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Abstract. We calculate the normal metal-s+g-wave superconductor tunnelling
spectrum for various junction vrientations. For a junction oriented with ils norial
parallel to the ab plane of the tetragonal superconductor, we find that the tunnelling
spectium is sirongly dependent on otientation in the plane, and contains two peaks at
energies equivalent to the magnitudes of the gap function in the direction parallel to
the interface normal and in the direction making & n/4 angle with the normal. These
two peaks appear in both superconductors with point nodes and line nodes, but much
move prominent in the latter. For the tunnelling along the ¢ axis, there is a sharp
peak at the gap maximum in the conductance spectrum of the superconductor with
line nodes, whereas in the spectrum of the superconductor with point nodes there is
a peak occuring al the value of the gap function along the ¢ axis. We discuss the
relevance of ont result to borocarbide systems.
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1. Introduction

Nonmagnetic rare-earth borocarbides, such as ¥YNigB2C and LuNisB,C, are among Lhe
materials which exhibit unconventional superconductivity. There is strong evidence
in these materials indicating that their superconducting gap [unclion is highly
anisotropic [1, 2] and that there exist low-lving excitations in the superconducting
state |3, 4, 5, 6, 7, 8]. The presence of these low energy excitations implies that
the gap function has nodes (or deep minima) on the Fermi surface. The location of
these nodes and their nature, i.e., whether they are poiul nodes or line nodes is still
unclear. The thermal conductivity in a magnetic field at low temperatures [1] ane
the dependence of the specific heat on the magnetic field [3, 6] suggest the existence
of the line nodes like those in cuprates and UPt;. However, the recent messurcments
of the ¢ axis thermal conductivity in a rotational magnetic field along the eb plane
were interpreted as evidence for a gap function with point nodes along [100] and [010]
directions [2). Further studies which employ different experimental techniques may he
necessary to determine the detailed structure of the superconducting gap function in
momentum space.  Here we suggest that directional tunnelling spectroscopy may be
useful for this purpose.

In general, the tunnelling conductance spectrum of an anisctropie superconductor
is strongly dependent on the crystal orientation with respect to the interface plane. In
the case of a d-wave superconductor with vertical line nodes, it has been shown Lhat
features in the conductance spectrum occur at voltages which depend strongly on crystal
orientation. These voltages correspond to values of the gap function at particular points
on the Farmi surface [9]. For instance, in the case of an ab plane tunnelling junction,
it the surface orientation of the superconductor is not [100] or [010], the conductance
spectrum contains a peak al Lthe voltage corresponding to the value of the gap function in
the direetion parallel to the surfaee normal vector. The observation of this feature would,
in principle, allow the directional N3 tunnelling spectroscopy to map the magnitude of
the superconducting gap function.

In this paper, we calculate the normal metal-superconductor (NS} tunnelling
spectra of anisotropic s-wave supercondnctors with two forms of gap functions, which
have been suggested as possihle candidates for the gap in borocarbides [10, 11}, We find,
similar to a d-wave case, that features appear in the spectra at voltages corresponding
to values of the gap al particular points on the Fermi surface depending on surface
oricntation, These features arc more prominent in the econductance spectrum of the
superconductor that has vertical line nedes than in the spectrum of the superconductor
that has point nodes. Thus, if these features can be observed experimentally, it may be
possible Lo detertnine which form of the gap, if either, correctly describes that of the
horacarbides.

The two candidate gap functions are both s+ g-wave and are given by equation (1a)
and (1b) respectively.

A=Ay - Ageos(dg) (la)
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Ars — Ay — Ay sin” £ cos(4e) (1Y)

where # and ¢ are the polar angles in spherical coordinates, and A, and A, are the s and
g components of the gap function respectively. For an clliptical Fermi surface, the case
of line (point} nodes occurs when &, = A, in eqnation (1a) {(equation (1b)). We study
both ab plane and ¢ axis tunuelling spectra in both cases of the gap function by using the
so-called Blonder-Tinkham-Klapwijk (BTK) scattering formalism [12] and a continuous
mode! to describe the electronic structure of the normal metal and superconductor.
Although detailed featires of the conductance depend on the shape of the Fermi surface,
it is sufhicient to nse the contimious model which gives an elliptical IFermi surface to study
the positions of the main features in the conductance spectra [9).

In the case of tunnelling into the ab plane of a s + g-wave superconductor. we show
in this paper that there are three main features occurring al the voltages associated
with the minimum valuc of the gap function and the values of the gap function in
two particular directions with respect to the interface normal: once is in the direction
parallel to the surface normal and the other is in the direction making a w/4 angle
with the normal vector. These two features are a lot mwore prominent for the s + g-
wave superconductor with line nodes than for the superconductor with point nodes. In
the case of ¢-axis tunnelling junctions, there is one prominent feature at the maximum
gap in the conductance spectra of the superconductor with line nodes, whereas for the
siuperconductor with point nodes the conductance spectrum containg two features: one
at the maximum gap and the cther at the value of the gap function along the ¢ axis.

In the Section 2, we describe the calculation method and the assumptions used
throughout. this paper. Then, we provide the detailed results and discussions of all the
cases of interest at zero tamperature in Section 3. In addition to the cases in which the
nodes exist, we also consider the cases in which the superconductor is close to having
them, 1e., it has nonsero minimum value of the gap function. We show all the results
in both the Andreev limit (low barrier) and the tunnelling limit (high barrier}.

2. Assumptions and method of calculation

As in reference {12}, we represent. the NS junction with an infinite system, the left half
of which is a normal niwtal and the right hall of which is a superconductor (see figure 1).
The insulating barrier is represented by a delta function potential with strength . For
the ab plane tunnelling junctions, the interface pormal vector is on the ol plane, and
for the c-axis tunnelling junetion the normal vector is parallel to the ¢ axis.

We take the normal matal to be cubie, and take the superconductor to he tetragonal
tu describe the erystal structure of the borocarbides. In our calculation, we ignore both
the suppression of the gap function near the NS interface and the proximity effect for
simplicity. The gap function Ay is taken to be as in either equation (1a) or {15).

The Bogoliubov-de Gennes equations that describe the excitations of the system

Normal metal-a+q superconductor tunnelling spectroscopy 4

I18(x)
s

Py

/

ARG

N 0 S *

Figure 1. The normal metal-supcreonductor (NS) junction is represented by an
infinite system as shown in this picture. The normal metal fills the x <  region
and the supcrconductor dees the & > 0 region. The wsulator layer is represented
by a delta function of height IF in units of energy per length. The gap function is
Laken Lo be zera on the normal metal and to be nonzero and independent of z in the

superconductor.
are
(:)u + Ho(x) - i AB(2)
- U({F) = EU 2
{ ArB(x) -0, — Hélz)+p (" ) (2)

where p is the chemical polential, 8{x) is the Heaviside step function,
&= B et . LS . 1 &
L) Mgy \OT Oy m, dz )

e (mmass on the normal metal), z < 0
gy = .
v mgp{ab plane effective mass of the superconducter), @ >0

<0
m, = . .
® m, (¢ axis cffective mass of the superconductar), & > 0

and U{7) is a two-component function:

o u@® | | P
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After substitnting I/ (F) from equation (3} inte equation(2), we obtain the bulk excitation
energies for the normal metal and superconductor respectively as

B =56, (gt b D)= ) (10

Elk)= /& + A&} {45)

where for the normal metal (equation (4a)}the plus and minus signs are for electron and
hole excitations respectively, and for the superconducter (equation (46 ))

S A
a=g (S B )

2 My m,e




Normal metal-s+g superconductor tunncliing spectroscopy 5

E E

_qf'?xr

Figure 2, The plots of excitalion energies as a [unction of ¢z or kz, Lhe couponent
parallel to the interface normal, at a partienlar value of E", which is {(ky,k.). The
plat on the left is for the excitation energy of the normal metal and the plot on the
right s for the excitation epergy of the supcrconductor. At the same energy, there
can he 4 propagating excitations for each side. I[Towever. for an incoming clectron
froon the normal side, the wave function of the normal metal is a linear comhbination
of emly 3 excitations represented by the open circles, and the wave function of the
superconductor is the sum of 2 cutgoing excitations.

Figure 2 shows the plots of the two cxcitation energies of the normal metal
{superconductor) as a function of ¢, (k.), the component along the interface normal
vector, at a particular ¢ = Aﬂ| = (ky, .}, the component perpendicular to the interface
normal.

The amplitudes of the excitations, w, and v, of the normal metal are

[ [1) ] for clectrons
U

e )
) ’ I: llj ] for holes

whereas these of the superconductor are

Uk 1

A
e , (7)
Ui VIE+ &GP+ A | B+
The wave function of cach side is a linear combination of all the appropriate excitations
of the same energy and the momentum that has the same component perpendicular to
the interface normal. For the tunnelling-into-ab plane junction. the wave functions of

both sides erce therefore
é ] eﬂ'qu) iy sz (8a)

= 1 iyt 0 iy oz
l]mr(f')f([g]e +n[1]e +b
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where ¢F and k% (see figure 2) satisfy

hE - \/zm(p + E) — h2k2 - b2k (9a)

Fik* N2 pizk
[ A— A2y L ¥ z
T \/ 2ukJE Y R (95)

and ¢, b, ¢, and d are the Andreev reflection, the normal reflection, the same-branched

transmission, and the cross-hranched transmission amplitudes respectively.  For the
tunnelling perpendicular to the b plane, or the c-axis tunnelling, we can oblain the
wave function of cach side in a similar way.

Normally, the range of the energy E relevant to the NS tunnelling experiments is
of order meV whereas the Fermi energy is of order eV. '[*herefore, we use the following
approximation for % and k*:

_ 2mp
gt=q¢ = W

= gpsin Gy cos gn {104)

B =k o= kpy) =2 ginfig cos (108)
m*

where yp is the magnitude of the Fermi wave vector of the normal metal, and kg, m™ are
the parameters thal satisly B2k%/(2me*) = Erg, the Fermi energy of the suparconductaor.
Using the conservation of the momentum parallel to the surface, we have the [ollowing
relationship between the polar angles in spherical coordinates:

qr sin @y sin gy :kmf::;—“:'sinﬁ_gsinabg {1la)

qreosdy =km/n::c0505, (114)
T

We obtain all the amnplitudes a, b, ¢, and d by applying the following matching
conditions at the interface:
Unfz=0)=Us(z=0}=1} (12a)
_ L +m/fmg ?)’Us _ BrUN (128)
4kp A |,_ge O3 | 4
where % = mH/(h*k). Note that both matching conditions are for the tunnelling-

into-ab-plane junction. For the c-axia tunnelling junction, the first condition remains
the same, but we have to replace ry, with mig in the second condition.

ZUy

In the BTK formalism, the Andreev reflection, the normal reflection, and the two
transmission probabilitics are used to obtain the current acress the junctiom. All the
reflection and transmission probabilities are obtained from

A=t (%) (134)
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B = o (13h)
= el (s~ o) (’;—) (134)
Dl (e P foes ) (H (134)

and satisfy: A+ B+ C 4 D = |, i.e, the number of particles 1s conserved.
On the normal metal side, we find the current across the junction as a function of
an applicd voltage is
ef2 -

InstV) = s [l @ = BB, - &) - B (1)
where {2 is volume, v, s the group velocity of the ncoming electron, and f{E) is the
Fermi-Dirac distribution function.

The conductance of the ab plane junction at zero temperature thus becomes

o [”ab
GtV = s
A0
: ?:;zh;/fdéNfdGNsinzoNcoséNil + AV, ox.0x) — BV, ¢n,0x)] (15)
Similarly, the conductance of the ¢-axis junction is

me* (Y .
ThslV) = W‘/d(ﬁw jd.‘)N sinfy cosfn [l + AV, én,0n) — B{V.dbn,0x)] (16}

The limits of both integrals can be fourd by considering equation(1ia) and {115).

3. Results and discussions

We plot the normalized conductance as a function of applied voltage of both ab plane
and ¢ axis tunnelling. We defire the normalized conductance as the conductance of the
junction normalized with its value at a high voltage, i.c., eV » Ay, the maximum
magnitude of the gap function. Using both forms of the gap function in equation{ia)
and (1h), we consider 3 cases:(1) A, = Ay, (2) A, =0.94,, and (3) A, = 1.1A,. These
choices are in accordance with the fact that the gap anisotropy of at least a faclor of 1¢
as suggested by thermal conductivity measurements [1]. All the results are obtain for
#ero temperature.

3.1, ab plane tunnclling

Figure 3 shows the diagram of the junction that has the interface normal on the ab
plane of the superconductor. We specify the orientation in the ab plane with o, the
angle between the interface normal and the a axis of the superconductor. The gap
function is now a funetion of a,

Qi g = Ay — A cond{ds F o) {17a)
Apzz = A, — Agsin® 5 cos d{¢s T a) (178)
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Figure 3. The geametry of the ¢b plance tunnelling NS junction. The angle between
the z axis and W o axis, o, defies the orientation of the junction.

In the Andreev limit (smail Z), the conductance spectrum depends very little on the
junction orientation. As shown in figure 4 for A, and figure 5 for Ay 5, the conductance
spectra in all cases have the inverted gap structure. Note that in the case of Ay, in
figure §, there is a slight kink at the voltage associated with the value of the pap
function along the ¢ axis (eV = 0.5A,;). Also note that when A, # A, there is a
feature occurring at eV = [A; — Ag| as marked by the arrows in figure 4 (b),(c) and
figure 5 {b).{(e).

[ the tunnelling limit (large Z), the shape of the conductance spectrum changes
with the interface oricotalion. First, consider the case where A, = A, there are two
distinct peaks, which are more pronounced for the superconductor with the gap function
Ay than for the superconductor with the gap function Ay {compare figure 6 (&) and
figure 7 {a)). The two peaks occur at the voltages corresponding to A (8, ¢ = 0, a)
(marked by the filled srrows) and Ay {8, ¢ = #/4.¢) (marked by the hollowed arrows),
where 4 is cither 1 or 2. Notice that when a = n/8, there is only onc peak due to the
fact that Ap;(f,¢0 =0, =7/8) = A,;(8, 0 =7/4,x = w/B).

In the case of A, = 0.94,, Ay, can be both positive and negative. Consequently,
for the oriemtations with o # 0,7/4, in addition to the two peeks like in the case of
A, = Ay, there exists a peak at zero voltage {(figure 6 (b} and 7 (1)), The existence of
this zero-bias conductance peak, which also occurs in the d-wave case, is a signature of
the presence of a sign change of the gap function [13, 14].

When A, = [.1A,, there is a finite gap minimum. The conductance is very swall
for vollages less than the gap minimum, and the two peaks at Ag (6, ¢ = 0,«) and
Apilf, ¢ = w/4, &) arce still present.

In summary, the conductance spectrum in every case where o # 0,7/4 contain
the lwo peaks at A (0, ¢ = 0,a) and Ag;(f,¢ = n/d,a). These two angles,
¢ = 0,7 /4, are special because the magritude of the gap function of the two transmitted
superconducting excitations with the &, corresponding to these angles is the same,
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Figure 4. ab plane tunnelling junctions. The plots of the £ = 0.0 normalized
conductance speetra for 3 surface oricntations in 3 cascs of the gap function Az, =
Ay — Ageosd{ps T o), ie, (8) A, = Ag, (b)Y Ay = 094, and (¢) A, = L1A,.
The arrows in {b} and {¢) point at the feature occurring at voltage correspanding to
[By — Ayl
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() A, = A,

Normatized Conductante

() A, =094,

Mormalized Conductance

(c) Ay = L14A,

Narmalized Conductance

VA

Figure 5. ab plane tunnelling junctions. The plots of the £ = 0.0 normabized
conductance spectra for 3 surface orientations in 3 cases of the gap function Ayge 5 —
Ay - Agsizl2 Oy cosd{ds To), le, {a) Ay = Ag (b) A, =094, and (¢) Ay =114,
The arrows in (b) and (c) point at the feature cecurring at voltage corresponding to
‘Aa - A.Q‘
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(a) &y = 4y
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(h) A, = 0.94,
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eWA‘“m
{c} A, = 11A,

e = A
o=
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Figure 6. ab plone tunneiling junctivns. The plots of the Z = 3.0 normalised
conductance spectra for 3 interface orientations in 3 cascs of the gap function Ay | =
A, — DAgoosdips F o), de, (8) Ay = Ay (D] A, = 084, and {¢) A, = L.1A,
The hollowed arrows point at the features occurring at voltage corresponding to
Apa(f = 0,0 — w/d,a) and the filled arrows point at voltage correspaonding to
A (= 0,4 =0,a)
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(8) Ag = A,
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(b) A, =084,

Normalized Conductance

(¢} &, =14,
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Figure 7. ab plane tunnelling junctions. The plots of the Z = 3.0 narmalized
conduclance spectra for 3 interface orientations in 3 cases of the gap lunction
Apra — A, — A i’ ycosd(ds F a), Le., (2) &, — A, (b} A, = 0.94,, and
(] Ay = 1.1A,. The hollowed arrows paint at the features at valtage corresponding
to Aga(f = 0,¢ = w/4,«) and the filied arrows point at voltage corresponding to
Ba 2l = 0.6 = 0,a).
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Figurce B. This picture shows the gap function in the moementum space, when
a # 0,7/4. The dashed circle is the contour of the Fermi surface projected on the
koky plane. The solid curve represents the gap function. The two dashed lines are
the ¢ — w/4 and $ = 37/4 lines. The solid horizontal line above k, = 0 is the line of
constant k, = k(¢ = 7/} on the Fermi surface. Note that d; = 42 (the magnitude
of the gap when ¢ = 0) and i3 = dy (the magnitude of the gap when ¢ = 7 /4].

ie, Agr = A 4 only when ¢ = 0,x/4, as shown pictorially in figure 8  We
should also emphasize that. the two peaks al A8, ¢ = 0,a) and Agi(8, ¢ = 7/4,0)
arc more prominent for the superconductor with the gap function Ay than for the
superconductor with the gap function Agza. Even though this finding may not aid
in distinguishing the tunnelling spectra of supcrconductors with linc nodes and point
nedes, we can use it to determine the magnitude of the gap function in a particular
direction dircetly.

3.2, c-wris tunnclling

Because in the continuous model the Fermi surface of a tetragonal crystal is invariant
under rotation around the c-axis of the crystal, the ¢ axis tunuelling spectroscopy is
independent of the rotation around the ¢ axis. In the Andreev limit, when |A, — Ay <
eV < A, the conductance curve of the superconductor with line nodes is downward
and decreasing smoothly (see figure 9 for Z = (). On the contrary, the conductance
eurve of the superconduetor with point nodes is upward when [A, —Ag] < eV < 0.5A 0,
is downward (see figure 10 for Z = 0). The value {.5A, .., is the magnitude of the gap
along ¢ axis.
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Figure 9. o- awis funnelling junctions. The plets of the normalized conductance
spectra for different values of Z in 3 cases of the gap Ay 1 = Al — A, cosd({dys +a):(ea)
Ay = Ay, (b} A, =094, and {c) A, — 114, The arraws are pointing at a feature
oceurring at [A, — A,
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Figure 10. o azis tunnelling junctions. The plots of the normalized conductance
spectra for different values of Z in three cases of the gap A, = A, -
Agsinlscosdids T oh:fa) Ay, = Ay, (b)Y A, = 0.94,, and (c) A, = 1.14,. The

arrows are pointing at features occurring at Ak 2(fs = 0} and the maximum gap.
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In the tunnelling imit, the spectrum of the superconductor with the gap function
Aj; contains a peak at the gap maximum and a feature at eV = |A, — Ay| (see tigure 9
for Z = 3.0. The spectrum of the superconductor with the gap function Ay, contains
two features at eV = A, — A, | and the gap maximum, and a sharp peak at Ag2(6 = 0],
the value of the gap funclion along the ¢ axis {see ligure 10 for Z = 3). The occurrence of
the peak at different positions in the conductance spectrum cnable us to distinguish the
tunnelling spectrum of a line-node superconductor and a point-node superconductor.

4. Conclusions

We have studied the caxis and ab plane tunnelling spectroscopy of s + g-wave
superconductors. The observation of the features in tunnelling measurements made
for various junction orientations would, in principle, provide a way to study the detailed
momentum dependence of an s+g-wave superconducting gap. [n borocarbides, the
gap function of which has been suggested to he s+g-wave with either line or point
nodes, tunnelling speetroscopy would help to determine whether cither form of the
superconducting gap is correct. The c-axis tunnelling spectra of a superconductor with
line nodes and a supercondictor with point nodes are distinguishable. In the tunnelling
limit, the ¢ axis tunnelling condnetance spectrum of a line-node superconductor contains
a sharp peak at the gap maximum, whereas in the spectrum of of a point-node
superconductor the sharp peak is at the value of the gap function along the ¢ axis.

The ab plane tunnelling spectra of the two cases of nodes are not as distinguishable
as the c-axis spectra; however, they can he used to map out the magnitude of the gap
function on the plane. The conductance spectrum of ob plase tannelling junction is
strongly dependent on the junction orientation. Two features o the spectrum appear
at energics cqual to the magnitude of the superconducting gop in two momentum
directions: one is the direction parallel to the interface normal and the other is the
direction meking & w/4 angle with the interfuce normal. It is worth neted that these
features are more prominent in the speetrum of the superconductor with line nodes
than in the spectrum of the superconductor with point nodes, although this prominence
may not be distinguishable especially at finite temperatures. The feature at the gap
in the direction parallel to the nterfuce normal has been shown to occur in a d-wave
superconductor as well [9]. However, the feature at the gap in the direction making a
/4 angle with the interface normal is unique to an anisotropic s-wave supercanductor.
This unigueness is due to the fact that the gap function of an anisotropic s-wave
superconductor always has the same sign, unlike in a d-wave case in which the values
of the gap of the two oulgoing excitations with ¢s = 7/4 always have ditferent sign for
all junction erientations except [100] and {010] junctions. This sign difference resnlts in
a zero-bias conductance peak in a d-wave case, instead of a peak at energies equivalent
to the gup i the 7/4 direction.
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