RIGOROUS BOUNDS ON THE GROUND-STATE

ENERGY FOR MATTER AND ITS STABILITY

Siri Sirininlakul

A Thesis Submitted in Partial Fulfillment of the Requirements
for the Degree of Doctor of Philosophy in Physics
Suranaree University of Technology
Academic Year 2005
ISBN 974-533-526-6



%4

VOULUATN ﬂmwumw’Efaamf,mmzﬁmmzmﬁmmwmmami

ana aAa A
maas asuana

U

a a d 2 I U & Y] =Y a a
IngntnusitiuauvtisvesmsanmmunangasiSyginamansquiindia
a ara d
aunana
unIngasmalulaggsini

Umisdnu 2548

ISBN 974-533-526-6



RIGOROUS BOUNDS ON THE GROUND-STATE ENERGY FOR

MATTER AND ITS STABILITY

Suranaree University of Technology has approved this thesis submitted in partial

tulfillment of the requirements for the Degree of Doctor of Philosophy.

Thesis Examining Committee

gL

(Assoc. Prof. Df/Prapun Manyum)

Chairperson

(ProfDr. Edouard B. Manoukian)

Member (Thesis Advisor)

A Aubke.

{Assoc. Prof. Dr, Prasart Suebka)

Member ﬁw , |

(Asst. Prof. Dr. Prasert Kelf gkan)

Member

(Assoc.r Prof. Dr. Supreya Trivijitkasem)

Member

S Rudfu o S

(Assoc. Prof. Dr. Saowanée Rattanaphani) (Assoc. Prof. Dr. Sompong Thammathaworn)

Vice Rector for Academic Affairs Dean of Institute of Science

]



 d5iana : veuaidanuvesndnuan Uz iuazdios MMvesads
(RIGOROUS BOUNDS ON THE GROUND-STATE ENERGY FORATTER
AND ITS STABILITY) e10138fit5nw : maasinsd. asidaisa wnyifeu,

395%111. ISBN 974-533-526-6

1 £ 4
mnsziidadamansndanu Tasldndnms Tuiiugiuvesmsnatuveamna
9 A =1 ~ 9 A 19 Y o
"lﬂwuN@u"lwmmm3JLfmﬂim‘w“luﬂauﬁmimegﬂfmmiuiaﬂﬂmmw Taglamuanm
Y
1 o o @ ' 1 a a v J
YDUIUAANLAZ VO VUA VU AT UNAIIUADIUE NUDIUUUATIAIITMHWIBIT WadNT
~ A J o o Aad o a ~ =& o
ﬂ"lﬂg.ﬂuﬁﬂﬂugﬂWaﬂ%ummmmuamﬂmauuazmmummaﬂﬁ niluduuvouun
v v 9
andlam imsanaummauduaouas 1l YDA NYDIAIMANNIGVDINGITY
J ad I 2 2 A A ]
vauvesdianaseued luglues [ d3xp?(x), (0] p(x) ) 1B p(x) ABANUUUIUUVE
ac P 1 A o ag = a '
lnasou: [ d3xp(x) = N luvaghveuaarnmuin 1d Tas 3 vesdaluazunss Rl
1 o v ¢ o 1T ad ad
Tuzilng p5/3 (%) YDA NVBINAIUANIHENTZHINDIanATOU-DIanaTOU I Taons

J = 1R ~ 3 1 o A o Jo
ﬂﬁ$N1ﬂlﬂ1ﬁ]1ﬂﬂﬂE§]1NﬂﬂLﬁuﬂ’J ﬂ']ﬁﬂTu'Jil!‘HWﬂ']"UE]'].IL"UG]UumWIﬂﬂﬂWiﬂﬂﬁﬂﬂmﬂﬂV\hﬂ%’u

[ (%

4 Aadg X ax o Aac 1 1 A ] & [
ATLUBIDIANATOUFITT LN Tnems Tnadianasousgnielunasei ludouiunuiiuiu
1 IS a = Id' o ] 4! 1 o 1 d‘add‘
N naoazdl k& 118 loogiaumnienana1nuednae Uy k nass Tuvugiisnaes
Tagmsnnsannguidsznoudie lalasmiinezaouiuiu k ezaow Allszyiunded
= ' ) = Aan g 2 o ' dy o ag
Zilel, ..., Zyle| Humaziunasaloanasouniaglag luaa i wu 1azuiu a1anaseu
a o ag A 1A [ L4 1 J 1 R~ v
dasziIu (N — k) oranasoud luliwndsnuaan uaazngquuenvnnuiiuszeyeiiug

wu luvaziingagnguuenaniu Samsiuunngnihun iy uiudianasou

= =

a = o I 9 A 42} 1 a 1 A o
!Lﬁgujﬂa\lﬂ%’]Lﬂu@]@ﬂlwuﬂluuagﬂﬁ8ﬂqqq@ﬂl@\ulﬁagujlﬂaﬂﬁllﬂ’ﬂum@ﬂm]@‘ﬂm@ﬂﬂl@ HU

v J

A 9 = | 9 1 v 4 1 = | 9 1 9 A a = L]
Ao 01 N HAUVIFOUUA YNNI k 11mmqﬂuusﬂmmmmz”limu’amaﬂﬁ“lﬂag

a d

Tuams ld Taelidszquand ldnda m11adgaimswesd1vead a5 110991n M INUUDY

o ad ] I A 1 A adg [ J
mmu’al,aﬂmauuazmmm%gﬂu1/1"l,aJLﬂuﬁuamzwumaﬂmauiumqﬂamfm R M

U

1 [~/ A ¥ ] f = 1 Y2 o =1
anutazluaszdeanuaulidini N3 Tag N Ua1un 39 lidesasdon luaansded

' v
= [

a ~ 1 o Y ogj 1 1 ~ [ d A o
ﬂiiJWIi‘VlGL“Vifg LLﬁZLi"IENhlﬂlﬁuﬂﬂﬁGl\'iﬂ1"11?]‘]JL"U@]ﬂN‘VI111111Juﬂum1"|@1’l%$’3ﬂﬂ13EIIEJTEJ@'JGU?N

9
Jd o

[ Ya 4 @ an a
aeans LﬂfN1ﬂwq%uﬂ31ﬂﬁlﬁaﬂﬁﬂTWLLEWﬂﬁW’é]\“l@l’J"’Uﬂ\iﬁﬁﬁGlUﬁﬂﬂil@l NITAUATICHIINYIUA



II

5
o

1 3 (") = o a o/ ar ]
i ldgmsdszmam Indduamsiidh hlawudnmsfanu Taelinanssdmduaaisy
1 1 g = a r 1
Fondr amydsaanTugon” dadaarsiszan Tuaouiinisvadz i B liaunsoans
Fand N3 ite N Siswnn udifinnugesiamsndineansuanagaiio ldgauanslugy

e a = ] o
aumsNdteuagnienfivzgnan nunanenai dnd

=3 = ' - | 7]
mamMdand MolorinAny

24 : ol
in1sdnm 2548 ﬁWUﬁﬂ%BBW%WiUﬂﬂ?ﬂHW/Z\"’P
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STABILITY OF MATTER/ THE SPIN AND STATISTICS CONNECTION/ INFLA-
TION OF MATTER/ CLUSTER PHYSICS AND QUANTUM THEORY OF VERY
LARGE SYSTEMS/ MATTER IN BULK.

A mathematically rigorous analysis is carried out of theéb#itsg of matter in
bulk by invoking, in the process, the fundamental Pauli @sidn principle which has
far reaching consequences in nature relevant to our woddloThis, we derive several
lower and upper bounds for the exact ground-state energy as functibttse num-
ber N of electrons and of the nuclear charges. One of the lower doobtained is
based on positivity properties followed by deriving a loveeund for the expectation
value of the exact kinetic energy of the electrons, invajvdlome power of the integral
[ @*x p?*(x) (ap?®(x)—law), wherep(x) is the electron density f d*x p(x) = N, while
another traces the classics Lieb-Thirring approach, wiidimowever much more in-
volved, based on thg?/3(x)—law, followed by establishing a “No-binding Theorem”,
leading, in the process, to a lower bound to the repulsivetrele-electron potential en-
ergy. The upper bounds are based on specific constructigdhsappropriate choices
of trial wavefunctions for the electrons. One upper bounbased on localizing the
electrons inV non-overlapping ordered boxes, with th@uclei centered at the origins
of the firstk boxes, while another is obtained by introducinginfinitely separated
clusters consisting of £ hydrogenic atoms with nuclear chargége|, ..., Z;|e| each
containing one electron all in their ground states, GNd- k) free electrons with van-
ishingly small kinetic energies. We learn, in particuléigttas more and more matter
is put together, thus increasing the numbenf electrons, the numbér of nuclei, as

separate clusters, would necessarily increase and nataailgifuse together, and their
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individual charges remain bounded, i.e., N — oo, implies that ¥ — oo, and no nuclei
may be found in matter that would carry arbitrarily large portions of the total positive
charge available. We prove the inflation of matter, as N increases, by showing that
the infinite electron density limit does not occur, and that for a non-vanishing probabil-
ity of having the electrons in matter within a sphere of radius 12, the latter necessarily
grows not any slower than N/ for Jarge N. No wonder why matter occupies so large
a volume ! We also establish a non-zero lower bound for a measure of the extension of
matter. Due to the overwhelming interest in recent years in physics in two dimensions,
we prove rigorously the stability and inflation of matter in two dimensions as well. Our
methods of analyses lead to new estimates on matter when the exclusion principle is
revoked dealing with so-called “bosonic matter”. In particular, we show that if defla-
tion occurs, upen the collapse of such matter, then R necessarily cannot decrease faster
than N—1/3 for large N. Although the mathematical intricacies and the corresponding
intermediate estimates turn out to be quite tedious and involved, generating a forest of
formulas, the final results are expressed in terms of stmple expressions and are readily

physically interpreted.
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CHAPTER |
INTRODUCTION

Undoubtedly, one of the most important and serious probldras quantum
physics has faced over the years, since its birth over a-tluager of a century ago,
is that of the stability of matter. That is of consistentlyndmstrating as to why matter
in our world consisting of a large number of electrons, inespif their mutual repul-
sions, but with increasing attractions to its nuclei, agthember increase, and contin-
uously accelerating around them, does not eventually teasl tollapse, as expected on
classical grounds, and a perfect balance between theserpkeae occurs and matter
remains stable. The so-called Pauli exclusion principtagwut to be not only suffi-
cient for stability but also necessary. That is, if one ire@khe exclusion principle then
stability may be established. On the other hand, if the eskafuprinciple is revoked
leading with what is called “bosonic matter” then instdljli.e., collapse, of such mat-
ter may be established. A very detailed technical treatmmiiiosonic matter” has been
the subject matter of the recent doctoral thesis of Mutha®®05) providing original
contributions to the problems involving such matter andtams extensive references.
The burden on a theoretical physicist is to actually spet| mathematically, the details
for establishing the stability of matter and work out its ceqgences by invoking, in the
process, the Pauli exclusion principénd not just providing qualitative arguments for
stability, as is often done by a phenomenologist, and isubgst matter of this thesis.

The Pauli exclusion principle, or more generally the Spid &tatistics Theo-
rem, in its simplest form, states that no two identical gtet of half-odd integer spins
(fermions) can occupy the same state while any number oficidmparticles of integer
spins (bosons) may do so without limitation. The practiddat of this theorem pre-
vails over the whole of science and provides the basis folaéxpg the periodic table

of elements from which we are made of. Without the Spin antds$itas connection our



world will be unstable and ceases to exist. The translatthetlassic book by the No-
bel Laureate S.—I. Tomonaga (1997), on the “Story of SpinOHRa, a Robert Milikan
Distinguished Service Professor at the Enrico Fermi luigtibf Chicago, writes the fol-
lowing concerning this theorem The existence of Spin, and the Statistics associated
with it, is the most subtle and ingenious design of Nature—witiidhe whole universe
would collaps& The legendary Freeman Dyson (1967) in regard to matténowt the
Spin and Statistics connection, writesMidtter in bulk would collapse into a condensed
high—density phase. The assembly of any two macroscopictslweuld release energy
comparable to that of an atomic boilE.H. Lieb (1990), regarding “bosonic matter”,
I.e., matter for which the Pauli exclusion principle does ayaply, as mentioned above,
writes : “Such “matter” would be very unpleasant stuff to have lyinguard the house
The Spin and Statistics Theorem is usually credited to 3t@®24), Pauli (1925), Pauli
and Weisskopf (1934), Pauli (1936), lvanenko and Sokol®37), Fierz(1939), Pauli
and Belifante (1940), deWet (1940), Pauli (1950), WightmE®b6), Hall and Wight-
man (1957), Schwinger (1958a, 1958b), Bourgogne (1958)eks and Zumino (1958),
Jost (1960), Brown and Schwinger (1961), Schwinger (1988).

Already in 1931, the practical relevance of the Spin andSies Theorem was
recognized . We take a piece of metal or stone when we think about it, we are as-
tonished that this quantity of matter should occupy so lag®lume. Admittedly, the
molecules are packed tightly together, and likewise the atoithin each molecule. But
why are the atoms themselves so big ? Consider for example tmenBmdel of an
atom of lead. Why do so few of the 82 electrons run in the ochitse to the nucleus ?
The attraction of the 82 positive charges in the nucleus istemg. Many more of the
82 electrons could be concentrated into the inner orbit$ofgetheir mutual repulsion
would become too large. What prevents the atom from collgpsithis way ? Answer
. only the Pauli principle. ‘No two electrons in the same stat&hat is why atoms
are so unnecessarily big, and why metal or stone are so hulkfese words were

addressed by Ehrenfest to Pauli (Ehrenfest, 1931, 1959)@ated) by Dyson (1967).



The first systematic analysis as to why matter is stable wagdaout by Dyson and
Lenard (1967), Lenard and Dyson (1968) in a rather very cermplay of the under-
lying analysis. Since then much improvements were madeb(Li876, 1980, 1983,
1990; Leib and Thirring, 1975, 1976; Manoukian and Siriakull, 2005) on the prob-
lem of stability. The basic analysis in the modern developisieested on a remarkable
result due to Julian Schwinger (1961) which simply giveg i an upper bound for
counting the eigenvalues of a given Hamiltonian. Recentlgxactfunctional expres-
sion (Manoukian and Limboonsong, 2006), not just a bounde eeen obtained for
the number of eigenvalues, within a given range, of a givemidanian. The relevant
papers which led to modern developments of the fundamerdhlgm of stability were
due to Fermi (1927), Heisenberg (1927), Hartee (1927, 198 mas (1927), Dirac
(1930), Fock (1930), Slater (1930), Lenz (1932), Sommerf&d32), von Weizscker
(1935), Sobolev (1938), Gombas (1949), Scott (1952), Sme(d955), Kompaneets
and Paulovski (1956), Kirzhnitz (1957), Birman (1961), &el{1962), Fisher (1964),
Balazs (1967), Dyson (1968), Kato (1951, 1972), Rosen (1971)n $19©70), Conlon
(1984), Conlon, Lieb and Yau (1988), Helffer and Robert (198f®ffmann—Ostenhof
(1977), Leib (1976, 1979, 1980, 1983, 1990), Leib and Lebo{i972), Leib and Si-
mon (1974, 1977), Leib and Thirring (1976), Wang (1983),eReMalta and Coutino
(1988), Wiedl (1996), Manoukian and Sirininlakul (2004080 2006b), covering es-
sentially the history of which is relevant to the problemlod stability of matter. In ad-
dition to the earlier investigations of Dyson and Lenards@,91968) mentioned above,
the contribution of Leib and Thirring (1975) has embodiesl¢bntral result of this prob-
lem, in which they bound the ground-state energy from bemvDyson and Lenard,
by a single power ofV (the number of electrons in a piece of matter) multiplied by
a negative constant whose magnitude is much smaller tharainad by Dyson and
Lenard. It is expected that an ultimate treatment of stgbdf matter should involve
the full machinery of quantum electrodynamics (Schwin@@gla, 1951b, 1953, 1954,
1958c; Manoukian, 1985, 1986; Thirring (Lieb Selecta), )99



The drastic difference between matter with the exclusiamcgole and “bosonic
matter” with Coulomb interactions, is that the ground-stetergy £y for the former
—Ey ~ N, with N denoting the number of negative charges (the electronsle ¥
the latter— Ey ~ N, with o > 1. A power law behaviour withv > 1 implies that
of instability as the formation of a single system consgstoi (2N + 2N) particles
is favoured over two separate systems brought togethen, @atsisting of( N + N)
particles, and the energy released upon the collapse oivtheytstems into one, being
proportional to[(2N)* — 2(N)“], will be overwhelmingly large for realistic larg®,
e.g.,N ~ 10%. Thus the actual demonstration of a single powenNofor the ground-
state energy of matter is essential

The Hamiltonian into consideration in this work is defined by

N 5 N k
_ Pi 2 -1
H_;2m+%+lfz—;;zje\xz-—ftjy (1.1)
where
N
Vi :Z e’x; — x| 7! (1.2)
i<j
k k
Vé :Z ZiZj€2|Ri — Rj|_1 s Z Zj = N, k 2 2 (13)

1<J j=1

with fixed positive chargesy;, R; refer to the positions of the negative and positive
charges, respectively, amad denotes the mass of the electron. We note thakfer 1,
the V; term in (1.3) will be absent in the expression fdrand one would be dealing
with an atom. Throughout, we are interested in the case for whichk: 2 relevant to
matter. We consider neutral matter, i.e., for whigﬂkj Z; = N as indicated in (1.3).

The purpose of this thesis is to carry a jr;;thematically agsranalysis of the
problem of stability of matter in bulk by invoking, in the mess, the fundamental

Pauli exclusion principle which, as mentioned above, hasdaching consequences



in nature relevant directly to our world. To do this, we derseveral loweand upper
bounds for the exact ground-state energy of matter, careBpg to the Hamiltonian
H in (1.1)—(1.3), as functions of the numh&Trof electrons and of the nuclear charges
Zhle|, ..., Zx|e|]. One of the lower bounds (Chapter Il) is based on positivigpprties
followed by deriving a lower bound for the expectation vabfighe exact kinetic energy
of the electrons involving some power of the integfal®x p*(x), wherep(x) is the

electron density, i.e.,

/ d*xp(x) = N. (1.4)

The other one traces the classic Lieb—Thirring approachisumiuch more involved
and is based on deriving a lower bound for the expectatiomevaf the kinetic energy
involving the integral/ d*x p°/?(x) followed by establishing a “No-binding Theorem”
leading to a lower bound to the repulsive electron—elegbatential energy/ in (1.2).
The upper bounds (chapter Ill) are based on specific conigtngcwith appropriate
choices of trial wavefunctions for the electrons. The figgper bound is obtained by
localizing the electrons itV non-overlapping ordered boxes, with thauclei centered
at the origins of the firsk boxes. The second upper bound is obtained by introducing
N infinitely separated clusters consisting df hydrogenic atoms with nuclear charges
Zhle|, ..., Zx|e| each containing one electron all in their ground states, (&hd- k)
free electrons with vanishingly small kinetic energies. M#&rn, in particular, that as
more and more matter is put together, thus increasing théoaum of electrons, the
numberk of nuclei, as separate clusters, would necessarily ineraad not arbitrarily
fuse together (Chapter 1V), and their individual chargesai@bounded, i.elN — oo,
implies thatt — oo, and no nuclei may be found in nature that would carry anbitra
ily large portions of the total positive charge available.dhapter IV, we establish the
inflation of matter by showing that for a non-vanishing proibity of having the elec-
trons in matter within a sphere of radiés the latter necessarilgrowsnot any slower

than N'/3 for large N. No wonder why matter occupies so large a volume(!) bringing



us into contact with the classic debate of Ehrenfest andi Raintioned earlier. Our
methods of study developed allow us also to obtain new estgran matter when the
exclusion principle is revoked dealing with the so-calledsonic matter” as elaborated
upon earlier. This is carried out in Appendices A and B of thissis. In particular, we
prove that if deflation occurs of such matter, upon collafisen R necessarily cannot
decrease faster thavi—/? for large N. The mathematical analyses methods are based
on modern functional analyses techniques (e.g., Yosidd0;1ditrinovic, P€aric and
Fink, 1993) and fitting particles within specific regiong(eCasselman, 2004; Pfender
and Ziegler, 2004, Croft, Falconer and Guy, 1991). Due to tleewhelming interest in
recent years in physics in two dimensions (e.g., Geyer 1B88huri, 1996; Semenoff,
1987; Forte, 1992) and its relevance to our world, we prayerdusly, in Chapter V, the
stability and inflation of such matter by invoking the exatusprinciple. [Some of the
present field theories (e.g., Green and Schwarz, 1988; 3zh®@85) speculate that at
early stages of our universe the dimensionality of spacenetisecessarily coinciding
with three, and by a process which has been referred to asamifigation of space, the
present three-dimensional character of space arose upavdtution and the cooling
down of the universe. Due to technical reasons mentionelenntroductory section
5.1, the stability problem is not considered in the presesrkvior dimensions higher
than three.] Chapter VI deals with our main conclusions. éudtjh the mathematical
details and the corresponding intermediate estimatesduirno be quite tedious and
involved, the final results are expressed in terms of simppeessions and are readily

interpreted.



CHAPTER I
RIGOROUS LOWER BOUNDS FOR THE

GROUND-STATE ENERGY OF MATTER

2.1 Introduction

The purpose of this chapter is to derive rigorous lower bsufwt the ex-
act ground-state of matter based on the Hamiltonian (1113)( The first, given in
(Sect. 2.3), relies heavily on positivity conditions tdgatwith a derivation of a lower
bound (Sect. 2.2) for the expectation value of the exacttkiraergy of the electrons
involving some power of an integral @f(x) with p(x) being the particle density (see
Eq.(2.37)). Another, though technically much more invdlveerivation of a lower
bound is also given of the exact ground-state energy in Qdethased on the follow-
ing chain of analyses and tracing the Lieb—Thirring appinoaEirst we carry out a
fairly detailed analysis of the so-called Thomas—Fermmawhich surprisingly turns
out to be relevant to the exact theory for matter based on #raikbnian in question
through a “No-binding Theorem” studied in Sect. 2.5. Therddéheorem then leads to
a lower bound for the exact electron-electron interactioteptial energy. These results
are then combined in Sect. 2.6 to derive the second lowerdtamthe ground-state
energy which follows the celebrated Lieb—Thirring appioée study the stability of
matter. The second lower bound for the expectation valueekinetic energy involves
an integral ofp®/3(x) rather than op?(x). The method of deriving the first lower bound
for the ground-state energy mentioned above turns out taibe gseful when extended

to bosonic systems which is studied in detail in Appendices A B of the thesis.



2.2 Lower Bound for the Expectation Value of the Exact Kinetic

Energy of Matter

To obtain a lower bound for the ground-state energy of mditst we have to
find a lower bound for the expectation value kinetic enéfgyhich is the first term on

the right-hand side of (1.1). We first consider the Hamilonof a single particle

H=Hy+V 2.1)

whereH, is the free Hamiltoniamp?/2m.
By introducing a variable coupling parametee 0, with ¢ = 1 corresponding

to above the Hamiltonian, we rewrite (2.1) in the form

H(g) = Ho + gV (x). (2.2)

We rewrite the potential, by using in the process the steptiomn

2V (x)0(-V(x)). (2.3)

SinceV (x)O(V(x)) = 0, where©(V (x)) + O(—V(x)) = 1.

Let —v = V(x)O(—V (x)) wherev(x) > 0, from (2.3) we then obtain

V(x) = —v(x). (2.4)



Substitute this into (2.2), to obtain

H(g) =Ho + gv(x)

H(g) =Ho — gv(x). (2.5)

Let N_¢(H(g)) denote the number of eigenvaluesif < —¢&, with £ > 0. For
future developments, we establish an order relationshipd®n the eigenvalues of two
self-adjacent operator§ (¢) and Hy — gv(x), whose spectra are bounded from below,

such that for all vector8l) in their domains, we obtain

(UIH(g)|¥) = (¥|Hy — go(x)|¥) = €. (2.6)

Also the number of bound-state & — gv(x) cannot be less than those 8f g),

N_¢ (Hy — go(x)) > N_¢ (Ho + gu(x)). (2.7)
Similarly 0 < ¢’ < g,
Hoy — gv(x) >Ho — gu(x) (2.8)
and
N_¢ (Hy — gv(x)) > N_¢ (Ho — g'v(x)). (2.9)

From (2.3)—(2.9), we have the important relation :

N_¢ (Hy — v(x)) = [Number of ¢'’s in0 < ¢’ < g for which

Hy — ¢'v(x) has the eigenvalue —¢] (2.10)
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so thatH, — ¢'v(x) has energy= —¢.

From (2.10), we introduce the new eigenvalue equation :

(Ho - /o) ) = — €[). (4] W) =1
(2 o) |v) - elo)

(;’—m +e)|v) ~geeor)

=g'Vo(x)Vv(x) |¥)

=g'Vv(x) |9) (2.11)

where|¢) = /v(x) |¥).

Multiply (2.11) by y/v(x), to obtain

060 (26| w) =Vl Vi)

Vo) W) =g'v/o( ( >\/ x)|¢)
|6) =g'Al9)
1
Alg) =?I¢> (2.12)
whereA is the positive operator
1
A =y/v(x) v(x) (2.13)
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The eigenvalue of the operatdris 1/¢’ and0 < ¢’ < ¢. Also

(e}

]' / /
AP :Z? 9. (2.14)

=195
From (2.13), forp > 0, in particular
/d”x (x| A? |x) > % x [Number of allg’’s as eigenvalues of
in0 < ¢ < gfor which Hy — ¢'v(x)
has the eigenvalue- —¢]. (2.15)
From (2.10) and (2.15), we obtain
N (Ho - gu(x) < g [ & (x] 47 (2.16)

giving from (2.16), the so-called Schwinger inequality.
In three dimensiongs = 3), we choose = 2 on the right-hand side of (2.15).
Thus with the definition ofd in (2.13), we obtain for the right-hand side of (2.15) with

g(x) =1

/d3 (x| A* |x) /dgx/dgx’ (x| A|X') (x| A|x)

_/d3x/d3 x| AX) (x[ AxX)

[ [ )
_ / d*x / dx’ v(x) v(x)
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. ) -1
X/>’ let A(p) = [;’—m + f} , we obtain the following chain of

‘)

Afp)|x')

For <x [% + 5] B

the equalities :

<X

.
5+

~ x
[ [ S e (o i) ) 0 )
- [ | T (o
= / <2d;§>s / (S;%S e (p

d3p d3p/ (o x! ~ ,

fl(p)’ p’> o i

/1(13)’ p’>

d3p R d?’p’ ot
- / @y P (m)g/ g PR

d3p 1 ipe(x—x’
:/ G AR) 7T

/' d3p eip-(x—x’)/h

o /oo p2 dp /1 ) oh )
= — = [ d(cosh)emw st p— |x —X|
(2mh)? Jo <_27’; + g) -1
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1 2m [ P )
N 4 inp/h
@rh)in | P+ 2mE)

1 2m iv2mé (2mi) V2
(27h)2 in 2i/2mé

- (2:-;2)% P (_% 27”5)

m 1 |x — X/|
= — 2 , 2.1
2mh? |x — x| P ( h mf) (2.18)

Substitution (2.18) into (2.17), to obtain

e—2|x—x’|\/2m§/ﬁ

/d3x (x| A% |x) = (2:%2>2 /d?’x/dgx’ v(x) v(x') x—xf (2.19)

Finally substitution (2.19) into (2.16), to obtain the salled Schwinger inequality :

e—2|x—x’\\/2m§/h

N_¢ (Hy —v(x)) < <2:;7j2)2/d3x/dgx’ v(x) v(x') (2.20)

|x — x/|?

Recently an equality, that is, an exact functional expressioN_, (H,—v(x)) has been
derived (Manoukian and Limboonsong, 2006) not just an uppand as in (2.20).
We note that the integrand in (2.20) is positive, and the egptal factor is

bounded above by one. We first use Young’s inequality

<{/&xv@w}w{/&kmww}w
X {/d3x|h(x)\5}l/s. (2.21)

L/&g/&fﬂmmx—fw@v

Letp=2,s=2,¢=1and

f(x) =v(x), (2.22a)

o 2/x—x/| VImE/h
(2.22D)

glx —x') =

)

|x — x'|?
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h(x') =v(x’) (2.22c)

substitute the values for, s, ¢, in (2.21), to obtain

o 2lx—x![\/BmE /I
/dSX/dgx' v(x) v(x')

|x — x/|?

“(Jomer)” ([
(frsiisr)

- (Jesteoor) ([ meresr)
(/o)

< (foxr) x5 @23

For the second term on the right-hand side of (2.23) we have

e72|x|\/2m§/h

)

[x|*

e*2‘X‘\/2mE/h

[x[?

5 672|x\ 2mé/h 5 e 2z 2mé/h
ot e

00 T 21 e72x\/m/h
:/ x2dx/ sin ¢ d@/ dp ———
0 0 0 x

=47 /OO dz e—2x\/2m£/h
0

4mh
= S (2.24)
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which upon substituting (2.24) into (2.23), to obtain

/ dPx / d3x’v(x)e_2|:/|:,2?m o(x) < <48L7:£) ( / dPx [v(x)]2> (2.25)
and substituting (2.25) into (2.20), gives
N_¢ (Ho — v(x)) < (#)2 (%) ( / i [v<x>]2)
_ (2%)3/2%% / dx (v(x))?

m

Noeti—o6) < (55) =z [ @ 0oy (2.26)

wherev(x) > 0.

For ¢ such that

- (%)3/2 %z/d‘r‘x (v(x))?

£ = (%)3 % (/ &x (v(x))2>2. (2.27)
To obtainN_¢ (H, — v(x)) < 1 we choose such that
e= (1) 15 ( [ <v<x>>2)2 (2.28)
for any$ > 0, however small, or
o= () TS ([ [v<x>}2)2 (2.29

so thatN_¢(p?/2m — v(x)) < 1, which implies thatV_¢(p?/2m — v(x)) = 0, and
the right-hand side of (2.29) provides a lower bound to treespm of[p? /2m — v(x)]

since its spectrum would then be empty for energies lessualég—¢. That is, (2.29)
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gives the following lower bound for the ground-state enexfjthe Hamiltonian,

For a one patrticle system, we may then obtain a lower bounkirietic energy

T, as follows. First we consider the one particle state whfictix p(x) = 1, where

p(x) = |¥(x)[> and¥(x) is the wavefunction, and define the positive function

olx) — P (x)
(x) T (2.31)

d3x petl(x)

wherea, v are to be determined andx) is not the potential energy for any Hamilto-
nian. Itis just introduced in order to be able to obtain a Iol@und for7". Substituting

(2.31) into(V |H,y — v(x)| ¥), to obtain

Qe

and in reference to the bound in (2.30), we obtain

<qf ‘% ~ o(x) qf> > (%)3 “:2‘” (/d3x [v(x)]2>2. (2.33)

From (2.32) and (2.33), we obtain

\11> = —(y-1T (2.32)

() 2 ([ (i) )

_ ( m )3 (1 +5)’Y4T4 J &x p**(x)

2n2 2 (J d3x pa+1(x))4

m >3 (1+8) g (J d*x p*(x)) (2.34)

G -DT<(55) (i)
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To determiney, we consider the right-hand side of inequality (2.34). Tggests to

choos€a = o + 1, giving o = 1. So the inequality (2.34) will become

m\3 (1+0) 4rpa 1
2h2> 2 (fd3x,02(x))2

o () (o)

o 1/3 72/3 2 2/3
T > (774 1) (11:_ )13 (2%1) </ d’x PQ(X)> . (2.35)

Optimizing (2.35) overy, to obtain

(W—UT<<

™

WV

dvy—1
dy-1_,
dy o1
3 4
it =Y
4
==, (2.36)

Substitutey from (2.37) into (2.35), to obtain for the expectation vabfeghe kinetic

energy’ for one particle system
' <%(%_>41 ) 1/3 g (o) (f p2<x>>2/3
“wrssar () (/ P)
o ()" () (o)

3 ™23 [ 12 R
T >m (5) (%> (/ d*x p (X)> . (2.37)

From (2.37), we rewrite the expectation value of the kinetiergyT” (for one particle
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systems), whose the particle number density is denojg) in compact form

T >B 2 d*x p*(x) . (2.38)
(Qm) (/ )

where

B :ﬁ (g)% (2.39)

For multi-particle systems, we considaridentical fermions, each of mass

and introduce the particle number density in three dimerssio

p(x) =N Z /d3X2...d3XN | W (%071, X209, ...,XNUN)]2 (2.40)
[0 T oON
whereoy, ..., on specify spin projection values eagh= (2s + 1) values for a particle

of spins.

The total number of particlé/ is obtained from the normalization condition

/ d*xp(x) =N (2.41)

and the wavefunction® (xo;, x50, ..., Xyoy ) are assumed to satisfy the appropriate
statistics which in this case are anti-symmetric in the exge of any two particles
which amounts into the interchange of the position-spielialy : (x;0,) < (x;0;).

In reference to (2.31), with = 4/3, « = 1, and the positive function(x)

4 p(x)
v(x) = gfd?’x ) T (2.42)
where
N o2
T = <\1/ 2% qf> (2.43)
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It is easily verified that

<\p

N
where)" v(x;) = v(x) andv(x) is not the potential energy for any Hamiltonian. It is
=1

Z v(x;)

\11> — %T (2.44)

just introduced in order to be able to obtain the expectatane of the kinetic energy
T (for N identical fermions) in three dimensions.

We consider the operator

Z {2}); - v(xi)} (2.45)

=1

defining a hypothetical Hamiltonian d¥ non-interacting fermions which, however,
interact with the external “potentiat’(x).

From (2.43) and (2.44), we have

<q,

To derive a lower bound to the lower end of the spectrum of themiltonian”

i=1

\11> =— %T. (2.46)

(operator) in (2.45), we note that, allowing for multipticeand spin degeneracy, we can
put the N fermions in the lowest energy of levels of the “Hamiltoniamtonformity
with Pauli’s exclusion principle, itV number of such levels. IV is larger than this
number of levels, the remaining free fermions may be chosdrave arbitrary small
(— 0) kinetic energies, and be infinitely separated, to definedivest energy of the
Hamiltonian in (2.45). That s, in all cases, the Hamiltan{d.45) is bounded below by
the spin multiplicity(2s + 1) = ¢ times the ground-state energy in (2.30). From (2.33),

(for N identical fermions) we obtain

<\If qf> > ¢ (%)3 (1;‘25> (/d3x [v(x)]2>2. (2.47)

i=1
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Substitute (2.42), (2.46) into (2.47) and using the normagion condition/ d*x p(x) =

N, to obtain the expectation value of the kinetic en€rgffor /N identical fermions)

7> —q(g) (1:26) (/ T [U(X)]2>2
o) () T ey
gt () ([ <)

i (3 (o) ([ exrie0)

T >B; (f—m) ( [ p2<x>>2/3 (2.48)

where

1 3 T 2/3
Br=gm iy o () (2:49)

as a modification of the “Lieb-Thirring inequality for therkdgtic energy (forV identical

fermions)”.

2.3 Lower Bound for the Exact Ground-State Energy of Matter |
Consider a real function(x), wherex is a vector in 3-dimensions, we have

v(x) = / % v(k) > (2.50)



and

v(k) =/d3x v(x) e kX

21

(2.51)

and wechoosev (x) > 0 such thaw (0) < oo, and that its Fourier transform is real

andv (k) > 0 as well. Lety (x) be a real function, we have

b (x) = / % 3k

d3k Y ik-x;
0%5) = [ G k)¢
and the Fourier transform @f(x) is given by

30 = [ dx o0

Let Ay,..., Ax (k> 2) be real and positive numbers. We have

P’k ~ :
2y o

PPk~ ~
oy )

A19(x1) =A1/

Az¢(x2) :A2/

and

A1d(x1) + As (%) + ... + Apo(xy) = Z/w (x))

(2.52)

(2.53)

(2.54)

(2.55)
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Substitutep (x;) = [ -2k ¢(k) e into Zk:Ajgb(xj),to obtain

(2m)3
) =

ZAng X;) = / & (ZA elkx7>. (2.56)

Insert\/—_@ig into the right-hand side (2.56). Then we may write

ZA]gb / (dik ¢ (Z A/7( lan). (2.57)

Now we recall the Cauchy-Schwartz inequality

n 2 n n
(Zw) <) a1yl (2.58)
j=1 j=1 j=1

We square (2.57) and using the Cauchy-Schwartz inequaligs g

(Boew) -(J i 8 (o))

~ 2 2
Pk | oK) / Pk | e
< Aj/v(k)e™ ™ 2.59
/(2#)3 ’ﬁ(k) (27T)3 ; j ’U( )e ( )
2
Con3|derf on )3 ZA o(k)eki| on left-hand side of (2.59), to obtain
Pk | — I’
[ S m e
j=1

5 ) ()

k

S (o) ()



k

/ &’k ZA ZA o ik (xi—x;)

3
-3 / () o)

i,j=1

k
= Z AiAjU(X

i,j=1

whereA;, ..., Ay (k > 2) be real and positive numberik) >

d3k ~ ik-(x;—x;
v(x; — X;j) :/ ok (k) ek i)

Substitute (2.61) to the right-hand side of (2.59), to abtai

: : d3k ‘~k)
(;Ajas(xj)) <[ o 5w

We can rewrite (2.62) as

(ﬁ:Aﬂ(Xj))
= <ZA Au(

[k |30)|”
2m)3  wv(k)

‘ 2

ZAAU

i,j=1

2,7=1

For any real numbaet, b such that > 0, we have
(a—b)* >0
a’ —2ab + b* >0

a’® >2ab — b*

a?  2ab b
_ 2_ _
2b 7 2b 2b

23

(2.60)

(2.61)

(2.62)

(2.63)
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a? b
— >aq - = .
55 207 5 (2.64)
Define
k
a=) A (x;) (2.65)
j=1
o [ foof 056
(2m)? v(k) '
as to be used on the left-hand side of the inequality in (2164)latter leads to
2
> 476 (x;) 2
b (x ~
= >§:A‘¢<X'> _1/ 4Pk ’cb(k)’
2 ek o T 2 ) (2n)F o(k)
f(27r)3 3(k) 7=
li:A»A'v(x—x-) >zk}4¢(x-)—1/ I’k ’&k)’z (2.67)
QLA S Z L Ao | (2n)3 (k) '
i,7=1 j=1
Consider the left-hand side of the inequality in (2.67),
1 k k 1 k
5 ZAiAjU(Xi — Xj) :ZAiAjU(Xi — Xj) —+ §ZA2A]U(X1 — Xj)
ij=1 i<j i=j
k 1 k
:ZAZ‘AJ"U(XZ' - Xj) + 51](0)214?
1<J j=1
k 1 k 1 k
ZAiAjU(Xi — Xj) :§ZAZAJU(X1 - Xj) — 57}(0)214? (268)
i<j ij=1 j=1

Substitute (2.67) into (2.68), giving

k k 3
S AA(x - X)) >_§_;Aj¢<xj>—§ | G s - 504 @69)

1<J
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Let V(x) be real such that'(x) > v(x) , andp(x) real, and so far arbitrary,
000 = [ Expx) Vi =) (2.70)
We may also write
o) = [ Expl)Vix - x). (2.72)

Substituting (2.71) into (2.68), we have

: 3 [o(K)
St )35 o)< [ 5

i<j

k
~ Loy (2.72)
We note that with
H(x') = / d*x p(x) V(x — X) (2.73)

and with¢ (k) is the Fourier transform af(x’)

o(k) = /dgx’gb(x') e ikex! (2.74)

we may write

:/d3x’/d3xp(x)V(x—X') e ik (2.75)

and

= / d’y’ / Py p*(y) Vi(y —y') Y. (2.76)
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Sincep(x) andV (x — x') are real functions, that is(x) = p*(x) andV(x — x') =

V*(x — x'), from (2.75), we obtain

/dS l/dSXp X—X) —ik-x’
:/dSX’/dgxp(x) V¥ (x — x') e kX, (2.77)

Using the inverse Fourier transformsgk), 7*(k), V (k) andV*(k), we obtain

o0 = [ 52 a0 e @78)
0= [ G (2.79)
Vix—x') = / (;?;3 V (k) ek ) (2.80)
Vix —x) = / (021;1)‘3 V*(k) e (2.81)

which upon substituting (2.81) into (2.77) gives

3k/ 1./ / . /

/d3 ! / d*x p(x) / d om)? v (K') el () g —ikex
Pk ~ e el /

/ d3x’ / d*x p(x / 2m)? v (K') e~k x ik —k)x

3 3 e x| X i(k'—k)-x’
= [ &’xp(x) [ I°k'V*(K)e ——e : (2.82)

(27)?

For further analysis we use the integral representationhefdelta function in 3-

dimensions :

1 N
Pk — k) =—— / dPx ek (2.83)
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Flx—x)=

3 i(x—x')-k
5 / Pl e (2.84)

F(x') = / d*x F(x) 6% (x — x). (2.85)

Applying the integral representation of the delta functior3-dimensions into (2.79),

gives

p(k) = / d*x p(x) / K V*(K) e %> 53 (k" — k)
= / d*x p(x) V*(k) e kX, (2.86)

Substitute (2.78) and apply the integral representationhef delta function in 3-

dimensions into (2.86), to obtain

500 = [ dxplo) 7 (k) e

d3K’ G :
— 3 ~1,\ Ak x 77 —ik-x
_/dx/(zﬂ)gp(k)e V*(k)e
1 ~(1,0\ 7% d*x i(k/ —k)-x
:/dgk p(k)v (k)/m e(k k)

_ / S ) V* (k) (K — k)

o (k) =p(k) V* (k). (2.87)
Similarly we have

0 (k) = / dy’ / &y p(y) Vi(y =y e



3 d’k” ~s (11 —ik" -y 31/ 17 (1) oKy
= [ d’y (27T)3p(k)e de(k)e

o,
w
A
4
4N
—
o))
w
<
CD._‘.
7
=
<
<
Ko

28

(2.88)



and hence

@y

29

(2.89)

(2.90)

(2.91)

(2.92)
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which upon multiplying byp(k), gives

a(k)&*a{) _ 3/ 3 n L —ik-x’ 3 iky
50K —/dx/d xp(x)V(x—x")e /d yp(y)e (2.93)

and hence

/ &’k (k)" (k)
(2r)3 (k)

" Pxp(x) V(x —x) p(x). (2.94)

We now rewrite

/ &k o(k)F* (k)
(2m)3 (k)
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3/
)(/ d°x ei(k’—k”)~x'
(2m)?
dPk” ~
— d3 * k// ik -x
x| ST

« / Pk (k) 5 (K — K

=[xt [ SR T ey

d3k / d3k// k// k/l / d3X ei(k// —k)x
(2m)?
/ a

/ d3k 3k// k// k// 53<k” _ k)

\

R ) .99

From (2.94) and (2.95), we have

[ [expavie—x)on) = [ S5 o v @9

which upon substituting (2.90) and (2.96) into (2.72), give

% , 1 d3k V(k) i

i<j

+5/(;“§ 709 V()

_ %/d?’x’/d?’xp(x) V(x—x) p(x)




O34 (2.97)

k k
SinceV (x) > v(x) > 0, we obtaind A, A,V (x; — x;) > > A;Au(x; — x;), so that
i<j 1<j

(2.97) will become

& , 1 [ &Pk
ZAA Vi(xi —x;) /;Aj/d Xp(X)V(X—Xj)—i/ @) 1p(k)| 0

1<j




~5 [ o 00 | Sk - P

where, needless to say,d’k | p(k)[?> V (k) is real. Letv(x) = ¢*(1

A > 0, then the Fourier transform ofx) is
v(k) :/d3xv(x) ok

]

X

o i 2m 2(1 — g )
= / ;[‘de / sin 6 df / dsp w e—l|k||x| cos 0
0 0 0 xT

oo 2(1 _ A=Az m ) 27
”ﬁ(k) = / da Q?Q M / db sin @ efllk||x| cos / ng
0 0 0

T

2 -z
:/d3X€ (1 —€ )e—i|k\|x\cose

The ¢ integration is

2
/ dp =27
0

Thed integration is

s —1
/ sin @ dg e~ klkxlcosd — —/ du e Klzv 4 = cosh
0 1

— / du e—i|k|a:u
—1

!
ilk][x]

(k] _ oilkliel)

33

(2.98)

— e )/Ix],

(2.99)

(2.100)

(2.101)



Substitute (2.100) and (2.101) into (2.99), gives

1—e?) 1

ik||x| _ —ilk|]x]|
P A G

v(k) :271'62/ dz 2° (
0

> l—e) 1 .
:271'62/ dx LE2 ( € ) (el|k\x . efl|k|x)

0 x ilk|x

2me /°° : .
S dx (1 _ e—)\a:) el\k|ac _ e—l\k|x
i ( )

ome? [ [ ‘ . . .
L / dz (ke — eilkle _ oilkl=N)r | e(z|k|+A)x)1
LJ 0

2 [ foo 00 &
:2'71'6 / de ei|k|z . / da efi\k|w . / dx e(i\k|*>‘)x
ilk| | 0 0
0

0o .
e ilk|x

+ —
0 Z|k|

o

2 [ ilklz 0 (ilkl-Na

o k[ =

. o
e (i|k|+N)x

o k[ + A

2me

k] | k]

l
 2me? [ e™ 11 e 1 N 1
k| ik ik ik ikl — A dlk| — A ilk| + A

_27(62_600_1_1_600 N 1 N 1
k| Lilk| ik dk|] dlk| 4+ A ik =X k| 4+ A

ome? [ 1 Lt 2
k| Lik| =X dk| 4+ A K|

_2me? [ (alk| + A)(ilk]) + (ifk] — M) (ilk]) = 2(ifk| + M) (ilk| — A)}
ik | (il k| = A) (il k] 4 A) (il k[)

_271'62 i 202
k| [ (ik[? — ik A%)

_271'62 i 2)\2
k| [ (i]k]P —ik|A%) |

At \%e?

) = e ey

(2.102)
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To evaluate the Fourier transform of the Coulomb potentidlk) = ¢*/|x|,
the Fourier transform oV (x) is not defined ak = 0. However, if we work with the

Yukawa potential,

6267/\\x|

V,\ (X) =

A >0 (2.103)

]

the Fourier transform will be defined and we take the lithit— 0 to recover the
Coulomb potential. So that, to obtain the Fourier transfofnthe Coulomb poten-
tial, we have to seek the Fourier transformi§fx). To obtain, let, (k) is the Fourier

transform of Yukawa potential/; (x), we obtain

ux(k) —/dgx v(x) e kX

0o s 27 e—>\.7] )
:ez/ 3:2da:/ sin 0 dH/ dp —— e ilklzcos?
0 0 0 z

0o —\x ™ 2
(k) =¢? / da 22 & / d0 sin § eIkl coso / de. (2.104)
0 0 0

T

Reference (2.100)—(2.101), applying to (2.104), we obtain

00 -z
e 1 i i
Ta(k) =2m¢® | dza? (K — ikl
ua(k) =2me /0 T ilk|z (¢ <)
2me? [ ' i
_ d Az (Likle _ —ilk|z
T
2 00
:27re da (e(—)\+i\k|)$ _e—()\+i|k|)z)
ikk| Jo
2me?

_ : ¢ —Atilk|)x —(Atilk|)z
‘WJE&UO dz (e-MlkDe _ o=Otilka)
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2 [ a(=AHlkDz (@ o= (il (97

=- : + -
1|k| a—0o _—/\+1|k| 0 )\+1|k|

2 [ e(—AH[KDz [T (= (K] | ]

= : + :
i[k| a=oo | —A+ilk[],  A+ilk] o]

[o(-AHlkDa _ N e~ (A+ilkl)a _ q
o i|k| a—oo | —A4i]K| A +ilk|

ome? [o—a (ei|k|a<)\ +ilk|) — e—i|k|a(_)\ + 1|k’))
= —|k[2 — 22

—(A+ilk|) — (—)\+i\k|)}
—|k[2 = X2

2w [ —2ilK|
k| [k a2

4re?

(k> +A%)

Amre?

and is well defined fok = 0, i.e., for |k|*> = 0. In fact, it was in response to the
short range of nuclear forces that Yukawa introdugedror electromagnetism, where
the range is infinite) becomes zero and, (x) = %"x‘ reduces td/)_o(x) — ﬁ the

Coulomb potential. Thus, referring to (2.102), the Fourransform of the Coulomb

potential in3-dimensions is

2

~ . 4de
Vamo(k) = lim (TS

4re?
= 2.106
P (2109
From the Coulomb potential] (x) = ¢*/|x|, we obtain
62
V(x; —x;j) x| (2.107)

XZ'—X]'
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62

Vix—xj) =—— (2.108)
7 x = x
62
Vix—x)=——. (2.109)
|x — x|
Consider(0) when now we choose(x) = e2(1 — e /) /|x|, then
1 — e A
v(0) = lim (1= ™)
Ix|—0 x|
o~ (A"
=e? lim —(
|x|—0 _; ’X‘ n!
=e” ‘lilmo - —)\2]x| + = )\3|x\2 'A4yx\3 NP
v(0) =\ (2.110)

Substitute (2.102), (2.106), (2.107), (2.108), (2.109) &n110) into (2.98), to obtain
the bound & > 2)

k

ZeAAJ >ZQA/d3 p(x) /d3'/d3
% |X Xj\ |X x’\

1<J

2
4me?
2\ o 1 &Pk o [ Are?
=55 [ G 09T | S
j=1 Pt P

k
:Z€2Aj/d3 /d3 ’/d3 :
j=1 |X XJ| |X X‘

2)\ k
- YA - R (2.111)
j=1
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where
3 4mre? 9
1 d’k ., Tk 4re
RO = [ oo 10O | — e = 0
27 (2m) CREeoI
[ | 47re?

CkP(K+ X)) Ame?
A \2e? |k |?

1 [ &k .,
=3/t P ||z

- d’k Ame®([k|* + X%\ dme?]
=5 ] Gy P08 ( DY ) e
1 [ dk Ame® (k> + 2%\ dme?]
5/ Gy Gmp PUF ( PBE ) ral

d3k 5 4me?
=5 [ Gy 709 s

2me? d’k
2 | G 00

T | G700

2me? d’k Cikex s
= [ [ Exe e [ a0

2me? 3 3 d’k ik (x’ —x
Y /d xp(x)/d x',o(x')/(%r)ge (=)

R(k) = /d3X PP (x). (2.112)

Substituting (2.112) into (2.111), we obtain the bodhd> 2)

k

2 /
Z A4 >Z€2Aj/dgx S /dBX//dSX i
X, — X . X — X; X —X
| 1 = | 1 2 | /|

i<j
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2\ o 2me?
~ 52 AJQ-— e /d3X P (x) (2.113)

Jj=1

Eq.(2.113) is the general result of Coulomb potential.
For the Hamiltonian in (1.1), it is then straightforward &eu2.113) twice, once

for the repulsive potentials in (1.2), with;, A; = 1 andk — N, giving

> d3 X _ d3 1/d3
Z‘XZ—X]’ Z / x—x]] / X—X’|

1<J

_ 22(1) _ 27;6 /d3xp (x) (2.114)

and then again for the repulsive potentials in (1.3), With= Z;, A; = Z; andx; —
R, for k > 2, giving
k

e ZZ p(x)
> QZ d3 d3 1/d3
ZIR R;| ~ Z / IX— / IX—X’I

1<)

_ ANy __Q/dsxp( ) (2.115)

Upon substituting (2.114) and (2.115) into (1.1), we obtairthe Hamiltonian in (1.1)

the bound :

pz 3 p(x) 3.1 3
>
H Z +Z /d ] /d /d |X x/|

_62_>\i<1)_ 27T€2/d3Xp2(X)+zk:€2Z/d3X p<X)
2 j=1 A? j=1 ’ ‘X_Rj‘

62 3 3 ()(X) /)(X/) €2>\ i 2 27 62 3 2
JRE— / S — p—
2/dX/dX ‘ /’ B jélzj \2 /d Xp (X)
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ZZ |X (2.116)

i=1 j=1

k
With > Z, = N, k> 2and) (1) = N, (2.116) can be rewritten as

=1 i=1

N2 2 2 2
B p; 2me 3. 9 2me 5. o AN
=) 5" Tz /dxp(x)— 2 d°x p*(x) — 5
k N k
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/d3 '/d3 ;—X’ ZZ |X (2.117)

This gives the following bound fofl'| H | V) with & > 2

w11 > - 0 5 [ ) 0) - <W|J<N+ZZ§) )

2 p(x)
\If|Ze/ Ix X’]\IJ xp\zez/ _R||\If>

— (U / dx’ / dx BT f;‘)_psj/) W)

— (0| ZZ |X (2.118)

i=1 j=1

where
N p2
= (U ExaNh/A 2.11
(V12 50 17) (2.119)

For the fermionic case we considerV identical fermions, each of massand
introduce the particle number density in three dimension@i40) with total number
of particle N self consistently obtained from the normalization cormuditin (2.41). The
wavefunctionsV¥ (xo, x209, ..., Xyon) are assumed to satisfy the appropriate statis-
tics which in this case are anti-symmetric in the exchangangftwo particles which

amounts into the interchange of the position-spin labelifg,o;) < (x;0;) with the
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normalization condition

(VW) :/d3x,d3X2...d3xN U™ (X071, X209, ..., XnON ) U (X071, X209, ..., XNON)

n
= Z /d3x,d3X2...d3xN|\I/(X01,X202,...,XNUN)|2

Ol 0N

—1. (2.120)

To investigate the nature of the second term on the righttisate of (2.118), substitute
(2.40) into (2.118), to obtain

4mre?

o [ exe )

(V]

4 2
;S /dSX//d3X2...d3XN U*(x'01, X909, ..., XNON)

X (/ d3x ,02(X)) U(x'01, X009, ..., XNON)

_ Are? / PBx p(x). (2.121)

For the third term on the right-hand side of (2.118), subti{2.40) into (2.118),

to obtain
eZ)\ r 9 b 9
(V] -5 [N+ ;ZlZi W) =| N+ iEZIZZ- (VW)

k
=|N+> 77
=1

2 k k
(xp\% <N+ZZ§> O) =N+ 77 |. (2.122)

i=1 i=1
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For the fourth term on the right-hand side of (2.118), suwii(2.40) into
(2.118), to obtain

(V| Zezfdgxlxpi—xl |W)

N
2 3.,/ 13 3 Y
= E e /dx,dxz,...,de\I/ (x',x9,...,%Xp)
Jj=1

X (/d3X |Xp£X))(j|> U(x',Xg,...XN)
) i/ i [ ox

X Z /d3x2,.. L Pxy UK, X0, xp)|

.....

e / e / Py PO P(X)
N |x — x/|
x| dx
N/ X2/ |X X2|
3 3
N/d /d \X—XN]
/
262/013,(//013,{%
|x —x/|
/
= ¢ / dix’ / d&%. (2.123)
X —X

For the fifth term on the right-hand side of (2.118), sub#i{@.40) into (2.118),

to obtain

k
(V] Z€2Zj/d3x |Xp_(xlr){j| V)
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N

_ 2 3/ a3 3 Y

= E e /dx,dxg,...,de\Il (x',x2,...,%Xp)
—

2 p(x) /
(ZeZ/ ]x— j|> U(x', xg,...XyN)

_ Z 27, / (I){]\ (0| 0)

_ Z 'z, [ @ |X_( %) (2.124)

R,

For the sixth term on the right-hand side of (2.118), subitif2.40) into (2.118),

to obtain

/
<\I/|62/d3x’/d3x p(x) p(x') )
|x — x|
:/d3x",d3x2,...,dng\If*(x",XQ,...,xN)
/
X 62/d3X//d3Xm U(x" xg,...%XnN)
|x — x|
=[x [[ax B )
/
= ¢? / 4’ / d¥x %. (2.125)
X —X

For the seventh term on the right-hand side of (2.118), gubest(2.40) into
(2.118), to obtain

\II|ZZ| ||\I/

= /d3x, d*xy, ..., d3xy UH (X, X, . .., XN)
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I
-
[]=

—
o,
w
B
o,
w
.
9
[N
.
%

<
2

v

&
I
=

Zie* p(xn)
+...+ /d3x !
; v —Ry| N
: p(x)
— Z-ez/d3x—. (2.126)
Z ’ x — R

In reference to (2.123)—(2.126), we obtain

‘I’|Z /d3 ‘|x11 (U] e /d3 ’/d3 X—|xp> (2.127)

k
<\I/|262Zj/d3x |X _(X \1/|ZZ| | DY . (2.128)

In reference to (2.122)—(2.126), substitute them into4&)1to obtain the bound (for
k> 2)

9 k
(| H W) =T <\IJ|4“ / dx p*(x) | W) — <w|J<N+ZZE> ). (2.129)
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Optimizing (2.129) oven , we obtain

d

0=—
!

VIH[)

\3 :167rfd3xp2(x)
k
(N + ZZE)
=1
1/3
1 3 2
O =7 () (2.130)
(N + ZZE)
=1
which upon substituting (2.130) into (2.129), gives the aekably simple boundi >
2)
4re? e? b
>T7T 3 2 e 2
(WH|) >T — =5 /d xp*(x) = 5 <N+ ;Z>
N 2/3
(N + ZZZ?)
—T — Are? 3. 2 i=1
i /d xp(x) 167 [ d*x p?(x)
1/3

e : 2 ™ [ dPPx p*(x)
-5 <N+ZZZ,> 1EN+§;ZE)

1=

T1/302 k 2/3 1/3
=T — ( e + 21/37T1/362> N + ZZE (/ d*x p2(x)>
i=1
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) i 2/3 1/3
(U|H|V) >T — % mt/3 (N + ZZ}) (/ d*x p2(x)> : (2.131)

k
Fork = 1, theV, term,Va = Y Z:Z; %R, — R;| !, will be absent {2 = 0)
i<j
in the expression fof{ in (1.1) and we can rewrite the Coulomb potential between

electron and proton interactigh = 1), ZZ Z1e*|x; — Ry| 7Y, as

i=1j=

o~ Ne 2.132
Zzyx R1| ;yxj—m‘ (2.132)

=1 j=1

k
Substitute (2.132) into (2.117), and [t Z,Z, ¢*|R; — R;|~! = 0, to obtain for the

1<j

d3 X __/dS //d3 :
X—X]| x—x|

Hamiltonian fork = 1 as

/ /d3 //d3
|x—x]| |x X’|
2 / 2

- /dgx,/d3xp(x)p(x) AN
2 |x — X/| 2

N o2 2 2 N 2
p; 2me 3. 9 e“AN Ne
— — d —
om A2 / xp(x) = —5 x, R
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(Z/d3 Ao [ [t x’|>
5o

(et o o)
+%2 / d3x’ / d&%. (2.133)

To obtain the bound,\W| H | V) for k = 1, we get

2)\N

2me?

(V| H W) 2T — (V] /d3xp2(X)!‘I’> (V] W)

N

e (Z/d3 o [t —xf|>”’>

(2.134)

where
N p2

i=1

For the second term on the right-hand side of (2.134), wemftam (2.121))

<x1/|27“‘” / dgpr(X)|\I/>:27;2€ / dx p*(x). (2.136)
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For the third term on the right-hand side of (2.134), we abtai

2)\N _62)\]\7 (2.137)

(W] S0 ) =

For the fourth term on the right-hand side of (2.134), we iobta

N Ne2 N
U ) =Y Ne? [ &3x,dPxy,...,d3
< |J21 |Xj _ Rl ’ > ]Zl € / X, X2, ) XN

1
X <X7 X9, XN) ‘Xj _ R’ (X7 X9, XN)

1 p(x)
o 2 3
_Ne/dxm—R|N

1 p(x2)
N 2 3
+ (& /d X9 ’X2 — Rl N

1 plxn)
...+ Ne&* | &
—+ + € / XN|XN — R| N

1
:Ne2/d3x|x “R| p(x)

Z — R| N€2/d3X|X _1 R| p(x). (2.138)

=1

For the fifth term on the right-hand side of (2.134), we ob{&iom (2.125))

(U] — /&’/& —ﬂ /&’/& . (2.139)

For the sixth term on the right-hand side of (2.134), we obfaom (2.127))

W'<th3m o /&'/& |XX,|>|x1/> (2.140)

which upon substituting (2.136), (2.137), (2.138), (2)12%d (2.140) into (2.134) we
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obtain

[ i [ apx P PX)
+5 /d /d T (2.141)

From (2.141), if we bound the positive terh [ d® x d°x'p(x)|x — x| ' p(x’) /2 below

by zero, we obtain

ome? 2\AN
(U H | W) >T — 7;26 /d3Xp2(x) - . —Ne2/d3x |Xp(_X%{|. (2.142)

Optimizing (2.142) oven, gives

d

0=+ (VIHY)
d d [2me? 3. 9 d [e*NA
n ﬁ(v /dX“X))—a( > )
d p(x)
— — [ Ne? [ &3
dA( / X|x—R|>
dre? [ o, 2N
\3 :87rfd3x p*(x)
N
3¢ 2 1/3
A:(Sﬂfd;p(x)> . (2.143)

Substitute (2.143) into (2.142), to obtain the remarkabiypde bound(k = 1)

= 2W62/dgxp2(x) (87rfdf”\>fcp2(x)>2/3

- eZN (w dj;cp?(x))”f’)_Nez / iy P()
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3
T _ 1/3N2/3 Y —NeQ/d?’x p(x)
x — R|
1/3
(U| H |¥) =T — 1/3N2/3 ( )
— Neé? / Px P (2.144)
x — R|

[From (2.131), itis of utmost importance that> 2, otherwise, from (2.144), the
V5, term will be absent in the expression farin (1.1), and there will be an additional
term—e*N [ d*x p(x)/|x — R| on the right-hand side of the inequality in (2.131), after
having omitted the positive terat? [ d*x d*x/p(x)[x — x'|"*p(x’)/2. The numerical
factor 3 would be also replaced by 3/2.] This suggests to Ule&er bound tdl” which
is some power of the integral of.

For k > 2, to obtain the lower bound for the ground-state energy aflentical

fermions, we use the inequality (2.48). Substitute (2.48) (2.131), to obtain

it > s (5)” (3) (f v)”
2/3

. k 1/3
_ %W (N + ;Zf) (/ d3xp2(x)) . (2.145)

In the above expression, let

A= (/ d3x p2(x)> . (2.146)

& 2/3
_ (N + sz) (2.148)
=1

and we sefl + §)/3 = 1 + ¢, for anye > 0.
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SubstituteA and B into (2.145), to obtain lower bound for the ground-state en-

ergy of N identical fermionsk > 2)

wHw) >5 (

1/3 me’ : 2 v
i=1

. & 4/3
(U|H|T) > —1.89¢"/ (%) (N + sz> (2.149)
i=1

whereq = 2s + 1 is the spin multiplicity, and we have takerarbitrarily small.



Forz,=..=27,=1,2<¢q < N, we have

(U|H|T) > — 1.89¢"/

4/3
7;‘—62) <N+ZZQ+ ZZ2> ,

1=q+1

me

=—1.89¢"* ( 55

[\

4/3
N+q+ Zz2> :

S
(]

k 2
Zz'

N

=q+1

3

(&
2

N

[\
St

>4/3

22 1/3 :
N1+ > N N 1+'Z
i=q+1 i=q+1

3

= —1.80¢"" ( 55

[\]
St

me

== 1890 { 25

(
()
o (1)
(5)
()

1=q+1 i=q+1

4/3
(U|H|¥) > —1.89¢"/3 (2h2> <N+ > ZQ> N.

1=q+1

ForZ,=..=2Z,=N/q¢,2<q< N,we have

a . k 4/3
(U|H|T) > —1.89¢"/3 (2h2) <N+ZZE+ > Zf)
4 N2 k 4/3
1891/3<2h2) N+—+ > 7
- 4/3
e\ [N [ q 7%
1/3 A Zid
~1.89¢ <2h2) p <N+1+.Z 7

1 [ L 72
1/3 7
— 189" <2h2) q (H.Z N?

53

o 1/3
N

N|N+ ZZ2> (N+ izf)l/g

(2.150)
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4/3
4 N2 4/3 N k
1/3 2
- () () (T X4

4/3 o 473
(V[H|V) > — 1.89¢"/ (27;) (ﬂ + > Zf) (N—> . (2.151)

ForZi=...=2,=N/q, Zys1=...= 2y =0,2< ¢ < N,

N

2/3
(U|H|T) > —1.89¢" (%2) N? <?) (2.152)

[ForZ, = ...=Z,= N/q,2 < ¢ < N, the N dependence on the right-hand side of
(2.150) isN®/3 /¢*/3. One may consider the situation of havipgeparate ions, each
in its ground-state with nuclear chargesZ, . . ., |e| Z, having each only one electron
and having separatelyV — ¢) “free” electrons with arbitrarily small kinetic energies
with all the NV entitities, i.e., they ions and thé N — ¢) “free” electrons being infinitely
separated from each other. This leads to an upper bounddgrtund-state energy of
such matter given by the well know expressier) Z?me* /212 (which incidently is

bounded above by Nme?*/2k? for >~ Z; = N). From this and (2.149), we conclude
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thatforZ, = ... =2, = N/q, Zyy1 = ... = Z; = 0, 2 < ¢ < N, the ground-
state energy for fermionic matter will grow not slower thav? and is obviously quite
relevant physically to thetability of matter. It leads to the conclusion that as more and
more matter is put together, thus increasing the numbef electrons, the numbérof
nuclei in such matter, as separate clusters, would nedgssarease and not arbitrarily
fuse together and their individual charges remadunded That is, asV — oo, then
stability implies that: — oo as well, and no nuclei may be found in matter that would

carry arbitrarily large portions of the total charge avaliéa

2.4 The Thomas-Fermi Atom in3D

The purpose of this section is to determine, as an estintasxicit expression
for the ground-state enerdy(~7) for multi-electron neutral atoms as a function of the
atomic numbetZ which will be used in sections 2.5, 2.6 to obtain another lobaind
for the exact ground-state energy.

The Hamiltonian of a neutral atom consisting felectrons and a nucleus of

chargeZ|e| is taken to be

Z 2 2 Z 2
p; Ze e
"o ( -z ) + = (2.153)
i=1

i<j J

wherer; = |x;|, andm is the mass of an electron.

In the Thomas-Fermi atom, the interaction that an electt@o@tx in an atom
experiences is described by an effective spherically symen@otentiall’ (x) = V(r),

|x| = r and the density of state is

n(x) = = /OO ar G (x7;%0) 7 (2.154)
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whereq = 2s + 1 = 2 is spin degeneracy or multiplicity and

G (x7;x'0) = / (2(:17:71;)3 expi {M - V(X)T] (2.155)

is the semi-classical expression for the Green functiow bdx = x’ to obtain

G (xT; 0)—/ d’p [P —V(x) (2.156)
x7;x0) = (2rh)? exp1 2mT x)7T| . .
Substitute (2.156) into (2.154), to obtain
_ g [* dr d’p . p’
n(x) T omi /_OO T —ie / (2mwh)3 P {57’ T om Vix)r (2.157)

which upon using the integral representation of the steptian

gives
p2 1 < dr ) p?
6 (5— Vx) - %> —on [ T ewi (5— Vix) - %> (2.159)
and
2
o (5 ~V(x) - ;’—m) —1 (2.160)

when0 < p < /2m(§ — V(x)).

By applying (2.160) on right-hand side of (2.157), we obtain
d3p p2
04 f s © (600 33)

q 2m(§-V) 9 O
== dp [ d
<27rh>3/0 P p/
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(2mh)3 3
_4g (2m(E -V (x)\Y?
- ( o ) (2.161)
where
/ " d0sin0 / " dop =4r. (2.162)
0 0

The parametef determines the boundary of TF atom definedkby xz. Since
the electron density(x) = 0 for |x| > |xp|. Referto (2.161), to note that fof(xz) =
0, andn(xp) = 0 at the boundary. We gét= 0. So that the density of electron in TF

atom @-dimensions) is

where
/ d*xn(x) = Z. (2.164)
For spin1/2,

n(x) = (2.165)

1 [—2mV(x) 3/2
32 h?
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where the spin degeneracy is

g=(2s+1) =2 (2.166)

For the sum of the kinetic energies of the electron3-timensiong7’[n]), we

have

> dr 0
3, _+ N (<t
Z/d X5 p—. {187 V(X):| Goor (xt;%0)

o — 00

:g/dg’x%m dr 12 — V(%) | Gyor (xt;x0)

o T —ie | OT

B s L[ dr [0 /d3p (P
—g/dx2m oo T — i€ 187 Vix )_ (27Th)3eXp : 2m+v<x) !

o0

1 o0 d/]‘ d3 p2 p2
_ 34 P’
_g/d X5~ = /(%h)3 5, &XP { <2m + V(x)) T} (2.167)

o0

{12 —V(x )} exp —i (% + V(x)) S A (p—2 + V(x)) 7 (2.168)

or 2m 2m

which upon using the integral representation of the steptian

9(§)=i./oo A7 ger (2.169)

2m ) _ T — i€

we obtain

2 ® dr 2
o (—g—m - V(x)) - /_OO . [i (—§—m - V(X)) r} (2.170)

and

5 (_P_2 - V(X)) 1 2.171)
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wheno < p < /—2mV (x).

Substitute (2.170) and (2.171) into (2.167), to obtain
d3p p2 p2
— 3 i _z
_Q/d X/(Qwh)?’ om @( om V(X)>
q d3 \/ —2mV (x) 1 ) p2 46
:(27rh)3/ X/O PP om
v/ —2mV (x) p2 T 27
dpr—/ d@sin@/ do
2m J, 0
47Tq —2mV
2m 27Th / /
_ dmq /d3x p_5 V/ —2mV(x)
2m(2mh)3 5

0
Iy PC i
2m(2mh)3 5

4mq 5 (—2mV (x))"/?
=—= | d°x
10m (27h)3

47 — %)\ %2
mi & (—2mV (x)) ((2;—;(2)) . (2.172)
We rewrite (2.163) as
2/3
—2mV (x) =4h? (%) [n(x)]*/* (2.173)

and

<_(2§:r—‘7;)(;())3/2 - <%)3/2 <??4—7;2> [n(x)] (2.174)
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which upon substituting (2.173) and (2.174) into the rightid side of (2.172), gives

T _9om x 3/2
in] :fo—i d*x (—2mV) (—(227%(2 >)
ﬂ

4 e\ % 1
:ﬁrﬁ (%) 37r2—/d3X n(x)]”?

16qh2 32 5/3
~10mm (4_q) / x o0l

Tln] =C, / dx [n(x)]"?

(2.175)
where
C :% (%)5/3. (2.176)
For spinl/2,
T[n] :% / dx [n(x)]”?. (2.177)

To obtain the ground-state enerdy(7), refer (2.153) and from electrostatics,

one may define the interaction of the electron-nucleus systeerms of the electron

density, and add to it the kinetic energy term. We then oliteéenergyfunctional '[»]



in 3-dimensions, dependent on the density), defined by

Filn]

- 107m2m

2

2

Minimize (2.178), to obtain

16gh2 372
4q

)5/3 [ o -

+ & [Pxdx n(x)

0=

dF[n]
on(x)

1072m \ 4q 3) M)
7Ze?

1
2 3/ /
S d
] +e/ X|x—x’|n(x)

Bg (?;iq)/ GO

3m2m

1
2 3./ /
e d
X e f X ] ")

8gh2 371'2 3772 2/3 [n(x)]2/3
3m2m 4q 4q

7 e? 1

Ze 62/d3X’ g n(x")

H
o (34%)/ (o)

m

o Z_€2+62/d3xl 1
x| |x — x|

() o

n(x")

4R?

2m

61

(2.178)
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x| x — /|
4R 372\ %? ) Ze? 1
G B B 27 L2 | 3% . 2.179

From (2.173), we can rewrite

4h2 37‘(’2 2/3 2/
V(x)=— o (4_2) [n(x)]*?. (2.180)

which upon substituting (2.180) into the left-hand side2i79), gives

| |x — x|
Ze? x| 1

P 1 i} d3 / /
175 et o)
VA 2

- 2% px) (2.181)
x|

where
F(x)=1- |£|/d3xl ! n(x’) (2.182)
Z |x — x|

From (2.163), the density of electron3adimensions

nix) =4 —2mV<x'>)3/2
( >—3W2( o (2.183)

where

/dSX' n(x')=2 (2.184)
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and
0o ™ 2
/d3 ’:/ dr’ 7"2/ d@sim?/ do. (2.185)
0 0 0
For the subsequent formulae we use the notation
x| =r. (2.186)

Referring to (2.181), the effective potential in terms of thmensionless func-

tion f(r) is
V(r)=—— F(r). (2.187)

To obtain the electron density in term ¢(r), substitute (2.187) into (2.163), to

obtain
n(r) 3%2 (4(7;;&)/2(7«))3/2
:% ((2252)3/2 ZTeZ F(r): v (2.188)
and
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37T2

4q < m )3/2 _Z€2 q93/2

4 9 3/2 1 7.2 43/2
:3_22 <#) “Fe)| . (2.189)
m

By using (2.185), we rewrite (2.182) as

27 1
—1——/ dr’ ’2/ dz?sinﬁ/ do n(r’).
0 (r2 4 r'2 — 2rr’ cos 19)1/2 )
(2.190)

Substitute (2.189) into the right-hand side of (2.190), ttam

om \*/? [ Ze? 3/2
_1 o /12 = F /
/ dr'r (37r2 ((2h)2> [ ” (r )}
us 27 1
X / dﬁsinﬁ/ do 7
0 0 (r2 412 — 211 cos )"/
(YN (2m 3/2/ a2 [ 22 e
3n2 ) Z \ (2h)* 0 7!

™ 27 1
X dﬂsim?/ d ‘ 2191
</0 0 ¢(T2 + 72 — 21’ cos 19)1/2> ( )

Now we use the expansion (Gandshteyn and Ryzhik, 2000, p.980.

T L0 2192

where the polynomial€’”(¢) are generalizations of the Legendre polynomials.

Accordingly, we may expanfk — x'| 7", as

1 1

x—x/|" (12 + 12 — 2rr! cos 19]”/2
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1
2
e [1 + (:—i) -2 <:—§) 00519}
1 1

& [1 + <:—§>2 -2 (f) cos 19} "
20 (7)

v/2

1 & "
=— 3" v (cos ) (E) (2.193)
T; n=0 r>
where
t = cos?. (2.194)

For |x — x'|~!, letrv = 1, we obtain

1 n
P~ —r—ZCW cos V) (r ) (2.195)
- >

substitute (2.195) into (2.191), to obtain

4q om \** [ Ze? G
F :1 - P2 | 2 F /

n=-() 2z (Gg) [ o5
x Wdﬁsinﬁ/ CY2(cos o) <T—<>

(/0 7“> nZO rs
4 9 3/2 oo 2 3/2

o ()3 [l

3m2 ) Z \ (2h) 0 r!

X Wdﬁsinﬁ/ 01/2 cos ) (r_<>

</0 7”> ; r>
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where

T 27 0 n
H() = / 49 sin ¥ / dqﬁiZc;/?(cosﬁ) (T—<) . (2.197)
0 0 >0

r>

The expression foff (¢#) now may reduced as follows:

H(9) Z/dQ%iC}/Q(COSﬁ) <:—j>n

n=0

T 2T 1 e r n
= [ dv (sin? / dp— >  C?(cos? <—<>
| o ina) | b2 (eos) (5

™ 1 o0 r n
=27 [ d¥ (sin?d)— Y CY?(cos (—<>
|0 sing) = 3 i (cos)

r
n=0 >

1 O
=27 — (T—<) / dv 001/2(005 ) (sin )
r> \T"> 0

1\ [T 1/2 .
+2wgr> (r>> /O A CY/2(cos ) (sind) . (2.198)

We now use integrals the combination of Gegenbauer polyalsi@f and some

elementary functions (Gandshteyn and Ryzhik, 2000, p.791.)

m _ 0, (n=1,2,3,...)
/ O (cos 9) (sin 9) 2 dd) = (2.199)
0 2727l (2 + 1) [[(1+v)] %, (n=0).

In (2.199), letr = 1/2 to obtain



a2 [g1/2772
= 7

where

Substitute (2.200) into (2.196), to obtain
_ 4_2 rof2m v /oo dr' -
3n2 ) Z \ (2n)? 0 I
4 3/2 o0
T = _2m2 / dr' r? | Y———=
3r2 ) Z \ (2h) 0 I

F(r)

We set
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(2.200)

(2.201a)

(2.201b)

3/2
] . (2.202)

(2.203a)
(2.203Db)
(2.203c)

(2.203d)
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By applying (2.203) on the both-sides of (2.202), we obtain

- () 3) e 22

St (ML) (2 )T [T [ ST
a3/2 372 (2h)2 ; o -
32 poo 3/2
g (FTLY (2me? / x/ 2 ) /
372 32 . . por

o0 2 N 73/2
- :U/ L {M} (2.204)

T~ x!

~

where

3 h2 3/2 1
=15 : 2.205
' <2ﬂ) (Qmez) Z1/2 (2.205)

From (2.205), we have

AN IR 1
o <Q_Q) (Qme2> Z13 0'8853%%- (2.2006)

anda is the Bohr radiugi® /me?.
Use (2.203), in (2.187), to write the effective potentiaterm of the dimension-

less functionf(x)
Vie) ===~ (2.207)

Use (2.203), in (2.188) to obtain the electron density imtef f(x)
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)= = (2 ()T ()T o

and

o]
() (5

n(r) — n(z) :6% (27;;62)3/2 (5)3/2 (M)m. (2.209)

a !

We may also express the kinetic energy of the electronsim térf (z). Substi-

tute (2.176), (2.185), (2.186) and (2.208) into (2.175pkeain

Tln] = / dx [n(x)]?

] g 2m
201/ dr 7 [n(r)]5/3/ d@sin@/ d¢
0 0 0

=C, /0 T i [n(r)]>/?
—47Cha /0 T (az)? [n(z))*?

:47TC’1a3/ dx 2? [n(x)]5/3
0
0o 3/2 3/2 3/27°/3
B 5 , | 4 (2me? Z (7)
_47T01a /0 dz x [@ ( h2 ) (E T
5/3
q (2me? o2 5/2 1/2 = o [ f(x) o2




where

16gh? (372\"?*| | ¢ [2me?\*"? i
=4 = - =
Cr =dn 107r2m(4g) 6%2( h? )
16gh% 372\ / q \3/3 | (2me?\ 0
o ()" ()
7T107r2m<4g> 62 ( h2 )
32 [ 5/3< q )5/3 2me?\ */?
~ 5mm \4g 272 h?
Qh2 2m62 5/2
:57rm( h? )
2262 2me? 3/2
b h?

o A (2meN
5 h?2

T
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(2.210)

(2.211)

From (2.178), we obtain for the electron-nucleus inteaacpart, the expression

e 1 s 2m
—Ze2/d3xin(x) =— Ze2/ drr? = n(r) / d@sin@/ do
x| 0 r 0 0

3 0 1
:—47TZ62a—/ dz 2% = n(x)
a Jo x

=— 47TZ626L2/ dz zn(z)
0

which upon substituting (2.208) into the right-hand sid¢20212), gives

g 2m€2 3/2 7 3/2
672 \ h2 a

1
—~Ze? / d*x M n(x) = — dnZe*a’
X

(2.212)
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></ dx x [@]

0 T

B 47TZ62a2g 2m62 3/2 7 3/2
T 672 h? a

></oodgvM

21/2

3/2 0o
_ 2qe” (2m€2) / Zs/2a1/2/ Ao [f(if)]gﬂ
0

3r h?2 xl/?
e / Px ﬁ n(x) = — Cpo 2212 /0 Tl f?/]j/ ’ (2.213)
where
Ce :25—5 (27;;2;/2. (2.214)

For the electron-electron interaction part, we have frorhi’{8) and by using, in

the process (2.186)

1
|x — x|

2
%/d3xd3X'n(x) n(x’)

=5 [ dxntx o)

2 [e%¢)

T 2m
_— dr r? n(’r’)/ desinﬁ/ d¢ g(x)
2 Jo 0 0
62 0o T 27
=5 a3/ dax 2? n(:v)/ dQSiHQ/ d¢ g(x') (2.215)
0 0 0

where

g(x') :/d3x' ! 7 n(x’). (2.216)
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Substitute (2.195) and (2.200) into (2.216), to obtain
[e%e] 1 oo r n
r') = dr’ r? /dQ— C}L/Q cos ) (—<) n(r’
o) = [ Do eon) (1) )
= dr’ 12 / dQ— C2(cos ) ( )
/0 ( ) r> ; ) (S

201/2 (cos 1) ( )
ar

3 n
= dz' L 27 n(z /dQ CL2(cos ) < )
/0 a T> Zo ) T>

—g? /O da’ 22 n(a') H(9)

4
:a2/ da’ 2" (x)—w
0

g(a") :/000 dr’" a (ax")?* n(z") /ng

x>

12

—4ra? / de’ T n(2) (2.217)
0

T

where

dQ C2(cos ) ( ) . 2.218
/ CL’>HZO T> ( )

The expansion of (V) is

H() = /d9$> Z CY2(cos ) (x>>n

T 2T 1 e T n
= [ dd(sin? / dop— CL2(cos ¥ <—<>
| g [ o 3 e (1

o0

=2 [ dv (sinv)— C2(cos ) (—<)
[0 sing) =3 i eoso) (£

n=0



/ do CH/2(cos¥) (sin ) .

0

To obtain the left-hand side of (2.219), by using (2.199)hwit =

applying to the left-hand side of (2.219), we obtain

T> \T>

0 pr
H(9) :27ri <x_<) / Col/z(cos J) (sinv) dv + 0
0

:gﬁxi 27 17(2) [['(3/2)] >

a2 [rl/2772
=[]

A7

T

where

r(2) =1,

Tl/2
0(3/2) =5

Substitute (2.220) into (2.217), we obtain
g(2") :aQ/ da’ 2™ n(2") H(V)
0
> 4
:a2/ da’ 2 n(a) il
0 T>
12

:47m2/ da’ - n(z")
0

T

73

(2.219)

1/2 and

(2.220)

(2.221a)

(2.221b)

(2.222)
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which upon substituting (2.209) into the right-hand sid¢20217), gives

2

g(z") :47ra2/ dx’x—n(:c’)
0

T>
it [ (YT () (1)
0 x> 612\ h? a x
3/2 .
:47ri 2me?\ */ Z3/2a1/2/ dxli’f_a f(z') o
6m2 \  h? 0 T x

2 /2me\ V2 0o 2 "y 3/2
_20 (2meNTE gy e [T 2P (FE)NTT (2.223)
3\ h? 0 '

T>

Finally substitute (2.208), (2.209) and (2.223) into (%210 obtain

1
)

o2
§/d3xd3x'n(x)

|x

2 oo ™ 27
=2 4 / dz 2° n(x) / dfsin 6 / d¢ g(x')
2 0 0 0

2

:%a347r/ dz 2% n(z) g(x')
0

=2me’a’ / dr 2* n(z) g(x')
0

T h?

X (/Ooodx:ﬁn(x)/ooodx,i_’j (%)3/3

:4g62 2me?\ ¥/ (i) 2me?\ ¥/ Z 3/2Z3/2a7/2
3 h? 672 h? a

3/2
:271'62£ <—2m62 ) Z32q3q1/?
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0o 3/2 poo / NN 3/2
:CEZ?’aQ/O da 22 (%) /0 dx’i—j (ff)) (2.224)

where

2q2€2 2m€2 3
oo (2) (2 229

Adding the contributions, (2.210), (2.213) and (2.224) tfe energy functional

(2.178), we obtain for the ground-state enefgy? ) the explicit expression :

16gh* (372" 1
E(Z) 02 ( 4Q) / x [n(x)] e X|X| n(x)

2
1
+ % d*x d*x’ n(x)

(x)

n
[x — x|

:CTZ5/2a1/2 /OO dr [f(x)]S/z — Oy 75/2,1/2 /OO de [f(x)]g/2
0

z1/2

oo 3/2 oo 2 n73/2
+ 0,732 / da 22 {@} / da’ T [f (”C)] . (2.226)
0 0

x T~ x

To evaluate the above, first we have to find the differentialb#ign satisfied by

f(x). From (2.204), we can rewrite as

fla) =1 —;[,=/0°°d9€/:v_’2 [f(g;/) r/z

T>

T 2 N 13/2 00 2 N 13/2
0 x T’ - ! i
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‘ / / / > / ' o
= —/0 dx [f(x)]3/2:1:'1/2—:c/x dx[f(xT)/]z' (2.227)
satisfying the boundary condition (B.C.)
f(0)=1. (2.228)

By using B.C. in (2.228)and (2.203), Applying to (2.187), weaibtthe later boundary

condition corresponding to
V(r) ~ —— (2.229)

forr — 0.

By differentiating with respect te on the both-sides of (2.227), we obtain

z 0o N13/2
—— = [P e - et [T el

dx /, x

/1/2

00 nN13/2
. / PG (2.230)

Consider the differentiation of definite integral with resp® a parameter

d ‘ / N

@, dz’ g(2) =g(x), (2.231a)
d b

e dz' g(z") = — g(x). (2.231b)

By applying (2.231) to the right-hand side of (2.35), we have

d d r* A d [~ [f@ 3/2
i@ =5 [Car e - [T arfS
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/2
(e%e] / 3/2
=~ @] 22 + [f@)] /2 - / wr L
) 1\13/2
:_/ d:ﬂ%. (2.232)
- x

By differentiating with respect to again on the both-sides of (2.232), we obtain

2 00 Z 3/2
it =2 [T (2.239)

da2 x/1/2

By applying (2.231) to the right-hand side of (2.233) and fitbkmappropriate B.C., we

have

d? @) _

From the normalization condition (2.164) and (2.208), weeha

Z :/d3xn(x)

oo ™ 27
:a3/ dx 2* n(x)/ dQSin@/ do

0 0 0
:47m3/ dr 7% n(x)

0
Amatq (2me? KA /°° o (F@)\*?
= — — dex® | —=
672 h? a 0 x

2\ 3/2 o0 /
_ (Qme ) (Za)3/2/0 da:x[f(mg 2. (2.235)

“3r \ A2 12

which upon substituting (2.206) and (2.234) into the rightid side of (2.235), we
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obtain
3/2
24732 [9me2\*2 [ /3:\?3 [/ B2 . -
Z == o — | == i d "
sm ( h? ) (2Q> <2m62> Z1/3 xBILnOO o zxf(z)
TB
=7 lim dex f"(x). (2.236)

zp—o0 [g

From (2.236) and with B.C, we obtain

B

1= lim de xf"(x)

xrB—00 0

B

= lim zd(f'(x))

zp—0 o

T p—00

— tim_ e @ = [ s

= lim [af' ()" — f(2)[2*]

T B—00

= lim [(zpf'(z5) —0) — (f(zp) — F(0))]

rp—00

= lim [zpf'(zp — (f(zp)+1)]

T p—00

rp—00

From (2.237) we obtain that

lim zgpf'(zg) =0, (2.238a)

rp—00

lim f(xp)=0. (2.238Db)

TR—00



To find the asymptotic behavior far — oo, we set

and substitute (x) into left-hand side of (2.234), to obtain

d2 _ —a—2
/(@) = = fa(—a 1)

= (Ba® + Ba) z7*72

and then substitutg(x) into right-hand side of (2.234), to obtain

F@ g o)

/2 x1/2

:63/21:(_3&_1)/2'
Substitute (2.240) and (2.241) into (2.234), to obtain tiga¢ion
(6052 +ﬁ0[) x—a—Z :ﬁ3/2$(_3a_1)/2.

From (2.242), this gives

and

(Ba® + Ba) =3/

B2 =12

79

(2.239)

(2.240)

(2.241)

(2.242)

(2.243)
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3 =144 (2.244)

Substitutex and/ into (2.239) to derive

(2.245)

for x — oo.
EqQ.(2.238) and (2.245) shows that f(x) vanishes at infinity thatr = oo, then

also implies thayf’(x) — 0 for x — oo. Accordingly, from (2.234), we can rewrite

. LY13/2
Filoo) =70 = [ ar L]
f,(o):_/wdxﬁﬁ_)/]jﬂ <0 (2.246)

i.e., itis negative.
Actually the functionf(z) vanishes only at infinity. This is easily seen by inte-
grating the differential equation (2.234), overbetween two points; < z», to obtain

2 11372
f(x2) — f(x1) :/ dx [fil—)/l (2.247)

and hence conclude that wif(0) < 0, that
FO)< - < flla) < - < flmg) < -+ <0 (2.248)

for0 < --- <z < -+ <1y < --- < o0. Thatis, f(x), starting atf(0) = 1, is
monotonically non-increasing, approaching zeraifer oo. The functionf(z) cannot
vanish for finitex and then increase again as this will be in contradiction (tR48).

Also note that the differential equation (2.234) implieatth

f"(x) —— 0. (2.249)

T—00
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The function f(x) and its derivativef’(z) may be then determined numeri-
cally from the differential equation in (2.234) with the baary conditionsf(0) = 1,
f(z) — 0forx — oo. In particular (Kobayashi, Matsukuma, Nagai and Umeda5),95

f(0) = — 1.58807 . For the integral in (2.246), we have numerically

- 3/2
/ A EAC) £1(0) = 1.58807. (2.250)
0

71/2

By using (2.226), (2.247) and (2.250), we can compute thergratate energy. (7).
For the kinetic energy term, the first term on the right-haide of (2.226), by
using (2.206), (2.211) and (2.247), we obtain

T[n] :C’TZ5/2a1/2 /OO dr [f(x)]sﬂ

. 2172
2

g (BTN R 2 L @

g 2q 2me? ) Z1/3 0 xl/2
g (37 (N /°° L @

g 2q 2me? 0 zl/?
200 (2N 3\ N [ [f ()"
57 h? 2q 2me? 0 xl/2

20\ 2/3 4 ) 5/2
Q[ e

To obtain above, consider the integral term on the righdhade of (2.251), and set

u=[f(z)"?, (2.252a)
dv =2d (z'?) = 27'?du, (2.252b)

v =22, (2.252c)
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By using the appropriate B.C and applying (2.252) to the iratiigrm on the right-hand
side of (2.251), we obtain

= ) = 5/2
/0 ar (331)/]2 =2 /0 d (2'2) [f(2)]”

- [ a(ere) )

=2 lim (og” [f(2p)]"* - 0) - 2 /0“’ a ([f@)P?) a2

=2 lim {xl/Q [f ()]

TB—00

TR—00

_ 2/000 d ([f(x)]5/2> 21?2
=5 [ da (f@" fla) (2.253)

where (from (2.238) and (2.245))

2 lim_ vy [f(ze)]”? =0 (2.254)
and
24 ([f@)P?) =5da [f@)]** f'(2) 22, (2.255)
Accordingly,
[TalOT s [ e o T
—_5 /Ooo dr [fg)/fﬂ fl(x)z

__ §/0°Od @) « (2.256)
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where
de (@) £'(@) =3 d1f (@) (2.257)
Now let
u =z, (2.258a)
dv =d [f'(z)]?, (2.258b)
v=[f(z)] (2.258c)

which upon applying to the right-hand side of (2.195), gives

/Ooodx[fii—)/fm:—g/omd[f’(x)]z x

:—/ dz [f'(2)]°. (2.259)
2 Jo
Again consider the left-hand side of (2.259) and note that

/OoodxM:/ooodfo(x)

2172 2172
:/000 dz f"(x) f(2). (2.260)

With the notations

u=f(z), (2.261a)
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dv =d [f'(z)], (2.261b)
v=f"(x) (2.261c)

as applied to the right-hand side of (2.260), we obtain

[T a O [ e ) s
- [Talre) s
= m_f@) 7@l - [ alf@) £
- i [f(en) S'en) — 10 1O - [ ao ()

—— 1O~ [ @, (2.262)

From (2.259), we can rewrite as

00 00 T 5/2
/O dz [f'(z)]” :%/0 dx[f;l—)/]z (2.263)

which upon substituting (2.263) into the right-hand sid¢2262), we obtain

%) T 5/2 00
[ a0 o= [ as s
00 ” 5/2
—ro-2 [Ta

o 5/2
/0 dw Vg—)/]Q = gf’(()). (2.264)

Finally, substitute (2.264) into the right-hand side oR@&l), to obtain for the kinetic
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energy term
3\ /2¢\?? [ 2me? s [ [f ()]
= (5) ) )7 o

2/3
OIE N BT

For the electron-nucleus interaction part, the second terthe right-hand side

of (2.226) we obtain, by using (2.206), (2.213), (2.214) éna47),

1
Ez.=— Zez/d?’x — n(x)

|

0o 3/2
_ CZEZ5/2CL1/2/ da [f ()]

0 x1/2

=C. 72 f(0)

1/2
3r\*% [ B2 1
_ 5/2 il oy /
=Cze2 ((2(]) <2m62) Z1/3) 110)

1/3 1/2
:OZe (S_W) ( h2 ) Z7/3f/<0)

2q 2me?
:QQGQ 2m€2 3/2 3_7T 1/3 hg 1/2 Z7/3f/<0)
37 h? 2q 2me?

_ 2%62 2m€2 3_7T 1/3 Z7/3f/(0>
N 37 h? 2q

) 2/3 4
Ey. = (%) (2;’;; ) 7273 £(0). (2.266)

Finally, for the electron-electron interaction part, thed term on the right-hand
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side of (2.226) we obtain, by using (2.206), (2.213), (2)2d (2.247),

0 3/2 oo 32
Boo(Z) =C. 2% / do o {f_f‘f)] / L {f@)}
0 0

T s |

00 3/2 T n3/2
/ dr 22t {f(w)] /dx, 2 lf :c)]
0 T | x 0 T

=C.Z3a>

=C.73a*

0o oo n13/2
+/0 da 22 [f(x)]3/2/ da’ [f(jl)/]Q ] (2.267)

The obtain an explicit analytical expression for the follogvintegral, consider

the first term on the right-hand side of (2.267) :

/000 da [fgfl)/];ﬂ /fix/ 2V [£(2)]?

0

[ g, B@P )]
) )

21/2 2'1/2

Y G {C)) i
_/0 dz 1) /dexf(x)

- /0 e () / a2 ()

0

_ / " e () / Al )] @

_ /OOO dz f () {f’(m’) - /j da’ f'(x')}

- /ooo dz f"(2) [f'(x) x = f(2) + f(0)]



87

~[(wr@ r@a- [ a e s
T £(0) /0 " de f(a)
——5 [ drEr- [ el e+ oo

— %/OOO dz [f'(z)] — [f’(:r) F@)ly —/Ooo d[f(z)] f’(m)}

£ F(0)£(0)
—— 3[4 @R -0 50+ [ ar @l + 10510)
1 [ 112
-2 /O do [f' (@), (2.268)

Substitute (2.263) and (2.264) into the right-hand sid&2#g8), to obtain

/oOo de [f(;,;%l)/]j/2 /Ofi:v’ 22 [f(:):’)]3/2

= — —#(0). (2.269)

Consider the second term on the right-hand side of (2.267)

R

— /OOO dz ' [f(z))** /:O dz" f"(2')
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:/OO da 22 [f(2)]? lim f'(«)[;”
0

Tp—00

- /ooo de o2 (@)Y lim (f(zs) - f'(x)

- /ooo do 22 [f(@))* f'(). (2.270)

Multiply the right-hand side of (2.270) hy'/?/x'/2, to obtain

/OOO dz o' [f ()" /:O do [f(;iz]jm

_ Ly - l/oo W PP (2.271)



89

Substitute (2.264) into the second term on the right-hadel si(2.271), to obtain

2 2 x1/2
= (0 g (0
- Lr0+ 210
1
— _~1(0). (2.272)

Substitute (2.269) and (2.272) into the right-hand sid&#g7), to obtain

|t fs Jdar e

A (53123/2]

~C.2% |-1£0) - 11/0)

E.(Z) =C.Z%a*

=— %Cez%ﬁ #(0). (2.273)

SubstituteC, from (2.225) and: from (2.206) into the right-hand side of (2.273), to

obtain
Rz =~ 2 (%£5) (27};‘) 2% f(0)
(%) () 2 ((3) () 2s) 10
Ee(Z) = — % (2—%)2/3 (%g—f) Z7B3(0). (2.274)
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From (2.226), we obtain
Erp(Z) = T[n] + Eze 4 Eee (2.275)

Substitute (2.265), (2.266) and (2.274) into (2.275), taob

Bre(2) =~ (2) (5—7%)/ (Zn) 2 o)
- (5_5)2/3 (22"264) 27 £(0)
:g (?2)_7%)2/3 (27;;64) 273 (0). (2.276)

Substitute (2.250) into the right-hand side of (2.276), lbam for the ground-state

energyErr(Z) of the TF atom the explicit expression :

3 29\ ** [ 2me*
Erw(Z) = — (1.58807)2 (—g) ( me >Z7/3

7\ 37 h?
2 2/3 9 4
~ _ (.68060 (%) ( 7;;6 ) 7713, (2.277)

It remains to show thatrr provides the smallest possible value ®fn] in
(2.178), that is
Flo] > F[nrr). (2.278)

To the above, defined a priori for an arbitrary dengity) > 0 by

Flpl =4 / x [p(x)]*? - z¢? / Pxl p(x)

|

+ 62 d3 d3 ! ( ) 1
—_ Xa'x X
2 P |x — x/|

p(x') (2.279)
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where

16qh2 37T2 5/3
-5 (4_@) (2.280)

To show that the second term on the right-hand side of (2.B78¢gative, we

start from the potential solution of Poisson’s Equation

VQﬁ = — 4716%(x), (2.281a)
X
% = — 47 (V) P (x). (2.281b)

Substitute into the second term on the right-hand side 87@), to obtain

/d3x S p(x) =—4nm /d3x (V2)71 p(x) 6*(x). (2.282)

]

By using the integral representation of the delta functio-dimensions :

Pk
53 (x) = / 2ny el (2.283)

We define the Fourier transform pf(k) for real functionp(x)
7 = [ Pxpr e = [ plx) et (2.284)
Apply (2.283) and (2.284) into (2.282), to obtain
[ o) = —an fat (v8) 1 plx) o' (x)

— —4r / d*x p(x) / 571)‘3 (W2) " elkex

4 3 ik-x
=47 /d X p(X) / (2 )3 ) (§]
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—dr / (‘;1)‘3 % 7 (k) (2.285)

where
V2elkx — _ KZelkx (2.286a)
(W2)Helkex = — éeik*. (2.286b)

So that, from (2.285), we have

1
—7Ze? / d3x‘¥| p(x) < 0. (2.287)

To show that the third term on the right-hand side of (2.28%)asitive, we start

from the potential solution of Poisson’s Equation

1 __ 476° (x — x'), (2.288a)

x—x]

Lo Am (VQ)_l 5 (x —x'). (2.288b)

x—x]

Substitute into the third term on the right-hand side of 78)2to obtain

Jatxd ptx) T )
= —Arx /d3X d*x’ p(x) (VQ)_l 5 (x —x') p(x'). (2.289)

By using the integral representation of the delta functio-dimensions :

/ d3k ik-(x—x’
53(X—X):/Wek( ) (2.290)
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and the Fourier transform @i k) is

3
p(x) = / d k3 p(k) e (2.291)

Apply (2.290) and (2.291) into (2.289), we obtain

1

[x — x|

/d3x d*xp(x)

3k -1 /
— —471'/ ((21 )3 /dBX d3X/p(X) p(X/) <V2) 1 elk'(x—x)
T

d*k - 1
= —47‘(’/ /d3x d*x'p(x) p(x’) e (V?) Lelkx(2.292)
The Fourier transform gf(x) is
A(k) — / Px p(x') e P (2.293)

By using (2.286) and (2.293), substitute into the right-hside of (2.292), to obtain

, 1
[t ol = ol
d3k 3 3/ N —ikex’ 1 ik-x
=47 27)? d’x d°x’ p(x) p(x') 2
d*k ol
—An / 2ny /d3x p(x) p(k)Pek : (2.294)

Sincep(x) is real function, we obtaip(x) = p*(x), by referring (2.291), we obtain

31,/
p(x) :/ (d27§3 p (k) oK, (2.295)
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Now substitute (2.295) into (2.294), giving

1
X% p(x)

/d3x d*x’p(x)

d*k d*k’ et 1 .
:47_[./ ( / /d3X e*lk X ﬁ*(k/) ﬁ(k)P e1k-x

2m)3 ) (2m)3

d3k d3k/ ~k (1N~ 1 i(k—k')-x
:47r/ 2 / e (k)p(k)g/d‘q’xe(k K)x  (2.296)

By using the integral representation of the delta functios-thmensions :

Pk —¥)= / 57’; ol(k=k)x. (2.297a)
F(k) = / d*k F(K') 5 (k — k). (2.297b)

Applying (2.297) on the right-hand side of (2.296), to write

/d3X d*x’p(x) =

dgk ~ 1 3 dgk/ ~x (1] 3 1/
i [ s 100 g (2 [ G ) $ K

2m)
Bk o, 1

We also have

e? /d?’x d*x’p(x) ! p(x') = 0. (2.299)
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Let

p(x) =tp1(x) + Bpa(x) = tp1 + B2, (2.300a)
p(X') =tpi(x') + Bpa(x') = tph + Bph, (2.300b)
1=t + 3, (2.300c)
B=(1—-1t) (2.300d)

where0 <t < 1 andpq, ps > 0.

For any real and positive,, p», we have the elementary inequality
(tor + (1= 1)) <t (01)"* + (1= 1) (p)"°. (2.301)
Also
[t + (L= 1)p2] [t0) + (1 = t)py] =t*p1py + (1 — )% paply + (1 — ) p1
+ (1= t)pip2
=t*p1p) + papy — paply + tprphy — o pa
+1pipa — t2pps
=t*p1py + paply — P paphy + tpipy — tpips
+tpipa — plpa + tpiph — tprp)
=tp1py + (1 —)p2py

—t(1—=t)(p1 — ﬂz)(l)i - Plz)
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[tp1+ (1 —t)po] [tp) + (1 — t)py] =tpip) + (1 —t)paph
— (L =1t)(p1 — p2)(p) — py). (2.302)

In (2.299), replace(x) with [p;(x) — p2(x)] and replace(x’) with [p;(x') —
p2(x')], to obtain from (2.298)

;,, [01(x) — pa(x')] = 0. (2.303)

|x — x

Jaxdx (1) = o]

In (2.279) and (2.300), replagex) by [tp1 + (1 — t)p2] andp(x’) by [tp} +

(1 —t)ph], to obtain
Fltpr+ (1 —t)ps] ZA/d3X [tpr + (1 - 75),02}5/3

1
— Zé? /d3x m [tpl +(1- t)pg}

2

e 3. .3 1

(2.304)

Consider the first term on the right-hand side of (2.304), iygithe elementary

inequality in (2.301), to obtain
A [ @xltp+ (=00 < 4 [ @ (1607 + 0= 0) (02))
:A/d3Xt(Pl)5/3+A/d3x(1 — 1) (p2)*?
- A/dSX[tm + (1=t <t (A/d3x (p1)5/3)

+(1—1) (A / dx (p2)5/3) . (2.305)
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Consider the second term on the right-hand side of (2.304\aitel it as

1 1
—7Ze* /d?’x m [tpr + (1 = t)pa] = — Ze? /d3x m tpy

1
— Ze? /d3x — (1 —=1t)p2
]

=—1 262/d3xip1
]

—(1-1 <262 /d3x i’ ,02> . (2.306)

|x

Consider the third term on the right-hand side of (2.304), eynai (2.302), to

obtain

62
5 /d3x *x'[tpr + (1 — t)po] P Lo} + (1 —t)ph]

62 d3 d3 /
=— x d°x
2 |x — x/|

e? 1
tp1py + B d3x d3x’ e (1 —t)paply

o2
— — [d*xd’¥
2 |x — x/|

(t(1—1t)(p1 — p2) (P — £5)) - (2.307)

From (2.303), the left-hand side of (2.307) is positive st (2.307) be rewriten

as

62

5 /d3x &’x'[tpr + (1 —t)ps] ol [to + (1= t)p3)]

Ix — x

<t e—2/d3xd3x' ! p1P]
=2 x —x/| 71

e? 1
+ (1 —1) (5 /d3xd3x’ x—x| pgp’2> : (2.308)
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Substitute (2.305), (2.306) and (2.308) into (2.304), t@ivb
Fltpr+ (1 —t)ps] <t (A/d3x (p1)5/3> +(1—-1) <A/d3x (p2)5/3)
—t (262 /d3x % p1> —(1—=1) (262 /d3x |%| p2>
o (5 Jaxa (g ’“’)’1)
+{ - <3 Jassats (g st

1
= (A/dgx (p)"* — Ze? /d%{mpl

+e—2 d3x d*x’ L p1p;
2 x —x/| "

1
+(1—1) (A/d3x (p2)5/3 — Ze? /d3x | P2

|x

2 1
+& [@xdix ol | - (2.309)
2 Ix — x|

Referring to (2.279), we obtain

1
Flpi] :A/d3X (P1)5/3 —Zé /dgx P

2
1
+%/d3xd3X’ = 1P (2.310)
x|

[x —

and

1
Flps] :A/d3x (p2)5/3 — 7Ze? /d3x m P2

o2
+ 5 dPx d3x’

1
g P25 (2.311)
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Substitute (2.309) and (2.311) into the right-hand sideeguality (2.309), to obtain
Fltpr + (1 —t)ps] <tF[p1] + (1 =) F[ps). (2.312)
Also, from (2.304), we have

d 5
Pl + (L=0)ps] =2 A [dx [tpr+ (1 = 2] (o1 = pa)

1
— Zé? /ng = (p1 — p2)

1
+ €2 /d3xd3x/ e (o} + (1 —t)ph] (o1 — p2)

(2.313)

and

d
EF[tm +(1—1t)po]

t=0

1 /
= /d3x (p1 — p2) EApg/g —Ze* — — 62/d3x' P2 p ] (2.314)

| [x — x|

By choosingp, = nrtr, andp; = o > 0 arbitrary, we conclude from (2.179) that

the expression within the square brackets in (2.314) is, 7eus

iF[zﬁa + (1 = t)nry]

= 0. 2.315
P 0 (2.315)

t=0

Also (2.312) leads to the bound

Flto + (1 = t)nre| — F[nry)

F[a} — F[nTF] > ;

(2.316)

Since the left-hand side of (2.316) is independent,offe may take the limit
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t — 0, to obtain

F[o] = Flnrr] > lim <F[w + (1= t)noe] - FhTF]) (2.317)

t—0 t

and finally use (2.287) to conclude that

with the TF densitynrr providing the smallest possible value for the energy fuometi
in (2.279).

2.5 A Thomas-Fermi Energy Functional and a Lower Bound for

The Electron-Electron Interaction Potential Energy

The Hamiltonian under consideration for the stability raats taken to be the
N-electronin (1.1),where: denotes the mass of the electron anddh@& ; correspond,
respectively, to positions of the electrons and nuclei.oAl® consider neutral matter,
Le.,

> Z=N. (2.319)

For anti-symmetric normalized function(x;o4,...,xyoy) Oof N electrons,

we have for the expectation value of the Hamiltonian

N

(U H W) =" (¥ 5 i SRS | )

=1 i=1 j=1

+Z _XJ| +Z ZZ,EM 7Y . (2.320)

i<j 1<J

To derive a lower bound for this expectation value, we reitadldefinition of electron
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density

p(x) =N Z /d3x2...d3xN|\1r(xal,x202,...,xNo—N)\2 (2.321)

01,0, ON

normalized to

/d3x p(x) =N (2.322)
and

(VW) :/d3X7d3X2...d3XN U*(x01,X209, ..., Xno N ) U (X071, X209, ..., XNON)

= Z /d3x d*xy...d*xy |V (%01, X000, ..., XNJN)|2

01y,

=1. (2.323)

From (2.175), we also use the lower bound to the expectatibuef the kinetic

energy derived there :

16gh? [ 372\ "/*
T <@> / x [p(x)]? (2.324)

where( > 0, by settings = 1,we obtain the kinetic energy of TF atom.
In the second term on the right-hand side of (2.320), suleti{2.321) into
(2.320), to obtain

N &k
ZZ (V]| ——— | | V) = /d3X7d3X2,...,d3XN U*(x, X9, ..., XN)
x; — R;

=1 j=1
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k N
:ZZ/dgx,d3x2,...,d3xN U* (X, Xg,...,XN)

X Z /dgxz,...,d3xN\\IJ(X,X2,...,XN)\2

2
SIS Z / d*x p(x (2.325)
=1 j=1 Xi ’X - ]‘
In the third term on the right-hand side of (2.320), we firserthat
N
Z(\m Z/dSX' d*xy, ..., Ay U (X, X, ..., XnN)
1<j | n X]| i<j

o2
X (—) U(x' Xg,...XN)

x; — x|
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—6—2/d3x'/dgx (x) ! (x')

2 p |x — x/| P

N

> (U —— /d3 '/d3xp — p(x) (2.326)
i<y |X - le |X X|

and for the fourth term on the right-hand side of (2.320) we wate

k k

VAV Aa ZZe
] # \p ]
2 Mg TR M =2k, R Y
1<) 1<
k
ZZe
(2.327)
Z\R R,

From (2.324)—(2.327), we obtain the lower bound for (2.320)

16qh? [ 37?2 5/3 AT
U H[T) =—=— (°— &*x [p(x)]** /d3 !
< | | > 1O7r2m<4g> / Z Xp |X—Rj|
et (s 5, i Z7;e*
+ 5 [dxd p(x )|X Z R, (2.328)

1<J

From (2.328), We introduce the functional of a positive fiimt p(x) defined by

16qh2 371‘2 5/3
F[p; YA/ Rl, . ,Rk] = 107T§m6 ( 4q ) /d3x [p(x)]5/3

: p(x)
— 7. ¢e? /d3x
]Zl ’ x — Ry|

+ < d*x d*x’ p(x) ! p(x")
2 |x — xX/|
k
2;Z; e?
(2.329)
Z IR; — R,
depending on positive parametéfs, ..., 7, and vectorR, ..., R;. Hereg > 0 is

an arbitrary dimensionless parameter. [In particularifer 1, the last term in (2.329)
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is absent, and by setting; = 0, 5 = 1, we obtain the energy functional in (2.178),
(2.279).] In this section will be used in the next section Ibbain a lower bound for the
(repulsive) Coulomb potential for many particles havingrgea of the same signs.

Minimize (2.329), with respect tp(x) we obtain

169k (372\*°5 YL Zie? 1
— Ex Y 2/3 . ? 2 d3 / /

2k 3\ Y Zie? 1
/3 _ t 3/ /
oy ( ) P17 (x) E x_R) +e /d |X_X,‘p(x). (2.330)

Let py(x; k) satisfy the Eq.(2.330), we obtain

212 (3n%\*° : 1
m_ﬁ (E) 2/3 X /{,' Z ‘X — R ’ /dSX/ ’X — X"IOO(X/; k) (2331)

Following the proof given in EQ.(2.318), which shows thagé thF density
actually provides the smallest value, for the energy dgniitctional, we con-
clude thatp,(x; k) satisfying (2.331) provides the smallest value for the fiomals

Flp; Z1,..., 2, R, ..., Ry] in (2.329), with the normalization condition

k

/ Ex po(x;k) =Y Z; (2.332)

i=1

satisfied. That is

F[p} > F[,oo}, (2.333a)

FlpiZy,...,Zx,Ra, ... ,Ry| = Flpo; Z1,..., Z,Ru, ..., Ry]. (2.333Db)
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We introduce the functionals
Flp A2y, ...\ 2, Zoas ..o, Z1, Ra, .. Ry (2.334)
and
F[p;)\Zl,...,)\Zl,Rl,...,Rl] (2335)

wherel < k, and\ > 0 is an arbitrary parameter.
Let p;(x), p2(x) be the corresponding solutions to (2.331) for the funci®ira
(2.334), (2.335), respectively :

2h% ([ 32\ *? 2/3 l /\Z e? i p1(x)
_ — d3 !
mf3 ( 4q ) Z |x Z | / x — x|’

=I+1

(2.336a)

2h2 (3m? 2/3 l /\Z e’ 3 /p2( )
TElen ) )= 25 A= (2:550)

for simplicity of the notation only, we have suppressed tepethdence g, p, on },

k, L.

We set
2/3
Q1 (x) =% (%) p3(x), (2.337a)
2h% (372\*/?
Q2(x) :m_ﬂ (4_7;) pg/g(x). (2.337b)

Upon subtracting@).(x) from @, (x) we obtain from (2.336a), (2.336b) :

Q) - Qal) = 30 BT fatx L n(x) - ()
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4q mﬁ 3/2 1
_ 3_7;2 (ﬁ) 62 /d3X/|X ~ X,| [ ?/2(}{/) o 3/2<X/):| )

(2.338)

Since the sum ovef in (2.338) is non-negative[Q; (x) — Q»(x)] cannot be
strictly negative for alk otherwise this will be in contradiction with the equation328)
itself.

We introduce the set

S ={x[Q1(x) — Q2(x) <0} (2.339)

which we will eventually show that it is empty, thus concluglihat®), (x) —Q2(x) > 0.
We assume that is non-empty and then run into a contradiction. As we move
away from the boundar§ of 5, [Ql(x) — Qg(x)} changes sign or vanishes, by defini-

tion of S, and we then have
fi- V[Qi(x) = Qa(x)] 20 (2.340)

wheren is a unit vector perpendicular to the boundarkabtherwise, we would run
into a region beyond where [Ql(x) — Qz(x)] is still strictly negative. [IfS is of
infinite extension the non-negativity éf - V [Q;(x) — Q»(x)] on the boundary still
holds.]

The application of the Laplacian to (2.338) gives

k
VA [Qi(x) — Qa(x)] = —47m Y Z;e*6*(x — Ry)

j=l+1

o [mB [ 4q 25\ "2 3/2 3/2
+ 47e o (_37r2> [Ql (x) — Q5" (x)
(2.341)

and forx in the setS, the expression on the right-hand side of this equatiorriistigt
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negative since{@i’ﬂ(x) - 3/2(x)] < 0 for suchx by hypothesis.

Accordingly,

0> [ExVIQix) - Q)] = [a08- V@il - Qalx)]  (2342)

S Q

in contradiction with (2.340), hencgis empty and

Q1(x) — Qa2(x) = 0 (2.343)

as a function ok.

In reference to the functional
F[pa Zl+17"'7Zk7Rl+1a"'7Rkj| (2344)

let p3(x) satisfy

K2 /372 2/3 k 7.2 )
mB (@) 3’ (x) = > |X_JR" 2 /d?)X/‘X_X/’pS(X,) (2.345)
- 7

j=i+1

in analogy to (2.336).
We define

f()\) = F[ph)\Zl’ .. .7)\ZZ,ZZ+17 .. -,ZkaRh c. ,Rk}
—F[[)Q;)\Zl,...,)\ZZ,RI,...,Rl]
— Flps;i Ziva, - Ze, Ry, .. Ry (2.346)

with [ < k. Since for\ = 0, p; andp; denote the same density, apd being just the

TF density, is equal to zero for = 0,with massn( andZ = 1. Whenp, = 0, we can
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rewrite (2.346) as
f(0) = F[p; Ziy1,- .., Ze, Ra, ... Ry
— F[0;...Ry,...,R}]
— FlpiZisa, . Zi, Risa, ... Ry (2.347)

the left-hand side of (2.347) is non-negative while the trigand side is non-positive,

so that we may infer that (fox = 0)
f(0) =0. (2.348)
For\ =1, gives

f(l) :F[p;Zla-~~7Zl7Zl+17-~-7Zk7R17---;Rk]
—F[pg;Zl,...,Zl,Rl,...,Rl]

_F[pa Zl+17"‘7Zk7Rl+17”'7Rk]' (2349)

From (2.348), we may write

f(1) = / A\ f/(\) (2.350)

0
and hence to establish (2.351) it is sufficient to show fhat) > 0 for 0 < A < 1. We
may infer that

F(1) = 0. (2.351)

To the above end, we note from (2.329) with — A7y, ..., Z, — A2}, p — p1
that

Flpu N2, ..., 02, Ziga, ., Z, Ra, .. Ry,
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16qh2 32 5/3
o (ag) ] % L

—)\ZZ e /d3 |X_(X)

Rl

B Z Zje* /d3 ,X_(X)

J=0+1 j|

e (15 13 1
+5 d°x d°x’ p1(x)

p1(x’)

x — x|
L 2.7
2
2D 9)
i=1 j=(+1
k

+ZAZ 3 IffZ ;ﬂ‘ (2.352)

j=0+1
where
VA

7,7
ZZZ€|R R|—AQZZ| -

1<J =1 j=(+1

k

2;7; e?
AN 2.353
* Z _ZZH R R, (2.353)

By setting the functional partial derivative of (2.352), lviespect to\, we obtain

[pl; )\Zl, oo ,)\Zl, Zl+17 ooy Zk,Rl, cee ,Rk]

on2 /372\ /3 )
— (4—7;) [ x50 o)

5 MZjé?
—Z/d ok ]mm”

ON
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—2AZZZZe R]‘

i=1 j=(+1
4 k
2
—ZZ, > Ze RO’ RI (2.354)
=1 J=l+1

Similarly, we can rewrite (2.354) as

Flpu N2, ..., 02, Ziga, . Z, Ra, .. Ry

3 2h2 (371' )2/ 2/3
/d [ B Z |x
k

Z; 1 0
2 2 3,/ /
—e E | _J ~te /dx |X_X/|p1(x)] _8)\'01(X)

=i X il

o\

(2)\22’ +ZZZ‘R R)

i=1 j=i+1 =l+1

1
ZZ@/ R p1(x). (2.355)

On account of (2.336), the expression within the squareketa®f thex-integral in the

first term on the right-hand side of (2.355) is zero. This give

0

8)\ [,01,>\Z1,...,)\Zl,Zl+1,...,Zk,Rl,...,Rk]
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(22 Y vy wh)

=1 j=1+1 I+1

l
1
- Z Z;e? /d3X]x R p1(x). (2.356)
j=1

il
An expression similar to the one in (2.355) foris

0

a)\ [QQ,AZI,...,/\Zl,Rl,...7Rl:|

S CORPIEETTIES 3D SERIY

i=1 j=i+1 141

=Y Z;e /d3x - L p2(x). (2.357)

An expression similar to the one in (2.355) f@ris

V4 k
2
B Flps; Zis. .., ZiRegr, .. Ry = e Zzzj;l—le' (2.358)

Hence from (2.346)

0 0
a_)\ ()\> :aAF[ph)\Zl? .- '7)\Zlazl+17 .- 'JZklea s 7Rk}

0
- 5F[p2;)\Z1,...,)\Zl,Rl,...,Rl}

0
- _F[p37 Zl+17 cey ZkJRl“rlJ SR 7Rk]

O\
— e [a3x [pl(x) - PQ(X)]
I TR L e s )

Jj=l+1

a3

l

=Y Z[Qi(Ri) — Qa(R)] >0 (2.359)
i=1
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where we have used (2.343), thus establishing (2.351). \Werete that the summation
overj in (2.338) is from(/ + 1) to k, while the one in (2.359) is ovérfrom 1 to [, and
there are no ambiguities in the expression in (2.359).

Accordingly, from (2.346), (2.351) we obtain

F[pl;Zla--kazaRly--->Rk:| 2F[pQ;Zl,...,Zl,Rl,...,Rl}
+ Flps; Zisa, - Ze,Rig, ... Ry]. (2.360)

foranyl <[ < k, wherepy, ps2, p3 are the densities which provide the smallest values

for the corresponding functionals, respectively.

Sincel, k (with 1 < [ < k) are arbitrary natural numbers, (2.360) implies that

k
=1
where each’ [ pip; Z;, R;] is the TF functional.

From (2.179) the TF functional

an® 307\ *° Ze? Bl L
2 (%) [nTF(X)]2/3 __ze + 62/d5x’ <] nrr(x') (2.362)

2m x| |x —

wherenr(x) is the TF density considered earlier.

From (2.277), the ground-state energy of the TF atom is

2 2/3 9 4
Ere(Z) = — 068060 =) (222 7273, (2.363)
3r h?

To evaluated with the TF densipj with nuclear chargeZ; |e|, situated aR,;,

and the mass: of each negatively charged particle simply scaledsbwe replacx by
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x + R; and setting

prp(x + R;) = nrr(x) (2.364)

m—mf
Z—Z;

That is,

on? 32\ | o Zie? , 1
— | — B = ‘ — dBx' —— N. 2.365
mp ( iq > (pTF<X)) x — R, € / X X — X,lpTF<X) ( )
From (2.333), (2.360), (2.363) and (2.365), we obtain
Flp;Z1,. .., Zk,Ra,.. ., Ry] = BEm(1 227/3 (2.366)

for arbitrary positivep(x), where

2q\ 2/3 4
Erp(1) = — 0.68060 (3—%) (27;;6 ) (2.367)

corresponding to particles of masses

From (2.360), shows that a system identified by the parasdtey,.. .,
Z, Rq,...,R;] cannot have an (optimized) energy functional (2.329) kbss the
sum of the (optimized) energy functional of any two subsystedentified by param-
eters[Zy,.... Z,Ru, ..., Ry, [Zi41, .. Zi, Risa. ... Ry, | < k. Because of this
last property, the Theorem embodied in the inequalitie35(@), (2.361) is referred to as
a “No Binding Theorem”.

From (2.329) and (2.367) we obtain,

k

16gh* [ 372\°/* p(x)
4 RE: 5/3 7. 2 /d3
1O7r2mﬁ ( 4g ) / X [p(x)] Z i€ X |X _ R]|

j=1

e2 1 Y 7.7 ¢
+ = [Ex X p(x)——p(X) + )
2 |x — x| ; IR; — R

k
> BEre(1)Y 2. (2.368)
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The energy density functional, expressed in terms of theitlen(x) on the left-
hand side of (2.368) is in the spirit of the TF energy funcaloconsidered earlier in
(2.178) in the TF theory, with the mass of the electron replaced by.3, and with
the further generalization of includingnuclei, with the last term, involvingZ; Z; ¢*',
describing their interactions.

The inequality in (2.368) gives rise to a lower bound to tlep@isive) Coulomb

potential energy ok particles of charge< |e

y Zk|€

—Zle|, i.e., for charges of the same sign as follows :

k k

Z,Z; e . 5. plx)
D s NP I : fas xR

& [Px ¥ o)t pl)

2 |x — x/|

16qh2 2 5/3 k
B d3x p/3 Erpr(1)S 273 (2.369
oo ()[04 B2 0399

In particular for the interaction aV electrons we have, with substitutiohs—

N,Z]’—>1,Rj—>Xjf0rj:1,...,N:

N 9 N
&« S o2 /d3x p(x)

I x x|

1<J J j=1 J

2

(&
= G [t p) )

16qh2 37‘(‘2 5/3
T 1072mp ( I ) / d*x p**(x) + BN Erp(1).  (2.370)

Egs.(2.368), (2.369) and (2.370) will be used in the nexiceto derive another
lower bound for the exact ground-state energy of matter @ahlomb interactions by

appropriately choosing(x) in (2.368).
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2.6 Lower Bound for the Exact Ground-State Energy of Matter Il

For anti-symmetric normalized function(x;o4,...,xyoy) of N electrons,
we define the expectation value of the Hamilton#nin (2.320). To derive a lower

bound to this expectation value, we recall the definitionlet&on density

p(x) =N Z /d3X2 L dPxy [V (x0q, X009, . . ,XNUN)|2 (2.371)

T1yeees ON

normalized to

/d3x p(x) = N. (2.372)

Now we use a “Lieb-Thirring inequality (Lieb and Thirringd15) for the kinetic energy

with spin multiplicity ¢”:

N 2 T 2/3 2 .
Z(xm 2‘)7;1 W) > g (%) (;—m) /d3x [p(x)]"/?. (2.373)

From (2.365), we have

N & 9 2
ZZM |xZi—€R b)) = Z/d?’x (%) lXZ_JeR' . (2.374)

From (2.123), we also have

\I/]Ze /d3 ‘X_X ‘ W) =e /d3 ’/d3 _X,| (2.375)

By using (2.370), as applied to the third term on the rightehaide of (2.320), we

obtain

(U T) > (U Px LX)
WY )"z ‘Z/ -l Y

1<)
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— (U] 2/d3 d3x /P|(X) (/|)|\1;>

16qh2 3’/’?2 5/3
— (V] m <4—q) /d3X p*(x) [T)

+ (V| BNErr(1) V). (2.376)

Substitute (2.375) into the right-hand side of (2.376),itam

‘I’ d3l d3
’Zm—xﬂ‘ @ [ [ |x x'\

1<)

2 /dS d3 /P< >p< /) <\I”\I/>

|x — x|

16qh2 371'2 5/3
i () J e o

+ BN Err(1) (U|W). (2.377)

From (2.377), for the Coulomb potential energy of repulsiart pf the electrons
3/ 3
'Z\xz—xﬂ’ T [ty

].6(]h2 37T2 5/3
e S PBx /3
10m2mp3 ( 4q ) / x p7(x)

+ BN Epp(1). (2.378)

Substitute (2.373), (2.374) and (2.378) into the rightéhaide of (2.320), to obtain

oo ()7 () s e 25
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2 /
n G_/dgx,/dgx p(x) p(x')
2 |x — x|

16qh2 3’/’?2 5/3
e L PBx /3
1072mf ( iq ) / x P (x)

k
2,76
+ANEp(1)+ ) |R+€ (2.379)
i<j ’

Consider the first term and the third term on the right-hand sid(2.379), to
giving

S ()-8 ()] femseor
d CRORIONSIES
[ )G v

16q (372\°? [ p?
= 535 (4_q) (%> / d*x [p(x)]? (2.380)
where we have set
3 (3r\** 16g (3x2\*?|  16¢ [3x2\°" (2.381)
5\ 2¢ 5726 \ 4q 52\ 4q '

To obtaing, we rewrite (2.381) as
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37\ 3a% (40 \7P 1
N 2q 16g \ 372 6]
L3\ 49N
N 2q 4 \ 3m? 16
3\ 2/3 1 2 23 /9N\23
“\2¢/) 4\3r ) B
1\** 1

For a positive3’ we must choosg > (47)%/3.

Substitute (2.381) into the right-hand side of (2.380), itam

16 3 h?
W H ) > 5Wfﬁ,(”) (2m)/d5xp5/3 Z/d%m e j,

k
Z:7;€e?
- d3/ d3 )
r g [ox [extRE "2 R R

+ BN Erg(1). (2.383)

Using (2.368), withs replaced by3’, we obtain

16gh2 372 5/3/d3 5/3 ZZ 6/ p(x)
10m2m B’ \ 4q Ix — R,

2 k
ZZe
d3 d3l
x A ) X,| R

1<)

3 Erp(1 Z A (2.384)
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Substitute (2.384) into the right-hand side of (2.382),itam
k
(V| H W) > 3 Erp(1)> 2] + BN Erp(1). (2.385)
=1

Substitute (2.382) into the right-hand side of (2.385),db g

P
(U] H W) > Erp(1) | BN + ﬁ (2.386)
() 5
Optimizing over3, we obtain
& 1/2
A
B=A4r)?P |1+ | = ¥ (2.387)

giving finally a Lieb-Thirring bound

(U| H W) > Erp(1)(4r)?°N

NN ’
L (Z s ) ] (2.388)

i=1

where

9 2/3 2 4
Ere(1) = — 0.68060 (3—7%) ( - ) (2.389)

If Z corresponds to the nucleus with the maximum charge, in ohits, then

k k
Nz <z "z, = N2V, (2.390)
i=1

i=1

Substitute (2.389) and (2.390) into the right-hand sid&§&8), giving for the ground-
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state energyy the explicit lower bound

20\ 3 [/ 2me* 2
Ey > —0.68060 (4m)*/* (3—-) ( = ) N [1+ 2% (2.391)
™

where we have used the fact thiats arbitrary and hence (2.387) is true for the ground-
state as well. The numerical fact@68060(47)%? can be further decreased by methods
developed by Laptev, Weidl (1999). This, however, does hainge the conclusion

reached in this work.



CHAPTER Il
RIGOROUS UPPER BOUNDS FOR THE

GROUND-STATE ENERGY OF MATTER

3.1 Introduction

In this chapter we derive two upper bounds for the exact giesiate energy
both involving a single power aV —the number of electrons in matter. The first bound
(Sect. 3.2) is based on the following construction. We aberdihe/NV electrons localized
in NV non-overlapping ordered boxes, with thenuclei placed at the centers of the
first £ boxes with appropriate choices of trial wavefunctions fa & electrons. The
second bound (Sect. 3.4) is based on considering infinieghamtedV clusters : k
hydrogenic atoms, each in its ground-state, with nuclearge#sZ, |e|, ..., Zi|e| each
having one electron, andv — k) free electrons with vanishingly small kinetic energies.
For this latter bound we need several estimates involvirdydgenic wavefunctions in

their ground states. These detailed estimates are givemring Sect. 3.3.

3.2 Upper Bound for the Exact Ground-State Energy of Matter |

A quick and rather conservative upper bound £y may be derived by consid-

ering the following determinantal function

1
VNI

U(rioq,...,ryoN) = det [¢;(r, 0)] (3.2)

for j,k =1,..., N, with matrix elements specified by the coupfek) and where

Ui(r.0) = (r=L9) xi(0), j=1,....N. (3.2)
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Each orbital occurring in(3.1) is product of a spatial state), and a spin statg(o).
Since orbitals of different spin are automatically orthoglp Eq.(3.1) reduces to the
condition that space orbitals corresponding to the samefspiction be orthonormal.

This assures that the wavefunction is normalized

n
<\If’\lf> = /dgrl,d3r2...d3rN \P*(rlal,rgag, ...,I‘NO'N) \If(rlal,rgag, ...,I‘NO'N)
oN

n
— /d3r1,d3r2...d3rN\\If(rlal,rgag,...,rNJN)\2
onN

=1 (3.3)
with normalized spin functiong, (o)

> xi(0) x;i(0) = 6. (3.4)

We choose the following localized single-particle trialmedunction consistent
with above construction by placing thé negatively charged particles in boxes of sides

2L x 2L x 2L :

P(r) = H (% cos <7;zz>> . x| < L. (3.5)

i =1,2,3, and is zero otherwise, = (1, x2,x3). We choose the vectols,, ..., Ly

as follows
LY =jD(1,1,1), j=1,....,N (3.6)
whereD is a constant and to ensure that all boxes are non-overigppgmay choose

AL < D. (3.7)
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On the other hand, we place theuclei at the centers of the firktoxes, i.e., at

LY, ..., L™ and hence we hag; = LY, with j = 1,..., k. There are no nuclei in
the remaining N — k) boxes, centered &LV ... L)), All the boxes are of sides
2L x 2L x 2L.

Itis easy to see that the interval§jD — L < x; < jD+ L}, forj=1,... N,
are disjoint, for each = 1,2, 3, and the functions(r — L)) are then non-overlapping,
and orthogonal with respect gachof the components; of r. This construction con-
sists of conveniently placing thenuclei atL'", ..., L*) and one electron in each one
of the k boxes with centers dt'V), ..., L*). One electron is also placed in each of the
remaining(N — k) nuclei-free boxes with center &**Y .. L"), The Coulomb
potential being of long range, interactions occur betwesatigles in the different boxes
as well.

By using (3.2), for example, with £k = 1,2, ..., we obtain

Ytz o) =0 (11 = LO) xa(o), (3.82)
ba(rz,02) =0 (12 = L) xa(o), (3.8b)
Y;(r o) =y (r - L(j)> x;(0), (3.8¢)
where
r, = ({2 (). (3.9)

By using (3.5), we obtain from (3.8), fgr= 1,2, ... that

NN
COS COS

1
7I oL NG 2L




124

1 s [:Egl) — Lél)}
X ﬁ cos 5T , (3.10a)
(2) (2) (2) (2)
1 7T|:Z)31 - L } 1 7T|:CL’2 — L, ]
Y(ry — L@) :ﬁ [cos ( 5T )] Vi3 |:cos ( 5T
1 T [x:(f) — Lél)}
X ﬁ cos 5T , (3.10b)
(3) (3) 3) ®3)
1 7T|:ZE1 - L } 1 7T|:I2 — Ly ]
Y(rs — L®) :ﬁ [cos ( 5T )] i3 |:cos ( 5T
1 T [J:gg) — ng)}
X ﬁ [cos ( 5T )] , (3.10c)

Tz — gj) e — éj)
zb(r—L(j))_% [cos( [ 2LL ])]\}EICOS< [ 2LL ])]
X % [cos (W [x(l;; Lél)} )] ) (3.10d)

From (3.10), we can rewrite the latter as

s xi—LZ(-j) :
w(rL(j))H(\/lzcos( [QL ])) |z — LY < L. (3.11)

i

To obtain the upper bound we are seeking, we consider thectatjn value

of the HamiltonianH with respect to anti-symmetric and normalized wavefumsim
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(3.1) defined through (3.3)—(3.7)

N p? N o2 Nk g
H — ) J
2o T X R
i=1 1<j 1 j=1
+ Ek: ZiZye” (3.12)
— |R, — R,| .
1<J

whereN is number of electrons andis number of nuclei.

From (3.1) and (3.12), we obtain

N 2

(WLH ) = (0 300 10+ (913 [ 9)

z'<j|Z

k

N k
Zj€2 Z;Z; e?
- m@;; R ‘I’|Z R, - R]’ (3.13)

For example, fofNV = 2, by using (3.1), we obtain the anti-symmetric wavefunc-

tion

1 wl(rl,Ul) ¢1(I‘2>02)

— (3.14)
V2 Yo(ri,01) oy, 09)

\I]<r10'1;r20'2) =

and can rewrite (3.14) as

% [?/11(1‘17 01) ¢2(1"2, 02) - @02(1'17 01) ¢1(1‘2, 02)] (3.15)

\I’(I‘101,1‘202) =

By using (3.8) and (3.11), we obtain
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and

3 T [xgl) — LZ@)}
Pa(r1, 01) Y1 (12, 02) =x2(01)x1(02) H —Cos o7
1

' @
x(l:[ [%COS( [ZQLLZ })]) (3.17)

To obtain the kinetic energy part on the first term on the rigdmd side of (3.13), for

example, forNV = 2, we obtain

2

(] Z A L |0) = |\1/> (] 22 |9) (3.18)
where
2 2 [ 92 2 2 ]
p? 2l o 9 9
— = — 3.19a
2m 2m _8x(11)2 + 8x(21)2 + 3x§1)2 ’ ( )
2 2 [ 92 2 2 ]
p? [ o 0 B
— = — . 3.19b
2m  2m | 9.?? HERCERIPROE (3.19b)

oo () - e ()
1

oo () - Gy () cm
2

oo () - Gy () o
3
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By using (3.20) and from (3.15)—(3.19), we obtain

pi pi | 1
om |¥) “om E [V1(r1, 01) Ya(r1, 01) — (11, 01) ¢1(r2702)]>
el 9 o2 02

1
=— — + + —=1(r1, 01) a(r2, 09)
2m _81‘&1)2 driH? 8x§1)2_ V2

n [ o 0? 02 ] 1
+ % axglﬂ + axél)Q -+ axglﬂ Elpg(rl,(fl) wl(I'Q,O'Q). (321)

By applying (3.20) to the first term on the right-hand side 02{3, we obtain

B2 92 92 92 1
[3:{:51)2 + 81‘51)2 + 8x§1)2] Ezﬁl(rhal)ﬂ&(rz,@)

2m

:h_m { 2 + (%)2} %%(1‘1:01)%@2,02)
3h2 ( ) 7/)1 (r1,01) o (ra, 02). (3.22)

By applying (3.20) to the second term on the right-hand sid@ @), we obtain

I 0? 2 |1
2m [axw? o axs”] aPAm ) ile o)

g [ (5)" - (50) G ggvtroon vt

2
- % (27TL>2 \lf%(rl"’l)%(rzﬂz) (3.23)

Substitute (3.22) and (3.23) into the right-hand side d213.to obtain

2
<2L)2 1 1 (ry, 01) Pa(ra, 09) — ﬂ (1)2 iw2(r1,01) U1 (12, 02)

2 2
Pi gy 30 L
)= V2 2m \2L/) /2

om

h? / m\2
:?2)_771 <E> % [th1(r1, 01) Ya(r2, 02) — Ya(r1, 01) Y1 (T2, 02)]
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:2% (%)2 Iy (3.24)

From (3.24), we obtain that

2 2
Pi gy g 2 (T
<\Ij| 2m |\Ij> N <\Ij| 2m <2L> |\Ij>

5 (37) 0

:2_5 (%)2 (3.25)

By using (3.20) and from (3.15)—(3.19), we obtain

2 2
&|\p> _P3

1
2m m E [wl(l‘h 01) ¢2(I'1, 01) — 77/)2(1'1, 01) 1/)1(1'27 02)]>

| o 0? o |1
g T T | o el )

| o 5? 52 ] 1
+ o 8$§2)2 + 8x§2)2 + 8x§2)2 E¢2(P1,01)¢1(1‘2702)~ (3.26)

By applying (3.20) to the first term on the right-hand side 0263, we obtain

%%(1‘1, 01) ¢2(F2, 02)

h2 82 82 32
— + +

5 |G (D) ()] Gt
:2—7:2 ( - )2 %wl(rl,ol)%(rzaaz)- (3'27)

2L

By applying (3.20) to the second term on the right-hand sid@@6), we obtain

w2(r1;0'1) ?/11(1'2702)

2m

h2la2 5?2 02] 1
0

- + —
x§2)2 8x§2)2 or?? V2

3
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5[ G- G2 - ()] et

_ % (;L ) %@@2(1«1,@)%@2,02) (3.28)

Substitute (3.27) and (3.28) into the right-hand side d2§3.to obtain

2m

1
i> E@Z)Q(rl,al)%(m,@)

2
- (%)2 — [th1(r1, 01) Ya(r2, 02) — Ya(r1, 01) Y1 (T2, 02)]

2m V2
3h% /w2
— <ﬁ) D) . (3.29)

From (3.29), we obtain that

o 22wy = o 2 ()

_3n? (1)2@‘@

" 2m \2L

_an (%)2 | (3.30)

2m

Substitute (3.25) and (3.28) into the right-hand side af&R.to obtain for the

kinetic energy part folv = 2 :
p? 3h2 2 3h% /2
(vl Z <2L> T om (ﬁ)

=2 (27:2) <2L>2‘ (331)

The analysis for arbitraryV is similar, by well know standard techniques (Bethe and
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Jackiw, 1986, p.56), and we can write the kinetic energyfoardv particles

w1 B -y (30 (57)" 332

To obtain the bound of electron-electron interaction, fivst derive a lower

bound for|r; — r;|, by using (3.6). We rewrite

(1, 1, 1) :1§1 + 1?2 + 1%3, (333&)
(1,1, 1)] =V/3, (3.33b)
ILY| =jDV3. (3.33c)

with thex; as unit vectors.

By using (3.33), we obtain

LY =DV3, (3.34a)
IL®| =2D/3, (3.34b)
IL®)| =3DV/3. (3.34c)
and
LY — L®| =Dv/3, (3.35a)
LY —LO®| =2DV3, (3.35h)
LY — LW =(j — 1)DV3, (3.35¢)

ILO —LY| >DV3, j>i (3.35d)
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From (3.35), we obtain the inequality

LY — LY >Dv/3. (3.36)

Since the boxes are non-overlapping, we have from (3.336)3 with boxes
of sides2L x 2L x 2L. Due to the localizations of the functiogs(r, o), as described

above, the electrons are well separated, and we may write

Iry —ro| =LY —L®| —2v3L = DV3—-2V3L, (3.37a)

Iry —rs| =LY —LO| —2v3L =2DV3 - 2V3 1L, (3.37b)

ry —r;| =LY —LY| —2v3L=(j —1)DV3 - 2V3L, (3.37¢)
J

Ir; — ;| >[LY —LY| - 2v3L = (j —i)DV3 - 2V3 L. (3.37d)

From (3.37), we obtain
r; — ;| >DV3 —2V3 L. (3.38)
Substitute (3.7) into the right-hand side of inequalitydj3to obtain

D

V3D _ V3D
2 V2R
D
r,—ri >— 3.39
| il NG (3.39)
and can rewrite (3.39) as
1 V2
—_ . 3.40
|I'Z‘—I'j| D ( )



132

By using (3.40), we rewrite the second term on the right-haahe af (3.13) as

N 62 N 62
) — V) = — (PP
S o 10 =3 e e
1<j 1<)

2 2 N
<28 (). (3.41)

To obtain the bound of nuclei-electrons interaction, we tse conservative

bound
N k k
Z;e? Zie?
— < —
ZZm R, ~ ZZm—R]\
=1 j=1 =1 j=1
y Zi€2
h r; — Ry
=1
- i 7>
P r; — L(Z)\
N k k
Zj62 Z,‘62
_ e K — Y (3.42)
;;M’—Rﬂ ;|ri_L()|
Substitute (3.42) into the third term on the right-hand 1ti€3.13), to obtain
N k k
Z;e?
) v — ). 3.43
ZZ - J|| —{ ';m—m' ) (3.43)

From (3.1), (3.2) and (3.11), we obtain
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-3z / aip L) (3.44)

with the spin normalization condition. Sin¢e;| < L, r = x; + X3 + x3 andL =

L, + L, + L3, we obtain

e <|L|

lr| <VL?2+ L2+ L?

r| <V3L (3.45)
where|L;| = |Ly| = |L3| = L. We can rewrite (3.45) as

1 1
— 2. .
v~ AL (3.46)

Substitute (3.46) into the right-hand side of (3.44), tcaait
1 k

Z— Z;e®

'Z R > e

_N€2
V3L

2

(U] Z L@ \/_L (3.47)

|rz

k
with the normalization wavefunction conditiod®r |¢(r)]* = 1 and )" Z, = N.
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Multiply (3.47) by —1, to reverse the function of the inequality giving

Z;e? Ne?
— (v — U< — . 3.48
( Em_w“ )<~ AT (3.48)

Substitute (3.48) into (3.43), to obtain the following upg®und for the nuclei-

electrons interaction part :

N k

7z, Ne?
E:E: ¢ ) € — (3.49)
o1 =1 r; — Ry V3L

To obtain an upper bound for the nuclei-nuclei interactiart dfirst we have to

bound|R; — R;|. By using (3.6), we may choose
R; = LY (3.50)

forj=1,... k.
Substitute (3.50) into the left-hand side of (3.36), to obta

Ri —R;| >DV3 i #j (3.51)

and we can rewrite (3.51) as

1 1
R R, D3

(3.52)

fori # 7.
Substitute (3.52) into the fourth term on the right-hane$8(3.13), to obtain

k

x1/|Z|ZZ€ ZZZ (3.53)

z<]

with the normalization wavefunction conditid® | V) = 1.

Substitute (3.32), (3.41), (3.49) and (3.53) into the rigahd side of (3.13), to
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obtain

h? T\2 €2 al e? 2 &
(U| H [U) <N (2—m> <ﬁ) + fZ(U—%JFD—\/gZZiZ, (3.54)

By optimizing (3.54) over., we obtain for the latter

22
L:ﬁg(”h). (3.55)
4 me?
Substitute (3.55) into the right-hand side of (3.54), tcaait
W H |0 < — — MmNy © ﬁﬁ:uw ! iz‘z (3.56)
X 97T2 2h2 D — \/g = 1= .

We may chooséD large enough to make the second term as small as we please in

comparison to the first one (e.g., equadté0031(me?/2h%)N) to obtain

4
(U] H |¥) < —0.0450 (%) N. (3.57)

3.3 Basic Estimates Involving the Hydrogen Atom Wavefunction in

the Ground-State

In this section we provide basic estimates involving therbgen atom wave-
function in the ground-state by considering the followirgedminantal function in (3.1)
with normalized wavefunction and normalized spin funcsion(o) andr; is vector

from the origin to electrom;. SetL, L' are vector from the origin to nucleuge| and

Z'|e| localization,

L :Lon

L/ :Lol’l/
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L, =Lon,
Ly =Lony
L; =Lon; (3.58)
with Ly, = L{, gives
L-L'=Lo= Lo(n—n’), (3.59a)
L' — L =L{ = Ly(n’ — n), (3.59b)

whereLy, Lj, are a constant.
They (r — L;) are the hydrogen atom wavefunctions in the ground-states&h
estimates will be then used to derive another upper bouni,taConsider the hydrogen

atom wavefunction in the ground-state :

ﬁ3/2
Y (r —L;) == r-Ll (3.60)
T
where
me>

and1/ is the Bohr radiugi? /me?.
From (3.58), forH in (1.1), we obtain

UEITRTS S AT} ) peciamyy

=1 j=1
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N 2
e Z7;e*
O ey 2 g g
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(3.62)

For k£ = 1, and noting that the hydrogen atom has 1 proton consisti@gtia

cleus,N = 1 electron. In this case, we can ignore the third and the faertin in the

right-hand side of (3.62), and we obtain the expectationesaf the Hamiltoniarf/ for

a hydrogen atom :

(1) = (030 20— (0] 33 )

2 2
2316
Y V| ———|¥
= (v | | )= ||r1_R1|| )
where for the hydrogen atomt & 1 and N = 1)
53/2
WU(ry,00) = i(ry,010) =9 (r1 — Li) xa(o) = ﬁe—ﬁ\rl—h\ xi(0).

We introduce the expectation value of kinetic energy as :

2

W ) = [ @ (V) (TUw)

and the expectation value of the potential as

1

r|

1 , .
W 19) = [ v e -

with the wavefunction and spin normalization condition.
(U(r,o)|¥(r,0)) =1,

and withey(r), r = r; — Ly, denoting the:-dependent part in (3.64),

w&www>=/ﬁ%hmwf=L

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68a)
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> (o) x (o) =1, (3.68b)

o 10 P 1 0
V(T (9,@) Ta— + 9 % TSinQ%, (3680)

/d3r(.) :/000 /07T /027r r?sinfdrdfde(.). (3.68d)

By substituting (3.64) into the right-hand side of (3.63)darsing (3.60) and
(3.65)—(3.68), we obtain for the expectation value of theekic energy of the hydrogen

atom
(W | |\I/) ;m/d:irl (VU (r1,01)) - (VU(ry,00))

:h—2 d3ry (V&\//_Q e_ﬁrl_Ll) . (Vﬂ\/j e_mrl_Ll') X" (o) x(o)

™ ™

_ h 63/2 ’ 3 —Blr1—Lq]| —Blr1—L1|
I (ZEY [ e (v (e
g [ e (vl (e b (3.69)

LetR =r; — L; and|R| = R, then (3.69) becomes

2 2 13
P h 5
(W] = W) =
2m om T

/ PR (Ve B (Vre AT (3.70)

Consider the right-hand side of (3.70), by using (3.68), tiaiob

5 0 [0 7] §Lo

—BIR| _ —BR
Vie T =lap rag o]

= —Be PR (3.71)
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and
Vie M. G peAB = (g PR) R. (—BePF) R
=2 2R, (3.72)
Substitute (3.72) into the right-hand side of (3.70), thee (8.68), to obtain

2 h2 3
(0| 2% ) :%% /d3R (Vre PIH) (Vg e ?IH)

h2 65 o) ™ 27
=5 / / / dRdfOdp R*e 2R sin 6
™ Jo o Jo

2 125 00

5 / dR R? e~
2m 0

2P

m

/ dR R%*e 2P, (3.73)
0

Now letu = 2.3, to rewrite the integral term on the right-hand side of (3&8

/ dR R? e 1 = / dRR?e "
0 0

82 OO —uR

62 i e—uR
o | wu

0% T 1
~ow _0‘(‘5)]
> (1
o2 \u
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. (3.74)

Substitute (3.74) into the right-hand side of (3.73), toanifor the expectation value

of kinetic energy of the hydrogen atom

2 22 5 00
@ By 2 [Carp e
2m m Jo

277:255 1
m 43
h252
= (3.75)

For the second term on the right-hand side of (3.63), the @&pien value of

nucleus-electron interaction, S&t= L, to obtain

2162 2162
— (U — (V| ———— |V
() G 19 = = (0 2 )
= — 2162/d3r1 \IJ*(I'l,O'l) . ;\D(rbal)
vy — L]

== 2 [ @0~ L) - e (00 = L) X (0) ()

i Lo
:—Zez/dgr E_ e fin-Tal. e Alri—Lul
1 % - L] V7
Z 233 —Qﬁlrl—Lll
__%es /d3r1—e | (3.76)
T ‘I’l — L1|

whereL; = R, is vector going from the origin to the nucleus of cha#ée|.
LetD = r; — L; and|D| = D, then substitute into the right-hand side of (3.76),

to obtain

Ze Zle 33 —%’IDI
V| ———— | V)
— (V] = R1| v)
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70233 [ D2e-28D pm 2w
-z b / ap =% / / df sin 6dp
T 0 D o Jo

7 233 0
= D 4y / dD De 7P
0

™

—28D
= —47,e*3 (e_2ﬁ {D — _L%})

= — 4Z1€253 (—%52)

= 21€2ﬁ

[e.9]

0

_ w2y =~z (3.77)
|I'1—R1| = 1€ 0. .

Substitute (3.75) and (3.77) into the right-hand side d3%3.to obtain

hQ 52

(Wl Hw) ==

— Z1€%8. (3.78)

With 3 as defined in (3.61), we obtain the following for the groutates energy of a

hydrogen atom as

2y =1 (3.79)

as expected.

Fork =2, 7,4+ Zy =2,qivesZ; = Z, = 1, N = 2, giving

(L () = (030 2 ) - (91323 )
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+ (V| \‘1’>+<‘1’|m|‘1’>

vy — 1o

where the anti-symmetric wavefunction for= 2 is given by

1 Y1(r1,01) Pi(re, 09)
V2 Po(r1,01) Ya(rs, 00)

‘I’(r1017r202) =

which can be rewritten as

U(r,01,1207) :% [1(r1,01) a(ra, 02) — Pa(ry, 01) 1 (ra, 02)]

and as before we have the hydrogen atom wavefunction :

Y (r—1L) :&/2 e Alr=L|

™

From (3.59) and (3.82), we obtain

/33/2

Vileno) =g (= L)a(o) == e o),
[33/2

Y1(re, 02) =0 (r2 — L) x2(0) = ﬁe_m”_L”Xz(@),

133/2
o(r1,01) =1 (r1 — Ly) x2(0) = ﬁefmrrLQ'Xl(Ul),

/33/2
Ua(r2,02) = (12 = L) xalo) = @ el (o).

Substitute (3.84) into the first term on the right-hand sitl8@2), to obtain

B2 e Ll Bl
Y1(r1, 01) Pa(ra, 09) = —e Alrs=Laf o=Blr2=Laly (1) xo(09).
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(3.80)

(3.81)

(3.82)

(3.83)

(3.84a)

(3.84b)

(3.84c)

(3.84d)

(3.85)
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Substitute (3.84) into the second term on the right-hanel aid3.82), to obtain

3
Ya(r1,01) Y1(re, 02) = % e Alri=Lal o=Blr2=Lnly  (5)) vy (o)) (3.86)

then substitute (3.85) and (3.86) into the right-hand sidé3d@2), to obtain for the

anti-symmetric wavefunction of hydrogen atom with= 2

\D(rlo-l, rQO'g) A [e_5|r1—L1| e_ﬁ‘rQ_LQ‘

7r\/§ Xl(Ul)X2(02)

_ o Blri—La| e—mrg—Llle(@) XQ(Ul)} . (3.87)

From (3.80), the expectation value of kinetic energykfee N = 2 is

2

mZ“ ) = |\1/> (¥ 22 [¥) (3.88)
where
@ 2 )~ i) - O [ @t v v, (689)
2 h2 5
W 22 j0) @ L) = - [ Erdi (0] (20, @89

and from (3.68c), for ngp dependence anftl- t = 0, gives

0 10

0) =f1— + 0— .
V(ry,0) =i 5 05 (3.90a)
o 10
0) =fy— + O ——. .
V(ry,0) =7 peiLio (3.90b)

Substitute (3.87) into (3.89), to obtain

3

&
™2

Vil = [X1(<71)X2(<72)V1 (e_m"l—Lll e—ﬁlrz—L2|)
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_X2<0'1) X1 (o’2) Vl (e*ﬁ|r17L2| efﬂ\rszl\)}

— Cl [Xa Vl (e*ﬁ|r17L1| efﬁ\rQ—LQ‘)

XV (e7FriLal g=lra=Laly] (3.91)
and
Vil = O X Vi (e Aty

—Xp Vi (Pl ol | (3.92)

where

3
C, =5 Cr, (3.93a)
Xa =X1(01) X2(02), (3.93b)
Xo =x2(01) X1(02). (3.93¢)
From (3.4), (3.91) and (3.92), we obtain
AL AR VAR

{)

X |:XZ Vi (e_mrl_[‘l‘ e—ﬂ\rz—Lg\)* _ XZ Vi (e—,ﬁ’\m—Lz\ e—ﬁlrz—Ll\)*i|
. [th V1 (efﬁ\meﬂ e*ﬁlrszQI) — s Vi (efﬁ|r17L2| efﬁ|r27L1|)]

el
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X {[XZ * Xa] [v1 (eiﬁh‘liLl‘ efﬁ|r27L2|)* . vl (efﬁ‘rlle‘ e*ﬁ‘rgfLQ‘)]
+ [X; - Xb) _Vl (e_5|r1_L2| e—ﬁlm—Lll)* -V, (e—ﬁ|r1—L2| e—ﬁ|r2—L1|)'

— [ el [V (eIl g BlreLal) " g, (Bl —Lal g Blra—La)]

— X - Xa] |V (7B Lel @Bl L gy (@ Bir—Tal oAl Lal) | }
ﬁS 53
- {ﬁm}
X {(Saavl (e*ﬁ|r17L1| e*ﬁ\rszz\) v (efﬁ|r17L1| efg|r27]_,2|)
+ 0 V1 (eimrl*[@' efﬂ‘”*[‘l\) VA (e*ﬁ\ﬁsz\ efﬁlr27L1|>

—26,4V; (e Eel g featal) gy (emfin—Tal g=flrmTol) 1 (3.94)

Substitute (3.94) into (3.89a), to obtain

2 2

w) Py - / ey dry [V, 0°(2)] - [V, 0 ()

2 3 23
_h—ﬁ—ﬁ—/d:grl d3r2

S o2m2n

x {8,V (€771 ~Lal g=Blra=Lal) . 7, (oAl ~Lal o=Blra-Lal)
+ oV (e—/@\m—Lz\ e—ﬂlrg—hl) -V, (e—ﬁ|r1—L2| e_5|r2_L1|)

_25abV1 (e_ﬂ\m—Lz\ e—ﬁ|r2—L1|) VA (e—ﬁ|r1—L1| e—6|r2—L2|)}

2 3
—h_ﬂ_ {/ d31‘1 v, e Blri—Lal \V] e Plr1=Li

C2m 2

2

6(1@

3/2
. g Blr2—Le|

x/d3r2 ﬁ
s
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+ /d3r1 Vl eiﬁlrliLQl . V1 eiﬁlrliLQI

3/2
X /d3r2 ﬁ

™

2

6bb

e—ﬁ|1‘2—L1|

— 25ab / d3r1 Vl efﬁ|r17L2| . Vl efﬁ|r17L1|

y (g) / dPry (Pt (e—ﬁlrz—Lzl)}

2 3
—h_ﬁ_ {/d3r1 Vi e*mrlle\ -V, e*ﬁ|r1*L1|

C2m 2

+ /d31‘1 V1 e_mrl_LQ‘ . V1 e_mrl_L2‘

- 2(5ab/d3r1 vl efﬁ‘rlfLQ‘ . vl eimrliLl‘

« (6_3) /d3r2 (e—ﬁ\rz—Lﬂ) (e—ﬁ|r2—L2|)} (3.95)

™

where

daa =1, (396&)

Sy =1. (3.96D)

To evaluate the integrals in (3.95), we &t=r; — L, forL = L' :
/dgri Vz-e_mri_” . Vie_mri_L,l :/dSRl Vie_mR‘ . Vl-e_le (397)

whereL is vector from the origin to nucleug/|e|.

In reference to the right-hand side of (3.97), we have

V., (e—ﬁh‘i—L\) =V, (e—ﬁlRi\)
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=—fe PR (3.98)
By using (3.98), we obtain for the dot product :
V,, (eI Ly, (et =y, (e IR) L v, (e PR)
= (_56751&) R. (_5675&») B
= e, (3.99)
Substitute (3.99) into (3.97), fdr = L', to obtain
/d3ri Vie_ﬁlri_l" . Vl.e—mri—m :/d3Rl B26_2[8Ri
00 ™ 2m
:62 / / / dR; do dep RZQ e 20Ri gip g
0 0 0
=3 (4m) / dR; R} =0T
0
=(*(4m) / dRR*e™® u=23
0

—ﬁ2(4 )a_2/oodR —uR
B i ou? J, ©

2 T e—uR

ou? | u

s ()

—(am) 2 (%)

=(*(47)




/dSI'Z' Vz‘eiml‘iiL' . VieimriiL‘ :Z
B

ForL # L’, we obtain

ViefmrifL\ :Viefﬂ\ /r2—2r; L cos 0+L?

— (72 9 + élﬁ) e—ﬁ\/Tg—QTiLCOSG-Q—LQ

(r; — LcosO)r Lsing0

> e—ﬁ\ /r2—2r; L cos 6+ L2

B (r; — Lcos@)r Lsin60 Blri—L|
= ﬁ[ |ri—L| +|ri—L| e .

From (3.101), we replack by L, to obtain

(ri — L' cos0) 1 N L'sinf0
’I’i — L/‘ ’I’i — L/’

Ve At = [

By using (3.97), from (3.101) and (3.102), we obtain

/ dr, V-0l | 7 o~ B-Biri L]

. — Lcos)# Lsinf0 .
g2 [ g | T ~Blri-L|
” [ L oL

+
[\/rf—QriLcosﬁ—i-L? /12 —2r;Lcosf + L2

e—ﬁ|1'i—L'| )
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(3.100)

(3.101)

(3.102)
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(r; — L' cos®) 1 N L'sinf0 o—Blri-L|
|I'Z' — L/| |I'Z‘ — LI|

:52/(13[.‘ {(Ti—LCOSQ)(Ti—L/COSQ) Lsinf L' sin@ }

o I v P Ay

— PR— — Pap— ’
X e Blr; Lle Blr;—L/|

(r;y —L)r;-(r; —L')  LL'sinf sinf }

2 3 r-
- dPr;
¢3/ r{ r?|r; — L |r; — L| +hr¢Mn—H

— o _ .
w o BIri—Llg—Blri—L/]

<3 / &, |r7~|lr|r i—_LI|J ||r|ir| JIZ;’I|/| | rLL_ SLlTﬁ«Sfl i |: o—Blri—Ll o~ Blri—L
o o [S M
:52/d3r,~ :1 + ‘ri _[ﬁﬁz _L| e—ﬁ|ri—L|e—ﬂ|r,——L’|

—3 / &r; :e_ﬁri_”e—ﬁri_y + Iﬁ; = o Blri—L| Bl —L|

_ g / Pr, ¢~ Fri-Llg-Bri-1]

r; - (r; — L) =|r;||r; — L| cos b;

<Jri|r; — L, (3.104a)

LL' sinfsinf <LL'. (3.104b)
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Letr; — L = R;, d°r; = d*(R; + L) = d°R,, substitute into the right-hand side
of (3.103), to obtain

:ﬁz/d?)Ri e PIRilg=BIRi—Lo
< / PR, e~ Rilg—BIRi—Lol

> ™ 2
d / AR R} o™Pem Pl / / do; de; sin6;
0 0 0
:/82 (47‘(‘) /OO dRZ RZQ efﬁRiefﬁ‘RifL()'
0

L
:ﬁ2 (47T) / O dR; RZQ e PRig=P(Lo—Ri)
0

+ B2 (47T) / dR; Rf e PRig=P(Ri=Lo)

Lo

Lo
—(am) e [ AR
0

+ 3?(4m) Plo / dR; R? "R

Lo

L3
=32 4 —BLo 0
B(4m)e )

g e
b By [ aRe R u=25

2
ou? Jp,
o0
Lo

(3.105)

— 0L3 . 82 efuR
—pm) et D ¢ gam) oot [_
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where

Lo -L' — 1, (3.106a)
R~ Lo| =\/R? —2R.L+ 13 > /R —2R.L + I}, (3.106b)
e BIRi—Lo| —BIRi—Lol (3.106¢)

Consider the second term on the right-hand side of (3.10%ht@in

eﬁLo@_2 _G%R h :eBLOa_2 et
ou? u g, ou? U
_on | % oo 4 2Eo —ury TG e—uL0:|
U U
[ 2 2L
_ BLo ~28L 0 2810 , L0 —2p10
“lert T Teset Tt ]
1 L L?
_~—BL 0 0
=e 0 |:4_63 + 2—52 + %:| (3.107)

Substitute into the right-hand side of (3.105), to obtain

2 34 o~ Blri—L| ,—flri—L/| 2 —ﬁLoL_g 2 —BLo L ﬁ L_%
ge | d°r;e e <G (4m)e + [B(4m)e + + :
3 463 232 2P

(3.108)

Consider the second term on the right-hand side of (3.108j, le L = R;,
d3r; = d*(R; + L) = d®R;, and use (3.106), to obtain

52 / d3I'i LI ¢ Blri—Llg—Blri—L’| 262 / ngi LI o—BRilg—BIR:—Lo|
r; = Lj|r; — L IR;| |IR; — Lo|

LI e BRig—BIRi—Lo|
R; |R; — Lg|

<p? / d’R; (3.109)
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By using the expansion

1 >~ R\ 1
— = < P 0 3.110
R, — L ;;(RD) R, Hos?) (3110
and
/dQ Py(cos ) = 4dmdg (3.111)

Wherei t* Py(cosb) = (V1 + 2 — 2t cos 9)71 andR; = max|Lg, R;].
(=0
Substitute (3.111) into the right-hand side of inequal@&yl(09), we obtain

‘ |I',L—L‘ |I'1—L|

LI e—ﬁRie—ﬁlRi—LM
<B* | &°R;
ﬁ/ R, [R; — Ly|
LI e BRig=BIRi~Lol =2 /R \¢ 1
=3 | I’R; = Py(cosd
ﬂ/‘ R, %Q@ R, 1eos?)

> R2LL e PRig=hAlli—Lol
=3 dR;—
*) R

x | dQ —
[0 (5)

By using (3.110), witlY = 0, as applied to the right-hand side of inequality (3.112), we

Py(cos0). (3.112)

obtain

52/‘d3r4LL/e_ﬂri_Lle_/@ri_L/|
‘ |I',L—L‘ |I'1—L’

00 R;,LL —BR; n,—B|Ri—Lo|
L / dR; S
0 R;-

Lo R.LL —BR; n—B(Lo—R;)
4 3 / AR,z ¢
0 Ly



LI e PRig=B(Ri—Lo)
+ 4n? / ar, Re
Lo

Ar LI 3 Lo oo
:W—ﬁe—ﬂL()/ dR; R; + 47TB2LL/GBLO/ dR; e_QBRi
0 Lo

Lo

2 12 —28R; 00
Lo 2 26 )|,

_4mB?LL' Ly oo 47rﬁLL’e_ 8L
a 2 2 '

From (3.113), we obtain the inequality

ﬁ2 / d3ri LI e Blri—L|g—=pri—L| < (471'62[1[/[/0 N 47T6LL/) Lo

153

(3.113)

(3.114)

By substituting (3.108) and (3.114) into the right-hand sitimequality (3.103),

we obtain

/d3ri Vz,e—ﬂ\ri—Ll . Vz.e—/3|1‘i—L'|

/
LL o Blri—L|

_ 2 d3 —B|ri— L| —Blr;—L/| 2/d3 ;
5/ rie B B e

L} 1 L L2
<Bm) e 0 4 G (am) el { Ftopt g} +

.
—4 —BLo 270
me TS i o T g

2 2

[ L3 1 BL:  (FLL'Ly BLL
—AgePlo | 3220 i .
e _ﬁ 3 4 10 + 2 4 5 + 5 + 5 }

ﬂ2{ 1 I Lg} ﬁ2LL’LO+ﬁLL’

e*ﬁ|l‘i*L/|

AmLL Ly gy,

(3.115)
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oo
/dSI'Z' (e*mrz‘*L‘) (e*ﬁ\ri*Lﬂ) :/ dBRZ e*ﬂ|Ri| efﬁ|R17L0‘
0

[ee]
</ d3Rie—ﬁRie—[3|Ri—Lo|
0

(0.)
:47r/ dR; R? e PRig=Plli—Lol
(]
0

Lo
:47re_BL°/ dR; R?
0

+ 4reflo / dR; R? ¢ 201
L

0

3
:47re_ﬁL°% + dmre~Plo [

L3 1
Lo 0
R

=4me P

, (L3 1
/ dr, (e L) (e—mri—L \) <Aoo 7o o

From (3.100), fol. = L', we have the useful expression

/ Pr, VoLl L g ot T
G
ForL # L/, from (3.115) we have

/ Pr, Ve 0Ll g oL

L3 1 Ly BLE BLLL,

LdmePlo [ﬁQ? + 13 + 5 + 5 5

L, Lo 1§
B 287 28
Lo Lp]
26% 23]
Lo | i (3.116)
25 23]
(3.117)
b gL (3.118)
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and from (3.116), we have

/ dPr; (e Pt (e*ﬂlrfﬂ\) <ameito [ L0 PN N L (3.119)
‘ N 2 3 232 28| '

By using (3.117), and from (3.95), with= 1 andL; = L, we obtain

/ d’r; Vy e Al g, e Alr—Ll :%. (3.120)
By using (3.117), and from (3.95), with= 1 andL, = L, we obtain

/ dPr, V; e ALzl 7 o=Bri—Lel :%. (3.121)

By using (3.118) and (3.119), from (3.95), with= 1, L; = L andL, = L/, we

obtain

2/d3r1 VleimrliLQ‘ . V1 eimrliLl‘

213 1 L L? 2LL'L LL
6 o+_+_0 ﬁ 0 ﬁ O+ﬁ

<8 —BLo
SO 3 43 2 2 2 2

} (3.122)

and with; = 2, L; = L andL, = L’, we obtain

/ dPry (e e Tal) (e7FramTel) Lagre Ao Lo c Lyt L (3.123)
2 = 2 3232 23| '

By substituting (3.120), (3.121), (3.122) and (3.123) irite tight-hand side of
(3.95), we obtain

2
b1

U — |U

< |2m| >

W2 (r ox @I 1 L, BL2 BLL'Ly BLL
< OT T gre Bl [P 20 & Lo 0
2m27r{ﬁ+6 e 5 Tag 2ty Pty
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ﬁ?’ —BLo Lg 1 LO L%
g (?)4“ [T@*z—aﬁ%”

0B _moh_25_3{ ) {ﬁQLg L, Ly, BL3 FLULy 5LL’}

“om T am 5 Tag 2t 2 2
FBN[LE 1 Ly L2
P2y — p =0 2op L 3.124
X(vr > tE e T (3.124)

From (3.124), taking the limiL, — oo, we obtain

2 2 92
| 251 o]
— |U) < . 125
(U] o~ 10) <=~ (3.125)

By using (3.89) and (3.95), we replakg by V,, to obtain

W32 (o) = [ @ (V0] (90(0)

2 23 33
_h_ﬁ_ﬁ_/d3r1 d3r2

Com2r T

X {(S(MVQ (e_ﬁ\n—Lﬂ e—5|r2—L2|) Vs (e—ﬁ|r1—L1| e—ﬁ|r2—L2|)
+ 6,V (el g Ak Laly L g, (e flriTel g flra-Tal)

_25abV2 (efﬁ\mez\ e*ﬁ|r27L1\) -V, (e*ﬁ|r17L1| efﬁ|r27L2|)}

h2 53
:2_2_ {/ d3r2 VQ e—ﬁ|r2—L2| . v2 e—ﬁ|r2—L2|
m Zm

2

5@@

3/2

x/d3r1 b
T

+ /d3r2 Vs e Plr2=Lal Vs, e Plr2—L|

X /d3r1

e—ﬂ|r1—L1|

3/2 2
i
T

—B|r1—La| b
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- 25ab/d3r2 V2 efﬂ|1‘2*L1| . VQ efﬂ|r2,L2|

" (g) /d3r1 (o Pri-1al) (e—mrl—m)}

h2 63
:2_2_ {/ d3r2 vz e—ﬁ|r2—L2| . VZ e—ﬁ|r2—L2|
m Zm

n / Pry Vy - 0rLil | g7, o~ Blre—La|

-2 5ab / d3r2 VZ e_B|I'2—L1| . VQ e—ﬁ|r2_L2|

y (?) / dr (o Pmtal) (e—ﬁlm—hl)}, (3.126)

By using (3.117), from (3.126), with= 2 andL, = L, we obtain

I‘QVQG_ 2T 'Vge_ T =— 3.127
a3 Blr2—Le| Blr2—Le| g

By using (3.117), and from (3.91), with= 2 andL; = L, we obtain

/dSI‘Q VQ e_ﬁlrz_Lll . Vg e—BII‘z—L1| =—

5 (3.128)

By using (3.118) and (3.119), from (3.126), withk= 1, L; = L andL, = L/,

we obtain

2 / dry Voo lra—Lil |y, o—flra—La

B /2L 1 L, [BL?2 [LL'L, BLL
<8rePLo |04 - | 0 3.129
e { T T2 6+ s T Tt ( )

and withi = 1, L; = L andL, = L/, we obtain

3 2
/d3r1 (efirn—Lal) (e=AIri-Lal) <qre—dko &JFLJFEJF Lj

AR %]. (3.130)
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By substituting (3.127), (3.128), (3.129) and (3.130) irite tight-hand side of
(3.126), we obtain

2

P>
v P2y
(v 2 o)

g 7 BI3 1 812 PLL'L, BLL
< SrePLlo - 4 =

2m27r{ﬁ+6 e {3+4@+ Tyt +2}

3 3 2
O |

:ﬁ_i_e*QﬂLoiﬁ_g {32 {@—Fi—f‘@ ﬁL(Z) _|_62LL/LO _|_6LLI}

2m 2m 2 3 48 2 " 2 2 2
33 1 Ly L2
x(w){ +@+2_62+25” (3.131)

From (3.131), by taking the limit, — oo, we obtain

2 h2ﬂ2
<| |\If> o (3.132)

From (3.125) and (3.132), we obtain the expectation valuaradtic energy of
hydrogen atom fok = N = 2

2. p? pi 5%
\ ) = (J| — [T U —= |
(913 5o 18} =0 519+ (21 2 o)
h2ﬁ2

om

<2 (3.133)

From (3.75) and (3.133), we imply that the expectation valkinetic energy of hy-

drogen atom fok nuclei with N electrons is

2

\142“ = 0 2y ) B2y g P

2 22
hﬁN

o (3.134)
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To obtain the bound of nucleus-electron interaction, wendetfne vector from

the origin to the nuclei of chargés|e| by choosing

For k > 1, a similar analysis as far = 2 and N = 2, first substitute into the

second term on the right-hand side of (3.80), to obtain

2 2
Ze? A Zye?

(W LT gy = w2y - w22y

S A = - B - e )

i=1 j=1

2162 Z2€2

— (V| Ty — 1| W) — (V] Tty — Lo W) . (3.136)

Consider the first term on the right-hand side of the inequéBit136), to obtain

Z1€2 2162
— (U] =0 = — (O] | ¥
(U] R 1) == (0] o )
2 3 3 * 1
=—Ze /d r;d’ry U (1‘101,1'202)—‘I/(I'101,I'202)-
r1 — Ly

(3.137)
Substitute (3.93b), (3.93b), (3.68b) and (3.87) into tlegirality (3.137), to obtain

1
- T 1 = — 416 rydre 101,Y202)——F—— ¥(I'101,T202
(U TR ) == 2 [ @ di v e U )

B Z1€2ﬂ3 63
B ™2 7r\/§

d3r1 d3I'2

e Blri=Li| g=plr2—Lo]

r; — Ly

R

le—ﬁlrl—L2| e Blr2=La|

—B|r1—La| e*ﬁh‘z*Ll
Ity — Ly

+ x5 - xsl e
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e Blr2—L2| g—fBlr1—Li|

vy — Ly

—2[x" - x0] e Plra—L1| o—flr1—Lo|
a

223 23 —2f|r1—L1|
__ Ly /d3r1 d3ry L e Hlr2—Laf o=flr2—Lo|
2row |I‘1 - L1|

Z 62 3 23 5 e—2ﬂ|1‘1—L2|
_ 1—ﬁﬁ_ d3I'1 d3r2 ot e Plra—Li|=flr2—Li|
2r lr; — Ly

. {216253 5_3 /d3r1 5abe*ﬁ|r1*L2| e Blri—La|

T vy — Ly

% /d31‘2 e—ﬁl‘2—L1e—ﬁ|I‘2—L2|:|

213 —28|r1—L 3/2
- e /d3I'1 d31‘2 S b : e~ A2 Lal Oa
271' |I’1 — L1| \/7_1' “

Zye*3 3.. 13 e 201 —Lal ) g3/ —Blra—Ly]|
— drldr2| L \/_e 272 O
r— 15 m

76233 33 e Blr1—La| g—pBlr1—Li|
[BEELy, [,
r1 — Ly

X /d3r2 e_ﬁ”_Lle_m”_L?'] .

216263 / d3 e—2ﬁ|r1—L1| 216263 / d3 e—25|r1—L2|
= — r — ri ——
2 ! ‘I'l —L1| 2 ! ’I‘l —L1|

76233 33 —Blr1—La| ,—fB|r1—Lq]
+5ab|: 1eﬁﬁ—/d?’l‘le ‘
m !1‘1 - Ll‘
5 /d3r2 eﬁ|r2L1|eﬁr2L2:|. (3138)

To obtain above, we introduce the basic following integmal, = L', and sefR =

I'Z'—L

/d3r. e—ﬁlri—L'| e—5|1‘i—L/\ B / Pr e 26ri—L|
; - -
r; — L i — L



and forL # L', we obtain

/ d?’ri

o—Blri~L/| g—Blri—L|

r; — L
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—28|R|
— [ @RS
[ R
oo 2 . —2BR m 27
:/ ar e / / d6 sin fdy
0 R 0 0
=(47) / dR Re™?%
0
e 20K 1
=4 _
g ( Y [R —%D
1
o (Tﬁz)

_T (3.139)

o0

0

ef2ﬂ\ri7L/|
= [ dPr, —m—
/ " — L

R e—25|1‘i—L'| R L
- [ PR Remn

5 e—2ﬂ|Ri+L—L’\ , ,
=|dRi—%+—, n-L=R,+L-L
/ R, ! N

R, ol L —L+L

, o~ 28| Rit L
> @RS

00 T 27
:/ dR; R; ezﬁ|Ri+L6/ / dfdy sin®
0 o Jo

=47 / N dR; R; e 28I RitLol
0

o0
=4me2PLo / dR; R;e 2 R
0
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~2§ 2

= — 4w e 2Pk 11L

20 (20

1
_ 2L
=—4rme 04_62
_ —26[/01 L/ . L_L/ . _L
ey Lol = | = | = Lo
_ e—?ﬁL()% Ly = L
—B|ri—L'| n—Bri—L'|
/ &r; ¢ 0, (3.140)
r; — L

which vanishes very rapidly fat, — oo.

From the inequality (3.140), we obviously have

e Blri—L'| o—=Blr;i=L’|
- / d’r; <0. (3.141)
r; — L

for Ly — oo, to write this as a limit

e BIri—L'| o—=Blr;—L’|
lim [—/dgri =0. (3.142)

Lo—o0 |I'i - L|

In the other case fak # L’

—Blri—L'| ,—B|r;—Lj| —B|Ri]
e e (§ By T/
/dgri lr; — L _/ngi e A R, =1, — L

efﬁlRi‘ /
= / PR, ———e ARALL Ly IV=R,+L-L

= / PR, ———e ARl ) =1/~ L. (3.143)
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By using (3.106), applied to the right-hand side of (3.143),0ltain

=Blri—L'| n—Blr;—L —B|R;
/d3rie v —L'| o=Blr l:/d3Re \ lefﬁerLol

r; — L "Ry

IR

o0 ™ 2m e_ﬁRz e_ﬁ|Rz—L0|
= / / / dR;df dy R? sin
o Jo Jo R;

o0
=Ar / dR; R; e PRi o=B|Ri—Lo
0

L
0

+ 47T /OO dRZ RZ e_ﬁRi e—ﬁ(Ri—LO)
L

0

Lo o
:47TeﬁL0/ dR; R; + 47TeBL°/ dR; R;e 21
0 L

2
:47re_ﬁL°% + 47 PFo (

From (3.139), (3.142) and (3.144) we can rewrite as
— / d3r, ﬂ __
" v — L 3

d3 e_zﬁ‘ri_l‘ll O
[ T

26

—Blri—L'| ,—BIri—L| L2 L
e (§]
/&“ <M€MM§+J+

r; — L

e—QﬂRi 1
7 B

0

o0
Lo

26

ef2ﬁL0 1
27 [L° * %D

(3.144)
(3.1453)
(3.145h)
! 3.145
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By using the integral in (3.145a), with= 1, L = L,; andr; = r; , as applied to
the first term on the right-hand side of inequality (3.138jthwormalized wavefunc-

tion, gives

216263/ 31. e72ﬁ\r17L1\ 21€2ﬁ
_ 1 _ .

= 3.146
2T |I'1 — L1| 2 ( )

By using the integration in (3.145b), set 1,L = L;,L' = Ly andr; = r; , as
applied to the second term on the right-hand side of inetyu@i138), with normalized

wavefunction, forL, — oo, we obtain

B Zl 62/63 / d3r1 e—2,3|1‘1—L2| _ 2162B3 - / d3r1 e—QBlrl—Lgl

2 |I'1 —L1’ 2w |I'1 —L1|
Z162ﬂ3

2m

< (0)
=0. (3.147)

We also have the following obvious inequality

7 2123 —203|r1—Lo|
_4ep / &ry <0. (3.148)

21 |I'1 —L1|

By using (3.119), with = 2, r; = r,, L = L; andL’ = L,, as applied to the
third term on the right-hand side of (3.138), we obtain

L3 1 L L2
3 —Blro—L Blra—L BL 0 0 0
/d Iy e [r2 l‘e Ie2 2 <4re 0 {7 + —33 +2— 32 + 2_j:| (3149)

and by using (3.145c), with=1,r; = r;, L = L; andL’ = L,, as applied to the third

term on the right-hand side of (3.138), we obtain

. —Blr1—La| o—pBIr1—La| L2 L 1
/ &3y, & i _eL1’ Ldme=Flo {7‘3 + 2—; + 4—52] : (3.150)



165

Substitute (3.149) and (3.150) into the third term on thatrigand side of (3.138), we

obtain

233 33 —Blr1—La| o—flr1—Li|
Ze”3” 5° aPry ¢ ¢ dPry o~ Orz—Lalg—Flr2—Lo|
T w Iry — Ly |

1 L LT {LQ Lo 1} (3.151)

L
<16216253672BL0 [ + @ + 2_62 + 23 + _ﬁ + 4_ﬁ2 .

By substituting (3.146), (3.148) and (3.151) into the righatid side of (3.138),

we obtain
2162 21625
(U] ) < —
(] R0 < - g0

L 1 L L?

223 —28L 0 0

+16Z165 5abe 0[ +E+2—62+%

L2 Lo 1

CRETRRPTAR (3.152)

From (3.152), by taking the limiL, — oo we may write

21€2ﬁ

) < —
) < - 2

3.153
Ry (3.153)

By referring (3.138), consider the second term on the rigimehside of (3.136),

to obtain

Zye? 76233 —28|r2—Lo] 3/2
— (Y] o W) =— 2¢"p /d31‘1 d’ry ¢ B e Plr1—L1| Sua
Ity — Ry 2T Ity — Lo| | /7

223 —2B|ro—L 3/2
. Z26 ﬁ /d3r1 d3r2 S Plr2 1 ﬁ / e*ﬂ‘m*Lz‘ 5bb
2 ’I‘Q — L2| ﬁ

72133 33 —B|r2—Li|,—B|r2—La|
+5ab{ T [ S
m

T ‘I‘Q —L2’
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X / dPry e PIriLel g=fBlri=Lal | (3.154)

By using the integration in (3.145a), with= 2, L = L, andr; = r, , as
applied to the first term on the right-hand side of inequal&yi54), with normalized

wavefunction, we obtain

2

23 —28Jr2—L 3/2
_ Zpe /d3r1 Py & ra—Lal | 5%/ e Aln-Lil| 5
2 ‘I'Q — LQ‘ \/E
_ 2262ﬁ3 /dgr 672ﬁ|1‘27L2|
2 2 |I‘2 — L2|
dezﬁg ™
N 2 (32
Zg€2ﬁ
= — . (3.155)
2
From (3.155), we obtain
70233 —28|ra—La| | 33/2 2 7. 02
_Z%ep / &ry dPry & O77 gmnnl| 5~ 2260 (3156
2 |I‘2 - L2| ﬁ 2

By using the integration in (3.145b), with= 2, L = L,, L' = L; andr; =
ro , as applied to the second term on the right-hand side of adggy3.154), with

normalized wavefunction, we obtain

2

7 223 —208|ra—L1| 3/2
_ € B /d3r1 d*r, © B e ALl 5.
2 ‘1'2 — L2| \/E
B 226263 / 3. e 2Blr2—L1|
N 2w 2 |I‘2 - L2|
2262ﬂ3 /d3 e_2ﬂ‘r2_L1‘
—= — ro —mM8M88
2w 2 ’1'2 - L2|
de2ﬁ3

<S5 (0)
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~0. (3.157)

From (3.157), we obtain the inequality

B Zye? 33 /d3r1 d°ry e 20lr2 =1
2w |I'2 — L2|

2

3/2
B oL o <0. (3.158)

ﬁe

By using (3.119), with = 1, r; = r;, L = L; andL’ = L,, as applied to the

third term on the right-hand side of (3.154), we obtain

1 Ly L2
0 } (3.159)

L3
3p. e Blri—La| (—Blri—Li —BL
/drle 1melem P (e 0[ +53+2ﬁ2+25

and by using (3.145c), sét= 2, r, = r;, L = L; andL’ = L,, then apply to the third

term on the right-hand side of (3.154), we obtain

—B|r2—Li1|,—p|r2—Lo| L L 1
/ dPry 2 o _eL2| LdmePlo [ + 2—; + 4_ﬁ2] (3.160)

Substitute (3.159) and (3.160) into the third term on thétrigand side of (3.154), to

obtain
223 23 —Blra—L1|,—fBlra—La|
Zye 3 ﬁ—/d?’rge 2Htle e /d3r1 e Blri—La| ,—flr1—Ta|
T lry — Lo|

L3 1 Ly L21[L2 L, 1
2123 —28L 0 0
S16Zze"fFe [ +@+2_ﬁ2+2ﬁH %*4_52]‘
(3.161)

By substituting (3.156), (3.158) and (3.161) into the riphtid side of (3.154), we

obtain

Z 2

ry —

ZQ@Z/B
2

+0
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Ly 1 L L31[L: L
016 Z,e23Pe™2000 | 20— 0 01120 0 | (3.162
+ 0416 Ze° 3% 2+ﬁ3+252+25 2+2ﬁ+452 ( )
From (3.162), by taking the limif, — oo, we have the inequality
2262 dezﬁ
— (V| ——— V) < — : 3.163
(¥ ) <-4 (3.163)

By referring (3.137)—(3.153), consider the third term on tiglit-hand side of

(3.136), to obtain

7. 62 7. 6233 —28Jra—La| | 33/2
(o Ay = - 2P / diry d'r; - 0 etnetal| g,
|I'2—R1| 2 |I‘2—L1| ﬁ
223 —28|ra—Lq 3/2 2
. Zle ﬁ /d3r1 d31'2 e | | ﬁ / e*mmez‘ 6bb
2 ’I‘Q — Ll‘ ﬁ
ZleQﬁg 53 e Blr2—Li|o—pBr2—La|
O = [
 Oa [ T T / " lro — Ly |
X / d®ry eﬁiﬁLzleﬁlrlLll]. (3.164)

By using the integration in (3.145b), with= 2, L = Ly, L' = L; andr; = r,, as
applied to the first term on the right-hand side of inequal&y64), with normalized
wavefunction, we obtain

2

223 —20|ra—L 3/2
_Zle ﬁ /d3r1 d3I'2 € Ir2—La| ﬂ / e—/3|r1—L1| 5(1(1
2T |I'2 — L1| ﬁ
_ Z1e?33 /d3r2 e 28Ir2—Lo|
2w ’I‘Q - L1|
216263 / d3 6—26‘1‘2—112‘
fry — ro—m——
2w 2 ’I'Q - Ll‘
7 223
g 1€ 6 (O)

2
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~0. (3.165)

From (3.165), we obtain the inequality

| e / o i, S
2 |I'2 — L1|

2

3/2
Cp e Saa <O0. (3.166)

VT

By using the integration in (3.145a), with= 2, L. = L; andr; = r,, as
applied to the second term on the right-hand side of inegyu@i164), with normalized

wavefunction, we obtain

2

Z162ﬁ3 X 5 e*2ﬁ|!‘2*L1| ﬁ3/2 B B
— d’r; d Aler=Lal) 5
2T / 1 2 |I’2—L1| \/7_1' ¢ bb
223 —2f|r2—L1|
_ Zle B /d3r2 (&
2w |I'2—L1|
- 216253 ™
N 2 32
21625
= — . (3.167)
2
From (3.167), we obtain
7,233 , ; o—208lr2—Li]| ﬁ3/2 o 2 VAL
— d’r; d Ari—Lall 5, = — . 3.168
5 / ndr T E e bb 5 ( )

By using (3.119), withh = 1, r; = r;, L = L; andL’ = L,, as applied to the
third term on the right-hand side of (3.164), we obtain

L 1 L L?
3 —Blr1—Lo| ,—pBlr1—Li| —BL 0, =~ , =0 , ~o
/d rie e <Ldre 0{2 +53+262+2ﬁ] (3.169)

and by using (3.145c), with= 2, r; = ry, L = L; andL’ = L,, as applied to the third
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term on the right-hand side of (3.164), we obtain

o—BIr2—Li|o—Blr2—Lo| L} L 1

Substitute (3.169) and (3.170) into the third term on thétrigand side of (3.164), to

obtain
223 123 —pB|r2—L1|,—f|r2—L

Zle ﬁ ﬁ_ /d3r2 e [ro 1|e [ro—Lo| /d3r1 e_ﬁ‘rl_LQ\ e—ﬂ|r1—L1\
™ s ’I’Q - Ll’

2 "2 ap
(3.171)

3 2 2

> T F T aE T3

By substituting (3.166), (3.168) and (3.171) into the righatid side of (3.164),

we obtain
Z162
— (V| ————— |V
(¥ g 1)
2
< DBy
2
c16zegteio [Lo L Lo Lo LG Lo 1 (3.172)
! 2 3232 23| |2 28 432 '
From (3.172), by taking the limit, — oo, we have
2162 21626
— (V| —————— |¥) < — . 3.173
(U g 19 < - = (3173)

By referring (3.137)—(3.153), consider the fourth term oa ight-hand side of
(3.136), to obtain

Z2€2 226263 e—Qﬂ‘I‘l—Ll‘
S - - dPry d?
Wl lr; — Ry v 27 / e ’1‘1 - LQ\

2

3/2
ﬂ/ —flr2=Lal| s
aa

\/Ee
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2

2123 —208|r1—Lao 3/2
- /d3r1 d3ry c |5 e Alrz=Lal) 5,
2 r1 —Lo| | /7
70233 33 —B|r1—La| ,—B|r1—Li|
+5ab{ 2655—/&«16 °
s \1“1 - sz
« [, eﬂlrzhleﬂlrm'] | (3.174)

By using the integration in (3.145b), with= 1, L = Ly, L' = L; andr; = r; , as
applied to the first term on the right-hand side of inequal&y64), with normalized
wavefunction, we obtain

2

—28|r1—L1
_2262ﬁ3 /d3r1 &r, e—20 | 33/2 ottrata| 5
2T |I'1 — L2| ﬁ
_ Z2€263 /‘dgr 6—2,6‘1'1—Lll
2 ! ’I‘l — L2|
_ 2o (_ / dr, e—wrl—h)
2 vy — Ly|
226263
< 0
5 (0)
=0. (3.175)
We also have the following obvious inequality
Zye? 3 o—2BIr1—Li| 33/2 2
- d*r, d? “Or2—Laf) 5 <0. 3.176
2w / & 2 |I'1 - LQ‘ ﬁ ¢ ( )

By using the integration in (3.145a), with= 1, L = L; andr; = r; , as
applied to the second term on the right-hand side of inetyu@il74), with normalized
wavefunction, we obtain

B Zye? 33 /d3r1 &ry e 20Ir1—Le|
2w |I‘1 — L2|

2

3/2
B oiratal| 4,

\/7_Te
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_ Zye? 33 /d3r1 e~ 20lr1—Le|
27 |I'1 - LQ‘

B Zye?33 w
N 2 32
22626

=~ (3.177)

From (3.177), we obtain

_226253 /d3r1 a’ry e~ 20lr1—Le|
2T ‘I‘l — L2|

3/2 2
6 / —flra—Ly |

22625
e J—
N3

)

By using (3.119), with = 2, r; = ry, L = L; andL’ = L, as applied to the third term

on the right-hand side of (3.174), we obtain

+— e+ 2 (3.179)

L} 1 L L2

3 —pBlra—L1| ,—Blr2—La| <4 —BLo | Z0 0 01
/drge e <dre [2 7 g 25]
and by using (3.145c), with= 1, r; = r;, L = L; andL’ = L,, as applied to the third

term on the right-hand side of (3.174), we obtain

e Blri—Lz|g—pBlr1—Li| 1.2 I 1
/ d®ry F— LdmePLo {70 + 2—; + 4_ﬁ2] . (3.180)

Substitute (3.179) and (3.180) into the third term on théatrigand side of (3.174), to

obtain

2123 23 —pIr1—La| ,—B|r1—L1]|
Zye*f ﬁ_/dsrl e e /d3r2 o Blr2—Ta| g~Blra—La|

T o |ty — Ly|

L3 1 L L2 [L? L 1
213 —23L 0 0 0 0 0
(3.181)

By substituting (3.176), (3.178) and (3.181) into the riphatid side of (3.174), we
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obtain

2262
— (V| ——— |V
S

Z2€2ﬁ
X 9 + O
L3 1 L LAV [LE L 1
16Z5e2 332010 — 4+ 2 2+ —|. (3182
+16Zz¢° f%e +ﬁ3+2ﬁ2+ﬁ CRET R (3.182)
From (3.182), by taking the limit, — oo, we have
2262 Z2€2ﬁ

— (V| ———|¥) < — : 3.183
¥ 1Y . (3.183)

By substituting (3.153) and (3.163) into the right-hand siti(8.136), we obtain

2 2
Z'62 21626 2262/3 21€2ﬁ Z262ﬁ
—(J — ) — — _ —

2
= — Z Zj€2ﬁ ,k =2

From (3.184), we obtain the following bound for the expaotatzalue of the nucleus-

electron interaction for the hydrogen atom

— (0| ZZ NoR] | ) < —26%6. (3.185)

i=1 j=1

From (3.77) and (3.185), have the following bound for thee=tation value of

the nucleus-electron interaction fethydrogen atoms as

N k 7,2 ,
_@’221—\&- j||\11 ZZeﬁ
=1 j=
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— — ¢26N (3.186)

where

Z;=N. (3.187)

1

k
J:
Consider the third term on the right-hand side of (3.80), stpeetation value of

electron-electron interaction fér= 2 hydrogen nuclei, we obtain

2

e
—I‘| |\I/> 262/(131'1 d31'2 \If*(I'lO'l, 1'20'2>
— 12

Ty

1

vy — 1o

(v

\I](I'lO'l, 1'20'2)

3263 63
:7r 271V/2

| e=Blr2—Lo|

L L e*5|1‘1*L1
X /d3r1 d3ry (5me_m“_ 1l g=Alr2—La|
r) — 15

—B|r1—La| n—f|ra—L1|
+ 5bb e*ﬁ|r1*L2| e*ﬁ|r2*L1| € e

vy — 1y

e~ Blr2—La| o—flr1—Li|
-9 5ab e—ﬁ|1‘2—L1| e—ﬁ|r1—L2|

T — 1y

213 33 —28|r1—L|

e*p” 3 e —28lry—

:5aa—— d3r1 d3r2—e 2ﬁ|1‘2 L2|
2w lr; — 1y

223 33 —2f|r1—Lo]

e’ e —28lry—

+ 5bb e d3I'1 dSI'Q —_— € 26|r2—La|
2r |I‘1 — I'Ql

32 6)3 6)3 efﬁ|r1*L2| e*ﬂ\rlle\
éab |: /d3r1

T |1“1—I“2|

% /d3r2 e—6|r2—L1|e—ﬂr2—L2}

2123 33 —2f|r1—L1|
e e
=), —ﬁ —ﬁ /d3r2 GZﬂr2L2/d3r1—

“ 2r |I'1 —I'2|



223 33 —2f|r1—Lo|
e . e
+ O b —ﬁ /ddrz e~ lr2—La] /d3r1 T E—

2 |r; — 1o

2123 233
- 5ab |:€ ﬂ ﬁ_/d3r2 e—ﬁ|r2—L1|e—ﬁ‘r2—L2‘
™

™

—B|r1—La| ,—B|r1—L1]
(& (&
X /d3r1 :| .

v — 13|

To evaluate (3.188), we introduce following variables :

R=r—-1,

R =r' - L'
Lo=L"-L,
Ly, =L—-L/

to obtain
/d%%jl :/d3R R+ E_im:/ 1
g =
N / TRR —e(f?lj Lo)|
— / PR o—29RI g (g_i)g RL> Py(cos )

—/OO dRR—Qe_QmRI /dQ i (&y Py(cos )
0 R R !

> —o >

00 2
=4 / 4R 2 oom
0 R

>
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(3.188)

(3.189a)

(3.189D)

(3.189¢)

(3.189d)
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R'+Lg RQ oo RQ
—Ar / dR ——— 7280 4 4r / dR — ¢ 28R
0

R/ + LO R/+L0
47T R'+Log 0
=— / dR R* e 4+ dmr / dR Re 7%
R + L[) 0 R’+L0
2 R'+Lo
T 2 [ g
R + Ly 0u? J,
+47r/ dRRe™® 4 =283 (3.190)
R'+Lg
where
L i (RK)Z L P,(cos 0) (3.191a)
= cost), .
R, — (R'+Lo) = \R.) R.""
R. =max(R, R + Ly), (3.191b)
/dQ Py(cos ) =4méy. (3.191¢)

Consider the first term on the right-hand side of (3.190), wiaiab

82 /’R/+LO dR e,uR B 82 - e_uR R'+Lo
0 0
62

ou? " ou? u
=55 [ - —} . (3.192)

Since, taking the limit., — 0 we have for(3.192)

2 R'+Lo 9
0 / dRe v ==
0

1

Now consider the second term on the right-hand side of (3,18@btain

/ T dRReR — (—e_m {R + iD
R/+Lg 2/6 2/6

o0

R'+Log
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e~ 26(R'+Lo) . 1
<0 (g [+ 55

e—Qﬁ(R'-l-Lo) ) 1
Y {“‘”LO) 26}

R+ e 2B(R'+Lo) e 2B(R'+Lo)
— ( O)Zﬂ + 157 . (3.194)

Substitute (3.192) and (3.193) into the right-hand side30f40), for, — oo , to

obtain

e—25|r—L| A7 82 R'+Lo
d? = dRe "
/ g lr —r/| R’+L03u2/ ¢

+ 47 / dR Re 28R

R'+Lg
| (R 4 Lg) e 20 +Lo)  o=26(R"+Lo)
=— dm +
B R + Ly 20 432

(3.195)

By using (3.189) and the integration from (3.194), or— oo, we obtain

/dBI —28|r’ L’|/d3r
r— 1|
ef2ﬂ|r7L\
= / P*R/ e 2R / dPr ———
v —r|

_Ar PR e 20IR| 1
el R + Ly
B | R+ LO) —2B8(R'+Lo) —e2B(R'+Lo)
4 d3Rl 208|R/| (
+ 7T/ e 23 + 15
47T 3 , e_zﬂlRl‘

3 R + Ly
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R + Ly) e 29K N e 20F
203 432

+47Te_26L0/d3Rle_26lR,| |:(

(3.196)

For Lo — oo, we can rewrite (3.196) as

o —2fle-L| 4 —2p|R|
/dSr/e—Qﬁh‘ —L/| /d3r e — _=T PR e/
r—r| f R+ Ly

L R
_T ot 0
B Jo ar R+ Lo /d

1672 [ R? ,
= AR —— ¢ 2R
IS =7

=0 (3.197)

for Ly — oc.

From (3.196), withL, — oo, we obtain

o ~26|r-L|
/ d’r e 201~ / Pri— . (3.198)

r—r|

In the other case, |&' = (1’ — L)
/d3r, e—2ﬁ\r’—L| /dSr e—28[r—L7|
v — 1|
— / PR/ e 28R /d?’r ﬂ
r —R' — L]

_ / PR e—Z,G\R’I / e e 28Ir—L’|
(r—L) - R/l

_ gl [ L 3.199
— [ e " (3.199)

with settingA =r — L.
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Consider the second term on the integral right-hand side.®9€3, to obtain

/ wr / T AR R / in (R,<>£ L Pcosd)
R _ Al | o
|R - A‘| 0 (=0 R> R>
00 /2
:47r/ dR'e_zﬁR,R—/
0 R
4 A ! D12, —28R’ > ! ! —28R’
= dR" R*e + 47 dR R'e
A Jo A
47T 82 A R @ > /
= et 47— dR' et = -2
A8u2/0 dR """ + W@u/A Re LU 15}
47 vl 2R 2 A euR’ 1\~
=— R?—=— 4+ = || +4n R ——
A u U u? /|, U u? )| 4
:4_7T ﬁ A2—% 3 _3
Al u U u? u3
uA 1
caefo- (1Y
U U
47 [evd 24 2 2
(A2 == 2 )=
A {u ( u +u2) u3]
uA
(a1
U U
Ar 2 4 [e7284 /24 2
= = — A+ — 4+ —
A83 A 20 260 432
—2BA 1
4 A+ —
BT < +4ﬁ2)
JAm 2 Ape®ArL [, A2
A 8p3 28 | A G 432
4284 A+i
20 432
Ar 2 4gre 204 1 1 1
——° A+ = A4
ASF 2P {( +B+2Aﬁ2>+( +4ﬁ2>}
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<z (3.200)

substituteA = |r — L into the right-hand side of inequality (3.200), to obtair th

inequality

R T 1 3.201
P S .
/ ®R--L) Fr-L (3.201)

substitute (3.201) into (3.199), to obtain

—28|r—L/|
Ay o281 d3re
r — 1|

<= m /d?’re_w'r L| 1

R r—Lj
/d?’Re_zﬁR; R=r-L

D R+L —L| °
/d?’Re_zﬁR 1

P R —(L-L)

1
d3R —QQ‘R‘— L/ _ L _ L/
m/ COR-L "

:% / dR R? ¢ 20IR /dQ Z ( ) . Py(cos )
0
47T2 /oo R2
=— dR —— e 2R
5% Jo R

Ly 00
A / AR R? 20 4 4T / dR Re "

LyB? 3
47T2 62 L6 / 4.7'('2 a & /
= — dR e"f ——/ dR " u= -2
L’0638u2/0 ), M =
dn? ( o 2R 2) o | At e ( o 1) >
Ly u u? /|, B3 wu u? L
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472 [evlo ) 27  4n? evLo 1

= L0 ) - =+ — [0— L, — —
o (05 ) el - (5 )

_ Ax? [eulo 12 2L N 2 21  4n?evto 1

L33 | u 0 u o u? w B ou 0 w2

o 4m? [e=2PLo e 2L N 2 N 4% e~ 2L I 1

Ly Ly | 28 © 28 4p2 B 28 O ap?
2 o2 e 2Ly [ 1 5 LI 2 272 e 2Ly 1

= - — L+ 2+ = (L +—=
7T {La( * 5 *4&2” T ( 0+4ﬁ2)

w2 2n?e Pl L’+1+ 1 A 1
- Lys® th B 2B O 4p?

2

m
<—— .202
ST (3.202)
from (3.202), by taking the limiL.;, — oo, we obtain
, e_2ﬁ|r_Ll|
lim [/ d®r’ e~ 201"~ L /dSr —1 =0. (3.203)
Lo—o0 lr —r/|

To obtain third term on the right-hand side of (3.188), cdasihe integral tech-

nic,

—B|r=L/| ,—B|r—L|
€ €
/dgr

v —r'|

d3R e_ﬁ‘RJ"L_LII e_ﬁ‘Rl R L
‘/ R-—(r—L)] =

R TR
_/ R—(-L) 70 7

PR o BIR+Ly| ~BIR| BVl
2 B=r —
/ R—B| '

TR e_B(RJrLE)) e PR
- R



=

o] l
Y e 1
e_ﬁLo/ dRRze_wR/dQ (—R<) —— Py(cosb)
' 2\R) &

P R?
47 e_ﬁLO/ dRe 2R __
0 R

—BL B [e’e}
dme 70 / AR R%e~2°R 4 4z o= Th / dR Re 298
B 0 B

ArePlo 92 (P A
%ﬁ/ dReuR+47re—ﬂLoa—/ dRe"? u= -2
u= Jo U Jp
e Olh eult 2R 2\ |” ut 1\ [*
S e e
B U U 2 ), U u? )| g

dme [ (L, 2B 2Y 2
B U U u? u3

uB
e PLS B — 1
U u?

dre o 2 4 e Py [e=208 o 2B+ 2
B 8p3 B 2p3 26 4p?

+ 47 e ho e B+ L
20 462

Are Py 2 dme Pl =298 {1 (32 B 2 )]
B

B 8P 28 NN

47 e PLo ¢=2PB B 1
T (‘Wﬁ>

e Plo 2 47 e~ PLoe—20B B+ 1 . 1 (B 1
B 833 20 6 2Bp3? 432

- A e PLog—20B 2B+1+ 1 N 1
203 B 2B3 432

)}
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(3.204)
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where
(R+L)—1|=r— (R+L) (3.205)

Accordingly,

7ﬂ‘r7L/| efﬁh‘*L‘ 471- efﬁL6e72ﬁB 1 1 1
~ @ s < 9B + — ). (3.206
/ R — 23 ( LT REGYCYe +452) (3.206)

By using the inequality in (3.206) witls = |r' — L|, we obtain

—Blr=L/| n—B|r—L]|
_ | B e B LB - [ 43y € €
r —r'|

) , s o [47 e Ploe—20B 1 1 1 \]
< | a3 e BTl Bl -1 9B o
/ re e 23 + = 3 + — 2B + 1532 |

_dme” ALy . ' 1 1 1\]
d3 1 —pB|r'—L| ,—B|r'—L'| 72[33 2B o
25 r'e e + = 3 + —— 2352 + 17 )|

are . 1 1 1
d3 1 —28r L\ —B|r' =L/ 2l — L _
2ﬁ Ire |I' |+ﬁ+2|r’—L|ﬁ2+4ﬁ2

AL
_871'6 0 d3 / —26|r L\ 6|r’—L’\’r/ —L|

26

—BL!
n M;—WO / APy’ =28 ~Ll o~ - L]

_BL!
me o Py’ o281 —L| ;—Bl' 1| 1
33 v —Lj

/
e PLlo

258

+ / APy e 20 Ll o=’ =L] (3.207)

Consider the first term on the right-hand side of inequalit2@3), and leR' = ' — L,

to obtain

—BL!
87T;ﬁ o /d3r1 e—26\r’—L|e—/B\r’—L’\‘r/ N L‘
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8« e—PLo

/d3R’ |R’| e—2ﬂlR’|e—ﬁlR’—Lo|
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—BL! 00 T o
:&r;—ﬁo / / / AR’ df dgp R sin § e~ 20% o0V REHLG 2R Lo cosf
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ee) s 27
/ / / dR' dfdy R?siné o 28R o=/ R*+L§—2R'Lo
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:M/ dR' R ef2BR/efﬁ|R'7L0|
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322 e Plo
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dR' R? e 2R o=B(Lo—R')
T

2 \—BL; oo
| Beme o / AR S =20 B (R ~Lo)
20 L

0

:3271.2 e;;(LO—i—Lo) /Lo AR B® e—ﬁR/ N 3272 e;/;(Lf)—Lo) /OO AR R e_3’6R/
0 L

0

3272 [

32712 e 2PLo
— =

I I3 —3BR
20 dR R”e

Lo
/ AR R®e PR 4
0

32m2 e26Lo _BR’ 6+ 68R + 332R? + BR? Lo
T i

0

82 [ g (24 68R + 95 R® 4+ 98°R*\ ]
20 2734

Lo

C3rPe Pl [ (64 60Ly +30°LE + PLE\ 6
= % e 51 5

_32m?e o 6 32w e Mo (6 +68Lo + 302L2 + m%)
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whereLy, L, defined from (3.189) i.e,

L, = — L, (3.209a)
Ly =|Lo| = | = Lo| = |Lo| = Lo. (3.209b)

From (3.208), we obtain the inequality

8 ePlo

ore d3r/ e—25\r'—L|e—B|r’—L’\ |I'/ . L‘
2

<327r2 e Mo 6 32m*e M0 (6 4+ 608Lo + 367 Ly + F°LG
S B 20 It

| B2me <2+6ﬁLo + 95213 +9B3L3) (3.210)
20 27064 '
and forL, — oo, we have the limit
8me Pl , 1
Jim {% Ay’ @20 Ll =BI' =L Lq =0. (3.211)

Consider the second term on the right-hand side of inequ@iB07), letR’ =

r' — L, we obtain

— Ll
dre™Pho /d3r/ o~ 20/r'—L| =8|’ -L/|
232
—BL!
_Ame 70 [ SR/ 28R~ BIR/~(L/~L)
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47 e Plo

2P /ng’ o 28R —BIR/~Lo| Lo=L-L

3L’ 00 T 2m
0 0 0

—B3L! 00 ™ 2
<47Te j 0 / / / de de d(p R/2 Sinee—QﬁR,e—ﬂ\/m
25 0 0 0
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2 —0L! oo

:167r2;2ﬁ 0/ AR R? o~ o—0IR ~Lo|
0

1672 e~ PLo Lo o BRI R

:2—ﬁ2/ AR R? e P o= ALo=F)
0

2 —BL! 0o
n 1672 e~ PTo AR R” e~ BF ¢—B(R ~Lo)
232
L

0

_ 167T2 e_6;L6+LO) /LO dR/ R/2 + 1671-2 e_ﬁ;Lé_LO) /OO dR/ R/2 e*?ﬁR’
26 0 25 L

0

1672 e=29Lo o 1672 [ :
B 7T2;2 /0 AR 2;2 /L AR R e Ly = Lo
0

1672 e 2o [R’?’] b 1602

232 3 232 [e_ZﬁR, (1+28R + 252R,2)E>
0 0

_16m%e 20 L3 N 1672 e~ 2010 l 1 L L%}

277 2 27 | 2 2B

_ 21, 167 [L_g L, Lo Lg] (3.212)

27 |2 T T T

From (3.212), we obtain the inequality

4 e PLb , . 160 L3 1 Lo  IL§
d3 ! —28|r'—L| ,—B|r'—L/| < —2B8Lo —~" |0 I =0 —0 3.213
—F / e e e @ |2 T EteE T ( )

and forL, — oo, we have the limit

lim
L{—oo

{4% e Pl

2—@/d?’r'e_zﬁr/_”e_ﬁlr/_y} =0. (3214)

Consider the third term on the right-hand side of inequaBy2Q7), letR’ =
r' — L, to obtain

/
e Pl

53

1
v

/dSr/ e—26|r’—L|e—ﬁ|r’—L’|
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<e2Bo Ar®  Ar® e PLo (1 +283Ly) N 42 e Plo (1 4+ 38 L) (3.215)
B B 9(°

and forLy, — oo, we have the limit

lim
Lo—o0

|:7T e~ PLo

7 /dSr/ e2ﬁ|r’Lef3|r’L'|#:| =0. (3.216)

v — L

Consider the fourth term on the right-hand side of inequ#Bt07), by using
the inequality (3.213), to obtain

e Plo ) / ;g Am? TL3 1 L L?
dd 1 —2B8|r'—L| ,—B|r'-L/| < —2BLo " | ~0 s 0 o 217
25 / re e e o7 2+53+252+25 3 )

and forL, — oo, we have the limit

_BL/ / ! !
Jim r; 5 ’ / APy e~ 28 ~Llg=flr L'] —0. (3.218)

Substitute (3.210), (3.213), (3.215) and (3.217) into igatrhand side of in-
equality (3.207), to obtain

—Blr—L/| ,—B|r—L|
B / FEN N g / FE e

v —r'|

B2re™h0 6 32w 70 (6 4+ 68Lo + 36°L + B°LG
S8 B 20 h

160> L 1 | Ly | L3

—2pL0 20 120 - 0 0

Y2 [2 +63+252+2ﬁ}

+ o~28Lo 42 An?ePLo (14 283L) n 42 e PLo (1 + 36Lg)
35 3 935

+e

“apre 4T {Lg L Lo Lg], (3.219)

2 |2 " 2 2

For Ly — oo, by using (3.219) or substituting (3.211), (3.214), (3)Ra6d
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(3.218) into the right-hand side of inequality (3.207), vixaon

, o JRECTIS VI
—/dBr' e A —Llg=Alr L/dgr <0. (3.220)

v — |

By referring (3.198), (3.203) and (3.220), we obtain the exg#on value of

electron-electron interaction fdr, — oo :

- o ~2Bje-L|"
lim /d?’r’e_%"r _L|/d3re— =0, (3.221a)
| rray
r ) , ) —28|r—L/| T
lim /ddr’e_m"r _L/d‘sre— =0, (3.221b)
Lo—oo | lr —1/| |
, o ~Br—L/| o~ Br—L| ]
lim —/d3r’eﬁ|r ~Lig=plr L'/d3re ¢ =0. (3.221c)
Lo—o0 lr —r/| |

By applying (3.221) on the right-hand side of (3.188),1gt= L, L, = L/,
r; = r andr, = r’, we obtain the expectation value of electron-electronraution

with Ly — oo for k£ = 2 hydrogen nuclei,

2 2 2

(WY ) = (U] |¥) — 0. (3.222)

r; — 1y [ty — 1y

1<j

From (3.222), we can imply the expectation value of electtactron interac-

tion whenLy, — oo for k& hydrogen nuclei in such a limit

= 0. (3.223)

lim
Lo—o0

N 62
I \J
(VY 1)
1<)

To obtain the expectation value of nucleus-nucleus intenador £ = 2 hydro-

gen nuclei, let

R1 - RQ = L1 - LQ = LQ (3224)
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then substitute into the fourth term on the right-hand sid@&0), to obtain

lege 21226
U v |
i TRy Y =T ()
_h%e (3.225)
==L :
From (3.224), fork > 2, we obtain
R, — R;| >|Lo|, (3.226a)
1 1 1
< < : 3.226b
R B[ KRy L (8:2260)
By using (3.226), we obtain
bz Z e
\I/|Z| |L |Zzlee (| W)
1<J
Zzz e (3.227)

1<j

From (3.227), we obtain the bound of the expectation valuaiofeus-nucleus interac-

tion for & hydrogen nuclei

k
Z,7,¢?
(v o) EjZZ 3.228
| R, — Ry’ ¢ ( )

1<J 1<J

From (3.228), forL, — oo, the bound of the expectation value of nucleus-nucleus

interaction fork hydrogen nuclei in this a limit :

k
lim (0])° éz—e| |0 = (3.229)

Lo—oo —
1<)
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By referring to (3.134), (3.186), (3.223), (3.229) and (3,62 obtain

(W] H |0) = (2] ) 2| w) -

<
i1

k

AT
> (v
— i — Ry

N o2 k

ZZe
+ (| + (|
;h‘z ;’R R]’
2122
ghﬁN—eQﬁN+0+0
2m
h2 me 5 [(me?
o () ¥ = (5 ) ¥
_ (e (3.230)
N 2h2 ' '

From (3.230), we obtain the following upper bound for theugrd-state energy
of hydrogen atont nuclei following infinite separatetd = N clusters :

(V| H W) < — (%) N. (3.231)

3.4 Upper Bound for the Exact Ground-State Energy of Matter I

In this section we derived the upper bound for the exact gitesiate energy
of matter by considering the following infinitely separat&dclusters :k hydrogenic
atoms, each in the ground-state with nuclear cha#és. . . ., Z;|e| having each one
electron, and N — k) free electrons with vanishingly small kinetic energies. iWeo-
duce the following determinantal function in (3.1) with n@alized wavefunction and
normalized spin functiong;(c) andr; is vector from the origin to electrosy. SetL,
L’ are vector from the origin to nucleu$|c| and Z'|¢| localization, with normalized

wavefunction, and lefi.; — L;| — oo.
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The wavefunctions of bound electrons are

Ui(r,0) =1 (r — L) xi(o) = Ce "l (o)

Yr(r,0) = ¥ (r — L) xu(o) = C e Pr=Lel v () (3.232)

and the following wavepackets of thi& — k) free electrons

(r-Lipy1)’

Vri1(r,0) = Gppa(r,0) =6 (r — Liyr) Xapa(0) = Ae™ Tl o™ 5y (o)

(r-Ly)?

Un(r,0) = dn(r,0) =¢ (r — Ly) xn(0) = A TV e 5™ vy (0)

(3.233)
wherecd’ is the standard derivation about the average positions and
ﬁ3/2
= — .2 4
C NG (3.234)
1

To obtain an upper bound of the ground-state energy of tisiesy, we consider

the Hamiltonian

k

z +z|r_rjl zzm“

k

ZZe
3.236
PR R (3.230)

1<J
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From (3.1), we obtain the expectation value of the Hamilani

N

N 2

P;
(V| H W) = (V] g ~ W) + (¥ E E—
i1 2m i<y |I'Z‘ — I'j|

62

W)

Y&z Y 7.7
— (W — ¥ v — ), 3.237
=1 j=1 1<]
To obtain an upper bound, we we start from the simple systeith, iv= 1

nucleus(Z; = 2), one bound electron and one free electrdh,= 2. By using the

determinantal function (fermion wavefunction), the wanredtion of this simple system

is
1
\I’(F1017F202) :E [@/)1(1'1301) ¢2(I'2702) - @/11(r2,02) ¢2(I‘1,U1)] (3.238)
where
Yi(ry,01) =C exp —fF|r; — Li| x1(01), (3.2393)
V1(ra, 09) =C exp —f |ry — Ly| x1(02), (3.239b)
.y (r — Ly)?
Pa(r1,01) =A expik’- (r; — Ly) exp T4 X2(01), (3.239c)
.y (ry — Ly)*
Pa(ra, 09) =A expik’ - (ry — L) exp T ag? X2(02), (3.239d)

from (3.232) and (3.233), with normalized spin.

From (3.237) the expectation value of the Hamiltonian carelgitten as

2 2
%

(WLH ) = (0 30 10+ (013 o [9)

2 1
Zj€2
-3y R 0 . (3.240)
i=1 j=1
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Substitute (3.239) into the first term on the right-hand sitig3.238), to obtain

_ (rg—Ly)?

Y1 (ry, 01) Pa(re, 02) =C A e =Ll oIk (ra=La) o= X1(o1)xz2(02)  (3.241)

and substitute (3.239) into the second term on the righttiséae of (3.238), to obtain

_ (r1—Lg)?

1/)1 (I'Q, 0'2) ¢2(I'1, 0'1> :CA eiﬁ\r?iLl‘ eikl.(rlil@) (§] 4072 X1(0'2>X2<O'1). (3242)

Then substitute (3.241) and (3.242) into the right-hand efd3.238), to obtain for the
anti-symmetric wavefunction with = 1 nucleus with(Z, = 2), one bound electron

and one free electron, by denotidg= V(r;0y, r202) we obtain

. ro—Lo)2
\I} :CA |:e_/6r1_L1 elk"(rg—Lg) e_( 2 2)

NG 107" x1(o1)x2(02)

B B s _(r1-Ly)?
e Blra L1|e1k (ry L2)e ey X1(02)X2(01):|

_ o Blra—Li| ik (r1—L2) *%
e e e 17 x| . (3.243)

By using (3.243), as applied to the first term on the right-h&idd of (3.240) for

the expectation value of kinetic energy, we obtain

2 2 2

p; P1 |
U) = (U] — |U Ul —= |V 244

2m| ) < |2m| >+< |2m‘ ) (3 )

Wy

where

2 h?
(7| % W) = (¥ T3 ) =~ / d’ry d’rp [V 7] - [V 0] (3.245)
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and

2 ﬁ2
22 0 = U T ) = - [ @ e (Va0 (V20 (3.246)

Apply V into (3.238), to obtain
Vi¥(r) Z% {Vi[i(r1,01) ¢2(r2, 02)] = Vi [U1(r2,02) do(r1,00)]}  (3.247)
and
Vi¥(r) :% {Vi[i(r1,01) da(r2, 02)]" = Vi [thi(r2, 02) do(r1,01)] . (3.248)
Substitute (3.247) and (3.248) into the right-hand side3d145), to obtain
Vvt (r) - ViU (r) :% {Vi[¥1(r1,01) @2(r2,02)]" - Vi [Yh1 (11, 01) @2(r2, 02)]}
b2V 11 (02,0) Go(ra, 00)]" - Vi (2, 02) b, 1))}
- % {Vi[thi(r1,01) da(r2, 09)]" - Vi [Y1(r2, 09) da(r1,01)]}

- % {vl Wl(rz, 02) ¢2(1‘1, 01)]* -V [¢1(r1, 01) ¢2(1"2, 02)]}
(3.249)

and hence

VoU(r) - VoW (r) :% {Va2 [1(r1,01) da(r2, 09)]" - Vo [Yhi(r1, 01) Pa(ra, 02)]}
b (T 1 (12,02) da(r1, 1)) - Va [ (2. 02) (1. )]}

- %{v2 [1/11(1"1, 01) 4252(1“2, 02)}* Vs [%(I‘Q, 02) ¢2(I‘1, 01)]}
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- %{v2 Wl(rz, 02) ¢2(1'1, 01)}* Vs Wl(l‘l, 01) ¢2(I'2, 02)]}-
(3.250)

Substitute (3.249) and (3.250) into (3.245), to obtain

2
| %51
U — [P
< |2m| >

h2

o | T V[ (01,01) G (2, 02))" - Vi [04(01,01) G (r,2)]

2
+ f_m/d3r1 d’r, V, [11(r2, 02) Pa(r1,01)]" - Vi [th1(r2, 02) do(r1, 01)]

2
- f_m d31‘1 d31“2 \%! [1/11(1‘17 01) ¢2(r2, 02)]* -V [¢1(r2, 02) ¢2(I‘1, 01)]
h2
- m d31‘1 d31‘2 Vi [¢1(I‘27 02) ¢2(I'1, 01)]>k -V [1/)1(1'1, 01) ¢2(I‘27 02)]
(3.251)
and hence
2
(] 2= |9)
h2
" 4m d’ry dry Vo [001 (11, 01) ¢a(r2, 02)]" - Va [1h1(r1, 01) ¢a2(r2, 03))]

2
+ f_m / d’ry d’ry Vo [Y1(r2, 02) @2(r1,01)]" - Va [1(r2, 02) da (11, 01))]

2
- f_m d3r1 d31'2 Vy Wl(l‘l, 01) ¢2(I‘2, 02)]* -V [¢1(I‘2, 02) ¢2(I‘1> 01)]

2
— f—m /d3r1 d3I‘2 Vo [1/11(1'2,0'2) gbg(rl,gl)]* -V, W)l(rla(fl) §Z52(I‘2,0'2)]

(3.252)

With the wavefunction normalization condition, the firstnteon the right-hand
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side of (3.251) can be rewritten as

h2

4m

d’ry d’ry Vi [1h1(r1, 01) ¢2(r2,02)]" - Vi [1h1(r1, 01) (12, 02)]
:R/d v Vi [Yi(r,00) ] - Vi [i(re,01) ]
<[ ol on)) balr o)

2
:f_m/dgn Vi [t (ry,00) ] -V, [¢1(r1,01)]/d3r2 |¢2(r2,02)|2

h? .
:R d3r1 V1 [77[}1 (I'l, 01)] . V1 [77[)1 (I‘l, 0'1>] . (3253)
The second term on the right-hand side of (3.251) can bettewias

2
f_m d3F1 d3r2 Vi [%01(1‘2, 02) ¢2(F1, 01)]* -V [1/)1(1“27 02) ¢2(I‘1, 01)]

h2 *
_R/d3r1 Vi [¢2<r1;‘71>] Vi {¢2(r170—1)]

X /d3r2 [¢1(r2,02)]* [1(r2, 02)]

h2 3 * 3 2
i [ @ Vi featen )] Vst 00)) [ Pra (e,

h2
:m d3r1 V1 [¢2<I‘1, 0'1)]* : Vl [¢2(I’1, 0'1)] . (3254)

The third term on the right-hand side of (3.251) and (3.2%) loe rewritten as

h2

4dm

d31‘1 d31‘2 Vi [wl(rl, 01) ¢2(I‘2, 02)}* -V [1/11(1'27 02) ¢2(I'1, 01)]

2
:f_m /d3r1 V1 [¢1(r17 01) }* : Vl [¢2(r17 0'1>]
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X /d3r2 [da(r2, 09)]" [th1(ra, 09)] (3.255)

and the fourth term on the right-hand side of (3.251) can eitten as

2
f_m d31‘1 d31‘2 Vi Wl(rz, 02) ¢2(I‘1, 01)}* -V [1/11(1'17 01) ¢2(I‘2, 02)]
h?
Zm d3F1 Vi [¢2(I‘1701)]* -V Wl(rl,al)]

x / & (Y112, 02)]" [Ba(r2,02)]. (3.256)

In the same way, by referring to (3.253)—(3.256), the finshten the right-hand

side of (3.252) can be rewritten as

h2

4m d’ry d%ry V3 [1h1(r1, 01) 2(ra, 02)]" - Va [1h1 (11, 01) o (12, 02))]

h2

T d3I'2 Va [¢2(r2, 02)]* -V [¢2(r27 02)]

. /d3r1 [1(r1,00)]" [ (r1,00)]

h2

T d’ry Vo [ (2, 02)]" - Vs [¢2(r2702)]/d31‘1 [1(ry, 00) [

If—m / d’ry Vs [ 63(r2, 02)]" - V2 [0 (13, 02)] (3.257)

The second term on the right-hand side of (3.252) can bettewias

2
f_m d’ry d%ry V3 [¢h1(ra, 09) da(r1,01)]" - Va [1h1 (12, 02) da(r1, 1))
_n Br, V TV
=1 ro Vo [1h1(re, 09)] - Vo [th1(re, 09)]

/ dry [6a(rr, 00)]* [6a(rr, 01)]
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h? . 2
=— [ &’y Va [ihi(ry,09)]" - Vs, [1/)1(1“2702)]/(131“1 |pa(r1,01)]

2
:f—m /d3r2 VQ [1/}1(1'2, 0'2)]* . Vz [w1<r27 O'2>] ) (3258)

The third term on the right-hand side of (3.252) can be régmias

2
f_m d’r1 drz Va [91(r1, 01) ¢2(ra, 02)]" - Vo [1h1(r2, 02) ¢a(r1, 01)]
_n Br, V .V
=1 ro Vo [pa(ra, 09)]" - Vo [ty (12, 09)]

« / dPry [ (r1, )] [0a(r1, o)) . (3.259)

The fourth term on the right-hand side of (3.252) can be ittsvrias

h2

4dm

d3r1 d3r2 V, [1/11(1"2, 02) ¢2(I'1, 01)}* -V [¢1(I'1, 01) 9252(1"2, 02)]

2
_f_md?’rz Vy [1h1(rg, 09)]" - V2 [pa(ra, 02)]

« / dry [ba(rr, o) [ (r1, 1) . (3.260)

By referring to (3.253)—(3.260), we can rewrite (3.251) aB@%2) as

2

2 h %
(‘1’|2p_7711|‘1’> :R/dgrl Vi[i(ry, o) ] - Vi [a(ry, 01) ]

2
+ f_m/d3r1 Vi [¢a(rr,00)]" - Vi [da(r1, 01)]

2
B f_m d’ry Vi [¢1(r1,010) ] - Vi [¢2(r1, 01)]

x /d3r2 [Ga(ra,02)]" [th1(r2, 02)]
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h2

T d3I'1 Vi [Cbz(rh 01)]* -V [wl (rl’ 01)]

x / e (91 (2, 02)]" [$2(r2, o) (3.261)

and
0122 ) = [ 0,9 (s 2] Vs 6t
+ % / dPry Vs [ty (12, 02)]" - Vo [1hy (12, 02)]
_ % / BPry Vs [6o(r2, 02)]" - Va [th1 (v2, )]
< [ @i it o) [aer, o)

h? *
4m / d’ry Vo [1h1(r2, 02)]" - V2 [¢a(r2, 09)]

« / dry [6a(rs, o) [ (r1, 1) . (3.262)

We introduce the following functions

2
¢(r—L)=Aexpik’  (r — L) exp— (r4— E) , (3.263a)
o
2
¢ (r —L)=Aexp—ik’-(r— L) exp — (r4— 2) , (3.263b)
o
N2
¢(r—L')=Aexpik’ - (r—L') exp— (r4— /I; ) , (3.263c)
o
N2
¢*(r—L')=Aexp—ik’ - (r — L) exp— (r—L) . (3.263d)

4 0.12
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Apply V to (3.263a), to obtain

Vo (r—L)=V

, r — L)
Aexpik’- (r—L) exp—( 40/2> ]

_ [ik’— <r_L>} ¢(r— L) (3.264)

20./2

and applyV to (3.263d), we obtain

Vo (r—L') =V

2 *
Aexp—ik'-(r— L) exp—(r L) ]

2 0./2

- [—ik’ - (i)] ¢ (r—L'). (3.265)

[#evo-1r-vou—1)
=\ [ (o) e e () o]
| [ ()] e () e -miore-

B /[k,.k,_i_ik'-(r—L)_ik’-(r—L’)+(r—L’)-(r—L)]

2 0.12 92 0.12 4 0-14

x ¢*(r—L)¢(r—L) d’r|. (3.266)

LetR —r — L,L, = L' — L andL; = L — L. Substitute the latter into the right-hand
side of (3.266), to obtain

‘/d?’rqu(r—L’)*-ng(r—L)'



r-L) ik'-(r-L) (r-L) (r-L)

;o ik
S / ‘ [k K 20" 2072 T Ao

x ¢ (r—L)¢(r—L) | dr

2072 2072 Qo4

:/Hk,.k,jLik/.R ik’.(R—L0)+(R_LO).R}

x ¢"(R—Lo)¢(R) | 'R

_/Hk,.k,jLik’.R ik'.(R—LO)Jr(R_LO).R}

2072 2072 Qo4
3 / (R - L0)2
x Aexp—ik’- (R —Lo) exp ——— ——
L R)?| 4
x Aexpik’- (R) exp— 4R

40./2

ik -R ik'-(R+L) (R+Ly-R
S / ‘ |:k, K+ 2072 20572 + 4ot
(R — Lyg)”

x Aexp ik’ (R+Lg) exp —— —3

R 2
x A eXpik' . (R) exp_u d3R

4072

ik R ik'-(R+Ly) (R+Ly)-R
</ Hk,k,+ 207 27 don }

ST _(R*Lo)2 _(R)2
X A2 e—lk 'Lo e 40572 e 470,2

R

</(W+ KR K (R+Lo) (R+L0)R>

20" 202 Aot
; , _(R-Lp? (®)?
% A2 eﬂk'.Lo e 02 @ 402 dSR

|

201

(3.267)
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By using
’e*ik"% <1, (3.2684a)
e~ (R-Lo)* ¢ o~IR-Lol* < o~(R-L0)* (3.268b)
e 1K Lo o= (RA:;QOQ e Eg <e (R;aL/g)Q e i , (3.268c)

as applied to the right-hand side of (3.267), to obtain

'/d%w(r—L’)*-w(r—L)‘

) KR K (R+ Ly (R+Ly)R\ _@r-rp? _ &2
s A2/ddR (k,2 i 202 + 2072 + 404 ¢ whoe

2
Lo

KR kK (R+Ly) (R+Ly)R\ _rEr-L0) _
2 3 2 7 G
<A /d R (k’ + 572 + 572 + o e 20 o 1ol

* k' 54 L L _ 12
R A e
0 o o o

Lo / / _ 2
< 47TA2/ dR R2 (k:/2 + ];Ijg + k (1120 —/Z LO) (LO 1_ iO)LO) eR(gg/QR) e_4i92
0 o g g

/ / - 5
(k‘/2 + 5 IR; r (2R —/Z k) (RZ_ E)R) e R(;/;O)e_i% .
g g o

+ 47 A2 / dR R?
Lo

(3.269)

Consider the right-hand side of inequality (3.269), optingzover byR, to ob-
tain

0 L
—R(LO—R):L0—2R20—>R:?O (3.270)

OR
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and

82
3T R(Ly— R) = —2. (3.271)

By using (3.270) and (3.270) we obtain

R(Ly— R) Ly

20./2 < exp 80—/2‘

exp (3.272)

Substitute (3.272) into the first term on the right-hand sifl§3.269), to get

Fo kLo K (Lo+Lo)  (Lo+Lo)Lo\ RGo-m) _ z3
2 2 0 0 0 0 0/)40 L -0
AT A /0 dRR (k/k’+ 5 e )e 207 o i

Lo 3]{}’[; L2 .2 2
2 0 0 2 0 ——0
< 47T/0 dR R (]C/k‘, + 9072 + 20/4) A“ese?e 1o
AmA2L3 3Ly L2 L3
= 3 (k;/k;/ + S + 20/4) exp—c s (3.273)

For the second term on the right hand side of inequality @,46t X = R— Ly,

to obtain

4 A? / T AR R? (k;k (KR KRAER) (R P”)R> R .
0

2072 e_ 40/2
2072 2072 404

o0 , 9
:47TA2/ dX (X + Lo)? (k/k,+3k (X + Ly) N (X + Lo) )
L

2072 2074
0

_X(X+Lg) _ L3

X e 27 e 12, (3.274)

by noting

(3.275)
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as applied to the right-hand side of inequality (3.269),litam

oo / / _ 2
47TA2/ dR R (k’k’+ WE  K(E+ER) (R+R)R) o e = il
L

2 0/2 2 0.12 4 0/4

0

<4mA? / dX (X + Ly)? (k:’k:’ +
L

0

3K (X + L) (X+Lo)2) _x2 1§

2 0./2 2 0./4

[e.9]

o Lo
<drA“e 1072

/ 2 2
dX (X + Lo)? (kk 4 3 (X + Lo) (X + Lo) ) 3
Lo

20—/2 20-/4

.2

<ArA’eT 107 / dX (k/k/(x + Lo)* +
0

3K'(X + L) (X + L0)4) .

2 0.12 2 0-/4

2

L
<4nA? |Polym(Lg)| exp — 8092. (3.276)

Substitute (3.273) and (3.276) into the right-hand sidenefjuality (3.269), to obtain
the bound

‘/d3rv¢(r—L’)*~V¢(r—L)‘

AT AL} SKL, L2 L2 ) L2
ST 3 (k/k/ T 20'4) Xp — g T+ ATAT[POlyM(Lo)[exp — o s
SKL, L2

20./2 + 20/4

L3 [47TA2L3

k'K
(s

> + 4w A? |Po|ym(L0)|} (3.277)

which vanishes very rapidly fab, — oo.

Refer to (3.277), foil,y — oo, whenL’ # L to write as a limit

Lo—o0

lim U Prve* (r—L) Vo (r — L)} = 0. (3.278)

and forl’ = L, — Ly, = 0, Eq.(3.277) becomes the expectation value for free particl

with small kinetic energy we sét — 0, then Eq.(3.277) can be rewritten as a limit

lim V Prve*(r—L)-Vo(r— L)] = 0. (3.279)

Lo,k'"—0
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In the same way, we obtain a bound for the following integral
/d3r V[ —L)]" - Vipr—L)]. (3.280)
From (3.102), leR = r — L, we have
V¢ (r — L) =V¢*(R)
_V (e AR
——BCe PR R (3.281)
and from (3.264), we have

Vé(r—L)=VyR+L-L)

[ R+L-L)
=V Aexpik'~(R+L—L’)exp—< i )]

4 0.12

_ e
=V |Aexpik’- (R — L) exp—ul

4 0/2

_ [ik’— (R_LO)} ¢(R—Ly) ,Ly=L'—L. (3.282)

2 0.12

Substitute (3.281) and (3.282) into (3.280), to obtain

V(e —L)- Vo (r - L)

——3C jg.ik/_w

2 0.12

e "Ry (R — L)

s RAR-L)]
= - BC|R-ik e R © ¢ (R — L)
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(R — Lgcos®)

2 0.12

=—pC [R ik’ — } e Ry (R - Ly). (3.283)
By using (3.283), we obtain

’/ d*rVy*(r —L) - Vo (r — L)

= —ﬁC/dSR R-ik' —

R-(R— L)

2 0/2

] e PRy (R — L)

. )
_ —ﬁC/d?’R R.ik’_m
20./2

} ¢ "o (R — Lo)

=|-p CA/d3R {R ik’ — W] o—BR GiK/(R-Lo) ,~ <R4;I;§>2 '

2072
(3.284)
By using
R = (3.285)
and
o—(R—Lo)* _—[R?+L§—2RLo cos6
oW (3.286)

as applied to the right-hand side of (3.284), we obtain

‘/d3rvw*(r —L)-Vo(r—L)

2,72
(R2+/fo)} g e
o

g/d?’RﬁoA [k’+
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— 473 CA /OOO dR R? :k’ + (R%&L@ YO G i)
— 4nBCA /0 TAR R :k/ + (R;;_f“) (R Bk L
<A4nfBCA /0 TAR R k + % Pt S
<ArBCA /OLO dR L? k: + (LOZU%LO)} Rt !

+47rﬁCA/ dR R? [k’+

Lo

R+ R —R(R—Lg) L3
( 572 )1 e 27 e 1072, (3.287)

By using (3.270) and (3.272), the first term on the right-hadd ef inequality (3.287),

becomes

Lo _ 2
1rBCA / dR L2 {kw @Z%LO)] T
0 g

2 2
L Lo

LO LO
< Anp CA/ dR L] {k’ + _,2} e e 102
0 o

2

3| LO T
— AnBCALY K + 22| e 5o, (3.288)
ag

Let X = R — Ly, and substitute the latter into the second term on the hght side of

(3.287) to obtain

(R+R)| =ro-ro) _ 1
e 20/2 e 4572
20—/2

47rﬁCA/ dR R? [k’+
L

0

00 [ X+ L] - 3
< ArBCA / A(X + Lo) (X + Lo)? |[K + 2t 20| e~ mon ey

0 L o

o X+ L]
< Anp CA/ d(X + Lo) (X + Lo)* |k + 2 0| e ot

0 L o ]

o u L
:47T60A/ du u? [k:'—I——Q] e 1?2 u=(X+ L)

Lo o
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_5 Fu*  wt KLY L§
=43 CAe 17 1}1_{20 3 +40,2 -3 —40,2_

L TR I 4 VA SRR VAR S - S
<AnpBCAe &2 uhjgo 3 + wr 3 el (3.289)
where
—X(X+Lg)
e 207 < 1. (3.290)

Substitute (3.288) and (3.289) into the right-hand sideeguality (3.285) to obtain

’/dng@/)*(r ~L)-Voé(r—L)

L 2
<4AnBCAL [k - —2} o5
g

L5 Ku>  wt KLY L}
+4nB CAe 507 uh—>nc}o { 5 + o2 3 40,21 (3.291)
which vanishes very rapidly fat, — oo.
Refer to (3.291), for., — oo, to write as a limit
Llim {/ dPPrvy*(r —L)- Vo (r — L’)} = 0. (3.292)
In the same way, to obtain a bound for the following
/d3rV [p(r — L')]" - V [ib(r — L)]. (3.293)

From (3.102), leR = r — L, to obtain

Vi(r - L) =Vo(R)

=V Ce IR
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and from (3.264), we have

——(BCe PR R (3.294)
Vo*(r—L')=V¢* (R+L—-L
| L-L)
=V Aexp—ik'-(R+L—L/)exp—(R+ )
Ag'?
_ e
=V |A exp—ik’- (R —Lg) exp _(R—Lo)
Ao'2
y R-L
— {_lk - ( S 0)1 (R —1Lyg). (3.295)

By using (3.294) and (3.295), we obtain

Vo' (r— L) Vi(r - L)

A

—BC |-R-iK — % e PRy* (R — Ly)
it :—1% ik — %: e PRy (R — Ly)
—3C :—fz K — (R_;—O;OS‘Q)} e PRy (R — Lo)
—BC {}% ik (R_QLU—O;OSQ)} e PRE (R — Ly) . (3.296)

By using (3.296), we obtain

'/d3rv¢*(r L) V(e — L)‘

= ’ﬁC/dSR [}?-ik’Jr

(R— Locos®)

2 0/2

} e My (R — Ly)
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_ _ 2
(R — Lgcos 9)] o= BR =ik -(R-Lo) ,~ Bkg)

= ﬁ(]A/d?’R R-ik - — 2"
20./2

(3.297)
By using (3.286) and
‘efik“(Rng) _ ‘efik’RcosaJrik’Locose _ 1, (3.298a)
ik cos 0] <|K/|, (3.298b)
as applied to the right-hand side of (3.297), we obtain
‘/ Prve*(r—L') - Vip(r — L)‘
R24+12-2RL
< ﬁCA/d3R {;{;/+M] e—ﬁRe—[ﬁ,i,zo]
20/2
* e[y (BEL0)] 2418 2rs
= 413 CA / dRR? [k + ———=| e PRhe™ a7
0 I 20./2 |
oo B T _ 2
— 4nBCA / ap g2 g+ S L] o -2
0 I 20./2 |
<ArpCA / AR R i Bt Do) oresi 1,
0 | 20./2 |
L r B 2
< 47rﬁC’A/ AR 12 k+%} o e o
0 L g
o0 _ _ 2
4 4nBCA / dR R? [k:’+ (R;,QR)] o mm e (3.299)
Lo g

By using (3.270) and (3.272), the first term on the right-hadd ef inequality (3.299)

becomes

Lo Lo+ L w13
4rBCA / dR L2 {k’+ %%0)} 5 o i
0 o
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Ly Lo
— | esd’2e 40’2

Lo
<47rﬁCA/ dR L3 {k’—k 3
0 o

2
_ Lo
e 852,

L
— 473 CALS [k: + —02} (3.300)
g

Let X = R — Ly, then substitute into the second term on the right-handafi& 299)

to get
4B CA / Capg gy TR e
Lo 2572
o0 [ X+ Ly - L3
<4nBCA / Ad(X + Lo) (X + Lo)* |k JCZ 0| i o i
0 L o i
o [ X+ Ly _ 3
< Adnp CA/ Ad(X + Lo) (X + Lo)* |K ;2 0| e o
0 L i
oo LQ
:47rﬁCA/ du u? [k'—l—%] e a0 ,u= (X + L)
Lo
g [ K Wt KLY LG
B R R i o)
S KW ut KLI3 LY
<AnBCAe &2 u]ggo 3 + o7 3 1072 (3.301)
where
—X(X+Lg)
e 207 (3.302)

Substitute (3.300) and (3.301) into the right-hand sideefuality (3.299) to obtain
‘/ dPrve*(r —L') - Vi(r — L)‘

L]
<ArBCAL} [k + _g} e R
g
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L,
+47F CAe 52 lim

% Jim [ k/;g + 41;2 - k/?)L 8 + 4?2} (3.303)
which vanishes very rapidly faby — oc.
Refer to (3.303), for., — oo, to write as a limit
L})iinoo { / Prve (r—L') - Vip(r — L)} = 0. (3.304)
In the same way, we obtain a bound for the following
/ PV [ — L) V' (o — 1)) (3.305)

LetR' = r' — L/, to obtain

V(' — L) =V (R + L — L)

V"R - L)) Ly=L-L

—(O Ve PR -Lg|

:v/e—ﬁ\/R’2—2R’L6 cos 0+L'2

= <R/a?%, + é%%) e\/R’Q—QR’LE) cos 0+L'2

(R — Ljcos0) R n L} sin 60
VR? +2R Lycosf + L'2  \/R?—2R'Ljcosf + L'?

A~

(R — 1/;6 cos/ 0) R! N L{)/sin 9/9 ARy
IR — Ly IR — Ly

S (3.306)
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and by referring to (3.264), we have

Vo (r' — L) =V (R)

N2
=V [A expik’- R’ exp —<fj/)2 ]
1/ R’ /
e (o as0n

By using (3.306) and (3.307), we obtain

Viy*(r' = L) - Vo (r' — L)

_ —ﬁC (R/_L{)COSQ) R/.ik’ Lgsineé-ik’ - (R/ - L6COS€)R/ .Rl
IR — Ly IR — Lyg| IR — Lj| 2572
Losinff R | _gp_v
B i R
0
_ 50 (R — LjcosO) R - ik’ L}sin00 - ik (R = LycosO) R
’R,—Lg‘ ’R’_Lg‘ 20/2’R,—L6‘
x o MRRlg (R) (3.308)

By using (3.308), we obtain

‘/ &P’V (r' — L) - Vo (r' — L)

:‘_50/

(R — Licos0) R - ik’ N Lisinf0-ik' (R — Lcosf) R
R — Lg| IR — Ly 20" R’ — Ly

xe AR Lol (R') d°R/
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(R' + Ljcosf) R - ik’ N L) sinf - ik’ N (R'+ Ljcost) R
IR’ — Ly IR’ — Lo 20" |R' — L

<60/

XeileiLélgb (R/) d3R/

(R’+L5)R/-ik’+Lgé-ik’ (R'+ L)) R
IR' — Ly IR —Ly| 207 R — Lo

<foc |

xe IR Lol (R!) d°R/

(R+ L)k . Lk (R+Ly)R
<pBCA
’ /[LW—LM_WR”JM+?WNR—LH

—~BIR/~Lj| i KR/ (R2 3R/
X |e e d°R

d*R/

(R'+2Ly) kK (R + Ly) R gy B )?
<BCA IR Lyl
b /[IR—LH'+%WR“lM °

R/ + 2[/ k, R, + L/ R/ _ 2 _LIQ
0 0

R/Q(R/ + 2.[/,) k (R/ + L6) RIS —,3|R'—L6 741%'/22
R APy ¢

<4rBCA / dR’

0

L 12 / / / ! /3
R2(R +2L)K (R + L) R3] sy p) &2
:47TﬁCA/O dR,|: L6 —+ 20"2[0,6 e ﬁ(LO R)e 4072

,[R*(R +2Ly) K (R + Lj) R? —s(R—1p) _ B2
+47rﬁOA// dR { Vi + 5o ]e e 10
(3.309)
where

2 1
/ / d9dg0 47— | R. =max(R,L). (3.310)
L0| R
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Consider the first term on the right-hand side of (3.309), taiob

Lo R*(R +2L))k" (R + L)) R® TN
-8(Ly—R") &
47Tﬁ CA/O dR' |: L6 + 20"2L6 :| e ( 0 )e 4072

L/ 12 ( 1! 230 k! / L 13 ,
<47T6CA/ Ode |:R (R + O) + (R + O)R :|e—5LO
0

L 202 L,
<4rfCAe P x [polynomian of degreéin (L})| (3.311)
where
P o tm — o R < 1 (3.312)

Consider the second term on the right-hand side of (3.308)leaX’ = R'— L,

to write

o R/2 R/+2L, ]{], R,+L, R/3 _ /7! _R’2
43 CA /0 dR’{ ( o LA 20,2}0%), }e (R ~Lo) o= o

=473 CA /Oo d(X'+ Ly) (X' + L'o) (X' + Li) + 2Lg) K
0

X'+ L) z ULS) (X' + Lg)Q} o
—473CA /L OZ du |k (u + 200) + W;#g)ug (xR
0 - |
=473 CA /;O du _uk'(u +2Lg) + %_ 0B e_%’ﬁ
oL
§47Tﬂcz4/ooo du :u2k' +2uly + W;J—l/?w eif;,gz

=4 CA
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[Pk ut Lo LK s Ly LB _ 3
X i { R e e 60’2} ¢
L’%
<4AnBCAe s
R ut Lo LK s Ly LY
X uh_{go [ +tu L6 + Rg'2 + Go'2 - 3 - L/O - ’g"2 - 60—/2]
(3.313)
where
X’2+2X’L’
e e L 1. (3.314)

Substitute (3.312) and (3.313) into the right-hand sideeguality (3.309), to obtain
’ / d*r’' Vy*(r' — L) - Vo (r' — L)
< 4nfCAePlo x [polynomian of degreéin (L)

'?

+47B3CAe s

- [eK ut Lo LK s Ly L
X { Tt gt e Ty Fo T gen 60’2} (3.315)
which vanishes very rapidly fat;, — oc.
Refer to (3.315), fol;, — oo, have as a limit
L!im {/ d*r' Vy*(r' — L) - Vo (r — L')} =0. (3.316)
OHOO

In the same way, we obtain a bound for the following

/ PV (o — L))" - V' [(r' — L) (3.317)
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LetR' =1’ — L' andL; = L — L', we have

Vo —L) =V§)([R + L — L)

=V(R' - L)

—(O Ve AR -Lg|

/o BV R?—2R Ljcos 0+L'3

= <é/aaR’ -+ é%%) e\/RQ*ZR’Lf) cosO+L'3

(R — Liycos ) R N Liysinf 0
VR?+42R'LycosO+ L' \/R? —2R'L}ycosf + L3

(R' — LjcosO) R Lisin6 _BIR/-L|
= — 0 3.318
TR TR ©519)
and by referring to (3.264), we have
V¢* (I_/ _ L/) :v¢* (R/)

N2

=V |Aexp—ik’-R’ exp—(R)

Ao'?

1./ R, * /

= {—1k — <20/2)} ¢*(R). (3.319)

By using (3.318) and (3.319), we obtain

Vo' (v = L') - Vy(r' — L)
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(R — LhcosO) R -k Lisin@0-ik' (R — Ljcosf) R R’

B e VR #1 R i VAR
LO Sineé 'R/ o 1
TR-L) 2(,,2] e TR (R))
0

B (R — LicosO) R -ik'  Lisinff-ik' (R — Ljcosf) R
_/BC / / + / / + 2 / /

IR — Ly| R — L] 20" |R' — Ly

x e AR Lol g (RY) (3.320)

by using (3.320), we obtain

’ / &' Vo' (v — L) - Vib(r/ — L)'

:‘50/

(R' + Ljcosf) R -ik’ L) sinf-ik’ N (R + Ljcost) R
IR’ — Ly R’ — Lo 20" |R' — L

xe PR -Lolg (R)) I*R/

(R +L)R-ikK L6-ik (R+L)R
R — L’o! IR —Lo| 207 |R'— Ly

<o [ !

x e PR =Lol g, (R/) &*°R/

(R + L)k LK (R'+ L) R
<[BCA
& /[ R-L| TR-L)  272R -L|

/ 2
- T LR/ (
% le BIR Lo|elk R e d3R/

4R/

(R +2L)K  (R+LY)R | _smor &)
<pBCA BIR'—Lj| 7
& /[ R-L)| 22 R -1 ¢

R +2Ly) K R+ Ly R Y R’
= 60A/d3R/ |:( |R/ N I?/)‘ + 2(0_/2 |Rl 0_>L/ |:| € —AIR'~Lo| e 40’2
0 0
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< 47rﬁCA/ AR’ [

0

RAR 200K | (R4 L) R*] glwuy] 22,
R- 20°R. | ° ¢

Ly R/2(R/+2L/)k <R1+L/)R/3 s R 2
— 4nBCA /0 dR’{ o n 20_,22,0 }e B(Lh—R') o=

/ RIQ(R/ + 2L/ ) k (R, + L/ ) ng _ﬂ R/_L/ 7R7,2
+47rﬁCA/L6 dR [ = R e (R'=Lb) o= iom
(3.321)
where
1
/ / d9d<,0 L’] =47 R_’ , Rw = max(R', Ly). (3.322)
0 >

Consider the first term on the right-hand side of (3.321), taiob

ArBCA / AR’

[FERE2LDE | 0 L)) i) 45
0

72
L 2071 °r
0 0

L6 /2 / 2L/ k/ / L/ /3 ,
<47rﬁCA/ AR [R (R +20) K | (R +/20?R }emo
0 LO 20 LO

LAnBCAe 0 x [polynomian of degreéin (L;)] (3.323)
where
W) < 1 (3.324)

Consider the second term on the right-hand side of (3.32t)leaX' = R'— L,

to write
R?(R +2L)) K R+ LRl _atw g R'2
47r50A/0 dR’{ ( I LA 20,2}%), e PR =Lb) o=

—4n3CA / T 4 L) (X + o) (X' + L)) + 2LL)
0
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/ / / 2 i
X+ L) J;L/g) (X" + L) | —px - Xk
g

[e’¢) B L/ 27 x240x'L! +L/2
=473 CA/ du |uk'(u+ 2L5) + (utLo)u” e B g T

L L 20'/2

0 i I 27 X2 4ox/ Ll 112
=4r (3 CA/ du |uk'(u+ 2Lg) + (utLoy)u” e

I’ i 20"

L/2 (e e]
<ArBCAe 10" / du {u%’ +2uly +
L

"o

(u® + Lyu?)
202

L/2

—47BCAe 1

o [ulR ., Wt L LK, Ly L
x’l}i{lgo[ +ULO+80’2+60’2_ 3 _L0_80’2_60’2}
L’g
<4nfCAe 57
[k, Wt L LK, Ly L
< { kot g ten Ty T Ho T gon T 60’2}
(3.325)
where
X/2+2XIL/
e e L 1. (3.326)

Substitute (3.324) and (3.325) into the right-hand sideeguality (3.321), to obtain
' / d*r'Vo* (r' — L) - Voo(r' — L)

< 4nBCAe P x [polynomian of degreein (L))]

'2

+47B3CAe s

[k L, Wt L LK, Ly Ly
X i et g m T g T3 Lo g0 T g

(3.327)
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which vanishes very rapidly fak{ — oc.

Refer to (3.327), foi.;, — oo, to write as a limit

lim {/ ' ver (r = L) - Vy(r' — L)} =0. (3.328)

!
Ly—o0

In the same way, we obtain a bound for the following integt&t R = r — L,

to obtain

_(x-L))?

_ (14!/}pre—mF44gkﬂu—v>e —_

\ [ e - 1) o - L)

_(R-Lg)?

=|CA /d?’Re_ﬁIRI etk (R-Lo) o =7

(R—Lg)?

é/dSR CA e PRI o= —55m

/3 (V/r2rg2nigeont)”
= [ &I'R

CA e PRI~ 172

CA e PRI~ o7

V=
g/&R

R—L)?

:/dSR CA e’ﬁRe*( 1072

o 5 _R(R-2Lg) _ L2
<4rnCA dR Re™ 207 e 172
0

2
R(2Lo—R) Lo

Lo
<47TC'A/ dR Lg e 107 e 1072
0

. p —MB2L0) LG
+47CA | dR R2e™ w7 e ar. (3.329)
L

0

Consider the right-hand side of inequality (3.329), opte®4 L, — R) by R, to



222

obtain

a% R(2Ly— R) = 2Ly — 2R =0 — R = L, (3.330)

and

2
% R(2Ly — R) = —2. (3.331)

SubstituteR = L, into the first term on the right-hand side of (3.329), to abtai

Lo , _ReLg-m) I} Lo , 13 _ I}
4rCA dR Lye™ 47 e 10? =41CA dR Lije 1% 107
0 0

2

Lo 12
:47TCA/ dR Lge_zT2
0

3 2
:_4”0314% 3 (3.332)
Consider the second term on the right-hand side of inequ@li829), letX = R—2L,,

to obtain

> o _R(R-2Lg) _ Lj
A4nC'A dR R“e™ ™~ 47 ¢ 172
L

0

X(X+42Lg) _ L

—4rC A / A(X +2Lg) (X +2Lg)% e w7 e 1"
0

L3 _ X(X+2Lg)

<47TCA/ A(X +2Lo) (X +2Lo)%e 17 e w2 <1
0

2
Lo

:47TCA/ du u? e w2
2L

2 3 L3
—4rCAc ik lim {% _ ?0] . (3.333)
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Substitute (3.332) and (3.333) into the right-hand sideeguality (3.329), to obtain

[ ot - fote - 1] <TG 0

2 3 L3
L ArCAe it lim {“— _ —0} (3.334)

which vanishes very rapidly fat, — oo.

Refer to (3.334), for.,, — oo, to write as a limit

lim { / &r [h(r — L) [o(r — L’)]} ~0. (3.335)

Lo—o0

In the same way, we obtain a bound for the following integt#t R = r — L,

to obtain

(r-1)?

[ e ot -1 e -1 <[ [ apeerienn o5 e

R-Lg)”

=|CA /d?’Re_ik"(R_LO) e*%T e AR

(R—Lg)?

é/ng CA e PRI g~ 5m

2
(1 /R2+LE—2RL( cos 9)

:/d?’R CA e PRl 1072
(‘/R2+L%—2RLO)2
< / PR |[CA e PRI g™

(R—Lg)?

:/d3R CA e PR 1o

o 9 _R(R=2Lg) _ Ly
<4rCA dR R°e 47 ¢ 102
0




R(2Lo—R) _ L3

Lo
<47TC’A/ dR Lg e 407 ¢ 10?2
0

R(R—2Lq) Ly

+47TCA/ dR R’e™ ™ w72 e 172,
L

0
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(3.336)

Consider the right-hand side of inequality (3.336), optef®42L, — R) overR,

to obtain

0

From (3.337), we obtain

R:Lo.

(3.337)

(3.338)

Substitutek = L, into the first term on the right-hand side of (3.336), to abtai

Lo , _ReLo-m) I} Lo o _ 1B 18
4rC'A dR Lie 47 e 37 =41CA dR Lie 3%e 107
0 0

LO L%
:47TCA/ dR Lg e 2072
0

(3.339)

Consider the second term on the right-hand side of inequ@&li8a6), letX = R—2L,,

to obtain

o 5 _R(R=2Lg) _ Lf
4nC A dR R°e™ 47 ¢ 1072
L

0

X(X+2Lg) _ L

—4A7CA / A(X +2L0) (X +2Lo)2 e 17 e 1
0

L3 _ X(X+2Lg)

<4rCA / A(X 4 2Lo) (X + 2Lo)2 e ine o ia
0
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.2

:47TCA/ du u2 e 5"
Lo

2 3 L3
—4rCAe i” lim {% - ?ﬂ] . (3.340)

Substitute (3.339) and (3.340) into the right-hand sideeguality (3.336), to obtain

AnCALS 13

[ ot - 1) fote - 1 T

2 3 L3
4 4nCAe w0k lim {“— - —0} (3.341)

which vanishes very rapidly fat, — oo.
Refer to (3.341), for., — oo to write as a limit

lim { / d’r [p(r — L))" [o(r — L)]} =0. (3.342)

Lo—o0

In the same way, we obtain a bound for the following integratk R’ = r’ — L/,

to obtain

(1)

’/d3r' W}([J_L)]* [¢(r/_L/)] —|CA /dS / 1k’ (r'=L") Te—ﬂ\r/—ﬂ

_loa /d3R’ KR 40',2 —B|R+Lo|

"2
é/d?’R’ CA ef}'R/*LOe(zg’

S/d?’R' CA e P —Lol o= 413'22

oo /
<4nCA / AR R? e~ AR Lol =i
0

oo /
<4rCA / dR' R? e AIE ~Lol o i
0
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L 12
:47TCA/ OdR’ R? e_fjﬁe—ﬁ(Lo—R’)
0

+47CA / h AR R? e imeBR~Lo)
Lo

(3.343)

Consider the first term on right-hand side of inequality (3)340 obtain

Lo Lo
47C A / AR’ R? ¢ is 2 o=B(Lo—FR) <4rCA / dR' R?e Blo
0 0

<47rC'A Lg o—BLo

< 3.344
. (3.344)

where

12
AR o~ iom — o B (=) < 1 (3.345)

Consider the second term on right-hand side of inequaliB8A@®), letX = R’ —

Ly, to obtain

A7rC A /OO dR' R* e_ﬁ%e_ﬁ(RLLO)
Lo

2
<4rCA / AR R2e Tid o 8X
0

x24+13-2X1Lg

=4rC'A / dR' R?e™ a0z X
0

2

<4rCA / dR' R?e 172
0

2 /3

—4nCAe 07 lim — (3.346)

R —co 3
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where

x"212x'Ly)

B — < 1. (3347)

e

Substitute (3.345) and (3.346) into the right-hand sideeguality (3.343), to obtain

2 3
‘ / &' (' — L) [6(r' — )] %ALO 0 4 4xCAeH lim %
(3.348)

which vanishes very rapidly fat, — oo.

Refer to (3.348), for., — oo to write as a limit

lim { / v’ [p(x' — L))" [o(r' — L’)]} =0. (3.349)

Ly—o0

In the same way, we obtain a bound for following integral. Bét=r’ — L, to

obtain

(1)

‘ / d*r (' = L)) [w(r’—L)]' =|CcA / dPr’ e 1K) o o oAl

—|CA /dSRI —ik’- R’ —ie R e —B|R+Lo|

R/ 2
S/d:sR' CA e PR +Lol ¢ *(40/)2

< / SR’ |04 e AR Lol o=

oo ’
<4nCA / AR R? e~ AR Lol o~ i
0

o0
<4nCA [ dR B2 e ORIl o= im
0

L !
:47rCA/ OdR’ R? e*ﬁ%efﬁ(Lo—R')
0
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+4rCA / h AR R? e im AR -Lo)
Lo

(3.350)

Consider the first term on right-hand side of inequality (8)3%0 obtain

Lo / Lo
47C' A / dR' R"? e—ﬁ%e—ﬂ@O—R’) <4rCA / dR' R? e Blo
0 0

ATCALY

< 3.351
. (3.351)

where

12
A o~ iom — o B (=) < L (3.352)

Consider the second term on right-hand side of inequali8s@®, letX = R’ —

Ly, to obtain
47C A / h AR R e i oA ~Lo)
Lo

(X+Lg)2

<4nCA / dR' R?e¢ a2 ¢ PX
0

x2413-2XLg

:47TCA/ dR' R?e a0z X
0

2

<4rCA / dR' R?e 27
0

12 /3

—4rCAe 07 lim — (3.353)

—>oo3

x"21ax'L))

wheree#¥e™ 27 < 1is given by (3.347).
Substitute (3.352) and (3.353) into the right-hand sidenefjuality (3.350), to



obtain

[ fot -y ot - )| < T e

L2 Rl3
+47CA e a0 [ lim —}
R—oco 3

which vanishes very rapidly fat, — oo.

Refer to (3.350), for., — oo to write as a limit

| [ ot - 1) o’ - ]| 0

Lo—o0
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(3.354)

(3.355)

Refer to the integrations in (3.264)—(3.355), for# L' and Ly, L, — oo, to

obtain the limit :

lim

|
J

d3rng5 (r—L)- ng(r—L)- =0,

lim
Lo—o0

d3rw (r—L )-Vqﬁ(r—L')- =0,

lim U dPPrve*(r —L') - Vi(r — L)- =0,

Lo—o0

lm | / Br' V(' — L) - Vo (r' — L’)- =0,

Lo—o0

lim / &' Ve (v — L) - Vb (r' — L)- =0,

Lo—o0

lim | [ -nr o - )| = o,

LOHOO

im_ | [ fote— 21" e - 2] =0,

L0—>OO

Lo—o0

i | [ e’ - 0 o - 1] o,

(3.3564)

(3.356h)

(3.356¢)

(3.3560)

(3.356€)

(3.356f)

(3.3560)

(3.356h)
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Lo—o0

lim [ / &' [o(r' — L) [ — L)]] 0, (3.356i)
and

lim [— [ @rvue-1)- Vot -1) [ @ o - L)) e - L)]] 0,

Lo—o0

(3.357a)

lim [— [@rvor -y Vo -1) [ @ ol - ) ot - L’)]] 0

Lo—o0

(3.357b)

lim [— [ @V (0 -1 vt - 1) [ @ e - 1 ot - L')]} 0,

Lo—o0

(3.357¢)

i [ [ @ vor - 1) Vo - 1) @ fote - 1) ot - ]| o,

Lo—o0
(3.357d)
from (3.279), withL = L for small kinetic energy.’ — 0, hence
. 3 o * o _
Lo,éﬁl@o [/d rVo(r—L)" -Vo(r L)} 0 (3.358)
as a limit, and by referring to (3.117)—(3.119), with= L', we obtain
Llim0 {/ &¢*rV [Y(r —L)]" - V[(r — L) ]} =/ (3.359)

ForL # L/, andL, — oo to write as a limit

lim U &Erv [ —L)]" - V[u(r - L) ]} =0 (3.360)

Lo—o00
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and hence, foL # L/, andL, — oo to write as a limit

lim {/ d*r[¢(r — L)] [¢(r — L")]| =0. (3.361)

Lo—o0

By USing (3356)—(3361), |&t1 =TI, Try = I‘,, Ll = L, LQ = L, LO = L/ - L
andL, — oo, as applied to the right-hand side of (3.261) with normaligpin, we can

rewrite as

2

01 2L ) = [ (9t = L) 1 9 ot~ L) ) (32 )

+ % /d31‘1 (Vilo(r1 — Lo)]" - Vi [#(r1 — La)]) (x5 - x)

h2

4dm d’ry Vi [¢p(ry — Ly) |" - Vi [(ry — Ly)]

s /d3r2 [0(ry = Lo)]" [¢(r2 — La)] (X5 - Xe)

h2
 4m

d’ry Vi [p(r1, —Lo)]" - Vi [ih(r — L) ]

« / dry (s — L))" [6(rs — Lo)] (x5 X3)

_fm &y (V[ — L) " Vi [(r1 — L) ]) 6ae

+ 4h_m /d3r1 (Vio(r1 — Lo)]" - Vi [(r1 — Lo)]) o

h2

~ dm d’ry Vi [(ry = Ly) " Vi [p(ry — Lo)]

X /d3r2 [¢(rs — Lo)]" [¥0(r2 — Li)] das

_ h_2 d*r; Vy [o(r1, —Lo)]" - Vi [¥(r; — Ly) ]

4m
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X /d3r2 W(Ié - Ll)]* [¢(I'2 - Lz)] dab

h22
B+O

< (3.362)
4m

and hence

(V] 2P_;L W) :f_m /d3r2 (Vo [@(re — Ly)|" - Va [¢(r2 — L)]) 0uq

e [ ey (Ve — L)' V(e — L)) o

o KU AT B AT A)
< [ @i fole ~ L) (o6~ Lo))
h2

h2 2
b + 0.

< (3.363)
4dm

From (3.362) and (3.363), we obtain the expectation valudradtic energy of

the system which consists of one nucleus, one bound eleatrdione free electron :

2 2 2
p; P1 P3

U = (U] — |U Ul —= |V
2m| > < |2m| >+< |2m| >

>

h2 62

< . (3.364)
2m

The expectation value of kinetic energy of of the system Wwldonsists oft nuclei,

k bound electrons, an@V — k) free electrons with the latter with vanishingly small
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kinetic energies :

p; P3 Px
‘1’|Z —|) = |‘1’> (W \ |‘1f> (U5 )
k39 m0
< s . (3.365)
2m

=1
To obtain the bound of following integral function we Bt= r — L, to obtain
(r—L)2

¢(I‘—L) 2/ 3 k(e _(r-L)? elk ((r—L) T
Pro(r—1) 20TL e [ oo

A2 / FRE”
R

R2
e T 2572

R

=47 A? / dR R?
0
o0 2
— 47 A2 / dR Re 307
0

20" R2
ef 2572

=47 A? ( —

)
=47 A%5"?
>0. (3.366)

This gives

—/d?’r ¢*(r—L)- % <0. (3.367)



Again,letR =r - L,Ly =L —

'/d?’r(;s (r—1L)-

— A2 /d3relk' (r— L/) -

r-L]

(r— 5;)2
— 22| [ @3r e =7
[y

(R+L-L')?

— A2 /dsRi
IR

(R-L))?

- o2
— A2 /d?’RL
R

— A2 |5 / PRE

L3 o0 R2_2RL
_ Lo _ 0
< A% e 20’2/ BPRe™ 27
0

9 o0 R(R— 2L0)
=4 A% |e 20’2 dRRe — 17
0

Lo
< ArA? |e” 20’2

= 47 A? |e 2a’2

g
/Om

—R) 1z [lo R(2Ly—R)
dR L e 40’2 + e 2072 dR Lge ™ 4.7
0

dR Re — 472

L andL; = L — L/, to obtain

¢r—L)

(r-1')
40’

r - L

(r L;) eikl'(rfl‘/) e_
40’

_ R%242RLjcos

205/2

R

_ R(R—2Lg)

234

9 Lo R(2Lg—R) R R—2Lg)
< A4AmA® e 3 dRLpe %7  +e 27 dRRe ™| (3.368)
0 0
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By optimizing R(R + 2L,) over R, we obtain

a% R(2Ly— R) =2R — 2Ly = 0 — R = L, (3.369)

substituteR = L, and X = (R — 2L) into the right-hand of inequality (3.368), to

obtain

3 / (b(I'—L/)
TR =

5 | L3 Lo g o0 _ R(R—2Lg)
<AmA® e 1072 dR Lo+ e 2072 dRRe — 47
0 0

(X42Lg)X

| 3 [to _1E [ _
—ArA? e | dRLog+e 37 | d(X +2Ly) (X +2Ly)e i
0 0

Ju=(X+2Ly) (3.370)

12 Lo 1.2 00
9 | Lo _ Lo _uX
<AmA® e 102 dR Ly + e 202 duue 17
0

2Lg

which vanishes very rapidly fab, — oc.

From (3.370), forLy, — oo, to write as a limit

Jim H / Bro* (r— 1) - ¢|(r__5|/) —0, (3.371a)
_ L’ T

L?Eloo { / dPro* (r — L) - % =0, (3.371b)
I

L%)iinoo {—/d?’r ¢ (r—L')- % =0. (3.371c)

LetR =r — LandL, = L' — L, to obtain

(r-1)?

6(r—1) [wren 1) 72
Brof(r—L)- =72 —cA [ B3rePlFLl.
/ ry*(r ) Py re P

(R4+L-L')?

iK(RAL-L') o=

R|

—CA / d*Re Rl &



From (3.372), we can rewrite

’/d?’rw*(r—L)-

Consider the

obtain

0
@R

o(r—L)| _

r—L|
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el K -(R—Lo) o~ (R;ITQO)Q
=CA / d*Re AR R (3.372)
ik (R-Lo) o~ (R;;S)Q
CA / d*Re ARl C
R

~ kgl

— CA/d3Re—BIRI e

R

=CA

(R2+L(2) —2RL( cos 0)
4072

/ d*Re PRI ¢

dBRe_ﬁ‘R‘ _
/ R[

2

Lo
=CAe 2.2

<CA

% o0
=4r(C Ae 1072 / dR
0

R24+L3-RLg

—BIR| _

e R(R—2Lg)
I*R e

R

R|

4072

4072

2e*ﬁR _ R(R-2Lg)
R 7 e 402

13 o0 _ R(R—2Lg)
<4rCAe 1072 dRRe™ — 1072
0

_ g
<4rCAe 1072

o0 _ R(R—2Lg)
+ / dRRe — 47 |,
L

0

Lo R(2Lg—R)
dR Lye™ 4.2
0

(3.373)

right-hand side of inequality (3.373), opteniz2L, — R) over R, to

(3.374)
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and

0? Lg Lg

SubstituteR = L, into the first term on the right-hand side of inequality (870

obtain

.2

L3 Lo R(2Ly—R) Ly 1 Lo 9
ArCAe™ 107 dR Lpe 27 <AnCAe 1077 ese? dR Lj
0 0

L2 Lo
=47CAe 82 / dR Ly
0

= 6_207/2, (3.376)

Consider the second term on the right-hand side of inequ@&li873), letX = R—2L,,
to obtain
g [ R(R—2Lg)
4 Ae™ 1072 / dR Re ~ 472
Lo

L2 _ X(X+2Lg)

<ArCAe 1" / A(X +2Lo) (X +2Lg) e~ w072
0

L uX

o0 2
<47TOA/ A(X +2Lg) (X + 2Lg) e i e i
0

=4nCA e_4i92/ duue o7, (8.377)
2

Lo

Substitute (3.376) and (3.378) into the right-hand sideeguality (3.373), to obtain

‘/d% ¢ (r—L)- ¢‘ir:1ﬁ,)

arCALE _ 8
2 e 8c/2

~

L% o0 uX
+ 47CA e4cr’2/ duue 17 (3.378)
2

Lo




which vanishes very rapidly fat, — oo.

Refer to (3.378), fol,, — oo, to write as a limit

lim Vdi”w* (r—L)-

Lo—o0

and hence

Lo—o0

v — L

lim [/d3r¢* r-ry. LD

v — L

IS

=
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(3.379)

(3.380)

To obtain a bound for the following integral function wedet= r — L, to get

/d3r¢* (r—L)- 91’(1"—_1/“)
v — L]
o _ (r-L)?
r—L|
oLy
e 20
— A2 d3
/ "L
_ (x+L/-1)?
— A2 / d3X e 20/
|

z2 —21L6 cos 6

ng e (& 20572
= A? e 202 dSX—
0 x

L2 o0 @2 221
<A%eat | [ dPxem
0

0 ac(z—2L6)
drxre 207
0
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'2

_~0
< 4AnA%e 202

L6 m(z—2L6) 0 z(m—2L6)
/ — —
de L'ge™ 27 + drxre 207
0

/
0

L3 L'o L2 o0 w(z—2L})
_ L% , _ L% _
e 1072 dz Ly + e 27 drxe 27
0

/
0

2
_rc(ac—2L6) L’O
, e 2572 < 640/2

< 4w A2

5 _ L2 ’2 5 L2 00 _a(a—2LY) ,
=4 A% e 17 7 +Am A2 e 20 dexe 27 X = (v —2Ly)
Ly

L2 L/Q 2 (X+2Lp)X

— 4mA? |e" 1t 20 5 te 20’02/ d(X +2Lo) (X 4+ 2Ly) e 27
0

u= (X +2L}) (3.381)

L,2 I/I2 L/g e uX
— 47 A? e 1 20 + e 20’2/ duue 207
2 2L

which vanishes very rapidly fat;, — oc.

From (3.381), forL;, — oo to write as a limit

: ng L
A H / d’r¢" (r— L \(—L’I) =0 (3.382)
and hence
| g e_r). CET D]
i Vd r¢*(r—L) P } =0. (3.383)
Again, letx’ =1’ — L, andL; = L — L/, to get
(' —L))
d3r’¢ L/>
/ e
"2 ik (e —L _(rI*L')2
_y /d3’ R
r — L

(r/fL/)2

U=
A2
[T
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(x’+L—L’)2
e_ 2572
— AQ d3xl—
x|
-~ (x,—Lé)2
_ A2 d3X/ € 2072
x|

z'2 721/L0 cos 0

2 00 -

_ =0 e 20

— A2€ 2072 / d?’xl—
0

.T/

2 oo 2 o0
_ 0 _z * Lo
< A%e 207 / d*x e 207
0

9 L% o0 ;) 72/(1/72L0)
=4 A% e 27 de'z' e 207
0
5 _ L2 Lo _al(a'—2Lg) 0 , , _al@—2Lg)
<A4mA®e 272 de Lge™ 207 + do' 2’ e 2072
0 Lo
L 2 o] 2
L2 0 Lg 2’ (2’ —2L¢) _z/(a’ —2Lg) L
< 4 A? e4o’2/ da’ Lo+ e 257 do’ 2’ e 207 e 27 L ew?
0 Lo
_ 13 L? _ 13 o _ 2/ (@' —2Lg)
= 4nA% e 107 ?0 4+ 4r A% e 2.7 de'a’e” 207 | | X = (2 — 2Ly)
Lo

L3 L2 L3 _(X+2L9)X

— dmr A e*479270 + e m” / A(X 4 2Lo) (X +2L)) e 27
0

L3 [2 T uX
=47 A% e 102 =0 4+ o 2.2 duue 2072
2 2Lo

u= (X +2Ly) (3.384)

which vanishes very rapidly fab, — co. We note that

% ¥ (2Lg —2') =20y —22' =0 — 2’ = L (3.385)

and (3.384), for.,; — oo, we get

. /2
‘/d?’r’ o (' — L) - Llﬁ) <47TA20’2e_2L7% (3.386)

v
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the right-hand side of inequality (3.386) is positive, sattive can rewrite (3.386) for

Ly, Ly — oo as a limit

lim [/ d*r’ ¢* (v — L) o~ L) =0. (3.387)

Lo,L{—00 ’I‘/ — Ll
LetR =r — L andL, = L’ — L to obtain

. (r—17)?
I ik -(r=L') o=
/d3r Y*(r—L)- or —L) —C'A/dgremrl‘ - ¢

r — L/| r — L/|
. (R+L-L')?
iK(RAL-L') (=7
—CA | $Re PRI, ¢
¢ / ) R+L-L
ik’-(R—Lo) —7@;]75))2
—CA / PBRe PRI C = —eL0|4 (3.388)
From (3.388), we can write
L (R-Lg)?
) A= o [pem, S0 e
d’r : =|CA [ PPRe PRI
‘/ v T R Lo|
(R—Lg)2
—|CA | &®Re PRI i
/ ¢ IR — Lo|
(R2+L872RL00059)
—CA| [ #ReRIE___
/ ¢ IR — Lo|
<(JA/ 3 |I:_M£| |e—u+i£“°
— 40
:cAflﬁRH:ﬂ?je<iﬁy

e AIR| (R—Lg)?
SCA | PR———— e w? <1
/ R—L,| '° °
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oo 2
=47CA / dR ELe , R. = max(Lg, R)
0 R

_47TC’A
=

Lo o)
/ dRR?e PR 4+ 47C A / dR Re P
0 L

0

4nCA [ e PR(242RG+ RG]
- Lo {_ 3 }

0

—BR 00
+4rCA {_e (1+ 2Rﬂ)]
Lo

62

:87TC’A N 4rC A o—BLo (—2+2Lo3 — Li3?)
Lo3? Ly

63
+ArCA e-ﬁ%(lz#f%) (3.389)
which vanishes very rapidly fat, — oo.
Refer to (3.389), for.,, — oo, to note that as a limit
lim / dPry*(r—L)- ¢(r—L) =0 (3.390)
Lo—o0 |I‘ — L/| '
and hence
lim / Pro*(r— 1)) vie=—L)) (3.391)
Lo—o0 r — L/| ' '

Refer to the integrations in (3.366)—(3.391), for# L' and Ly, L, — oo, to

obtain the limit :

— 1IN

Jim _ / Pry*(r—1L)- % =0, (3.392a)
- 1 -

Jim _ / dPro* (r—L)- % =0, (3.392b)
/I L/ 7

L}){HOO |:/ d?’r/ ¢* (I'/ — L/) . (é(]:‘%]w)_ :O, (3392C)
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— I

Lloiinoo _ / dProy* (r—1L) - % =0, (3.392d)
_ L)

L})iinoo _ / dPro* (r—1L)- % =0, (3.392e)

and from (3.145)

/d3 ¢ (I‘— ) w(r_ L) _ _ﬁ’ (33938)
r — L
/ oy Y _I L) lﬁr “L_ 4 (3.393b)

The expectation value of the nucleus-electron interadtoisystem consists of
one nucleus, one bound electron and one free electton=(2, £k = 1 Z; = 2), let

R, =L, , we have

2 1
A A 7>
— (U ) = — (U] ——— |0 — (U] ——— | ). 3.394
|Z§1j§1lri—le| ) ( ||r1—L1|| ) — ||r2—L1|| Yoo ( )

Consider the first term on the right-hand side of (3.394) , bpg$3.238), to

obtain
— (] % W)
_ _21262 {/dgrl ey [t (r1, 1) Gol(ra, 03] ﬁ[wl(rl,al)@(rz,@)]}
_ 4 { / Eridrs [01(02,02) dalra, )] - T T, [V1(x2:02) G2(rr,01) }
+ 2 {/ e e [a1,00) 6200 e e 02) Gt ) }
+ 2 {/ e L ) }
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Z162 |’17Z)1 ry,oq | 3
= — d
2 {/ |I‘1 L1| r2 ’¢2 r2,02 |

Ze? o (r1, 00|
o d3 ’ d3
5 {/ r, P ry [1h1(ra, )|

2 * :
N 2126 {/d3r1 wl(rlﬁi)_i?l(rl’al) /d3r2 ¢§(r2,02)¢1(r2>02)}

Z,e? * .
‘I‘ 1T€ {/ d3r1 ¢2(r17|zll>_1]€11(’r17 01) /d3r2 1/}?(1‘2, 0'2) ¢2(I‘2, 0'2)} . (3395)

Refer to (3.232)—(3.235), with normalized wavefunctionaarite (3.395) as

Zle 3 |¢1(1"1701)|2 Z,€? 5 |da(ry, 00))?
= d - d rl_
Yl — Ly 2 lr; — Ly

+ Z,€? {/d3r1 Yi(r, 01) - 62(r1, 01) /d3P2 @5(r2, 02) wl(”’@)}

2 vy — Ly
+ 2162 {/d3r ¢§(r1,0'1) ’ 1/}1(1‘1,(71) /dBr w*(r o )¢ (I‘ o )}
9 1 ’rl —L1| 2 ¥1\12,02 2\12,02
4 [y [ - Ly Zie* [ s |9 — Lo)|”
- 2 /d |I'1 - L1| aa 2 /d . ‘1'1 L1| o
Ze? 5, VL) o —Lo) [ 5
+ 5ab 9 {/d r ’I‘l — Ll‘ /d I'2¢ (I‘Q — Lg) ’QD(I'Q — Ll)}
Ze? 5. ¢t —Lo) - Y(ri—Ly) [ 5
+5ab 9 {/d I ‘I‘l—L1| /d I‘g’gb (rg—L1)¢(r2—L2)}.

(3.396)

Consider the second term on the right-hand side of (3.394)skng (3.238), to
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obtain
2162
(| ——|¥
< | |I‘2 o L1| | >
2
— _Zl; {/d3r1 dPry [Y1 (11, 01) Ga(r2, 02)]" - ﬁ [¢1(r1,01) ¢2(r2’02)]}
2
_ Zie {/d3r1 d’ry [0 (19, 02) o (11, 00)]" - |r2—1L1] [th1(r2, 02) da(ry, 01) }
Z 2
+ 3 {/d3r1 d’rs [Y1(r1, 01) Pa(r2,02)]" - \rg_lLll W(re, 02) glrr, 1) }
2
+ 2126 {/d3r1 d’ry [1h1(r2, 02) Po(r1,01)]" - |ro —1 L,| [91(r1, 1) B2(r2, 02) }

Z,€? |62(r2, )|
=— d3 ABry 22
5 {/ ry [ (ry, 00)[ / rs — Ly|
Z,€2 |1 (r2, 00)|
_ 43 d3 17N 7a)l
9 {/ r1 [po(r1, 00 | / ity — Lo|

+ Zie” {/d3r1 ¢T(r1,01)¢2(r1,01)/d3r2 Palr2,02) ¢1(r2,02)}

2 |r2 - L1|
2 4 :
st oo [, HERIEER L @ 307

Refer to (3.232)—(3.235), with normalized wavefunctiondwarite (3.397) as

Z 2
[ty — Ly

_ _Z1€2 /d3r2 |¢2(r2702)‘2 . Zl€2 /d3r2|¢1(r2702)‘2
2 ’I’Q—Lll 2 ‘I'Q—L1|

2 x .
+ Zl; {/d3r1 ¢T<r1701)¢2(1’1,01)/d3r2 ¢2<r27|2)—1§11(|r2702)}

— (Y] W)
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2 . .
+ ZlTe {/d3r1 ¢§(r1,01)¢1(r1’01>/d3r2 wl(r2,|<;z)_ i21(|r2,02)}

Ze? |p(ry — Ly)|? Ze? [W(ry — L))
2 {/ " vy — Ly ™ 2 / & lro — Ly | v

ou & {/d3r1 Y*(ry — Ly)o(ry — L) /d3r2 ¢"(ry — Ly) - ¢(rs — Ly) }

’ [ty — Ly
2 * —_— . J—
+ Oab Zl; {/d3r1 ¢*(r1 — Lo)Y(r; — Ly) /d3r2 (1o ’II:J;)_ ifrg L) } ‘
(3.398)

USII‘lg (3392)—(3393), |€It1 =TI, Ty — I'/, Ll =L andL2 = L/, aSLO — 00,
substituted into the right-hand side of (3.396) and (3.38&)obtain

7, e2 AT
(W] |I'11—Ll| W) = —175 (3.399)
and hence
2162 2162
U —— V) = —0. 40
(¥ o 1) = =58 (3.400)

Substitute (3.399) and (3.400) into the right-hand side30894), we obtain for the
expectation value of the nucleus-electron interactiorafsystem which consists of one

nucleus, one bound electron and one free elect®n=(2, k = 1 Z; = 2)

2 1
Z‘€2 2162 Zl€2
— (¥ e |U) = — (V]| ——— |U) — (V| ——— |V
{ !;;M_Rﬂl A e s i e s

2162 Z162
< — _
S——5B-—F
= — 21625
2 Z;e? !
_<W|szi—Rﬂ|\p> <)) Zie’B. (3.401)
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From (3.401), we have for the expectation value of the nigekdactron interaction for

a system which consists @f nuclei, £ bound electrons andV — k) free electrons,

k
(;%ZMi
k
— (U] ZZ o | W) < Z Z;e? (3.402)

By using (3.237), the expectation value of the electronted@dnteraction for a
system with consists of one nucleus, one bound electron madree electron, = 2,

2 2
e
\ — U
< ’Z|rz—r]|| >
1<)

2

= (Y| V)

vy — 1o

e {/d3r1 &r, [1(r1,01) Pa(ra, 02)]" - Wl(rlagl)@(rz,@)}}

2 |I‘1 —I‘2|

¢? {/dgrl &ry [1(r2, 09) ga(r1, 01)]" - [Yh1(ra, 02) 9252(1?1701)]}

+_
2 ’I’l —1'2’

2 {/d3r1 &r, [Y1(r1,01) ga(ra, 02)]" - [%01(1“2,02)6152(1“1,01)]}

e
2 |I'1 — I'2|

[r1 — 15

/d3r1 d3r2 ‘¢1(r1701)|2 \¢2(r2,02)]2
[ty — 1|

L€ /d3r1 d3r2\¢2(1‘1701)!2 |1 (s, 00)|”
2 ’I‘l — I'2’

_ %2 {/d3r1 Pr, Vi(ry, 01) 93(r2, 02) - ¢2(r1701)¢1(1°2702)}

T — 13|

B %2 {/d3r1 dr, [1(r2, 02) Pa(r1,00)]" - [¢1(r1>01)¢2(1‘2a02)]}

o | D
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6_2 {/d3r1 d3r, ¢5(r1,01) Y1 (ra, 02) - i (1, 01) ¢2(r2702)} ' (3.403)

2 |r1 - 1V2|

With normalized spin, we can rewrite (3.403) as

2

(| F— ¥)
s,
R
([ R )
3 {f e Hastitie i bt}

(3.404)

Consider the first term on the right-hand side of (3.403), bpgu63.239). Let
R=r —L, R = ro — Lo andLO =L,—L;, to obtain

%2/d3r1 d3r2 [Y(ry — Ll)|2 |p(ry — L2)|2

[ty — 1o

B 62 C2A2 / ngl —Li / ng e*Qﬂ\R|
2 ¢ R+L _R _ Ly

< o2 p2 / PR e 5n / PR (3.405)
) ¢ R— (R + L) '

Consider the integral

J R g —e(;ﬁ’li oy =/ R _QB'R'Z< ) i Frleost)
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> >

[e's} 2
=4 / 4R 2 oom
0 R

>

- Ood R 20wy dQOO B éP 0
=/ RR—e ; N (cos 0)

R'+Lo R2 00 RQ
=47 / dR ——— e 28R 4 Ax / dR — ¢ 28R
0 R + L R+ Lo R

47T R'+Lg [e%¢)
=— / dR R* e *" 4 4g / dR Re
R'+ Lo Jo R'+Lo
2 R'+Lg
:4—7r0_/ dRe U
R + Ly ou? J,
+47r/R ) dRRe ™R u=2p (3.406)
'+ Lo
where
! —i (RKY ! Py(cos 0) (3.407a)
R; — (R + Lo)| — \Ri>/) R ‘ ’ .
R. =max(R, R + Ly), (3.407b)
1(cos ) =4mdg. 407c
dQ Py(cos §) =4xo (3.407¢)

Consider the first term on the right-hand side of (3.406), taiob

8_2 /R/+LO dR e_UR B 82 _eiuR R'+Log
0 0

ou? T ou? U

52 e—u(R/—l-Lo) 1
=— ——. 3.408
ou? [ u u} ( )
Since, forLy — 0 we can rewrite (3.408) as
o? [l 2 1
= dRe “F == — = 3.409
ou? J, ¢ u g ( )
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the second term on the right-hand side of (3.406) becomes

/ T AR R - (_e_m {R + iD
R'+Lo 20 20 R'+Lo

e 2B(R'+Lo) ) 1
- (- [+ 55))

e 2B(R'+Lo)

g (R 2o+ g

[e.9]

R+ L e 28(R'+Lo) e 2B(R'+Lo)
_( 0)% + P (3.410)

Substitute (3.408) and (3.409) into the right-hand sid&aef{6), forL, — oo, to obtain

R L O ey an [T dRRe
= Ut -
/ R— (R +Lo)| R + Loou? /0 ¢ " /R%O ¢

47 1 (R + L) e 2B(R'+Lo)
=— + 47
6 R + Ly 203
e~ 2B8(R'+Lo)
— 3.411
) o
By using (3.411), the right-hand side of (3.405) becomes
¢ / e, oy, 201 = L) [6(rs = L)
2 [t — 1o
e? R’ o~ 25/R|
:—CQAQ/d?’R’ T2, /d3R
2 ¢ IR — (R’ + Lo)|
2 ' —2B(R'+L —28(R'+L
_€—C2A247T/d3R’ oS ! L Wt loe S + 2 S
2 B(R' + L) 203 432
R 1 (R 4 Lg) e 2 +Lo)
20./

2 [e%s)
:%C’QAQIGWQ/ dR' R? ¢ 2.7 {

0 B(R + Lo) N 23

e_QQ(R,"FLO)
e

432
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e? o 1 (R + Lg) e 2P +Lo)
<—C2A%167° / dR' R* { + 0
2 "/, B(R + Lo) 26
e 2B(R'+Lo)
+ 4—52} (3.412)
For Ly — oo, we can rewrite (3.412) as a limit
2 . 2 . 2
lim | & / Py dipy LT L) letr: = L)) (3.413)
Lp—o0 2 ‘I'l — I'Q‘

Consider the second term on the right-hand side of (3.40d4R1e= r, — Ly,

R =r; — L; andA = (r; — L;) to obtain

%Q/dgh &ry |6(ry — Lo)|* [¢(r2 — Ly)[”

vy — 1y

2 _ 2 —Qﬂ‘l‘g—Lll
e _(r1-Lo) (S
:§C2A2/d3r1e 2072 /d3r2—

vy — 1o

62 (r1—Ly)? ef2ﬁ|R,|
:—C2A2/d3 L /d3R’
2 (r1 — Li) — R|

—28|R/|

2 —Lg)2
:%CQAZ / dry o / d3R’h. (3.414)

Consider integral
e 20/R/| o o * /R ¢ 1
/dSR/|R’——A| :/0 dR' R?c-28R /dQZ (R—Z> R—;Pg(COSQ)
=0

i [ e
0 R

4 A ! 12 —28R' > ! ! —2BR'
=— dR' R*e + 47 dR R'e
A 0 A

L , ° ,
—%%/ dR' e —1—47?%/ dR'e"®  u=—20
u= Jo A
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A RTRRT 0 U u? )| 4
Jdmfet (o 24 2 2
Al u U u? u3
uA
+ 4 {o-e— (A-%)}
U U
Jdmfet (o 24 2) 2
Al u U u? u3
uA
P (A — %)
U U
4 2 Arfe7A /o 24 2
—_—— — A+ — 4+ —
A8p A 203 20 432
—2BA 1
Adr 2 4re2P4 11 , A 2
= — A"+ =+ —
A 833 20 A 6 452
Are—2PA 1
A
MY, ( " 462)
A7 2 Are—2PA 1 1 1
T {(A+B+2Aﬁ2)+(A+4_ﬁ2)}
T 1
<——. .
SF1 (3.415)

SubstituteA = |r; — L;| into the right-hand side of inequality (3.415), to obtaie th

inequality

—28|R/| 1
/ d3R’|R,e— T (3.416)
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Substitute (3.416) into the right-hand side of (3.414), @@ = r; — L, to obtain

%2/d3r1 d’r, |p(ry — Lz)|2 [Y(ry — Ll)|2

[ty — 1y

62 (r1—Lg)? e—2ﬂ‘R’|
:_CZAQ / d3 — ) / d3Rl—
2 e IR’ — A

_ (R+Lq—Ly)?
72

62 T (&) 20
<—— 242 | BPry—————— 3.417
2 530 / " ry — Ly| ( )

Substitute (3.392c¢) into the right-hand side of inequal@y17), forL, — oo, we

obtain as a limit

2 2
lim [%2 /d3r1 d3r2|¢(r1 - L2>| |77Z)(r2 - L1>| ] —0. (3418)

Lo—o0 |I'1 — I'2|

Consider the third term on the right-hand side of (3.404),leb® = r; — L, ,
R = ro — Lo, Lo =Ly — L andLID =L; — Ly, to obtain

‘/d?’rl d3r2 Y*(ry — Ly) ¢*(ry — Lo) - ¢o(ry — Ly) ¢(ra — Ly)

T — 1y

:CZA2

Bl — K (ro— _(rp-Ly)?
/d31‘1 d3r2e Blr1—Laf—ik’(ra—L2) =7

) ~1)2
. el kl'(I‘l —LQ) e_ (1‘14Ul22) e_ﬂ|r2_L1|

X

v — 1y

(r1—Ly)2
|e—ﬁ\r1—L1\ 6_1407/22

_ (rg—Lg)? - .
<CZA2 /d31‘1 d3I'2€ 2 e Blra—La

[t — 13|

_ (R+Lj—Ly)?

_(rg-Lp)? o e ARl e 4072
<CZA2 d31‘1 d3r2 e o7 e Blra—Lq|
’R + L1 — I‘2|
(R+L))”
Rt

o Lo)2 —BIR]
=C*A? /d3r1 d’ry ef( o o~ BlraLi| & ¢
IR — (ry — Ly)|
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<C2A2 /d3r2 e*(rQAj;QQ)Q e—5|r2—L1|/d3R e_BIRl '
IR — (r2 — Ly)|
r -BIR|
<O2A2 /d3r26 ﬁi( 24UL2) —ﬁ|r2 L ’/ng € B = (I‘Q . Ll)
(3.419)
(R+Lg)
0<e 2 <1 (3.420)
Consider the integral
—AR : '\ 1
’ / d3R' ° dR’ dQR?e Py @—,) T Py(cos )

—BR'

=4 , R, = max(B, R)

o) /2
/ dR’ R—/ e
0 R>

B fe'e)
- / dR' R? e P 4 47 / dR' R e | uw=—-p
B /o B
47 | euR o 21" ukt 17
dm|et g 2R 217 emTy L
Bl u u? |, u?| g
47 |enB 2B 2 2 eubB 1
ST D (55 e R PR (-
B | u ( u u2) @ ( UQ)‘
ArBetB  8meuB  8reuB 87 ABT "B 4 euB
— — A — T —
U u? B u3 Bu? U u3
{rePB Sre BB 81 4 e A8
= |- — —Ar
32 (%B BB 33
8re PB  QrePB & e BB
< 4 3.421
7 e Tt (3.420)
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Substitute (3.421) an® = |r; — Ls| into the right-hand side of (3.419), to obtain

‘/d3r1 d’r, U = L) ¢ (r2 — Lp) - da(r1 — L) P(ry — L)

1 — 1o
s /d3r1 o Blri il o~ 1" /@R’%
R e
| ot (S )
e P ]

-8B -8B —BB
2 42 35— AR _w 8me 8me 8 e
=C"A /dRe Rl 7t TtV R

<CP A% i / By [l o2
" {87re_5|r1_L2| N gme~Alri—Lo| N 8 N 4 e~ Alr1—Le| }‘
3 Blrr — Lo|  3%r; — Ly A

8m 8w
—C2A28 40’2 {@/‘dgrl efﬁ|r17L1|efﬁ|r17L2| + @ /d3r1 e*ﬁ|r17L1|efﬁ\r1fL2\

8T e Alri—Ial4g
dPr;———— + — [ dPry e PArr-Talg BT L
ﬁd/ |I“1—L2| +53/ e ¢

(3.422)

By referring to (3.392) and (3.393) fdr, — oo, we obtain as a limit

lim
Lo—o0

=0

[—62—2 /d3r1 &ry V¥ (ry — Ly) ¢"(ro — Ly) - ¢a(ry — L) th(ry — Ll)}

vy — 1o

(3.423)

and by referring (3.403)—(3.423), we have for the fourtimten the right-hand side of
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(3.404), forLy — oo, as a limit

lim
Lo—o0

{ e? /d3r1 d’r, ¢*(r1 — Lo) ¢*(ro — Ly) - (r1 — L) ¢(r2 — La) —0.

2 vy — 1y

(3.424)

By substituting (3.413), (3.418), (3.423) and (3.424) irite tight-hand side of
(3.404), we obtain a bound for the expectation value of Bd@eelectron interaction
for a system which consists of one nucleus, one bound efeaind one free electron,

(N=2,k=127, =2),for Ly — oo as alimit

62

lim (Y|
Lo—o0 |I'1 — I'2|

W) = 0. (3.425)

From (3.425), we have for the expectation value of elecalaetron interaction
for a system with consists d@f nuclei, £ bound electron andV — k free electron with

vanishingly small kinetic energies, far, — oo, as a limit

N 2
e
li v ) = 0. 3.426
Jim ‘;j]ri—rﬂ’ ) (3.426)

Using (3.237), the expectation value of the nucleus-nisclateraction for a
system which consists of two nucléet, bound electrons andv — k free electrons,

k
((>° Z; = N), and lettingR; — Ry = L; — Ly, = Ly, we obtain
j=1

Z122€2 212262
v v) = v\
< |‘R1—R2|| ) | Lol W)
212262
- (3.427)
Ly

for k > 2, we have
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1 1

<—. (3.428b)
R; —R;| ~|Lo|
By using (3.428), we obtain
Y. ZZe
(W Z1 Zoye” (|0
|X<:|R1—R2| ’L|212 )
1<) 1<)
Zz 7;¢? (3.429)

From (3.429), we obtain a bound for the expectation valuatmteus-nucleus interac-

tion for £ hydrogen nuclei

k

ZZe
\If ZZ 3.430
’;m R| Z e’ (3.430)

From (3.430), forL, — oo, a bound for the expectation value of nucleus-nucleus-inter

action fork hydrogen nuclei as a limit

k
7,7,
lim \1/|Z| _ ¢ ) =0. (3.431)

Lo—o0
1<)

By referring (3.240), (3.365), (3.401) and (3.426), we abtai

(U] H W) = \If|2pww mz,

1<)
1

wzzﬁ

=1 j=1

(W[ H W) <

h2 2
25 — Z1e*3. (3.432)
m

Optimize (3.432) ovep, we obtain
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Z1m62

= (3.433)

g

Substitute3 into the right-hand side of (3.432), to obtain an upper boofittie ground-
state energy of the following infinity separat@cclusters : one nucleus, one bound

electron, and one free electron with vanishingly small kmevhereZ; = 2

h23% Z?m2e Zyme?

Z2me?
2h?

Zime?
A 2h2

me*

2h?

me?
<=-2(—]. .
(V|H V) <—2 (%2) (3.434)
By referring to (3.237), (3.365), (3.402), (3.426) and (3.3ve obtain an up-
per bound for the ground-state energy of the following itdityi separated clustersk:
nuclei, k bound electrons, andV — k) free electrons with vanishingly small kinetic,

k k k
where)_ Z; = Nand— 3 77 < -3 Z;:
i i=1 j=1

Jj=1 J

N9 N 2

(| H W) = (0] Y~ 20 0) + (] )

i=1 i<j

r; — 1

B P S PP (3.435)
SLeom & '
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Optimize (3.435) ovep, to obtain

2
0 :@ — Zj€2
m
Zyme” 3.436
p= K2 (3. )
Substitutes into the right-hand side of (3.435), to obtain
k h2ﬁ2 k ,
(WIHW) <Y 5= 2
7j=1 J=1
B i h_2 Zzm?e! B i 702 Z;me?
C4L=2m \ R ! h?
j=1 j=1
B F ijme4
o Z 252
Jj=1
i me4
<Yz <2_h2) | (3.437)

From (3.437), the upper bound of the ground-state energheofdllowing infinitely
separatedV clusters :k nuclei ,k bound electrons, andV — k) free electrons with the

latter vanishingly small kinetic energies is given by

me4 b
Ey <= (5 | N > Zj=N (3.438)
j=1

thus increasing the coefficient .0450 to one.



CHAPTER IV
INFLATION OF MATTER

4.1 Introduction

The purpose of this chapter is to establish the followingresylt concerning the
stability of matter. We prove rigorously that for a non-\&nng probability of having
the electrons in matter within a sphere of radigisthe latter,necessarily grows not
any slower thanV'/? for large N. No wonder why matter occupies so large a volume!
Here it is worth repeating some of the words addressed byndseto Pauli in 1931
on the occasion of the Lorentz medal (Dyson, 1967) to thisceff “We take a piece
of metal, or a stone. When we think about it, we are astonishadtkils quantity
of matter should occupy so large a volumeHe went on by stating that the Pauli
exclusion principle is the reasorfAnswer : only the Pauli principle, no two electrons
in the same state” On the other hand for “bosonic matter” if deflation occur®mp
collapse as more and more such matter is put together, treeshaw in Appendix B
of the thesis, for a non-vanishing probability of having tiegatively charged particles
within a sphere of radiug, the lattemecessarilycannot decrease faster thair!/3 for
negatively charged particles. This is in clear distinctwaith matter (i.e., matter with
the exclusion principle) which inflates atinecessarily increases as proved below and
is the subject matter of the present chapter.

To carry out this analysis we first derive in Sect. 4.2 an uggmmd for the
integral [ d*x p°/3(x) involving the particle density(x) (see (4.22)). This upper bound
is then used to obtain the major result of this thesis, thatfishe inflation of matter,
stated above, in Sect. 4.3. The final section (Sect. 4.4)visteéd to deriving a non-
zero lower bound for a measure of the extension of mattertwtakes on the analysis

carried out in Sect. 4.3 on the inflation of matter.
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4.2 Upper Bound for [ d3x p*/3(x)

The Hamiltonian under consideration is taken to beXhelectron one in (1.1).
Also, as before, we consider neutral maff@rZi = N.

We first derive an upper bound toZTrlle expectation value of thetik energy of
the electrons. LefW(m)) denote a normalized state giving a strictly negative expect

tion value for the Hamiltonian, i.e.,
—En[m] < (¥(m)|H|¥(m)) <0 4.1

where—Ey[m| = Ey < 0isthe ground-state energy. The negative spectruf isfnot
empty easily follows by noting that&y[m] is bounded above by (me?/2h?) i Z?,
and we have emphasized its dependence on the masshe electron. Here i/T/(la note,
in general, that a part of a negative spectrum does not readgssoincide with bound
states. By definition of the ground-state energy, the sthte./2)) cannot lead for

(¥(m/2)| H |¥(m/2)) a numerical value lower than&y[m]. That is
—En [m] < (W(m/2)| H [¥(m/2)) (4.2)

we note that the interaction part of the HamiltonianH in (1.1) is not explicitly de-

pendent onn :
N k 2 k ZZe
ZZIij Z|x—x| Z|R R @9

1 j=1

Substituting (4.3) into the right-hand side of (1.1), we canrite (4.1) as

~Ex [m] < (U(m/2)| 3 5+ V [W(m/2) (4.4)
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By using (4.4), replace: by 2m, we obtain

&y [2m] < Z i LV W (m)). (4.5)

From (1.1) and (4.3), we may also rewrite the Hamiltonian as

(Z L V) (4.6)

=1

The extreme right-hand side of the inequality (4.1) thedsda

IS0 P ) < — ) S0P v ) < eaoml. @)

Multiply both sides of (4.7) by, to obtain

N 9

T=(U(m) Y ;’—T; (m)) < 2 Ex[2m] (4.8)

i=1

This inequality may be equivalently obtained in the folloggimanner. If we define the
energy functional¢| H |¢) = E, for any normalized statg) such that, < 0, then
by using (4.6) we may writé, = (1/2)7T, + Ej, whereE), = (¢| H' |¢) and H'
denotes the second term in (4.6) within the brackets defiaiHgmiltonian with mass
2m. This immediately gived; < 2 |E \ and from the definition of the ground-state
energy—E&y[2m] as the infimum of the spectrum in a theory with the maseplaced
by 2m leads to the inequality in (4.8).

The explicit lower bound for the ground-state energy of eraitith the mass of

the electron multiplied by 2, together from (2.19) and (2.4@®ads to the following the
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lower bound for the kinetic energy

T>£§@fm(§ﬁ(/&mﬂmfm- (4.9)

We now use Hlder’s inequality :

< ([axireor) v (f @ o) RIS

\ [ @ 560900

wherep, ¢ > 1, such that

1 1
LT (4.11)
p q

From this inequality witlp = 3/2 andq = 3, we obtain

[ ) = [ @t )

([asat) (fesimor)”
(fosie)” (fomien)
([onv)” (fonem)
(fon) s

3, 5/3 1/3 3, 2 2
d°x p”°(x) <N d’x p*(x) (4.12)

where, from the normalization condition

/ d*xp(x) =N (4.13)



and from (4.12), we can rewrite as

(/ d3xp2<x>)2/3 >t [ )

Substitute (4.14) into the right-hand side of inequality@j4to obtain

3 /m\2/3 [ Rh? 1 s 5/3
7275 (3) (%)w/d”/()

From (2.149), we obtain the lower for the ground-state gnefgV fermions :

i 4/3
(U|H|T) = —Ex[m] > —189q1/3(2h2> <N+ZZ§) .

Replacen by 2m, to obtain

4/3

Ex[2m] >1. 89q1/3< )(N+ZZ2>

when we recall thag = 25+ 1 = 2 for electrons.

k
For Y~ Z2, we can write

k k

ZZE gZZz Zmax

i=1 i=1

:NZmax

whereZ,,,.x corresponds to the nucleus of having the charge. Therefore

k
> "7} <N Zax.

=1

264

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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Substitute (4.19) into the right-hand side of inequalityl @, to obtain

4
En2m] >1.894" ( ) (N + NZpar)

h2

=1.89¢"* ( = )N4/3(1 + Zimax)?
En[2m] >1.89¢"? ( e ) NY3 (14 Zoar) M2 (4.20)

Also substituting (4.15) and (4.20) into (4.8), we obtain
3 ™2/3 [ h? 3% »5/3(x 1/3 e 4/3 4/3
(4.22)

wherep(x) is the particle density

p(x) = NZ /d3x2 APy | (x0q, X000, . . 7XNUN)|2 (4.22)

010N

and [ d*x p(x) = N, with a sum in (4.22) over spin indices.

4.3 Inflation of Matter and the Ehrenfest-Pauli Debate

Let x denote the position of an electron relative, for examplahecenter of
mass of the nuclei. Letr(x) = 1, if x lines within a sphere of radiug, and= 0
otherwise.

We are interested in the expression

Probl|x;| < R, ..., |xx| < R]

N
= > /(Hd3XiXR(Xi)> W (x101, ..., xyon)|? (4.23)

O1ys0N
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which gives the probability of finding all the electrons wviitlihe sphere of radiug.

Then clearly for the probability of the electrons to lie wiitlsuch a sphere we have
Prob[|x;| < R,...,|xn| < R] < Prob[|x;| < R]

— v [ a0 o)

3/5

where in the last inequality, we have used Hdolder’s ineqydb obtain

[axntom < ( [ d3xp5/3<x>)3/5 (f xR<x>)2/5 (4.25)

wherey’/*(x) = yz(x), and

/d3XXR(x) =Ur=—3 (4.26)

with vr denoting the volume of a sphere of radids

From (4.24), we obtain

Prob[[x:| < R, ..., [xn| < R] < Prob[|x;| < R
2/5 3/5
< (U?\)[ (/ d3xp5/3(x)> (4.27)

and from (4.21) we also have

2 2/3 2m 1.89 m€4
3. 5/3 2/3 4/3
/d p/(:) <q/ (_) (_2)?(_2)]\[(1_’_2&){)

N (2)(—1?) & (%)2/3 (m2€4) N (1 + Zina) 2
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—0.932447 ¢*/* (%) N (1+ Zuna)"?
/ d*x pP/3(x) <0.932447 ¢*/° (%) N (1 + Zar)™? (4.28)
where
m (%)2/3 = 0.932447. (4.29)

Thus we obtain the following bound
3/5 m2€4 3/5
( / d3x p5/3(x)) <(0.932447)3/°¢*/5 (7) N3/5 (1 4 Zae)®

3/5
:0.958902g2/5( ) N*® (14 Ziax) "

Sl
o T

3/5 1 3/5
( / d3Xp5/3(X)) <0.958902 ¢*/ (_> N33 (1 4 Zuna) ¥ (4.30)

ag
whereqy = h?/me? is the Bohr radius.

Substitute (4.30) into the right-hand side of the equali(®e24), to obtain

1\ 3/5 ,2/5
Prob[jx;| < R, ..., |xy| < R] < 0.958902 ¢*/° (?) %N?’/f’ (14 Zunax)™/?
0

LN 25 ,
— 0.958902 ¢*/° (—) (—) (14 Za)?
= a? N

1 3/ UR 2/5
Probljx,| < R, ..., |xx| < B] < 0.958002 ¢ <?> (F) (14 Zunw)? .
0

(4.31)
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From (4.31), we then have the main result of this chapter :

N\ 25 1\3/%
Prob[|x;| < R, ..., [xn| < B] (—) < 0.958902 ¢*/ <—2> (14 Zma)® .
UR - ag

(4.32)

We may infer from (4.32) the inescapable fact thatessarilfor a non-vanishing prob-
ability of having the electrons within a sphere of radiisthe corresponding volume
vr grows not any slower than the first power dffor N — oo, since otherwise the
left-hand side of (4.32) would go to infinity and would be imt@diction with the fi-
nite upper bound on its right-hand side. Thatnisgessarilythe radiusk grows not any
slower thanN''/? for N — oo, establishing the result stated above. No wonder why
matter occupies so large a volume! In turn, the infinite dgrshit N/vg — oo does

not arise as the probability on the left-hand side of (4.3@)M go to zero in this limit
upon multiplying (4.32) first byvz/N)?/°.

From (4.27) and (4.21), we may also write
= / d*x (x)p(x) = Probljx| < R]

o (1Y fory 25 4/5
< 0.958902 ¢*/* ( 2) (_> (14 Zwa)”?.  (4.33)
- ag N

This will be used in the next section to obtain a lower bounghéasure of the extension

of matter.

4.4 Non-Zero Lower Bound for a Measure of the Extension of Mat-

ter

As a measure of the extension of matter, we introduce thecéxipen value :

N N
X; X
<E | >: E 01,...,0N/d3x1. (E | >|\1’X101,-~7XN0N)|2
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= %/d:}x]x\p(x). (4.34)

Now we use the fact that

¥ [ xR0 > [ axlxloto > 1 [ dxo

Ix|>R |x|>R
= R Prob||x| > R| (4.35)
and
Prob[|x| > R] = 1 — Prob[|x| < R]. (4.36)

From (4.26), (4.33), (4.34) and (4.36) we then the bounds

i=1

<i %> >R Prob[|x| > R]

—R[1 — Prob[|x| < R|]

1\ 3/5 25
>R |1 - 0.958902 g%/ (—2) (%) = Zmax)4/5]
- ag N

N [ 3/5 3\ 2/5
’Xl‘ 2/5 1 47TR 4/5
R[1—0.958002¢%° [ = 1+ Zoox . (4.37
<; N/ 4\ @2 3N (1+ ) (4.37)

0

Upon optimizing the right-hand side of the above inequatlitgr R, we get

1\*® [ 47 \?® 11 RY/5
0 =1 — 0.958902 ¢*/° (—) ( r ) (1+ Zmax)*® (4.38)

a? 3N 5

leading to

pos_ | 5\ (3N\¥°  a® (4.39)
0058902255 \11 ) \ar )] (1., ViP5 '
0.958002¢*> \ 11 ) \ 47 (14 Ziax)
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and

R L BN NN a0 (4.40)
~\0.958902 ¢/ 11 A (1+ Zona)® '

Substitute (4.40) into the right-hand side of inequality3®), we obtain

i|xl| N 1 5/6 5 5/6 3N 1/3 a0
— N 0.958902 ¢2/° 11 4 (1+Zmax)2/3

—0.958902 ¢*/* ( )

) + Zmax)4/5

6/5
% 5 1/3 agp
0.958902 ¢/ 11 47r (14 Zoa)
B I 1 a0 5\ /6
~ 1 \0.958002 ¢2/% 471' (14 Zuar)? 11

1 ag N3 5\7°
= 0'33302221/3(1+Zmax)2/3 -1 (4.41)

where

1 5/6 5 5/6 3 1/3 )
(W) <ﬁ) (E) —0333022ﬁ. (4.42)

Eq.(4.41) then leads to non-zero lower the explicit bound

N
; N1/3
<Z |’]‘V|> > 0.333022 20 . (4.43)
=1

07 1+ Zunao

The method developed above has been also used to analysedhzdbility and

stability of other quantum mechanical systems (Manouk806).



CHAPTER V
STABILITY AND INFLATION OF MATTER IN 2D

5.1 Introduction

There has been much interest in recent years in physiz® jre.g. (Geyer, 1995;
Badhuri, 1996; Semenoff, 1987; Forte, 1992), and the roldefspin and statistics
theorem. Two dimensional matter is physically relevanhas thus become important
to investigate the nature of mattera with the exclusion principle. As a matter of fact,
it is an important theoretical question to investigate & tihange of the dimensionality
of space will change matter from a stable to an unstable oxplogive phase. We
show that matteis stable in2D. [Some of the present field theories speculate that at
early stages of our universe the dimensionality of spacenetisecessarily coinciding
with three, and by a process which may be referred to as cdifipaiton of space, the
present three-dimensional character of space arose upavdtution and the cooling
down of the universe.] We do not wish to speculate on higheredsions than three
until a detailed rigorous study of this is carried out as doeee in two dimensions. A
preliminary study of this shows that the Thomas—Fermi dgnsitoo singular at the
origin leading to serious problems with normalizabilitynditions in conformity with
earlier studies (Kventzel and Katriel, 1981).

In Sect. 5.2, a detailed study of the Thomas—Fermi (TF) atoairied out in
2D. Some very preliminary study of this was also carried outdiitzel and Katriel,
1981). The TF energy, however, was neither computed in ther leeference nor it was
shown that it provides the smallest possible energy valuth®TF energy functional.
A lower bound for the expectation value of the exact kinetiergy is then derived in
Sec. 5.3 which will be needed in Sects. 5.5, 5.6. The No-hgndiheorem [cf.(Lieb

and Thirring, 1975)] is established in Sect. 5.2in from which a lower bound to the
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electron—electron potential is obtained. A lower boundhédxact-ground-state energy
of matter in2D is derived in Sect. 5.5. The inflation of matter is investghinh Sect. 5.6,
where it is shown that for a non-vanishing probability of imavthe electrons within a
circle of radiusR, the latter, necessarily, does not grow any slower tNaft for large
N. A non-zero lower bound for a measure of an extension of suatemis derived in

Sect. 5.7.

5.2 The Thomas-Fermi Atom in2D

The semi-classical Green function p&tt, (xt;x’0) with spin indiceso, o,

with potentialV/(x) is given by (Manoukian, 2006)
D R 2
Goor (x7;X'0) =040 B XPp i {M _r . V(X)T:| (5.2)
s
and for coincident space points= x’, we obtain

D 2
Goor (Xx7;%0) = 04 (2(;—711;’3 exp {—i (2p_m + V(x)) T:| : (5.2)

wherer = t/h.
The particle densityn(x) may be expressed in terms of the Green function

G,o (x7;x0) for coincident space points as

n(x) i/ dr Gyo (x7;%0) 47 e — 40 (5.3)

2m J_ T — 1€

whereq = > 1is the spin multiplicity. Substitute (5.2) into (5.3), totain

q [~ dr dPp , p?
n(x) =— /_Oo — / (2rh)D expi [57 5T V(x)T (5.4)
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which upon using the integral representation of the steptian

O(¢) = %/_ T —Tie e (5:5)
and
2 © 4 2
C (g —V(x) - ;’—m) = %/_ - _Tig expi (é - V(x) - ;)—m) T (56
with
p2
e (g —V(x) - %) =1 (5.7)

for0 < p < /2m(§ — V(x)), whenp = |p|.
By using (5.6) and (5.7), as applied to the right-hand sid&af)( we obtain

n(x) =g / (Qd:hl))p o (5 —Vix) - %)

q 2m(§-V) D1
:<2w%>D/o P dp/ di

g onD2 [VEREVE)
== / pP~tdp
(2rh)P T (D/2) Jo

q 9 D/2 < 2m(§ — V(X)))D
2rh)P T (D/2) D

g2 fom(e —V(x)\ "
‘DF<D/2>( (2 ) ' (5.8)

From (5.8),V(x) = 0 andn = 0 at the boundary, we gét= 0. So that the density of

electrons inD-dimensions is

(5.9)

nix) = 227" (—2mV<x>)D/2

DT (D/2) \ (27h)?
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The relationship between the particle densitix) and the potentiall’(x) in 2-

dimensions, i.e., fob = 2 is then given by

n(x) =

q2m (—QmV(X))

20 (1) \ (27h)?
7 y 5.10
We may also rewrite (5.10) as
Vo = - 2 oy (5.11)
X)=— X .
gm "

To obtain the sum of the kinetic energies of the electron®tdimensions

(T'[n]), we use the relationship between the kinetic energy and tkeer® function

B p. 1 < dr .2_ '
T[n}_zaz/d xom | = i~ V09| Gt

:g/dDX L dr [12 — V(X):| Goor (xt;x0)

2m J_ T — 1€

i [T v el (B ).

1 [ dr d’p p? p?
=q [ dx — = —i = . (56.12
—/ “om) Tt —ie /(%h)D om eXp[ 1<2m +V(X)) T] (.12)

Upon using the integral representation of the step function

@(5)—i/m A7 ger (5.13)

2m J_ T —1e

we obtain

p? 1 dr el
o <_% B V(X)) - /OO T expi <_% - V(x)) T (5.14)
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and

e (—% - V(x)) =1 (5.15)

for0 < p < /—2mV (x).

By using (5.14) and (5.15), as applied to the right-hand sidb.42), we obtain

aPp p? p?
— D = -z
Tn| —g/d X @rh)P 2m @( o V(X))

\/ —2mV(x) 2
dPp pP-t / a0
2m

27I'D/2 —2mV (x D
(27rh )OT (D/2) / /

—2mV (x)

q 95 D/2 b pP+2
m2rh)P T (D/2) / *D12

0

B Q 27TD/2 / b (_2mv(X))(D+2)/2
- 2m(27h)P T (D/2) D+2

__ 4 2P/ o (=2mV (x))D+2)/2
2m(D +2)T(D/2) / (27h)P

4 Y Y —2mV (x)\ "
“2m(D +2)T (D/2) /d x (—2mV(x)) (W) . (5.16)

The relationship between the kinetic energyand the potential in 2-

dimensions, is then given by
q 2m 9 —2mV (x)
Tn| = SmF( )/d x (—2mV (x)) <—(27Th)2 )
g 2« ) 4m?2[V (x)]?
“sor ) (M)

gm

=i d*x [V (x)]2. (5.17)
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Substitute (5.11) into the right-hand side of (5.17), tcaait

) =L [ v P
wh? 9 2
=T [ ax o) (5.18)

The Hamiltonian of a neutral atom consisting Xfelectrons and a nucleus of

chargeZ|e| is taken to be

zZ 2 zZ
H= (2p’ - Z€2V(X)) + Z e’V (x —x') (5.19)

i=1 i<j

whereV (x) is the scaled potential satisfying the Poisson’s equatizengoelow :

V?2In EA| = 4710%(x). (5.20)
This is,
o X
V(x) =2In T (5.21)

for any dimensional scale facte.
The expectation value of the Hamiltonian of a neutral atomsgiing ofZ elec-

trons and a nucleus of chargge| in 2-dimensions is

Z 2 Z
CLH 1) = (030 P o) + 22 ) 31 B
=1 =1
w\21 '\w (5.22)

1<j

where

(Wl = / dx " (x0) (%)
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[ it
_1, (5.23a)
/d2x n(x) =Z. (5.23b)

Here A and B are dimensional scale factors which will be determinedwelo
Form (5.18), we obtain the first term on the right-hand sidédt2), corresponding to
the kinetic energy terri’[n] = =2 [ d*x [n(x)]*.

Consider the second term on the right-hand side of (5.22} i§lgiven by
x| |
2 _— = 2 _—
27Ze” (1| ;_1 In 1 |v) =2Ze* (| Z In 1 |v)

=27¢” (1| /d2x n(x)In EA| [¥)

=27¢? /d2x ln% n(x). (5.24)

Consider the third term on the right-hand side of (5.23). T$gven by

2 (9] Zl e - x] X" ) = /d2 /d2x’n tn X X' (1)

1<j
/d2 /d2x'n ) In ’X;X‘. (5.25)

Substitute (5.18), (5.24) and (5.25) into (5.22), to obtain

i) =2 [ axinof + 226 [ m Bl
¢? /d%cd?x/ n(x) In |X_BXI| n(x). (5.26)

Referring to (5.18), (5.24) and (5.25), one may define theracteon of the
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electron-nucleus system in terms of the electron dengiky,aald to it the kinetic en-
ergy term . LetF'[n] denote theenergyfunctional in2-dimensions as a function of the

densityn(x). From (5.26) we obtain

mh? 2 2 2 [ 12 x|
Fin = [ il +22¢ / @ 1o 2l
—é? /d2x d*x’ n(x)In % n(x"). (5.27)

Optimize (5.27) with respect to(x), to obtain

0 _OF[n]
on(x)
2 2 o~
_2nh [n(x)] +2Z¢° ln% — 262/d2X/ In x — ] n(x’)
qm
wh? o X[, 2o X=X /
_Q_m [n(x)] =Ze IHZ —e /d X lnT n(x’) (5.28)
with solutionn(x) = nyp(x) satisfying
gmze* |x| ame o, . |x - x| /
nrp(x) = — — an + g d“x’ In I nrr(x'). (5.29)

From (5.10), we obtain the relationship between-(x) andV;x(x) as

nrr (X)

_ 2QF2(7;) ( —2272@7‘:2;2@) >

g m
== 53 Vre(x). (5.30)

Substitute (5.29) into (5.30) to obtain

Vip(x) =Zé (21n EA') —é? / d?x’ (2ln Ix ;X |) nrp(x') (5.31)
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and
VVrp(x) =Ze*V? (2 In %) — 62V2/d2x’ (21n [ ;X/|) nrr(x')
=F — F (5.32)
where
Fy =Ze’V? (2 In %)
=Ze*47m6%(x) (5.33)
and
F, :eZVQ/dQX' (21n ‘X;X/|) nrr(x')
—e? /dQX/ nrp(x') V2 (2 In %)
=’ / &% npp(x') 416%(x — x)
=4ne*nrp(x). (5.34)
Substitute (5.33) and (5.34) into (5.32), to obtain
ViVrp(x) =F, — F,
=471 7e*0%(x) — dre*nrp(X). (5.35)
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For the integral of the left-hand side of (5.35) owemwe have
/d2x V2Vrp(x) :/d2x47rZ6262(x) - 47762/d2X nrr(X). (5.36)
The first term on the right-hand side of (5.36) is easily eatdd giving by
/d2x47rZe252(x) =4m 7€ (5.37)
For the second-term of the right-hand side of (5.36), weinbta
Are? / A*x npp(x) =4nZe?, (5.38)
Substitute (5.37) and (5.38) into (5.36), to obtain
/d2x V2Vrp(x) =4nZe* — dnZe* = 0. (5.39)

Apply Laplacian operator to the left-hand side of (5.29)pltain

gmZe* |x qg me? X —x
Vinre(x) =V2 [—— — ln% + _ﬂ_?/dQX, In | 5 | nrr(x')

=— %V2 In % - %/d%{’ nrp(x') V2 IHM
_ 1 :L;‘EQ 2762 (x) + 2:;;2 /dQX/ nre(x) 276%(x — x')
S ";2262 52(x) + L 7;62 / a2 () 8%(x — X)
_ QW;QZeQ 2(x) + g;n_;z nrr(x)
nrp(x) =26%(x) + i Vnrp(x). (5.40)

q me?
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Integraling the latter overecx gives

2
/d2x nrr(X) :/d2x 7 8 (x) + 5 /dzx Vinre(x). (5.41)
g me
From (5.30), we have for the second term
Px V2 =A™ P VR p(x) = 0 5.42
x Vnrp(x) = — = X Tr(x) = 0. (5.42)

Substitute (5.42) into the second term on the right-hanel afd5.41), to obtain
/d2x nrp(x) =2 (5.43)

as expected.

To obtain the exact expressions for the scaling dimensisrdenstanti and B
in the definition of'[n] in (5.29), first, apply taking the Laplacian to the left-haside
of (5.29), to obtain

2 2 /
2 o[ amZe” x| gme 2 x — x|
\V4 TLTF(X) =V — s 1117 + 12 d X/ In B

nrr (X/)

mZe? me?
_ 4 = V?In % + 4 3 /dQX/ nrr(x’) V2 1n
T T

x = x|

(5.44)

Consider the first term on right-hand side of (5.44), to get

q mZ62V2 . H g mZe?
mh? A mh?

(2m0% (x))

q mZe?

5%(x) (5.45)

Consider the second term on the right-hand side of (5.44kgtto g

q me? x —x'| _gme

2
= /d2x’ nrp(x') V2 In B = o 27T/d2x' nrp(x') 6% (x — x')
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q2me?
== 72 nTF(X). (546)

Substitute (5.45) and (5.46) into (5.44), to obtain

) gmze* q2me?
\Y% TLTF(X) =— = [ ) (X) + = 72 nTF(X) (547)
which upon multiplying (5.47) by?, we obtain
qgmZe? q2me?
r*Vinrp(x) = — —Tr2(52(x) + = il nrr(x)

_nge2 ,0(T) g2m€2

= 2 T27rr+ 72 r* npp(x)

q mze? 5(7’) g?meQ

=TT o )
:%262 7 npp(x)
0 =r*V2nrp(x) — %ﬂ’;e? r* npp(x)
0= (r2V2 — QQW;§27’2) nrr(X) (5.48)
where
/0OO r6(r) dr =0, (5.49a)
rd(r) =0. (5.49b)
We set
T _r (5.50)
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The general solution of (5.48) is given by
nrr(R) =C1 Ko(R) + Caly(R) (5.51)

whereK, and, are modified Bessel functions and

9 1/2
7’0:( n ) . (5.52)

2gm62

Consider the largé: behavior,lj(R) — oo for R — oo so we have to choose

C5 = 0 and the solution of (5.48) becomes
nTF(R) :ClKO(R)' (5-53)
To obtainC, substitute (5.53) into (5.43), we get

7 =C, / d*x Ky(R)

00 2
:Cl / dr/ do r Ko(R)
0 0

:271'7“3 Cl/ dR RKO(R)
0

:271'7"3 (&

h2
=2
T (2gm62) =

gmZe?

mh?

where

/OO dR R Ko(R) =1. (5.55)
0
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Substitute (5.55) into (5.54), to obtain

nrp(R) = (M> Ko(R) , R=—_. (5.56)

mh? To

To obtainA and B, by substitute (5.56) into (5.29) , to obtain

qmZe? r gmZe® |x| gqme* [ Ix — x|
(w )K°(Fo>:‘ o g e [ X (X))

=Q1(x) + Q2(x) (5.57)
where
qgmZe?
Q1(x) =—= 3 In % (5.58)
and
2 R
Qs(x) :% / a2 In B"' nre(x). (5.59)

Letx = 0, the left-hand side of (5.56) will become

gmZe? gmZe?
<— > Ko(R) ~ — <——> InR. (5.60)

mh? mh?

The first term on the right-hand side of (5.57) becomes

mZe? r
Q1(x) ~ — (g — ) (ln %) . (5.61)

The second term on right-hand side of (5.57) becomes

2

Qu0) =L [ w1 Bl o]

- 1h?




| /

0

2 r

=== /d2X/ ln:— nrr(x') + /dgx’ ln% TLTF(X/):|

AmE T B
= _/dx In " nTF(X)+ZlnB
M o (AR B B (B 4 L 21 T
L ()2 0 R npe(B) + e 710"

2 2 2
q me D) gmZe P , ,
3 (QQ 62)( 7r)( e )/dR R InR Ky(R)
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q me ro
= Z1ln—
mh? . B
gm€2Z/dR/ BB Ko(R) 4 27 7170
k2 . 0 wh? . B
A g s DT, T 5.62
_W [—’Y—FD]—FW DE. ( )
Referring to (5.60)—(5.62), foR ~ 0 we obtain
gmZe?
Q1(0) + Q2(0) = | =5 ) Ko(0)
Th
To qmZe? qmZe? Rro
ln2+ln§:—( 2 )lnR—l— s In P +
—In B = —In(2ry) (5.63)
giving
To obtainA, substitute (5.64) into (5.57), to obtain
qmZe’ gmZze® |x| gme’ [, |x—X| :
Th2 K()(R) = — Th In Z + W d°x’ In 27‘0 nTF(X)
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gmze? x| gme’ [, |x—x|
== ln2—ro + — /d x' In nrr(x’)
=Q3(x) + Q4(x) (5.65)
where
gmze, 5.66
Qsx) == =My (5.66)
and
gme* o, x =X :
Q4(X) :W d*x’ In A TLTF(X ) (567)
Letx = 0, the left-hand side of (5.65) becomes
ngeQ nge2
The first term on right-hand side of (5.65) becomes
qgmZe? Rro
Qs(x) ~ — — <1n 27“0) : (5.69)
For the second term on right-hand side of (5.65) becomes
O L T B
Q4(0) = e X In = nrr(x)
_gm€2 [ d2 / 1 |X,| / d2 / 1 o /
= | X n?”_()nTF<X)+ X nZnTF(X)
_gmeQ _/dQX, lnM nrr(x') +Zm
N wh? L To " A
gme* ' o / N dme? To
:W(TO)(zﬂ') dR' R InR nTF(R> + ) ZIDZ
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2 9 2

q me h qmZe ;o , ,
—_— 2 _—

s (ngeQ)( ) ( e )/dR R InR Ky(R)

qme o
R
q me? Y / / q me? T'o
= Z [ dR' R n R Ko(R') + s Zlnz
q me? q me? o
Referring to (5.68)- (5.70), fok ~ 0 we obtain
gmZe?
Q3(0) + Q4(0) = | =75 ) Ko(0)
mh
To qmZe? qgmZe* [ Rrg
ln2+lnzz—( s )lnR—l— s In P +
—InA = —In(2ry) (5.71)
giving
A =2ry. (5.72)

Substituting the values obtained tBrand A in (5.64) and (5.72), into (5.27), we obtain
the energy functional’[n] as

Fln) = ™2 [a2x [n(x)]? 4 2262 / &x In (ﬁ> n(x)

qm 27’0

—é? /d2X d*x’ n(x)In <|X — Xl’) n(x’). (5.73)

27”()

From (5.73), withn = nr, we obtain the TF energy function&lnyr| :

mh? 2 2 2 [ 12 x|
Flnrp) =— | &*x[npp(x)]” +2Ze* | d°x In — nrp(x)
am 2rg



x — x|

— e /d2x d*x' nyp(x)In

/
27“0 TLTF<X )
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(5.74)

To obtain the ground-state energy of the TF atbBmr| = Erp(Z), we refer

to (5.29) and (5.74) for the kinetic energy teffn, |, given by

Tnrr —;T—hm/dZX [nTF(X)]2.

Substitute (5.56) into (5.75), to obtain

Tnrr :;Tinj d®x [nTF(X)]2

h2 00
e 2 drr [nTF(r)]2
am 0

N qmZe*\? )
— T /0 dRR( il ) Ko(R))

212 h? h? ngez 2o 2
o () () [ o o

:—2262
2

where

/OO dR R [Ky(R)]? :%.

For the electron-nucleus interaction part, we have

E,_n[nrp] =276 /d2x In gﬂ nre(x)

To

:Ze247r/ drr In— nyr(r)
0 2rg

(5.75)

(5.76)

(5.77)



:Ze247r/ drr In = nrp(r) — 2Ze /d2x In2 nyp(x)
0 To
2qmZe?

=7¢e*4 2/OodRRl R
e“4mrg i n(R) < 52

) Ko(R) —27%¢*In2

=Ze*Anry

/ dR R In R Ky(R) — 2Z%¢*In 2
0

2
g

=27°%¢? [/ dR R In R Ky(R) — In 2]
0

=27%*[—y+1In2 —In2]
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=—22%" (5.78)
where
/OOOdRR In R Ko(R) =—~v+n2, (5.79a)
v =0.57722, (5.79b)
/OOOdR R Ko(R) =1. (5.79¢)

The electron-electron interaction part is given by

x = x|

TLTF(X,)

E._.[npp] = — € /d2x d*x' nrp(x)In
2’["0

x —X/|

= —¢? /d2x d*x" nyp(x)In nrpr(x')

27"0
=+ 47%e*C?ryIn 2 / dR R Ky(R) / dR' R’ Ky(R/)

x = X/|

—é? /dzx d*x'npp(x) In nrr(x')

To
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x — x|

=+¢e2Z%In2 — € /d2x d*x’ nyp(x) In nrr(x’)
To
=e?Z’In2+ 1, (5.80)
where
R
I, = —¢€? /dZXdQX, nrr(x)In x - x] nrr(x'). (5.81)
To
By settingx/ro = R, we obtain
[e'¢) 2m
/dgx(.) :/ rdr/ de(.)
0 0
00 2
:r§/ RdR/ dé (.)
0 0
:rg/d2R(.). (5.82)

Substitute (5.82) into (5.81), to obtain

L= — eyl / R AR n7p(R) In R — R'| npp(R)

e (P (amZe 2 CARRES(R) | AR R Ko(R
- eTe g2me2 mh? /0 ol )/0 o(F)

27
X / df In(R* — 2RR' cos b + R'2)1/2>
0

€2Z2 00 00
= { / dR R Ky(R) / dR' R' Ko(R')
0 0

2
2w
X / df In(R? — 2RR' cos b + R’2)1/2]
0

6222 >~ > ! ! / 2
== dR R Ky(R) dR' R Ky(R') In R,
0 0
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=— / dR R Ko(R) f(R) (5.83)
0
where
2
/ df In(R* — 2RR' cosf + R*)"/? =rIn R? (5.84)
0
and
f(R) :/ dR' R Ko(R') In R
0

R 9]
—In R? / dR R Ko(R) + / dR' R Ko(R') In R?
0 R

—In R*[1 — R K{(R)] + / dR' R Ko(R)) nR”
R

—InR2— RK\(R) mR+ / dR' R Ko(R) In R™. (5.85)
R

Substitute (5.85) into (5.83), to obtain

2z2 oo
L=-— 62 / dR R Ky(R) In R?
0

6222 [ee)
+— / dR R? Ko(R) K1(R) In R?
0

. €2Z2 > > / / / /2
; dRRKy(R) | dR R Ko(R) InR
0 R

2z2 222 1 2z2
¢ -2y +2mm2 + ‘ 5 —7+m2 - (0.615932) <

= — 27%0.61593 (5.86)
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where

/ dR R Ko(R) / dR' R Ky(R') In R?
0 R
- / dR R Ko(R) / dR' R Ko(R') In R?
0 0
[eS) R
. / dR R Ko(R) / dR' R Ko(R') In R?
0 0

— — 2y +2In2 — (—0.384068)

=0.615931. (5.87)

Substitute (5.87) into (5.80), to obtain the value for theuyd-state energy of the TF

atomErp(nyp) in 2-dimensions
Erpnre] =T(nrp) + Een(nrp) + Ee_e(nrp)
Erplnrr] = (%Z%?) — (2vZ%¢*) + (Z%€*In2 — (0.61593) Z%¢?)
= — (0.576486)Z%¢>. (5.88)
For the TF potential energyrr(x) we have from (5.20) and (5.35)
V2Vrp(x) = 47 Ze? §%(x) — 47 e*nrp(x) (5.89)

with the first term corresponding to the nucleus at the origihile the second term

corresponds to the electron density. Upon integration avesind using (5.43), we

obtain
/ d>x V2V (x) =0 (5.90)

verifying the neutrality of the TF atom.
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It remains to show thatrr provides the smallest possible value #®fn] in
(5.73), that is
Flo] = Flnre). (5.91)

To the above end, define a priori a density functional for dntrary density

p(x) = 0 by
Flp] =A / A*x [p(x)]* + 2Z¢* / d*x In % p(x)
—¢? / d2x d%¢’ p(x) In ‘X;X/| p(x') (5.92)
where
A= ;Tinj (5.93)

We define the Fourier transform for real functiofx)

0 = [ G 70 " (5.94a)
70) = [ @0 = [t plo) e (5.94D)

We show that the third term on the right-hand side of (5.9Ppisitive, we start
from the solution of the Poisson’s equation in (5.20), givin

x—x|

B

In

=27 (VQ)_l 6 (x — x). (5.95)

Substitute into the third term on the right-hand side of 2}, obtain

x — x|

- /d2xd2x'p(x) In 5 p(x")

=27 /dQX d*x’p(x) (V2)71 53 (x — x') p(x). (5.96)
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We use an integral representation of the delta functiandimensions in (5.95) and the

Fourier transform of(p) in (5.94), then apply to (5.96), to obtain

|x — x|
n

—/dQXdQX,p(X)l Tp(x')

2
- ‘2”/ <2dwz§)>2 / Pxd®'p(x) p(x') (V) P

d? o 1
:—27r/ B ;;)2 /dzxdzx'p(x) p(x') e X/ (V?) X/ (5.97)
m

The Fourier transform gf(x) is

) = [ ) (5:98)
and
. 2 H
V2€1p-x/h:_ (%) elp-X/h’ (5993)
y n\?
(V2)_ elp-x/h:_ (B) elp~x/h. (599b)

Apply (5.98) and (5.99) into (5.97), to get

x - x|

— /d2xd2x’p(x) In 5 p(x')

:27/ = /dQXd2x’ p(x) p(x') e P/R h 2 ePx/h
(2mh)? p

=21 &’p 2x p(x) p ieip'x/h
=3 o [ plx) o) < (5.100)

Sincep(x) is real function, i.e.p(x) = p*(x), we have

p(x) = / AP () o= (5.101)
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Substitute (5.101) into (5.100), to obtain

x —X/|

— /d2xd2x'p(x) In B p(x')

d’p d?p’ 0 i 1 .
-9 —ip/x ~x 1\~ _— ipx/h
7r/ rh)? / L /d xe P p(p) plp) 5 e

d2p d2p’ e ~ 1 i(p—p’)x
:27/ (27r)2/ (2nh)? ” ()2 (p>?/ P (5,102

By using an integral representation of the delta functiog-dimensions :

#(p—p)= / (;r;)z el(P—P)x (5.103a)
Fip) = [ &' F(p) 8(p — p). (5.103b)

Applying into (5.102), to obtain

x —X/|

— /d2xd2xlp(x) In = p(x')

d’p 1
2 [ S5 oI (5.104)
So that, from (5.104), we have

—e? /d2x d*x’p(x) . p(x') =0 (5.105)
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Let
p(x) =tpi(x) + Bpa(x) = tp1 + Bpa (= p), (5.106a)
p(x') =tpi(x') + Bpa(x') = tp) + By (= p'), (5.106b)
1=t + 4, (5.106¢)
B=(1-1), (5.106d)

where0 <t < 1 andpq, po > 0.

For any reap, po, we obtain the inequality

t*(p1 — p2)* < tpr — p2)?
t2(pt — 20102 + p3) < t(p] — 2p1p2 + p3)
t2p7 — 2t%p1pa + 25 < tp; — 2tp1pa + 1p3. (5.107)

Subtracting the both-sides of (5.107) 22, gives

t2p7 — 262 p1pa + 25 — 2tp5 < Lot — 2tp1pa + tpy — 2tp3

t2pt — 262 prpy + 17 p3 — 2tp* < tpi — 2tp1ps — tp3. (5.108)
Add to both-sides of (5.108) the expressi@gst 2tp; p», to obtain
t2p} = 2% p1pa + 1p3 — 2tp* + p3 + 2p1pa < tpT — tps + . (5.109)

The left-hand side of (5.109) can be rewritten as

27 = 202 prpa+t2ph — 20p% + p3 + 2tpips
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=t*pt + (L +° = 2t)p5 + 2t(1 — t)pr 2
=t*p} + (1 —1)%p3 + 2t(1 — t) p1o
=(tpr+ (1 —t)pa)*. (5.110)
Also the right-hand side of (5.109) is given by
tp} —tp3 + p3 =t (p1)” + (1 = £) (p2)” . (5.111)
Substitute (5.110) and (5.111), to obtain the elementaguality
(tpr + (1= 1)p2)” <t (p1)” + (1= 1) (p2)*. (5.112)
Also
[tor + (1= t)pa] [to} + (1 = 8)ph] =tprpfy + (1 = 1) paply + (1 = t)pr
+ (1 —t)pp2
=t2p1p; + papy, — papy + tp1py — P pa
+tpipa — P2
=t*p1p + paps, — 2 papy + tprpy — tppa
+tphpa — pipa + tprp) — tprp
=tp1p| + (1 —t)p2p)

—t(1 = t)(p1 — p2)(p} — ph)
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[tp1+ (1 —t)po] [tp) + (1 —t)py] =tpip| + (1 —t)paph
— (L —=t)(p1 — p2)(p) — py). (5.113)

From (5.105), replacg(x) by [p1(x) — p2(x)] and replace(x’) by [p:(x’) —

p2(x')], to obtain

x = X/|

— /d2X d*x’ [p1(x) — pa(x)] In [p1(X) — pa(x')] > 0. (5.114)

27’0

From (5.92) and (5.106), replagéx) by [tp; + (1 — t)p2] andp(x') by [tp} +

(1 —t)ph], to obtain
Fltpr + (1= t)ps] =A/d2X[tp1 +(1—1)p)’

+2Z¢? /d2x In EA| [tp1 + (1 —t)ps]

x —X/|
B

[tph + (1 —1)ph].

(5.115)

—é? /d2x d*x'[tp1 + (1 — t)po] In
Consider the first term on the right-hand side of (5.115), liygysn the process,
the elementary inequality in (5.112) giving
A/d2x[tp1 +(1— t)p2]2 < A/dzx (t (p)* + (1 —1) (p2)2)

:A/d2xt(p1)2+A/d2X (1—1)(p)°

g A/d2x[tp1 + (1 —t)p2]2 <t <A/d2x (pl)z) +(1—1) (A/d2x (pg)z) .

(5.116)
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Consider the second term on the right-hand side of (5.115) ayevmite

27¢* /dzx lnliA| [tor + (1 — t)po] =2Z¢° /d2x ln% tpr

+2Z¢? /d2x ln% (1 —1t)p2

=t (2Z€2 /d2x ln% p1>
+(1—1) (2262 /d2x In ‘%l p2> . (5.117)

Consider the third term on the right-hand side of (5.115), sinagi (5.113), to

obtain

|x — x|

—e? /d2x d*x'[tpr + (1 — t)po] In x B

[tp) + (1 —t)ph)

i

J— / -
= —¢? /dZXdQXI ln¥ tpip) — € /dZXdQX/ In x BX (1= t)p2ph

i

wet fexax w2 1= 06— w6t - ). (5.118)

From (5.114), the left-hand side of (5.118) is positive, Isatt(5.118) can be

rewritten as

B

R
< —t <€2 /d2xd2x’ In Ix BX| PlP/1>

_ /
—(1-1) (e2 /d%cd?x/ In X BX| png) . (5.119)

i

—e? /d2x d*x'[tp1 + (1 — t)po] In I [tp} + (1 — t)ph)]
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Substitute (5.116), (5.117) and (5.119) into (5.115), tawb

Pltor+ (1 - t)ps] <t (A/d2x (p1)2) (1) (A/d2x (p2)2)
+t (2Ze2 /d2x I X ,01)
A
+(1—1) (2262 /d2x 1n|—z| pg)
—t <62 /dzxd2x' In [ ;X,‘ plpll)
—(1—1) (62 /d2xd2x’ In Ix ;X/’ P2Pl2>
=t (A/dQX (p1)” +2Z¢* /d2x 1n% p1
_e? /d2xd2x’ In X _BXI| mp'1>
+(1—1) (A/d2x (p2)? +2Z¢? /d2x In i

ZP2

-
—e? /d2xd2x’ In [ BX’ ,02,0’2> . (5.120)

Refer to (5.92), to write

Flp] :A/d2x (p1)” +22¢2 /d2x lnEA| P1

.
_ 2 /d2xd2x’ In X BX| oL, (5.121)

and

Flpo] :A/d2X (p2)” + 2726 /d2x hrl%| P2



301

i

_ ¢ /d2xd2x’ X=X

= s (5.122)

Substitute (5.120) and (5.122) into the right- hand sidenefjuality (5.120), to derive
the bound :

Fltpy+ (1 —t)pa] <tF[pi] + (1 — 1) Fpy). (5.123)

Also, from (5.115), we have

%F[tm +(1—t)py] =24 /dzx [tpr + (1 —t)ps2] (o1 — p2)

]

+2Z¢? /d2x 1n2— (p1 — p2)

To

o~
— 2¢? /d2x &' In |X2 U lipr+ (1= 0] (01— o)

To
(5.124)
and
S pltp + (1 =)o
dt 0
_ /
— /d2x (p1 — p2) {ZApg + Ze?In % — 62/d2x' py In [x —x] (5.125)

By choosingp, = nrr, andp; = o > 0 arbitrary, we conclude from (5.29) and

(5.43) that the expression within the square brackets kil{@.is zero, thus

i}7[t0' + (1 — t)TLTF}

= 0. 5.126
” (5.126)

t=0

Also (5.107) leads to the bound

Flto + (1 = t)nre| — F[nry)
. :

F[a} — F[nTF] > (5.127)

Since the left-hand side of (5.127) is independent,offe may take the limit
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t — 0, leading to

t—0 t

Flo] = F[nre] = lim <F[w (L= O] - FhTF]) (5.128)

and use (5.126) to conclude that

with the TF densitynrr providing the smallest possible value for the energy fuometi
in (5.92).

5.3 Lower Bound to the Expectation Value of The Exact Kinetic

Energy

From earlier equations, (2.1)—(2.13), {@¢= 0, in particular we recall that
/d”x (x| A? |x) > !% x [Number of allg’’s as eigenvalues of A
in0 < ¢ < gfor which Hy — g'v(x)
has the eigenvalue = —¢] (5.130)
and the Schwinger inequality (2.20) :
Nog (Ho — gu(x)) < o [ x| 47 ). (5.131)

In two dimensiongr = 2), we choose = 2 on the right-hand side of (5.130).
Thus with the definition ofd in (2.13), we obtain for the right-hand side of (5.130) with
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g=1

/ (x| A% |x) /d2x/d2X (x| A |x) (x| Alx)
/d2xfd2x (x| AX') (x| A|x)"
/dQX/dQX | X|A|X

Z/dQX/dgx v(x <x

> denote[ +§} by A(p), to obtain

(5.132)

5+

<) = (xfw])

[ b [ el (o )| ')
~ [ oot [ et (o] )
:/(deg)z/(;ih) el px/h< ‘A ’ >
-/ (2055)2 / (3732) B (p) (2 & (p — )

d2p n ipe(x—x'
:/WA(") e

/ d?p eP(x=x)/n | ,
- , N=|X—X
(27h)? [% n 4
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1 /OO pdp /27r i 0/h
= dg empeost/h, (5.133)
(2mh)? Jo (% + g) 0
The angular part is given by
27 ) o
/ dg el eost/h —gr Jo() (5.134)
0

whereJy(z) is the Bessel function of order zero. On other hand,

whereK(ax) is the modified Bessel function of order zero.

Apply (5.134) and (5.135) to (5.133), to obtain

1 ]' > pdp o i cos
<"p2—"’>:m/ oy [, 0o = x
5+ o (gmre) b
m x —x
:wh2K0(| = |) 2mé. (5.136)

Substitute (5.136) into (5.132), to obtain

/ d2x (x| A2 |x)

:/dzx/d3x'v(x) v(x) <:;2K0 ('X%X/|) 2m§)2
:&%f/&fﬁmm&m@%m(ﬁgﬂ>2my. (5.137)

We use Young’s inequality

<{/&xu@w}w{/¥xmwaM

\/ﬁx/ﬁfﬂmmX—fm&v




to obtain
e 2lx—x'[v/2m/h
/d2X/d2x’ 'U(X) |X—X’|2 U(X/)

“(Jeer)” ([
(o)

() (o)
(x| (51) v )

—ofx—x!|VITE /R
/dQX/d2X/U(X)e v(x)

|x — x'|2

<</d%%mwf></d%

(o) )
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(5.138)

(5.139)

(5.140)

(5.141)

(KO ('X;XI|) \/M>2|> . (5.142)
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By using the integral

X 2 e 2
/ d%x [KO (%Mzmgﬂ :2_725 (5.143)

we then have

2 2 _m 1 2.2
/d X (x A ) =g [ @) (5.144)
From (5.131), this gives
m 1
— < —— [ &*x0*(x). :
N_¢ (Hp — gv(x)) < 2 d“x v (x) (5.145)

From (5.145) we haveV_, (H, — v(x)) < 1 if we choose

52%0;:5) /d2x v?(x), 6§ >0 (5.146)
or
)
= _2%(1_?/&( V2 (x). (5.147)

On the other handV_¢(p?/2m — v(x)) < 1, implies thatNV_¢(p?/2m — v(x)) = 0,
sinceN_, must be a natural number, and the right-hand side of (5.14V)qes a lower
bound to the spectrum ¢p?/2m — v(x)] since its spectrum would then be empty for
energies—¢. That is, (5.147) gives the following lower bound for the gnd-state

energy of the Hamiltonian,
m (1+9) 5 o
o /d x v°(x). (5.148)

For one patrticle systems, we first obtain a lower boundiforFirst we con-

sider the one particle state with normalization conditjodfx p(x) = 1 and define the
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positive function

v(x) = T a1 () d2f< afiﬁl(x)T (5.149)

whereq, v are to be determined, andx) is not the potential energy for any Hamilto-
nian. Itis just introduced in order to be able to obtain a Iol@und for7". Substitution
(5.149) into(vy) |Hy — v(x)| ¢), to obtain

<w\p—2—v<x>

2m

¢> =—(y-1)T (5.150)

and in reference to the bound in (5.148), we have

<w\%—v<x>

¢> > 2%(1 u %) /d2x 2 (x). (5.151)

From (5.150) and (5.151), we may infer that

0 o m (146) [d* p*(x)
=T~ —
" 2h? 7 (f d2x pa+1(x>)2

2723(1 +9) fdQX p**(x)

~1)TLT .
(’7 ) 2h2 T (f d2X pa+1 (X))

(5.152)

This suggests to chooge = a+1, givinga = 1. So the inequality in (5.152) becomes

2 22(1"‘5) J % p*(x)
20 T (fd2x p2(x))”

(y-1)T<LT

1+46) 1
_ T2 22(
o 1 [ d%x p?(x)
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s 0 2 ) / 4% p?(x). (5.153)

Optimizing (5.153) over

dy-1_
dy 2
-1 2
? + ? =0 (5.154)
gives
v =2. (5.155)

Substitutey from (5.155) into (5.153), to obtain the following bound the expectation

value of the kinetic energy’ (for one particle systems)

T h?

(1+6)2m

d*x p?(x) (5.156)

=

for arbitrary smally > 0. From (5.156), we may rewrite the expectation value of
the kinetic energyl” (for one particle systems), whose the particle number tersi

denoted by (x)in the form

B2 2(p—1)/n
T >B, (%) < / d"x pp/@l)(x)) (5.157)
where
n T\ 2(p—1)/n
Bu=059 (3) (5.158)

andn = 2,p = 2.

For multi-particle systems, considar identical fermions, each of mass and
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introduce the particle number density in two dimensions :

p(x) =N Z /d2X2...d2XN ]w(xal,xzaz,...,xNaN)]2 , (5.159)

010N

whereoy, ..., oy specify spin projection values each takipgalues for a particle of
spins.
The total number of particle¥ is given self consistently from the normalization

condition

/d2x p(x) = N. (5.160)

The wavefunctions)(xoy, Xa09, ...,xyoy) are assumed to satisfy the appropriate
statistics which in this case are anti-symmetric in the exgle of any two particles
which amounts into the interchange of the position-spielial : (x;0;) < (x;0;)

In reference to (5.149), with = 2, a = 1, we obtain the expression for the

positive functionv(x)

_ p(x)
where
N p2
T = <¢ ; o ¢>. (5.162)
It is easily verified that
N
<w > ulx;) w> = 2T (5.163)
=1

N
where) " v(x;) = v(x) andv(x) is not the potential energy for any Hamiltonian. It is
=1

just introduced in order to be able to obtain the expectatane of the kinetic energy
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T (for N identical fermions) in two dimensions.

We consider the operator

Z B; - v(xi)} (5.164)

=1

defining a hypothetical Hamiltonian a¥ non-interacting fermions which, however,
interact with the external “potentiat’(x).

From (5.162) and (5.163), we have

(v

To obtain a lower bound to the spectrum of the “Hamiltoniaapdrator) in

zZN; {QP; - v(&)} ' w> =-T. (5.165)

(5.164), we note that, allowing for multiplicity and sping#meracy, we can put thg
fermions in the lowest energy of levels of the “Hamiltoniam’tonformity with Pauli’s
exclusion principle, ifV is the number of such levels. N is larger than this number of
levels, the remaining free fermions may be chosen to haveampsmall(— 0) kinetic
energies, and be infinitely separated, to define the lowesggrof the Hamiltonian in
(5.164). That s, in all cases, the Hamiltonian (5.164) isrimted below by, times the

ground-state energy in (5.148). From (5.151), (}ordentical fermions) we thus have

(v

Substituting (5.161), (5.165) into (5.166) and using themmaization condition

>

i=1

{21); _"’(Xi)]'¢> Z %@/d& v*(x). (5.166)

[ d’x p(x) = N, we obtain for the expectation value of the kinetic enefgyfor

N identical fermions)

s -G [ (o)
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1 7 R 9 o
> §(1+5)%/d x p*(x) (5.167)

From (5.167), the expectation value of the kinetic enérgs

B 2(p-1)/n
T>=" ( / d"x pp/@—l)(x)) (5.168)
q

whereB,, is defined in (5.158) and = 2, p = 2.

5.4 A Thomas-Fermi Energy Functional and a Lower Bound for

The Electron-Electron Interaction

For anti-symmetric normalized function®(x; o4, ...,xyoy) Of N electrons,

we have for the expectation value of the Hamiltonian

(U H W) = Z<qf| LA +QZZZe | X J’|x11>

=1 j=1

X;|
—zz \I/|ln—0|\11>

1<J

k
IR, — R,
—2Y " ZZ;e’ (V|In 2—7“0]’ W) (5.169)

1<j

To derive a lower bound to this expectation value, we retaldefinition of electron

density

=N Z /d2X2 d%xpy |U(x0y, X209, . . . XNO’N)|2 (5.170)

01,

p(x)

normalized to

/ d*x p(x) = N (5.171)
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and

(VW) :/dZX,d2X2...d2xN U™ (X071, X209, ..., XnON ) U (X071, X209, ..., XNON)

Z /dQX d*xy...d*xy |¥ (X071, X200, ..., XNUN)|

Tlyenns

—1. (5.172)

The lower bound (5.18) to the expectation value of the kinetiergy for particles of

massim is then given by :

l Th* 1 9 9
> (v 2m5 _mﬁm/d x [p(x)] (5.173)

i=1

wheres > 0.
In reference to the second term on the right-hand side o6%,1substitute

(5.170) into (5.169), giving

22226 ‘I/|ln J||\If>

=1 j5=1

:2/d2x, d*xs, ..., d*xy U (X, X, ..., Xy)

(ZZ e*Z; ln |> U(X,Xg,...,XN)

=1 j=1

—QZZ/dQX d?*xy, ..., d*xy U (X, Xs,...,Xy)

7=1 =1

.~ R,
X (62Zj In u) U(x,Xg,...,Xy)
2’/“0

k N

_QZZ/dQszQZ In — 2 R‘

Jj=1 j=1 ro
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+22/d2X2622 In R;| p(N)

To

2 2 J‘ p(xXn)
+2Z/dx eZln - o (5.174)

In reference to the third term on the right-hand side of (8)1&e first note that

—22 (w1 X f’|x1/ /d2 ’/d%cp In X = X’p(x’) (5.175)

1<J

and for the fourth term on the right-hand side of (5.169) , vy nvrite

k
R; — R/ IR; — R
—2§jzizj62<qf|1n2—m|\p 2§jzzel 2—rof<xp|\11)
1<J 1<J
: R; — R
=—-2Y ZZ.*In 1 5.176
E T ( )

1<J

From (5.173)—(5.176), we obtain the following lower bound {5.169)

mh? Ix — R,
V| H |¥ 2 °Z; | & = 9
(U] |>>gmﬁ +Ze /dxp x) In o

-
—é? /dQX d*x’ p(x)In x — ] p(x')

2’/“()

k
[Ri — Ry
~2) % Zi’In Q—TOJ (5.177)
1<J

by closingé arbitrary small.
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We define arenergyfunctional in2-dimensions by

Th?

Flp:Z1,.... 72, Rq,..., R;| =
{pv 1 y Ly AL, ) j] gmﬁ

d*x [p(x)]’

2 2 x — Ry
+2262/dxp )HT

-
—é? /dzx d*x’' p(x) In x=x] p(x")

27"0

k
Ri — Ry
~2) ZZi’In 2—7»0] (5.178)
i<j

depending on positive parametéfs .. ., Z; andR,, ..., R,;.
Optimize (5.178) ovep(x), by taking the functional derivative of (5.178), with

respect t(x), equal to zero, to obtain

o0 )
dp(x)
21 h? - Ix — R,
= x)+2¢° Y Z; 1 .
mﬁp( ) JZ; J 2,,,,0
_ /
— 262/d2xl ln% p(x). (5.179)

Let p(x) = po(x; k) satisfy the equation (5.179), this is

2 2
ﬂhﬁ[poxk — 2¢? ZZ In Bx = Ryl
qm

_ /
+ 262 / 2 1 X=X p(x'). (5.180)

27’0

Refer to (5.106)—(5.129), which shows that the TF densityadlst provides the

smallest value, we conclude thaf(x; k) satisfying (5.180) provides the smallest value
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for the functional (5.178), with the corresponding solatipy (x; k) satisfying the nor-

malization condition

/ d*x po(x: k) =Y Z;. (5.181)
j=1
From (5.129), we then have
Flp] = Flpo]
Flp; Z1,....Zx,Re,...,Ry| = Flpo; Z1, ..., Zi, Ra, ... Ry (5.182)

We introduce the functionals
Flp;\Zv, ..., Ao, Zor, .-, ZisRa, ... Ry (5.183)
and
Flp;AZ1, ..., \Zs, Ry, ... R (5.184)

wherel < k and\ > 0 is arbitrary parameter.
Let p1(x), p2(x) be the corresponding solutions to (5.179) for the funci®ima

(5.183), (5.184), respectively. By referring to (5.179), hexe

mh’ :—e2AZZ X Rl ZZ In R‘

4q mﬁ j=t+1

/ 2 X=Xl 2_X| o (x) (5.185)

To

and

mh? 2 ‘ 21 x —x /
gmﬁ ——e/\ZZ In /dx ln2—r0p2(x) (5.186)
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and for the simplicity of the notation only, we have suppeesthe dependence pf, p-
on\ k., /.

By subtracting (5.185) from (5.186), we obtain

; [x — Ry x — x|
@0~ Q) == 30 2 X [t X ) - )

j=0+1 0

l
2 x — Ry
=—¢ Y Zihn o

J=t+1
2 /
e 7%7;16 d2x’ In |X —TOX | [QI(X,) . QQ(X/)} (5187)
where
2
Qi (x) :—Wz g;éx> (5.188)
_Thpa(x)
Q00 == (5.189)

Since the sum ovey in (5.187) is non-negativelQ: (x) — Q»(x)] cannot be strictly

negative for allkk otherwise this will be in contradiction with the equation(§7) itself.
We introduce the set

S = {x|Q:1(x) — Qa2(x) < 0} (5.190)

which we will show that it is empty, thus concluding thigt(x) — Q2(x) > 0.
We assume that is non-empty and then run into a contradiction. As we move

away from the boundar§ of S, [Q:(x) — Q»(x)] changes sign or vanishes, by defini-
tion of S, and we then have

n - V[QI(X) - QQ(X)} 20 (5.191)
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which 7 is a unit vector perpendicular to the boundarykabtherwise, we would run
into a region beyond' where [Ql(x) — QQ(X)] is still strictly negative. [IfS is of
infinite extension the non-negativity éf - V [Q;(x) — Q2(x)] on the boundary still
holds.]

The application of the Laplacian to (5.187) gives

V2[Q:1(x) — Qa(x)] = —€* Z Z;V?1n J'

j=t+1
e2qgmp3 x —x'
t g /d2X, V?In % [Q1(X) — Qa2(X")]
k
=—4me? Z Z;8*(x—R
j=l+1

e*’qmp
wh?

d*x’ % (x — x) [Q1(x') — Q2(x)]

k
=—4me? Z Z;8*(x — R;j)

j=l+1

—|—47re 6 5 [Q1(x) — Q2(x)] (5.192)

and forx in the setS, the expression on the right-hand side of this equatiorriistigt
negative since{@l(x) — QQ(X)} < 0 for suchx by hypothesis.
Accordingly,

0> [ExV Qi) - Qa(x)] = [0 V(@i - Q)] (5.199)

S Q

in contradiction with (5.191), hencgis empty and

Q1(x) — Q2(x) =20 (5.194)
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as a function ok.

In reference to the functional

F[pa Zl+17"'7Zk7R'l+1a"~7Rk} (5195)

let p3(x) satisfy

’|

h2 k —R; —
T x) == Y 7 m%j%?/d%c’ In |X2 1 i(x)  (5.196)

P3
gmps j=t+1 1o

in analogy to (5.185), (5.186).
We define

gN) = Fpi; A2, ..., A 2, Ziga, .., 2, Ra, .. Ry
— Flpo; \Zy1, ..., A2, Ry, ... R}]

_F[p3;Zl+1a"'7ZkaRl+17"‘7Rk] (5197)

with [ < k. Since for\ = 0, p; andp; denote the same density, ang in (5.197) is
obviously equal to zero fox = 0, as the left-hand side of (5.197) is non-negative while

the right-hand side is non-positive far= 0, and
9(0) =Fp; Zisa, ..., Zi, Ra, ... Ry
~ F[0;...Ry,...,R/]
~ Fp; Zis1, - Zs R, -, Ry (5.198)

we may infer that

9(0) = 0. (5.199)
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For A =1, gives
g(l) :F[p;Zl,...,Zl,Zl+1,...,Zk,Rl,...,Rk]
_F[p2;Z17"'7ZZ7R17"'7RI]

_F[pa Zl-‘rl)"‘JZk7Rl+17"'7Rk:|' (5200)
From (5.199) and (5.202), we may write
1
g(1) = / dA g'(\) (5.201)
0

we infer that ¢[p] > F|[po])
(1) >0 (5.202)

and hence to establish (5.202) it is sufficient to show gh@t) > 0 for 0 < A < 1.
To the above end, we note from (5.178) with— A7, ..., 72, — \Z;, p — p1,

we obtain

F[pl;)‘Zla-"7AZlaZl+17"'7Zk7R17"-aRk]

- 7Th2 2 )
-5 [

¢
~ R,
+ 2AZ€2Zj /dQX p1(x) ln%
j=1

+2Z 2Z /d2Xp1 |X2—]|
To

j=0+1

e? /d2xd2x’ p1(x)In 2_ p1(x')
To
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—2/\22 Z Z;Z;e*In ’R RJ‘

i=1 j=0+1
R R
—QZAZ Z Z;eIn J’ (5.203)
j=L+1
where
R| -1 0 R, - R
2 72 i J
22226 In =2\ ‘Z Z:Zje" In =5 ==
1<j i=1 j=0+1
+2Z/\Z Z Z;e*In |R Rf' (5.204)
j=l+1

By setting the functional partial derivative of (5.203), lviespect to\, we obtain

9,
[p1>>\Zl7-'-7)\Zlyzl+17---7Zk7R17~-->Rk}
N
Th?
=2qmB d*x p1(x) a1 )

9
+2Z 2Z/d?xm " x = Ryl 531 (%)

j=L+1 0

. x=x e,
- 62/d2Xd2X ln%pl(x) ﬁpl(x)

0

—4/\2 Z Z;Z;e*In |R RJ'

i=1 j=(+1
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—222 Z Z;e*In |R Rf’. (5.205)

Jj=0+1

Eq.(5.205) can be rewritten as

0

a)\ [pl;AZI7"'J)\ZlaZl+17"'7Z]€7R17"'7Rk]

_ d2 ﬂ-h2 Y d 2Z 1 |X_R]|

— X ngﬁpl(x)+2 Zle f n—2r0

/
- 0
+2 Z e’Z; ln R, 262/d2x’1n |X2r0X| pl(x’)] 5p1(x)
j=0+1

2[”223221 +ZZZ ZZI IR; — R”]

i=1 j=f+1 = j=t+1

X —_— .
+2Z 7 /d2x p1(x ‘2—0” (5.206)

Refer to (5.185), and note that the expression within theketaof thex-integral

in the first term on the right-hand side of (5.206) is zero. & {5.206) becomes

a)\ [pla)\Zlv"'a)\ZhZH-la'--7Zk:aR17"'7Rk’}

4)\22221 R — Rﬂ’+222 221 ’R Rf‘

=1 j=(+1 = J=t+1

¢
“R.
+ ZZGZZj /dzx p1(x) In %. (5.207)

Refer to (5.206), and in the same way as in (5.207), we obtain

a)\ [an/\Zla"'a)\ZlaRla"'7Rl]
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[4)\ZZZZ1 +ZZZ 221 ’R Rﬂ‘

=1 j=(+1 Jj=0+1

V4
+23 ¢z / 4% pa(x) In x—Ry| (5.208)
j=1

27’0

Refer to (5.206), and in the same way as in (5.207), we obtain

0
8/\ [p37Zl7"‘7Zka+17"'7Rk}
= —2¢? ZZ Z Z;In |R Rﬂl (5.209)
=1 j={+1

Finally refer to (5.200) and (5.207) to (5.209), to obtain
¢

R/l x — Ryl
22 e*Z; /dQXp 27’0 ha— QZeQZj d?x po(x) IHTO]

Jj=1

+ 2¢? ZZ 221 ‘R Rﬂ|

Jj=0+1

_222

Z Z;e*In R| /dQX 1n’X2_—ij| [p1(x) —pz(X)]]

j=t11
¢
=2 Z Z; [Q1(Ri) — Q2(Ry)]
» (5.210)

where we have used (5.194).

Accordingly, from (5.197) and (5.202), we have

Flp: 2y, 2, Ra. . Ry) 2F[pi 21, Zi.Ra,... Ry

+F[p3;Zl+1a"'7ZI<:7R€+1’"'7RI€} (5211)
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foranyl < ¢ < k, wherepy, po, p3 are the densities which provide the smallest values
for the corresponding functionals, respectively.
Accordingly, from (5.182) and (5.211), sin¢e k£ (with [ < k) are arbitrary

natural numbers,we may conclude that

k
Flpo; Z1,-. . Zr,Ra, . Re] = > F[phy; Zi, Ry (5.212)

=1

where each’ [ pip; Z;, R;] is a TF functional.
Consider the solution of the TF functional
Th?

.
——— [nrr(x)] =Ze*In ‘Qi’ —é? /d2x’ In ‘Xz ud nrr(x’) (5.213)

qam To To

wherenrr(x) is the TF density.

The ground-state enerdy;r(Z) of the TF atom is given from (5.88) to be
Err(Z) = —(0.576486) * 27 (5.214)

In TF densityp’ with nuclear chargeZ;|e|, situated aR;, and the mass: of

each negatively charged particle simply scale@dbwe replacex by x + R and set

prp(x + R;) = nyp(x)| (5.215)

m—mf3,Z—7; "

Substitute this into (5.213),giving

mh? ; |X_Ri| |X—X/| i
__q_mﬁ |:IOTF<X):| - Z€2 In —QTO _ 62/d2xl In QTO pTF(X/>. (5216)

From (5.182),(5.212) and (5.214), we then have

k
Flp;Z1,.... Z,Ra,. .. Ry] > BErp(1) ) Z7 (5.217)
=1
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whereErr(1) = —(0.576486)¢?, independent tan.

The basic inequality in (5.211), shows that a system ideuitibly the parameters
[Zl, oo Zi, Ry, ,Rk} cannot have an (optimized) energy functional (5.178) less
than the sum of the (optimized) energy functional of any twbsystems identified by
parametersZy, ..., Z, Ri,...,Ri], [Zis1.. .., Zk, Riga, ..., Ry, | < k. Because of
this last property, the Theorem embodied in the inequal{®e211), (5.212) is referred
to as a “No Binding Theorem”.

We now deride a lower bound of the multi-particle repulsieellomb potential

energy. From (5.217) we note that

ﬂ—h2 d2 [ ( )]2 +92 zk: 7 2 /dQ 1 ’X B R]| ( )
x [p(x e x In——L p(x
qgmp ! o 2rg P

Ix — x i IR; — R/
—é? /dQXdQX/ p(x)In o ) —QZ;ZiZjGQ mTOJ

N
>Erp(1)) 7} (5.218)

The energy density functional, expressed in terms of theitden(x) on the left-
hand side of (5.218) is in the spirit of the TF energy funciipmvith the massn of the
electron replaced by: 3, and with the further generalization of includikgiuclei, with
the last term, involvingZ; Z; ¢*', describing their interactions.

The inequality in (5.218) gives rise to a lower bound to tlegp@isive) Coulomb
potential energy of: particles of charge<le|, ..., Zi|e|, or charges—Z|e|,

—Zk (&

R
—ZZZZ e“In >ETF ZZQ d*x [P(X)]2

qmﬁ

R.
—ZZZe /d2x ln’z—ro”p(x)
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_ /
¢? /d2xd2x’ p(x) In X BX| p(x).  (5.219)

In particular for the interaction aV electrons we have, with substitutiohs—

N,Z]’—>1,Rj—>Xjf0rj:1,...,N:

wh?

qgmp3

226 ln Xi| >NErp(l) — d*x [P(X)]z

1<J

N
_g GQ/dax X%l
; o PX)

/d2 a2 p(x) In X ;X‘ p(x) (5.220)

5.5 Lower Bound for the Exact Ground-state Energy

For anti-symmetric normalized function(x;o4,...,xyoy) Oof N electrons,

we have for the expectation value of the Hamiltonian

(U H ) = Z<‘1’| P; L |w) +22226 ‘I/|111 J||n1/>

i=1 j=1

—zze \mln : J'\xm

1<j

R — R,

k
~2) " ZZ;e’ (¥]In | W) (5.221)

2r
i<j 0

with wavefunction and spin normalization condition.
The lower bound (5.167) to the expectation value of the kerestergy for spin

multiplicity ¢ :

N p? - L,
Z v 2m v) > q2m / (x) ( )

i=1
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for § sufficiently small.
For the second term on the right-hand side of (5.221), dubst{5.170) into
(5.221), we obtain

22226 \If|ln J||\1/>

i=1 j=1

:2/d2x,d2x2, o dixy UK, X, LX)

(ZZ e*Z; ln —R ‘) U(x,Xs,...,Xy)

=1 5=1

_ZZZ/dZX d*xs, ..., d*xy U (X, X, ..., Xy)

7j=1 i=1

~R,
X (eQZj In |X—]’> U(x,Xg,...,Xy)
2’/’0

k N

- R;
_ZZZ/d2xe2Z i Bl
7j=1 j5=1
X Z /d2X2, 7d XN |\II<X7 X2, 7XN)|2
O1yeesON

—|—22/d2x 62Z ln 2 j| P(;N)

To

k
_R.
=2 E eQZj/dZXp In |X2—J| (5.223)
T
i=1

0



For the third term on the right-hand side of (5.221), we figerthat
_22 \I/| /d2 |X XJ| (X) |\If>
N
== QZGQ/dQX/,dQXQ, o dixy (X, X, L, X)

([ d2x p) 0 B2 0 xe, - x)
(/

27”0

N

= —25 62/d2x'/d2x p(x) 1n|X2_—Xj|
- To
J=1

e? X —X
+N/d2x2/d2x p(x) lnl o 2 p(x2)
X — X
N/dQXN/dzxp ’ N‘ p(xN)

/d2 //dQXp X2_T’OX| p(X/)

and from (5.220)

; — X Th?
—2 Z (0| I =%l W) >N Epp(1) —

- s | Xl

1<J

i

—e? /d2x d*x’ p(x)In b(% p(x').

327

(5.224)

(5.225)
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From (5.222)—(5.225), we obtain the following lower bound {5.221)

x — Ry|

2’/”0

9 k
(V| H |¥) zg;—m/dQX p?(x) —|—2262Zj/d2x,0 In

J=1

Th?

qmp

+ BN Erp(l) — d’x [p(x)]?

x —X/|

—¢? /d2X d*x’ p(x) In B p(x')

IRi — R W) . (5.226)

k
2
~2) ZZje’ (¥|In e

1<j

We set

T 27 g_g_l_i
(___)X__4 i=3 (5.227)

and for positive3’ we have to choosg > (4/q). Apply (5.227) to (5.226), to get

2r h? b Ix — R,
> 2, 2 27 2 J
<\P|H|‘Il)_gﬁlzm/dx,o(x)+2j§:1eZ]/dxpln o

x —x/

—é? /d2x d*x’ p(x)In 5 p(x")

|RZ B RJ| |\I/>

To

k
—2Y " Z,Z;e* (V] In + NErp(1). (5.228)

i<j

The sum of the first form on the right-hand side of inequalty226) then gives

k
(V| H V) >Erp(1)Y Z7 + NErp(1)

=1

=E7rp(1) (N +y Zf)
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k
(U| H | W) > — (0.576486)¢> (N +) ijmax)

j=1
= — (0.576486)e (N + N Zppaz)
= — (0.576486)¢* N (1 + Zinaz)
(U] H W) > — (0.576486)¢2N (1 + Zyas) (5.229)

where

7 Do > 2. (5.230)
J J

5.6 Inflation of Matter.

Let |U(m)) denote any negative energy-state of matter, not necesshal

ground-state,
—en[m] < (¥(m)| H |¥(m)) (5.231)

where—cy[m] = Ey < 0 is the ground-state energy, and we have emphasized its
dependence on the massof the electron.
By definition of the ground-state energy, the stabém/2)) cannot lead for

(U(m/2)| H |¥(m/2)) a numerical value lower thane y[m|. That s,
—en[m] < (V(m/2)| H [¥(m/2)) (5.232)

where we note that the interaction p&arof the HamiltonianA in (5.221) is not explic-
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itly dependent omn :

1% 22226 1n 22 e2ln 1

=1 j5=1 1<j

k
R — R
1<j

Accordingly (5.232) implies that

—en[2m] < < ‘(Z Py +V> >> (5.234)
Upon writing, trivially,
N p2 N p2 N p2
;2m+v > ot (; 4m+v> (5.235)

the extreme right-hand of the inequality (5.231) then ldads

o 352 ) <~ (| 35 22+7)

which upon multiplying by two, (5.234) gives

o) (522

for all stategW¥(m)) such that (5.231) is true including the ground-state.

U (m )> (5.236)

\I/(m)> < 2y (5.237)

Thus from (5.237), (5.230), (5.222), we have the followirapbds for the ex-

pectation valud’ of the total kinetic energy of all the electrons in such state

7rh2

Jom d’x p(x) < T < (1.152972)* N (1 + Zpaz) (5.238)

To investigate the inflation of matter, l&t denote the position of an electron
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relative, for example, to the center of mass of the nuclei.défene the set function

1, if x lies within a sphere of radiug
Xr(X) = (5.239)
0, otherwise.

We are interested in the expression

,,,,,

(5.240)

which gives the probability of finding all the electrons witha circle of radiusR.

Clearly,
Prob[|x;| < R,....|xn| < R] < Prob[|x;| < R, ..., |x;| < R]
< ... < Prob[|x;| < R]
1 2
=5 [&X Xr(x)p(x) (5.241)

for j < N, with p(x) given in (5.170).

By Hdolder’s inequality we have

Jexxatinto < ( [ ) B (fox i) " (5.242)

wherex%(x) = xr(x), and

/d2x Xr(x) = Ag (5.243)

denotes the area in which the electrons are confined.
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Hence, in particular, (5.241) gives

Prob|x;| < R,...,[xy| < R] < Prob[[x;[ < R]
(/4}%)1/2 1/2
< ([ )
(AR)\/? q 2me? 1/2
< (1.152972); — N (1 + Znax
(5.244)
where (from (5.238))
1/2 2 1/2
2
(/ d?x pQ(X)> < [(1.152972)g T;;e N(1 +Zmaz)] (5.245)
™
finally leads to the simple bound
N\ /2 gme? 1/2
Prob[jx;| < R,...,|xy| < R] (A_R) < (0.856741) {—hQ (14 Zmax)]

(5.246)

wherea, = h?/me? is the Bohr radius and,,,... is the maximum of the nuclear charges.
We immediately infer from (5.246) the inescapable factnikeessarily given
that there is a non-zero probability of electrons to be lwithin a circle of radiusk,
then the corresponding aret; grows not any slower than the first power &f for
N — oo, since otherwise the left-hand side of (5.246) would go fmite in this limit
while the right-hand side is finite. That isecessarilythe radiusk of spatial extension
of matter grows not any slower thay'/? for N — oo.
We note thatV/Ag gives the electron density, and one may infer from (5.246),
with a probability non-zero provide that electrons are timithin a circle of radiusk,
the infinite density limitV/Ar — oo, i.e., of the system collapsing onto itself, does not

occur.
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5.7 Non-Zero Lower Bound for a Measure of the Extension of Mat-

ter

We use define the expectation value

=¥ d*x |x|p(x) (5.247)

as for a measure of the extension of matter. Using the faats th

1 9 1 9 R 9
N d*x |x|p(x) > N /d X |x|p(x) > N /d x p(x)

[x|>R |x|>R
= R Prob[|x| > R] (5.248)
Prob||x| > R] = 1 — Prob[|x| < R] (5.249)

Ar = mR?, and (5.246) we obtain

R2\'/? me? V2
- (L> (0.856741) F (1+Zmax)]

¥ = (5.250)

Upon optimizing the right-hand side of the above inequatitgr R, this gives

. 1 1/2
B N . 5.251
R =(0.583607) ( ™ gme? (1 + Zmax)) o

leading for (5.250) to the explicit non-zero lower bound

al |xi] 1/2 n’ 1 2
1) > (0.291803) N ) 5.252
Z N ( ) (nge2 (1+ Zmax)) ( )

i=1



CHAPTER VI
CONCLUSION

We have carried out a detailed mathematically rigorousyaisbf the stability
of matter in bulk by invoking, in the process of the investigas, the Pauli exclusion
principle at every stage. As is well know the practical dfiegfcthe exclusion principle,
or more generally of the Spin and Statistics Theorem, pleeaer the whole of sci-
ence and provides the basis for explaining the periodietablelements from which
we are made of. Without the Spin and Statistics connectionvauld will be unsta-
ble and ceases to exits. As mentioned in the bulk of this $héisé drastic difference
between matter with the exclusion principle and so-calleasbnic matter”, i.e., with-
out exclusion principle, is that the ground-state endrgyfor the former—Ey ~ N,
with N denoting the number of negative charges (the electrong)e idr the latter
—FEy ~ N®, with o > 1. A power law behaviour witlv > 1 implies that of insta-
bility as the formation of single system consisting(®fV + 2V) particles is favoured
over two separated systems brought together, each cogsisti NV + N) particles, and
the energy released upon the collapse of the two systemenietdeing proportional to
[(2N)>—2N*], will be overwhelmingly large for realistic larg¥, e.g.,N ~ 10%. Thus
the actual demonstration of a single poweroffor the ground-state energy of matter
(i.e., with the exclusion principle) is essential. We nateparticular, that for matter,
the energy—FEn /N shared by a particle remains finite for largyein clear distinction
with the “bosonic” one which increases without bound fog&a .

To carry out our analysis of the stability of matter we havewde several lower

andupper bounds for the exact ground-state energy as shown pt€hkadl and Ill. The
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most relevant ones are embodied in the following doubleunéty given by :

k

me* 773 b met\ < 2

=1

(see (2.388), (2.391), (3.437), (3.438)), where

40\ 23
¢ =4(0.68060) (3—) = 1.53749 (6.2)
™
¢ =(1.00000) (6.3)
where Zile|, ..., Z|e| denote the nuclear charges. The numerical values of the con-

stantsc/c given in (6.2)/(6.3) may be further decreased/increasdadga tighter inter-
val bound forEy, but all of our conclusions remain unaltered.

Our main conclusions are as follows :

Stability of matter. In nature, the nuclear chargésle/|, ..., Z;|e| are bounded. Ac-
k
cordingly, letZ = max Z;. ThenZ; < Z. Also ) Z; = N.
v =1
Hence, (6.1) leads to the following double inequality

4 4
e <%) N1+ 22 < By < —¢ (%) N (6.4)

with a single power ofV appearing on both sides.

Fate of the nucleilLet p be a positive number such that< p < N (i.e., in particu-
lar, p is much smaller than the number of electrons). We concluoia {i6.1) that for
Zy = ...=42y,= N/p, Zys1 = ... = Z; = 0, —Ey grows not any slower than
N?, for N — oo, and is obviously quite relevant physically to the stapitf matter.
It leads to the conclusion that as more and more matter isogether, thus increasing

the numberV of electrons, the numbér of nuclei in such matter, as separate clusters,
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would necessarily increase and not arbitrarily fuse togredind their individual charges
remainbounded That is, asV — oo, then stability implies that — oo as well, and
no nuclei may be found in matter that would carry arbitraldisge portions of the total

charge available. As stated above #yeare bounded in nature.

Inflation (swelling) of matterWe have shown in (4.32) that for the probability of having
the electrons within a sphere of radifts with its center, say, at the center of mass of

the nuclei, we have the bound

N 2/5 1 3/5
Prob[jx;| < R,...,|xn| < R] <—) < 1.26528 (—2> (1+2)Y°.  (6.5)

wherevyr = 47 R? /3 is the volume of the spherey = h*/me? is the Bohr radius, and
7 = max Z;, introduced above. We infer from (6.5) the inescapabletfeatinecessar-
ily for a non-vanishing probability of having the electronshita sphere of radiug,
the corresponding volume grows (swells) not any slower tharfirst power ofV for

N — oo, since otherwise the left-hand side of (6.5) would go to ibfiand would be
in contradiction with the finite upper bound on its right-dasde. That is, necessarily,
the radiusRk grows not any slower thaiv'/? for N — oo. No wonder why matter oc-
cupies so large a volume ! Here it is worth recalling part ef BEhrenfest—Pauli debate
as stated by Ehrenfest We take a piece of metal, or a stone. When we think about it,
we are astonished that this quantity of matter should occuphage a volumé He
went on by stating that the Pauli exclusion principle is teason :“Answer : only
the Pauli principle, no two electrons in the same stat&he method developed here
has been also used to analyze the localizability and stabiliother quantum systems

(Manoukian, 2006).

Infinite density limit We may rewrite the inequality in (6.5) as

3/5

2/5 1
Probl|x;| < R, ..., |xx| < R] < (“ﬁ) (1.26528) (?) 1+2)7. (6.6)
0
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Thus, in turn, the infinite density limivV/vg — oo, i.e.,vg/N — 0, doesnot arise as
the probability on the left-hand side of (6.6) would go toazirthis limit, i.e., this does

not happen.

Non-zero lower bound for a measure of extension of mafteia measure of the exten-
N
sion of matter we introduce the expectation va<uE |x|/N>, and we have established

=1
rigorously in (4.43), the followingnon-zerdower bound:

1/3

Y x| N
— ) > 0.206432 a) ———— 6.7

with the expectation value taken with respect to any statenafter, including the

ground-state.

Two-dimensional matterDue to the overwhelming interest recently in physics in two
dimensions, we have also proved rigorously the stabilityiaflation of such matter in

Chapter V.

Matter without the exclusion principléOur methods developed in this thesis have led
to new estimates on matter when the exclusion principleveked. These are worked
out in detail in Appendices A and B. In particular, we have shaw (B.10), for the
probability of finding the negative charges within a sphdreadius R, with center of

the sphere, say, at the center of mass of the nuclei:

1 1 1/2
Prob[|x;| < R,...,|xny| < R ———% < (—) 1.61[1+ Z]. (6.8)

(URN)1/2 CL%

whereq is the Bohr radius/Z = max Z; as before. This is to be compared with
(6.5). From this inequality we infer the inescapable faett tifi deflation of “bosonic
matter” occurs, upon collapse, then for a non-vanishindabdity of having the/N

negatively charged particles within a sphere of radiushe corresponding volumeg,
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necessarily, cannot shrink faster thigtv for N — oo, or R cannot decrease faster than
N-1/3 since otherwise the left-hand side of (6.8) would go to itfiand would be in
contradiction with the finite upper bound on its right-haraks

As stated earlier, although the mathematical intricacres$ the corresponding
intermediate estimates turn out to be quite tedious andvedo the final results are
expressed in terms of simple expressions and are readilsigaily interpreted as we

have just seen in this concluding chapter.
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APPENDIX A
LOWER BOUND FOR THE EXACT GROUND-STATE
ENERGY OF MATTER WITHOUT THE

EXCLUSION PRINCIPLE

Although it is sufficient to obtain an upper bound for the grdtstate energy for
bosonic matter to infer its instability, the knowledge obaér bound is also important
to get an actual estimate of a range for the ground-statggn&s a byproduct of their
analysis of the stability of fermionic matter, Manoukiarda®irininlakul (2005) were
able to obtain a lower bound to the exact ground-state era@rfjyosonic” matter. At
present it is the best bound obtained in the literature eedteibthan the one given by

Lieb (1978). Here for completeness, we sketch over deamaif the lower bound.

N N k
p; 2 -1
H= Vi+ Vo — Z:e?x; — R;| 7, Al
;2m+1+2 ;; jetlx il (A.1)
where

N
V= Z €2|Xi — X; -1 , (A.2)

1<J

k k

Vo=> ZZie’Ri—Ry|™', Y Z;=N, k>2 (A.3)

i<j i=1

with fixed positive charges, ant;, R; refer to the position of negative and positive
charges, respectively. We note that ko= 1, thel; term in (A.3) will be absent in the

expression foH and one would be dealing with an atom. Throughout, we areasted
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in the case for whiclt # 1 relevant to matter.

A rigorous study of the instability and stability of such ®ms for bosons and
fermions, respectively, began several years ago in somerkafle work giving rise
to the respective famou¥®/3 and N power laws for the ground-state energy (Dyson
and Lenard, 1967). Much simplified derivations with tremaunglimprovements of the
corresponding estimates have been given for bosonic casdsdnd Thirring, 1975;

Manoukian and Sirininlakul, 2004)

b /3 1/2
—cpN?3 |1+ <; N ) : (A.4)
in units of me? /212, wherecp is some positive constant.

Motivated by the lower bound of the repulsive part of the Coudopotential
derived below (Hertel, Lieb and Thirring, 1975), rigoroos/er bounds are derived for
the ground-state energies of the above systems by usinige iprocess, lower bounds
for the kinetic energies as some power of an integral’ofather than of the familiar
p°/3, wherep is the particle density.

Consider a real function(x), x is vector in 3-dimensions, we have

v(x) :/%ﬂ(k) elkx (A.5)
u(k) = /dng(x) e ik (A.6)

such thaw (x) > 0 andv (0) < oo, and such that its Fourier transforinik) > 0 as

well. Let ¢ (x) be a real function, and

d3k Iy ik-x
0x) = [ G otk

3 ~ .
¢&»=/dk¢mwmj A7)
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d(k) = / dPx ¢(x) e kx, (A.8)

Let Ay,..., Ax (k > 2) be real and positive numbers. We have

Ard(xr) =4y / % J(k) e

d’k ~

Aad(xa) =Aa [ 5 i) o
Aol = [ % B(K) el (A.9)
and
A1) + Asd(x2) + .+ Ayd(xs) ZAM (). (A.10)

Substitutep (x;) = [ -2k ¢(k) e’ into iAjng(xj),to obtain

(2m)3
) P>

k 3,
ZAjgb(xj) = / d k (ZA elkxf>. (A.11)

Multiply the integrand on the right-hand side (A.11) % givingThen we may

write

ZAJ¢ X;) /(dwl){3 ¢f?<jlzli> (ZAJ 5(k)eik'xj>- (A.12)

The Cauchy-Schwartz inequality

n 2 n n
(Z%%) <D oY Il (A.13)
j=1 j=1

j=1
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then implies that

k 2 - Pk 5(}{) k _ o 2
(;Aj¢ (Xj)> = </ (2n)? /_'17(k) <;Aj Vo(k)e >>
Ak Pk | <&
</ 2n)? /

Z \/_ ik-x;
jf
ZA Vo(k)elk>i| on left-hand side of (A.14), to obtain

o(k)
Vu(k)

2

(A.14)

Consider[ & oo

/ 4’k

k

|

k

83 (gume) (Ervme)

d3k <ZAZ\/U_ 1kx> . <2Ajmeik'xj>

= ZAzAj U(Xi — Xj) (A15)

where we recall thatl,, ..., A, (k > 2) are real and positive numbeigk) > 0 and

— 'l ik (x;—x;)
v(x; — %) —/ o) v(k) el* : (A.16)

w



Substitute (A.16) to the right-hand side of (A.14), to obtai

b ’ 43k \%(k)
(;Am(xj)) <[ o 5w

We can rewrite (A.17) as

(éAﬂb (Xj>> k

<D A (- x5).
ij=1

2

i,j=1

d3k |$(k)|2
f | e I

(2m)3 (k)

For any real numbet, b such thab > 0, we have
(a—b)* >0
a? — 2ab + b* >0

a’® >2ab — b?

a? 2ab b?
2 -
2b 7 2b 2b

Set

k
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(A.17)

(A.18)

(A.19)

(A.20)

(A.21)
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and use the inequality in (A.19), to infer that

& 2

ZAJ‘¢(XJ‘)> " ‘N ?
= 1 [ &Pk ¢(k)‘
o [0 2;/1]‘925()@) - 5/

J 2m)3 (k)

1
2

(2m)° o(k)

Iy ‘ 1k |90
§i;AiAjv(Xz‘—Xj) >;Aj¢(xj>_§/(2ﬂ)3 ) (A.22)

Consider the left-hand side of the inequality in (A.22), tdaii

k k k
1 1
5 ZAZA] ’U(Xi — Xj) :ZAZAJ ’U(Xz‘ — Xj) + §ZA7'A] ’U(Xi — Xj)
i,j=1 1<J i=j
k 1 k
:ZAZA] ’U(Xz‘ — Xj) + 52/1]14] ’U(Xj — Xj)
i<j 1=J
k 1 k
> A u(xi —x5) + 5”(0)214?
1<J j=1
1<J 2,j=1 j=1

Substitute (A.22) into (A.24), to obtain

¢ ¢ 3 [0(k) é
>y =) =340 0) - 5 [ 5 ’m{)’ — 04 (A24)

Let V(x) be real such that'(x) > v(x) , andp(x) real, and so far arbitrary,

6(x) = / &%’ p(x) V(X' — x). (A.25)
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and

o(x;) :/dgx p(x) V(x —x;). (A.26)

Substitute (A.26) into (A.23), to obtain

. s |o(k)
ZAiAj v(x; — >ZA /d3xp Vi(ix —x;)— %/ (373;3 ‘ o(k)

i<j

k
0)) A2 (A.27)
j=1
We obtain We may write
= / d*x’ / dx p(x) V(x — x') e &% (A.28)
and
k= [ &y [y ) Vi -y e (A.29)

Since p(x) and V(x — x’) are real function, i.e.p(x) = p*(x) andV(x — x') =

V*(x — x'), we obtain from (A.28)
/d3 //d3xp X—X) —ik-x’
= / d*x’ / d*x p(x) V*(x — x') e (A.30)

With the following Fourier transforms

o) = [ o k) e (A31)
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3
p) = [ G e (A.32)
V(x —x') :/ (;1;1;3 V (k) ek =) (A.33)
Vix —x') = / (;il; V* (k) ek x=x) (A.34)

substituted into (A.30), gives

3/ 3 4k’ (L o—iklx i(k —k)-x!
= [ &% | &’xp(x) B )SV(k)e e
s

~ o d3x’ /
= [dxpt) [@Traen [N aver )

To above end, we use an integral representation of the deltaién in 3-dimensions:

Pk —-k)= (2;)3 / dPx el x (A.36)
§3(x — x') :(2;)3 /dSk elx =)k (A.37)
/d3X F(x) 5 (x —x') = F(X). (A.38)

Applying an integral representation of the delta functiorBidimensions into (A.32),

we obtain

o) = / d*x p(x) / &KV (k) e 5 (K~ k)
_ / dPx p(x) T7*(K) e, (A.39)

Substitute (A.31) and apply an integral representationhef delta function in 3-
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dimensions into (A.39), to obtain

30 = [ dx () V(1

A3k’ e :

— 3 ~1,.\ k' x —ik-x

_/dx/(zm?)p(k)e 7 (k) e

_/dSk/ ~(k/) v*(k)/di;—x ei(k’—k)~x

B @)’

= / K pK) V*(k) 8 (K — k)

=p(k) V*(k). (A.40)
In the same way, to obtair (k), we have

¢" (k) =p" (k) V(k). (A.41)

2 ~ ~

= ¢*(k) ¢(k), we obtain from (A.40) and (A.41)

500|" =6* ()30

—5(k) V* (k) 7 (k) V (k)

(A.42)

‘ 2

—[5) [V )|
On the other hand fof 5% (A.42)/(k), we have
2

L SE T
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SinceV(y) > v(y), soV(y —y’) > v(y —y’), replacedV (y — y’) with

v(y — y’) in the right-hand side of (A.29). In analogy ¥o(x) with V' (y) >

may introduce

Ly p*(y) v (y — y') Y

d’y’ / @y ply) vy —y') e

A3k’ / N e
d3yp / ) (k/) ik"-(y—y’) e1k~y

dy/ ; AN
— d3 d3k/ 1k y/_ i(k—k')y
= [ &Pyply) /d3k' kY 53 (k — K)

&*(k) :/d3y p<y) %eiky

— / P’y p(y) e’.

Multiply (A.45) with p(k), we obtain

:/d3x’/d3xp(x) V(X—x’)e_ik'xl/d?’yp(y) kY,

For [ (dgk (A.46), we have

/ &’k (k)3 (k)
(2m)3 v(k)

v(y), we

(A.44)

(A.45)

(A.46)



363

= / éjrl){g / d’x’ / d*x p(x) V(x = x) e ™ / &’y p(y) e

= / d’x’ / d’x p(x) V(x = x') / P’y p(y) / ((2173:;3 el v=x)

:/dgx’/d3xp(X)V(X—X/)/d3YP(Y) &y —x)

=[x [[@xpl Vix - x) o). (A.47)

We rewrite as (A.47) as

/ &’k o(k)F* (k)
(2m)3  o(k)
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d3k// = ik x ~
> / (27T)3 V(k”) elk p(k”)

= [ 709 [en v )

= [ o 1309 709 (A.48)

From (A.47) and (A.48), we have

[ [ @xotvie—x)oi) = [ G5 0 V. (aa9)

Substitute (A.43) and (A.49) into (A.27), to obtain

k k 5 1 dSk B 5 ‘7(1{)
;AZAJ U(Xl - XJ) >;Aj /d XP(X> V(X - XJ) - / (271_)3 ‘p(k)| *ﬁ(k)
5 | G 00 V)
— /d?’x/ / d*x p(x) V(x — ') p(x')
- %U(mi/xg. (A.50)

k k
SinceV(X) > ’U(X) > 0, we haVGZAiAjV(Xi — Xj) > ZAZA] ’U(Xi — Xj), so that

i<j 1<j



(A.50) becomes

k X 1 [ &Pk .,
S AV (5 - %) >34, [ b0 vix=s) =5 [ G55 708 s

1<j

k k

ZAiAjV(xi - X;) >ZAj /d3X p(x) V(x —x;)

i<j Jj=1

3 V(k)2 _
-5 [ Gy ﬁ(k)?[ o v<k>] a
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where, needless to say,d’k | p(k)|? V(k) is real. Leto(x) = e2(1 — ) /x|,

A > 0, the Fourier transform of(x) is
v(k) :/d3x v(x) e ikx
:/d3x e’(1 — e ) kX

]

2 -z
_/d3X € (1 —€ ) efi\k||x|cos<9
T

o0 ™ 2T 2 1 N Az . ‘
:/ $2dx/ Sin@d@/ dgpwe—llk\lﬂcos@
0 0 0 X

oo 2 1 — —Az ™ ) 2
v(k) —/ dz 22 w/ do sinHe"k|"C°39/ de.
0 0 0

Xz

The ¢ integration gives

2
/ dp =27.
0

Thed integration is

T —1
/ sin 0 df e ilklixlcost — —/ due ®=v 4y = cosd
0 1

1
— / du efi|k\xu
-1

1
ik

(ei\kIIXI _ e*iIkIIXI) _

Substitute (A.53) and (A.54) into (A.52), to obtain

1—e) 1
x ilk||x|

v(k) :271'62/ dx 2? (
0

(ei\kHXI _ e*i\kHXI)

oo 1— —Ax 1 ) .
:271'62/ dx LUZ ( € ) : (el|k|{L' . efl\k|x)
0 x ilk|x

(A.52)

(A.53)

(A.54)
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[e.e]

S dr (1 — e—)\m ei\k|m . e—i|k\m
2me? [ [ . . . .
== / dx (el|k|x _e—1|k|:c _e(1|k\—/\):c +e—(2|k|+)\)x):|
ilk| [Jo
o2re? [ [ . o0 . o0 ,
== / dxel|k|x_/ dxel|kx_/ dme(dk\f/\)x
ilk| [Jo 0 0
+/Oodxe(i|k+)\)z:|
0
_271'62 [ ellklz | e—ilklz | elilk|=N)z | e~ (ilk[+N)z O°:|
S T T (Y AT
_271'62-600_1_1_ e 1 N 1
k] ik ik ik ikl — XA dlk] — A ilk| + A
_271’62-600_1_1_ e® N 1 N 1
k| ik ik ik dk| 4+ A ik =N k| + A
_27re2 1 n 1 B 2
k| ik =N dk| 4+ A K|
_2me? [ (ifk| + A)(ifk]) + (i[k] — ) (ilk|) — 2(i[k] + A) (il k| — A)}
ilK| (fk| — A) (ifk| + A)(ilk])
2me? | 22
alk] [ (k[P — ik[A%) ]
2me? | 22
k] [ (k[P — ik[A%) ]
4 \2e?
v(k) = : A.55
"0 = + ) (.59
We first introduce the Yukawa potential,
626—)\\x|
Vi(x) = ] S A>0 (A.56)

and evaluate the Fourier transform. In the limit— 0 we recover from (A.56) the
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Coulomb potential. So that, to obtain the Fourier transfofrthe Coulomb potential,
we may first find the Fourier transform ©f (x). Letw, (k) denote the Fourier transform

of the Yukawa potentiall, (x), given by

oa(k) :/d?’xv(x) o ke

00 T 27 e—/\x )
:ez/ :E2d:z:/ sin9d9/ dep o ilklz cos?
0 0 0 x

o] —\z m 2T
(k) =¢? / dra? S / d6 sin  ¢~ilklvcoso / dp. (A.57)
0 T Jo 0

Reference (A.53)-(A.54), applying to (A.57), we obtain

|

ik —ilk
v iklz (e = e71)

vy (k) :271'62/ dx 2
0

2 o]
== dx ef)\x (el\k\x . efl|k\ac)

_ dx (e(—)\+i|k|):c . e—()\+i|k\)x)

LJ O

—Atilk|)z |@ Ailk|)z |47

[ el e
== . + :
ilk| ameo | =A+ilk[|,  A+ilk]

—Atilk|)z ¢ Ailk|)z |4

_e( + e_(
Tik[ a—se | A+ iK[], | A+ i[K]

2 'e(f)\+i|k\)a -1 ef(x\+i\k|)a -1

R S R
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2w [ —2ilK|
k] [k -

4Ame?

AT (A.58)

In fact, it was in response to the short range of nuclear fiicat Yukawa introduceal.

o= Ax|

x|
reduces toV, o(x) = ﬁ the Coulomb potential. Thus, in reference to (A.55), the

For electromagnetism, where the range is infink@ecomes zero anid, (x) —

Fourier transform of the Coulomb potentialdrdimensions is

~ 4re?
Vizo(k) —E%m
4mre?
= (A.59)
Considern(0) whenv(x) = €(1 — e *1) /|x|
2(1 _ a—Ax|
(0) = lim el —e™)
|x|—0 |X|
. (& )\|x| )
=e? lim
x| —0 nz::l Cx[n!l
[ 1 1 1
_ 2 _ 1 B1l2 A B
=e \)141|I_I>10 _)\ 2!)\ x| + 3!/\ x| 4!/\ x|” +
v(0) =\ (A.60)

Substitute (A.55), (A.59) and (A.60) into (A.51), to obtdive bound i > 2)

k

ZeAA >22A/d3 p(x) ——/dS//dS
|x; — x; |x — x| ]x—x’\

4me?

A~ 1 [ Bk | | Are?
-G =5 [ e 0P | —
j=1

PR




k
1 /
=Z€2Aj/d3x p(x) ——/d3x’/d3X p(x) p(x')
‘ x—x 2 x— ]
j=1
A
_ T;Aj — R(k)
where
3 4me? 9
1 d k — 2 p? 4re
RO = [ 5 1909 | 4 2 =
_1/ d*k )2 [| 4me? 20202+ N2 B 4re?
2/ (2n)3 P p? 4 \2e? p?
1 [ &Pk [/ 4me?(p? + N2 4re? ]
=5 | sl | (B )
2/) (2m) i P*A P ]
1 [ Pk [/ 4me?(p? + N2 4re?]
5 [ Sl (R -
2] (2m) I P*A P* |
1 [ &k ., Are?
=— k
5 | s 700 s
2me? &Pk
Ik
= [ )
2re? [ d3k
T X Sk
& [ 00
_27‘(‘62 d3k

=z

/

2me?

=z

(27)?

[axot) [ o) [ S emex

/dBX ,0<X> efik-x . /d3X/ p(X/) eik-x’

370

(A.61)

(A.62)
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Substitute this into (A.61), to derive the boufid> 2)

k

AA
§:6 >§:62Aj/d3 /d3'/d3
|x; — x| 4 |X x| |X—X’|
J j=1 J

1<J

2\ o 2me?
~ 52 A? Y /dgxp2(x). (A.63)

J=1

In the Hamiltonian, it is then straightforward to use (A.6&)ce, once for the

repulsive potentials in (A.2), let;, A, = 1 andk — N, to obtain

> 3 3./ 3
Zm Z /d rx—xjr /d /d |x X,,

1<)

- =) (1) - " /d3xp2(x) (A.64)

and then again for the repulsive potentials in (A.3)Agt= Z;, A; = Z; andx; — R;

for k > 2, to obtain

k

CAVA 9 p(x)
> Z d3 _ d3 //d3
Z‘R R;| Z / |X_ R;| / |X_X/|

A 2me?
j=1

Substitute (A.64) and (A.65) into (A.1), to obtain the Haamlian

p; )
H>Z +Ze/ X_X]‘ /d3 /d3 |X X,|

il

2\ 2me? Cpx)
- 1) — 3 2Z
2;() 2 /dxp +Ze / \x—

e? 3 5. (%) P(X/) 2>\ o 2me’ 3¢ 2
j=1
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ZZ |X (A.66)

i=1 j=1

k N
> Z;=N,k>2and)> (1) = N. Eq.(A.66) can be rewritten as
=1

i=1
d3 X /dS l/dS
!X—Xy! \X X’!

AN 2me® [ ) Cplx)
— E Z;
5 12 /d Xp x) + e / \x— ]’

[ [ oo ) p(E) A, 2me?
- AP 20N 72 3
2/dx/dxlx_x/| 2;’ DR /d p*(x)

H>Z

N9 2 2 2 2
B p; 2me 5. 2,  2me 5. 2,y EAN A 5
=20 " e /d x p*(x) 2 /d X p*(x) 5 5 ;1 Z:
Z px) < p(x)
+Ee2/d?’x +262Z-/d3
x —x;| &~ x — Ry|
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px)p(x) < €27
— ¢ / B/ / Px DR S (A.67)
|x — x| ;Z x; — Ry
To obtain a lower bound fof)| H |¢) with k£ > 2, we note that

(V[ H i) 2T =

2 2 k
T [ e - 0l (N + ZZE) )

w|Ze/ ,rw w\Z2Z/d3 o))

N k

~wle [ [ax A ) - <|Zzﬁw>
(A.68)
where
N 52
= (- 5 1) (A.69)

For the bosonic casgof spin 0 for simplicity) in multi-particle systems, for

example, we have for the particle density
p(x) = N/d3X2...d3xN | (x, X2, ...,XN)]2 (A.70)

where is an N-boson symmetric normalized wavefunction.

In reference to (A.63) and (2.133)-(2.144), we obtain theelobound for the
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ground-state energy d¥ identical bosons (fok = 1)

1/3
(W H ) >T — 37627T1/3N2/3 < / d*x p2(x)> — Ne? / d*x |Xp(_X])R| (A.71)

and in reference to (A.63)-(A.69), we obtain the lower botordhe ground-state energy

of N identical bosons (fok > 2)

Wi T - 1 - [ d3xp2<x>w>—<w|%<zv+223) )

wZ [t )+ w\ZZZ/d?’ 251y

(e /d3’/d3 o) |w>

— (¥l ZZ ‘XZ (A72)

=1 j5=1

For the second term on the right-hand side of (A.72) we hayesing (A.70)

4 4
(| 7;26 /d3xp et /d3 /d3x2 By (X, X, ooy Xy

([ i 00) v

_dme? / d3x p?(x). (A.73)

For the third term on the right-hand side of (A.72) we haveubyng (A.70),

(¥ % (N + Zzg) ) = (N + ZZQ> {Wly)
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k
= (N + sz) . (A.74)
i=1

For the fourth term on the right-hand side of (A.72) we hayeusing (A.70),

w\Ze / 0 <
N
2262/d3x’,d3X2,...,d3xN V(X' %o, ..., XN)
j=1

X (/d3x Px) ) (X', Xa,. .. XN)
x — x|
_Ze /d3 //d3 X
x — x|
X/dBXZa"'vngN |¢(X,7X27"'7XN)|2
d3 / d3 d3 /d3
N/ / ]x—x’| N/ |X—X2|
3 3
N/d /d \x XN]
= 62/d3X//d3X M (A.75)
x — /|

For the fifth term on the right-hand side of (A.72) we have, bing (A.70),

4302 [ éx i)

N
2 3/ 13 3 (!
= g e /d X, d°%xg, ..., d°xy (X, X9, ..., XN)
Jj=1

k
X (;6229‘/(13)( |Xp_(X1:){j|> ¢(X/7X2,-..XN)
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kol

2 3 P(X)
=z, [ x-R,|

j=1

X /dgxl,d3X2,...,d3XN (X, %o, .. xN)|

k
=Y ¢z, / dPx P (Xg{ . (A.76)
j=1 x — Ry

For the sixth term on the right-hand side of (A.72) we haveusing (A.70),

wlet [ [ 2 o) ,| ) )

:/d3 " dX, .., dPxy V(X Xa, ., XN)
/
X (62/d3x’/d3x %) P(x" xa,. .. XN)
262/dgxl/d3xw
|x — x|

X /d3x", Pxa, . EPxy [P, %0, xn))

= ¢ / d*x’ / dix BX XD ’(;()_p S‘,). (A.77)

For the seventh term on the right-hand side of (A.72) we hayeising (A.70),

(v ZZ |XZ

i=1 j=1
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k
=3¢z, / Px X (A.78)
= x — Ry

Substitute (A.73), (A.74), (A.75), (A.76), (A.77) and (B)/into (A.72), to obtain the
bound (fork > 2)

(Y[ H |¢p) ZT =

2 2 k
4; / d*x p?(x) ) — (¥ % (N + ;Z§> ). (A79)

Optimizing (A.79) over\, gives

d
== (wlHl)

8 2 2
=0+ Is /dgx PP(x) — % (N + ZZ?)

167 [ d*x ()
(N + iZf)

i=1

A =
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1/3
167 [ d*x p*(x)
k
(N + ZZE)

i=1

)\:

(A.80)

Substitute (A.80) into (A.79), gives the remarkably simipteind(k > 2)

k
(WIHY) >T - 47;52 / d*x p?(x) - % (mzzf)

. 2/3
(N + ZZ})
=T — 4ne* | d*x p* -
i / X (%) 167 [ d3x p?(x)
1/3

e? - 9 167 [ d*x p*(x)

-5 (N +) 7 -
i=1 (N + ZZZQ)

i=1

1/3,2 k 273 1/3
/3¢
=T — ( 5 T 21/371'1/362) N + E zZ? </ d’x ,02(X)>
i=1
3,02 2/3 1/3
=T — 225 <N+ E ZZ> (/ d*x pz(x))

2/3

(VH[p) 2T - 232 T <N+Zz2> ( / d®x p2(x)>1/3. (A.81)

To the above end (for > 2), we may use the Schwinger inequality,

m 2 3 5, ) 672\x—x'|\/2m /h
N_¢ (Hp —v(x)) < <27rh2> /d X/d x" v(x) v(x') p——s (A.82)

and by referring (2.26), we obtain

Vet = 000) < (55) (o) ([ @ 0002




379

_ (%)3/2 WL\/E/GF’X (v(x))?
N (Hy —0(0) < (o) %ﬁ [ oo (A.83)

wherev(x) > 0.

From (A.83), forN_¢ (Hy, — v(x)) < 1 we may choosé such that

¢ — (%)3 1;‘25 (/ dx (U(x))2>2, 5>0 (A.84)
or
= (o) 0 ( [ @ <v<x>>2)2 (A.85)

so thatV_¢(p?/2m — v(x)) < 1, which implies thatV_¢(p?/2m — v(x)) = 0, and the
right-hand side of (A.85) provides a lower bound to the spmstof [p?/2m — v(x)]
since its spectrum would then be empty for energigs That is, (A.85) gives the

following lower bound for the ground-state energy of the Heomian,

Accordingly, with the positive function (2.42)

4 p(x)
v(x) gfd3x ) T (A.87)
where
N o9
T = <¢ 2‘% ¢> (A.88)
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then it is easily verified that

Z v(xi)

=1

¢> - —%T (A.89)

(v

N
where>" v(x;) = v(x) andv(x) is not the potential energy for any Hamiltonian. It is
=1

just introduced in order to be able to obtain the expectatane of the kinetic energy
T (for N identical bosons) in three dimensions.
From (A.88) and (A.89), we obtain

(v

3y B’m . U(xi)} ‘ ¢> — %T. (A.90)

To obtain a lower bound to the lower of the spectrum of the “Hi@mmian” in
(A.90), we can putV bosons in the same state without Pauli’s exclusion priedjput
all of the N bosons at the bottom of the spectrum[pt/2m — v(x)]). That is, the
Hamiltonian (A.90) is bounded below hy times the ground-state energy in (A.86).

This is for N identical bosons we have

N r_9 -
<w > 572‘“"”_ w>>—N§

i=1 "
(v

Substitution (A.90) into (A.91) and using the normalizatimondition [ d*x p(x) = N,

[]=
[\
o
3 -~
|
=
Kol
=
\/
\
|
=
N
[N}
SE
N———
w
=
>]w+
>
N
\
e
v
=
X3
=
N——
[\")

I
—

we obtain for the expectation value of the kinetic enéfgffor /V identical bosons)

Lrs o () O ([ o),
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1 3 4n23 (R o o 0\
T >N1/3 4473 (1 4 5)1/3 <%) (/d xXp (X))
1 3 ™23 [ R o o 0\
TN (L4 0)1/3 <§> (%) (/d xr (X>)

remnris () () (foiw) e

for anye > 0, where we have sét + )/ =1+ «.

Substitute (A.92) into (A.81), to obtain

3h2 231 2/3
WIH ) 2557 (g) 1—+€(/d3x;)2(x))

3 2/3 1/3
226/3 (N + ZZ2> ( / d’x pQ(X)) (A.93)

Upon setting[ [ d®x p?(x)]/? = A, 31%(7/2)*3/2m(1 + ¢) = ¢, (A.93) leads
to (k > 2)

2/3
3

2 2 1/3
(| H ) > N1/3A ~ 275 / (N+§ ZQ> A

c 3e2rl/3 N1/3 b 25"
_ o 2
=~ | A~ . <N+ZZ,-)

i=1

9 e 2/3 1/3 k 9 3
A R

9 et

2/3
___7T 1/3 2
> g <N+ZZ)

:—189(%2) N'/3 <N+222>
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4

% 4/3
— 1/3 2 . me

i 4/3
(Y| H|Y) > —cgN/3 (N + sz> (A.94)

=1

where we have takenarbitrarily small.

From (A.94), forZ, = ... = Zy = 1, we have

k 4/3 k k
(Y| H[p) > —cpN'/? (N - ZZ@-) LD Z=) 7
=1 i=1

i=1

=—cpN'A(N+ N Yz =N
=1
= — 2c5N°/?
(V[H|¢) > —2cpN*?, (A.95)
andforz, =...=2,=N/q, Zy+1 = ... = Z;, = 0, we have

q 2 k 4/3
(Y|H|p) > —cpN'? <N+ Z <E) X Z (0)2> |

q i=q+1

4/3

2
(s 3))”

_ N1/3 N®3 N +1 v
B ¢ ) \(N?/q) ’

N N
(Y|H[Y) > —cp 475 when N < — (A.96)
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It is interesting to note that evenif; = ... = Zy = 1in (A.4), the coefficient
of N°/3 in (A.4) is of the order 8.71, and the new estimate in (A.94praves this
numerical estimate by, a factor of about two (from (A.95QrE, = ... = Z, = N/q,
Zyy1 = . = Zr = 0,2 < ¢ < N, ie,N <« N?/q, the N dependence of the
right-hand side of (A.94) i&vV3/¢*/? (from (A.96)), coinciding with that obtained from
(A.4). SuchN dependences alone wifli>/* for Z, = ... = Zy = 1 andN?/¢*/3 for
the case just discussed imgdiaysicallythat for no arrangements of the positive charges
corresponding to light or heavy nuclei, bosonic matter magtable.

Finally we note that our new estimates (obtained by somesihgile methods)
and the other well known ones in (A.4) for the bosonic casecamparable leading to
the N°/3 law and, as expected, two different methods of estimatiad,lén general, to
different multiplicative numerical factors t/°/3 with some improvement in our case.
The lower bound for the ground-state energy arises as a dagropdetween the kinetic
energy and the interaction parts in (A.1) contributing peegively, with positive and
negative signs. A lower bound correspounding to the reyailsart of the potential in
(A.63) based on the so-called "no-binding theorem”, basethe5/3 power ofp, is ex-
pected to be a better one than the one given in (A.63) basgomositivity arguments
and hence the former will contribute more optimally to thedo bound of the ground-
state energy being sought. Also the extfs* multiplicative factor arising in the second
term on the right-hand side of (A.92) may presumably be aatsalifor by an applica-

(@) < {fda [f@)P " {f da g},

relating our integral op? and the familiar one of the integral p¥/? of the densityp. In

this case, it reads

[ < ( [ p2<x>)2/3 ( / dgxp<x>)1/3 (A97)

or

2/3
([axrm) =g [axrie (98)
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which upon comparison with the known method, using 3i& power of the density,
would provide a weaker contribution to (a lower bound to) kivgetic energy in an

estimation of the ground-state energy.



APPENDIX B

COLLAPSING STAGE OF “BOSONIC MATTER”

The astonishment as to why matter occupies so large a volndigsaconnection
to the Pauli exclusion principle was clearly expressed inds@ddressed by Ehrenfest
to Pauli in 1931 on the occasion of the Lorentz medal (cf. S@y 1967)) to this effect
as discussed eariler. In regard to this, it was show in cn&ptieat for a non-vanishing
probability of having electrons in matter, with Coulomb iatetions, within a sphere
of radiusR, the latter necessarily grows not any slower théii® for large N, where
N denotes the number of electrons. This conclusion is basedl derived inequal-
ity (Manoukian and Sirininlakul, 2005) relating the probey for the electrons to lie

within such a sphere, the volumeg of the latter and the numbé¥ of electrons:

N\° 1\%° 6/5
Prob[|x,| < R,...,|xn| < R] (—) < (—) 1.846 [1 + Z*/?] (B.1)

VR al

wherea, = h?/me? is the Bohr radius, and|e| corresponds to the nucleus in matter
carrying the largest positive charge. The above statenoiotfs by noting from (B.1)
that for a non-vanishing probability of having the elecsevithin the sphere, the corre-
sponding volume; grows not any slower than the first power8ffor N — oo, since
otherwise the left-hand side of (B.1) would go to infinity anduld be in contradiction
with the finite upper bound on its right-hand side. We alseioatV /v gives an aver-
age density, and one may also infer from (B.1) that the infoétesity limit/NV/vz — oo
does not occur, as the probability on the left-hand side df)(Becessarily goes to zero
in such a limit.

The Hamiltonian in question is taken to be theelectron one in (1.1) where

x;, R; correspond, respectively, to positions of electrons antlenu We have also
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considered neutral mattgé Z; = N.

What conclusion Z:Zln be drawn about matter if the Pauli exatugiinciple is not
invoked? - that is regarding “ bosonic matter” (Dyson, 196iéb, 1967; Manoukian
and Muthaporn, 2003). Here we recall the drastic differdretgveen matter (with the
exclusion principle) and “bosonic matter” is that the grdistate energyry for the
former—Ey ~ N (Dyson and Lenard, 1968; Lieb and Thirring, 1975), while ttoe
latter (Dyson, 1967; Lieb, 1967; Manoukian and Muthapor®)2 2003)—FEy ~
N* with o > 1. And such a power law behavior with > 1 implies instability as
the formation of a single system consisting (@fV + 2V) particles is favored over
two separate systems brought together each consistifyy of V) particles, and the
energy released upon the collapse of the two systems intobaieg proportional to
[(2N)* — 2 (N)“] will be overwhelmingly large for realistic larg¥, e.g.,N ~ 10%. In
regard to such a collapse Dyson states (Dyson, 1967): “[Bokoratter in bulk would
collapse into a condensed high-density phase. The asserhaly two macroscopic
objects would release energy comparable to that of an atoomib. . .. Matter without
the exclusion principle is unstable”.

We prove rigorously that if deflation does occur for “bosomiatter”, upon col-
lapse, as more and more such matter is put together, theméor-ganishing probability
of having the negatively charged particles within a sphéradius R, the lattemeces-

sarily cannot decrease faster thaim!/3 for large N. To this end, we define the particle

density of N (spin 0) bosons:
p(X) :/d3X2---d3XN‘¢<X7X27"'>XN)‘2 (BZ)

and [ d*x p(x) = N, ¢ denotes a normalized state giving a strictly negative etaien

value of the Hamiltonian, i.e.,

—enm] < (9| H |¢) <0 (B.3)
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where—ey[m| = Ex < 0 is the ground-state energy emphasizing its dependence on
m.
To establish the statement made above, we need (Manoukia8igninlakul,

2005) upper and lower bounds to the expectation value ofitietik energy operator

TE<¢

To the above end, we rewrite) = |¢(m)), emphasizing its dependence on the mass

N 9
b;

— 2m
=1

¢> . (B.4)

m. Since|¢(m/2)) cannot lead foK¢(m/2)|H|#(m/2)) a numerical value lower than
—en|m|, we have—ey[m] < (¢(m/2)|H|p(m/2)). Accordingly, if we denote the
interaction partin (1.1) by’, we have

~extzm] < (otm) | + V| o)) ®.5)

and hence we have from the extreme right-hand side of theialigyg (B.3)

A lower bound for7T was derived in (Manoukian and Sirininlakul, 2004). The ba-
sic idea in that derivation is to consider an effective iat&ion of the formg(x) =
4p(x)/(3[ d*x p?*(x)), coupled with the way of counting the number of eigenval-
ues, in the manner of Schwinger (Schwinger, 1961), of thecgffe Hamiltonian

N
S [p?/2m — g(x;)]. This gives the lower bound (Manoukian and Sirininlakul)2p

=1

302 N3 1 s 5 O\
OmN1/3 (5) 1+e (/d p (X)) =1 87

for anye > 0 which may be taken as small as we please.

The lower bound expression obtained in (Manoukian andiSlakul, 2004) for
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—exn|m] may be now used to derive from (B.6) and (B.7) the basic relation

3h? m™\2/3 1 Px 2 23 me? N5/ 72 v
— = —_— <T <378 — 1 —
2mN1/3<2> 1—|—5(/ Xp(x)) = ( 2 > +;N

(B.8)

For the probability of théV negatively charged particles to lie within a sphere of

radius?, we have
Prob[|x;| < R, ..., |xn| < R] < Prob[|x;| < R]

_ % / &x p(x) Xn(x)

1/2
< % </ d3x p2(x)> (UR)1/2 (B.9)

whereXz(x) = 1if |x| < R, and= 0 otherwise. In writing the last inequality in (B.9)
we have used the Cauchy-Schwarz inequality and tAa{(x))* = (Xr(x)) vz =
4 R3 /3.

From (B.8), (B.9), we then have the explicit inequality

1 1 1/2
Probl|x;| < R, ..., |x gR—<<—> 1.61[1+ Z]. (B.10)
;31 x| ]<URN)1/2 " [1+ 7]

From this inequality we may infer the inescapable fact thateflation of “bosonic
matter” occurs, upon collapse, then for a non-vanishindabdity of having theN
negatively charged particles within a sphere of radiysghe corresponding volume,
necessarily, cannot shrink faster thgfiv for N — oo, since otherwise the left-hand
side of (B.10) would go to infinity and would be in contradictiwith the finite upper
bound on its right-hand side, thus establishing the abatedtresult. We note that
the inequality in (B.10) is sufficient to reach such a condngiut cannot establish the

actual deflation of such matter. Methods similar to the orme&ldped above have been
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used to study the localizability and stability of other gtwsn mechanical systems as

well (Manoukian, 2006).



APPENDIX C

FUNDAMENTAL POISSON EQUATION IN 2D

We verify the Poisson’s equation 2D

VZ21In Lﬂ = 476*(x — X). (C.1)
whereA is an arbitrary scaling constant.
Let
Flx - x) =2 XX
—oln L r=|x—x| (C.2)

A

Applying the divergence theorem over a circular regiowith boundarysS , we obtain
/ d>x V2 f(x — %) :/ d>xV - Vf(x—x)
A A
:/dSn-Vf(X—x’) (C.3)
S

wheren is a unit vector perpendicular to an eleméstof the boundarys.

Consider a small circle of radius giving

n-Vfx-—x) 92 (2111—)

(C.4)
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and

/SdSn~Vf(x—X’) :/O%Rds (%)

_2(27R)
R

=4r. (C.5)
By using the Dirac delta function iaD is defined, in particular, by
/ dI’x(x—x) =1 (C.6)
A

for x’ within the region enclosed hyt, we obtain from (C.3)

/dQXV'Vf(X—X/):4W/d2X52(X—X/). (C.7)
A A
leading to

i

|x — x

Vif(x —x)=V?2In =47 §*(x — X)) (C.8)



APPENDIX D

FUNDAMENTAL POISSON EQUATION IN 3D

We verify the Poisson’s equation %1

1
2 = —475(x — x). (D.1)
[x — x|
Let
1
AN
g(X X) —‘X—X/|
1 /
= ,r=|x—x| (D.2)
,

Applying the divergence theorem over a spherical redionith boundaryA, we have

/ d’*x V3g(x — x) —/ dP*xV - Vg(x — x')
v

\%

:/ dAn-Vg(x —x) (D.3)
A

wheren is a unit vector perpendicular to the surface elemiit

Consider a small sphere of radiftsgiving

n-Vo(x — ) Z% (%)

—— = (D.4)
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and

4w R2 1
/dAn~Vg(X—x’):—/ dA <—2)
A 0 r

Am R?
—

= —dn (D.5)
By using the Dirac delta function i®D is defined, in particular, by
/ Pxd(x—x)=1 (D.6)
\%

for x’ in the region enclosed by, we obtain from (D.3)

/Vd3xV Vg(x—x') = 47r/ d*x 6% (x — x) (D.7)

\%

leading to

= —47 §*(x — /) (D.8)
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