∣
2 |k|2(|k|2 + λ2)

4πλ2e2
− 4πe2

|k|2

]

=
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2

[(
4πe2(|k|2 + λ2)

|k|2λ2

)
− 4πe2

|k|2
]

=
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2

[(
4πe2(|k|2 + λ2)

|k|2λ2

)
− 4πe2

|k|2
]

=
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2 4πe2

λ2

=
2πe2

λ2

ˆ

d3k

(2π)3
|ρ̃(k)|2

=
2πe2

λ2

ˆ

d3k

(2π)3
ρ̃(k) · ρ̃∗(k)

=
2πe2

λ2

ˆ

d3k

(2π)3

ˆ

d3x ρ(x) e−ik·x ·
ˆ

d3x′ ρ(x′) eik·x′

=
2πe2

λ2

ˆ

d3x ρ(x)

ˆ

d3x′ ρ(x′)

ˆ

d3k

(2π)3
eik·(x′

−x)

=
2πe2

λ2

ˆ

d3x ρ(x)

ˆ

d3x′ρ(x′) δ3(x′ − x)

R(k) =
2πe2

λ2

ˆ

d3x ρ2(x). (2.112)

Substituting (2.112) into (2.111), we obtain the bound(k > 2)

k∑

i<j

e2AiAj

|xi − xj|
>

k∑

j=1

e2Aj

ˆ

d3x
ρ(x)

|x − xj|
− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|
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− e2λ

2

k∑

j=1

A2
j −

2πe2

λ2

ˆ

d3x ρ2(x) (2.113)

Eq.(2.113) is the general result of Coulomb potential.

For the Hamiltonian in (1.1), it is then straightforward to use (2.113) twice, once

for the repulsive potentials in (1.2), withAi, Aj = 1 andk −→ N , giving

N∑

i<j

e2

|xi − xj|
>

N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λ

2

N∑

j=1

(1) − 2πe2

λ2

ˆ

d3x ρ2(x) (2.114)

and then again for the repulsive potentials in (1.3), withAi = Zi, Aj = Zj andxj −→

Rj for k > 2, giving

k∑

i<j

e2ZiZj

|Ri − Rj|
>

k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|
− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λ

2

k∑

j=1

Z2
j − 2πe2

λ2

ˆ

d3x ρ2(x). (2.115)

Upon substituting (2.114) and (2.115) into (1.1), we obtainfor the Hamiltonian in (1.1)

the bound :

H >

N∑

i=1

p2
i

2m
+

N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λ

2

N∑

j=1

(1) − 2πe2

λ2

ˆ

d3x ρ2(x) +
k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|

− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| − e2λ

2

k∑

j=1

Z2
j − 2πe2

λ2

ˆ

d3x ρ2(x)



40

−
N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|
. (2.116)

With
k∑

i=1

Zi = N, k > 2 and
N∑

i=1

(1) = N , (2.116) can be rewritten as

H >

N∑

i=1

p2
i

2m
+

N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λN

2
− 2πe2

λ2

ˆ

d3x ρ2(x) +
k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|

− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| − e2λ

2

k∑

i=1

Z2
i − 2πe2

λ2

ˆ

d3x ρ2(x)

−
N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|

=
N∑

i=1

p2
i

2m
− 2πe2

λ2

ˆ

d3x ρ2(x) − 2πe2

λ2

ˆ

d3x ρ2(x) − e2λN

2

− e2λ

2

k∑

i=1

Z2
i +

N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
+

k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|

− e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| −
N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|

=
N∑

i=1

p2
i

2m
− 4πe2

λ2

ˆ

d3x ρ2(x) − e2λ

2

(
N +

k∑

i=1

Z2
i

)

+
N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
+

k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|

− e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| −
N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|
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∴ H >

N∑

i=1

p2
i

2m
− 4πe2

λ2

ˆ

d3x ρ2(x) − e2λ

2

(
N +

k∑

i=1

Z2
i

)

+
N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
+

k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|

− e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| −
N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|
. (2.117)

This gives the following bound for〈Ψ|H |Ψ〉 with k > 2

〈Ψ|H |Ψ〉 >T − 〈Ψ| 4πe2

λ2

ˆ

d3x ρ2(x) |Ψ〉 − 〈Ψ| e
2λ

2

(
N +

k∑

i=1

Z2
i

)
|Ψ〉

− 〈Ψ|
N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
|Ψ〉 + 〈Ψ|

k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|
|Ψ〉

− 〈Ψ| e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| |Ψ〉

− 〈Ψ|
N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|
|Ψ〉 (2.118)

where

T = 〈Ψ|
N∑

i=1

p2
i

2m
|Ψ〉 . (2.119)

For the fermionic case, we considerN identical fermions, each of massm and

introduce the particle number density in three dimensions in (2.40) with total number

of particleN self consistently obtained from the normalization condition in (2.41). The

wavefunctionsΨ(xσ1,x2σ2, ...,xNσN) are assumed to satisfy the appropriate statis-

tics which in this case are anti-symmetric in the exchange ofany two particles which

amounts into the interchange of the position-spin labeling: (xiσi) ⇔ (xjσj) with the
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normalization condition

〈Ψ|Ψ〉 =

ˆ

d3x, d3x2...d
3xN Ψ∗(xσ1,x2σ2, ...,xNσN) Ψ(xσ1,x2σ2, ...,xNσN)

=
n∑

σ1,...,σN

ˆ

d3x, d3x2...d
3xN |Ψ(xσ1,x2σ2, ...,xNσN)|2

=1. (2.120)

To investigate the nature of the second term on the right-hand side of (2.118), substitute

(2.40) into (2.118), to obtain

〈Ψ| 4πe2

λ2

ˆ

d3x ρ2(x) |Ψ〉

=
4πe2

λ2

ˆ

d3x′
ˆ

d3x2...d
3xN Ψ∗(x′σ1,x2σ2, ...,xNσN)

×
(
ˆ

d3x ρ2(x)

)
Ψ(x′σ1,x2σ2, ...,xNσN)

=
4πe2

λ2

ˆ

d3x ρ2(x) 〈Ψ|Ψ〉

=
4πe2

λ2

ˆ

d3x ρ2(x). (2.121)

For the third term on the right-hand side of (2.118), substitute (2.40) into (2.118),

to obtain

〈Ψ| e
2λ

2

(
N +

k∑

i=1

Z2
i

)
|Ψ〉 =

(
N +

k∑

i=1

Z2
i

)
〈Ψ|Ψ〉

=

(
N +

k∑

i=1

Z2
i

)

∴ 〈Ψ| e
2λ

2

(
N +

k∑

i=1

Z2
i

)
|Ψ〉 =

(
N +

k∑

i=1

Z2
i

)
. (2.122)
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For the fourth term on the right-hand side of (2.118), substitute (2.40) into

(2.118), to obtain

〈Ψ|
N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
|Ψ〉

=
N∑

j=1

e2
ˆ

d3x′, d3x2, . . . , d
3xN Ψ∗(x′,x2, . . . ,xN)

×
(
ˆ

d3x
ρ(x)

|x − xj|

)
Ψ(x′,x2, . . .xN)

=
N∑

j=1

e2
ˆ

d3x′
ˆ

d3x
ρ(x)

|x − xj|

×
∑

σ1,...,σN

ˆ

d3x2, . . . , d
3xN |Ψ(x′,x2, . . . ,xN)|2

=
e2

N

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

+
e2

N

ˆ

d3x2

ˆ

d3x
ρ(x) ρ(x2)

|x − x2|

+ . . .+
e2

N

ˆ

d3xN

ˆ

d3x
ρ(x) ρ(xN)

|x − xN |

= e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

= e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| . (2.123)

For the fifth term on the right-hand side of (2.118), substitute (2.40) into (2.118),

to obtain

〈Ψ|
k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|
|Ψ〉
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=
N∑

j=1

e2
ˆ

d3x′, d3x2, . . . , d
3xN Ψ∗(x′,x2, . . . ,xN)

×
(

k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|

)
Ψ(x′,x2, . . .xN)

=
k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|
〈Ψ|Ψ〉

=
k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|
. (2.124)

For the sixth term on the right-hand side of (2.118), substitute (2.40) into (2.118),

to obtain

〈Ψ| e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| |Ψ〉

=

ˆ

d3x′′, d3x2, . . . , d
3xN Ψ∗(x′′,x2, . . . ,xN)

×
(
e2
ˆ

d3x′
ˆ

d3x
ρ(x)ρ(x′)

|x − x′|

)
Ψ(x′′,x2, . . .xN)

= e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| 〈Ψ|Ψ〉

= e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| . (2.125)

For the seventh term on the right-hand side of (2.118), substitute (2.40) into

(2.118), to obtain

〈Ψ|
N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|
|Ψ〉

=

ˆ

d3x, d3x2, . . . , d
3xN Ψ∗(x,x2, . . . ,xN)
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×
(

N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|

)
Ψ(x,x2, . . . ,xN)

=
k∑

j=1

N∑

i=1

ˆ

d3x, d3x2, . . . , d
3xN Ψ∗(x,x2, . . . ,xN)

×
(

Zje
2

|xi − Rj|

)
Ψ(x,x2, . . . ,xN)

=
k∑

j=1

N∑

j=1

ˆ

d3x
Zje

2

|xi − Rj|

×
∑

σ1,...,σN

ˆ

d3x2, . . . , d
3xN |Ψ(x,x2, . . . ,xN)|2

=
k∑

j=1

ˆ

d3x
Zje

2

|x − Rj|
ρ(x)

N
+

k∑

j=1

ˆ

d3x2
Zje

2

|x2 − Rj|
ρ(x2)

N

+ . . .+
k∑

j=1

ˆ

d3xN
Zje

2

|xN − Rj|
ρ(xN)

N

=
k∑

j=1

Zje
2

ˆ

d3x
ρ(x)

|x − Rj|
. (2.126)

In reference to (2.123)–(2.126), we obtain

〈Ψ|
N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
|Ψ〉 = 〈Ψ| e2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| |Ψ〉 (2.127)

〈Ψ|
k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|
|Ψ〉 = 〈Ψ|

N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|
|Ψ〉 . (2.128)

In reference to (2.122)–(2.126), substitute them into (2.118), to obtain the bound (for

k > 2)

〈Ψ|H |Ψ〉 >T − 〈Ψ| 4πe2

λ2

ˆ

d3x ρ2(x) |Ψ〉 − 〈Ψ| e
2λ

2

(
N +

k∑

i=1

Z2
i

)
|Ψ〉 . (2.129)
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Optimizing (2.129) overλ , we obtain

0 =
d

dλ
〈Ψ|H|Ψ〉

=
d

dλ
T − d

dλ

(
4πe2

λ2

ˆ

d3x ρ2(x)

)
− d

dλ

(
λe2

2

(
N +

k∑

i=1

Z2
i

))

=0 +
8πe2

λ3

ˆ

d3x ρ2(x) − e2

2

(
N +

k∑

i=1

Z2
i

)

λ3 =
16π
´

d3x ρ2(x)(
N +

k∑
i=1

Z2
i

)

λ =




16π
´

d3x ρ2(x)(
N +

k∑
i=1

Z2
i

)




1/3

(2.130)

which upon substituting (2.130) into (2.129), gives the remarkably simple bound(k >

2)

〈Ψ|H|Ψ〉 >T − 4πe2

λ2

ˆ

d3x ρ2(x) − λe2

2

(
N +

k∑

i=1

Z2
i

)

=T − 4πe2

ˆ

d3x ρ2(x)




(
N +

k∑
i=1

Z2
i

)

16π
´

d3x ρ2(x)




2/3

− e2

2

(
N +

k∑

i=1

Z2
i

)



16π
´

d3x ρ2(x)(
N +

k∑
i=1

Z2
i

)




1/3

=T −
(
π1/3e2

22/3
+ 21/3π1/3e2

)(
N +

k∑

i=1

Z2
i

)2/3(
ˆ

d3x ρ2(x)

)1/3
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=T − 3e2

22/3
π1/3

(
N +

k∑

i=1

Z2
i

)2/3(
ˆ

d3x ρ2(x)

)1/3

∴ 〈Ψ|H|Ψ〉 >T − 3e2

22/3
π1/3

(
N +

k∑

i=1

Z2
i

)2/3(
ˆ

d3x ρ2(x)

)1/3

. (2.131)

For k = 1, theV2 term,V2 =
k∑

i<j

ZiZj e
2|Ri − Rj|−1, will be absent (V2 = 0)

in the expression forH in (1.1) and we can rewrite the Coulomb potential between

electron and proton interaction(k = 1),
N∑

i=1

1∑
j=1

Z1e
2|xi − R1|−1, as

N∑

i=1

1∑

j=1

Zje
2

|xi − R1|
=

N∑

j=1

Ne2

|xj − R| . (2.132)

Substitute (2.132) into (2.117), and let
k∑

i<j

ZiZj e
2|Ri − Rj|−1 = 0, to obtain for the

Hamiltonian fork = 1 as

H >

N∑

i=1

p2
i

2m
+

N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λN

2
− 2πe2

λ2

ˆ

d3x ρ2(x) −
N∑

j=1

Ne2

|xj − R|

=
N∑

i=1

p2
i

2m
+

N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
− e2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

+
e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| − e2λN

2

− 2πe2

λ2

ˆ

d3x ρ2(x) −
N∑

j=1

Ne2

|xj − R|

=
N∑

i=1

p2
i

2m
− 2πe2

λ2

ˆ

d3x ρ2(x) − e2λN

2
−

N∑

j=1

Ne2

|xj − R|
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+ e2

(
N∑

j=1

ˆ

d3x
ρ(x)

|x − xj|
−
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

)

+
e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

∴ H >

N∑

i=1

p2
i

2m
− 2πe2

λ2

ˆ

d3x ρ2(x) − e2λN

2
−

N∑

j=1

Ne2

|xj − R|

+ e2

(
N∑

j=1

ˆ

d3x
ρ(x)

|x − xj|
−
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

)

+
e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| . (2.133)

To obtain the bound,〈Ψ|H |Ψ〉 for k = 1, we get

〈Ψ|H |Ψ〉 >T − 〈Ψ| 2πe2

λ2

ˆ

d3x ρ2(x) |Ψ〉 − 〈Ψ| e
2λN

2
|Ψ〉

− 〈Ψ|
N∑

j=1

Ne2

|xj − R| |Ψ〉 + 〈Ψ| e
2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| |Ψ〉

+ 〈Ψ| e2
(

N∑

j=1

ˆ

d3x
ρ(x)

|x − xj|
−
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

)
|Ψ〉

(2.134)

where

T = 〈Ψ|
N∑

i=1

p2
i

2m
|Ψ〉 . (2.135)

For the second term on the right-hand side of (2.134), we obtain (from (2.121))

〈Ψ| 2πe2

λ2

ˆ

d3x ρ2(x) |Ψ〉 =
2πe2

λ2

ˆ

d3x ρ2(x). (2.136)
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For the third term on the right-hand side of (2.134), we obtain

〈Ψ| e
2λN

2
|Ψ〉 =

e2λN

2
. (2.137)

For the fourth term on the right-hand side of (2.134), we obtain

〈Ψ|
N∑

j=1

Ne2

|xj − R| |Ψ〉 =
N∑

j=1

Ne2

ˆ

d3x, d3x2, . . . , d
3xN

× Ψ∗(x,x2, . . .xN)
1

|xj − R|Ψ(x,x2, . . .xN)

=Ne2

ˆ

d3x
1

|x − R|
ρ(x)

N

+Ne2

ˆ

d3x2
1

|x2 − R|
ρ(x2)

N

+ . . .+Ne2

ˆ

d3xN
1

|xN − R|
ρ(xN)

N

=Ne2

ˆ

d3x
1

|x − R| ρ(x)

∴ 〈Ψ|
N∑

j=1

Ne2

|xj − R| |Ψ〉 =Ne2

ˆ

d3x
1

|x − R| ρ(x). (2.138)

For the fifth term on the right-hand side of (2.134), we obtain(from (2.125))

〈Ψ| e
2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| |Ψ〉 =
e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| . (2.139)

For the sixth term on the right-hand side of (2.134), we obtain (from (2.127))

〈Ψ| e2

(
N∑

j=1

ˆ

d3x
ρ(x)

|x − xj|
−
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

)
|Ψ〉 =0 (2.140)

which upon substituting (2.136), (2.137), (2.138), (2.139), and (2.140) into (2.134) we
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obtain

〈Ψ|H |Ψ〉 >T − 2πe2

λ2

ˆ

d3x ρ2(x) − e2λN

2
−Ne2

ˆ

d3x
ρ(x)

|x − R|

+
e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| . (2.141)

From (2.141), if we bound the positive terme2
´

d3 x d3x′ρ(x)|x−x′|−1ρ(x′)/2 below

by zero, we obtain

〈Ψ|H |Ψ〉 >T − 2πe2

λ2

ˆ

d3x ρ2(x) − e2λN

2
−Ne2

ˆ

d3x
ρ(x)

|x − R| . (2.142)

Optimizing (2.142) overλ, gives

0 =
d

dλ
〈Ψ|H|Ψ〉

=
d

dλ
T − d

dλ

(
2πe2

λ2

ˆ

d3x ρ2(x)

)
− d

dλ

(
e2Nλ

2

)

− d

dλ

(
Ne2

ˆ

d3x
ρ(x)

|x − R|

)

=0 +
4πe2

λ3

ˆ

d3x ρ2(x) − e2N

2

λ3 =
8π
´

d3x ρ2(x)

N

λ =

(
8π
´

d3x ρ2(x)

N

)1/3

. (2.143)

Substitute (2.143) into (2.142), to obtain the remarkably simple bound(k = 1)

〈Ψ|H |Ψ〉 >T − 2πe2

ˆ

d3x ρ2(x)

(
N

8π
´

d3x ρ2(x)

)2/3

− e2N

2

(
8π
´

d3x ρ2(x)

N

)1/3

−Ne2

ˆ

d3x
ρ(x)

|x − R|
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=T − 3e2

2
π1/3N2/3

(
ˆ

d3x ρ2(x)

)1/3

−Ne2

ˆ

d3x
ρ(x)

|x − R|

∴ 〈Ψ|H |Ψ〉 >T − 3e2

2
π1/3N2/3

(
ˆ

d3x ρ2(x)

)1/3

−Ne2

ˆ

d3x
ρ(x)

|x − R| . (2.144)

[From (2.131), it is of utmost importance thatk > 2, otherwise, from (2.144), the

V2 term will be absent in the expression forH in (1.1), and there will be an additional

term−e2N
´

d3x ρ(x)/|x−R| on the right-hand side of the inequality in (2.131), after

having omitted the positive terme2
´

d3 x d3x′ρ(x)|x − x′|−1ρ(x′)/2. The numerical

factor 3 would be also replaced by 3/2.] This suggests to use alower bound toT which

is some power of the integral ofρ2.

Fork > 2, to obtain the lower bound for the ground-state energy ofN identical

fermions, we use the inequality (2.48). Substitute (2.48) into (2.131), to obtain

〈Ψ|H|Ψ〉 >
1

q1/3

3

(1 + δ)1/3

(π
2

)2/3
(

~
2

2m

)(
ˆ

d3x ρ2(x)

)2/3

− 3e2

22/3
π1/3

(
N +

k∑

i=1

Z2
i

)2/3(
ˆ

d3x ρ2(x)

)1/3

. (2.145)

In the above expression, let

A =

(
ˆ

d3x ρ2(x)

)1/3

(2.146)

B =
3

(1 + ε)

(π
2

)2/3

(2.147)

C =

(
N +

k∑

i=1

Z2
i

)2/3

(2.148)

and we set(1 + δ)1/3 ≡ 1 + ε, for anyε > 0.
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SubstituteA andB into (2.145), to obtain lower bound for the ground-state en-

ergy ofN identical fermions (k > 2)

〈Ψ|H|Ψ〉 >
B

q1/3

(
~

2

2m

)
A2 − 3e2

22/3
π1/3CA

=
B

q1/3

(
~

2

2m

)(
A2 −

q1/3

B

(
2m

~2

)
3e2

22/3
π1/3CA

)

=
B

q1/3

(
~

2

2m

)(
A2 −

2q1/3

B

(m
~2

) 3e2

22/3
π1/3CA

)

=
B

q1/3

(
~

2

2m

)(
A−

q1/3

B

(m
~2

) 3e2

22/3
π1/3C

)2

− B

q1/3

(
~

2

2m

)(
q1/3

B

(m
~2

) 3e2

22/3
π1/3C

)2

>− B

q1/3

(
~

2

2m

)(
q1/3

B

(m
~2

) 3e2

22/3
π1/3C

)2

= − 9

24/3

q1/3

B
π2/3

(
me4

2~2

)
C2

= −
9q1/3

24/3

(1 + ε)

3

(
2

π

)2/3

π2/3

(
me4

2~2

)(
N +

k∑

i=1

Z2
i

)4/3

= −
9q1/3

22/3

(1 + ε)

3

(
me4

2~2

)(
N +

k∑

i=1

Z2
i

)4/3

= − 1.89q1/3(1 + ε)

(
me4

2~2

)(
N +

k∑

i=1

Z2
i

)4/3

∴ 〈Ψ|H|Ψ〉 >− 1.89q1/3

(
me4

2~2

)(
N +

k∑

i=1

Z2
i

)4/3

(2.149)

whereq = 2s+ 1 is the spin multiplicity, and we have takenε arbitrarily small.
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ForZ1 = ... = Zq = 1, 2 6 q ≪ N , we have

〈Ψ|H|Ψ〉 >− 1.89q1/3

(
me4

2~2

)(
N +

q∑

i=1

Z2
i +

k∑

i=q+1

Z2
i

)4/3

,

= − 1.89q1/3

(
me4

2~2

)(
N + q +

k∑

i=q+1

Z2
i

)4/3

,

= − 1.89q1/3

(
me4

2~2

)(
N

[
1 +

q

N
+

k∑

i=q+1

Z2
i

N

])4/3

= − 1.89q1/3

(
me4

2~2

)
N

(
1 +

k∑

i=q+1

Z2
i

N

)
N1/3

(
1 +

k∑

i=q+1

Z2
i

N

)1/3

= − 1.89q1/3

(
me4

2~2

)
N

(
N +

k∑

i=q+1

Z2
i

)(
N +

k∑

i=q+1

Z2
i

)1/3

〈Ψ|H|Ψ〉 > −1.89q1/3

(
me4

2~2

)(
N +

k∑

i=q+1

Z2
i

)4/3

N. (2.150)

ForZ1 = ... = Zq = N/q, 2 6 q ≪ N , we have

〈Ψ|H|Ψ〉 > −1.89q1/3

(
me4

2~2

)(
N +

q∑

i=1

Z2
i +

k∑

i=q+1

Z2
i

)4/3

= − 1.89q1/3

(
me4

2~2

)(
N +

N2

q
+

k∑

i=q+1

Z2
i

)4/3

= − 1.89q1/3

(
me4

2~2

)[
N2

q

(
q

N
+ 1 +

k∑

i=q+1

Z2
i q

N2

)]4/3

= − 1.89q1/3

(
me4

2~2

)[
N2

q

(
1 +

k∑

i=q+1

Z2
i q

N2

)]4/3
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= − 1.89q1/3

(
me4

2~2

)(
N2

q

)4/3
(
N

q
+

k∑

i=q+1

Z2
i

)4/3

∴ 〈Ψ|H|Ψ〉 >− 1.89q1/3

(
me4

2~2

)(
N

q
+

k∑

i=q+1

Z2
i

)4/3(
N2

q

)4/3

. (2.151)

ForZ1 = . . . = Zq = N/q, Zq+1 = . . . = Zk = 0, 2 6 q ≪ N ,

〈Ψ|H|Ψ〉 >− 1.89q1/3

(
me4

2~2

)(
N +

q∑

i=1

Z2
i +

k∑

i=q+1

Z2
i

)4/3

= − 1.89q1/3

(
me4

2~2

)(
N +

q∑

i=1

Z2
i + 0

)4/3

= − 1.89q1/3

(
me4

2~2

)(
N +

q∑

i=1

Z2
i

)4/3

,

= − 1.89q1/3

(
me4

2~2

)
N8/3

q4/3

( q
N

+ 1
)4/3

= − 1.89q1/3

(
me4

2~2

)(
N2

q

)4/3

∴ 〈Ψ|H|Ψ〉 >− 1.89q1/3

(
me4

2~2

)
N2

(
N

q2

)2/3

(2.152)

[For Z1 = ... = Zq = N/q, 2 6 q ≪ N , theN dependence on the right-hand side of

(2.150) isN8/3/q4/3. One may consider the situation of havingq separate ions, each

in its ground-state with nuclear charges|e|Z1, . . . , |e|Zq having each only one electron

and having separately(N − q) “free” electrons with arbitrarily small kinetic energies

with all theN entitities, i.e., theq ions and the(N − q) “free” electrons being infinitely

separated from each other. This leads to an upper bound for the ground-state energy of

such matter given by the well know expression−∑
i

Z2
i me

4/2~
2 (which incidently is

bounded above by−Nme4/2~
2 for

∑
i

Zi = N ). From this and (2.149), we conclude
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that forZ1 = . . . = Zq = N/q, Zq+1 = . . . = Zk = 0, 2 6 q ≪ N , the ground-

state energy for fermionic matter will grow not slower than−N2 and is obviously quite

relevant physically to thestability of matter. It leads to the conclusion that as more and

more matter is put together, thus increasing the numberN of electrons, the numberk of

nuclei in such matter, as separate clusters, would necessariliy increase and not arbitrarily

fuse together and their individual charges remainbounded. That is, asN → ∞, then

stability implies thatk → ∞ as well, and no nuclei may be found in matter that would

carry arbitrarily large portions of the total charge available.

2.4 The Thomas-Fermi Atom in3D

The purpose of this section is to determine, as an estimate, an explicitexpression

for the ground-state energyE(Z) for multi-electron neutral atoms as a function of the

atomic numberZ which will be used in sections 2.5, 2.6 to obtain another lower bound

for the exact ground-state energy.

The Hamiltonian of a neutral atom consisting ofZ electrons and a nucleus of

chargeZ|e| is taken to be

H =
Z∑

i=1

(
p2

i

2m
− Ze2

ri

)
+

Z∑

i<j

e2

|xi − xj|
(2.153)

whereri = |xi|, andm is the mass of an electron.

In the Thomas-Fermi atom, the interaction that an electron at pointx in an atom

experiences is described by an effective spherically symmetric potentialV (x) = V (r),

|x| = r and the density of state is

n(x) =
q

2πi

ˆ ∞

−∞

dτ

τ − iε
G (xτ ;x0) eiξτ (2.154)
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whereq = 2s+ 1 = 2 is spin degeneracy or multiplicity and

G (xτ ;x′0) =

ˆ

d3p

(2π~)3
exp i

[
p.(x − x′)

~
− p2

2m
τ − V (x)τ

]
(2.155)

is the semi-classical expression for the Green function. Now let x = x′ to obtain

G (xτ ;x0) =

ˆ

d3p

(2π~)3
exp i

[
− p2

2m
τ − V (x)τ

]
. (2.156)

Substitute (2.156) into (2.154), to obtain

n(x) =
q

2πi

ˆ ∞

−∞

dτ

τ − iε

ˆ

d3p

(2π~)3
exp i

[
ξτ − p2

2m
τ − V (x)τ

]
(2.157)

which upon using the integral representation of the step function

Θ(ξ) =
1

2πi

ˆ ∞

−∞

dτ

τ − iε
eiξτ (2.158)

gives

Θ

(
ξ − V (x) − p2

2m

)
=

1

2πi

ˆ ∞

−∞

dτ

τ − iε
exp i

(
ξ − V (x) − p2

2m

)
(2.159)

and

Θ

(
ξ − V (x) − p2

2m

)
= 1 (2.160)

when0 < p <
√

2m(ξ − V (x)).

By applying (2.160) on right-hand side of (2.157), we obtain

n(x) =q

ˆ

d3p

(2π~)3
Θ

(
ξ − V (x) − p2

2m

)

=
q

(2π~)3

ˆ

√
2m(ξ−V )

0

p2 dp

ˆ

dΩ
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=
q

(2π~)3

ˆ

√
2m(ξ−V )

0

p2 dp

ˆ π

0

dθ sin θ

ˆ 2π

0

dφ

=
4πq

(2π~)3

ˆ

√
2m(ξ−V (x)

0

p2 dp

=
4πq

(2π~)3

(√
2m(ξ − V (x)

)3

3

=
4q

3π2

(
2m(ξ − V (x)

(2~)2

)3/2

(2.161)

where

ˆ π

0

dθ sin θ

ˆ 2π

0

dφ =4π. (2.162)

The parameterξ determines the boundary of TF atom defined byx = xB. Since

the electron densityn(x) = 0 for |x| > |xB|. Refer to (2.161), to note that forV (xB) =

0, andn(xB) = 0 at the boundary. We getξ = 0. So that the density of electron in TF

atom (3-dimensions) is

n(x) =
4q

3π2

(−2mV (x)

(2~)2

)3/2

(2.163)

where

ˆ

d3xn(x) = Z. (2.164)

For spin1/2,

n(x) =
1

3π2

(−2mV (x)

~2

)3/2

(2.165)
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where the spin degeneracy is

q =(2s+ 1) = 2. (2.166)

For the sum of the kinetic energies of the electrons in3-dimensions(T [n]), we

have

T [n] =
∑

σ

ˆ

d3x
1

2πi

ˆ ∞

−∞

dτ

τ − iε

[
i
∂

∂τ
− V (x)

]
Gσσ′(xt;x0)

=q

ˆ

d3x
1

2πi

ˆ ∞

−∞

dτ

τ − iε

[
i
∂

∂τ
− V (x)

]
Gσσ′(xt;x0)

=q

ˆ

d3x
1

2πi

ˆ ∞

−∞

dτ

τ − iε

[
i
∂

∂τ
− V (x)

]
ˆ

d3p

(2π~)3
exp

[
−i

(
p2

2m
+ V (x)

)
τ

]

=q

ˆ

d3x
1

2πi

ˆ ∞

−∞

dτ

τ − iε

ˆ

d3p

(2π~)3

p2

2m
exp

[
−i

(
p2

2m
+ V (x)

)
τ

]
(2.167)

where

[
i
∂

∂τ
− V (x)

]
exp−i

(
p2

2m
+ V (x)

)
τ =

p2

2m
exp−i

(
p2

2m
+ V (x)

)
τ (2.168)

which upon using the integral representation of the step function

Θ(ξ) =
1

2πi

ˆ ∞

−∞

dτ

τ − iε
eiξτ (2.169)

we obtain

Θ

(
− p2

2m
− V (x)

)
=

1

2πi

ˆ ∞

−∞

dτ

τ − iε
exp

[
i

(
− p2

2m
− V (x)

)
τ

]
(2.170)

and

Θ

(
− p2

2m
− V (x)

)
= 1 (2.171)
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when0 < p <
√
−2mV (x).

Substitute (2.170) and (2.171) into (2.167), to obtain

T [n] =q

ˆ

d3x

ˆ

d3p

(2π~)3

p2

2m
Θ

(
− p2

2m
− V (x)

)

=
q

(2π~)3

ˆ

d3x

ˆ

√
−2mV (x)

0

dp p2 p2

2m

ˆ

dΩ

=
q

(2π~)3

ˆ

d3x

ˆ

√
−2mV (x)

0

dp p2 p2

2m

ˆ π

0

dθ sin θ

ˆ 2π

0

dφ

=
4πq

2m(2π~)3

ˆ

d3x

ˆ

√
−2mV (x)

0

dp p4

=
4πq

2m(2π~)3

ˆ

d3x
p5

5

∣∣∣∣

√
−2mV (x)

0

=
4πq

2m(2π~)3

ˆ

d3x
(−2mV (x))5/2

5

=
4πq

10m

ˆ

d3x
(−2mV (x))5/2

(2π~)3

=
4πq

10m

ˆ

d3x (−2mV (x))

(−2mV (x)

(2π~)2

)3/2

. (2.172)

We rewrite (2.163) as

−2mV (x) =4~
2

(
3π2

4q

)2/3

[n(x)]2/3 (2.173)

and

(−2mV (x)

(2π~)2

)3/2

=

(
1

π2

)3/2(
3π2

4q

)
[n(x)] (2.174)
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which upon substituting (2.173) and (2.174) into the right-hand side of (2.172), gives

T [n] =
4πq

10m

ˆ

d3x (−2mV )

(−2mV (x)

(2π~)2

)3/2

=
4πq

10m

ˆ

d3x 4~
2

(
3π2

4q

)2/3

[n(x)]2/3 1

π3

(
3π2

4q

)
[n(x)]

=
4πq

10m
4~

2

(
3π2

4q

)2/3(
3π2

4q

)
1

π3

ˆ

d3x [n(x)]2/3 [n(x)]

=
4π

10m
~

2

(
3π2

4q

)2/3

3π2 1

π3

ˆ

d3x [n(x)]5/3

=
4~

2

10π2m

(3π2)
5/3

(
4q
)2/3

ˆ

d3x [n(x)]5/3

=
16q~2

10π2m

(
3π2

4q

)5/3 ˆ

d3x [n(x)]5/3

∴ T [n] =C1

ˆ

d3x [n(x)]5/3 (2.175)

where

C1 =
16q~2

10π2m

(
3π2

4q

)5/3

. (2.176)

For spin1/2,

T [n] =
~

2 (3π2)
5/3

10π2m

ˆ

d3x [n(x)]5/3 . (2.177)

To obtain the ground-state energyE(Z), refer (2.153) and from electrostatics,

one may define the interaction of the electron-nucleus system in terms of the electron

density, and add to it the kinetic energy term. We then obtaintheenergyfunctionalF [n]
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in 3-dimensions, dependent on the densityn(x), defined by

F [n] =
16q~2

10π2m

(
3π2

4q

)5/3 ˆ

d3x [n(x)]5/3 − Ze2

ˆ

d3x
1

|x| n(x)

+
e2

2

ˆ

d3x d3x′ n(x)
1

|x − x′| n(x′). (2.178)

Minimize (2.178), to obtain

0 =
δF [n]

δn(x)

=
16q~2

10π2m

(
3π2

4q

)5/3(
5

3

)
[n(x)]2/3

− Ze2

|x| + e2
ˆ

d3x′ 1

|x − x′| n(x′)

=
8q~2

3π2m

(
3π2

4q

)5/3

[n(x)]2/3

− Ze2

|x| + e2
ˆ

d3x′ 1

|x − x′| n(x′)

=
8q~2

3π2m

(
3π2

4q

)(
3π2

4q

)2/3

[n(x)]2/3

− Ze2

|x| + e2
ˆ

d3x′ 1

|x − x′| n(x′)

=
2~

2

m

(
3π2

4q

)2/3

[n(x)]2/3

− Ze2

|x| + e2
ˆ

d3x′ 1

|x − x′| n(x′)

=
4~

2

2m

(
3π2

4q

)2/3

[n(x)]2/3
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− Ze2

|x| + e2
ˆ

d3x′ 1

|x − x′| n(x′)

−4~
2

2m

(
3π2

4q

)2/3

[n(x)]2/3 = − Ze2

|x| + e2
ˆ

d3x′ 1

|x − x′| n(x′). (2.179)

From (2.173), we can rewrite

V (x) = − 4~
2

2m

(
3π2

4q

)2/3

[n(x)]2/3 . (2.180)

which upon substituting (2.180) into the left-hand side of (2.179), gives

V (x) = − Ze2

|x| + e2
ˆ

d3x′ 1

|x − x′| n(x′)

= − Ze2

|x|

[
1 − |x|

Z

ˆ

d3x′ 1

|x − x′| n(x′)

]

= − Ze2

|x| F (x) (2.181)

where

F (x) = 1 − |x|
Z

ˆ

d3x′ 1

|x − x′| n(x′) (2.182)

From (2.163), the density of electron in3-dimensions

n(x′) =
4q

3π2

(−2mV (x′)

(2~)2

)3/2

(2.183)

where

ˆ

d3x′ n(x′) = Z (2.184)
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and

ˆ

d3x′ =

ˆ ∞

0

dr′ r′2
ˆ π

0

dθ sinϑ

ˆ 2π

0

dφ. (2.185)

For the subsequent formulae we use the notation

|x| = r. (2.186)

Referring to (2.181), the effective potential in terms of thedimensionless func-

tion f(r) is

V (r) = − Ze2

r
F (r). (2.187)

To obtain the electron density in term onf(r), substitute (2.187) into (2.163), to

obtain

n(r) =
4q

3π2

(−2mV (r)

(2~)2

)3/2

=
4q

3π2

(
2m

(2~)2

)3/2

[−V (r)]3/2

=
4q

3π2

(
2m

(2~)2

)3/2 [
Ze2

r
F (r)

]3/2

=
4q

3π2

(
2m

(2~)2

)3/2 [
Ze2

r
F (r)

]3/2

(2.188)

and

n(r′) =
4q

3π2

(−2mV (r′)

(2~)2

)3/2

=
4q

3π2

(
2m

(2~)2

)3/2

[−V (r′)]
3/2
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=
4q

3π2

(
2m

(2~)2

)3/2 [
Ze2

r′
F (r′)

]3/2

=
4q

3π2

(
2m

(2~)2

)3/2 [
Ze2

r′
F (r′)

]3/2

. (2.189)

By using (2.185), we rewrite (2.182) as

F (r) = 1 − r

Z

ˆ ∞

0

dr′ r′2
ˆ π

0

dϑ sinϑ

ˆ 2π

0

dφ
1

(r2 + r′2 − 2rr′ cosϑ)1/2
n(r′).

(2.190)

Substitute (2.189) into the right-hand side of (2.190), to obtain

F (r) =1 − r

Z

ˆ ∞

0

dr′ r′2

(
4q

3π2

(
2m

(2~)2

)3/2 [
Ze2

r′
F (r′)

]3/2
)

×
(
ˆ π

0

dϑ sinϑ

ˆ 2π

0

dφ
1

(r2 + r′2 − 2rr′ cosϑ)1/2

)

=1 −
(

4q

3π2

)
r

Z

(
2m

(2~)2

)3/2 ˆ ∞

0

dr′ r′2
[
Ze2

r′
F (r′)

]3/2

×
(
ˆ π

0

dϑ sinϑ

ˆ 2π

0

dφ
1

(r2 + r′2 − 2rr′ cosϑ)1/2

)
. (2.191)

Now we use the expansion (Gandshteyn and Ryzhik, 2000, p.980.)

1

(1 + α2 − 2tα)ν
=

∞∑

n=0

Cν
n(t) αn (2.192)

where the polynomialsCν
n(t) are generalizations of the Legendre polynomials.

Accordingly, we may expand|x − x′|−ν , as

1

|x − x′|ν =
1

[r2 + r′2 − 2rr′ cosϑ]ν/2
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=
1

rν
>

[
1 +

(
r<

r>

)2

− 2
(

r<

r>

)
cosϑ

]ν/2

=
1

rν
>

1
[
1 +

(
r<

r>

)2

− 2
(

r<

r>

)
cosϑ

]ν/2

=
1

rν
>

∞∑

n=0

Cν/2
n (t)

(
r<

r>

)n

=
1

rν
>

∞∑

n=0

Cν/2
n (cosϑ)

(
r<

r>

)n

(2.193)

where

t = cosϑ. (2.194)

For |x − x′|−1, let ν = 1, we obtain

1

|x − x′| =
1

r>

∞∑

n=0

C1/2
n (cosϑ)

(
r<

r>

)n

(2.195)

substitute (2.195) into (2.191), to obtain

F (r) =1 −
(

4q

3π2

)
r

Z

(
2m

(2~)2

)3/2 ˆ ∞

0

dr′ r′2
[
Ze2

r′
F (r′)

]3/2

×
(
ˆ π

0

dϑ sinϑ

ˆ 2π

0

dφ
1

r>

∞∑

n=0

C1/2
n (cosϑ)

(
r<

r>

)n
)

=1 −
(

4q

3π2

)
r

Z

(
2m

(2~)2

)3/2 ˆ ∞

0

dr′ r′2
[
Ze2

r′
F (r′)

]3/2

×
(
ˆ π

0

dϑ sinϑ

ˆ 2π

0

dφ
1

r>

∞∑

n=0

C1/2
n (cosϑ)

(
r<

r>

)n
)



66

=1 −
(

4q

3π2

)
r

Z

(
2m

(2~)2

)3/2 ˆ ∞

0

dr′ r′2
[
Ze2

r′
F (r′)

]3/2

H(ϑ) (2.196)

where

H(ϑ) =

ˆ π

0

dϑ sinϑ

ˆ 2π

0

dφ
1

r>

∞∑

n=0

C1/2
n (cosϑ)

(
r<

r>

)n

. (2.197)

The expression forH(ϑ) now may reduced as follows:

H(ϑ) =

ˆ

dΩ
1

r>

∞∑

n=0

C1/2
n (cosϑ)

(
r<

r>

)n

=

ˆ π

0

dϑ (sinϑ)

ˆ 2π

0

dφ
1

r>

∞∑

n=0

C1/2
n (cosϑ)

(
r<

r>

)n

=2π

ˆ π

0

dϑ (sinϑ)
1

r>

∞∑

n=0

C1/2
n (cosϑ)

(
r<

r>

)n

=2π
1

r>

(
r<

r>

)0 ˆ π

0

dϑ C
1/2
0 (cosϑ) (sinϑ)

+ 2π
∞∑

n=1

1

r>

(
r<

r>

)n ˆ π

0

dϑ C1/2
n (cosϑ) (sinϑ) . (2.198)

We now use integrals the combination of Gegenbauer polynomialsCν
n and some

elementary functions (Gandshteyn and Ryzhik, 2000, p.791.)

ˆ π

0

Cν
n(cosϑ)(sinϑ)2νdϑ =





0, (n = 1, 2, 3, . . .)

2−2νπΓ(2ν + 1) [Γ(1 + ν)]−2 , (n = 0).
(2.199)

In (2.199), letν = 1/2 to obtain

H(ϑ) =2π
1

r>

(
r<

r>

)0 ˆ π

0

C
1/2
0 (cosϑ) (sinϑ) dϑ+ 0

=2π
1

r>

2−1πΓ(2) [Γ(3/2)]−2
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=
π2

r>

[
π1/2

2

]−2

=
4π

r>

(2.200)

where

Γ(2) =1, (2.201a)

Γ

(
3

2

)
=
π1/2

2
. (2.201b)

Substitute (2.200) into (2.196), to obtain

F (r) =1 −
(

4q

3π2

)
r

Z

(
2m

(2~)2

)3/2 ˆ ∞

0

dr′ r′2
[
Ze2

r′
F (r′)

]3/2

H(ϑ)

=1 −
(

4q

3π2

)
r

Z

(
2m

(2~)2

)3/2 ˆ ∞

0

dr′ r′2
[
Ze2F (r′)

r′

]3/2
4π

r>

=1 − 4πrZ1/2
[
e2
]3/2

(
4q

3π2

)(
2m

(2~)2

)3/2 ˆ ∞

0

dr′
r′2

r>

[
F (r′)

r′

]3/2

. (2.202)

We set

r =ax, (2.203a)

r′ =ax′, (2.203b)

F (r) =f(x), (2.203c)

F (r′) =f(x′). (2.203d)
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By applying (2.203) on the both-sides of (2.202), we obtain

f(x) =1 − 4π(ax)Z1/2
[
e2
]3/2

(
4q

3π2

)(
2m

(2~)2

)3/2 ˆ ∞

0

d(ax′)
(ax′)2

ax>

[
f(x′)

(ax)′

]3/2

=1 − 4π
a3

a3/2
Z1/2

[
e2
]3/2

(
4q

3π2

)(
2m

(2~)2

)3/2

x

ˆ ∞

0

dx′
x′2

x>

[
f(x′)

x′

]3/2

=1 − a3/2Z1/2

(
2πq

3π2

)(
2me2

~2

)3/2

x

ˆ ∞

0

dx′
x′2

x>

[
f(x′)

x′

]3/2

=1 − x

ˆ ∞

0

dx′
x′2

x>

[
f(x′)

x′

]3/2

(2.204)

where

a3/2 =

(
3π

2q

)(
~

2

2me2

)3/2
1

Z1/2
. (2.205)

From (2.205), we have

a =

(
3π

2q

)2/3(
~

2

2me2

)
1

Z1/3
∼= 0.8853a0

1

Z1/3
. (2.206)

anda0 is the Bohr radius~2/me2.

Use (2.203), in (2.187), to write the effective potential interm of the dimension-

less functionf(x)

V (x) = − Ze2

a

f(x)

x
. (2.207)

Use (2.203), in (2.188) to obtain the electron density in term of f(x)

n(r) =
4q

3π2

(
2m

(2~)2

)3/2 [
Ze2

r
F (r)

]3/2

=
4q

3π2

(
2m

(2~)2

)3/2(
Ze2

a

f(x)

x

)3/2
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=
4q

3π2

(
2m

(2~)2

)3/2(
Ze2

a

f(x)

x

)3/2

n(r) → n(x) =
q

6π2

(
2me2

~2

)3/2(
Z

a

)3/2(
f(x)

x

)3/2

(2.208)

and

n(r′) =
4q

3π2

(
2m

(2~)2

)3/2 [
Ze2

r′
F (r′)

]3/2

=
4q

3π2

(
2m

(2~)2

)3/2(
Ze2

a

f(x′)

x′

)3/2

n(r) → n(x) =
q

6π2

(
2me2

~2

)3/2(
Z

a

)3/2(
f(x′)

x′

)3/2

. (2.209)

We may also express the kinetic energy of the electrons in term of f(x). Substi-

tute (2.176), (2.185), (2.186) and (2.208) into (2.175), toobtain

T [n] =C1

ˆ

d3x [n(x)]5/3

=C1

ˆ ∞

0

dr r2 [n(r)]5/3

ˆ π

0

dθ sin θ

ˆ 2π

0

dφ

=C1

ˆ ∞

0

dr r2 [n(r)]5/3

=4πC1a

ˆ ∞

0

dx (ax)2 [n(x)]5/3

=4πC1a
3

ˆ ∞

0

dx x2 [n(x)]5/3

=4πC1a
3

ˆ ∞

0

dx x2

[
q

6π2

(
2me2

~2

)3/2(
Z

a

)3/2(
f(x)

x

)3/2
]5/3

=4πC1

(
q

6π2

(
2me2

~2

)3/2
)5/3

Z5/2a1/2

ˆ ∞

0

dx x2

(
f(x)

x

)5/2
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=CTZ
5/2a1/2

ˆ ∞

0

dx
[f(x)]5/2

x1/2
(2.210)

where

CT =4π

[
16q~2

10π2m

(
3π2

4q

)5/3
][

q

6π2

(
2me2

~2

)3/2
]5/3

=4π
16q~2

10π2m

(
3π2

4q

)5/3 ( q

6π2

)5/3
[(

2me2

~2

)3/2
]5/3

=
32q~2

5πm

(
π2

4q

)5/3 ( q

2π2

)5/3
(

2me2

~2

)5/2

=
q~2

5πm

(
2me2

~2

)5/2

=
2qe2

5π

(
2me2

~2

)3/2

∴ CT =
2qe2

5π

(
2me2

~2

)3/2

. (2.211)

From (2.178), we obtain for the electron-nucleus interaction part, the expression

−Ze2

ˆ

d3x
1

|x| n(x) = − Ze2

ˆ ∞

0

dr r2 1

r
n(r)

ˆ π

0

dθ sin θ

ˆ 2π

0

dφ

= − 4πZe2a
3

a

ˆ ∞

0

dxx2 1

x
n(x)

= − 4πZe2a2

ˆ ∞

0

dxxn(x) (2.212)

which upon substituting (2.208) into the right-hand side of(2.212), gives

−Ze2

ˆ

d3x
1

|x| n(x) = − 4πZe2a2

[
q

6π2

(
2me2

~2

)3/2(
Z

a

)3/2
]
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×
ˆ ∞

0

dxx

[
f(x)

x

]3/2

= −
4πZe2a2q

6π2

(
2me2

~2

)3/2(
Z

a

)3/2

×
ˆ ∞

0

dx
[f(x)]3/2

x1/2

= −
2qe2

3π

(
2me2

~2

)3/2

Z5/2a1/2

ˆ ∞

0

dx
[f(x)]3/2

x1/2

∴ −Ze2

ˆ

d3x
1

|x| n(x) = − CZeZ
5/2a1/2

ˆ ∞

0

dx
[f(x)]3/2

x1/2
(2.213)

where

CZe =
2qe2

3π

(
2me2

~2

)3/2

. (2.214)

For the electron-electron interaction part, we have from (2.178) and by using, in

the process (2.186)

e2

2

ˆ

d3x d3x′ n(x)
1

|x − x′|
n(x′)

=
e2

2

ˆ

d3xn(x) g(x′)

=
e2

2

ˆ ∞

0

dr r2 n(r)

ˆ π

0

dθ sin θ

ˆ 2π

0

dφ g(x′)

=
e2

2
a3

ˆ ∞

0

dxx2 n(x)

ˆ π

0

dθ sin θ

ˆ 2π

0

dφ g(x′) (2.215)

where

g(x′) =

ˆ

d3x′ 1

|x − x′|
n(x′). (2.216)
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Substitute (2.195) and (2.200) into (2.216), to obtain

g(r′) =

ˆ ∞

0

dr′ r′2
ˆ

dΩ
1

r>

∞∑

n=0

C1/2
n (cosϑ)

(
r<

r>

)n

n(r′)

=

ˆ ∞

0

dr′ r′2 n(r′)

ˆ

dΩ
1

r>

∞∑

n=0

C1/2
n (cosϑ)

(
r<

r>

)n

g(x′) =

ˆ ∞

0

dx′ a (ax′)2 n(x′)

ˆ

dΩ3
1

(ax>)

∞∑

n=0

C1/2
n (cosϑ)

(
ax<

ax>

)n

=

ˆ ∞

0

dx′
a3

a
x′2 n(x′)

ˆ

dΩ
1

x>

∞∑

n=0

C1/2
n (cosϑ)

(
x<

x>

)n

=a2

ˆ ∞

0

dx′ x′2 n(x′)H(ϑ)

=a2

ˆ ∞

0

dx′ x′2 n(x′)
4π

x>

=4πa2

ˆ ∞

0

dx′
x′2

x>

n(x′) (2.217)

where

H(ϑ) =

ˆ

dΩ
1

x>

∞∑

n=0

C1/2
n (cosϑ)

(
x<

x>

)n

. (2.218)

The expansion ofH(ϑ) is

H(ϑ) =

ˆ

dΩ
1

x>

∞∑

n=0

C1/2
n (cosϑ)

(
x<

x>

)n

=

ˆ π

0

dϑ (sinϑ)

ˆ 2π

0

dφ
1

x>

∞∑

n=0

C1/2
n (cosϑ)

(
x<

x>

)n

=2π

ˆ π

0

dϑ (sinϑ)
1

x>

∞∑

n=0

C1/2
n (cosϑ)

(
x<

x>

)n
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=2π
1

x>

(
x<

x>

)0 ˆ π

0

dϑC
1/2
0 (cosϑ) (sinϑ)

+ 2π
∞∑

n=1

1

x>

(
x<

x>

)n ˆ π

0

dϑC1/2
n (cosϑ) (sinϑ) . (2.219)

To obtain the left-hand side of (2.219), by using (2.199) with ν = 1/2 and

applying to the left-hand side of (2.219), we obtain

H(ϑ) =2π
1

x>

(
x<

x>

)0 ˆ π

0

C
1/2
0 (cosϑ) (sinϑ) dϑ+ 0

=2π
1

x>

2−1πΓ(2) [Γ(3/2)]−2

=
π2

x>

[
π1/2

2

]−2

=
4π

x>

(2.220)

where

Γ(2) =1, (2.221a)

Γ(3/2) =
π1/2

2
. (2.221b)

Substitute (2.220) into (2.217), we obtain

g(x′) =a2

ˆ ∞

0

dx′ x′2 n(x′) H(ϑ)

=a2

ˆ ∞

0

dx′ x′2 n(x′)
4π

x>

=4πa2

ˆ ∞

0

dx′
x′2

x>

n(x′) (2.222)
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which upon substituting (2.209) into the right-hand side of(2.217), gives

g(x′) =4πa2

ˆ ∞

0

dx′
x′2

x>

n(x′)

=4πa2

ˆ ∞

0

dx′
x′2

x>

q

6π2

(
2me2

~2

)3/2(
Z

a

)3/2(
f(x′)

x′

)3/2

=4π
q

6π2

(
2me2

~2

)3/2

Z3/2a1/2

ˆ ∞

0

dx′
x′2

x>

(
f(x′)

x′

)3/2

=
2q

3π

(
2me2

~2

)3/2

Z3/2a1/2

ˆ ∞

0

dx′
x′2

x>

(
f(x′)

x′

)3/2

. (2.223)

Finally substitute (2.208), (2.209) and (2.223) into (2.215), to obtain

e2

2

ˆ

d3x d3x′ n(x)
1

|x − x′| n(x′)

=
e2

2
a3

ˆ ∞

0

dxx2 n(x)

ˆ π

0

dθ sin θ

ˆ 2π

0

dφ g(x′)

=
e2

2
a3 4π

ˆ ∞

0

dxx2 n(x) g(x′)

=2πe2a3

ˆ ∞

0

dxx2 n(x) g(x′)

=2πe2
2q

3π

(
2me2

~2

)3/2

Z3/2a3a1/2

×
(
ˆ ∞

0

dxx2 n(x)

ˆ ∞

0

dx′
x′2

x>

(
f(x′)

x′

)3/2
)

=
4qe2

3

(
2me2

~2

)3/2 ( q

6π2

)(2me2

~2

)3/2(
Z

a

)3/2

Z3/2a7/2

×
(
ˆ ∞

0

dxx2

(
f(x)

x

)3/2 ˆ ∞

0

dx′
x′2

x>

(
f(x′)

x′

)3/2
)
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=

(
2q2e2

9π2

)(
2me2

~2

)3

Z3a2

×
(
ˆ ∞

0

dxx2

(
f(x)

x

)3/2 ˆ ∞

0

dx′
x′2

x>

(
f(x′)

x′

)3/2
)

=CeZ
3a2

ˆ ∞

0

dxx2

(
f(x)

x

)3/2 ˆ ∞

0

dx′
x′2

x>

(
f(x′)

x′

)3/2

(2.224)

where

Ce =

(
2q2e2

9π2

)(
2me2

~2

)3

. (2.225)

Adding the contributions, (2.210), (2.213) and (2.224), for the energy functional

(2.178), we obtain for the ground-state energyE(Z) the explicit expression :

E(Z) =
16q~2

10π2m

(
3π2

4q

)5/3 ˆ

d3x [n(x)]5/3 − Ze2

ˆ

d3x
1

|x| n(x)

+
e2

2

ˆ

d3x d3x′ n(x)
1

|x − x′| n(x′)

=CTZ
5/2a1/2

ˆ ∞

0

dx
[f(x)]5/2

x1/2
− CZeZ

5/2a1/2

ˆ ∞

0

dx
[f(x)]3/2

x1/2

+ CeZ
3a2

ˆ ∞

0

dxx2

[
f(x)

x

]3/2 ˆ ∞

0

dx′
x′2

x>

[
f(x′)

x′

]3/2

. (2.226)

To evaluate the above, first we have to find the differential equation satisfied by

f(x). From (2.204), we can rewrite as

f(x) =1 − x

ˆ ∞

0

dx′
x′2

x>

[
f(x′)

x′

]3/2

=1 − x

ˆ x

0

dx′
x′2

x

[
f(x′)

x′

]3/2

− x

ˆ ∞

x

dx′
x′2

x′

[
f(x′)

x′

]3/2
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=1 −
ˆ x

0

dx′ [f(x′)]
3/2
x′1/2 − x

ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2
. (2.227)

satisfying the boundary condition (B.C.)

f(0) = 1. (2.228)

By using B.C. in (2.228)and (2.203), Applying to (2.187), we obtain the later boundary

condition corresponding to

V (r) ∼ −Ze
2

r
(2.229)

for r → 0.

By differentiating with respect tox on the both-sides of (2.227), we obtain

d

dx
f(x) = − d

dx

(
ˆ x

0

dx′ [f(x′)]
3/2
x′1/2

)
− d

dx

(
x

ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2

)

= − d

dx

ˆ x

0

dx′ [f(x′)]
3/2
x′1/2 − x

d

dx

ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2

−
ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2
. (2.230)

Consider the differentiation of definite integral with respect to a parameter

d

dx

ˆ x

b

dx′ g(x′) =g(x), (2.231a)

d

dx

ˆ b

x

dx′ g(x′) = − g(x). (2.231b)

By applying (2.231) to the right-hand side of (2.35), we have

d

dx
f(x) = − d

dx

ˆ x

0

dx′ [f(x′)]
3/2
x′1/2 − x

d

dx

ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2



77

−
ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2

= − [f(x)]3/2 x1/2 + [f(x)]3/2 x1/2 −
ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2

= −
ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2
. (2.232)

By differentiating with respect tox again on the both-sides of (2.232), we obtain

d2

dx2
f(x) = − d

dx

ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2
. (2.233)

By applying (2.231) to the right-hand side of (2.233) and fromthe appropriate B.C., we

have

d2

dx2
f(x) =

[f(x)]3/2

x1/2
, f(0) = 1. (2.234)

From the normalization condition (2.164) and (2.208), we have

Z =

ˆ

d3xn(x)

=a3

ˆ ∞

0

dx x2 n(x)

ˆ π

0

dθ sin θ

ˆ 2π

0

dφ

=4πa3

ˆ ∞

0

dx x2 n(x)

=
4πa3q

6π2

(
2me2

~2

)3/2(
Z

a

)3/2 ˆ ∞

0

dx x2

(
f(x)

x

)3/2

=
2q

3π

(
2me2

~2

)3/2

(Za)3/2

ˆ ∞

0

dx x
[f(x)]3/2

x1/2
. (2.235)

which upon substituting (2.206) and (2.234) into the right-hand side of (2.235), we
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obtain

Z =
2qZ3/2

3π

(
2me2

~2

)3/2
((

3π

2q

)2/3(
~

2

2me2

)
1

Z1/3

)3/2

lim
xB→∞

ˆ xB

0

dx xf ′′(x)

=Z lim
xB→∞

ˆ xB

0

dx xf ′′(x). (2.236)

From (2.236) and with B.C, we obtain

1 = lim
xB→∞

ˆ xB

0

dx xf ′′(x)

= lim
xB→∞

ˆ xB

0

x d(f ′(x))

= lim
xB→∞

[
xf ′(x)|xB

0 −
ˆ xB

0

f ′(x) dx

]

= lim
xB→∞

[
xf ′(x)|xB

0 − f(x)|xB

0

]

= lim
xB→∞

[(xBf
′(xB) − 0) − (f(xB) − f(0))]

= lim
xB→∞

[xBf
′(xB − (f(xB) + 1)]

0 = lim
xB→∞

[xBf
′(xB) − f(xB)] . (2.237)

From (2.237) we obtain that

lim
xB→∞

xBf
′(xB) = 0, (2.238a)

lim
xB→∞

f(xB) = 0. (2.238b)
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To find the asymptotic behavior forx→ ∞, we set

f(x) = βx−α (2.239)

and substitutef(x) into left-hand side of (2.234), to obtain

d2

dx2
f(x) = − βα(−α− 1)x−α−2

=
(
βα2 + βα

)
x−α−2 (2.240)

and then substitutef(x) into right-hand side of (2.234), to obtain

[f(x)]3/2

x1/2
=
β3/2 [x−α]

3/2

x1/2

=β3/2x(−3α−1)/2. (2.241)

Substitute (2.240) and (2.241) into (2.234), to obtain the equation

(
βα2 + βα

)
x−α−2 =β3/2x(−3α−1)/2. (2.242)

From (2.242), this gives

−α− 2 =
−3α− 1

2

α =3 (2.243)

and

(
βα2 + βα

)
=β3/2

β1/2 =12
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β =144. (2.244)

Substituteα andβ into (2.239) to derive

f(x) =
144

x3
(2.245)

for x→ ∞.

Eq.(2.238) and (2.245) shows that f(x) vanishes at infinity and thatxB = ∞, then

also implies thatf ′(x) → 0 for x→ ∞. Accordingly, from (2.234), we can rewrite

f ′(∞) − f ′(0) =

ˆ ∞

0

dx
[f(x)]3/2

x1/2

f ′(0) = −
ˆ ∞

0

dx
[f(x)]3/2

x1/2
< 0 (2.246)

i.e., it is negative.

Actually the functionf(x) vanishes only at infinity. This is easily seen by inte-

grating the differential equation (2.234), overx, between two pointsx1 < x2, to obtain

f ′(x2) − f ′(x1) =

ˆ x2

x1

dx

[
f(x)

]3/2

x1/2
(2.247)

and hence conclude that withf ′(0) < 0, that

f ′(0) 6 · · · 6 f ′(x1) 6 · · · 6 f ′(x2) 6 · · · 6 0 (2.248)

for 0 < · · · < x1 < · · · < x2 < · · · < ∞. That is,f(x), starting atf(0) = 1, is

monotonically non-increasing, approaching zero forx→ ∞. The functionf(x) cannot

vanish for finitex and then increase again as this will be in contradiction with(2.248).

Also note that the differential equation (2.234) implies that

f ′′(x) −−−−−−−→
x→∞

0. (2.249)
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The functionf(x) and its derivativef ′(x) may be then determined numeri-

cally from the differential equation in (2.234) with the boundary conditionsf(0) = 1,

f(x) → 0 for x→ ∞. In particular (Kobayashi, Matsukuma, Nagai and Umeda, 1955),

f ′(0) ∼= − 1.58807 . For the integral in (2.246), we have numerically

ˆ ∞

0

dx

[
f(x)

]3/2

x1/2
= −f ′(0) ∼= 1.58807. (2.250)

By using (2.226), (2.247) and (2.250), we can compute the ground-state energyE(Z).

For the kinetic energy term, the first term on the right-hand side of (2.226), by

using (2.206), (2.211) and (2.247), we obtain

T [n] =CTZ
5/2a1/2

ˆ ∞

0

dx
[f(x)]5/2

x1/2

=CTZ
5/2

((
3π

2q

)2/3(
~

2

2me2

)
1

Z1/3

)1/2
ˆ ∞

0

dx
[f(x)]5/2

x1/2

=CTZ
7/3

(
3π

2q

)1/3(
~

2

2me2

)1/2 ˆ ∞

0

dx
[f(x)]5/2

x1/2

=
2qe2

5π

(
2me2

~2

)3/2

Z7/3

(
3π

2q

)1/3(
~

2

2me2

)1/2 ˆ ∞

0

dx
[f(x)]5/2

x1/2

=

(
3

5

)(
2q

3π

)2/3(
2me4

~2

)
Z7/3

ˆ ∞

0

dx
[f(x)]5/2

x1/2
. (2.251)

To obtain above, consider the integral term on the right-hand side of (2.251), and set

u = [f(x)]5/2 , (2.252a)

dv =2d
(
x1/2

)
= x−1/2 dx, (2.252b)

v =2x1/2. (2.252c)
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By using the appropriate B.C and applying (2.252) to the integral term on the right-hand

side of (2.251), we obtain

ˆ ∞

0

dx
[f(x)]5/2

x1/2
=2

ˆ ∞

0

d
(
x1/2

)
[f(x)]5/2

=2 lim
xB→∞

[
x1/2 [f(x)]5/2

∣∣∣
xB

0
−
ˆ ∞

0

d
(
[f(x)]5/2

)
x1/2

]

=2 lim
xB→∞

(x
1/2
B [f(xB)]5/2 − 0) − 2

ˆ ∞

0

d
(
[f(x)]5/2

)
x1/2

= − 2

ˆ ∞

0

d
(
[f(x)]5/2

)
x1/2

= − 5

ˆ ∞

0

dx [f(x)]3/2 f ′(x) x1/2 (2.253)

where (from (2.238) and (2.245))

2 lim
xB→∞

x
1/2
B [f(xB)]5/2 = 0 (2.254)

and

2 d
(
[f(x)]5/2

)
=5 dx [f(x)]3/2 f ′(x)x1/2. (2.255)

Accordingly,

ˆ ∞

0

dx
[f(x)]5/2

x1/2
= − 5

ˆ ∞

0

dx [f(x)]3/2 f ′(x)
x1/2x1/2

x1/2

= − 5

ˆ ∞

0

dx
[f(x)]3/2

x1/2
f ′(x)x

= − 5

ˆ ∞

0

dx f ′′(x) f ′(x)x

= − 5

2

ˆ ∞

0

d [f ′(x)]
2
x (2.256)
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where

dx f ′′(x) f ′(x) =
1

2
d [f ′(x)]

2 (2.257)

Now let

u =x, (2.258a)

dv =d [f ′(x)]
2
, (2.258b)

v = [f ′(x)]
2 (2.258c)

which upon applying to the right-hand side of (2.195), gives

ˆ ∞

0

dx
[f(x)]5/2

x1/2
= − 5

2

ˆ ∞

0

d [f ′(x)]
2
x

= − 5

2

[
x [f ′(x)]

2
∣∣∣
∞

0
−
ˆ ∞

0

dx [f ′(x)]
2

]

= − 5

2
lim

xB→∞

(
xB [f ′(xB)]

2 − 0
)

+
5

2

ˆ ∞

0

dx [f ′(x)]
2

=
5

2

ˆ ∞

0

dx [f ′(x)]
2
. (2.259)

Again consider the left-hand side of (2.259) and note that

ˆ ∞

0

dx
[f(x)]5/2

x1/2
=

ˆ ∞

0

dx
[f(x)]3/2

x1/2
f(x)

=

ˆ ∞

0

dx f ′′(x) f(x). (2.260)

With the notations

u =f(x), (2.261a)
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dv =d [f ′(x)] , (2.261b)

v =f ′(x) (2.261c)

as applied to the right-hand side of (2.260), we obtain

ˆ ∞

0

dx
[f(x)]5/2

x1/2
=

ˆ ∞

0

dx f ′′(x) f(x)

=

ˆ ∞

0

d [f ′(x)] f(x)

= lim
xB→∞

f(x) f ′(x)|xB

0 −
ˆ ∞

0

d [f(x)] f ′(x)

= lim
xB→∞

[f(xB) f ′(xB) − f(0) f ′(0)] −
ˆ ∞

0

dx [f(x)]2

= − f ′(0) −
ˆ ∞

0

dx [f(x)]2 . (2.262)

From (2.259), we can rewrite as

ˆ ∞

0

dx [f ′(x)]
2

=
2

5

ˆ ∞

0

dx
[f(x)]5/2

x1/2
(2.263)

which upon substituting (2.263) into the right-hand side of(2.262), we obtain

ˆ ∞

0

dx
[f(x)]5/2

x1/2
= − f ′(0) −

ˆ ∞

0

dx [f(x)]2

= − f ′(0) − 2

5

ˆ ∞

0

dx
[f(x)]5/2

x1/2

ˆ ∞

0

dx
[f(x)]5/2

x1/2
= − 5

7
f ′(0). (2.264)

Finally, substitute (2.264) into the right-hand side of (2.251), to obtain for the kinetic
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energy term

T [n] =

(
3

5

)(
2q

3π

)2/3(
2me4

~2

)
Z7/3

ˆ ∞

0

dx
[f(x)]5/2

x1/2

= −
(

3

7

)(
2q

3π

)2/3(
2me4

~2

)
Z7/3 f ′(0). (2.265)

For the electron-nucleus interaction part, the second termon the right-hand side

of (2.226) we obtain, by using (2.206), (2.213), (2.214) and(2.247),

EZe = − Ze2

ˆ

d3x
1

|x| n(x)

= − CZeZ
5/2a1/2

ˆ ∞

0

dx
[f(x)]3/2

x1/2

=CZeZ
5/2a1/2f ′(0)

=CZeZ
5/2

((
3π

2q

)2/3(
~

2

2me2

)
1

Z1/3

)1/2

f ′(0)

=CZe

(
3π

2q

)1/3(
~

2

2me2

)1/2

Z7/3f ′(0)

=
2qe2

3π

(
2me2

~2

)3/2(
3π

2q

)1/3(
~

2

2me2

)1/2

Z7/3f ′(0)

= −
2qe2

3π

(
2me2

~2

)(
3π

2q

)1/3

Z7/3f ′(0)

EZe =

(
2q

3π

)2/3(
2me4

~2

)
Z7/3f ′(0). (2.266)

Finally, for the electron-electron interaction part, the third term on the right-hand
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side of (2.226) we obtain, by using (2.206), (2.213), (2.214) and (2.247),

Eee(Z) =CeZ
3a2

ˆ ∞

0

dx x2

[
f(x)

x

]3/2ˆ ∞

0

dx′ x′2
1

x>

[
f(x′)

x′

]3/2

=CeZ
3a2

[
ˆ ∞

0

dx x2 1

x

[
f(x)

x

]3/2 ˆ x

0

dx′ x′2
[
f(x′)

x′

]3/2

+

ˆ ∞

0

dx x2

[
f(x)

x

]3/2ˆ ∞

x

dx′ x′2
1

x′

[
f(x′)

x′

]3/2
]

=CeZ
3a2

[
ˆ ∞

0

dx
[f(x)]3/2

x1/2

ˆ x

0

dx′ x′1/2 [f(x′)]
3/2

+

ˆ ∞

0

dx x1/2 [f(x)]3/2

ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2

]
. (2.267)

The obtain an explicit analytical expression for the following integral, consider

the first term on the right-hand side of (2.267) :

ˆ ∞

0

dx
[f(x)]3/2

x1/2

ˆ x

0

dx′ x′1/2 [f(x′)]
3/2

=

ˆ ∞

0

dx
[f(x)]3/2

x1/2

ˆ x

0

dx′ x′
[f(x′)]3/2

x′1/2

=

ˆ ∞

0

dx
[f(x)]3/2

x1/2

ˆ x

0

dx′ x′ f ′′(x)

=

ˆ ∞

0

dx f ′′(x)

ˆ x

0

dx′ x′ f ′′(x)

=

ˆ ∞

0

dx f ′′(x)

ˆ x

0

d[f ′(x′)] x′

=

ˆ ∞

0

dx f ′′(x)

[
f ′(x′) x′|x0 −

ˆ x

0

dx′ f ′(x′)

]

=

ˆ ∞

0

dx f ′′(x) [f ′(x) x− f(x) + f(0)]
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=

ˆ ∞

0

dx f ′′(x) f ′(x) x−
ˆ ∞

0

dx f ′′(x) f(x)

+ f(0)

ˆ ∞

0

dx f ′′(x)

= − 1

2

ˆ ∞

0

dx [f ′(x)]
2 −
ˆ ∞

0

d[f ′(x)] f(x) + f(0)f ′(0)

= − 1

2

ˆ ∞

0

dx [f ′(x)]
2 −

[
f ′(x) f(x)|∞0 −

ˆ ∞

0

d[f(x)] f ′(x)

]

+ f(0)f ′(0)

= − 1

2

ˆ ∞

0

dx [f ′(x)]
2 − f ′(0) f(0) +

ˆ ∞

0

dx [f ′(x)]2 + f(0)f ′(0)

=
1

2

ˆ ∞

0

dx [f ′(x)]
2
. (2.268)

Substitute (2.263) and (2.264) into the right-hand side of (2.268), to obtain

ˆ ∞

0

dx
[f(x)]3/2

x1/2

ˆ x

0

dx′ x′1/2 [f(x′)]
3/2

=
1

5

ˆ ∞

0

dx
[f(x)]5/2

x1/2

= − 1

5
[
5

7
f ′(0)]

= − 1

7
f ′(0). (2.269)

Consider the second term on the right-hand side of (2.267)

ˆ ∞

0

dx x1/2 [f(x)]3/2

ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2

=

ˆ ∞

0

dx x1/2 [f(x)]3/2

ˆ ∞

x

dx′ f ′′(x′)
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=

ˆ ∞

0

dx x1/2 [f(x)]3/2 lim
xb→∞

f ′(x′)|xB

x

=

ˆ ∞

0

dx x1/2 [f(x)]3/2 lim
xb→∞

(f ′(xB) − f ′(x))

= −
ˆ ∞

0

dx x1/2 [f(x)]3/2 f ′(x). (2.270)

Multiply the right-hand side of (2.270) byx1/2/x1/2, to obtain

ˆ ∞

0

dx x1/2 [f(x)]3/2

ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2

= −
ˆ ∞

0

dx x1/2x1/2 [f(x)]3/2

x1/2
f ′(x)

= −
ˆ ∞

0

dx x
[f(x)]3/2

x1/2
f ′(x)

= −
ˆ ∞

0

dx x f ′′(x) f ′(x)

= − 1

2

ˆ ∞

0

d [f ′(x)]
2
x

= − 1

2

[
lim

xB→∞
x [f ′(x)]

2

∣∣∣∣
xB

0

−
ˆ ∞

0

dx [f ′(x)]
2

]

= − 1

2

[
lim

xB→∞
(xB [f ′(xB)]

2 − 0) −
ˆ ∞

0

dx [f ′(x)]
2

]

=
1

2

ˆ ∞

0

dx [f ′(x)]
2

=
1

2

[
lim

xB→∞
(f ′(xB) − f ′(0)) −

ˆ ∞

0

dx
[f(x)]5/2

x1/2

]

= − 1

2
f ′(0) − 1

2

ˆ ∞

0

dx
[f(x)]5/2

x1/2
. (2.271)



89

Substitute (2.264) into the second term on the right-hand side of(2.271), to obtain

ˆ ∞

0

dx x1/2 [f(x)]3/2

ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2

= − 1

2
f ′(0) − 1

2

ˆ ∞

0

dx
[f(x)]5/2

x1/2

= − 1

2
f ′(0) +

5

14
f ′(0)

= − 1

7
f ′(0). (2.272)

Substitute (2.269) and (2.272) into the right-hand side of (2.267), to obtain

Eee(Z) =CeZ
3a2

[
ˆ ∞

0

dx
[f(x)]3/2

x1/2

ˆ x

0

dx′ x′1/2 [f(x′)]
3/2

+

ˆ ∞

0

dx x1/2 [f(x)]3/2

ˆ ∞

x

dx′
[f(x′)]3/2

x′1/2

]

=CeZ
3a2

[
−1

7
f ′(0) − 1

7
f ′(0)

]

= − 2

7
CeZ

3a2f ′(0). (2.273)

SubstituteCe from (2.225) anda from (2.206) into the right-hand side of (2.273), to

obtain

Eee(Z) = − 2

7

(
2q2e2

9π2

)(
2me2

~2

)3

Z3a2f ′(0)

= − 2

7

(
2q2e2

9π2

)(
2me2

~2

)3

Z3

((
3π

2q

)2/3(
~

2

2me2

)
1

Z1/3

)2

f ′(0)

Eee(Z) = − 1

7

(
2q

3π

)2/3(
2me4

~2

)
Z7/3f ′(0). (2.274)



90

From (2.226), we obtain

ETF (Z) = T [n] + EZe + Eee (2.275)

Substitute (2.265), (2.266) and (2.274) into (2.275), to obtain

ETF (Z) = −
(

3

7

)(
2q

3π

)2/3(
2me4

~2

)
Z7/3 f ′(0)

+

(
2q

3π

)2/3(
2me4

~2

)
Z7/3f ′(0)

− 1

7

(
2q

3π

)2/3(
2me4

~2

)
Z7/3f ′(0)

=
3

7

(
2q

3π

)2/3(
2me4

~2

)
Z7/3f ′(0). (2.276)

Substitute (2.250) into the right-hand side of (2.276), to obtain for the ground-state

energyETF (Z) of the TF atom the explicit expression :

ETF (Z) = − (1.58807)
3

7

(
2q

3π

)2/3(
2me4

~2

)
Z7/3

∼= − 0.68060

(
2q

3π

)2/3(
2me4

~2

)
Z7/3. (2.277)

It remains to show thatnTF provides the smallest possible value forF [n] in

(2.178), that is

F [σ] > F [nTF]. (2.278)

To the above, defined a priori for an arbitrary densityρ(x) > 0 by

F [ρ] =A

ˆ

d3x [ρ(x)]5/3 − Ze2

ˆ

d3x
1

|x| ρ(x)

+
e2

2

ˆ

d3x d3x′ ρ(x)
1

|x − x′| ρ(x
′) (2.279)
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where

A =
16q~2

10π2m

(
3π2

4q

)5/3

(2.280)

To show that the second term on the right-hand side of (2.279)is negative, we

start from the potential solution of Poisson’s Equation

∇2 1

|x| = − 4πδ2(x), (2.281a)

1

|x| = − 4π
(
∇2
)−1

δ3(x). (2.281b)

Substitute into the second term on the right-hand side of (2.279), to obtain

ˆ

d3x
1

|x| ρ(x) = − 4π

ˆ

d3x
(
∇2
)−1

ρ(x) δ3(x). (2.282)

By using the integral representation of the delta function in3-dimensions :

δ3(x) =

ˆ

d3k

(2π)3
eik·x. (2.283)

We define the Fourier transform ofρ̃∗(k) for real functionρ(x)

ρ̃∗(k) =

ˆ

d3x ρ∗(x) eik·x =

ˆ

d3x ρ(x) eik·x. (2.284)

Apply (2.283) and (2.284) into (2.282), to obtain

ˆ

d3x
1

|x| ρ(x) = − 4π

ˆ

d3x
(
∇2
)−1

ρ(x) δ3(x)

= − 4π

ˆ

d3x ρ(x)

ˆ

d3k

(2π)3

(
∇2
)−1

eik·x

=4π

ˆ

d3x ρ(x)

ˆ

d3k

(2π)3

1

k2 eik·x
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=4π

ˆ

d3k

(2π)3

1

k2 ρ̃
∗(k) (2.285)

where

∇2eik·x = − k2eik·x, (2.286a)

(
∇2
)−1

eik·x = − 1

k2 eik·x. (2.286b)

So that, from (2.285), we have

−Ze2

ˆ

d3x
1

|x| ρ(x) < 0. (2.287)

To show that the third term on the right-hand side of (2.279) is positive, we start

from the potential solution of Poisson’s Equation

∇2 1

|x − x′| = − 4πδ3(x − x′), (2.288a)

1

|x − x′| = − 4π
(
∇2
)−1

δ3(x − x′). (2.288b)

Substitute into the third term on the right-hand side of (2.279), to obtain

ˆ

d3x d3x′ ρ(x)
1

|x − x′| ρ(x
′)

= −4π

ˆ

d3x d3x′ ρ(x)
(
∇2
)−1

δ3(x − x′) ρ(x′). (2.289)

By using the integral representation of the delta function in3-dimensions :

δ3(x − x′) =

ˆ

d3k

(2π)3
eik·(x−x′) (2.290)
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and the Fourier transform of̃ρ(k) is

ρ(x) =

ˆ

d3k

(2π)3
ρ̃(k) eik·x. (2.291)

Apply (2.290) and (2.291) into (2.289), we obtain

ˆ

d3x d3x′ρ(x)
1

|x − x′| ρ(x
′)

= −4π

ˆ

d3k

(2π)3

ˆ

d3x d3x′ρ(x) ρ(x′)
(
∇2
)−1

eik·(x−x′)

= −4π

ˆ

d3k

(2π)3

ˆ

d3x d3x′ρ(x) ρ(x′) e−ik·x′ (
∇2
)−1

eik·x. (2.292)

The Fourier transform ofρ(x) is

ρ̃(k) =

ˆ

d3x′ ρ(x′) e−ip·x′

. (2.293)

By using (2.286) and (2.293), substitute into the right-handside of (2.292), to obtain

ˆ

d3x d3x′ρ(x)
1

|x − x′| ρ(x
′)

=4π

ˆ

d3k

(2π)3

ˆ

d3x d3x′ ρ(x) ρ(x′) e−ik·x′ 1

k2 eik·x

=4π

ˆ

d3k

(2π)3

ˆ

d3x ρ(x) ρ̃(k)
1

k2 eik·x. (2.294)

Sinceρ(x) is real function, we obtainρ(x) = ρ∗(x), by referring (2.291), we obtain

ρ(x) =

ˆ

d3k′

(2π)3
ρ̃∗(k′) e−ik′·x. (2.295)
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Now substitute (2.295) into (2.294), giving

ˆ

d3x d3x′ρ(x)
1

|x − x′| ρ(x
′)

=4π

ˆ

d3k

(2π)3

ˆ

d3k′

(2π)3

ˆ

d3x e−ik′·x ρ̃∗(k′) ρ̃(k)
1

k2 eik·x

=4π

ˆ

d3k

(2π)3

ˆ

d3k′

(2π)3
ρ̃∗(k′) ρ̃(k)

1

k2

ˆ

d3x ei(k−k′)·x. (2.296)

By using the integral representation of the delta function in3-dimensions :

δ3(k − k′) =

ˆ

d3x

(2π)3
ei(k−k′)·x, (2.297a)

F (k) =

ˆ

d3k′ F (k′) δ3(k − k′). (2.297b)

Applying (2.297) on the right-hand side of (2.296), to write

ˆ

d3x d3x′ρ(x)
1

|x − x′| ρ(x
′)

=4π

ˆ

d3k

(2π)3
ρ̃(k)

1

k2 (2π)3

ˆ

d3k′

(2π)3
ρ̃∗(k′) δ3(k − k′)

=4π

ˆ

d3k

(2π)3
ρ̃(k)

1

k2 ρ̃
∗(k)

=4π

ˆ

d3k

(2π)3
|ρ̃(k)|2 1

k2 . (2.298)

We also have

e2
ˆ

d3x d3x′ρ(x)
1

|x − x′| ρ(x
′) > 0. (2.299)
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Let

ρ(x) =tρ1(x) + βρ2(x) ≡ tρ1 + βρ2, (2.300a)

ρ(x′) =tρ1(x
′) + βρ2(x

′) ≡ tρ′1 + βρ′2, (2.300b)

1 =t+ β, (2.300c)

β =(1 − t) (2.300d)

where0 6 t 6 1 andρ1, ρ2 > 0.

For any real and positiveρ1, ρ2, we have the elementary inequality

(
tρ1 + (1 − t)ρ2

)5/3
6 t (ρ1)

5/3 + (1 − t) (ρ2)
5/3 . (2.301)

Also

[
tρ1 + (1 − t)ρ2

][
tρ′1 + (1 − t)ρ′2

]
=t2ρ1ρ

′
1 + (1 − t)2ρ2ρ

′
2 + t(1 − t)ρ1ρ

′
2

+ t(1 − t)ρ′1ρ2

=t2ρ1ρ
′
1 + ρ2ρ

′
2 − t2ρ2ρ

′
2 + tρ1ρ

′
2 − tρ′1ρ2

+ tρ′1ρ2 − t2ρ′1ρ2

=t2ρ1ρ
′
1 + ρ2ρ

′
2 − t2ρ2ρ

′
2 + tρ1ρ

′
2 − tρ′1ρ2

+ tρ′1ρ2 − t2ρ′1ρ2 + tρ1ρ
′
1 − tρ1ρ

′
1

=tρ1ρ
′
1 + (1 − t)ρ2ρ

′
2

− t(1 − t)(ρ1 − ρ2)(ρ
′
1 − ρ′2)
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∴
[
tρ1 + (1 − t)ρ2

][
tρ′1 + (1 − t)ρ′2

]
=tρ1ρ

′
1 + (1 − t)ρ2ρ

′
2

− t(1 − t)(ρ1 − ρ2)(ρ
′
1 − ρ′2). (2.302)

In (2.299), replaceρ(x) with
[
ρ1(x) − ρ2(x)

]
and replaceρ(x′) with

[
ρ1(x

′) −

ρ2(x
′)
]
, to obtain from (2.298)

ˆ

d3x d3x′ [ρ1(x) − ρ2(x)
] 1

|x − x′|
[
ρ1(x

′) − ρ2(x
′)
]

> 0. (2.303)

In (2.279) and (2.300), replaceρ(x) by
[
tρ1 + (1 − t)ρ2

]
andρ(x′) by

[
tρ′1 +

(1 − t)ρ′2
]
, to obtain

F
[
tρ1 + (1 − t)ρ2

]
=A

ˆ

d3x
[
tρ1 + (1 − t)ρ2

]5/3

− Ze2

ˆ

d3x
1

|x|
[
tρ1 + (1 − t)ρ2

]

+
e2

2

ˆ

d3x d3x′[tρ1 + (1 − t)ρ2

] 1

|x − x′|
[
tρ′1 + (1 − t)ρ′2

]
.

(2.304)

Consider the first term on the right-hand side of (2.304), by using the elementary

inequality in (2.301), to obtain

A

ˆ

d3x
[
tρ1 + (1 − t)ρ2

]5/3
6 A

ˆ

d3x
(
t (ρ1)

5/3 + (1 − t) (ρ2)
5/3
)

=A

ˆ

d3x t (ρ1)
5/3 + A

ˆ

d3x (1 − t) (ρ2)
5/3

∴ A

ˆ

d3x
[
tρ1 + (1 − t)ρ2

]5/3
6 t

(
A

ˆ

d3x (ρ1)
5/3

)

+ (1 − t)

(
A

ˆ

d3x (ρ2)
5/3

)
. (2.305)
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Consider the second term on the right-hand side of (2.304) andwrite it as

−Ze2

ˆ

d3x
1

|x|
[
tρ1 + (1 − t)ρ2

]
= − Ze2

ˆ

d3x
1

|x| tρ1

− Ze2

ˆ

d3x
1

|x| (1 − t)ρ2

= − t

(
Ze2

ˆ

d3x
1

|x| ρ1

)

− (1 − t)

(
Ze2

ˆ

d3x
1

|x| ρ2

)
. (2.306)

Consider the third term on the right-hand side of (2.304), by using (2.302), to

obtain

e2

2

ˆ

d3x d3x′[tρ1 + (1 − t)ρ2

] 1

|x − x′|
[
tρ′1 + (1 − t)ρ′2

]

=
e2

2

ˆ

d3x d3x′ 1

|x − x′| tρ1ρ
′
1 +

e2

2

ˆ

d3x d3x′ 1

|x − x′| (1 − t)ρ2ρ
′
2

− e2

2

ˆ

d3x d3x′ 1

|x − x′| (t(1 − t)(ρ1 − ρ2)(ρ
′
1 − ρ′2)) . (2.307)

From (2.303), the left-hand side of (2.307) is positive, so that (2.307) be rewriten

as

e2

2

ˆ

d3x d3x′[tρ1 + (1 − t)ρ2

] 1

|x − x′|
[
tρ′1 + (1 − t)ρ′2

]

6 t

(
e2

2

ˆ

d3x d3x′ 1

|x − x′| ρ1ρ
′
1

)

+ (1 − t)

(
e2

2

ˆ

d3x d3x′ 1

|x − x′| ρ2ρ
′
2

)
. (2.308)



98

Substitute (2.305), (2.306) and (2.308) into (2.304), to obtain

F
[
tρ1 + (1 − t)ρ2

]
6 t

(
A

ˆ

d3x (ρ1)
5/3

)
+ (1 − t)

(
A

ˆ

d3x (ρ2)
5/3

)

− t

(
Ze2

ˆ

d3x
1

|x| ρ1

)
− (1 − t)

(
Ze2

ˆ

d3x
1

|x| ρ2

)

+ t

(
e2

2

ˆ

d3x d3x′ 1

|x − x′| ρ1ρ
′
1

)

+ (1 − t)

(
e2

2

ˆ

d3x d3x′ 1

|x − x′| ρ2ρ
′
2

)

=t

(
A

ˆ

d3x (ρ1)
5/3 − Ze2

ˆ

d3x
1

|x| ρ1

+
e2

2

ˆ

d3x d3x′ 1

|x − x′| ρ1ρ
′
1

)

+ (1 − t)

(
A

ˆ

d3x (ρ2)
5/3 − Ze2

ˆ

d3x
1

|x| ρ2

+
e2

2

ˆ

d3x d3x′ 1

|x − x′| ρ2ρ
′
2

)
. (2.309)

Referring to (2.279), we obtain

F [ρ1] =A

ˆ

d3x (ρ1)
5/3 − Ze2

ˆ

d3x
1

|x| ρ1

+
e2

2

ˆ

d3x d3x′ 1

|x − x′| ρ1ρ
′
1 (2.310)

and

F [ρ2] =A

ˆ

d3x (ρ2)
5/3 − Ze2

ˆ

d3x
1

|x| ρ2

+
e2

2

ˆ

d3x d3x′ 1

|x − x′| ρ2ρ
′
2 (2.311)
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Substitute (2.309) and (2.311) into the right-hand side of inequality (2.309), to obtain

F
[
tρ1 + (1 − t)ρ2

]
6 tF [ρ1] + (1 − t)F [ρ2]. (2.312)

Also, from (2.304), we have

d

dt
F
[
tρ1 + (1 − t)ρ2

]
=

5

3
A

ˆ

d3x
[
tρ1 + (1 − t)ρ2

]2/3
(ρ1 − ρ2)

− Ze2

ˆ

d3x
1

|x| (ρ1 − ρ2)

+ e2
ˆ

d3x d3x′ 1

|x − x′|
[
tρ′1 + (1 − t)ρ′2

]
(ρ1 − ρ2)

(2.313)

and

d

dt
F
[
tρ1 + (1 − t)ρ2

]∣∣∣∣
t=0

=

ˆ

d3x (ρ1 − ρ2)

[
5

3
Aρ

2/3
2 − Ze2 1

|x| − e2
ˆ

d3x′ ρ′2
|x − x′|

]
(2.314)

By choosingρ2 = nTF, andρ1 = σ > 0 arbitrary, we conclude from (2.179) that

the expression within the square brackets in (2.314) is zero, thus

d

dt
F
[
tσ + (1 − t)nTF

]∣∣∣∣
t=0

= 0. (2.315)

Also (2.312) leads to the bound

F
[
σ
]
− F

[
nTF

]
>
F
[
tσ + (1 − t)nTF

]
− F

[
nTF

]

t
. (2.316)

Since the left-hand side of (2.316) is independent oft, we may take the limit
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t→ 0 , to obtain

F
[
σ
]
− F

[
nTF

]
> lim

t→0

(
F
[
tσ + (1 − t)nTF

]
− F

[
nTF

]

t

)
(2.317)

and finally use (2.287) to conclude that

F
[
σ
]

> F
[
nTF

]
(2.318)

with the TF densitynTF providing the smallest possible value for the energy functional

in (2.279).

2.5 A Thomas-Fermi Energy Functional and a Lower Bound for

The Electron-Electron Interaction Potential Energy

The Hamiltonian under consideration for the stability matter is taken to be the

N -electron in (1.1),wherem denotes the mass of the electron and thexi, Rj correspond,

respectively, to positions of the electrons and nuclei. Also we consider neutral matter,

i.e.,
k∑

i=1

Zi = N. (2.319)

For anti-symmetric normalized functionsΨ(x1σ1, . . . ,xNσN) of N electrons,

we have for the expectation value of the HamiltonianH

〈Ψ|H |Ψ〉 =
N∑

i=1

〈Ψ| p2
i

2m
|Ψ〉 −

N∑

i=1

k∑

j=1

〈Ψ| Zje
2

|xi − Rj|
|Ψ〉

+
N∑

i<j

〈Ψ| e2

|xi − xj|
|Ψ〉 +

k∑

i<j

〈Ψ| ZiZje
2

|Ri − Rj|
|Ψ〉 . (2.320)

To derive a lower bound for this expectation value, we recallthe definition of electron
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density

ρ(x) = N
∑

σ1,...,σN

ˆ

d3x2 . . . d
3xN |Ψ(xσ1,x2σ2, . . . ,xNσN)|2 (2.321)

normalized to

ˆ

d3x ρ(x) = N (2.322)

and

〈Ψ|Ψ〉 =

ˆ

d3x, d3x2...d
3xN Ψ∗(xσ1,x2σ2, ...,xNσN) Ψ(xσ1,x2σ2, ...,xNσN)

=
n∑

σ1,...,σN

ˆ

d3x, d3x2...d
3xN |Ψ(xσ1,x2σ2, ...,xNσN)|2

=1. (2.323)

From (2.175), we also use the lower bound to the expectation value of the kinetic

energy derived there :

T [ρ] =
N∑

i=1

〈Ψ| p2
i

2m
|Ψ〉

>
16q~2

10π2m

(
3π2

4q

)5/3 ˆ

d3x [ρ(x)]5/3 (2.324)

whereβ > 0, by settingβ = 1,we obtain the kinetic energy of TF atom.

In the second term on the right-hand side of (2.320), substitute (2.321) into

(2.320), to obtain

N∑

i=1

k∑

j=1

〈Ψ| Zje
2

|xi − Rj|
|Ψ〉 =

ˆ

d3x, d3x2, . . . , d
3xN Ψ∗(x,x2, . . . ,xN)



102

×
(

N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|

)
Ψ(x,x2, . . . ,xN)

=
k∑

j=1

N∑

i=1

ˆ

d3x, d3x2, . . . , d
3xN Ψ∗(x,x2, . . . ,xN)

×
(

Zje
2

|xi − Rj|

)
Ψ(x,x2, . . . ,xN)

=
k∑

j=1

N∑

j=1

ˆ

d3x
Zje

2

|xi − Rj|

×
∑

σ1,...,σN

ˆ

d3x2, . . . , d
3xN |Ψ(x,x2, . . . ,xN)|2

=
k∑

j=1

ˆ

d3x
Zje

2

|x − Rj|
ρ(x)

N

+
k∑

j=1

ˆ

d3x2
Zje

2

|x2 − Rj|
ρ(x2)

N

+ . . .+
k∑

j=1

ˆ

d3xN
Zje

2

|xN − Rj|
ρ(xN)

N

=N
k∑

j=1

ˆ

d3x
Zje

2

|x − Rj|
ρ(x)

N

∴

N∑

i=1

k∑

j=1

〈Ψ| Zje
2

|xi − Rj|
|Ψ〉 =

k∑

j=1

ˆ

d3x ρ(x)
Zje

2

|x − Rj|
. (2.325)

In the third term on the right-hand side of (2.320), we first note that

N∑

i<j

〈Ψ| e2

|xi − xj|
|Ψ〉 =

N∑

i<j

ˆ

d3x′, d3x2, . . . , d
3xN Ψ∗(x′,x2, . . . ,xN)

×
(

e2

|xi − xj|

)
Ψ(x′,x2, . . .xN)
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=
e2

2

ˆ

d3x′
ˆ

d3x ρ(x)
1

|x − x′| ρ(x
′)

N∑

i<j

〈Ψ| e2

|xi − xj|
|Ψ〉 =

e2

2

ˆ

d3x′
ˆ

d3x ρ(x)
1

|x − x′| ρ(x
′) (2.326)

and for the fourth term on the right-hand side of (2.320) we can write

k∑

i<j

〈Ψ| ZiZje
2

|Ri − Rj|
|Ψ〉 =

k∑

i<j

ZiZje
2

|Ri − Rj|
〈Ψ |Ψ〉

=
k∑

i<j

ZiZje
2

|Ri − Rj|
. (2.327)

From (2.324)–(2.327), we obtain the lower bound for (2.320)

〈Ψ|H |Ψ〉 =
16q~2

10π2m

(
3π2

4q

)5/3 ˆ

d3x [ρ(x)]5/3 −
k∑

j=1

ˆ

d3x ρ(x)
Zje

2

|x − Rj|

+
e2

2

ˆ

d3x d3x′ ρ(x)
1

|x − x′| ρ(x
′) +

k∑

i<j

ZiZje
2

|Ri − Rj|
. (2.328)

From (2.328), We introduce the functional of a positive function ρ(x) defined by

F
[
ρ;Z1, . . . , Zk,R1, . . . ,Rk

]
=

16q~2

10π2mβ

(
3π2

4q

)5/3 ˆ

d3x [ρ(x)]5/3

−
k∑

j=1

Zj e
2

ˆ

d3x
ρ(x)

|x − Rj|

+
e2

2

ˆ

d3x d3x′ ρ(x)
1

|x − x′|ρ(x
′)

+
k∑

i<j

ZiZj e
2

|Ri − Rj|
(2.329)

depending on positive parametersZ1, . . . ,Zk and vectorsR1, . . . , Rk. Hereβ > 0 is

an arbitrary dimensionless parameter. [In particular, fork = 1, the last term in (2.329)
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is absent, and by settingRi = 0, β = 1, we obtain the energy functional in (2.178),

(2.279).] In this section will be used in the next section to obtain a lower bound for the

(repulsive) Coulomb potential for many particles having charges of the same signs.

Minimize (2.329), with respect toρ(x) we obtain

0 =
δF (ρ)

δρ(x)

=
16q~2

10π2mβ

(
3π2

4q

)5/3
5

3
ρ2/3(x) −

k∑

i=1

Zi e
2

|x − Ri|
+ e2

ˆ

d3x′ 1

|x − x′|ρ(x
′)

=
2~

2

mβ

(
3π2

4q

)2/3

ρ2/3(x) −
k∑

i=1

Zi e
2

|x − Ri|
+ e2

ˆ

d3x′ 1

|x − x′|ρ(x
′). (2.330)

Let ρ0(x; k) satisfy the Eq.(2.330), we obtain

2~
2

mβ

(
3π2

4q

)2/3

ρ
2/3
0 (x; k) =

k∑

i=1

Zi e
2

|x − Ri|
− e2

ˆ

d3x′ 1

|x − x′|ρ0(x
′; k). (2.331)

Following the proof given in Eq.(2.318), which shows that the TF density

actually provides the smallest value, for the energy density functional, we con-

clude thatρ0(x; k) satisfying (2.331) provides the smallest value for the functionals

F
[
ρ;Z1, . . . , Zk,R1, . . . ,Rk

]
in (2.329), with the normalization condition

ˆ

d3x ρ0(x; k) =
k∑

i=1

Zi (2.332)

satisfied. That is

F
[
ρ
]

> F
[
ρ0

]
, (2.333a)

F
[
ρ;Z1, . . . , Zk,R1, . . . ,Rk

]
> F

[
ρ0;Z1, . . . , Zk,R1, . . . ,Rk

]
. (2.333b)
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We introduce the functionals

F
[
ρ;λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]
(2.334)

and

F
[
ρ;λZ1, . . . , λZl,R1, . . . ,Rl

]
(2.335)

wherel < k, andλ > 0 is an arbitrary parameter.

Let ρ1(x), ρ2(x) be the corresponding solutions to (2.331) for the functionals in

(2.334), (2.335), respectively :

2~
2

mβ

(
3π2

4q

)2/3

ρ
2/3
1 (x) =

l∑

j=1

λZj e
2

|x − Rj|
+

k∑

j=l+1

Zj e
2

|x − Rj|
− e2

ˆ

d3x′ ρ1(x
′)

|x − x′| ,

(2.336a)

2~
2

mβ

(
3π2

4q

)2/3

ρ
2/3
2 (x) =

l∑

j=1

λZj e
2

|x − Rj|
− e2

ˆ

d3x′ ρ2(x
′)

|x − x′| . (2.336b)

for simplicity of the notation only, we have suppressed the dependence ofρ1, ρ2 on λ,

k, l.

We set

Q1(x) =
2~

2

mβ

(
3π2

4q

)2/3

ρ
2/3
1 (x), (2.337a)

Q2(x) =
2~

2

mβ

(
3π2

4q

)2/3

ρ
2/3
2 (x). (2.337b)

Upon subtracting,Q2(x) fromQ1(x) we obtain from (2.336a), (2.336b) :

Q1(x) −Q2(x) =
k∑

j=l+1

Zj e
2

|x − Rj|
− e2

ˆ

d3x′ 1

|x − x′|
[
ρ1(x

′) − ρ2(x
′)
]

=
k∑

j=l+1

Zj e
2

|x − Rj|
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−
4q

3π2

(
mβ

2~2

)3/2

e2
ˆ

d3x′ 1

|x − x′|
[
Q

3/2
1 (x′) −Q

3/2
2 (x′)

]
.

(2.338)

Since the sum overj in (2.338) is non-negative,
[
Q1(x) − Q2(x)

]
cannot be

strictly negative for allx otherwise this will be in contradiction with the equation (2.338)

itself.

We introduce the set

S = {x|Q1(x) −Q2(x) < 0} (2.339)

which we will eventually show that it is empty, thus concluding thatQ1(x)−Q2(x) > 0.

We assume thatS is non-empty and then run into a contradiction. As we move

away from the boundaryΩ of S,
[
Q1(x) −Q2(x)

]
changes sign or vanishes, by defini-

tion of S, and we then have

n̂ · ∇
[
Q1(x) −Q2(x)

]
> 0 (2.340)

wheren̂ is a unit vector perpendicular to the boundary atx, otherwise, we would run

into a region beyondS where
[
Q1(x) − Q2(x)

]
is still strictly negative. [IfS is of

infinite extension the non-negativity of̂n · ∇
[
Q1(x) − Q2(x)

]
on the boundary still

holds.]

The application of the Laplacian to (2.338) gives

∇2
[
Q1(x) −Q2(x)

]
= −4π

k∑

j=l+1

Zj e
2δ3(x − Rj)

+ 4πe2

(
mβ

2~2

(
4q

3π2

)2/3
)3/2 [

Q
3/2
1 (x) −Q

3/2
2 (x)

]

(2.341)

and forx in the setS, the expression on the right-hand side of this equation is strictly
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negative since
[
Q

3/2
1 (x) −Q

3/2
2 (x)

]
< 0 for suchx by hypothesis.

Accordingly,

0 >

ˆ

S

d3x ∇2
[
Q1(x) −Q2(x)

]
=

ˆ

Ω

dΩ n̂ · ∇
[
Q1(x) −Q2(x)

]
(2.342)

in contradiction with (2.340), henceS is empty and

Q1(x) −Q2(x) > 0 (2.343)

as a function ofx.

In reference to the functional

F
[
ρ;Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
(2.344)

let ρ3(x) satisfy

2~
2

mβ

(
3π2

4q

)2/3

ρ
2/3
3 (x) =

k∑

j=l+1

Zj e
2

|x − Rj|
− e2

ˆ

d3x′ 1

|x − x′|ρ3(x
′) (2.345)

in analogy to (2.336).

We define

f(λ) = F
[
ρ1;λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

− F
[
ρ2;λZ1, . . . , λZl,R1, . . . ,Rl

]

− F
[
ρ3;Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
(2.346)

with l < k. Since forλ = 0, ρ1 andρ3 denote the same density, andρ2, being just the

TF density, is equal to zero forλ = 0,with massmβ andZ = 1. Whenρ2 = 0, we can
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rewrite (2.346) as

f(0) = F
[
ρ;Zl+1, . . . , Zk,R1, . . . ,Rk

]

− F
[
0; . . .R1, . . . ,Rl

]

− F
[
ρ;Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
(2.347)

the left-hand side of (2.347) is non-negative while the right-hand side is non-positive,

so that we may infer that (forλ = 0)

f(0) = 0. (2.348)

Forλ = 1, gives

f(1) = F
[
ρ;Z1, . . . , Zl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

− F
[
ρ2;Z1, . . . , Zl,R1, . . . ,Rl

]

− F
[
ρ;Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
. (2.349)

From (2.348), we may write

f(1) =

ˆ 1

0

dλ f ′(λ) (2.350)

and hence to establish (2.351) it is sufficient to show thatf ′(λ) > 0 for 0 6 λ 6 1. We

may infer that

f(1) > 0. (2.351)

To the above end, we note from (2.329) withZ1 → λZ1, . . . ,Zl → λZl, ρ→ ρ1

that

F
[
ρ1;λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]
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=
16q~2

10π2mβ

(
3π2

4q

)5/3 ˆ

d3x [ρ1(x)]5/3

− λ
ℓ∑

j=1

Zj e
2

ˆ

d3x
ρ1(x)

|x − Rj|

−
k∑

j=ℓ+1

Zj e
2

ˆ

d3x
ρ1(x)

|x − Rj|

+
e2

2

ˆ

d3x d3x′ ρ1(x)
1

|x − x′|ρ1(x
′)

+ λ2

ℓ−1∑

i=1

ℓ∑

j=ℓ+1

ZiZj e
2

|Ri − Rj|

+
ℓ∑

i=1

λZi

k∑

j=ℓ+1

ZiZj e
2

|Ri − Rj|
(2.352)

where

k∑

i<j

ZiZje
2 1

|Ri − Rj|
=λ2

ℓ−1∑

i=1

ℓ∑

j=ℓ+1

ZiZj e
2

|Ri − Rj|

+
ℓ∑

i=1

λZi

k∑

j=ℓ+1

ZiZj e
2

|Ri − Rj|
. (2.353)

By setting the functional partial derivative of (2.352), with respect toλ, we obtain

∂

∂λ
F
[
ρ1;λZ1, . . . ,λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

=
2~

2

mβ

(
3π2

4q

)2/3 ˆ

d3x ρ
2/3
1 (x)

∂

∂λ
ρ1(x)

−
l∑

j=1

ˆ

d3x
λZj e

2

|x − Rj|
∂

∂λ
ρ1(x)
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−
l∑

j=1

Zj e
2

ˆ

d3x
ρ1(x)

|x − Rj|

−
k∑

j=ℓ+1

Zj e
2

ˆ

d3x
1

|x − Rj|
∂

∂λ
ρ1(x)

− e2
ˆ

d3x d3x′ 1

|x − x′| ρ1(x
′)
∂

∂λ
ρ1(x)

− 2λ
ℓ−1∑

i=1

ℓ∑

j=ℓ+1

ZiZje
2 1

|Ri − Rj|

−
ℓ∑

i=1

Zi

k∑

j=ℓ+1

Zje
2 1

|Ri − Rj|
. (2.354)

Similarly, we can rewrite (2.354) as

∂

∂λ
F
[
ρ1;λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

=

ˆ

d3x

[
2~

2

mβ

(
3π2

4q

)2/3

ρ
2/3
1 (x) − e2

l∑

j=1

λZj

|x − Rj|

−e2
k∑

j=l+1

Zj

|x − Rj|
+ e2

ˆ

d3x′ 1

|x − x′|ρ1(x
′)

]
∂

∂λ
ρ1(x)

+ e2

(
2λ

l−1∑

i=1

l∑

j=i+1

ZiZj

|Ri − Rj|
+

l∑

i=1

Zi

k∑

j=l+1

Zj

|Ri − Rj|

)

−
l∑

j=1

Zj e
2

ˆ

d3x
1

|x − Rj|
ρ1(x). (2.355)

On account of (2.336), the expression within the square brackets of thex-integral in the

first term on the right-hand side of (2.355) is zero. This gives

∂

∂λ
F
[
ρ1;λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]
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=e2

(
2λ

l−1∑

i=1

l∑

j=i+1

ZiZj

|Ri − Rj|
+

l∑

i=1

Zi

k∑

j=l+1

Zj

|Ri − Rj|

)

−
l∑

j=1

Zj e
2

ˆ

d3x
1

|x − Rj|
ρ1(x). (2.356)

An expression similar to the one in (2.355) forρ2 is

∂

∂λ
F
[
ρ2;λZ1, . . . , λZl,R1, . . . ,Rl

]

=e2

(
2λ

l−1∑

i=1

l∑

j=i+1

ZiZj

|Ri − Rj|
+

l∑

i=1

Zi

k∑

j=l+1

Zj

|Ri − Rj|

)

−
l∑

j=1

Zj e
2

ˆ

d3x
1

|x − Rj|
ρ2(x). (2.357)

An expression similar to the one in (2.355) forρ3 is

∂

∂λ
F
[
ρ3;Zl, . . . , ZkRℓ+1, . . . ,Rk

]
= e2

ℓ∑

i=1

Zi

k∑

j=ℓ+1

Zj

|Ri − Rj|
. (2.358)

Hence from (2.346)

∂

∂λ
f(λ) =

∂

∂λ
F
[
ρ1;λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

− ∂

∂λ
F
[
ρ2;λZ1, . . . , λZl,R1, . . . ,Rl

]

− ∂

∂λ
F
[
ρ3;Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]

=
l∑

i=1

Zi

(
k∑

j=l+1

Zj e
2

|Ri − Rj|
− e2

ˆ

d3x

[
ρ1(x) − ρ2(x)

]

|x − Ri|

)

≡
l∑

i=1

Zi

[
Q1(Ri) −Q2(Ri)

]
> 0 (2.359)
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where we have used (2.343), thus establishing (2.351). Herewe note that the summation

overj in (2.338) is from(l + 1) to k, while the one in (2.359) is overi from 1 to l, and

there are no ambiguities in the expression in (2.359).

Accordingly, from (2.346), (2.351) we obtain

F
[
ρ1;Z1, . . . , Zk,R1, . . . ,Rk

]
> F

[
ρ2;Z1, . . . , Zl,R1, . . . ,Rl

]

+ F
[
ρ3;Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
. (2.360)

for any1 6 l < k, whereρ1, ρ2, ρ3 are the densities which provide the smallest values

for the corresponding functionals, respectively.

Sincel, k (with 1 6 l < k) are arbitrary natural numbers, (2.360) implies that

F
[
ρ0;Z1, . . . , Zk,R1, . . . ,Rk

]
>

k∑

i=1

F
[
ρi

TF;Zi,Ri

]
(2.361)

where eachF
[
ρi

TF;Zi,Ri

]
is the TF functional.

From (2.179) the TF functional

−4~
2

2m

(
3π2

4q

)2/3

[nTF (x)]2/3 = − Ze2

|x| + e2
ˆ

d3x′ 1

|x − x′| nTF (x′) (2.362)

wherenTF(x) is the TF density considered earlier.

From (2.277), the ground-state energy of the TF atom is

ETF (Z) = − 0.68060

(
2q

3π

)2/3(
2me4

~2

)
Z7/3. (2.363)

To evaluated with the TF densityρi
TF with nuclear chargeZi|e|, situated atRi,

and the massm of each negatively charged particle simply scaled byβ, we replacx by
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x + Ri and setting

ρi
TF(x + Ri) = nTF(x)

∣∣∣∣m→mβ
Z→Zi

(2.364)

That is,

2~
2

mβ

(
3π2

4q

)2/3 (
ρi

TF(x)
)2/3

=
Zi e

2

|x − Ri|
− e2

ˆ

d3x′ 1

|x − x′|ρ
i
TF(x′). (2.365)

From (2.333), (2.360), (2.363) and (2.365), we obtain

F
[
ρ;Z1, . . . , Zk,R1, . . . ,Rk

]
> βETF(1)

k∑

i=1

Z
7/3
i (2.366)

for arbitrary positiveρ(x), where

ETF(1) = − 0.68060

(
2q

3π

)2/3(
2me4

~2

)
(2.367)

corresponding to particles of massesm.

From (2.360), shows that a system identified by the parameters [Z1, . . . ,

Zk,R1, . . . ,Rk] cannot have an (optimized) energy functional (2.329) lessthan the

sum of the (optimized) energy functional of any two subsystems identified by param-

eters
[
Z1, . . . , Zl,R1, . . . ,Rl

]
,
[
Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
, l < k. Because of this

last property, the Theorem embodied in the inequalities (2.360), (2.361) is referred to as

a “No Binding Theorem”.

From (2.329) and (2.367) we obtain,

16q~2

10π2mβ

(
3π2

4q

)5/3 ˆ

d3x [ρ(x)]5/3 −
k∑

j=1

Zj e
2

ˆ

d3x
ρ(x)

|x − Rj|

+
e2

2

ˆ

d3x d3x′ ρ(x)
1

|x − x′|ρ(x
′) +

k∑

i<j

ZiZj e
2

|Ri − Rj|

> βETF(1)
k∑

i=1

Z
7/3
i . (2.368)
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The energy density functional, expressed in terms of the density ρ(x) on the left-

hand side of (2.368) is in the spirit of the TF energy functional considered earlier in

(2.178) in the TF theory, with the massm of the electron replaced bymβ, and with

the further generalization of includingk nuclei, with the last term, involving ‘ZiZj e
2’,

describing their interactions.

The inequality in (2.368) gives rise to a lower bound to the (repulsive) Coulomb

potential energy ofk particles of chargesZ1|e|, . . . , Zk|e|, or charges−Z1|e|, . . . ,

−Zk|e|, i.e., for charges of the same sign as follows :

k∑

i<j

ZiZj e
2

|Ri − Rj|
>

k∑

j=1

Zj e
2

ˆ

d3x
ρ(x)

|x − Rj|

− e2

2

ˆ

d3x d3x′ ρ(x)
1

|x − x′|ρ(x
′)

−
16q~2

10π2mβ

(
3π2

4q

)5/3 ˆ

d3x ρ5/3(x) + βETF(1)
k∑

i=1

Z
7/3
i . (2.369)

In particular for the interaction ofN electrons we have, with substitutionsk →

N , Zj → 1, Rj → xj for j = 1, . . . , N :

N∑

i<j

e2

|xi − xj|
>

N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|

− e2

2

ˆ

d3x d3x′ ρ(x)
1

|x − x′|ρ(x
′)

−
16q~2

10π2mβ

(
3π2

4q

)5/3 ˆ

d3x ρ5/3(x) + βNETF(1). (2.370)

Eqs.(2.368), (2.369) and (2.370) will be used in the next section to derive another

lower bound for the exact ground-state energy of matter withCoulomb interactions by

appropriately choosingρ(x) in (2.368).
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2.6 Lower Bound for the Exact Ground-State Energy of Matter II

For anti-symmetric normalized functionsΨ(x1σ1, . . . ,xNσN) of N electrons,

we define the expectation value of the HamiltonianH in (2.320). To derive a lower

bound to this expectation value, we recall the definition of electron density

ρ(x) = N
∑

σ1,...,σN

ˆ

d3x2 . . . d
3xN |Ψ(xσ1,x2σ2, . . . ,xNσN)|2 (2.371)

normalized to

ˆ

d3x ρ(x) = N. (2.372)

Now we use a “Lieb-Thirring inequality (Lieb and Thirring, 1975) for the kinetic energy

with spin multiplicity q”:

N∑

i=1

〈Ψ| p2
i

2m
|Ψ〉 >

3

5

(
3π

2q

)2/3(
~

2

2m

)
ˆ

d3x [ρ(x)]5/3 . (2.373)

From (2.365), we have

N∑

i=1

k∑

j=1

〈Ψ| Zje
2

|xi − Rj|
|Ψ〉 =

k∑

j=1

ˆ

d3x ρ(x)
Zje

2

|x − Rj|
. (2.374)

From (2.123), we also have

〈Ψ|
N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
|Ψ〉 =e2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| . (2.375)

By using (2.370), as applied to the third term on the right-hand side of (2.320), we

obtain

〈Ψ|
N∑

i<j

e2

|xi − xj|
|Ψ〉 > 〈Ψ|

N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
|Ψ〉
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− 〈Ψ| e
2

2

ˆ

d3x d3x′ ρ(x) ρ(x′)

|x − x′| |Ψ〉

− 〈Ψ|
16q~2

10π2mβ

(
3π2

4q

)5/3 ˆ

d3x ρ5/3(x) |Ψ〉

+ 〈Ψ| βNETF(1) |Ψ〉 . (2.376)

Substitute (2.375) into the right-hand side of (2.376), to obtain

〈Ψ|
N∑

i<j

e2

|xi − xj|
|Ψ〉 > e2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2

2

ˆ

d3x d3x′ ρ(x) ρ(x′)

|x − x′| 〈Ψ|Ψ〉

−
16q~2

10π2mβ

(
3π2

4q

)5/3 ˆ

d3x ρ5/3(x) 〈Ψ|Ψ〉

+ βNETF(1) 〈Ψ|Ψ〉 . (2.377)

From (2.377), for the Coulomb potential energy of repulsion part of the electrons

〈Ψ|
N∑

i<j

e2

|xi − xj|
|Ψ〉 >

e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

−
16q~2

10π2mβ

(
3π2

4q

)5/3 ˆ

d3x ρ5/3(x)

+ βNETF(1). (2.378)

Substitute (2.373), (2.374) and (2.378) into the right-hand side of (2.320), to obtain

〈Ψ|H |Ψ〉 >
3

5

(
3π

2q

)2/3(
~

2

2m

)
ˆ

d3x [ρ(x)]5/3 −
k∑

j=1

ˆ

d3x ρ(x)
Zje

2

|x − Rj|
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+
e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

−
16q~2

10π2mβ

(
3π2

4q

)5/3 ˆ

d3x ρ5/3(x)

+ βNETF(1) +
k∑

i<j

ZiZje
2

|Ri − Rj|
. (2.379)

Consider the first term and the third term on the right-hand side of (2.379), to

giving

[
3

5

(
3π

2q

)2/3(
~

2

2m

)
−

16q~2

10π2mβ

(
3π2

4q

)5/3
]
ˆ

d3x [ρ(x)]5/3

=

[
3

5

(
3π

2q

)2/3(
~

2

2m

)
−

16q

5π2β

(
3π2

4q

)5/3(
~

2

2m

)]
ˆ

d3x [ρ(x)]5/3

=

[
3

5

(
3π

2q

)2/3

−
16q

5π2β

(
3π2

4q

)5/3
](

~
2

2m

)
ˆ

d3x [ρ(x)]5/3

=
16q

5π2β′

(
3π2

4q

)5/3(
~

2

2m

)
ˆ

d3x [ρ(x)]5/3 (2.380)

where we have set

[
3

5

(
3π

2q

)2/3

−
16q

5π2β

(
3π2

4q

)5/3
]

=
16q

5π2β′

(
3π2

4q

)5/3

(2.381)

To obtainβ, we rewrite (2.381) as

1

β′ =

[
3
5

(
3π
2q

)2/3

− 16q

5π2β

(
3π2

4q

)5/3
]

16q

5π2

(
3π2

4q

)5/3

=
3

5

(
3π

2q

)2/3
5π2

16q

(
4q

3π2

)5/3

− 1

β
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=

(
3π

2q

)2/3
3π2

16q

(
4q

3π2

)5/3

− 1

β

=

(
3π

2q

)2/3
1

4

(
4q

3π2

)2/3

− 1

β

=

(
3π

2q

)2/3
1

4

(
2q

3π

)2/3(
2

π

)2/3

− 1

β

=

(
1

4π

)2/3

− 1

β
. (2.382)

For a positiveβ′ we must chooseβ > (4π)2/3.

Substitute (2.381) into the right-hand side of (2.380), to obtain

〈Ψ|H |Ψ〉 >
16q

5π2β′

(
3π2

4q

)5/3(
~

2

2m

)
ˆ

d3x ρ5/3(x) −
k∑

j=1

ˆ

d3x ρ(x)
Zje

2

|x − Rj|

+
e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| +
k∑

i<j

ZiZje
2

|Ri − Rj|

+ βNETF(1). (2.383)

Using (2.368), withβ replaced byβ′, we obtain

16q~2

10π2mβ′

(
3π2

4q

)5/3 ˆ

d3x [ρ(x)]5/3 −
k∑

j=1

Zj e
2

ˆ

d3x
ρ(x)

|x − Rj|

+
e2

2

ˆ

d3x d3x′ ρ(x)
1

|x − x′|ρ(x
′) +

k∑

i<j

ZiZj e
2

|Ri − Rj|

> β′ETF(1)
k∑

i=1

Z
7/3
i . (2.384)



119

Substitute (2.384) into the right-hand side of (2.382), to obtain

〈Ψ|H |Ψ〉 > β′ETF(1)
k∑

i=1

Z
7/3
i + βNETF(1). (2.385)

Substitute (2.382) into the right-hand side of (2.385), to get

〈Ψ|H |Ψ〉 > ETF (1)


βN +

k∑
i=1

Z
7/3
i

(
1

4π

)2/3

− 1

β


 . (2.386)

Optimizing overβ, we obtain

β = (4π)2/3




1 +




k∑
i=1

Z
7/3
i

N




1/2



(2.387)

giving finally a Lieb-Thirring bound

〈Ψ|H |Ψ〉 > ETF (1)(4π)2/3N


1 +

(
k∑

i=1

Z
7/3
i

N

)1/2



2

(2.388)

where

ETF(1) = − 0.68060

(
2q

3π

)2/3(
2me4

~2

)
(2.389)

If Z corresponds to the nucleus with the maximum charge, in unitsof |e|, then

k∑

i=1

Z
7/3
i 6 Z4/3

k∑

i=1

Zi = NZ4/3. (2.390)

Substitute (2.389) and (2.390) into the right-hand side of (2.388), giving for the ground-
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state energyEN the explicit lower bound

EN > −0.68060 (4π)2/3

(
2q

3π

)2/3(
2me4

~2

)
N
[
1 + Z2/3

]2
(2.391)

where we have used the fact thatΨ is arbitrary and hence (2.387) is true for the ground-

state as well. The numerical factor0.68060(4π)2/3 can be further decreased by methods

developed by Laptev, Weidl (1999). This, however, does not change the conclusion

reached in this work.



CHAPTER III

RIGOROUS UPPER BOUNDS FOR THE

GROUND-STATE ENERGY OF MATTER

3.1 Introduction

In this chapter we derive two upper bounds for the exact ground-state energy

both involving a single power ofN−the number of electrons in matter. The first bound

(Sect. 3.2) is based on the following construction. We consider theN electrons localized

in N non-overlapping ordered boxes, with thek nuclei placed at the centers of the

first k boxes with appropriate choices of trial wavefunctions for theN electrons. The

second bound (Sect. 3.4) is based on considering infinitely separatedN clusters :k

hydrogenic atoms, each in its ground-state, with nuclear chargesZ1|e|, . . . , Zk|e| each

having one electron, and(N −k) free electrons with vanishingly small kinetic energies.

For this latter bound we need several estimates involving hydrogenic wavefunctions in

their ground states. These detailed estimates are given in turn is Sect. 3.3.

3.2 Upper Bound for the Exact Ground-State Energy of Matter I

A quick and rather conservative upper bound forEN may be derived by consid-

ering the following determinantal function

Ψ(r1σ1, . . . , rNσN) =
1√
N !

det [ψj(r, σ)] (3.1)

for j, k = 1, . . . , N , with matrix elements specified by the couple(j, k) and where

ψj(r, σ) = ψ
(
r − L(j)

)
χj(σ), j = 1, . . . , N. (3.2)
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Each orbital occurring in(3.1) is product of a spatial stateψ(r), and a spin stateχ(σ).

Since orbitals of different spin are automatically orthogonal, Eq.(3.1) reduces to the

condition that space orbitals corresponding to the same spin function be orthonormal.

This assures that the wavefunction is normalized

〈Ψ|Ψ〉 =
n∑

σ1,...,σN

ˆ

d3r1, d
3r2...d

3rN Ψ∗(r1σ1, r2σ2, ..., rNσN) Ψ(r1σ1, r2σ2, ..., rNσN)

=
n∑

σ1,...,σN

ˆ

d3r1, d
3r2...d

3rN |Ψ(r1σ1, r2σ2, ..., rNσN)|2

= 1 (3.3)

with normalized spin functionsχj(σ)

∑

σ

χ∗
i (σ)χj(σ) = δij. (3.4)

We choose the following localized single-particle trial wave function consistent

with above construction by placing theN negatively charged particles in boxes of sides

2L× 2L× 2L :

ψ(r) =
∏

i

(
1√
L

cos
(πxi

2L

))
, |xi| 6 L. (3.5)

i = 1, 2, 3, and is zero otherwise,r = (x1, x2, x3). We choose the vectorsL1, . . . ,LN

as follows

L(j) = jD(1, 1, 1), j = 1, . . . , N (3.6)

whereD is a constant and to ensure that all boxes are non-overlapping, we may choose

4L < D. (3.7)
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On the other hand, we place thek nuclei at the centers of the firstk boxes, i.e., at

L(1), . . . ,L(k) and hence we haveRj = L(j), with j = 1, . . . , k. There are no nuclei in

the remaining(N − k) boxes, centered at(L(k+1), . . . ,L(N)). All the boxes are of sides

2L× 2L× 2L.

It is easy to see that the intervals :{jD−L 6 xi 6 jD+L}, for j = 1, . . . , N ,

are disjoint, for eachi = 1, 2, 3, and the functionsψ(r−L(j)) are then non-overlapping,

and orthogonal with respect toeachof the componentsxi of r. This construction con-

sists of conveniently placing thek nuclei atL(1), . . . ,L(k) and one electron in each one

of thek boxes with centers atL(1), . . . ,L(k). One electron is also placed in each of the

remaining(N − k) nuclei-free boxes with center atL(k+1), . . . ,L(N). The Coulomb

potential being of long range, interactions occur between particles in the different boxes

as well.

By using (3.2), for example, withj, k = 1, 2, . . . , we obtain

ψ1(r1, σ1) =ψ
(
r1 − L(1)

)
χ1(σ), (3.8a)

ψ2(r2, σ2) =ψ
(
r2 − L(1)

)
χ2(σ), (3.8b)

...

ψj(r, σ) =ψ
(
r − L(j)

)
χj(σ), (3.8c)

where

rk = (x
(k)
1 , x

(k)
2 , x

(k)
3 ). (3.9)

By using (3.5), we obtain from (3.8), forj = 1, 2, . . . that

ψ(r1 − L(1)) =
1√
L


cos



π
[
x

(1)
1 − L

(1)
1

]

2L




 1√

L


cos



π
[
x

(1)
2 − L

(1)
2

]

2L
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× 1√
L


cos



π
[
x

(1)
3 − L

(1)
3

]

2L




 , (3.10a)

ψ(r2 − L(2)) =
1√
L


cos



π
[
x

(2)
1 − L

(2)
1

]

2L




 1√

L


cos



π
[
x

(2)
2 − L

(2)
2

]

2L






× 1√
L


cos



π
[
x

(2)
3 − L

(1)
3

]

2L




 , (3.10b)

ψ(r3 − L(3)) =
1√
L


cos



π
[
x

(3)
1 − L

(3)
1

]

2L




 1√

L


cos



π
[
x

(3)
2 − L

(3)
2

]

2L






× 1√
L


cos



π
[
x

(3)
3 − L

(3)
3

]

2L




 , (3.10c)

...

ψ(r − L(j)) =
1√
L


cos



π
[
x(1) − L

(j)
1

]

2L




 1√

L


cos



π
[
x(1) − L

(j)
2

]

2L






× j√
L


cos



π
[
x(1) − L

(1)
3

]

2L




 . (3.10d)

From (3.10), we can rewrite the latter as

ψ(r − L(j)) =
∏

i


 1√

L
cos



π
[
xi − L

(j)
i

]

2L




 , |xi − L

(j)
i | 6 L. (3.11)

To obtain the upper bound we are seeking, we consider the expectation value

of the HamiltonianH with respect to anti-symmetric and normalized wavefunctions in
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(3.1) defined through (3.3)–(3.7)

H =
N∑

i=1

p2
i

2m
+

N∑

i<j

e2

|ri − rj|
−

N∑

i=1

k∑

j=1

Zje
2

|ri − Rj|

+
k∑

i<j

ZiZje
2

|Ri − Rj|
(3.12)

whereN is number of electrons andk is number of nuclei.

From (3.1) and (3.12), we obtain

〈Ψ|H |Ψ〉 = 〈Ψ|
N∑

i=1

p2
i

2m
|Ψ〉 + 〈Ψ|

N∑

i<j

e2

|ri − rj|
|Ψ〉

− 〈Ψ|
N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|
|Ψ〉 + 〈Ψ|

k∑

i<j

ZiZje
2

|Ri − Rj|
|Ψ〉 (3.13)

For example, forN = 2, by using (3.1), we obtain the anti-symmetric wavefunc-

tion

Ψ(r1σ1, r2σ2) =
1√
2

∣∣∣∣∣∣∣

ψ1(r1, σ1) ψ1(r2, σ2)

ψ2(r1, σ1) ψ2(r2, σ2)

∣∣∣∣∣∣∣
(3.14)

and can rewrite (3.14) as

Ψ(r1σ1, r2σ2) =
1√
2

[ψ1(r1, σ1)ψ2(r2, σ2) − ψ2(r1, σ1)ψ1(r2, σ2)] (3.15)

By using (3.8) and (3.11), we obtain

ψ1(r1, σ1)ψ2(r2, σ2) =χ1(σ1)χ2(σ2)




3∏

1


 1√

L
cos



π
[
x

(1)
i − L

(1)
i

]

2L








×




3∏

1


 1√

L
cos



π
[
x

(2)
i − L

(2)
i

]

2L






 (3.16)
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and

ψ2(r1, σ1)ψ1(r2, σ2) =χ2(σ1)χ1(σ2)




3∏

1


 1√

L
cos



π
[
x

(1)
i − L

(2)
i

]

2L








×




3∏

1


 1√

L
cos



π
[
x

(2)
i − L

(1)
i

]

2L






 . (3.17)

To obtain the kinetic energy part on the first term on the right-hand side of (3.13), for

example, forN = 2, we obtain

〈Ψ|
2∑

i=1

p2
i

2m
|Ψ〉 = 〈Ψ| p2

1

2m
|Ψ〉 + 〈Ψ| p2

2

2m
|Ψ〉 (3.18)

where

p2
1

2m
= − ~

2

2m

[
∂2

∂x
(1) 2
1

+
∂2

∂x
(1) 2
2

+
∂2

∂x
(1) 2
3

]
, (3.19a)

p2
2

2m
= − ~

2

2m

[
∂2

∂x
(2) 2
1

+
∂2

∂x
(2) 2
2

+
∂2

∂x
(2) 2
3

]
. (3.19b)

Hence we have

∂2

∂x2
1

cos



π
[
x1 − L

(1)
1

]

2L


 = −

( π
2L

)2

cos



π
[
x1 − L

(1)
1

]

2L


 , (3.20a)

∂2

∂x2
2

cos



π
[
x2 − L

(1)
2

]

2L


 = −

( π
2L

)2

cos



π
[
x2 − L

(1)
2

]

2L


 , (3.20b)

∂2

∂x2
3

cos



π
[
x3 − L

(1)
1

]

2L


 = −

( π
2L

)2

cos



π
[
x3 − L

(1)
3

]

2L


 . (3.20c)
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By using (3.20) and from (3.15)–(3.19), we obtain

p2
1

2m
|Ψ〉 =

p2
1

2m

∣∣∣∣
1√
2

[ψ1(r1, σ1)ψ2(r1, σ1) − ψ2(r1, σ1)ψ1(r2, σ2)]

〉

= − ~
2

2m

[
∂2

∂x
(1) 2
1

+
∂2

∂x
(1) 2
2

+
∂2

∂x
(1) 2
3

]
1√
2
ψ1(r1, σ1)ψ2(r2, σ2)

+
~

2

2m

[
∂2

∂x
(1) 2
1

+
∂2

∂x
(1) 2
2

+
∂2

∂x
(1) 2
3

]
1√
2
ψ2(r1, σ1)ψ1(r2, σ2). (3.21)

By applying (3.20) to the first term on the right-hand side of (3.21), we obtain

− ~
2

2m

[
∂2

∂x
(1) 2
1

+
∂2

∂x
(1) 2
2

+
∂2

∂x
(1) 2
3

]
1√
2
ψ1(r1, σ1)ψ2(r2, σ2)

=
~

2

2m

[( π
2L

)2

+
( π

2L

)2

+
( π

2L

)2
]

1√
2
ψ1(r1, σ1)ψ2(r2, σ2)

=
3~

2

2m

( π
2L

)2 1√
2
ψ1(r1, σ1)ψ2(r2, σ2). (3.22)

By applying (3.20) to the second term on the right-hand side of(3.21), we obtain

~
2

2m

[
∂2

∂x
(1) 2
1

+
∂2

∂x
(1) 2
2

+
∂2

∂x
(1) 2
3

]
1√
2
ψ2(r1, σ1)ψ1(r2, σ2)

=
~

2

2m

[
−
( π

2L

)2

−
( π

2L

)2

−
( π

2L

)2
]

1√
2
ψ2(r1, σ1)ψ1(r2, σ2)

= − 3~
2

2m

( π
2L

)2 1√
2
ψ2(r1, σ1)ψ1(r2, σ2). (3.23)

Substitute (3.22) and (3.23) into the right-hand side of (3.21), to obtain

p2
1

2m
|Ψ〉 =

3~
2

2m

( π
2L

)2 1√
2
ψ1(r1, σ1)ψ2(r2, σ2) −

3~
2

2m

( π
2L

)2 1√
2
ψ2(r1, σ1)ψ1(r2, σ2)

=
3~

2

2m

( π
2L

)2 1√
2

[ψ1(r1, σ1)ψ2(r2, σ2) − ψ2(r1, σ1)ψ1(r2, σ2)]
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=
3~

2

2m

( π
2L

)2

|Ψ〉 . (3.24)

From (3.24), we obtain that

〈Ψ| p2
1

2m
|Ψ〉 = 〈Ψ| 3~

2

2m

( π
2L

)2

|Ψ〉

=
3~

2

2m

( π
2L

)2

〈Ψ|Ψ〉

=
3~

2

2m

( π
2L

)2

. (3.25)

By using (3.20) and from (3.15)–(3.19), we obtain

p2
2

2m
|Ψ〉 =

p2
2

2m

∣∣∣∣
1√
2

[ψ1(r1, σ1)ψ2(r1, σ1) − ψ2(r1, σ1)ψ1(r2, σ2)]

〉

= − ~
2

2m

[
∂2

∂x
(2) 2
1

+
∂2

∂x
(2) 2
2

+
∂2

∂x
(2) 2
3

]
1√
2
ψ1(r1, σ1)ψ2(r2, σ2)

+
~

2

2m

[
∂2

∂x
(2) 2
1

+
∂2

∂x
(2) 2
2

+
∂2

∂x
(2) 2
3

]
1√
2
ψ2(r1, σ1)ψ1(r2, σ2). (3.26)

By applying (3.20) to the first term on the right-hand side of (3.26), we obtain

− ~
2

2m

[
∂2

∂x
(2) 2
1

+
∂2

∂x
(2) 2
2

+
∂2

∂x
(2) 2
3

]
1√
2
ψ1(r1, σ1)ψ2(r2, σ2)

=
~

2

2m

[( π
2L

)2

+
( π

2L

)2

+
( π

2L

)2
]

1√
2
ψ1(r1, σ1)ψ2(r2, σ2)

=
3~

2

2m

( π
2L

)2 1√
2
ψ1(r1, σ1)ψ2(r2, σ2). (3.27)

By applying (3.20) to the second term on the right-hand side of(3.26), we obtain

~
2

2m

[
∂2

∂x
(2) 2
1

+
∂2

∂x
(2) 2
2

+
∂2

∂x
(2) 2
3

]
1√
2
ψ2(r1, σ1)ψ1(r2, σ2)
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=
~

2

2m

[
−
( π

2L

)2

−
( π

2L

)2

−
( π

2L

)2
]

1√
2
ψ2(r1, σ1)ψ1(r2, σ2)

= − 3~
2

2m

( π
2L

)2 1√
2
ψ2(r1, σ1)ψ1(r2, σ2). (3.28)

Substitute (3.27) and (3.28) into the right-hand side of (3.26), to obtain

p2
2

2m
|Ψ〉 =

3~
2

2m

( π
2L

)2 1√
2
ψ1(r1, σ1)ψ2(r2, σ2) −

3~
2

2m

( π
2L

)2 1√
2
ψ2(r1, σ1)ψ1(r2, σ2)

=
3~

2

2m

( π
2L

)2 1√
2

[ψ1(r1, σ1)ψ2(r2, σ2) − ψ2(r1, σ1)ψ1(r2, σ2)]

=
3~

2

2m

( π
2L

)2

|Ψ〉 . (3.29)

From (3.29), we obtain that

〈Ψ| p2
2

2m
|Ψ〉 = 〈Ψ| 3~

2

2m

( π
2L

)2

|Ψ〉

=
3~

2

2m

( π
2L

)2

〈Ψ|Ψ〉

=
3~

2

2m

( π
2L

)2

. (3.30)

Substitute (3.25) and (3.28) into the right-hand side of (3.18), to obtain for the

kinetic energy part forN = 2 :

〈Ψ|
2∑

i=1

p2
i

2m
|Ψ〉 =

3~
2

2m

( π
2L

)2

+
3~

2

2m

( π
2L

)2

=2

(
3~

2

2m

)( π
2L

)2

. (3.31)

The analysis for arbitraryN is similar, by well know standard techniques (Bethe and
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Jackiw, 1986, p.56), and we can write the kinetic energy partfor N particles

〈Ψ|
N∑

i=1

p2
i

2m
|Ψ〉 =N

(
3~

2

2m

)( π
2L

)2

. (3.32)

To obtain the bound of electron-electron interaction, firstwe derive a lower

bound for|ri − rj|, by using (3.6). We rewrite

(1, 1, 1) =1x̂1 + 1x̂2 + 1x̂3, (3.33a)

|(1, 1, 1)| =
√

3, (3.33b)

|L(j)| =jD
√

3. (3.33c)

with thex̂i as unit vectors.

By using (3.33), we obtain

|L(1)| =D
√

3, (3.34a)

|L(2)| =2D
√

3, (3.34b)

|L(3)| =3D
√

3. (3.34c)

and

|L(1) − L(2)| =D
√

3, (3.35a)

|L(1) − L(3)| =2D
√

3, (3.35b)

|L(1) − L(j)| =(j − 1)D
√

3, (3.35c)

|L(i) − L(j)| >D
√

3 , j > i (3.35d)
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From (3.35), we obtain the inequality

|L(i) − L(j)| >D
√

3. (3.36)

Since the boxes are non-overlapping, we have from (3.33)–(3.36) , with boxes

of sides2L× 2L× 2L. Due to the localizations of the functionsψj(r, σ), as described

above, the electrons are well separated, and we may write

|r1 − r2| >|L(1) − L(2)| − 2
√

3L = D
√

3 − 2
√

3L, (3.37a)

|r1 − r3| >|L(1) − L(3)| − 2
√

3L = 2D
√

3 − 2
√

3L, (3.37b)

|r1 − rj| >|L(1) − L(j)| − 2
√

3L = (j − 1)D
√

3 − 2
√

3L, (3.37c)

|ri − rj| >|L(i) − L(j)| − 2
√

3L = (j − i)D
√

3 − 2
√

3L. (3.37d)

From (3.37), we obtain

|ri − rj| >D
√

3 − 2
√

3L. (3.38)

Substitute (3.7) into the right-hand side of inequality (3.8), to obtain

|ri − rj| >D
√

3 − 2
√

3
D

4

=

√
3D

2
=

√
3√
2

D√
2

|ri − rj| >
D√
2

(3.39)

and can rewrite (3.39) as

1

|ri − rj|
6

√
2

D
. (3.40)
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By using (3.40), we rewrite the second term on the right-hand side of (3.13) as

〈Ψ|
N∑

i<j

e2

|ri − rj|
|Ψ〉 =

N∑

i<j

e2

|ri − rj|
〈Ψ|Ψ〉

=
N∑

i<j

e2

|ri − rj|

6
e2
√

2

D

N∑

i<j

(1). (3.41)

To obtain the bound of nuclei-electrons interaction, we usethe conservative

bound

−
N∑

i=1

k∑

j=1

Zje
2

|ri − Rj|
6 −

k∑

i=1

k∑

j=1

Zje
2

|ri − Rj|

6 −
k∑

i=1

Zie
2

|ri − Ri|

= −
k∑

i=1

Zie
2

|ri − L(i)|

∴ −
N∑

i=1

k∑

j=1

Zje
2

|ri − Rj|
6 −

k∑

i=1

Zie
2

|ri − L(i)|
. (3.42)

Substitute (3.42) into the third term on the right-hand sideof (3.13), to obtain

−〈Ψ|
N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|
|Ψ〉 6 − 〈Ψ|

k∑

i=1

Zie
2

|ri − L(i)|
|Ψ〉 . (3.43)

From (3.1), (3.2) and (3.11), we obtain

〈Ψ|
k∑

i=1

Zie
2

|ri − L(i)|
|Ψ〉 =

k∑

i=1

Zie
2 〈Ψ| 1

|ri − L(i)|
|Ψ〉



133

=
k∑

i=1

Zie
2

ˆ

d3r
ψ2

i (ri, σi)

|ri − L(i)|

=
k∑

i=1

Zie
2

ˆ

d3r
ψ2(r)

|r| (3.44)

with the spin normalization condition. Since|xi| < L, r = x1 + x2 + x3 andL =

L1 + L2 + L3, we obtain

|r| 6|L|

|r| 6
√
L2 + L2 + L2

|r| 6
√

3L (3.45)

where|L1| = |L2| = |L3| = L. We can rewrite (3.45) as

1

|r| >
1√
3L

. (3.46)

Substitute (3.46) into the right-hand side of (3.44), to obtain

〈Ψ|
k∑

i=1

Zie
2

|ri − L(i)|
|Ψ〉 >

1√
3L

k∑

i=1

Zie
2

=
Ne2

√
3L

∴ 〈Ψ|
k∑

i=1

Zie
2

|ri − L(i)|
|Ψ〉 >

Ne2

√
3L

(3.47)

with the normalization wavefunction condition
´

d3r |ψ(r)|2 = 1 and
k∑

i=1

Zi = N .
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Multiply (3.47) by−1, to reverse the function of the inequality giving

−〈Ψ|
k∑

i=1

Zie
2

|ri − L(i)|
|Ψ〉 6 − Ne2

√
3L

. (3.48)

Substitute (3.48) into (3.43), to obtain the following upper bound for the nuclei-

electrons interaction part :

−〈Ψ|
N∑

i=1

k∑

j=1

Zje
2

|ri − Rj|
|Ψ〉 6 − Ne2

√
3L

. (3.49)

To obtain an upper bound for the nuclei-nuclei interaction part, first we have to

bound|Ri − Rj|. By using (3.6), we may choose

Rj = L(j) (3.50)

for j = 1, . . . , k.

Substitute (3.50) into the left-hand side of (3.36), to obtain

|Ri − Rj| >D
√

3 , i 6= j (3.51)

and we can rewrite (3.51) as

1

|Ri − Rj|
6

1

D
√

3
(3.52)

for i 6= j.

Substitute (3.52) into the fourth term on the right-hand side of (3.13), to obtain

〈Ψ|
k∑

i<j

ZiZje
2

|Ri − Rj|
|Ψ〉 6

e2

D
√

3

k∑

i<j

ZiZj (3.53)

with the normalization wavefunction condition〈Ψ|Ψ〉 = 1.

Substitute (3.32), (3.41), (3.49) and (3.53) into the right-hand side of (3.13), to
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obtain

〈Ψ|H |Ψ〉 6N

(
3~

2

2m

)( π
2L

)2

+
e2
√

2

D

N∑

i<j

(1) − Ne2

√
3L

+
e2

D
√

3

k∑

i<j

ZiZj. (3.54)

By optimizing (3.54) overL, we obtain for the latter

L =
3
√

3

4

(
π2

~
2

me2

)
. (3.55)

Substitute (3.55) into the right-hand side of (3.54), to obtain

〈Ψ|H |Ψ〉 6 − 4

9π2

(
me4

2~2

)
N +

e2

D

[
√

2
N∑

i<j

(1) +
1√
3

k∑

i<j

ZiZj

]
. (3.56)

We may chooseD large enough to make the second term as small as we please in

comparison to the first one (e.g., equal to0.00031(me2/2~
2)N ) to obtain

〈Ψ|H |Ψ〉 6 −0.0450

(
me4

2~2

)
N. (3.57)

3.3 Basic Estimates Involving the Hydrogen Atom Wavefunction in

the Ground-State

In this section we provide basic estimates involving the hydrogen atom wave-

function in the ground-state by considering the following determinantal function in (3.1)

with normalized wavefunction and normalized spin functions χj(σ) and ri is vector

from the origin to electronei. SetL, L′ are vector from the origin to nucleusZ|e| and

Z ′|e| localization,

L =L0n

L′ =L0n
′
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L1 =L0n1

L2 =L0n2

...

Li =L0ni (3.58)

with L0 = L′
0 gives

L − L′ =L0 = L0(n − n′), (3.59a)

L′ − L =L′

0 = L0(n
′ − n), (3.59b)

whereL0, L
′
0, are a constant.

Theψ (r − Lj) are the hydrogen atom wavefunctions in the ground-state. These

estimates will be then used to derive another upper bound toEN . Consider the hydrogen

atom wavefunction in the ground-state :

ψ (r − Lj) =
β3/2

√
π

e−β|r−Lj | (3.60)

where

β =
me2

~2
(3.61)

and1/β is the Bohr radius~2/me2.

From (3.58), forH in (1.1), we obtain

〈Ψ|H |Ψ〉 = 〈Ψ|
N∑

i=1

p2
i

2m
|Ψ〉 − 〈Ψ|

N∑

i=1

k∑

j=1

Zje
2

|ri − Rj|
|Ψ〉
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+ 〈Ψ|
N∑

i<j

e2

|ri − rj|
|Ψ〉 + 〈Ψ|

k∑

i<j

ZiZje
2

|Ri − Rj|
|Ψ〉 . (3.62)

For k = 1, and noting that the hydrogen atom has 1 proton consisting the nu-

cleus,N = 1 electron. In this case, we can ignore the third and the fourthterm in the

right-hand side of (3.62), and we obtain the expectation value of the HamiltonianH for

a hydrogen atom :

〈Ψ|H |Ψ〉 = 〈Ψ|
1∑

i=1

p2
i

2m
|Ψ〉 − 〈Ψ|

1∑

i=1

1∑

j=1

Zje
2

|ri − Rj|
|Ψ〉

= 〈Ψ| p2
1

2m
|Ψ〉 − 〈Ψ| Z1e

2

|r1 − R1|
|Ψ〉 (3.63)

where for the hydrogen atom (k = 1 andN = 1)

Ψ(r1, σ1) = ψ1(r1, σ1) = ψ (r1 − L1)χ1(σ) =
β3/2

√
π

e−β|r1−L1| χ1(σ). (3.64)

We introduce the expectation value of kinetic energy as :

〈Ψ| p2

2m
|Ψ〉 =

~
2

2m

ˆ

d3r (∇Ψ∗(r)) · (∇Ψ(r)) (3.65)

and the expectation value of the potential as

〈Ψ| 1

|r| |Ψ〉 =

ˆ

d3rΨ∗(r)
1

|r|Ψ(r) , |r| = r (3.66)

with the wavefunction and spin normalization condition.

〈Ψ(r, σ)|Ψ(r, σ)〉 = 1, (3.67)

and withψ(r), r = r1 − L1, denoting ther-dependent part in (3.64),

〈ψ(r)|ψ(r)〉 =

ˆ

d3r |ψ(r)|2 = 1, (3.68a)
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∑

σ

χ∗
i (σ)χj(σ) =1, (3.68b)

∇(r, θ, ϕ) =r̂
∂

∂r
+ θ̂

1

r

∂

∂θ
+ ϕ̂

1

r sin θ

∂

∂ϕ
, (3.68c)

ˆ

d3r (.) =

ˆ ∞

0

ˆ π

0

ˆ 2π

0

r2 sin θ dr dθ dϕ (.) . (3.68d)

By substituting (3.64) into the right-hand side of (3.63), and using (3.60) and

(3.65)–(3.68), we obtain for the expectation value of the kinetic energy of the hydrogen

atom

〈Ψ| p2
1

2m
|Ψ〉 =

~
2

2m

ˆ

d3r1 (∇Ψ∗(r1, σ1)) · (∇Ψ(r1, σ1))

=
~

2

2m

ˆ

d3r1

(
∇β3/2

√
π

e−β|r1−L1|
)
·
(
∇β3/2

√
π

e−β|r1−L1|
)
χ∗(σ)χ(σ)

=
~

2

2m

(
β3/2

√
π

)2 ˆ

d3r1

(
∇e−β|r1−L1|) ·

(
∇e−β|r1−L1|)

=
~

2

2m

β3

π

ˆ

d3r1

(
∇e−β|r1−L1|) ·

(
∇e−β|r1−L1|) . (3.69)

Let R = r1 − L1 and|R| = R, then (3.69) becomes

〈Ψ| p2
1

2m
|Ψ〉 =

~
2

2m

β3

π

ˆ

d3R
(
∇R e−β|R|) ·

(
∇R e−β|R|) . (3.70)

Consider the right-hand side of (3.70), by using (3.68), to obtain

∇R e−β|R| =R̂
∂

∂R

[
e−βR

]
+ θ̂

1

R

∂

∂θ

[
e−βR

]

= − β e−βRR̂ (3.71)
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and

∇R e−β|R| · ∇R e−β|R| =
(
−β e−βR

)
R̂ ·
(
−β e−βR

)
R̂

=β2 e−2βR. (3.72)

Substitute (3.72) into the right-hand side of (3.70), then use (3.68), to obtain

〈Ψ| p2
1

2m
|Ψ〉 =

~
2

2m

β3

π

ˆ

d3R
(
∇R e−β|R|) ·

(
∇R e−β|R|)

=
~

2

2m

β5

π

ˆ ∞

0

ˆ π

0

ˆ 2π

0

dR dθ dϕ R2 e−2βR sin θ

=
~

2

2m

β5

π
4π

ˆ ∞

0

dRR2 e−2βR

=
2~

2β5

m

ˆ ∞

0

dRR2 e−2βR. (3.73)

Now letu = 2β, to rewrite the integral term on the right-hand side of (3.73) as

ˆ ∞

0

dRR2 e−2βR =

ˆ ∞

0

dRR2 e−uR

=
∂2

∂u2

ˆ ∞

0

dR e−uR

=
∂2

∂u2

[
−e−uR

u

∣∣∣∣
∞

0

]

=
∂2

∂u2

[
0 −

(
−1

u

)]

=
∂2

∂u2

(
1

u

)

=
2

u3
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=
1

4β3
. (3.74)

Substitute (3.74) into the right-hand side of (3.73), to obtain for the expectation value

of kinetic energy of the hydrogen atom

〈Ψ| p2
1

2m
|Ψ〉 =

2~
2β5

m

ˆ ∞

0

dRR2 e−2βR

=
2~

2β5

m

1

4β3

=
~

2β2

2m
. (3.75)

For the second term on the right-hand side of (3.63), the expectation value of

nucleus-electron interaction, SetR = L, to obtain

−〈Ψ| Z1e
2

|r1 − R1|
|Ψ〉 = − 〈Ψ| Z1e

2

|r1 − L1|
|Ψ〉

= − Z1e
2

ˆ

d3r1 Ψ∗(r1, σ1) ·
1

|r1 − L1|
Ψ(r1, σ1)

= − Z1e
2

ˆ

d3r1 ψ
∗(r1 − L1) ·

1

|r1 − L1|
(ψ(r1 − L1))χ

∗(σ)χ(σ)

= − Z1e
2

ˆ

d3r1
β3/2

√
π

e−β|r1−L1| · 1

|r1 − L1|
β3/2

√
π

e−β|r1−L1|

= − Z1e
2β3

π

ˆ

d3r1
e−2β|r1−L1|

|r1 − L1|
. (3.76)

whereL1 = R1 is vector going from the origin to the nucleus of chargeZ1|e|.

Let D = r1 −L1 and|D| = D, then substitute into the right-hand side of (3.76),

to obtain

−〈Ψ| Z1e
2

|r1 − R1|
|Ψ〉 = − Z1e

2β3

π

ˆ

d3D
e−2β|D|

|D|
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= − Z1e
2β3

π

ˆ ∞

0

dD
D2e−2βD

D

ˆ π

0

ˆ 2π

0

dθ sin θdϕ

= − Z1e
2β3

π
(4π)

ˆ ∞

0

dD De−2βD

= − 4Z1e
2β3

(
e−2βD

−2β

[
D − 1

−2β

])∣∣∣∣
∞

0

= − 4Z1e
2β3

(
− 1

4β2

)

= − Z1e
2β

∴ −〈Ψ| Z1e
2

|r1 − R1|
|Ψ〉 = − Z1e

2β. (3.77)

Substitute (3.75) and (3.77) into the right-hand side of (3.63), to obtain

〈Ψ|H |Ψ〉 =
~

2β2

2m
− Z1e

2β. (3.78)

With β as defined in (3.61), we obtain the following for the ground-state energy of a

hydrogen atom as

〈Ψ|H |Ψ〉 =
~

2

2m

(
me2

~2

)2

− Z1e
2

(
me2

~2

)

= − me4

2m

〈Ψ|H |Ψ〉 = − me4

2~2
, Z1 = 1 (3.79)

as expected.

Fork = 2, Z1 + Z2 = 2, givesZ1 = Z2 = 1,N = 2, giving

〈Ψ|H |Ψ〉 = 〈Ψ|
2∑

i=1

p2
i

2m
|Ψ〉 − 〈Ψ|

2∑

i=1

2∑

j=1

Zje
2

|ri − Rj|
|Ψ〉
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+ 〈Ψ| e2

|r1 − r2|
|Ψ〉 + 〈Ψ| Z1Z2e

2

|R1 − R2|
|Ψ〉 (3.80)

where the anti-symmetric wavefunction fork = 2 is given by

Ψ(r1σ1, r2σ2) =
1√
2

∣∣∣∣∣∣∣

ψ1(r1, σ1) ψ1(r2, σ2)

ψ2(r1, σ1) ψ2(r2, σ2)

∣∣∣∣∣∣∣
(3.81)

which can be rewritten as

Ψ(r1σ1, r2σ2) =
1√
2

[ψ1(r1, σ1)ψ2(r2, σ2) − ψ2(r1, σ1)ψ1(r2, σ2)] (3.82)

and as before we have the hydrogen atom wavefunction :

ψ (r − L) =
β3/2

√
π

e−β|r−L|. (3.83)

From (3.59) and (3.82), we obtain

ψ1(r1, σ1) =ψ (r1 − L1)χ1(σ) =
β3/2

√
π

e−β|r1−L1|χ1(σ1), (3.84a)

ψ1(r2, σ2) =ψ (r2 − L1)χ2(σ) =
β3/2

√
π

e−β|r2−L1|χ2(σ2), (3.84b)

ψ2(r1, σ1) =ψ (r1 − L2)χ2(σ) =
β3/2

√
π

e−β|r1−L2|χ1(σ1), (3.84c)

ψ2(r2, σ2) =ψ (r2 − L2)χ2(σ) =
β3/2

√
π

e−β|r2−L2|χ2(σ2). (3.84d)

Substitute (3.84) into the first term on the right-hand side of (3.82), to obtain

ψ1(r1, σ1)ψ2(r2, σ2) =
β3

π
e−β|r1−L1| e−β|r2−L2|χ1(σ1)χ2(σ2). (3.85)
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Substitute (3.84) into the second term on the right-hand side of (3.82), to obtain

ψ2(r1, σ1)ψ1(r2, σ2) =
β3

π
e−β|r1−L2| e−β|r2−L1|χ1(σ2)χ2(σ1) (3.86)

then substitute (3.85) and (3.86) into the right-hand side of (3.82), to obtain for the

anti-symmetric wavefunction of hydrogen atom withk = 2

Ψ(r1σ1, r2σ2) =
β3

π
√

2

[
e−β|r1−L1| e−β|r2−L2|χ1(σ1)χ2(σ2)

− e−β|r1−L2| e−β|r2−L1|χ1(σ2)χ2(σ1)
]
. (3.87)

From (3.80), the expectation value of kinetic energy fork = N = 2 is

〈Ψ|
2∑

i=1

p2
i

2m
|Ψ〉 = 〈Ψ| p2

1

2m
|Ψ〉 + 〈Ψ| p2

2

2m
|Ψ〉 (3.88)

where

〈Ψ| p2
1

2m
|Ψ〉 = 〈Ψ|T1 |Ψ〉 =

~
2

2m

ˆ

d3r1 d3r2 [∇1Ψ
∗] · [∇1Ψ] , (3.89a)

〈Ψ| p2
2

2m
|Ψ〉 = 〈Ψ|T2 |Ψ〉 =

~
2

2m

ˆ

d3r1 d3r2 [∇2Ψ
∗] · [∇2Ψ] , (3.89b)

and from (3.68c), for noϕ dependence and̂θ · r̂ = 0, gives

∇(r1, θ) =r̂1
∂

∂r1
+ θ̂

1

r1

∂

∂θ
, (3.90a)

∇(r2, θ) =r̂2
∂

∂r2
+ θ̂

1

r2

∂

∂θ
. (3.90b)

Substitute (3.87) into (3.89), to obtain

∇1Ψ =
β3

π
√

2

[
χ1(σ1)χ2(σ2)∇1

(
e−β|r1−L1| e−β|r2−L2|)
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−χ2(σ1)χ1(σ2)∇1

(
e−β|r1−L2| e−β|r2−L1|)]

= C1

[
χa ∇1

(
e−β|r1−L1| e−β|r2−L2|)

−χb ∇1

(
e−β|r1−L2| e−β|r2−L1|)] (3.91)

and

∇1Ψ
∗ = C∗

1

[
χ∗

a ∇1

(
e−β|r1−L1| e−β|r2−L2|)∗

−χ∗
b ∇1

(
e−β|r1−L2| e−β|r2−L1|)∗

]
(3.92)

where

C1 =
β3

π
√

2
= C∗

1 , (3.93a)

χa =χ1(σ1)χ2(σ2), (3.93b)

χb =χ2(σ1)χ1(σ2). (3.93c)

From (3.4), (3.91) and (3.92), we obtain

∇1Ψ
∗ · ∇1Ψ

=

{
β3

π
√

2

β3

π
√

2

}

×
[
χ∗

a ∇1

(
e−β|r1−L1| e−β|r2−L2|)∗ − χ∗

b ∇1

(
e−β|r1−L2| e−β|r2−L1|)∗

]

·
[
χa ∇1

(
e−β|r1−L1| e−β|r2−L2|)− χb ∇1

(
e−β|r1−L2| e−β|r2−L1|)]

=

{
β3

π
√

2

β3

π
√

2

}
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×
{

[χ∗
a · χa]

[
∇1

(
e−β|r1−L1| e−β|r2−L2|)∗ · ∇1

(
e−β|r1−L1| e−β|r2−L2|)

]

+ [χ∗
b · χb]

[
∇1

(
e−β|r1−L2| e−β|r2−L1|)∗ · ∇1

(
e−β|r1−L2| e−β|r2−L1|)

]

− [χ∗
a · χb]

[
∇1

(
e−β|r1−L1| e−β|r2−L2|)∗ · ∇1

(
e−β|r1−L2| e−β|r2−L1|)

]

− [χ∗
b · χa]

[
∇1

(
e−β|r1−L2| e−β|r2−L1|)∗ · ∇1

(
e−β|r1−L1| e−β|r2−L2|)

]}

=

{
β3

π
√

2

β3

π
√

2

}

×
{
δaa∇1

(
e−β|r1−L1| e−β|r2−L2|) · ∇1

(
e−β|r1−L1| e−β|r2−L2|)

+ δbb∇1

(
e−β|r1−L2| e−β|r2−L1|) · ∇1

(
e−β|r1−L2| e−β|r2−L1|)

−2δab∇1

(
e−β|r1−L2| e−β|r2−L1|) · ∇1

(
e−β|r1−L1| e−β|r2−L2|)} . (3.94)

Substitute (3.94) into (3.89a), to obtain

〈Ψ| p2
1

2m
|Ψ〉 =

~
2

2m

ˆ

d3r1 d3r2 [∇1Ψ
∗(r)] · [∇1Ψ(r)]

=
~

2

2m

β3

2π

β3

π

ˆ

d3r1 d3r2

×
{
δaa∇1

(
e−β|r1−L1| e−β|r2−L2|) · ∇1

(
e−β|r1−L1| e−β|r2−L2|)

+ δbb∇1

(
e−β|r1−L2| e−β|r2−L1|) · ∇1

(
e−β|r1−L2| e−β|r2−L1|)

−2δab∇1

(
e−β|r1−L2| e−β|r2−L1|) · ∇1

(
e−β|r1−L1| e−β|r2−L2|)}

=
~

2

2m

β3

2π

{
ˆ

d3r1 ∇1 e−β|r1−L1| · ∇1 e−β|r1−L1|

×
ˆ

d3r2

∣∣∣∣
β3/2

√
π

e−β|r2−L2|
∣∣∣∣
2

δaa
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+

ˆ

d3r1 ∇1 e−β|r1−L2| · ∇1 e−β|r1−L2|

×
ˆ

d3r2

∣∣∣∣
β3/2

√
π

e−β|r2−L1|
∣∣∣∣
2

δbb

− 2 δab

ˆ

d3r1 ∇1 e−β|r1−L2| · ∇1 e−β|r1−L1|

×
(
β3

π

)
ˆ

d3r2

(
e−β|r2−L1|) (e−β|r2−L2|)

}

=
~

2

2m

β3

2π

{
ˆ

d3r1 ∇1 e−β|r1−L1| · ∇1 e−β|r1−L1|

+

ˆ

d3r1 ∇1 e−β|r1−L2| · ∇1 e−β|r1−L2|

− 2δab

ˆ

d3r1 ∇1 e−β|r1−L2| · ∇1 e−β|r1−L1|

×
(
β3

π

)
ˆ

d3r2

(
e−β|r2−L1|) (e−β|r2−L2|)

}
(3.95)

where

ˆ

d3r2

∣∣∣∣
β3/2

√
π

e−β|r2−L2|
∣∣∣∣
2

δaa =1, (3.96a)

ˆ

d3r2

∣∣∣∣
β3/2

√
π

e−β|r2−L1|
∣∣∣∣
2

δbb =1. (3.96b)

To evaluate the integrals in (3.95), we setRi = ri − L, for L = L′ :

ˆ

d3ri ∇ie
−β|ri−L| · ∇ie

−β|ri−L′| =

ˆ

d3Ri ∇ie
−β|R| · ∇ie

−β|R| (3.97)

whereL′ is vector from the origin to nucleusZ ′|e|.

In reference to the right-hand side of (3.97), we have

∇ri

(
e−β|ri−L|) =∇Ri

(
e−β|Ri|)
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=R̂
∂

∂Ri

(
e−βRi

)

= − β e−βRiR̂. (3.98)

By using (3.98), we obtain for the dot product :

∇ri

(
e−β|ri−L|) · ∇ri

(
e−β|ri−L|) =∇Ri

(
e−β|Ri|) · ∇Ri

(
e−β|Ri|)

=
(
−β e−βRi

)
R̂ ·
(
−β e−βRi

)
R̂

=β2e−2βRi . (3.99)

Substitute (3.99) into (3.97), forL = L′, to obtain

ˆ

d3ri ∇ie
−β|ri−L| · ∇ie

−β|ri−L| =

ˆ

d3Ri β
2e−2βRi

=β2

ˆ ∞

0

ˆ π

0

ˆ 2π

0

dRi dθ dϕ R2
i e−2βRi sin θ

=β2(4π)

ˆ ∞

0

dRiR
2
i e−2βRi

=β2(4π)

ˆ ∞

0

dRR2 e−uR , u = 2β

=β2(4π)
∂2

∂u2

ˆ ∞

0

dR e−uR

=β2(4π)
∂2

∂u2

[
−e−uR

u

∣∣∣∣
∞

0

]

=β2(4π)
∂2

∂u2

[
0 −

(
−1

u

)]

=β2(4π)
∂2

∂u2

(
1

u

)
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=β2(4π)
2

u3

=β2(4π)
1

4β3

=
π

β

∴

ˆ

d3ri ∇ie
−β|ri−L| · ∇ie

−β|ri−L| =
π

β
. (3.100)

ForL 6= L′, we obtain

∇ie
−β|ri−L| =∇ie

−β
√

r2
i −2riL cos θ+L2

=

(
r̂
∂

∂ri

+ θ̂
1

r

∂

∂θ

)
e−β

√
r2
i −2riL cos θ+L2

= − β

[
(ri − L cos θ) r̂√
r2
i − 2riL cos θ + L2

+
L sin θ θ̂√

r2
i − 2riL cos θ + L2

]

× e−β
√

r2
i −2riL cos θ+L2

= − β

[
(ri − L cos θ) r̂

|ri − L| +
L sin θ θ̂

|ri − L|

]
e−β|ri−L|. (3.101)

From (3.101), we replaceL by L′, to obtain

∇ie
−β|ri−L′| = − β

[
(ri − L′ cos θ) r̂

|ri − L′| +
L′ sin θ θ̂

|ri − L′|

]
e−β|ri−L′|. (3.102)

By using (3.97), from (3.101) and (3.102), we obtain

ˆ

d3ri ∇ie
−β|ri−L| · ∇ie

−β−β|ri−L′|

=β2

ˆ

d3ri

[
(ri − L cos θ) r̂

|ri − L| +
L sin θ θ̂

|ri − L|

]
e−β|ri−L|
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·
[

(ri − L′ cos θ) r̂

|ri − L′| +
L′ sin θ θ̂

|ri − L′|

]
e−β|ri−L′|

=β2

ˆ

d3ri

[
(ri − L cos θ)(ri − L′ cos θ)

|ri − L| |ri − L′| +
L sin θ L′ sin θ

|ri − L| |ri − L|

]

× e−β|ri−L|e−β|ri−L′|

=β2

ˆ

d3ri

[
ri · (ri − L) ri · (ri − L′)

r2
i |ri − L| |ri − L′| +

LL′ sin θ sin θ

|ri − L| |ri − L|

]

× e−β|ri−L|e−β|ri−L′|

6β2

ˆ

d3ri

[ |ri||ri − L| |ri||ri − L′|
r2
i |ri − L| |ri − L′| +

LL′ sin θ sin θ

|ri − L| |ri − L|

]
e−β|ri−L|e−β|ri−L′|

6β2

ˆ

d3ri

[ |ri||ri − L| |ri||ri − L′|
r2
i |ri − L| |ri − L′| +

LL′

|ri − L| |ri − L|

]
e−β|ri−L|e−β|ri−L′|

=β2

ˆ

d3ri

[
1 +

LL′

|ri − L| |ri − L|

]
e−β|ri−L|e−β|ri−L′|

=β2

ˆ

d3ri

[
e−β|ri−L|e−β|ri−L′| +

LL′

|ri − L| |ri − L| e−β|ri−L|e−β|ri−L′|
]

=β2

ˆ

d3ri e
−β|ri−L|e−β|ri−L′|

+ β2

ˆ

d3ri
LL′

|ri − L| |ri − L| e−β|ri−L|e−β|ri−L′| (3.103)

where

ri · (ri − L) =|ri||ri − L| cos θi

6|ri||ri − L|, (3.104a)

LL′ sin θ sin θ 6LL′. (3.104b)
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Let ri −L = Ri, d3ri = d3(Ri + L) = d3Ri, substitute into the right-hand side

of (3.103), to obtain

β2

ˆ

d3ri e
−β|ri−L|e−β|ri−L′| =β2

ˆ

d3Ri e
−β|Ri|e−β|Ri+L−L′|

=β2

ˆ

d3Ri e
−β|Ri|e−β|Ri−L0|

6β2

ˆ

d3Ri e
−β|Ri|e−β|Ri−L0|

=β2

ˆ ∞

0

dRiR
2
i e−βRie−β|Ri−L0|

ˆ π

0

ˆ 2π

0

dθi dϕi sin θi

=β2(4π)

ˆ ∞

0

dRiR
2
i e−βRie−β|Ri−L0|

=β2(4π)

ˆ L0

0

dRiR
2
i e−βRie−β(L0−Ri)

+ β2(4π)

ˆ ∞

L0

dRiR
2
i e−βRie−β(Ri−L0)

=β2(4π) e−βL0

ˆ L0

0

dRiR
2
i

+ β2(4π) eβL0

ˆ ∞

L0

dRiR
2
i e−2βRi

=β2(4π) e−βL0
L3

0

3

+ β2(4π) eβL0
∂2

∂u2

ˆ ∞

L0

dRi e
−uRi , u = 2β

=β2(4π) e−βL0
L3

0

3
+ β2(4π) eβL0

∂2

∂u2

[
−e−uR

u

∣∣∣∣
∞

L0

]

(3.105)
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where

L0 =L′ − L, (3.106a)

|Ri − L0| =
√
R2

i − 2RiL + L2
0 >

√
R2

i − 2RiL+ L2
0, (3.106b)

e−β|Ri−L0| 6e−β|Ri−L0|. (3.106c)

Consider the second term on the right-hand side of (3.105), toobtain

eβL0
∂2

∂u2

[
−e−uR

u

∣∣∣∣
∞

L0

]
=eβL0

∂2

∂u2

[
e−uL0

u

]

=eβL0

[
2

u3
e−uL0 +

2L0

u2
e−uL0 +

L2
0

u
e−uL0

]

=eβL0

[
2

(2β)3
e−2βL0 +

2L0

(2β)2
e−2βL0 +

L2
0

2β
e−2βL0

]

=e−βL0

[
1

4β3
+

L0

2β2
+
L2

0

2β

]
(3.107)

Substitute into the right-hand side of (3.105), to obtain

β2

ˆ

d3ri e
−β|ri−L|e−β|ri−L′| 6β2(4π) e−βL0

L3
0

3
+ β2(4π)e−βL0

[
1

4β3
+

L0

2β2
+
L2

0

2β

]
.

(3.108)

Consider the second term on the right-hand side of (3.103), let ri − L = Ri,

d3ri = d3(Ri + L) = d3Ri, and use (3.106), to obtain

β2

ˆ

d3ri
LL′ e−β|ri−L|e−β|ri−L′|

|ri − L| |ri − L| =β2

ˆ

d3Ri
LL′ e−β|Ri|e−β|Ri−L0|

|Ri| |Ri − L0|

6β2

ˆ

d3Ri
LL′ e−βRie−β|Ri−L0|

Ri |Ri − L0|
. (3.109)
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By using the expansion

1

|Ri − L0|
=

∞∑

ℓ=0

(
Ri<

Ri>

)ℓ
1

Ri>

Pℓ(cos θ) (3.110)

and

ˆ

dΩPℓ(cos θ) = 4πδℓ0 (3.111)

where
∞∑

ℓ=0

tℓ Pℓ(cos θ) =
(√

1 + t2 − 2t cos θ
)−1

andRi = max[L0, Ri].

Substitute (3.111) into the right-hand side of inequality (3.109), we obtain

β2

ˆ

d3ri
LL′ e−β|ri−L|e−β|ri−L′|

|ri − L| |ri − L|

6β2

ˆ

d3Ri
LL′ e−βRie−β|Ri−L0|

Ri |Ri − L0|

=β2

ˆ

d3Ri
LL′ e−βRie−β|Ri−L0|

Ri

∞∑

ℓ=0

(
Ri<

Ri>

)ℓ
1

Ri>

Pℓ(cos θ)

=β2

ˆ ∞

0

dRi
R2

iLL
′ e−βRie−β|Ri−L0|

Ri

×
ˆ

dΩ
∞∑

ℓ=0

(
Ri<

Ri>

)ℓ
1

Ri>

Pℓ(cos θ). (3.112)

By using (3.110), withℓ = 0, as applied to the right-hand side of inequality (3.112), we

obtain

β2

ˆ

d3ri
LL′ e−β|ri−L|e−β|ri−L′|

|ri − L| |ri − L|

64πβ2

ˆ ∞

0

dRi
RiLL

′ e−βRie−β|Ri−L0|

Ri>

=4πβ2

ˆ L0

0

dRi
RiLL

′ e−βRie−β(L0−Ri)

L0
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+ 4πβ2

ˆ ∞

L0

dRi
RiLL

′ e−βRie−β(Ri−L0)

R

=
4πLL′β2

L0

e−βL0

ˆ L0

0

dRiRi + 4πβ2LL′eβL0

ˆ ∞

L0

dRi e
−2βRi

=
4πLL′β2

L0

L2
0

2
e−βL0 + 4πβ2LL′eβL0

(
−e−2βRi

2β

)∣∣∣∣
∞

L0

=
4πβ2LL′L0

2
e−βL0 +

4πβLL′

2
e−βL0 . (3.113)

From (3.113), we obtain the inequality

β2

ˆ

d3ri
LL′ e−β|ri−L|e−β|ri−L′|

|ri − L| |ri − L| 6

(
4πβ2LL′L0

2
+

4πβLL′

2

)
e−βL0 . (3.114)

By substituting (3.108) and (3.114) into the right-hand sideof inequality (3.103),

we obtain

ˆ

d3ri ∇ie
−β|ri−L| · ∇ie

−β|ri−L′|

=β2

ˆ

d3ri e
−β|ri−L|e−β|ri−L′| + β2

ˆ

d3ri
LL′

|ri − L| |ri − L| e−β|ri−L|e−β|ri−L′|

6β2(4π) e−βL0
L3

0

3
+ β2(4π) e−βL0

[
1

4β3
+

L0

2β2
+
L2

0

2β

]
+

4πβ2LL′L0

2
e−βL0

+
4πβLL′

2
e−βL0

=4πe−βL0

[
β2L

3
0

3
+ β2

[
1

4β3
+

L0

2β2
+
L2

0

2β

]
+
β2LL′L0

2
+
βLL′

2

]

=4πe−βL0

[
β2L

3
0

3
+

1

4β
+
L0

2
+
βL2

0

2
+
β2LL′L0

2
+
βLL′

2

]
. (3.115)
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Also

ˆ

d3ri

(
e−β|ri−L|) (e−β|ri−L′|

)
=

ˆ ∞

0

d3Ri e
−β|Ri| e−β|Ri−L0|

6

ˆ ∞

0

d3Ri e
−βRi e−β|Ri−L0|

=4π

ˆ ∞

0

dRiR
2
i e−βRie−β|Ri−L0|

=4πe−βL0

ˆ L0

0

dRiR
2
i

+ 4πeβL0

ˆ ∞

L0

dRiR
2
i e−2βRi

=4πe−βL0
L3

0

2
+ 4πe−βL0

[
1

β3
+

L0

2β2
+
L2

0

2β

]

=4πe−βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]

∴

ˆ

d3ri

(
e−β|ri−L|) (e−β|ri−L′|

)
64πe−βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]
. (3.116)

From (3.100), forL = L′, we have the useful expression

ˆ

d3ri ∇ie
−β|ri−L| · ∇ie

−β|ri−L| =
π

β
. (3.117)

ForL 6= L′, from (3.115) we have

ˆ

d3ri ∇ie
−β|ri−L| · ∇ie

−β|ri−L′|

64πe−βL0

[
β2L

3
0

3
+

1

4β
+
L0

2
+
βL2

0

2
+
β2LL′L0

2
+
βLL′

2

]
(3.118)
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and from (3.116), we have

ˆ

d3ri

(
e−β|ri−L|) (e−β|ri−L′|

)
64πe−βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]
. (3.119)

By using (3.117), and from (3.95), withi = 1 andL1 = L, we obtain

ˆ

d3r1 ∇1 e−β|r1−L1| · ∇1 e−β|r1−L1| =
π

β
. (3.120)

By using (3.117), and from (3.95), withi = 1 andL2 = L, we obtain

ˆ

d3r1 ∇1 e−β|r1−L2| · ∇1 e−β|r1−L2| =
π

β
. (3.121)

By using (3.118) and (3.119), from (3.95), withi = 1, L1 = L andL2 = L′, we

obtain

2

ˆ

d3r1 ∇1e
−β|r1−L2| · ∇1 e−β|r1−L1|

68πe−βL0

[
β2L3

0

3
+

1

4β
+
L0

2
+
βL2

0

2
+
β2LL′L0

2
+
βLL′

2

]
(3.122)

and withi = 2, L1 = L andL2 = L′, we obtain

ˆ

d3r2

(
e−β|r2−L1|) (e−β|r2−L2|) 64πe−βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]
. (3.123)

By substituting (3.120), (3.121), (3.122) and (3.123) into the right-hand side of

(3.95), we obtain

〈Ψ| p2
1

2m
|Ψ〉

6
~

2

2m

β3

2π

{
π

β
+
π

β
− 8πe−βL0

[
β2L3

0

3
+

1

4β
+
L0

2
+
βL2

0

2
+
β2LL′L0

2
+
βLL′

2

]
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×
(
β3

π

)
4πe−βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]}

=
~

2β2

2m
+ e−2βL0

~
2

2m

β3

2

{
32

[
β2L3

0

3
+

1

4β
+
L0

2
+
βL2

0

2
+
β2LL′L0

2
+
βLL′

2

]

×
(
β3

π

)[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]}
. (3.124)

From (3.124), taking the limitL0 → ∞, we obtain

〈Ψ| p2
1

2m
|Ψ〉 6

~
2β2

2m
. (3.125)

By using (3.89) and (3.95), we replace∇1 by∇2, to obtain

〈Ψ| p2
2

2m
|Ψ〉 =

~
2

2m

ˆ

d3r2 d3r1 [∇2Ψ
∗(r)] · [∇2Ψ(r)]

=
~

2

2m

β3

2π

β3

π

ˆ

d3r1 d3r2

×
{
δaa∇2

(
e−β|r1−L1| e−β|r2−L2|) · ∇2

(
e−β|r1−L1| e−β|r2−L2|)

+ δbb∇2

(
e−β|r1−L2| e−β|r2−L1|) · ∇2

(
e−β|r1−L2| e−β|r2−L1|)

−2δab∇2

(
e−β|r1−L2| e−β|r2−L1|) · ∇2

(
e−β|r1−L1| e−β|r2−L2|)}

=
~

2

2m

β3

2π

{
ˆ

d3r2 ∇2 e−β|r2−L2| · ∇2 e−β|r2−L2|

×
ˆ

d3r1

∣∣∣∣
β3/2

√
π

e−β|r1−L1|
∣∣∣∣
2

δaa

+

ˆ

d3r2 ∇2 e−β|r2−L1| · ∇2 e−β|r2−L1|

×
ˆ

d3r1

∣∣∣∣
β3/2

√
π

e−β|r1−L2|
∣∣∣∣
2

δbb



157

− 2 δab

ˆ

d3r2 ∇2 e−β|r2−L1| · ∇2 e−β|r2−L2|

×
(
β3

π

)
ˆ

d3r1

(
e−β|r1−L2|) (e−β|r1−L1|)

}

=
~

2

2m

β3

2π

{
ˆ

d3r2 ∇2 e−β|r2−L2| · ∇2 e−β|r2−L2|

+

ˆ

d3r2 ∇2 e−β|r2−L1| · ∇2 e−β|r2−L1|

− 2 δab

ˆ

d3r2 ∇2 e−β|r2−L1| · ∇2 e−β|r2−L2|

×
(
β3

π

)
ˆ

d3r1

(
e−β|r1−L2|) (e−β|r1−L1|)

}
. (3.126)

By using (3.117), from (3.126), withi = 2 andL2 = L, we obtain

ˆ

d3r2 ∇2 e−β|r2−L2| · ∇2 e−β|r2−L2| =
π

β
. (3.127)

By using (3.117), and from (3.91), withi = 2 andL1 = L, we obtain

ˆ

d3r2 ∇2 e−β|r2−L1| · ∇2 e−β|r2−L1| =
π

β
. (3.128)

By using (3.118) and (3.119), from (3.126), withi = 1, L1 = L andL2 = L′,

we obtain

2

ˆ

d3r2 ∇2e
−β|r2−L1| · ∇2 e−β|r2−L2|

68πe−βL0

[
β2L3

0

3
+

1

4β
+
L0

2
+
βL2

0

2
+
β2LL′L0

2
+
βLL′

2

]
(3.129)

and withi = 1, L1 = L andL2 = L′, we obtain

ˆ

d3r1

(
e−β|r1−L2|) (e−β|r1−L1|) 64πe−βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]
. (3.130)
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By substituting (3.127), (3.128), (3.129) and (3.130) into the right-hand side of

(3.126), we obtain

〈Ψ| p2
2

2m
|Ψ〉

6
~

2

2m

β3

2π

{
π

β
+
π

β
− 8πe−βL0

[
β2L3

0

3
+

1

4β
+
L0

2
+
βL2

0

2
+
β2LL′L0

2
+
βLL′

2

]

×
(
β3

π

)
4πe−βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]}

=
~

2β2

2m
+ e−2βL0

~
2

2m

β3

2

{
32

[
β2L3

0

3
+

1

4β
+
L0

2
+
βL2

0

2
+
β2LL′L0

2
+
βLL′

2

]

×
(
β3

π

)[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]}
. (3.131)

From (3.131), by taking the limitL0 → ∞, we obtain

〈Ψ| p2
2

2m
|Ψ〉 6

~
2β2

2m
. (3.132)

From (3.125) and (3.132), we obtain the expectation value ofkinetic energy of

hydrogen atom fork = N = 2

〈Ψ|
2∑

i=1

p2
i

2m
|Ψ〉 = 〈Ψ| p2

1

2m
|Ψ〉 + 〈Ψ| p2

2

2m
|Ψ〉

62
~

2β2

2m
. (3.133)

From (3.75) and (3.133), we imply that the expectation valueof kinetic energy of hy-

drogen atom fork nuclei withN electrons is

〈Ψ|
N∑

i=1

p2
i

2m
|Ψ〉 = 〈Ψ| p2

1

2m
|Ψ〉 + 〈Ψ| p2

2

2m
|Ψ〉 + . . .+ 〈Ψ| p

2
N

2m
|Ψ〉

6
~

2β2

2m
N. (3.134)
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To obtain the bound of nucleus-electron interaction, we define the vector from

the origin to the nuclei of chargesZi|e| by choosing

Li = Ri. (3.135)

For k > 1, a similar analysis as fork = 2 andN = 2, first substitute into the

second term on the right-hand side of (3.80), to obtain

−〈Ψ|
2∑

i=1

2∑

j=1

Zje
2

|xi − Rj|
|Ψ〉 = − 〈Ψ| Z1e

2

|r1 − L1|
|Ψ〉 − 〈Ψ| Z2e

2

|r2 − L2|
|Ψ〉

− 〈Ψ| Z1e
2

|r2 − L1|
|Ψ〉 − 〈Ψ| Z2e

2

|r1 − L2|
|Ψ〉 . (3.136)

Consider the first term on the right-hand side of the inequality (3.136), to obtain

−〈Ψ| Z1e
2

|r1 − R1|
|Ψ〉 = − 〈Ψ| Z1e

2

|r1 − L1|
|Ψ〉

= − Z1e
2

ˆ

d3r1 d3r2 Ψ∗(r1σ1, r2σ2)
1

|r1 − L1|
Ψ(r1σ1, r2σ2).

(3.137)

Substitute (3.93b), (3.93b), (3.68b) and (3.87) into the inequality (3.137), to obtain

−〈Ψ| Z1e
2

|r1 − R1|
|Ψ〉 = − Z1e

2

ˆ

d3r1 d3r2 Ψ∗(r1σ1, r2σ2)
1

|r1 − L1|
Ψ(r1σ1, r2σ2)

= − Z1e
2β3

π
√

2

β3

π
√

2

ˆ

d3r1 d3r2

×
[
[χ∗

a · χa] e
−β|r1−L1| e−β|r2−L2| e

−β|r1−L1| e−β|r2−L2|

|r1 − L1|

+ [χ∗
b · χb] e

−β|r1−L2| e−β|r2−L1| e
−β|r1−L2| e−β|r2−L1|

|r1 − L1|
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−2 [χ∗
a · χb] e

−β|r2−L1| e−β|r1−L2| e
−β|r2−L2| e−β|r1−L1|

|r1 − L1|

]

= − Z1e
2β3

2π

β3

π

ˆ

d3r1 d3r2
δaa e−2β|r1−L1|

|r1 − L1|
e−β|r2−L2| e−β|r2−L2|

− Z1e
2β3

2π

β3

π

ˆ

d3r1 d3r2
δbbe

−2β|r1−L2|

|r1 − L1|
e−β|r2−L1|e−β|r2−L1|

+

[
Z1e

2β3

π

β3

π

ˆ

d3r1
δabe

−β|r1−L2| e−β|r1−L1|

|r1 − L1|

×
ˆ

d3r2 e−β|r2−L1|e−β|r2−L2|
]

= − Z1e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r1−L1|

|r1 − L1|

∣∣∣∣
β3/2

√
π

e−β|r2−L2|
∣∣∣∣
2

δaa

− Z1e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r1−L2|

|r1 − L1|

∣∣∣∣
β3/2

√
π

e−β|r2−L1|
∣∣∣∣
2

δbb

+

[
Z1e

2β3

π

β3

π
δab

ˆ

d3r1
e−β|r1−L2| e−β|r1−L1|

|r1 − L1|

×
ˆ

d3r2 e−β|r2−L1|e−β|r2−L2|
]
.

= − Z1e
2β3

2π

ˆ

d3r1
e−2β|r1−L1|

|r1 − L1|
− Z1e

2β3

2π

ˆ

d3r1
e−2β|r1−L2|

|r1 − L1|

+ δab

[
Z1e

2β3

π

β3

π

ˆ

d3r1
e−β|r1−L2| e−β|r1−L1|

|r1 − L1|

×
ˆ

d3r2 e−β|r2−L1|e−β|r2−L2|
]
. (3.138)

To obtain above, we introduce the basic following integral for L = L′, and setR =

ri − L

ˆ

d3ri
e−β|ri−L′| e−β|ri−L′|

|ri − L| =

ˆ

d3ri
e−2β|ri−L|

|ri − L|
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=

ˆ

d3R
e−2β|R|

|R|

=

ˆ ∞

0

dR
R2e−2βR

R

ˆ π

0

ˆ 2π

0

dθ sin θdϕ

=(4π)

ˆ ∞

0

dR Re−2βR

=4π

(
e−2βR

−2β

[
R− 1

−2β

])∣∣∣∣
∞

0

=0 − 4π

(
− 1

4β2

)

=
π

β2
(3.139)

and forL 6= L′, we obtain

ˆ

d3ri
e−β|ri−L′| e−β|ri−L′|

|ri − L| =

ˆ

d3ri
e−2β|ri−L′|

|ri − L|

=

ˆ

d3Ri
e−2β|ri−L′|

|Ri|
, Ri = ri − L

=

ˆ

d3Ri
e−2β|Ri+L−L′|

|Ri|
, ri − L′ = Ri + L − L′

=

ˆ

d3Ri
e−2β|Ri+L′

0|

|Ri|
, L′

0 = L + L′

>

ˆ

d3Ri
e−2β|Ri+L′

0|
Ri

=

ˆ ∞

0

dRi Ri e
−2β|Ri+L′

0|
ˆ π

0

ˆ 2π

0

dθ dϕ sin θ

=4π

ˆ ∞

0

dRi Ri e
−2β|Ri+L′

0|

=4πe−2βL′
0

ˆ ∞

0

dRi Ri e
−2βRi
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=4π e−2βL′
0

(
e−2βRi

−2β

[
Ri +

1

2β

]∣∣∣∣
∞

0

)

= − 4π e−2βL′
0

(
1

2β

[
1

2β

])

= − 4π e−2βL′
0

1

4β2

= − e−2βL′
0
π

β2
, |L′

0| = |L − L′| = | − L0|

= − e−2βL0
π

β2
, L′

0 = L0

∴

ˆ

d3ri
e−β|ri−L′| e−β|ri−L′|

|ri − L| >0. (3.140)

which vanishes very rapidly forL0 → ∞.

From the inequality (3.140), we obviously have

−
ˆ

d3ri
e−β|ri−L′| e−β|ri−L′|

|ri − L| <0. (3.141)

for L0 → ∞, to write this as a limit

lim
L0→∞

[
−
ˆ

d3ri
e−β|ri−L′| e−β|ri−L′|

|ri − L|

]
=0. (3.142)

In the other case forL 6= L′

ˆ

d3ri
e−β|ri−L′| e−β|ri−L|

|ri − L| =

ˆ

d3Ri
e−β|Ri|

|Ri|
e−β|ri−L′|, Ri = ri − L

=

ˆ

d3Ri
e−β|Ri|

|Ri|
e−β|Ri+L−L′|, ri − L′ = Ri + L − L′

=

ˆ

d3Ri
e−β|Ri|

|Ri|
e−β|Ri−L0|, L0 = L′ − L. (3.143)
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By using (3.106), applied to the right-hand side of (3.143), we obtain

ˆ

d3ri
e−β|ri−L′| e−β|ri−L|

|ri − L| =

ˆ

d3Ri
e−β|Ri|

|Ri|
e−β|Ri−L0|

6

ˆ

d3Ri
e−β|Ri| e−β|Ri−L0|

|Ri|

=

ˆ ∞

0

ˆ π

0

ˆ 2π

0

dRi dθ dϕR2
i sin θ

e−βRi e−β|Ri−L0|

Ri

=4π

ˆ ∞

0

dRiRi e
−βRi e−β|Ri−L0|

=4π

ˆ L0

0

dRiRi e
−βRi e−β(L0−Ri)

+ 4π

ˆ ∞

L0

dRiRi e
−βRi e−β(Ri−L0)

=4πe−βL0

ˆ L0

0

dRiRi + 4πeβL0

ˆ ∞

L0

dRiRi e
−2βRi

=4πe−βL0
L2

0

2
+ 4π eβL0

(
e−2βRi

−2β

[
Ri +

1

2β

]∣∣∣∣
∞

L0

)

=4πe−βL0
L2

0

2
+ 4π eβL0

(
e−2βL0

2β

[
L0 +

1

2β

])

=4πe−βL0

[
L2

0

2
+
L0

2β
+

1

4β2

]
. (3.144)

From (3.139), (3.142) and (3.144) we can rewrite as

−
ˆ

d3ri
e−2β|ri−L|

|ri − L| = − π

β2
(3.145a)

−
ˆ

d3ri
e−2β|ri−L′|

|ri − L| <0 (3.145b)

ˆ

d3ri
e−β|ri−L′| e−β|ri−L|

|ri − L| 64πe−βL0

[
L2

0

2
+
L0

2β
+

1

4β2

]
. (3.145c)
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By using the integral in (3.145a), withi = 1, L = L1 andri = r1 , as applied to

the first term on the right-hand side of inequality (3.138), with normalized wavefunc-

tion, gives

−Z1e
2β3

2π

ˆ

d3r1
e−2β|r1−L1|

|r1 − L1|
= − Z1e

2β

2
. (3.146)

By using the integration in (3.145b), seti = 1, L = L1, L
′ = L2 andri = r1 , as

applied to the second term on the right-hand side of inequality (3.138), with normalized

wavefunction, forL0 → ∞, we obtain

−Z1e
2β3

2π

ˆ

d3r1
e−2β|r1−L2|

|r1 − L1|
=
Z1e

2β3

2π

(
−
ˆ

d3r1
e−2β|r1−L2|

|r1 − L1|

)

<
Z1e

2β3

2π
(0)

=0. (3.147)

We also have the following obvious inequality

−Z1e
2β3

2π

ˆ

d3r1
e−2β|r1−L2|

|r1 − L1|
60. (3.148)

By using (3.119), withi = 2, ri = r2, L = L1 andL′ = L2, as applied to the

third term on the right-hand side of (3.138), we obtain

ˆ

d3r2 e−β|r2−L1|e−β|r2−L2| <4πe−βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]
(3.149)

and by using (3.145c), withi = 1, ri = r1, L = L1 andL′ = L2, as applied to the third

term on the right-hand side of (3.138), we obtain

ˆ

d3r1
e−β|r1−L2| e−β|r1−L1|

|r1 − L1|
64πe−βL0

[
L2

0

2
+
L0

2β
+

1

4β2

]
. (3.150)
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Substitute (3.149) and (3.150) into the third term on the right-hand side of (3.138), we

obtain

Z1e
2β3

π

β3

π

ˆ

d3r1
e−β|r1−L2| e−β|r1−L1|

|r1 − L1|

ˆ

d3r2 e−β|r2−L1|e−β|r2−L2|

616Z1e
2β3e−2βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

] [
L2

0

2
+
L0

2β
+

1

4β2

]
. (3.151)

By substituting (3.146), (3.148) and (3.151) into the right-hand side of (3.138),

we obtain

−〈Ψ| Z1e
2

|r1 − R1|
|Ψ〉 6 − Z1e

2β

2
+ 0

+ 16Z1e
2β3 δab e−2βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]

×
[
L2

0

2
+
L0

2β
+

1

4β2

]
. (3.152)

From (3.152), by taking the limitL0 → ∞ we may write

−〈Ψ| Z1e
2

|r1 − R1|
|Ψ〉 6 − Z1e

2β

2
. (3.153)

By referring (3.138), consider the second term on the right-hand side of (3.136),

to obtain

−〈Ψ| Z2e
2

|r2 − R2|
|Ψ〉 = − Z2e

2β3

2π

ˆ

d3r1 d3r2
e−2β|r2−L2|

|r2 − L2|

∣∣∣∣
β3/2

√
π

e−β|r1−L1|
∣∣∣∣
2

δaa

− Z2e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r2−L1|

|r2 − L2|

∣∣∣∣
β3/2

√
π

e−β|r1−L2|
∣∣∣∣
2

δbb

+ δab

[
Z2e

2β3

π

β3

π

ˆ

d3r2
e−β|r2−L1|e−β|r2−L2|

|r2 − L2|
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×
ˆ

d3r1 e−β|r1−L2| e−β|r1−L1|
]
. (3.154)

By using the integration in (3.145a), withi = 2, L = L2 and ri = r2 , as

applied to the first term on the right-hand side of inequality(3.154), with normalized

wavefunction, we obtain

−Z2e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r2−L2|

|r2 − L2|

∣∣∣∣
β3/2

√
π

e−β|r1−L1|
∣∣∣∣
2

δaa

= − Z2e
2β3

2π

ˆ

d3r2
e−2β|r2−L2|

|r2 − L2|

= − Z2e
2β3

2π

π

β2

= − Z2e
2β

2
. (3.155)

From (3.155), we obtain

−Z2e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r2−L2|

|r2 − L2|

∣∣∣∣
β3/2

√
π

e−β|r1−L1|
∣∣∣∣
2

δaa = − Z2e
2β

2
. (3.156)

By using the integration in (3.145b), withi = 2, L = L2, L′ = L1 andri =

r2 , as applied to the second term on the right-hand side of inequality (3.154), with

normalized wavefunction, we obtain

−Z2e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r2−L1|

|r2 − L2|

∣∣∣∣
β3/2

√
π

e−β|r1−L2|
∣∣∣∣
2

δbb

= − Z2e
2β3

2π

ˆ

d3r2
e−2β|r2−L1|

|r2 − L2|

=
Z2e

2β3

2π

(
−
ˆ

d3r2
e−2β|r2−L1|

|r2 − L2|

)

6
Z2e

2β3

2π
(0)
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=0. (3.157)

From (3.157), we obtain the inequality

−Z2e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r2−L1|

|r2 − L2|

∣∣∣∣
β3/2

√
π

e−β|r1−L2|
∣∣∣∣
2

δbb 60. (3.158)

By using (3.119), withi = 1, ri = r1, L = L1 andL′ = L2, as applied to the

third term on the right-hand side of (3.154), we obtain

ˆ

d3r1 e−β|r1−L2| e−β|r1−L1| 64πe−βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]
(3.159)

and by using (3.145c), seti = 2, r2 = ri, L = L1 andL′ = L2, then apply to the third

term on the right-hand side of (3.154), we obtain

ˆ

d3r2
e−β|r2−L1|e−β|r2−L2|

|r2 − L2|
64πe−βL0

[
L2

0

2
+
L0

2β
+

1

4β2

]
. (3.160)

Substitute (3.159) and (3.160) into the third term on the right-hand side of (3.154), to

obtain

Z2e
2β3

π

β3

π

ˆ

d3r2
e−β|r2−L1|e−β|r2−L2|

|r2 − L2|

ˆ

d3r1 e−β|r1−L2| e−β|r1−L1|

616Z2e
2β3e−2βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

] [
L2

0

2
+
L0

2β
+

1

4β2

]
.

(3.161)

By substituting (3.156), (3.158) and (3.161) into the right-hand side of (3.154), we

obtain

−〈Ψ| Z2e
2

|r2 − R2|
|Ψ〉

6 −Z2e
2β

2
+ 0
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+ δab16Z2e
2β3e−2βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

] [
L2

0

2
+
L0

2β
+

1

4β2

]
. (3.162)

From (3.162), by taking the limitL0 → ∞, we have the inequality

−〈Ψ| Z2e
2

|r2 − R2|
|Ψ〉 6 − Z2e

2β

2
. (3.163)

By referring (3.137)–(3.153), consider the third term on theright-hand side of

(3.136), to obtain

−〈Ψ| Z1e
2

|r2 − R1|
|Ψ〉 = − Z1e

2β3

2π

ˆ

d3r1 d3r2
e−2β|r2−L2|

|r2 − L1|

∣∣∣∣
β3/2

√
π

e−β|r1−L1|
∣∣∣∣
2

δaa

− Z1e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r2−L1|

|r2 − L1|

∣∣∣∣
β3/2

√
π

e−β|r1−L2|
∣∣∣∣
2

δbb

+ δab

[
Z1e

2β3

π

β3

π

ˆ

d3r2
e−β|r2−L1|e−β|r2−L2|

|r2 − L1|

×
ˆ

d3r1 e−β|r1−L2| e−β|r1−L1|
]
. (3.164)

By using the integration in (3.145b), withi = 2, L = L2, L′ = L1 andri = r2 , as

applied to the first term on the right-hand side of inequality(3.164), with normalized

wavefunction, we obtain

−Z1e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r2−L2|

|r2 − L1|

∣∣∣∣
β3/2

√
π

e−β|r1−L1|
∣∣∣∣
2

δaa

= − Z1e
2β3

2π

ˆ

d3r2
e−2β|r2−L2|

|r2 − L1|

=
Z1e

2β3

2π

(
−
ˆ

d3r2
e−2β|r2−L2|

|r2 − L1|

)

6
Z1e

2β3

2π
(0)
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=0. (3.165)

From (3.165), we obtain the inequality

−Z1e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r2−L2|

|r2 − L1|

∣∣∣∣
β3/2

√
π

e−β|r1−L1|
∣∣∣∣
2

δaa 60. (3.166)

By using the integration in (3.145a), withi = 2, L = L1 and ri = r2 , as

applied to the second term on the right-hand side of inequality (3.164), with normalized

wavefunction, we obtain

−Z1e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r2−L1|

|r2 − L1|

∣∣∣∣
β3/2

√
π

e−β|r1−L2|
∣∣∣∣
2

δbb

= − Z1e
2β3

2π

ˆ

d3r2
e−2β|r2−L1|

|r2 − L1|

= − Z1e
2β3

2π

π

β2

= − Z1e
2β

2
. (3.167)

From (3.167), we obtain

−Z1e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r2−L1|

|r2 − L1|

∣∣∣∣
β3/2

√
π

e−β|r1−L2|
∣∣∣∣
2

δbb = − Z1e
2β

2
. (3.168)

By using (3.119), withi = 1, ri = r1, L = L1 andL′ = L2, as applied to the

third term on the right-hand side of (3.164), we obtain

ˆ

d3r1 e−β|r1−L2| e−β|r1−L1| 64πe−βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]
(3.169)

and by using (3.145c), withi = 2, ri = r2, L = L1 andL′ = L2, as applied to the third
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term on the right-hand side of (3.164), we obtain

ˆ

d3r2
e−β|r2−L1|e−β|r2−L2|

|r2 − L1|
64πe−βL0

[
L2

0

2
+
L0

2β
+

1

4β2

]
. (3.170)

Substitute (3.169) and (3.170) into the third term on the right-hand side of (3.164), to

obtain

Z1e
2β3

π

β3

π

ˆ

d3r2
e−β|r2−L1|e−β|r2−L2|

|r2 − L1|

ˆ

d3r1 e−β|r1−L2| e−β|r1−L1|

6δab 16Z1e
2β3e−2βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

] [
L2

0

2
+
L0

2β
+

1

4β2

]
.

(3.171)

By substituting (3.166), (3.168) and (3.171) into the right-hand side of (3.164),

we obtain

−〈Ψ| Z1e
2

|r2 − R1|
|Ψ〉

6 −Z1e
2β

2
+ 0

+ 16Z1e
2β3e−2βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

] [
L2

0

2
+
L0

2β
+

1

4β2

]
. (3.172)

From (3.172), by taking the limitL0 → ∞, we have

−〈Ψ| Z1e
2

|r2 − R1|
|Ψ〉 6 − Z1e

2β

2
. (3.173)

By referring (3.137)–(3.153), consider the fourth term on the right-hand side of

(3.136), to obtain

−〈Ψ| Z2e
2

|r1 − R2|
|Ψ〉 = − Z2e

2β3

2π

ˆ

d3r1 d3r2
e−2β|r1−L1|

|r1 − L2|

∣∣∣∣
β3/2

√
π

e−β|r2−L2|
∣∣∣∣
2

δaa
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− Z2e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r1−L2|

|r1 − L2|

∣∣∣∣
β3/2

√
π

e−β|r2−L1|
∣∣∣∣
2

δbb

+ δab

[
Z2e

2β3

π

β3

π

ˆ

d3r1
e−β|r1−L2|e−β|r1−L1|

|r1 − L2|

×
ˆ

d3r2 e−β|r2−L1| e−β|r2−L2|
]
. (3.174)

By using the integration in (3.145b), withi = 1, L = L2, L′ = L1 andri = r1 , as

applied to the first term on the right-hand side of inequality(3.164), with normalized

wavefunction, we obtain

−Z2e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r1−L1|

|r1 − L2|

∣∣∣∣
β3/2

√
π

e−β|r2−L2|
∣∣∣∣
2

δaa

= − Z2e
2β3

2π

ˆ

d3r1
e−2β|r1−L1|

|r1 − L2|

=
Z2e

2β3

2π

(
−
ˆ

d3r1
e−2β|r1−L1|

|r1 − L2|

)

6
Z2e

2β3

2π
(0)

=0. (3.175)

We also have the following obvious inequality

−Z2e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r1−L1|

|r1 − L2|

∣∣∣∣
β3/2

√
π

e−β|r2−L2|
∣∣∣∣
2

δaa 60. (3.176)

By using the integration in (3.145a), withi = 1, L = L1 and ri = r1 , as

applied to the second term on the right-hand side of inequality (3.174), with normalized

wavefunction, we obtain

−Z2e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r1−L2|

|r1 − L2|

∣∣∣∣
β3/2

√
π

e−β|r2−L1|
∣∣∣∣
2

δbb
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= − Z2e
2β3

2π

ˆ

d3r1
e−2β|r1−L2|

|r1 − L2|

= − Z2e
2β3

2π

π

β2

= − Z2e
2β

2
. (3.177)

From (3.177), we obtain

−Z2e
2β3

2π

ˆ

d3r1 d3r2
e−2β|r1−L2|

|r1 − L2|

∣∣∣∣
β3/2

√
π

e−β|r2−L1|
∣∣∣∣
2

δbb = − Z2e
2β

2
. (3.178)

By using (3.119), withi = 2, ri = r2, L = L1 andL′ = L2, as applied to the third term

on the right-hand side of (3.174), we obtain

ˆ

d3r2 e−β|r2−L1| e−β|r2−L2| 64πe−βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]
. (3.179)

and by using (3.145c), withi = 1, ri = r1, L = L1 andL′ = L2, as applied to the third

term on the right-hand side of (3.174), we obtain

ˆ

d3r1
e−β|r1−L2|e−β|r1−L1|

|r1 − L2|
64πe−βL0

[
L2

0

2
+
L0

2β
+

1

4β2

]
. (3.180)

Substitute (3.179) and (3.180) into the third term on the right-hand side of (3.174), to

obtain

Z2e
2β3

π

β3

π

ˆ

d3r1
e−β|r1−L2|e−β|r1−L1|

|r1 − L2|

ˆ

d3r2 e−β|r2−L1| e−β|r2−L2|

6δab 16Z2e
2β3e−2βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

] [
L2

0

2
+
L0

2β
+

1

4β2

]
.

(3.181)

By substituting (3.176), (3.178) and (3.181) into the right-hand side of (3.174), we
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obtain

−〈Ψ| Z2e
2

|r1 − R2|
|Ψ〉

6 −Z2e
2β

2
+ 0

+ 16Z2e
2β3e−2βL0

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

] [
L2

0

2
+
L0

2β
+

1

4β2

]
. (3.182)

From (3.182), by taking the limitL0 → ∞, we have

−〈Ψ| Z2e
2

|r1 − R2|
|Ψ〉 6 − Z2e

2β

2
. (3.183)

By substituting (3.153) and (3.163) into the right-hand sideof (3.136), we obtain

−〈Ψ|
2∑

i=1

2∑

j=1

Zje
2

|xi − Rj|
|Ψ〉 6 − Z1e

2β

2
− Z2e

2β

2
− Z1e

2β

2
− Z2e

2β

2

= −
2∑

j=i

Zje
2β , k = 2

= − 2 e2β , Zj = 1. (3.184)

From (3.184), we obtain the following bound for the expectation value of the nucleus-

electron interaction for the hydrogen atom

−〈Ψ|
2∑

i=1

2∑

j=1

Zje
2

|xi − Rj|
|Ψ〉 6 −2 e2β. (3.185)

From (3.77) and (3.185), have the following bound for the expectation value of

the nucleus-electron interaction fork hydrogen atoms as

−〈Ψ|
N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|
|Ψ〉 = −

k∑

j=i

Zje
2β
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= − e2βN (3.186)

where

k∑

j=i

Zj = N. (3.187)

Consider the third term on the right-hand side of (3.80), the expectation value of

electron-electron interaction fork = 2 hydrogen nuclei, we obtain

〈Ψ| e2

|r1 − r2|
|Ψ〉 =e2

ˆ

d3r1 d3r2 Ψ∗(r1σ1, r2σ2)
1

|r1 − r2|
Ψ(r1σ1, r2σ2)

=
e2β3

π
√

2

β3

π
√

2

×
ˆ

d3r1 d3r2

[
δaa e−β|r1−L1| e−β|r2−L2| e

−β|r1−L1| e−β|r2−L2|

|r1 − r2|

+ δbb e−β|r1−L2| e−β|r2−L1| e
−β|r1−L2| e−β|r2−L1|

|r1 − r2|

−2 δab e−β|r2−L1| e−β|r1−L2| e
−β|r2−L2| e−β|r1−L1|

|r1 − r2|

]

=δaa
e2β3

2π

β3

π

ˆ

d3r1 d3r2
e−2β|r1−L1|

|r1 − r2|
e−2β|r2−L2|

+ δbb
e2β3

2π

β3

π

ˆ

d3r1 d3r2
e−2β|r1−L2|

|r1 − r2|
e−2β|r2−L1|

− δab

[
e2β3

π

β3

π

ˆ

d3r1
e−β|r1−L2| e−β|r1−L1|

|r1 − r2|

×
ˆ

d3r2 e−β|r2−L1|e−β|r2−L2|
]

=δaa
e2β3

2π

β3

π

ˆ

d3r2 e−2β|r2−L2|
ˆ

d3r1
e−2β|r1−L1|

|r1 − r2|
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+ δbb
e2β3

2π

β3

π

ˆ

d3r2 e−2β|r2−L1|
ˆ

d3r1
e−2β|r1−L2|

|r1 − r2|

− δab

[
e2β3

π

β3

π

ˆ

d3r2 e−β|r2−L1|e−β|r2−L2|

×
ˆ

d3r1
e−β|r1−L2| e−β|r1−L1|

|r1 − r2|

]
. (3.188)

To evaluate (3.188), we introduce following variables :

R =r − L, (3.189a)

R′ =r′ − L′, (3.189b)

L0 =L′ − L, (3.189c)

L′
0 =L − L′, (3.189d)

to obtain

ˆ

d3r
e−2β|r−L|

|r − r′| =

ˆ

d3R
e−2β|R|

|R + L − R′ − L′|

=

ˆ

d3R
e−2β|R|

|R − R′ − L0|

=

ˆ

d3R
e−2β|R|

|R − (R′ + L0)|

=

ˆ

d3R e−2β|R|
∞∑

ℓ=0

(
R<

R>

)ℓ
1

R>

Pℓ(cos θ)

=

ˆ ∞

0

dR
R2

R>

e−2β|R|
ˆ

dΩ
∞∑

ℓ=0

(
R<

R>

)ℓ

Pℓ(cos θ)

=4π

ˆ ∞

0

dR
R2

R>

e−2β|R|
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=4π

ˆ R′+L0

0

dR
R2

R′ + L0

e−2βR + 4π

ˆ ∞

R′+L0

dR
R2

R
e−2βR

=
4π

R′ + L0

ˆ R′+L0

0

dRR2 e−2βR + 4π

ˆ ∞

R′+L0

dRR e−2βR

=
4π

R′ + L0

∂2

∂u2

ˆ R′+L0

0

dR e−uR

+ 4π

ˆ ∞

R′+L0

dRR e−uR , u = 2β (3.190)

where

1

|Ri − (R′ + L0)|
=

∞∑

ℓ=0

(
Ri<

Ri>

)ℓ
1

Ri>

Pℓ(cos θ), (3.191a)

R> = max(R,R′ + L0), (3.191b)

ˆ

dΩPℓ(cos θ) =4πδℓ0. (3.191c)

Consider the first term on the right-hand side of (3.190), we obtain

∂2

∂u2

ˆ R′+L0

0

dR e−uR =
∂2

∂u2

[
−e−uR

u

∣∣∣∣
R′+L0

0

]

= − ∂2

∂u2

[
e−u(R′+L0)

u
− 1

u

]
. (3.192)

Since, taking the limitL0 → 0 we have for(3.192)

∂2

∂u2

ˆ R′+L0

0

dR e−uR =
2

u
=

1

β
. (3.193)

Now consider the second term on the right-hand side of (3.190), to obtain

ˆ ∞

R′+L0

dRR e−2βR =

(
−e−2βR

2β

[
R +

1

2β

])∣∣∣∣
∞

R′+L0
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=0 −
(
−e−2β(R′+L0)

2β

[
(R′ + L0) +

1

2β

])

=
e−2β(R′+L0)

2β

[
(R′ + L0) +

1

2β

]

=
(R′ + L0) e−2β(R′+L0)

2β
+

e−2β(R′+L0)

4β2
. (3.194)

Substitute (3.192) and (3.193) into the right-hand side of (3.190), forL0 → ∞ , to

obtain

ˆ

d3r
e−2β|r−L|

|r − r′| =
4π

R′ + L0

∂2

∂u2

ˆ R′+L0

0

dR e−uR

+ 4π

ˆ ∞

R′+L0

dRR e−2βR

=
4π

β

1

R′ + L0

+ 4π

[
(R′ + L0) e−2β(R′+L0)

2β
+

e−2β(R′+L0)

4β2

]
.

(3.195)

By using (3.189) and the integration from (3.194), forL0 → ∞, we obtain

ˆ

d3r′ e−2β|r′−L′|
ˆ

d3r
e−2β|r−L|

|r − r′|

=

ˆ

d3R′ e−2β|R′|
ˆ

d3r
e−2β|r−L|

|r − r′|

=
4π

β

ˆ

d3R′ e−2β|R′| 1

R′ + L0

+ 4π

ˆ

d3R′ e−2β|R′|
[
(R′ + L0) e−2β(R′+L0)

2β
+

−e2β(R′+L0)

4β2

]

=
4π

β

ˆ

d3R′ e−2β|R′|

R′ + L0
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+ 4πe−2βL0

ˆ

d3R′ e−2β|R′|
[
(R′ + L0) e−2βR′

2β
+

e−2βR′

4β2

]
.

(3.196)

ForL0 → ∞, we can rewrite (3.196) as

ˆ

d3r′ e−2β|r′−L′|
ˆ

d3r
e−2β|r−L|

|r − r′| =
4π

β

ˆ

d3R′ e−2β|R′|

R′ + L0

=
4π

β

ˆ ∞

0

dR′ R′2

R′ + L0

e−2βR′

ˆ

dΩ

=
16π2

β

ˆ ∞

0

dR′ R′2

R′ + L0

e−2βR′

=0 (3.197)

for L0 → ∞.

From (3.196), withL0 → ∞, we obtain

ˆ

d3r′ e−2β|r′−L′|
ˆ

d3r
e−2β|r−L|

|r − r′| =0. (3.198)

In the other case, letR′ = (r′ − L)

ˆ

d3r′ e−2β|r′−L|
ˆ

d3r
e−2β|r−L′|

|r − r′|

=

ˆ

d3R′ e−2β|R′|
ˆ

d3r
e−2β|r−L′|

|r − R′ − L|

=

ˆ

d3R′ e−2β|R′|
ˆ

d3r
e−2β|r−L′|

|(r − L) − R′|

=

ˆ

d3r e−2β|r−L′|
ˆ

d3R′ e−2β|R′|

|R′ − A| (3.199)

with settingA = r − L.
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Consider the second term on the integral right-hand side of (3.199), to obtain

ˆ

d3R′ e−2β|R′|

|R′ − A| =

ˆ ∞

0

dR′R′2e−2βR′

ˆ

dΩ
∞∑

ℓ=0

(
R′

<

R′
>

)ℓ
1

R′
>

Pℓ(cos θ)

=4π

ˆ ∞

0

dR′ e−2βR′R′2

R′
>

=
4π

A

ˆ A

0

dR′R′2e−2βR′

+ 4π

ˆ ∞

A

dR′R′e−2βR′

=
4π

A

∂2

∂u2

ˆ A

0

dR′ euR′

+ 4π
∂

∂u

ˆ ∞

A

dR′ euR′

, u = −2β

=
4π

A

euR′

u

(
R′2 − 2R′

u
+

2

u2

)∣∣∣∣
A

0

+ 4π
euR′

u

(
R′ − 1

u2

)∣∣∣∣
∞

A

=
4π

A

[
euA

u

(
A2 − 2A

u
+

2

u2

)
− 2

u3

]

+ 4π

[
0 − euA

u

(
A− 1

u2

)]

=
4π

A

[
euA

u

(
A2 − 2A

u
+

2

u2

)
− 2

u3

]

− 4π
euA

u

(
A− 1

u2

)

=
4π

A

2

8β3
− 4π

A

[
e−2βA

2β

(
A2 +

2A

2β
+

2

4β2

)]

+ 4π
e−2βA

2β

(
A+

1

4β2

)

=
4π

A

2

8β3
− 4πe−2βA

2β

[
1

A

(
A2 +

A

β
+

2

4β2

)]

+
4πe−2βA

2β

(
A+

1

4β2

)

=
4π

A

2

8β3
− 4πe−2βA

2β

{(
A+

1

β
+

1

2Aβ2

)
+

(
A+

1

4β2

)}
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6
π

β3

1

A
(3.200)

substituteA = |r − L| into the right-hand side of inequality (3.200), to obtain the

inequality

ˆ

d3R′ e−2β|R′|

|R′ − (r − L)| 6
π

β3

1

|r − L| (3.201)

substitute (3.201) into (3.199), to obtain

ˆ

d3r′ e−2β|r′−L|
ˆ

d3r
e−2β|r−L′|

|r − r′|

6
π

β3

ˆ

d3r e−2β|r−L′| 1

|r − L|

=
π

β3

ˆ

d3R e−2β|R| 1

|R + L′ − L| ,R = r − L′

=
π

β3

ˆ

d3R e−2β|R| 1

|R − (L − L′)|

=
π

β3

ˆ

d3R e−2β|R| 1

|R − L′
0|

,L′
0 = L − L′

=
π

β3

ˆ ∞

0

dRR2 e−2β|R|
ˆ

dΩ
∞∑

ℓ=0

(
R<

R>

)ℓ
1

R>

Pℓ(cos θ)

=
4π2

β3

ˆ ∞

0

dR
R2

R>

e−2βR

=
4π2

L′
0β

3

ˆ L′
0

0

dRR2 e−2βR +
4π2

β3

ˆ ∞

L′
0

dRR e−2βR

=
4π2

L′
0β

3

∂2

∂u2

ˆ L′
0

0

dR′ euR′

+
4π2

β3

∂

∂u

ˆ ∞

L′
0

dR′ euR′

, u = −2β

=
4π2

L′
0β

3

euR′

u

(
R′2 − 2R′

u
+

2

u2

)∣∣∣∣
L′

0

0

+
4π2

β3

euR′

u

(
R′ − 1

u2

)∣∣∣∣
∞

L′
0
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=
4π2

L′
0β

3

[
euL′

0

u

(
L′

0
2 − 2L′

0

u
+

2

u2

)
− 2

u3

]
+

4π2

β3

[
0 − euL′

0

u

(
L′

0 −
1

u2

)]

=
4π2

L′
0β

3

[
euL′

0

u

(
L′

0
2 − 2L′

0

u
+

2

u2

)
− 2

u3

]
− 4π2

β3

euL′
0

u

(
L′

0 −
1

u2

)

=
π2

L′
0β

6
− 4π2

L′
0β

3

[
e−2βL′

0

2β

(
L′

0
2
+

2L′
0

2β
+

2

4β2

)]
+

4π2

β3

e−2βL′
0

2β

(
L′

0 +
1

4β2

)

=
π2

L′
0β

6
− 2π2 e−2βL′

0

β4

[
1

L′
0

(
L′

0
2
+
L′

0

β
+

2

4β2

)]
+

2π2 e−2βL′
0

β4

(
L′

0 +
1

4β2

)

=
π2

L′
0β

6
− 2π2 e−2βL′

0

β4

{(
L′

0 +
1

β
+

1

2L′
0β

2

)
+

(
L′

0 +
1

4β2

)}

6
π2

L′
0β

6
(3.202)

from (3.202), by taking the limitL′
0 → ∞, we obtain

lim
L0→∞

[
ˆ

d3r′ e−2β|r′−L|
ˆ

d3r
e−2β|r−L′|

|r − r′|

]
=0. (3.203)

To obtain third term on the right-hand side of (3.188), consider the integral tech-

nic,

ˆ

d3r
e−β|r−L′| e−β|r−L|

|r − r′|

=

ˆ

d3R
e−β|R+L−L′| e−β|R|

|R − (r′ − L)| ,R = r − L

=

ˆ

d3R
e−β|R+L′

0| e−β|R|

|R − (r′ − L)| ,L′
0 = L − L′

>

ˆ

d3R
e−β|R+L′

0| e−β|R|

|R − B| ,B = r′ − L

=

ˆ

d3R
e−β(R+L′

0) e−βR

|R − B| ,
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=e−βL′
0

ˆ ∞

0

dRR2e−2βR

ˆ

dΩ
∞∑

ℓ=0

(
R<

R>

)ℓ
1

R>

Pℓ(cos θ)

=4π e−βL′
0

ˆ ∞

0

dR e−2βR R
2

R>

=
4π e−βL′

0

B

ˆ B

0

dRR2e−2βR + 4π e−βL′
0

ˆ ∞

B

dRRe−2βR

=
4π e−βL′

0

B

∂2

∂u2

ˆ B

0

dR euR + 4π e−βL′
0
∂

∂u

ˆ ∞

B

dR euR , u = −2β

=
4π e−βL′

0

B

euR

u

(
R2 − 2R

u
+

2

u2

)∣∣∣∣
B

0

+ 4π e−βL′
0

euR

u

(
R− 1

u2

)∣∣∣∣
∞

B

=
4π e−βL′

0

B

[
euB

u

(
B2 − 2B

u
+

2

u2

)
− 2

u3

]

− 4π e−βL′
0
euB

u

(
B − 1

u2

)

=
4π e−βL′

0

B

2

8β3
− 4π e−βL′

0

B

[
e−2βB

2β

(
B2 +

2B

2β
+

2

4β2

)]

+ 4π e−βL′
0
e−2βB

2β

(
B +

1

4β2

)

=
4π e−βL′

0

B

2

8β3
− 4π e−βL′

0 e−2βB

2β

[
1

B

(
B2 +

B

β
+

2

4β2

)]

+
4π e−βL′

0 e−2βB

2β

(
B +

1

4β2

)

=
4π e−βL′

0

B

2

8β3
− 4π e−βL′

0e−2βB

2β

{(
B +

1

β
+

1

2Bβ2

)
+

(
B +

1

4β2

)}

> − 4π e−βL′
0e−2βB

2β

{(
2B +

1

β
+

1

2Bβ2
+

1

4β2

)}
(3.204)
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where

|(R + L) − r′| = |r′ − (R + L)| (3.205)

Accordingly,

−
ˆ

d3r
e−β|r−L′| e−β|r−L|

|r − r′| 6
4π e−βL′

0e−2βB

2β

(
2B +

1

β
+

1

2Bβ2
+

1

4β2

)
. (3.206)

By using the inequality in (3.206) withB = |r′ − L|, we obtain

−
ˆ

d3r′ e−β|r′−L|e−β|r′−L′|
ˆ

d3r
e−β|r−L′| e−β|r−L|

|r − r′|

6

ˆ

d3r′ e−β|r′−L|e−β|r′−L′|
[
4π e−βL′

0e−2βB

2β

(
2B +

1

β
+

1

2Bβ2
+

1

4β2

)]

=
4π e−βL′

0

2β

ˆ

d3r′ e−β|r′−L|e−β|r′−L′|
[
e−2βB

(
2B +

1

β
+

1

2Bβ2
+

1

4β2

)]

=
4π e−βL′

0

2β

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′|
[
2|r′ − L| + 1

β
+

1

2|r′ − L|β2
+

1

4β2

]

=
8π e−βL′

0

2β

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′||r′ − L|

+
4π e−βL′

0

2β2

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′|

+
π e−βL′

0

β3

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′| 1

|r′ − L|

+
π e−βL′

0

2β3

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′|. (3.207)

Consider the first term on the right-hand side of inequality (3.207), and letR′ = r′−L,

to obtain

8π e−βL′
0

2β

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′||r′ − L|
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=
8π e−βL′

0

2β

ˆ

d3R′ |R′| e−2β|R′|e−β|R′−L0|

=
8π e−βL′

0

2β

ˆ ∞

0

ˆ π

0

ˆ 2π

0

dR′ dθ dϕR′3 sin θ e−2βR′

e−β
√

R′2+L2
0−2R′L0 cos θ

6
8π e−βL′

0

2β

ˆ ∞

0

ˆ π

0

ˆ 2π

0

dR′ dθ dϕR′3 sin θ e−2βR′

e−β
√

R′2+L2
0−2R′L0

=
8π e−βL′

0

2β

ˆ ∞

0

ˆ π

0

ˆ 2π

0

dR′ dθ dϕR′3 sin θ e−2βR′

e−β|R′−L0|

=
32π2 e−βL′

0

2β

ˆ ∞

0

dR′R′3 e−2βR′

e−β|R′−L0|

=
32π2 e−βL′

0

2β

ˆ L0

0

dR′R′3 e−2βR′

e−β(L0−R′)

+
32π2 e−βL′

0

2β

ˆ ∞

L0

dR′R′3 e−2βR′

e−β(R′−L0)

=
32π2 e−β(L′

0+L0)

2β

ˆ L0

0

dR′R′3 e−βR′

+
32π2 e−β(L′

0−L0)

2β

ˆ ∞

L0

dR′R′3 e−3βR′

=
32π2 e−2βL0

2β

ˆ L0

0

dR′R′3 e−βR′

+
32π2

2β

ˆ ∞

L0

dR′R′3 e−3βR′

= − 32π2 e−2βL0

2β

[
e−βR′

(
6 + 6βR′ + 3β2R′2 + β3R′3

β4

)]L0

0

− 32π2

2β

[
e−3βR′

(
2 + 6βR′ + 9β2R′2 + 9β3R′3

27β4

)]∞

L0

= − 32π2 e−2βL0

2β

[
e−βL0

(
6 + 6βL0 + 3β2L2

0 + β3L3
0

β4

)
− 6

β4

]

=
32π2 e−2βL0

2β

6

β4
− 32π2 e−3βL0

2β

(
6 + 6βL0 + 3β2L2

0 + β3L3
0

β4

)

+
32π2e−3βL0

2β

(
2 + 6βL0 + 9β2L2

0 + 9β3L3
0

27β4

)
(3.208)
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whereL′
0,L0 defined from (3.189) i.e,

L′
0 = − L0, (3.209a)

L′
0 =|L′

0| = | − L0| = |L0| = L0. (3.209b)

From (3.208), we obtain the inequality

8π e−βL′
0

2β

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′||r′ − L|

6
32π2 e−2βL0

2β

6

β4
− 32π2 e−3βL0

2β

(
6 + 6βL0 + 3β2L2

0 + β3L3
0

β4

)

+
32π2e−3βL0

2β

(
2 + 6βL0 + 9β2L2

0 + 9β3L3
0

27β4

)
(3.210)

and forL0 → ∞, we have the limit

lim
L0→∞

[
8π e−βL′

0

2β

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′||r′ − L|
]

=0. (3.211)

Consider the second term on the right-hand side of inequality(3.207), letR′ =

r′ − L, we obtain

4π e−βL′
0

2β2

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′|

=
4π e−βL′

0

2β2

ˆ

d3R′ e−2β|R′|e−β|R′−(L′−L)|

=
4π e−βL′

0

2β2

ˆ

d3R′ e−2β|R′|e−β|R′−L0| ,L0 = L′ − L

=
4π e−βL′

0

2β2

ˆ ∞

0

ˆ π

0

ˆ 2π

0

dR′ dθ dϕR′2 sin θ e−2βR′

e−β
√

R′2+L2
0−2R′L0 cos θ

6
4π e−βL′

0

2β2

ˆ ∞

0

ˆ π

0

ˆ 2π

0

dR′ dθ dϕR′2 sin θ e−2βR′

e−β
√

R′2+L2
0−2R′L0
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=
16π2 e−βL′

0

2β2

ˆ ∞

0

dR′R′2 e−βR′

e−β|R′−L0|

=
16π2 e−βL′

0

2β2

ˆ L0

0

dR′R′2 e−βR′

e−β(L0−R′)

+
16π2 e−βL′

0

2β2

ˆ ∞

L0

dR′R′2 e−βR′

e−β(R′−L0)

=
16π2 e−β(L′

0+L0)

2β2

ˆ L0

0

dR′R′2 +
16π2 e−β(L′

0−L0)

2β2

ˆ ∞

L0

dR′R′2 e−2βR′

=
16π2 e−2βL0

2β2

ˆ L0

0

dR′R′2 +
16π2

2β2

ˆ ∞

L0

dR′R′2 e−2βR′

, L′
0 = L0

=
16π2 e−2βL0

2β2

[
R′3

3

]L0

0

− 16π2

2β2

[
e−2βR′ (

1 + 2βR′ + 2β2R′2)]∞
L0

=
16π2 e−2βL0

2β2

L3
0

2
+

16π2 e−2βL0

2β2

[
1

β3
+

L0

2β2
+
L2

0

2β

]

=e−2βL0
16π2

2β2

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]
. (3.212)

From (3.212), we obtain the inequality

4π e−βL′
0

2β2

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′| 6e−2βL0
16π2

2β2

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]
(3.213)

and forL0 → ∞, we have the limit

lim
L′

0→∞

[
4π e−βL′

0

2β2

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′|
]

=0. (3.214)

Consider the third term on the right-hand side of inequality (3.207), letR′ =

r′ − L, to obtain

π e−βL′
0

β3

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′| 1

|r′ − L|
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6e−2βL0

{
4π2

β5
− 4π2 e−βL0 (1 + 2βL0)

β5
+

4π2 e−βL0 (1 + 3βL0)

9β5

}
(3.215)

and forL0 → ∞, we have the limit

lim
L0→∞

[
π e−βL′

0

β3

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′| 1

|r′ − L|

]
=0. (3.216)

Consider the fourth term on the right-hand side of inequality(3.207), by using

the inequality (3.213), to obtain

π e−βL′
0

2β3

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′| 6e−2βL0
4π2

2β3

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]
(3.217)

and forL0 → ∞, we have the limit

lim
L0→∞

[
π e−βL′

0

2β3

ˆ

d3r′ e−2β|r′−L|e−β|r′−L′|
]

=0. (3.218)

Substitute (3.210), (3.213), (3.215) and (3.217) into the right-hand side of in-

equality (3.207), to obtain

−
ˆ

d3r′ e−β|r′−L|e−β|r′−L′|
ˆ

d3r
e−β|r−L′| e−β|r−L|

|r − r′|

6
32π2 e−2βL0

2β

6

β4
− 32π2 e−3βL0

2β

(
6 + 6βL0 + 3β2L2

0 + β3L3
0

β4

)

+ e−2βL0
16π2

2β2

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]

+ e−2βL0

{
4π2

β5
− 4π2 e−βL0 (1 + 2βL0)

β5
+

4π2 e−βL0 (1 + 3βL0)

9β5

}

+ e−2βL0
4π2

2β3

[
L3

0

2
+

1

β3
+

L0

2β2
+
L2

0

2β

]
. (3.219)

For L0 → ∞, by using (3.219) or substituting (3.211), (3.214), (3.216) and
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(3.218) into the right-hand side of inequality (3.207), we obtain

−
ˆ

d3r′ e−β|r′−L|e−β|r′−L′|
ˆ

d3r
e−β|r−L′| e−β|r−L|

|r − r′| 60. (3.220)

By referring (3.198), (3.203) and (3.220), we obtain the expectation value of

electron-electron interaction forL0 → ∞ :

lim
L0→∞

[
ˆ

d3r′ e−2β|r′−L′|
ˆ

d3r
e−2β|r−L|

|r − r′|

]
=0, (3.221a)

lim
L0→∞

[
ˆ

d3r′ e−2β|r′−L|
ˆ

d3r
e−2β|r−L′|

|r − r′|

]
=0, (3.221b)

lim
L0→∞

[
−
ˆ

d3r′ e−β|r′−L|e−β|r′−L′|
ˆ

d3r
e−β|r−L′| e−β|r−L|

|r − r′|

]
=0. (3.221c)

By applying (3.221) on the right-hand side of (3.188), letL1 = L, L2 = L′,

r1 = r andr2 = r′, we obtain the expectation value of electron-electron interaction

with L0 → ∞ for k = 2 hydrogen nuclei,

〈Ψ|
2∑

i<j

e2

|ri − rj|
|Ψ〉 = 〈Ψ| e2

|r1 − r2|
|Ψ〉 → 0. (3.222)

From (3.222), we can imply the expectation value of electron-electron interac-

tion whenL0 → ∞ for k hydrogen nuclei in such a limit

lim
L0→∞

[
〈Ψ|

N∑

i<j

e2

|ri − rj|
|Ψ〉
]

= 0. (3.223)

To obtain the expectation value of nucleus-nucleus interaction for k = 2 hydro-

gen nuclei, let

R1 − R2 = L1 − L2 = L0 (3.224)



189

then substitute into the fourth term on the right-hand side of (3.80), to obtain

〈Ψ| Z1Z2e
2

|R1 − R2|
|Ψ〉 =

Z1Z2e
2

|L0|
〈Ψ|Ψ〉

=
Z1Z2e

2

L0

. (3.225)

From (3.224), fork > 2, we obtain

|Ri − Rj| >|L0|, (3.226a)

1

|Ri − Rj|
6

1

|R1 − R2|
6

1

|L0|
. (3.226b)

By using (3.226), we obtain

〈Ψ|
k∑

i<j

ZjZje
2

|R1 − R2|
|Ψ〉 6

1

|L0|

k∑

i<j

Z1Z2e
2 〈Ψ|Ψ〉

=
1

L0

k∑

i<j

ZiZje
2. (3.227)

From (3.227), we obtain the bound of the expectation value ofnucleus-nucleus interac-

tion for k hydrogen nuclei

〈Ψ|
k∑

i<j

ZjZje
2

|Ri − Rj|
|Ψ〉 6

1

L0

k∑

i<j

ZiZje
2. (3.228)

From (3.228), forL0 → ∞, the bound of the expectation value of nucleus-nucleus

interaction fork hydrogen nuclei in this a limit :

lim
L0→∞

〈Ψ|
k∑

i<j

ZjZje
2

|Ri − Rj|
|Ψ〉 =0. (3.229)
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By referring to (3.134), (3.186), (3.223), (3.229) and (3.62), we obtain

〈Ψ|H |Ψ〉 = 〈Ψ|
N∑

i=1

p2
i

2m
|Ψ〉 − 〈Ψ|

N∑

i=1

k∑

j=1

Zje
2

|ri − Rj|
|Ψ〉

+ 〈Ψ|
N∑

i<j

e2

|ri − rj|
|Ψ〉 + 〈Ψ|

k∑

i<j

ZiZje
2

|Ri − Rj|
|Ψ〉

6
~

2β2

2m
N − e2βN + 0 + 0

=
~

2

2m

(
me2

~2

)
N − e2

(
me2

~2

)
N

= −
(
me4

2~2

)
N. (3.230)

From (3.230), we obtain the following upper bound for the ground-state energy

of hydrogen atomk nuclei following infinite separatedk = N clusters :

〈Ψ|H |Ψ〉 6 −
(
me4

2~2

)
N. (3.231)

3.4 Upper Bound for the Exact Ground-State Energy of Matter II

In this section we derived the upper bound for the exact ground-state energy

of matter by considering the following infinitely separatedN clusters :k hydrogenic

atoms, each in the ground-state with nuclear chargesZ1|e|, . . . , Zk|e| having each one

electron, and(N − k) free electrons with vanishingly small kinetic energies. Weintro-

duce the following determinantal function in (3.1) with normalized wavefunction and

normalized spin functionsχj(σ) andri is vector from the origin to electronei. SetL,

L′ are vector from the origin to nucleusZ|e| andZ ′|e| localization, with normalized

wavefunction, and let|Li − Lj| → ∞.
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The wavefunctions ofk bound electrons are

ψ1(r, σ) = ψ (r − L1)χ1(σ) = C e−β|r−L1| χ1(σ)

...

ψk(r, σ) = ψ (r − Lk)χk(σ) = C e−β|r−Lk| χk(σ) (3.232)

and the following wavepackets of the(N − k) free electrons

ψk+1(r, σ) = φk+1(r, σ) =φ (r − Lk+1)χk+1(σ) = A eik′ ·(r−Lk+1) e−
(r−Lk+1)2

4σ′2 χk+1(σ)

...

ψN(r, σ) = φN(r, σ) =φ (r − LN)χN(σ) = A eik′ ·(r−LN ) e−
(r−LN )2

4σ′2 χN(σ)

(3.233)

whereσ′ is the standard derivation about the average positions and

C =
β3/2

√
π

(3.234)

A =
1

(2π3/4)σ′3/2
(3.235)

To obtain an upper bound of the ground-state energy of this system, we consider

the HamiltonianH

H =
N∑

i=1

p2
i

2m
+

N∑

i<j

e2

|ri − rj|
−

N∑

i=1

k∑

j=1

Zje
2

|ri − Rj|

+
k∑

i<j

ZiZje
2

|Ri − Rj|
. (3.236)
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From (3.1), we obtain the expectation value of the Hamiltonian

〈Ψ|H |Ψ〉 = 〈Ψ|
N∑

i=1

p2
i

2m
|Ψ〉 + 〈Ψ|

N∑

i<j

e2

|ri − rj|
|Ψ〉

− 〈Ψ|
N∑

i=1

k∑

j=1

Zje
2

|ri − Rj|
|Ψ〉 + 〈Ψ|

k∑

i<j

ZiZje
2

|Ri − Rj|
|Ψ〉 . (3.237)

To obtain an upper bound, we we start from the simple system, with k = 1

nucleus(Z1 = 2), one bound electron and one free electron,N = 2. By using the

determinantal function (fermion wavefunction), the wave function of this simple system

is

Ψ(r1σ1, r2σ2) =
1√
2

[ψ1(r1, σ1)φ2(r2, σ2) − ψ1(r2, σ2)φ2(r1, σ1)] (3.238)

where

ψ1(r1, σ1) =C exp−β |r1 − L1|χ1(σ1), (3.239a)

ψ1(r2, σ2) =C exp−β |r2 − L1|χ1(σ2), (3.239b)

φ2(r1, σ1) =A exp ik′ · (r1 − L2) exp−(r1 − L2)
2

4σ′2 χ2(σ1), (3.239c)

φ2(r2, σ2) =A exp ik′ · (r2 − L2) exp−(r2 − L2)
2

4σ′2 χ2(σ2), (3.239d)

from (3.232) and (3.233), with normalized spin.

From (3.237) the expectation value of the Hamiltonian can berewritten as

〈Ψ|H |Ψ〉 = 〈Ψ|
2∑

i=1

p2
i

2m
|Ψ〉 + 〈Ψ|

2∑

i<j

e2

|ri − rj|
|Ψ〉

− 〈Ψ|
2∑

i=1

1∑

j=1

Zje
2

|ri − Rj|
|Ψ〉 . (3.240)
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Substitute (3.239) into the first term on the right-hand sideof (3.238), to obtain

ψ1(r1, σ1)φ2(r2, σ2) =CA e−β|r1−L1| eik′ ·(r2−L2) e−
(r2−L2)2

4σ′2 χ1(σ1)χ2(σ2) (3.241)

and substitute (3.239) into the second term on the right-hand side of (3.238), to obtain

ψ1(r2, σ2)φ2(r1, σ1) =CA e−β|r2−L1| eik′ ·(r1−L2) e−
(r1−L2)2

4σ′2 χ1(σ2)χ2(σ1). (3.242)

Then substitute (3.241) and (3.242) into the right-hand side of (3.238), to obtain for the

anti-symmetric wavefunction withk = 1 nucleus with(Z1 = 2), one bound electron

and one free electron, by denotingΨ = Ψ(r1σ1, r2σ2) we obtain

Ψ =
CA√

2

[
e−β|r1−L1| eik′ ·(r2−L2) e−

(r2−L2)2

4σ′2 χ1(σ1)χ2(σ2)

− e−β|r2−L1| eik′ ·(r1−L2) e−
(r1−L2)2

4σ′2 χ1(σ2)χ2(σ1)

]

=
CA√

2

[
e−β|r1−L1| eik′ ·(r2−L2) e−

(r2−L2)2

4σ′2 χa

− e−β|r2−L1| eik′ ·(r1−L2) e−
(r1−L2)2

4σ′2 χb

]
. (3.243)

By using (3.243), as applied to the first term on the right-handside of (3.240) for

the expectation value of kinetic energy, we obtain

〈Ψ|
2∑

i=1

p2
i

2m
|Ψ〉 = 〈Ψ| p2

1

2m
|Ψ〉 + 〈Ψ| p2

2

2m
|Ψ〉 (3.244)

where

〈Ψ| p2
1

2m
|Ψ〉 = 〈Ψ|T1 |Ψ〉 =

~
2

2m

ˆ

d3r1 d3r2 [∇1Ψ
∗] · [∇1Ψ] (3.245)
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and

〈Ψ| p2
2

2m
|Ψ〉 = 〈Ψ|T2 |Ψ〉 =

~
2

2m

ˆ

d3r1 d3r2 [∇2Ψ
∗] · [∇2Ψ] . (3.246)

Apply ∇ into (3.238), to obtain

∇1Ψ(r) =
1√
2
{∇1 [ψ1(r1, σ1)φ2(r2, σ2)] −∇1 [ψ1(r2, σ2)φ2(r1, σ1)]} (3.247)

and

∇1Ψ
∗(r) =

1√
2
{∇1 [ψ1(r1, σ1)φ2(r2, σ2)]

∗ −∇1 [ψ1(r2, σ2)φ2(r1, σ1)]
∗} . (3.248)

Substitute (3.247) and (3.248) into the right-hand side of (3.245), to obtain

∇1Ψ
∗(r) · ∇1Ψ

∗(r) =
1

2
{∇1 [ψ1(r1, σ1)φ2(r2, σ2)]

∗ · ∇1 [ψ1(r1, σ1)φ2(r2, σ2)]}

+
1

2
{∇1 [ψ1(r2, σ2)φ2(r1, σ1)]

∗ · ∇1 [ψ1(r2, σ2)φ2(r1, σ1)]}

− 1

2
{∇1 [ψ1(r1, σ1)φ2(r2, σ2)]

∗ · ∇1 [ψ1(r2, σ2)φ2(r1, σ1)]}

− 1

2
{∇1 [ψ1(r2, σ2)φ2(r1, σ1)]

∗ · ∇1 [ψ1(r1, σ1)φ2(r2, σ2)]}

(3.249)

and hence

∇2Ψ
∗(r) · ∇2Ψ

∗(r) =
1

2
{∇2 [ψ1(r1, σ1)φ2(r2, σ2)]

∗ · ∇2 [ψ1(r1, σ1)φ2(r2, σ2)]}

+
1

2
{∇2 [ψ1(r2, σ2)φ2(r1, σ1)]

∗ · ∇2 [ψ1(r2, σ2)φ2(r1, σ1)]}

− 1

2
{∇2 [ψ1(r1, σ1)φ2(r2, σ2)]

∗ · ∇2 [ψ1(r2, σ2)φ2(r1, σ1)]}



195

− 1

2
{∇2 [ψ1(r2, σ2)φ2(r1, σ1)]

∗ · ∇2 [ψ1(r1, σ1)φ2(r2, σ2)]} .

(3.250)

Substitute (3.249) and (3.250) into (3.245), to obtain

〈Ψ| p2
1

2m
|Ψ〉

=
~

2

4m

ˆ

d3r1 d3r2 ∇1 [ψ1(r1, σ1)φ2(r2, σ2)]
∗ · ∇1 [ψ1(r1, σ1)φ2(r2, σ2)]

+
~

2

4m

ˆ

d3r1 d3r2 ∇1 [ψ1(r2, σ2)φ2(r1, σ1)]
∗ · ∇1 [ψ1(r2, σ2)φ2(r1, σ1)]

− ~
2

4m

ˆ

d3r1 d3r2 ∇1 [ψ1(r1, σ1)φ2(r2, σ2)]
∗ · ∇1 [ψ1(r2, σ2)φ2(r1, σ1)]

− ~
2

4m

ˆ

d3r1 d3r2 ∇1 [ψ1(r2, σ2)φ2(r1, σ1)]
∗ · ∇1 [ψ1(r1, σ1)φ2(r2, σ2)]

(3.251)

and hence

〈Ψ| p2
2

2m
|Ψ〉

=
~

2

4m

ˆ

d3r1 d3r2 ∇2 [ψ1(r1, σ1)φ2(r2, σ2)]
∗ · ∇2 [ψ1(r1, σ1)φ2(r2, σ2)]

+
~

2

4m

ˆ

d3r1 d3r2 ∇2 [ψ1(r2, σ2)φ2(r1, σ1)]
∗ · ∇2 [ψ1(r2, σ2)φ2(r1, σ1)]

− ~
2

4m

ˆ

d3r1 d3r2 ∇2 [ψ1(r1, σ1)φ2(r2, σ2)]
∗ · ∇2 [ψ1(r2, σ2)φ2(r1, σ1)]

− ~
2

4m

ˆ

d3r1 d3r2 ∇2 [ψ1(r2, σ2)φ2(r1, σ1)]
∗ · ∇2 [ψ1(r1, σ1)φ2(r2, σ2)]

(3.252)

With the wavefunction normalization condition, the first term on the right-hand
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side of (3.251) can be rewritten as

~
2

4m

ˆ

d3r1 d3r2 ∇1 [ψ1(r1, σ1)φ2(r2, σ2)]
∗ · ∇1 [ψ1(r1, σ1)φ2(r2, σ2)]

=
~

2

4m

ˆ

d3r1 ∇1 [ψ1(r1, σ1) ]∗ · ∇1 [ψ1(r1, σ1) ]

×
ˆ

d3r2 [φ2(r2, σ2)]
∗ [φ2(r2, σ2)]

=
~

2

4m

ˆ

d3r1 ∇1 [ψ1(r1, σ1) ]∗ · ∇1 [ψ1(r1, σ1) ]

ˆ

d3r2 |φ2(r2, σ2)|2

=
~

2

4m

ˆ

d3r1 ∇1 [ψ1(r1, σ1) ]∗ · ∇1 [ψ1(r1, σ1) ] . (3.253)

The second term on the right-hand side of (3.251) can be rewritten as

~
2

4m

ˆ

d3r1 d3r2 ∇1 [ψ1(r2, σ2)φ2(r1, σ1)]
∗ · ∇1 [ψ1(r2, σ2)φ2(r1, σ1)]

=
~

2

4m

ˆ

d3r1 ∇1 [φ2(r1, σ1)]
∗ · ∇1 [φ2(r1, σ1)]

×
ˆ

d3r2 [ψ1(r2, σ2)]
∗ [ψ1(r2, σ2)]

=
~

2

4m

ˆ

d3r1 ∇1 [φ2(r1, σ1)]
∗ · ∇1 [φ2(r1, σ1)]

ˆ

d3r2 |ψ1(r2, σ2)|2

=
~

2

4m

ˆ

d3r1 ∇1 [φ2(r1, σ1)]
∗ · ∇1 [φ2(r1, σ1)] . (3.254)

The third term on the right-hand side of (3.251) and (3.252) can be rewritten as

~
2

4m

ˆ

d3r1 d3r2 ∇1 [ψ1(r1, σ1)φ2(r2, σ2)]
∗ · ∇1 [ψ1(r2, σ2)φ2(r1, σ1)]

=
~

2

4m

ˆ

d3r1 ∇1 [ψ1(r1, σ1) ]∗ · ∇1 [φ2(r1, σ1)]
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×
ˆ

d3r2 [φ2(r2, σ2)]
∗ [ψ1(r2, σ2)] (3.255)

and the fourth term on the right-hand side of (3.251) can be rewritten as

~
2

4m

ˆ

d3r1 d3r2 ∇1 [ψ1(r2, σ2)φ2(r1, σ1)]
∗ · ∇1 [ψ1(r1, σ1)φ2(r2, σ2)]

=
~

2

4m

ˆ

d3r1 ∇1 [φ2(r1, σ1)]
∗ · ∇1 [ψ1(r1, σ1) ]

×
ˆ

d3r2 [ψ1(r2, σ2)]
∗ [φ2(r2, σ2)] . (3.256)

In the same way, by referring to (3.253)–(3.256), the first term on the right-hand

side of (3.252) can be rewritten as

~
2

4m

ˆ

d3r1 d3r2 ∇2 [ψ1(r1, σ1)φ2(r2, σ2)]
∗ · ∇2 [ψ1(r1, σ1)φ2(r2, σ2)]

=
~

2

4m

ˆ

d3r2 ∇2 [φ2(r2, σ2)]
∗ · ∇2 [φ2(r2, σ2)]

×
ˆ

d3r1 [ψ1(r1, σ1)]
∗ [ψ1(r1, σ1)]

=
~

2

4m

ˆ

d3r2 ∇2 [φ2(r2, σ2)]
∗ · ∇2 [φ2(r2, σ2)]

ˆ

d3r1 |ψ1(r1, σ1)|2

=
~

2

4m

ˆ

d3r2 ∇2 [φ2(r2, σ2)]
∗ · ∇2 [φ2(r2, σ2)] . (3.257)

The second term on the right-hand side of (3.252) can be rewritten as

~
2

4m

ˆ

d3r1 d3r2 ∇2 [ψ1(r2, σ2)φ2(r1, σ1)]
∗ · ∇2 [ψ1(r2, σ2)φ2(r1, σ1)]

=
~

2

4m

ˆ

d3r2 ∇2 [ψ1(r2, σ2)]
∗ · ∇2 [ψ1(r2, σ2)]

ˆ

d3r1 [φ2(r1, σ1)]
∗ [φ2(r1, σ1)]
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=
~

2

4m

ˆ

d3r2 ∇2 [ψ1(r2, σ2)]
∗ · ∇2 [ψ1(r2, σ2)]

ˆ

d3r1 |φ2(r1, σ1)|2

=
~

2

4m

ˆ

d3r2 ∇2 [ψ1(r2, σ2)]
∗ · ∇2 [ψ1(r2, σ2)] . (3.258)

The third term on the right-hand side of (3.252) can be rewritten as

~
2

4m

ˆ

d3r1 d3r2 ∇2 [ψ1(r1, σ1)φ2(r2, σ2)]
∗ · ∇2 [ψ1(r2, σ2)φ2(r1, σ1)]

=
~

2

4m

ˆ

d3r2 ∇2 [φ2(r2, σ2)]
∗ · ∇2 [ψ1(r2, σ2)]

×
ˆ

d3r1 [ψ1(r1, σ1)]
∗ [φ2(r1, σ1)] . (3.259)

The fourth term on the right-hand side of (3.252) can be rewritten as

~
2

4m

ˆ

d3r1 d3r2 ∇2 [ψ1(r2, σ2)φ2(r1, σ1)]
∗ · ∇2 [ψ1(r1, σ1)φ2(r2, σ2)]

=
~

2

4m
d3r2 ∇2 [ψ1(r2, σ2)]

∗ · ∇2 [φ2(r2, σ2)]

×
ˆ

d3r1 [φ2(r1, σ1)]
∗ [ψ1(r1, σ1)] . (3.260)

By referring to (3.253)–(3.260), we can rewrite (3.251) and (3.252) as

〈Ψ| p2
1

2m
|Ψ〉 =

~
2

4m

ˆ

d3r1 ∇1 [ψ1(r1, σ1) ]∗ · ∇1 [ψ1(r1, σ1) ]

+
~

2

4m

ˆ

d3r1 ∇1 [φ2(r1, σ1)]
∗ · ∇1 [φ2(r1, σ1)]

− ~
2

4m

ˆ

d3r1 ∇1 [ψ1(r1, σ1) ]∗ · ∇1 [φ2(r1, σ1)]

×
ˆ

d3r2 [φ2(r2, σ2)]
∗ [ψ1(r2, σ2)]
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− ~
2

4m

ˆ

d3r1 ∇1 [φ2(r1, σ1)]
∗ · ∇1 [ψ1(r1, σ1) ]

×
ˆ

d3r2 [ψ1(r2, σ2)]
∗ [φ2(r2, σ2)] (3.261)

and

〈Ψ| p2
2

2m
|Ψ〉 =

~
2

4m

ˆ

d3r2 ∇2 [φ2(r2, σ2)]
∗ · ∇2 [φ2(r2, σ2)]

+
~

2

4m

ˆ

d3r2 ∇2 [ψ1(r2, σ2)]
∗ · ∇2 [ψ1(r2, σ2)]

− ~
2

4m

ˆ

d3r2 ∇2 [φ2(r2, σ2)]
∗ · ∇2 [ψ1(r2, σ2)]

×
ˆ

d3r1 [ψ1(r1, σ1)]
∗ [φ2(r1, σ1)]

− ~
2

4m

ˆ

d3r2 ∇2 [ψ1(r2, σ2)]
∗ · ∇2 [φ2(r2, σ2)]

×
ˆ

d3r1 [φ2(r1, σ1)]
∗ [ψ1(r1, σ1)] . (3.262)

We introduce the following functions

φ (r − L) =A exp ik′ · (r − L) exp−(r − L)2

4σ′2 , (3.263a)

φ∗ (r − L) =A exp−ik′ · (r − L) exp−(r − L)2

4σ′2 , (3.263b)

φ (r − L′) =A exp ik′ · (r − L′) exp−(r − L′)
2

4σ′2 , (3.263c)

φ∗ (r − L′) =A exp−ik′ · (r − L′) exp−(r − L′)
2

4σ′2 . (3.263d)
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Apply ∇ to (3.263a), to obtain

∇φ (r − L) =∇
[
A exp ik′ · (r − L) exp−(r − L)2

4σ′2

]

=

[
ik′ −

(
r − L

2σ′2

)]
φ (r − L) (3.264)

and apply∇ to (3.263d), we obtain

∇φ (r − L′)
∗

=∇
[
A exp−ik′ · (r − L′) exp−(r − L)2

4σ′2

]∗

=

[
−ik′ −

(
r − L′

2σ′2

)]
φ∗ (r − L′) . (3.265)

ForL 6= L′, we obtain

∣∣∣∣
ˆ

d3r∇φ (r − L′)
∗ · ∇φ (r − L)

∣∣∣∣

=

∣∣∣∣
ˆ

d3r

[
−ik′ −

(
r − L′

2σ′2

)]
φ∗ (r − L′) ·

[
ik′ −

(
r − L

2σ′2

)]
φ (r − L)

∣∣∣∣

=

∣∣∣∣
ˆ

d3r

[
−ik′ −

(
r − L

2σ′2

)][
ik′ −

(
r − L

2σ′2

)]
φ∗ (r − L′)φ (r − L)

∣∣∣∣

=

∣∣∣∣
ˆ

[
k′ · k′ +

ik′ · (r − L)

2σ′2 − ik′ · (r − L′)

2σ′2 +
(r − L′) · (r − L)

4σ′4

]

× φ∗ (r − L′)φ (r − L) d3r
∣∣∣ . (3.266)

Let R− r− L, L0 = L′ − L andL′
0 = L− L′. Substitute the latter into the right-hand

side of (3.266), to obtain

∣∣∣∣
ˆ

d3r∇φ (r − L′)
∗ · ∇φ (r − L)

∣∣∣∣
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6

ˆ

∣∣∣∣
[
k′ · k′ +

ik′ · (r − L)

2σ′2 − ik′ · (r − L′)

2σ′2 +
(r − L′) · (r − L)

4σ′4

]

× φ∗ (r − L′)φ (r − L)
∣∣∣ d3r

=

ˆ

∣∣∣∣
[
k′ · k′ +

ik′ · R
2σ′2 − ik′ · (R − L0)

2σ′2 +
(R − L0) · R

4σ′4

]

× φ∗ (R − L0)φ (R)
∣∣∣ d3R

=

ˆ

∣∣∣∣
[
k′ · k′ +

ik′ · R
2σ′2 − ik′ · (R − L0)

2σ′2 +
(R − L0) · R

4σ′4

]

× A exp−ik′ · (R − L0) exp−(R − L0)
2

4σ′2

× A exp ik′ · (R) exp−(R)2

4σ′2

∣∣∣∣∣ d3R

6

ˆ

∣∣∣∣
[
k′ · k′ +

ik′ · R
2σ′2 − ik′ · (R + L0)

2σ′2 +
(R + L0) · R

4σ′4

]

× A exp−ik′ · (R + L′
0) exp−(R − L0)

2

4σ′2

× A exp ik′ · (R) exp−(R)2

4σ′2

∣∣∣∣∣ d3R

6

ˆ

∣∣∣∣
[
k′k′ +

ik′ · R
2σ′2 − ik′ · (R + L0)

2σ′2 +
(R + L0) · R

4σ′4

]

× A2 e−ik′ ·L′
0 e−

(R−L0)2

4σ′2 e−
(R)2

4σ′2

∣∣∣∣ d3R

6

ˆ

(
k′k′ +

k′R

2σ′2 +
k′ (R + L0)

2σ′2 +
(R + L0)R

4σ′4

)

×
∣∣∣∣A

2 e−ik′ ·L′
0 e−

(R−L0)2

4σ′2 e−
(R)2

4σ′2

∣∣∣∣ d3R. (3.267)
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By using

∣∣∣e−ik′ ·L′
0

∣∣∣ 6 1, (3.268a)

e−(R−L0)2 6 e−|R−L0|2 6 e−(R−L0)2 , (3.268b)

∣∣∣∣ e
−ik′ ·L′

0 e−
(R−L0)2

4σ′2 e−
|R|2

4σ′2

∣∣∣∣ 6 e−
(R−L0)2

4σ′2 e−
R2

4σ′2 , (3.268c)

as applied to the right-hand side of (3.267), to obtain

∣∣∣∣
ˆ

d3r∇φ (r − L′)
∗ · ∇φ (r − L)

∣∣∣∣

6 A2

ˆ

d3R

(
k′2 +

k′R

2σ′2 +
k′ (R + L0)

2σ′2 +
(R + L0)R

4σ′4

)
e−

(R−L0)2

4σ′2 e−
R2

4σ′2

6 A2

ˆ

d3R

(
k′2 +

k′R

2σ′2 +
k′ (R + L0)

2σ′2 +
(R + L0)R

4σ′4

)
e−

R(R−L0)

2σ′2 e−
L2

0
4σ′2

= 4πA2

ˆ ∞

0

dRR2

(
k′2 +

k′R

2σ′2 +
k′ (R + L0)

2σ′2 +
(R + L0)R

4σ′4

)
e−

R(R−L0)

2σ′2 e−
L2

0
4σ′2

6 4πA2

ˆ L0

0

dRR2

(
k′2 +

k′L0

2σ′2 +
k′ (L0 + L0)

2σ′2 +
(L0 + L0)L0

4σ′4

)
e

R(L0−R)

2σ′2 e−
L2

0
4σ′2

+ 4πA2

ˆ ∞

L0

dRR2

(
k′2 +

k′R

2σ′2 +
k′ (R +R)

2σ′2 +
(R +R)R

4σ′4

)
e−

R(R−L0)

2σ′2 e−
L2

0
4σ′2 .

(3.269)

Consider the right-hand side of inequality (3.269), optimizing over byR, to ob-

tain

∂

∂R
R(L0 −R) = L0 − 2R = 0 → R =

L0

2
(3.270)
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and

∂2

∂R2
R(L0 −R) = −2. (3.271)

By using (3.270) and (3.270) we obtain

exp
R (L0 −R)

2σ′2 6 exp
L2

0

8σ′2 . (3.272)

Substitute (3.272) into the first term on the right-hand sideof (3.269), to get

4πA2

ˆ L0

0

dRR2

(
k′k′ +

k′L0

2σ′2 +
k′ (L0 + L0)

2σ′2 +
(L0 + L0)L0

4σ′4

)
e

R(L0−R)

2σ′2 e−
L2

0
4σ′2

6 4π

ˆ L0

0

dRR2

(
k′k′ +

3k′L0

2σ′2 +
L2

0

2σ′4

)
A2e

L2
0

8σ′2 e−
L2

0
4σ′2

=
4πA2L3

0

3

(
k′k′ +

3k′L0

2σ′2 +
L2

0

2σ′4

)
exp− L2

0

8σ′2 . (3.273)

For the second term on the right hand side of inequality (3.269), letX = R−L0,

to obtain

4πA2

ˆ ∞

0

dRR2

(
k′k′ +

k′R

2σ′2 +
k′ (R +R)

2σ′2 +
(R +R)R

4σ′4

)
e−

R(R−L0)

2σ′2 e−
L2

0
4σ′2

= 4πA2

ˆ ∞

L0

dX (X + L0)
2

(
k′k′ +

3k′(X + L0)

2σ′2 +
(X + L0)

2

2σ′4

)

× e−
X(X+L0)

2σ′2 e−
L2

0
4σ′2 . (3.274)

by noting

exp−L0X

2σ′2 6 1 (3.275)
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as applied to the right-hand side of inequality (3.269), to obtain

4πA2

ˆ ∞

L0

dRR2

(
k′k′ +

k′R

2σ′2 +
k′ (R +R)

2σ′2 +
(R +R)R

4σ′4

)
e−

R(R−L0)

2σ′2 e−
L2

0
4σ′2

64πA2

ˆ ∞

L0

dX (X + L0)
2

(
k′k′ +

3k′(X + L0)

2σ′2 +
(X + L0)

2

2σ′4

)
e−

X2

2σ′2 e−
L2

0
4σ′2

64πA2e−
L2

0
4σ′2

ˆ ∞

L0

dX (X + L0)
2

(
k′k′ +

3k′(X + L0)

2σ′2 +
(X + L0)

2

2σ′4

)
e−

X2

2σ′2

64πA2e−
L2

0
4σ′2

ˆ ∞

0

dX

(
k′k′(X + L0)

2 +
3k′(X + L0)

3

2σ′2 +
(X + L0)

4

2σ′4

)
e−

X2

2σ′2

64πA2 |Polym(L0)| exp− L2
0

8σ′2 . (3.276)

Substitute (3.273) and (3.276) into the right-hand side of inequality (3.269), to obtain

the bound

∣∣∣∣
ˆ

d3r∇φ (r − L′)
∗ · ∇φ (r − L)

∣∣∣∣

6
4πA2L3

0

3

(
k′k′ +

3k′L0

2σ′2 +
L2

0

2σ′4

)
exp− L2

0

8σ′2 + 4πA2 |Polym(L0)| exp− L2
0

8σ′2

= exp− L2
0

8σ′2

[
4πA2L3

0

3

(
k′k′ +

3k′L0

2σ′2 +
L2

0

2σ′4

)
+ 4πA2 |Polym(L0)|

]
(3.277)

which vanishes very rapidly forL0 → ∞.

Refer to (3.277), forL0 → ∞, whenL′ 6= L to write as a limit

lim
L0→∞

[
ˆ

d3r∇φ∗ (r − L′) · ∇φ (r − L)

]
= 0. (3.278)

and forL′ = L,→ L0 = 0, Eq.(3.277) becomes the expectation value for free particle,

with small kinetic energy we setk′ → 0, then Eq.(3.277) can be rewritten as a limit

lim
L0,k′→0

[
ˆ

d3r∇φ∗ (r − L) · ∇φ (r − L)

]
= 0. (3.279)
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In the same way, we obtain a bound for the following integral

ˆ

d3r∇ [ψ(r − L)]∗ · ∇ [φ(r − L′)] . (3.280)

From (3.102), letR = r − L, we have

∇ψ∗(r − L) =∇ψ∗(R)

=∇Ce−β|R|

= − β Ce−βR R̂ (3.281)

and from (3.264), we have

∇φ (r − L′) =∇φ (R + L − L′)

=∇
[
A exp ik′ · (R + L − L′) exp−(R + L − L′)

2

4σ′2

]

=∇
[
A exp ik′ · (R − L0) exp−(R − L0)

2

4σ′2

]

=

[
ik′ −

(
R − L0

2σ′2

)]
φ (R − L0) ,L0 = L′ − L. (3.282)

Substitute (3.281) and (3.282) into (3.280), to obtain

∇ψ∗(r − L) · ∇φ (r − L′)

= − β C

[
R̂ · ik′ − R̂ · (R − L0)

2σ′2

]
e−βRφ (R − L0)

= − β C

[
R̂ · ik′ − R · (R − L0)

2σ′2|R|

]
e−βRφ (R − L0)
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= − β C

[
R̂ · ik′ − (R− L0 cos θ)

2σ′2

]
e−βRφ (R − L0) . (3.283)

By using (3.283), we obtain

∣∣∣∣
ˆ

d3r∇ψ∗(r − L) · ∇φ (r − L′)

∣∣∣∣

=

∣∣∣∣∣−β C
ˆ

d3R

[
R̂ · ik′ − R̂ · (R − L0)

2σ′2

]
e−βRφ (R − L0)

∣∣∣∣∣

=

∣∣∣∣−β C
ˆ

d3R

[
R̂ · ik′ − (R− L0 cos θ)

2σ′2

]
e−βRφ (R − L0)

∣∣∣∣

=

∣∣∣∣−β CA
ˆ

d3R

[
R̂ · ik′ − (R− L0 cos θ)

2σ′2

]
e−βR eik′ ·(R−L0) e−

(R−L0)2

4σ′2

∣∣∣∣ .

(3.284)

By using

∣∣∣eik′ ·(R−L0)
∣∣∣ =1 (3.285)

and

e−(R−L0)2 =e−[R2+L2
0−2RL0 cos θ]

6e−[R2+L2
0−2RL0] (3.286)

as applied to the right-hand side of (3.284), we obtain

∣∣∣∣
ˆ

d3r∇ψ∗(r − L) · ∇φ (r − L′)

∣∣∣∣

6

ˆ

d3R β CA

[
k′ +

(R + L0)

2σ′2

]
e−βR e−

[R2+L2
0−2RL0]

4σ′2
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= 4πβ CA

ˆ ∞

0

dRR2

[
k′ +

(R + L0)

2σ′2

]
e−βR e−

[R2+L2
0−2RL0]

4σ′2

= 4πβ CA

ˆ ∞

0

dRR2

[
k′ +

(R + L0)

2σ′2

]
e−βR e−

R(R−L0)

2σ′2 e−
L2

0
4σ′2

6 4πβ CA

ˆ ∞

0

dRR2

[
k′ +

(R + L0)

2σ′2

]
e−

R(R−L0)

2σ′2 e−
L2

0
4σ′2

6 4πβ CA

ˆ L0

0

dRL2
0

[
k′ +

(L0 + L0)

2σ′2

]
e

R(L0−R)

2σ′2 e−
L2

0
4σ′2

+ 4πβ CA

ˆ ∞

L0

dRR2

[
k′ +

(R +R)

2σ′2

]
e

−R(R−L0)

2σ′2 e−
L2

0
4σ′2 . (3.287)

By using (3.270) and (3.272), the first term on the right-hand side of inequality (3.287),

becomes

4πβ CA

ˆ L0

0

dRL2
0

[
k′ +

(L0 + L0)

2σ′2

]
e

R(L0−R)

2σ′2 e−
L2

0
4σ′2

6 4πβ CA

ˆ L0

0

dRL2
0

[
k′ +

L0

σ′2

]
e

L2
0

8σ′2 e−
L2

0
4σ′2

= 4πβ CAL3
0

[
k′ +

L0

σ′2

]
e−

L2
0

8σ′2 . (3.288)

LetX = R−L0, and substitute the latter into the second term on the right-hand side of

(3.287) to obtain

4πβ CA

ˆ ∞

L0

dRR2

[
k′ +

(R +R)

2σ′2

]
e

−R(R−L0)

2σ′2 e−
L2

0
4σ′2

6 4πβ CA

ˆ ∞

0

d(X + L0) (X + L0)
2

[
k′ +

X + L0

σ′2

]
e

−X(X+L0)

2σ′2 e−
L2

0
4σ′2

6 4πβ CA

ˆ ∞

0

d(X + L0) (X + L0)
2

[
k′ +

X + L0

σ′2

]
e−

L2
0

4σ′2

= 4πβ CA

ˆ ∞

L0

du u2
[
k′ +

u

σ′2

]
e−

L2
0

4σ′2 , u = (X + L0)
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= 4πβ CAe−
L2

0
4σ′2 lim

u→∞

[
k′u3

3
+

u4

4σ′2 − k′L3
0

3
− L4

0

4σ′2

]

6 4πβ CAe−
L2

0
8σ′2 lim

u→∞

[
k′u3

3
+

u4

4σ′2 − k′L3
0

3
− L4

0

4σ′2

]
(3.289)

where

e
−X(X+L0)

2σ′2 6 1. (3.290)

Substitute (3.288) and (3.289) into the right-hand side of inequality (3.285) to obtain

∣∣∣∣
ˆ

d3r∇ψ∗(r − L) · ∇φ (r − L′)

∣∣∣∣

6 4πβ CAL3
0

[
k′ +

L0

σ′2

]
e−

L2
0

8σ′2

+ 4πβ CAe−
L2

0
8σ′2 lim

u→∞

[
k′u3

3
+

u4

4σ′2 − k′L3
0

3
− L4

0

4σ′2

]
(3.291)

which vanishes very rapidly forL0 → ∞.

Refer to (3.291), forL0 → ∞, to write as a limit

lim
L0→∞

[
ˆ

d3r∇ψ∗(r − L) · ∇φ (r − L′)

]
= 0. (3.292)

In the same way, to obtain a bound for the following

ˆ

d3r∇ [φ(r − L′)]
∗ · ∇ [ψ(r − L)] . (3.293)

From (3.102), letR = r − L, to obtain

∇ψ(r − L) =∇ψ(R)

=∇Ce−β|R|
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= − β Ce−βR R̂ (3.294)

and from (3.264), we have

∇φ∗ (r − L′) =∇φ∗ (R + L − L′)

=∇
[
A exp−ik′ · (R + L − L′) exp−(R + L − L′)

2

4σ′2

]

=∇
[
A exp−ik′ · (R − L0) exp−(R − L0)

2

4σ′2

]

=

[
−ik′ −

(
R − L0

2σ′2

)]
φ (R − L0) . (3.295)

By using (3.294) and (3.295), we obtain

∇φ∗(r − L′) · ∇ψ(r − L)

= − β C

[
−R̂ · ik′ − R̂ · (R − L0)

2σ′2

]
e−βRφ∗ (R − L0)

= − β C

[
−R̂ · ik′ − R · (R − L0)

2σ′2|R|

]
e−βRφ∗ (R − L0)

= − β C

[
−R̂ · ik′ − (R− L0 cos θ)

2σ′2

]
e−βRφ∗ (R − L0)

=β C

[
R̂ · ik′ +

(R− L0 cos θ)

2σ′2

]
e−βRφ∗ (R − L0) . (3.296)

By using (3.296), we obtain

∣∣∣∣
ˆ

d3r∇φ∗(r − L′) · ∇ψ(r − L)

∣∣∣∣

=

∣∣∣∣β C
ˆ

d3R

[
R̂ · ik′ +

(R− L0 cos θ)

2σ′2

]
e−βRφ∗ (R − L0)

∣∣∣∣
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=

∣∣∣∣β CA
ˆ

d3R

[
R̂ · ik′ +

(R− L0 cos θ)

2σ′2

]
e−βR e−ik′ ·(R−L0) e−

(R−L0)2

4σ′2

∣∣∣∣ .

(3.297)

By using (3.286) and

∣∣∣e−ik′ ·(R−L0)
∣∣∣ =
∣∣∣e−i k′R cos θ+i k′L0 cos θ

∣∣∣ = 1, (3.298a)

|ik′ cos θ| 6|k′|, (3.298b)

as applied to the right-hand side of (3.297), we obtain

∣∣∣∣
ˆ

d3r∇φ∗(r − L′) · ∇ψ(r − L)

∣∣∣∣

6 β CA

ˆ

d3R

[
k′ +

(R + L0)

2σ′2

]
e−βR e−

[R2+L2
0−2RL0]

4σ′2

= 4πβ CA

ˆ ∞

0

dRR2

[
k′ +

(R + L0)

2σ′2

]
e−βR e−

[R2+L2
0−2RL0]

4σ′2

= 4πβ CA

ˆ ∞

0

dRR2

[
k′ +

(R + L0)

2σ′2

]
e−βR e−

R(R−L0)

2σ′2 e−
L2

0
4σ′2

6 4πβ CA

ˆ ∞

0

dRR2

[
k′ +

(R + L0)

2σ′2

]
e−

R(R−L0)

2σ′2 e−
L2

0
4σ′2

6 4πβ CA

ˆ L0

0

dRL2
0

[
k′ +

(L0 + L0)

2σ′2

]
e

R(L0−R)

2σ′2 e−
L2

0
4σ′2

+ 4πβ CA

ˆ ∞

L0

dRR2

[
k′ +

(R +R)

2σ′2

]
e

−R(R−L0)

2σ′2 e−
L2

0
4σ′2 . (3.299)

By using (3.270) and (3.272), the first term on the right-hand side of inequality (3.299)

becomes

4πβ CA

ˆ L0

0

dRL2
0

[
k′ +

(L0 + L0)

2σ′2

]
e

R(L0−R)

2σ′2 e−
L2

0
4σ′2
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6 4πβ CA

ˆ L0

0

dRL2
0

[
k′ +

L0

σ′2

]
e

L2
0

8σ′2 e−
L2

0
4σ′2

= 4πβ CAL3
0

[
k′ +

L0

σ′2

]
e−

L2
0

8σ′2 . (3.300)

LetX = R− L0, then substitute into the second term on the right-hand sideof (3.299)

to get

4πβ CA

ˆ ∞

L0

dRR2

[
k′ +

(R +R)

2σ′2

]
e

−R(R−L0)

2σ′2 e−
L2

0
4σ′2

6 4πβ CA

ˆ ∞

0

d(X + L0) (X + L0)
2

[
k′ +

X + L0

σ′2

]
e

−X(X+L0)

2σ′2 e−
L2

0
4σ′2

6 4πβ CA

ˆ ∞

0

d(X + L0) (X + L0)
2

[
k′ +

X + L0

σ′2

]
e−

L2
0

4σ′2

= 4πβ CA

ˆ ∞

L0

du u2
[
k′ +

u

σ′2

]
e−

L2
0

4σ′2 , u = (X + L0)

= 4πβ CAe−
L2

0
4σ′2 lim

u→∞

[
k′u3

3
+

u4

4σ′2 − k′L3
0

3
+

L4
0

4σ′2

]

6 4πβ CAe−
L2

0
8σ′2 lim

u→∞

[
k′u3

3
+

u4

4σ′2 − k′L3
0

3
+

L4
0

4σ′2

]
(3.301)

where

e
−X(X+L0)

2σ′2 6 1. (3.302)

Substitute (3.300) and (3.301) into the right-hand side of inequality (3.299) to obtain

∣∣∣∣
ˆ

d3r∇φ∗(r − L′) · ∇ψ(r − L)

∣∣∣∣

6 4πβ CAL3
0

[
k′ +

L0

σ′2

]
e−

L2
0

8σ′2
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+ 4πβ CAe−
L2

0
8σ′2 lim

u→∞

[
k′u3

3
+

u4

4σ′2 − k′L3
0

3
+

L4
0

4σ′2

]
(3.303)

which vanishes very rapidly forL0 → ∞.

Refer to (3.303), forL0 → ∞, to write as a limit

lim
L0→∞

[
ˆ

d3r∇φ∗(r − L′) · ∇ψ(r − L)

]
= 0. (3.304)

In the same way, we obtain a bound for the following

ˆ

d3r′ ∇′ [ψ(r′ − L)]
∗ · ∇′ [φ(r′ − L′)] . (3.305)

Let R′ = r′ − L′, to obtain

∇ψ∗(r′ − L) =∇′ψ∗(R′ + L′ − L)

=∇′ψ∗(R′ − L′
0) ,L′

0 = L − L′

=C∇′e−β|R′−L′
0|

=∇′e−β
√

R′2−2R′L′
0 cos θ+L′2

0

=

(
R̂′ ∂

∂R′ + θ̂
1

R′
∂

∂θ

)
e
√

R′2−2R′L′
0 cos θ+L′2

0

= − β

[
(R′ − L′

0 cos θ) R̂′
√
R′2 + 2R′L0 cos θ + L′2

0

+
L′

0 sin θ θ̂√
R′2 − 2R′L′

0 cos θ + L′2
0

]

× e−β|R′−L′
0|

= − β

[
(R′ − L′

0 cos θ) R̂′

|R′ − L′
0|

+
L′

0 sin θ θ̂

|R′ − L′
0|

]
e−β|R′−L′

0| (3.306)
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and by referring to (3.264), we have

∇φ (r′ − L′) =∇φ (R′)

=∇
[
A exp ik′ · R′ exp−(R′)

2

4σ′2

]

=

[
ik′ −

(
R′

2σ′2

)]
φ (R′) . (3.307)

By using (3.306) and (3.307), we obtain

∇ψ∗(r′ − L) · ∇φ (r′ − L′)

= − β C

[
(R′ − L′

0 cos θ) R̂′ · ik′

|R′ − L′
0|

+
L′

0 sin θ θ̂ · ik′

|R′ − L′
0|

− (R′ − L′
0 cos θ) R̂′

|R′ − L′
0|

·R′

2σ′2

−L0 sin θ θ̂

|R′ − L′
0|

·R′

2σ′2

]
e−β|R′−L′

0|φ (R′)

= − β C

[
(R′ − L′

0 cos θ) R̂′ · ik′

|R′ − L′
0|

+
L′

0 sin θ θ̂ · ik′

|R′ − L′
0|

− (R′ − L′
0 cos θ)R′

2σ′2 |R′ − L′
0|

]

× e−β|R′−L′
0|φ (R′) . (3.308)

By using (3.308), we obtain

∣∣∣∣
ˆ

d3r′ ∇ψ∗(r′ − L) · ∇φ (r′ − L′)

∣∣∣∣

=

∣∣∣∣∣−β C
ˆ

[
(R′ − L′

0 cos θ) R̂′ · ik′

|R′ − L′
0|

+
L′

0 sin θ θ̂ · ik′

|R′ − L′
0|

− (R′ − L′
0 cos θ)R′

2σ′2 |R′ − L′
0|

]

×e−β|R′−L′
0|φ (R′) d3R′

∣∣∣
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6

∣∣∣∣∣β C
ˆ

[
(R′ + L′

0 cos θ) R̂′ · ik′

|R′ − L′
0|

+
L′

0 sin θ θ̂ · ik′

|R′ − L′
0|

+
(R′ + L′

0 cos θ)R′

2σ′2 |R′ − L′
0|

]

×e−β|R′−L′
0|φ (R′) d3R′

∣∣∣

6

∣∣∣∣∣β C
ˆ

[
(R′ + L′

0) R̂
′ · ik′

|R′ − L′
0|

+
L′

0 θ̂ · ik′

|R′ − L′
0|

+
(R′ + L′

0)R
′

2σ′2 |R′ − L′
0|

]

×e−β|R′−L′
0|φ (R′) d3R′

∣∣∣

6 β CA

ˆ

[
(R′ + L′

0) k
′

|R′ − L′
0|

+
L′

0k
′

|R′ − L′
0|

+
(R′ + L′

0)R
′

2σ′2 |R′ − L′
0|

]

×
∣∣∣∣e

−β|R′−L′
0|eik′ ·R′

e−
(R′)2

4σ′2

∣∣∣∣ d
3R′

6 β CA

ˆ

[
(R′ + 2L′

0) k
′

|R′ − L′
0|

+
(R′ + L′

0)R
′

2σ′2 |R′ − L′
0|

] ∣∣∣∣e
−β|R′−L′

0| e−
(R′)2

4σ′2

∣∣∣∣ d
3R′

= β CA

ˆ

d3R′
[
(R′ + 2L′

0) k
′

|R′ − L′
0|

+
(R′ + L′

0)R
′

2σ′2 |R′ − L′
0|

]
e−β|R′−L′

0| e−
R′2

4σ′2

6 4πβ CA

ˆ ∞

0

dR′
[
R′2(R′ + 2L′

0) k
′

R>

+
(R′ + L′

0)R
′3

2σ′2R′
>

]
e−β|R′−L′

0| e− R′2

4σ′2

= 4πβ CA

ˆ L′
0

0

dR′
[
R′2(R′ + 2L′

0) k
′

L′
0

+
(R′ + L′

0)R
′3

2σ′2L′
0

]
e−β(L′

0−R′) e−
R′2

4σ′2

+ 4πβ CA

ˆ ∞

L′
0

dR′
[
R′2(R′ + 2L′

0) k
′

R′ +
(R′ + L′

0)R
′3

2σ′2R′

]
e−β(R′−L′

0) e−
R′2

4σ′2

(3.309)

where

ˆ π

0

ˆ 2π

0

dθ dϕ
1

|R′ − L′
0|

= 4π
1

R′
>

, R> = max(R′, L′
0). (3.310)
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Consider the first term on the right-hand side of (3.309), to obtain

4πβ CA

ˆ L′
0

0

dR′
[
R′2(R′ + 2L′

0) k
′

L′
0

+
(R′ + L′

0)R
′3

2σ′2L′
0

]
e−β(L′

0−R′) e−
R′2

4σ′2

64πβ CA

ˆ L′
0

0

dR′
[
R′2(R′ + 2L′

0) k
′

L′
0

+
(R′ + L′

0)R
′3

2σ′2L′
0

]
e−βL′

0

64πβ CA e−βL′
0 × [polynomian of degree4 in (L′

0)| (3.311)

where

eβR′

e−
R′2

4σ′2 = e−R′2( 1
4σ′2 −

β

R′ ) 6 1. (3.312)

Consider the second term on the right-hand side of (3.309), and letX ′ = R′−L′
0,

to write

4πβ CA

ˆ ∞

0

dR′
[
R′2(R′ + 2L′

0) k
′

R′ +
(R′ + L′

0)R
′3

2σ′2R′

]
e−β(R′−L′

0) e−
R′2

4σ′2

=4πβ CA

ˆ ∞

0

d(X ′ + L′
0) [(X ′ + L′

0)((X
′ + L′

0) + 2L′
0) k

′

+
((X ′ + L′

0) + L′
0) (X ′ + L′

0)
2

2σ′2

]
e−βX e−

(X′+L′
0)2

4σ′2

=4πβ CA

ˆ ∞

L′
00

du

[
uk′(u+ 2L′

0) +
(u+ L′

0)u
2

2σ′2

]
e−βX e−

X′2+2X′L′
0+L′2

0
4σ′2

=4πβ CA

ˆ ∞

L′
0

du

[
uk′(u+ 2L′

0) +
(u+ L′

0)u
2

2σ′2

]
e−βX e−

X′2+2X′L′
0+L′2

0
4σ′2

64πβ CA

ˆ ∞

0

du

[
u2k′ + 2uL′

0 +
(u3 + L′

0u
2)

2σ′2

]
e−

L′2
0

4σ′2

=4πβ CA
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× lim
u→∞

[
u3k′

3
+ u2L′

0 +
u4

8σ′2 +
L′

0u
3

6σ′2 − L′3
0k

′

3
− L′3

0 −
L′4

0

8σ′2 − L′3
0

6σ′2

]
e−

L′2
0

4σ′2

64πβ CA e−
L′2

0
8σ′2

× lim
u→∞

[
u3k′

3
+ u2L′

0 +
u4

8σ′2 +
L′

0u
3

6σ′2 − L′3
0k

′

3
− L′3

0 −
L′4

0

8σ′2 − L′3
0

6σ′2

]

(3.313)

where

e−βXe−
X′2+2X′L′

0
4σ′2 6 1. (3.314)

Substitute (3.312) and (3.313) into the right-hand side of inequality (3.309), to obtain

∣∣∣∣
ˆ

d3r′ ∇ψ∗(r′ − L) · ∇φ (r′ − L′)

∣∣∣∣

6 4πβ CA e−βL′
0 × [polynomian of degree4 in (L′

0)|

+ 4πβ CA e−
L′2

0
8σ′2

× lim
u→∞

[
u3k′

3
+ u2L′

0 +
u4

8σ′2 +
L′

0u
3

6σ′2 − L′3
0k

′

3
− L′3

0 −
L′4

0

8σ′2 − L′3
0

6σ′2

]
(3.315)

which vanishes very rapidly forL′
0 → ∞.

Refer to (3.315), forL′
0 → ∞, have as a limit

lim
L′

0→∞

[
ˆ

d3r′ ∇ψ∗(r′ − L) · ∇φ (r′ − L′)

]
=0. (3.316)

In the same way, we obtain a bound for the following

ˆ

d3r′ ∇′ [φ(r′ − L′)]
∗ · ∇′ [ψ(r′ − L)] . (3.317)
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Let R′ = r′ − L′ andL′
0 = L − L′, we have

∇ψ(r′ − L) =∇′ψ(R′ + L′ − L)

=∇′ψ(R′ − L′
0)

=C∇′e−β|R′−L′
0|

=∇′e−β
√

R′2−2R′L′
0 cos θ+L′2

0

=

(
R̂′ ∂

∂R′ + θ̂
1

R′
∂

∂θ

)
e
√

R′2−2R′L′
0 cos θ+L′2

0

= − β

[
(R′ − L′

0 cos θ) R̂′
√
R′2 + 2R′L0 cos θ + L′2

0

+
L′

0 sin θ θ̂√
R′2 − 2R′L′

0 cos θ + L′2
0

]

× e−β|R′−L′
0|

= − β

[
(R′ − L′

0 cos θ) R̂′

|R′ − L′
0|

+
L′

0 sin θ θ̂

|R′ − L′
0|

]
e−β|R′−L′

0| (3.318)

and by referring to (3.264), we have

∇φ∗ (r′ − L′) =∇φ∗ (R′)

=∇
[
A exp−ik′ · R′ exp−(R′)

2

4σ′2

]

=

[
−ik′ −

(
R′

2σ′2

)]
φ∗ (R′) . (3.319)

By using (3.318) and (3.319), we obtain

∇φ∗ (r′ − L′) · ∇ψ(r′ − L)
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= − β C

[
−(R′ − L′

0 cos θ) R̂′ · ik′

|R′ − L′
0|

− L′
0 sin θ θ̂ · ik′

|R′ − L′
0|

− (R′ − L′
0 cos θ) R̂′

|R′ − L′
0|

·R′

2σ′2

−L0 sin θ θ̂

|R′ − L′
0|

·R′

2σ′2

]
e−β|R′−L′

0|φ (R′)

=β C

[
(R′ − L′

0 cos θ) R̂′ · ik′

|R′ − L′
0|

+
L′

0 sin θ θ̂ · ik′

|R′ − L′
0|

+
(R′ − L′

0 cos θ)R′

2σ′2 |R′ − L′
0|

]

× e−β|R′−L′
0|φ (R′) (3.320)

by using (3.320), we obtain

∣∣∣∣
ˆ

d3r′ ∇φ∗ (r′ − L′) · ∇ψ(r′ − L)

∣∣∣∣

=

∣∣∣∣∣β C
ˆ

[
(R′ + L′

0 cos θ) R̂′ · ik′

|R′ − L′
0|

+
L′

0 sin θ θ̂ · ik′

|R′ − L′
0|

+
(R′ + L′

0 cos θ)R′

2σ′2 |R′ − L′
0|

]

×e−β|R′−L′
0|φ (R′) d3R′

∣∣∣

6

∣∣∣∣∣β C
ˆ

[
(R′ + L′

0) R̂
′ · ik′

|R′ − L′
0|

+
L′

0 θ̂ · ik′

|R′ − L′
0|

+
(R′ + L′

0)R
′

2σ′2 |R′ − L′
0|

]

×e−β|R′−L′
0|φ (R′) d3R′

∣∣∣

6 β CA

ˆ

[
(R′ + L′

0) k
′

|R′ − L′
0|

+
L′

0k
′

|R′ − L′
0|

+
(R′ + L′

0)R
′

2σ′2 |R′ − L′
0|

]

×
∣∣∣∣e

−β|R′−L′
0|eik′ ·R′

e−
(R′)2

4σ′2

∣∣∣∣ d
3R′

6 β CA

ˆ

[
(R′ + 2L′

0) k
′

|R′ − L′
0|

+
(R′ + L′

0)R
′

2σ′2 |R′ − L′
0|

] ∣∣∣∣e
−β|R′−L′

0| e−
(R′)2

4σ′2

∣∣∣∣ d
3R′

= β CA

ˆ

d3R′
[
(R′ + 2L′

0) k
′

|R′ − L′
0|

+
(R′ + L′

0)R
′

2σ′2 |R′ − L′
0|

]
e−β|R′−L′

0| e−
R′2

4σ′2
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6 4πβ CA

ˆ ∞

0

dR′
[
R′2(R′ + 2L′

0) k
′

R>

+
(R′ + L′

0)R
′3

2σ′2R′
>

]
e−β|R′−L′

0| e− R′2

4σ′2

= 4πβ CA

ˆ L′
0

0

dR′
[
R′2(R′ + 2L′

0) k
′

L′
0

+
(R′ + L′

0)R
′3

2σ′2L′
0

]
e−β(L′

0−R′) e−
R′2

4σ′2

+ 4πβ CA

ˆ ∞

L′
0

dR′
[
R′2(R′ + 2L′

0) k
′

R′ +
(R′ + L′

0)R
′3

2σ′2R′

]
e−β(R′−L′

0) e−
R′2

4σ′2

(3.321)

where

ˆ π

0

ˆ 2π

0

dθ dϕ
1

|R′ − L′
0|

= 4π
1

R′
>

, R> = max(R′, L′
0). (3.322)

Consider the first term on the right-hand side of (3.321), to obtain

4πβ CA

ˆ L′
0

0

dR′
[
R′2(R′ + 2L′

0) k
′

L′
0

+
(R′ + L′

0)R
′3

2σ′2L′
0

]
e−β(L′

0−R′) e−
R′2

4σ′2

64πβ CA

ˆ L′
0

0

dR′
[
R′2(R′ + 2L′

0) k
′

L′
0

+
(R′ + L′

0)R
′3

2σ′2L′
0

]
e−βL′

0

64πβ CA e−βL′
0 × [polynomian of degree4 in (L′

0)] (3.323)

where

eβR′

e−
R′2

4σ′2 = e−R′2( 1
4σ′2 −

β

R′ ) 6 1. (3.324)

Consider the second term on the right-hand side of (3.321), and letX ′ = R′−L′
0,

to write

4πβ CA

ˆ ∞

0

dR′
[
R′2(R′ + 2L′

0) k
′

R′ +
(R′ + L′

0)R
′3

2σ′2R′

]
e−β(R′−L′

0) e−
R′2

4σ′2

=4πβ CA

ˆ ∞

0

d(X ′ + L′
0) [(X ′ + L′

0)((X
′ + L′

0) + 2L′
0) k

′
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+
((X ′ + L′

0) + L′
0) (X ′ + L′

0)
2

2σ′2

]
e−βX e−

(X′+L′
0)2

4σ′2

=4πβ CA

ˆ ∞

L′
0

du

[
uk′(u+ 2L′

0) +
(u+ L′

0)u
2

2σ′2

]
e−βX e−

X′2+2X′L′
0+L′2

0
4σ′2

=4πβ CA

ˆ ∞

L′
0

du

[
uk′(u+ 2L′

0) +
(u+ L′

0)u
2

2σ′2

]
e−βX e−

X′2+2X′L′
0+L′2

0
4σ′2

64πβ CA e−
L′2

0
4σ′2

ˆ ∞

L′
0

du

[
u2k′ + 2uL′

0 +
(u3 + L′

0u
2)

2σ′2

]

=4πβ CA e−
L′2

0
4σ′2

× lim
u→∞

[
u3k′

3
+ u2L′

0 +
u4

8σ′2 +
L′

0u
3

6σ′2 − L′3
0k

′

3
− L′2

0 −
L′4

0

8σ′2 − L′4
0

6σ′2

]

64πβ CA e−
L′2

0
8σ′2

× lim
u→∞

[
u3k′

3
+ u2L′

0 +
u4

8σ′2 +
L′

0u
3

6σ′2 − L′3
0k

′

3
− L′2

0 −
L′4

0

8σ′2 − L′4
0

6σ′2

]

(3.325)

where

e−βXe−
X′2+2X′L′

0
4σ′2 6 1. (3.326)

Substitute (3.324) and (3.325) into the right-hand side of inequality (3.321), to obtain

∣∣∣∣
ˆ

d3r′ ∇φ∗ (r′ − L′) · ∇ψ(r′ − L)

∣∣∣∣

6 4πβ CA e−βL′
0 × [polynomian of degree4 in (L′

0)]

+ 4πβ CA e−
L′2

0
8σ′2

× lim
u→∞

[
u3k′

3
+ u2L′

0 +
u4

8σ′2 +
L′

0u
3

6σ′2 − L′3
0k

′

3
− L′2

0 −
L′4

0

8σ′2 − L′4
0

6σ′2

]
(3.327)
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which vanishes very rapidly forL′
0 → ∞.

Refer to (3.327), forL′
0 → ∞, to write as a limit

lim
L′

0→∞

[
ˆ

d3r′ ∇φ∗ (r′ − L′) · ∇ψ(r′ − L)

]
=0. (3.328)

In the same way, we obtain a bound for the following integral.Let R = r − L,

to obtain

∣∣∣∣
ˆ

d3r [ψ(r − L)]∗ [φ(r − L′)]

∣∣∣∣ =

∣∣∣∣CA
ˆ

d3r e−β|r−L| eik′ ·(r−L′) e−
(r−L′)2

4σ′2

∣∣∣∣

=

∣∣∣∣CA
ˆ

d3R e−β|R| eik′ ·(R−L0) e−
(R−L0)2

4σ′2

∣∣∣∣

6

ˆ

d3R

∣∣∣∣CA e−β|R| e−
(R−L0)2

4σ′2

∣∣∣∣

=

ˆ

d3R

∣∣∣∣∣∣
CA e−β|R| e−

„√
R2+L2

0−2RL0 cos θ

«2

4σ′2

∣∣∣∣∣∣

6

ˆ

d3R

∣∣∣∣∣∣
CA e−β|R| e−

„√
R2+L2

0−2RL0

«2

4σ′2

∣∣∣∣∣∣

=

ˆ

d3R

∣∣∣∣CA e−βR e−
(R−L0)2

4σ′2

∣∣∣∣

64πCA

ˆ ∞

0

dR R2 e−
R(R−2L0)

4σ′2 e−
L2

0
4σ′2

64πCA

ˆ L0

0

dR L2
0 e−

R(2L0−R)

4σ′2 e−
L2

0
4σ′2

+ 4πCA

ˆ ∞

L0

dR R2 e−
R(R−2L0)

4σ′2 e−
L2

0
4σ′2 . (3.329)

Consider the right-hand side of inequality (3.329), optimizeR(L0 −R) byR, to
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obtain

∂

∂R
R(2L0 −R) = 2L0 − 2R = 0 → R = L0 (3.330)

and

∂2

∂R2
R(2L0 −R) = −2. (3.331)

SubstituteR = L0 into the first term on the right-hand side of (3.329), to obtain

4πCA

ˆ L0

0

dR L2
0 e−

R(2L0−R)

4σ′2 e−
L2

0
4σ′2 =4πCA

ˆ L0

0

dR L2
0 e−

L2
0

4σ′2 e−
L2

0
4σ′2

=4πCA

ˆ L0

0

dR L2
0 e−

L2
0

2σ′2

=
4πCAL3

0

3
e−

L2
0

2σ′2 . (3.332)

Consider the second term on the right-hand side of inequality(3.329), letX = R−2L0,

to obtain

4πCA

ˆ ∞

L0

dR R2 e−
R(R−2L0)

4σ′2 e−
L2

0
4σ′2

=4πCA

ˆ ∞

0

d(X + 2L0) (X + 2L0)
2 e−

X(X+2L0)

4σ′2 e−
L2

0
4σ′2

64πCA

ˆ ∞

0

d(X + 2L0) (X + 2L0)
2 e−

L2
0

4σ′2 , e−
X(X+2L0)

4σ′2 6 1

=4πCA

ˆ ∞

2L0

du u2 e−
L2

0
4σ′2

=4πCA e−
L2

0
4σ′2 lim

u→∞

[
u3

3
− L3

0

3

]
. (3.333)
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Substitute (3.332) and (3.333) into the right-hand side of inequality (3.329), to obtain

∣∣∣∣
ˆ

d3r [ψ(r − L)]∗ [φ(r − L′)]

∣∣∣∣ 6
4πCAL3

0

3
e−

L2
0

2σ′2

+ 4πCA e−
L2

0
4σ′2 lim

u→∞

[
u3

3
− L3

0

3

]
(3.334)

which vanishes very rapidly forL0 → ∞.

Refer to (3.334), forL0 → ∞, to write as a limit

lim
L0→∞

[
ˆ

d3r [ψ(r − L)]∗ [φ(r − L′)]

]
=0. (3.335)

In the same way, we obtain a bound for the following integral.Let R = r − L,

to obtain

∣∣∣∣
ˆ

d3r [φ(r − L′)]
∗

[ψ(r − L)]

∣∣∣∣ =

∣∣∣∣CA
ˆ

d3r e−ik′ ·(r−L′) e−
(r−L′)2

4σ′2 e−β|r−L|
∣∣∣∣

=

∣∣∣∣CA
ˆ

d3R e−ik′ ·(R−L0) e−
(R−L0)2

4σ′2 e−β|R|
∣∣∣∣

6

ˆ

d3R

∣∣∣∣CA e−β|R| e−
(R−L0)2

4σ′2

∣∣∣∣

=

ˆ

d3R

∣∣∣∣∣∣
CA e−β|R| e−

„√
R2+L2

0−2RL0 cos θ

«2

4σ′2

∣∣∣∣∣∣

6

ˆ

d3R

∣∣∣∣∣∣
CA e−β|R| e−

„√
R2+L2

0−2RL0

«2

4σ′2

∣∣∣∣∣∣

=

ˆ

d3R

∣∣∣∣CA e−βR e−
(R−L0)2

4σ′2

∣∣∣∣

64πCA

ˆ ∞

0

dR R2 e−
R(R−2L0)

4σ′2 e−
L2

0
4σ′2
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64πCA

ˆ L0

0

dR L2
0 e−

R(2L0−R)

4σ′2 e−
L2

0
4σ′2

+ 4πCA

ˆ ∞

L0

dR R2 e−
R(R−2L0)

4σ′2 e−
L2

0
4σ′2 . (3.336)

Consider the right-hand side of inequality (3.336), optimizeR(2L0−R) overR,

to obtain

∂

∂R
R(2L0 −R) = 2L0 − 2R = 0. (3.337)

From (3.337), we obtain

R = L0. (3.338)

SubstituteR = L0 into the first term on the right-hand side of (3.336), to obtain

4πCA

ˆ L0

0

dR L2
0 e−

R(2L0−R)

4σ′2 e−
L2

0
4σ′2 =4πCA

ˆ L0

0

dR L2
0 e−

L2
0

4σ′2 e−
L2

0
4σ′2

=4πCA

ˆ L0

0

dR L2
0 e−

L2
0

2σ′2

=
4πCAL3

0

3
e−

L2
0

2σ′2 . (3.339)

Consider the second term on the right-hand side of inequality(3.336), letX = R−2L0,

to obtain

4πCA

ˆ ∞

L0

dR R2 e−
R(R−2L0)

4σ′2 e−
L2

0
4σ′2

=4πCA

ˆ ∞

0

d(X + 2L0) (X + 2L0)
2 e−

X(X+2L0)

4σ′2 e−
L2

0
4σ′2

64πCA

ˆ ∞

0

d(X + 2L0) (X + 2L0)
2 e−

L2
0

4σ′2 , e−
X(X+2L0)

4σ′2 6 1
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=4πCA

ˆ ∞

2L0

du u2 e−
L2

0
4σ′2

=4πCA e−
L2

0
4σ′2 lim

u→∞

[
u3

3
− L3

0

3

]
. (3.340)

Substitute (3.339) and (3.340) into the right-hand side of inequality (3.336), to obtain

∣∣∣∣
ˆ

d3r [φ(r − L′)]
∗

[ψ(r − L)]

∣∣∣∣ 6
4πCAL3

0

3
e−

L2
0

2σ′2

+ 4πCA e−
L2

0
4σ′2 lim

u→∞

[
u3

3
− L3

0

3

]
(3.341)

which vanishes very rapidly forL0 → ∞.

Refer to (3.341), forL0 → ∞ to write as a limit

lim
L0→∞

[
ˆ

d3r [φ(r − L′)]
∗

[ψ(r − L)]

]
=0. (3.342)

In the same way, we obtain a bound for the following integral.Let R′ = r′ −L′,

to obtain

∣∣∣∣
ˆ

d3r′ [ψ(r′ − L)]
∗

[φ(r′ − L′)]

∣∣∣∣ =

∣∣∣∣CA
ˆ

d3r′ eik′ ·(r′−L′) e−
(r′−L′)2

4σ′2 e−β|r′−L|
∣∣∣∣

=

∣∣∣∣CA
ˆ

d3R′ eik′ ·R′

e−
R′2

4σ′2 e−β|R+L0|
∣∣∣∣

6

ˆ

d3R′
∣∣∣∣CA e−β|R′+L0| e−

(R′)2

4σ′2

∣∣∣∣

6

ˆ

d3R′
∣∣∣∣CA e−β|R′−L0| e−

R′2

4σ′2

∣∣∣∣

64πCA

ˆ ∞

0

dR′ R′2 e−β|R′−L0| e−
R′2

4σ′2

64πCA

ˆ ∞

0

dR′ R′2 e−β|R′−L0| e−
R′2

4σ′2
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=4πCA

ˆ L0

0

dR′ R′2 e−
R′2

4σ′2 e−β(L0−R′)

+ 4πCA

ˆ ∞

L0

dR′ R′2 e−
R′2

4σ′2 e−β(R′−L0).

(3.343)

Consider the first term on right-hand side of inequality (3.343), to obtain

4πCA

ˆ L0

0

dR′ R′2 e−
R′2

4σ′2 e−β(L0−R′) 64πCA

ˆ L0

0

dR′ R′2 e−βL0

6
4πCAL3

0

3
e−βL0 (3.344)

where

eβR′

e−
R′2

4σ′2 = e−R′2( 1
4σ′2 −

β

R′ ) 6 1. (3.345)

Consider the second term on right-hand side of inequality (3.343), letX = R′ −

L0, to obtain

4πCA

ˆ ∞

L0

dR′ R′2 e−
R′2

4σ′2 e−β(R′−L0)

64πCA

ˆ ∞

0

dR′ R′2 e−
(X+L0)2

4σ′2 e−βX

=4πCA

ˆ ∞

0

dR′ R′2 e−
X2+L2

0−2XL0
4σ′2 e−βX

64πCA

ˆ ∞

0

dR′ R′2 e−
L2

0
4σ′2

=4πCA e−
L2

0
4σ′2 lim

R′→∞

R′3

3
(3.346)



227

where

e−βXe−
X′2+2X′L′

0
4σ′2 6 1. (3.347)

Substitute (3.345) and (3.346) into the right-hand side of inequality (3.343), to obtain

∣∣∣∣
ˆ

d3r′ [ψ(r′ − L)]
∗

[φ(r′ − L′)]

∣∣∣∣ 6
4πCAL3

0

3
e−βL0 + 4πCA e−

L2
0

4σ′2 lim
R′→∞

R′3

3

(3.348)

which vanishes very rapidly forL0 → ∞.

Refer to (3.348), forL0 → ∞ to write as a limit

lim
L′

0→∞

[
ˆ

d3r′ [ψ(r′ − L)]
∗

[φ(r′ − L′)]

]
=0. (3.349)

In the same way, we obtain a bound for following integral. LetR′ = r′ − L′, to

obtain

∣∣∣∣
ˆ

d3r′ [φ(r′ − L′)]
∗

[ψ(r′ − L)]

∣∣∣∣ =

∣∣∣∣CA
ˆ

d3r′ e−ik′ ·(r′−L′) e−
(r′−L′)2

4σ′2 e−β|r′−L|
∣∣∣∣

=

∣∣∣∣CA
ˆ

d3R′ e−ik′ ·R′

e−
R′2

4σ′2 e−β|R+L0|
∣∣∣∣

6

ˆ

d3R′
∣∣∣∣CA e−β|R′+L0| e−

(R′)2

4σ′2

∣∣∣∣

6

ˆ

d3R′
∣∣∣∣CA e−β|R′−L0| e−

R′2

4σ′2

∣∣∣∣

64πCA

ˆ ∞

0

dR′ R′2 e−β|R′−L0| e−
R′2

4σ′2

64πCA

ˆ ∞

0

dR′ R′2 e−β|R′−L0| e−
R′2

4σ′2

=4πCA

ˆ L0

0

dR′ R′2 e−
R′2

4σ′2 e−β(L0−R′)
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+ 4πCA

ˆ ∞

L0

dR′ R′2 e−
R′2

4σ′2 e−β(R′−L0).

(3.350)

Consider the first term on right-hand side of inequality (3.350), to obtain

4πCA

ˆ L0

0

dR′ R′2 e−
R′2

4σ′2 e−β(L0−R′) 64πCA

ˆ L0

0

dR′ R′2 e−βL0

6
4πCAL3

0

3
e−βL0 (3.351)

where

eβR′

e−
R′2

4σ′2 = e−R′2( 1
4σ′2 −

β

R′ ) 6 1. (3.352)

Consider the second term on right-hand side of inequality (3.350), letX = R′ −

L0, to obtain

4πCA

ˆ ∞

L0

dR′ R′2 e−
R′2

4σ′2 e−β(R′−L0)

64πCA

ˆ ∞

0

dR′ R′2 e−
(X+L0)2

4σ′2 e−βX

=4πCA

ˆ ∞

0

dR′ R′2 e−
X2+L2

0−2XL0
4σ′2 e−βX

64πCA

ˆ ∞

0

dR′ R′2 e−
L2

0
4σ′2

=4πCA e−
L2

0
4σ′2 lim

R′→∞

R′3

3
(3.353)

wheree−βXe−
X′2+2X′L′

0
4σ′2 6 1 is given by (3.347).

Substitute (3.352) and (3.353) into the right-hand side of inequality (3.350), to
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obtain

∣∣∣∣
ˆ

d3r′ [φ(r′ − L′)]
∗

[ψ(r′ − L)]

∣∣∣∣ 6
4πCAL3

0

3
e−βL0

+ 4πCA e−
L2

0
4σ′2

[
lim

R′→∞

R′3

3

]
(3.354)

which vanishes very rapidly forL0 → ∞.

Refer to (3.350), forL0 → ∞ to write as a limit

lim
L0→∞

[
ˆ

d3r′ [φ(r′ − L′)]
∗

[ψ(r′ − L)]

]
=0. (3.355)

Refer to the integrations in (3.264)–(3.355), forL 6= L′ andL0, L
′
0 → ∞, to

obtain the limit :

lim
L0→∞

[
ˆ

d3r∇φ∗ (r − L′) · ∇φ (r − L)

]
= 0, (3.356a)

lim
L0→∞

[
ˆ

d3r∇ψ∗(r − L) · ∇φ (r − L′)

]
= 0, (3.356b)

lim
L0→∞

[
ˆ

d3r∇φ∗(r − L′) · ∇ψ(r − L)

]
= 0, (3.356c)

lim
L0→∞

[
ˆ

d3r′ ∇ψ∗(r′ − L) · ∇φ (r′ − L′)

]
= 0, (3.356d)

lim
L0→∞

[
ˆ

d3r′ ∇φ∗ (r′ − L′) · ∇ψ(r′ − L)

]
= 0, (3.356e)

lim
L0→∞

[
ˆ

d3r [ψ(r − L)]∗ [φ(r − L′)]

]
= 0, (3.356f)

lim
L0→∞

[
ˆ

d3r [φ(r − L′)]
∗

[ψ(r − L)]

]
= 0, (3.356g)

lim
L0→∞

[
ˆ

d3r′ [ψ(r′ − L)]
∗

[φ(r′ − L′)]

]
= 0, (3.356h)



230

lim
L0→∞

[
ˆ

d3r′ [φ(r′ − L′)]
∗

[ψ(r′ − L)]

]
= 0, (3.356i)

and

lim
L0→∞

[
−
ˆ

d3r∇ψ∗(r − L) · ∇φ (r − L′)

ˆ

d3r′ [φ(r′ − L′)]
∗

[ψ(r′ − L)]

]
= 0,

(3.357a)

lim
L0→∞

[
−
ˆ

d3r∇φ∗(r − L′) · ∇ψ(r − L)

ˆ

d3r′ [ψ(r′ − L)]
∗

[φ(r′ − L′)]

]
= 0,

(3.357b)

lim
L0→∞

[
−
ˆ

d3r′ ∇φ∗ (r′ − L′) · ∇ψ(r′ − L)

ˆ

d3r [ψ(r − L)]∗ [φ(r − L′)]

]
= 0,

(3.357c)

lim
L0→∞

[
−
ˆ

d3r′ ∇ψ∗(r′ − L) · ∇φ (r′ − L′)

ˆ

d3r [φ(r − L′)]
∗

[ψ(r − L)]

]
= 0,

(3.357d)

from (3.279), withL′ = L for small kinetic energyk′ → 0, hence

lim
L0,L′

0,k′→0

[
ˆ

d3r∇φ (r − L)∗ · ∇φ (r − L)

]
= 0 (3.358)

as a limit, and by referring to (3.117)–(3.119), withL = L′, we obtain

lim
L0→0

[
ˆ

d3r∇ [ψ(r − L) ]∗ · ∇ [ψ(r − L) ]

]
=β2. (3.359)

ForL 6= L′, andL0 → ∞ to write as a limit

lim
L0→∞

[
ˆ

d3r∇ [ψ(r − L) ]∗ · ∇ [ψ(r − L′) ]

]
=0 (3.360)
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and hence, forL 6= L′, andL0 → ∞ to write as a limit

lim
L0→∞

[
ˆ

d3r [ψ(r − L)] [ψ(r − L′)]

]
=0. (3.361)

By using (3.356)–(3.361), letr1 = r, r2 = r′, L1 = L, L2 = L′ L0 = L′ − L

andL0 → ∞, as applied to the right-hand side of (3.261) with normalized spin, we can

rewrite as

〈Ψ| p2
1

2m
|Ψ〉 =

~
2

4m

ˆ

d3r1 (∇1 [ψ(r1 − L1) ]∗ · ∇1 [ψ(r1 − L1) ]) (χ∗
a · χa)

+
~

2

4m

ˆ

d3r1 (∇1 [φ(r1 − L2)]
∗ · ∇1 [φ(r1 − L2)]) (χ∗

b · χb)

− ~
2

4m

ˆ

d3r1 ∇1 [ψ(r1 − L1) ]∗ · ∇1 [φ(r1 − L2)]

×
ˆ

d3r2 [φ(r2 − L2)]
∗ [ψ(r2 − L1)] (χ

∗
a · χb)

− ~
2

4m

ˆ

d3r1 ∇1 [φ(r1,−L2)]
∗ · ∇1 [ψ(r1 − L1) ]

×
ˆ

d3r2 [ψ(r2 − L1)]
∗ [φ(r2 − L2)] (χ

∗
a · χb)

=
~

2

4m

ˆ

d3r1 (∇1 [ψ(r1 − L1) ]∗ · ∇1 [ψ(r1 − L1) ]) δaa

+
~

2

4m

ˆ

d3r1 (∇1 [φ(r1 − L2)]
∗ · ∇1 [φ(r1 − L2)]) δbb

− ~
2

4m

ˆ

d3r1 ∇1 [ψ(r1 − L1) ]∗ · ∇1 [φ(r1 − L2)]

×
ˆ

d3r2 [φ(r2 − L2)]
∗ [ψ(r2 − L1)] δab

− ~
2

4m

ˆ

d3r1 ∇1 [φ(r1,−L2)]
∗ · ∇1 [ψ(r1 − L1) ]
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×
ˆ

d3r2 [ψ(r2 − L1)]
∗ [φ(r2 − L2)] δab

6
~

2β2

4m
+ 0 (3.362)

and hence

〈Ψ| p2
2

2m
|Ψ〉 =

~
2

4m

ˆ

d3r2 (∇2 [φ(r2 − L2)]
∗ · ∇2 [φ(r2 − L2)]) δaa

+
~

2

4m

ˆ

d3r2 (∇2 [ψ(r2 − L1)]
∗ · ∇2 [ψ(r2 − L1)]) δaa

− ~
2

4m

ˆ

d3r2 ∇2 [φ(r2 − L2)]
∗ · ∇2 [ψ(r2 − L1)]

×
ˆ

d3r1 [ψ(r1 − L1)]
∗ [φ(r1 − L2)] δab

− ~
2

4m

ˆ

d3r2 ∇2 [ψ(r2 − L1)]
∗ · ∇2 [φ(r2 − L2)]

×
ˆ

d3r1 [φ(r1 − L2)]
∗ [ψ(r1 − L1)] δab

6
~

2β2

4m
+ 0. (3.363)

From (3.362) and (3.363), we obtain the expectation value ofkinetic energy of

the system which consists of one nucleus, one bound electronand one free electron :

〈Ψ|
2∑

i=1

p2
i

2m
|Ψ〉 = 〈Ψ| p2

1

2m
|Ψ〉 + 〈Ψ| p2

2

2m
|Ψ〉

6
~

2β2

2m
. (3.364)

The expectation value of kinetic energy of of the system which consists ofk nuclei,

k bound electrons, and(N − k) free electrons with the latter with vanishingly small
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kinetic energies :

〈Ψ|
N∑

i=1

p2
i

2m
|Ψ〉 = 〈Ψ| p2

1

2m
|Ψ〉 + 〈Ψ| p2

2

2m
|Ψ〉 + . . .+ 〈Ψ| p

2
N

2m
|Ψ〉

6

k∑

i=1

~
2β2

2m
. (3.365)

To obtain the bound of following integral function we letR = r − L, to obtain

ˆ

d3rφ∗ (r − L) · φ (r − L)

|r − L| =A2

ˆ

d3r e−ik′ ·(r−L) e−
(r−L)2

4σ′2 · eik′ ·(r−L) e−
(r−L)2

4σ′2

|r − L|

=A2

ˆ

d3r
e−

(r−L)2

2σ′2

|r − L|

=A2

ˆ

d3R
e−

R2

2σ′2

|R|

=4πA2

ˆ ∞

0

dRR2 e−
R2

2σ′2

R

=4πA2

ˆ ∞

0

dRRe−
R2

2σ′2

=4πA2

(
−2σ′2

2
e−

R2

2σ′2

∣∣∣∣
∞

0

)

=4πA2σ′2

>0. (3.366)

This gives

−
ˆ

d3rφ∗ (r − L) · φ (r − L)

|r − L| 60. (3.367)
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Again, letR = r − L, L0 = L′ − L andL′
0 = L − L′, to obtain

∣∣∣∣
ˆ

d3rφ∗ (r − L′) · φ (r − L′)

|r − L|

∣∣∣∣

= A2

∣∣∣∣∣∣

ˆ

d3r e−ik′ ·(r−L′) e−
(r−L′)2

4σ′2 · eik′ ·(r−L′) e−
(r−L′)2

4σ′2

|r − L|

∣∣∣∣∣∣

= A2

∣∣∣∣∣∣

ˆ

d3r
e−

(r−L′)2

2σ′2

|r − L|

∣∣∣∣∣∣

= A2

∣∣∣∣∣∣

ˆ

d3R
e−

(R+L−L′)2

2σ′2

|R|

∣∣∣∣∣∣

= A2

∣∣∣∣∣∣

ˆ

d3R
e−

(R−L′
0)2

2σ′2

|R|

∣∣∣∣∣∣

= A2

∣∣∣∣∣∣
e−

L2
0

2σ′2

ˆ

d3R
e−

R2+2RL0 cos θ

2σ′2

R

∣∣∣∣∣∣

6 A2

∣∣∣∣e
− L2

0
2σ′2

ˆ ∞

0

d3R e−
R2−2RL0

2σ′2

∣∣∣∣

= 4πA2

∣∣∣∣e
− L2

0
2σ′2

ˆ ∞

0

dRR e−
R(R−2L0)

4σ′2

∣∣∣∣

6 4πA2

∣∣∣∣e
− L2

0
2σ′2

ˆ L0

0

dRL0 e
R(2L0−R)

4σ′2 + e−
L2

0
2σ′2

ˆ L0

0

dRL0 e
R(2L0−R)

4σ′2

∣∣∣∣

= 4πA2

∣∣∣∣e
− L2

0
2σ′2

ˆ ∞

0

dRR e−
R(R−2L0)

4σ′2

∣∣∣∣

6 4πA2

∣∣∣∣e
− L2

0
2σ′2

ˆ L0

0

dRL0 e
R(2L0−R)

4σ′2 + e−
L2

0
2σ′2

ˆ ∞

0

dRR e−
R(R−2L0)

4σ′2

∣∣∣∣ . (3.368)
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By optimizingR(R + 2L0) overR, we obtain

∂

∂R
R(2L0 −R) = 2R− 2L0 = 0 → R = L0 (3.369)

substituteR = L0 andX = (R − 2L0) into the right-hand of inequality (3.368), to

obtain

∣∣∣∣
ˆ

d3rφ∗ (r − L′) · φ (r − L′)

|r − L|

∣∣∣∣

6 4πA2

∣∣∣∣e
− L2

0
4σ′2

ˆ L0

0

dRL0 + e−
L2

0
2σ′2

ˆ ∞

0

dRR e−
R(R−2L0)

4σ′2

∣∣∣∣

= 4πA2

∣∣∣∣e
− L2

0
4σ′2

ˆ L0

0

dRL0 + e−
L2

0
2σ′2

ˆ ∞

0

d(X + 2L0) (X + 2L0) e−
(X+2L0)X

4σ′2

∣∣∣∣

6 4πA2

∣∣∣∣e
− L2

0
4σ′2

ˆ L0

0

dRL0 + e−
L2

0
2σ′2

ˆ ∞

2L0

duu e−
uX

4σ′2

∣∣∣∣ , u = (X + 2L0) (3.370)

which vanishes very rapidly forL0 → ∞.

From (3.370), forL0 → ∞, to write as a limit

lim
L0→∞

[∣∣∣∣
ˆ

d3rφ∗ (r − L′) · φ (r − L′)

|r − L|

∣∣∣∣
]

=0, (3.371a)

lim
L0→∞

[
ˆ

d3rφ∗ (r − L′) · φ (r − L′)

|r − L|

]
=0, (3.371b)

lim
L0→∞

[
−
ˆ

d3rφ∗ (r − L′) · φ (r − L′)

|r − L|

]
=0. (3.371c)

Let R = r − L andL0 = L′ − L, to obtain

ˆ

d3rψ∗ (r − L) · φ (r − L′)

|r − L| =CA

ˆ

d3r e−β|r−L| · eik′ ·(r−L′) e−
(r−L′)2

4σ′2

|r − L|

=CA

ˆ

d3R e−β|R| · eik′ ·(R+L−L′) e−
(R+L−L′)2

4σ′2

|R|
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=CA

ˆ

d3R e−β|R| · eik′ ·(R−L0) e−
(R−L0)2

4σ′2

|R| . (3.372)

From (3.372), we can rewrite

∣∣∣∣
ˆ

d3rψ∗ (r − L) · φ (r − L′)

|r − L|

∣∣∣∣ =

∣∣∣∣∣∣
CA

ˆ

d3R e−β|R| · eik′ ·(R−L0) e−
(R−L0)2

4σ′2

|R|

∣∣∣∣∣∣

=

∣∣∣∣∣∣
CA

ˆ

d3R e−β|R| · e−
(R−L0)2

4σ′2

|R|

∣∣∣∣∣∣

=CA

∣∣∣∣∣∣∣

ˆ

d3R e−β|R| e−
(R2+L2

0−2RL0 cos θ)
4σ′2

|R|

∣∣∣∣∣∣∣

6CA

∣∣∣∣
ˆ

d3R
e−β|R|

|R| e−
R2+L2

0−RL0
4σ′2

∣∣∣∣

=CAe−
L2

0
4σ′2

∣∣∣∣
ˆ

d3R
e−β|R|

|R| e−
R(R−2L0)

4σ′2

∣∣∣∣

=4πCAe−
L2

0
4σ′2

∣∣∣∣
ˆ ∞

0

dRR2 e−βR

R
e−

R(R−2L0)

4σ′2

∣∣∣∣

64πCAe−
L2

0
4σ′2

∣∣∣∣
ˆ ∞

0

dRR e−
R(R−2L0)

4σ′2

∣∣∣∣

64πCAe−
L2

0
4σ′2

∣∣∣∣
ˆ L0

0

dRL0 e
R(2L0−R)

4σ′2

+

ˆ ∞

L0

dRR e−
R(R−2L0)

4σ′2

∣∣∣∣ . (3.373)

Consider the right-hand side of inequality (3.373), optimize R(2L0 − R) overR, to

obtain

∂

∂R
R(2L0 −R) = 2L0 − 2R = 0 → R = L0 (3.374)
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and

∂2

∂R2
R(2L0 −R) = −2 , e

L2
0

4σ′2 6 e
L2

0
8σ′2 . (3.375)

SubstituteR = L0 into the first term on the right-hand side of inequality (3.373), to

obtain

4πCAe−
L2

0
4σ′2

ˆ L0

0

dRL0 e
R(2L0−R)

4σ′2 64πCA e−
L2

0
4σ′2 e

L2
0

8σ′2

ˆ L0

0

dR L2
0

=4πCA e−
L2

0
8σ′2

ˆ L0

0

dR L0

=
4πCAL2

0

2
e−

L2
0

2σ′2 . (3.376)

Consider the second term on the right-hand side of inequality(3.373), letX = R−2L0,

to obtain

4πCAe−
L2

0
4σ′2

ˆ ∞

L0

dR R e−
R(R−2L0)

4σ′2

64πCA e−
L2

0
4σ′2

ˆ ∞

0

d(X + 2L0) (X + 2L0) e−
X(X+2L0)

4σ′2

64πCA

ˆ ∞

0

d(X + 2L0) (X + 2L0) e−
L2

0
4σ′2 e−

uX

4σ′2

=4πCA e−
L2

0
4σ′2

ˆ ∞

2L0

duu e−
uX

4σ′2 . (3.377)

Substitute (3.376) and (3.378) into the right-hand side of inequality (3.373), to obtain

∣∣∣∣
ˆ

d3rψ∗ (r − L) · φ (r − L′)

|r − L|

∣∣∣∣ 6
∣∣∣∣
4πCAL2

0

2
e−

L2
0

8σ′2

+ 4πCA e−
L2

0
4σ′2

ˆ ∞

2L0

duu e−
uX

4σ′2

∣∣∣∣ (3.378)
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which vanishes very rapidly forL0 → ∞.

Refer to (3.378), forL0 → ∞, to write as a limit

lim
L0→∞

[
ˆ

d3rψ∗ (r − L) · φ (r − L′)

|r − L|

]
=0 (3.379)

and hence

lim
L0→∞

[
ˆ

d3rφ∗ (r − L′) · ψ (r − L)

|r − L|

]
. =0 (3.380)

To obtain a bound for the following integral function we letx = r − L′, to get

∣∣∣∣
ˆ

d3rφ∗ (r − L) · φ (r − L)

|r − L′|

∣∣∣∣

=

∣∣∣∣∣∣
A2

ˆ

d3r e−ik′ ·(r−L′) e−
(r−L)2

4σ′2 · eik′ ·(r−L) e−
(r−L)2

4σ′2

|r − L′|

∣∣∣∣∣∣

=

∣∣∣∣∣∣
A2

ˆ

d3r
e−

(r−L)2

2σ′2

|r − L|

∣∣∣∣∣∣

=

∣∣∣∣∣∣
A2

ˆ

d3x
e−

(x+L′−L)2

2σ′2

|x|

∣∣∣∣∣∣

=

∣∣∣∣∣∣
A2

ˆ

d3x
e−

(x−L′
0)2

2σ′2

|x|

∣∣∣∣∣∣

= A2 e−
L′2

0
2σ′2

∣∣∣∣∣∣

ˆ ∞

0

d3x
e−

x2−2xL′
0 cos θ

2σ′2

x

∣∣∣∣∣∣

6 A2 e−
L′2

0
2σ′2

∣∣∣∣
ˆ ∞

0

d3x e−
x2−2xL′

0
2σ′2

∣∣∣∣

= 4πA2 e−
L′2

0
2σ′2

∣∣∣∣
ˆ ∞

0

dxx e−
x(x−2L′

0)

2σ′2

∣∣∣∣
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6 4πA2 e−
L′2

0
2σ′2

∣∣∣∣∣

ˆ L′
0

0

dxL′
0 e−

x(x−2L′
0)

2σ′2 +

ˆ ∞

L′
0

dxx e−
x(x−2L′

0)

2σ′2

∣∣∣∣∣

6 4πA2

∣∣∣∣∣e
− L′2

0
4σ′2

ˆ L′
0

0

dxL′
0 + e−

L′2
0

2σ′2

ˆ ∞

L′
0

dxx e−
x(x−2L′

0)

2σ′2

∣∣∣∣∣ , e−
x(x−2L′

0)

2σ′2 6 e
L′2

0
4σ′2

= 4πA2 e−
L′2

0
4σ′2

∣∣∣∣∣
L′2

0

2
+ 4πA2 e−

L′2
0

2σ′2

ˆ ∞

L′
0

dxx e−
x(x−2L′

0)

2σ′2

∣∣∣∣∣ , X = (x− 2L′
0)

= 4πA2

∣∣∣∣e
− L′2

0
4σ′2

L′2
0

2
+ e−

L′2
0

2σ′2

ˆ ∞

0

d(X + 2L0) (X + 2L′
0) e−

(X+2L′
0)X

2σ′2

∣∣∣∣

= 4πA2

∣∣∣∣e
− L′2

0
4σ′2

L′2
0

2
+ e−

L′2
0

2σ′2

ˆ ∞

2L0

duu e−
uX

2σ′2

∣∣∣∣ , u = (X + 2L′
0) (3.381)

which vanishes very rapidly forL′
0 → ∞.

From (3.381), forL′
0 → ∞ to write as a limit

lim
L0→∞

[∣∣∣∣
ˆ

d3rφ∗ (r − L) · φ (r − L)

|r − L′|

∣∣∣∣
]

=0 (3.382)

and hence

lim
L0→∞

[
ˆ

d3rφ∗ (r − L) · φ (r − L)

|r − L′|

]
=0. (3.383)

Again, letx′ = r′ − L, andL′
0 = L − L′, to get

∣∣∣∣
ˆ

d3r′ φ∗ (r′ − L′) · φ (r′ − L′)

|r′ − L|

∣∣∣∣

= A2

∣∣∣∣∣∣

ˆ

d3r′ e−ik′ ·(r′−L′) e−
(r′−L′)2

4σ′2 · eik′ ·(r′−L′) e−
(r′−L′)2

4σ′2

|r − L|

∣∣∣∣∣∣

= A2

∣∣∣∣∣∣

ˆ

d3r′
e−

(r′−L′)2

2σ′2

|r′ − L|

∣∣∣∣∣∣
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= A2

∣∣∣∣∣∣

ˆ

d3x′ e−
(x′+L−L′)2

2σ′2

|x′|

∣∣∣∣∣∣

= A2

∣∣∣∣∣∣

ˆ

d3x′ e−
(x′−L′

0)2

2σ′2

|x′|

∣∣∣∣∣∣

= A2 e−
L2

0
2σ′2

∣∣∣∣∣∣

ˆ ∞

0

d3x′ e−
x′2−2x′L0 cos θ

2σ′2

x′

∣∣∣∣∣∣

6 A2 e−
L2

0
2σ′2

∣∣∣∣
ˆ ∞

0

d3x′ e−
x′2−2x′L0

2σ′2

∣∣∣∣

= 4πA2 e−
L2

0
2σ′2

∣∣∣∣
ˆ ∞

0

dx′ x′ e−
x′(x′−2L0)

2σ′2

∣∣∣∣

6 4πA2 e−
L2

0
2σ′2

∣∣∣∣
ˆ L0

0

dxL0 e−
x′(x′−2L0)

2σ′2 +

ˆ ∞

L0

dx′ x′ e−
x′(x′−2L0)

2σ′2

∣∣∣∣

6 4πA2

∣∣∣∣e
− L2

0
4σ′2

ˆ L0

0

dx′ L0 + e−
L2

0
2σ′2

ˆ ∞

L0

dx′ x′ e−
x′(x′−2L0)

2σ′2

∣∣∣∣ , e
−x′(x′−2L0)

2σ′2 6 e
L2

0
4σ′2

= 4πA2 e−
L2

0
4σ′2

∣∣∣∣
L2

0

2
+ 4πA2 e−

L2
0

2σ′2

ˆ ∞

L0

dx′ x′ e−
x′(x′−2L0)

2σ′2

∣∣∣∣ , X = (x′ − 2L0)

= 4πA2

∣∣∣∣e
− L2

0
4σ′2

L2
0

2
+ e−

L2
0

2σ′2

ˆ ∞

0

d(X + 2L0) (X + 2L′
0) e−

(X+2L0)X

2σ′2

∣∣∣∣

= 4πA2

∣∣∣∣e
− L2

0
4σ′2

L2
0

2
+ e−

L2
0

2σ′2

ˆ ∞

2L0

duu e−
uX

2σ′2

∣∣∣∣ , u = (X + 2L0) (3.384)

which vanishes very rapidly forL0 → ∞. We note that

∂

∂x′
x′(2L0 − x′) = 2L0 − 2x′ = 0 → x′ = L0 (3.385)

and (3.384), forL0 → ∞, we get

∣∣∣∣
ˆ

d3r′ φ∗ (r′ − L′) · φ (r′ − L′)

|r′ − L|

∣∣∣∣ 64πA2σ′2e−
L′2

0
2σ′2 (3.386)
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the right-hand side of inequality (3.386) is positive, so that we can rewrite (3.386) for

L0, L
′
0 → ∞ as a limit

lim
L0,L′

0→∞

[
ˆ

d3r′ φ∗ (r′ − L′) · φ (r′ − L′)

|r′ − L|

]
=0. (3.387)

Let R = r − L andL0 = L′ − L to obtain

ˆ

d3rψ∗ (r − L) · φ (r − L′)

|r − L′| =CA

ˆ

d3r e−β|r−L| · eik′ ·(r−L′) e−
(r−L′)2

4σ′2

|r − L′|

=CA

ˆ

d3R e−β|R| · eik′ ·(R+L−L′) e−
(R+L−L′)2

4σ′2

|R + L − L′|

=CA

ˆ

d3R e−β|R| · eik′ ·(R−L0) e−
(R−L0)2

4σ′2

|R − L0|
. (3.388)

From (3.388), we can write

∣∣∣∣
ˆ

d3rψ∗ (r − L) · φ (r − L′)

|r − L|

∣∣∣∣ =

∣∣∣∣∣∣
CA

ˆ

d3R e−β|R| · eik′ ·(R−L0) e−
(R−L0)2

4σ′2

|R − L0|

∣∣∣∣∣∣

=

∣∣∣∣∣∣
CA

ˆ

d3R e−β|R| · e−
(R−L0)2

4σ′2

|R − L0|

∣∣∣∣∣∣

=CA

∣∣∣∣∣∣∣

ˆ

d3R e−β|R| e−
(R2+L2

0−2RL0 cos θ)
4σ′2

|R − L0|

∣∣∣∣∣∣∣

6CA

∣∣∣∣
ˆ

d3R
e−β|R|

|R − L0|
e−

R2+L2
0−RL0

4σ′2

∣∣∣∣

=CA

ˆ

d3R
e−β|R|

|R − Lo|
e−

(R−L0)2

4σ′2

6CA

ˆ

d3R
e−β|R|

|R − Lo|
, e−

(R−L0)2

4σ′2 6 1
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=4πCA

ˆ ∞

0

dR
R2

R>

e−βR , R> = max(L0, R)

=
4πCA

L0

ˆ L0

0

dRR2 e−βR + 4πCA

ˆ ∞

L0

dRR e−βR

=
4πCA

L0

[
−e−βR(2 + 2Rβ +R2β2)

β3

]L0

0

+ 4πCA

[
−e−βR(1 + 2Rβ)

β2

]∞

L0

=
8πCA

L0β2
+

4πCA

L0

e−βL0

[
(−2 + 2L0β − L2

0β
2)

β3

]

+ 4πCA e−βL0
(1 + 2βL0)

β2
(3.389)

which vanishes very rapidly forL0 → ∞.

Refer to (3.389), forL0 → ∞, to note that as a limit

lim
L0→∞

[
ˆ

d3rψ∗ (r − L) · φ (r − L′)

|r − L′|

]
=0 (3.390)

and hence

lim
L0→∞

[
ˆ

d3rφ∗ (r − L′) · ψ (r − L)

|r − L′|

]
=0. (3.391)

Refer to the integrations in (3.366)–(3.391), forL 6= L′ andL0, L
′
0 → ∞, to

obtain the limit :

lim
L0→∞

[
ˆ

d3rψ∗ (r − L) · φ (r − L′)

|r − L|

]
=0, (3.392a)

lim
L0→∞

[
ˆ

d3rφ∗ (r − L′) · ψ (r − L)

|r − L|

]
=0, (3.392b)

lim
L0→∞

[
ˆ

d3r′ φ∗ (r′ − L′) · φ (r′ − L′)

|r′ − L|

]
=0, (3.392c)
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lim
L0→∞

[
ˆ

d3rψ∗ (r − L) · φ (r − L′)

|r − L′|

]
=0, (3.392d)

lim
L0→∞

[
ˆ

d3rφ∗ (r − L′) · ψ (r − L)

|r − L′|

]
=0, (3.392e)

and from (3.145)

−
ˆ

d3r
ψ∗(r − L) · ψ(r − L)

|r − L| = − β, (3.393a)

−
ˆ

d3r′
ψ∗(r′ − L) · ψ(r′ − L)

|r′ − L| = − β. (3.393b)

The expectation value of the nucleus-electron interactionfor system consists of

one nucleus, one bound electron and one free electron, (N = 2, k = 1 Z1 = 2), let

Rj = Lj , we have

−〈Ψ|
2∑

i=1

1∑

j=1

Zje
2

|ri − Rj|
|Ψ〉 = − 〈Ψ| Z1e

2

|r1 − L1|
|Ψ〉 − 〈Ψ| Z1e

2

|r2 − L1|
|Ψ〉 . (3.394)

Consider the first term on the right-hand side of (3.394) , by using (3.238), to

obtain

−〈Ψ| Z1e
2

|r1 − L1|
|Ψ〉

= −Z1e
2

2

{
ˆ

d3r1 d3r2 [ψ1(r1, σ1)φ2(r2, σ2)]
∗ · 1

|r1 − L1|
[ψ1(r1, σ1)φ2(r2, σ2)]

}

− Z1e
2

2

{
ˆ

d3r1 d3r2 [ψ1(r2, σ2)φ2(r1, σ1)]
∗ · 1

|r1 − L1|
[ψ1(r2, σ2)φ2(r1, σ1)]

}

+
Z1e

2

2

{
ˆ

d3r1 d3r2 [ψ1(r1, σ1)φ2(r2, σ2)]
∗ · 1

|r1 − L1|
[ψ1(r2, σ2)φ2(r1, σ1)]

}

+
Z1e

2

2

{
ˆ

d3r1 d3r2 [ψ1(r2, σ2)φ2(r1, σ1)]
∗ · 1

|r1 − L1|
[ψ1(r1, σ1)φ2(r2, σ2)]

}
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= −Z1e
2

2

{
ˆ

d3r1
|ψ1(r1, σ1)|2
|r1 − L1|

ˆ

d3r2 |φ2(r2, σ2)|2
}

− Z1e
2

2

{
ˆ

d3r1
|φ2(r1, σ1)|2
|r1 − L1|

ˆ

d3r2 |ψ1(r2, σ2)|2
}

+
Z1e

2

2

{
ˆ

d3r1
ψ∗

1(r1, σ1) · φ2(r1, σ1)

|r1 − L1|

ˆ

d3r2 φ
∗
2(r2, σ2)ψ1(r2, σ2)

}

+
Z1e

2

2

{
ˆ

d3r1
φ∗

2(r1, σ1) · ψ1(r1, σ1)

|r1 − L1|

ˆ

d3r2 ψ
∗
1(r2, σ2)φ2(r2, σ2)

}
. (3.395)

Refer to (3.232)–(3.235), with normalized wavefunction to rewrite (3.395) as

−〈Ψ| Z1e
2

|r1 − L1|
|Ψ〉

= −Z1e
2

2

ˆ

d3r1
|ψ1(r1, σ1)|2
|r1 − L1|

− Z1e
2

2

ˆ

d3r1
|φ2(r1, σ1)|2
|r1 − L1|

+
Z1e

2

2

{
ˆ

d3r1
ψ∗

1(r1, σ1) · φ2(r1, σ1)

|r1 − L1|

ˆ

d3r2 φ
∗
2(r2, σ2)ψ1(r2, σ2)

}

+
Z1e

2

2

{
ˆ

d3r1
φ∗

2(r1, σ1) · ψ1(r1, σ1)

|r1 − L1|

ˆ

d3r2 ψ
∗
1(r2, σ2)φ2(r2, σ2)

}

= −Z1e
2

2

ˆ

d3r1
|ψ(r1 − L1)|2
|r1 − L1|

δaa −
Z1e

2

2

ˆ

d3r1
|φ(r1 − L2)|2
|r1 − L1|

δbb

+ δab
Z1e

2

2

{
ˆ

d3r1
ψ∗(r1 − L1) · φ(r1 − L2)

|r1 − L1|

ˆ

d3r2 φ
∗(r2 − L2)ψ(r2 − L1)

}

+ δab
Z1e

2

2

{
ˆ

d3r1
φ∗(r1 − L2) · ψ(r1 − L1)

|r1 − L1|

ˆ

d3r2 ψ
∗(r2 − L1)φ(r2 − L2)

}
.

(3.396)

Consider the second term on the right-hand side of (3.394), byusing (3.238), to
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obtain

−〈Ψ| Z1e
2

|r2 − L1|
|Ψ〉

= −Z1e
2

2

{
ˆ

d3r1 d3r2 [ψ1(r1, σ1)φ2(r2, σ2)]
∗ · 1

|r2 − L1|
[ψ1(r1, σ1)φ2(r2, σ2)]

}

− Z1e
2

2

{
ˆ

d3r1 d3r2 [ψ1(r2, σ2)φ2(r1, σ1)]
∗ · 1

|r2 − L1|
[ψ1(r2, σ2)φ2(r1, σ1)]

}

+
Z1e

2

2

{
ˆ

d3r1 d3r2 [ψ1(r1, σ1)φ2(r2, σ2)]
∗ · 1

|r2 − L1|
[ψ1(r2, σ2)φ2(r1, σ1)]

}

+
Z1e

2

2

{
ˆ

d3r1 d3r2 [ψ1(r2, σ2)φ2(r1, σ1)]
∗ · 1

|r2 − L1|
[ψ1(r1, σ1)φ2(r2, σ2)]

}

= −Z1e
2

2

{
ˆ

d3r1 |ψ1(r1, σ1)|2
ˆ

d3r2
|φ2(r2, σ2)|2
|r2 − L1|

}

− Z1e
2

2

{
ˆ

d3r1 |φ2(r1, σ1)|2
ˆ

d3r2
|ψ1(r2, σ2)|2
|r2 − L1|

}

+
Z1e

2

2

{
ˆ

d3r1 ψ
∗
1(r1, σ1)φ2(r1, σ1)

ˆ

d3r2
φ∗

2(r2, σ2) · ψ1(r2, σ2)

|r2 − L1|

}

+
Z1e

2

2

{
ˆ

d3r1 φ
∗
2(r1, σ1)ψ1(r1, σ1)

ˆ

d3r2
ψ∗

1(r2, σ2) · φ2(r2, σ2)

|r2 − L1|

}
. (3.397)

Refer to (3.232)–(3.235), with normalized wavefunction to rewrite (3.397) as

−〈Ψ| Z1e
2

|r2 − L1|
|Ψ〉

= −Z1e
2

2

{
ˆ

d3r2
|φ2(r2, σ2)|2
|r2 − L1|

}
− Z1e

2

2

{
ˆ

d3r2
|ψ1(r2, σ2)|2
|r2 − L1|

}

+
Z1e

2

2

{
ˆ

d3r1 ψ
∗
1(r1, σ1)φ2(r1, σ1)

ˆ

d3r2
φ∗

2(r2, σ2) · ψ1(r2, σ2)

|r2 − L1|

}
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+
Z1e

2

2

{
ˆ

d3r1 φ
∗
2(r1, σ1)ψ1(r1, σ1)

ˆ

d3r2
ψ∗

1(r2, σ2) · φ2(r2, σ2)

|r2 − L1|

}

= −Z1e
2

2

{
ˆ

d3r2
|φ(r2 − L2)|2
|r2 − L1|

δaa

}
− Z1e

2

2

{
ˆ

d3r2
|ψ(r2 − L1)|2
|r2 − L1|

δbb

}

+ δab
Z1e

2

2

{
ˆ

d3r1 ψ
∗(r1 − L1)φ(r1 − L2)

ˆ

d3r2
φ∗(r2 − L2) · ψ(r2 − L1)

|r2 − L1|

}

+ δab
Z1e

2

2

{
ˆ

d3r1 φ
∗(r1 − L2)ψ(r1 − L1)

ˆ

d3r2
ψ∗(r2 − L1) · φ(r2 − L2)

|r2 − L1|

}
.

(3.398)

Using (3.392)–(3.393), letr1 = r, r2 = r′, L1 = L andL2 = L′, asL0 → ∞,

substituted into the right-hand side of (3.396) and (3.398), we obtain

〈Ψ| Z1e
2

|r1 − L1|
|Ψ〉 = −Z1e

2

2
β (3.399)

and hence

〈Ψ| Z1e
2

|r2 − L1|
|Ψ〉 = −Z1e

2

2
β. (3.400)

Substitute (3.399) and (3.400) into the right-hand side of (3.394), we obtain for the

expectation value of the nucleus-electron interaction fora system which consists of one

nucleus, one bound electron and one free electron, (N = 2, k = 1 Z1 = 2)

−〈Ψ|
2∑

i=1

1∑

j=1

Zje
2

|ri − Rj|
|Ψ〉 = − 〈Ψ| Z1e

2

|r1 − L1|
|Ψ〉 − 〈Ψ| Z1e

2

|r2 − L1|
|Ψ〉

6 − Z1e
2

2
β − Z1e

2

2
β

= − Z1e
2β

∴ −〈Ψ|
2∑

i=1

1∑

j=1

Zje
2

|ri − Rj|
|Ψ〉 6 −

1∑

j=1

Zje
2β. (3.401)
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From (3.401), we have for the expectation value of the nucleus-electron interaction for

a system which consists ofk nuclei, k bound electrons and(N − k) free electrons,

(
k∑

j=1

Zj = N) :

−〈Ψ|
N∑

i=1

k∑

j=1

Zje
2

|ri − Rj|
|Ψ〉 6 −

k∑

j=1

Zje
2β. (3.402)

By using (3.237), the expectation value of the electron-electron interaction for a

system with consists of one nucleus, one bound electron and one free electron, (N = 2,

k = 1 Z1 = 2)

〈Ψ|
2∑

i<j

e2

|ri − rj|
|Ψ〉

= 〈Ψ| e2

|r1 − r2|
|Ψ〉

=
e2

2

{
ˆ

d3r1 d3r2
[ψ1(r1, σ1)φ2(r2, σ2)]

∗ · [ψ1(r1, σ1)φ2(r2, σ2)]

|r1 − r2|

}

+
e2

2

{
ˆ

d3r1 d3r2
[ψ1(r2, σ2)φ2(r1, σ1)]

∗ · [ψ1(r2, σ2)φ2(r1, σ1)]

|r1 − r2|

}

− e2

2

{
ˆ

d3r1 d3r2
[ψ1(r1, σ1)φ2(r2, σ2)]

∗ · [ψ1(r2, σ2)φ2(r1, σ1)]

|r1 − r2|

}

− e2

2

{
ˆ

d3r1 d3r2
[ψ1(r2, σ2)φ2(r1, σ1)]

∗ · [ψ1(r1, σ1)φ2(r2, σ2)]

|r1 − r2|

}

=
e2

2

{
ˆ

d3r1 d3r2
|ψ1(r1, σ1)|2 |φ2(r2, σ2)|2

|r1 − r2|

}

+
e2

2

{
ˆ

d3r1 d3r2
|φ2(r1, σ1)|2 |ψ1(r2, σ2)|2

|r1 − r2|

}

− e2

2

{
ˆ

d3r1 d3r2
ψ∗

1(r1, σ1)φ
∗
2(r2, σ2) · φ2(r1, σ1)ψ1(r2, σ2)

|r1 − r2|

}



248

− e2

2

{
ˆ

d3r1 d3r2
φ∗

2(r1, σ1)ψ
∗
1(r2, σ2) · ψ1(r1, σ1)φ2(r2, σ2)

|r1 − r2|

}
. (3.403)

With normalized spin, we can rewrite (3.403) as

〈Ψ| e2

|r1 − r2|
|Ψ〉

=
e2

2

{
ˆ

d3r1 d3r2
|ψ(r1 − L1)|2 |φ(r2 − L2)|2

|r1 − r2|
δaa

}

+
e2

2

{
ˆ

d3r1 d3r2
|φ(r1 − L2)|2 |ψ(r2 − L1)|2

|r1 − r2|
δbb

}

− e2

2

{
ˆ

d3r1 d3r2
ψ∗(r1 − L1)φ

∗(r2 − L2) · φ2(r1 − L2)ψ(r2 − L1)

|r1 − r2|
δab

}

− e2

2

{
ˆ

d3r1 d3r2
φ∗(r1 − L2)ψ

∗(r2 − L1) · ψ(r1 − L1)φ(r2 − L2)

|r1 − r2|
δab

}
.

(3.404)

Consider the first term on the right-hand side of (3.403), by using (3.239). Let

R = r1 − L1, R
′ = r2 − L2 andL0 = L2 − L1, to obtain

e2

2

ˆ

d3r1 d3r2
|ψ(r1 − L1)|2 |φ(r2 − L2)|2

|r1 − r2|

=
e2

2
C2A2

ˆ

d3R′ e−
R′2

2σ′2

ˆ

d3R
e−2β|R|

|R + L1 − R′ − L2|

=
e2

2
C2A2

ˆ

d3R′ e−
R′2

2σ′2

ˆ

d3R
e−2β|R|

|R − (R′ + L0)|
. (3.405)

Consider the integral

ˆ

d3R
e−2β|R|

|R − (R′ + L0)|
=

ˆ

d3R e−2β|R|
∞∑

ℓ=0

(
R<

R>

)ℓ
1

R>

Pℓ(cos θ)
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=

ˆ ∞

0

dR
R2

R>

e−2β|R|
ˆ

dΩ
∞∑

ℓ=0

(
R<

R>

)ℓ

Pℓ(cos θ)

=4π

ˆ ∞

0

dR
R2

R>

e−2β|R|

=4π

ˆ R′+L0

0

dR
R2

R′ + L0

e−2βR + 4π

ˆ ∞

R′+L0

dR
R2

R
e−2βR

=
4π

R′ + L0

ˆ R′+L0

0

dRR2 e−2βR + 4π

ˆ ∞

R′+L0

dRR e−2βR

=
4π

R′ + L0

∂2

∂u2

ˆ R′+L0

0

dR e−uR

+ 4π

ˆ ∞

R′+L0

dRR e−uR , u = 2β (3.406)

where

1

|Ri − (R′ + L0)|
=

∞∑

ℓ=0

(
Ri<

Ri>

)ℓ
1

Ri>

Pℓ(cos θ), (3.407a)

R> = max(R,R′ + L0), (3.407b)

ˆ

dΩPℓ(cos θ) =4πδℓ0. (3.407c)

Consider the first term on the right-hand side of (3.406), to obtain

∂2

∂u2

ˆ R′+L0

0

dR e−uR =
∂2

∂u2

[
−e−uR

u

∣∣∣∣
R′+L0

0

]

= − ∂2

∂u2

[
e−u(R′+L0)

u
− 1

u

]
. (3.408)

Since, forL0 → 0 we can rewrite (3.408) as

∂2

∂u2

ˆ R′+L0

0

dR e−uR =
2

u
=

1

β
(3.409)
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the second term on the right-hand side of (3.406) becomes

ˆ ∞

R′+L0

dRR e−2βR =

(
−e−2βR

2β

[
R +

1

2β

])∣∣∣∣
∞

R′+L0

=0 −
(
−e−2β(R′+L0)

2β

[
(R′ + L0) +

1

2β

])

=
e−2β(R′+L0)

2β

[
(R′ + L0) +

1

2β

]

=
(R′ + L0) e−2β(R′+L0)

2β
+

e−2β(R′+L0)

4β2
. (3.410)

Substitute (3.408) and (3.409) into the right-hand side of (3.406), forL0 → ∞, to obtain

ˆ

d3R
e−2β|R|

|R − (R′ + L0)|
=

4π

R′ + L0

∂2

∂u2

ˆ R′+L0

0

dR e−uR + 4π

ˆ ∞

R′+L0

dRR e−2βR

=
4π

β

1

R′ + L0

+ 4π

[
(R′ + L0) e−2β(R′+L0)

2β

+
e−2β(R′+L0)

4β2

]
. (3.411)

By using (3.411), the right-hand side of (3.405) becomes

e2

2

ˆ

d3r1 d3r2
|ψ(r1 − L1)|2 |φ(r2 − L2)|2

|r1 − r2|

=
e2

2
C2A2

ˆ

d3R′ e−
R′2

2σ′2

ˆ

d3R
e−2β|R|

|R − (R′ + L0)|

=
e2

2
C2A24π

ˆ

d3R′ e−
R′2

2σ′2

[
1

β(R′ + L0)
+

(R′ + L0) e−2β(R′+L0)

2β
+

e−2β(R′+L0)

4β2

]

=
e2

2
C2A216π2

ˆ ∞

0

dR′R′2 e−
R′2

2σ′2

[
1

β(R′ + L0)
+

(R′ + L0) e−2β(R′+L0)

2β

+
e−2β(R′+L0)

4β2

]
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6
e2

2
C2A216π2

ˆ ∞

0

dR′R′2
[

1

β(R′ + L0)
+

(R′ + L0) e−2β(R′+L0)

2β

+
e−2β(R′+L0)

4β2

]
. (3.412)

ForL0 → ∞, we can rewrite (3.412) as a limit

lim
L0→∞

[
e2

2

ˆ

d3r1 d3r2
|ψ(r1 − L1)|2 |φ(r2 − L2)|2

|r1 − r2|

]
= 0. (3.413)

Consider the second term on the right-hand side of (3.404), let R′ = r2 − L1,

R = r1 − L2 andA = (r1 − L1) to obtain

e2

2

ˆ

d3r1 d3r2
|φ(r1 − L2)|2 |ψ(r2 − L1)|2

|r1 − r2|

=
e2

2
C2A2

ˆ

d3r1 e−
(r1−L2)2

2σ′2

ˆ

d3r2
e−2β|r2−L1|

|r1 − r2|

=
e2

2
C2A2

ˆ

d3r1 e−
(r1−L2)2

2σ′2

ˆ

d3R′
e−2β|R′ |

|(r1 − L1) − R′|

=
e2

2
C2A2

ˆ

d3r1 e−
(r1−L2)2

2σ′2

ˆ

d3R′
e−2β|R′ |

|R′ − A| . (3.414)

Consider integral

ˆ

d3R′ e−2β|R′|

|R′ − A| =

ˆ ∞

0

dR′R′2e−2βR′

ˆ

dΩ
∞∑

ℓ=0

(
R′

<

R′
>

)ℓ
1

R′
>

Pℓ(cos θ)

=4π

ˆ ∞

0

dR′ e−2βR′R′2

R′
>

=
4π

A

ˆ A

0

dR′R′2e−2βR′

+ 4π

ˆ ∞

A

dR′R′e−2βR′

=
4π

A

∂2

∂u2

ˆ A

0

dR′ euR′

+ 4π
∂

∂u

ˆ ∞

A

dR′ euR′

, u = −2β
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=
4π

A

euR′

u

(
R′2 − 2R′

u
+

2

u2

)∣∣∣∣
A

0

+ 4π
euR′

u

(
R′ − 1

u2

)∣∣∣∣
∞

A

=
4π

A

[
euA

u

(
A2 − 2A

u
+

2

u2

)
− 2

u3

]

+ 4π

[
0 − euA

u

(
A− 1

u2

)]

=
4π

A

[
euA

u

(
A2 − 2A

u
+

2

u2

)
− 2

u3

]

− 4π
euA

u

(
A− 1

u2

)

=
4π

A

2

8β3
− 4π

A

[
e−2βA

2β

(
A2 +

2A

2β
+

2

4β2

)]

+ 4π
e−2βA

2β

(
A+

1

4β2

)

=
4π

A

2

8β3
− 4πe−2βA

2β

[
1

A

(
A2 +

A

β
+

2

4β2

)]

+
4πe−2βA

2β

(
A+

1

4β2

)

=
4π

A

2

8β3
− 4πe−2βA

2β

{(
A+

1

β
+

1

2Aβ2

)
+

(
A+

1

4β2

)}

6
π

β3

1

A
. (3.415)

SubstituteA = |r1 − L1| into the right-hand side of inequality (3.415), to obtain the

inequality

ˆ

d3R′ e−2β|R′|

|R′ − (r − L)| 6
π

β3

1

|r − L| . (3.416)
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Substitute (3.416) into the right-hand side of (3.414), andlet R = r1 − L1, to obtain

e2

2

ˆ

d3r1 d3r2
|φ(r1 − L2)|2 |ψ(r2 − L1)|2

|r1 − r2|

=
e2

2
C2A2

ˆ

d3r1 e−
(r1−L2)2

2σ′2

ˆ

d3R′
e−2β|R′ |

|R′ − A|

6
e2

2

π

β3
C2A2

ˆ

d3r1
e−

(R+L1−L2)2

2σ′2

|r1 − L1|
. (3.417)

Substitute (3.392c) into the right-hand side of inequality(3.417), forL0 → ∞, we

obtain as a limit

lim
L0→∞

[
e2

2

ˆ

d3r1 d3r2
|φ(r1 − L2)|2 |ψ(r2 − L1)|2

|r1 − r2|

]
=0. (3.418)

Consider the third term on the right-hand side of (3.404), andlet R = r1 − L1 ,

R′ = r2 − L2, L0 = L2 − L1 andL′

0 = L1 − L2, to obtain

∣∣∣∣
ˆ

d3r1 d3r2
ψ∗(r1 − L1)φ

∗(r2 − L2) · φ2(r1 − L2)ψ(r2 − L1)

|r1 − r2|

∣∣∣∣

=C2A2

∣∣∣∣
ˆ

d3r1 d3r2 e−β|r1−L1|e−ik′ ·(r2−L2) e−
(r2−L2)2

4σ′2

× · eik′ ·(r1−L2) e−
(r1−L2)2

4σ′2 e−β|r2−L1|

|r1 − r2|

∣∣∣∣∣∣

6C2A2

∣∣∣∣∣∣

ˆ

d3r1 d3r2 e−
(r2−L2)2

4σ′2 e−β|r2−L1| e
−β|r1−L1| e−

(r1−L2)2

4σ′2

|r1 − r2|

∣∣∣∣∣∣

6C2A2

∣∣∣∣∣∣

ˆ

d3r1 d3r2 e−
(r2−L2)2

4σ′2 e−β|r2−L1| e
−β|R| e−

(R+L1−L2)2

4σ′2

|R + L1 − r2|

∣∣∣∣∣∣

=C2A2

∣∣∣∣∣∣

ˆ

d3r1 d3r2 e−
(r2−L2)2

4σ′2 e−β|r2−L1| e
−β|R| e−

(R+L′
0)2

4σ′2

|R − (r2 − L1)|

∣∣∣∣∣∣
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6C2A2

∣∣∣∣
ˆ

d3r2 e−
(r2−L2)2

4σ′2 e−β|r2−L1|
ˆ

d3R
e−β|R|

|R − (r2 − L1)|

∣∣∣∣

6C2A2

∣∣∣∣
ˆ

d3r2 e−
(r2−L2)2

4σ′2 e−β|r2−L1|
∣∣∣∣
∣∣∣∣
ˆ

d3R
e−β|R|

|R − B|

∣∣∣∣ , B = (r2 − L1)

(3.419)

where

0 6 e−
(R+L′

0)2

4σ′2 6 1 (3.420)

Consider the integral

∣∣∣∣
ˆ

d3R′
e−βR′

|R′ − B|

∣∣∣∣ =

∣∣∣∣∣

ˆ ∞

0

dR′
ˆ

dΩR′2 e−βR′
∞∑

ℓ=0

(
R′

<

R′
>

)ℓ
1

R′
>

Pℓ(cos θ)

∣∣∣∣∣

=4π

∣∣∣∣
ˆ ∞

0

dR′ R
′2

R′
>

e−βR′

∣∣∣∣ , R′
> = max(B,R′)

=
4π

B

∣∣∣∣
ˆ B

0

dR′R′2 e−βR′

+ 4π

ˆ ∞

B

dR′R′ e−βR′

∣∣∣∣ , u = −β

=
4π

B

∣∣∣∣∣
euR

u

[
R2 − 2R

u
+

2

u2

]B

0

+ 4π
euR

u

[
R− 1

u2

]∞

B

∣∣∣∣∣

=
4π

B

∣∣∣∣
euB

u

(
B2 − 2B

u
+

2

u2

)
− 2

u3
− 4π

euB

u

(
B − 1

u2

)∣∣∣∣

=

∣∣∣∣
4πB euB

u
− 8πeuB

u2
+

8π

B

euB

u3
− 8π

Bu3
− 4Bπ euB

u
+ 4π

euB

u3

∣∣∣∣

=

∣∣∣∣−
8πe−βB

β2
− 8π e−βB

β2B
+

8π

β3B
− 4π

e−βB

β3

∣∣∣∣

6

∣∣∣∣
8πe−βB

β2
+

8π e−βB

β2B
+

8π

β3B
+ 4π

e−βB

β3

∣∣∣∣ . (3.421)
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Substitute (3.421) andB = |r1 − L2| into the right-hand side of (3.419), to obtain

∣∣∣∣
ˆ

d3r1 d3r2
ψ∗(r1 − L1)φ

∗(r2 − L2) · φ2(r1 − L2)ψ(r2 − L1)

|r1 − r2|

∣∣∣∣

6C2A2

∣∣∣∣
ˆ

d3r1 e−β|r1−L1| e−
(r1−L2)2

4σ′2

∣∣∣∣
∣∣∣∣
ˆ

d3R′
e−βR′

|R′ − B|

∣∣∣∣

=C2A2

∣∣∣∣
ˆ

d3r1 e−β|r1−L1| e−
(r1−L2)2

4σ′2

∣∣∣∣
∣∣∣∣
8πe−βB

β2
+

8π e−βB

β2B
+

8π

β3B
+ 4π

e−βB

β3

∣∣∣∣

=C2A2

∣∣∣∣
ˆ

d3r1 e−β|r1−L1| e−
(r1−L2)2

4σ′2

[
8πe−βB

β2
+

8π e−βB

β2B
+

8π

β3B
+ 4π

e−βB

β3

]∣∣∣∣

=C2A2

∣∣∣∣
ˆ

d3R e−β|R| e−
(R+L1−L2)2

4σ′2

[
8πe−βB

β2
+

8π e−βB

β2B
+

8π

β3B
+ 4π

e−βB

β3

]∣∣∣∣

=C2A2

∣∣∣∣
ˆ

d3R e−β|R| e−
(R−L0)2

4σ′2

[
8πe−βB

β2
+

8π e−βB

β2B
+

8π

β3B
+ 4π

e−βB

β3

]∣∣∣∣

6C2A2e−
L2

0
4σ′2

ˆ

d3r1

∣∣∣e−β|r1−L1| e−
R(R−2RL0)

4σ′2

×
{

8πe−β|r1−L2|

β2
+

8πe−β|r1−L2|

β2|r1 − L2|
+

8π

β3|r1 − L2|
+

4π e−β|r1−L2|

β3

}∣∣∣∣

=C2A2e−
L′2

0
4σ′2

{
8π

β2

ˆ

d3r1 e−β|r1−L1|e−β|r1−L2| +
8π

β3

ˆ

d3r1 e−β|r1−L1|e−β|r1−L2|

+
8π

β3

ˆ

d3r1
e−β|r1−L1|

|r1 − L2|
+

4π

β3

ˆ

d3r1 e−β|r1−L1|e−β|r1−L2|
}
.

(3.422)

By referring to (3.392) and (3.393) forL0 → ∞, we obtain as a limit

lim
L0→∞

[
−e

2

2

ˆ

d3r1 d3r2
ψ∗(r1 − L1)φ

∗(r2 − L2) · φ2(r1 − L2)ψ(r2 − L1)

|r1 − r2|

]
=0

(3.423)

and by referring (3.403)–(3.423), we have for the fourth term on the right-hand side of
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(3.404), forL0 → ∞, as a limit

lim
L0→∞

[
−e

2

2

ˆ

d3r1 d3r2
φ∗(r1 − L2)ψ

∗(r2 − L1) · ψ(r1 − L1)φ(r2 − L2)

|r1 − r2|

]
=0.

(3.424)

By substituting (3.413), (3.418), (3.423) and (3.424) into the right-hand side of

(3.404), we obtain a bound for the expectation value of electron-electron interaction

for a system which consists of one nucleus, one bound electron and one free electron,

(N = 2, k = 1 Z1 = 2), for L0 → ∞ as a limit

lim
L0→∞

〈Ψ| e2

|r1 − r2|
|Ψ〉 = 0. (3.425)

From (3.425), we have for the expectation value of electron-electron interaction

for a system with consists ofk nuclei,k bound electron andN − k free electron with

vanishingly small kinetic energies, forL0 → ∞, as a limit

lim
L0→∞

〈Ψ|
N∑

i<j

e2

|ri − rj|
|Ψ〉 = 0. (3.426)

Using (3.237), the expectation value of the nucleus-nucleus interaction for a

system which consists of two nuclei,k bound electrons andN − k free electrons,

((
k∑

j=1

Zj = N), and lettingR1 − R2 = L1 − L2 = L0, we obtain

〈Ψ| Z1Z2e
2

|R1 − R2|
|Ψ〉 =

Z1Z2e
2

|L0|
〈Ψ|Ψ〉

=
Z1Z2e

2

L0

(3.427)

for k > 2, we have

|Ri − Rj| >|L0|, (3.428a)
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1

|Ri − Rj|
6

1

|L0|
. (3.428b)

By using (3.428), we obtain

〈Ψ|
k∑

i<j

ZjZje
2

|R1 − R2|
|Ψ〉 6

1

|L0|

k∑

i<j

Z1Z2e
2 〈Ψ|Ψ〉

=
1

L0

k∑

i<j

ZiZje
2. (3.429)

From (3.429), we obtain a bound for the expectation value fornucleus-nucleus interac-

tion for k hydrogen nuclei

〈Ψ|
k∑

i<j

ZjZje
2

|Ri − Rj|
|Ψ〉 6

1

L0

k∑

i<j

ZiZje
2. (3.430)

From (3.430), forL0 → ∞, a bound for the expectation value of nucleus-nucleus inter-

action fork hydrogen nuclei as a limit

lim
L0→∞

〈Ψ|
k∑

i<j

ZjZje
2

|Ri − Rj|
|Ψ〉 =0. (3.431)

By referring (3.240), (3.365), (3.401) and (3.426), we obtain

〈Ψ|H |Ψ〉 = 〈Ψ|
2∑

i=1

p2
i

2m
|Ψ〉 + 〈Ψ|

2∑

i<j

e2

|ri − rj|
|Ψ〉

− 〈Ψ|
2∑

i=1

1∑

j=1

Zje
2

|ri − Rj|
|Ψ〉

∴ 〈Ψ|H |Ψ〉 6
~

2β2

2m
− Z1e

2β. (3.432)

Optimize (3.432) overβ, we obtain

0 =
~

2β

m
− Z1e

2
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β =
Z1me

2

~2
. (3.433)

Substituteβ into the right-hand side of (3.432), to obtain an upper boundof the ground-

state energy of the following infinity separated2 clusters : one nucleus, one bound

electron, and one free electron with vanishingly small kinetic, whereZ1 = 2

〈Ψ|H |Ψ〉 6
~

2β2

2m
(
Z2

1m
2e4

~2
) − Z1e

2

(
Z1me

2

~2

)

= − Z2
1me

4

2~2

6 − Z1me
4

2~2

= − 2
me4

2~2

〈Ψ|H |Ψ〉 6 − 2

(
me4

2~2

)
. (3.434)

By referring to (3.237), (3.365), (3.402), (3.426) and (3.431), we obtain an up-

per bound for the ground-state energy of the following infinitely separated clusters :k

nuclei,k bound electrons, and(N − k) free electrons with vanishingly small kinetic,

where
k∑

j=1

Zj = N and−
k∑

j=1

Z2
j 6 −

k∑
j=1

Zj :

〈Ψ|H |Ψ〉 = 〈Ψ|
N∑

i=1

p2
i

2m
|Ψ〉 + 〈Ψ|

N∑

i<j

e2

|ri − rj|
|Ψ〉

− 〈Ψ|
N∑

i=1

k∑

j=1

Zje
2

|ri − Rj|
|Ψ〉 + 〈Ψ|

k∑

i<j

ZiZje
2

|Ri − Rj|
|Ψ〉

6

k∑

j=1

~
2β2

2m
−

k∑

j=1

Zje
2β. (3.435)
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Optimize (3.435) overβ, to obtain

0 =
~

2β

m
− Zje

2

β =
Zjme

2

~2
. (3.436)

Substituteβ into the right-hand side of (3.435), to obtain

〈Ψ|H |Ψ〉 6

k∑

j=1

~
2β2

2m
−

k∑

j=1

Zje
2β

=
k∑

j=1

~
2

2m

(
Z2

jm
2e4

~4

)
−

k∑

j=1

Zje
2

(
Zjme

2

~2

)

= −
k∑

j=1

(
Z2

jme
4

2~2

)

6 −
k∑

j=1

Zj

(
me4

2~2

)
. (3.437)

From (3.437), the upper bound of the ground-state energy of the following infinitely

separatedN clusters :k nuclei ,k bound electrons, and(N − k) free electrons with the

latter vanishingly small kinetic energies is given by

EN 6 −
(
me4

2~2

)
N ,

k∑

j=1

Zj = N (3.438)

thus increasing the coefficient .0450 to one.



CHAPTER IV

INFLATION OF MATTER

4.1 Introduction

The purpose of this chapter is to establish the following keyresult concerning the

stability of matter. We prove rigorously that for a non-vanishing probability of having

the electrons in matter within a sphere of radiusR, the latter,necessarily, grows not

any slower thanN1/3 for largeN . No wonder why matter occupies so large a volume!

Here it is worth repeating some of the words addressed by Ehrenfest to Pauli in 1931

on the occasion of the Lorentz medal (Dyson, 1967) to this effect : “We take a piece

of metal, or a stone. When we think about it, we are astonished that this quantity

of matter should occupy so large a volume”. He went on by stating that the Pauli

exclusion principle is the reason :“Answer : only the Pauli principle, no two electrons

in the same state”. On the other hand for “bosonic matter” if deflation occurs upon

collapse as more and more such matter is put together, then, we show in Appendix B

of the thesis, for a non-vanishing probability of having thenegatively charged particles

within a sphere of radiusR, the latternecessarilycannot decrease faster thanN−1/3 for

negatively charged particles. This is in clear distinctionwith matter (i.e., matter with

the exclusion principle) which inflates andR necessarily increases as proved below and

is the subject matter of the present chapter.

To carry out this analysis we first derive in Sect. 4.2 an upperbound for the

integral
´

d3x ρ5/3(x) involving the particle densityρ(x) (see (4.22)). This upper bound

is then used to obtain the major result of this thesis, that is, of the inflation of matter,

stated above, in Sect. 4.3. The final section (Sect. 4.4) is devoted to deriving a non-

zero lower bound for a measure of the extension of matter which relies on the analysis

carried out in Sect. 4.3 on the inflation of matter.



261

4.2 Upper Bound for
´

d3x ρ5/3(x)

The Hamiltonian under consideration is taken to be theN -electron one in (1.1).

Also, as before, we consider neutral matter
k∑

i=1

Zi = N .

We first derive an upper bound to the expectation value of the kinetic energy of

the electrons. Let|Ψ(m)〉 denote a normalized state giving a strictly negative expecta-

tion value for the Hamiltonian, i.e.,

−EN [m] 6 〈Ψ(m)|H |Ψ(m)〉 < 0 (4.1)

where−EN [m] = EN < 0 is the ground-state energy. The negative spectrum ofH is not

empty easily follows by noting that−EN [m] is bounded above by− (me4/2~
2)

k∑
i=1

Z2
i ,

and we have emphasized its dependence on the massm of the electron. Here we note,

in general, that a part of a negative spectrum does not necessarily coincide with bound

states. By definition of the ground-state energy, the state|Ψ(m/2)〉 cannot lead for

〈Ψ(m/2)|H |Ψ(m/2)〉 a numerical value lower than−EN [m]. That is

−EN [m] 6 〈Ψ(m/2)|H |Ψ(m/2)〉 (4.2)

we note that the interaction partV of the HamiltonianH in (1.1) is not explicitly de-

pendent onm :

V = −
N∑

i=1

k∑

j=1

Zje
2

|xi − Rj|
+

N∑

i<j

e2

|xi − xj|
+

k∑

i<j

ZiZje
2

|Ri − Rj|
. (4.3)

Substituting (4.3) into the right-hand side of (1.1), we canrewrite (4.1) as

−EN [m] 6 〈Ψ(m/2)|
N∑

i=1

p2
i

2m
+ V |Ψ(m/2)〉 . (4.4)
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By using (4.4), replacem by 2m, we obtain

−EN [2m] 6 〈Ψ(m)|
N∑

i=1

p2
i

4m
+ V |Ψ(m)〉 . (4.5)

From (1.1) and (4.3), we may also rewrite the Hamiltonian as

H =
N∑

i=1

p2
i

2m
+ V

=
N∑

i=1

p2
i

4m
+

(
N∑

i=1

p2
i

4m
+ V

)
. (4.6)

The extreme right-hand side of the inequality (4.1) then leads to

〈Ψ(m)|
N∑

i=1

p2
i

4m
|Ψ(m)〉 < −〈Ψ(m)|

N∑

i=1

p2
i

4m
+ V |Ψ(m)〉 6 EN [2m]. (4.7)

Multiply both sides of (4.7) by2, to obtain

T ≡ 〈Ψ(m)|
N∑

i=1

p2
i

2m
|Ψ(m)〉 < 2 EN [2m] (4.8)

This inequality may be equivalently obtained in the following manner. If we define the

energy functional〈φ|H |φ〉 = Eφ for any normalized state|φ〉 such thatEφ < 0, then

by using (4.6) we may writeEφ = (1/2)Tφ + E ′
φ, whereE ′

φ = 〈φ|H ′ |φ〉 andH ′

denotes the second term in (4.6) within the brackets defininga Hamiltonian with mass

2m. This immediately givesTφ < 2
∣∣E ′

φ

∣∣ and from the definition of the ground-state

energy−EN [2m] as the infimum of the spectrum in a theory with the massm replaced

by 2m leads to the inequality in (4.8).

The explicit lower bound for the ground-state energy of matter with the mass of

the electron multiplied by 2, together from (2.19) and (2.49), leads to the following the
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lower bound for the kinetic energy

T >
3

q1/3

(π
2

)2/3
(

~
2

2m

)(
ˆ

d3x ρ2(x)

)2/3

. (4.9)

We now use Ḧolder’s inequality :

∣∣∣∣
ˆ

dνx f ∗(x) g(x)

∣∣∣∣ 6
(
ˆ

dνx |f(x)|p
)1/p(ˆ

dνx |g(x)|q
)1/q

(4.10)

wherep, q > 1, such that

1

p
+

1

q
= 1. (4.11)

From this inequality withp = 3/2 andq = 3, we obtain

ˆ

d3x ρ5/3(x) =

ˆ

d3x ρ4/3(x) ρ1/3(x)

6

(
ˆ

d3x
∣∣ρ4/3(x)

∣∣3/2
)2/3(ˆ

d3x
∣∣ρ1/3(x)

∣∣3
)1/3

=

(
ˆ

d3x
∣∣ρ2(x)

∣∣
)2/3(ˆ

d3x |ρ(x)|
)1/3

=

(
ˆ

d3x ρ2(x)

)2/3(ˆ
d3x ρ(x)

)1/3

=

(
ˆ

d3x ρ2(x)

)2/3

N1/3

ˆ

d3x ρ5/3(x) 6N1/3

(
ˆ

d3x ρ2(x)

)2/3

(4.12)

where, from the normalization condition

ˆ

d3x ρ(x) = N (4.13)
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and from (4.12), we can rewrite as

(
ˆ

d3x ρ2(x)

)2/3

>
1

N1/3

ˆ

d3x ρ5/3(x). (4.14)

Substitute (4.14) into the right-hand side of inequality (4.9), to obtain

T >
3

q1/3

(π
2

)2/3
(

~
2

2m

)
1

N1/3

ˆ

d3x ρ5/3(x). (4.15)

From (2.149), we obtain the lower for the ground-state energy of N fermions :

〈Ψ|H|Ψ〉 = −EN [m] >− 1.89 q1/3

(
me4

2~2

)(
N +

k∑

i=1

Z2
i

)4/3

. (4.16)

Replacem by 2m, to obtain

EN [2m] >1.89 q1/3

(
me4

~2

)(
N +

k∑

i=1

Z2
i

)4/3

(4.17)

when we recall thatq = 2s+ 1 = 2 for electrons.

For
k∑

i=1

Z2
i , we can write

k∑

i=1

Z2
i 6

k∑

i=1

Zi Zmax

=NZmax (4.18)

whereZmax corresponds to the nucleus of having the charge. Therefore

k∑

i=1

Z2
i 6NZmax. (4.19)
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Substitute (4.19) into the right-hand side of inequality (4.17), to obtain

EN [2m] >1.89 q1/3

(
me4

~2

)
(N +NZmax)

4/3

=1.89 q1/3

(
me4

~2

)
N4/3 (1 + Zmax)

4/3

∴ EN [2m] >1.89 q1/3

(
me4

~2

)
N4/3 (1 + Zmax)

4/3 . (4.20)

Also substituting (4.15) and (4.20) into (4.8), we obtain

3

q1/3N1/3

(π
2

)2/3
(

~
2

2m

)
ˆ

d3x ρ5/3(x) 6 T < 1.89 q1/3

(
me4

~2

)
N4/3 (1 + Zmax)

4/3

(4.21)

whereρ(x) is the particle density

ρ(x) = N
∑

σ1,...,σN

ˆ

d3x2 . . . d
3xN |Ψ (xσ1,x2σ2, . . . ,xNσN)|2 (4.22)

and
´

d3x ρ(x) = N , with a sum in (4.22) over spin indicesσi.

4.3 Inflation of Matter and the Ehrenfest-Pauli Debate

Let x denote the position of an electron relative, for example, tothe center of

mass of the nuclei. LetχR(x) = 1, if x lines within a sphere of radiusR, and= 0

otherwise.

We are interested in the expression

Prob[|x1| 6 R, . . . , |xN | 6 R]

=
∑

σ1,...,σN

ˆ

(
N∏

i=1

d3xiχR(xi)

)
|Ψ(x1σ1, . . . ,xNσN)|2 (4.23)
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which gives the probability of finding all the electrons within the sphere of radiusR.

Then clearly for the probability of the electrons to lie within such a sphere we have

Prob[|x1| 6 R, . . . , |xN | 6 R] 6 Prob[|x1| 6 R]

=
1

N

ˆ

d3xχR(x) ρ(x)

6
1

N

(
ˆ

d3x ρ5/3(x)

)3/5

(vR)2/5 (4.24)

where in the last inequality, we have used Hölder’s inequality, to obtain

ˆ

d3xχR(x) ρ(x) 6

(
ˆ

d3x ρ5/3(x)

)3/5(ˆ
d3xχR(x)

)2/5

(4.25)

whereχ5/2
R (x) = χR(x), and

ˆ

d3xχR(x) = υR =
4πR3

3
(4.26)

with vR denoting the volume of a sphere of radiusR.

From (4.24), we obtain

Prob[|x1| 6 R, . . . , |xN | 6 R] 6 Prob[|x1| 6 R]

6
(υR)2/5

N

(
ˆ

d3x ρ5/3(x)

)3/5

(4.27)

and from (4.21) we also have

ˆ

d3x ρ5/3(x) <q2/3

(
2

π

)2/3(
2m

~2

)
1.89

3

(
me4

~2

)
N (1 + Zmax)

4/3

=
(2)(1.89) q2/3

3

(
2

π

)2/3(
m2e4

~4

)
N (1 + Zmax)

4/3
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=0.932447 q2/3

(
m2e4

~4

)
N (1 + Zmax)

4/3

∴

ˆ

d3x ρ5/3(x) <0.932447 q2/3

(
m2e4

~4

)
N (1 + Zmax)

4/3 (4.28)

where

(2)(1.89)

3

(
2

π

)2/3

= 0.932447. (4.29)

Thus we obtain the following bound

(
ˆ

d3x ρ5/3(x)

)3/5

<(0.932447)3/5q2/5

(
m2e4

~4

)3/5

N3/5 (1 + Zmax)
4/5

=0.958902 q2/5

(
1

a2
0

)3/5

N3/5 (1 + Zmax)
4/5

∴

(
ˆ

d3x ρ5/3(x)

)3/5

<0.958902 q2/5

(
1

a2
0

)3/5

N3/5 (1 + Zmax)
4/5 (4.30)

wherea0 = ~
2/me2 is the Bohr radius.

Substitute (4.30) into the right-hand side of the equalities (4.24), to obtain

Prob[|x1| 6 R, . . . , |xN | 6 R] < 0.958902 q2/5

(
1

a2
0

)3/5
v

2/5
R

N
N3/5 (1 + Zmax)

4/5

= 0.958902 q2/5

(
1

a2
0

)3/5 (vR

N

)2/5

(1 + Zmax)
4/5

Prob[|x1| 6 R, . . . , |xN | 6 R] < 0.958902 q2/5

(
1

a2
0

)3/5 (vR

N

)2/5

(1 + Zmax)
4/5 .

(4.31)
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From (4.31), we then have the main result of this chapter :

Prob[|x1| 6 R, . . . , |xN | 6 R]

(
N

vR

)2/5

< 0.958902 q2/5

(
1

a2
0

)3/5

(1 + Zmax)
4/5 .

(4.32)

We may infer from (4.32) the inescapable fact thatnecessarilyfor a non-vanishing prob-

ability of having the electrons within a sphere of radiusR, the corresponding volume

vR grows not any slower than the first power ofN for N → ∞, since otherwise the

left-hand side of (4.32) would go to infinity and would be in contradiction with the fi-

nite upper bound on its right-hand side. That is,necessarily, the radiusR grows not any

slower thanN1/3 for N → ∞, establishing the result stated above. No wonder why

matter occupies so large a volume! In turn, the infinite density limit N/vR → ∞ does

not arise as the probability on the left-hand side of (4.32) would go to zero in this limit

upon multiplying (4.32) first by(vR/N)2/5.

From (4.27) and (4.21), we may also write

1

N

ˆ

d3xχR(x)ρ(x) = Prob[|x| 6 R]

< 0.958902 q2/5

(
1

a2
0

)3/5 (vR

N

)2/5

(1 + Zmax)
4/5 . (4.33)

This will be used in the next section to obtain a lower bound tomeasure of the extension

of matter.

4.4 Non-Zero Lower Bound for a Measure of the Extension of Mat-

ter

As a measure of the extension of matter, we introduce the expectation value :

〈
N∑

i=1

|xi|
N

〉
=
∑

σ1, . . . , σN

ˆ

d3x1 . . . d
3xN

(
N∑

i=1

|xi|
N

)
|Ψ(x1σ1, . . . ,xNσN)|2
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=
1

N

ˆ

d3x |x|ρ(x). (4.34)

Now we use the fact that

1

N

ˆ

d3x |x| ρ(x) >
1

N

ˆ

|x|>R

d3x |x| ρ(x) >
R

N

ˆ

|x|>R

d3x ρ(x)

= R Prob[|x| > R] (4.35)

and

Prob[|x| > R] = 1 − Prob[|x| 6 R] . (4.36)

From (4.26), (4.33), (4.34) and (4.36) we then the bounds

〈
N∑

i=1

|xi|
N

〉
>R Prob[|x| > R]

=R [1 − Prob[|x| 6 R]]

>R

[
1 − 0.958902 q2/5

(
1

a2
0

)3/5 (vR

N

)2/5

(1 + Zmax)
4/5

]

〈
N∑

i=1

|xi|
N

〉
>R

[
1 − 0.958902 q2/5

(
1

a2
0

)3/5(
4πR3

3N

)2/5

(1 + Zmax)
4/5

]
. (4.37)

Upon optimizing the right-hand side of the above inequalityoverR, we get

0 =1 − 0.958902 q2/5

(
1

a2
0

)3/5(
4π

3N

)2/5
11R6/5

5
(1 + Zmax)

4/5 (4.38)

leading to

R6/5 =
1

0.958902 q2/5

(
5

11

)(
3N

4π

)2/5
a

6/5
0

(1 + Zmax)
4/5

(4.39)
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and

R =

(
1

0.958902 q2/5

)5/6(
5

11

)5/6(
3N

4π

)1/3
a0

(1 + Zmax)
2/3
. (4.40)

Substitute (4.40) into the right-hand side of inequality (4.36), we obtain

〈
N∑

i=1

|xi|
N

〉
>

[(
1

0.958902 q2/5

)5/6(
5

11

)5/6(
3N

4π

)1/3
a0

(1 + Zmax)
2/3

−0.958902 q2/5

(
1

a2
0

)3/5(
4π

3N

)2/5

(1 + Zmax)
4/5

×
((

1

0.958902 q2/5

)5/6(
5

11

)5/6(
3N

4π

)1/3
a0

(1 + Zmax)
2/3

)6/5



=

[(
1

0.958902 q2/5

)5/6(
5

11

)5/6(
3N

4π

)1/3
a0

(1 + Zmax)
2/3

−
(

5

11

)5/6
]

=

[
0.333022

1

q1/3

a0N
1/3

(1 + Zmax)
2/3

−
(

5

11

)5/6
]

(4.41)

where

(
1

0.958902 q2/5

)5/6(
5

11

)5/6(
3

4π

)1/3

= 0.333022
1

q1/3
. (4.42)

Eq.(4.41) then leads to non-zero lower the explicit bound

〈
N∑

i=1

|xi|
N

〉
> 0.333022

a0

q1/3

N1/3

[1 + Zmax]
2/3
. (4.43)

The method developed above has been also used to analyse the localizability and

stability of other quantum mechanical systems (Manoukian,2006).



CHAPTER V

STABILITY AND INFLATION OF MATTER IN 2D

5.1 Introduction

There has been much interest in recent years in physics in2D, e.g. (Geyer, 1995;

Badhuri, 1996; Semenoff, 1987; Forte, 1992), and the role of the spin and statistics

theorem. Two dimensional matter is physically relevant. Ithas thus become important

to investigate the nature of matter in2D with the exclusion principle. As a matter of fact,

it is an important theoretical question to investigate if the change of the dimensionality

of space will change matter from a stable to an unstable or an explosive phase. We

show that matteris stable in2D. [Some of the present field theories speculate that at

early stages of our universe the dimensionality of space wasnot necessarily coinciding

with three, and by a process which may be referred to as compactification of space, the

present three-dimensional character of space arose upon the evolution and the cooling

down of the universe.] We do not wish to speculate on higher dimensions than three

until a detailed rigorous study of this is carried out as donehere in two dimensions. A

preliminary study of this shows that the Thomas–Fermi density is too singular at the

origin leading to serious problems with normalizability conditions in conformity with

earlier studies (Kventzel and Katriel, 1981).

In Sect. 5.2, a detailed study of the Thomas–Fermi (TF) atom is carried out in

2D. Some very preliminary study of this was also carried out (Kventzel and Katriel,

1981). The TF energy, however, was neither computed in the latter reference nor it was

shown that it provides the smallest possible energy value for the TF energy functional.

A lower bound for the expectation value of the exact kinetic energy is then derived in

Sec. 5.3 which will be needed in Sects. 5.5, 5.6. The No-binding Theorem [cf.(Lieb

and Thirring, 1975)] is established in Sect. 5.4 in2D from which a lower bound to the
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electron–electron potential is obtained. A lower bound to the exact-ground-state energy

of matter in2D is derived in Sect. 5.5. The inflation of matter is investigated in Sect. 5.6,

where it is shown that for a non-vanishing probability of having the electrons within a

circle of radiusR, the latter, necessarily, does not grow any slower thanN1/2 for large

N . A non-zero lower bound for a measure of an extension of such matter is derived in

Sect. 5.7.

5.2 The Thomas-Fermi Atom in2D

The semi-classical Green function partGσσ′(xt;x′0) with spin indicesσ, σ′,

with potentialV (x) is given by (Manoukian, 2006)

Gσσ′ (xτ ;x′0) =δσσ′

ˆ

dDp

(2π~)D
exp i

[
p.(x − x′)

~
− p2

2m
τ − V (x)τ

]
(5.1)

and for coincident space pointsx = x′, we obtain

Gσσ′(xτ ;x0) = δσσ′

ˆ

dDp

(2π~)D
exp

[
−i

(
p2

2m
+ V (x)

)
τ

]
. (5.2)

whereτ = t/~.

The particle densityn(x) may be expressed in terms of the Green function

Gσσ′(xτ ;x0) for coincident space points as

n(x) =
q

2πi

ˆ ∞

−∞

dτ

τ − iε
Gσσ (xτ ;x0) eiξτ , ǫ→ +0 (5.3)

whereq =
∑
σ

1 is the spin multiplicity. Substitute (5.2) into (5.3), to obtain

n(x) =
q

2πi

ˆ ∞

−∞

dτ

τ − iε

ˆ

dDp

(2π~)D
exp i

[
ξτ − p2

2m
τ − V (x)τ

]
(5.4)
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which upon using the integral representation of the step function

Θ(ξ) =
1

2πi

ˆ ∞

−∞

dτ

τ − iε
eiξτ (5.5)

and

Θ

(
ξ − V (x) − p2

2m

)
=

1

2πi

ˆ ∞

−∞

dτ

τ − iε
exp i

(
ξ − V (x) − p2

2m

)
τ (5.6)

with

Θ

(
ξ − V (x) − p2

2m

)
= 1 (5.7)

for 0 < p <
√

2m(ξ − V (x)), whenp = |p|.

By using (5.6) and (5.7), as applied to the right-hand side of (5.4), we obtain

n(x) =q

ˆ

dDp

(2π~)D
Θ

(
ξ − V (x) − p2

2m

)

=
q

(2π~)D

ˆ

√
2m(ξ−V )

0

pD−1 dp

ˆ

dΩν

=
q

(2π~)D

2πD/2

Γ (D/2)

ˆ

√
2m(ξ−V (x))

0

pD−1 dp

=
q

(2π~)D

2πD/2

Γ (D/2)

(√
2m(ξ − V (x))

)D

D

=
q 2πD/2

D Γ (D/2)

(
2m(ξ − V (x))

(2π~)2

)D/2

. (5.8)

From (5.8),V (x) = 0 andn = 0 at the boundary, we getξ = 0. So that the density of

electrons inD-dimensions is

n(x) =
q 2πD/2

D Γ (D/2)

(−2mV (x)

(2π~)2

)D/2

. (5.9)



274

The relationship between the particle densityn(x) and the potentialV (x) in 2-

dimensions, i.e., forD = 2 is then given by

n(x) =
q 2π

2 Γ (1)

(−2mV (x)

(2π~)2

)

= −
q m

2π~2
V (x). (5.10)

We may also rewrite (5.10) as

V (x) = − 2π~
2

q m
n(x) (5.11)

To obtain the sum of the kinetic energies of the electrons inD-dimensions

(T [n]), we use the relationship between the kinetic energy and the Green’s function

:

T [n] =
∑

σ

ˆ

dDx
1

2πi

ˆ ∞

−∞

dτ

τ − iε

[
i
∂

∂τ
− V (x)

]
Gσσ′(xt;x0)

=q

ˆ

dDx
1

2πi

ˆ ∞

−∞

dτ

τ − iε

[
i
∂

∂τ
− V (x)

]
Gσσ′(xt;x0)

=q

ˆ

dDx
1

2πi

ˆ ∞

−∞

dτ

τ − iε

[
i
∂

∂τ
− V (x)

]
ˆ

dDp

(2π~)D
exp

[
−i

(
p2

2m
+ V (x)

)
τ

]

=q

ˆ

dDx
1

2πi

ˆ ∞

−∞

dτ

τ − iε

ˆ

dDp

(2π~)D

p2

2m
exp

[
−i

(
p2

2m
+ V (x)

)
τ

]
. (5.12)

Upon using the integral representation of the step function

Θ(ξ) =
1

2πi

ˆ ∞

−∞

dτ

τ − iε
eiξτ (5.13)

we obtain

Θ

(
− p2

2m
− V (x)

)
=

1

2πi

ˆ ∞

−∞

dτ

τ − iε
exp i

(
− p2

2m
− V (x)

)
τ (5.14)
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and

Θ

(
− p2

2m
− V (x)

)
= 1 (5.15)

for 0 < p <
√

−2mV (x).

By using (5.14) and (5.15), as applied to the right-hand side of (5.12), we obtain

T [n] =q

ˆ

dDx

ˆ

dDp

(2π~)D

p2

2m
Θ

(
− p2

2m
− V (x)

)

=
q

(2π~)D

ˆ

dDx

ˆ

√
−2mV (x)

0

dDp pD−1 p2

2m

ˆ

dΩ

=
q

2m(2π~)D

2πD/2

Γ (D/2)

ˆ

dDx

ˆ

√
−2mV (x)

0

dp pD+1

=
q

2m(2π~)D

2πD/2

Γ (D/2)

ˆ

dDx
pD+2

D + 2

∣∣∣∣

√
−2mV (x)

0

=
q

2m(2π~)D

2πD/2

Γ (D/2)

ˆ

dDx
(−2mV (x))(D+2)/2

D + 2

=
q

2m(D + 2)

2πD/2

Γ (D/2)

ˆ

dDx
(−2mV (x))(D+2)/2

(2π~)D

=
q

2m(D + 2)

2πD/2

Γ (D/2)

ˆ

dDx (−2mV (x))

(−2mV (x)

(2π~)2

)D/2

. (5.16)

The relationship between the kinetic energyT and the potentialV in 2-

dimensions, is then given by

T [n] =
q

8m

2π

Γ (1)

ˆ

d2x (−2mV (x))

(−2mV (x)

(2π~)2

)

=
q

8m

2π

Γ (1)

ˆ

d2x

(
4m2[V (x)]2

(2π~)2

)

=
q m

4π~2

ˆ

d2x [V (x)]2. (5.17)
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Substitute (5.11) into the right-hand side of (5.17), to obtain

T [n] =
q m

4π~2

ˆ

d2x [V (x)]2

=
π~

2

q m

ˆ

d2x [n(x)]2 . (5.18)

The Hamiltonian of a neutral atom consisting ofZ electrons and a nucleus of

chargeZ|e| is taken to be

H =
Z∑

i=1

(
p2

i

2m
− Ze2V (x)

)
+

Z∑

i<j

e2V (x − x′) (5.19)

whereV (x) is the scaled potential satisfying the Poisson’s equation given below :

∇22 ln
|x|
A

= 4πδ2(x). (5.20)

This is,

V (x) =2 ln
|x|
A

(5.21)

for any dimensional scale factorA.

The expectation value of the Hamiltonian of a neutral atom consisting ofZ elec-

trons and a nucleus of chargeZ|e| in 2-dimensions is

〈ψ|H |ψ〉 = 〈ψ|
Z∑

i=1

p2
i

2m
|ψ〉 + 2Ze2 〈ψ|

Z∑

i=1

ln
|x|
A

|ψ〉

− 2e2 〈ψ|
Z∑

i<j

ln
|x − x′|
B

|ψ〉 (5.22)

where

〈ψ|ψ〉 =

ˆ

d2x ψ∗(xσ) ψ(xσ)
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=

ˆ

d2x |ψ(xσ)|2

=1, (5.23a)

ˆ

d2x n(x) =Z. (5.23b)

HereA andB are dimensional scale factors which will be determined below.

Form (5.18), we obtain the first term on the right-hand side of(5.22), corresponding to

the kinetic energy termT [n] = π~
2

q m

´

d2x [n(x)]2.

Consider the second term on the right-hand side of (5.22). This is given by

2Ze2 〈ψ|
Z∑

i=1

ln
|x|
A

|ψ〉 =2Ze2 〈ψ|Z ln
|x|
A

|ψ〉

=2Ze2 〈ψ|
ˆ

d2x n(x) ln
|x|
A

|ψ〉

=2Ze2

ˆ

d2x ln
|x|
A
n(x). (5.24)

Consider the third term on the right-hand side of (5.23). Thisis given by

2e2 〈ψ|
Z∑

i<j

ln
|x − x′|
B

|ψ〉 =2
e2

2

ˆ

d2x

ˆ

d2x′n(x) n(x′) ln
|x − x′|
B

〈ψ|ψ〉

=e2
ˆ

d2x

ˆ

d2x′ n(x) n(x′) ln
|x − x′|
B

. (5.25)

Substitute (5.18), (5.24) and (5.25) into (5.22), to obtain

〈ψ|H |ψ〉 =
π~

2

q m

ˆ

d2x [n(x)]2 + 2Ze2

ˆ

d2x ln
|x|
A
n(x)

− e2
ˆ

d2x d2x′ n(x) ln
|x − x′|
B

n(x′). (5.26)

Referring to (5.18), (5.24) and (5.25), one may define the interaction of the
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electron-nucleus system in terms of the electron density, and add to it the kinetic en-

ergy term . LetF [n] denote theenergyfunctional in2-dimensions as a function of the

densityn(x). From (5.26) we obtain

F [n] =
π~

2

q m

ˆ

d2x [n(x)]2 + 2Ze2

ˆ

d2x ln
|x|
A
n(x)

− e2
ˆ

d2x d2x′ n(x) ln
|x − x′|
B

n(x′). (5.27)

Optimize (5.27) with respect ton(x), to obtain

0 =
δF [n]

δn(x)

=
2π~

2

q m
[n(x)] + 2Ze2 ln

|x|
A

− 2e2
ˆ

d2x′ ln
|x − x′|
B

n(x′)

−π~
2

q m
[n(x)] =Ze2 ln

|x|
A

− e2
ˆ

d2x′ ln
|x − x′|
B

n(x′) (5.28)

with solutionn(x) = nTF (x) satisfying

nTF (x) = −
q mZe2

π~2
ln

|x|
A

+
q me2

π~2

ˆ

d2x′ ln
|x − x′|
B

nTF (x′). (5.29)

From (5.10), we obtain the relationship betweennTF (x) andVTF (x) as

nTF (x) =
q 2π

2 Γ (1)

(−2mVTF (x)

(2π~)2

)

= −
q m

2π~2
VTF (x). (5.30)

Substitute (5.29) into (5.30) to obtain

VTF (x) =Ze2

(
2 ln

|x|
A

)
− e2

ˆ

d2x′
(

2 ln
|x − x′|
B

)
nTF (x′) (5.31)
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and

∇2VTF (x) =Ze2∇2

(
2 ln

|x|
A

)
− e2∇2

ˆ

d2x′
(

2 ln
|x − x′|
B

)
nTF (x′)

≡F1 − F2 (5.32)

where

F1 =Ze2∇2

(
2 ln

|x|
A

)

=Ze24πδ2(x) (5.33)

and

F2 =e2∇2

ˆ

d2x′
(

2 ln
|x − x′|
B

)
nTF (x′)

=e2
ˆ

d2x′ nTF (x′) ∇2

(
2 ln

|x − x′|
B

)

=e2
ˆ

d2x′ nTF (x′) 4πδ2(x − x′)

=4πe2nTF (x). (5.34)

Substitute (5.33) and (5.34) into (5.32), to obtain

∇2VTF (x) =F1 − F2

=4πZe2δ2(x) − 4πe2nTF (x). (5.35)
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For the integral of the left-hand side of (5.35) overx, we have

ˆ

d2x ∇2VTF (x) =

ˆ

d2x4πZe2δ2(x) − 4πe2

ˆ

d2x nTF (x). (5.36)

The first term on the right-hand side of (5.36) is easily evaluated giving by

ˆ

d2x 4πZe2δ2(x) =4πZe2. (5.37)

For the second-term of the right-hand side of (5.36), we obtain

4πe2

ˆ

d2x nTF (x) =4πZe2. (5.38)

Substitute (5.37) and (5.38) into (5.36), to obtain

ˆ

d2x ∇2VTF (x) =4πZe2 − 4πZe2 = 0. (5.39)

Apply Laplacian operator to the left-hand side of (5.29), toobtain

∇2nTF (x) =∇2

[
−
q mZe2

π~2
ln

|x|
A

+
q me2

π~2

ˆ

d2x′ ln
|x − x′|
B

nTF (x′)

]

= −
q mZe2

π~2
∇2 ln

|x|
A

+
q me2

π~2

ˆ

d2x′ nTF (x′) ∇2 ln
|x − x′|
B

= −
q mZe2

π~2
2πδ2(x) +

q me2

π~2

ˆ

d2x′ nTF (x′) 2πδ2(x − x′)

= −
q mZe2

~2
δ2(x) +

q me2

~2

ˆ

d2x′ nTF (x′) δ2(x − x′)

= −
q mZe2

~2
δ2(x) +

q me2

~2
nTF (x)

∴ nTF (x) =Zδ2(x) +
~

2

q me2
∇2nTF (x). (5.40)
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Integraling the latter overvecx gives

ˆ

d2x nTF (x) =

ˆ

d2x Z δ2(x) +
~

2

q me2

ˆ

d2x ∇2nTF (x). (5.41)

From (5.30), we have for the second term

ˆ

d2x ∇2nTF (x) = −
q m

2π~2

ˆ

d2x ∇2VTF (x) = 0. (5.42)

Substitute (5.42) into the second term on the right-hand side of (5.41), to obtain

ˆ

d2x nTF (x) =Z (5.43)

as expected.

To obtain the exact expressions for the scaling dimensionless constantA andB

in the definition ofF [n] in (5.29), first, apply taking the Laplacian to the left-handside

of (5.29), to obtain

∇2nTF (x) =∇2

[
−
q mZe2

π~2
ln

|x|
A

+
q me2

π~2

ˆ

d2x′ ln
|x − x′|
B

nTF (x′)

]

= −
q mZe2

π~2
∇2 ln

|x|
A

+
q me2

π~2

ˆ

d2x′ nTF (x′) ∇2 ln
|x − x′|
B

(5.44)

Consider the first term on right-hand side of (5.44), to get

q mZe2

π~2
∇2 ln

|x|
A

=
q mZe2

π~2
(2πδ2(x))

=
q mZe2

~2
δ2(x) (5.45)

Consider the second term on the right-hand side of (5.44), to get

q me2

π~2

ˆ

d2x′ nTF (x′) ∇2 ln
|x − x′|
B

=
q me2

π~2
2π

ˆ

d2x′ nTF (x′) δ2(x − x′)
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=
q2me2

~2
nTF (x). (5.46)

Substitute (5.45) and (5.46) into (5.44), to obtain

∇2nTF (x) = −
q mZe2

~2
δ2(x) +

q2me2

~2
nTF (x) (5.47)

which upon multiplying (5.47) byr2, we obtain

r2∇2nTF (x) = −
q mZe2

~2
r2δ2(x) +

q2me2

~2
r2 nTF (x)

= −
q mZe2

~2
r2 δ(r)

2πr
+
q2me2

~2
r2 nTF (x)

= −
q mZe2

~2

r δ(r)

2π
+
q2me2

~2
r2 nTF (x)

=
q me2

~2
r2 nTF (x)

0 =r2∇2nTF (x) −
q2me2

~2
r2 nTF (x)

0 =

(
r2∇2 −

q2me2r2

~2

)
nTF (x) (5.48)

where

ˆ ∞

0

r δ(r) dr =0, (5.49a)

r δ(r) =0. (5.49b)

We set

r

r0
= R. (5.50)
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The general solution of (5.48) is given by

nTF (R) =C1K0(R) + C2I0(R) (5.51)

whereK0 andI0 are modified Bessel functions and

r0 =

(
~

2

2qme2

)1/2

. (5.52)

Consider the largeR behavior,I0(R) → ∞ for R → ∞ so we have to choose

C2 = 0 and the solution of (5.48) becomes

nTF (R) =C1K0(R). (5.53)

To obtainC1, substitute (5.53) into (5.43), we get

Z =C1

ˆ

d2xK0(R)

=C1

ˆ ∞

0

dr

ˆ 2π

0

dθ r K0(R)

=2πr2
0 C1

ˆ ∞

0

dR R K0(R)

=2πr2
0 C1

=2π

(
~

2

2qme2

)
C1

C1 =

(
qmZe2

π~2

)
(5.54)

where

ˆ ∞

0

dR R K0(R) =1. (5.55)
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Substitute (5.55) into (5.54), to obtain

nTF (R) =

(
qmZe2

π~2

)
K0(R) , R =

r

r0
. (5.56)

To obtainA andB, by substitute (5.56) into (5.29) , to obtain

(
qmZe2

π~2

)
K0

(
r

r0

)
= −

q mZe2

π~2
ln

|x|
A

+
q me2

π~2

ˆ

d2x′ ln
|x − x′|
B

nTF (x′)

=Q1(x) +Q2(x) (5.57)

where

Q1(x) = −
q mZe2

π~2
ln

|x|
A

(5.58)

and

Q2(x) =
q me2

π~2

ˆ

d2x′ ln
|x − x′|
B

nTF (x′). (5.59)

Let x = 0, the left-hand side of (5.56) will become

(
qmZe2

π~2

)
K0(R) ≃−

(
qmZe2

π~2

)
lnR. (5.60)

The first term on the right-hand side of (5.57) becomes

Q1(x) ≃−
(
q mZe2

π~2

)(
ln
Rr0
A

)
. (5.61)

The second term on right-hand side of (5.57) becomes

Q2(0) =
q me2

π~2

[
ˆ

d2x′ ln
|x′|
B

nTF (x′)

]
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=
q me2

π~2

[
ˆ

d2x′ ln
|x′|
r0

nTF (x′) +

ˆ

d2x′ ln
r0
B
nTF (x′)

]

=
q me2

π~2

[
ˆ

d2x′ ln
|x′|
r0

nTF (x′) + Z ln
r0
B

]

=
q me2

π~2
(r2

0)(2π)

ˆ

dR′ R′ lnR′ nTF (R′) +
q me2

π~2
Z ln

r0
B

=
q me2

π~2

(
~

2

q2me2

)
(2π)

(
qmZe2

π~2

)
ˆ

dR′ R′ lnR′ K0(R
′)

+
q me2

π~2
Z ln

r0
B

=
q me2

π~2
Z

ˆ

dR′ R′ lnR′ K0(R
′) +

q me2

π~2
Z ln

r0
B

=
q me2

π~2
Z[−γ + ln 2] +

q me2

π~2
Z ln

r0
B
. (5.62)

Referring to (5.60)–(5.62), forR ≃ 0 we obtain

Q1(0) +Q2(0) =

(
qmZe2

π~2

)
K0(0)

ln 2 + ln
r0
B

≃−
(
qmZe2

π~2

)
lnR +

q mZe2

π~2

[
ln
Rr0
A

+ γ

]

− lnB = − ln(2r0) (5.63)

giving

B =2r0. (5.64)

To obtainA, substitute (5.64) into (5.57), to obtain

(
qmZe2

π~2

)
K0(R) = −

q mZe2

π~2
ln

|x|
A

+
q me2

π~2

ˆ

d2x′ ln
|x − x′|

2r0
nTF (x′)
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= −
q mZe2

π~2
ln

|x|
2r0

+
q me2

π~2

ˆ

d2x′ ln
|x − x′|
A

nTF (x′)

=Q3(x) +Q4(x) (5.65)

where

Q3(x) = −
q mZe2

π~2
ln

|x|
2r0

(5.66)

and

Q4(x) =
q me2

π~2

ˆ

d2x′ ln
|x − x′|
A

nTF (x′). (5.67)

Let x = 0, the left-hand side of (5.65) becomes

(
qmZe2

π~2

)
K0(R) ≃−

(
qmZe2

π~2

)
lnR. (5.68)

The first term on right-hand side of (5.65) becomes

Q3(x) ≃−
q mZe2

π~2

(
ln
Rr0
2r0

)
. (5.69)

For the second term on right-hand side of (5.65) becomes

Q4(0) =
q me2

π~2

[
ˆ

d2x′ ln
|x′|
A

nTF (x′)

]

=
q me2

π~2

[
ˆ

d2x′ ln
|x′|
r0

nTF (x′) +

ˆ

d2x′ ln
r0
A
nTF (x′)

]

=
q me2

π~2

[
ˆ

d2x′ ln
|x′|
r0

nTF (x′) + Z ln
r0
A

]

=
q me2

π~2
(r2

0)(2π)

ˆ

dR′ R′ lnR′ nTF (R′) +
q me2

π~2
Z ln

r0
A
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=
q me2

π~2

(
~

2

q2me2

)
(2π)

(
qmZe2

π~2

)
ˆ

dR′ R′ lnR′ K0(R
′)

+
q me2

π~2
Z ln

r0
A

=
q me2

π~2
Z

ˆ

dR′ R′ lnR′ K0(R
′) +

q me2

π~2
Z ln

r0
A

=
q me2

π~2
Z[−γ + ln 2] +

q me2

π~2
Z ln

r0
A
. (5.70)

Referring to (5.68)- (5.70), forR ≃ 0 we obtain

Q3(0) +Q4(0) =

(
qmZe2

π~2

)
K0(0)

ln 2 + ln
r0
A

≃−
(
qmZe2

π~2

)
lnR +

q mZe2

π~2

[
ln
Rr0
A

+ γ

]

− lnA = − ln(2r0) (5.71)

giving

A =2r0. (5.72)

Substituting the values obtained forB andA in (5.64) and (5.72), into (5.27), we obtain

the energy functionalF [n] as

F [n] =
π~

2

qm

ˆ

d2x
[
n(x)

]2
+ 2Ze2

ˆ

d2x ln

( |x|
2r0

)
n(x)

− e2
ˆ

d2x d2x′ n(x) ln

( |x − x′|
2r0

)
n(x′). (5.73)

From (5.73), withn = nTF , we obtain the TF energy functionalF [nTF ] :

F [nTF ] =
π~

2

q m

ˆ

d2x [nTF (x)]2 + 2Ze2

ˆ

d2x ln
|x|
2r0

nTF (x)
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− e2
ˆ

d2x d2x′ nTF (x) ln
|x − x′|

2r0
nTF (x′). (5.74)

To obtain the ground-state energy of the TF atomF [nTF ] ≡ ETF (Z), we refer

to (5.29) and (5.74) for the kinetic energy termT [nTF ], given by

T [nTF ] =
π~

2

q m

ˆ

d2x [nTF (x)]2 . (5.75)

Substitute (5.56) into (5.75), to obtain

T [nTF ] =
π~

2

q m

ˆ

d2x [nTF (x)]2

=
π~

2

q m
2π

ˆ ∞

0

dr r [nTF (r)]2

=
π~

2

q m
2πr2

0

ˆ ∞

0

dR R

(
qmZe2

π~2

)2

[K0(R)]2

=
2π2

~
2

q m

(
~

2

q2me2

)(
qmZe2

π~2

)2 ˆ ∞

0

dR R [K0(R)]2

=
1

2
Z2e2 (5.76)

where

ˆ ∞

0

dR R [K0(R)]2 =
1

2
. (5.77)

For the electron-nucleus interaction part, we have

Ee−n[nTF ] =2Ze2

ˆ

d2x ln
|x|
2r0

nTF (x)

=Ze24π

ˆ ∞

0

dr r ln
r

2r0
nTF (r)
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=Ze24π

ˆ ∞

0

dr r ln
r

r0
nTF (r) − 2Ze2

ˆ

d2x ln 2 nTF (x)

=Ze24πr2
0

ˆ ∞

0

dR R ln(R)

(
2qmZe2

2π~2

)
K0(R) − 2Z2e2 ln 2

=Ze24πr2
0

Z

2πr2
0

ˆ ∞

0

dR R lnR K0(R) − 2Z2e2 ln 2

=2Z2e2
[
ˆ ∞

0

dR R lnR K0(R) − ln 2

]

=2Z2e2 [−γ + ln 2 − ln 2]

= − 2γZ2e2 (5.78)

where

ˆ ∞

0

dR R lnR K0(R) = − γ + ln 2, (5.79a)

γ =0.57722, (5.79b)

ˆ ∞

0

dR R K0(R) =1. (5.79c)

The electron-electron interaction part is given by

Ee−e[nTF ] = − e2
ˆ

d2x d2x′ nTF (x) ln
|x − x′|

2r0
nTF (x′)

= − e2
ˆ

d2x d2x′ nTF (x) ln
|x − x′|

2r0
nTF (x′)

= + 4π2e2C2r4
0 ln 2

ˆ

dR R K0(R)

ˆ

dR′ R′ K0(R
′)

− e2
ˆ

d2x d2x′nTF (x) ln
|x − x′|
r0

nTF (x′)
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= + e2Z2 ln 2 − e2
ˆ

d2x d2x′ nTF (x) ln
|x − x′|
r0

nTF (x′)

=e2Z2 ln 2 + I1 (5.80)

where

I1 = −e2
ˆ

d2x d2x′ nTF (x) ln
|x − x′|
r0

nTF (x′). (5.81)

By settingx/r0 = R, we obtain

ˆ

d2x (.) =

ˆ ∞

0

r dr

ˆ 2π

0

dθ (.)

=r2
0

ˆ ∞

0

R dR

ˆ 2π

0

dθ (.)

=r2
0

ˆ

d2R (.). (5.82)

Substitute (5.82) into (5.81), to obtain

I1 = − e2r4
0

ˆ

d2R d2R′ nTF (R) ln |R − R′| nTF (R′)

= − 2πe2

(
~

2

q2me2

)2(qmZe2

π~2

)2(ˆ ∞

0

dR R K0(R)

ˆ ∞

0

dR′ R′ K0(R
′)

×
ˆ 2π

0

dθ ln(R2 − 2RR′ cos θ +R′2)1/2

)

= − e2Z2

2π

[
ˆ ∞

0

dR R K0(R)

ˆ ∞

0

dR′ R′ K0(R
′)

×
ˆ 2π

0

dθ ln(R2 − 2RR′ cos θ +R′2)1/2

]

= − e2Z2

2

ˆ ∞

0

dR R K0(R)

ˆ ∞

0

dR′ R′ K0(R
′) lnR2

>
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= − e2Z2

2

ˆ ∞

0

dR R K0(R) f(R) (5.83)

where

ˆ 2π

0

dθ ln(R2 − 2RR′ cos θ +R′2)1/2 =π lnR2
> (5.84)

and

f(R) =

ˆ ∞

0

dR′ R′ K0(R
′) lnR2

>

= lnR2

ˆ R

0

dR′ R′ K0(R
′) +

ˆ ∞

R

dR′ R′ K0(R
′) lnR′2

= lnR2[1 −R K1(R)] +

ˆ ∞

R

dR′ R′ K0(R
′) lnR′2

= lnR2 −R K1(R) lnR2 +

ˆ ∞

R

dR′ R′ K0(R
′) lnR′2. (5.85)

Substitute (5.85) into (5.83), to obtain

I1 = − e2Z2

2

ˆ ∞

0

dR R K0(R) lnR2

+
e2Z2

2

ˆ ∞

0

dR R2 K0(R) K1(R) lnR2

− e2Z2

2

ˆ ∞

0

dR R K0(R)

ˆ ∞

R

dR′ R′ K0(R
′) lnR′2

= − e2Z2

2
[−2γ + 2 ln 2] +

e2Z2

2
[−1

2
− γ + ln 2] − (0.615932)

e2Z2

2

= − e2Z20.61593 (5.86)
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where

ˆ ∞

0

dR R K0(R)

ˆ ∞

R

dR′ R′ K0(R
′) lnR′2

=

ˆ ∞

0

dR R K0(R)

ˆ ∞

0

dR′ R′ K0(R
′) lnR′2

−
ˆ ∞

0

dR R K0(R)

ˆ R

0

dR′ R′ K0(R
′) lnR′2

= − 2γ + 2 ln 2 − (−0.384068)

=0.615931. (5.87)

Substitute (5.87) into (5.80), to obtain the value for the ground-state energy of the TF

atomETF (nTF ) in 2-dimensions

ETF [nTF ] =T (nTF ) + Een(nTF ) + Ee−e(nTF )

ETF [nTF ] =

(
1

2
Z2e2

)
−
(
2γZ2e2

)
+
(
Z2e2 ln 2 − (0.61593)Z2e2

)

= − (0.576486)Z2e2. (5.88)

For the TF potential energyVTF(x) we have from (5.20) and (5.35)

∇2VTF(x) = 4π Ze2 δ2(x) − 4π e2nTF(x) (5.89)

with the first term corresponding to the nucleus at the origin, while the second term

corresponds to the electron density. Upon integration overx, and using (5.43), we

obtain
ˆ

d2x ∇2V (x) = 0 (5.90)

verifying the neutrality of the TF atom.
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It remains to show thatnTF provides the smallest possible value forF [n] in

(5.73), that is

F [σ] > F [nTF]. (5.91)

To the above end, define a priori a density functional for an arbitrary density

ρ(x) > 0 by

F [ρ] =A

ˆ

d2x [ρ(x)]2 + 2Ze2

ˆ

d2x ln
|x|
A
ρ(x)

− e2
ˆ

d2x d2x′ ρ(x) ln
|x − x′|
B

ρ(x′) (5.92)

where

A =
π~

2

q m
. (5.93)

We define the Fourier transform for real functionρ(x)

ρ(x) =

ˆ

d2p

(2π~)2
ρ̃(p) eip·x/~, (5.94a)

ρ̃∗(p) =

ˆ

d2x ρ∗(x) eip·x/~ =

ˆ

d2x ρ(x) eip·x/~. (5.94b)

We show that the third term on the right-hand side of (5.92) ispositive, we start

from the solution of the Poisson’s equation in (5.20), giving

ln
|x − x′|
B

=2π
(
∇2
)−1

δ2(x − x′). (5.95)

Substitute into the third term on the right-hand side of (5.92), to obtain

−
ˆ

d2xd2x′ρ(x) ln
|x − x′|
B

ρ(x′)

= −2π

ˆ

d2x d2x′ρ(x)
(
∇2
)−1

δ2(x − x′) ρ(x′). (5.96)
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We use an integral representation of the delta function in2-dimensions in (5.95) and the

Fourier transform of̃ρ(p) in (5.94), then apply to (5.96), to obtain

−
ˆ

d2x d2x′ρ(x) ln
|x − x′|
B

ρ(x′)

= −2π

ˆ

d2p

(2π~)2

ˆ

d2x d2x′ρ(x) ρ(x′)
(
∇2
)−1

eip·(x−x′)

= −2π

ˆ

d2p

(2π~)2

ˆ

d2x d2x′ρ(x) ρ(x′) e−ip·x′/~
(
∇2
)−1

eip·x/~. (5.97)

The Fourier transform ofρ(x) is

ρ̃(p) =

ˆ

d2x′ ρ(x′) e−ip·x′/~. (5.98)

and

∇2eip·x/~ = −
(p

~

)2

eip·x/~, (5.99a)

(
∇2
)−1

eip·x/~ = −
(

~

p

)2

eip·x/~. (5.99b)

Apply (5.98) and (5.99) into (5.97), to get

−
ˆ

d2xd2x′ρ(x) ln
|x − x′|
B

ρ(x′)

=2π

ˆ

d2p

(2π~)2

ˆ

d2x d2x′ ρ(x) ρ(x′) e−ip·x′/~

(
~

p

)2

eip·x/~

=2π

ˆ

d2p

(2π)2

ˆ

d2x ρ(x) ρ̃(p)
1

p2
eip·x/~. (5.100)

Sinceρ(x) is real function, i.e.,ρ(x) = ρ∗(x), we have

ρ(x) =

ˆ

d2p′

(2π~)2
ρ̃∗(p′) e−ip′·x. (5.101)
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Substitute (5.101) into (5.100), to obtain

−
ˆ

d2xd2x′ρ(x) ln
|x − x′|
B

ρ(x′)

=2π

ˆ

d2p

(2π~)2

ˆ

d2p′

(2π)2

ˆ

d2x e−ip′·x ρ̃∗(p′) ρ̃(p)
1

p2
eip·x/~

=2π

ˆ

d2p

(2π)2

ˆ

d2p′

(2π~)2
ρ̃∗(p′) ρ̃(p)

1

p2

ˆ

d2x ei(p−p′)·x. (5.102)

By using an integral representation of the delta function in2-dimensions :

δ2(p − p′) =

ˆ

d2x

(2π~)2
ei(p−p′)·x, (5.103a)

F (p) =

ˆ

d2p′ F (p′) δ2(p − p′). (5.103b)

Applying into (5.102), to obtain

−
ˆ

d2xd2x′ρ(x) ln
|x − x′|
B

ρ(x′)

=2π

ˆ

d2p

(2π)2
ρ̃(p)

1

p2
(2π~)2

ˆ

d2p′

(2π~)2
ρ̃∗(p′) δ2(p − p′)

=2π

ˆ

d2p

(2π)2
ρ̃(p)

1

p2
ρ̃∗(p)

=2π

ˆ

d2p

(2π)2
|ρ̃(p)|2 1

p2
. (5.104)

So that, from (5.104), we have

−e2
ˆ

d2x d2x′ρ(x) ln
|x − x′|
B

ρ(x′) > 0 (5.105)
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Let

ρ(x) =tρ1(x) + βρ2(x) ≡ tρ1 + βρ2 (= ρ), (5.106a)

ρ(x′) =tρ1(x
′) + βρ2(x

′) ≡ tρ′1 + βρ′2 (= ρ′), (5.106b)

1 =t+ β, (5.106c)

β =(1 − t), (5.106d)

where0 6 t 6 1 andρ1, ρ2 > 0.

For any realρ1, ρ2, we obtain the inequality

t2(ρ1 − ρ2)
2 6 t(ρ1 − ρ2)

2

t2(ρ2
1 − 2ρ1ρ2 + ρ2

2) 6 t(ρ2
1 − 2ρ1ρ2 + ρ2

2)

t2ρ2
1 − 2t2ρ1ρ2 + t2ρ2

2 6 tρ2
1 − 2tρ1ρ2 + tρ2

2. (5.107)

Subtracting the both-sides of (5.107) by2tρ2
2, gives

t2ρ2
1 − 2t2ρ1ρ2 + t2ρ2

2 − 2tρ2
2 6 tρ2

1 − 2tρ1ρ2 + tρ2
2 − 2tρ2

2

t2ρ2
1 − 2t2ρ1ρ2 + t2ρ2

2 − 2tρ2 6 tρ2
1 − 2tρ1ρ2 − tρ2

2. (5.108)

Add to both-sides of (5.108) the expressionsρ2
2 + 2tρ1ρ2, to obtain

t2ρ2
1 − 2t2ρ1ρ2 + t2ρ2

2 − 2tρ2 + ρ2
2 + 2tρ1ρ2 6 tρ2

1 − tρ2
2 + ρ2

2. (5.109)

The left-hand side of (5.109) can be rewritten as

t2ρ2
1 − 2t2ρ1ρ2+t

2ρ2
2 − 2tρ2 + ρ2

2 + 2tρ1ρ2
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=t2ρ2
1 + (1 + t2 − 2t)ρ2

2 + 2t(1 − t)ρ1ρ2

=t2ρ2
1 + (1 − t)2ρ2

2 + 2t(1 − t)ρ1ρ2

=(tρ1 + (1 − t)ρ2)
2. (5.110)

Also the right-hand side of (5.109) is given by

tρ2
1 − tρ2

2 + ρ2
2 =t (ρ1)

2 + (1 − t) (ρ2)
2 . (5.111)

Substitute (5.110) and (5.111), to obtain the elementary inequality

(
tρ1 + (1 − t)ρ2

)2
6 t (ρ1)

2 + (1 − t) (ρ2)
2 . (5.112)

Also

[
tρ1 + (1 − t)ρ2

][
tρ′1 + (1 − t)ρ′2

]
=t2ρ1ρ

′
1 + (1 − t)2ρ2ρ

′
2 + t(1 − t)ρ1ρ

′
2

+ t(1 − t)ρ′1ρ2

=t2ρ1ρ
′
1 + ρ2ρ

′
2 − t2ρ2ρ

′
2 + tρ1ρ

′
2 − tρ′1ρ2

+ tρ′1ρ2 − t2ρ′1ρ2

=t2ρ1ρ
′
1 + ρ2ρ

′
2 − t2ρ2ρ

′
2 + tρ1ρ

′
2 − tρ′1ρ2

+ tρ′1ρ2 − t2ρ′1ρ2 + tρ1ρ
′
1 − tρ1ρ

′
1

=tρ1ρ
′
1 + (1 − t)ρ2ρ

′
2

− t(1 − t)(ρ1 − ρ2)(ρ
′
1 − ρ′2)
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∴
[
tρ1 + (1 − t)ρ2

][
tρ′1 + (1 − t)ρ′2

]
=tρ1ρ

′
1 + (1 − t)ρ2ρ

′
2

− t(1 − t)(ρ1 − ρ2)(ρ
′
1 − ρ′2). (5.113)

From (5.105), replaceρ(x) by
[
ρ1(x) − ρ2(x)

]
and replaceρ(x′) by

[
ρ1(x

′) −

ρ2(x
′)
]
, to obtain

−
ˆ

d2x d2x′ [ρ1(x) − ρ2(x)
]
ln

|x − x′|
2r0

[
ρ1(x

′) − ρ2(x
′)
]

> 0. (5.114)

From (5.92) and (5.106), replaceρ(x) by
[
tρ1 + (1 − t)ρ2

]
andρ(x′) by

[
tρ′1 +

(1 − t)ρ′2
]
, to obtain

F
[
tρ1 + (1 − t)ρ2

]
=A

ˆ

d2x
[
tρ1 + (1 − t)ρ2

]2

+ 2Ze2

ˆ

d2x ln
|x|
A

[
tρ1 + (1 − t)ρ2

]

− e2
ˆ

d2x d2x′[tρ1 + (1 − t)ρ2

]
ln

|x − x′|
B

[
tρ′1 + (1 − t)ρ′2

]
.

(5.115)

Consider the first term on the right-hand side of (5.115), by using, in the process,

the elementary inequality in (5.112) giving

A

ˆ

d2x
[
tρ1 + (1 − t)ρ2

]2
6 A

ˆ

d2x
(
t (ρ1)

2 + (1 − t) (ρ2)
2)

=A

ˆ

d2x t (ρ1)
2 + A

ˆ

d2x (1 − t) (ρ2)
2

∴ A

ˆ

d2x
[
tρ1 + (1 − t)ρ2

]2
6 t

(
A

ˆ

d2x (ρ1)
2

)
+ (1 − t)

(
A

ˆ

d2x (ρ2)
2

)
.

(5.116)
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Consider the second term on the right-hand side of (5.115) we may write

2Ze2

ˆ

d2x ln
|x|
A

[
tρ1 + (1 − t)ρ2

]
=2Ze2

ˆ

d2x ln
|x|
A

tρ1

+ 2Ze2

ˆ

d2x ln
|x|
A

(1 − t)ρ2

=t

(
2Ze2

ˆ

d2x ln
|x|
A

ρ1

)

+ (1 − t)

(
2Ze2

ˆ

d2x ln
|x|
A

ρ2

)
. (5.117)

Consider the third term on the right-hand side of (5.115), by using (5.113), to

obtain

−e2
ˆ

d2x d2x′[tρ1 + (1 − t)ρ2

]
ln

|x − x′|
B

[
tρ′1 + (1 − t)ρ′2

]

= − e2
ˆ

d2x d2x′ ln
|x − x′|
B

tρ1ρ
′
1 − e2

ˆ

d2x d2x′ ln
|x − x′|
B

(1 − t)ρ2ρ
′
2

+ e2
ˆ

d2x d2x′ ln
|x − x′|
B

(t(1 − t)(ρ1 − ρ2)(ρ
′
1 − ρ′2)) . (5.118)

From (5.114), the left-hand side of (5.118) is positive, so that (5.118) can be

rewritten as

−e2
ˆ

d2x d2x′[tρ1 + (1 − t)ρ2

]
ln

|x − x′|
B

[
tρ′1 + (1 − t)ρ′2

]

6 − t

(
e2
ˆ

d2x d2x′ ln
|x − x′|
B

ρ1ρ
′
1

)

− (1 − t)

(
e2
ˆ

d2x d2x′ ln
|x − x′|
B

ρ2ρ
′
2

)
. (5.119)
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Substitute (5.116), (5.117) and (5.119) into (5.115), to obtain

F
[
tρ1 + (1 − t)ρ2

]
6 t

(
A

ˆ

d2x (ρ1)
2

)
+ (1 − t)

(
A

ˆ

d2x (ρ2)
2

)

+ t

(
2Ze2

ˆ

d2x ln
|x|
A

ρ1

)

+ (1 − t)

(
2Ze2

ˆ

d2x ln
|x|
A

ρ2

)

− t

(
e2
ˆ

d2x d2x′ ln
|x − x′|
B

ρ1ρ
′
1

)

− (1 − t)

(
e2
ˆ

d2x d2x′ ln
|x − x′|
B

ρ2ρ
′
2

)

=t

(
A

ˆ

d2x (ρ1)
2 + 2Ze2

ˆ

d2x ln
|x|
A

ρ1

−e2
ˆ

d2x d2x′ ln
|x − x′|
B

ρ1ρ
′
1

)

+ (1 − t)

(
A

ˆ

d2x (ρ2)
2 + 2Ze2

ˆ

d2x ln
|x|
A

ρ2

−e2
ˆ

d2x d2x′ ln
|x − x′|
B

ρ2ρ
′
2

)
. (5.120)

Refer to (5.92), to write

F [ρ1] =A

ˆ

d2x (ρ1)
2 + 2Ze2

ˆ

d2x ln
|x|
A

ρ1

− e2
ˆ

d2x d2x′ ln
|x − x′|
B

ρ1 ρ
′
1 (5.121)

and

F [ρ2] =A

ˆ

d2x (ρ2)
2 + 2Ze2

ˆ

d2x ln
|x|
A

ρ2
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− e2
ˆ

d2x d2x′ ln
|x − x′|
B

ρ2 ρ
′
2. (5.122)

Substitute (5.120) and (5.122) into the right- hand side of inequality (5.120), to derive

the bound :

F
[
tρ1 + (1 − t)ρ2

]
6 tF [ρ1] + (1 − t)F [ρ2]. (5.123)

Also, from (5.115), we have

d

dt
F
[
tρ1 + (1 − t)ρ2

]
=2A

ˆ

d2x
[
tρ1 + (1 − t)ρ2

]
(ρ1 − ρ2)

+ 2Ze2

ˆ

d2x ln
|x|
2r0

(ρ1 − ρ2)

− 2e2
ˆ

d2x d2x′ ln
|x − x′|

2r0

[
tρ′1 + (1 − t)ρ′2

]
(ρ1 − ρ2)

(5.124)

and

d

dt
F
[
tρ1 + (1 − t)ρ2

]∣∣∣∣
t=0

=

ˆ

d2x (ρ1 − ρ2)

[
2Aρ2 + Ze2 ln

|x|
2r0

− e2
ˆ

d2x′ ρ′2 ln
|x − x′|

2r0

]
. (5.125)

By choosingρ2 = nTF, andρ1 = σ > 0 arbitrary, we conclude from (5.29) and

(5.43) that the expression within the square brackets in (5.117) is zero, thus

d

dt
F
[
tσ + (1 − t)nTF

]∣∣∣∣
t=0

= 0. (5.126)

Also (5.107) leads to the bound

F
[
σ
]
− F

[
nTF

]
>
F
[
tσ + (1 − t)nTF

]
− F

[
nTF

]

t
. (5.127)

Since the left-hand side of (5.127) is independent oft, we may take the limit
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t→ 0, leading to

F
[
σ
]
− F

[
nTF

]
> lim

t→0

(
F
[
tσ + (1 − t)nTF

]
− F

[
nTF

]

t

)
(5.128)

and use (5.126) to conclude that

F
[
σ
]

> F
[
nTF

]
(5.129)

with the TF densitynTF providing the smallest possible value for the energy functional

in (5.92).

5.3 Lower Bound to the Expectation Value of The Exact Kinetic

Energy

From earlier equations, (2.1)–(2.13), forρ > 0, in particular we recall that

ˆ

dνx 〈x|Aρ |x〉 >
1

gρ
× [Number of allg′’s as eigenvalues of A

in 0 < g′ 6 g for whichH0 − g′v(x)

has the eigenvalue = −ξ] (5.130)

and the Schwinger inequality (2.20) :

N−ξ (H0 − gv(x)) 6 gρ

ˆ

dνx 〈x|Aρ |x〉 . (5.131)

In two dimensions(ν = 2), we chooseρ = 2 on the right-hand side of (5.130).

Thus with the definition ofA in (2.13), we obtain for the right-hand side of (5.130) with
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g = 1

ˆ

d2x 〈x|A2 |x〉 =

ˆ

d2x

ˆ

d2x′ 〈x|A |x′〉 〈x′|A |x〉

=

ˆ

d2x

ˆ

d2x′ 〈x|A |x′〉 〈x|A |x′〉∗

=

ˆ

d2x

ˆ

d2x′ |〈x|A |x′〉|2

=

ˆ

d2x

ˆ

d3x′ v(x) v(x′)

∣∣∣∣∣∣

〈
x

∣∣∣∣∣∣
1[

p2

2m
+ ξ
]

∣∣∣∣∣∣
x′

〉∣∣∣∣∣∣

2

. (5.132)

For

〈
x

∣∣∣∣
[

p2

2m
+ ξ
]−1
∣∣∣∣x′
〉

, denote
[

p2

2m
+ ξ
]−1

by Â(p), to obtain

〈
x

∣∣∣∣∣∣
1[

p2

2m
+ ξ
]

∣∣∣∣∣∣
x′

〉
=
〈
x
∣∣∣Â(p)

∣∣∣x′
〉

=

ˆ

d2p

(2π~)2

ˆ

d2p′

(2π~)2
〈x | p〉

〈
p
∣∣∣Â(p)

∣∣∣p′

〉
〈p′ | x′〉

=

ˆ

d2p

(2π~)2

ˆ

d2p′

(2π~)2
eip

~
·x
〈
p
∣∣∣Â(p)

∣∣∣p′

〉
e−ip

′

~
·x′

=

ˆ

d2p

(2π~)2

ˆ

d2p′

(2π~)2
ei(p·x−p′ ·x′)/~

〈
p
∣∣∣Â(p)

∣∣∣p′

〉

=

ˆ

d2p

(2π~)2

ˆ

d2p′

(2π~)2
ei(p·x−p′ ·x′)/~ Â(p) (2π~)2 δ2 (p − p′)

=

ˆ

d2p

(2π~)2
Â(p) (2π~)2

ˆ

d2p′

(2π~)2
ei(p·x−p′ ·x′)/~δ2 (p − p′)

=

ˆ

d2p

(2π~)2
Â(p) eip·(x−x′)/~

=

ˆ

d2p

(2π~)2

eip·(x−x′)/~

[
p2

2m
+ ξ
] , η = |x − x′|
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=
1

(2π~)2

ˆ ∞

0

p dp(
p2

2m
+ ξ
)
ˆ 2π

0

dθ eiηp cos θ/~. (5.133)

The angular part is given by

ˆ 2π

0

dθ eiηp cos θ/~ =2π J0(
pη

~
) (5.134)

whereJ0(x) is the Bessel function of order zero. On other hand,

ˆ ∞

0

dx
x

(x2 + a2)
J0(x) =K0(ax) (5.135)

whereK0(ax) is the modified Bessel function of order zero.

Apply (5.134) and (5.135) to (5.133), to obtain

〈
x

∣∣∣∣∣∣
1[

p2

2m
+ ξ
]

∣∣∣∣∣∣
x′

〉
=

1

(2π~)2

ˆ ∞

0

p dp(
p2

2m
+ ξ
)
ˆ 2π

0

dθ eiηp cos θ/~, η = |x − x′|

=
m

π~2
K0

( |x − x′|
~

)√
2mξ. (5.136)

Substitute (5.136) into (5.132), to obtain

ˆ

d2x 〈x|A2 |x〉

=

ˆ

d2x

ˆ

d3x′ v(x) v(x′)

(
m

π~2
K0

( |x − x′|
~

)√
2mξ

)2

=
( m

π~2

)2
ˆ

d2x

ˆ

d3x′ v(x) v(x′)

(
K0

( |x − x′|
~

)√
2mξ

)2

. (5.137)

We use Young’s inequality

∣∣∣∣
ˆ

d2x

ˆ

d2x′f(x)g(x − x′)h(x′)

∣∣∣∣ 6
{
ˆ

d2x |f(x)|p
}1/p{ˆ

d2x |g(x)|q
}1/q
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×
{
ˆ

d2x|h(x)|s
}1/s

(5.138)

with p = 2, s = 2, q = 1 and

f(x) =v(x), (5.139)

g(x − x′) =

(
K0

( |x − x′|
~

)√
2mξ

)2

, (5.140)

h(x′) =v(x′), (5.141)

to obtain

∣∣∣∣∣

ˆ

d2x

ˆ

d2x′ v(x)
e−2|x−x′ |

√
2mξ/~

|x − x′|2 v(x′)

∣∣∣∣∣

6

(
ˆ

d2x |v(x)|2
)1/2

(
ˆ

d2x

∣∣∣∣∣

(
K0

( |x − x′|
~

)√
2mξ

)2
∣∣∣∣∣

)

×
(
ˆ

d2x |v(x)|2
)1/2

=

(
ˆ

d2x (v(x))2

)1/2(ˆ
d2x (v(x))2

)1/2

×
(
ˆ

d2x

∣∣∣∣∣

(
K0

( |x − x′|
~

)√
2mξ

)2
∣∣∣∣∣

)

∴

ˆ

d2x

ˆ

d2x′ v(x)
e−2|x−x′ |

√
2mξ/~

|x − x′|2 v(x′)

6

(
ˆ

d2x (v(x))2

)(
ˆ

d2x

∣∣∣∣∣

(
K0

( |x − x′|
~

)√
2mξ

)2
∣∣∣∣∣

)
. (5.142)
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By using the integral

ˆ

d2x

[
K0

( |x|
~

√
2mξ

)]2

=
π~

2

2mξ
(5.143)

we then have

ˆ

d2x 〈x|A2 |x〉 =
m

2~2

1

πξ

ˆ

d2 xv2(x). (5.144)

From (5.131), this gives

N−ξ (H0 − gv(x)) 6
m

2~2

1

πξ

ˆ

d2x v2(x). (5.145)

From (5.145) we haveN−ξ (H0 − v(x)) < 1 if we choose

ξ =
m

2~2

(1 + δ)

π

ˆ

d2x v2(x), δ > 0 (5.146)

or

−ξ = − m

2~2

(1 + δ)

π

ˆ

d2x v2(x). (5.147)

On the other hand,N−ξ(p
2/2m − v(x)) < 1, implies thatN−ξ(p

2/2m − v(x)) = 0,

sinceN−ξ must be a natural number, and the right-hand side of (5.147) provides a lower

bound to the spectrum of[p2/2m − v(x)] since its spectrum would then be empty for

energies−ξ. That is, (5.147) gives the following lower bound for the ground-state

energy of the Hamiltonian,

− m

2~2

(1 + δ)

π

ˆ

d2x v2(x). (5.148)

For one particle systems, we first obtain a lower bound forT . First we con-

sider the one particle state with normalization condition
´

d2x ρ(x) = 1 and define the
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positive function

v(x) = γ
ρα(x)

´

d2x ρα+1(x)
T (5.149)

whereα, γ are to be determined, andv(x) is not the potential energy for any Hamilto-

nian. It is just introduced in order to be able to obtain a lower bound forT . Substitution

(5.149) into〈ψ |H0 − v(x)|ψ〉, to obtain

〈
ψ

∣∣∣∣
p2

2m
− v(x)

∣∣∣∣ψ
〉

= −(γ − 1) T (5.150)

and in reference to the bound in (5.148), we have

〈
ψ

∣∣∣∣
p2

2m
− v(x)

∣∣∣∣ψ
〉

> − m

2~2

(1 + δ)

π

ˆ

d2x v2(x). (5.151)

From (5.150) and (5.151), we may infer that

−(γ − 1) T > − m

2~2

(1 + δ)

π

ˆ

d2x v2(x)

= − m

2~2

(1 + δ)

π

ˆ

d2x

(
γ

ρα(x)
´

d2x ρα+1(x)
T

)2

= − T 2γ2 m

2~2

(1 + δ)

π

´

d2x ρ2α(x)
(´

d2x ρα+1(x)
)2

(γ − 1) T 6 T 2γ2 m

2~2

(1 + δ)

π

´

d2x ρ2α(x)
(´

d2x ρα+1(x)
)2 . (5.152)

This suggests to choose2α = α+1, givingα = 1. So the inequality in (5.152) becomes

(γ − 1) T 6 T 2γ2 m

2~2

(1 + δ)

π

´

d2x ρ2(x)
(´

d2x ρ2(x)
)2

= T 2γ2 m

2~2

(1 + δ)

π

1
´

d2x ρ2(x)
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T >
(γ − 1)

γ2

2~
2π

m(1 + δ)

ˆ

d2x ρ2(x). (5.153)

Optimizing (5.153) overγ

d

dγ

γ − 1

γ2
=0

−1

γ2
+

2

γ3
=0 (5.154)

gives

γ =2. (5.155)

Substituteγ from (5.155) into (5.153), to obtain the following bound forthe expectation

value of the kinetic energyT (for one particle systems)

T >
π

(1 + δ)

~
2

2m

ˆ

d2x ρ2(x) (5.156)

for arbitrary smallδ > 0. From (5.156), we may rewrite the expectation value of

the kinetic energyT (for one particle systems), whose the particle number density is

denoted byρ(x)in the form

T >Bn

(
~

2

2m

)(
ˆ

dnx ρp/(p−1)(x)

)2(p−1)/n

(5.157)

where

Bn =
n

(1 + δ)

(π
2

)2(p−1)/n

(5.158)

andn = 2, p = 2.

For multi-particle systems, considerN identical fermions, each of massm and
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introduce the particle number density in two dimensions :

ρ(x) = N
∑

σ1,...,σN

ˆ

d2x2...d
2xN |ψ(xσ1,x2σ2, ...,xNσN)|2 , (5.159)

whereσ1, . . . , σN specify spin projection values each takingq values for a particle of

spins.

The total number of particlesN is given self consistently from the normalization

condition

ˆ

d2x ρ(x) = N. (5.160)

The wavefunctionsψ(xσ1,x2σ2, ...,xNσN) are assumed to satisfy the appropriate

statistics which in this case are anti-symmetric in the exchange of any two particles

which amounts into the interchange of the position-spin labeling : (xiσi) ⇔ (xjσj)

In reference to (5.149), withγ = 2, α = 1, we obtain the expression for the

positive functionv(x)

v(x) = 2
ρ(x)

´

d2x ρ2(x)
T (5.161)

where

T =

〈
ψ

∣∣∣∣∣

N∑

i=1

p2
i

2m

∣∣∣∣∣ψ
〉
. (5.162)

It is easily verified that

〈
ψ

∣∣∣∣∣

N∑

i=1

v(xi)

∣∣∣∣∣ψ
〉

= 2T (5.163)

where
N∑

i=1

v(xi) = v(x) andv(x) is not the potential energy for any Hamiltonian. It is

just introduced in order to be able to obtain the expectationvalue of the kinetic energy
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T (for N identical fermions) in two dimensions.

We consider the operator

N∑

i=1

[
p2

i

2m
− v(xi)

]
(5.164)

defining a hypothetical Hamiltonian ofN non-interacting fermions which, however,

interact with the external “potential”v(x).

From (5.162) and (5.163), we have

〈
ψ

∣∣∣∣∣

N∑

i=1

[
p2

i

2m
− v(xi)

]∣∣∣∣∣ψ
〉

= − T. (5.165)

To obtain a lower bound to the spectrum of the “Hamiltonian” (operator) in

(5.164), we note that, allowing for multiplicity and spin degeneracy, we can put theN

fermions in the lowest energy of levels of the “Hamiltonian”in conformity with Pauli’s

exclusion principle, ifN is the number of such levels. IfN is larger than this number of

levels, the remaining free fermions may be chosen to have arbitrary small(→ 0) kinetic

energies, and be infinitely separated, to define the lowest energy of the Hamiltonian in

(5.164). That is, in all cases, the Hamiltonian (5.164) is bounded below byq times the

ground-state energy in (5.148). From (5.151), (forN identical fermions) we thus have

〈
ψ

∣∣∣∣∣

N∑

i=1

[
p2

i

2m
− v(xi)

]∣∣∣∣∣ψ
〉

> −
q m

2~2

(1 + δ)

π

ˆ

d2x v2(x). (5.166)

Substituting (5.161), (5.165) into (5.166) and using the normalization condition
´

d2x ρ(x) = N , we obtain for the expectation value of the kinetic energyT (for

N identical fermions)

−T > −
q m

2~2

(1 + δ)

π

ˆ

d2x

(
2

ρ(x)
´

d2x ρ2(x)
T

)2

= − 4T 2
q m

2~2

(1 + δ)

π

1
´

d2x ρ2(x)
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T >
1

q

π

(1 + δ)

~
2

2m

ˆ

d2x ρ2(x) (5.167)

From (5.167), the expectation value of the kinetic energyT as

T >
Bn

q

(
ˆ

dnx ρp/(p−1)(x)

)2(p−1)/n

(5.168)

whereBn is defined in (5.158) andn = 2, p = 2.

5.4 A Thomas-Fermi Energy Functional and a Lower Bound for

The Electron-Electron Interaction

For anti-symmetric normalized functionsΨ(x1σ1, . . . ,xNσN) of N electrons,

we have for the expectation value of the HamiltonianH

〈Ψ|H |Ψ〉 =
N∑

i=1

〈Ψ| p2
i

2m
|Ψ〉 + 2

N∑

i=1

k∑

j=1

Zje
2 〈Ψ| ln |xi − Rj|

2r0
|Ψ〉

− 2
N∑

i<j

e2 〈Ψ| ln |xi − xj|
2r0

|Ψ〉

− 2
k∑

i<j

ZiZje
2 〈Ψ| ln |Ri − Rj|

2r0
|Ψ〉 (5.169)

To derive a lower bound to this expectation value, we recall the definition of electron

density

ρ(x) = N
∑

σ1,...,σN

ˆ

d2x2 . . . d
2xN |Ψ(xσ1,x2σ2, . . . ,xNσN)|2 (5.170)

normalized to

ˆ

d2x ρ(x) = N (5.171)
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and

〈Ψ|Ψ〉 =

ˆ

d2x, d2x2...d
2xN Ψ∗(xσ1,x2σ2, ...,xNσN) Ψ(xσ1,x2σ2, ...,xNσN)

=
n∑

σ1,...,σN

ˆ

d2x, d2x2...d
2xN |Ψ(xσ1,x2σ2, ...,xNσN)|2

=1. (5.172)

The lower bound (5.18) to the expectation value of the kinetic energy for particles of

massβm is then given by :

N∑

i=1

〈Ψ| p2
i

2mβ
|Ψ〉 > π~

2

q mβ

1

1 + δ

ˆ

d2x [ρ(x)]2 (5.173)

whereβ > 0.

In reference to the second term on the right-hand side of (5.169), substitute

(5.170) into (5.169), giving

2
N∑

i=1

k∑

j=1

Zje
2 〈Ψ| ln |xi − Rj|

2r0
|Ψ〉

=2

ˆ

d2x, d2x2, . . . , d
2xN Ψ∗(x,x2, . . . ,xN)

×
(

N∑

i=1

k∑

j=1

e2Zj ln
|xi − Rj|

2r0

)
Ψ(x,x2, . . . ,xN)

=2
k∑

j=1

N∑

i=1

ˆ

d2x, d2x2, . . . , d
2xN Ψ∗(x,x2, . . . ,xN)

×
(
e2Zj ln

|xi − Rj|
2r0

)
Ψ(x,x2, . . . ,xN)

=2
k∑

j=1

N∑

j=1

ˆ

d2x e2Zj ln
|xi − Rj|

2r0
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×
∑

σ1,...,σN

ˆ

d2x2, . . . , d
2xN |Ψ(x,x2, . . . ,xN)|2

=2
k∑

j=1

ˆ

d2x e2Zj ln
|x − Rj|

2r0

ρ(x)

N

+ 2
k∑

j=1

ˆ

d2x2 e
2Zj ln

|x2 − Rj|
2r0

ρ(x2)

N

+ . . .+ 2
k∑

j=1

ˆ

d2xN e2Zj ln
|xN − Rj|

2r0

ρ(xN)

N
. (5.174)

In reference to the third term on the right-hand side of (5.169), we first note that

−2
N∑

i<j

e2 〈Ψ| ln |xi − xj|
2r0

|Ψ〉 = −e2
ˆ

d2x′
ˆ

d2x ρ(x) ln
|x − x′|

2r0
ρ(x′) (5.175)

and for the fourth term on the right-hand side of (5.169) , we may write

−2
k∑

i<j

ZiZje
2 〈Ψ| ln |Ri − Rj|

2r0
|Ψ〉 = − 2

k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

〈Ψ |Ψ〉

= − 2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

. (5.176)

From (5.173)–(5.176), we obtain the following lower bound for (5.169)

〈Ψ|H |Ψ〉 > π~
2

q mβ

ˆ

d2x [ρ(x)]2 + 2
k∑

j=1

e2Zj

ˆ

d2x ρ(x) ln
|x − Rj|

2r0

− e2
ˆ

d2x d2x′ ρ(x) ln
|x − x′|

2r0
ρ(x′)

− 2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

(5.177)

by closingδ arbitrary small.
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We define anenergyfunctional in2-dimensions by

F [ρ;Z1, . . . , Zk,R1, . . . ,Rj] =
π~

2

q mβ

ˆ

d2x [ρ(x)]2

+ 2
k∑

j=1

e2Zj

ˆ

d2x ρ(x) ln
|x − Rj|

2r0

− e2
ˆ

d2x d2x′ ρ(x) ln
|x − x′|

2r0
ρ(x′)

− 2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

(5.178)

depending on positive parametersZ1, . . . , Zk andR1, . . . ,Rj.

Optimize (5.178) overρ(x), by taking the functional derivative of (5.178), with

respect toρ(x), equal to zero, to obtain

0 =
δF [ρ]

δρ(x)

=
2π~

2

q mβ
ρ(x) + 2e2

k∑

j=1

Zj ln
|x − Rj|

2r0

− 2e2
ˆ

d2x′ ln
|x − x′|

2r0
ρ(x′). (5.179)

Let ρ(x) = ρ0(x; k) satisfy the equation (5.179), this is

2π~
2

q mβ
[ρ0(x; k)] = − 2e2

k∑

j=1

Zj ln
|x − Rj|

2r0

+ 2e2
ˆ

d2x′ ln
|x − x′|

2r0
ρ(x′). (5.180)

Refer to (5.106)–(5.129), which shows that the TF density actually provides the

smallest value, we conclude thatρ0(x; k) satisfying (5.180) provides the smallest value
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for the functional (5.178), with the corresponding solution, ρ0(x; k) satisfying the nor-

malization condition

ˆ

d2x ρ0(x; k) =
k∑

j=1

Zj. (5.181)

From (5.129), we then have

F [ρ] > F [ρ0]

F [ρ;Z1, . . . , Zk,R1, . . . ,Rk] > F [ρ0;Z1, . . . , Zk,R1, . . . ,Rk]. (5.182)

We introduce the functionals

F [ρ;λZ1, . . . , λZℓ, Zℓ+1, . . . , Zk,R1, . . . ,Rk] (5.183)

and

F [ρ;λZ1, . . . , λZℓ,R1, . . . ,Rℓ] (5.184)

whereℓ < k andλ > 0 is arbitrary parameter.

Let ρ1(x), ρ2(x) be the corresponding solutions to (5.179) for the functionals in

(5.183), (5.184), respectively. By referring to (5.179), wehave

π~
2

q mβ
ρ1(x) = − e2λ

ℓ∑

j=1

Zj ln
|x − Rj|

2r0
− e2

k∑

j=ℓ+1

Zj ln
|x − Rj|

2r0

+ e2
ˆ

d2x′ ln
|x − x′|

2r0
ρ1(x

′) (5.185)

and

π~
2

q mβ
ρ2(x) = − e2λ

ℓ∑

j=1

Zj ln
|x − Rj|

2r0
+ e2
ˆ

d2x′ ln
|x − x′|

2r0
ρ2(x

′) (5.186)
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and for the simplicity of the notation only, we have suppressed the dependence ofρ1, ρ2

onλ, k, ℓ.

By subtracting (5.185) from (5.186), we obtain

Q1(x) −Q2(x) = − e2
ℓ∑

j=ℓ+1

Zj ln
|x − Rj|

2r0
+ e2

ˆ

d2x′ ln
|x − x′|

2r0
[ρ1(x

′) − ρ2(x
′)]

= − e2
ℓ∑

j=ℓ+1

Zj ln
|x − Rj|

2r0

+
e2q mβ

π~2

ˆ

d2x′ ln
|x − x′|

2r0
[Q1(x

′) −Q2(x
′)] (5.187)

where

Q1(x) =
π~

2ρ1(x)

q mβ
(5.188)

Q2(x) =
π~

2ρ2(x)

q mβ
. (5.189)

Since the sum overj in (5.187) is non-negative,
[
Q1(x) − Q2(x)

]
cannot be strictly

negative for allx otherwise this will be in contradiction with the equation (5.187) itself.

We introduce the set

S = {x|Q1(x) −Q2(x) < 0} (5.190)

which we will show that it is empty, thus concluding thatQ1(x) −Q2(x) > 0.

We assume thatS is non-empty and then run into a contradiction. As we move

away from the boundaryΩ of S,
[
Q1(x) −Q2(x)

]
changes sign or vanishes, by defini-

tion of S, and we then have

n̂ · ∇
[
Q1(x) −Q2(x)

]
> 0 (5.191)
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which n̂ is a unit vector perpendicular to the boundary atx, otherwise, we would run

into a region beyondS where
[
Q1(x) − Q2(x)

]
is still strictly negative. [IfS is of

infinite extension the non-negativity of̂n · ∇
[
Q1(x) − Q2(x)

]
on the boundary still

holds.]

The application of the Laplacian to (5.187) gives

∇2
[
Q1(x) −Q2(x)

]
= −e2λ

k∑

j=ℓ+1

Zj∇2 ln
|x − Rj|

2r0

+
e2q mβ

π~2

ˆ

d2x′ ∇2 ln
|x − x′|

2r0
[Q1(x

′) −Q2(x
′)]

=−4πe2

k∑

j=l+1

Zj δ
2(x − Rj)

+
e2q mβ

π~2

ˆ

d2x′ δ2(x − x′) [Q1(x
′) −Q2(x

′)]

=−4πe2

k∑

j=l+1

Zj δ
2(x − Rj)

+ 4πe2
q mβ

π~2
[Q1(x) −Q2(x)] (5.192)

and forx in the setS, the expression on the right-hand side of this equation is strictly

negative since
[
Q1(x) −Q2(x)

]
< 0 for suchx by hypothesis.

Accordingly,

0 >

ˆ

S

d2x ∇2
[
Q1(x) −Q2(x)

]
=

ˆ

Ω

dΩ n̂ · ∇
[
Q1(x) −Q2(x)

]
(5.193)

in contradiction with (5.191), henceS is empty and

Q1(x) −Q2(x) > 0 (5.194)
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as a function ofx.

In reference to the functional

F
[
ρ;Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
(5.195)

let ρ3(x) satisfy

π~
2

q mβ
ρ3(x) = −e2

k∑

j=ℓ+1

Zj ln
|x − Rj|

2r0
+ e2

ˆ

d2x′ ln
|x − x′|

2r0
ρ3(x

′) (5.196)

in analogy to (5.185), (5.186).

We define

g(λ) = F
[
ρ1;λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

− F
[
ρ2;λZ1, . . . , λZl,R1, . . . ,Rl

]

− F
[
ρ3;Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
(5.197)

with l < k. Since forλ = 0, ρ1 andρ3 denote the same density, andρ2, in (5.197) is

obviously equal to zero forλ = 0, as the left-hand side of (5.197) is non-negative while

the right-hand side is non-positive forλ = 0, and

g(0) = F
[
ρ;Zl+1, . . . , Zk,R1, . . . ,Rk

]

− F
[
0; . . .R1, . . . ,Rl

]

− F
[
ρ;Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
(5.198)

we may infer that

g(0) = 0. (5.199)
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Forλ = 1, gives

g(1) = F
[
ρ;Z1, . . . , Zl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

− F
[
ρ2;Z1, . . . , Zl,R1, . . . ,Rl

]

− F
[
ρ;Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
. (5.200)

From (5.199) and (5.202), we may write

g(1) =

ˆ 1

0

dλ g′(λ) (5.201)

we infer that (F [ρ] > F [ρ0])

g(1) > 0 (5.202)

and hence to establish (5.202) it is sufficient to show thatg′(λ) > 0 for 0 6 λ 6 1.

To the above end, we note from (5.178) withZ1 → λZ1, . . . ,Zl → λZl, ρ→ ρ1,

we obtain

F
[
ρ1;λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

=
π~

2

q mβ

ˆ

d2x [ρ1(x)]2

+ 2λ
ℓ∑

j=1

e2Zj

ˆ

d2x ρ1(x) ln
|x − Rj|

2r0

+ 2
k∑

j=ℓ+1

e2Zj

ˆ

d2x ρ1(x) ln
|x − Rj|

2r0

− e2
ˆ

d2x d2x′ ρ1(x) ln
|x − x′|

2r0
ρ1(x

′)



320

− 2λ2

ℓ−1∑

i=1

ℓ∑

j=ℓ+1

ZiZje
2 ln

|Ri − Rj|
2r0

− 2
ℓ∑

i=1

λZi

k∑

j=ℓ+1

Zje
2 ln

|Ri − Rj|
2r0

(5.203)

where

2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

=2λ2

ℓ−1∑

i=1

ℓ∑

j=ℓ+1

ZiZje
2 ln

|Ri − Rj|
2r0

+ 2
ℓ∑

i=1

λZi

k∑

j=ℓ+1

Zje
2 ln

|Ri − Rj|
2r0

. (5.204)

By setting the functional partial derivative of (5.203), with respect toλ, we obtain

∂

∂λ
F
[
ρ1;λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

=2
π~

2

q mβ

ˆ

d2x ρ1(x)
∂

∂λ
ρ1(x)

+ 2λ
ℓ∑

j=1

e2Zj

ˆ

d2x ln
|x − Rj|

2r0

∂

∂λ
ρ1(x)

+ 2
ℓ∑

j=1

e2Zj

ˆ

d2x ρ1(x) ln
|x − Rj|

2r0

+ 2
k∑

j=ℓ+1

e2Zj

ˆ

d2x ln
|x − Rj|

2r0

∂

∂λ
ρ1(x)

− 2e2
ˆ

d2x d2x′ ln
|x − x′|

2r0
ρ1(x

′)
∂

∂λ
ρ1(x)

− 4λ
ℓ−1∑

i=1

ℓ∑

j=ℓ+1

ZiZje
2 ln

|Ri − Rj|
2r0
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− 2
ℓ∑

i=1

Zi

k∑

j=ℓ+1

Zje
2 ln

|Ri − Rj|
2r0

. (5.205)

Eq.(5.205) can be rewritten as

∂

∂λ
F
[
ρ1;λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

=

ˆ

d2x

[
2
π~

2

q mβ
ρ1(x) + 2λ

ℓ∑

j=1

e2Zj ln
|x − Rj|

2r0

+2
k∑

j=ℓ+1

e2Zj ln
|x − Rj|

2r0
− 2e2

ˆ

d2x′ ln
|x − x′|

2r0
ρ1(x

′)

]
∂

∂λ
ρ1(x)

− e2

[
4λ

ℓ−1∑

i=1

ℓ∑

j=ℓ+1

ZiZj ln
|Ri − Rj|

2r0
+ 2

ℓ∑

i=1

Zi

k∑

j=ℓ+1

Zj ln
|Ri − Rj|

2r0

]

+ 2
ℓ∑

j=1

e2Zj

ˆ

d2x ρ1(x) ln
|x − Rj|

2r0
(5.206)

Refer to (5.185), and note that the expression within the brackets of thex-integral

in the first term on the right-hand side of (5.206) is zero. So that (5.206) becomes

∂

∂λ
F
[
ρ1;λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

= −e2
[
4λ

ℓ−1∑

i=1

ℓ∑

j=ℓ+1

ZiZj ln
|Ri − Rj|

2r0
+ 2

ℓ∑

i=1

Zi

k∑

j=ℓ+1

Zj ln
|Ri − Rj|

2r0

]

+ 2
ℓ∑

j=1

e2Zj

ˆ

d2x ρ1(x) ln
|x − Rj|

2r0
. (5.207)

Refer to (5.206), and in the same way as in (5.207), we obtain

∂

∂λ
F
[
ρ2;λZ1, . . . , λZl,R1, . . . ,Rl

]
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= −e2
[
4λ

ℓ−1∑

i=1

ℓ∑

j=ℓ+1

ZiZj ln
|Ri − Rj|

2r0
+ 2

ℓ∑

i=1

Zi

k∑

j=ℓ+1

Zj ln
|Ri − Rj|

2r0

]

+ 2
ℓ∑

j=1

e2Zj

ˆ

d2x ρ2(x) ln
|x − Rj|

2r0
. (5.208)

Refer to (5.206), and in the same way as in (5.207), we obtain

∂

∂λ
F
[
ρ3;Zl, . . . , ZkRℓ+1, . . . ,Rk

]

= −2e2
ℓ∑

i=1

Zi

k∑

j=ℓ+1

Zj ln
|Ri − Rj|

2r0
. (5.209)

Finally refer to (5.200) and (5.207) to (5.209), to obtain

∂

∂λ
g(λ) =2

ℓ∑

j=1

e2Zj

ˆ

d2x ρ1(x) ln
|x − Rj|

2r0
− 2

ℓ∑

j=1

e2Zj

ˆ

d2x ρ2(x) ln
|x − Rj|

2r0

+ 2e2
ℓ∑

i=1

Zi

k∑

j=ℓ+1

Zj ln
|Ri − Rj|

2r0

=2
ℓ∑

i=1

Zi

[
k∑

j=ℓ+1

Zje
2 ln

|Ri − Rj|
2r0

+ e2
ˆ

d2x ln
|x − Rj|

2r0
[ρ1(x) − ρ2(x)]

]

=2
ℓ∑

i=1

Zi [Q1(Ri) −Q2(Ri)]

>0 (5.210)

where we have used (5.194).

Accordingly, from (5.197) and (5.202), we have

F
[
ρ1;Z1, . . . , Zk,R1, . . . ,Rk

]
>F
[
ρ2;Z1, . . . , Zl,R1, . . . ,Rℓ

]

+ F
[
ρ3;Zl+1, . . . , Zk,Rℓ+1, . . . ,Rk

]
(5.211)
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for any1 6 ℓ < k, whereρ1, ρ2, ρ3 are the densities which provide the smallest values

for the corresponding functionals, respectively.

Accordingly, from (5.182) and (5.211), sinceℓ, k (with l < k) are arbitrary

natural numbers,we may conclude that

F
[
ρ0;Z1, . . . , Zk,R1, . . . ,Rk

]
>

k∑

i=1

F
[
ρi

TF;Zi,Ri

]
(5.212)

where eachF
[
ρi

TF;Zi,Ri

]
is a TF functional.

Consider the solution of the TF functional

−π~
2

q m
[nTF (x)] =Ze2 ln

|x|
2r0

− e2
ˆ

d2x′ ln
|x − x′|

2r0
nTF (x′) (5.213)

wherenTF (x) is the TF density.

The ground-state energyETF (Z) of the TF atom is given from (5.88) to be

ETF (Z) = −(0.576486) e2Z2. (5.214)

In TF densityρi
TF with nuclear chargeZi|e|, situated atRi, and the massm of

each negatively charged particle simply scaled byβ, we replacex by x + R and set

ρi
TF (x + Ri) = nTF (x)

∣∣
m→mβ,Z→Zi

. (5.215)

Substitute this into (5.213),giving

− π~
2

q mβ

[
ρi

TF (x)
]

= Ze2 ln
|x − Ri|

2r0
− e2

ˆ

d2x′ ln
|x − x′|

2r0
ρi

TF (x′). (5.216)

From (5.182),(5.212) and (5.214), we then have

F
[
ρ;Z1, . . . , Zk,R1, . . . ,Rk

]
> ETF(1)

k∑

i=1

Z2
i (5.217)
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whereETF (1) = −(0.576486)e2, independent tom.

The basic inequality in (5.211), shows that a system identified by the parameters
[
Z1, . . . , Zk,R1, . . . ,Rk

]
cannot have an (optimized) energy functional (5.178) less

than the sum of the (optimized) energy functional of any two subsystems identified by

parameters
[
Z1, . . . , Zl,R1, . . . ,Rl

]
,
[
Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
, l < k. Because of

this last property, the Theorem embodied in the inequalities (5.211), (5.212) is referred

to as a “No Binding Theorem”.

We now deride a lower bound of the multi-particle repulsive coulomb potential

energy. From (5.217) we note that

π~
2

q mβ

ˆ

d2x [ρ(x)]2 + 2
k∑

j=1

Zie
2

ˆ

d2x ln
|x − Rj|

2r0
ρ(x)

− e2
ˆ

d2x d2x′ ρ(x) ln
|x − x′|

2r0
ρ(x′) − 2

k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

>ETF (1)
N∑

i=1

Z2
i . (5.218)

The energy density functional, expressed in terms of the density ρ(x) on the left-

hand side of (5.218) is in the spirit of the TF energy functional, with the massm of the

electron replaced bymβ, and with the further generalization of includingk nuclei, with

the last term, involving ‘ZiZj e
2’, describing their interactions.

The inequality in (5.218) gives rise to a lower bound to the (repulsive) Coulomb

potential energy ofk particles of chargesZ1|e|, . . . , Zk|e|, or charges−Z1|e|, . . . ,

−Zk|e|, i.e., for charges of the same signs as follows :

−2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

>ETF (1)
k∑

i=1

Z2
i − π~

2

q mβ

ˆ

d2x [ρ(x)]2

− 2
k∑

j=1

Zie
2

ˆ

d2x ln
|x − Rj|

2r0
ρ(x)
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+ e2
ˆ

d2x d2x′ ρ(x) ln
|x − x′|
B

ρ(x′). (5.219)

In particular for the interaction ofN electrons we have, with substitutionsk →

N , Zj → 1, Rj → xj for j = 1, . . . , N :

−2
k∑

i<j

e2 ln
|xi − xj|

2r0
>NETF (1) − π~

2

q mβ

ˆ

d2x [ρ(x)]2

− 2
N∑

i=1

e2
ˆ

d2x ln
|x − xj|

2r0
ρ(x)

+ e2
ˆ

d2x d2x′ ρ(x) ln
|x − x′|
B

ρ(x′) (5.220)

5.5 Lower Bound for the Exact Ground-state Energy

For anti-symmetric normalized functionsΨ(x1σ1, . . . ,xNσN) of N electrons,

we have for the expectation value of the HamiltonianH

〈Ψ|H |Ψ〉 =
N∑

i=1

〈Ψ| p2
i

2m
|Ψ〉 + 2

N∑

i=1

k∑

j=1

Zje
2 〈Ψ| ln |xi − Rj|

2r0
|Ψ〉

− 2
N∑

i<j

e2 〈Ψ| ln |xi − xj|
2r0

|Ψ〉

− 2
k∑

i<j

ZiZje
2 〈Ψ| ln |Ri − Rj|

2r0
|Ψ〉 (5.221)

with wavefunction and spin normalization condition.

The lower bound (5.167) to the expectation value of the kinetic energy for spin

multiplicity q :

N∑

i=1

〈Ψ| p2
i

2m
|Ψ〉 >π

q

~
2

2m

ˆ

d2x ρ2(x) (5.222)
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for δ sufficiently small.

For the second term on the right-hand side of (5.221), substitute (5.170) into

(5.221), we obtain

2
N∑

i=1

k∑

j=1

Zje
2 〈Ψ| ln |xi − Rj|

2r0
|Ψ〉

=2

ˆ

d2x, d2x2, . . . , d
2xN Ψ∗(x,x2, . . . ,xN)

×
(

N∑

i=1

k∑

j=1

e2Zj ln
|xi − Rj|

2r0

)
Ψ(x,x2, . . . ,xN)

=2
k∑

j=1

N∑

i=1

ˆ

d2x, d2x2, . . . , d
2xN Ψ∗(x,x2, . . . ,xN)

×
(
e2Zj ln

|xi − Rj|
2r0

)
Ψ(x,x2, . . . ,xN)

=2
k∑

j=1

N∑

j=1

ˆ

d2x e2Zj ln
|xi − Rj|

2r0

×
∑

σ1,...,σN

ˆ

d2x2, . . . , d
2xN |Ψ(x,x2, . . . ,xN)|2

=2
k∑

j=1

ˆ

d2x e2Zj ln
|x − Rj|

2r0

ρ(x)

N

+ 2
k∑

j=1

ˆ

d2x2 e
2Zj ln

|x2 − Rj|
2r0

ρ(x2)

N

+ . . .+ 2
k∑

j=1

ˆ

d2xN e2Zj ln
|xN − Rj|

2r0

ρ(xN)

N

=2
k∑

j=1

e2Zj

ˆ

d2x ρ ln
|x − Rj|

2r0
. (5.223)
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For the third term on the right-hand side of (5.221), we first note that

−2
N∑

i=1

e2 〈Ψ|
ˆ

d2x ln
|x − xj|

2r0
ρ(x) |Ψ〉

= − 2
N∑

j=1

e2
ˆ

d2x′, d2x2, . . . , d
2xN Ψ∗(x′,x2, . . . ,xN)

×
(
ˆ

d2x ρ(x) ln
|x − xj|

2r0

)
Ψ(x′,x2, . . .xN)

= −2
N∑

j=1

e2
ˆ

d2x′
ˆ

d2x ρ(x) ln
|x − xj|

2r0

×
∑

σ1,...,σN

ˆ

d2x2, . . . , d
2xN |Ψ(x′,x2, . . . ,xN)|2

= −2
e2

N

ˆ

d2x′
ˆ

d2x ρ(x) ln
|x − x′|

2r0
ρ(x′)

+
e2

N

ˆ

d2x2

ˆ

d2x ρ(x) ln
|x − x2|

2r0
ρ(x2)

+ . . .+
e2

N

ˆ

d2xN

ˆ

d2x ρ(x) ln
|x − xN |

2r0
ρ(xN)

= −2e2
ˆ

d2x′
ˆ

d2x ρ(x) ln
|x − x′|

2r0
ρ(x′) (5.224)

and from (5.220)

−2
k∑

i<j

e2 〈Ψ| ln |xi − xj|
2r0

|Ψ〉 ≥NETF (1) − π~
2

q mβ

ˆ

d2x [ρ(x)]2

− e2
ˆ

d2x d2x′ ρ(x) ln
|x − x′|
B

ρ(x′). (5.225)
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From (5.222)–(5.225), we obtain the following lower bound for (5.221)

〈Ψ|H |Ψ〉 ≥π
2

~
2

2m

ˆ

d2x ρ2(x) + 2
k∑

j=1

e2Zj

ˆ

d2x ρ ln
|x − Rj|

2r0

+ βNETF (1) − π~
2

q mβ

ˆ

d2x [ρ(x)]2

− e2
ˆ

d2x d2x′ ρ(x) ln
|x − x′|
B

ρ(x′)

− 2
k∑

i<j

ZiZje
2 〈Ψ| ln |Ri − Rj|

2r0
|Ψ〉 . (5.226)

We set

(
π

2
− 2π

qβ

)
×

q

2π
=
q

4
− 1

β
=

1

β′ (5.227)

and for positiveβ′ we have to chooseβ > (4/q). Apply (5.227) to (5.226), to get

〈Ψ|H |Ψ〉 ≥ 2π

qβ′
~

2

2m

ˆ

d2x ρ2(x) + 2
k∑

j=1

e2Zj

ˆ

d2x ρ ln
|x − Rj|

2r0

− e2
ˆ

d2x d2x′ ρ(x) ln
|x − x′|
B

ρ(x′)

− 2
k∑

i<j

ZiZje
2 〈Ψ| ln |Ri − Rj|

2r0
|Ψ〉 +NETF (1). (5.228)

The sum of the first form on the right-hand side of inequality (5.226) then gives

〈Ψ|H |Ψ〉 ≥ETF (1)
k∑

j=1

Z2
j +NETF (1)

=ETF (1)

(
N +

k∑

j=1

Z2
j

)
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〈Ψ|H |Ψ〉 ≥ − (0.576486)e2

(
N +

k∑

j=1

ZjZmax

)

= − (0.576486)e2 (N +NZmax)

= − (0.576486)e2N(1 + Zmax)

∴ 〈Ψ|H |Ψ〉 ≥ − (0.576486)e2N(1 + Zmax) (5.229)

where

ZjZmax ≥ Z2
j . (5.230)

5.6 Inflation of Matter.

Let |Ψ(m)〉 denote any negative energy-state of matter, not necessarily the

ground-state,

−εN [m] 6 〈Ψ(m)|H |Ψ(m)〉 (5.231)

where−εN [m] = EN < 0 is the ground-state energy, and we have emphasized its

dependence on the massm of the electron.

By definition of the ground-state energy, the state|Ψ(m/2)〉 cannot lead for

〈Ψ(m/2)|H |Ψ(m/2)〉 a numerical value lower than−εN [m]. That is,

−εN [m] 6 〈Ψ(m/2)|H |Ψ(m/2)〉 (5.232)

where we note that the interaction partV of the HamiltonianH in (5.221) is not explic-
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itly dependent onm :

V =2
N∑

i=1

k∑

j=1

Zje
2 ln

|xi − Rj|
2r0

− 2
N∑

i<j

e2 ln
|xi − xj|

2r0

− 2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

. (5.233)

Accordingly (5.232) implies that

−εN [2m] 6

〈
Ψ(m)

∣∣∣∣∣

(
N∑

i=1

p2
i

4m
+ V

)∣∣∣∣∣Ψ(m)

〉
. (5.234)

Upon writing, trivially,

N∑

i=1

p2
i

2m
+ V =

N∑

i=1

p2
i

4m
+

(
N∑

i=1

p2
i

4m
+ V

)
(5.235)

the extreme right-hand of the inequality (5.231) then leadsto

〈
Ψ(m)

∣∣∣∣∣

(
N∑

i=1

p2
i

4m

)∣∣∣∣∣Ψ(m)

〉
< −

〈
Ψ(m)

∣∣∣∣∣

(
N∑

i=1

p2
i

4m
+ V

)∣∣∣∣∣Ψ(m)

〉
(5.236)

which upon multiplying by two, (5.234) gives

〈
Ψ(m)

∣∣∣∣∣

(
N∑

i=1

p2
i

2m

)∣∣∣∣∣Ψ(m)

〉
< 2εN (5.237)

for all states|Ψ(m)〉 such that (5.231) is true including the ground-state.

Thus from (5.237), (5.230), (5.222), we have the following bounds for the ex-

pectation valueT of the total kinetic energy of all the electrons in such states

π

q

~
2

2m

ˆ

d2x ρ2(x) < T < (1.152972)e2N(1 + Zmax) (5.238)

To investigate the inflation of matter, letx denote the position of an electron
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relative, for example, to the center of mass of the nuclei. Wedefine the set function

χR(x) =





1, if x lies within a sphere of radiusR

0, otherwise.
(5.239)

We are interested in the expression

Prob[|x1| 6 R, . . . , |xN | 6 R] =
∑

σ1,...,σN

ˆ

(
N∏

i=1

d2xi χR(xi)

)
|Ψ(x1σ1, . . . ,xNσN)|2

(5.240)

which gives the probability of finding all the electrons within a circle of radiusR.

Clearly,

Prob[|x1| 6 R, . . . , |xN | 6 R] 6 Prob[|x1| 6 R, . . . , |xj| 6 R]

6 . . . 6 Prob[|x1| 6 R]

=
1

N

ˆ

d2x χR(x)ρ(x) (5.241)

for j < N , with ρ(x) given in (5.170).

By Hölder’s inequality we have

ˆ

d2x χR(x)ρ(x) 6

(
ˆ

d2x ρ2(x)

)1/2(ˆ
d2x χ2

R(x)

)1/2

(5.242)

whereχ2
R(x) = χR(x), and

ˆ

d2x χR(x) = AR (5.243)

denotes the area in which the electrons are confined.
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Hence, in particular, (5.241) gives

Prob[|x1| 6 R, . . . , |xN | 6 R] 6 Prob[|x1| 6 R]

6
(AR)1/2

N

(
ˆ

d2x ρ2(x)

)1/2

≤ (AR)1/2

N

(
(1.152972)

q

π

2me2

~2
N(1 + Zmax

)1/2

(5.244)

where (from (5.238))

(
ˆ

d2x ρ2(x)

)1/2

6

[
(1.152972)

q

π

2me2

~2
N(1 + Zmax)

]1/2

(5.245)

finally leads to the simple bound

Prob[|x1| 6 R, . . . , |xN | 6 R]

(
N

AR

)1/2

< (0.856741)

[
qme2

~2
(1 + Zmax)

]1/2

(5.246)

wherea0 = ~
2/me2 is the Bohr radius andZmax is the maximum of the nuclear charges.

We immediately infer from (5.246) the inescapable fact thenecessarily, given

that there is a non-zero probability of electrons to be limitwithin a circle of radiusR,

then the corresponding areaAR grows not any slower than the first power ofN for

N → ∞, since otherwise the left-hand side of (5.246) would go to infinite in this limit

while the right-hand side is finite. That is,necessarily, the radiusR of spatial extension

of matter grows not any slower thanN1/2 for N → ∞.

We note thatN/AR gives the electron density, and one may infer from (5.246),

with a probability non-zero provide that electrons are limit within a circle of radiusR,

the infinite density limitN/AR → ∞, i.e., of the system collapsing onto itself, does not

occur.
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5.7 Non-Zero Lower Bound for a Measure of the Extension of Mat-

ter

We use define the expectation value

〈
N∑

i=1

|xi|
N

〉
=

∑

σ1,...,σN

ˆ

d2x1 . . . d
2xN

(
N∑

i=1

|xi|
N

)
|Ψ(x1σ1, . . . ,xNσN)|2

=
1

N

ˆ

d2x |x|ρ(x) (5.247)

as for a measure of the extension of matter. Using the facts that

1

N

ˆ

d2x |x|ρ(x) >
1

N

ˆ

|x|>R

d2x |x|ρ(x) >
R

N

ˆ

|x|>R

d2x ρ(x)

= R Prob[|x| > R] (5.248)

Prob[|x| > R] = 1 − Prob[|x| 6 R] (5.249)

AR = πR2, and (5.246) we obtain

〈
N∑

i=1

|xi|
N

〉
> R

[
1 −

(
πR2

N

)1/2

(0.856741)

[
qme2

~2
(1 + Zmax)

]1/2
]
. (5.250)

Upon optimizing the right-hand side of the above inequalityoverR, this gives

R =(0.583607)

(
N

π

~
2

qme2

1

(1 + Zmax)

)1/2

. (5.251)

leading for (5.250) to the explicit non-zero lower bound

〈
N∑

i=1

|xi|
N

〉
> (0.291803)N1/2

(
~

2

πqme2

1

(1 + Zmax)

)1/2

. (5.252)



CHAPTER VI

CONCLUSION

We have carried out a detailed mathematically rigorous analysis of the stability

of matter in bulk by invoking, in the process of the investigations, the Pauli exclusion

principle at every stage. As is well know the practical effect of the exclusion principle,

or more generally of the Spin and Statistics Theorem, prevails over the whole of sci-

ence and provides the basis for explaining the periodic table of elements from which

we are made of. Without the Spin and Statistics connection our world will be unsta-

ble and ceases to exits. As mentioned in the bulk of this thesis, the drastic difference

between matter with the exclusion principle and so-called “bosonic matter”, i.e., with-

out exclusion principle, is that the ground-state energyEN for the former−EN ∼ N ,

with N denoting the number of negative charges (the electrons), while for the latter

−EN ∼ Nα, with α > 1. A power law behaviour withα > 1 implies that of insta-

bility as the formation of single system consisting of(2N + 2N) particles is favoured

over two separated systems brought together, each consisting of (N +N) particles, and

the energy released upon the collapse of the two systems intoone, being proportional to

[(2N)α−2Nα], will be overwhelmingly large for realistic largeN , e.g.,N ∼ 1023. Thus

the actual demonstration of a single power ofN for the ground-state energy of matter

(i.e., with the exclusion principle) is essential. We note,in particular, that for matter,

the energy−EN/N shared by a particle remains finite for largeN in clear distinction

with the “bosonic” one which increases without bound for largeN .

To carry out our analysis of the stability of matter we have derived several lower

andupper bounds for the exact ground-state energy as shown in Chapters II and III. The
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most relevant ones are embodied in the following double inequality given by :

−c
(
me4

2~2

)
N


1 +

(
k∑

i=1

Z
7/3
i

N

)1/2



2

6 EN 6 −c̄
(
me4

2~2

) k∑

i=1

Z2
i (6.1)

(see (2.388), (2.391), (3.437), (3.438)), where

c =4(0.68060)

(
4

3π

)2/3

= 1.53749 (6.2)

c̄ =(1.00000) (6.3)

whereZ1|e|, . . . , Zk|e| denote the nuclear charges. The numerical values of the con-

stantsc/c̄ given in (6.2)/(6.3) may be further decreased/increased giving a tighter inter-

val bound forEN , but all of our conclusions remain unaltered.

Our main conclusions are as follows :

Stability of matter: In nature, the nuclear chargesZ1|e|, . . . , Zk|e| are bounded. Ac-

cordingly, letZ = max
i
Zi. ThenZi 6 Z. Also

k∑
i=1

Zi = N .

Hence, (6.1) leads to the following double inequality

−c
(
me4

2~2

)
N
[
1 + Z2/3

]2
6 EN 6 −c̄

(
me4

2~2

)
N (6.4)

with a single power ofN appearing on both sides.

Fate of the nuclei: Let p be a positive number such that2 ≤ p ≪ N (i.e., in particu-

lar, p is much smaller than the number of electrons). We conclude from (6.1) that for

Z1 = . . . = Zp = N/p, Zp+1 = . . . = Zk = 0, −EN grows not any slower than

N2, for N → ∞, and is obviously quite relevant physically to the stability of matter.

It leads to the conclusion that as more and more matter is put together, thus increasing

the numberN of electrons, the numberk of nuclei in such matter, as separate clusters,
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would necessarily increase and not arbitrarily fuse together and their individual charges

remainbounded. That is, asN → ∞, then stability implies thatk → ∞ as well, and

no nuclei may be found in matter that would carry arbitrarilylarge portions of the total

charge available. As stated above theZi are bounded in nature.

Inflation (swelling) of matter: We have shown in (4.32) that for the probability of having

the electrons within a sphere of radiusR, with its center, say, at the center of mass of

the nuclei, we have the bound

Prob[|x1| 6 R, . . . , |xN | 6 R]

(
N

vR

)2/5

6 1.26528

(
1

a2
0

)3/5

(1 + Z)4/5 . (6.5)

wherevR = 4πR3/3 is the volume of the sphere,a0 = ~
2/me2 is the Bohr radius, and

Z = max
i
Zi, introduced above. We infer from (6.5) the inescapable factthatnecessar-

ily for a non-vanishing probability of having the electrons within a sphere of radiusR,

the corresponding volume grows (swells) not any slower thanthe first power ofN for

N → ∞, since otherwise the left-hand side of (6.5) would go to infinity and would be

in contradiction with the finite upper bound on its right-hand side. That is, necessarily,

the radiusR grows not any slower thanN1/3 for N → ∞. No wonder why matter oc-

cupies so large a volume ! Here it is worth recalling part of the Ehrenfest–Pauli debate

as stated by Ehrenfest : "We take a piece of metal, or a stone. When we think about it,

we are astonished that this quantity of matter should occupy so large a volume". He

went on by stating that the Pauli exclusion principle is the reason :“Answer : only

the Pauli principle, no two electrons in the same state”. The method developed here

has been also used to analyze the localizability and stability of other quantum systems

(Manoukian, 2006).

Infinite density limit: We may rewrite the inequality in (6.5) as

Prob[|x1| 6 R, . . . , |xN | 6 R] 6
(vR

N

)2/5

(1.26528)

(
1

a2
0

)3/5

(1 + Z)4/5 . (6.6)
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Thus, in turn, the infinite density limitN/vR → ∞, i.e.,vR/N → 0, doesnot arise as

the probability on the left-hand side of (6.6) would go to zero in this limit, i.e., this does

not happen.

Non-zero lower bound for a measure of extension of matter. As a measure of the exten-

sion of matter we introduce the expectation value

〈
N∑

i=1

|x|/N
〉

, and we have established

rigorously in (4.43), the followingnon-zerolower bound:

〈
N∑

i=1

|x|
N

〉
> 0.26432 a0

N1/3

[1 + Z]2/3
(6.7)

with the expectation value taken with respect to any state ofmatter, including the

ground-state.

Two-dimensional matter: Due to the overwhelming interest recently in physics in two

dimensions, we have also proved rigorously the stability and inflation of such matter in

Chapter V.

Matter without the exclusion principle: Our methods developed in this thesis have led

to new estimates on matter when the exclusion principle is revoked. These are worked

out in detail in Appendices A and B. In particular, we have shown in (B.10), for the

probability of finding the negative charges within a sphere of radiusR, with center of

the sphere, say, at the center of mass of the nuclei:

Prob[|x1| ≤ R, . . . , |xN | ≤ R]
1

(vRN)1/2
<

(
1

a3
0

)1/2

1.61 [1 + Z] . (6.8)

wherea0 is the Bohr radius,Z = max
i
Zi as before. This is to be compared with

(6.5). From this inequality we infer the inescapable fact that if deflation of “bosonic

matter” occurs, upon collapse, then for a non-vanishing probability of having theN

negatively charged particles within a sphere of radiusR, the corresponding volumevR,
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necessarily, cannot shrink faster than1/N forN → ∞, orR cannot decrease faster than

N−1/3, since otherwise the left-hand side of (6.8) would go to infinity and would be in

contradiction with the finite upper bound on its right-hand side.

As stated earlier, although the mathematical intricacies and the corresponding

intermediate estimates turn out to be quite tedious and involved, the final results are

expressed in terms of simple expressions and are readily physically interpreted as we

have just seen in this concluding chapter.
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APPENDIX A

LOWER BOUND FOR THE EXACT GROUND-STATE

ENERGY OF MATTER WITHOUT THE

EXCLUSION PRINCIPLE

Although it is sufficient to obtain an upper bound for the ground-state energy for

bosonic matter to infer its instability, the knowledge of a lower bound is also important

to get an actual estimate of a range for the ground-state energy. As a byproduct of their

analysis of the stability of fermionic matter, Manoukian and Sirininlakul (2005) were

able to obtain a lower bound to the exact ground-state energyof “bosonic” matter. At

present it is the best bound obtained in the literature even better than the one given by

Lieb (1978). Here for completeness, we sketch over derivation of the lower bound.

H =
N∑

i=1

p2
i

2m
+ V1 + V2 −

N∑

i=1

k∑

j=1

Zje
2|xi − Rj|−1, (A.1)

where

V1 =
N∑

i<j

e2|xi − xj|−1 , (A.2)

V2 =
k∑

i<j

ZiZje
2|Ri − Rj|−1 ,

k∑

i=1

Zi = N, k ≥ 2 (A.3)

with fixed positive charges, andxi, Rj refer to the position of negative and positive

charges, respectively. We note that fork = 1, theV2 term in (A.3) will be absent in the

expression forH and one would be dealing with an atom. Throughout, we are interested
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in the case for whichk 6= 1 relevant to matter.

A rigorous study of the instability and stability of such systems for bosons and

fermions, respectively, began several years ago in some remarkable work giving rise

to the respective famousN5/3 andN power laws for the ground-state energy (Dyson

and Lenard, 1967). Much simplified derivations with tremendous improvements of the

corresponding estimates have been given for bosonic cases (Lieb and Thirring, 1975;

Manoukian and Sirininlakul, 2004)

−cBN5/3


1 +

(
k∑

i=1

Z
7/3
i

N

)1/2



2

, (A.4)

in units ofme4/2~
2, wherecB is some positive constant.

Motivated by the lower bound of the repulsive part of the Coulomb potential

derived below (Hertel, Lieb and Thirring, 1975), rigorous lower bounds are derived for

the ground-state energies of the above systems by using, in the process, lower bounds

for the kinetic energies as some power of an integral ofρ2 rather than of the familiar

ρ5/3, whereρ is the particle density.

Consider a real functionv(x), x is vector in 3-dimensions, we have

v(x) =

ˆ

d3k

(2π)3
ṽ(k) eik·x (A.5)

ṽ(k) =

ˆ

d3x v(x) e−ik·x (A.6)

such thatv (x) ≥ 0 andv (0) < ∞ , and such that its Fourier transform̃v (k) ≥ 0 as

well. Letφ (x) be a real function, and

φ (x) =

ˆ

d3k

(2π)3
φ̃(k) eik·x

φ (xj) =

ˆ

d3k

(2π)3
φ̃(k) eik·xj (A.7)
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φ̃(k) =

ˆ

d3xφ(x) e−ik·x. (A.8)

LetA1, . . . , Ak (k ≥ 2) be real and positive numbers. We have

A1φ(x1) =A1

ˆ

d3k

(2π)3
φ̃(k) eik·x1

A2φ(x2) =A2

ˆ

d3k

(2π)3
φ̃(k) eik·x2

...

Akφ(xk) =Ak

ˆ

d3k

(2π)3
φ̃(k) eik·xk (A.9)

and

A1φ(x1) + A2φ(x2) + . . .+ Akφ(xk) =
k∑

j=1

Ajφ (xj) . (A.10)

Substituteφ (xj) =
´

d3k
(2π)3

φ̃(k) eik·xj into
k∑

j=1

Ajφ (xj), to obtain

k∑

j=1

Ajφ (xj) =

ˆ

d3k

(2π)3
φ̃(k)

(
k∑

j=1

Aj eik·xj

)
. (A.11)

Multiply the integrand on the right-hand side (A.11) by
√

ev(k)√
ev(k)

, givingThen we may

write

k∑

j=1

Ajφ (xj) =

ˆ

d3k

(2π)3

φ̃(k)√
ṽ(k)

(
k∑

j=1

Aj

√
ṽ(k)eik·xj

)
. (A.12)

The Cauchy-Schwartz inequality

(
n∑

j=1

ajbj

)2

6

n∑

j=1

|aj|2
n∑

j=1

|bj|2 (A.13)
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then implies that

(
k∑

j=1

Ajφ (xj)

)2

=

(
ˆ

d3k

(2π)3

φ̃(k)√
ṽ(k)

(
k∑

j=1

Aj

√
ṽ(k) eik·xj

))2

6

ˆ

d3k

(2π)3

∣∣∣∣∣
φ̃(k)√
ṽ(k)

∣∣∣∣∣

2
ˆ

d3k

(2π)3

∣∣∣∣∣

k∑

j=1

Aj

√
ṽ(k) eik·xj

∣∣∣∣∣

2

. (A.14)

Consider
´

d3k
(2π)3

∣∣∣∣∣
k∑

j=1

Aj

√
ṽ(k)eik·xj

∣∣∣∣∣

2

on left-hand side of (A.14), to obtain

ˆ

d3k

(2π)3

∣∣∣∣∣

k∑

j=1

Aj

√
ṽ(k) eik·xj

∣∣∣∣∣

2

=

ˆ

d3k

(2π)3

(
k∑

j=1

Aj

√
ṽ(k) eik·xj

)
·
(

k∑

j=1

Aj

√
ṽ(k) eik·xj

)∗

=

ˆ

d3k

(2π)3

(
k∑

i=1

Ai

√
ṽ(k) eik·xi

)
·
(

k∑

j=1

Aj

√
ṽ(k) e−ik·xj

)

=

ˆ

d3k

(2π)3

k∑

i=1

Ai

k∑

j=1

Aj ṽ(k) eik·(xi−xj)

=
k∑

i,j=1

AiAj

ˆ

d3k

(2π)3
ṽ(k) eik·(xi−xj)

=
k∑

i,j=1

AiAj v(xi − xj) (A.15)

where we recall thatA1, . . . , Ak (k ≥ 2) are real and positive numbers,ṽ(k) ≥ 0 and

v(xi − xj) =

ˆ

d3k

(2π)3
ṽ(k) eik·(xi−xj). (A.16)
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Substitute (A.16) to the right-hand side of (A.14), to obtain

(
k∑

j=1

Ajφ (xj)

)2

6

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)

k∑

i,j=1

AiAjv(xi − xj). (A.17)

We can rewrite (A.17) as

(
k∑

j=1

Ajφ (xj)

)2

´

d3k
(2π)3

|eφ(k)|2
ev(k)

6

k∑

i,j=1

AiAj v(xi − xj). (A.18)

For any real numbera, b such thatb > 0, we have

(a− b)2
>0

a2 − 2ab+ b2 >0

a2 >2ab− b2

a2

2b
>

2ab

2b
− b2

2b

a2

2b
>a− b

2
. (A.19)

Set

a =
k∑

j=1

Ajφ (xj) (A.20)

b =

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)
(A.21)
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and use the inequality in (A.19), to infer that

1

2

(
k∑

j=1

Ajφ (xj)

)2

´

d3k
(2π)3

|eφ(k)|2
ev(k)

>

k∑

j=1

Ajφ (xj) −
1

2

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)

1

2

k∑

i,j=1

AiAj v(xi − xj) >

k∑

j=1

Ajφ (xj) −
1

2

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)
. (A.22)

Consider the left-hand side of the inequality in (A.22), to obtain

1

2

k∑

i,j=1

AiAj v(xi − xj) =
k∑

i<j

AiAj v(xi − xj) +
1

2

k∑

i=j

AiAj v(xi − xj)

=
k∑

i<j

AiAj v(xi − xj) +
1

2

k∑

i=j

AjAj v(xj − xj)

=
k∑

i<j

AiAj v(xi − xj) +
1

2
v(0)

k∑

j=1

A2
j

k∑

i<j

AiAj v(xi − xj) =
1

2

k∑

i,j=1

AiAj v(xi − xj) −
1

2
v(0)

k∑

j=1

A2
j . (A.23)

Substitute (A.22) into (A.24), to obtain

k∑

i<j

AiAj v(xi − xj) >

k∑

j=1

Ajφ (xj) −
1

2

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)
− 1

2
v(0)

k∑

j=1

A2
j . (A.24)

Let V (x) be real such thatV (x) ≥ v(x) , andρ(x) real, and so far arbitrary,

φ(x) =

ˆ

d3x′ ρ(x′) V (x′ − x). (A.25)
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and

φ(xj) =

ˆ

d3x ρ(x) V (x − xj). (A.26)

Substitute (A.26) into (A.23), to obtain

k∑

i<j

AiAj v(xi − xj) >

k∑

j=1

Aj

ˆ

d3x ρ(x)V (x − xj) −
1

2

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)

− 1

2
v(0)

k∑

j=1

A2
j . (A.27)

We obtain We may write

φ̃(k) =

ˆ

d3x′
ˆ

d3x ρ(x) V (x − x′) e−ik·x′

(A.28)

and

φ̃∗(k) =

ˆ

d3y′
ˆ

d3y ρ∗(y) V ∗(y − y′) eik·y′

. (A.29)

Sinceρ(x) andV (x − x′) are real function, i.e.,ρ(x) = ρ∗(x) andV (x − x′) =

V ∗(x − x′), we obtain from (A.28)

φ̃(k) =

ˆ

d3x′
ˆ

d3x ρ(x) V (x − x′) e−ik·x′

=

ˆ

d3x′
ˆ

d3x ρ(x) V ∗(x − x′) e−ik·x′

. (A.30)

With the following Fourier transforms

ρ(x) =

ˆ

d3k

(2π)3
ρ̃(k) eik·x (A.31)
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ρ∗(x) =

ˆ

d3k

(2π)3
ρ̃∗(k) e−ik·x (A.32)

V (x − x′) =

ˆ

d3k

(2π)3
Ṽ (k) eik·(x−x′) (A.33)

V ∗(x − x′) =

ˆ

d3k

(2π)3
Ṽ ∗(k) e−ik·(x−x′) (A.34)

substituted into (A.30), gives

φ̃(k) =

ˆ

d3x′
ˆ

d3x ρ(x)

ˆ

d3k′

(2π)3
Ṽ ∗(k′) eik′·(x−x′) e−ik·x′

=

ˆ

d3x′
ˆ

d3x ρ(x)

ˆ

d3k′

(2π)3
Ṽ ∗(k′) e−ik′·x ei(k′−k)·x′

=

ˆ

d3x ρ(x)

ˆ

d3k′ Ṽ ∗(k′) e−ik′·x
ˆ

d3x′

(2π)3
ei(k′−k)·x′

. (A.35)

To above end, we use an integral representation of the delta function in 3-dimensions:

δ3(k − k′) =
1

(2π)3

ˆ

d3x ei(k−k′)·x (A.36)

δ3(x − x′) =
1

(2π)3

ˆ

d3k ei(x−x′)·k (A.37)

ˆ

d3xF (x) δ3(x − x′) = F (x′). (A.38)

Applying an integral representation of the delta function in 3-dimensions into (A.32),

we obtain

φ̃(k) =

ˆ

d3x ρ(x)

ˆ

d3k′ Ṽ ∗(k′) e−ik′·x δ3(k′ − k)

=

ˆ

d3x ρ(x) Ṽ ∗(k) e−ik·x. (A.39)

Substitute (A.31) and apply an integral representation of the delta function in 3-
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dimensions into (A.39), to obtain

φ̃(k) =

ˆ

d3x ρ(x) Ṽ ∗(k) e−ik·x

=

ˆ

d3x

ˆ

d3k′

(2π)3
ρ̃(k′) eik′·x Ṽ ∗(k) e−ik·x

=

ˆ

d3k′ ρ̃(k′) Ṽ ∗(k)

ˆ

d3x

(2π)3
ei(k′−k)·x

=

ˆ

d3k′ ρ̃(k′) Ṽ ∗(k) δ3(k′ − k)

=ρ̃(k) Ṽ ∗(k). (A.40)

In the same way, to obtaiñφ∗(k), we have

φ̃∗(k) =ρ̃∗(k) Ṽ (k). (A.41)

Since
∣∣∣φ̃(k)

∣∣∣
2

= φ̃∗(k) φ̃(k), we obtain from (A.40) and (A.41)

∣∣∣φ̃(k)
∣∣∣
2

=φ̃∗(k)φ̃(k)

=ρ̃(k) Ṽ ∗(k) ρ̃∗(k) Ṽ (k)

=ρ̃∗(k)ρ̃(k) Ṽ ∗(k)Ṽ (k)

= |ρ̃(k)|2
∣∣∣Ṽ (k)

∣∣∣
2

. (A.42)

On the other hand for
´

d3k
(2π)3

(A.42)/̃v(k), we have

ˆ

d3k

(2π)3

∣∣∣φ̃(k)
∣∣∣
2

ṽ(k)
=

ˆ

d3k

(2π)3
|ρ̃(k)|2

∣∣∣Ṽ (k)
∣∣∣
2

ṽ(k)
(A.43)
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SinceV (y) ≥ v(y), so V (y − y′) ≥ v(y − y′), replacedV (y − y′) with

v(y − y′) in the right-hand side of (A.29). In analogy toV (x) with V (y) ≥ v(y), we

may introduce

ϕ̃∗(k) =

ˆ

d3y′
ˆ

d3y ρ∗(y) v∗(y − y′) eik·y′

=

ˆ

d3y′
ˆ

d3y ρ(y) v(y − y′) eik·y′

=

ˆ

d3y′
ˆ

d3y ρ(y)

ˆ

d3k′

(2π)3
ṽ(k′) eik′·(y−y′) eik·y′

=

ˆ

d3y ρ(y)

ˆ

d3k′ ṽ(k′) eik′·y
ˆ

dy′

(2π)3
ei(k−k′)·y′

=

ˆ

d3y ρ(y)

ˆ

d3k′ ṽ(k′) eik′·y δ3(k − k′)

=

ˆ

d3y ρ(y) ṽ(k) eik·y. (A.44)

Divide (A.44) byṽ(k), we obtain

ϕ̃∗(k)

ṽ(k)
=

ˆ

d3y ρ(y)
ṽ(k)

ṽ(k)
eik·y

=

ˆ

d3y ρ(y) eik·y. (A.45)

Multiply (A.45) with ϕ̃(k), we obtain

φ̃(k)ϕ̃∗(k)

ṽ(k)
=

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) e−ik·x′

ˆ

d3y ρ(y) eik·y. (A.46)

For
´

d3k
(2π)3

(A.46), we have

ˆ

d3k

(2π)3

φ̃(k)ϕ̃∗(k)

ṽ(k)
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=

ˆ

d3k

(2π)3

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) e−ik·x′

ˆ

d3y ρ(y) eik·y

=

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′)

ˆ

d3y ρ(y)

ˆ

d3k

(2π)3
eik·(y−x′)

=

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′)

ˆ

d3y ρ(y) δ3(y − x′)

=

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) ρ(x′). (A.47)

We rewrite as (A.47) as

ˆ

d3k

(2π)3

φ̃(k)ϕ̃∗(k)

ṽ(k)
=

ˆ

d3x′
ˆ

d3x ρ∗(x)V (x − x′) ρ(x′)

=

ˆ

d3x′
ˆ

d3x ρ∗(x)V (x − x′)

ˆ

d3k′

(2π)3
ρ̃(k′) eik′·x′

=

ˆ

d3x′
ˆ

d3x ρ∗(x)

ˆ

d3k′′

(2π)3
Ṽ (k′′) eik′′·(x−x′)

×
ˆ

d3k′

(2π)3
ρ̃(k′) eik′·x′

=

ˆ

d3x ρ∗(x)

ˆ

d3k′′

(2π)3
Ṽ (k′′) eik′′·x

ˆ

d3k′ ρ̃(k′)

×
ˆ

d3x′

(2π)3
ei(k′−k′′)·x′

=

ˆ

d3x ρ∗(x)

ˆ

d3k′′

(2π)3
Ṽ (k′′) eik′′·x

×
ˆ

d3k′ ρ̃(k′) δ3(k′ − k′′)

=

ˆ

d3x ρ∗(x)

ˆ

d3k′′

(2π)3
Ṽ (k′′) eik′′·x ρ̃(k′′)

=

ˆ

d3x

ˆ

d3k

(2π)3
ρ̃∗(k) e−ik·x
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×
ˆ

d3k′′

(2π)3
Ṽ (k′′) eik′′·x ρ̃(k′′)

=

ˆ

d3k

(2π)3
ρ̃∗(k)

ˆ

d3k′′ Ṽ (k′′) ρ̃(k′′)

×
ˆ

d3x

(2π)3
ei(k′′−k)·x

=

ˆ

d3k

(2π)3
ρ̃∗(k)

ˆ

d3k′′ Ṽ (k′′) ρ̃(k′′) δ3(k′′ − k)

=

ˆ

d3k

(2π)3
ρ̃∗(k) Ṽ (k) ρ̃(k)

=

ˆ

d3k

(2π)3
|ρ̃(k)|2 Ṽ (k) (A.48)

From (A.47) and (A.48), we have

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) ρ(x′) =

ˆ

d3k

(2π)3
|ρ̃(k)|2 Ṽ (k). (A.49)

Substitute (A.43) and (A.49) into (A.27), to obtain

k∑

i<j

AiAj v(xi − xj) >

k∑

j=1

Aj

ˆ

d3x ρ(x)V (x − xj) −
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2

∣∣∣Ṽ (k)
∣∣∣
2

ṽ(k)

+
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2 Ṽ (k)

− 1

2

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) ρ(x′)

− 1

2
v(0)

k∑

j=1

A2
j . (A.50)

SinceV (x) ≥ v(x) ≥ 0, we have
k∑

i<j

AiAjV (xi − xj) ≥
k∑

i<j

AiAj v(xi − xj), so that
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(A.50) becomes

k∑

i<j

AiAjV (xi − xj) >

k∑

j=1

Aj

ˆ

d3x ρ(x)V (x − xj) −
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2

∣∣∣Ṽ (k)
∣∣∣
2

ṽ(k)

+
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2 Ṽ (k)

− 1

2

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) ρ(x′)

− 1

2
v(0)

k∑

j=1

A2
j

=
k∑

j=1

Aj

ˆ

d3x ρ(x)V (x − xj)

− 1

2

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) ρ(x′)

− 1

2
v(0)

k∑

j=1

A2
j −

1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2

∣∣∣Ṽ (k)
∣∣∣
2

ṽ(k)

+
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2 Ṽ (k)

k∑

i<j

AiAjV (xi − xj) >

k∑

j=1

Aj

ˆ

d3x ρ(x)V (x − xj)

− 1

2

ˆ

d3x′
ˆ

d3x ρ(x)V (x − x′) ρ(x′)

− 1

2
v(0)

k∑

j=1

A2
j

− 1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2




∣∣∣Ṽ (k)
∣∣∣
2

ṽ(k)
− Ṽ (k)


 (A.51)
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where, needless to say,
´

d3k | ρ̃(k)|2 Ṽ (k) is real. Letv(x) = e2(1 − e−λ|x|)/|x| ,

λ > 0, the Fourier transform ofv(x) is

ṽ(k) =

ˆ

d3x v(x) e−ik·x

=

ˆ

d3x
e2(1 − e−λ|x|)

|x| e−ik·x

=

ˆ

d3x
e2(1 − e−λx)

x
e−i|k||x| cos θ

=

ˆ ∞

0

x2dx

ˆ π

0

sin θ dθ

ˆ 2π

0

dϕ
e2(1 − e−λx)

x
e−i|k||x| cos θ

ṽ(k) =

ˆ ∞

0

dxx2 e
2(1 − e−λx)

x

ˆ π

0

dθ sin θ e−i|k||x| cos θ

ˆ 2π

0

dϕ. (A.52)

Theϕ integration gives

ˆ 2π

0

dϕ =2π. (A.53)

Theθ integration is

ˆ π

0

sin θ dθ e−i|k||x| cos θ = −
ˆ −1

1

du e−i|k|xu , u = cos θ

=

ˆ 1

−1

du e−i|k|xu

=
1

i|k||x|
(
ei|k||x| − e−i|k||x|) . (A.54)

Substitute (A.53) and (A.54) into (A.52), to obtain

ṽ(k) =2πe2

ˆ ∞

0

dxx2 (1 − e−λx)

x

1

i|k||x|
(
ei|k||x| − e−i|k||x|)

=2πe2

ˆ ∞

0

dxx2 (1 − e−λx)

x

1

i|k|x
(
ei|k|x − e−i|k|x)
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=
2πe2

i|k|

ˆ ∞

0

dx (1 − e−λx)
(
ei|k|x − e−i|k|x)

=
2πe2

i|k|

[
ˆ ∞

0

dx
(
ei|k|x − e−i|k|x − e(i|k|−λ)x + e−(i|k|+λ)x

)]

=
2πe2

i|k|

[
ˆ ∞

0

dx ei|k|x −
ˆ ∞

0

dx e−i|k|x −
ˆ ∞

0

dx e(i|k|−λ)x

+

ˆ ∞

0

dx e−(i|k|+λ)x

]

=
2πe2

i|k|

[
ei|k|x

i|k|

∣∣∣∣
∞

0

+
e−i|k|x

i|k|

∣∣∣∣
∞

0

− e(i|k|−λ)x

i|k| − λ

∣∣∣∣
∞

0

− e−(i|k|+λ)x

i|k| + λ

∣∣∣∣
∞

0

]

=
2πe2

i|k|

[
e∞

i|k| −
1

i|k| −
1

i|k| −
(

e∞

i|k| − λ
− 1

i|k| − λ

)
+

(
1

i|k| + λ

)]

=
2πe2

i|k|

[
e∞

i|k| −
1

i|k| −
1

i|k| −
e∞

i|k| + λ
+

1

i|k| − λ
+

1

i|k| + λ

]

=
2πe2

i|k|

[
1

i|k| − λ
+

1

i|k| + λ
− 2

i|k|

]

=
2πe2

i|k|

[
(i|k| + λ)(i|k|) + (i|k| − λ)(i|k|) − 2(i|k| + λ)(i|k| − λ)

(i|k| − λ)(i|k| + λ)(i|k|)

]

=
2πe2

i|k|

[
2λ2

(i|k|3 − i|k|λ2)

]

=
2πe2

i|k|

[
2λ2

(i|k|3 − i|k|λ2)

]

ṽ(k) =
4πλ2e2

|k|2(|k|2 + λ2)
. (A.55)

We first introduce the Yukawa potential,

Vλ(x) =
e2e−λ|x|

|x| , λ > 0 (A.56)

and evaluate the Fourier transform. In the limitλ → 0 we recover from (A.56) the
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Coulomb potential. So that, to obtain the Fourier transform of the Coulomb potential,

we may first find the Fourier transform ofVλ(x). Let ṽλ(k) denote the Fourier transform

of the Yukawa potential ,Vλ(x), given by

ṽλ(k) =

ˆ

d3x v(x) e−ik·x

=

ˆ

d3x
e2e−λ|x|

|x| e−ik·x

=e2
ˆ ∞

0

x2dx

ˆ π

0

sin θ dθ

ˆ 2π

0

dϕ
e−λx

x
e−i|k|x cos θ

ṽ(k) =e2
ˆ ∞

0

dxx2 e−λx

x

ˆ π

0

dθ sin θ e−i|k|x cos θ

ˆ 2π

0

dϕ. (A.57)

Reference (A.53)-(A.54), applying to (A.57), we obtain

ṽλ(k) =2πe2

ˆ ∞

0

dxx2 e−λx

x

1

i|k|x
(
ei|k|x − e−i|k|x)

=
2πe2

i|k|

ˆ ∞

0

dx e−λx
(
ei|k|x − e−i|k|x)

=
2πe2

i|k|

ˆ ∞

0

dx
(
e(−λ+i|k|)x − e−(λ+i|k|)x)

=
2πe2

i|k| lim
a→∞

[
ˆ a

0

dx
(
e(−λ+i|k|)x − e−(λ+i|k|)x)

]

=
2πe2

i|k| lim
a→∞

[
e(−λ+i|k|)x

−λ+ i|k|

∣∣∣∣
a

0

+
e−(λ+i|k|)x

λ+ i|k|

∣∣∣∣
a

0

]

=
2πe2

i|k| lim
a→∞

[
e(−λ+i|k|)x

−λ+ i|k|

∣∣∣∣
a

0

+
e−(λ+i|k|)x

λ+ i|k|

∣∣∣∣
a

0

]

=
2πe2

i|k| lim
a→∞

[
e(−λ+i|k|)a − 1

−λ+ i|k| +
e−(λ+i|k|)a − 1

λ+ i|k|

]
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=
2πe2

i|k|

[ −2i|k|
−|k|2 − λ2

]

=
4πe2

(|k|2 + λ2)
. (A.58)

In fact, it was in response to the short range of nuclear forces that Yukawa introducedλ.

For electromagnetism, where the range is infinite,λ becomes zero andVλ(x) → e−λ|x|

|x|

reduces toVλ→0(x) = 1
|x| the Coulomb potential. Thus, in reference to (A.55), the

Fourier transform of the Coulomb potential in3-dimensions is

Ṽλ→0(k) = lim
λ→0

4πe2

(p2 + λ2)

=
4πe2

p2
. (A.59)

Considerv(0) whenv(x) = e2(1 − e−λ|x|)/|x|

v(0) = lim
|x|→0

e2(1 − e−λ|x|)

|x|

=e2 lim
|x|→0

[ ∞∑

n=1

−(−λ|x|)n

|x|n!

]

=e2 lim
|x|→0

[
λ− 1

2!
λ2|x| + 1

3!
λ3|x|2 − 1

4!
λ4|x|3 + · · · − · · ·

]

v(0) =e2λ. (A.60)

Substitute (A.55), (A.59) and (A.60) into (A.51), to obtainthe bound(k ≥ 2)

k∑

i<j

e2AiAj

|xi − xj|
>

k∑

j=1

e2Aj

ˆ

d3x
ρ(x)

|x − xj|
− 1

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λ

2

k∑

j=1

A2
j −

1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2




∣∣∣4πe2

p2

∣∣∣
2

4πλ2e2

p2(p2+λ2)

− 4πe2

p2
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=
k∑

j=1

e2Aj

ˆ

d3x
ρ(x)

|x − xj|
− 1

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λ

2

k∑

j=1

A2
j −R(k) (A.61)

where

R(k) =
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2




∣∣∣4πe2

p2

∣∣∣
2

4πλ2e2

p2(p2+λ2)

− 4πe2

p2




=
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2

[∣∣∣∣
4πe2

p2

∣∣∣∣
2
p2(p2 + λ2)

4πλ2e2
− 4πe2

p2

]

=
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2

[(
4πe2(p2 + λ2)

p2λ2

)
− 4πe2

p2

]

=
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2

[(
4πe2(p2 + λ2)

p2λ2

)
− 4πe2

p2

]

=
1

2

ˆ

d3k

(2π)3
|ρ̃(k)|2 4πe2

λ2

=
2πe2

λ2

ˆ

d3k

(2π)3
|ρ̃(k)|2

=
2πe2

λ2

ˆ

d3k

(2π)3
ρ̃(k)ρ̃∗(k)

=
2πe2

λ2

ˆ

d3k

(2π)3

ˆ

d3x ρ(x) e−ik·x ·
ˆ

d3x′ ρ(x′) eik·x′

=
2πe2

λ2

ˆ

d3x ρ(x)

ˆ

d3x′ ρ(x′)

ˆ

d3k

(2π)3
eik·(x′

−x)

=
2πe2

λ2

ˆ

d3x ρ(x)

ˆ

d3x′ρ(x′) δ3(x′ − x)

R(k) =
2πe2

λ2

ˆ

d3x ρ2(x). (A.62)
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Substitute this into (A.61), to derive the bound(k ≥ 2)

k∑

i<j

e2AiAj

|xi − xj|
>

k∑

j=1

e2Aj

ˆ

d3x
ρ(x)

|x − xj|
− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λ

2

k∑

j=1

A2
j −

2πe2

λ2

ˆ

d3x ρ2(x). (A.63)

In the Hamiltonian, it is then straightforward to use (A.63)twice, once for the

repulsive potentials in (A.2), letAi, Aj = 1 andk −→ N , to obtain

N∑

i<j

e2

|xi − xj|
>

N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λ

2

N∑

j=1

(1) − 2πe2

λ2

ˆ

d3x ρ2(x) (A.64)

and then again for the repulsive potentials in (A.3), letAi = Zi, Aj = Zj andxj −→ Rj

for k ≥ 2, to obtain

k∑

i<j

e2ZiZj

|Ri − Rj|
>

k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|
− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λ

2

k∑

j=1

Z2
j − 2πe2

λ2

ˆ

d3x ρ2(x). (A.65)

Substitute (A.64) and (A.65) into (A.1), to obtain the Hamiltonian

H >

N∑

i=1

p2
i

2m
+

N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λ

2

N∑

j=1

(1) − 2πe2

λ2

ˆ

d3x ρ2(x) +
k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|

− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| − e2λ

2

k∑

j=1

Z2
j − 2πe2

λ2

ˆ

d3x ρ2(x)
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−
N∑

i=1

k∑

j=1

e2Zj

|xi − Rj|
(A.66)

k∑
i=1

Zi = N, k ≥ 2 and
N∑

i=1

(1) = N . Eq.(A.66) can be rewritten as

H >

N∑

i=1

p2
i

2m
+

N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

− e2λN

2
− 2πe2

λ2

ˆ

d3x ρ2(x) +
k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|

− e2

2

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| − e2λ

2

k∑

i=1

Z2
i − 2πe2

λ2

ˆ

d3x ρ2(x)

−
N∑

i=1

k∑

j=1

e2Zj

|xi − Rj|

=
N∑

i=1

p2
i

2m
− 2πe2

λ2

ˆ

d3x ρ2(x) − 2πe2

λ2

ˆ

d3x ρ2(x) − e2λN

2
− e2λ

2

k∑

i=1

Z2
i

+
N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
+

k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|

− e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| −
N∑

i=1

k∑

j=1

e2Zj

|xi − Rj|

=
N∑

i=1

p2
i

2m
− 4πe2

λ2

ˆ

d3x ρ2(x) − e2λ

2

(
N +

k∑

i=1

Z2
i

)

+
N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
+

k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|

− e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| −
N∑

i=1

k∑

j=1

e2Zj

|xi − Rj|
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∴ H >

N∑

i=1

p2
i

2m
− 4πe2

λ2

ˆ

d3x ρ2(x) − e2λ

2

(
N +

k∑

i=1

Z2
i

)

N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
+

k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|

− e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| −
N∑

i=1

k∑

j=1

e2Zj

|xi − Rj|
. (A.67)

To obtain a lower bound for〈ψ|H |ψ〉 with k ≥ 2, we note that

〈ψ|H |ψ〉 >T − 〈ψ| 4πe2

λ2

ˆ

d3x ρ2(x) |ψ〉 − 〈ψ| e
2λ

2

(
N +

k∑

i=1

Z2
i

)
|ψ〉

− 〈ψ|
N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
|ψ〉 + 〈ψ|

k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|
|ψ〉

− 〈ψ| e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| |ψ〉 − 〈ψ|
N∑

i=1

k∑

j=1

e2Zj

|xi − Rj|
|ψ〉

(A.68)

where

T = 〈ψ|
N∑

i=1

p2
i

2m
|ψ〉 . (A.69)

For the bosonic case(of spin 0 for simplicity) in multi-particle systems, for

example, we have for the particle density

ρ(x) = N

ˆ

d3x2...d
3xN |ψ(x,x2, ...,xN)|2 (A.70)

whereψ is anN -boson symmetric normalized wavefunction.

In reference to (A.63) and (2.133)-(2.144), we obtain the lower bound for the
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ground-state energy ofN identical bosons (fork = 1)

〈ψ|H |ψ〉 >T − 3e2

2
π1/3N2/3

(
ˆ

d3x ρ2(x)

)1/3

−Ne2

ˆ

d3x
ρ(x)

|x − R| (A.71)

and in reference to (A.63)-(A.69), we obtain the lower boundfor the ground-state energy

of N identical bosons (fork ≥ 2)

〈ψ|H |ψ〉 >T − 〈ψ| 4πe2

λ2

ˆ

d3x ρ2(x) |ψ〉 − 〈ψ| e
2λ

2

(
N +

k∑

i=1

Z2
i

)
|ψ〉

− 〈ψ|
N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
|ψ〉 + 〈ψ|

k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|
|ψ〉

− 〈ψ| e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| |ψ〉

− 〈ψ|
N∑

i=1

k∑

j=1

e2Zj

|xi − Rj|
|ψ〉 . (A.72)

For the second term on the right-hand side of (A.72) we have, by using (A.70)

〈ψ| 4πe2

λ2

ˆ

d3x ρ2(x) |ψ〉 =
4πe2

λ2

ˆ

d3x

ˆ

d3x2...d
3xN ψ

∗(x,x2, ...,xN)

×
(
ˆ

d3x ρ2(x)

)
ψ(x,x2, ...,xN)

=
4πe2

λ2

ˆ

d3x ρ2(x) 〈ψ|ψ〉

=
4πe2

λ2

ˆ

d3x ρ2(x). (A.73)

For the third term on the right-hand side of (A.72) we have, byusing (A.70),

〈ψ| e
2λ

2

(
N +

k∑

i=1

Z2
i

)
|ψ〉 =

e2λ

2

(
N +

k∑

i=1

Z2
i

)
〈ψ|ψ〉
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=

(
N +

k∑

i=1

Z2
i

)
. (A.74)

For the fourth term on the right-hand side of (A.72) we have, by using (A.70),

〈ψ|
N∑

j=1

e2
ˆ

d3x
ρ(x)

|x − xj|
|ψ〉

=
N∑

j=1

e2
ˆ

d3x′, d3x2, . . . , d
3xN ψ∗(x′,x2, . . . ,xN)

×
(
ˆ

d3x
ρ(x)

|x − xj|

)
ψ(x′,x2, . . .xN)

=
N∑

j=1

e2
ˆ

d3x′
ˆ

d3x
ρ(x)

|x − xj|

×
ˆ

d3x2, . . . , d
3xN |ψ(x′,x2, . . . ,xN)|2

=
e2

N

ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| +
e2

N

ˆ

d3x2

ˆ

d3x
ρ(x) ρ(x2)

|x − x2|

+ . . .+
e2

N

ˆ

d3xN

ˆ

d3x
ρ(x) ρ(xN)

|x − xN |

= e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| . (A.75)

For the fifth term on the right-hand side of (A.72) we have, by using (A.70),

〈ψ|
k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|
|ψ〉

=
N∑

j=1

e2
ˆ

d3x′, d3x2, . . . , d
3xN ψ∗(x′,x2, . . . ,xN)

×
(

k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|

)
ψ(x′,x2, . . .xN)
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=
k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|

×
ˆ

d3x′, d3x2, . . . , d
3xN |ψ(x′,x2, . . . ,xN)|2

=
k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|
. (A.76)

For the sixth term on the right-hand side of (A.72) we have, byusing (A.70),

〈ψ| e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| |ψ〉

=

ˆ

d3x′′, d3x2, . . . , d
3xN ψ∗(x′′,x2, . . . ,xN)

×
(
e2
ˆ

d3x′
ˆ

d3x
ρ(x)ρ(x′)

|x − x′|

)
ψ(x′′,x2, . . .xN)

= e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′|

×
ˆ

d3x′′, d3x2, . . . , d
3xN |ψ(x′′,x2, . . . ,xN)|2

= e2
ˆ

d3x′
ˆ

d3x
ρ(x) ρ(x′)

|x − x′| . (A.77)

For the seventh term on the right-hand side of (A.72) we have,by using (A.70),

〈ψ|
N∑

i=1

k∑

j=1

e2Zj

|xi − Rj|
|ψ〉

=

ˆ

d3x, d3x2, . . . , d
3xN ψ∗(x,x2, . . . ,xN)

×
(

N∑

i=1

k∑

j=1

e2Zj

|xi − Rj|

)
ψ(x,x2, . . . ,xN)
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=
k∑

j=1

N∑

i=1

ˆ

d3x, d3x2, . . . , d
3xN ψ∗(x,x2, . . . ,xN)

×
(

e2Zj

|xi − Rj|

)
ψ(x,x2, . . . ,xN)

=
k∑

j=1

N∑

j=1

ˆ

d3x
e2Zj

|xi − Rj|

ˆ

d3x2, . . . , d
3xN |ψ(x,x2, . . . ,xN)|2

=
k∑

j=1

ˆ

d3x
e2Zj

|x − Rj|
ρ(x)

N
+

k∑

j=1

ˆ

d3x2
e2Zj

|x2 − Rj|
ρ(x2)

N

+ . . .+
k∑

j=1

ˆ

d3xN
e2Zj

|xN − Rj|
ρ(xN)

N

=
k∑

j=1

e2Zj

ˆ

d3x
ρ(x)

|x − Rj|
. (A.78)

Substitute (A.73), (A.74), (A.75), (A.76), (A.77) and (A.78) into (A.72), to obtain the

bound (fork ≥ 2)

〈ψ|H |ψ〉 >T − 〈ψ| 4πe2

λ2

ˆ

d3x ρ2(x) |ψ〉 − 〈ψ| e
2λ

2

(
N +

k∑

i=1

Z2
i

)
|ψ〉 . (A.79)

Optimizing (A.79) overλ, gives

0 =
d

dλ
〈ψ|H|ψ〉

=
d

dλ
T − d

dλ

(
4πe2

λ2

ˆ

d3x ρ2(x)

)
− d

dλ

(
λe2

2

(
N +

k∑

i=1

Z2
i

))

=0 +
8πe2

λ3

ˆ

d3x ρ2(x) − e2

2

(
N +

k∑

i=1

Z2
i

)

λ3 =
16π
´

d3x ρ2(x)(
N +

k∑
i=1

Z2
i

)
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λ =




16π
´

d3x ρ2(x)(
N +

k∑
i=1

Z2
i

)




1/3

(A.80)

Substitute (A.80) into (A.79), gives the remarkably simplebound(k ≥ 2)

〈ψ|H|ψ〉 > T − 4πe2

λ2

ˆ

d3x ρ2(x) − λe2

2

(
N +

k∑

i=1

Z2
i

)

=T − 4πe2

ˆ

d3x ρ2(x)




(
N +

k∑
i=1

Z2
i

)

16π
´

d3x ρ2(x)




2/3

− e2

2

(
N +

k∑

i=1

Z2
i

)



16π
´

d3x ρ2(x)(
N +

k∑
i=1

Z2
i

)




1/3

=T −
(
π1/3e2

22/3
+ 21/3π1/3e2

)(
N +

k∑

i=1

Z2
i

)2/3(
ˆ

d3x ρ2(x)

)1/3

=T − 3e2

22/3
π1/3

(
N +

k∑

i=1

Z2
i

)2/3(
ˆ

d3x ρ2(x)

)1/3

∴ 〈ψ|H|ψ〉 >T − 3e2

22/3
π1/3

(
N +

k∑

i=1

Z2
i

)2/3(
ˆ

d3x ρ2(x)

)1/3

. (A.81)

To the above end (fork ≥ 2), we may use the Schwinger inequality,

N−ξ (H0 − v(x)) 6
( m

2π~2

)2
ˆ

d3x

ˆ

d3x′ v(x) v(x′)
e−2|x−x′ |

√
2mξ/~

|x − x′|2 (A.82)

and by referring (2.26), we obtain

N−ξ (H0 − v(x)) 6
( m

2π~2

)2
(

4π~√
8mξ

)(
ˆ

d3x (v(x))2

)
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=
( m

2~2

)3/2 1

π
√
ξ

ˆ

d3x (v(x))2

∴ N−ξ (H0 − v(x)) 6
( m

2~2

)3/2 1

π
√
ξ

ˆ

d3x (v(x))2 (A.83)

wherev(x) ≥ 0.

From (A.83), forN−ξ (H0 − v(x)) < 1 we may chooseξ such that

ξ =
( m

2~2

)3 1 + δ

π2

(
ˆ

d3x (v(x))2

)2

, δ > 0 (A.84)

or

−ξ = −
( m

2~2

)3 (1 + δ)

π2

(
ˆ

d3x (v(x))2

)2

(A.85)

so thatN−ξ(p
2/2m− v(x)) < 1, which implies thatN−ξ(p

2/2m− v(x)) = 0, and the

right-hand side of (A.85) provides a lower bound to the spectrum of [p2/2m − v(x)]

since its spectrum would then be empty for energies−ξ. That is, (A.85) gives the

following lower bound for the ground-state energy of the Hamiltonian,

−
( m

2~2

)3 (1 + δ)

π2

(
ˆ

d3x (v(x))2

)2

. (A.86)

Accordingly, with the positive function (2.42)

v(x) =
4

3

ρ(x)
´

d3x ρ2(x)
T (A.87)

where

T =

〈
ψ

∣∣∣∣∣

N∑

i=1

p2
i

2m

∣∣∣∣∣ψ
〉

(A.88)
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then it is easily verified that

〈
ψ

∣∣∣∣∣

N∑

i=1

v(xi)

∣∣∣∣∣ψ
〉

= −4

3
T (A.89)

where
N∑

i=1

v(xi) = v(x) andv(x) is not the potential energy for any Hamiltonian. It is

just introduced in order to be able to obtain the expectationvalue of the kinetic energy

T (for N identical bosons) in three dimensions.

From (A.88) and (A.89), we obtain

〈
ψ

∣∣∣∣∣

N∑

i=1

[
p2

i

2m
− v(xi)

]∣∣∣∣∣ψ
〉

= − 1

3
T. (A.90)

To obtain a lower bound to the lower of the spectrum of the “Hamiltonian” in

(A.90), we can putN bosons in the same state without Pauli’s exclusion principle (put

all of theN bosons at the bottom of the spectrum of[p2/2m − v(x)]). That is, the

Hamiltonian (A.90) is bounded below byN times the ground-state energy in (A.86).

This is forN identical bosons we have

〈
ψ

∣∣∣∣∣

N∑

i=1

[
p2

i

2m
− v(xi)

]∣∣∣∣∣ψ
〉

> −Nξ

∴

〈
ψ

∣∣∣∣∣

N∑

i=1

[
p2

i

2m
− v(xi)

]∣∣∣∣∣ψ
〉

> −N
( m

2~2

)3 (1 + δ)

π2

(
ˆ

d3x (v(x))2

)2

.

(A.91)

Substitution (A.90) into (A.91) and using the normalization condition
´

d3x ρ(x) = N ,

we obtain for the expectation value of the kinetic energyT (for N identical bosons)

−1

3
T > −N

( m
2~2

)3 (1 + δ)

π2

(
ˆ

d3x (v(x))2

)2

= −N
( m

2~2

)3 (1 + δ)

π2

(
4

3

)4

T 4 1
(´

d3x ρ2(x)
)2
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T >
1

N1/3

3

44/3

4π2/3

(1 + δ)1/3

(
~

2

2m

)(
ˆ

d3x ρ2(x)

)2/3

=
1

N1/3

3

(1 + δ)1/3

(π
2

)2/3
(

~
2

2m

)(
ˆ

d3x ρ2(x)

)2/3

∴ T >
1

N1/3

3

(1 + ε)

(π
2

)2/3
(

~
2

2m

)(
ˆ

d3x ρ2(x)

)2/3

(A.92)

for anyε > 0 , where we have set(1 + δ)1/3 ≡ 1 + ε.

Substitute (A.92) into (A.81), to obtain

〈ψ|H|ψ〉 >
3~

2

2mN1/3

(π
2

)2/3 1

1 + ε

(
ˆ

d3x ρ2(x)

)2/3

− 3e2

22/3
π1/3

(
N +

k∑

i=1

Z2
i

)2/3(
ˆ

d3x ρ2(x)

)1/3

(A.93)

Upon setting[
´

d3x ρ2(x)]1/3 = A, 3~
2(π/2)2/3/2m(1 + ε) = c, (A.93) leads

to (k ≥ 2)

〈ψ|H|ψ〉 >
c

N1/3
A2 − 3

22/3
e2π1/3

(
N +

k∑

i=1

Z2
i

)2/3

A

=
c

N1/3


A− 3e2π1/3N1/3

25/3c

(
N +

k∑

i=1

Z2
i

)2/3



2

− 9

8

e4

21/3

π2/3

c
N1/3

(
N +

k∑

i=1

Z2
i

)4/3

> −9

8

e4

21/3

π2/3

c
N1/3

(
N +

k∑

i=1

Z2
i

)4/3

= − 1.89

(
me4

2~2

)
N1/3

(
N +

k∑

i=1

Z2
i

)4/3
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= − cBN
1/3

(
N +

k∑

i=1

Z2
i

)4/3

, cB = −1.89

(
me4

2~2

)

〈ψ|H|ψ〉 > −cBN1/3

(
N +

k∑

i=1

Z2
i

)4/3

(A.94)

where we have takenε arbitrarily small.

From (A.94), forZ1 = . . . = ZN = 1 , we have

〈ψ|H|ψ〉 > −cBN1/3

(
N +

k∑

i=1

Zi

)4/3

,
k∑

i=1

Z2
i =

k∑

i=1

Zi

= − cBN
1/3 (N +N)4/3 ,

k∑

i=1

Zi = N

= − 2cBN
5/3

〈ψ|H|ψ〉 > −2cBN
5/3, (A.95)

and forZ1 = . . . = Zq = N/q, Zq+1 = ... = Zk = 0, we have

〈ψ|H|ψ〉 > −cBN1/3

(
N +

q∑

i=1

(
N

q

)2

+
k∑

i=q+1

(0)2

)4/3

,

= − cB N1/3

(
N + q

(
N

q

)2
)4/3

,

= − cB N1/3

(
N8/3

q4/3

)(
N

(N2/q)
+ 1

)4/3

,

= − cB
N3

q4/3

〈ψ|H|ψ〉 > −cB
N3

q4/3
, when N ≪ N2

q
(A.96)
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It is interesting to note that even ifZ1 = ... = ZN = 1 in (A.4), the coefficient

of N5/3 in (A.4) is of the order 8.71, and the new estimate in (A.94) improves this

numerical estimate by, a factor of about two (from (A.95)). For Z1 = ... = Zq = N/q,

Zq+1 = ... = Zk = 0, 2 6 q ≪ N , i.e., N ≪ N2/q, theN dependence of the

right-hand side of (A.94) isN3/q4/3 (from (A.96)), coinciding with that obtained from

(A.4). SuchN dependences alone withN5/3 for Z1 = ... = ZN = 1 andN3/q4/3 for

the case just discussed implyphysicallythat for no arrangements of the positive charges

corresponding to light or heavy nuclei, bosonic matter may be stable.

Finally we note that our new estimates (obtained by somewhatsimple methods)

and the other well known ones in (A.4) for the bosonic case arecomparable leading to

theN5/3 law and, as expected, two different methods of estimation lead, in general, to

different multiplicative numerical factors toN5/3 with some improvement in our case.

The lower bound for the ground-state energy arises as a competition between the kinetic

energy and the interaction parts in (A.1) contributing, respectively, with positive and

negative signs. A lower bound correspounding to the repulsive part of the potential in

(A.63) based on the so-called ”no-binding theorem”, based on the5/3 power ofρ, is ex-

pected to be a better one than the one given in (A.63) based only on positivity arguments

and hence the former will contribute more optimally to the lower bound of the ground-

state energy being sought. Also the extraN1/3 multiplicative factor arising in the second

term on the right-hand side of (A.92) may presumably be accounted for by an applica-

tion of Hölder’s inequality ,
∣∣´ dx f(x)g(x)

∣∣ 6
{´

dx |f(x)|p
}1/p {´

dx |g(x)|q
}1/q

,

relating our integral ofρ2 and the familiar one of the integral ofρ5/3 of the densityρ. In

this case, it reads

ˆ

d3x ρ5/3(x) 6

(
ˆ

d3x ρ2(x)

)2/3(ˆ
d3x ρ(x)

)1/3

(A.97)

or

(
ˆ

d3x ρ2(x)

)2/3

≥ 1

N1/3

ˆ

d3x ρ5/3(x) (A.98)
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which upon comparison with the known method, using the5/3 power of the density,

would provide a weaker contribution to (a lower bound to) thekinetic energy in an

estimation of the ground-state energy.



APPENDIX B

COLLAPSING STAGE OF “BOSONIC MATTER”

The astonishment as to why matter occupies so large a volume and its connection

to the Pauli exclusion principle was clearly expressed in words addressed by Ehrenfest

to Pauli in 1931 on the occasion of the Lorentz medal (cf., (Dyson, 1967)) to this effect

as discussed eariler. In regard to this, it was show in chapter 5 that for a non-vanishing

probability of having electrons in matter, with Coulomb interactions, within a sphere

of radiusR, the latter necessarily grows not any slower thanN1/3 for largeN , where

N denotes the number of electrons. This conclusion is based ona derived inequal-

ity (Manoukian and Sirininlakul, 2005) relating the probability for the electrons to lie

within such a sphere, the volumevR of the latter and the numberN of electrons:

Prob[|x1| ≤ R, . . . , |xN | ≤ R]

(
N

vR

)2/5

<

(
1

a3
0

)2/5

1.846
[
1 + Z2/3

]6/5
(B.1)

wherea0 = ~
2/me2 is the Bohr radius, andZ|e| corresponds to the nucleus in matter

carrying the largest positive charge. The above statement follows by noting from (B.1)

that for a non-vanishing probability of having the electrons within the sphere, the corre-

sponding volumevR grows not any slower than the first power ofN for N → ∞, since

otherwise the left-hand side of (B.1) would go to infinity and would be in contradiction

with the finite upper bound on its right-hand side. We also note thatN/vR gives an aver-

age density, and one may also infer from (B.1) that the infinitedensity limitN/vR → ∞

does not occur, as the probability on the left-hand side of (B.1) necessarily goes to zero

in such a limit.

The Hamiltonian in question is taken to be theN -electron one in (1.1) where

xi, Rj correspond, respectively, to positions of electrons and nuclei. We have also
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considered neutral matter
k∑

i=1

Zi = N .

What conclusion can be drawn about matter if the Pauli exclusion principle is not

invoked? - that is regarding “ bosonic matter” (Dyson, 1967;Lieb, 1967; Manoukian

and Muthaporn, 2003). Here we recall the drastic differencebetween matter (with the

exclusion principle) and “bosonic matter” is that the ground-state energyEN for the

former−EN ∼ N (Dyson and Lenard, 1968; Lieb and Thirring, 1975), while forthe

latter (Dyson, 1967; Lieb, 1967; Manoukian and Muthaporn, 2002, 2003)−EN ∼

Nα with α > 1. And such a power law behavior withα > 1 implies instability as

the formation of a single system consisting of(2N + 2N) particles is favored over

two separate systems brought together each consisting of(N + N) particles, and the

energy released upon the collapse of the two systems into one, being proportional to

[(2N)α − 2 (N)α] will be overwhelmingly large for realistic largeN , e.g.,N ∼ 1023. In

regard to such a collapse Dyson states (Dyson, 1967): “[Bosonic] matter in bulk would

collapse into a condensed high-density phase. The assemblyof any two macroscopic

objects would release energy comparable to that of an atomicbomb. . . . Matter without

the exclusion principle is unstable”.

We prove rigorously that if deflation does occur for “bosonicmatter”, upon col-

lapse, as more and more such matter is put together, then for anon-vanishing probability

of having the negatively charged particles within a sphere of radiusR, the latterneces-

sarily cannot decrease faster thanN−1/3 for largeN . To this end, we define the particle

density ofN (spin 0) bosons:

ρ(x) =

ˆ

d3x2 . . . d
3xN |φ (x,x2, . . . ,xN)|2 (B.2)

and
´

d3x ρ(x) = N , φ denotes a normalized state giving a strictly negative expectation

value of the Hamiltonian, i.e.,

−ǫN [m] ≤ 〈φ|H |φ〉 < 0 (B.3)
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where−ǫN [m] = EN < 0 is the ground-state energy emphasizing its dependence on

m.

To establish the statement made above, we need (Manoukian and Sirininlakul,

2005) upper and lower bounds to the expectation value of the kinetic energy operator

T ≡
〈
φ

∣∣∣∣∣

N∑

i=1

p2
i

2m

∣∣∣∣∣φ
〉
. (B.4)

To the above end, we rewrite|φ〉 = |φ(m)〉, emphasizing its dependence on the mass

m. Since|φ(m/2)〉 cannot lead for〈φ(m/2)|H|φ(m/2)〉 a numerical value lower than

−ǫN [m], we have−ǫN [m] ≤ 〈φ(m/2)|H|φ(m/2)〉. Accordingly, if we denote the

interaction part in (1.1) byV , we have

−ǫN [2m] ≤
〈
φ(m)

∣∣∣∣
T

2
+ V

∣∣∣∣φ(m)

〉
(B.5)

and hence we have from the extreme right-hand side of the inequality (B.3)

T ≤ 2 ǫN [2m]. (B.6)

A lower bound forT was derived in (Manoukian and Sirininlakul, 2004). The ba-

sic idea in that derivation is to consider an effective interaction of the formg(x) =

4ρ(x)/(3
´

d3x ρ2(x)), coupled with the way of counting the number of eigenval-

ues, in the manner of Schwinger (Schwinger, 1961), of the effective Hamiltonian
N∑

i=1

[p2
i /2m− g(xi)]. This gives the lower bound (Manoukian and Sirininlakul, 2004)

3~
2

2mN1/3

(π
2

)2/3 1

1 + ε

(
ˆ

d3x ρ2(x)

)2/3

≤ T (B.7)

for anyε > 0 which may be taken as small as we please.

The lower bound expression obtained in (Manoukian and Sirininlakul, 2004) for
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−ǫN [m] may be now used to derive from (B.6) and (B.7) the basic relations

3~
2

2mN1/3

(π
2

)2/3 1

1 + ε

(
ˆ

d3x ρ2(x)

)2/3

≤ T < 3.78

(
me4

~2

)
N5/3

[
1 +

k∑

i=1

Z2
i

N

]4/3

.

(B.8)

For the probability of theN negatively charged particles to lie within a sphere of

radiusR, we have

Prob[|x1| ≤ R, . . . , |xN | ≤ R] ≤ Prob[|x1| ≤ R]

=
1

N

ˆ

d3x ρ(x)XR(x)

≤ 1

N

(
ˆ

d3x ρ2(x)

)1/2

(vR)1/2 (B.9)

whereXR(x) = 1 if |x| ≤ R, and= 0 otherwise. In writing the last inequality in (B.9)

we have used the Cauchy-Schwarz inequality and that(XR(x))2 = (XR(x)) , vR =

4πR3/3.

From (B.8), (B.9), we then have the explicit inequality

Prob[|x1| ≤ R, . . . , |xN | ≤ R]
1

(vRN)1/2
<

(
1

a3
0

)1/2

1.61 [1 + Z] . (B.10)

From this inequality we may infer the inescapable fact that if deflation of “bosonic

matter” occurs, upon collapse, then for a non-vanishing probability of having theN

negatively charged particles within a sphere of radiusR, the corresponding volume,

necessarily, cannot shrink faster than1/N for N → ∞, since otherwise the left-hand

side of (B.10) would go to infinity and would be in contradiction with the finite upper

bound on its right-hand side, thus establishing the above stated result. We note that

the inequality in (B.10) is sufficient to reach such a conclusion but cannot establish the

actual deflation of such matter. Methods similar to the ones developed above have been
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used to study the localizability and stability of other quantum mechanical systems as

well (Manoukian, 2006).



APPENDIX C

FUNDAMENTAL POISSON EQUATION IN 2D

We verify the Poisson’s equation in2D

∇22 ln
|x − x′|
A

= 4πδ2(x − x′). (C.1)

whereA is an arbitrary scaling constant.

Let

f(x − x′) =2 ln
|x − x′|
A

=2 ln
r

A
, r = |x − x′|. (C.2)

Applying the divergence theorem over a circular regionA with boundaryS , we obtain

ˆ

A

d2x∇2f(x − x′) =

ˆ

A

d2x∇ · ∇f(x − x′)

=

ˆ

S

dS n · ∇f(x − x′) (C.3)

wheren is a unit vector perpendicular to an elementdS of the boundaryS.

Consider a small circle of radiusR giving

n · ∇f(x − x′) =
∂

∂r

(
2 ln

r

A

)

=
2

r
(C.4)
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and

ˆ

S

dS n · ∇f(x − x′) =

ˆ 2πR

0

dS

(
2

r

)

=
2(2πR)

R

=4π. (C.5)

By using the Dirac delta function in2D is defined, in particular, by

ˆ

A

d2x δ2(x − x′) = 1 (C.6)

for x′ within the region enclosed byA, we obtain from (C.3)

ˆ

A

d2x∇ · ∇f(x − x′) = 4π

ˆ

A

d2x δ2(x − x′). (C.7)

leading to

∇2f(x − x′) = ∇2 2 ln
|x − x′|
A

= 4π δ2(x − x′) (C.8)



APPENDIX D

FUNDAMENTAL POISSON EQUATION IN 3D

We verify the Poisson’s equation in3D

∇2 1

|x − x′| = −4πδ3(x − x′). (D.1)

Let

g(x − x′) =
1

|x − x′|

=
1

r
, r = |x − x′| (D.2)

Applying the divergence theorem over a spherical regionV with boundaryA, we have

ˆ

V

d3x∇2g(x − x′) =

ˆ

V

d3x∇ · ∇g(x − x′)

=

ˆ

A

dA n · ∇g(x − x′) (D.3)

wheren is a unit vector perpendicular to the surface elementdA.

Consider a small sphere of radiusR giving

n · ∇g(x − x′) =
∂

∂r

(
1

r

)

= − 1

r2
(D.4)
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and

ˆ

A

dA n · ∇g(x − x′) = −
ˆ 4πR2

0

dA

(
1

r2

)

= − 4πR2

R2

= − 4π (D.5)

By using the Dirac delta function in3D is defined, in particular, by

ˆ

V

d3x δ3(x − x′) = 1 (D.6)

for x′ in the region enclosed byV , we obtain from (D.3)

ˆ

V

d3x∇ · ∇g(x − x′) = 4π

ˆ

V

d3x δ3(x − x′) (D.7)

leading to

∇3g(x − x′) = ∇2 1

|x − x′| = −4π δ3(x − x′) (D.8)
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