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The predator-prey system is a very important model in population dynam-
ics, which exhibits abundant dynamics. It has received extensive attention in
ecology in recent years. A predator-prey model with impulsive diffusion and re-
lease on a predator population is considered in the first part of this dissertation.
This predator-prey model applies to two regions, which are connected by diffusion
of the predator population. It portrays the evolvement of population. It is con-
cluded that the impulsive diffusion and releasing predator provide a reliable tactic
basis for pest management.

The SIR epidemic model is one of the most popular epidemic models in
epidemiology. Pulse vaccination is an important strategy to eradicate an infectious
disease. An SIR epidemic model with stage structure and pulse vaccination is also
presented in the second part of this dissertation. The results obtained provide a

reliable tactic basis for preventing the disease from spreading.
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CHAPTER I

INTRODUCTION

In this chapter, we discuss some models of population dynamics. We give
an introduction to the predator-prey model and the epidemic model, where we
follow the standard works (Gopalsamy, 1992; Hassell, 1978; Driver, 1977; Hethcote,
1989). The final goal of this chapter will be the derivation of the necessity for our

studies.

1.1 Remarks on Models of Single Species Dynamics

Mathematical descriptions of ecological systems may be made for two quite
different purposes, one practical and the other theoretical (Maynard Smith, 1974).
We begin with some remarks on models of single species dynamics (Gopal-
samy, 1992). Most of the differential equation models of population dynamics have

been derived starting from the following simple format

dt

an individual’s contribution
AN (t) { }N(t) (1.1)

to population change in unit time
where N(t) denotes the density of a population (or biomass) of a single species
at time t. Subsequently, one makes an assumption regarding the factor inside the
braces in (1.1). In particular, if one assumes that an individual’s contribution to
the change in population in unit time is denoted by a function, say f(N), defined
suitably for all £ > 0, N > 0, then one obtains from (1.1) the so called Kolmogorov

formulation in the form

P _ v v, (12)



Various choices of f together with some ecologically plausible assumptions
such as the temporal constancy of the environment and density dependent effects in
f lead to several well known ordinary differential equations of population dynam-
ics. For instance, if f(¢, N) = r (a positive constant) one obtains the Malthusian
formulation

dN(t)

= rN(t) (1.3)

and if one assumes f(t,N) = r — (r/K)N for some positive constants r and K,

one gets the familiar logistic equation

dN (1) N(t)
—= =N (1 - K> . (1.4)

The above logistic equation implies a monotonic approach as ¢ — oo of the

population density to the steady state N(t) = K.

1.2 Review on Predator-Prey Models

The predator-prey system is an important population model and has been
been studied by many authors (Hassell, 1978; Jiao, Cai and Chen, 2011; Wang
and Chen, 1997; Berezovskaya, Song and Castillo-Chavez, 2010; Georgescu and
Hsieh, 2007). For instance, three types of predator-prey interactions have been
observed by Hassell (1978): (1) those where the prey becomes extinct (e.g. Gause,
1934; Luchinbill, 1973); (2) those where both populations oscillate out of phase
with each other (e.g. Huffaker, 1958; Huffaker, Shea and Herman, 1963); and
(3) those where both populations persist, but fluctuate less regularly (e.g. Utida,
1957; Burnett, 1977).

There is a well-known model (Driver, 1977), which was invented and studied
by Lotka (1925) and Volterra (1926). Let z(¢) be the population at time ¢ of some

animal species called prey and let y(t) be the population of a predator species which



lives on these prey. We assume that x(t) would increase at a rate proportional to
x(t) if the prey were left alone, i.e., we would have z'(t) = a1x(t), where a; > 0.
However the predators are hungry, and the rate at which each of them eats prey
is limited only by his ability to find prey. Thus we shall assume that the activities
of the predators reduce the growth rate of x(¢) by an amount proportional to the
product z(t)y(t), i.e.,

2'(t) = ava(t) — bz (t)y(t),

where b; is another positive constant.

Now let us also assume that the predators are completely dependent on the
prey as their food supply. If there were no prey, we assume y'(t) = —agy(t), where
as > 0, i.e., the predator species would die out exponentially. However, given food
the predators breed at a rate proportional to their number and to the amount of

food available to them. Thus we consider the pair of equations

' (t) = arz(t) — biz(t)y(t)

Y'(t) = —agy(t) + bax (t)y(t),

(1.5)

where aq, as, by and by are positive constants. This well-known model is the most
primitive predator-prey population model.

From the book of Cushing (1987), we know that in order to gain a better
understanding of the dynamics of biological populations, theoretical biologists and
applied mathematicians have modified classical models and modeling methodolo-
gies in many ways. All mathematical models make simplifying assumptions, of
course, and there is a relentless trade-off between biological accuracy and mathe-
matical tractability. One way to view many of the simplifying assumptions made
in population models is with regard to various uniformities and homogeneities that
are either explicitly or implicitly postulated. For example, two common simplifi-

cations concern homogeneities in space and time. There exists now a rather large



and growing body of literature on predator-prey models for biological populations
(Berezovskaya, Song and Castillo-Chavez, 2010; Chen, Huang, Ruan and Wang,

2013; Jiao, Pang, Chen and Luo, 2008; Jiao and Chen, 2012).

1.3 Review on Epidemic Model

Mass immunization is often used as a tool to control the transmission of
epidemics. Pulse vaccination is an important and effective strategy for the elim-
ination of infectious diseases, and has been considered in much literature (Agur,
Cojocaru, Mazor, Anderson and Danon, 1993; Lu, Chi and Chen, 2002; Meng and
Chen, 2008b; Shulgin, Stone and Agur, 1998; Stone, Shulgin and Agur, 2000; Gao,
Teng and Xie, 2009; Gakkhar and Negi, 2008).

In the classical epidemiological model, the population is usually divided
into disjoint three classes, which we can refer to the paper of Hethcote (1989).
The susceptible class consists of those individuals who can incur the disease but
are not yet infective. The infective class consists of those who are transmitting the
disease to others. The removed class consists of those who are removed from the
susceptible-infective interaction by recovery with immunity, isolation, or death.
The fractions of the total population in these classes are denoted by S(t), I(t) and
R(t), respectively.

Hethcote (1989) investigated an SIR model of an endemic disease with vital



dynamics as follows:

"

(NS(t)) = =ASNI + uN — uNS,
(NI(t)) = ASNI —yNI — uNI,
(NR(t)) =yNI - uNR,
(1.6)
NS(0) = NSy > 0, NI(0) = NI, > 0,

NR(0) = NRy > 0,

\NS(t) + NI(t)+ NR(t) = N,
where the contact rate A\, the removal rate constant v and the death rate constant
J4 are positive constants.

If each equation in (1.6) is divided by N, then the IVP in terms of S(¢) and

I(t) is

S'(t) = —AST + pu — pS,

I'(t) = AST — I — pl, (1.7)

\S(O) =50>0,1I(0)=1, >0.
For more details of SIS and SIR models, we refer to Hethcote (1989), Gao
et al., (2006).
Epidemiological models are now widely used as more epidemiologists realize

the role that modeling can play in basic understanding and policy development

(e.g. Gao et al., 2009; Gao, Zhang and He, 2013; Xu, 2013, 2014).

1.4 Stage-Structured Population Model and Impulsive Ef-

fects

In the real world, there are many species whose individual members have a

life history that takes them through two stages, immature and mature. That is,



stage structure was introduced in biological models, and stage-structured models
have attracted much attention in recent decades. A systematic consideration for
stage-structured models can be found in the literature (Nisbet et al., 1986; Nisbet
and Gurney, 1984; Nisbet et al., 1989). In 1990, Aiello and Freedman (Aiello
and Freedman, 1990) considered a single species model with stage structure and
discrete delay, showed that there exists a globally asymptotically stable equilibrium
for this model. An excellent survey on the dynamics of stage-structured population
models was made in (Liu and Chen, 2002). Predator-prey models with stage
structure for the predator have also received considerable attention in recent years.
For example, we can refer to (Georgescu and Hsieh, 2007; Xiao and Chen, 2004;
Liu and Beretta, 2006; Aiello et al., 1992; Xu, 2011; Wang and Chen, 1997; Wang
et al., 2001).

It is known that many biological phenomena involving thresholds, bursting
rhythm models in medicine and biology, optimal control models in economics,
pharmacokinetics and frequency modulated systems, do exhibit impulsive effects.
Thus impulsive differential equations, i.e., differential equations involving impulse
effects, appear as a natural description of observed evolution phenomena of several
real world problems, which have been introduced into population dynamics lately
(Lakshmikantham, Bainov and Simeonov, 1989; Liu and Chen, 2003). Impulsive
equations have been studied in many investigations (Jiao et al., 2008b; Jiao and
Chen, 2008).

Thus, there is a need to investigate stage-structured population models with

impulse.



CHAPTER 11

PRELIMINARIES

In this chapter, we start discussing the concept of persistence and extinc-
tion, an important concept for biological systems. Then, we review the mathemat-
ical theory and techniques that are important in the study of nonlinear difference
equations and systems, where we follow the work (Allen, 2007; Edelstein-Keshet,
1988; Cantrell and Cosner, 1996; Cao and Gard, 1998). The main objective of this

chapter is to pave the way for our study.

2.1 Concept of Persistence and Extinction

Basically, persistence of a system means no state of the system approaches
zero, that is, there can be no extinction of any of the populations that make up

the biological system (Allen, 2007).

dX
Definition 2.1. Given a system of differential equations, o= F(X,t), X(0) =
Xo, where X (t) = (x1(t), 2o(t), - - ,2,(t))", the system is said to be persistent if

for any positive initial conditions X, > 0, the solution X (¢) satisfies

liminf x;(t) > 0

t—o00

fori =1,2,--- ,n.

There are other definitions of persistence that either weaken or strengthen

the previous definition. For example, the system is said to be weakly persistent if

limsup z;(t) > 0

t—00



for i =1,2,--- ,n; uniformly persistent if there exists § > 0 such that

liminf x;(t) > §

t—o00

for © = 1,2,--- ,n; permanent if there exists a time 7" > 0 and a compact set
K in the interior of the positive cone, R = {(x1, 29, -+ ,x,) € R"|z; > 0,i =
1,2,--+ ,n} such that X(t) € K for ¢t > T.

Weak persistence and persistence are generally not very good indications of
population survival because solutions may be initial condition dependent. For ex-
ample, in the case of persistence, there could be a set of initial conditions { X%},

such that the corresponding solution X*(t) = (x%(t)) satisfies

2

ep > liminf 2¥ () > 0,

t—o00

where €, — 0 as k — oo for some ¢. Even uniform persistence and permanence may
not be very good measures of survival since solutions may approach very close to
the extinction boundaries if § is small or the compact set K is close to the extinction
boundaries. Another more reasonable type of persistence criterion is referred to
as practical persistence. Practical persistence requires that the bounds on the
solutions be specified a priori. Given L; > 0 and M; > 0, solution x;(t) exhibit
practical persistence if 0 < L; < li{g(i)glf z;i(t) < liltri)iljp xi(t) < M;,i=1,2,---,n
(Cantrell and Cosner, 1996; Cao and Gard, 1998).

In general, practical persistence implies permanence. Persistence implies
weak persistence. If solutions are uniformly bounded, liItn supz;(t) < M,i =

—00

1,--- ,n, then uniform persistence and permanence are equivalent. If a system
has a globally stable equilibrium in R, then it is permanent. The converse of this
statement is not true. If a system is permanent, it may not have a globally stable

equilibrium. Further discussion and examples of systems that are permanent or

persistent may be found in Hofbauer and Sigmund (1988, 1998) or Freedman and



Moson (1990).

2.2 Discrete Dynamical System

Some mathematical problems of interest in nonlinear difference equations
include identification of equilibrium and periodic solutions and analyses of the sta-
bility of these types of solutions. Equilibrium solutions are biologically interesting
because they represent “resting states” or “stationary states” of the system. The
zero solution is often an equilibrium solution. If the zero solution is stable, then
the system may approach zero. However, if a positive solution is an equilibrium
solution and it is stable, then for initial values close to this equilibrium, solutions
approach it. In population dynamics, the zero equilibrium represents population
extinction and a positive equilibrium represents survival of the population. The ze-
ro equilibrium is often not a desired state, unless, for example, the state represents
the proportion of the population that is infected or a population of pests.

It is important to distinguish between local and global stability. Local
stability of an equilibrium implies that solutions approach the equilibrium only
if they are initially close to it. For example, if the initial population size is very
small and the zero equilibrium is stable, then extinction of the population may
occur. However, if the initial population size is large, then local stability of the
zero equilibrium tells nothing about population extinction. Global stability of
an equilibrium is much stronger. Global stability implies that regardless of the
initial population size, solutions approach the equilibrium. We state conditions
for local stability and global stability of an equilibrium in the case of a scalar
difference equation, where only one state is modeled such as population size. In
addition, we state conditions for local stability of an equilibrium when several

states are modeled by first-order difference equations or when one state is modeled



10

by a second-order or higher-order difference equation. These latter conditions are
known as the Jury conditions (Allen, 2007).

First, we concentrate on first-order equations and systems.

2.2.1 Basic Definitions and Notation

Definition 2.2. For the first-order difference equation,

Tei1 = [(21), (2.1)

an equilibrium solution or steady-state solution is a constant solution z to the

difference equation, that is, a solution z satisfying

z = f(Z). (2.2)

For the first-order system, X1 = F(X;), an equilibrium solution or a steady-state

solution is a constant solution X satisfying
X = f(X). (2.3)

solution Z satisfying (2.2) or X satisfying (2.3) are also called fixed points of the

function f or F', respectively.

The term “equilibrium solution” or “steady-state solution” is often short-

ened to “equilibrium” or “steady-state.” For the two-dimensional, first-order sys-

tem,

Tiy1 = f(l‘t)yt)u

Y1 = 9(T1, Y1),
an equilibrium solution is a solution (z,y) such that z = f(z,y) and
gy = g(Z,7). An equilibrium solution for a higher-order difference equation

f(@ip, -+, 21, 2¢) = 0 is a solution z satisfying f(z,--- ,Z,z) = 0.
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For convenience, we introduce an alternate notation for the solution at time

t, x; in (2.1). The solution can be expressed in terms of the initial value zy. Denote

f(f(x0)) = f*(x0). In general,
xe = f(f(-- flzo)--+)) = f'(20),

where the superscript ¢ represents the number of time steps or iterations beginning
from the initial value zg.

Solutions to the difference equation (2.1) may exhibit periodic behavior.

Definition 2.3. A periodic solution of period m > 1 of the difference equation

(2.1) is a real-valued solution Zj satisfying
f™(zy) =7, and  fi(Zg) #1p for i=1,2,...,m— 1.

An m-cycle is a set of points {Z1,Zs, -+, Z,,}, where for each k = 1,--- ,m, Ty
is a periodic solution of period m. The set {Zy, f(71), -+, f™ 1 (Z1)} is called the
periodic orbit of Z;. A periodic solution of period m of the first order system

X1 = F(X,) is a real-valued vector X satisfying

Fm(Xk):Xk and Fl(Xk)#Xk for 7::1,2,...,77%—1.

An m-cycle is a set of vectors {X, F(X}), -, F™ *(X)} is called the periodic

orbit of Xj.

If zp,k=1,--- ,m —11is a periodic solution, then each z; is a fixed point
of the functions f™, 2™, f3™ and so on (or X; is a fixed point of the functions
Fm F?m F3m and so on). In addition, Definition 2.3, implies that a solution of
period m is the smallest value such that f™(z;) = Z) or F™(X}) = X.

Next, we define the local stability of an equilibrium. An equilibrium is

called locally asymptotically stable if for any small perturbation away from the
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equilibrium, the solution returns to the equilibrium value. In mathematical ter-

minology,

Definition 2.4. An equilibrium solution z of (2.1) is locally stable if, for any

€ > 0, there exists 0 > 0 such that if |xy — Z| < J, then
|2y — Z| = | (o) — Z| <€ for every t>0.

If z is not stable it is said to be unstable. The equilibrium solution z is locally

attracting if there exists v > 0 such that for all |zq — Z| < 7.
lim z; = lim f*(zq) = 7.
t—ro0 t—ro0

The equilibrium solution 7 is locally asymptotically stable if it is locally stable

and locally attracting.

The convergence behavior for a first-order difference equation of the form
(2.1) that is locally asymptotically stable may take one of two forms, either con-
vergent oscillations or convergent exponential solutions. If the solution values tend
to amplify themselves and do not converge to the equilibrium no matter how small
the value of €, then the equilibrium is unstable. Such instability may appear as
divergent oscillations or divergent exponential solutions. The case where solutions
do not converge toward or diverge away from the equilibrium is sometimes referred
to as neutral stability (stable, but not asymptotically stable).

In the next sections, we give criteria for determining local stability for first-

order equations and systems.

2.2.2 Local Stability in First-Order Equations

In a study of local stability, first equilibrium solutions are identified, then

linearization techniques are applied to determine the behavior of solutions near the
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equilibrium. If the equilibrium is stable for any set of initial conditions, then this
type of stability is referred to as global stability. Some techniques for determining
global stability of first-order difference equations are studied in the next section.
In the particular case of linear difference equations or linear first-order systems, it
will be seen that local and global stability are equivalent (Allen, 2007).

Suppose that the difference equation (2.1) has an equilibrium at z. The

equilibrium is translated to the origin by defining a new variable,
Up = Ty — T.
Then wusyq satisfies

U1 = T — T = f(21) =7 = f(u +7) — f(Z) = g(ue), (2.4)

where g(u) = f(u+ z) — f(z). The equilibrium Z in the original system has
been translated to zero in the new system. Note that zero is a fixed point of g
iff  is a fixed point of f. In addition, zero is a locally stable (unstable or locally
asymptotically stable) fixed point of g iff  is a locally stable (unstable or locally
asymptotically stable) fixed point of f.

To find conditions for local asymptotic stability of z, we assume f has a
continuous second-order derivative in some interval I containing z. Then Taylor’s

Theorem with remainder can be applied,

Fo) = F@) + @) -2+ L @ a2

for some £ € I. For (z — Z;) sufficiently small, the following linear approximation
is valid: f(z;) — =z =~ f'(z)(xy — T) or w1 =~ f'(T)uy,. We refer to this latter
approximation as the linear approximation to the difference equation (2.1) at the
equilibrium Zz:

w1 = f1(Z)uy. (2.5)
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If xy is sufficiently close to z then the dynamics of u; are determined by the lin-
earization (2.5). The value of f'(z) determines whether Z is locally asymptotically
stable or unstable. If |f'(Z)| > 1, then u; will not approach 0 (and x; will not
approach ), and if |f'(z)| < 1, then u, approaches 0 (and z; approaches ).
There is exponential convergence if 0 < f'(x) < 1 and oscillatory convergence if

—1 < f'(z) < 0. We have the following theorem.

Theorem 2.1. Assume f' is continuous on an open interval I containing T and
Z s a fixed point of f. Then T is a locally asymptotically stable equilibrium of
zip1 = f(x) if

f(@)] <1

and unstable if

[f(@)] > 1.

A rigorous proof of Theorem 2.1 is based on the Mean Value Theorem and
only requires that f’ be continuous (Allen, 2007).

The criterion for stability in Theorem 2.1 can be applied to periodic solu-
tions. In the case of a periodic solution of period m, the function f”(x) is used

instead of f(x).

Theorem 2.2. Suppose f' is continuous on an open interval I and the m-cycle,

{Z1, f(1), -+ [ (7))}

of the difference equation (2.1) is contained in I. Then the m-cycle is locally

asymptotically stable if

‘d[fm(a‘rk)] <1 (2.6)

dx
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for some k and unstable if

'd[fm(xk)] . (2.7)

dx

for some k.

2.2.3 Global Stability in First-Order Equations

Global stability of an equilibrium removes the restrictions on the initial
conditions. In global asymptotic stability, solutions approach the equilibrium for
all initial conditions. However, because of our applications to biological systems,
we consider only positive initial conditions. In addition, we distinguish between

global attractivity and global asymptotic stability.

Definition 2.5. Suppose 7 is an equilibrium of the difference equation

Tep1 = f2), (2.8)

where f :[0,a) — [0,a), 0 < a < oco. Then Z is said to be globally attractive if
for all initial conditions o € (0, a), tlim x; = z. The equilibrium z is said to be
—00

globally asymptotically stable if z is globally attractive and if z is locally stable.

Globally attractive equilibria are locally attractive, and therefore globally
asymptotically stable equilibria are locally asymptotically stable. Sedaghat (1997)
proved that if the map f is continuous, then a globally attracting equilibrium must
be locally asymptotically stable. Thus, for a continuous map f, global attractivity
is equivalent to global asymptotic stability (Allen, 2007).

In the global definitions given in Definition 2.5, it is assumed that solutions
are nonnegative; the initial conditions and f are restricted to the interval [0, a).
For biological models, this is a reasonable assumption. It is often the case in

biological models that zero is an equilibrium, f(0) = 0. If there is an additional
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positive equilibrium. f(Z) = Z, a question of interest is whether the zero or positive
equilibrium is globally asymptotically stable. An analogous definition for global
asymptotic stability of an equilibrium X for first-order systems, X; ., = F(X,),
can be stated.

First, we make some assumptions about the function f.

(i) f is a continuous function on [0,a),0 < a < oc.

(ii) f:[0,a) = [0,a),0 < a < oco.

Because of assumption (i), continuity of f, global asymptotic stability and
global attractivity are equivalent.

The following result shows global asymptotic stability of the origin; solu-

tions approach zero (extinction).

Theorem 2.3. If the function f of (2.8) satisfies (i), (ii), and 0 < f(z) < x for

all x € (0,a), then the origin is globally asymptotically stable.

2.2.4 Stability in First-Order Systems

We provide a simple criterion for verifying local asymptotic stability of an
equilibrium solution to a first-order system of difference equations. We derive cri-
teria for the equilibrium (z,y) of the following two-dimensional first-order system

to be locally asymptotically stable.

Tiy1 = f(20, 0),
(2.9)
Yer1 = g(Tt, Yt)-
Before we state the stability result for system (2.9), we linearize the system about
the equilibrium.

We assume that f and ¢ have continuous second-order partial derivatives

in an open set containing the equilibrium (Z,y). Then applying a Taylor series
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expansion about the equilibrium for the function f(x,y) yields

flr.y) = f<m>+%<x—f>+ﬂ<y—y>

0
Pf(z,y) (x—x)*  0f(Z,7) (y—7)°
a2 = T T
where the notation
of(z,y) _ 9f(x.y)
dx 0 |4 y)=@a)

has been used.

Denote u = x — & and v = y — y. Then we have

fag)+ LD -0 LDy

SR ACY) I (CY7)
+ 7 oy V.

Q

f(z,y)

A similar approximation for g yields

oy 99Ty | 9y(@.9)
9(z,y) =y + 5 ut oV

The linearization of the system (2.9) about the equilibrium (z, y), where u; = z;—z
and v; = y; — ¥, is given by

X1 = J Xy,
where X; = (us,v;)T and J is the Jacobian matrix of (f,g)? evaluated at the

equilibrium (z, y),

0f(z,y) 9f(z,9)

g ox dy
99(z,5) 0y(z,7)
ox dy

Let the Jacobian matrix J be denoted by (a;;), where the elements (a;;)
represent the partial derivatives of f or g evaluated at the equilibrium point.
Recall that the eigenvalues of the Jacobian matrix J = (a;;) are found by solving
det(J — M) =0 or

apg — A aiz

det =0.

a21 agy — A
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in a simplified form, the characteristic equation is
)\2 — ((le + CLQQ))\ + a11a92 — A91Q12 = 0 or )\2 - TI'(J))\ + det(J) = 0.

There is an easy check for local stability in the two-dimensional case. Local
stability depends on the values of the trace and the determinant of the Jacobian

matrix. The proof follows Edelstein-Keshet (1988).

Theorem 2.4. Assume the functions f(x,y) and g(z,y) have continuous first-

order partial derivatives in v and y on some open set in R? that contains the point

(Z,y). Then the equilibrium point (T,7y) of the nonlinear system

Ti41 = f(xtayt)a Yt+1 = g(ﬂft»yt),

18 locally asymptotically stable if the eigenvalues of the Jacobian matriz J evaluated

at the equilibrium satisfy |\;| < 1 iff
| Tr(J)| < 1+ det(J) < 2. (2.10)

The equilibrium is unstable if some |\;| > 1, that is, if any one of three inequalities

18 satisfied,

Tr(J) > 1+ det(J). Tr(J) < —1—det(J), or det(J)> 1. (2.11)



CHAPTER III

A PREDATOR-PREY MODEL WITH

IMPULSIVE DIFFUSION AND RELEASE OF

PREDATOR POPULATION

In this chapter, we investigate a predator-prey model with impulsive diffu-
sion and release of the predator population. This is a predator-prey model for two
regions, which are connected by diffusion of the predator population. It portrays
the evolvement of population. We expect to obtain some dynamical properties of
the investigated system. We also expect that the impulsive diffusion and predator

release will provide a tactic reliable basis for pest management.

3.1 Introduction

The warfare between human and pests has sustained for thousands of years.
In the past few decades, man has adopted a variety advanced and modern weapons,
for instance chemical pesticides, biological pesticides, remote sensing and measure,
computers, atomic energy, etc. Some brilliant achievements have been obtained.
However, the warfare will never be over. Although a great number of pesticides
can be used to control pests, insect pests impairing crops are increasingly resistant
to pesticides. With pesticides employed, the surviving pests breed a large number
of pests with resistance to pesticides. So the pesticide is rendered ineffective to
some degree, so that insect pests will continue to thrive. In addition, the chemical

pesticides kill not only pests but also their natural enemies. Therefore, insect



20

pests are rampant again, and the effect of chemical control has been undermined.
Furthermore, the practice proves that long-term adopting chemical control may
lead to disastrous results, for example, environmental contamination and toxicosis
of the man and animals and so on.

The use of a natural enemy to suppress pests is one of the most important
approaches in pest control. Biological control (Caltagirone and Doutt, 1989; De-
Bach, 1964; DeBach and Rosen, 1991; Barclay, 1982; Murray, 1989; Freedman,
1976; Grasman et al., 2001; Liu and Chen, 2003) is one of the reduction in pest
populations through the actions of other living organisms, often called natural
enemies or beneficial species. It is the purposeful introduction and establishment
of one or more natural enemies from region of origin of an exotic pest, specifically
for the purpose of suppressing the abundance of the pest in a new target region to
a level at which it no longer causes economic damage. Jiao et al. (2007) analyzed
the dynamics of a stage-structured Holling mass defence predator-prey model with

impulsive perturbations on predators

( )

2y (t) = rea(t) — re " aa(t — 1) — way (t),

10
1+ axs + bx%

T3 (t) — d.%'g (t),

y(t) = re”"Mas(t — 1) w3(t) — daaa(t) — daa3(t), 3t +#nr,

k,@xg(t)

2h(t) = ——L
3(t) 1+ axy + bal

Aa?l(t) = 0,
Aze(t) =0, >t=nrt,n=1,2,...,

A$3(t) =M,

/

(Spl(C)v‘pZ(C)v‘piS(C)) € C+ = C([_Tlao]aRi)ﬂOi(O) > Ovi = 1a 2a37

(3.1)
where 21(t) and x(t) represent the immature and mature pest densities, respec-
tively, and z3(t) denotes the density of the nature enemy. The biological meanings

of the parameters can be seen in (Jiao et al., 2007).
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The dispersal is a ubiquitous phenomenon in the natural world. It is im-
portant for us to understand the ecological and evolutionary dynamics of pop-
ulations mirrored by the large number of mathematical models devoted to it in
the scientific literature (Levin, 1994; Allen, 1983; Song and Chen, 2002; Cui and
Chen, 2001). In recent years, the analysis of these models has focused on the
coexistence of populations and local (or global) stability of equilibria (Beretta
and Takeuchi, 1998; Beretta and Takeuchi, 1987; Freedman and Takeuchi, 1989a;
Freedman, 1987; Freedman et al., 1986; Freedman and Takeuchi, 1989b; Hui and
Chen, 2005). Spatial factors play a fundamental role in the persistence and sta-
bility of the population, although complete results have not yet been obtained
even in the simplest one-species case. Whereas the population dynamics with the
effects of spatial heterogeneity is modeled by a diffusion process, most previous
papers focused on the population dynamical system modeled by ordinary differ-
ential equations. But in practice, it is often the case that diffusion occurs at a
regular pulse. For example, when winter comes, birds migrate between patches
in search for a better environment, whereas they do not diffuse in other seasons,
and the excursion of foliage seeds occurs at fixed period of time every year. Thus,
impulsive diffusion provides a more natural description. Lately theories of impul-
sive differential equations (Bainov and Simeonov, 1993) have been introduced into
population dynamics. Jiao et al. (2010) propose to investigate the dynamical be-

haviors of a stage-structured predator-prey model with prey impulsively diffusing
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between two patches

( dai(t) )
et z1(t)(ar — bz (t)),
20 _ (00 — bara(t)) — (V).
dy: (t) (1
= kaxs(t)ys(t) — kae™ M ag(t — 1)y (t — 1) — wy (1),
o) _ ke an(t — )yl — ) — dn(t), )
Axy(t) = dy(x2(t) — 21(1)), ‘
Axy(t) = da(21(t) — 22(1)),
t=nt,n=12 ...,
A?/l(t) =0,
AyQ(t) =0,
' ' (3.2)

where we suppose that the system is composed of two patches connected by dif-
fusion and occupied by a single species; x; (i = 1,2) is the density of species in
the ith patch, and y;(¢) and y»(t) represent the densities of the immature individ-
ual predator and mature individual predator at time ¢ in the second patch. The
biological meanings of parameters can be seen in (Jiao et al., 2010).

The organization of this chapter is as follows. In the next section, we
introduce the model and background concepts. In Section 3, some important
lemmas are presented. We give the globally asymptotically stable conditions of
the prey-extinction boundary periodic solution of system (3.3) and the permanent
condition of system (3.3) in Section 4. Simulation analysis and brief discussion

are given in the last section to conclude this chapter.
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3.2 The Model

In this chapter, we establish a predator-prey model with periodic impulsive

diffusion and periodic release of predator population:

( day(t) Brza(t)ya(t) )
T = xl(t)(al — bll’l(t)) - 0'1—|——$1(t)7
dyy(t) _ kiBray(t)y.(t) — v (1)
Y by (17 DR D
5 = x5(t)(as — baxo(t)) — oy + J/2<t> )
dys(t)  kofaxa(t)ya(t)

At o+ a(t) 23(0), J
Al’l(t) == 0,
Ayi(t) = D(ya(t) — yi(t)),
< t=(n+l)r,nez,

Al’g(t) = O,

Ays(t) = Dy (t) = 2(t)),

3\

Al’l(t) = 0,
Ayl(t) = M1,
=m+1)r,neZ,,
Al’g(t) = O,
Ay2(t) = H2,
\ /

(3.3)
where we suppose that the system is composed of two patches connected by dif-
fusion. These two patches are separated by rivers or highways or railways. The
predator population can traverse the rivers or highways or railways, whereas the
prey population cannot. In this system, x;(t) and y;(t) represent the sizes of prey
and predator populations in patch i (i = 1,2) at time ¢, a; > 0 represents the
intrinsic growth rate of the prey population in patch ¢ (i = 1,2), and b; > 0 rep-

resents the coefficient of the intraspecific competition of the prey population in
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patch i (i = 1,2). The predator consumes the prey according to Holling type-II
functional response
Bizi(t)

gy LU

with the half-saturation constant o; in patch i (i = 1,2) at time ¢. k; (i = 1,2)
is the rate of conversion of nutrients into the reproduction of the predator in
patch i (i = 1,2), d; (i = 1,2) represents the death in patch i (i = 1,2). The
pulse diffusion occurs every 7 period (7 is a positive constant), the system evolves
from its initial state without being further affected by diffusion until the next pulse
appears; Ay;(n+0)7) = yi((n+1)7") —y;((n+1)7), where y;((n+1)7") represents
the density of population in the ith patch immediately after the nth diffusion pulse
at time t = (n + )7, whereas y;((n + )7) represents the density of population in
the ith patch before the nth diffusion pulse at time ¢t = (n+0)7,0 <l < 1,n € Z,
0 < D < 1 represents the diffusive rate between the patches, Ay;((n + 1)7) =
yi((n+ 1)77) —yi((n+ 1)7), and p; (i = 1,2) represents the releasing amount of

predator population at ¢t = (n + 1)7,n € Z, in patch i (i = 1, 2).

3.3 The Lemmas

The solution of (3.3), denoted by X (t) = (x1(t),y1(t), z2(t), y2(t))T, is a
piecewise continuous function X:R; — R%, X(¢) is continuous on (n7, (n + 1)7]
and (n+ )7, (n+ 1)7], n € Z,, and X(n7") = limy_, ..+ X(t), X((n+1)7") =
limg_, (j40)-+ X (t) exist. Obviously, the global existence and uniqueness of solutions
of (3.3) is guaranteed by the smoothness properties of f, the mapping defined by
the right-hand side of system (3.3) (Bainov and Simeonov, 1993).

Let V: Ry x RY — R.. Then V is said to belong to class V; if

(i) V is continuous in (n7, (n +1)7] x R} and ((n+ )7, (n+1)7] X RS, for

all z € Ri,n € Z, and V(n7T,2) = limyy)nrt ) V(L y) and V((n + )77, 2)
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= hnl(t,y)—)((n—i—l)‘r*‘,y) V(t, y) exist.

(ii) V is locally Lipschitzian in z.

Definition 3.1. If V € Vp, then, for (¢,2) € (n7, (n+1)7] x R} and ((n+1)7, (n+
1)7] x R%, the upper right derivative of V(,z) with respect to the impulsive

differential system (3.3) is defined as

D*V(t,2)  limsup %[V(t +hyz 4 hf(t2) — V(T 2)).

h—0

Since dm;# = 0 when z;(t) = 0, dyét(t) = 0 when y;(t) = 0, and Ay;(t) =

w; >0 when t = (n + 1)7, we easily obtain the following lemma.

Lemma 3.1. Suppose that X(t) is a solution of (3.3) with X(07) > 0. Then
X(t) >0 fort >0, and further X(t) > 0 (¢t > 0) for X(07) > 0.
Lemma 3.2. (Lakshmikantham et al., 1989) Let the function m € PC'[R,, R]
satisfy the inequalities
m/(t) < p(t)m(t) + q(t),t > to,t # tp, k=1,2,...,
(3.4)

m(t) < dpm(ty) + bg, t = ty,

where p,q € C[Ry, R] and dy > 0 and by, are constants. Then

m(t) < mito) ] dexp < /t:p(s)ds)—i— S I dew ( /t:p(s)ds) b

to<tp<t to<tp<t \tp<t;<t
¢ t
+/ H dy exp (/ p(a)da) q(s)ds, t > t.
b0 gty <t s

Now, we show that all solutions of (3.3) are uniformly ultimately bounded.

Lemma 3.3. There exists a constant M > 0 such that z;(t) < M, y;(t) < M (i =

1,2) for each solution (x1(t),y1(t), x2(t), y2(t)) of (3.3) with all t large enough.

Proof. Define

V(t) = kyz1(t) + y1(t) + koxa(t) + y2(1),



and A = min;_; »{d;}. When t # n7,t # (n + )7, we have
DYV (t) + AV (¢)
= R (®)[(ar +A) = bura (8)] = (dr = Ay (t)
+kowo(t)[(ag + X) — baxa(t)] — (d2 — N)ya(?)

S klxl(t)[(al + )\) — bll’l (t)] + kQZEQ(t)[(CLQ + /\) — ngg(t)]

. ay + A\ 2 /{31 (CLl + )\)2
= ~hbh (ml(t) T ) 4b,
ay + A\ 2 k‘g(ag + )\)2
habs ("”2(” 20y > 4D,
kl(al + )\)2 1 kQ(CLQ + )\)2 é C
- 4b, 4by '
When t = n7, we have
Vintt) = kzi(nm) +y1(n7?) + koxo(nt™) + 2 (n7™)

= kiri(n7) +y1(n7) + p1 + koo (nT) + yo(nT) + 1o
= kizi(nT) + y1(nT) + kaxo(nr) + yo(n7) + 11 + po
= V(n7) + (1 + ).
When ¢ = (n + I)7, we have
V((n+1)7")
= kiz((n+077) + yi((n+D)77) + kaza((n + D7) + y2((n + 1)77)
= kzi((n+0)7) + (1 = D)yi((n+1)7) + Dya((n + 1)7) + kowo((n +1)7)
+Dy ((n+1)7) + (1 — D)ya((n +1)7)
= kxi((n+07) +yi((n+ D7) + koza((n + D7) + y2((n +1)7)

= V((n+0)r).
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By Lemma 3.2, for ¢ € (n1, (n + 1)7], we have

Y C Y 67/\(th) e
V() < V(0T)e™™ + (L —e™) + (pn + po) 77 + (11 + p2) —;
A 1—eM er —1
AT
— ¢ + (p1 + p2) ‘ t—
= as 0.
\ 1 T 2 S

So V(t) is uniformly ultimately bounded. Hence, by the definition of V (¥)
we have that there exists a constant M > 0 such that z;(t) < M, y;(t) < M (i =

1,2) for t large enough. The proof is complete. O

If z;(t) = 0(i = 1,2), then we have the subsystem of (3.3)

dnf) _ —dyy:(t)
dy(it) t4 (407t (n+ 1),
dt - _d2y2(t)7

t=(n+D)r, (3.5)

\

We obtain the analytic solution of (3.5) between pulses as follows:

4 4
U1 (n7+)6_d1(t_”7),t € (nt,(n+0)7],
yi(t) =
yi((n+ DrH)e @0t e ((n+ D1, (n + 1)7],
\ (3.6)
yg(n7+)6_d2(t_”T),t € (nt,(n+)7],
Ya(t) =
yo((n + D1 H)e =00 e (n 4 D)7, (n + 1)7].
\ \

Considering the third and fourth equations of (3.5), we have

yi((n4+ D7) = (1 = D)e ™7y (n7h) + De %'y (nr ),
(3.7)
yo((n 4+ D7) = De™ 1y (n7%) + (1 — D)e 2y (nr ).
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In fact, from Ay (t) = D(y2(t) — y1(t)),t = (n+ )7, we have

yi((n+ D7) = yi((n+ 0)7) = Dlya((n + D7) = ya((n + 1)7)]

yi((n+077) = (1= D)yi((n+1)7) + Dya((n + [)7).
From (3.6), we have
B+ 07) = lnr e, ga((n+ D7) = ganr e
Hence,
y((n+ D7) = (1 = D)e 17y (nrh) + De™® Ty, (nr ).
From Ays(t) = D(y1(t) — ya(t)),t = (n + )7, we have
ya((n+ D7) = ya((n + D7) = Dlya((n + D7) — y2((n + )7)],
yo((n+1)7") = Dys((n+ 1)7) + (1 — D)ya((n + 1)7).
Together with
yi((n+07) =yi(ntH)e™ M7, yo((n +1)7) = ya(nr)e =,
we have

yo((n+1)71) = De*dllTyl(nTJr) +(1- D)eid?hy2(n7+).

Considering the fifth and sixth equations of (3.5), we also have

(3.8)

yi((n+ 17 = yi((n+ D7 H)e 007 4y,
yo((n+1)77) = ya2((n + l)7'+)e_d2(1_l)T + fo.

In fact, from Ay (t) = p1,t = (n + 1)7, we have

yi((n+1)7%) = pi((n+ 1)7) + 1.
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From (3.6), y1((n + 1)7) = y1((n + 1)7H)e 1007 then
yil(n+ 1)) = ya((n+ D7) @007 4 py.
Similarly, from Ays(t) = ps,t = (n+ 1)1, we have
y2((n+ 1)77) = y2((n + 1)7) + pio.
From (3.6), yo((n + 1)7) = yo((n + [)77)e~%20=D7 Thus,
ya((n+1)74) = go((n + D7) =007 4 .

Substituting (3.7) into (3.8), we have the stroboscopic map of (3.5)

)
yi((n+1)7%) = (1= D)e Ty (n7") 4 De U0+ R0y, (nr) 4y,
(3.9)

Yo((n + 1)71) = De i+ R0-DITy, (0 1) 4 (1 — D)e ™ yy(n7 ™) + po.

\

In fact,

yi((n+1)77) = pil(n+HrH)e 0 4y
= [(1 = D)e Ty (n7") + D™ Tyy(nr™)]e 00T 4y
— (1= D)e BTy (nt) 4 De lh-0r+dallry (ry 4y

and

ya((n+1)77) = ga((n+ D)7 H)e 2007 4 py
= [Deyy(nr*) + (1 — D)e™ 0y (nr e~ B0 4 g,
= De MRy, (n7h) 4 (1= D)e™®Tyy(n7") + pia.

System (3.9) has one fixed point

. peB1 + 11 (1 — Bs)
= > 0,
. (1—-A)(1 = By) — AyBy (3.10)
. mAg + pa(1 — Ay) '

— > 0,
2T 0T A)1 = By) — A.B,
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where
Ay =(1—D)e " <1,
Bl — Def[ch(lfl)%»dzl}‘r < 1,
A2 _ De—[dﬂ-‘rdz(l—l)]T < 1’

By =(1—D)e ™ <1,
Lemma 3.4. The fized point (yi,vys) of (3.9) is globally asymptotically stable.

Proof. For convenience, we denote (y',v5) = (y1(n7"),y2(n7")). The linear form

of (3.9) can be written as

yi yr
— M . (3.11)
T Yy

Obviously, the near dynamics of (y7,v3) is determined by linear system
(3.11). The stability of (y7,ys) is determined by the eigenvalue of M less than 1.
If M satisfies the Jury criterion (Jury, 1974), then we know that the eigenvalue of

M is less than 1,
1 —trM +det M > 0. (3.12)

We easily see that (y7,y5) is a unique fixed point of (3.9) and
A By

M = . (3.13)
A2 BQ



Since

1 —trM + det M
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== 1 - (Al -+ Bg) + (AlBQ - AgBl)

- (]_ - Al)(l - Bg) - AgBl

= [1 _ (1 _ D)e—le] % [1 i (1 . D)e—d27’] . De—[dll+d2(1—l)}7 . De—[d1(1_l)+d2”7

= [1 _ (1 _ D)efdm-] « [1 o (1 _ D>€fd27} o D267(d1+d2)r

= 1—e ™) x (1—e )+ De (1 —e N7) 4 Deh7(1 — e7%7)

> 0,

by the Jury criterion, (y7,vys) is locally stable, and then, it is globally asymptoti-

cally stable. This completes the proof. O]

Lemma 3.5. The periodic solution (y;(t), y;(?)) of system (3.5) is globally asymp-

totically stable, where

(

—

y1(t)

—

Y2(t)

\

y;e—(h(t_n"'), t e (TLT, (TL + Z)T]v
yr*efdl(tf(nJrl)T)’t €((n+0r, (n+ 1)1,
| (3.14)

yse= 20" ¢ € (7, (n + )7,

y;*e*@(t*(”“)ﬂ,t €E((n+0r, (n+ 1)1,

\

and where y; and y3 are determined as in (3.10), and yi* and y3* are defined as

yi* = (1= D)e™Ty; + De™'ys,
(3.15)
ys* = De" ™yt + (1 — D)e 'y,
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3.4 The Dynamics

Theorem 3.6. If

D<= (3.16)

and

Ty (1 — —d;lT (] — —d;(1-0)T
HlaX{az‘T— ﬁz[yz( e )+yz ( € )]} <0 (Z: 172)7 <317)

1=1,2 O'Z‘dz‘

then the prey-extinction boundary periodic solution (0,y1(t),0,y2(t)) of (3.3) is
globally asymptotically stable, where y; (i = 1,2) and y™* (i = 1,2) are defined by

(3.10) and (3.15).

Proof. First, we prove the local stability of the prey-extinction boundary peri-

odic solution (o,yT(?),o,y;H)) of (3.3). Defining z1(t) = z1(t),y11(t) = yi(t) —
yfl\(Z),xQ(t) = xo(t), y12(t) = ya(t) — yfg\(Z), we have the following linear system

—_— —

which is similar to (3.3) and which has one periodic solution (0, yy (%), 0, y2(t)):

do1 (1) ar = 2m@ 0 0 z1(t)
dyizlt(t) @ —dy 0 0 y11(1)
daa(t) B 0 0 ay— 523;7/22(7) 0 z2(t)
dina(t) 0 0 %ﬁ;@) —dsy Y12(t)

It is easy to obtain the fundamental matrix

exp [fg(al - &zill(s))ds] 0 0 0

exp [y @ds] exp(—dyt) 0 0

"= 0 0 exp [fot(ag - ﬁﬂéigf))ds] 0
0 0 exp [fg %@’;E)ds] exp(—dat)
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The linearization of the fifth, sixth, seventh, and eighth equations of (3.3) is

w1 ((n+1)7+) 1 0 0 0 z1((n+ D7)
yi((n+0)7+) 0 1-D 0 D yi ((n+ 1))
o((n + 1)71) o o0 1 o 2o((n +1)7)
yi2((n + 1)7F) 0 D 0 1-D yra((n +1)7)

The linearization of the ninth, tenth, eleventh, and twelfth equations of (3.3) is

z1((n+1)7T) 1 0 00 z1((n+ 1)7)
yn((n + 1)7%) 0100 || ynltn+n)r)
@+ | (0001 0 za((n + 1)7)
yia((n + 1)7%) 000 1| yaltn+ti)r)

The stability of the periodic solution (0, y1(t),0,y2(t)) is determined by the eigen-

values of
1 0 0 0 1000
0 1-D 0 D 0100
M = d(71),
D 0 1 0 0010
0 D 0 1-D 0 001
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which are

Al = exp [/OT (al — 519;11\(;)) ds],

N = (1 — D)(K; + K3) + /(1 — D)?(K, + K3)? — 4(1 — 2D)K, K3
: 2
< |(L=D)FE + Ky) + /(1 + D)*(Ky + Ky)?
- 2
< —(Kl _g Ks) <1,

= [ (o 2]

and
= (1—D)(K; + K3) — /(1 — D)2(K; + K3)? — 4(1 — 2D) K, K3
< (1 - D)(Ky + K3) — y/(1 — D)% (K, — K3)?
o 2
(1= D)(K1+ K3) = (1 - D)|K, — K3

2
< (1 — D) maX{Kl,Kg} < 1,

where K; = e 47 < 1, K3 = ¢ %7 < 1, and condition (3.16) holds. According to

conditions (3.16), (3.17), and the Floquet theory (Bainov and Simeonov, 1993), if
exp [/ (ai — Biyi(s)> ds] <1l (i=1,2),
0 Oi

A <1

then

and

>\3<1,

and thus the prey-extinction boundary periodic solution (0, (t),0,y2(%)) of (3.3)

is locally stable.



In fact, we can compute

—
i

exp [/OT (ai—ﬁi%@)dzs] <1 (i=1,2).

To see this, consider

— yre~ "t € (nr, (n+ D)7,
yi(t) =
yf*efdl(t*(n‘ﬂ)T), t e ((n + l)T, (TL + ]-)T]

For t € (0,I7] U (Ir, 7], taking n = 0, we have
. yie Mt € (0,17],

yi(t) =
yire= =) e (I, 7).

We need to show that

ool [ (@ = 220y

= exp[alT—ﬁ/ y?(g)ds] <1
g1 0

For this, it suffices to show that

alT—é/ yzzg)ds<().
01 0

Since
L B r T
/ yl(s)ds:/ yl(s)ds+/ 1(s)ds,
0 0 T
and
Ir T * s=Ir
% —dis yl —dis
ds = disjg — _Z1—da
/0 y1(5)ds / e ods = =S|
— _y_ZT —dllT_l
St —1)
(A —dqlr
= Z(l—e®h
W1 - e,
and

/T y/l\(g)ds = /T yf*e‘dl(s_”)ds — _y_ik*e—dl(s—lr) 5=T
! I

r - d1 s=lt

_ W —anonr
i |

oy —d (107
1— 1
a; (1—e ),




then
T Ir T
/ yi(s)ds = / yl(s)ds+/ y1(s)ds
0 0 I
oy —dylr yi —d1(1-)7
= =(1— 1 22 (1 — 1
P etiry g Uy ity
L et (1 - )
dy '
By
a7 — &/ y/l\(;)ds <0,
Ul 0
we have
(1 — —dqilT (1 —di(1=0)T
aﬁ_ﬁl[yl( € )ty (1—e )] < 0.
0'1d1
Similarly,
N yse~ =07 g e (nr, (n + )7,
Ya(t) =

y;*e—d2(t—(n+l)7)’t & ((n -+ Z)T, (n + 1)7—]

For t € (0,Il7] U (Ir, 7], taking n = 0, we have

yse= 2t t € (0,17],

ya(t) =
y3re @20 1 e (I, 7).

We need to show that

exp [/OT(ag — —ﬁwz(s))ds]

02

= exp[agT—@/ y;\(g)ds] <1,
09 0

or equivalently,

asT — @/ y;@)ds < 0.
g9 0

T Ir T
/ yg(s)ds:/ yg(s)d8+/ y2(s)ds,
0 0 T

Since

36
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and
T i * s=It
/ Ya(s)ds = / ySe‘dQSds = _&e—dw
0 0 d? s=0
— _y_; —daolT 1
4, ]
yék —dolT
fr—y - 1 2
&' )
and
/ ya(s)ds = / yrrem =N g — _ Y2 —da(s-in) |7
ir I d2 s=It
— —y_g* _d2(1—l)7' _ 1
L ]
_ W —dy(1-1)7
= 1 — 2
ds (1-e ),
then
T — Ir r__
/ y2(5>d8 = / yQ(S)dS +/ y2(5>d8
0 0 I
- y; —dolT yg* —d (1—[)7’
= == 1 i 2 J2 1 - 5
B e M O e )
L 7 '
By
azT — &/ y;(VS)ds <0,
02 Jo
we have
Bl ey
O'ng
Thus,
Jyr (1 —emdilm #(] _ e—di(l-0)T
m?’é{aﬂ_ . ng — )]} <0 (i=1,2).
o Ol

In the following, we will prove the global attraction. By condition (3.17)

we can choose € > 0 such that

pi = €xp [/OT<ai—M>ds] <1 (i=1,2).
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From the second and fourth equations of (3.3) we notice that dyd#t(t) > —dyi(t) (1 =

1,2). Then, we consider the following impulsive comparative differential equation:

( dyzllt(t) = —d1ya (1),
t# (n+ 07t # (n+1)7,

dyaa(t) = —dyyan(t)
dt B

Ays () = D(y2(t) — y2i(t)),
t=(n+10r, (3.18)
Ayan(t) = D(yx1(t) — y2(t)),

\

From Lemma 3.5 and the comparison theorem of impulsive equations [see

Theorem 3.1.1 in (Lakshmikantham et al., 1989)] we have yi(t) > y21(¢), y2(t) >

Yoo(t), and yo1(t) — y1(t), yaa(t) = y2(t) as t — oo. Then

—

yi(t) > yor(t) > w(t) — ¢,
(3.19)

Ya(t) = y2a(t) = u2(t) =€,
for ¢ large enough. For convenience, we may assume that (3.19) holds for all ¢ > 0.
From (3.3) and (3.19) we get

dt

(3.20)

IA
1
&
|
&
—~
<
<7
—~
=
~—
|
™
~—
_ 1
&3
—~
~
~—
—~
-~
I
—_
\)
~—

So z;((n+1)7) < x;(ntt) exp[qu:H)T(ai - —ﬂi(y"s)_g))ds] (1 =1,2). Hence x;(n7) <

x;(07)p? (i = 1,2) and x;(n7) — 0(i = 1,2) as n — oo; therefore z;(t) — 0(i =

1,2) as t — 0.
Next, we will prove that y;(t) — y:\(/t) (1=1,2)ast — oo. Fore; > 0, there
must exist a tg > 0 such that 0 < z;(t) < &1 (i = 1,2) for all t > ¢,. Without loss

of generality, we may assume that 0 < z;(¢) < ¢, for all £ > 0. For system (3.3),
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we have

—dyy(t) < dy;(t) < (di _ kiBie > w(t) (i=1,2), (3.21)

and then we have yo1(t) < yi1(t) < ys1(t), y2olt) < ya(t) < ysot), and

Yo1(t) = yi(t), y2o(t) — va(t), ys1(t) — ys1(t), ys2(t) — ys2(t) as t — oo, where

(y21(t), y22(t)) and (ys1(t), ys2(t)) are the solutions of (3.18) and

;

dy:;lt(t) = —(d; — jlilgl Jya1(t),
1t e t#m+hrt# n+1)7
dy32(t) B d k25251 ’ s
at ~(d> = o) +<€1) 2(t).

t=(n+10)r, (3.22)
Aysa(t) = D(ys1(t) — ysa(t)),

Ay (t) = p,
t=(n+ 1),
Aysa(t) = po,
\
respectively.
( ( k1B1e1
yg‘le_(dl_ e 7T) ¢ ¢ (nt, (n+10)7],

ygfef(d“ o1ter )(t*(’”l)f),t e((n+ )7, (n+1)7],

> (3.23)

(dy— 28251y (4 _pr)

Yao€ oatel ,t € (nT, (n+1)7],
y32(t) = 9 ko Boe
yspe TR e (it Dy, (n 4 1)7],
\ \

where y3, and y3, are determined as

Ul = poBs1 + p11 (1 — Bsy)
1 (1 — A31)(1 — Bag) — A3y Ba

> 0,

3.24
UL = 1Az + pa(l — Az) -0 (3:24)
2 (1—As)(1— Bsy) — ApBy ~
and y37 and y;; are defined as
kqB1e koBoe
v = (1= D)e” Moy 4 pem ey,
(3.25)

k k
18121 NZ 2B2¢e1

Ysp = Dei(dli arte My + (1 — D)ei(dr s2tel )179527
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where
k1B1e
A31 = (1 — D)ei(dli "11+1511 ) <1,
By — Dl =) (1) +(do— 225 i) <1,
Asy = De l@—SFHG&-ZED-DIr _ 1

kaB2eq

By = (1-— D)e_(dr mta )T < 1,

For any 5 > 0, there exists ¢, > t1, such that

Yo1(t) — g2 <y (t) < ysi(t) + €2

and

—_— —

Yoo (t) — €2 < o(l) < yaa(t) + o

Letting e — 0, we have

Yi(t) — g2 < ya(t) < wu(t) + &2

and

— —

Ya(t) — g2 < ya(t) < y2(t) + &2

for ¢ large enough, which implies y;(t) — y1(t) and y2(t) — y2(t) as t — oco. This

completes the proof. O
The next work is to investigate the permanence of system (3.3).

Definition 3.2. System (3.3) is said to be permanent if there are constants m,
M > 0 (independent of the initial value) and a finite time 7j such that for all
solutions (x1(t), y1(t), x2(t), y2(t)) with any initial values x1(07) > 0, y1(07) > 0,
29(07) > 0, y2(07) > 0, we have m < x1(t) < M, m < y1(t) < M, m < z5(t) <
M, m < yy(t) < M for all ¢ > T,. Here Ty may depend on the initial values

('TI(O+)7 y1(0+)7 LE2(0+>, y2(0+>)
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Theorem 3.7. If

; (1 — —d;lT (] —d;(1-0)T
min{aﬂ'—ﬁ[%( ) urlze )]}>0 (i=1,2), (3.26)

=1,2 Uidi

then system (3.3) is permanent, where y; (i = 1,2) and y* (i = 1,2) are defined

by (3.10) and (3.15), respectively.

Proof. Suppose (z1(t),y1(t), z2(t),y2(t)) is a solution of (3.3) with z1(0) >
0,41(0) > 0,29(0) > 0,y2(0) > 0. By Lemma 3.3 there exists a constant M > 0
such that x1(t) < M,y;(t) < M, z5(t) < M,y,(t) < M for t large enough. From
(3.3) and Theorem 3.6 we have y;(t) > y:v(t) — gy > yre bl x0T 2

m; (i = 1,2) for g5 small enough. So we only need to find m3 > 0 and 3 such

that z;(t) > mg for ¢ large enough. Otherwise, we can select my > 0 small e-

nough satisfying my < k%‘cf - (d; < k;3;) and prove x;(t) < my cannot hold for

t > 0. Suppose the contrary. By condition (3.26), choosing 3 small enough, we

can obtain
* *(di*ki,ﬂimzl i ok *(di*ki_ﬂim‘l)(l*l)‘r
i . ]_ — e o;t+my + v 1 —e o;+my ZE
0; = a;T — Bilyail ) ‘Z%EM ) - b r>0
oildi = ms) oi

with y3; (1 = 1,2) and y; (i = 1,2) defined as in (3.30) and (3.31)below. Then,

W) (g, BB, )

P t4(m+Drt#(n+1)r
dys(t) d ko Bamy ’ ’
T —(dy — o +m4)y2(t);

Ayi(t) = D(y2(t) — y1(t)),
t=(n+10r, (3.27)
Ays(t) = D(y1(t) — ya(t)),

\

By Lemma 3.5 we have yi(t) < wyui(t), y2(t) < wyae(t) and yqu(t) —



Ya1(t), Yaa(t) = yaa(t),t — 0o, where (y41(t), ya2(t)) is the solution of

;

dys (1) _ B k1Bimy

Aysi(t) = D(yao(t) — yar (1)),
t=(n+1)T,
Aysa(t) = D(ya(t) — ya(t)),

Ayg(t) = p,
t=(n+1)r,
Ayas(t) = o,
\
with
( ( —(dy 1By 7
ype it ,t € (n7, (n+1)7],
y41(t) = ki Bym
yﬂe*(dr vllﬁmf)(t‘("ﬂ)ﬂ,t €((n+Dr,(n+ 1)7],
> k
Bom
yie @ e (ar, (n+ D7),
y42(t) = ko Bym
yge*(dr oéfmf)(t’("ﬂ)ﬂ,t €((n+0r,(n+ 1)7],
\ \

where v}, and yj, are determined as

yh = poBa1 + p (1 — Baya) =0
(1= Ay)(1 — Byg) — A By ’
X p1Ags + po(l — Ayg)
- >0,
Va2 (1 — Asp1)(1 — Bya) — A By

k%

and y;7, yis are defined as

k151m4)17_ . k2527n4)l7_ N

yn = (1— D)e_(dl_ ity + De_(dQ_ 72t Y,

k1B1m4 kaBamy
*k —(dl—ali)h' * —(d2— > NT %
Ysp = De sy + (1= De 27T Yy,

= —(di = ———)yu (1),
dt o1+ my
) _ g, Kty (170D
dt ? 02 +m4 Ya2 ’

42

(3.28)

(3.29)

(3.30)

(3.31)
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where
Ag = (1= D)e 3D <,
By = De ld=3Fmh(-0+d—220hur 1
Ay = De ld=Fmhirda= 220 (-0l _ |
By = (1—D)e @ &)™ <1,
Therefore, there exist 77 > 0 and €3 > 0 such that
yi(t) < yar(t) < ya(t) + €3
and
Ya(t) < yaa(t) < yao(t) + &
Then,
) 5 o PR ) =1, 3.32)

fort > Ty. Let Ny € N and Ny7 > Tj. Integrating (3.32) on (n7, (n+1)7),n > Ny,

:

Then, z;((Ny + k)7) > 2;(N17F)er — 0o as k — oo, which is a contradiction to

we have

(n+1)7 Y e
rl(n+1)7) 2 ai(nrt) exp ( / [_M

T 0i

= z;(n7)e% (i=1,2).

the boundedness of z;(t) (i = 1,2). Hence, there exists t; > 0 such that z;(t) >

ms (i = 1,2). This completes the proof. ]

Now, we give more details about the computation of the ;. We need to

0; > 0, where

5, — /OT[(M ~ Bilyu(?) +€3)]dt




First, we compute [; a1 (t)dt.

( (

_(dl_k1ﬁ1m4

yie e U e (nr (n+ 1)7),

yu(t) =

x —(dy— 81T

yire” B T e (0 D)7 (n 4 1)7],

and

>
ko Bom,
yZQe_(dQ_ aéfmf)(t_m),t € (nr, (n+0)7],
Yao(t) = o By
yj;;e*(dr ngfmf)(tf(nﬂ)ﬂ,t e((n+0r, (n+ 1)1
\ \
For t € (0,7] = (0,17] U (Ir, 7], taking n = 0, we have,
( ( k1 81m
yile_(dl_ 011+1mf)t,t € (0,17,
y41 (t) - k1B81m
yﬁe_(dl_ Ull‘&m:)(t_h),t € (Ir, 7],
( —(dp— 22824y,
ye - c2rmat e (0,17],
Yao(t) = A
" e @ HEDE y e 17 1),
\ \

Since [ ya (t)dt = OZT

I
/ Ya1 (t)dt
0

Ya1 (t) dt

yar (0)dt + [ yai (¢)dt, and

It k
_(dy —F1B1may,
. / yie BTt
0
* k1B1my t=IT
| _y;zl —(dy =2 )
dl _ kiBima t=0
o1+myq
V (g, _Fk1Bima
= — yilﬁ [ (= s )17—1]
_ kiBima
o1+my
* (g, _k1B1my
_ Yy (TR
d — k1B1my ’
1 o1+my

T

%ok

_ Ya
_ kiBima
dl o1+my

k%

Yn
_ kiBima
o1+my

dl _ kiBimg

o1+my

/ e B gy
l

k
— (=22 (1)

k
[~ (=R

k1B1my
e (=5 3w, (1=

t=7

t=lt
_ 1]

l)T]

Y



then,

o= )

n Y1 (1 e (dl—'f}lﬁﬁ;?f)(l l)T)]

k1B1m.
d = o
B3
-7
01
= a7
_(ds_Fk1B1m4 _k1B1ma
Bulyis (1 = "7 AmT) o yp(1 = 70T
B k
o1(dy — 20
Bres
-7
01
> 0
In a similar way, we compute [; y42(t)dt.
Since fo Yao(t dt Tyaa(t dt~|— fl Yao (1 dt and
I I ko Bom
0 0
_ y%?ﬁ —(dz—%)t t=ir
20214 —
dy — o2+my =0
_ Yio [e—(dz %)l —1]
dy — kafamy
2 o2+may
_ Yis [1— 6-(@—%)17 ,
doy — kafamyg

o2+m4

45



46

and
T T koBom.
[ et = [ e By
Ir I
_ _#55 ~(dy 22y i) | T
252y _
d2 - m t=ItT
_ yzll:; (BB _ )
o S
_ #56[1 _ B0
_ k2P2mg
d o2+my
then,
! Paes
52 = Q92T — — y42( )dt e
02 Jo 09
I T
€
= QoT — @[/ y42(t)dt+/ Yao(t )dt} P2 728,
02 0 Ir 02
— a2 Lz@_e—w ':,gﬂfgpz)
oo | doy — kaBama
o2+my
+¢<1 e (d2—i22ﬂ+2$f)(1 T )]
do — kaBamy
g2+my
Bags
——T
02
= Q9T
. —(dg—R2f2may,; dy— 252y (1 )7
Bolypp(l — e BT AEIIT) 4 (1 — (B ARDIDT)
ol — 220
Baes
—_—7
02
> 0
Therefore,
* —(di— bib T di_kiﬁimél 1-)r
8 = a;T — Bilya(1 — e Gl )+ yir (1 — e e ) B 52'537 >0
! ’ Uz’(dz‘ _ Kk ﬁmu) 0 )

git+ma
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and thus
. Bilyr(1 — e ') 4y (1 — e B 07)] .
irgg{aﬁ — s }>0(=12).

3.5 Simulation Analysis and Discussion

In this chapter, we have established a predator-prey model with impulsive
diffusion and release of predator population. We have proved that all solutions

of the investigated system are uniformly ultimately bounded. By Theorem 3.6, if

D < % and
[y (1 — e~ s (1 _ o—di(1-D)7
max{aﬁ—ﬁ[%( € )+yir(l—e )]}<0 (i=1,2),
=12 o.d,

then the prey-extinction boundary periodic solution (0,;(%),0,y2(t)) of system

(3.3) is globally asymptotically stable. By Theorem 3.7, if

’ (] — —d;lT (] —d;(1-0)7
i=1,2 0d;

then system (3.3) is permanent.

3.5.1 The Dynamical Behaviors Influenced by Parameter

D

Let 21(0) = 0.5,41(0) = 0.5,22(0) = 0.5,40(0) = 0.5,a = 0.1,b, =
0.2,a0 = 0.1,by = 0.2, 81 = 0.5, 8a = 5,k1 = 0.5, ks = 5,111 = 0.5, ttg = 0.3,d; =
0.3,dy = 03,01 = 3.5,090 = 35,7 =1,1 = 0.25,D = 0.1. Then conditions (3.16)
and (3.17) are obviously satisfied, and thus the prey-extinction periodic solution
of system (3.3) is globally asymptotically stable (see Figure 3.1).

Also assume that x1(0) = 0.5,471(0) = 0.5,22(0) = 0.5,42(0) = 0.5,a; =

0.1,b1 = 0.2,(12 = 0.1,b2 = 0.2,61 = 0.5,52 = 5,]{31 = 0.5,k2 = 5,/11 = 0.5,,[!2 =
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(a) v

mE.

© ()

\\ {Mmwmwwmwmwmwwmwnu

Figure 3.1 Globally asymptotically stable prey-extinction periodic solution of
system (3.3) with x1(0) = 0.5,4,(0) = 0.5, 22(0) = 0.5,42(0) = 0.5,a; = 0.1,b; =
0.2,a3 = 0.1,bo = 0.2,8; = 0.5, = 5,ky = 0.5,ke = 5,03 = 0.5, 0 = 0.3,d; =
0.3,dy = 0.3,01 =3.5,00 =3.5,7=1,1 = 0.25,D = 0.1. (a) Time-series of x(t);

(b) Time-series of y;(t); (¢) Time-series of x5(t); (d) Time-series of ys(t).
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0.3,d, = 0.3,dy = 03,01 = 3.5,09 = 35,7 = 1,1 = 0.25,D = 0.95. Then
condition (3.26) is obviously satisfied, and system (3.3) is permanent (see Figure

3.2).

(a) (b)

«« "J i

Figure 3.2 The permanence for system (3.3) with z1(0) = 0.5, y1(0) = 0.5, 22(0) =

05,y2(0) = 0.5,0,1 = O.l,bl = 0.2,612 = 0.1,62 = 0.2,51 = 0.5,ﬁ2 = 5,k1 =
0.5,1{32 = 5,,&1 = 0.5,/112 = O.S,dl = O.S,dg = 0.3,0’1 = 3.5,0’2 = 3.5,7’ = 1,l =
0.25, D = 0.95. (a) Time-series of x1(t); (b) Time-series of y;(t); (c) Time-series

of z5(t); (d) Time-series of yo(t).

From (3.17) and (3.26) we can calculate that there exists one threshold D*,

which satisfies

four - B0 i)

max
1=1,2

+ 47 (1 — ‘fdi(l_m)] .
<0 =1,2
5 lz (Z Y )

or

(1 — —d;lr w (] _ e—di(1=D)T
m%{@r—BWA ¢ )+?( ¢ ﬂ}>0 (i=1,2).
O
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If D < D*, the prey population will go to extinction; if D > D*, the population

will be permanent.

3.5.2 The Dynamical Behaviors Influenced by Parameters
p1 and /i

In this subsection, we always assume that @ = pu; = uo. Assume that
21(0) = 0.5,21(0) = 0.5, 22(0) = 0.5,92(0) = 0.5,a; = 0.1,by = 0.2,a9 = 0.1,by =
02,68y =0.5,0s =5,ky =0.5,ky =5,y =04, 40 =04,dy =04,dy = 03,01 =
3.5,090 = 3.5,7 = 1,1 = 0.25,D = 0.2. Then conditions (3.16) and (3.17) are
obviously satisfied, and the prey-extinction periodic solution of system (3.3) is
globally asymptotically stable (see Figure 3.3).

Also assume that 21(0) = 0.5,y1(0) = 0.5, 22(0) = 0.5,92(0) = 0.5,a; =
0.1,0 = 0.2,a9 = 0.1,by = 0.2, 81 = 0.5,82 = 5,k1 = 0.5,ke =5, 41 = 0.3, 42 =
0.3,dy =0.3,d, =0.3,00 =3.5,00 =3.5, 7= 1,1 = 0.25, D = 0.2. Then condition
(3.26) is obviously satisfied, and system (3.3) is permanent (see Figure 3.4).

We can calculate that there exists at least one threshold p* such that if
u > p*, then the prey population will go to extinction, and if u < p*, then the
population will be permanent.

From the simulations we discover that an increasing diffusive rate of preda-
tor population will counteract the pest management. We conclude that the im-
pulsive diffusion and releasing predator model provides a reliable tactic basis for

pest management.
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Figure 3.3 Globally asymptotically stable prey-extinction periodic solution of



05 1
045 095
04 09
035
085 ‘
05 H
_ _ o ‘ H
Fo25 =
0. 75
02
07
015
o1 0.65
005 06
055
o 20 40 60 80 100 o
t
o 1
045 X\ 095
04 09
035
085
03
_ _ o8 ‘ H
g 025 g
0.75
02
07
015
o1 065
0.05 - f 06
0.
(9 20 40 60 80 100 (4
t




CHAPTER IV

AN SIR EPIDEMIC MODEL WITH STAGE

STRUCTURE AND PULSE VACCINATION

The present chapter is to introduce birth pulse of the population, state
structure and pulse vaccination into the SIR epidemic model and obtain some
important qualitative properties for the investigated system. As a matter of fact,
pulse birth is used in an epidemic model. To the best of our knowledge, no such

research has been conducted before.

4.1 Introduction

The SIR (susceptible, infectious, recovered) epidemic model is one of the
most popular epidemic models in epidemiology; it was initially proposed by Kerma-
ck and Mckendrick (Kermack and Mckendrick, 1927; Kermack and Mckendrick,
1932; Kermack and Mckendrick, 1933; Kermack and Mckendrick, 1937). Since
then, SIR models have been considered by many researchers (Shulgin, Stone and
Agur, 1998; d’Onofrio, 2005; Gao, Teng and Xie, 2009; Lu, Chi and Chen, 2002;
Meng and Chen, 2008b; Buonomo et al., 2008; Xu and Ma, 2009; Zhang and Suo,
2010; Liu et al., 2012; Yuan et al., 2014; Liu, 2015; Jiao et al, 2015). For details of
a simple SIR model, we can refer to the books of Hethcote (1989) and Anderson
and May (1992).

In addition, Gao et al. (2009) have investigated a delayed SIR epidemic

model with pulse vaccination. They conclude that the infection-free periodic solu-
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tion is globally attractive and the system is permanent. Meng and Chen (2008b)
studied the SIR epidemic model with both vertical and horizontal transmission,
analyzed some dynamical behaviors, such as the infection-free equilibrium, the
positive equilibrium, the permanence, global asymptotic behavior and so on, and
obtained some important qualitative properties.

Recently, pulse vaccination strategy, a new vaccination strategy against
measles, has been proposed. Its theoretical study was started by Agur et al.
in (Agur, Cojocaru, Mazor, Anderson and Danon, 1993). Furthermore, a lot of
original work has been done in (Shulgin, Stone and Agur, 1998; Stone, Shulgin
and Agur, 2000; Gao et al., 2006; Agur, Cojocaru, Mazor, Anderson and Danon,
1993; d’Onofrio, 2005; Gao, Teng and Xie, 2009; Lu, Chi and Chen, 2002; Meng
and Chen, 2008b).

In the real world, individual members of many species experience two stages
of life, immature and mature ones. Stage-structured population models have re-
ceived great attention, and many stage-structured models have been studied in
recent years (Li and Wang, 2005; Xiao and Chen, 2001; Wang and Chen, 1997,
Song and Chen, 2001; Xiao and Chen, 2003; Aiello and Freedman, 1990; Aiello
et al., 1992).

Theories of impulsive differential equations have been introduced into pop-
ulation dynamics lately (Liu, 1995; Lakshmikantham et al., 1989; Bainov and
Simeonov, 1993; Liu and Chen, 2003). Impulsive equations are found in almost
every domain of applied science and have been studied in many investigations
(Jiao and Chen, 2008; Lakshmikantham et al., 1989; Bainov and Simeonov, 1993;
Jiao et al., 2008a; Jiao et al., 2008b). They generally describe phenomena which
are subject to steep or instantaneous changes.

Motivated by the above studies, our study is to investigate transmission
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dynamics of an SIR epidemic model with stage structure and pulse vaccination.

We assume that the matured population approaches a steady state, if there is

no disease infection and all matured individuals are susceptible. We assume full

immunity of recovered individuals; that is to say, those individuals are no longer

susceptible after they have recovered.

4.2 The Model

In this chapter, we consider an SIR epidemic model with stage structure

and pulse vaccination:

([ d

AR(t) = puSs(t),

N 7

Si(t)

= —(c+d)Si(),
dS?ft) = cSi(t) — daSa(t) — BS(t)I(2),
d(t) e
— = B (1) — (r +da) (D),
dR(1)
— = rl(t) — dyR(t), )
AS(t) = Sa(t)(a — bSs(t)), \
ASy(t) =0,

U e (4.1)
AI(t) =0,
AR(t) =0,
ASy(t) =0, \
ASy(t) = —uSy(t),
t:(n—i—l)T, n:1,2,...,

where Si(t), S2(t) represent the numbers of the immature and the mature of the

susceptibles, and I(t), R(t) represent the numbers of the infectious, and the recov-
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ered, respectively. c is called the rate of the immature susceptible turning into the
mature susceptible. dy, ds, ds, d4, respectively denote the natural death rate of the
immature susceptible, the mature susceptible, the infectious and the recovered.
[ is the average number of adequate contacts of a mature infectious individual
per unit time. r stands for the recovery rate of the mature infectious individual.
The mature susceptible is birth pulse with intrinsic rate of natural increase and
density dependence rate of the mature susceptible denoted by a, b, respectively.
The pulse birth and pulse vaccination occurs every 7 period (7 is a positive con-
stant). ASy(t) = So(tT) — Sa(t). (0 < p < 1) is the proportion of the successful
vaccinations which is called pulse vaccination rate, at t = (n + )7, 0 < [ < 1,
ne Zy. ASi(t) = Si(tt) — Si(t), and Sa(t)(a — bSy(t)) represents the birth effort
of the mature susceptible at t = nr,n € Z,.

In this chapter, we assume:

(i) The susceptible is infertile after being infected; that is to say, the infec-
tious and the recovered have no ability to reproduce.

(ii) The immature susceptible is immune to the disease for taking from their
parent population; that is to say, the immature susceptible achieves temporary
immunity.

As the first, second, and third equations do not comprise R(t), we can
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simplify system (4.1) as follows:

( dSl(t) _ )
dt _(C + dl)Sl(t);
dsjt(t) = cSi(t) — doSo(t) — BSo(t)I(t), St #nr, t+# (n+1)r,
%(:) = BS2(t)1(t) — (r +ds)I(2),

)

AS(t) = Sa(t)(a — bSa(t)),

ASy(t) =0, t=nr, n=12 ..., (4.2)
AI(t) =0,

\ J
AS(t) =0,

ASy(t) = —puSs(t), pt=Mn+07r, n=12,....

This is equivalent to system (4.1).

4.3 Some Lemmas

Before discussing the main results, we will introduce some definition-
s, notations and lemmas. Denote by f = (fi, fo, f3, f1) the map defined by
the right-hand side of system (4.1), the solution of (4.1), denoted by z(t) =
(S1(t), S2(t), I(t), R(t))", is a piecewise continuous function z : Ry — R%, where
Ry =1[0,00), R} ={z € R*: z > 0}, z(t) is continuous on (n7, (n+1)7| x R} and
(n+ 071, (n+1)7] x Ry (n € Zy,0 < < 1). According to Lakshmikantham et
al. (1989) and Bainov and Simeonov (1993), the global existence and uniqueness
of solutions of system (4.1) is guaranteed by the smoothness properties of f, the
mapping defined by the right-hand side of system (4.1).

Let V: Ry x RY — R.. Then V is said to belong to class Vj if:
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(i) V is continuous in (n7, (n + 1)7] x RY and ((n + )7, (n + 1)7] x RS,
for all z € Ry, n € Z;, and lim ) (niiyr+) V(G y) = V((n + )77, 2) and
lmy g )yt ) V(G Y) = V((n+ 1)1, 2) exist.

(ii) V is locally Lipschitzian in z.

Definition 4.1. If V' € Vp, then, for (¢,2) € (n7, (n+1)7] x R} and ((n+1)7, (n+
1)7) x R%, the upper right derivative of V(¢,z) with respect to the impulsive

differential system (4.1) is defined as
1
DYVt 2) = limsup [V (i + b,z + hf(t,2)) = V(8. 2)].
—

Lemma 4.1. (see (Lakshmikantham et al., 1989), Theorem 1.4.1) Let the function
m € PC'[R., R] satisfy the inequalities

m!(t) < p(tym(t) +q(t), t #ty, k=1,2,...,
(4.3)

m(tf) < dgm(ty) + by, t = by, t > to,
where p,q € C[R4, R] and dy, > 0 and by, are constants. Then

m(t) < m(to) ] dvexp ( /t:p(s)ds)Jr S II diexp ( /t:p(s)ds) by

to<trp<t to<tp<t \tp<t;<t

+/t H dy, exp (/:p(a)da) q(s)ds, t>tg.

o s<ty<t
Lemma 4.2. There ezists a constant M > 0 such that Si(t) < M, Sy(t) < M,
I(t) < M, R(t) < M for each solution (Sy(t),S2(t), I(t), R(t)) of system (4.1)

with t large enough.

Proof. Define V (t) = Si(t) + Sa(t) + I(t) + R(t), d = min{dy,ds,ds,ds}. When
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t# (n+10)7,t# (n+1)7, we have

DYV () +dV(t) = —cSi(t) — diSi(t) + ¢Sy (t) — doSa(t) — BSa(t)I(t)
FBSs(I(E) — (r + da)I(t) + r1(t) — dyR(t)
+dSy(t) + dSa(t) + dI(t) + dR(t)

= —(d —d)5:(t) — (d2 — d)Sa(t)

—(ds = d)I(t) — (ds — d)R(t) <6 <0.
When t = (n + )7, we have

V(iin+07r") = Si((n+ 071+ So((n+ D7) + I((n+ 1)) + R((n+ )7™)
= Si((n+ D7)+ (L=p)Sa((n+1)7)+I((n+1)7)
+R((n+1)7) + pSa((n 4+ 1)7)
= Si((n+ D7)+ S ((n+0)1)+I((n+1)7) + R((n+1)7)

= V((n+0r1).
When ¢t = (n + 1)7, we have

V(n+1)7r%) = Si((n+1)77) +S((n+1)77) + I((n+ 1)77) + R((n+ 1)77)
= [Si((n+ 1)7) 4+ So((n+ 1)7)(a — bSe((n + 1)7))] + Sa((n + 1))
+I((n+1)7)+ R((n+1)7)
= Si((n+1)7)+ So((n+ 1)7)(a — bS2((n+1)7)) + Sa((n+ 1)7)
+I((n+1)7) + R((n + 1)7)
= V(n+1)7)+ S3((n+1)7)(a — bS2((n+ 1)7))

2

V(tn+1)7) + 1.

IN

We introduce the notation & = % > 0. Then by Lemma 4.1., for t € (n7, (n+1)7],
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V(t) < V(0)exp(—dt)+ /Ot dexp(—d(t — s))ds + Z Eexp(—d(t —nT))
oxp(-d(t ~ 7)) | Eexpldn
1 — exp(dr) exp(dr) —1

< V(0)exp(—dt) + g(l — exp(—dt)) +

€ exp(dr)

)

T R S w— t .
d exp(dr)—1 s e
(t

—

So V(t) is uniformly ultimately bounded. Hence, by the definition of V (¢)
we see that there exists a constant M > 0, such that Si(¢) < M, Sy(t) < M,

I(t) < M, R(t) < M for t large enough. ]

We choose the following notation:

(C + dl . d2)[1 + ef(chdlfdg)‘r 1 67(c+d1)7 o edQT] + CLC[l . 67(C+d17d2)T]

Q=
(c+dy —do)[1 — e(etd)T] 4 e[l — e~ (etdi=d2)ir]
If I(t) = 0, then we have the following subsystem of (4.2):
(
dsS:(t
B — et dysifo),
t
455 (1) t#nr, t#m+0DT,
di = CSl(t) - ngQ(t),
ASl (t) F = Sg(t)(a ~ bSQ(t)),
{ t=nr, n=12,..., (4.4)
ASs(t) =0,
ASl (t) — O,
t=Mm+0r, n=1,2,....
ASy(t) = —pSa(t),
\
We easily obtain the analytic solution of system (4.4) between pulses as
follows:

Si(t) = Sy(nrT)e~(ctd)t=n7) =t ¢ (n7 (n 4 1)7],
( ) (1—e—(e+di—do) (t=n7)y
c+di—ds ?

cS1((n+ D) (1 — e~ (etdi=d2)(t=(n+D)7))
+
c+ dl — d2

o—da(t—n7) [52(n7+) n S ( t € (nr,(n+10)7],

Sa(t) = § e~ R4 | 6 ((n + [)rT)

te((n+0)r, (n+1)7].

9

(4.5)
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In effect, since d5,(1) = —cS1(t) — d1S1(t) = —(c+dy)Si(t), then 45(1) =
dt Si(t)
d
—(c+ dy)dt,t € (nt,(n + 1)7], e, ng(u)) = —(c + dy)du,u € (n7,(n + 1)7],
1\u
integrating with respect to v from n7 to ¢t on both sides, we have
¢ dSl('U,) /t
— c+dy)du
/nT Sl(u) m-( 1)
u=t
InSi(u)]  =—(c+di)(t—n7)

Since

dSs(t)

dt

dt

dSs(t)

InSi(t) —InSy(ntt) = —(c+dy)(t — n1)

Si(t)
In ) = —(c+dy)(t —nT)
Si(t) _ o (ctdy)(t—n)
Si(ntt)

Si(t) = Sy(ng e CHE=nD) ¢ e (nr (n+ 1)7].

= cS1(t) — d2Ss(t), t € (nt,(n+1)7], then

= ¢S5 (n7’+)6_(c+d1)(t_m) — dy55(t)

dSy(1)
= Ta

+ dyS(t) = Sy (nrt)e (et =)

= e S)(t) 4 de®! S,y (t) = ¢Sy (nrT)e (erd)t=nm) ozt

d

= —[e®!S,y(t)] = Sy (n7T)e(crdvtH{etdnT odat

dt

= d[e®'S,(t)] = ¢Sy (nrh)elctdnT g =(etdi=d2)t gy

= d[6d2u52(u)] = ¢S (nT—i-)€(c+d1)nre—(c+d1—d2)udu’

u € (n7, (n+10)7].
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Integrating with respect to u from n7 to ¢t on both sides,

[ s

r
t

= cSl(nT+)e(c+d1)"T/ e~ (crdizdz)u gy,

nTt

CSl (n7-+>e(c+d1)m'
c+ d1 — d2

cSh (n7-+>e(c+d1)n7'

C"—dl—dz

= €d2tSQ(t) . edgnTS2(nT+) — [ef(chdlfdg)t . e*(Cerl*dQ)nT]

= €d2t52(t) _ €d2n782(n7_+> + (e—(c—f—dl—dg)m'

—(C+d1 —dg)t)

— €

= ethSQ(t) = %7 [Sg(n7+)

¢Sy (nr+)eletdizdz)nT

C+d1—d2

(67(c+d17d2)n'r —e

7(C+d]_ 7d2)t)

+
cSi(ntt) ( _ef(c+d17d2)(tfm-)>

C—|—d1—d2

cSi(n7T) (1 — e~(erd=d2)(t=n7))

C+d1—d2

= PG (t) = BT lSQ(nT+> +

= Sy(t) = e~ ®lt-n7) |:Sg(n7‘+) + ;
t € (nr,(n+10)7].

dSs(t)

= cS1(t) — d2Ss(t), t € (n+ 17, (n+1)7]), and

Similarly, since

Si(t) = Si((n+ )1H)e (cHd)t=+0m) ¢ e ((n + 1)7, (n + 1)7], then

dSs(t)
dt

= cSl((n + l>T+)€7(C+dl)(t7(n+l)T) — dQSQ (t),
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and we have,

S, (1)
dt

+ dS5(t)

= ed2t5’§(t) + dyets, (t)

= GthSé(t) + d26d2t5«2(t) _ cSl((n + l),r—l—)6—(c+d1)(t—(n+l)7')ed2t

= %[edﬂsz(t)] = ¢S, ((n + 1)7T) e (cHd)t=(n+Dr) dat

= d[edztsg(t)] — cSl((n + Z)T+)e(C+d1)(n+l)T€—(C+d1)tethdt
= d[e®!S,(t)] = cSi((n + )7 H)elct DT =(ctdi=d2)t gy

= d[edQusz(u)] — cSl((n + l)7.Jr)e(c—kdl)(n+l)7'ef(c+d1fdg)udu7

t t
= / d[edzusz(u)] = ¢S ((n+ l)T+)€(c+d1)(n+l)T/ o~ (etdi—da)u g,
(nt7 (n+0)T

= ed2t52(t> . edg(n+l)752((n + l)7'+)

_ _051((71 + 1)7'+)e(c+d1)(n+l)r [€(c+d1—d2)t . e(c+d17d2)(n+l)7]
c+ d1 — d2

= ed2t52(t) — 6d2(n+l)TS2(<n + l>T+)

cSi((n + 1)7F)eletd)(ntr [elerai=da)(ntDr _ oletdi—da)]
c—+ d1 — dg

= ed2t52(t> _ edz(n+l)7 52((n+l)7-+)

cS1((n 4 1)7T)eletdi=dz)(n+Dr
+
c+ dl — d2

(6_ (c+di—d2)(n+D)T __ 6—(c+d1 —dg)t)]

= e®G,(t) = 2T S ((n 4 1)7F) + cSi((n+ D7) (1 — e~ (cHdi=da)(t=(n+D)7))
c+ dl — d2

= Sy(t) = e~ d2(t—(n+)7) So((n+ )7

¢Sy ((n+1)7H)(1 — e (etdimd2)(t=(ntl)r)y
_I_

ctrdi—d ],tE((n+l)7‘,(n—l—1)r].
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Considering the fourth, fifth, seventh, and eighth equations of system (4.2),

we have the stroboscopic map of (4.2)

(

+y — | o—(ctdy)r acg + o\ e—daT +
Si((n+ 1)) {e +c+d1—d2 Si(nt™) +a(l — p)e 2" Sy(nt™)
2
<9
g _ + _ —daT + 4.6
b [c+d1—d281(nT )+ (1 —p)e 2" Sy(nt™)| (4.6)
| S0+ 1)7%) = S )+ (1 e Sy

where ¢ = e~7[(1 — p)(1 — e~ (CHh—d)lr) | o~(ectdi=dlir _  ~(c+di=da)7) 5

In fact, since ASy(t) = —pSs(t),t = (n+1)7, then ASy((n+1)7) = Sa((n+
DTT) = So((n+1)71) = —pSo((n + 1)1), ie., So((n+ D7) = (1 — p)Se((n + 1)7).
By

cSi(nTT) (1 — e~ letdimd2)(t=n7))

C+d1—d2

Sg(t) = 6_d2(t_nT) |:Sg(n7'+) + :| ) te (n7—7 (n + Z)T]7

we have

cSy(nt o e—(c di—d2)lT
Sg((n—i-l)T) _ odalr |:52<n7_+) - S ( +)(1 + )1 .

c+ d1 - dg
Thus,
So((n+0)1") = (1—p)Se((n+10)7)

= (1 —p)e @I [Sg(n7+) +

cS1(nTT)(1 — e~ (ctdizd2)ir)
c+ d1 - dg '

Since AS;(t) = 0,t = (n+1)7, then AS;((n+1)7) = S1((n+1)7") = S1((n+

)t) =0, 1ie., Si((n+1)77) = Si((n +1)7), also,
Si(t) = Sy (nT e CFED ¢ (nr (n4 1)7],
then

Si((n+1)7) = Sy (n7T)e (et

Si((n+1)7) = Sy(n7T)e(crdT,



Therefore,
S1((n + l)7-+) — Sl((n + 1)7) — 51(n7+)e_(c+d1)”.
Since AS)(t) = S2(t)(a — bSy(t)),t = n7, then

ASi((n+1)7) = Si((n+1)17) = Si((n+1)7)

= So((n+ 1)7)(a —bSy((n+ 1)7)).
Thus,

Si((n+ 171 = Si((n+1)7) + Sa((n+ 1)7)(a — bSo((n + 1)7))

= Si((n+1)7) 4+ aSs((n+1)7) —bS3((n+ 1)7).

By

Sy(t) = e dlt=(n+07) {Sz(n + )11 + P —

te((n+Dr, (n+1)7].

we have

Sy((n 4 1)7) = e~ 0=D7 {Sg(n +0)7) + P

cSi((n+ D)1 — e—(c+d1—d2)(t_(n+l)7))]
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eSi((n+ 1)) — e—<c+d1—d2><1—l>f>}
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Therefore,
SQ((TZ + 1)7’)

ed2(1-07 [(1 — p)e %I (Sg(n7+) +

Sy (nrt)e—(e+diT(] — e—(c+d1—d2)(1—l)r>]
+

eS1(ntt)(1 — e_(c+d1_d2)lT)>
c+ dl - dg

C+d1—d2

c(1 — p)Sy(n7t)e %I (1 — e~ (etdi—da)im)
c+ d1 - dg

e—d(-07 [(1 — p)e 278y (nr ) +

cS, (n7_+>e—(c+d1)lr(1 _ 6—(c+d1—d2)(1—l)7)
+ c+ d1 - dg

(1 —p)Si(nt™)(1 — 6_(C+d1_d2)lT)
c+ d1 - dg

= (1 —p)e ®27Sy(n7™) 4 e %7 [

CSl (n7_+>e—(c+d1—d2)l7'(1 y 6—(c+d1—d2)(1—l)‘r)

C+d1—d2

e(l —p)Si(nt™)(1 — e*(Cerl*d?)lT)
c+ d1 - dg

= (1 —p)e 278y (n7™) 4 e~ %7 [

cSy(nTH)eerdi=d)ir _ oG (nr+)e(ctdi—do)r
i d1 — d2
Sy (nTt)e %"

C+d1—d2

= (1 _ M)efd27'52(n7_+) + I:(l . ,u)(l o e*(C‘i’dl*dg)lT)

_'_ef(c+d17d2)l‘r _ e*(c+d17d2)‘r |

Therefore,

So((n+1)7)

cSi(nTt)e %7

c+ dl - dg
+(1 = pe™ Sy (n ),

[(1 _ M)(l _ e—(C+d1—d2)lT) + e—(c+d1—d2)l'r . e—(C-‘rdl—dg)T

ie.,

¢

S2<n+1)7—):—c—|—d1—d2

Si(n7T) 4+ (1 — p)e™ 2" Sy(n7 ™),

Whel"e C — e—d27[<1 _ M)(l o 6—(C+d1—d2)lT) + e—(c—‘rdl—dg)lT o 6—(C+d1—d2)T] > O
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Since ASy(t) =0,t =n7,n € Z,, then

Sz(n+1>T+) = Sg((ﬂ"i‘l)T)

CC + —daT +
— e — 1 _ 2
o1 dl — d2 Sl(TLT ) + ( ,LL)@ SQ(TLT ),

WheI‘e C — e*dgT[(:[ _ M)(l _ e*(c+d17d2)lT) + e*(c+d17d2)lT _ e*(c+d17d2)T] > O

Since S1((n+1)77) = S1((n+ 1)7) + aSs((n + 1)7) — bS3((n + 1)7), then

Sl((n+1)7+) = Sl(n7+)6_(c+d1)T

acg + N\ —daT +
+C+d1_d251(m' )+ a(l —p)e 2" Sy(nt™)
—b LS (nTt) + (1 — p)e 27 Sy (nr) 2

c+ dl i dQ ! a 2

— —(c+dy)T acg + _ —daT +
[e +c—|—d1—d2 Si(nT™) 4+ a(l — p)e™ " Sy (nt™)

2
—b {#&@Sl(rnﬂ +(1— ;z)e_d”Sg(nTJ“)} .

If we choose A = e (¢t 4 % >0, B =a(l —pe " >0,

C = L, D= (1-pe® A<l and 0 < D < 1, the following two
C+d1 - dg

equivalence relations are found by calculation

p<Q o 1-A—D+AD— BC <0,

w>9" < 1—-A—-D+ AD — BC > 0.
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From1—A— D+ AD — BC < 0, we have

1 — e (ctdi)T _ C+dalc€d2 _ (1 _ Iu)efdgf + (ef(c+d1)7' + C+Zf€d2)(1 — ,u)e*dzf

—a(l — u)e‘d276+dcf <0

e 1 — e~ (etd)T _ % —(1- M)e—dw + 6—(c+d1)7—€—d27—(1 ) <0
> (c+dy—dy) — (c+ dy — dp)e T —acC — (¢4 dy — dy)e7(1 — p)

e+ dy — do)e—(eHhiFdT (1 — 1)) < 0

= [ace™ (1 — e~ (cHrh=d)iT) (¢ 4 d) — dy)e™ 2" — (c+ dy — dy)e~(FhFd)T](1 — )
> (c+dy — do) — (c+ dy — dy)e™(FIT — geed2Te=(chdi=d)lr 4 goe—daTo—(ctdi—d2)T
= ace”®7(1 — e~ TRy (e 4 dy —dy)e %7 — (c+ dy — dy)e(cHhtd2)T
—[ace™%7 (1 — e~ (ctdi=d2)iT) 4 (¢t dy — dy)e T — (¢4 dy — dy)e(cThFd)T]y,

> (c4dy — do) — (c+ dy — do)e(Hd)T — gee—deme—(etdi=da)lr 4 gp—daTo—(ctdi—do)
= [ace™®7(1 — e (HD=®I7) 4 (04 dy — dy)e™ T — (c+ dy — dy)e™(FhFEIT]yy

< ace”®7(1 — e~letdi=)r) 4 (c 4 d) — dy)e™ BT — (c+dy — dy)e(cHhtda)T

—(c—l— dy — d2> 4 (C—|— dy — d2) (ctdi)T 4+ ace%Te —(etdr—do)lT _ ) no—doT o —(ctdi—d2)T
i [ (1 — eCB) (e dy - dy)e — (¢4 dy — dy)emHIT

< ace™ %" — ace®Tem (et )IT (e d) — dy)e™®T — (c+ dy — dy)e(cFditd2)T

_(C_|_ dy — d2) 4 (C—I— dy — d2) (ctd1)T + ace %Te —(etdr—do)lT _ ) no—doT o —(ctdi—d2)T
— [aceidﬁ(l _ 67(c+d17d2)l7) + (C +dy — dQ)e—dgr _ (C +dy — d2) c+d1+d2)q-]lu

< ace™ " 4 (c+ dy — dy)e™ 2" — (c+dy — dy)e~(cthtd)r

—(c+dy —do) + (c+ dy — dyg)e™(HT — gee=d2Te—(cdi=dz)T

= lace™®7 (1 — e~ (eTh=®)T) 4 (c 4 d) — dy)e™ BT — (¢ + dy — dy)e(cHhtd)m]y,

< Qe 4 (et dy — d)e T — (e dy — dp)e Y (e y dy — )

+(c+dy — dy)e™ (et — gee=(erdi)T,
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Hence,

(C +dy — d2)[1 + ef(c+d1+d2)7— o e*(C+d1)T o e*dQT] o ace*dQT[l . e*(Cerl*dg)T]
(C + dl _ d2)[€—(6+d1+d2)T _ e—dQT] _ ace—dg’r[l _ e—(C-l-dl—dz)lT]

(C + dl _ d2)[1 _ e—(c+d1)T _ €d2T + e—(C"rdl—dQ)T] + aC[l _ e—(C+d1—d2)T]
(c+dy — dg)[1 — e~ (c+d)T] 4 ge[l — e (e+di—da)ir]

(C + dl _ dg)[l + e—(c+d1—d2)7' o 6—(c+d1)7' . edQT] + CLC[]. . 6—(c+d1—d2)’r]
(c+di — do)[1 — e=(c+d)T] 4 [l — e~ (etdi—da)ir] '

Set
0 — (C + dl o d2)[1 + 6—(c+d1—d2)7' i | 6—(c+d1)7' o edQT] + CLC[l o e—(c—l—dl—dz)r]
B (c+dy —dg)[1 — e (etd)T] 4 e[l — e (etdimda)ir] ’
then
u<Q < 1-A-D+AD—-BC <0
and

>0 = 1-A-D+AD— BC > 0.

The two fixed points of (4.6) are obtained as G1(0,0) and Go(S7, S3), where
(1—D— A+ AD — BO)(—1+ D)

Sl = bO'2 y < Q ) (4 7)
y_—ﬂ—D—A+AD—B@ . '
2= bC ’ fr=ses
In fact, from (4.6), we have
Si((n+1)7") = ASi(n7") + BSy(nt™) — b[CS (nTT) + DSy(n71)]?,
So((n+ 1)) = CSi(n7F) + DSy(nt™).
Let f(Sl, SQ) = Sl, g(Sl, SQ) = SQ, we have Sl (Tl —+ 1)T+) =

f(Si(nt™),So(ntt)) = Si(ntt) = Si, So(n + 1)7F) = g(Si(n7t), Sa(nt™)) =
So(n7Tt) = Sy. Thus,

Sy = AS, + BS, — b[CS) + DSy]?,
SQ = OSl + DSQ7
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So that
Sy = AS;| + BSy — bS53,
CS; = (1-D)Ss,
and
CS1 = ACS; + BCS; — bCS3,
CSy=(1—-D)S,,
and hence

(1—D)Sy = A(1 — D)S, + BCS, — bCS3,

one can get So =0, 0r (1 — D)= A(1l — D)+ BC —bC9,.

From (1 — D) = A(1 — D) + BC — bC'S,, we can get

—(1-D—A+ AD - BC)

Sy = e )
. 1-D
Since, S7 = Sy, then as S = 0, we have S5 = 0; as Sy =
—(1-D—-A+ AD — BC)

" , we have

(1=D— A+ AD — BC)(—1+ D)
bC?

51:

Therefore, the two fixed points of (4.6) are obtained as G1(0,0) and Go(S7, S5),

where
., (1-D—-A+AD - BC)(—-1+ D) .
SIZ bCQ ) lu<lu7
., —-(1-D—-A+AD - BCQC) .
Sy = e ;o oH<

Lemma 4.3. (i) If p > QF, then the fized point G1(0,0) is globally asymptotically
stable. (i) If u < QF, then the fized point Go(ST,S3) is globally asymptotically

stable.
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Proof. This proof is similar to Lemma 3.3 of (Jiao, Cai and Chen, 2011). For
convenience, denote (S7,S%) = (S1(n7"), Sa(n71)). The linear form of (4.6) can
be written as
Syt ST
=M . (4.8)
Syt Sy
Obviously, the near dynamics of G1(0,0) and G5(ST, S5) are determined by
linear system (4.8). The stabilities of G1(0,0) and G2(S}, S5) are determined by
the eigenvalue of M less than 1. If M satisfies the Jury criterion (Jury, 1974), we

know that the eigenvalue of M is less than 1,
1 —trM + det M > 0. (4.9)

(i) If > Q*, namely 1 — D — A+ AD — BC > 0, G1(0,0) is the unique

fixed point of system of (4.6), we have

A B
M = . (4.10)

C D

Calculating 1 —ttM +det M =1 — (A+ D)+ (AD — BC) > 0, and from
the Jury criterion, G1(0,0) is locally stable, and then it is globally asymptotically
stable.

(i) If p < Q*, say 1 — A— D+ AD — BC < 0, G1(0,0) is unstable. For

1—A—-D+ AD — BC < 0, Go(S}, S5) exists, and

A—-20(CST+ DS5)C B —2b(CSy+ DS5)D
o (CS; + DS3) ©sp+DsD )

C D
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Also

1—trM +det M
— 1—{[A—2b(CS; + DS;)C] + D}

H{[A = 26(CST + DS3)C] x D — [B — 2b(C'ST + DS3)D] x C}
= 1-A+2b(CS; + DS;)C — D

H[AD — 2b(C'S; + DS})CD — BC + 2b(C'S; + DS;)DC]
= 1—A—D+2bCS; + DS;)C + AD — BC

= (1—A—D+AD — BC) +2b x

(1-D—A+AD—BC)(—-1+D) _—(1—D—A+AD— BC)
(c' oo +D o C
— (1-A—D+AD— BC)

+2((1—=D— A+ AD — BO)(=1+ D) — D(1— D — A+ AD — BC))
— 1-A-D+AD—BC)-2(1-A— D+ AD — BC)
— —(1—-A-D+AD—BC)>0.

From the Jury criterion, G5(S7, S5) is locally stable, and then it is globally

asymptotically stable. This completes the proof. O]

Lemma 4.4. (i) If p > QF, then the trivial periodic solution (0,0) of system (4.4)
1s globally asymptotically stable.

(11) If p < QF, then the periodic solution (Si(t),S2(t)) of system (4.4) is

globally asymptotically stable, where

(éﬁjzsk*“mwﬂm,tewwmn+1%L
( o~ da(t=n7) [SS + csy(1 _Cj__::f_;j(t_m))} , te(nm,(n+1)1],
S(t) = eﬂﬂvm+mﬁb1—xne””755+Csﬂi;:ZfiZ;@Wj) -
| | CSike(chdl)zT(Cl;;lf:;dz)(t(nH)r)) cte((n+Dr, (n+1)1],
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in which ST, S5 are determined as in (4.7).

4.4 The Dynamics

In this section, for system (4.2) there obviously exists an infection-free

periodic solution (S;(t), S2(t),0). First, we prove that the infection-free periodic

solution (S1(t), S2(t),0) of system (4.2) is globally asymptotically stable. After

that, we prove that system (4.2) is permanent.

Theorem 4.5. If

p< S,
T > In(1+ a),
c+ 1
and
> |:S§<1 — e_dzT) n CST(l N x 6—d27> L CST(l o e—(c+d1)7) B (7“ + dg)T
o dg d2(0+d1 _d2) (C+d1)(c—|—d1 —dg) B
* #(1 _ p—(c+di—do)lT) -1
¢ |:(6—d2l7' . e-dg) (i 4 cSi(l—e ))} 7
d2 dQ(C + dl — d2)

then the infection-free periodic solution (S1(t),S2(t),0) of system (4.2) is globally

asymptotically stable, where S;, S5 are defined by (4.7).

Proof. First of all, we prove the local stability. Defining Z;(t) = Si(t) — Si(1),

Zo(t) = Sa(t) — Sa(t), I(t) = I(t), we have the following linearly similar system

for (4.2):
&u(t) —(c+dy) 0 0 Z1(t)
20| = ¢ —dy  —BS(t) Z(t)

ditt) 0 0 BS(t)— (r+ds) 1(t)




It is easy to obtain the fundamental matrix

exp|—(c + dy)t]

exp(—dat)

0

I

expl i (BSs(s) — (r+ ds))ds]
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There is no need to calculate the exact forms of *, T, as they are not required in

the analysis that follows. The linearization of the fourth, fifth, and sixth equations

of system (4.2) is

The linearization of the seventh, eighth, and ninth equations of system (4.2) is

Zi((n+1)1T)

Zo((n+1)11)

I((n+1)7")

Zi((n+0)7t)

Zo((n+D)1™)

I((n+10)17")

l+a 0 0 Zy((n+1)7)
~| 0o 10 Zy((n + 1)7)
0 01 I((n+1)7)

0 1—p 0 Zy((n + 1)7)
anfufad<y I((n+1)7)

The stability of the infection-free periodic solution (S1(t),S2(t),0) is determined

by the eigenvalues of

which are

A1 = (1 +a)exp[—(c+ dy)7],

Ao = (1 —pe ™ <1,
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and

a=oxp | [ (55:0) ~ -+ dapas].
According to the conditions of this theorem, we easily know that (14 a)exp[—(c+
di)r] < 1, and exp [fOT(ﬁS/QZ;) —(r+ d3))d8] < 1, then \; < 1, and A3 < 1. From
the Floquet theory (Klausmeier, 2008), the infection-free solution (Sfl\(?), /2\(;), 0)
of system (4.2) is locally stable.

In fact, |A\;| < 1, ie., Ay < 1, since

(14 a)exp[—(c+dy)7] < 1,
1

= e (et o
1+a’

= —(c+di)T<In

14+a’

& Z(c+dy)r < ~In(1+a)
= (c+dy)T >1In(l+a),

T >

In(1 :
C+d1 H( —I—(l)

In fact, A3 < 1. Since

exp[/OT(BS/Q\(;) —(r+ds))ds| < 1, i.e., exp[—(r+d3)7'+ﬁ/OT S;\(;)ds] <1,

T

need to —(r + d3)7 + B/ Sa(s)ds < 0, need to B/ S/;(g)ds < (r+ds)t, ie.,
0 0

T o~ (7’ + dg)T
/0 Sa(s)ds < 5

From
( CST(l _ e—(c+d1—d2)(t—n7))
c+ dl - dg
CST(l _ 6—(c+d1—d2)l7—)

C+d1—d2

e—dg(t—m') |:S§ + :| 5 t E (nT, (n + l)T:I7

So(t) = { e BT (1 — e BiT(Sy + )

e (eHIT(1 — (et (ni)r)

C+d1—d2

], te((n+0r, (n+1)7].



For t € (0,7], n =0, i.e., (0,7] = (0,I7] U (Ir, 7], we have

(

Sa(t) = <

CST(l _ ef(c+d17d2)t)

C+d1—d2

ot {S; 1 } . te(0,1r],

CSik (1 o e—(c—i—dl—dg)lr)

e—d2(t—l~r) [(1 . u)e—dglﬂ-(sg + )

c+ d1 - dg
* ,—(c+dr)lT 1 — —(et+d1—d2)(t—IT)
coie (1—e ) , te(lrnT].
L c+ dl — dQ
T r T
Since / So(s)ds = So(s)ds + (s)ds, then we have
0 0 T

I * —(c+di1—d2)s
G*(1 — e (ctdi—d2)
_ / 6_d28 |:S;+C 1( € ):| ds
0

C+d1—d2

T Ir * —das(1 __ ,—(ct+di—d2)s
Stem25(1
/ €_d2SS;dS / o€ ( € )dS
0 0

C-|—d1—d2

lr Ir % ,—das * ,—(ctdy)s
_ cSye — cSte
= / e dQSS;d:H—/ 1 L ds
0 0

C+d1—d2

« s—lr Ir * . Ir
B _z’_z o 5=0 +/0 c—{—ilfl— ds T/l (c+ilfl— ds) /0 e (T ds
_ _5(6751217 . Sy O\l
do dy(c+ dy — dy) s=0
T dﬁésf 450N :;
_ g_f(l o 6—d2z7> _ e ffg - dQ)(e—dng 1)
er dl)(ﬁ aaylc T
— fl—f(l — e Iy ¢ e fji — 5 (1 — e %)
e dl)(fi1 e
— 2_5(1 — e %Iy 4 e fgi 5 (1 —e%m)

cSy

(c+dy)(c+dy — dy)

(1 o 6—(c+d1)l7')‘
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And

T * _ 7(C+d17d2)l7'
/ e—dz(S—lT) [(1 _ M)e—dQlT(S; + CSl (1 € ))
l

T c+dy —dy
cSre=(erdin (] _ o= (etdi—dz)(s=In))
c+ dl — d2

T CS*(l _ ef(c+d1*d2)l7') T CS*G*(CﬁLdl)lTe*dﬂS*lT)
= 1— p)e ®s(8r 4+ = ds +/ L ds
/l< M) ( 2 C‘f‘dl—dg ) 1 C+d1—d2

]ds

T T

ds

T e—dz(s—lT) 6—(c+d1—d2)(s—l7) CSike—(c+d1)lT
- /IT c+ dl — dg
CST(l o e—(c+d1—d2)l7—))(1 B u)(_i
c+ dl — dQ d2
| eSterer LT / cSpe(erds
C+d1—d2 dg s=lt Ir C‘l‘dl—dg
1— (1 — —(c+di—da)lr
_ (-p)g, , eSil-c )
dg c+ dl - d2
cSielerdiir
c+ dl - dg d_g
1 — S* 1 _ —(C+d1-d2)lT
_ (-p)g, oS —c )
d2 c+ dl - d2
CSikef(chdl)l‘r cSik<€7(c+d1)T _ 6*(C+d1)l7')
+
d2(0+d1—d2) (C+d1)(6+d1—d2)

S CS*(l . 6—(c+d1—d2)l7)
= 1 — 22 1 —dgltr _ —doT
( M) <d2 + dQ(C + d1 — dg) ) (e ¢ )

S=T

= (% + Je

s=It

)(e—dng o e—dzT)

s=T
s

57 1 (et

1 — —do(1-0)T\ _ .
( ) ) C‘|‘d1—d2 C+d1 s=lt

)(e—dzlr A 6—d27>

(1 . 67(12(17”7‘) +

CSfe—(c—l—dl)lT

1 . —do(1=1)T
d2(6+d1—d2) ( € )

e (etd)r _ - (etdi)in)
+ )T ctdi)ln)y
(c+d)(ctdi —do) (e c )



Ir r

/ So(s)ds —|—/ 2(s)ds
0 I

) cST

i 1 _ —dolT _'_
R ¥ ey
cST B
o 1 — e (ctdyir
Cr et d—dp) " ° )
S5 CS*(l — @*(C+d1*d2)l‘r>
1— Z2 1 e
e <d2 ! dao(c+dy — dy) (e e™7)
CSike_(C‘f'dl)lT

da(c+ di — do)

(1 _ €_d2lT>

1 — =007

Sy —(etdi)r  —(c+du)ir
+(c+d1)(c+d1—d2)( e )
S; —dalT CSIk it
d2(1 € )+d2(0+d1—d2)(1 e )

ST CS*e_(C+d1)lT

(ctd)(ctdi—do) ' dofctdi—do)
CSTQ_(C+d1—d2)lTe—d2T CSfe_(C'i'dl)T

do(c+dy —ds) + (c+dy)(c+dy —dy)
S; eSi(1 — e (etdi—d2)iry
—dolr _ _—daT Dg. !
h 6 )(d2+ dy(c + dy — dy) )
* * _ o—(ct+di—do)lT
i (el — et (& - cSH1l —e ))
d dy(c + dy — dy)

55 _Se—dm 4 eSy B cSte—hir
dy  do do(c+dy —dy)  do(c+dy —ds)
— ST + ¢Sz e (crd)ir
(c+d)(c+dy —dy) ~ dy(c+di —dy)
cSie (vt ®iredr cSre(ctd)r
_ do(c+ dy — dg) + (c+dy)(c+dy —dy)
+§e_d2” _ 55 o cSyedl B cSre(erdir
dy dy do(c+dy —dy)  da(cH+ di — do)
CSfe—dﬂ CSike—(c+d1_d2)lTe_d2T

+
dy(c+ dy — dy) do(c+ dy — d)
> (1 — —(ct+dy—da)lT

— I (e—dle o e—dg’r) (& + CSI( e ))

d2 d2(c + dl - dg)
5% cSi(1—e~®T)  Si(em(erd)r 1)
doy do(c+dy —dy)  (c+dy)(c+dy — dy)
(e ) (5 L o531 - 6—(c+d1—d2)l7—))

dy  dy(c+di—dy)
(rtdy)

5

(1 _ e*dgT) _|_

78
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That is,

Si(1—e ™) Syl —e %7 cS(1 — e~ (e+d)m) (r+ds)T

+
dg d2(0+d1 —dg) (C+d1)(0+d1 —d2> 6
S CS*(]_ _ 67(c+d17d2)l‘r>
—dgltr _ _—doT ~2 1
< M(e ¢ ) <d2 + d2(0+d1—d2)

This implies that

> |:S§(1 — e_dQT) n CST(I — e—dQT) B CSf(l _ 6—(c+d1)7-) B (7“—{— d3)7’
2 dg d2(0+d1 —dg) (C+d1)(c+d1 —d2) ﬁ
* *(1 _ p—(ctdi—d2)lr) -1
% |:(6—dglq— e (é . cSi(l—e ))} |
d2 dQ(C + d1 — dg)

Therefore, according to the conditions of this theorem, we easily know that
expl [ (BSa(s) — (r +d3))ds] < 1, iel, Ay < 1.
The following task is to prove the global attractivity; choose ¢ > 0 such

that

p = exp {/OT (5(52(3) +e)—(r+ dg)) ds] <1

dSy(t
From the second equation of system (4.2), we notice that % < ¢S1(t)—daSa(t),

so we consider the following impulsive differential equation

[ dSi(t

clllt( ) = —CSH(t) - dlsn(t),
dS1(#) t£nr, t# M+,

d = CSH(t) — nglg(t),

t
ASH(t) = 512(t) (CL - bSlg(t>>,
t=nr, n=12,..., (4.13)

Aslg(t) - 0,
ASH(t) - 0,

t=Mm+0)r, n=12,....
ASip(t) = —pSia(t),

\

From Lemma 4.4 and the comparison theorem of impulsive equations [see (Lak-

shmikantham et al., 1989), Theorem 3.1.1], we have S;(t) < S11(t), Sa(t) < Sia(t),
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and S11(t) — S1(t), Si2(t) — Sa(t) as t — oo; that is,
Su(t) < Sut) < Si(0) +e.
(4.14)

Sa(t) < Sia(t) < Sa(t) +e,

for ¢ large enough. For convenience, we may assume that (4.14) holds for all ¢t > 0.

From (4.2) and (4.14), we get

T (380 +2)— (- d)1@), 1 #mm £ (D)
(4.15)

AlI(t)=0, t=nr, t=Mn+I)T

So I(t) < I(07) exp[fg(ﬁ(gg\(;) +e) — (r+ds))ds|, thus I((n+ 1)7) < I(n7t) X
exp[fs:H)T(B(ng\(Jt) +¢) — (r+ds))ds|, hence I(n1) < I(0%)p™ and I(n7) — 0 as
n — oo. Therefore, I(t) — 0 as t — oo.

Next we prove that Si(t) — 571\(;), So(t) — ngﬁ) as t — 0o. Since Ve > 0,
we have 0 < I(t) < ¢ for all t > 0, then, for system (4.2), we have

dSs(t)
dt

CSl(t> — (dg T+ 68)52(75) S S CSl(t> - dQSQ(t), (416)

then we have Syi(t) < Si(t) < Sai(t), Sa(t) < So(t) < Ssa(t), and Sy (t) —

Sgl(t), Sgg(t) — S22(t), Sgl(t) — Sl(t), Sgg(t) — Sg(t), as t — 0o0. Meanwhile

(S21(t), Sa2(t)) and (Ss1(t), Ss2(t)) are the solutions to

( dsztft) = —0521(t) - d1521(t)7
25m(t) t#nr, t#nm+DrT,
62; = cS91(t) — (da + Be)Sxa(1),
ASQl(t) = SQQ (t) (CL - bS22 <t>>7
t=nr, n=12,..., (4.17)
ASQQ(t) - 0,
ASQl(t) == 0,

t=Mm+0r, n=12...,
ASoy(t) = —pSaa(t),
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and
[ dSs(t
;1( ) = —CS31(t) — dngl(t),
t
dS5(#) t£nr, t#n+1T,
d = CS31 (t) — nggQ(t),
t
AS31(t) = Sz2(t)(a — bSs(t)),
t=nr, n=12,..., (4.18)
ASgQ(t) — 0
AS31(t) =0

t=Mm+0r, n=1,2,...,
ASs(t) = —puSsa (1),

\

respectively. Here (So (1), S;;(t)) can be expressed as

So1(t) = S~ (=) ¢ € (n7, (n+ 1)7],

cS* —_e— (e —do—Be)(t—nT)
e*(d2+58)(t7n7) [552 4 S5, (1 c+dtd—ld:iﬂf )} = (nT, <n+ Z)T],
7 —(do+Be) (t—(n+1)7) (a4 BN qx ¢S5 (1—e(cHdi—da—Bo)lr) (4.19)
Soa(t) = € \® (1 —p)em (S5 + = —a—a 7
+cs%lei(ﬁdl)hg;;:g:i;?765>(t7(n+m)) s te((n+0)r, (n+1)7],
where
1-D,— A +A,Dy— B,C)H(—-1+D ~
551:( 1 14 Ay 12 1C) (=1 + 1)’ < O,
vCi 4.20
 —(1=Dy— A+ ADy — BiCY) _ (4.20)
522 - 9 :U’ < Q*7
bC

and Cl — 6_(d2+BE)T[(1_M)(1 _e—(c+d1—d2—ﬁa)l7-)+€—(c+d1—d2—65)lr_e—(c—i-dl—dg—,Ba)'r] >

0. Ay = (T ac(l >0, By = a(l — p)e =7 5 0, ¢y =
1 e + C—|—d1 — —Bg ) 1 Cl( ,u)e 1
i

Dy =(1—p)e @7 A <1, 0< D; <1, and
T d—dy—pe D= we L

ﬁ/ (ctdy—da— 55)[1+€_(c+d1 do — ﬁE)T76—(C+d1)Tﬁe(d2+ﬁ5)7’]+ac[1 e—(ct+dy—do— ﬁs)r]
(C+d1 do— BE)[]- e (c+d1)7}+ac[1 e —(c+dqy—do— Ba)lT}

Therefore, for any £; > 0, there exists t1,¢ > t1, such that

—

Sor(t) — 1 < Si(t) < Si(t) + &1
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and

— —

Sgg(t) —e1 < Sg(t) < Sg(t) + &1.

Letting ¢ — 0, we have

and

SQ(t) - < Sg(t) < SQ(t) + &1

for t large enough, which implies that S;(t) — S1(t), Sa(t) — Sa(t) as t — oc.

This completes the proof. n

The next work is to investigate the permanence of system (4.2). Before

starting this work, we should give the following definition.

Definition 4.2. System (4.2) is said to be permanent if there are constants
m, M > 0 (independent of the initial value) and a finite time Ty, such that for all
solutions (S1(t), Sa(t), I(t)) with any initial values S1(0%) > 0,S5(0") > 0,1(0") >
0, we have m < Sy(t) < M,m < Sy(t) < M,m < I(t) < M for all t > Ty. Here T

may depend on the initial values (S;(07), So(0F), 7(01)).
y dep ( , ,

Theorem 4.6. If

<
r<——In(l+a),
c+ 1
and
< |:S;(1 — e*dz‘r) n CST(l — e*dzr) B CSik(l _ ef(c+d1)7-) B <T+d3>7'
2 d2 d2(C+d1 — dz) (C+d1)(c+d1 — d2) /8
Sy Sl — e—(6+d1—d2)l7)) -1
et (L 4.21
: {(6 ‘ )<d2 - do(c+ dy — dy) )} ’ (4.21)

then system (4.2) is permanent, where S§, S5 are defined by (4.7).
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Proof. Let (S1(t),Sa2(t),I(t)) be a solution of (4.2) with S;(0) > 0,5,(0) >
0,7(0) > 0. By Lemma 4.2, we have proved there exists a constant M > 0,

such that Sy (t) < M, Sy(t) < M, 1(t) < M for t large enough.

From the proof of Theorem 4.5, we know that S;(t) > Si(t) — &1, Sa(t) >

—_—

Sy(t) — e, for t large enough, and e; > 0. So, S)(t) > Sfe~(¢+d)™ — o) = m,, and

Sy (1)
S*(l o ef(Cerl*dg)T)
> —dalT S* Coy
= ¢ 2 + c+ d1 - dg
S*(]. o e*(c+d17d2)lT)
—d2(1-0)T 1— —daT S oy
te ( /,L)@ <2+ C+d1—d2

cSi‘e—(c—i-ch)lT(l _ e—(c+d1 _d2)(1_l)7)

c+ dl — dg
S*(l . e—(C-‘rdl—dg)T)
> —dalT S* oy —do(1=1)T
Z € 2 + c+ dl 7 d2 +e
cS* 1 i e_d27' + e—(0+d1)T 1 _ e—(C-‘rdl—dg)(l—l)T
’ [(1 —gertrs; + ELEE ctds —]a(lz e

_ !/
_= m27

for t large enough, where S5 and S; are defined by (4.7). Thus, we only need to
find m; > 0 such that I(¢) > m; for ¢ large enough. We will do it in the following

two steps.
1° Prove that I(t) > my, for t large enough. Otherwise, we can select

ms > 0 small enough, and prove I(t) < mg cannot hold for ¢ > 0. By condition
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(4.21), we can obtain

SZQ (1 _ e—(d2+/3m3)l7-)

da + pm3
cSh —(da+Bms)lr
+ 1 — e~ (datBms
(do + Bm3)(c+d1 — d2 —5m3)( )
N 6521 1_ e*(C‘Fdl)lT)

(C + dl)(c + d1 - d2 - ,Bmg)

]} * —(ct+di—da—Bms)lT
—|—(1 — M)(e_(d2+,8m3)l7' . e—(d2+ﬂm3)7)( 542 6541(]_ —e (c+d1—da—pms3) ) )

do+ Bm3z ~ (do+ Bm3)(c+di — da — Bm3)

* —(c+dy)lr
cSye (1 — e~ (d2tBma)(1-D)r)

_I_
(da + Bm2)(c + di — da — Bmg3)
cShy ety —(etdy)iry (T ds)T
+ e \TT _emlera)iny L 22
(c+d1)(c+d1—d2—ﬁm3)( ) ﬁ

By Lemma 4.4, we have S, (t) = Sui(t), Sa(t) > Saa(t), and S (t) — Su(£),

—_—

Sya(t) = Sya(t), t — oo, where (Sy1(t), S42(t)) is the solution to

( de;t(t) = —cSu(t) —diSn(t),
t#nr, t#n+1)T,
812() _ 5,1 (t)  (da + Bms) Sualt),
dt
AS41 (t) = S42(t> (CL =~ bS42(t)>7
t=nt, n=12..., (4.22)
AS42(t) - 0,
AS41 (t) - 0,

ASyp(t) = —pSaa(t),

with

S41(t) = Szle_(c_"dl)(t_nﬂ,t c (nT, (n + 1)7’],

—e—(et+dy—dy—Bm3)(t—nT)
| € (nr (D)7,
(4.23)

CSZI(1*6_(c+d1_d2_ﬂm3)l‘r)
ct+dy—do—LPBms )

o~ (da+pm3)(t—n7) [Sfiz 4 eSn

5/4—2\(%) _ e*(d2+ﬁm3)(t7(n+l)7) [(1 - M>67(d2+5m3)l7'(51<2 4

+ cszl 67(c+d1 )lT(1—67(5+d1 —dg—pBm3)(t—(n+l)T) )
c+di—da—[ms

],t €((n+0)r, (n+1)7].
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Here S}, and S}, are determined as

(1 — DQ — A2 + A2D2 — BQCQ)(—l + Dg)

S* - —(1—D2—A2+A2D2_BZC2) <Q** ( ‘ )
42 — bOQ ) lu 9
and (o = e—(d2+ﬁm3)7[(1 _ #)(1 _ e—(c+d1—d2—5m3)l7) + ¢~ (ctdi—d2—pma)lr
67(c+d17d27,8m3)7'] > 0. A2 — 67(C+d1)7— (ICCQ > 0’ 32 — CL(l _

c+ dl - d2 - 677’1,3

—(d2+ﬁm3)7' _
€ > 0, Cy = )
,U) 2 c+d1—d2—ﬂm3

0< Dy <1, and

O — (ctdy—da—PBms3)[1+e~ (c+dq—dg— ﬁm3)7_€—(('+d1)T_e(r12+ﬁm3)7]+ac[1 e—(c+dy—dg— ﬁm3>f]
- (c+d1—do—pBm3)[1—e~ (cHdDT]fac[1—e— (e td1—da—Bm3)ir]

Therefore, there exist 77 > 0 and £3 > 0, such that

Si(t) = Sur(t) = Sui(t) — €3

and

—

Sg(t) Z S42<t) Z S4g(t) — &3.

Then

T BSalt) — 25— 6+ ) (425

for t > T;. Let Ny € N and Ny7 > Ty. Integrating (4.25) on (nt,(n + 1)7],
n > Np, we have

(n+1)7

I((n+1)7) > I(nt%)exp (/ [B(Sga(t) —e3) — (r + d3)]dt> = I(n1)e’,

nTt

then I((Ny+k)7) > I(N177)e* — oo, as k — oo, which is a contradiction to the
boundedness of I(t). Hence, there exists a t; > 0, such that I(¢;) > ms.

2° If I(t) > mg for all ¢t > ¢;, and let m; = mg then our aim is obtained.
Otherwise, let t* = inf;>, {I(t) < ms}, there are two possible cases for t*. In
the following, we will apply the ideas of Meng and Chen (2008b) to complete the

remaining proof.
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Case (I): t* =ny71, ng € N. Then I(t) > mgs for t € [t1,t*) and z(t*) = ms.

Select ny,n3 € N, such that
not > Ty, elmztloimenao - 1

where o = Bmy, — (r +ds) < 0. Let T = ny7 + na7, we claim that there must
be a ty € (t*,t* 4+ T, such that I(ty) > mgs. Otherwise, (i.e., V¢t € (¢t*,¢t* + T,
I(t) < mg) consider (4.22) with Sy (ni7") = S1(n171), Sua(n17) = Sa(ny7), for
t € (nt,(n+1)7) and n; < n < ny + ng + ng, we have

Si(t) = Sui(t) = Su(t) — €3

and

So(t) > Saa(t) > Saa(t) — €3,

for t* + nor <t < t*+ T. This implies (4.25) holds for t* + nor <t <t*+T. As
in step 1, we have

I(t"+T) > I(t" + nar)e™’.
The third equation of (4.2) gives

T2 10wt < -+ dy) = 1), (420

for t € [t*,t* + noT].

Integrating on [t*, t* 4+ ny7], we have
I(t" + nat) > mge” 7.
Then

It"+T) > I(t"+ne7m)e™ > mge?t 27"

o1 (n2+1)76n30

> mge > mg,

which is a contradiction.
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Let t = infy>{I(t) > mgz}, thus I(t) < mg for t € [t*,t], I(t) = mg, since
I(t) is continuous and I(¢) is not affected by the impulsive effect. For t € (t*,1],

suppose t € (t* + (p — 1)7,t* 4+ p7],p € N, and p < ny + ng, by (4.26) we have

I(t) > It + (p—1)71)ent=E+P=1)
> I(t*>e(p—1)0176017 _ I(t*)epcrm—

po1T na+ns)o1T —

> mgeP?l T > mygel m}y  (clearly,mg > m)),

hence, we have I(t) > m/ for t € (¢t*,¢). For ¢t > t, the same arguments can be
presented, since I(f) > ms.

Case (IT): t* # nrt,n € N. Then I(t) > ms for t € [t1,t*] and I(t*) = ma,
suppose t* € (nyt,(ny + 1)7), ng € N. There are two possible cases for ¢t €
(t*, (ng + 1)7).

Case (Ila): I(t) < mg for all t € (t*,(ns + 1)7). We claim that there
must be a th) € [(ng + 1)7,(ng + 1)7 + T, such that I(¢;,) > ms. Otherwise,
e, Vt € [(ny + 1)7, (ny + 1)7 + T], we have I(t) < ms. Consider (4.22) with

Sy ((ng +1)71) = S1((ng + 1)71), Sia((ng 4+ 1)77) = Sa((ng + 1)77), one can get
Si(t) > Su(t) > Silt) =5, | Salt) > Sinlt) > Sea(t) — &3,
fort € (n7,(n+ 1)7] and ny + 1 <n < ny + 1 + ny + ng. Similarly, we have
I((ng +14+mns+mn3)7) > I((ng + 1+ ng)1)e™.

Since I(t) < mg for t € (t*,(ny + 1)7), (4.26) holds on [t*, (ny + 1 + n2)7], so we
have

I((ng + 14 ny)7) > mgem2 o,

In fact, since t < (ng+ 1+ ng)7,my7 < t* < (ng+ 1)1, 01 < 0, then nor <t —t* <

(ng + 1)1, et~ > elnatlonr  Thyg,

I((na + 1+ no)7) > I(t)et=t)N1T > g+,
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Therefore,

I((n4 + 1+ No + ng)T) Z I((n4 + 1+ 7@)7’)6”30

n2+1)o'17'€n3cr

> m3€( > ms,

which is a contradiction. Let ¢ = infy~s{I(t) > mg3}, then I(t) < ms for t € (¢*,1)
and I(t) = ms. For t € (t*,%), suppose t € (ny7+ (p' — )7,y + /7], ' € N,p' <

1 + no + ng, we have

It) > I(t9)et™9 > [(#*)e?1™ > I(t*)eP 1™

> ](t*>6(1+n2+n3)017 > m36(1+n2+n3)017‘

Let my = mge(12m)o1m <y ematna)oir — 4/ (clearly, ms > my), hence, I(t) >
my for t € (t*,¢). For t > ¢, the same arguments can be presented, since I(t) > m;.

Case (IIb): Suppose that there exists a t € (t*, (ny + 1)7), such that I(t) >
ms. Let t** = infys {1 (t) > mg}, then I(t) < mg for t € (t*,t*) and z(t*) = ms.

For ¢t € (t*,t*), (4.26) holds true, integrating (4.26) over (t*,t**), we have

](t) > I(t*)em(t—t*) > mge’l T > m3€(1+n2+n3)017— = my.

Since I(t**) > mg, for t > t**, the same arguments can be presented. Hence

I(t) > my for all t > t;. This completes the proof. H

4.5 Discussion

In this chapter, we have considered an SIR epidemic model with state
structure and pulse vaccination at different fixed moments. We have proved that
all solutions of system (4.2) are uniformly ultimately bounded. The conditions
for the global asymptotic stability of the infection-free periodic solution of system

(4.2) are given, and the permanence of system (4.2) is also obtained.
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From the conditions of Theorems 4.5 and 4.6, we know that there exists
a threshold 7. If 7 > 7y, the infection-free periodic solution (5:1\(;), /2\(;), 0) of
system (4.2) is globally asymptotically stable. If 7 < 79, system (4.2) is permanent.
That is, improving the proportion of vaccinations and enlarging the period of birth
pulse, the disease will die out. If the period of pulse vaccination is suitable, system
(4.2) will be permanent. This means after some period of time the disease will come

to be endemic. The results obtained provide a reliable tactic basis for preventing

the disease from spreading.



CHAPTER V

CONCLUSIONS

This dissertation is devoted to the investigation of population dynamics,
which includes two models.

In the fist part, we establish a predator-prey model with periodic impulsive
diffusion and periodic release of predator population. The model comprises two
regions, which are connected by diffusion of predator population, and portrays
the evolvement of population. We prove that all solutions of the investigated
system are uniformly ultimately bounded. We also prove that there exists globally
asymptotically stable prey-extinction boundary periodic solution. The condition
for permanence is obtained. Simulations are also employed to verify our results.
It is discovered that increasing the diffusive rate of the predator population will
counteract the pest management. We conclude that the impulsive diffusion and
releasing predator provide a reliable tactic basis for pest management.

In the second part, we investigate an SIR epidemic model with stage struc-
ture and pulse vaccination. By using the discrete dynamical system determined by
stroboscopic map, we obtain the conditions for the global asymptotical stability of
the infection-free periodic solution of the studied system. Permanence conditions
of the investigated system are also given. The results indicate that pulse vaccina-
tion rate plays an important role in eradicating the disease. It provides a reliable

tactic basis for preventing the disease from spreading.
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