ASST.PROF.DR.ECKART SCHULZ

SCHOOL OF MATHEMATICS
SURANAREE UNIVERSITY OF TECHNOLOGY
OCTOBER 2558



CONTENTS

LLETTIIES 1ottt ettt ettt e b et st e e sttt s et e e et st e e e ete et s e ea e e s e e e st e sae et e eens s neeraas I
Limits Involving Trigonometric FUNCHONS ....oovovieriiiiiiieeeriiieee e ee e 7
Limits Involving INFInity ...oocoiriiin e et 9
Definition of the Derivative. ...t 14
Rules £Or DBIIVATIVES ..ottt ettt er et be s a e st aeaaees e 20
Derivatives of Trigonometric FURCHONS ......vcviiiiiiriiees e e 26
The Chain Rule.......... JRTUCURRURVTRTOTS  RT  ESoOUOrTUR YOO TS U 29
Implictt DITerentiation. ... ettt eeene e 36
AP <ottt ebtee e baeb e s st e b et e e e e e ates s e s en s e s eatasransaesanases 40
INVETSe FUNCHONS ..ottt b et eemne s 53
Inverse Trigonometric FURCTIONS ..voviiiiiiiiiiiniiiiei e svs s eaeas 59
Exponential Functions ................. [ "SRR N SUOOPEOPONROP 68
The Natural Logarithm ..o e 73
Arbitrary Logarithms and EXponentialS ........cocovioiiii e, 79
Hyperbolic FUNCHOMS ..ottt st es s e sen st 83
L'Hopital's Rule............ YA 4 46 6 O OWBBNY 86
Antiderivatives / The Indefinite Infegral .......c.ccovevieiiiiii oo 90
The Substitution RUle ..ot it 96
Definition of the Definite INtegral ..o 104
The Fundamental Theorem of Calculus ....covvveivireeininienesinene e 115
Integration by Substitution in the Definite Integral........c.oooooiiiiiiiiiic s 121
Integrals Leading to Trigonometric FUNCHONS ....vvvvvvivivceerieeeceseer e e 124
Integrals of the Natural Exponential Function ..o 128
Integrals Leading to the Natural Logarithm .....ocooeeiiiiioniiecieceeeeer s e 130
Integrals of Exponential and Logarithmic Functions ........ccccocvvivncciniinniicennas 133

Integrals of Hyperbolic FUNCHONS ...ovvvviiece e st 135



Limits

Recall: (Rules for limits)

imx = a

X—>a

lime = ¢ (¢ constant)
R To4

lim(f(x)2g(0)) = lim f{x) £ lim g(x)

lim(cf(x)) = clim f(x) (¢ constant)

X gl

Iim f(x)g(x}) = lim f(x) - lim g(x)

X—rit R

lim f(x)

i.imi—(—{)— = =4 (if Iimg(x)=0)
aa g(x) %ﬂr}nﬂ g(x) s

imircoy = (0]

liin Yf(xy = nfli_m f{x)

Exercise 1:  Find the following limits using the rules for limits.

Hm (362 +2)(x2 ”“'-) = lim () him ()

X2 x—2 172

[lim } ------ + lim | [lim } + hm _
oy il o1 gy e s

i

lim 8 lim - lim
1 3(8}’2 - ymﬁ( ) " _3_ y=3 v->3
y=3 2y% (y-1* lim 2 _ 3
2
8 Iim ‘ — lim
3 (}"“}3 ) y=>3 3 8( )2 - ~
2 2 4 7 9 2 _ FE
(1'1111 J -(}im - lim J ( ) ( )
3 o g



3.

() el ) \/3( D
RECEI TSRO

Exercise 2:  The following limits are given:

lim f(x)=3, l_in} g(x)=-1 and lirfjl h(x)=2

X2

Find the specified limits:

fim[ 3700 -2¢00 ] = lim[3Co] - tim[ ]

X2

= 3lm o o-2hm o= (L)) )0) =

lim| f()gCo+he) | = m[ f@egCo] +lim[ ]

_ hm[ }

-2 f(x) 1 nm[ ]

2

lim Fher e ety - lim TR T TR

P x—2 — —
(1im ) + lim
Sy e Ty e




Exercise 3:  Compute each of the following limits:

2 —x-12
m e ——

X3 x+3

If we substitute x = -3 then we obtain a fraction of the form ———

We therefore must simplify:

i
LoxT=x—12 : :
im ——— = lim ( i ) lim
x~>—3 x+3 x=-+-3 x+3
X —dx’ +2x
2. Hm e
x—0 X
If we substitute x=_ then we obtain a fraction of the form ——— .
We therefore must simplify:
. X —Ax +2x : .
lim————— = hm = lim
um P puey = B9 W8 = W, iy S
3
. X +8
3. Hm —
x—==2 x© -4
If we substitute x = then we obtain a fraction of the form
We therefore must simplify:
3
. x+8 :
lim s Y Hm ( )( )
f A ey Xy ( )( )
= lim = =
x=p-2
2
. X +8x
4. lim ————
X33 x
If we substitute x=  then we obtain —— Therefore,
. X" +8x
lm e = =

-

X33 X

N3 s

[



N CYPIN 7Y
i =

If we substitute r=

-
t

=0

_then we obtain . We therefore must simplify:

i y = lim
2+h) -
lim (2+h)y —8
h-39Q h
If we substitute h=__ then we obtain . We therefore must
simplify:
lim Ay -8 lim -3
B0 h hi=0 h
= lim - = dm( )=

lim
xl

e
=1 ¥~

If we substitute x =

am g y .
~ then we obtain — — — .We therefore simplify:

Hm{ 1 22 J NETIN DTS a2
= x=1 x"—1 x=1 (x-—l)( ) x?~1
R 13— = Hm-—s = lim =

x—r] x =1 = oy EEd (_x-— 1)( )
1.1

im X2

=2 x =2

If we substitute x=_ then we obtain — . We therefore must simplify:
1.1 S i

lim %2 = Jim 2% 2% _ jj — 2X = lim —— = lim

-2 y—2 x=2 x—-2 =2 x— -2 2x (x“ 2)

Xy



Exercise 4:  Consider the function

x+1] {x<)
flxy=1 1-x (0<x<1)
x=2 (x>1)
Sketch the graph of f :
F:\
1 —
1 i >
| H 2
=
S -

Now find each of the following limits, if it exists.

1. lim f(x) = lim =
e A Y o T

2. im f(x) = lim 0=
=07 x={)"

3. lim f(x)

X0

4. lim f(x) = lm = =
=l x—l

5, im f(x) = lim -
lim LIRS

6. lim f(x)

x—l



Additional Exercises:

1) Find the following limits

a) ﬁm_xi,:f_i f) lim 1 1
x—-1 x+41 Tl x/x+1 X
2
b) hm_(.ﬂ_‘_l?_ ¢ lim Jx-2
h—0 h i y—4
3
9 m—— ) lim %
% x—8
2 2
_= 4
o g GtR 9 Dm0
) lim 3 o x=2
e) lim X2
x—-1 x—1

2} Find the following one-sided limits

x—2F x—2| xey3” |3—xi
x—=2
b) lim b
P |.xm— 2| 2 xlwlgl* Lc }{J
3—x
1 ; i
© puts |3 - x| f) \lirgl [j —’—)—ﬂ

3) Sketch the graph of the function

x+4 {x <)
flx)=4 V1647 (0<x<4)
x—4 (x>4)

Find each of the following limits, if 1t exists.

a) lil’([)] f(x) d) lim f(x)
a0 x4

b) lim f(x) e) lim f(x)
x—0" x4"

f) lim f(x)

c) h_)r% Fx) ey



Limits Invelving Trigonometric Functions

Recafl:
. sinx
limn =]
x> X
. J-cosx
lim =0
x4 X
Exercise I:  Find the following limits:
. sin3x . 810 3%
I. iim = hm — = e = —
=0 Sx x>0 5 X 5 L.
el
.ocostr—1 J I | S
2, lim = Iim ( ) ( ) T i, = ...
-0 t =0 t
el
. sin” 3¢ )
3. lim = M. = e = ..
-0 & 80 &
. sin 2x
. Nl R4 y i
. tan” 2x . tan2x i . sin2x
4. lim = | lim = | lim——teresaesaaee = |lim
=0 tan” 3x 0 tan 3x x>0 x>0
. sin 2x 2x }
= | lim
w20 SIN3X e e
[ I =
. tan3x )
5. im = HIT = i, = .
a0 X x—>{)
6. im 23X e N n
X—>irid X



. X
) = K = i = = ...
7 1\']—{3(% sin (xz) T zr—})m Si{l( ...... ) H-I})vln Siﬂ( ...... ) ......
H= .. iieini..
If x=0then u—>............
8. li I-sinx _ lim Losin(ut oo ) = lim 1= S
X=>xl2  xe-it T Hdoes T He i,
2 Sin(”.”{'"%)
If x—=< then u—............ B
Ao, xe T
9. Em sm(sm g) = lm — =

Additional Exercises:

1) Find the following limits:

a) lim —
x=0 8in 2x
. xsin3x
b) lim
x>0 gin” 9x
. sin’2h
c) lim
=0 ] —cosh
. l—cosx
d) lim
=0 ftanx
. cosr—1
e) limy ——
-0 st
. cosr—1
f) lim
10 %/;

cos(sin &)1

) lim -
g 00 siné
l-sin{x+2Z
h) lim wm-—(-wi)—
x4 x—-=I
4
i) Hm _?ﬁm___m
=20 5in 3x —tan 3x
0 lim siné
60 @+tan &
, 1
k) lim xcos—
x>0 X
) ; . 1
1} lim x"sin—

x—0 X



Limits Invelving Infinity

Recali:
lim —=c and lim ix»oo
=307 X v—G X
. .
lim —=0  and lim M’_;._.o (n=12,...)
Xy Xmped g

Exercise 11 Sketch the graph of f(x)= 1 . Then discuss  lim

x=2 w2 x -2
& Iy
=l 1
. ? x=2
= If x iscloseto 2 but x>2 then x—2 isclose to ......and is .-.... Therefore,
. 1
lim =Cl &
2t x—12
= If xiscloseto 2 but x<2 then x-2 iscloseto ..U .andis .< Therefore,
, ]
lim .
R AN 2
B lim L
a2 x—7



1

Exercise 2:  Sketch the graph of g{(x)=— ] —. Then discuss lim

(x+1) x=-1 (x+1}
\{
A A
T ,
y=— y= :
x? 1 (,‘HMI)2
= If xiscloseto —I then (x+1)* iscloseto ......and s ...... Therefore,
lim —=
x——] (x-i— 1)“
. . ; x—2
Exercise 3: Discuss  lim you——1
x=-lx"+4x+3
If we substitute x =1 we obtain ——=_,.... . Check the signas x— -1 :
x-2 B
22 +4x+3
If x>-1" then ——— 3 —— =
fx—»-1 then —eor—u 5 ——— = ...
Therefore,
) : =2
lim —7—{————-— = ... and lim —7)‘——m~«-~m = ..
x=-T" x“+dx+3 xepl” x* +dx+3

10



Exercise 4:

these points.

Factor the denominator:

Find all singular points of f(x)= S

1+ x

X +Xx—

Then find the limits at

1+ x
fx) = — =
X +x-6 () )
Singular points are x=2 and x=. 3., Check the sign of f(x) close to these poinis.
I+x
x—=2
f(x)
Therefore,
lim —;jﬁw}—* =L and lim %jwimm = .

2" x4+ x—0

2 xT 4 x—0

E . L+ x
lim ———,,—I—il(m —/ e and m —— > =

——— = ...
-3 T+ x—6 oAl - 6

} . 1—2%
Discuss lim

Exercise 5: 5
=3y =63 +9

If we substitute x =3 we obtain ~—— = ...

1-2x _ i—-2x _ ( ) 1
RIS ( ) ......... ( )
Therefore,
1-2x 1
m——- = lmf{......... =t
I arrs ) )



Exercise 6: Find lim i)‘;__%ﬁii
e Dyt 4 3y -4

without using shortcuts.

1 2
. SxT-2x+1 : (Ox"—2x+1)
i o, = lim e
= Dyt + 3y -4 Xepa0 *.(2x2+3x_4)
1 1
. ST 5-2-..+... L.
o hl’i:l i. . .ae .1‘ . e —
s 2_{_3_._4“_;7 2“1“3 _4 ......

Exercise 7:  Find the following limits quickly:
i lim 2x —4x3+3 - M ST = lim o -

a4 x” X e
2. lim w = lim— = Iim~*~*= = . .

x> 3xT Dy | T X

L 2x—2x+1 . \ :

3. lim g-ic—?{;;— = 1§ 2 = lim -~ =

w3y XD, A - Sy ...
4, lim M = lim Ut oo [y e =

e Pyt ey d Xyt 2x° NS L,

3

5. lim —z,{wf—)'— = lim —= = lim ... = el

== Qx4+ 3x 4+ 4 B T X
6 lim x +4 o i e e fim L lim L

X0 2): . 6 Ko Trrereres AR St

2 .

7 lim Y gy e = lim U lmo

=0 Dx+6 N e Xy

------



Exercise 8;

Find the following trigonometric limits:

)
cos X~
1. iim
X3 \];
We estimate:
......... < cosxt £ ... forali x>0,
cos x°
......... < < forall x>0.
Jx
Now
i -1 i 1
lm = ... and lim = ...
r“-_}w --------- 'r’m’)—'(\ ---------
cos x*
Bythe ..o theorem, lim =
feyen \[:
2. im xsin— = Hm .....sinyg = lim ——— =
Al X T [T T Hboirr i
H=iiininnnn,
If »—=c then u—......

Additional Exercises:

1) Discuss the following hmits:
2
. x -4
a) lim -
=3 3+ 2x— X7
. x* -4
o)) Lim ,,
vl 34 2y x0T
. x=3
¢y lim—
=l T l
. X
d) lim -~
X7 8in X
. sinx
e} lim
133 3y

2 v+l
o opm o
xox Jxe.dy”

. X 3% -1
lim —————s—
w3y - dx”

2 4+3x0 —1

h} lim ~
3x—4x°

Xy
w1
34

. siny+2x
B ———

T

X

13



Definition of the Derivative

Recall: The derivative of a function y = f(x) at x=a is
@) —tim LS @
X X—ua

Alternatively, setting x=a+ i,

@ —tim L@ =S @
{

-0 h

If we compute the derivative at every point x in the domain of f we obtain a
function & = f'(x),
dx
: c+h) -~ f(x

h—0 h

Exercise 1: Consider the function f(x)= 2—x" and the point P(é,—}j on its graph.

1. Sketch the graph of f and the point P for -2<x<?2

i %]
|

(1%
+
[

14



2. Sketch the secant line passing the points P and Q(x, f (x)) , and compute its

slope.
a) x=2,
The slope is
- f(0.5) -
i = = =
e ..—0.5 0.5
b) x=1.
The slope is
m = — 05 ~ =
e . =0.5 ... —0.5
c) x=0.6
The slope is
- f(0.5) -
1 = - -
e .-05 05

line to have slope ...............

4. Compute the slope of this tangent line:

- f0.5) -

"""um = f’( ' ) 7 33}3} X— 05 B \lgn ,‘C——O.S - }}Eﬂ
= Jlim——————— = Hhm = e
X 2x—1 Kb 2y—1

5. The equation of the tangent line at the point Pis

Sketch the tangent line to the graph of f at the point P. We expect this tangent

15



Exercise 2:  Find the equation of the tangent line to the graph of f(x) = L at the

point where x=3.

Soiution:

The slope of the tangent line where x =3 is

fl)-13 . -

X3 x-3 x—33 x—3

= lim— = lim = lim
13 x=3 3 x—3 w3 Ux—-11{x-3)

The equation of the tangent line at the point where x =3 is

'\
|
i
o~
=
—~—
e
{
R

v



Exercise 3:  Consider the function f(x)=x"—4x . Find f'(3) and find the
equation of the tangent line to the graph of f at the point where x = 3.

Solution:

The slope of the tangent line where x =3 is

My = J (3) = 1\}—>3 ! ( . xi; I 1}.&3 ( x)_m3( )
= lim = lim = e
13 x—3 x—3 =3

The equation of the tangent line at the point where x =3 is

V= = m(x—..... )
Y=o = .. (x—.....)
Y S e,

v

17



Exercise 4: Find the derivative of each function using the definition of the derivative.

I.

2.

3.

Fx)=x"—x"+2x.

Sol:

By definition of the derivative,

gla)=+/14+2x

Sol: By definition of the derivative,

= hm
f1—0) h
= lim
30 h
I |} 13 DS RT T
h->()
fx)= —l; Sol: By definition of the derivative
e
I N 1
fiixy = lim flath)-1 () = lim
=0 h her ) h
o (2 N, V()
h=20 h fr=3{) h
= lim = lim B e = ...
fi—0) ( ) WOWAY

= i SCze) i
§ 30 h o0 h
i = o oy
-y h \/ +\/
= i = lim
P h(\/ +\/ ) h]:i-](]) h(\/ +\/ )



Additional Exercises:

1) Find the slope of the tangent line at the point P . Then find the equation of the
tangent line at P .

a) fx)=1-x", P(10)

b f=1-x, P(0,1)

¢) ngmz;“f P(4:jg)

2) Each of the following limits represents the derivative of a function f(x) at

some number a. Find f{x) and a.

. B3+h)* -9

a) lim
hm-)(] ]1
.o NA+h -2
b} lim — DTS
f1{) h
: (JT J I
sinj —+h |—-
. 6
c) lim
J-30) h
9 _
d) lim -2
- ox—1
R
e) im _22}'“{1“%%”
fi—0 h

3} Find the derivative of each function using the definition of the derivative.

a) fx)=3x+4

b) glxy=5
O f)=xie
X
) A=
x-1

e) sty =32 =9



Rules for Derivatives

Recall:
1. Basic Derivatives:
d
() =0
dx
d H n=1
—(x = nx
dx( )
2. Basic Rules for Derivatives:

(Fzg) = fxg

(f) = o

{ ¢ constant)

{nreal)

(Sum/Difference Rule)
( ¢ constant)

{ Product Rule)

(Quotient Rule)

Exercise : Find the derivatives of the following functions:

2. ‘_"'H = L
dx\ x dx

20



Exercise 2: Find the derivatives.

i. If  f(x)=x then f'(X)=..cccoiviierini..
2 o f(o=-—y we wriite f(x)=..............
e
Then f'(xX)=.....ccoc...... = e
1 .
3 If gx)= ﬁ we write  g(X)=..................
E
Then g{(x)=................. = .
4 I y=4F then 4. ... S
dt
5 If Flxy=3x"-2x" 4+ 2x 4
then flix=...... 8. .. R......... 0.
6 It y=5x* 3w dx 445
then & = . (VG A A R N R B Y.
dx

7. If f(x)m2x—7r+—2——

we write
) =
Then LX) =

L T

pal



Exercise 3: Find the derivatives by

a) using the product rule
b) expanding the product before differentiating.
1. y=(3x-1)(2x+9)

1. Method: Product Rule,

e P T I A [ )

dx

li
——

j¥s

!

|

j—t
N>
-
[

+
———

3
——
—_
N

1. Method: Product Rule.

dy (H_,ml)_‘{,( ..... S JPn P T L7, )i(rﬂ”‘)

dr dt dt

A T e e
Then ﬂ T e e
dt



Exercise 4: Find the derivatives using the quotient rule.

1. Foore = S50 fen
x -1
[l = >
(ci)
(o, )
(o) S )
2 H Yoo 2 then
X+ x+1
dy =20 J B }

A (i § 0, . W y

PR Y ) - )4 )
dt .. )

23



3
4, If  f(x) = —-AEM_ then write
XT-x-=2

F = ——

X°—-x-2
Differentiate:
o o ) )-( X )
S (oo, y
d - )
............ (o)’

Exercise 5: Find the derivative in the simplest way.

1. It vy = it (t- w2+1} then we write
{
¥y = .. 8% b . D § N R
Differentiate,
AL 5 T RURRER oL L LR REIRER
—2x+x
2. If  f(x) = 3——1————{— then we write



Exercise 6:  Find the equation of the tangent line to the graph of

1 1

x)=x—— when =——

J=x-o2 R

Solution: Write  f(x) = ... e
Then f'(x) = oo
Also f[—é-) = =

Y=Y = ceen(x-)
At x=-— we obtain
R S
Y = B0 EEe B ariarierrerearear s

Addifional Exercises:

I) Find the derivatives of

A

a) fl)=x"-2x+m+>-

X 2\/;

B g =(r (Ve +2¥r-1) & fln)=—
4—x?
dx -5
c) y= {(x—D(x~4)
J _ )z om0 2
2-3x ) h(x) 20 3)
d) y=—o -
) }—x—g 2) y:(xwémS)(.x2+7)(2—3X)
X

2) Find the points on the graph of y = f(x) where the tangent line
1. is horizontal 2. has slope m .

a) f(x)=x3—3x2+9x+l, m =6

e w12
b) fixy= T i s /25

x4



Derivatives of Trigonometric Functions

Recall:

%(COSX) =i,

-6% (tanx) = ...
-C—?:Y—(co{x) = —csc’x

% {(secx) = i
%(cse x) = . 4f.. .

Exercise 1: Find the derivatives of the following functions:

1. If f(x) = 3sinx—4cosx
then FUX) =
2 If vy = x?esex , then by the rule,
dy d d
— = ... — (. (i —{......
dx dx( ) ( ) dx '
T e N
e e s S

26



H oy =

I fix)

flx) =

$in X

, then by the rule,
l+cosx

4 _ 4
dx dx

S 5

S y
(cosiomrmreeens) T (s 2
tanx 1 , then by the rule,
sec x
A T 5
(o )
= x(tanx~1)secx, then by the rule,

(%) (tanx=1)(secx)

T T R IR 1 O T )
(.1 )(tan x—1)(secx)

P TS [ R A [ )



Exercise 2: Find all values of x where the tangent line to the curve

COs X

flx) = is horizontal.
sinx—2
Seluation: Compute the derivative.
f'(x) - ( )( ) B ( ; )( )

Additional Exercises:

1) Find the derivatives of

a) y=2cosx—-3tanx
b) y=cscxcotx
tan x
C) y e
X
Tt
x“tanx

d) flx)=

SeC X
e) Y= X7 sin x+2x° cos x —6.xsin x
) y = x7 sin xtan x

2) Find the equations of the tangent line and the normal line at the given point.

a) f{x)=sinx—cos.x, P{x/4,0)
b) f{x)=secx—2cosx, P(xz/3,1)



The Chain Rule

Reeall; If y=f(u) and u=g(x) then

dy _ dy du

dx du dx

We can also write this as

*gxm[f(g(x))] = f(g0) g'(x)

Exercise 1+ Find & and @ by
dx dx [ml

a)  using the chain rule

b)  directly by expressing v as a function of the variable x.

2
1. y=u® and u=2x"+3x

a) By the chain rule,

dy _ dydu _d o d
2 - NS N )
= (.. 98N IR ... 7. TC )
Then
dy - A
@l c (€11aen Halulas P e,
b)  Compose first,
yo= ut o= )2 E e e
Then
Gy T
so that
a4 .
dxl | T =

29



a)

Then

b)

Exercise 2:

2
Veu-—u

u=\/;-i—§./;

and

By the chain rule,

@ B .
= = e

N S
a’x'xl

y =

s0 that
dy
dx I

x==]

d d
o e (R )

Separate each functionas y = f(u) and 1 = g(x), and differentiate

using the chain rule.

1. ¥y z(4x+3)7

Here, v=............ where
Therefore,
& D = (...
dx dut o

30



= (x3 —Sx)
Here, y=............ where u=...................
Therefore,

dy _ 4 -

2oe (oo, T )

3 y=sin(x2+x—1)

Here, vy=............ wWhere  H=......coviiiuiann.
Therefore,

dy _ 4 -

e e o | ' TR )

Exercise 3:  Find the derivatives of the following functions.

-3

1. fx) = (x3-4x2+2x+1)

By the chain rule,

F1@) =B .. FLA A 4. 0. N }E( ..............................

31



y = (?)xWZ)m(SxZ—x~i~1)12
By the rule and the
D 3r-2) L, y

= (3x-2) " (55" - x+1)

= (3x-2)"" (5x2 —x+1)

rile,
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f(x) = sinyx® +2

By the chain rule,

33



The outermost functionis y = ...... . By the chain rule,

............... (2j( ! ()M() : |
e [2 ............... ] W (i )
SR\

By the rule and th 1
% (25605 (o )+ (2tan V) (e )
< (2500 Vx) - (corevnnene A
s (200 VE) [ e ] d_f( ......... )
2o R . )+ 2(tan ) (s (oo, )
_ (e ) + tan N
\/;
2sec” ..., wsec\/;
\/;
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Exercise 4;

a
dx

The table below contains values of the functions f and g, and of their

derivatives. Use it to find the specified derivatives.

d N B
2 —(20-3W) =

3. —‘3( flxygx) )

dx

d 3 - —
R ACAR I I

vl -

dx

4
dx

Additional Exercises:

1} Find the derivatives.

a)

b)

d)

e)

F=(x dx)

y= a
7-3x
};: xX——
X
3
1
s(#) = ¢ r,+
-1

fx)= tan®x + tan x°

x=d

X f(x) g(x) fix) g'(x)
1 3 1 12 2
4 4 2 0 1
(4f(x )l.r:l = e = = ...
lxxl B ittt st as e i e iaananaraanas T e
( f(X)H +g(x)— )lx:d.- \/ rad
2V 8N

¥ = X8in—
X

y =sin’ (cos \/;)

sing Y
£ Q e
10 (Hcos@)
y o= \/sin x+.fl—sinx
f(x)m\/.wmfx%—\/;?




Implicit Differentiation

Exercise 1: If y= f(x) and

3y +4xy =3x° +1,
find fi}w
dx

Solution: Take the derivative on both sides of the equation.

d 3 N1, 3
3(3}’ +41)») s a(?)x +1)
d ;o4 d
3—y | +d—(xy) = i,
dx(} ) dx(n)
By the product and chain rules,
dy
......... — Al ) =
- AU )
......... Dew )il frd). ..............
dx
Solve for i
dx
......... e SR -2 AT S
dx
gl e [
ay _
X e,
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Exercise 2: Find d—\ if
dx

cos(x—y)= ysinx.

Solution: Take the derivative on both sides of the equation.

d d .
}_—[cos(x»w)’)] = -(};[ysmx]

By the product and chain rules,

d i
...... =) {iiiiin) = L COSXHSINX. L,
(x ‘)dx( ) X+ sinx

...... (x=3) (i) = cOsXESINX.LLLL

Solve for ﬂ
dx

.................................... = L COSXFSINX.........

fi'%_[ y

el et MRl

&

o A il B .. WA \I/ A = |

5 ., dy .
Exercise3: I x° +xy3 +x° V+ y5 =4, find :;’l at the point (1,1).
X

Solution: Take the derivative on both sides of the equation.

dys 3. a2 sy _ o d
E(x +axy +x __1.-+_\-) = I( ...... )



By the product and chain rules,

Substitute (x,y)=............
[ 1+ [ ............... Doy } + [ ...... Doy, } SIRTII = ..
dx dx
and solve for @f_;
dx

dy n -

o | - 1 F -
@ _
o SR ~ 8P W = Y

Exercise 4: Find the equation of the tangent line to the curve
.3 s
sin”{xy) +cos{x+y)+ x =5,

at the point (7/2,0).
Solution:

1. Find the derivative ?_ﬁ at (7 /2,0) by implicit differentiation:

X
4 (indx ey = 4 (7
dx(sm (xy)+cos(x+))+,x) = o (2]
3sin2(xy)di( .................. ) — sin(x+y)— (... ) 4 = ..
357 00) (coorreerinre e ) = sin(x+ ) (o | =
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Now substitute (z/2,0):

2. The equation of the tangent line at (z/2,0) is

Y=Y = m()c—xo)

Additional Exercises:

1) Find j—\ by implicit differentiation
X

a) x?’+xy—y3 =
by o -2w=y
¢) 2y 3 xy =357 +17

S o372
d) 2xy = (x“ + y")
e) XSIN ¥y +C0s2y = Co8 ¥

f) sec(2x+ y)+cos(2x—y)=x

2) Find the equation of the tangent line to the curve at the given point.

a) 2xy+siny =27, (1,7/2)
2 2 2
b 3(F+y’) =25(x"-y"). @D

3) Find dy and & and compare both, if
dx dy

Yo xtyaexty = v+l
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Graphing

Recali:

Test for Increase/Decrease: Let f be differentiable on (a.b) .
[. If f'(x)>0 forall x in {a,b), then [ isincreasing on (a,b).
2. I f'ix)<0 forall x in (a,b), then fis decreasing on (a,b).

Test for Concavity: Let [ be twice differentiable on (a.b) .
1. If f"{x)>0 forall x in {(a,b), then f is concave up on (a,b).
2. I f'(xy<0 forall x in (a.b), then fisconcave dows on (a,b).

Critical Number: A critical number of f is a number ¢ in the domain of f where
I. fcy=0,o0r
2. f'(c) does not exist.

Fermat’s Theorem: If / has a relative extremum at ¢, then ¢ must be a critical
number of f.

First Derivative Test for Relative Extrema. Suppose f is continuous at the
critical number ¢, and differentiable in some small open interval (a,b) around ¢
(except possibly at ¢)
I IF f(xy>0 forall a<x<cand f{x)<0Q forall c<x<b, then f hasa
relative maximum at ¢ .
2. I fix)<0 forall a<x<cand f(x)>0 forall c<x<b,then f hasa
relative minimum al ¢ .
3. If f'(x) does not change signs at ¢, then f has no relative extremum at ¢ .

Second Derivative Test for Relative Extrema.  Let ¢ be a critical number of f
of type f'(c)=0. Suppose f is twice differentiable in some small open interval
{(ct,0) around c.

1. If f(c)<0, then f has a relative maximum at c.

2. If f"(¢)>0, then [ has a relative minimum at ¢

3. ¥ f"(¢y=0, then this test is inconclusive.

How to Find the Absolute Extrema. Suppose [ is continuous on the closed
interval [a,b].
1. Find all critical numbers of f in [a,b], and compute the value of f at each
critical number .
Compute the values of f at the endpoints, namely f'(«¢) and f'(b).
3. The largest of the values computed in 1. and 2. is the absolute maximum of £,
and the smallest of the values is the absolute minimum of f on [a.b].

40



Exercise 1:  Find all critical numbers of f(x)=x*—6x>~3.

Solution:

1. The domain of f is

2. Find the derivative of f .

fl(x)

F'(x)=0 when x=

f'(x) is undefined when x=

Answer: The critical numbers are

Exercise 2: Find all critical numbers of f(x)=x""? - /7.

Sclution:

1. The domain of f is

2. Find the derivative of f .

fi(x)=

f(x)=0 when x=

£'(x) is undefined when x =

Answer: The critical numbers are




Exercise 3: Find all critical numbers of f{x)=lsinx|.

Solution:

I. The domainof f is

flo)=
Then
Fio= -
_ (sin x > ()
= (sinx < 0)
(sin x =()
(Znr<x<2(n+hm)
= ( )
( )

F'(x)=0 when

or

f'(x) is undefined when x:=

Answer: The critical numbers are




Exercise 4: Consider f(x)=3x"+4x* ~12x7 +2.

Find the intervals where f is increasing and decreasing. Then find the relative

extrema, and sketch the graph of f

Solution:

1. Find the critical numbers.

o= =

f(x)=0 when x=

2. Check the sign of f".

[ isincreasing on

f 1s decreasing on

f has arelative maximum at

f has arelative minimum at

Table of values:

X -3 -2 -1 0

fix)

The relative maximum values are

The relative minimum values are
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Sketch the graph of f .

30 —

-10

S

kA

44




Exercise 5: Consider f(x)=x""7(x? -16).

Find the intervals where f is increasing and decreasing. Then find the relative
extrema, and sketch the graph of f.

Solution:

1. Find the critical numbers. The domain of f is

£ =

f'(x)=0 when x=

f'(x) is undefined when x=

The critical numbers are:  x =

2. Check the sign of f'.

J isincreasing on

f is decreasing on

f has a relative maximum at

f has a relative minimum at
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Fable of values:

X

-5

-4

Jix)

The rejative maximum values are

The relative minimum values are

3. Sketch ithe graph of f .

30

20

10

Y

There is a corner

in the graph at x =

-10




Exercise 6: Consider f(x)=2x—x—x".
Find the relative extreme values of f using the second derivative test,
Solution:

1. Find the critical numbers.

S = =

f{x)=0 when x=

The critical numbers are x=

2. Lookat f"
S(x)=
e o= = f has arelative at x =
f..... Y= = f has arelative at x =

Answer: The relative maximum value is  f(...... )=

The relative minimum value is  f(...... ) 3
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Exercise 7: Consider f(x)=x"-4x°+10.

Find the intervals where f is increasing and decreasing, intervals where [ is
concave up or concave down, and the inflection points. Then sketch the graph of f .

Solution:

£ = =

fr = -

f. f and f" are all defined on

[. Find the intervals of increase/decrease

f(xy=0 when x=

The critical numbers are x =

Check the sign of f":

f is increasing on

f is decreasing on

at x = f has arelative

at x = f has

2. Find the intervals where [ is concave up/down

f(x)=0 when x=

Check the sign of f":




[ 1s concave up on

J 1is concave down on

f has an inflection point at x =

Table of values:

X -2 -1 0

S

Jix)

The relative maximum values are
The relative minimum values are

The inflection points are

3. Sketch the graph of f .

10 —

v

-10 —

-20

2
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Additional Exercises:

1) Find the absolute maximum and minimum value of each function on the given
closed interval.

a) fx)=x'—x"-x+2 on [0,2]
b) flx)=x++vl—-x on [(1]

c) g(_x):(xz+x)2’3 on {—2,3]

5§

d) f(@)=tan’@—2tanéd on [-

w N
w N

]

2) Find the absolute maximum of absolute minimum value of each function, if it
exists.

a) fl)=x"+4x+2  on (—w,x)
by f(x)=4x -3z on (-»,0)

¢y h(x)=mx’ +~1~9“O£ on (0,co)
X

d) gx)=—— on (-
I+x°

3) Find the relative extrema of the given functions by using
i) the first derivative test
ii) the second derivative test (where possible)
Which of these are also absolute extrema ?

a) f(x)=2x"-9x*+12x
B f(x)=x"+3x" -8
c) g(r)zsinzr on [0,27]

d) A(x)=lx* -4

4y For each of the following functions
1) find the intervals of increase / decrease
ii} find the relative extrema
iii) find intervals of concavity
iv} find the inflection points
v) sketch the graph

"

3

a) f(x)=%~2x2+3.xm2

b) f(x)=3x" —25x" +60x
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5)

6)

¢) flxy=x*-8x2+16

d) Flx)=x"-16x" +96x° —256x
e) flx)=10x-x")

f) flo=x"-x"

9 f=x"x-4"

hy f(x)=2sinx—x, 0<x<27

i) g(t)=2cost+sin"t, —g<i<rx

Sketch a continuous curve y = f(x) with the stated properties.

Q) f(2=3 f'@2)=0, f"(xy>0 forallx

b) f(-bH=4, F'(-1=0, f"(x)<0 forallx

¢) fB)=-2, f"(x)<0 forall x#3and lim f'(x)=c0, \11;}1}1 F(x) =~

3"

Sketch a continuous curve y = f(x) with the stated properties.

a) f(D=0, f3)=4, f)=f3P=0
f'(x)<0 on (—o,D)w(3,2), [f(x)>0 on (L3)
'(x)>0 on (~0,2), f"(x)<0 on (2,)

by f(-2)=4, fQ2y=-1L f'(~2)=0, f isnotdifferentiable at 2.
F0<0 on (<2,2), Fx)>0 on (—0,-2)(2,®)
f'(x)<0 forall x=2

¢} fH=0. f)=-2, fO)=f(4=0
Fi(x)<0 on (0,4), f(x}>0 on (4,:)
fxy<0 on (0.2)u(7,0), f"(x)>0 on (2,7)
lim f(x)=2

X0

F(=x)= f(x) foreveryx.

d) f'or=L f3=0
fixy>0 on (0,3, fi{x)<0 on (3,w)
(<0 on (0,5, f"(x)>0 on (5,:)
31’3}““"):0

f(=x}y=—f{x) foreveryux.
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7} For each of the following functions,
1) find the domain
ii) find x and y intercepts
i) find symmetry (if any) find intervals of concavity
1v) find asymptotes (if any)
v) find the intervals of increase / decrease
vi) find the relative extrema
vii) find intervals of concavity
viit) find the inflection points
ix) sketch the graph

a)  f(x)=5x"=3x
) fo)=at —4x 4427

¢)  flx)=4x" +80x" —125

X
d {x)=
) o) R
, 1
e)  flo=—
X"t x—2
f) .f(x)=)b2+2

h)  f(x)=simx—cosx

n
(8]



Inverse Functions

Exercise 1:  Consider the function

f()c)mx2 +2x (xz2-1)

a)  Show that f(x) is one-to-one
b)  Find its inverse function f~'(x)
¢)  Sketch the graphs of f(x) and f'(x)

dr™

d) Find 4 and ——
dx |- £

— . Compare the two.
dx |-

e)  Sketch the tangent lines to the graph of f(x)at the point (1,3), and to
the graph of £ (x) at the point (3,1).

Solution:
a) Take the derivative.
Frx)=i. — 2( ......... )
On the interval (—Leo), [f(x)>.........
Thatis, f(x) is on [—L o)
We conclude that f(x) is on [~1,).
b) Write y = P42x o= (254 ) e = ........ )2— ......
Solve for x:
2
Y+ s =3 (TTUPUTPOR )
X T i
Since x=...... always, then
x= _"“1(_\?) e

Exchange x and y,

Y= ) =i
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c)

d)

¢)

Take the derivatives:

g
dx l,[=_;‘(1) dx l.x:B

Compare i) and i1). We see: = =

Sketch in the above graph.

a
T e
FA) =

1
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Exercise 2:

Solation: The domain of f is ...
Now
' = ( = ?

That 1s,

f(x) 1s

S(x) is
Therefore,

/s one-to-one

/s

on the interval ...............

on the mterval ...............

on the interval ...............

on the interval ...............

Can we conclude that f(x) is one-to-one on its domain ? Sketch the graph:

-2
Show that  f(x) =x_,; is one-to-one. Then find f7'(x).
X+

(Asympotes are x =

v
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We see: If x<-=1 then f(x)>......
If x>-1 then f(x)<......

Therefore, f{(x) is one-to-one on its domain.

Now find f~'(x). Write

and solve for x:

Exercise 3: Consider FO)=x x> +2x+] ()

dr ™!

Show that f isinvertible and find — .
dx Ixx3

Selution: Check whether f 1s increasing / decreasing.
) =
The discriminant is &> —4acC.....ovoveeeeeiiiee it
= Fr) e, on {—o0,m)
= fis on (—w,w)
= fis
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.
Now find ﬂ_ .
dx |x23

It is not possible to find £~ (x) from (*). Instead, we use the formula

/A B
A lepiy 9
dx |yeg
Now
1) G oo
dx
2) We want the derivative of £7'(x) when x= f(a)=3. Looking at (*) we
see that
fla)=3 when @ —a’+2a+1=3
A=.........
Then
af ™ _ 1 A 1 ] _
dx I,\sz((!)=3 .Eii Egi --------------------------------
d |iea-..  dx e
Exercise 4: Consider f(x)=3+x+e".
-1
Show that f is invertible and find a :
dx lx=4
Solution: Check whether f is increasing / decreasing.
F ) =
= Fix ., on (—oo, o)
=> fis on (—oo,00)
= fis
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It is not possible to find f “H(x). Instead, we use the formula

g
dx Ix:f w 4
dx I,X'xﬂ
1) 4 T e,
dx
2) We want the derivative of f “l(x) when x= f(a)=4. Now
flay=4 when ... =4
[
Therefore
df ™ b . i 1
dx L;=f(a)z=i df ﬁ ..................
Ax |yvea dx |-

Additional Exercises:

1y

2)

Find 7 (x)

a) f(x)y=3x-7

b) fx)=+2+5x
el

c) flx)= 13

d) F)=5x"+2, x20

-1
Show that f~'(x) exists. Then find 4

dx 1.1':(1
a) F(x)=3+52 +sin(rx), —w<x<mw, a=3
p74 T
b "(x) =sin x +Cos x, ——L xS a=1
) J(x) 2 7
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Inverse Trigonometric Functions

Recall: (The definitions of the inverse trigonometric functions)

y=sinT'x < x=siny (een-. <x £ s e £y S )
y=cos“'x &> X wCOSY (et Lx s, s e <y oS )
y=tan'x < x=tany {.oenn. <X <o s e <Y <o, )
The derivatives are:
. i
—sin"'x = -
g 1—x~
d 0 -1
—cos x =
dx 1—x°
d 0 1
—tfan x = 3
dx 1+x°
Exercise 1:  Some typical values of y =sin™' x
sin” (0) = ...l because sinf......... ) = 0
1 4 1
sin™l = = because sinf......... ) = —
2 2
2 .
sin | T because SEOAY..... ) Bpyeeeenn
NG .
sin - = ... 0/E hecause b)) €% ) o=
sin”! (1) = o becanse SHL (2o ) o=
- 1 ) 1
sin™ | == | = il because 11y RO ) = ——
2 2
L 2 .
sin - e, because sin(e..... ) =
. 3 X
sin - = because sinf......... )=
sin” (-1) = . because sinf......... ) = -1



Exercise 2:  Sketch the graph of y =sin™' x

Solution:
£
Exercise 3:  Find the following values:
ARE! e . 3
1. sin| sin™' — Py sin l(smmjfmj
2 4
Solution:
o1
1. sinT'— = ...
2
Therefore, sin(sin"iéj = Sin{e.iiins RS
In general,
sin(sin‘lx) = . (~-1<x<])
.3
2 sm~~le = e,
4
Therefore, sin"‘(sin%} = sin"j( ......... )=

In general,

sin” (sinx) = ... onlyif ... <x<..




FExercise 4:  Find: t&m(sin‘1 0.4)

Solution: Sketch a right triangle where & =sin"' 0.4, thatis sinf=......... X
1
0 C
The side adjacent to ¢ haslength ............... Therefore,
Ean(sin" 0.4) = g = 2 - o .

Exercise 5:  Some typical values of y=cos  x

cos”! (0) = . because cos(......... ) = 0

) S e because cos(......... ) =

= because cos (v ) o=

cos™ N R e because aesid N ) =
cos” (1) = ... because sSAE) O\, ) o=
cos'l[— —;—J = because 08 (vureennn ) =
cos™ —g = e because cos( ......... ) = e
cos™! wm\é—% = i because L] (Y ) =

cos(-1) = e because cos (oo, ) o=



Exercise 6:  Sketch the graph of y=cos™ x

Solution: 4

v

Exercise 7:  Find the following values

Solution:

1. cos™!

Therefore, cos[cos_'—\gJ = CoS{iunnin.. LA

In general,

Cos(cos‘I x) = (-1<x <)




Exercise 8: If x is any number, -1<x <1, find sin(cc»s“l x).

Solution:

1. Method:  Change sin to cos.

Set
6 =cos™! x
From
.2 2
sin“@+cos @ =1
we obtain
sinf =+
S0 that
s (cos"l x) = ir\/ ..................... U
Because always  ............ <cos X<
and
sin@=......... on [0,...... |
then
Sin (cos“ x) = _... .

2. Method:  Sketch a right triangle where & =cos™ x, thatis cos@=......... .

2 !

The side opposite to & haslength ............... Therefore,

sin(cos“lx) = g§inf# = = = ...

------------
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Exercise 9:  Some typical values of ye=tan™ x.

tan™ (0) = because tan{......... ) = 0
tan”~! (“LJ = i because tan(......... ) o=
J3

tan” (1) = .ol because tan(......... ) =

tan " (\/g) = e because tan{......... ) = J3

I
tan"l(—— = e because tan(......... ) =
J3 j

an ' (=1} = ... because an{...... )=

tan ! (—\/g

s
i

Exercise 16: Sketch the graph of vy =tan' x.

Solution:

v

. -t , =1
m fan x = ... ..., m tan x = ...............

X X

Symmetry: y=tan ' X isan function.
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Exercise 11:

Solution:
1.

Exercise 12:

Find the following values

tan(tan”](—l)) 3. tan”™ [Ean 7'_7?)
6

tan ™ (-1 = ...
Therefore, tan(tam”' (—1)) = tan{......... ) =
In general,

tan(tan_' x) = e {~o0 € x £ 00)
tan— = fan— = ......... (because y =tanx has period .....

. o T —

Therefore, tan”'| tan i @an” (.. | IO
In general,

tan” (tanx) = ... onlvif ... <x<......

If x is any number, find Sec(talfi x) i

Selution: Sketch a right triangle where #=tan  x, thatis tanfd =
;| -
1
The hypotenuse has length ............... Therefore,

sec(tan“'x) = secl = —— =

......
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Exercise 13: Find the derivative of f(x)=sin"'(2x-1).
Solution: By the chain rule, with
f)=sin"(u) and w=2x-1

we have

fi = S )

arcsin x

Exercise 14: Find the derivative of y =
X

Solution: By the quotient rule,

Exercise 15: Find the derivative of y = tan™' (x3).

Solution: By the chain rule,
I )
a]x ............... dx ...............
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Exercise 16: Find the derivative of v =sec”

Solution:

dx

Exercise 17:

Solution:

Therefore,

1

By the chain rule,

;;% (sec”l u)-%%

l

1+ x°.

x->0° X

. il
Find Iim tan ](—).

If x—0" then uzi_—ﬁf

X
. —1 | . ~1
lim tan"' | —| = Hm tan (
xa)” X

T -3

Additional Exercises:

1)

2)

Find the following values

I J'T.
a sin | sin-—— d)
(93
b)  arccos [cos 9:%} e)
¢) tan’! [tan Ej f)
4
Find the derivatives of
a)  f(x)=sin"'x d)
b) y=—s )
arctan x°
¢) r=sin™! (l] )
X

SN COS  —
2.
o1 3
sec| tan e
5

tan (arccos x)

f(x) —_~(1+cos*(3x>)3

y = cos(x™ )+ (cos x)~l + 08

y=e ¥ sec”! (ew.\‘)

{

x
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Exponential Functions

Recall:

1) If a,b>0 then

a‘a’ =g

X
£ -=q"
o

a'bt = (ab)*

2} If e is the number with

h
.oe =1
lim =i
h— () h

then

Exercise 1:  Sketch the graphs of y=2", y=5", y=10", y=¢

X
¥ o= [EJ in the same coordinate syster.

Solution: Fy

v
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Exercise 2:

Exercise 3:

Solution:

dy

dx

Hxercise 4:

Solution:

f1(x)

Use the graphs in exercise | to find the following limits:

X

=
oy
I

If y=e" (k=constant), find 9'}“
dx

We must use the rule, with y=¢" and w=kx. We get

Do) = L) B o (i) () =

dx

I f(0=""2" find f'(x).
et —e”

We must use the rule and Exercise 3,
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Exercise5: T y=vxe™ find 2.

dx
Solution: We must use the rule.
L. a4 4
2= (e e (R Y (oo e (R )

Exercise 6:  Sketch the graph of f(x) = x"e"

Solution:
1. Find the critical numbers.
£l = =
f'(x)=0 when ............ ={ = P o NS == ()

The critical numbers are: x =

2. Check the sign of f".
f'l'
¥
J 1s increasing on and
f is decreasing on and

f has a relative maximum at

f has a relative minimum at
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3. Check the sign of f”

FIHX) = e
Ff(xy=0 when ... =0

X = =
'

X +4dx+2

f is concave up on

f 1s concave down on

f has inflection point(s) at

4. Combine all information:
'
7
F(x)
5. Table of values ;
7% DA 2
X -5 2 \fi -2 "h/_ 0 1
(-3.4) (-0.6)
fx) ~0.17 ~0.38 ~0.54 ~0.19

The relative maximum value is

The relative minimum value is

Inflection points are




6. Sketch the graph of  f:

¥
25—
e e+ o 2 J—
-— 1.5 —
| -
05—
5 | | ! ] 0 | i’
5 4 ° 2 o I
Additional Exercises:
1 Differentiate.
. “3x - 2x -2x
a) {x)=e " sindx e +e
Tt 4 hx) =y
3x e —¢
e
b )= - U —»
) I+e' e) y=e¢ 'sec '(e‘)
¢} y=tan (63‘”2 )
2) Find the following limits.
1 3x-3x
a lime . e —e
) rm ¢) lim e
X e:"\ + e 24
b) Jim e ¥
=0
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The Natural Logarithm

Recall:
) (The definition of the natural logarithm)
y=lhx < x=¢
Domainof y=lnx: ... <X <.
Rangeof y=Inx: ... <y <.
2) The rules of the logarithms are
In(xy)=Inx+In,..
11135: Inx—In...
}3
Inx'=ylnx
3) The derivatives are:
e X = P! (x>0
dx i ) '
d 1
—Inlxj] = ~ (x=0
dx | | X

Exercise 1:

i.

Compute the following values:

Ine* +1n z—e
e

" —In8+3In2=

Inx® —21Ine™

4

3 _

+

e]n( 2x-8) —
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Exercise 2:  Sketch the graphs of y=Inx and y=1In]y| .

Solution:
£
i P

Symmetry: We observe that y = 1n1x‘ 1s an function. so its graph is
symmetric about

lIimnx=......... Iim lnx=.........

X—pon X

lim Injx|=......... im lnly=.........

X it =3}

Exercise 3:  Find the equation of the tangent line to the graph of y=xInx

at the point (1,0).

Solution: By the rule,

Thus, the tangent line at point (1,0) has slope m=y"(...... ) S

The equation of the tangent line is

y—y, = m{x—.... )
Yo = m{x—...... )
YD e E e
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Exercise 4:

H y=In

x—i—\/x?‘—I' find & |

dx

Solution: This is a composition of the functions
y:in]u} and  u=..................
By the rule,
b dya 1 d )
dx du dx . e
- SR S )
3 ]
.................. \/ ¥ —1
3 1

Exercise 5:

Selution:

x+1

375
J find f'(x) .

It f(o= ln(

xX—

Simplify first. By the rules for logarithms,
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Exercise 6:  Sketch the graph of f(x)= 1nl x* —3| .

Saolution:

1.

Find the domain of f

We need {x2—3| .......

The domain 1s

Observe that
f=0) = (. Y -3|

Therefore, f isan

Its graph is symmetric about

function.

Check for asymptotes.

lim 1n|x3—31 = lim .

Rt SO ...

- el e
hm In l x -3 1 = Mgy ... . S
X .. > ..

The lines are

Find the critical numbers.

Six) =

f'(xy=0 when x=

f'{x) is undefined when x =

The critical numbers are: x=

because

asymptotes.
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5. Check the sign of f'.

Sign of f'

fl(x)

Test value x

S is increasing on and
[ 1s decreasing on and

/ has arelative maximum at

f has a relative minimum at

Check the sign of f".

IXCE = =

Weseethat f"(x)...... 0 always.

Sign of f"

!

[ 1s concave up on

f 1s concave down on

f has inflection point(s)

Find the x -intercepts:

v=f(x)=0 when ' X =3 l =

=3 =...... Qr =

3
[

The x-intercepts are x =




8. Table of values:

x 4 2] - 0 1 2 4

fix) .1 10.69 2.57

The relative maximum value is

The relative minimum values is

9. Sketch the graph of f.

_\’A
3 R
2 —
1_ ......
i l | o ! | t T
-5 4 -3 -2 -1 ] 2 3 4 35
-1
-7 —
-3 —
Additional Exercises:
Compute the derivatives of:
4 y=t|(5x-7)" (2x+3)
i) f(x):ln(4x3-2x2+3x—1) ) =l (5x-7) (2x }
2)  f(x)=In|5x"+3] 5)  hx)=In¥6x+7
3) f(x}=1n1 Sin3xi 6) f(x)=1n(tan“(2x))
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Arbitrary Logarithms and Exponentials

Recail:

1) (The definition of the logarithm)
y=log,x & x=a’

Domainof y=log, x: ... <x<......

Rangeof y=log,x: ... <Y <o

2} 'The rules of the logarithms are

log, (xy)=log, x+log, v

i) i

iOgn —=10g, Xx—iog, ¥
y
¥ o

log, x” = ylog, x

3} Relationship between various bases:

X y
a 2(6) o

Inx
IOg“ X = i‘l-l—a
4y The derivatives are
d o _
T/ |
1
MC_{_ loga x = . ——— (x > 0)
dx 1SN
d 1
—log,|x| = — (x=0
dx  ° l I Xoivnans
Exercise 1:  Express in terms of base e:
1. 3-{x2+l) R —
§in.x In......
2 log, (e ) = e log,e = ... =
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Exercise 2:  Compute the following derivatives.

L sy = d_f[ ......... ] e

dx

2. If f(x) = 1.6"+x"" then f'(x)
3. It flx) = Iog4(x3 sinx), fir
flx) = ... log, x + log,

Then f'(x) =..ccoiviiininnnn. +

st write
(oo )

= +
Cdy Dt et
Exercise 3:  Find 2 if y o= -Eim;-}m%ﬁm
dx (x"+3)
Solution: We use differentiation. Write
ny = 11{ }
IR 2~ e e e ans
T e, T T U,
Then by implicit differentiation,
..................... e SO
_(.1'_\_ frrd v + .
o i e
o -
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sin .y

Exercise 4:  Find the derivativeof y = x
Solution 1:  (Use the definition of f(x)*"")

Write

siny Sy
y o= = (c) -

Then by the rule,

dy d
S o C— )

Solution 2: (Use logarithmic differentiation)

Write
Iny = In{............... = R

Then by implicit differentiation,

dy

dx

dy

&l S A .. ]

Exercise 5:  Find the derivative of y = x''* in two ways.

Solution 1:  (Use the definition of f(x)*")

. 14 x
y o= xil.\ _ (6’) L IRTeTIas

Then by the rule,

@ - il )
TR X
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Solution 2;

Additional Exercises:

Y

2)

3)

Compute the derivatives of

a)  f(x) x10g4| tan 2x |
. X
by glx)=log;,—
x-1
25 {2 o
c) y:x“'(x'+8) e

3 4,
(x‘ +1) sin~x

¥x

d y=

(Use logarithmic differentiation.) Write

yv=x"+xz"+x" + 1"

f(x) _ 23,\

y = xin x

RY

y =(sin x)

Sketch the following graphs in the same coordinate system.

a}  v=lnx

by y=log,x

c) y=logsx

Find the following limits.

. 24
a) lim 3 Ho-1)
xesl”

- e c
by  Hm 37V

r—=1"

¢ limln(l+e™)

X0
Find the inverse function of
a)  flx)=log,(x+2)

by gx)=+Inx

d)

e)

).

d)

€)

y=log,,x
y=log;, x

Im Ia(sin x)
x0"

. log, x
lim 22
== log, x +1

lim [ log, (x+1)-log,

82
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Hyperbolic Functions

Becall:

1) (Definition of the hyperbolic functions) '

X et —
sinhx =
2
coshx = € r
2
tanhx = = e.\_ T
............ e+
2} The main identity is
cosh”x —sinh*x=.........
3)  The derivatives are:
%(sinlx.r') = coshx
X
i(cosh x) = sechx
x
d 5
—(tanhx) = sech’x
dx
Exercise I:  Find the following values:
sinh(0) = o
cosh(0) = ...
cosh(Ind) = ... e T i = .
anh(lnx) = ... e =
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Exercise 2:  Prove the following identities:

I. sinh(x+y) = sinhxcosh y+coshxsinhy
2. sinh(2x) = 2sinhxcoshuy

Solution:
1. Use the definition of sinh(x) and cosh(y)

sinh x cosh y + cosh x sinh y

i
+

2. Choose y=x 1inl.,

sinh(x+x) = wo  Eh-f. NI SEL TN Sy ...
or

sinh(2x) = 4SS A 4. .0.0.0000. . ... . ..

Exercise 3:  Find the derivatives of the given functions

1. fx) = smh(x2 H)

By the rule,
p d
X)) o= . T+ —
£10x) (1) = )



2. Fx) = cosh’x

By the rule,

3. y = tan~ (tanh x)

By the rule,

dy d
o ﬁ( ............... )

Additional Exercises:
1) Sketch the graphs of
y = sinh x, v =coshx and vy =tanhx
2) Compute the derjvatives of
a)  f(x)=e sinhx ¢)  h(x)=In(sinhx)

b)  y=tanh (e'r ) d) e

3)  Find the following limits.

a) Hm tanh x c) lim sinhx
X X

b) lim tanh x d) lim sechx

X0 X0
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L Hopital’s Rule

Recall: If S(x)
g(x}

. . : 0 w0
is an indeterminate form of type — or — at x=a then

lim —J—f—(ﬁ 2 Hm M—

g g (x) x> g'(x)

. . . X-+sin3x
Exercise }: Find lim ———.
=0 x+sinSx

Solution: This is of type

Therefore,
- 1 f
. x+sindx H (x+sm 3x) \
lim ~——— = lim -——— = hm = e = ...
0 x+sinidx x>0 ( )' 0 e

Exercise 2: Find lIim

Xy o0 _\/;

Solution: This limit is of type

Therefore,
nmn) B RPN
Iim = lim = lim )
e Jx gy

. ) . lanx
Exercise 3: Find hm .

I—=>T X
Solution: Careful ! This limitis of type ...
Therefore,
. tanx
lim = s I
x=3x X
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X

g —1-x——
Exercise 4: Find Iim — 2
=0 x’
Selution: Thisisof type ........oeent. Therefore,
2
€x —'1—.‘?—-—/)- H
1&[(1} ————;—;———"— = 1\1_13(1) (stilf type ...l )
H
= lim (still type ...oooieennn. )
x=0
H
= lim T e
x>0

Exercise 5: Find lim ¢ 'Inx.

X
Solution: Thisisof type ...............
Therefore, rewrite this productasa ............... ,
i H
lime*lnxy = lim —— = lim
Aep A A= L, A=K,
= Eim e B el L. ... 4
Xl

Exercise 6: Find lin , ~-1—
=0 In(x+1) x

Solution: Thisisoftype ...............

Therefore, rewrite this as a ,

lim S lim -
=0 In(x+1)  x -0 xln(x+1)  xIn(x+1)

him 157]3/ SN
x>0 xInlx+1) (typ )

H
= lim = lim (still type ......
x—0 B
H
= Jim = lim T e
x—0 ()
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Exercise 7:  Find iim(I—Zx)”x

sl

Sohution: This is of type

Therefore, write the function as ¥

Then
ny =

We now have a limit of type

H
imlny = Hlm = lim = e
sl -l =0
Exponentiate:
. Wx . . :
lim(1-2x)" = limy lim €™ e = ..
x—4) x=(} x—{)
. - . . (LY
Exercise 8: Find lim (sinx)
=07
Solution: Thisis of tvpe . .....coonnnn.
Therefore, write the function as ¥y =......cccveeenenn.
Consider Iny = ... 2\ |/ " S 5 W%
miny = Hm .. (type )
=07 x=307
_ H
= Hhm = lim
P PN S Yy -4
= lim = HM = e
x—=40" x=>07
Exponentiate:

. . Tan .
lim (sinx)
=)

HM oo

et —07
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Additional Exercises:

Find the following limifts:

1)

2)

3)

4)

5)

6)

7)

8)

9)

10)

11)

13)

14)

S|
Hm -
xr-—=1 x v 1

X1
lim —
x-+) SIN X

. fanx
hIim 5
x>0 x

im &2

x>0 X

X _ X
Iim
N x

im In(l+¢")

X3 ax

<2
sl x

lim ,
=0 tan{x” )

lim ———
-0 gin (3x)

lime ™ Inx

A

3 -2y
lim x’e™"

R Sea)

hm \/; CcsC X

x-307

) [xﬂ]h
Lim
Xy X
2/x

) I
lim (-—}
x>l X

1 2x
Iim (—]
il Xx
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Antiderivatives / The Indefinite Integral

Becalk: If
f on I.

Any other antiderivative of f on [ is of the form

Fix)y+C

{C constant)

F'(x)= f(x} on an interval [, then F is called an antiderivative of

The function F(x)+ C is called the general antiderivative, or the indefinite integral,

of f(x) on I:

'{f (x)dx

= Fx)+C

whenever F'(x)= f(x).

Table of Basic Integrals:

£ jﬂ.f‘(x) dx = F(x)+C
1 x+C
'-\f”+l
X" (mnz-b —+C
n-+1
COS X sinx+C
SH X —cosx+(C
sec”x tan x + C
cse’x —cotx+C
sec xian x secx+C
CSC XxCobx —cscx+C
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Rules for Integrals:

I[‘f'(x)+g(x)]dx = ‘éif'(x)dx + v{g(x)a’x

(k constant)

i{ﬁ(x)dx = kj‘f(x)dx

Exercise 1:

2xcde = ... +C because (—l(+ C} = i,
J dax
3xtdy = ... +C because wff—( ...... +C) = i
J dx
A o= +C because i(+C) = e
J dx
i N {
sec xdx = ... +C  because (—( ...... +C} =
d "
o [x
Exercise 2:
1. Since
d 4
—xT =2X) =
dx ( )
therefore
f ..................... dy = 3 =2x4.....
2 Since
—(cos®x} =
—(cosx)
therefore
j ................................. dy = cos’x+......
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Exercise 3: Find j"( 12x* +6x-5 ) dx

Solution:

§(12.r3+6x~—5)d.x = 12 szdx + 6J}dx - 5§1c1x

= 12 + H— - 5. O o=
Check. i( ........................... ] N S
dx

Exercise 4:  Find j ( wWx o+ 4y + _} }dx
X

Solution:

jv[zﬁ + 4i/: + ——2—] dx = .{( 2x + dx + 2x077 )dx

Jx

Checlk:



Exercise 5:

Evaluate the given integrals.

Loizgdg = Jf ............... df = ...l +C
}(\/}tﬂ) _ j‘( 3 ) .

=L, + o i B8 @ ...
sin’ inf
j‘smjﬁ 40 = j’sm ( k ) 40
cos ¢ cos @
_ J‘ Sm?é? _ sin 40O
i cos @ cos f
= I .................. — sind }a’éﬁ B i + C

93



Exereise 61 If f"(x)=x++x and F()=1, f'(1)=2, find £

Solution: Because f'(x) isan antiderivative of f"(x) we integrate.

Fe) = J'f"(_x)dx - j’(_ﬁ ......... Vdx = j‘(ﬁ ......... ) dx

Now integrate once more:

flx) = .e.f'(x)cbc - j(i‘z—+ ..................... ]dx

so that
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Additional Exercises:

D

2)

3)

4)

5)

Evaluate the following indefinite integrals:

]

a) (4;‘3 —2x+ 32 ) dx
o X

by [ (7 -3 ax ) e
c) .(2}'—4)(3}'+2) dy
d) P x” o+ 3x+2 .
. x+1
e) ] (3x -4 dx

FL2 4 5
f) — =+ 4= | du

Pt e 2x —dx a2

) dx
g ] \/;
ho [ ——ag

J dseco

1) tan”x dx
1) (4sin x+3cos x) dx

Solve the differential equation: Fx)y=12x" ~6x+3, =7

Solve the differential equation: —(?’— =457 y(4)=21

dx

4

It dl,y=4cost—3sim and y=2, y'=1 when =0, find y(r).
dat”

A particle is moving along a straight line, with given acceleration a(¢}.
Find velocity v(r) and position s(r) of the particle at time 7> 0.

a) a(t)=2-06t, v(0y=-5, s(0)=4

b) alty=3",  v(0)=20, s(0)=5
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The Substitution Rule

Hecall:

jhf (g(x_)) gix)dx = j'f(“} du

where u = g{x} and du=g'(x}ydx.

FExercise 1: Find I 2% YxT 41 dx

Seolution: We set

Then

and

Check: i( .................. leon ML\ L

dx

Exercise 2: Find j. 3x7 sin(x?) dx

Solution: We set

Liﬁ ----------------------------------
Then
AU e,
and
§3,¥28i11(x3)d.r = fsi;}(....
O, +C =
Check: w( .................. ) U
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Exercise 3: Evaluate the following integrals using the correct substitutions:

1. IJ& P +Tdy = {Zx\jr +7 dx

97



.................. +C = i A+ C = i A C
(7
dr = VEA—WW— du jmw_ du
j«flwr T ........................
= iiiiiinanns S = .........
du=............ = o df =
‘g( )du L 4 . U +C
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Exercise 4; Find .gx:’ J1-x% dx

Solution: We set

Lt O
Then

AU e
so that

XX = e
and

2
X =

We obtain

f.ﬁﬂdx = §xzm(xcfx) = L. j( ......... )\/Tdu
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Exercise 5:  Evaluate the following trigonometric integrals by substitution:

-3
I. jAsm‘ cos x dx

Because the derivative of sinx 1s and appears as a factor

in the integrand, we substitute u =

fsiu"cosxdx = I ......... du = .. +C =

2. jﬂ sin x (1+cosx)” dx

Because the derivative of is and

appears as a factor in the integrand, we substitute w =

ﬁsinx(l-&casx’)z v A = JA ............ du = . +C
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7 ]
Isec‘ xtan~ x dx

Because the derivative of is and appears as a

factor in the integrand, we substitute u =

Jsec2 xtan® xdx = J; ......... du = ........ +C = . +C
U=,
dit=............
j sin x sec” x dx
Write 111 terms of sinx and cos x.
j sinxsec” xdyx = ,{ ............... dx = I ............ du = j‘ ......... du
A
=, B W,
A= eeeen ...
= . YO H O = a2l MY = +C
j sin® xcos’ xdx = jsinz 2 ) cos x dx
= }‘sinz b Ycosxdx = f .................. du
V=T
du=............
= I ............... diu = +C
U +C
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KExercise 6: If j fixydx = F(x)+C, then whatis ff(axwkb) dy ?

(a,b constant, a=0)

Solution: We set

I! O
Then

U oo eneeeenen
50 that

AX T e eesennanes
Then

We have shown:

J;f(ax-kb)dx == iF(CL\."l’b)-?"C
[

Examples:
1. I cos(3x) dx = +C
2. sec’(Sx—3)dx = +C
3 sec(zmx)tan(zrx)dx = e,

= +

1
a. jw————a‘x ......
23x+4




Additional Exercises: Evaluate the following indefinite integrals by substitiition:

1)

2)

3)

4)

3)

6)

7

8)

9)

10)

11)

12)

13)

14)

15)

Hint:

@

dx

9 3

dx
doNxt
. 5
BENN
" NxT+4
i x+1

J P +2x-4)
1
(B3x—4)

v v +1 dv

S

cos3x sin3x dx

. il
sin~x dx

sec’x tan x dx

cos* 3x sin 3x dx

-

- sin(2)

5
o X

dx

sin’x = —]2—(1 —COS 2x)

COS X = %(l +COoS 2x)

] sec[i) tan (i} dx
. 3 3

cos?’(ﬂrx) sin’ (rx)dx

cos*(27x) sin*(2rx) dx

103



Definition of the Definite Integral

Recall:
b n
[rea = jim e ay
o o k=1
where Pra=x,<x Sx, S-oovee <x,_,Sx, =b isapartition of the interval [a.,b},

¥, is an arbitrary point in [x,_;, %], and Ax, =x ~x. .

Exercise 1:  Find the area of the region bounded by the graph of f(x)= x*+1 and
the x-axis between x=1 and x =4 using limits of Riemann sums.

Solution: First sketch the graph of f.

v

E l i l

Next we approximate the region by rectangles. For simplicity, partition [L4] into n
intervals of equal length. Each interval must have length

Av = Ay, = —— =
i

The partition points are then
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For simplicity, we choose x,\ the right endpoint of [x,_,,x,]. Then

Sketch and consider the combined area of all rectangles whose base is the interval

[x,_.x.] and whose height is f(xZ).Its 13

:ZK ____________ ” ...... 20D ) [— E

il
.
(IR

6 n H i1
= ;[Z ...... ] -+ ;F[z ...... } -+ ?{Z ...... }
P k=l =
C 6 s — L )
R 2 I 6
C6 4 oW NI )
H 2 n

Now let 1 — o0,

i
=

lim S,

= 6 + 9(1+...) + 2
2
Recall that this limit is also called the definite integral.

Answer:

(I+.)(2+..) = = .
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Exercise 2:  Consider f(x)=16—x" on the interval [0.,4] with partition
P={0,1,2 3 36, 4}.

I. Find ||P|

2. If x, is the right endpoint of each interval [x,_,,x,], find the Riemann sum
and sketch the rectangles.

3. If x, is the midpoint of each interval [x,_,,x,]. find the Riemann sum and
sketch the rectangles.

Solation:

1. The partition points are

Xg = vevinn O = , Xy Foa. . Xy L s Xy T Xo = ...

We have
Ay, = .. e S Ax, = ... e o
Ax, = ... — e =...... Axg = —reees e
Axy = L. — e =,

Therefore ||PH =

2. Let A,‘ be the right endpoint.

¥\

A\

Then
X= Fla) = flo) = (16=) =
X = Fl) = fln) = (16-n) =
Xy E Fl) = fon) = (16-0) =
Xy = s, Flg) = flo) = (16=) =
X = e Flos) = fl) = (16-0) =
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The Riemann sum is

5
Sy= ) FORIAY, = FO5) A% + F05) Ay + £10x3) Axy + [() Ax + () Axg

k=l

v

Then
x = 05 fl5) = £(05) = (16-05") = 1575
X = e ) = fl) = (16-0) =
5 fx) = floa = dle= ) =
Xy = e Fl) = Flo) = (16=) = o,
Y= e Fla) = flo) = (16-0) =

The Riemann sum is

S, = Z FOE) Ax, = £ A + f(0) Ax, + (X)) Ay + fF(xg) Ax, + fx5) Ax

k=1

107



Exercise 3:

Consider f(x)=3x—1 on the interval

[_2’3 2}

interval {x,_,,x,]. find the Riemann sum and skeich the rectangles.

Solution:
Ay, =
Ax, =
Ax, =

X =
Ny o=
X, =
L1 =
Xy =

We have

The Riemann sum 1s

S¢ =

G
k

=i

Sketch:

i

Ax,

i

i

i

£
5 —
l—
[
I I T L
z | 2
-7 —

with partition
P={-2 -12,-06,0, 08, 16, 2 b, Find HPH If x, is the midpoint of each
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Exercise 4:  Using geometry, find the following integrals.
3
1. j (2x+1) dx
0

Solution:  Sketch the graph of f(x)=2x+1:

&

7 —

Because f(x)=0 on [0,3], the value of the integral equals the area below
the graph of f(x):

3
f (2x+1)dx = area of the trapezoid
G

3
2. ‘{ 9—x" dx
0

Solution:  Sketch the graph of f(x)= VO—x'

&

! 9-x’ dx = areaof 1/4 circle
0
i 7
= —gaf...... = e,
L (o)
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4
3. (3—x)dx
J

Solution:  Sketch the graph:

F-\

Exercise 5:  The following integrals are given:

ff(x)(lxw7, jf(x)dxm4 and Jﬂg(x)d.le
i 3 }
Find the integrals indicated.

1

1. j. fx)dy VENA AL 64 & W

2. Ij‘(x) dx = JEI e rvvn o Te 312 < Y 4 e =
1

3 QZf‘(x)a’A e = e = .
1

4 [ 2f(x)-3g(x) ]a’x T
:

5 fluydu = ... = e
j

H0



Exercise 6:  Find the average value of f(x)=3-x over the interval [~1,4]

Solution: Recall that the average value of f(x) on [a,b] is

b
avg(f) = ﬁ jf(x)aix

1) Compute the integral.

4

4 4 | 4
:i[f(x)dx - _§(3~x)@ _ Jde - dex

= DX - = .
(...} ) >
2) The average value 18
4
. 1 1
avg{f) = — f0)dx = —— ... = e
......... 3
2
Exercise 7:  Estimate jﬁ va©+ldx .
0
Solution: If 0<x<?2
then p<xi<??
or ... e I
sothat ... <vx +l €.
Integrate,
2 2 2
_[ ............ dx < } ¥ +ldx < jf ............ dx
0 0 0
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Exercise 8:  Estimate wgn\/xﬂ dx without computing the integral.
0

Solution: If 0<x<3
then ..., <x4+1<...
sothat ... SAx+1 <
Integrate,

3 3 3
J? ............ dx < J:m+1 dx < jA ............ dx
0 0 0

L
——
—
o
7aN
o 'l
-
._E.M
>y
A
e
et
Fon
N

3
............ < j;\j‘x+1 de.<
0

This is not a very good estimate. Upper and lower estimates differ by a very large
amount. Let us try to give a better estimate.

Sketch the graph. (This is the graph of y= Jx shifted units to the

v




Lower estimate:

Sketch and find the equation of the line connecting the points (0,...) and (3,...}:

......... < Na+l on [0,3].

Therefore,

Lo
B
M

'gxfx—%i dx
0

Upper estimate:

Sketch and find the equation of the tangent line at x =0

If f)=Jl+x then  f(X)=.cin...

The tangent line at x =0 is given by

y=f(..) = mx-..) where m= ["{..)=......
V... = { . J)x—..)
y o= (x—..0+...... =\\{.. N

Now because this tangent line I8 the graph, we have

Nidx £ on [0.2]
Max <0 2 on |2.3]

Therefore,
‘gx/x-l-] dx < J. ............ dx  + jﬂ ............ dx
0 0 2
DO U UUR

Answer: ..., < fﬁxﬂ dr < .
0
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Additional Exercises:

D) Using geometry, find
a) ‘g lx+1dx

24

b) (\f§6-x2 —x)dx

Q

R Y96

2} Write as one single integral

-
D

a) gf(x_)a’x + t:)j'f(x)dx + ]j[f(;c)dx
3 6

!

5 0 &
b) J;g(x) dx - jg(x) dx + -é‘g(x) dx
-3 -3 5
3) Without computing the integrals, show that
! ! A T
a) ‘efxé dv = J;x dx e) j sin‘xdy < f sinx dx
v 0 0 0

b) jxdx < jxgd.x ) J.fxzawld_'x > 4
]
I

8 2
c) j(x3_3x+4)dr = 0 | g L < F“’*“ < 3
5 2O J X 4
6 6 o
d) JAWlmdx < j‘ ] dx 7 2
X B 8 x h) L {sinxdx < il
4 4 2 3

6

14



The Fundamental Theorem of Calculus

Fundamental Theorem of Calculus, Part I: If f(x) is continuous on [a,b], and if

Flx) = b[f(z) dr.
then F(x) is differentiable on [a.b], and
Fi(ix) = f(x)

Fundamental Theorem of Caleulus, Part 2: If F(x) is any antiderivative of f(x)
on [a,b], then
b

} Flode = F(x)} = F(b)-Fla)

£

Exercise 1: Consider f(x)=23x-1 onthe interval {1,4]. For each x in [1.4], find

Fo) = j £ dr.
1

Then find F'{x) .

Seolution; Sketch

£
[
[ —
l ] >
I — ' 2 3 4
F(x)= J.( ......... )dt = area wrapezoid TSR
i
{
Then F'(x) = fm( .................. Jx .................. Note that F'(x)= f(x) !
X



Exercise 2:

then

Exercise 3:

then

Exercise 4:

Exercise 5:

Exercise 6:

Solution:

F'(x)

It F(x) = jl+r4 dr

4
I Glx) = JS’ AL

. -2
G(x) =
d ! 2 99
— A2 dt e
elx f ( )
<1000

J G
— sin(u”) du = WMo .. . B,

dé j

A

B = §t3cos(r3)dr find F'(x).

X

Move x to the upper limit of integration:

2

_i ’équ 003(1‘2) dt = ME{M - j f3 COS(fz) dr N
dx . dx e
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i,

Exercise 7:  If H(x) = f ;Y ds find H'(x).

|
|
Selution: This is a composition of two functions,
o
5
U= \/I and H)= Dén ] ds
8§74

By the chain rule,

i

7 l 2
ifi:g{{{ffﬁxf_ngdsi\/;
dx du dx dut : §°+1 dx
T _ 1 - | 1 3
TR T 2o, ( \/_;)3 b 20 (XH.n.. )
Exercise 8: If F(x) = J;rz cost dt find F'(x).
Solution: Split into 2 integrals:
0 I o
Fixy = ‘grz costdt + .[tz costdt = jrz COSL el —
x 0 0

By the chain rule,

F'(x) = di J?l‘zcosrdr - mgm wg ............ dt
* 0 s
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Exercise 9: Find the following integrals by using part 2 of the Fundamental
Theorem.

0

4 ]"’6;“ dr = i{( .................. Yt = { ..................... l
- (. . ——— W RY........ e
s | (cos@+2sin®) d@ ={ ........................... Iz
N T R )
R ) = o ) =
6 ﬁ: ecrdx - [ ............ r = ) = ()
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3

Exercise 10: Find ﬂ X =1 ldx.

Solution: First skégcll the graph.
] - { ............... it -1z i { ............... o,
............... o 1 S
Therefore,
j!fyxﬂ_;idx _ j( ............ )dx+;{( ............ Jates [(o ) dx
o] ] Je]
- i( ......... V(oo )} . {( ......... o )} + {( ......... o )}
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Additional Exercises:
1) Find the derivatives of

X .x:

4 19
a)  Fx) = g(r"WZI') dt d)  Fx) = ftcos(r'?’)dr
- Jr
b) Gix} = j\/;COST(:’I 6) G(.)C) - };SGCT(JI

Saiel

1 4]
c) Hx)y = j 3 5“’“ f) H{uy = ng2+ld¥

-1

al

(5%

a) Vgtxfgdx e) j (cos@~2sin ) d6
-3 -7i6
2 § o4
b) wélwdx ) J: lq 1 dx
X X +1
i -5
1o -l
9 j(“;"““@“) dr g J; -
: ot J 32
2 g g
d) j(x ___;)" dx It) j cosucotu du
0 i3

3) Find the area of the region bounded by the given curves:

a) _y’z4.x2—4,)c+3. y=0, x=0, x=2

4) The position of a particle at time t is s(f) = i =2r-8.
Find its average velocity over the time interval [1,6]
a) by using the definite integral

b} without using the integral.
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Integration by Substitution in the Definite Integral

Recall:
b 2ib)
f f (8(-")) g'lxydy = j. [y du
u gla)

where 1= g{x) and du=g'(x)dx.

|
Exereise 1: Find j2x Nxt o+t dx

0
Solution: We set

Ll S UUUVRURRUR
Then

Au= e,
I r=0 then  w=............
If x=1 then w=............
Therefore,

0o Ve WU

Exercise Z2: Find Jf sin”xcos.x dx

0
Solution: We set
l’[ it tuasnsseneaneenerrarerrn e r.————nnn
Then
QUS| oeeeeeeeeeeeeeeeaserannns
If x=0 then w=............
if x=m7 then u=............
T
,@ sin®xcosx dx = 'éq ............ du
0



Exercise 3: Compute the given integrals by choosing an appropriate substitution.

2

i x(x2 +1)) dx = j ............ du
0 T ......
T
dis .

2 e~ ¢ fAC\Z
3 { sin @ d0 = J du = Jﬁ ............ du
cos™d a4
5 T oY
H=iiiiiinnnn
di=............




Exercise 4: Find the area of the region below the graph of y = xsin{x”) between

x=0 and x=\/7r_.

Solution: Since xsin(x®)>...... on [O,\/;r‘ ] we have

Jz

0

I xsin(x”) dx

=

i

Additional Exercises: Evaluate the following definite integrals by substitution:

1)

3)

4)

5)

6)

1
f(x +1) (x2+2x)49 dx
G

al2
j’ Cos x+/sint x dx

0

2

R

§ = dx
3

o NX +1

-

'Tj' sin” \/;

elx
4V
w16
ald 2
COS 2X
sin” 2x
ni6
x/l3

3 2
J; tan” xsec” x dx
0



Integrals Leading to Inverse Trigonometric Functions

Becail;

I
|

.
- . _ ol
j—f__n_m_:: dy = sin” x+C becapse —sin " x

vi—x~ dx NI

_ . e _
—dx = lan Px because —tlan x =

;{ _lm~+~ X dx [+ x°

1 o d ) 1
dy = sec” x|+ C because  — sec” X
-1

dx ) M NEE

(check )

¥ F ) i . NE
1. j fiz— dy = 8 j 4 g dy = J
h - X KR ) O
12 12 12
2 : =drx = 4 : 2l 4 R 1
d - do o
2
3 E dy = j AL booE e +C
1— ‘(’ T ............
T i eieienieees +C
[T
di=............
tan”' x
4 h{ —dx = ,{ ......... du = ... +C = +C
1+ x° T
=i,
du=............




The last two examples can be generalized: Let a>0.

= s +C
S,
du=_...........

B e iaias +C




We have shown:

and

Exercise 2: Find I mm-m}--mm;m dx
NS-4dx—x7

Solution:

Complete the square.




Exereise 3:  Find I——i—— ex

x +6x+10

Solution: Complete the square.

I

4 4 4
J;—j——-———— dx j. - dx = j““*“‘—r—“ dx
X+ 6x+10 (2 +xt ) (x+..) +...

- j' 4 du = Ao FC = L C
...... Fos
= . ..
di=............
2
Exercise4: Find { —f\/_— dx
ey

Solution:

Jv\/x—— jA’)x ( 2 )2_1 e jA ....... 1.....——1 i

; 1
I —— dx 4 —_—
) f.x2+25 “ ) .[ \/;(l%x) *

’ - e 0 5) j COs X
. 1— e * /16 —sin x
3) [~ ddx ) '{—m—-—m{m dx
J - i xyx—1




Integrals of the Natural Exponential Function

Recall:

‘ d . .
'[e" dy = "+ C because et = ¢t

Exercise 1:  Find 1™ dx.

Solution: We substitute

e eeeaeerenresennessanaaennane
Then

AU
so that

Hrevcise Z:  Compute the following integrals by choosing appropriate substitutions.

i. f (3x2 + 4.&‘) 6‘13" 257 dx = }n .................. an” = _ICm...... +C
T +C
= . =11
At
2 §cos v e’ dy = j, ......... du = ..., +C = . +




e’ cos(e“')
4. ffdx = j. du = J‘ ...... du = . +C
sin” (e") A 7 aoeieeas
= e +C
T
dit = i,
(e"'+1.)'h
Exercise 3: Find j-——\,———dx.
e
Solution: Expand
(e“'ﬂfl)u _____
jmdx _ J; ........... STy Al J‘( - lep . de
e.\ C),\ e.\

Additional Exercises: Evaluate the following integrals:

1) 563-**4 dx 3) f L dy
e
] el/.\'
2) J — dx 4) fe“ sin(e“') dx
X
0.5
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Integrals Leading to the Natural Logarithm

Recall:
1
!——dxx 1r1{x[+C because f{min]xi=l
X X x
L0 4 In| f(x)|+C (A)
f(x)
: . 3
Exercise I: Find j —dx.
X
Selution:
| o= 3 [ A = } = e e
Exercise 2: Find f dx.
2x-1
Solution: We substitute
l[ RN 7, ATy —
Then
AU =g b,
50 that
jldx:{ ............ =5 P1LANGE + 0 = +C
2x—1
Exercise 3: Find a general formula for j de (a=0)
ax+b
Solution: We substitute
Lt T et aeaarar e enrcaaenenr e ranenearnn
Then
dli T eevasnssennanesenessnrnrnrneereaans
s0 that
1
E dx = j’ ............ du o= +C = +C
ax+b



ln(x3 )

Exercise 4: Find § dx
X
Solution: Simplify and substitute
3
f In(x) dy = ., j In(x) dx = } ............ du = .. +C
X X T
= s +C
=
e 17 =
Exercise 5:  Evaluate the following integrals by using formula (A).
1. {-—L—HMCZ’I = ja——,%——‘———“d.k = Illl ..................... +C
x +3x—-4 x +3x—4
1 .
2. ‘éq dy = } dy = ln| ............... +C
xinx Inx
, AL
3 j. ——dx = I X , daRWEN................ +C
e +3 e’ +3
. j‘( ............... )
4. dx = J o dy = Il .o, +C
I+cosx I+cosx
5. '{ secxdx = § secx seexrlany dr = f dx
sec x--tanx secx-t+-tanx
2 )
o R
= jﬂ de= Inl.. oo +C

secx-tanx
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Additional Exercises:

Evaluate the following integrals:

1y

0)

7)

8)

(-]
——
=
4

ey
—

e G
.

et e

j ey 4l

xidna)

TV e e e -
3C08 ..
dx

T 280 x

N tan(e““)
————lx

24X

e

5

cos” a—4d
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Integrals of Exponential and Logarithmic Functions

Recall:
}.a” dx = @ +C because «gm N E o
Ina dxilna Ina
Exercise 1:  Evaluate f (0410 +107) d.
Solution:
.e‘(x“’+E0”'+1.()")dx = . + R, o E—
g
. . 1Y
Exercise 2:  Find { dx .
I Vx
Solution: Substitute.

133



|
Exercise 3: Find IE‘“" dx .
-1

Solution: Recall that

Ij'(ax +b)dx =

Therefore,

Additional Exercises:

Evaluate the following integrals:

D tog, x dx
dox
40

2} 5" dt
3

3 X251 dx
@ lan x

4) 10 —dx
J cos'x

F{ax+b) L C

a
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Integrals of Hyperbolic Functions

Recall:
sinhxdx = coshx+C because - (coshx) = sinhx
o X
coshxdy = sinhx+C hecause d_ (sinh x) = coshx
d ¥
e 2 d 2
sech*xdx = tanhx+C because - (tanh x) = sech™x
. dx
Exercise 1:  Evaluate the given integrals..
1. JScosh(Sx-—éL) AX = R
(Here we use J flax+Db)dx = ... +... )
In2 In2
2 sech” (i) dxy = g N5 . % }
b 5 0

3. '[ tanh x dx

i
N L
a2

>
11
+

(Here we use § S0 Gt =

_ <Y + A" )
f(x)
4, jﬁsmh\ﬁdt X AU = e Forr T i + ..,
J; T o ’
= iiiiiiinens
du=...........
Additional Exercises:
Evaluate the following integrals:
D -—_msmh X dy 2) j.e’ sechz(e’ ) dt
I+coshx

135



