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The non-isentropic steady spatial double-wave equations of an ideal gas with an equation of state of the form t = 2(p)A% (S) are
investigated in two cases, omitted previously (1]: when H # 0, F3 = cF; and when H = 0 with straight level lines. © 1997 Elsevier
Science Ltd. All rights reserved.

The analysis given here completes the classification of spatial steady non-isentropic double waves with an arbitrary
equation of state T =1(p, §) when there is a functional arbitrariness in the general solution of the Cauchy problem.
Partial solutions of this kind for a polytropic gas can be found in [2-5].%

We will consider double waves

v=v(p,S)

which are irreducible to invariant solutions of the equation describing the flow of an ideal gas in the spatial steady
non-isobaric and non-isentropic case

%+1Vp 0, %:——tdlvv 0, -3"2=0 ¢y

with equatlon of state T=1(p, 5), 1, # 0, Tg# 0. Here v = (ul, u;, u3) is the velocity, p is the pressure, S is the
entropy, T is the specific volume, d/dt = uddx, (summatlon is carried out over repeated Greek subscripts from
1 to 3, unless otherwise stated), and the following notation is also used below

H=1,+v,v,, L=15+v,vs, E=20-15, b=vXvg, A=by,

It follows from the investigation carried out below and results obtained previously in [1] that there are only the
following forms of spatial non-isentropic, non-isobaric steady double-wave type flows of an ideal gas, irreducible
to invariant solutions with functional arbitrariness.

1. Double waves with an arbitrariness in one function of one argument and an equation of state T = g(P)A%(S),
in which u; = h, (p)A(S), while the other coordinates of the velocity u; and u; either have the form u; = Ay(p)A(S),
u3 = uy(S) or the form u, = uy(S), u3 = us(S). In the first case the functions k,(p), h,(p) and g(p) satisfy a system
of two ordinary differential equations (21) [1] (F, = h'y/h’y, hih'] + hoh’, # 0). In the second case the functions u;
= uy(S), U3 = us(S) are arbitrary while h,(p) and g(p) are related by the equation g + h;h{ = 0 (b4 # 0).

These solutions for a polytropic gas were considered previously in [1], where the functions u,(S) and u,(S) are
linearly related to A(S), i.e. only a special class of solutions of the double-wave form was indicated.

2. Double waves with straight level lines with an arbitrariness in two functions of one argument, which are arbitrary
functions of the solution of Eq. (31) [1]. For t (p, S), v(p, S) there is an overdetermined system consisting of five
differential equations: (3), (30) and (32). An analysis of this overdetermined system is difficult in the general case
of the equations of state. But in a special case, this system is only compatible for a polytropic gas with polytropic
index y = 2 and has a solution with an arbitrariness in one function of one argument.

3. Double waves with stranght level lines with an arbitrariness in two functions of one argument and with an
equation of state T = g(p)4%(S). In this case u; = u,(S), u3 = ux(S) are arbitrary (ufd)s# 0,i = 2,3),u; = hy(p)A(S).
Here hy(p) = kip + k and g(p) = *,4h;.

4. Double waves with an arbitrariness in one function of two arguments, which is an arbitrary function of the
solution of Eq. (1.25) from [1]

—80, +h (X" = QU3 I I —x3(h3  hY Xh3Qy3 —p) =0
tPrikl. Mat. Mekh. Vol. 61, No, 1, pp. 159-167, 1997.

1See also: Zubov, Ye. N., Doubie waves for the spatial steady equations of gas dynamics. Candidate dissertation, Sverdlovsk,
1978.
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The functions g(p) and A,(p) (i = 1, 2, 3) are related to Eqgs (1.24) from [1]
hahg =0, hyhy =-g
Here x = x(p), Q = Q(p, S, x3), u; = hi(p)A(S) (i = 1, 2, 3) and the equation of state is T = g()A(S).

Theorem. Only the four forms of spatial non-isentropic, non-isobaric steady double-wave type flows of an ideal
gas, irreducible to invariant solutions with functional arbitrariness, indicated above exist.

Proof. After introducing the new relationship ¢ = (div v)/1,, we obtain from (1)
vWp-19=0, vV§=0, v VS=Ho (2)
O= (P, P,,0;)=Vp+gv, =0

Since the flow is isobaric we have @ # 0, v, # 0 (to fix our ideas we will assume that uy,  0). It follows from
(2) that

t+v, =0 3)
(the Bernoulli integral).

Differentiating D; totally with respect to the spatial variable x; (i = 1, 2, 3) and setting up the following
combinations from Egs (2), we obtain

DxO:-vprcp—vpsVS-(pszxv”,=0 C))
D(HQ~-vVS)! Dt = HdQ/ dt - (T 5 + v , (v ;v 5 ))VS+ 9% (H? +1H,) =0 )
D®/ Dt =v,dp/ di+Ve+@LVS—@* (v ,H-v,,)=0 (6)

where D = (Dl’ Dz, D3), D/Dt = vD.
Eliminating the derivatives V,, from (4) using (6) we obtain

Gy, —Tv,5)XxVS=0 )]

Henceforth we will need to distinguish two cases: H# 0and H = 0.

1. Suppose H # 0. If ¢ is expressed from the third equation of (2), and we substitute this quantity into the
remaining equations of this system, then, instead of (7), we obtain a homogeneous system of quasilinear differential
equations in p and S. From the fact that it is forbidden to reduce the double waves to invariant solutions [6] and
from Egs (2) and (6) we have the equation

v S §V p= 0 (8)
whence it follows that vector functions F = (Fy(p), Fo(p), F3(p)) exist such that (F; = 1)
®
Since H # 0, it follows from the second and third equations of (2) that b # 0. To fix our ideas we will assume
that by = upuag — usuys# 0.
The system of equations which the functions U = (p, S, )’ must satisfy is written in the form of the following

overdetermined system of quasilinear differential equations

Ux3 +G3Ux’ '—‘fl, sz +Gzle =f,

Px +Ou, =0, @S, +o, =/ o
0 O
5G, =0 -b, 0Of e=(81'32"’3)__‘£}‘-v*"*-Sb
tH T
0 @e; O

with functions f;, f, and f which are independent of the derivatives Uy, (i = 1-3).
For a solution of system (1) having functional arbitrariness to exist we must have

EMByV, — 1,b) =0 (11)
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This follows from a consideration of the matrix compiled from the coefficients of the leading derivatives in the
extended system (10). The results of an analysis of the case when A(b;v, — u,b) = 0 or § # 0, given previously in
[1], show that either contradictory equations are obtained or reduction to plane flow occurs. Below we will investigate
the case when & = 0, which was not considered previously.

When the condition & = 0 is satisfied, some of the equations of system (10) take the form

¥ =(¥,,¥;,.¥;) =tHVo +¢H§VS—q>2c =0

c=(2H? +tH, v, -tHv,,
From the equations D x ¥ = 0 we obtain another three first-order (scalar) equations
axVS+edxv, =0 (12)

Here
a=tH[H,/ H—ZuW /“1,, +2H/1t)gF

d=(2H? +TH )V 5, = THY

From the fact that it is forbidden to reduce the double wave to an invariant solution in Egs (10) and (12) it
follows thata = 0 and d; = FD;, (i = 2, 3), i.e.

[H, | H~2u,,/w,+2H/t]5=0 (13)

Fluy ,(2H? +TH ) = 2tHuy )~ tHi ,F{' = 0, (i=2.3) (14)

When (3), (9) and (14) are satisfied and & = 0, system (10) is in involution and has a solution with an arbitrariness
in one function of one argument x;. Hence, when H# 0 it remains to investigate the compatibility of only the system
consisting of Eqs (3), (9), (14) and & = 0. This can be split into two cases: F; = F3 = 0 and (F5)% + (F3) # 0.

Suppose initially that F; = F; = 0, i.e. F; = const. Without loss of generality we can assume that F, = F3 = 0
or uy = uy(S), u3 = us(S). Here u; = uy(S), u3 = us(S) are assumed to be arbitrary functions of the entropy. From
the condition £ = 0 and (3) we obtain the arbitrary relations

u|p=-—1:lu|, U =Tsu]/(2t) (15)

After cross-differentiating u, with respect to p and S in the last equations and equating the mixed derivatives
we have (15 / 1), = 0. Hence we obtain T = 4% (S)g(p), and after integrating (15) we have u} = 24%(S)fg(p)dp.
One can verify ﬁcre by direct substitution that a = 0. Hence, in this case the equation of state must have the form
1 = A% (S)g(p), and the components of the velocity are

w =l (p)A(S), u; =uy(S), uz=u3(S)

where h,(p) is found from the equation k;h] + g = 0, while the functions u,(S), u3 = u3(S) are arbitrary.

Note that for a polytropic gas the same condition was obtained in [1] for the function A,(p) but the functions u;
= uy(8), u3 = us(S) were assumed to be related to 4(S), i.e. a narrower class of solutions is indicated (because of
the additional assumption).

Suppose now that (F3)* + (F3)* # 0. Since Huy, 2 0, by virtue of the linearity of Egs (14) with respect to F;
and F” (i = 2, 3), we can assume without loss of generality that 3 # 0 and F5 = 0.

From (14) we obtain @, = 0 and

Hy ! H=2up, I, —2H 1+ F§I Ff

After substituting H = 1, + u%p(l + F2) here we obtain the equation

2u,pp1p Fy 2H 1pp+2Fze’u,2p_

+2 2T~ 22 _g (16)

uy H Fz T H

P

From (3) we can determine the component of the velocity u, = —(u; + T/uy,)/F,. Substituting its expression into
(9) (i = 3) and into € = 0 (taking (3) into account), we obtain

H Fj(u,ulp+‘l:) Ts¥
Uipp =“lp[7‘——‘—TF2 s Uips = 21:p @17

After cross-differentiation of Eqs (17) we obtain
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u 21Uy s ~(BR) (u,F'3)) 15 (B=~11,,-1,1,) (18)

and after differentiating (18) with respect to p and substituting it into (17) we obtain

21 7\ B F
4Buyg =3—[—23+ﬂ(2—3+—”+u3p(1+52)+§;J—L3} 19)

up Flttg 1 1 24 >

If B# 0, we can determine u; and us in terms of u,, from (18) and (19). Then, after differentiating (18) with
respect to S we have

(B, !B)s=BI1* (20)

and after substituting the first expression of (17) into (16) we obtain an equation, differentiation of which with
respect to S taking (20) into account gives the relation 1, + u21p(1 + F%) = 0, which contradicts the condition H
# 0. Hence, we need to assume that B = 0, which corresponds to the equation of state T = g(p)4* (S). For this
equation of state uh;(p)A(S), and we have the following system of two ordinary differential equations for the
functions F,(p) and H,(p)

R SR 1+ Ff)+8) = 2(F§)? hi(g"hy — hig)+ F, Figg” +
+2((F) g + () RyF3(1+ FOY(W)2 1+ Ff ) +g") 1)
Fyghi'= F,(1+ F2)(h)® - i (h))? + h{ (F8' —gF3)

The function u; = u,(S) remains arbitrary.

As in the previous case, a similar solution for a polytropic gas was obtained previously by Zubov (see the earlier
footnote), but the function u,(S) was related linearly to the function A(S).

Hence, if H# 0, steady double-wave type non-isentropic non-isobaric flows, which have a functional arbitrariness
and are not reducible to invariant solutions, only exist for the equations of state T = A%(S)g().

2. Suppose now that H = 0. It follows from the fact that education of system (2), (5), (7) to invariant solutions
is forbidden, that the following equations are satisfied

vg=0, veg=0, g2+§vpg=0 (g=1v,5—Lv,) (22)
For the further investigation we will change to new independent variables p, S, and x; (we can assume without

loss of generality that the inequality p, S,, — p,2S;, # 0 holds), i.e. x; = P(P, §, x3), x;, = Q(p, S, x3).
After making this change Eqs (1) can be written as

BP, - AQ, =0, u;,BFs - (T+uA)2s =0

(T+u2pB)Ps —uszQs =0

(u3,B-10, )P —(u3,A - TP, )05 =0 @)

(uys —u35Qx, )P, — (s —u3s P )Q, =0

(A=suy—u3P,., B=u;,—u )
Where 1 3 X3 2 3QI3

P05~ PsQp 20 (24)

The investigation of system (23) can be split into two cases: (a) vs % v,s = 0 (this case was investigated previously
in [1]), and (b) vs X v,5 # 0 (this case was eliminated from consideration in [1} and in Zubov’s dissertation).
We will consider case (b) below. To fix our ideas we will assume that R = g4, — Uypsitzp # 0.
Since we must assume that P} + Q% # 0, we obtain from the second and third equations of (23) that A*+ B’
# 0and
A% +B? 20 and

(25)
T+, A+uy,B=0

or, by virtue of (3)
u3p =Ul[)PX3 +u2pQA’3 =0

Integrating this equation with respect to x; we obtain
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X3y, +iy P ity )0 =X (26)
with arbitrary function x, = x(p, ). It follows from (25) that the sccond and third equations of system (23) reduce to

upPs +up ;05 =0 1))

Differentiating (26) with respect to § and then substituting (27) we obtain the relation

Uy ps P + 1ty ps0 = X5 = X343 p5 (28)
We then obtain from (26) and (28)
1 3 Lo} X
P= -—(—x; p P P (29)
R Usps U2ps| |Xg U2ps
1 u u X u
0=—(x3 3p pi_ 1p
R Tu3ps Wips| [Xs “ips

If b = 0, we have v = u,F, where F = F(p), Fi = 1, F’, # 0. After substituting (29) into the first equation of
(23), we obtain (FyF;) = 0if F3 = kyF + k, with constants k; and k3, and this implies that us = ki, + kauy, ie.

reduction to an invariant solution. Hence we must consider b # 0, ie. the vectors v, vg and b are not coplanar.
From (22) we obtain

s =4v, ~EAb/ b’ (30)

Here, since R # 0, we have EA = 0.
After substituting (29) into (23) and taking (30) into account there remains only a single second-order linear
hyperbolic equation with respect to the function x = x(p, S) in system (23)

Xps+AXp+BXs+CX=0 (31)
Here

T
=—£, C=A +AB+—§—”-
1 P 212

1 p “2p|‘“lp up

by bt b ] {%M

Hence, for H = 0 in case (b) flows with straight level lines exist if the functions T and u(p, S) (i = 1, 2, 3) satisfy
the overdetermined system consisting of five differential equations: (3), (30) and

_ W&
B= 3 [mz

H=t,+v,v,=0 32)
It is difficult to analyse this overdetermined system in the general case of the equation of state. We will do this
for an equation of state of the form © = g(p)A%(S).
Differentiating (32) with respect to S and substituting (30) we obtain a relation from which it follows from the
form of the equation of state and from the fact that £ # 0, that

T, +232 /b7 =0 (33)
Differentiating (3), (32) and (33) with respect to p we obtain

w, =0, v, v, =-T,/2
I 4 P pr P (34)

bv,, =Ag”’/(28")~b,(g'A’b+V,)
The determinant for the derivative v,, in (34) will be d = T(vv,) + vz(vpvs).
If d = 0, after differentiating d with respect to p we obtain an equation, using which together with the first two
equations of (34), we obtain the second derivatives

v p =—KEQT +1,v7)/(20v?) = b1, 1(2M) (K=VXV,) (35)
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After differentiating (33) with respect to p, taking (35) and the relation d = 0 into account, we find V=22 Top-
Hence we obtain vvg = —«(277,/7,)s, and from the relation d = 0 it follows that v,vs = —t5/2. But we then obtain
E = 0, which is impossible in the case in question. Hence we must have d # 0.

Since d # 0, from Eqs (34) we obtain the second derivatives

av = bk +T,, (V(VWg) - vsv?) /2 (36)

(b=T,,A 1 (21,)+1, (W +(v,v5)vE)/ (2TA))

We can verify by direct calculations that the equation (v ,,,)s — (v 5), = 0 is satisfied. Hence, the new relations,
containing derivatives of v no higher than the second order, can only be obtained after differentiating (33) with
respect to S

avgs —T,Eb? /(21)=0 (a=2Ak-1,(v2vs—(Ws)V)) 37)

Corollaries of Eqs (3), (30), (32) and (33) will be useful later. Since the vectors v, vs and b are not coplanar, the
vectors v, and k can be expressed linearly in terms of them

vy =[-v(w} +(vvs)(v,,vs))+vs(t(vvs)+v2(v,,v$))+lb]/ b? (38)
k =[vA(vvs) - vsAv? +bd)/ b? (39)
Hence we have the relation
2(tvg +(vpv,)v)2+tpb2=0 (40)
Then, taking (39) into account, we can write (37) in the form
4Atdby g5 = 1,E(b?)? (41)

New equations containing derivatives of &; no higher than the second order can now be obtained only after
differentiating Eq. (41) with respect to p. It turns out that after this differentiation and using (41) the equation
F = 0 is obtained, containing derivatives of u; no higher than the first order (it will not be given here in view of
its length). This equation must then be differentiated with respect to p and S. In view of the length of the
further calculations, which were carried out on a computer in the REDUCE system, we will only describe the
results.

We have (V2 + 212/1,,)(1:1 - Tf,) # 0 (otherwise we obtain a contradiction of the condition § # 0). Then, from
the equation F = 0 we find 2 an expression for vvg, after substituting which into the equation

dvvg)/op+15=0 (42)
we obtain
203bgv? +12(412bo +615a° ~3a’) =0
2. by= 2a(a+13))) (43)
(a=1Tp, — T3, p =(TTpap —2ala+1,

Suppose by # 0. Since Eq. (42) holds by virtue of (30), after substituting into it the product vvs, obtained from
F = 0, we determine v2, and after substituting ¥ into (3) we obtain
—tf,)(‘ttpp —313): 0

(T,

which contradicts the condition by # 0.

Suppose now that by = 0. From (43) we then obtain 7, - 312 = 0, which corresponds to the equation of state
of a polytropic gas with polytropy index y = 2. Then vvs = v*4’/4 and from the relation 9(vvs)/aS - vss — vis=0
we obtain the equation

ws —(v2 1 AYNAA" +2(AA g +v,v,) 1 (vig +2g%AT) =0 (44)
differentiation of which with respect to p leads to an identity. This implies that the overdetermined system consisting

of Egs (3), (30), (32) and (33) is in involution.
Note that in this case, Eq. (3) and vvg = v’A’/A has the integral

vi= (¢ —4p% )A? (¢, = const)
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Hence, for the equation of state of the form T = g(p)4*(S), the system of equations (3), (30), (32), (33) is only
compatible for equations of state of a polytropic gas with polytropy index ¥ = 0 and has a solution with an
arbitrariness in a single function of a single argument.

This completes the proof of the theorem.

This research was carried out with financial support from the Russian Foundation for Basic Research (93-013-
17361).
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