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Integral estimation is one of the most important problems in mathematics. A
famous method for estimating integrals is the quasi-Monte Carlo method. This method
depends on a crucial variable which is a low-discrepancy sequence. Therefore, this
research focuses on constructing new sequences with low-discrepancy by extending
the work of Hofer (2018), which used the combination of Halton sequences and Beatty
sequences. Instead, our work uses the combination of generalized Halton sequences
and Beatty sequences. The estimation of the discrepancy of these constructed
sequences is achieved using techniques from the uniform distribution of sequences,
continued fractions of irrational numbers;.and dynamical systems. The study finds
that the discrepancy of these sequences is similar to that in the work of Hofer (2018).
Our discrepancy estimation of these sequences shows that they are almost low-
discrepancy sequences, resembling low-discrepancy sequences. These constructed
sequences with almost low-discrepancy properties are applicable in many fields such

as financial mathematics, statistics, and physics.
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CHAPTER |

INTRODUCTION

Calculus is an important subject in mathematics and sciences. It has two major
branches — differentiation and integration. Differentiation studies the rate of change of a
function at a specific point. It is used in several topics such as limit, derivatives, and chain
rule. Moreover, differentiation has many applications in other fields such as economics,
statistics, and physics. On the other hand, integration studies the area under the curve of a
function. In the late 17th century, Newton (1693) and Leibniz (1695) independently made
important contributions to the development of calculus. Their independent work led to
the discovery of the relation between differentiation and integration. In addition, Leibniz
(1675) introduced the notation for integrals in the form of symbol f Integration has
several applications in many fields such as finance, physics, and engineering. Nowadays,
we can only integrate some basic functions, but some functions are too complicated
to be integrated such as multi-dimensional functions, the Riemann zeta function, and
the error function. This leads to the subject of numerical integration which studies how
to estimate integrals. For example, the trapezoidal rule is a method used in numerical
integration. In one-dimensional case, this method approximates the area under a curve
of a function f by dividing the area into a number of trapezoids and then summing
the area of each trapezoid. The area of each trapezoid can be calculated by using the
formula 1 - h - (f(z1) + f(z2)), where h is the height of the trapezoid which is the
width between points x1 and x, on the x-axis. The accuracy of the trapezoidal rule
increases with the number of trapezoids. If we use a large number of trapezoids, we
obtain an approximation that is closer to the real value of the integral. The trapezoidal
rule can be extended to higher dimensions. In multi-dimensional case, the trapezoidal
rule works in a similar way as in one-dimensional case by dividing the integration domain
of a function into a grid of smaller trapezoids. For example, in two-dimensional case,

each trapezoid is represented by a two-dimensional array of points. The trapezoidal rule



approximates the integral by summing up the areas of the trapezoids within the grid. By
increasing the number of the trapezoids in the grid, the accuracy of the integral estimation
improves. However, increasing the number of trapezoids makes the computation more
complicated, especially in high-dimensional spaces. The curse of dimensionality refers to
the phenomenon that the computational complicatedness of many numerical methods
increases exponentially with the dimensionality of the problem.

In the 1940s, the developed method to overcome the curse of dimensionality was
known as the Monte Carlo method. This method uses random samplings to estimate in-
tegrals. However, it is difficult to generate real random samples in practice. A more prac-
tical method is the quasi-Monte Carlo method, which uses low-discrepancy sequences
instead of random samplings. This method has many applications in fields, including
finance, physics, engineering, and computer graphics (Leobacher and Pillichshammer,
2014). The Koksma-Hlawka inequality contributes to the development of the quasi-Monte
Carlo method in finding errors between the real value of the integral and the approxima-
tion using a sequence. In particular, it says that the accuracy of the numerical integration
depends on two variables which are the variation of the function f in the sense of Hardy
and Krause V'(f) and the star discrepancy of a sequence w used as a sampling D} (w).
According to the conditions of the Koksma-Hlawka inequality, we can establish a bound
for D (w) while V(f) remains constant. Details of the Koksma-Hlawka inequality can be
found on section 2.2. Moreover, D} (w) — 0as N — oo if and only if the sequence w is
uniformly distributed modulo 1 on the s-dimensional unit interval [0, 1)°. Note that the
proof of this basic fact can be found in Appendix A.3. In our research, we are interested
in the quantitative aspect of how quickly the star discrepancy of a given sequence w con-
verges to 0. Therefore, constructing low-discrepancy sequences is an interesting problem.
Examples of low-discrepancy sequences include van der Corput sequences, Halton se-
quences, and Hammersley sequences. Much research has been performed to construct
new low-discrepancy sequences and almost low-discrepancy sequences from known se-
quences. Almost low-discrepancy sequences are a good choice for many applications, as
they are much faster to generate than low-discrepancy sequences. However, an almost

low-discrepancy is a sequence which has a higher discrepancy than a low-discrepancy se-



quence. In our proposed research, we will extend the work of Hofer (2018) which studies
constructed sequences induced by Halton sequences and Beatty sequences and proves
that the discrepancy of these sequences is an almost low discrepancy. Here we construct
new sequences induced by generalized Halton sequences and Beatty sequences. More-
over, our hypothesis is that our sequence is an almost low-discrepancy sequence. We will
use techniques from uniform distribution of sequences, continued fractions of irrational

numbers, and dynamical systems to estimate the discrepancy of these sequences.

1.1 Research objective

1. To provide new almost low-discrepancy sequences.

2. To get a rate of magnitude of upper bounds of the discrepancy of our constructed

sequences.

1.2 Scope of the study

1. We apply the idea from Hofer (2018) and Haddley, Lertchoosakul, and Nair (2017) in
constructing new almost low-discrepancy sequences induced by generalized Halton

sequences and Beatty sequences.

2. We follow some of the ideas of Hofer (2018) to estimate the discrepancy of the
newly constructed sequences. That is, we separate the estimation process of the
discrepancy into three steps: firstly, we reduce the multi-dimensionality of the
sequence to one-dimensional Kronecker sequences; secondly, we estimate the
discrepancy of the one-dimensional Kronecker sequences; and finally, we apply a

metric result of Hofer (2018).



CHAPTER Il

MATHEMATICAL BACKGROUND AND TERMINOLOGY

In this section, we present some mathematical background and terminology, con-
sisting of the main ideas of numerical integration, the Koksma-Hlawka inequality, low-
discrepancy sequences, almost low-discrepancy sequences, van der Corput sequences,
generalized van der Corput sequences, Halton sequences, generalized Halton sequences,

Beatty sequences, Kronecker sequences, and continued fractions.

2.1 Numerical integration

Numerical integration deals with some mathematical techniques used to approx-
imate the value of definite integrals of a function. Numerical integration is applied in
several fields of sciences, engineering, and mathematics. In one-dimensional case, nu-
merical integration involves dividing the integration interval into small subintervals and
approximating the integral of the function over each subinterval using a suitable integra-
tion rule, such as the trapezoidal rule and Simpson’s rule.

In multi-dimensional case, numerical integration becomes more complicated due
to the increased number of independent variables and the complicatedness of the in-
tegration regions. The basic idea is similar to one-dimensional case. However, some
rules that work in one-dimensional case may not be effective in multi-dimensional case
because of the curse of dimensionality.

The accuracy of numerical integration can be measured by comparing the error
between the true solution and the numerical solution. One tool used to find this accuracy

is the Koksma-Hlawka inequality.



2.2 The Koksma-Hlawka inequality

The Koksma-Hlawka inequality tells us how close the real value of the integral
and the approximation using a sequence is. To understand the inequality, we need the

following definitions of variation and discrepancy.

Definition 2.1 (The variation in the sense of Hardy and Krause) Let f be a sufficiently
smooth function, that is, f € C*([0, 1]*). Then the variation V() of f in the sense of
Hardy and Krause is defined to be
_ Z Z VO (Frig, .. ig).
k=1 1<i1 <...<i},<s
Here, each term V¥ (f;i1,... 4;) represents the variation of f when differentiating k&

components in each dimension; that is,
8’“f \71

where f|i1,...,ik<$i17 . l’zk) ~ f(f ), and f (&1,&2, - .-, &) with

d”Lll s dmik’

i, I]CZE{Zl,,Zk},

& =

0, otherwise.
Definition 2.2 (The star discrepancy) Let w = (z,,)%, be an infinite sequence in [0, 1)*.

We define the star discrepancy of w to be

. A(J; N;w)
DN(W> = sup T
J=[15-110,:)C[0,1)*

where A(J;N;w) = #{0 < n < N —1:x, € J} is the counting function, and

\ )\s(‘]> )

As(J) = T1;_, zi is the s-dimensional Lebesgue measure of .J.

Now we are ready to state the Koksma-Hlawka inequality. Note that its proof can

be found on (Kuipers and Hiederreiter, 2006, pp. 147-150).

Theorem 2.1 (The Koksma-Hlawka inequality) Let w = (x,,)5°, be a sequence in [0,1)*
where s is a positive integer. Suppose that f is a function on [0, 1]° which has bounded

variation V' (f) in the sense of Hardy and Krause. Then, for any N € N, we have

1 N-1
F@)dz =1 3 fla)| < VD3 ().
[0,1]¢ n=0




Consequently, we can establish a bound for D% (w) while V( f) remains constant,
as specified by the conditions of the Koksma-Hlawka inequality. Thus, in order to minimize
the integration error between the real value of the integral and the approximation using
a sequence, we have to use point sequences with small discrepancy, that is, sequences

which are called low-discrepancy sequences.

2.3 Low-discrepancy sequences

A low-discrepancy sequence is a sequence with the property that for all values of
N, its subsequence xq, - -+ ,xny_1 has a low discrepancy. The convergence rate of low-
discrepancy sequences can be described by using Big O notation, which indicates how

quickly the star discrepancy approaches 0.

Definition 2.3 (Big O notation) Let f(x) and g(xz) be two functions defined on a subset

of the real numbers. We get

if and only if there exists a positive real number C' and a real number z( such that
|f ()] < Clg(x)] forall x> x.

A low-discrepancy sequence is believed to have the best possible order of conver-

(log V)*®

gence which is =5

, Where s is the number of dimensions.

Definition 2.4 (Low-discrepancy sequences) Let s € N, and w be an infinite sequence in

[0,1)%. A sequence w is a low-discrepancy sequence if

bt - o L5,

An almost low-discrepancy sequence is a sequence that has a small discrepancy,

but not as small as a low-discrepancy sequence.

Definition 2.5 (Almost low-discrepancy sequences) Let w be an infinite sequence in

[0,1)%. A sequence w is an almost low-discrepancy sequence, if for any € > 0,

(o) - o LB,



2.4 van der Corput sequences

van der Corput sequences are prototypes of low-discrepancy sequences which are
commonly used in numerical analysis and the quasi-Monte Carlo method. Moreover,
they are important for constructing other low-discrepancy sequences such as Halton se-

quences.

Definition 2.6 (van der Corput sequences) Let b be a nonnegative integer greater than 1.

Then every nonnegative integer n has the unique b-adic representation of the form
n = ZTijjil :n1+n26+n3b2+n4b3+--- X (21)
j=1

where n; € {0,1,...,b — 1}. Note that the proof of existence and uniqueness of the

b-adic representation can be found in Appendix A.1. The radical-inverse function

¢bZNO—>[O,1)
is defined by
_ N i—1 _Oonj_m o ns

The van der Corput sequence in base b is defined to be

(op(n))nzo = (95(0), P6(1), Bp(2), . - ). (2.3)

Example 2.1 To construct the van der Corput sequence in base 2, in the first step, we
write each nonnegative integer in base 2 by following the equation (2.1) to find digits
ni,No,.... In the second step, we put the digits into the radical-inverse function ¢y by
following the equation (2.2). Finally, we write each value ¢2(0), ¢o(1), ... in the form of
the equation (2.3). Now we construct the van der Corput sequence in base 2 as follows:
clfn=0weget0=0+0-2+0-22+0-23+---,and so ¢»(0) = 0.
clfn=1wegetl=14+0-2+0-224+0-2+---,and so ¢(1) = 3.

clfn=2weget2=0+1-2+0-224+0-2°+---,and so ¢(2) = 55 = 1.



clffn=3weget3=1+1-2+0-2240-2°+---,ands0 (3) =3+ 3 = 2.
clfn=4wegetd=0+0-241-2240-2%+---,and s0 ¢2(4) = 5% = 3.

cifn=>5weget5=1+0-2+1-2240-25+--- andsoo(5) =1+ 5 =2
clffn=06weget6=0+1-2+1-2240-2°+---,ands0 ¢(6) = ; + 3 = 2.
. Ifn:7,vveget7:1+1'2+1~22+0-23+--~,andsoq§2(7):%4—2%—1—2%:g

cfn=8weget8=0+0-2+0-22+1-2+--- and s0 #(8) = o5 = =.
« Then we continue the process.

The van der Corput sequence in base 2 is
= (pE A ST
2.5 Generalized van der Corput sequences
A generalized van der Corput sequence is a generalization of a van der Corput

sequence. In this case, the base is a fixed sequence instead of a fixed number.

Definition 2.7 (Generalized van der Corput sequences) Let b = (bj);?‘;l be a sequence
of nonnegative integers greater than 1. Then every nonnegative integer n has the unique

b-adic representation of the form

n = Z njbl ] 1 S 13 n261 T ngblbg + n4blb2?)3 + - (2.4)

where n; € {0,1,...,b; —1}. Note that the proof of existence and uniqueness of the b-
adic representation can be found in Appendix A.2. This b-adic representation is also called
the Cantor expansion of n with respect to the Cantor base b. Define the radical-inverse

function by

Ny
(Z nby - - ) Z 61 ‘ + b T b1b2b3 + (2.5)

J

The generalized van der Corput sequence in base b is defined to be

(Dp)mzo = (#6(0), Pu(1), P6(2), - ). (2.6)



Example 2.2 To construct the generalized van der Corput sequence in base b =
(2,3,5,...), in the first step, we write each nonnegative integer in base b by following
the equation (2.4) to find digits 11, na, . . .. In the second step, we put the digits into the
radical-inverse function ¢, by following the equation (2.5). Finally, we write each value
®(0), 9p(1), ... in the form of the equation (2.6). Now we construct the generalized van

der Corput sequence in base b = (2,3,5,...) as follows:

cfn=0,weget0=0+0-24+0-2-340-2-3-54---,and so (¢,(0)) = 0.

clffn=1wegetl=1+0-2+0-2-340-2-3-5+---,and so (¢(1)) = 3.
elfn=2weget2=0+1-2+0:2-3+0-2-3-54---,and so (¢Q(2)):%:%
« Ifn=3,weget3 =1+1-2+0-2-3+0-2-3-5+---,and so (¢(3)) = 3455 = 2.
« lfn=4,wegetd =0+2-2+40-2:3+0:2-3-54---,and so (¢p(4)) = 575 = 3
. Ifn=>5wegeth =142-2+0:2:3+0-2-3-5+---,and so (¢(5)) = 3+ 55 = 2.

« Then we continue the process.

The generalized van der Corput sequence in base b is

o 11215 1 81
(%(”))nzo - (07§7Ev§a§767%aﬁygan-> .

2.6 Halton sequences

Halton sequences are extensions of van der Corput sequences to higher dimensions.

Definition 2.8 (Halton sequences) Let by, ..., bs be nonnegative integers greater than 1

which are pairwise coprime. For each ¢, where 1 < ¢ < s, every nonnegative integer n



10

has the unique b;-adic representation of the form
n = anbf_l =1y + ngb; + nab? +ngbd 4+ -+, 2.7
j=1

where n; € {0,1,...,b; — 1}. The Halton sequence in bases by, . .., by is defined to be

((bbl (n>> SRR (bbs (n))zo:() = (((bbl (0)7 s 7¢bs (0))7 <¢b1<1>7 s 7¢bs(1>)7 s ) (2.8)

Example 2.3 To construct the Halton sequence in base 2 and base 3, in the first step,
we write each nonnegative integer in base 2 and base 3 by following the equation (2.7)
to find digits nq,ng,... in each base. In the second step, we put the digits into the
radical-inverse functions ¢, and ¢3 by following the equation (2.2). Finally, we write each
value ¢5(0), ¢2(1),... and ¢3(0), ¢3(1),... in the form of the equation (2.8). Now we
construct the Halton sequence in base 2 and base 3 as follows:

We represent n in base 2, as the van der Corput sequence in base 2 is

ol (oFE S - BA° L ).
(62(n))nzo (’2’4/4’8’8’8’8/16’ )

We represent n in base 3 as follows:
e lfn=0,weget0=0+0-3+0-3%+---,and so ¢3(0) = 0.
elfn=1wegetl=1+0-3+0-3%+---,and so ¢3(1) =
clfn=2weget2=2+0-3+0-3%+---,and so ¢3(2) =
clfn=3weget3=04+1-340-32+---,andso ¢3(3) = & =
clfn=4wegetd=14+1-3+0-32+---,andso ¢3(4) = 5+ 35 = 5.

. Ifn:5,vveget5:2—|—1-3+0-32+---,andso¢3(5):§+i2:

NelEN|

«lfn=06weget6=0+2-340-3%+---,and so #3(6) = % = 2.
. Ifn:7,weget7:1+2-3+0-32+---,andso¢3(7):%+3%:g_

clfn=8 weget8=2+2-34+0-3%+---,andso #3(8) = 3 + & =

Nelles)

« Then we continue the process.
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The van der Corput sequence in base 3 is

G | g ).
(¢3(n))n_0 < ’373'9°9°9°9° 9’ 9’ )
d

Therefore, the Halton sequence in base 2 and base 3 (¢2(n), ¢3(n)),—, is
(0,0) 11 1 2 31 1 4 5 7 3 2 75
Y Y 27 3 Y 47 3 Y 47 9 Y 8’ 9 Y 8’ 9 Y 8’ 9 ) 8’ 9 P *

2.7 Generalized Halton sequences

We would like to generalize Halton sequences by replacing fixed-number bases by

fixed-sequence bases.

Definition 2.9 (Generalized Halton sequences) Let by = (b1;)72,,---,b

s — (bs,j);‘)il be
sequences of nonnegative integers greater than 1 such that for all j;,j2 € N and all
1 <4y <ip < s, we have b, ;, and b;, j, coprime. The generalized Halton sequence in

bases by, ..., b, is defined to be

(¢b1 (n)v SRR %S(”))Zo:o = ((¢b1 (0)7 o e 7¢QS (0))7 (9%1(1), . ,(;595(1)), .. ) (2.9)

Example 2.4 To construct the generalized Halton sequence in base b, = (2,3,7,...)
and base b, = (5, 11,13, ...), in the first step, we write each nonnegative integer in base
b, and base b, by following the equation (2.4) to find digits n;, 1, . .. in each base. In the
second step, we put the digits into the radical-inverse function ¢, and ¢y, by following
the equation (2.5). Finally, we write each value ¢y, (0), ¢, (1), ... and ¢y, (0), ¢s, (1), . . .
in the form of the equation (2.9). Now we construct the generalized Halton sequence in
base b, and base b, as follows:

We represent n in base by = (2,3,7,...) as follows:
«ifn=0,weget0=0+0-240-2-3+0-2-3-7+---,and so (¢, (0)) = 0.

. Ifn:1,vveget1:1+0-2—|—0-2-3+0-2-3-7—|—---,andso(gzﬁbl(l)):%.

1

< lfn=2 weget2=0+1-240-2-3+0-2-3-7+---,and so (¢, (2)) = 55 = .
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wWro

o« Ifn =3,weget3 = 14+1-24+0:2-:3+0-2-3-7T+- - - ,and 50 (¢, (3)) = %4_% =
«ifn=4wegetd=0+2-240-2-34+0-2-3-7+---,and so (¢p,(4)) = % = %
o Ifn=>5wegeth =1+4+2-2+40-2-3+0-2-3-7+---,and so (¢bl(5)) = %4_% =

ot

« Ifn=06,weget6 =0+0-241-2:3+0-2-3-7+- -, and s0 (¢, (6)) = 52= = 7.
. Ifn =7, weget7 = 140-241-2:34+0-2:3-7+- - - ,and so (@, (7)) = 1+52= = 1L,
clfn=8 weget8=0+1-2+1-2-34---,and so (&, (8)) = 55 + 53= = 3.
« Then we continue the process.

The generalized Halton sequence in base b; = (2,3,7,...) is

o () (()112151114 711 )
by n=0— |\ Y5921 9592 10’01’01’ 1n

We represent n in base by, = (5,11,13,...) as follows:

clfn=0,weget0 =0+0-54+0-5-1140-7-11-134---, and so (¢,(0)) = 0.

«lfn=1wegetl =140-540-5-1140-7-11-13+---,and so (¢, (1)) = +.
«lfn=2weget2=2+0-54+0-5-11+0-7-11-13 4"+, and so (¢,(2)) = 2.
« fn=3weget3=3+0:54+0-5-1140:7-11-13+4---, and so (¢,(3)) = 2.
«lfn=4,weget4d=44+0-540-5-11+0-7-11-13+4---, and so (¢,(4)) = .

«fn=>5wegets =0+1-5+0-5-11+0-7-11-13+4---,and so (¢, (5)) = .

55
«lfn=06weget6=1+1-5+0-5-11+4---,and so (¢, (6)) = £ + =5 = 2.
cifn="7weget7=241-5+0-5-11+--,and so (¢,(7)) = 2 + -4 = 2.
«lfn=8weget8=3+1-54+0-5-11+---,and so (¢,(8)) = 2 + =4z = &

« Then we continue the process.
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The generalized Halton sequence in base by, = (5,11,13,...) is

(60, (n)) (012341122334 )
b, n=0— |\Y Ty Ty Ty e e E .. .

Therefore, the generalized Halton sequence in base b; and base b, (¢p, (1), b, (1) )5 is

(00)11 12 2 3 14 5 1 1 12 11 23
T\ 2’5)7\6'5/)7\3'5/)7\35)7\6°55)7\42’55/)7\21'55) " "]~

2.8 Beatty sequences

A Beatty sequence is a sequence of integers. It has been studied in number theory
and has applications in various fields, including computer science and physics (Masakova
and Pelantova, 2007). The role of the floor function in defining a Beatty sequence is

crucial, so we need the following definition of the floor function.

Definition 2.10 (The floor function) Let & be a real number. The floor function is defined

by the equation |x| = max{m € Z|m < z}.

Example 2.5 We give examples of how to use the floor function with other real numbers

as follows:
e« n =2 weget|2] =2
«n=15weget |15 =1
« n=—-25 weget |-2.5] =-3.

The floor function is used to remove the fractional part of the product of a positive

integer and an irrational number and leave only the integer part.

Definition 2.11 (Beatty sequences) Let v be any irrational number. Then (|na])ee, is

called the Beatty sequence.

Example 2.6 To construct the Beatty sequence where av = /2, in the first step, we
calculate the integral part of the product of each nonnegative integer and V2. Then,

we put each integral part [0 - /2], [1-v/2],... in the form of the Beatty sequence
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(lna))zy = ([0-v2],[1-V2],...). We now construct the Beatty sequence where
a = /2 as follows:

«lfn=0weget [0-a]=0-v2]=|0] =0.

clfn=1weget [0-a]=|1-v2]=|1414... | =1
clfn=2weget [0-a]=|2-v2] =|2.828...| =2
clfn=3weget [0-a] =|3-v2] =]4.242...| =4
clfn=4weget [0-a] =|4-v2] =|5656...|=5.
clfn=>5weget [0-a]=|5-v2]=|7.071...|=T.
«fn=6weget[0-a|=[6-v2] =[8485...| =8
clfn="7weget [0-a] =|7-v2] =]9.899...]=09.

clfn=8 weget [0-a]=|8-v2]=|11313...] =11

Then we continue the process.

The Beatty sequence where o = V2is

(lne )22y = (0,1,2,4,5,7,8,9,11,...).

2.9 Kronecker sequences

A Kronecker sequence is a sequence with points in [0,1). It has applications in
number theory, dynamical systems, and signal processing (Patel, 2022). The role of the
fractional part in defining a Kronecker sequence is crucial, we need the following definition

of the fractional part.

Definition 2.12 (The fractional part) Let = be a real number. The fractional part of z is

defined by the equation {z} = = — |z].

Example 2.7 We give examples of how to use the fractional part with other real numbers

as follows:
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en=2weget{2} =2— 2] =0.
- n =15, we get {1.05} = 1.05 — | 1.05] = 0.5.
o n=—09.45, we get {—9.45} = —9.45 — [9.45] = 0.55.

Definition 2.13 (Kronecker sequences) Let a be any irrational number. Then ({na})22,

is called the Kronecker sequence.

Example 2.8 To construct the Kronecker sequence where o = /2, in the first step, we
calculate the fractional part of the product of each nonnegative integer and v/2. Then,
we put each fractional part {0-1/2}, {1-1/2}, ... in the form of the Kronecker sequence
({na})z, = ({0-v2},{1-v2},...). We now construct the Kronecker sequence
where o = /2 as follows:

« Ifn=0weget {0-a}={0-v2} ={0}=0.
cffn=1weget{l-a}={1-v/2} ={1.414...} =0.414....
cfn=2weget{2-a}={2-v2} ={2.828...} =0.828....
cfn=3 weget{3-a} ={3-v2} ={4.242...} =0.242....
clfn=4,weget{4-a} ={4-v2} ={5.656...} = 0.656....
« fn="5weget{5-a}={5-v2} ={7.071...} =0.071....
cifn=6weget{6-a}={6-v2}=1{8485...} =0485....
cffn="7weget{7-a}={7-v2} ={9.899...1 =0.899....
« fn=8weget{8-a}={8-v2}={11313...} =0.313....
« Then we continue the process.

The Kronecker sequence where o = v/2 i

({nv2})22, = (0,0.414...,0.828...,0.242...,0.656...,0.071...,0.485...,...).
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2.10 Continued fractions

A continued fraction is an expression obtained through an iterative process of rep-

resenting a number as its integer part plus a nested fraction.

Definition 2.14 (Continued fractions) A real number R can write in the form of the con-

tinued fraction as

1
R=aq+ = lao; ay, as, as, ...],
1
a; +
1

ag +

1

as + —

where qg is an integer, and ay, as, as, ... are positive integers.

It is worth nothing that a real number has a unique continued fraction expansion if

and only if it is an irrational number.

Example 2.9 (Continued fractions of rational numbers) We give an example of how to

find the continued fraction form for % to fraction part as follows:

159 21

16 3+46,tena0 3

21 1 1
e34+—=34+_—=3+
46 46 4

2
21 21

« 3+ =3+ =34+ —— thenay =5 and ag = 4.

159
Therefore, the continued fraction of T is [3;2,5,4] or [3;2,5,3,1].
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Example 2.10 (Continued fractions of irrational numbers) We give an example of how to

find the continued fraction form for v/2. In the first step, we write that V2 =1+ (\/5— 1)

1
and V2 — 1=
V241

. In the second step, we write that V2+1=2+ (\/5 —1).

1 1
Then, we continue to write to as follows:

V241 :

24
V241

T then qp = 1.

el4——=14—————-=14+ ———thena; = 2.

V2+1 2+ (V2 -1) 1

2+
V2 +1

e 14— =14 , then aq = 2.

V2 +1 ]

24
V2+1

« Then we continue the processto 2 =as =as = ....

Therefore, the continued fraction of v/2 is [1;2,2,2,...].



CHAPTER Il

LITERATURE REVIEW

Low-discrepancy sequences are used in numerical integration, as they can improve
the accuracy of the integral approximation. These sequences aim to have a more uniform
distribution and lower discrepancy. In the late 19th century, Chebyshev (1866) developed
the concept of uniform distribution as a measure of the randomness of a sequence, and
also introduced the idea of constructing low-discrepancy sequences. van der Corput
(1935) introduced van der Corput sequences, which are a type of a low-discrepancy se-
qguence in one-dimensional sequences. They are constructed by reversing the digits in
base b-adic expansion of nonnegative integers, where b is a nonnegative integer grater than
1. Moreover, van der Corput sequences are prototypes of low-discrepancy sequences.
They are important for constructing other low-discrepancy sequences such as Halton se-
guences. Halton sequences are introduced by Halton (1960). They are multi-dimensional
sequences that are constructed by a generalization of van der Corput sequences to
higher dimensions with pairwise coprime bases. Considering whether a sequence is a
low-discrepancy sequence, Niederreiter (1988) introduced the concept of digital nets: a
type of a low-discrepancy sequence, and demonstrated that the discrepancy of digital
nets, with a suitable choice of base sequence, is upper-bounded by (log N)*/N, where
s represents the dimension of the sequence, and N denotes the number of terms in
the sequence. Moreover, Niederreiter (1992) proved that the Halton sequence can be
bounded by C'(log N)*/N, where C'is a constant number which depends on each base
of the Halton sequence. It is believed that the formula (log N)*/N is the best possible
discrepancy bound for an arbitrary infinite sequence. This result when s = 1 is known
as Schmidt’s theorem, which was proved by Schmidt (1972). Schmidt (1972) proved the
theorem by constructing a discontinuous function f(z) at a point xq, then using the
Koksma-Klawka inequality to obtain a lower bound on the discrepancy of the sequence.

The key idea for the proof is to choose the point zy such that the value of the value
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of f(xo) is large, but the variation of f(z) over the unit cube is small. However, the
generalization of Schmidt’s theorem to arbitrary s is still an open problem.
Combinations of two sequences are frequently studied objects. For instance,
Aistleitner, Hofer, and Larcher (2017) investigated the sequence induced by the Kronecker
sequences of evil numbers and lacunary triconometric products, where an evil number
is a positive integer that has an even number of 1’s in its binary expansion, and a lacu-
nary trisonometric product is a mathematical function that is defined as the product of
series of trigonometric functions. The sequence is a low-discrepancy sequence and has
good quasi-random properties, making it useful for numerical integration and other appli-
cations. Hofer, Kritzer, Larcher, and Pillichshammer (2007) studied the estimation of the
discrepancy of generalized van der Corput-Halton sequences and their subsequences.
Hellekalek, and Niederreiter (2011) studied the uniform distribution of the sequence w

induced by Halton sequences and Beatty sequences

w = (¢v, ([nB]), ..., u.([7B])) o,

with nonzero § € R and pairwise coprime integers by, ..., b, all greater than 1. Hofer
(2018) proved that the sequence w is an almost low-discrepancy sequence by following
three results. In the first result, Hofer (2018) found that the bound of the discrepancy of
a multi-dimensional sequence w was less than an one-dimensional Kronecker sequence
by using generalized Halton sequence properties and the Chinese Remainder Theorem.
Moreover, Hofer (2018) constructed an arbitrary interval ./, and an interval J, which was

constructed by generalized Halton sequences ideas to get the formula
|A(J; N;w) =N (J)| < |A(Jo; Nyw)—=NXs(Jo)|[+max{ A(J\J; N;w), NAs(J\Jp)}.

For the Chinese Remainder Theorem, Hofer (2018) used it to count the number of a
one-dimensional Kronecker sequence instead of a multi-dimensional sequence w. In the
second result, Hofer (2018) continued to estimate the discrepancy of a one-dimensional
Kronecker sequence by using continued fractions. This process splits N into 2 parts to
use the definition of discrepancy and the theorem of the estimation of the discrepancy

Kronecker sequence to estimate discrepancy of one-dimensional Kronecker sequences.
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The continued fraction expansion of an irrational number a provides a useful tool for
studying the behavior of the one-dimensional Kronecker sequences ({na})s2,, where
{z} denotes the fractional part of x. It can be shown that the upper bound on the
discrepancy of the Kronecker sequence is related to the partial quotients of the continued
fraction expansion of a. It was studied by Khintchine (1923), who proved that for all
€ > 0, the sequence w = ({na})>, satisfies D} (w) = O((log N)**¢)/N). This result
used the idea of Kuipers and Niederraiter (2006) by using the division algorithm, Ostrowski
expansion, and continued fractions to estimate the discrepancy of the one-dimensional
Kronecker sequences. The last result, Hofer proved that the sequence w is an almost
low-discrepancy sequence by using dynamical system techniques. The process of this
result is similar to lemma 2 of Larcher (2013).

In our work, we aim to construct new sequences induced by generalized Halton
sequences and Beatty sequences. This will extend the work of Hofer (2018) from Halton
sequences to generalized Halton sequences. It is worth noting that a generalized Halton
sequence is a low-discrepancy sequence, as proved by Haddley, Lertchoosakul, and Nair
(2017). They define generalized Halton sequences induced by generalized numeration
systems. Moreover, a generalized Halton sequence is uniformly distributed modulo 1,
as studied by Haddley, Lertchoosakul, and Nair (2013). By our hypothesis, we believe
that our estimation of discrepancy of the new sequences induced by generalized Halton
sequences and Beatty sequences would be almost low-discrepancy, which is similar to

the result of Hofer (2018).



CHAPTER IV

RESEARCH METHODOLOGY

This chapter presents some elementary results which will be used throughout our
work. Note that, at the end of this chapter, we provide a flowchart which summarizes
the overview of our research methodology and our contributions.

Firstly, the bases of Halton sequences consist of pairwise coprime integers which
can be proved by using the Chinese Remainder Theorem. This theorem is also used to
reduce the calculation of the estimation of discrepancy of multi-dimensional sequences

to the calculation of discrepancy of one-dimensional Kronecker sequences.

Theorem 4.1 (Chinese Remainder Theorem) Let s € N, and n4,...,ns be pairwise co-
prime positive integers. If a1, ..., as are any integers, then the system of linear congru-
ences

r=a; (modny), x=ay (modny), ..., xz=as (modny),

has a solution which is unique modulo nins - - - ns.

Proof. We show the existence of solutions by using mathematical induction. In the base

step s = 2, we will show that the system of the congruences
r=a; (modny) (4.1)

r=ay (mod ny) (4.2)

has a solution. By writing the congruence (4.1) as an equation, we obtain
r=a; +ny, forsome ye€Z. (4.3)
Then, we substitute = from the equation (4.3) into the congruence (4.2) as

a; +mny =ay  (mod ng). (4.49)
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Subtracting by a; on both sides in the equation (4.4), we get
ny =as —a;  (mod ng). (4.5)
Since gcd(ny, ng) = 1, let n’ be an inverse of n; (mod ny), we have
n'ni =1 (mod ny).
Multiplying through the congruence (4.5) by n’, we have
y=n'(az —ay) (mod ny). (4.6)
Revising the congruence (4.6) as an equation, we get
y=n'(ay —a;) +nyz forsome z € Z. @a.7)
Substituting y from the equation (4.7) into the congruence (4.4), the result is
r=ay+my=a+n(n'(ay —ay) + nez) = ay +nin'(ag — ay) + nyngz.  (4.8)

We can check that the form in the equation (4.8) satisfies the congruence (4.1) and the
congruence (4.2).
Next, we show the inductive step. Suppose all congruences with s pairwise coprime

moduli can be solved as
r=a; (modmny), zx=ay (modng),..., a&=as (modny). (4.9)
There exists a solution b to the first s congruences, we have
r=0b (mod ning---ny), (4.10)
We consider a system of congruences with s + 1 pairwise coprime moduli as
r=a; (modny),..., x=as (modns), x=as; (modng), (4.11)

where gcd(n;,n;) = 1 for all ¢ # j. From the congruence (4.9) and the congruence

(4.11), the two moduli nyng - - - ng and ngyq are coprime because gcd(n;, nip1) = 1 for
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i=1,2,...,and gcd(ning - - - ng,nsr1) = 1. Then, there exists ¢ which is a solution to

the congruence (4.10) and the congruence
T =as1 (mod ngyq).
We get that ¢ = b (mod niny...n,) and
c=b (modmn;) for i=1,2... s.

By the inductive hypothesis, we have

b=a; (modmn;) for i=1,2,...,s.

(4.12)

(4.13)

(4.14)

By the congruence (4.13) and the congruence (4.14) through the transitivity property, we

get

c=a; (modm;) for i=1,2...s

and also

¢ =asyr (mod ngiq).

Therefore, we see that ¢ satisfies the s + 1 given congruences.

Next, we show the uniqueness of the solution. Suppose that x = ¢; and x = c»

are two solutions to the system of linear congruences, say

r=a; (modni), x=ay (modny),..., x=as
We have ¢; = ¢p (mod n;) fori=1,2,...,s. Then we obtain
n; | (c1—co) for i=1,2,...,s.

Because n; are pairwise coprime, their product nyns - - - ng divides ¢; — c5. Therefore, we

get

cg =cy (mod ning - - - ny).

[]

Secondly, we show some basic properties of continued fractions. The discrepancy

of the Kronecker sequence ({na})s2,, is related to the continued fraction expansion
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_ . Pj

of a = [|a];a1(a),az(a),as(c),...]. The convergents of o to a are defined as the

fractions % that have the first j terms of the continued fraction expansion of a with
J

Pj,q; € Z and gcd(pj,q;) = 1. The following proof is a rewritten version of (Khinchin,

1964, p. 4).

Theorem 4.2 For integer 7 > 2, we get
Dj = ajpj—1 + Pj—2,

q; = a;q;—1 + qj—2,

where py = ag, qo = 1, p1 = apar1 + 1, and q1 = a4.

Proof. We use mathematical induction to prove that for all integers j greater than or

equal to 2, the following two equations hold

pj = a;Pj—1 +pj—2, and  q; = a;q;-1 + g2 (4.15)

In the base step 7 = 2, the two equations in (4.15) become

12 = Qo ar L 1
q2 a; +  »
a2
ajas + 1
_ ag(mag + 1) + ag

N ajas + 1

(4.16)

By definition, we know that py = ag, g0 = 1, ¢1 = a1, and p1 = agay + 1. Substituting

these values into the equation (4.16), we get

p2 as(arag + 1) + ag

42 arjaz + 1

as(arag + 1) + ag
ajas +1

azP1 + Po

asqy + qo

Hence, the base step is established. In the inductive step, let k be a fixed integer such
that & > 2. Assume that the equation (4.15) holds for all 7 up to k. That is, we assume
that

Pj _ Pj-1 +pj-2

forall  j suchthat 2<j5<k. (4.17)
4  ajqj—1 + gj—2



25

Pk+1
We show that the equation (4.17) also hold for 7 = k + 1. Starting with , we have
dk+1
1
pk+1 = [ao;a17a2a"' 7ak;+ ]
qr+1 Afy1
B (ar + akil)pk—1 + Dk—2
1
(ar + ar Jqk—1 + Q2

g1 (ApPr—1 + Pr—2) + Dr—1
1 (O Gr—1 + Qe—2) + Qr—1
Qk+1Pk + Pk—1

Qg1+ Qr—1

[]

Continued fractions can be used to find good rational approximations of real num-
bers. This is because the continued fraction expansion of a real number consists of a
sequence of integers that can be used to construct a sequence of rational numbers that
increasingly well approximate the real numbers. For any positive integer j, and « is an
irrational number. We have the inequality

1

QijH.

The following proof is a rewritten version of (Khinchin, 1964, p. 9).

Theorem 4.3 For any irrational number v and any positive integer j, the convergent %
J

satisfies the inequality
1

q;q5+1 ’

e
4;

where p; and q; are the numerator and denominator of the jth convergent of the

<

continued fraction expansion of «, respectively, and q;j11 is the denominator of the

(j + 1)th convergent.

Proof. The value of « lies between two rational numbers % and %. As 7 increases, the

denominators ¢; and g;+1 get larger, so the bounds get closer to each other. The con-

vergents become better and better approximation to «. In other words, Z—g, Z—z, e ‘;ﬁ_’,
3
converges to « in the left-hand side, where ¢ is an even number. %, %, cee Z’?—i, con-

verges to « in the right-hand side. We suppose that the i-th convergent, % is the closest
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rational number to . Therefore, we have

‘oz— Bit o |Bist _Bi (4.18)
q; 4j+1 G5
Note that
qjPj—1 — 4j—1Pj = (—1)] for all j S N(). (4.19)
Hence, we have
o_bi < Dj+1 D5
qj dj+1 qj
B Pj+145 — Pjqj+1
qj+19;
=1y
dj+14;
- i
QjCJjH'
[]

Thirdly, we show some discrepancy theorems which are necessary to estimate the
discrepancy of the one-dimensional Kronecker sequences. A fundamental result in dis-
crepancy theory is that the estimation of discrepancy can be decomposed into a number
of subsequences with small discrepancy using the triangle inequality, so we need the

following definition of the discrepancy.

Definition 4.1 (The discrepancy) Let w = (x,,)22, be an infinite sequence in [0, 1)°. We
define the discrepancy of w to be

Dy (w) = sup

S labcons | N

where A(J; N;w) = #{0 < n < N — 1:x, € J} is the counting function, and

As(J) = [T, (b; — a;) is the s-dimensional Lebesgue measure of .J.

Now we are ready to state the discrepancy estimation of a decoposed number into
subsequences. This following proof is a rewritten version of (Kuipers and Hiederreiter,

2006, p. 115).
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Theorem 4.4 (The discrepancy estimation of a decomposed number into subsequences)
For1 <1 <s, let w; be a sequence of N; elements from R with discrepancy Dy, (w;).
Let w; be a superposition of wy, . . . ,ws, which means that w is a sequence obtained by
listing the terms of w; in some orders. We set N = Ny + - -- + N, which is the number

of elements of w. Then,

Dy(w) £ 3 3 D ()

Proof. Let J = [a, ) be a subinterval of [0, 1). By the construction of N and w, we
have A(J; N :w) =7, A(J; N;;w;). Therefore

A(J: N
Dylw) = sup |2 ’“)—AxJﬂ
JC[0,1) N
N ( A(J; Ny w;)
— wup y . ’“Z—)\SJ>
Jcon = N< N; )
N A(J; Ni; w;) N
< — sup ! “z—)\sJ': —Dy, (w;
;NJC[Ol) N (/) ;N N, (wi)

We specifically estimate the discrepancy of the Kronecker sequences. The following

proof is a rewritten version of (Kuipers and Hiederreiter, 2006, pp. 125-126).

Theorem 4.5 (The discrepancy estimation of ({na})$%. ) Suppose the irrational number
a = [ag, ay, ... | has bounded partial quotients and K is an integer, with a; < K for
i > 1. The discrepancy Dy (w) of w = ({na})se, satisfies NDy(w) = O(log N). In

particular, we have

L& log N
O
g€ ' log(K +1)) 2

NDy(w) <3+ (

1++/5
where £ = 5

Proof. We separate the process of estimating N D%, (w) into three steps. In the first step,

we construct N = Zf:o b;q;, by using the denominators 1 = qg < q1 < g2 < q3 < -+~



28

of %, that converges to a.. Let N > 1, there exists an > 0 such that ¢, < N < ¢41.

By using the division algorithm, we can simplify N to
N = err + Nr—h

where 0 < N,_; < ¢,. We note that N < ¢,41 = ay31¢r + ¢r—1 < (@41 + 1)g,, then

we get

N <gr11
brqr + Ny—1 <ar11¢r + ¢r
brgr + (Neo1 — ¢r) <ar 41,
brgr <a,41Gy

br SarJrl-
Therefore, we have that a representation of N is

N :br%* + Nry
:br%“ N brfl%"fl + N,

:bTQT + br—lqr—l R ono
1=0

where 0 < b; < a;yq for 0 < 1 < r;and b, > 1. In the second step, we find the
discrepancy of D,, by decomposing the given sequence ({na})Y_,. This decomposition
splits the sequence into b, sequences, where n runs through ¢, consecutive integers, then
into b._1 sequences, where n runs through ¢,_; consecutive integers, and so on. After
that, we estimate discrepancy in the first ¢; terms by definingn = ng+7 with 1 < 5 < g;.
By Theorem 4.3

Dn 1 1
a——| < S _2a
dn Gndn+1 C_In
we have
_pi, 0

G Gt Qs
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where |0| < 1. Therefore, we get

i 0
{na}:{noa—i-]ﬁ%— J }
q; 4iqi+1

Since (p;, q;) = 1, the numbers noa + jp? with 1 < 7 < ¢; are considered in modulo

1. Generate a sequence of g; equidistant points, with a distance of - between them.

30
9iqi+1

Considering < — for 1 < j < g, the finite sequence ({na}), no+1<n<

qi+1

no + ¢;, is obtained by shifting modulo 1, the elements {ngya + <qu) L1<j<gq,
either all to the right or all to the left by a distance less than ﬁ which depends on
the sign of 6. Therefore, we have that the discrepancy D,, of the finite sequence ({na})

Withn0+1§n§no+qiis

D < A((Ovi_qJA] qw{na}) (l_ 1 )
" ¢ ¢ Qiv1
B 2 (1 1 )’
qi qi qi+1
1 1
=— +
qi qi+1

In the last step, we estimate N Dy (w), by Theorem 4.4 and the way in which we decom-

1 1
posed the original sequence {a}, {2a},...,{Na}, and D, < —+ , we have
4 Git1
NDN < Q'L ) ( )
Z 4 i+l
—zb( +1)
qi4+1
di
=> b +» b
; di+1 lz;
b b b'f’ T d
:<O_QO+1_C]1+”.+ 4 > +Zbi
a a aT T :
§<O_%+1_%+...+_Q) 30
a1 42 dr+1 =0

i=0
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Then, we estimate the first term Z;O b;, by proving that

r K
b <14+ ————ogN.
; - +log(K+1) 3

For given N > 1, we assume that o(N) = >0 b;. If 1 = gy < g1, then there exists
r > 0 such that the smallest possible is r = 0, and a corresponding N satisfies 1 <
o(N) =by = N < ¢ < K, where K is an integer. If g9 = ¢ = 1, then there
exists 7 > 0 such that the smallest possible is 7 = 1, and a corresponding /N satisfies

1<o(N)=N<qg <q+1<K-+1. Therefore, the case of 1 = ¢gg < ¢1, we change

Y oi_obr to N, and it suffices to show

K
N<1+ ———logh, (4.20)
= T og(K 1)
for1 < N < K + 1. To prove the well-definedness of the inequality (4.20), we consider
K
the function f(z) = = — mtogx when z € [1, K + 1], then f is concave

upward on the entire interval by proving that f(1) = f(K + 1) = 1. Now we consider
an arbitrary N with 1 < ¢, < N < ¢y41,and N = b,.q,. + N,_1 with 0 < N,_; < g,.. We

suppose that N,_; > 0, then a(N) = b, + o(N,_1), we get the inequality

K
N,_1) <l+ —+———1og N,_
7 =l 4 log(K + 1) ©s !

o(N)—b. <1+ ) log N,—4

log(K +1

o Ny LTH VA log N,_.

log(K + 1)
By N = er’r + N,_1 > b.N,_1 + N,_1 = (br + 1)Nr—17 we get that

oo N
O .
oe(K +1) b 11

o(N) <1+, + (4.21)

N err + Nrfl

We suppose that N,_; = 0, then o(N) = b, and b1 = b1 >1lasq. > 1.

N

Therefore, log is well-defined in the case of N,_; > 1. To compute the inequality

brqr
K

(421), we will prove b’r‘ S m

log b,41 by following an increasing function g(z) =
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T
——  for x > 0 and by considering in interval 1 < b, < a,,; < K. Then, we
log(z + 1)
complete the bounding o(N) that
. K N
() ; st +log(K+1) Ogbr—i-l
K K N

log(b, + 1) +

1+ ———— l
=t log(K + 1) log(K + 1) o3 br +1

K
=14+ ————ogN.
+log(K+1) 3

Therefore, we have
d K
b; <1+ —++———1ogN. (4.22)
; ST E D B
To estimate the second term 7, we use continued fractions that ¢; = a;q;_1+¢;_2, where
qo = 1. Then g = aiqo, 50 g2 > 2 where a; > 1, and g2 = azq1 +qo = aza1q1 +1 > 2,
where as > 2. Therefore, the smallest value of g; depends on the smallest a; = 1.
Considering a; = 1, we get
1+ /5

eningl B 4 == .
[a777 ] 9

We now prove that ¢; > £~ for i > 0, where £ = %5 Using mathematical
induction, we assume that ¢; > &1, for i > 0. In the base step @ = 0, we observe that
Gp=1>¢t= (%) . In the inductive step, we assume that ¢;_; > =2 is true,

for ¢ > 0. We consider ¢; as

¢i = igi—1 + ¢i—2
> ;62 4 ¢
> g2 4 gind
N
_ g,

Therefore, we get N > ¢, > "1, and

log N
<
"= log&

+ 1. (4.23)
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Finally, the result by following the inequality (4.22) and the inequality (4.23) is

=0
K log N

1+ ———logN
- +log(K+1) 09N+ log&

K 1
—3 log N.
+’(ug(K¥+1)+’mgg) iE

+1+1

[]

Moreover, the Koksma-Hlawka inequality is concerned with the star-discrepancy of
sequence (DY ). Therefore, we now show the relationship between discrepancy and star
discrepancy. The following proof is a rewritten version of (Kuipers and Hiederreiter, 2006,

p. 91).

Theorem 4.6 (The relation between discrepancy and star discrepancy) The discrepancies

Dy and Dy are related by:
Dy < Dy <2Dy.

Proof. The inequality D3, < Dy follows from the definition as

A([e, B); N)

Dy = su — (=«
N 0§a<|z§1 N (5 )‘
A([0,8); N A(0,a); N
_ p [AOSEN) Ay
0<a<B<1
A([0, a); N)

> su — —

_O<a21 N

=D}

A([0,0);N)

Because the formula Dy = supy.,<; ‘ N — a) is a special case of the formula

A([0,8);N A([0,a); N
(05) L—“N))—W—aﬂ

Dy = supp<acp<i by the definitions of the discrep-

ancy and the star discrepancy. The inequality Dy < 2D} follows from the equality

A([a, B); N) = A([0, B); N) — A([0,20); N),
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where 0 < o < 8 < 1. Therefore, we have

Dy = sup A([Oéaﬂ);]\m_(ﬁ_ )'
0<a<p<1 N
B A([0,8);N)  A([0,a);N)
T ool N N (5 =a)
A(lo,B);N) ‘ A([0,a); N)
Soitg’zl N 4 +oig¥21 N “
—2D",.

[]

Finally, we will apply the matric result of Hofer (2018) to show that a sequence is
an almost low-discrepancy sequence. We call the metric result of Hofer (2018) as Lemma
4.7. To understand this lemma, we need the following definition of Lebesgue-almost all

a € R.

Definition 4.2 (Lebesgue-almost all) A property holds Lebesgue-almost all if it holds for

all elements in R except for a subset of Lebesgue measure zero.

We can say that Lebesgue-almost all real numbers in [0,1) are irrational, which
means that the set of irrational numbers has measure 1. The following lemma is based

on (Hofer, 2018, p. 28).

Lemma 4.7 Let by, ..., bs be positive integers. Then for Lebeseue-almost all a € R, we

have, for every € > 0,
L L L
Z ZZ b]l . 's) :O(LSJrlJre),
Jj1=0 s=0 k=1

where ay (o by b ) is the continued fraction expansion of (a bl b)),
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Overall, we have presented the workflow of our work in the following flowchart.



CHAPTER V

RESULTS AND DISCUSSION

This chapter presents the main theorem’s proof. We follow the idea of proof from

Hofer (2018).

Theorem 5.1 (Main theorem) Let by = (b1;)32,,...,b, = (bs;)52, be bounded se-

quences of nonnegative integers greater than 1, such that for all 31,72, € N and all
1 <4y <i9 < s, we have b;, ;, and b;, j, are coprime. Then, for Lebesgue-almost all

a € [0,1), and for any € > 0, the sequence

w = (¢b1(LnaJ)a SR QSQS(LnaJ))ZO:o
is an almost low-discrepancy sequence.

From now on, w denotes our constructed sequence defined in the main theorem.
We write § = i so that # > 1. Then the main theorem follows immediately from the
following three auxiliary results.

The first lemma reduces the calculation of the discrepancy of a multi-dimensional
sequence w to the calculation of the discrepancy of one-dimensional Kronecker se-

quences.

Lemma 5.2 For all N € N, we get this inequality

k1 ks o
NDS(w) < My M, S oo S NAE K n
wler=an fg_:o KSZ—O N BIL_ b xc) 5

n=0

where

Mi = max(bm)]o-il,
m; = min(bi,j);’il,
ki = ’—Logml N-‘ )

b(i,Ki) = bi,l e bi,Ki7
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foralli € [1,s], and

K1, Ks
NAgV ! )(w) = sup
0<R<[Ti-1 b, xy)

R R+1 N
A< |: s ’ s ) ; N, CU) 1715 |-
Hi:l b(isz‘) Hi:l b(i,Ki) Hi:1 b(i,Ki)

Proof. Foreach £ = ({1,...,0s) € N°with 1 < £; < b;q---byy, forall i € [1,s], we

can write each /¢; in form
Ci = lig, + ligi—10i gy + ligy—20i g, bigy—1 + -+ - + Litbig, -+ - bi2,

where [ ,.—; € {0,1,...,b;,—; — 1} (0 < j < k; — 1). The first step in the proof is to

estimate A(Jy; N;w) — NXs(Jy), where J, C [0, 1)® is an interval of the form

Jg:ﬁlio, b ) (5.1)

i=1 b(%’ﬁ)

where b g,y = bi1 -+ bk, we can write Jy as a disjoint union of the form

with the term of disjoint intervals is bounded by 5 (32F, lix) < TTi_,(M; — 1)k;.

The crucial step, we estimate A(I.; N;w) — N (1) for an elementary interval

[—ﬁ Igz_lli_’k+li_ Kiz_lli_’k+ ll
o by by 4 b ’

1
i=1 | k=1 Gk Ki) i,k) b(i,Ki)

where 1 < K; < k; and 1 < [; < [, g,, by using properties of the generalized Halton
sequence. For each nonnegative integer n € Ny, we denote the b,-adic expansion of L%J
by

n
{EJ = N1 + Ni2bi 1 + 13051050 + 1 abi1bi2bs g + - - -

where n; ; € {0,1,...,b;; — 1} (j € N). Then

n n IS e -1 & l;
(i) a (D) nfE L B L)
( B B 11 ; bk ek 4= baw  bak)

if and only if, for all i € [1, s],

7K11_|_ < 1 _’2+...< 4. 4

li
b1 b(i,Ki—l) b(i,Ki) T bin binbio b1 b(z’,Ki—l) b(i,Ki).

lik.— l;
Kiml
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This is equivalent to n; 1 = i1, ..., i k,—1 = li k,—1, and n; i, = [; — 1 which in turn is

equivalent to

n
LEJ =lia+ligbin + -+ lik,—1bi ki—2) + (i — )b k,—1)  (mod bgi k),

forall i € [1,s]. As by j,,...,bs;, are pairwise coprime, it follows from the Chinese
Remainder Theorem that there exists a unique integer R with 0 < R < [];_, b(; k) such

that
n
\‘BJ =R (mod Hb(@]{»).
i=1

Because

=|2|=|2- Sbi‘{#J sbi. .
) bJ {B (g ) BT b, (mod };[1 (irn)s  (5.2)

we obtain the equivalence of the congruence (5.2) as

{ n } s { R R+1 )
BT bk [T bk Tl by )

Therefore, we have

|A(Jo; Nyw) — NAs(Jo)|

Z A(Ie; N; w) - NAS(IE)

< JA(I; Niw) = NA(L))|
Ic

<o 5N (s L)

An arbitrary interval J = [];_,[0, z;) C [0,1)® can be approximated by an interval
Ji of the form (5.1) by taking the nearest fraction to the left of z; of the form £; /(b x,))-

Then we have
|A(J; Nyw) — NAs(J)| =|A(Je; Nyw) + AT\ Ji; N;w) — NX(Jo) — NAs(J \ Jo)|

<|A(Ji; N;w) = NA(Jo)| + [A(T\ T Nsw) = NA(S\ o)

<A N;w) = NA(Je)| + max(A(T\ Ji; N;w), NA(T\ Jp)-
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From the definition of k; = [logmi NW , we get k; > log,,,. N; that is, mfl > N. Hence,

we have

NX(J\ Jp) < Nl} (z _ b )

b ky)
=1

a =1 mfl
< s.

It remains to estimate A(J \ Jy; N;w). Clearly, we have

A(JN\ Ji; Nyw) < A(S; N3 w)
= |A(S; N;w) — NX,(S) + NX,(9)]
< JA(S; N;w) — NAJ(S)| + NA(S),

where §'is an union of elementary intervals I, of the form

$ = (00 | 30 g o 5 ke bt 1) P
) 7 k=1 bk) D) Za bi k) ; :

i=1 \j=1 bk

By using again the definition of k;, we have

v

Moreover, we get the estimation of |A(S; N;w) — NAg(5)] as
|A(S; N;w) — NA(S)]

vt () ) ()
- Bbak )/ g N Bbek) )/ g
v (({ge-t) ).

N /Bb(svks) n=0
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Finally, we get

[A(J; Ny w) = NA(J)]
< |A(Jg; Nyw) — NAg(Jo)| + max(A(J \ Jo; Nyw), NAs(J\ Jp))

< [A(Je Niw) = NA(Jo)] + [A(S; N;w) = NA(S)| + NAs(S)

con 3 e (1))

s () = ()
N ﬁb(l’kl) n=0 N ﬁb(z’k@) n=0
oo NAQ0R) <<{ n }) > + s
N Bbska) ) /.o

k1 ks [e%)
n
< M -+ M, E E NA%Q 7777 K)<({S—}> )+s.
K1=0 Ks=0 B Hi:l b(l}Ki) n=0

[]

Next, the second lemma provides an estimation of the discrepancy of the one-

dimensional Kronecker sequences.

Lemma 5.3 For any (K, ..., K) € N§ and ¢ € [1,2], we have

00 [loge N s
NAEL Ks)(({ S” }) ><5+1+2 ai | BT baxs |-
N B Hi:1 b(viz) n=0 B jzl ! 2111 e

Proof. let 1 = g9 < ¢1 < @qo < --- be the denominators of % which con-

verges to with i € Ny, gcd(pi,¢i) = 1. Note that § > 1. We have

TP
BIIi=1 bgi,xy)
Bl bi1---bik, > 1, and so, we get

al(l/(ﬂ H bi,l T bi,Ki)) = L/B H bi,l T szZJ
i=1 i=1

For given N > 1, there exists r > 0 such that ¢, < N < ¢,41. By the division algorithm,

we have N = N, ¢, + N,_; with 0 < N,_; < g,. By continued fractions, we note that
(aT-H + l)qT Z Qr+1 > N > NrQra

and so, we have N, < a,11. If 7 > 0, we write N,_1 = Ny_1¢r—1 + N,_5 with 0 <

N,_9 < @,_1. After that we find N,._; < a,.. We continue on this path, then we get

N = Ny + Nigi + Naga + - - - + Nygy,
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with ¢ < N < gryrand 0 < N; < a1 (1/ (8112, baky)) (0 <@ < 7). We start by

splitting

(Kl,...,Ks) n >
NAG S (o ) )
< N A(Klv---va) #
= 0%y B H§:1 b,k n=0

o Ky n+ N, >
" (N_ND)A%}V‘;K) (<{6Hs b((')K)}) )
=1 2,484 n=0

For the first term, we use the definition of the discrepancy to get that

> N,
N A(K1,...,K5) n < 1 o 0
0N Bl bia-biri ) ) sy) — o)+ [l bin- bk,
<|B]+1

< p+1,

because Ny < |S]];_; bk, For the second term, we proceed as in Theorem 4.5. We

decompose the given sequence

)
ﬁ H::l b(i’Kz’) n=0 .

into N7 sequences, where n runs through ¢; consecutive integers, and so on, into N,
sequences, where n runs through g, consecutive integers. We would like to estimate

the first discrepancy ¢; terms of such a finite sequence of the given sequence in (5.3) by

1
i=1 bii,x;)’

assuming n = ng+7 with 1 < 7 < ¢;. By using Theorem 4.3 to approximate B0

we get
1 i 1

e = 2| < :

B Hi:l b(i,Ki) qi qiqi+1

and we obtain

1 .9
Sy with  [0] < 1.

B Hf:1 b(i,Ki) q; qiq9i+1

Therefore, we have

B Hle b(i,Kl-) B Hle b(i,Ki) qi qiqi+1 .




To estimate the second term, we use Theorem 4.4 and Theorem 4.5 to obtain

+ Ny ~
N — No)AJ 55 (({n—}) )
( 0)ANR; Bl biro )/ g

r 2 1 1
S I e e
im1 4i 4 gi+1

< Z Nigi | —+
i=1 i
" 2
< Z Nig; (—>
i=1 i

T 1 2
S § a; S q; <_)
; i ﬁ Hi:l b(i:Ki) 4
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we estimate r by the fact that N > ¢, > (" ! forany r > 0. For any a; > 1, we get

¢ell,2].

Finally, we apply Lemma 4.7, and set the following the variable

L = max{ky, ..., ks, [log. N},

[]

where K; is a digit with 1 < K; < k; forall i € [1,s], and j is a digit with 1 < j <

[log, N'| . Then, we get the last lemma

Lemma 5.4 Let L € N. Then, for Lebesgue-almost all 5 € R. For every € > 0, we have

Y S <5ﬁb<z‘,m>> _ o).

Ki=0  K,=0j=1 i=1
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Therefore, by Lemma 5.4, we can conclude that the sequence w induced by gener-

alized Halton sequneces and Beatty sequences is an almost low-discrepancy sequence.



CHAPTER VI

CONCLUSION AND RECOMMENDATION

In this research, we apply the idea of Hofer (2018) to estimate the discrepancy of
our constructed sequence w, induced by Beatty sequences and generalized Halton se-
quences. We have shown that the sequence w is an almost low-discrepancy sequence.
To prove this, we follow a similar approach as Hofer (2018), but we change the bases of
Halton sequences to bases of generalized Halton sequences. Then, we reduce a multi-
dimensional sequence w to one-dimensional Kronecker sequences. To estimate the dis-
crepancy of one-dimensional Kronecker sequences, we use continued fractions and adopt
the theorem’s idea for estimating the discrepancy of Kronecker sequences to establish
bounds. Then, we apply our result in dynamical systems to estimate the discrepancy.
In conclusion, we have shown that the discrepancy of our constructed sequence w is

bounded above by the following rate of magnitude

Dyt = o L2

for every € > 0.

For further study, it would be interesting to explore the combination of Beatty
sequences with other low-discrepancy sequences such as Sobol sequences, Faure se-
quences, and Hammersley sequences. Another recommendation is to investigate the
substitution of subsequences in Beatty sequences with prime number terms, and then

determine the discrepancy of these newly generated sequences.
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This section presents some theorems, as mentioned in earlier chapters. It consists
of the b-adic expansion, the b-adic expansion, and the relationship between discrepancy

and uniformly distributed modulo 1.

A.1  The b-adic expansion

Theorem 1.1 (The b-adic expansion) Let b > 1 be an integer. Then, every nonnegative

integer nhas the unique b-adlic representation of the form

n:anbj’1 = ny + nob + n3b® +nyb® + - |
j=1

where n; € {0,1,...,b—1}.

Proof. We use the method of successive division by b. We start with N and repeatedly
divide by b, keeping track of the remainders at each step. Firstly, we divide N by b and

get a quotient ¢; and a remainder ny

N =bg, +n;, where 0<n; <D (A1)
Next, we divide ¢; by b and get a quotient g2 and a remainder no

q1 = bgas +n9, where 0 <ny <b.

Substituting ¢; in the equation (A.1), we get

N = ny + b(bQQ + ng) =n;+ ngb + QQbQ.

We can continue this process, dividing each quotient by b and getting a new remainder,
until we get

N =nq +ngb+ngb* +--- |

where n; with ¢ € N is the remainder obtained in the successive divisions.
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A.2 The b-adic expansion

Theorem 1.2 (The b-adic expansion) Let b = (b;)32, be a sequence of nonnegative
integers greater than 1. Then, every nonnegative integer n has the unique b-adic repre-

sentation of the form
n = anbl s bj_l =ny + n261 + n3b1b2 + n4blbzbg =+ .- s (A.Z)
j=1

where n; € {0,1,...,b; — 1}.

Proof. We use the method of successive division by b;. We start with N and repeatedly
divide by by, b3, and so on, keeping track of the remainders at each step. Firstly, we divide

N by b; and get a quotient ¢; and a remainder n4

N =big1 +n1, where 0<q <b. (A.3)
Next, we divide q; by by and get a quotient ¢, and a remainder ns

g1 = bags + g,  where 0 < ny < bs.
Substituting ¢; in the equation (A.3), we get

N =ny + b1(baga + n2) = ny + naby + q2b1bs.

We can continue this process, dividing each quotient by b3, by, ... and getting a new

remainder, until we get
N =ny +ngby +ngbiby + - -+,

where n; with ¢ € N is the remainder obtained in the successive divisions.

[]

A.3 The relationship between discrepancy and uniformly dis-

tributed modulo 1

Definition 1.1 (Uniformly distributed modulo 1) A sequence w = ({z,})5°, of real

numbers is uniformly distributed modulo 1 if for every pair a,b of real numbers with
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0<a<b<1,wehave

- A([a, b); Nsw)
L

Theorem 1.3 (The relationship between discrepancy and uniformly distributed modulo
1) A sequence w = ({x,})52, of real numbers is uniformly distributed modulo 1 if and

only if imy 00 Dn(w) = 0.

Proof. Let m be an integer greater than or equal to 2, and 0 < k£ < m — 1. Let I} denote

the interval I, = [%, %) . We assume that w is uniformly distributed modulo 1. For

every € > ( there exists a positive integer Ny dependent on m, such that for N > N,

and forevery k =0,1,...,m — 1, we have
e Al Nw) 1 <€
2 N m 2

We consider an arbitrary interval J = [a, 5) C [0, 1), there exist intervals J; and Js
are finite unions of intervals Iy, such that J; C J C Jo, with A(J) — A\(J1) < % and
A(J2) = A(J) < 2. We get forall N > N,

A(Jl;N;W)
N

A(J; N;w)
N

M)~ § - M) < L)

By using the relationship of A(J1), A(J), and A(.Js), we get

A(J2; N; W)

—AJ) < N

- A(J) < — A(J),

AT < A(Jo) 4 % — ().

e 2 A(J;N;w) e 2
—_——— " — —+ —  forall N >N,.
2 m< N )\(J><2+m ore =0

Since the bounds are independent of interval .J, we finally get Dy(w) < £ < € for all

3
N > Ny.

Now, suppose that limy_ Dn(w) = 0. Suppose to the contrary that w is not
uniformly distributed modulo 1. Then, there exist a subinterval [a,b] of [0, 1] and a

positive constant e such that



52

By the definition of discrepancy, we have

A(la, 0]; N3 w)

DN((,U) Z N

—(b—a)| forall N.

We have Dy(w) > € for all N, which contradicts limy_0o Dn(w) = 0. Therefore, w

must be uniformly distributed mod 1.

[]
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