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Preface

This Handbook is no way criginal, but a compilation of many problems and
books to enable bright Thal math students to take advantage of the internet. The
few weeks of instruction in Olympics Camp, I hope, will be just the spark to heip
the enterprising student to "boldly go where no one has gone before,” in life and
in math.

Enjoy!

en



CHAPTER |
Strategies

1. The Pigeon Hole Principle

Pigeon Hole Principle If kn 4+ 1 objects (A < 1} are distributed among »n boxes,
one of the boxes will contain at least &+ 1 objects.



] 1. STRATEGIEE

PROBLEM 1. Given a sct of n+ 1 posttive integers, none of which crceeds 2n,
show that at least one member of the set must divide another member of the set.

ProeLEM 2. Prove that there exist integers b, ¢ not all zero and ecach of
absolute value less than one million, such that

la 4+ bv2 + V3| < 1071



1. THE PIGEON HOLE PRINCIPLE 9

PROBLEM 3. Given any set of ten natural numbers between 1 and 99 inclusive
(decimal notation), prove that there are two disjoint nonempty subsets of the set
with equal sums of their elements.

PROBLEM 4. Let A be any set of 20 distinect integers chosen from the arithmetic
progression 1,4,7,...,100. Prove that there must be two distinct integers in A
whose sum is 104.



10 1. STRATEGIES

PROBLEM 5. Let X be any real number. Prove that among the numbers

X.2X,...,(n—-DX

there is one that differs from an integer by at most 1/n.

PROBLEM 6. Prove that no seven positive integers, not evceeding 24, can have
sums of ell subsets different.



1. THE PIGECN HOLE PRINCIPLE

11



CHAPTER 2

Number Theory

1. Warmups
Prorosrrion 1. The following will be used:

(1) If o number a divides a product be and is prime to ene factor b, it must
divide the other factor c.

(2) If a prime mwmber a divides a product bed . . ., it must divide one of the
foctors of that product.

(3) If a is prime to each of the numbers b and ¢4, it is prime to the product
be.

(4) If a and b are prime to each other, every positive integral power of a is
prime to every posiltive integral power of b.

(5) If a is prime to b, the fractions § and bﬂ- are in their lowest terms, n and
m being any posttive integers. Also if 3 and 5 are any two equal fractions,
and § is in its lowest terms, then ¢ and d must be equimultiples of a and
b respectively.

13



14 2. NUMBER THEORY

PROPOSITION 2. The number of primes is infinite.

ProrosiTiON 3. No rational algebraical formula can represent prime numbers
ondy.

ProrosrtioN 4. A number can be resolved inte prime factors in only one way.



1. WARMUPS 5

Prorosition 5. To find the number of divisors of a composite number.

FProOPOSITION 6. To find the number of ways in which o couiposiie number can
be resolved into two factors.

PROPOSITION 7. To find the number of ways in which a composite number can
be resolved into two factors which are prime to each other.



2. NUMBER THEORY

PROPOSITION 8. To find the sum of the divisors of a number.

ExaMrLE 1. Consider the number 216000.

EXAMPLE 2. If n 5 odd, show that n(n® — 1) is divisible by 24.



1. WARMUPS 17

EXAMPLE 3. Find the highest power of 3 which is contained in 1001

ProOPOSITION 9. To find the highest power of a prime number a which is con-
tained in nl.

ProrosiTiON 10. To prove that the product of v consecutive integers s divisible
by rl.



18 2. NUMBER THEORY

ProrosirionN 11, If p is o prime number,the coefficient of every term in the
ezpansion of (@ + b)?, except the first and last, is divisible by p.

PrROPOSITION 12. If p is a prime number, to prove thai

{a+btetd+ = +0P+F+d"+ -+ M(p).

ProrosiTioN 13. (Fermat’s Little Theorem) If p is o prime number and N is
prime to p, then NP~1 — 1 is a multiple of p.



1. WARMUPS 19
CORCLLARY 1. Since p is prime, p — 1 is an even number except when p = 2.

Therefore

(N 4 )N Z 1) = M(p),

REMARK 1. N? — N = M(p) whether N is prime to p or not.

EXAMPLE 4. Show that n™ —n is divisible by 42.

EXAMPLE 5. Prove that every square number is of the form 5n or 5n + 1.



20 2. NUMBER THEORY

EXAMPLE 6. If x and y are positive integers, and if ¥ — y s even, shew thot
x? —y? is divisible by 4.

EXAMPLE 7. If 42 — y is a multiple of 3, show that 422 + Txy — 2y° is divisible
by 9.

EXAMPLE 8. In how maeny ways can the number 7056 be resolved into two
Jactors?



1. WARMUPS

EXAMPLE 9. Prove that 2% — 1 is divisible by 15.

EXAMPLE 10. Prove that n{n + 1}(n + 6) is e multiple of 6.

EXAMPLE 11. If n is even, shew that n(n? + 20) is divisible by 48.



27 2. NUMBER THEORY

ExaMPLE 12. If a number is both squarc and cube, shew that it is of the form
n oorn+ 1. )

EXAMPLE 13. Ifn is a prime number greater than 5, shew that nt—1 is divisible
by 240.



2. GREATEST COMMON DIVISOR

2. Greatest commeon divisor

PROBLEM 7. Find oll functions f which satisfy the three conditions:
(1) f(z,2) = a,
(2) flz,y) = fly,=),
(3) fla,y) = flz,z+y).



24 2. NUMBER THEORY

PROPOSITION 14. (Division Algorithm} If o and b are arbitrary integers,
b > 0, there are unigue inters g and v such that

a=gb+r,
when 0 <r < b.



2. GREATEST COMMON DIVISOR 5

PROPOSITION 15. Given positive integers a and b, there are integers s and t
such that

sa + tb = ged(a, b).

PROBLEM 8. Find integers x and y such that
TH4x + 221y = ged (754, 221).



26 2. NUMBER THEORY

{x',¥9

Figure 3.1.

Ficure 1. Lattice points in plane

ProrosiTioN 16. The equation axz + by = ¢, a, b, ¢ integers, has a solution in
integers & and y if and only if ged(a, b) divides e. Moreover, if (2o, y0) is an infeger
solution, then for each integer k, the values,

:'L'r = .T0+bk/d.,
yl - yn—ak/d1

where d = ged(a,b) are also a solution and all integer solutions are of this form.



2. GREATEST COMMON DIVISOR 27

PROBLEM 9. Prove that the fraction (21n+4)/(14n+3) is irreducible for every
natural number n.

PROBLEM 10. The measure of a given angle is 180°/n, where n is a positive
integer not divisible by 3. Prove that the angle can be trisected by Euclidean means
(straightedge and compass).
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2. NUMBER THEORY

ProBLEM 11. If ged(a,b} = 1, prove that:

(1) ged(a —b,a+b) <2,

(2) ged(a- b,a+b,ab) =1,

(3) ged(a® —ab+ 2,0+ b) < 3.



2. GREATEST COMMON DIVISOR 29

PROBLEM 12. When Mr. Smith cashed a check for = dollars end y cents, he
received instead y dollars and © cents, and found that he and two cents more than
twice the proper amount. For how much was the check writlen?

PROBLEM 13. Find the smallest positive integer a for which

1001z + 770y = 1,000, 000 + a

ts possible, and show that it has then 100 solutions in positive integers.



30 2. NUMBER THEORY

3. Modular Arithmetic

3.1. Review.

REMARK 2. If a is any number, then any other number N may be expressed
in the form N = ag + r, where g 1s the integral quotient when N is divided by a,
and r is a remainder less than a. The number o is sometimes called the modulus;
and to any given modulus a there are a different forms of a number N, cach form
corresponding to a different value of .

DEFRINITION 1. If b, ¢ are two integers, which when divided by a leave the same
remainder, they are said to be congruent with repsect to the modulus a. In this
ense, b—c is a multiple of a and following the notation of Gauss we shall sometimes
erpress this as follows:

b=c¢ {(mod a),

or b —-¢=0 (mod a). Either of these formulae is called o econgruence.

ProrosiTioN 17. If b, ¢ are congruent with respect to modulus a, then pb and
pc are congruent, p being any fnleger.



3. MODULAR ARITHMETIC 31

ProprPoSITION 18. If a is prime o b, and the gquantities

a,2a,3a,...,(b—-1)a

are divided by b, the remainders are ol different.

COROLLARY 2. If a is prime to b, and ¢ is any number, the b terms of the
arithmetic progression

ccta,ct+2b...,c+ (b—1Da,

when divided by b will leave the same remainders as the terms of the series

ac+le+2,...,c+ (b1},

although not necessarily in this order; and therefore the remainders will b 0,1,2,...,6—
1.

PROPOSITION 19. (Fermat’s Little Theorem again) If p is a prime number and
N prime to p, then N*=' — 1 is q multiple of p.



12 2. NUMBER THEORY

DEFINITION 2. Lel the symbol ¢(a) denote the number of integers less than a
number a and prime to .

ProrosiTioN 20. To shew that if the numbers a,b,¢,d,. .. are prime to each
other,

Habed:+) = pla) - B(b) - §(c) -



3. MODULAR ARITHMETIC 33

ProrosiTION 21. To find the number of positive integers less than a given
number, and prime to it.

EXAMPLE 14. Shew that the sum of all the integers which are less than N and
prime to it is 3 NG(N).
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COROLLARY 3. From the last article, it follows that the number of integers
which are less than N and not prime to it is:

N =N = D= D= (-5

A
8

PROPOSITION 22. (Wilson’s Theorem) If p is a prime number, 1+ (p— 1)! is
divisible by p.



3. MODULAR ARITHMETIC 35

COROLLARY 4. If 2p+1 is a prime number, (p))? +(=1)P is divisible by 2p+1.

EXAMPLE 15, (Induction} If p is @ prime number, xP — x is divisible by p.
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2. NUMBER THEORY

EXAMPLE 16. (Induction) Prove that 52"+2 — 24n — 25 is divisible by 576.

EXAMPLE 17. Show that 10™ 4 3 - 472 4 5 is divisible by 9.

EXAMPLE 18. Show that a1+ — g is divisible by 30.



3. MODULAR ARITHMETIC

ExaMmrLE 10, Find all solutions to the following linear congruences:
(1) 2 =5 (mod 7)

(2) 17z = 14 (mod 21)

(3) 152 =9 (mod 25)

37



38 2. NUMBER THEORY

3.2. Modular Techniques.

PROBLEM 14. Prove that any subset of 55 numbers chosen from the set {1,2,3,4,...,100}
snust contuin fwo numbers differing by 9. '



3. MODULAR ARITHMETIC 39

Modular Arithmetic

PROBLEM 15. Let N = 22 % 31 + 11 x 17 + 13 % 19. Determine (a} the parity
of N; (b) the unit digit of N; (c) the remainder when N {s divided by 7.

PROBLEM 16. What are the last two digits of 312312



40 2. NUMBER THEORY

PROBLEM 17. Show that some positive multiple of 21 has 241 as its final three
digits.

PROBLEM 18. Prove that for any set of n integers, there is a subset of them
whose sum is divisible by n.



3. MODULAR ARITHMETIC 1

PROBLEM 19. Prove that if 2n+ 1 and 3n + 1 are both perfect squares, then n
is divisible by 40.

PrROBLEM 20. Prove that the cxpressions

2r + 3y,9z + By
are divisible by 17 for the same set of integral values of = and y.
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THEOREM 1. (Chinese Remainder Theorem) If m and n are relatively
prime integers greater than one, end ¢ and b are arbitrary integers, there exists an

integer x such thal

1l

a  (mod m),

x = b (modmn).
More generally, if my.ma, ..., my are pairwise relatively prime numbers greater
than one, and a1,az2,..., a5 are arbitrary integers, there exists an integer « such
that

r=a; (modm;),
fori=1,2,...,k

_ PROBLEM 21. Do there exist 1,000,000 consecutive integers each of which con-
teins a repeated prime factor?



3. MODULAR ARITHMETIC 43
PROBLEM 22. Prove that any subset of 55 numbers chosen from the set {1,2,3,. .., 100}

must contain numbers differing by 10, 12, and 13, but does not contain a pair dif-
fering by 11.

PROBLEM 23. (1) Show that 22+1 1 1 is divisible by 3.
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2. NUMBER THEORY

(2} Show that 42e 1 4 930+l 41 g divisible by 7.

(3) If n > 0, prove that 12 divides n? — 4n® + 5n% — 2n.

(4) Prove that (2903)™ — (803)" — (464)™ + (261)™ is divisible by 1897.
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PROBLEM 24. (1) Prove that no prime three more than a multiple of four
is a sum of two squares. (Hint: Work modulo 4.)

(2) Prove that the scquence (in base-10 notation)

11,111, 1111,11311,. ..

conlains no squares.
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2. NUMBER THEORY

(3) Prove that the difference of the squares of any two odd numbers is exvactly
divisible by 8.

{(4) Prove that 27° + 37° is divisible by 13.

(5) Prove that the sum of two odd squares connot be a square.



3. MODULAR ARITHMETIC 47

(6) Determine all integral solutions of a® + b* + ¢® = o*V?. (Hint: Analyze
modulo 4).

PROBLEM 25. (1) If2® 4+ 3° = 2* has a solution in integers x, y, z, show
that one of the three must be o multiple of 7.

(2) If n is a positive integer greater than 1 such that 2" + n® is prime, show
that n = 3 (mod 6).
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(3) Let x be en integer one less than a multiple of 24. Prove that if a and b
are positive integers such that ab =z, then a + b is a multiple of 24.

(1) Preve that if n? + m and n® — m are perfect squurcs, then m is divisible
by 24.

PROBLEM 26. Let S be a set of primes such that a,b € S (a end b need not be

('Iistinct) implies that ab+-4 € S. Show that S must be empty. (Hint: One approach
18 Lo work modulo 7).



3. MODULAR ARITHMETIC 4%

PROBLEM 27. Prove that there are no integers T and y for which

z? + 3wy - 297 =122,

(Hint: Use the guadratic equation to solve for x, then look at the discriminaent
modulo 17. Can it ever be a perfect square?)

PROBLEM 28. Let a, b, ¢, d be fived integers with d nol divisible by 5. Assume
that m is an integer for which

amd+bm® +em+d

is divisisible by 5. Prove that there exists an integer n for which dn® +en® +bn-ta
13 also divisible by 5.
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PROBLEM 29. Prove that (21n — 3)/4 end (15n + 2}/4 cannot both be integers
Jor the same positive integer n.



4. UNIQUE FACTORIZATION 51

4. Unigue Factorization

ProBELEM 30. How many divisors of

o g

n=py'pst Py

are there?

PROBLEM 31. An integer n = pi*py® - pi* s a perfect square if and only if a;
is even for cach i, a perfect cube if and only if cach a; is a multiple of three, and
so forth.
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PROBLEM 32. Let a,b,...,g be o finite number of positive integers. Suppose
their unique factorizations are

— ay .02 €
e = Pt p,

by b bie
S SRR

1,02 2%
pl p2 pl’; y

=)
]

where ay,as, ..., ak, b, b, 00, 01,00, g are nonnegative integers (some may
be zere). Find their god. and lem.

PROBLEM 33. Use unique factorization to show that /2 is irrational.
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PROBLEM 34. Find the smallest positive integer n such that n/2 is a perfect
square, nf3 is a perfect cude, and n/5 is a perfect fifth power.

" PI:&?BLE::*I -35. FProve that there is one and only one natural number n such that
+ 2 + 2" is a perfect square.
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ProBLEM 36. Let n be a given positive integer. How many solutions are there
in ordered positive-integer pairs (x,y) to the equation

Yy
T+ Yy

PROBLEM 37. Letr and s be positive integers. Derive a formula for the number
of ordered quadruples (a,b,c,d) of positive integers such that

397° = lem(a, b, ¢) = lem(a, b, d) = lem(a, ¢, d) = lem(b, ¢, d).
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PROBLEM 38. Show that 1000! ends with 249 zeros.

on PIROBLEM 39. Show that there are an infinite number of primes of the form
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56

PROBLEM 40. Find the smallest number with 28 divisors.

PROBLEM 41. Given distinet integers o, b, ¢, d such that

(r—a)z-bz—cz—d)—4=0

has an integral root r, show that &r = a -+ b+ c + d.
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PROBLEM 42. (1) Prove that /72 is irrational.

(2) Prove that there is no set of integers m,n,p cxeept 0,0,0 for which m +

n\/§+p\/§zo.



2. NUMBER THEORY

5. Positional Notation
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ProBLEM 43. Does |x] + |22 + [dz] + |8z] + [162] + |32z] = 12345 have o

sofution?

4 .P ROBLEM d4. When 4444™% s wrigten in decimal notation, the sum of its
igits is A. Let B be the sum of the digits of A. Find the sum of the digits of B.
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PRrOBLEM 45. Prove that there does not exist an integer which is doubled when
the initial digit is transferred to the end.

PROBLEM 46. (1) Solve ihe following equation for the positive integers
and y:

(360 + 3z)% = 492604.



5 POSITIONAL NOTATION

@) I 62ab427 is a multiple of 99, find @ and b.

61
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