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This thesis is involved with a pioneering work on the application of quantum
field theoretical methods to classical dynamical problems. This is indeed an
application of methods in an entirely different context. A perturbation expansion of
the time evolution of dynamical variables in the coupling parameter is derived for the
first time in the spirit of the Schwinger-Feynman-Dyson perturbation expansion, in
field theory, as multiple time integrals over the time interval of propagation. Two new
formalisms are developed for the complexification of the time evolution operator
suitable in describing the dynamics in phase space. One method is exact and the other
is perturbation of nature. This is then extended to a two-dimensional complex setting
with an application to the so-called geometrical Berry phase. Finally, by directly
integrating Hamilton’ s equations we develop a path integral formalism as a resolution
of the identity very much in the spirit of the resolution of identity of a self-adjoint

operator in quantum physics.
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Chapter I

Introduction

With the rapid progress in quantum field theory as the only present available
theory for elementary particle physics, it has become more urgent in recent years to
develop unified field theories for the four basic interactions known in nature which
are the electromagnetic, the weak, the strong and the gravitational interactions. The
pioneering work in the method of quantum field theoretical methods is due to
Schwinger (1958), Dyson (1949) and Feynman (1949, 1950). With the exception of
the gravitational interaction all the interactions have met the severe test or
renormalizability (Manoukian (1983)). Thanks to the developments of gauge theories
(Weinberg (1980), Salam (1980), and Glashow (1980)), renormalizable field theories
have been constructed for the electromagnetic, weak and strong interactions. New
methods have been worked out in quantum field theory (see, e.g. Abers and Lee
(1973)) for actual computations and the Schwinger functional formalism has been
extented to the gauge theories of elementary particles in Manoukian (1986).

These recent developments have shown more and more clearly the emphasis
put on the need of unification of computational as well as theoretical developments in
describing nature. Although much work has been done in respect of the unification of
quantum physical application methods, embracing the non-relativistic regime, and of

quantum field theoretical application methods, embracing the relativistic high-energy



regime of elementary particles (Feynman and Hibbs (1965)), very little has been done
in promoting classical dynamical computational methods to the sophisticated level of
quantum field theoretical methods. The present thesis addresses just this problem.

The research involved in this work is a pioneering work on the application
of quantum field theory techniques in describing classical dynamics. Very little is
avaliable in the literature about the problems addressed to in this work and some
papers which are, however, only tangentially related appeared recently in the
literature (Abrikosov (1993), Gozzi and Reuter (1989), Gozzi, Reuter and Thacker
(1989), Schwartz (1976) and Wetterich (1997)). These authors were mainly interested
in a path integral formulation for classical dynamics. The present work, however,
aims in developing concrete techniques in solving dynamical problems as follow
directly from Hamilton’ s formulation of mechanics (Goldstein (1980)) working along
the lines of developments in quantum field theory. This reflects the choice of the title
of the thesis as the application of field theory methods in an entirely different context
- that is, in a non-field theoretical context.

The basic and general idea used in this work is the following. If ¢(0)
denotes the position of a particle at time 7 =0, then ¢(¢) at time ¢ >0 may be given

by a general formula of the type

q(t) = exp(t0)q(0) (1.1

where O 1is an operator function of ¢(0) and p(0), and depends on the details of
the dynamics involved in a non-trivial manner. Here p(0) denotes the so-called

generalized momentum at time ¢ = 0. It is surprising how far one can go directly from



Eq. (1.1), together with the equivalent Hamilton’ s equations, to describe the time
evolution of ¢(¢), p(¢) or any function of them by the new methods proposed and
derived in this thesis. First, a formal expansion of Eq. (1.1) in powers of ¢ turns out to
be not too useful as it involves highly corrected Poisson brackets expressions
(Goldstein (1980), p 415, Schwartz (1976)) of limited practical value. We propose a
new approach (Chapter III) directly in the spirit of field theory in the so-called
interaction representation to all orders in the coupling parameter involved. This
thesis is also involved in obtaining a formal path integral representation (Chapter VI)
for classical dynamics as a resolution of the identity in the same spirit as of
developing the resolution of the identity of a self-adjoint operator in quantum physics
as a sum over projections on the quantum states of the operator in questions. Except in
our case we have a sum over paths constrained, through the introduction of the
Lagrange multipliers, at every given time in the history of the system, to coincide with
the classical one.

The outline of the work carried out in this thesis is as follows: In Chapter II
we give a brief review on what is called a phase space and develop the Poisson
bracket formalism. This is followed by deriving the expression for the time evolution
of any function F[q(¢), p(t)] of ¢g(t) and p(¢). In Chapter III, we develop a
perturbation expansion in the coupling parameter involved and, most importantly, we
develop rules of computations in the same spirit as done in field theory as multiple
integrals in time as the dynamics develops from time ¢ =0 to any other time ¢#>0.
The rules are quite general and illustrations are provided. Chapter IV deals with the
complexification of the time evolution of dynamical systems. One method is exact of

nature (Formalism 1) and one is perturbative of nature (Formalism II). In Chapter V,



we extend the work carried out in Chapter IV to a two-dimensional setting suitable for
analyzing the concept of a geometrical phase (referred to, in general, as a Berry phase
(Berry (1984), Shapere and Wilczek (1989)) as applied to the very intriguing problem
of the Foucault pendulum. The physical nature of this phase is also discussed there in
detail. Chapter VI deals in developing the path integral as a resolution of the identity.
The departure of our analysis from previous attempts (Abrikosov (1993), Gozzi and
Reuter (1989), Gozzi, Reuter and Thacker (1989), Schwartz (1976) and Wetterich
(1997)) is that the restriction of the well known path integral (Feynman and Hibbs
(1965)) just to the classical one does no amount to much as far as computations are
concerned. The present expression follows directly by integrating in succession, over
time, Hamilton’ s equations as applied to the Poisson bracket formalism. In the
concluding Chapter VII, we summarize all of our new findings with some additional
comments. In writing this thesis we have found the classical mathematical techniques
developed in Arfken and Weber (1995) quite useful. For basic field theoretical

techniques the book by Greiner and Reinhardt (1996) turned to be also useful.



Chapter 11

The time evolution operator

This Chapter is devoted exclusively to describe the time development of
observables. Given any function of position and/or momentum at time ¢ =0, we
develop the formalism to obtain such a function at any time ¢ >0. To do this, we
construct the time evolution operator that describes such a dynamical process. As one
considers, quite generally, observables which are functions of position and
momentum, we first briefly develop the concept of phase space. This is followed by
introducing the important definition of a Poisson bracket which finally leads, in the

final section, to the time evolution operator.

2.1 Phase Space

With each degree of freedom of a mechanical system, there are two
variables associated with it. These are the generalized coordinate and the generalized
momentum. The generalized coordinates g, can be used to define an n-dimensional
configuration space with every point in it representing a certain state of the system,
and the generalized momenta p, define an »-dimensional momentum space with
every point representing a certain condition of motion of the system. We can imagine
the space of 2n dimensions spanned by the 2n variables ¢,,q,,....q,, P> Pys-es P, -

Thus, every point in this space represents both the positions and momentum of the all

particles in the system. Such a space is called the phase space. The time evolution of



the system is given by the phase space trajectories (q,(?),q,(?),....q,(t), p,(?),

p,(®),...,p,(t)) as functions of time ¢ and is determined by the solution of Hamilton’

s equations, which constitute a system of 2n ordinary differential equations of the

first order. As initial conditions, we assume that the 2n values ¢,,q,,....q4,, P, D,
,-.» P, are given for some ¢ =¢,,.

Through every point of phase space, there is exactly one trajectory, which is
a solution of Hamilton’ s equations. Thus, the state of a system of N particles with n
degrees of freedom can be uniquely characterized by a corresponding single point in
phase space. In configuration space, however, the position of all particles, at any time,
can be represented, but not the velocities of the individual particles. As the time
varies, the point (g(?), p(¢)) in phase space, describing the state of system at any
given time 7, will move along a trajectory with an initial condition specified by the

point (g(0), p(0)), say at ¢ = 0. This is illustrated in figure 2.1

A o (4(1), P(1))

(g(0), p(0))

Figure 2.1. The point (g(?), p(¢)) in phase space describe the state of system at any

given time ¢ falling on a trajectory with an initial condition corresponding to a given

point (g(0), p(0)) say, at time ¢ =0.



2.2 The Poisson bracket
Before of considering the concept of a Poisson bracket, we will recall
Hamilton’s equations which are a set of first order differential equations, and are

equivalent to the second-order Euler-Lagrange equations:

do o
dt 0  0g,

=0 2.1)

The latter involve the 2n variables ¢, and €. On the other hand, Hamilton’
s equations are 2n equations in the 2n variables ¢,, p,. Hamilton’ s equations are in
general functions of ¢,, p; and ¢. The transformation rule between HandL , given
that L =L (q,4%¢) and H = H(q,p,t) , i1s known as a Legendre transformation. In
the sequel, we suppress the index 7 in ¢g,, p, for simplicity of the notation. By using

the definition L = p&— H, We have from elementary calculus

dL =—dg+—d¢+—dt
dq O ot
=d(pg—H)
=§dp + pdg— oH dq - oH dp - oH dt (2.2)

Jg op ot

The explicit quantities that H and L depend on specify the overall coefficients of

dq , dé, dp and dt . Upon the comparison of the first and last lines of Eq. (2.2) we



arrive at the following equations

oL _
Ok
ai = —ﬁ
dq dq
oH
=
op
_oL _oH
ot ot

(2.3)

(2.4)

(2.5)

(2.6)

Eq. (2.3) is just the definition of the generalized momentum as given above. By

invoking Lagrange’ s equations, we then find from Eq. (2.4), since 0L /0g =dp/dt ,

that

By using Egs. (2.5) and (2.7) in

aH _ oH g oH gt oH

dt  0q op ot

the following equation is obtained

2.7)

(2.8)



oH
— =g (2.9)
dq
and our earlier one
ﬁ =g (2.10)
op

which together constitute as what are called Hamilton’ s equations.

Hamilton” s equations of motion describe the time evolution of the position
q(t) and the momentum p(¢) in phase space. From these equations we can find the
equations of motion for any arbitrary function of position ¢(¢f) and momentum p(¢)
by introducing the concept of the Poisson bracket. For Hamiltonian of a system
H[q(t), p(t)], we consider arbitrary function of position (¢g(z)) and momentum

( p(¢) ) which we denote by F[g(?), p(¢)] . The time derivative of F[q(¢), p(¢)] is given

by

d_Fsza_F+§La_F (2.11)

dt 0q op

From Egs. (2.9) and (2.10).we may rewrite Eq. (2.11) as

daF _oHor _oHor (2.12)



10

Thus defining, in the process, the Poisson bracket:

P o{HA,, (2.13)
dt

The right-hand side of Eq. (2.13) is called Poisson bracket and is given explicitly by

oHor oHorF
HFy,, =———-—— (2.14)
Op 0q 0dq Op
2.3 Derivation of the time evolution operator
Eq. (2.13) allows us to rewrite
aF _FHo oH o
—_— g (2.15)
dt Eap 0q 0g Op
as
aF _ (O)F (2.16)
dt

where the operator O is a function of ¢(¢) and p(¢), and the first derivatives with

respect to them. It is given symbolically by



OEEﬁa__ﬂa_H
EGP dq 0q GPE

11

we develop the first n derivatives of F with respect to ¢, to obtain in succession:

—=(0)F =F,
dt
d*F dF
dt? dt
d’F
dt’ dt
4
F _0)'F =F,
drt
M
dafil =(0)'F=F,
dt"

=21 =(0)F, =(0)'F =F,

= - o)F, =0y F = F,

I o m  m w  m  w

where F, F,,..., F, are function of g(¢f)and p(?).

We consider these equation for # = 0, thus obtaining in the process

Flq(0), p(1)],, = F(0)

9E = 00)F(0)
dt |i=o
TE - 00)F(0)
dt’ |-

(2.17)
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d’F

= (0(0)) F(0)
dt’ |,
CE < 00y FO)
dt* =
N
CEL < 00y FO) 2.18)
dt" |i=o

We use the general expression of a Taylor expansion of a given function f(¢#) about

t=a,

£© =@+ -/ @)+ D iy ek + LD a4k 219)
2! n!
to obtain for F'(¢) = F[q(?), p(¢)] an expansion about ¢ =0
F(t) =F(O)+tF'(O)+ﬁF”(0) +K +£F” (0)+K (2.20)
2! n!

or equivalently the expansion

F(t) = F(0) +t(O(0))F(0) + ﬁ(O(O))z F(0)+K + i(O(O))” F(0)+K
2! n!

2.21)
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Upon the comparison of the latter with the expansion

2 3 n
A" D7y AD7 4y (2.22)
23 !

e’ =1 +At +

for any operator 4 not acting on the time variable 7, we obtain the final expression:

F) =01+ @0y + L2 i 4 COO)" i1
21 n!

F(t) = exp(tO(0))F (0) (2.23)

where

00) _pHoo  aHomo H
EOP(O) dq(0)  0q(0) az??(O)E

(2.24)

and exp(t0(0)) is called the time evolution operator. We rewrite Eq. (2.23) in the

more explicit form

[
F[q(f),p(n]:exngaH(O) AN %ﬁqm),p(on (2.25)
HHap©) 9a(0)  24(0) ap(0)

Here we have set

Hi4(0), p(0)1 = H(0) (2.26)



Chapter 111

The perturbation theory

In this Chapter, we use the time evolution operator derived in Chapter II to
develop a general perturbation expansion, which describes the time evolution of any

function F[q(?), p(¢)] as a function ¢. Our final result is summarized in Section 3.2

3.1 The fundamental lemma for the perturbation expansion

Before developing the perturbation expansion, we prove the following
fundamental lemma that will be used in developing the perturbation theory we are

seeking.

Lemma: For any two operators 4 and B that do not necessarily commute
t
e =14 [di'e! ™ Be™ 3.1)
0

Proof: We first use the following identity

t ’ d

Idt—

o dt'

(et (A+B)e—tA) - et(A+B)e—tA _1

On the other hand



i(ez'(mg)e—m) :et’(A+B)[A+B_A]e—t'A

dt'

= /B p 14

which lead immediately to Eq. (3.1)

For further analysis we set
B(t) =" Be™

and rewrite Eq. (3.1) in the equivalent form
t
et(A+B)e—tA — 1 +J—dtret'(A+B)e—t’AB(tr)
0

To zeroth order in B

oA o < ]

Up to the first order in B, we have from

t
o (A¥B) 7 = +Jvdtletl(A+B)Be—t1A
0

t
:1+.I'dtlel‘l(A+B)e—t1Aet|ABe—l‘1A
0

15

(3.2)

(3.3)

(3.4)
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t
=1+ Idtle’l(“B)e_“AB(tl)
0
the expression

t
!B poid = +J’d¢13(zl) (3.5)
0
Up to the second order in B

t
et(A+B)e—tA - 1 +J'dtlell(A+B)e—llAB(tl)
0

=1+ Idtl [1+ Idtze’Z(A+B)Be_‘2A 1B(t,)
0 0

gives

t 4

e = +J'dtlB(tl)+Idtlj'dtzB(t2)B(tl) (3.6)
0 0 0

M

Up to the n'" order in B, we finally have

t I3 t t

e B =1+J’dt1B(tl)+J'dt1J'dt2B(t2)B(t1)+K +Idth IdtnB(tn)K B(t,)
0 0 0 0 0

(3.7)

leading to the explicit expansion

h

00 t Ly
e B =N fdr [dt,K (dt,B(t,)K B(t,)B(t,) (3.8)
2 [1]"" ]
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Egs. (3.7) and (3.8) are referred to as perturbation expansions.

3.2 The perturbation expansion and the rules for computations
If g(0)and p(0) denotes the position and the momentum of a particle at time

t =0. Then g(¢t)and p(z) at time ¢ >0 is given by a general formula in Eq. (2.23),

and for an arbitrary function F[q(¢), p(t)] 0f g(z) and p(r), We have

Elgq(0), p(1)] = exp(10(0)) F[4(0), p(0)] 3.9)

or more explicitly by

Ll
FLq(0). p(0)] = exng’Ho) AP/ 402 %ﬂq(omon (3.10)
009p(0) dg(0)  dg(0) dp(0)

If the Hamiltonian of the system of the particle is denoted by

H=H, +H, (3.11)
where
H =2~
2m

describing the kinetic energy, and
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H, =7

with the latter describing the potential energy, then

H_r  a Moo (3.12)

op m 0q

Here A is a coupling parameter useful for bookkeeping purposes. Eq. (3.10) then

explicitly reads

[l
Flq(t), p(1)] = exngaH(O) PR _ 2H(O)d %‘[q(O),p(O)] (3.13)
DEGP(O) 0g(0)  9q(0) dp(0)

We set
A=2%  d B (3.14)
m 0q op
And hence

9 b

exptaﬁa— -AV'(q)—
Erw 0q op

=expt(A+B) (3.15)

These definitions allow us to write
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Flq(t), p(1)] = """ F[4(0), p(0)]

= e e Flq(0), p(0)]

We use the expansion developed in section 3.1 to write symbolically

Flq@),p(t)]= (Z perturbation) e F[q(0), p(0)] (3.16)

We first provide some examples which show how to find B(?).

Example 1: If Azﬁa- and B:i

m 0gq op
then
B(t) = e Be™
gives
20 | (520 17
B(t) — em@q %}iﬁ mog []
g 0
/4 O
pd - _tpd
— em@qe m 0g [—L.Q.-}-a_]
moq Op
B(t) = a_ — La_
op mOq

Example2:1f 4=29  and B=F)> . F(q)=-'(q)
m 0q op
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then
B(t) =e" Be™
o 0o
B(h)=e"™ H~(q)a_%e
op
wo o
= F(g+ Dyersre mo -0 42
m mdg Op
wo.

where we have used the fact that e”* is a translation operator of any function of ¢

to (¢ +2). That s,
m

By = Fg+By% -2
m Op m0q

Finally, we provide the following important example, which will be used below.

Example 3: We wish to find F[q(¢), p(?)], if F[q(0), p(0)]=¢q

From Example 1, B(¢) = 9 1o and Flq(¢t), p(t)] = q(¢)

op mOgq

From Eq. (3.16), we then have

po

q(t) = (z perturbation)e™ % q
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wo.

. 4 . . .
Since e"%q =[q + £] , we have the explicit expression
m

00 t h

g(t) = Z [ [, K t]'la’tnB(tn)K B(t,)B(t g +2 (3.17)
=0 9 0 0 m

3.2.1 The general formula for the perturbation expansion
If ¢(0) denotes the position of a particle at time ¢ =0, then ¢(¢) at time
¢t >0 is given by the perturbation expansion in Eq. (3.17).

Consider a Hamiltonian H given by

H :p—2+AV(q)
2m

Hence we may set

A:£a_
m 0q
and
~ a ~ _ ,
B=F(q)— , F(q)=-V'(g)
op
~ tp. .0 t 0
B(t) = F(g+ By -] (3.18)
m Op mdq
to obtain

t [1

a(0)= 3 Q)" [, [dr,K [dt,B0,)K B)B@ g +P1  (3.19)

m
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The presence of the coupling parameter A is explicit and it conveniently specifies the

order of the expansion in the interaction. This is exactly in the spirit of the

perturbation expansion in quantum field theory. We consider term by term on the

right-hand side of the expansion in Eq. (3.19). To first order in B or equivalently in

A, we are led to evaluate:

B(, )[q+*]-F[ s li% + 1P

m%ﬁpm m

which is equal to

_&f +1p56[ N

H
m [0p m mdq mﬁ

BIg + 21 =L Frg + 1Pyt -1,)
m m m

Similarly,
BBl +21= Flg + 2P 2 %F[ APy )
m m Eﬂp m 0q m =

=L —1))Fg + 22 o 5 19 Frg+iP1-29 F,
m m [Pp m  mO0q

o
i

(3.20)
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= L= YFig+ 29 g b2y

m m m mH
B(1,)B()lg +P1 = (¢ =1,)t, —1,)Flg + 2P1F g + 12 (3.21)
m mz m m

Also in the same manner

B(1,)B(1,)B(t,)lg + 2]
m

- g2 - ’—a—%(r ), 1) Flg + 221 g + 1)
m

m [Pp moq m

(N[N

(c 1)t —1,) Flg + 22
m

= ~ t,
Flg + 221 +127- 2. 2 Fig +12p Flg+12

piE
m m  m0gq ﬁ

L =1)t, 1) Fg + 22 HF[q+2_p]F[ ¥ IP]BQJAH
: On  m1

m m
m mH

- LoD Lp H& t3%
+Flg+—Fg+—]5———
B

m m m

XI:I:I 1]
@jj\o, 3 ‘~

or

2 BF[q+ L2y + 529, - 1,)

B()B() B g +21=——(t =), 1) Flg + 2 . .

m m3 ma

+ Flg + 22171 + 22, —t3)D
m m
3. 22)



To fourth order we may write the expression

B(t,)B(t,)B(t,)B(1)g + 2]
m

ey [P )= )

3

x(t, =1, e = ) F )

5(ks %) T (ks)
x(t3 _t4) F* [u5] }

and the summation is over:

k=1235

O

01,0
k, 0’1’25 such that : k, +k, +k, =3

O

ky =01 0O

O

O

0
&k,,2), 0(k;,3),0(k;, 4
o(k,,3),0(k,.4) which are either 0 or 1

[l
[l
S(k,.4) E

such that
ok,,2) +O(k,,3) +O(k,,4) =k,
o(k,,3) +o(k,,4) =k,
O(k;,4) =k,
and O(k,,j) +0(k,,j)+0(k;,j) =1

for j =234

24

(3.23)

(3.24)
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where in Eq. (3.24) we set
O(k,,j)=0 for j=1
O(k,,j)=0 for j=12

O(k;,j)=0 for ;=123

That is ¢ ; appears only once in

[ _tj)“(tZ _tj)""']
\

Finally, for the n™ order we have

B(t,)B(t, )\ B(t,)B(t,)[q + 2]

_ . Yk (ky)
j) 1 %][“1]

_ 0 (ky,j) (ky)
j) . % #u, ]
o Yol k)
o % s

M

xA[ =1, f %“‘“)[un-g]

LJ=n-2

mfll N s 3.25
S T R 039
LJ=n-1

(i 1, P g )
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and the summation is over:

k =123,K.,n-10
0
ky, =0,12,K ,n-2]

[
ky =012K n=30
M E such that: k, +k, +K +k, _, =n-1
k,, =012 0
[
[
k,, =01 0
[

5k, j), j=23K.,n-1 E
5k, j), j=34K . n-1

ok, )), j=45K . n=3
M
5(kn—2’j)’ J :(}’l—l),l’l

which are either 0 or 1

ok, ,,n),

N

such that

O(k,,j) =k

Dj:
Dn
o(k,,j) =k,

M

MmMOOOOC

Sk, ,,n)=k,,

n-1°

n-1
and Z Sk, j) =1 (3.26)
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where we see from Eq. (3.26) that we have to set

O(k,,j) =0 For j=123K,i

That is, for a fixed 7, ¢, appears only once in

u i |:|
|_| S(ky,
Jj=2

rnl (Iz —¢ ')5(/62,./)
1! J

M

I I

Hence, from Eq. (3.19), we can rewrite the general form of the perturbation expansion

as

o t t

q(t) = z(/\)"j’alt1 J’alt2 K J’Lﬁ

n=

xi(t—tl)ﬁ[un]xz I:lz(tl _tj)é(kl’j)%‘(kl)[ul]

m

o= i (Gl %“‘”[uzl
% (t2 ~1, )5(k3,1> %(1@)[%]
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Eﬂ(t -1, o EE“‘"-”[u,,-Z]

><(l‘n—l _tn )J(kn_l,n)ﬁ(k”_l)[un—l]ﬁ (327)
il 0
with u, =[§ +t"—pD
B mA

3.3 Illustrative applications of the new formalism

Example 1: For the harmonic oscillator with the addition of a linear

coupling to g we set

2 mew 2
H=2 +7%9 4)g (3.28)
2m 2

We will find ¢(¢) for any time ¢ > 0 according to the perturbation expansion

in Eq. (3.27). From F[g]=-AV'(q) and Eq. (3.27), we obtain

Flg] = —(mw’q +A)
F'lq] =-mw’
F'lq]1=0

A (3.29)

=~

Upon replacing ¢ by % + £E as shown in Eq. (3.19) we obtain

3
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Flg +2 :—(mwz%“ﬁ&m
m

m

F'lq +P= -mw’

m

Frg+21=0
m

\ (3.30)

Upon substituting the latter in Eq. (3.27), we obtain

q() =

T

+§E+;[dtl ;(t -t )(—ma) %+ ZH—A)+IdZ Idfz 1 1 12)
x%ﬁf% 6P, (3.31)
g m O

IIDI:IED]

The time integrations are explicitly carried out to give

q(t) :% %+£H—£ +_w4t4 %+£H+_Awt4 +K
3mH 2m 24 SmH 24m

_wztzq+w4z4q+KH+H£ wi'p  w''p H_/\z Aw*t* KH

« s
4l H Hm 3Im S!m H H 2lm 4 H

:qg_dzerw“z“JrK H+L%J_df3+w5 KH+ E o't —KH
/\2! 4! H wm 3! 5! H w'm 4! H

In

P
m 1

w'm



which lead, upon recognizing the sine and cosine functions expansions, to

q(t) =gcoswx +P ginoo +

wm w'm w'm

A p . A
= + oS + —sSIin W —
w'm wm w'm

%+w2mg+ pgcos(w 5)—

or finally to

q(t) = Acos(ax —90) —

where

O

O

OO

+%g and 0 :tan'lﬂ/i

III
IZI%:EI
g,
=)
o

%
S e
H5H

here (g, p) represents the initial condition at time ¢ = 0.

30

(3.32)



Example 2: We consider the perturbation expansion of the Hamiltonian

2
H=2 4™
2m

To first order in A but up to all order in o .

We will find ¢(¢) according to the perturbation expansion in Eq. (3.27).

From F [¢q] =—-AV'(q) and Eq. (3.27), we obtain
Flq] = Aae™
F'[q] =-Aa’e™
F"[q] =Aa’e™
N

FOlq]=(=)"Aa"e™

Upon replacing g by % + tﬁH we obtain
mH
- ~alg+?]
Flg+21=rae »
m
- ~afg+2
Flg+2)=-da’e
m

31

(3.33)

(3.34)
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- —U[q+ P
Folg +21=(=1" ra"™e  m (3.35)
m

Upon substituting the latter in Eq. (3.27), we obtain

_a[q+ﬁl] t

020y o e L )

1
m m
x%—x\zoﬁe me om %+K (3.36)
5 =

The time integration are explicitly carried out to yield, to first order in A but up to all

order in ', the expression

m 0 0

A _ Hy -2 4 -2
q(t) = % tﬁ%—ae ”qﬂfdtle ’”—Idtl(tl)e mE+K

O 4p 4 wl| O
_ +t_H+/\_e_q H_ﬂH'“; _tIH_ﬂH"’m +H_ m® g O,k
% mb m gﬁ apg : Eapg . Eazng 05
0 =@+ 2+ 2 (3.37)
m p B ap B

Here (g, p ) represents the initial condition at time # = 0.



Chapter IV

Complexification of the time evolution

The purpose of this Chapter is to recast the time evolution of dynamical
variables developed in the previous two Chapters in term of the complex dynamical

variable defined by

z(f) = aq(t) + ibp(t) 4.1)

where a and b are some conveniently chosen real numbers appropriate for the

problem at hand. The complex representation of the dynamical variables ( g(¢}, p(¢) )

in phase space tums out to be a useful alternative in dealing separately with the
dynamical variables g(¢) and p(f).

We develop two formalisms for dealing with the time evolution of the
complex dynamical variable z(f) in Eq. (4.1). The first one deals dircctly with the
time evolution expressed completely in term of the complex variables z(0) and its

complex conjugate and is written in its exact form. The second formalism follows
directly from the perturbation expansion derived in Chapter III and follows directly

from it as now applied to the variable z(t).

4.1 Formalism I

Eq. (2.23) in Chapter II reads
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Flq(0), p(1)] = exp(t0(0)) F4(0), p(0)] (4.2)

where

O(O)z(aﬂ(())a 83H(0) O ] 43)

op(0) dg(0)  0q(0) dp(0)

For the complex dynamical variable in Eq. (4.1) we have for its complex conjugate

2" (1) = ag(t) — ibp(t) 4.4)

At =0, we will write

z(0) = aq(0) + ibp(0) (4.5)
and
2* (0) = ag(0) - ibp(0) @.6)
Therefore,
4() =~ (2(t) + 2° (1)) @.7)
2a
Py =—(2(t) ~ 2" (1)) @.8)
2ib
andat r =0
4(0) = 2 (2(0) + 2" (0)) 4.9)

2a



p(0) = ——(2(0) = 2 (O)
2ib

In reference to the operator O(0), we deduce that

9(0) _ a[ #HO) | a::{((})]
8g(0) 82(0)  8z*(0)

IO _, b[ 2H(0) 6}{(0)]
8p(0) 8z(0) 8z (0)

where we have used the differentiation identities

o 0 5,
—=a +
9g(0) {52 (0) az'(OJ

o =ib[a ¥ J
ap(0)  \8z(0) 8z7(0)

35

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

substituting these in Eq. (4.3) that for the operator O(0), one may equivalently write

0(0) = iab (55‘{(0) - 69{(0)}{ o .0 J[GH(O) L PO
0z(0) 8z (0) A 3z(0) az'(0)) \ 0z(0)

82(0) az‘(O)ﬂ
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The present formalism for the time development of the complex dynamical variable

z(¢} then becomes

z(t) = exp(t0(0))z(0) (4.15)

where

O(0) = iab aH(0) aH(0) | O +6 B 65‘{(0)+69{(0) o 0
0z(0) Oz (0) A &z(0) @&z (D) 0z(0) 3z () A dz(0) 827 (0)
Eq. (4.15) provides the exact complex representation of the time evolution of complex

dynamical variable z{#) expressed completely in term of the complex variables z(0)

and z'(0).
4.2 Formalism II

The second formalism is a recast of the perturbation expansion derived in

Chapter III for the complex dynamical variable z(¢) and directly follows from the

detailed treatment given in the just mentioned Chapter.

At any time £, we have shown that

q(t)zi ja’r, dtz...Tdrn
0 0

n=0

= M

i)

y 1 (-1, )?[un]x Z [Fz (tl -, Y(kl..;')Jﬁtk;)[ul]

n

m
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( 16—y ”] ]
x( (@ r)"”“”] )

‘._
.p.

x[ ﬁ (r,,_a - r;‘ )ﬁ(k” 7 ]ﬁ(h_1)[u”_3 ]
)
L1

J=t-1

x (g =1, ) O, ]}

(4.16)
Similarly, for the momentum, we may write
o
pl)= (Z perturbation)e” ™ p (4.17)
where p = p(0), to obtain
w1 4 fn)
p(0) =2 [dydt,... [dt,B@,)...BU,)B()p (4.18)
n=0 g 0 0
where we have used the fact that
ré
“p=p (4.19)

In details we have
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~ ! 0 t &
B(t)p=Flg+£) L2 2,
m \Op moq

=ﬁ[q+t‘—p]
m

B(t,)p = Flg + 2% (4.20)

m

B(t,)B(t,)p = Flg+ 221 £ - —-Hﬁtq + "—“’]}
m \dp mog

=§[q+tﬁ_p] iﬁ[q+f1_p]qt_2iﬁ[Q+r_!E]
m \ dp m  moqg m

= Flg+ 22 g + r“o](t—l —I—ZJ

m m m M
\ ~ Lp =, t
B(1,)B(t,)p = —(t, —1,)Flg + 2L 1Fq + £ @21
m m m

B(1,)B(1,)B(¢)p

=g+ El{a - ‘—@Hi ) Flg+ 2L1F g + "—P]}

m " m

1 ~
=—{1 _tz)F[q"'“}ﬁ]
m

0 ~ Lp.~, t t, 0 ~ Lp. =, !
x| —Flg+ 2217 g+ 28] 2 2 Fg + 21F g + 22
op m m moq m m
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-1 t)F[+3p]{F[Q+ 2E]F g+ ’p[ —QJ
m m m m

m m
~  Lapo~,, ¢
+Fm+iﬁwwm+4£{i—il}
m m\m m

B(t,)B(t,)B(t)g + 21 = (¢, —1,)Fq + 2P {F [q+22 y Bl Frg 4t . Ly, —1,)

2
m Hif bei)

+ g+ 221 1Py, z3}
m

m

(4.22)

B(lh )B(Inq)'“B(tz)B(ﬂ)p

{(ﬁ -1, Jrog

){ﬁ (tz 1) )d‘(kz 5 JF(&Z)[% ]
X( " ( )5(!:3 1)} (m[ua]

f=n-2

y [ H (t,y =2, Yo }ﬁ “lu, ]

J=n=1

x&H—af“*”ﬁmﬂme} (4.23)



where the summation is over:

k=123, n-1
ky=012,...,n-2

ky=012,...,n-3 5 such that: k, +k, +...+k,, =n—1

k,_, =012

k,, =0l

n-1

Sy, ), j=23.n—1

Sty ), j=34,...,n-1

O(ky, J), j=4,5,...,n—3> which are either 0 or 1

6k, 5,7)y J=(n-1)n

d(k,_,n),
such that
> 8k, j) =k,
=2

S Sk, /) =k,

+=3

Stk m) =k,

n=1?



4]

n—1
and D 5k, j)=1 (4.24)
i=1

where we see in Eq. (4.24) we set

o(k,,/)=0 For j=123,...,i

That is, for a fixed 7, ¢ , appears only once in

-

. IO
H (¢ - tJ') !
i=2

-

il

kg, 0)
H(fz _tf) "
i=3

From Eq. (4.17), then we may rewrite in general

il

X 1 F[un]x Z (J=2 (f1 i )g(khj)J;‘:(h)[w]

r-1

m

X{ ﬁ (tn—'j —1 )5“‘”_"” Jﬁ(km) [#,.5]

f=n=2
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x[ ﬁ (fn‘z = )‘5(*"'1'}) Jﬁ(""")[un_g ]

J=n-1

x (‘tn—l _tn )‘S(kn—l-"]ﬁ(h l)["""Iﬂ—I] ] (425)

For the complex dynamical variable z(t) = ag(t) + ibp(t) , we then obtain

x[ } (r2 ut}.)"_(k“”qﬁ(h)[uz]

(tz \ t_j )d(km) ]ﬁ(h)[us ]

J=n-2

]

X[ . (tn—S - t_,r' )‘5(!{"—3‘” ]ﬁ(h_‘)[un—ﬁv ]

(f,,_z =i, )ﬂkﬁ I'J.)}F(k"'”[un-z]

J=n=1

Xy = 0, ) O F S0 ] } (4.26)

where now the variables u,,u,,...,u, , are define by the general expression



y = (2(0)+Z’(0))Jr t,(2(0) - z"(0))
2a 2ibm

4.3 Applications

43

As applications of the above formalisms we consider the following

examples.

Example 1:

For the presence of an arbitrary potential energy AV(g) in addition to the

harmonic oscillator potential we may write

2 2.2
P moy

2m 2

+AV{(g)

From the expressions z =aq + ibp and z* = ag —ibp , we obtain
z+z =2aq
z—z" =2ibp

zz' =a’qg’ +b'p?

From Eqgs. (4.27) and (4.28), it is convenient to choose

(4.27)

(4.28)
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50 that
z+ 2"
q:
oV 2m
z—a)\{;q-iri ! P
2 2m
z'=w ﬂq—in
2 v2m

The Hamiltonian in the terms of z and z" then takes the particularly simple form

H[z,2"]= 22" +,1V{ ”Z‘] (4.29)
wo2m

In reference to formalism I, we have

> _ ﬁ{(z+z*)+i EV'[Z'}'Z ]] (4.30)
oq 2 o ¥tm \wv2m
H_ L (o)) (4.31)
dp  ~2m

2, \F 2,2 @32)
Og 2\0z 0z’

o 1|8 ¢ (4.33)

Oop 2m\oz oz
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So, the time evolution operator becomes

expt(fﬂ(z'—z{a_+a }+i—w{(z‘+z)+i\/zV'[z+z‘ ][5 _G_JH (4.34)
2 oz ozt) 2 wim \o2m Aozt oz

We set

_V{Z+Z'J=F{z+z'] 435
oN2m o2m

to rewrite Eq. (4.33) as

expt[lﬁ(z'—z{a—-ya }+l‘£{(z"+z)—i EF[H—Z- J[ia—aJH (4.36)
2 oz &z’ 2 wi¥m \ov2m Naz &z
or

expﬂ{Z[z'a —za—J—i\/zF[z-'_z ](a—"ﬁ—ﬂ (4.37)
2 oz" oz) wim \wv2m ANéz' oz

To finally obtain the exact expression

z(£)=expﬂ{2£z'§_——za_J—i \FF[”Z' Ia—-a—ﬂz (4.38)
2 oz’ oz) wim w& oz" Oz
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Upon the expansion of the exponential in powers of f, we have

z(,)_nzg[z[z-a_“za_l_i zF{m J[L_@_D
2 éz" 0z) o Vm \wv2m A\ &z
2 *
+__ —
2l 5 0z"  0z) wlim \wv2mANéz' &z
oz" 0z) wl¥m \wv2mA\dz' &
it 0 o A {2 z4+2z' o @
H=[l+—1 2|z ——z—|-= |=F -
20=I[ 2 [ [Z oz" z@z] w\j; (aNZm)[az' 62]}
%, 0 A |2 z4 2" 6 0
e e
-i-i[ﬂ] 1 oz zaz w¥m | wy2m \dz° 0z
. 0 0 A 12 z+z' o 0
2 ——|-L SR [ S,
4 [z oz° z@z] a)J; [(g\f2mj(6z' 62}} 2

. * . 2
z(t‘)—z+ﬂ[22—i EF(Z_'_Z D-i-(m}r) { 4z+2i 2
2 wim \ovlm 4x 2! @ Ym

xF{ZJrZ-}(I—z)—zi\/zF[z-f—z.}F'{Z-FZ‘J ! (z'—z)}+...
oN2m oV\m \ov2m) \w2m)o2m

(4.39)

that is,

In particular for 4 =0, we obtain directly from Eq. (4.38) the exact expression
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z(t)y = exp[— iwiz 6_}:
&z

or

z(t) =exp(—iwt)z (4.40)

|
z(t)=w\]£q(t)+i
2 Vam
\/; 1
Z=w [—q+1
2 om

we may rewrite Eq.(4.36) as

m 1 m 1
w |2 q(t)+i—— p(t) = exp(—fwr)(w\/:q+f p)
‘]: om 2 om
w\/E (G() +i—— p(r)) = exp(_fw;)(wJE(g {iLlpy
2 me 2 mo

9(t) +i— p(t) = exp(=ian)(g +i—— p)
i M

since

p(t)

P

1 .
=(q+i— p)(coswt +isin wr)
may

_ 1 .
= qcoswt—lqsxna)r+:+—pcoswt+i-3ma)t)
mao ma

1 . .
gty +i— p(t) = [q COs wt +~ism cot] + 1{— gsinan + Lcosa}t]
ma i mio
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leading to the familiar solution

g(t) = gcosat +-Lsin ot
meo
py=—gsinwt + L coswt
me
Example 2:
Here we choose
1 1 sy o
a=1,b=—_,V(@)=—mw'q
ma 2

and apply directly formalism II for direct comparison.

From the definition

Flgl=-V"(9)
we obtain

Flq)=-ma’q

Flgl=-mo’

F'lq]=0

. = = H
In the light of formalism II, we have to make the replacement F[g] — Flg +£] thus
m

obtaining



49

fad ! {
Flg+21=-ma* g+ %)
nm m

F'lg +£)—] =-ma’

Frg+®1=0

From Eq. (4.26) we then have

X( ﬁ (., - £ YD J Fouly

J=n-2

([T o,

J=n-1

X (tn—l - tn )ﬁ(kn-l‘”) ﬁ(k"_l)[uﬂ—] ] } (44 l)

Or equivalently we obtain



z(:)=[q+{i+L} ] jdrF[q+ ]((:-:)+—)—+jdrj'dr Flg+22
m

m  mo w m ¢

x((t—t)+—) 'p](t —L)+...
@ m2 m

The explicit time integrals are:

fd: Flg+ 22\ -1+ D1
m w m

= [dt, - ma g+ 1By -ey+ 1y L

m w m

= —a)zj{q{(t —t,)+i} +£{(rr, —t}) +ﬁ}}d¢r1
0 @ m @
i ) . 2 3 2
= —a)2 q{(ﬁ] 1‘1)4_'3:'}4__‘?_{(&_1)4.&}]
2 w) ml2 3 2wl

fz pf ;p[
= —w q—+1q R

2 @ m3 ml2o

[

Similarly, we may carry out the following time integrations in

j‘dzlja'rF[q+ ]((t—r)+—) F[+ ](I—t)
L. m @ m’ m

m

50

(4.42)

(4.43)



jd: jd: (- )+—)—(r 6, X-mo (g + 22 (-ma?)

a)m

=a)4j‘dr
0

0 @

- m“j-{(t—t )+—}dt J -1)g+-

ol

=

0)4

& ey

q{t,4, ———)+

=o' (ttl)+l}dt
0 @ 2

B 2 3
{(f -t )‘i——}dﬂ qi+p—t'~J
| 2 6m

0)4

=) I,

m

S =1y + 2y, -1)1g + 22

m

Ll

m

p ('t]t2 - 3‘22 )}dtz}
m

w6 T
P A)J
m 2 3

t,=0

! 2 3
I {
=w4_[ [ Lt-t1)+ g4 (!—t)+ i ]dr]
0 2 2w 6m bmw
i PR L 42 5 TR
:wd E(_l__L)_'_tqtl (“1 __i)_'_ Iptl }
| 2 3 4 6w O6m 4 5 24mw 1,

=
b
£
8
oy

] P! ipt' ]
= w + + +
24 6w 120m 24me

Upon the substitution of Eq. (4.22) and Eq. (4.44) in Eq. (4.42), we obtain

¢ 2 ¢t pt ip
z{)=|g+| —+— |p |+ -’ g—+ig—+——+——

m 20

m me 2

w m3

5]

(4.44)
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T t ipt!
+a;‘*[£+ LI o J—
24 6w 120m 24mow

2.2 4.4 . 2 . 4.3
:[q_qa)r +qa)t #”}J{_fqa)t_kzq(ot _J
2 24 @ 6w

2,3 4.5 . el 2 .44
! pwt 't w @
+(p__ RE —..}+( v _pto —]

m 6m 120m mo  2me 24me

. 2,022 33,3 44 NS 5.8
—{q+£]{l+(—iax)+( - & +( V.. +( ) ot +( Dt +J
mw 2! 3 4 5!

leading to

z(t) = exp(~ian)z(0) (4.45)



Chapter V

Complexification and the geometrical Berry phase

In this Chapter, we will extend the complex representation of formalism I
that was developed in Chapter IV. This is extended to a two-dimensional
representation, in a non-trivial way, in view of an application to the classical Foucault
pendulum, which provides a modified motion to the standard linear pendulum due to
the rotation of the earth. Our exact complex representation developed earlier is quite
convenient as it provides, in closed form, two phases one is the so-called dynamical
phase and the other is a geometrical phase. The dynamical phase is, by definition, a

function of the coupling parameter (the gravitational coupling constant g) and the

earth angular velocity of rotation w. The geometrical phase, on the other hand, is
independent of the coupling parameter and the rotational parameter w and we will
dwell further on why such a geometrical phase arises in this intriguing dynamical
problem. The geometrical phase is often referred to as the Berry phase (Berry (1984),
Shapere and Wilczek (1989)) for his pioneering work of the nature of geometrical
phases as arising in quantum physics. As our problem is purely classical of origin we
will not dwell on the quantum counterpart.

Before considering our detailed treatment, we would like to make some
additional remarks. A phase, for our purposes, is not a state of matter but a complex
number of unit modulus (“phase” is used with the meaning just as an “angle” for

whatever possible argument of sin(Q)] or cos(l)l or expi([))).
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The phase we shall be interested in are often associated with cyclic
evolution of a physical system. More specifically, we shall find that the cyclic
variation of external parameters often leads to a net evolution involving a phase
depending only on the geometry of the path traversed in parameter space. In other
words, this phase is independent of how fast the various parts of the path are traversed
and of the dynamical coupling parameter. For non-cyclic evolution, the extra phase
will depend on the end points of the path. The phase is non-integrable; it can not be
written as a function just of end points, because it depends on the geometry of the
path connecting them as well. Examples of geometric phases abound in many areas of
physics. Many familiar problems that we do not ordinarily associate with geometric
phases may be phrased in terms of them. Often, the result is a clearer understanding of

the structure of the problem and provides an elegant expression for its solution.

5.1 Two-dimensional complexfication and the Foucault pendulum
Here we extend our formalism I of the complex representation derided in
Chapter IV to a two-dimensional setting in view of application to the Foucault

pendulum. The Hamiltonian for the Foucualt pendulum is defined by

2 2
H=Le o228 iy 4 (p,y - ), (5.1)
2m 2m 2L
or
pz p2 me?
H :_x+_y+ 0 (x2 +y2)+(_pxy_pyx)wz (5.2)
2m  2m 2

where
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W, =wsin A (5.3)

and A is the latitude (see figure 5.2)
w, = \/g (54)
L

Here w is the angular velocity of rotation of the earth, and w, is the angular velocity

of the so-called simple pendulum.
Our purpose is to develop the two-dimensional complex representation of

the time evolution of the dynamical variable
z(t) =x(t) +iy(1) (5.5)

We are particularly interested with the problem when

;o 2m (5.6)

That is, when the earth makes a complete rotation about its axis. As initial conditions

we take

x(0)=x, and y(0)=0 (5.7)

r.(0)=0, p,(0) =x,mw, (5.8)
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where g is the gravitational acceleration and L is the length of pendulum.
Physically, the initial conditions in Egs. (5.5) and (5.6) mean that the blob of the

pendulum is initially displaced by a distance x, and released from rest (&0)=0,

#0) =0).

AV

w

I W X
—

| - 4 |

’ initial position of the

plane of oscillation
of the pendulum

Figure 5.1. The figure shows the initial position of plane of oscillation of the
pendulum and the direction of the rotation of the earth (solid line) which is in the
opposite direction of the rotation of pendulum (dotted line). (The direction of the z -

axis is perpendicular to the paper).

From elementary mechanics, the initial condition x(0) = x,, ¥(0) =0 means

that the plane of oscillations of the pendulum is along the x-axis. Since this plane
rotates in opposite direction of the earth, the initial position of the plane is 277 rather

than zero. That is, we should formally write

x(0) =e""x, (5.9)
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emphasizing the physical aspect that the phase of the plane will reduce from 27T to

smaller values as the earth rotates. At this stage it is advisable not to replace e¢*" by

one.

Suppressing the time dependence, we introduce the following variables. We

define

z=x+iy
i

z =x+ P
mo,
ip

z, =y+—=
mw,

The complex conjugates are given by

z0=x—iy
[ ipx
z, = —
ma,
ip
0 v
Z, =y~
ma,
so that
_(z +21D)
2
(z, +2,)
y - 2 2
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maw,

px = (Zl _ZF)
2i
ma,

py = - (ZZ _ZZD)
2

We may then rewrite Eq. (5.2) as

(maw,)

2
ma,
H= : (Z1Z1D +ZZZZD)+ wz{(zl _Zlu)(Zz +22D) —(z, +21D)(Zz _ZZD)}

2 4i

2
ma, (mw,) O

o O 0 o o 0 0_0
(z,2) +z,2;) + szZlZ2 —zyzy tziZ, +z,z,

2 4i

o p_p.a U
{lez tzz0 T4 ZlZ%E

_ mw; m .0,

(712 +2,2)) + {222, - 22,2}

2 4i

_mw; mw.w,

(z2) +2,2,) + {212, = 2,2/}

2 2i

im @, 0w,

2
H:mwo

(2,2 +2,2;) + {z,2/ - 2,2;} 5.10)

2 2

Form Eq. (3.9) in Chapter 111, we recall the expression

]
Flq(t), p(1)] = expraH(o) 0 _dHO? %ﬂq(m,p(on (5.11)
HRap(© 99(0)  0q(0) ap(0)



for further investigations in reference to Eq (5.10), we write

In particular,

= D
H= H(0)D
p = p(0)

q =q(0)

N

]

N
~
(=]
~

1

N

1]

N

2
I o

oH = oH oz, \ oH oz’

apx aZl apx

0z, dp,

w
[} z a0
==—(z, —z)+ (z, +z,)

_lwo
2
0 0z 0
— =1 4
Ox Ox 0z,
0o .0

2

0z, 0

ox 0z,

=~ +Z

0z, 0z,

59

(5.12)

(5.14)
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oH _oHoz  oH oz
Ox 0z, Ox Oz, Ox

_ E(nwg L0_imaw, o EDJ’ Ekn&)j o 4 maw. El)
2 2

2 2
imw? im @,
= MO (04 + MY o) (5.15)
2 2

0 _ 0z, 0 N 0z, 0
apx ap/\ aZl apx aZIE|

Hith Hith

_ i o B
o, Bz, az0F 10

From Egs. (5.13)-(5.16), we rewrite the first part of the exponential in Eq. (5.11) as

Ha ; =%‘“’°(zﬁ—z1)+&(25+zz)%+a—5
dp. ox ox op. H2 2 z, azﬁﬁ

2 . .
75 (zF+zl>+’m“’°“’Z(zz—zE>%—’ B ot
02 2 0)0% aZFE

- %ﬂ(zﬁ—zlwﬂ(z%z»%ﬁ—ﬁ
d2 2 Z, GZFE
) e, _25)%_a_5
H2 2 Z, OZIDE



61
= (ol)zz2 —iw,z, )6_ + (a)zzzEI + ia)ozlm)a— (5.17)
0z, 0z,

Similarly, we obtain

oH _ oH oz, .\ oH oz}

dp, 0z, Op, 0z5 dp,

_Hmew; o imaw. D@ i
- z, + Z
H 2 2 %nwo
_in

=1 0z -2zl ) (5.18)
2 2

11 +I:I:I
NBEE
08.\)
|
§ .
£
£
e

dy Ay 0z, Oy 0z,

0 00 050

20 L€ (5.19)

0z, 0z;

oH oH oz, ) oH oz
dy 0z, dy 0z, Oy

2 . 2 :
£ ]]f"wo i 1T YW, Zlual)"' g"wo z, - m W, z, El)

HZZ 2 2 2

. 2
_imw;

(ZZD +z,)+ e B
2 2

(z) —z)) (5.20)

0 :6226 +622D(9

op, Op, 0z, O0p, 0z,
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i Hib
B e, B, B

==
ma, H?Zz GZZDE o2

From Egs. (5.13)-(5.16), we rewrite the second part of the exponential in Eq. (5.11) as

oHo oHa @wo (°

o _ wz D+Zl)%+a_5
ap, dv 9y dp, E 2 2 z, azgﬁ

2 ~Z3)

2 . .

TP P NP %ﬂl o
H 2 2 w, %ﬁzz GZZDE
(0))

%J(Z Z,) =

B R i Lo 0
H2 2 Z, OZZDE
_%wo (ZZD+22)_wZ D_Zl) _a_H
B2 2 ~\ aszE

=ligz) ~w.z 9 iwz, +w,z, 9 (5.22)
2

0z, 0z,

Upon combining Eq. (5.17) and Eq. (5.22), we obtain

EﬁH a aH 9 H EbH 9 aH 9 H (a)zZ2 _iwozl)a_+(a)zzzEl+iwoZID)a_
H?px ox Ox apxﬁ @ppy dy 9y dp, ﬁ 0z, 0z,
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+ (Z%ZZD _wzzlm)a_ _(i%z2 + wzzl )a_

m]
0z,

Now it is convenient to introduce the following new variables: U, U"”, V and V"

defined as follows:

U=z +iz,
V =z —iz,
P =5 —iz0
=z —iz,
— A0
4 =z +tiz,

Or the old variables we may conveniently write

Uu+rlr
ZI:
2
_Uu-r
iy =~
20
5 UM +p"
Z1 -
2
v =-u-
Zz_
2i
. U+v"
z=x+t1y=
2

9 _oUd _ovd _a o

- - - =" 4+

0z, 0z, dU 0z, 0V 9oU oV

0z,

(5.23)

>



0 _ovo ,ovo _Ho o H

0z, 0z,0U 0z, dV H?U GVH

g _ou-o ov"e o a
= + +

0z, az) aU" az] av" oU" V"

0 _ou'e  orfeo _Ho o {
0z, 0z, oU" 0z, oV" HBVD OUH

In terms of the variables U, U", V' and V", we rewrite Eq. (5.23) as

BHao oHo HHaHa “oHao ©

ﬁﬂpx Ox Ox Op, ﬁ ﬁan dy Oy apyH

O
o |~
CLART
£
Q
5
+
£
<
+
-
c»
11




BB 6] ey Y0
8 R A - et
BB e ery 0 E
HzEO(U daty V)HaU av b

UH—+—H+ VH— H_l UH— H_l VH—

H@U 6VHZ EL?U 6VH2 EL?U 6VH2 H?U GVH

_wUEL O Higp® (9 H i, 0 (3 {0 0

HﬁU 6VHZ EL’)U 6VH2 EL?U OVHZ EL’)U GVH

__w Umi a H» Z w VD& a H
EbVD aU'H EbVD UDH
:—ia)zUa—+ia)ZVa—+ia)ZUDa——iszDa —inUa——inVa—
oU 14 oU"- or"- oU oV
+ia)0UDa +ia)0VEla
oU" ar-

= (i) + 0. ) U2 + (0@, ~0.) 7 L + (), +@,) U°
oU oV oU"
+(i)(w, —wz)VDa
14

The exponential expression in Eq. (5.10) then reads

(5.24)

65

9.4

9.4
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exprg(—z)(ww Y U2+ i@~ ) Vi) + @) U

oU o oU"
(5.25)
Fe )7
ov"H
We also rewrite the variable z =x +iy interms of U, U"”, ¥ and V'":
g
d. g2 B
:l%/+VH+BJD+VD%HL%J—VH+H/D—UD%
2 2 HH 2 2 2i HH 2i
= l(U +7™ (5.26)

To emphasize that we are dealing with the actual non-static earth, that is, in rotation,

we will denote our dynamical variable by

z[w,t] and z[ w0] = z(w) (5.27)

At any time ¢, we have from Eq. (5.10)
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de]:mmtg o +0,) UL (=0 - w.) 7 -+ () +,) U

oU oV oU"
+(@)(w ~w,) V" %z(w) (5.28)
v "B

From Eq . (5.27), we see, that z(w) is independent on U" and ¥, but depends on U

and V'". That is, Eq. (5.28) simplifies to

Z[w,t]‘—‘expt% -i)(w, +w, U—+(z)(w0 w )VDa . (5.29)
B U ov°H
where
m}
2ewy=LHY (5.30)
2
We use the identity
ad
e “x=xef (5.31)

where [ is an arbitrary constant, to rewrite Eq. (5.29) as

Z[w, ] =expt%—i)(oq) +a)Z)Ua—+(i)(% —wz)VDa_ +VDH
g oU av°fH 2 f
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6 7]
-ty +w. ) () t(ay-w, y"—
l %; BUU +e BVDVD%
28 B

_ i I{U Sy 4 0, ,,wo}
2

From the initial conditions given in Egs. (5.7)-(5.8), we have since w<<w,

( cq/ w, =107 for Foucault pendulum)

=e""x, (5.32)

=e""x, (5.33)

leading to the final solution at any time ¢ is given by

—itw, 12n

zZ{w,t]=e X, cos(w,t) (5.34)
The phase factor w,t, with w, =+/g/L , is the familiar dynamical phase of the simple

pendulum. The other phase factor e ““*, with w, =wsin A, is discussed next.

5.2 Derivation of the geometrical phase and its significance

In reference to Section 5.1, we have the solution of the two-dimensional of
Foucualt pendulum when the earth makes a full rotation, that is, when ¢ is equal to

21 w. From Eq. (5.34) this is given by
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) . w
Z[w, 2—"] =M1 N x cos(2m—2) (5.35)
w w

where
z[w, 1] = x(¢) +iy(t)
z[,0] =x(0) +iy(0) = x(0)

i2m(1-sin A)

To obtain insight into the phase e , we note that the solid angle subtended at

the center of the earth when the earth make a full rotation is given by

Q= [dQ (5.36)

where

dQ =2msin 6'df’

_fr_,f
"B

Upon integration of Eq. (5.36), we obtain

Q=2 nﬁ sin 846’

27%%)\%

O =2m(1 -sinA) (5.37)
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The solid angle is depicted in figure 5.2 and is given by Eq. (5.37).

That is, we may write

; w,
A0, 2T = e, cos2m™) (5.38)
w w

where

Q=2m(l1-sinA)

The solid angle
Q

Figure 5.2. The solid angle subtended at the center of the earth and the definition of

Q.

The phase factor expi2/m(l—sinA)=expiQ is independent of g and w.

That is, it is independent on how fast the earth is rotating and how strong the
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gravitational strength is. It is thus a geometrical phase as opposed to the phase factor
21w, /w=2mg/L /a) which depends on both g and w, and is termed as a

dynamical phase. At the North Pole sinA =1. That is, at the North Pole, the initial
phase goes from 27 to 0. The physical reason why such a general phase occurs is
simple and is easily explained. The plane of oscillations, in which the pendulum
swings, lags behind the earth rotation thus not necessarily making a complete
revolution to catch up with the earth rotation. At the North Pole, the earth, at that
point, is stationary, while the plane of oscillations of the pendulum makes a complete
revolution going from a phase of 27T to 0. At the equator, the plane of oscillations of
the pendulum does not rotate and the initial phase of the plane stays always at a 27T

angle with the x-axis. The interesting situation arises for latitudes 0 < A<71/2. It is
of great physical interest that such a geometrical phase is measurable since x(27w),
¥(21w) may be measured and hence z(277w) is measurable. The determined phase

gives us the latitude at which the experiment was performed. The geometrical phase is
of a discontinuous in nature for w =0 corresponding to a “static” earth. In such a
case the plane of oscillations of the pendulum does not rotate and hence here there is

no question of a geometrical phase.



Chapter VI

A path integral formulation

One of the most powerful tools that theoretical physicists use today is the
path integral formulation of the quantum mechanics developed by Feynman. The
Feynman path integral method is a reformulation of quantum mechanics in an
alternate way to the earlier methods developed by Schroedinger and Heisenberg about
three decades earlier. The Feynman path integral gives rise to the expression for the
so-called Green function or for the propagator, which propagates a wave function in
time and hence, as in the conventional formulation, is solves the dynamical problem.

The Feynman path integral, in its simplest form may be written as
Z. T
(9(1)|q(0)) = ZGXP(—IL (q(2), &t))dt) (6.1)
paths r] 0

where L (q(¢),ft)) is the Lagrangian of the theory, 7 denotes the time of
propagation and the sum is over all paths, including the classical one, from end point
q(0) to end point ¢(7). For n - 0, the classical path dominates in Eq. (6.1) in
conformity with one’s intuition that quantum physics goes over to classical physics in
this limit. Clearly, to develop the corresponding expression for classical dynamics
using Eq. (6.1) as it stands is not very useful as one would have to restrict the sum in
Eq. (6.1) just to one term corresponding to the classical path. Accordingly, the so-

called action integral
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T
A= L (). ) 6.2)
0
becomes just replaced by the classical one
T
Ac =_[L (qc (1), (1))dt (6.3)
0

where (q(?).,dqt).) corresponds to the classical trajectory and Eq. (6.1) as it stands

would not be of practical value in classical dynamics.

The above then shows that an alternative method is necessary to be
developed for a path integral formulation of classical dynamical problems, which we
NOW propose.

For a self-adjoint operator 4 in quantum physics with a spectrum say A,,

A,, ... and eigenvectors |A,),]A,) ... , one may define the unitary operator

e = Ze‘“k A A (6.4)

where ¢ in an arbitrary parameter. In particular for ¢ =0, the left-hand side of Eq.

(6.4) becomes the unit operator (1), and the equation reduces to

1= Zp\ A (6.5)
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For any vector |LIJ> in the Hilbert space we may then write
) =|w)= 5 R)AN) (6:6)

The decomposition in Eq. (6.5) in terms of the projection operators |A k><)\k| on

physical states is referred to as the resolution of the identity. We will essentially use
this idea of developing a resolution of the identity, as directly obtained from
Hamilton’ s equations, ¢ and p with projections on the “paths” as dictated from
these equations. It is almost obvious that we will need additional variables to ¢ and
p which are referred to as Lagrange multipliers variables which restrict, at every
given time ¢, the pair of variables (g(#), p(z)) to fall on the correct classical path in

phase space.

The path integral formulation, as a solution of the identity, is directly
obtained by integrating Hamilton’ s equation. This we do next. To simplify the
notation, we suppress the indices referring to the various degrees of freedom. Our

results are valid for any arbitrary number of degrees of freedom. Thus (gq(¢), p(?))

stands for (g, (¢),q,(®) s G5 (@) 5., 21 (1), P2 (©), 3 () ,-..).

6.1 A path integral as a resolution of the identity

We begin with Hamilton’ s equation
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MO _ g 6.7)
dq
and
oHO _ g 68)
op

To find ¢(¢), we integrate Eq (6.7) over ¢, to obtain from

dg(t) _ oH(")
dt' op

the following expressions

q}’d ()= J.GH(t)

4(0) 0 p

o) -q(0) = {20,
oap

CoH( ) s

q(t) = q(0) + j (6.9)

op

where ¢(0) denote represents the initial condition.
Similarly, to find p(¢#) we integrate Eq. (6.8) over ¢ with an initial condition p(0) at

t =0, to obtain from
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dp(t) _ _oH()
dt' 0q

the following expressions

p(0)
[CGE I6H(t
p(0)
p(0) p(0) =[Py
0 dgq
p(0 = p(0) - [ 2 g (6.10)
0 aq

We are interested in motion in phase space with a given initial condition
(q(0), p(0)). Let F[q(?), p(t)] be any arbitrary functions of ¢(¢)and p(¢) . From Eq.

(6.9) and Eq. (6.4) we may rewrite F[q(?), p(t)] as

Pl p01 = FLa(© + 207, (o) - [P g 611
0 ap 0 aq

To analyze Eq. (6.4) we have to consider the meaning of the corresponding

ordinary Riemann integral. For a very fine partition of the 7-axis, under the curve, we

have the situation shown in figure 6.1 below.
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t
J (f)(o) F((n=1yt/n)
J/n) Ff((n=2)t/n)
/)
0t 2t 3t (n—=1y ¢ g
n n n n

Figure 6.1. The definition of the ordinary Riemann integral. A set of ordinates is
drawn from the abscissa to the curve. The ordinates are spaced a distance A¢ apart.
The integral (area between the curve and the abscissa) is approximated by Az times
the sum of the ordinates. This approximation approaches the correct value of the

integral as At approaches zero.

In reference to Figure.6.1, we have

The area under the curve is then approximately given by

A= 8(0) + 0 (D) + APy v+ g

n n n

)
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t n-1

=15 (6.12)

n" n

We have divided the interval from 0 to ¢ into n subintervals each of
length #/n. Evaluating each of the summands at the left-end points of these

subintervals, we rewrite the right-hand side of Eq. (6.11) rigorously as

lim F[g, + J iaH(mJ), po-L 3 ﬁ(m—t)] (6.13)

n""dp n n""0dq n

where

g, =q(0) and p, = p(0)

To evaluate Eq. (6.6), we use in the process, the definition of the Dirac delta function

0 which, in particular, satisfies the properties

If(x)S(x—xo)dx = f(x,), a<x,<b (6.14)

5(x) = 6(-x) (6.15)

The expression in Eq. (6.13), to which the limit n» — o is to be taken, may be

equivalently rewritten as
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n-1 H n-1 H
Flgy +5 5 T, p, =15 SR
n"™"dp n n""0q n
n-1 H n-1 H
= [dg,dp,3(a, + 5 T =0,)3(p, == T T = p)Flg, ]
n"="0dp n n"=>"0q n

(6.16)

As is easily checked for our purposes, the later may be also rewritten in the more

convenient form:

[l
= adqldplé((qo L P L
n Op n 0q
< [dasdp.((ay + -0+ L) g5, ~ L 0y + 2l
n op ap n n 0q dg n
N
< a3, + P 0+ e R @O 5, BPH G
n Hop op n op n B n Hog
SH e eog K Fla,.p,) (6.17)
0q n 0q n g

In the above equation, we have used the facts that:

g, =4q(0)

oy =g, + L)

n n op



=g + L0 1

n nop n

(m—=1)t +£ﬁ

) =4, (
n n Op n

(m —2)t

q( )

o™ =4 o LOH (ol

n n Op n

)

Similarly, for the momentum values, we have

Po = p(0)
iy =p+ 2 0)
n n 0q
2y =p, + L
n nog n
N
p((m —1)x) 44 +iﬂ (m—2)t)
n n 0q n
p(ﬂ) :pm—l +£ﬁ M)
n n 0q n

We may then rewrite the Eq. (17) in the form of a product as follows:

L
= gdqldplé((qo MU PSS WA Ly P

n op n 0q

80

(6.18)

(6.19)
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t aH 1z t oH 17

xIdQ2dp26((Q1 +———(—)—¢,)0((p, ——— () — Pp,)
nop n ndqg n
\
H - H - D
 [dg,dp, 5004, + -2 (P70 - g,08((p,., - LI T - p, )
n op n n 0q n
(6.20)
XFlq,,p,]
n H — H —_
= [I[] da.0.80.. ALt Y (AR Gy 5) S,
m= n Op n n 0q n
XFlq,,p,]
(6.21)

T . . kt .
For simplicity of the notation, we use the notation f(k) for f(—) to rewrite the
n

latter as

: H H

= [I[] dasc.O0ai+ L )= g)8((pps -0 (k-1 - )
A n op n 0q
xFlq,,p,]
: H H

=[] dgdp 5O (k=1 = (g ~ g B0 (k=1 = (p, - )]
= n Op n 0q
xFlg,.p,]

(6.22)

or equivalently as
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:IT1mmmaﬁ@5m VT Tl TRESSY AL/ Sl LS00
= n Op t/n n 0dq t/n

X F[qn > pn ]
(6.23)
From Eq. (6.23) we shall develop a path integral expression. To this end, we recall the

formal Dirac delta expression:

8(x)=— [k e™ (6.24)

This allows us to write

it OH 9k ~9k-1
¢ aH 1= ;(*(k H-(F—— o DA

(- (k- -(ITEy = e dp,
n Op t/n 2m

and

o LM oty (BB

5(t (ﬁ(k 1)+(pk _pk—l))):ljen dq t/n dl’]k
n 0q t/n QI

and hence obtain for the expression in Eq. (6.23) the following very convenient one:

o O oty (BT By, L O ety (PP

= - d d n Op t/n dA - n 0g t/n d F ,
I[D q,dp, 271:[06 271-‘[° n.Flq,,p,]

(6.25)

In detail, the above is given by the following multiple integral



&3

0 o 1O g)-(170 )5 L 2O gy Poyp,
— 0, t/ 0 t/
= B’dqldpldqzdsz dq,,dp, — je” v A —(fer ™ dn,
0 2= 2=
o L2270, o L2,
Ien op t/n dA _J’en g t/n dl’]
2
21T~ 21T~
L= 1M ) (742 L= 2O ) 2 P2yyp,
X_J'en op t/n d)\ _J‘en g t/n dl’]
3 3
21T~ 21T~
N
| - Q(ﬁ(y’ )= (‘In qnl DA, 1 o ’l(ﬁ(n_l)ﬂw))nk |
X_Ien op t/n d/\n_J'en 0q t/n d’,’ng
2 2> 0
xFlq,,p,] (6.26)
Upon combining the exponential, we are lead to the expressions
Z’” GH(k -1)- (‘Ik = I)M z‘”(aH(k 1)+(Pk “Pk- 1)m
e n Op t/n and e n 0q t/n ) (627)
in Eq. (6.26) to simplify the latter to
it 0H Gk ~qk-1 Pk~ Pi-1
n H, %, ; -Gy 5 B gy 2Py
— 0, / a /
—j[ﬂ dq,dp, " e ‘" Flg,,p,]
= Hzn %271
(6.28)

since rigorously
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| i oH = oH
Fly@).p0] = lim Flg, + - 5 2™, p, =L 5 P
) n""dp n n""0dq n

We now have to consider the limit

O oy By SO g PPy

o (1T A, | 2 :
= lim [ dq dp E& k E e n op t/'n e dq t/n F[(]n,pn]
=) ﬂ " Hon Han

(6.29)

Using the formal identities

e =tim 3 L)
0 “non

lim Ek e H:ﬁ
an t/n H

lim @k " Pia H:
B
nMH t/n H

We obtain the final expression of the path integral:

ife e r-gem o) ijdr Feye g
Flq(t), p(H)] = [I D (gD (p)D A)D (Me® ¥ e’ ¥ [x F[q(t), p(1)]

(6.30)



&5

where the measure of integration is formally defined by

oL A i, H
D (¢)D (p)D (A)D (n) = lim dq,dp, EL
I "M”:I Hzn HHzn H

Eq. (6.29) provides the path integral as a resolution of the identity. The additional

variables A, 1] are referred to as Lagrange multiplier variables which restrict, at every
given time in the interval (0,7), to the correct classical path. Since time is a

continuous variable we obviously need an uncountable infinite number of them as the

path integral shows. In quantum field theory such variables are often called ghost

fields.

6.2 Application of the formalism

As an application we consider the dynamics of an electron in external
uniform magnetic field.

We will show how the new formalism applies to the dynamics of an electron

(e") in a uniform magnetic field ZEI . The direction of the magnetic field is chosen
! g . . . . .

along the z-axis (B =(0,0,B) ). Since this a two-dimensional problem we may write

for the vector potential

f=Caa) g (6.31)

and for the Hamiltonian
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Here we have the equivalent convenient notations:

¥=(4,9) =", x*) = (x,y)

where the parameter w, the so-called angular frequency is given by

where e is the charge, and c¢ is the velocity of light.

First we check that the expression for the vector potential Z in Eq. (6.31)

. . g .
gives the correct magnetic field B . That is, we have to check that:

[ VI
B= x4 (6.32)
we write
Y A
B =Bk

A

IJ ~ N
A=aji+a,j+ak
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And obtain
i ]k
P

U |%)(A = a_ a_ a_
Ox 0dy Oz
a a, a

:E%_&B.FE@ 0a3% Eﬁ&_a%% (6.33)

an 0z ﬁ HOZ Eax dy

From Egs. (6.32) and (6.33), we have

Oa; _0a, _ 0 (6.34)
dy 0z

Oa, _Oay _ 0 (6.35)
0z Ox

9a, _0Oa, _ B (6.36)
ox Oy

Y B, a,=2B, a, =0,Eqgs. (6.34)-(6.36) are verified.
2 2

Since a, =-—

The free Hamiltonian for a free particle in two dimensions is given by

Ho=fm+ 22 (6.37)

2m  2m
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In the presence of an external electromagnetic field we need the replacements:

Hp 61‘;1)

P Hp_edp
TTH B

In detail, we have

e(—q,)B mw
P - D _—2‘:171 tq, —
2c 2
and
e(q,)B ma
P, - P> ——— =P, 49—
2c 2

These lead to replacing HO by

= (6.38)

For the interacting system we now consider the exponential terms in the path integral

of Eq. (6.30). We first consider the expression



&9

eXp(l‘[[—H(T ) =T (T)dT)
Op

which in two dimensions is rewritten as

eXP@I[(*‘égf)/\ +(_‘4g§)7‘ ldt) (6.39)
0 dp, dp,

Since

>

=
I:DI:D I | -

ﬁ:lH 1+Q2m

op, 2
oH _1p

op, 2 2

we obtain for Eq. (6.39)

exptifict Hp 4, ”"“’H—q&n et z—ql”“”éla&)mdr) (6:40)
0 2 2 2

Similarly, for

eXp(ij[ﬁ )+ Br)n()dr)
)
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we have to write in two dimensions

eXP(if[(ﬁ + 80N, + (ﬂ + & )N, 1d1) (6.41)
0 0gq, 0q,
Using
oH _H oy _, mw
o, 528 "5 H
and
oH _twdi |, mop

Eq. (6.41) reduces to

expli j[(—f%z -4, m—w%ﬁe)m +(2 Ep +q2’"—“’%+§mz]dr) (6.42)
o 2 2 2 2

We define the following new variables

g mo_ HH ,  moH
TR, PEE T,
_gomo, HH _ mof
= A A
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U= 1’11_6‘)_1725—151""12’11_0‘)H
, CHETLE

po =, 2y, 00, -, e (6.43)
» CHE"LH

We find that when ¢,,q,, p,and p, are spelled out in terms of U, U",V and V",

they are given by

_U-UH+r V)

1

4i

_(7 V) -(U+UY)

2

4

_H2 HHu+uH+@+vHH

SO\ g

. _H2 Hy-uvH-0-r"Q
i 4 H

Also

5 _dHUZUD + (=YD ]
a1 4i 5

_dHr+rH-w+UhHH

dzH 4 H

ngH 2 He Hu +uhH+w +rHH
w Z‘H 4 H

A




& = H2 HeHu -uH -7 -r)HH
o i 4i H
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For the time-integrand in the exponential in Egs. (6.40) and (6.42), without

the i factor, we have

_HLHU-UHH H2 He Hu+uh @+
8o 2 H BawHal 4
+51H(U+UD)H_HQ i BU -5 -0 =19
50 2 0 BB [ a g@
Eﬁo U+U"

+o-

U UD)+(V—VD)%7
4i

H, 4 H

H aH
LBHu-uHH dHr+r)-w+u
20 % 0 af %”

dt 4

1
S}
1
[\

By rearranging the terms, the terms, the above is equivalent to the expression

S S SRt

(6.44)
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. iy %fé_,- E,D_iywﬂg (6.45)
H4 t ¢ Ha’z ¢ dt( E

The coefficients of A,,A,,n,,n, on the right-hand side of Eq. (6.45) are all

reals. Upon integration over A,,A,,n,,n, we learn from the path integral expression

Eq. (6.30) that the real and imaginary parts of Hd +iw%idV separately must

t dt
vanish. That is,
Eﬂﬂ’w%iaq/:O (6.46)
Hdl‘ dt
Eﬂ + iw% =0 and d—V =0
Hdl‘ dt
0 Y
dt
U(r) 1 t
I —dU =- I icdt
vy J 0
n———U(Z) =—ix
U(0)
U U@) =exp(—iax)U(0) (6.47)
V)=V (0) (6.48)

On the other hand from Eq. (6.43) at £ = 0, we obtain
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U(OF%l(O)——pZ(O)HﬂH 0 +4,0)"20
2 88 » B

V(o) = %l 0™+ p,(0) E+ IEPI 0)-q, (O)m—wH

>
US(0) = % (0)7 —p2<0)§lzgpl (0)+ %(0)”“7“%
V0) = Ea <0>—+p2 (O)E z%xm—qz(mmj‘*’g (6.49)
Egs. (6.47)-(6.49) then immediately lead to
U(t) = U(0)(cos & —isin ax) (6.50)

U@) = %1(0)’%—&)—p2(0)H+iH (0) +q2(0)m—w%cos(d —isinax)
HH )

2

=%l(m’"—“’—pz«»%oswr+H 1(0)+q2(0)”“_‘*’%.mm%
2 Bp 2 H

+l%‘% <o>——p2<o>§max N 1<o>+q2<o>””—“’%osax§<6.sn
z E ) 5

U™(t) = exp(iax)U"(0)

U"(t) =U"(0)(cos ar +isin ax) (6.52)

U”(r):%l(mm 2O -, (0) + 4,0 ™2 Fcos aa + isinar)
) g ;



= %I(O)Wl_@_pz(o)%osw +H 1(0)+q2(0)m—w§in(d%
2 Hp 2 H
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+z'§ql(0)""—“’—zraz(O)ginwr—H 1(0)+q2(0)m—“%osax%(6.s3)
2 Bp 2 H

V) =V()= %A@—ﬂvz(o)aﬂH 1(0)_%(0)"1_0’5
| 1y 2 [

vo(e) =1(0) :Eyl(o)’”—“’+pz(0)ELzH (© - 0)™<E
) ol > B

(6.54)

(6.55)

Upon equating the real and imaginary parts of each of the latter two

equations we finally obtain our solutions. By using the identity

H HHU+U YtV + TV )H
" Bawlh 4 :

[0 And comparing the real parts of Egs. (6.47)-(6.55), we obtain

L% (0)——p2(0)%oswt +H 1(0)+q2(0)m—w n G
Hme Bp 2

+ %l (O)m—w—pz 0) %oswt +H 1(0) + qz(O)m—wEinox
2 HU 2

+%1(0)m—“+p2(0)5+%l(O)m—wwz(O)%
2 H 2
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(())——pz(t))%oswwzH 1(0) + 4, (0) 2 Kin
&mw%% BU 2

+2%11(0)m—“’+p2(0)%
2

_HO , 2O H, 1) _ p,(0) Oswﬂlﬂﬂz_@%max (6.56)
2

HZ meH2 ma ma

Similarly, from the identity

_H Hu -uH - -rHH
" Buoff 4 .

[0 And upon comparing the imaginary parts of Egs. (6.47)-(6.55), we finally obtain

(0)——pz(<>)§mwt+H 1(0)+q2(0)m—“’%osax
&mw%% Bp 2

_%1(0)’“—@_172(0)%1“01 +H 1(0) +q2(0)m—w%05at
2 Hp 2
H me_H mo
—=p,(0)—¢,(0)— 1(0)=¢,(0)—
5 HE

2 2

2 1(0)——p2(0)%max+251(0)+q2(0)m—“’ osar
&mw% % Bp 2



97

—2%91 ORFRUES
2

g, =120, 2O %om _Ho_po %mw O _eO0H s
H H 2 mao Hmw 2 H

2 mo

6.3 From the path integral to the Poisson bracket

To check the consistency of the path integral derived, we explicitly show
that it leads to a derivation of the Poisson bracket expression for the time evolution of
dynamical variable.

To the above end, we consider the limit in

Flq(0), p(1)]

= lgngj[ﬂ qudpk5(£ﬂ(k ~D) =4 ~ 4 ))&Lﬁ(k D +(py ~pr-))]

n Op n 0q

XF[qn’pn]

(6.58)

In particular, in reference to the first equality on the right-hand side of Eq.
(6.26), exp{(t/n)(OH(k —1)/dp)(@/dq, ,} is not quite a translation operator for a
function of ¢, since (aH(k—l)/Gp) may, in general, depend on ¢, as well.

However, in view of the fact that the limit » — oo is to be taken, this operator may be

indeed taken to have such a property for the accuracy needed. A similar comment



applies to operator for translation of a function of p,

exp{(—t/n)(0H(k —1)/0¢)(d/dp, , } .Since

d

¢ *f(x) = f(x+a)

we have

¢t oH

Lﬁ(k_l)i

O(———(k =1) =(q, =q;1)) =e"¥ (G4 = q)

n Op

and

¢t oH

_Lﬁ(k_l)i

S(——(k =D +(p, —p ) =e "™  P8(p, —piy)

n 0q

Also using the property d(x) =d(—x), we rewrite Eq. (6.61) as

¢+ oH

O(———(k 1) +(p, —piy) =e "o O(pie = Py)

n 0q

_iﬁ(k_l)i

Replacing Egs. (6.60) and (6.61) in Eq. (6.58), we obtain

98

via the operator

(6.59)

(6.60)

(6.61)

(6.62)
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Lﬁ(k 1)7 Lﬁ(k 1)7

Flq(@), p()] = hmI[ﬂ dq,dp,e e"? e " apké(Qk 1 =40 (P — Pl

xF[Qn’pn]
(6.63)
In detail, this equation reads
Flq(®), p(t) :ligng1dp1 e"? aqle ¥ 1% 5(% —q,)0(py — py)
Lﬁ(l)i iﬁ(l)i
XJ-dQ2dp2 nap aqze i L& 5(% _Q2)5(p1 _pz)
L P
xIdQ3dp3 nap 0q3e . 5(Q2 _Q3)5(p2 _ps)
N
L, N BCAN 1, O
xqu}zdpiz < & 716 ¥ e 15(qn—1 _qn)é(pn—l _pn)%v[qn’pn]
U
(6.64)

In reference to the right-hand side of Eq. (6.64), we may integrate over ¢, ,

P.», k =1,2,K ,n =1 with the aid of the delta functions. These integrations eventually

picks up the ¢, , p, values for the former integrals, thus obtaining

qundpn ! 01’ aq le naq 0p 16(qn—1 _qn )5(pn—1 _pn )F[qn’pn]

iﬁ( 1)7 Lﬁ(n 1)7

— nd ag, a F)
=e"” e "™ "F[q,,p,.)]
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[a,dp,e e "q"e s 5(61,,_1 -4,)9(p,. ~ p,)Fl4,.p,]

x-[dqn—ldprz—len » %2 e ! aq Pn2 6(qn—2 - qn—l )6(pn—2 - pn—l)

H Lﬁ(n -2) taH
— L nop 04, , n0q
- e EF[qn—29pn—2]
\
-3
toH, 0 _toH toHg 0 _toH 0 E[
n op q2 n 0q Opz n 0p 0q3 nodg  Ops

d‘]3dp3%

ﬁe E 0(q, —q5)0(p, — p3)Flqs5, ps]
1M, 0 iaH 0 H -
_ H n op qz ndg Op,

- ﬁ F[q2’p2

iﬁ(l)i zaH

oH toH 0 472
. (2) —(2) H
ndp Ogq e n Bq 0p1

d‘]zdngwp T Ve W ﬁ o(q, =q,)0(p, = p,)Flg,,p,]

b |
iﬁ(l) Lﬁ(l) 0 H

%n@p C]n—z n dq ap”_zﬁ F[ql pl]

The final integral then gives

-1
1H G0 _tdH 0 toH 0 Lﬁmig

%Mp gm0 %o d%dpl%nop Ue "o M o(q, —9,)09(p, — p))Flq,.p,]

t oH _toH 9
77(0)7 (0)7 H
n op qo n 0q

Flqy,p,]

]
ki
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So, we may rewrite Eq. (6.64) as

toH _toH 0

H £080) 2 <0)—
Flq(), p(] = ilno}g" Yo e Flg,,p,] (6.65)
Finally we use the identity
%[A,BHK %
B B

Ap8 = pU*B),

For any two operators 4 and B, the terms in the curly brackets { } above will turn

out to be unimportant as we now show for our problem. To this end, for n — oo

O
1 H 0 oH 0
L0892 iﬁ(0)19 tEH Gy 0 o) 0 8 @r&gg’—«n—,——(m D¢ @EI
nop 94y, mog oy L _ nﬁﬂp dqy dg  dp, 56525'155017 A s T

i | ﬁ
toH 0 roH o Hl&ggﬁm)a 7(0)1%K§H
0

] 1 _Bo o s fHRRRE R 0
gﬂ op ‘10 nodg 0Opgy E — |}n P g0 0q Do |:|E.2 /4 ) q Po O |:| (666)
The commutators in the exponential on the right-hand sides of these equations are or

the order O(1/n*) or smaller and hence with the overall power 7, the corresponding

exponential, just mentioned, goes over to 1 for n — oo. All told, we have for n — o
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¢t oH toH 0 H Ela 2

R R

(0)7 *(0)7
nop  0q , g Opg =e% T (6.67)

which leads to the desired result

OFn
Flq(), p(t)]—eng (0)— (0)— [¢(0), p(0)] (6.68)
D op 9,

thus checking the correctness of the path integral formulation and its consistency.



Chapter VII

Conclusion

In this Chapter, we summarize all of our new findings and make some
additional comments. By the application of the fundamental lemma established in
Chapter III and given in Eq. (3.1), we have developed the following perturbation

expansion of the position ¢(z) of a particle for any time ¢>0, for which the
Hamiltonian " H is given by H=(p?/2m)+ AV (g), with A denoting a coupling

parameter introduced to specify the order of the perturbation expansion. Our

perturbation expansion is given by:

dH=3 O’ [ ja’tz K njldtn
n=0 0 0 0

X 1 (t -1, )ﬁ[un]x Z 1 (tl =7 )5(k1,j) %(kl)[ul]
mn
x%ll (fz ~t, )6(k2,j> %(kz)[uz]
.

0 (k3.) k
X (12—tj) »/ %( Nu, ]
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j=n—1

o n-1-1 - n-1
><(l‘n—l _tn) “ )F(k )[un—l]ﬁ (71)

and the summation is over:

ki, =123K,n-10
i
ky =0,12,K ,n=2]

O
k3=QLLK,n—3B
M B such that: k, +k, +K +k _ =n-1
k,, =02 [
O
O
k,_ =01 ]
0

o(k,,)), j=23K ,n—lg

w
~
A
S

|
—_

I o A

5(k2>j)’ = s

~

> >

5(k3aj)a .] :4a5aK an_3
M
5(kn—2aj)’ .] =(7’l_1),l’l

which are either 0 or 1

5(kn—l H n)’
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such that

7> 0k, j) =k,
|:¥'=2
Dn

6(k27j) = k2

UL

o M
0
0
H

6(k I’Z) = kn—l

n-1°

n-1

and O(k,,j)=1 (7.2)
2

where we see from Eq. (7.2) that we have to set

O(k,,j)=0 For j=123K,i

That is, for a fixed i, ¢, appears only once in

n X D
(tl —¢ ')5(’(1’])
_/r:! j S
, 0
|—| « —tj)‘s“‘?’-")g
j=3 ]

O
M O
H

Two formalisms were developed for the complexification of the time
evolution operator suitable for studying the dynamics in phase space. The formalism I

is given by

2(t) = exp(t0(0))z(0) (7.3)
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where

oHo) HoMe o HBHo,Hol o

0(0) = + -
%GZ(O) 0z7(0) (Pz(0) 9z (O)E HGZ(O) 0z7(0) OPz(0) 0z" (O)%

z(t) is the complex dynamical variable at any time ¢ >0 and z(0) is the complex

dynamical variable at any time £ =0. z°(0) is the complex conjugate. Formalism I is

exact of nature. The formalism II is given through the perturbation expansion

z(t)—z J’ dtlIdzzK J’ dt,

n=0

(- b EE[“H]"Z
H m" m"”

(tl ZJ) "3 %( I) ul
=2

n .
X , %(kz)[uz]
=3
n _
<o P )
-
M
] n
p¢ ; (tn-3 Y t]' )6”{”_3 \ %(/(1’3)[1’{;1—3]
:'Zn—Z .
1 n
x ; (l‘n_2 _ZJ )5(/(”72’.1) %(kn_z)[un_z]
:'=n—l
O(ky—y,n) N(k,,,
X(tn—l tn) H F 1)[un—l] }

(7.4)

where now the variables u,,u,,K ,u,_, are defined by the general expression
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y = (2(0) +27(0)) L L0~z “(0))
2a 2ibm

The complexification was then extended to a two-dimensional setting
suitable in studying the so-called geometrical Berry phase as arising in the famous

Foucault pendulum problem on our rotating earth. The Hamiltonian for the latter is

defined by
2 p2 |
H :& +2 2 +i(x2 +y2) +(pxy —pyx)wz (7.5)
2m  2m 2L
or
p2 p2 mOl)2
H=£0 ¢ 20 4 270 (62 +y2)+(pxy—pyx)wz (7.6)
2m  2m 2
where
W, =wsinA (7.7)

and A is the latitude (see figure 5.2)

w, = £ (7.8)
L
With the definitions
z=x+iy
z, =x+ L

ma,
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ip
_ Yy
Z, =yt
maw,
zD=x—iy
i
zFIx— s
maw,
_ . _p,
Z, =y -
maw,
U=z +iz,
V =z —iz,

U =Z? —1'22D
W =2 +iz]

0] ==(w) =L U +V5)
2

we obtain the exact solution

z(w, 1) =expt§—z)(w0 + 0, U—+(z)(oq) w ) 4 +VDH (7.9)

oU ) 2 H

leading to

—itw, 1271

z[w,t] = X, cos(w,t) (7.10)
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For ¢ =27, as the earth makes a complete revolution about its axis, the plane of
oscillations of the pendulum does not come back to its initial position for

0 < A<7/2, where A is the latitude at which the experiment is carried out. For

t =21 w, we obtain

2 . w
2w, 7] = e®x, cos(2mT ) (7.11)
w w

where

Q=27m(l-sinA)

and the solid angle Q is depicted in figure 5.2, with e’ denoting the geometrical

phase. Since x(z) and y(¢) for #=2mw may be determined experimentally and
hence also z(#), this phase factor is measurable and of direct physical context. It

provides the value of the latitude angle A .

Finally we have developed a path integral expression by directly integrating
Hamilton” s equation by dissecting the time interval into infinitestimals in a limiting
scene. Lagrange multipliers were automatically introduced which restrict, at every
given time, the paths in the path integral to the classical path. The final expression is

given by

ijd e y-gem o) ijdr By
Flq(t), p()] = [I D (¢)D (p)D AD (Me® ¥ e’ % Ix F[q(t), p(1)]

(7.12)
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where the measure of integration is formally defined by

- A
/D@D (20 A () =1l [[] dadp, 22 L
T Hzn %271 H

and A, 1] denote the Lagrange multipliers.

The results obtained in this work are numerous. Needless to say that these
investigations open the way to analyze all sorts of classical dynamical questions in the
light of the present formalisms. We hope that this work will attract enough attention
of several practitioners in investigating classical dynamical problems through these
newly developed methods. It is gratifying to see that in such a well established branch

of physics one may offer something new as shown in the bulk of this thesis.
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