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Limits

Recall: (Rules for limits)
limx = a
r—a
lime = ¢ { ¢ constant)
X—3El

lim (f(x)%g(x) = limf(0) * lim g(x)

lim (e f(®) = clim f(x) (¢ constant)

lim f(x)g(x) = lim f(x) - lim g(x)
.

TIORACI l—r*n—f(x) (if lim g(x)=0)

e g(x) lim g(x) x

—>

lm (70) = {lim £ |

hm g f(x) = ylim f(x)

Exercise 1:  Find the following limits using the rules for limits.

L lim(x*+2)(x*+x) = lim(.......... )elim (oo )

x—32 x—2

I
—_
+
-
—_
+
-
i

I

5 3@y -np _ iml ) 5 8lim ~lim
y=3 2y (y-1)* M. 2 lim...... (T )!
2
5 S(um ) um 58 )-
— 2 — _ 2 = i heseaaas
2 (lim ...... ) -(lim ...... - lim...... )4 2 ( """ ) ( """ T )4
y—=>3



Exercise 2:  The following limits are given:

li1r21 f(x)=3, ]inle g(x)=-1 and lin‘zl h(x)=2

Find the specified limits:

2 lim| fF(Mg®+h(x) | = lm[ f(x)g(x)] +lim[............... ]
= (]XI_T)I; ......... )(11_1}21 ......... )—0—(1}3 ......... )2

3 1 h(x)—3g(x) _ Ll_rg[ ........................... ]
=2 f(x) +1 Bm [, ]
lim......... - hm..
P oy e -
(]im ......... ) """ +lim...... e
2 x—>2




Exercise 3:  Compute each of the following limits:

1.

Xt =x+12
lim———M—
=2 x+43

If we substitute x =3 then we obtain a fraction of the form —— We

therefore must simplify:

lim xt—x+12 _ ( )( )

= lim =
x—2 x+3 x—>2 x+3

X —4x*+2x
lim——
x>0 X

If we substitute x=...... then we obtain a fraction of the form —— .We

therefore must simplify:

X —dxt 4 2x )
lim-——m = llm
x>0 X x>0

) x+8
lim >
=2 x° -4

...... then we obtain a fraction of the form —— .We

im 5F8 ~ i ) )

A T T 0 )

...... then we obtain —— Therefore,

. X +8x
lim —— =

o3 .



. A3t +\/§
5. lim —m ——

=0 t

If we substitute t=...... then we obtain .We therefore must simplify:

B3 lim V3-1-V3 )

lim ———— =

t—0 t =0 t ( )

:lti_)nolr( ) = lim =

3_
Jim (2+h)y -8

6.
h—0 h
If we substitute A=...... then we obtain .We therefore must simplify:
3 —_— —
T ol B 8
h—0 h A0 h
= lim P = lhll‘%( ..................... ) = e
. 1 2
7. lim| ————;
= x—-1 x" -1
If we substitute x=...... then we obtain — — — .We therefore simplify:
lim 12 o iy | e 2
=l x-1 x"-1 o (x—l)( ) xt -1
i TR L i e -
x—l xt =1 x—1 (X*l)( ) x>l (x_ )( )
L
8  lim X2
=2 x—2
I we substitute x=...... then we obtain — .We therefore must simplify:
11 o
lim X2 = Jim 2% 2% _ |im —2X __ _ = lim =
x2 x=-2 2 x— 2 x— x2 2_x(x_ ) X2



Exercise 4: Consider the function

x+1 {(x<0)
flx)=4 1-x* 0<x<0)
x=2 (x>1)

Sketch the graph of f :

v

Now find each of the following limits, if it exists.

1. Jl_gl flx) = 313‘1 ............... = e
2. Jggl fx) = J}l_)l})’l ............... = e
3 hng FUX)
4 hng flx) = Exn ............... e TP TTPITOR
5 jlcll}l flx) = jllj{l ............... ST ITOPR
6 lxm*ll S



Additional Exercises:

1) Find the following limits

2 —_— —
a)  lim X ox-2
==l x+1
2
b) ]im_(il__‘”—_m
h-=0 h
. -2t-4
© lim -4
22
d) lim 3R 9
h=0
2
X —-2x-2
e Iim —m——
) x=—1 X—l

2) Find the following one-sided limits

D lim 22
=2 |y — 2'

b) lim x——2
=27 |x — 2[

c) lim Sox
-3 (3 — x|

3) Sketch the graph of the function

x+4 (x <)
flxy=1 V16— (0sx<4)
x—4 (x>4)

Find each of the following limit, if it exists.
a) lim f(x)
x—0"

b) lim f(x)

x—0*

c) lim £(x)

g

h)

Y

d)

d)

} 1
lim
=0y fx+1

 Ax-2
im

=4 x—4

. X' -4
lim

-8 x_—8

. x'-16
lim
-2 x=2

3—x
x—3 |3 -— _x'

. 1 1
lim | —-—
x=0" {x |x|:|

. 1 1
lim} ——-—
il

lim £(x)

x—d4"

lim f(x)

x4

lim f(x)

1

X

|



Limits Involving Trigonometric Functions

Recall:
lim 20 g

x—0 X

l—cosx

lim

x—0 X

Exercise 1:  Find the following limits:

. 8in3x ) sin 3x
1. lim = lim — = - = —
-0 5y =005 ., X 5 L.
2
cos“t—1 )
2 1 = lm e eeieanns
10 t t—=0 4
sin* 36 .
3 1 = lim......... = i e, = ...
80 g 6—0 9
2
. tan® 2x . ;
4., lim > = lim-eeereeereeeeee = im = ...
0 tan~ 3x 10 s U
tan3x .
5 | = lm....oo = e, = ..
x—0 X x—=0
6 i tan 3x = . = e, 3]

. 1 1
7 lim—— = | - = — = .
0 sin (x) w. sinf...... ) "le sin ( )
U=einnnnn..
If x>0 then u—>......




8 lim 2281 % _ i fim A -
x—>xll )C—% U e A MR
U=...iciiiiies z
2
If x—>Z then u —
Also, xS
sin(sin #
9, SR
=0 sin @ T U
U=............
If ...—>0then u—......
Additional Exercises:
1) Find the following limits:
. 8x ind)—1
x>0 gin 2x 650 sin §
. xsin3x 1-sin(x+%)
b lim im v 4/
) =0 sin® 9x g) xlile}4 x—1
sin 2h
c) lim . 2x
01— h Iim —mMmM8M8M—
=0 1-cosh ) 0 gin3x—tan3x
372 .
d) 2xy=(x2+y2) ) lim sin @
=0 @+ tan @
&) Hm cost—1 )
0 3y 1) £1_r)13 xcos;
k) lim x*sin—
lim x”sin =



Definition of the Derivative

Recall: The derivative of a function y= f(x) at x=a is

@) = lim L@
X—da

x—=a

Alternatively, setting x=a+h,

-t Ha+ =)

=Y

If we compute the derivative at every point x in the domain of f we obtain a

. dy
function — = f'(x),
e f'(x)

fx+h) - f(x)
h

f(x)=lim

2
. . . . 1 _ . . 3
Exercise 1:  Consider the function f(x)= 11_[)101 2-X A and the point P(l, A) on
its graph.

1. Sketch the graph of f and the point P

A 4




2. Sketch the secant line passing the points P and Q(x, f(x)) , and compute its

slope.
a) x=0.
The slope is
M, = — = — S e
e x-1 x-1
b) x=05,
The slope is
m = — = — ittt
re x-1 x—1
c) x=09
m = — = — S e eaaaeane
e x—1 x—1

3. Sketch the tangent line to the graph of f at the point P. We expect this tangent

line to have slope ...............

4. Compute the slope of this tangent line:

.........

My, =f'(...):lirgx—:1= lim =lim =

X, x—1 X=... x—1

5. The equation of the tangent line at the point Pis

10



Exercise 2:  Find the equation of the tangent line to the graph of f(x)

point where x=3.

Solution:

The slope of the tangent line where x =3 is

—}— at the
x-1

oo o S -3 . -
m —f() lxl_ﬂf( x)3f :Egl} 3
=lim =lim =lim
>3 x— x—3 X— =3 X— 3

v

11



Exercise 3:  Consider the function f(x)=3x"-5x .Find f'(2) and find the
equation of the tangent line to the graph of f at the point where x =2.

Solution:

The slope of the tangent line where x=2 is

' . .
m, = 2) = lim = i
tan f ( ) =2 x—2 x—32 x=2
= lim = lim = e
12 x— x—32 x—=2

A 4

12



Exercise 4: Find the derivative of each function using the definition of the derivative.

1. S =x—x"+2x.
By definition of the derivative,

S(x+h)-f(x)
h

fx) = lim

h—0

2, f(x)=%

By definition of the derivative,

h—0 h h—0 h

= lim = lim—— = ...

m=o ( X ) B0
3. g(x)=~1+2x

By definition of the derivative,

= lim
h h=>0 h

=0 h .\/ + \/

h;uh(‘/ +\/

13



Additional Exercises:

D Find the slope of the tangent line at the point P . Then find the equation of the
tangent line at P.

a) f(x)=1-%", P(1,0)

b) fx)=1-%°, P(0,1)
1
2x-1 P(_l’_%)

2) Each of the following limits represents the derivative of a function f(x) at
some number a. Find f(x) and a.

c) glx)=

2 J—
Hm B+h) -9

a) h—o0 h
. N4+h-=2
b) lim—m
h=30 h
sin (% + h) —%
c) lim
h—0 h
9 —_—
T
—l  x _.1
1
h—0 h

3) Find the derivative of each function using the definition of the derivative.
a) f(x)=3x+4
b) gx)=5
1
c) fx)=x+—
x

d) h(x):x+1

x-1

e) s(1) =32 -9

14



Rules for Derivatives

Recall:
1. Basic Derivatives:
d
—(c) = 0 tant
I ( ) ( c constant)
d a0
—[x") = nx" nreal
—(*) (n real)
2. Basic Rules for Derivatives:
(f £ g)' = ftg (Sum/Difference Rule)
(cf )' = ¢f' (¢ constant)
(fg) = fe'+gf ( Product Rule)
(ij _ &g (Quotient Rule)
g 8

]

1) -2
8 g’

Exercise 1: Find the derivatives of the following functions:

d d 1
1. E(JI) = (e ) = e, = ——
2 -j;[-j;] = %( ......... ) = = '1

15



Exercise 2: Find the derivatives.

1. If f(x)=x" then f(xX)=.iccccconnriiiii.
1 . .
2. It f)=— we write f(X)=.....cccceeiiinnn.
X
Then f'(x)=................
1 .
3. If gx)=— we write g(x)=..................
X
Then g'(x)=..................
4 If y=4£ then D_go =
dt
S If f(x)=3x"-2x*+2x-4
then S ) =
6 If y=5x* -3 —4x++5
then Q B e
dx
1 2 2
7. If =2X -t ————t—
f(x)=2x-n Y
we write
SO =
Then ) =

16



Exercise 3: Find the derivatives by

a) using the product rule
b) expanding the product before differentiating.
1. y=(3x-1)(2x+9)

1. Method: Product Rule.

D G- R O T — )

dx

1]
—.
(%)
=
|
—
—
o
~—
+
loan
:
.
~—
)
:
e

% = (r+r")%( ............ ) 4 (e )%(t-i—t_l)
= {1+, ) o+ (i, | P )

Y T e I
Then 2'2- it e e e et
dt

17



Exercise 4: Find the derivatives using the quotient rule.

1.

It f(x) = E then
roo - LN
( ) )| ) )
(o)’
(o) T y
If = x2+2x+ then
@& _ ) _ )
A (. Y (i P (e, y
If y = \\//;;;22 then
o G250 ) o000 )
dt (oo )
(xﬁ+2) —( )
(oo )
2Vt (o, )
Wi (o, )

18



Ix

4, If flx)y = — then write
x'—x-2
f = X -x=-2
Differentiate:
P e )

Exercise 5: Find the derivative in the simplest way.

1. If vy = s [r - 2+1J then we write
t
Y = i, S
Differentiate,
dy
Gp T T
3-_2x+x°
2 If (x) = then we write
! p
Fx) = e VT
Differentiate,
T XY =

19



Exercise 6:  Find the equation of the tangent line to the graph of

f(x)= x—i when «x= —l.
2x

Solution: Write  f(x) = ...l

Then f'(x) = ...oii..

and f’(——;—} T e Also, _f(—%] = e

Additional Exercises:

4) Find the derivatives of
V5 1
f) (X)=x'-2x+7m+——-—+
f JC2 2\/;
£) g(r):(t2+t)(\/;+2%/;—1) D)= 3 i
4-x
4x-5
h = k
$ 7T | (x-D)(x—4)
x—1(x—
, h(x) =—F"—"""~
) y=—"5 (x=2)(x-3)
x__ 2
x 1) y=(x+5)(x“+7)(2—3x)
5) Find the points on the graph of y = f(x) where the tangent line
1. is horizontal 2. has slope m .

a) fO)=x=3x+9x+1, m=6

—_* =12

20



Derivatives of Trigonometric Functions

Recall:

Exercise 1: Find the derivatives of the following functions:

1. If f(x) = 3sinx—4dcosx
then fi(x) =
2. If y = cscx, thenbythe rule,
dy d d
- = ... — (s + (s — (.
& L)+ o))
= e

21



3,

4.

5.

sinx

If y = Trcoss’ then by the rule,
P () - )< )
dx (oo )
_ ) ) = ( )( )
T y
) (oo y T s 5
r y = tasr:;l’ then by the rule,

y R ¥
_ | )( ) - X )
(FUTR )
) (oo y T (s 5
If  f(x)=x(tanx-1)secx, thenby the rule,
flix) = ( ............ )'(tanx—l)(secx)
+ X ) R )+ x(en | [T )
= (....)(tanx—1)(secx)
+ x(e ) [ PP ) o+ ox( )| TR )

22



Exercise 2: Find all values of x where the tangent line to the curve

Cos X : .
f{x)=— 1s horizontal.
sinx+2
Solution: Compute the derivative.

( ) ) = ( )( )

f(x)

.......................................

Additional Exercises:

1) Find the derivatives of

a) y=2cosx—3tanx
b) Y =CSCxcotx
tan x

c) =

X

x’ tan x
d) S(x)=
8eC X

e) y = X’ sin x+ 2x* cos x —6xsin x
f) y=x""sinxtan x

2) Find the equations of the tangent line and the normal line at the given point.

a) f(x)=sinx—cosx, P(z/4,0)
b) f(x)=secx—2cosux, P(x/3,1)

23



The Chain Rule

Recall: If y=f(@) and u=g{(x) then
A _ Ay du
dx du dx
We can also write this as
d [ ]
—[fe0)] = r(s@)g®
Exercise 1: Find L and o by
dx =1
a)  using the chain rule
b) directly by expressing y as a function of the variable x.
1. y=u’ and wu=2x"+3x
a) By the chain rule,
& _ & de _ d )L )
= T FRAGEES LR
Then
dy
EI = ( ............... )( ............... ) B et ecidaeaenerenanasenaaaan
| x=1
b)  Compose first,
y = w = ( ............... )2 i,
Then
@&
g e
so that
o
chx L:l

24



2. y=u-u* and u=x+Ix

a) By the chain rule,

& _ 4y _ i( )i )
~ RO ol GRS o T

Then
dy
?d; | = ( ..................... ) ( ..................... ) e arianaaeans
x=1

b) Compose first,

Exercise 2:  Separate each function as y= f(u) and u = g(x), and differentiate
using the chain rule.

1. y= (4x+3)7

Here, y=............ where wu=4x+3.
Therefore,
4y -
2o (oo Y, )

................................................

25



2. ¥ =(x3 —5x)4

Here, y=............ where wu=.............
Therefore,
o _ B _
o= (oo, YO )

3. y=sin(x2+x—1)

Here, y=............ where wu=............... .
Therefore,

y _ b, -

o= e (coreoremeneeens Yoo, )

Exercise 3:  Find the derivatives of the following functions.

L fo) = (P -ax+2xtl)”

By the chain rule,

F) = G, Rl (SOOI )

2, g(x) = VYx" +4x

By the chain rule,

........................

........................

26



3
3. F(z7) = [‘7’;4] .

z+2

By the chain rule,

I
TN
[ IS
+ 1!
b |
N~——
U
—

12

4, y = (Bx—Z)IO(sz—x+l) .

By the rule and the rule,
dy od, s da, ..
E = (3]6— 2) E( ............... ) + ( ............... ) Zx—( ............ )

= (3x=2) " (55 x4 1) T [, ]

5. y = Yl+/x .

d d oy
-d—fc_ ...... (T i (R ) = il | Sl (ST )
SN (S Y (e, ) =

[ )

27



£5) = sin =2

By the chain rule,

The outermost functionis y = ...... . Write

- [(=5)]

By the chain rule,




Exercise 4:

y = 2sec+/x tan~/x

By the rule and the rule,
dy _ d d
E = (ZSCC\/;)E( ............... ) + (2tan\/;)a( ............... )

o 2=V Y e )
o I N [ Yoo )]%( ......... )

Il
[gv]
—

The table below contains values of the functions f and g, and of their
derivatives. Use it to find the specified derivatives.

x f(x) g(x) M€Y g'(x)
1 3 1 1/2 -2
4 4 -2 0 1
d
1. a( 4f(x)) |x=1 = e
2. i( 2f(x)—3g(x)) = i,
dx ’x;4 -------
d
3. a( JT(x)egx) )|x=1 = i = e
d 5 — j—
4. Zx-( (f cag)(x)),x:l = e = ieeiieenas
d
5. -ci_x( (gog)(x) )lx=l = e = e,
d z 2 _
6. E( f(X) &) )|x=4 e =

29



Additional Exercises:

1) Find the derivatives.

9 f@=(F-4x)

X
b) y=
7-3x
N
c) y=(x——)
X
£ +1
d =4
) s5(2) PR
e) £(x) = tan’x + tan x°
1
f) y=xsin—
X

g) y =sin’ (cos\/;)

h) f(9)=[ sin @ )

1+cos@

i) y=\/sinx+\/1—sinx
i F) =yxtx+x



Implicit Differentiation

Exercise1: If y=f(x) and
3y’ +4xy =3x" +1,
find ﬂ
dx

Solution:

Take the derivative on both sides of the equation.

H
———

Lo

e

[ 3]

+

[a—
o’

-(—i— (.?»y2 + 4xy)

d d

3;(y2)+4a(xy) = e

By the product and chain rules,

......... %+4(............+............) e
......... %+4(+) = e
Solve for Q:
dx
dy | N _
......... 2 T b
dy _
e S | = e,
a4y _
X e

31



Exercise2: If y=f(x) and
cos(x—y)=ysinx,
find ﬂ
dx

Solution: Take the derivative on both sides of the equation.

d d )
Z[cos(x—y)] = Exm[ysmx]

By the product and chain rules,

...... (x—y)% i) = COSX +SIN X,

...... (x=y)( i) = Lcosx+sinx.......
Solve for i)i:

dx

.................................... = ......CoO8x+sinx.........

dy _

dx[ .............................. ] =

dy  _

X e

Exercise3: If x’+xy’+x*y+y =4, find % at the point (1,1).

Solution:
Take the derivative on both sides of the equation.

—d‘i;(x5+xy3+x2y+y5) = -;;( ...... )
d d d d d
E(x5)+ Ex_(xya)+ E( ......... )+ E(ys) = E ...... )

32



By the product and chain rules,

d y
[ ]+[ ...... E(y3)+y3 ...... }L{ ...... oY }t —&x—(ys) = ...
& 3 @ -
[oonn ]+[ ............... -t J+[ ...... PR }+ ..................
Substitute (x,y)=............
[ ]+[ ............... ﬂ+ ...... J-f-l: ...... E[X+ ......... ]+ ............ = .o
dx dx
and solve for Q :
dx
ay _
o P— |
dy
X

Exercise 4: Find the equation of the tangent line to the curve
.3 7T
sin”(xy) + cos(x+ y) + x = *é-

at the point (7/2,0).
Solution:

1. Find the derivative by when (#/2,0) by implicit differentiation:

d ;. - d (n
I (Sm?(xy) +cos(x+y) + x) = (—Z-J

33



Now substitute (z/2,0):

..........................................

Additional Exercises:

2) Find %by implicit differentiation
k) CHxy-y =3
D Jo-2x=y
m) 2y +ixy =32 417
n) 2xy = ()c2 +y° )M

o) xsin y+cos2y=cosy

P) sec(2x+ y)+cos(2x—y)=x
3) Find the equation of the tangent line to the curve at the given point.
1) 2xy+ wsiny =2rm, (L,7/2)

2 2(F+y) =25(x ), @D

4) Find & and E and compare both, if
dx dy

¥ty rxty = y+1

34



Graphing

Recall:

Test for Increase/Decrease: ILet f be differentiable on (a,b).
1. If f'(x)>0 forall x in (a,b), then f isincreasing on (a,b).
2. If f'(x)<0 forall x in (a,b), then f isdecreasing on (a,b).

Test for Concavity: Let f be twice differentiable on (a,b).
1. If f'(x)>0 forall x in (a,b), then fisconcave up on (a,b).
2. If f"(x)<0 forall x in (a,b),then f is concave down on (a,b).

Critical Number: A critical number of f is a number c in the domain of f where
1. fi(e)=0,o0r
2. f'(c) does not exist.

Fermat’s Theorem: If f has a relative extremum at ¢, then ¢ must be a critical
number of f .

First Derivative Test for Relative Extrema. Suppose f is continuous at the
critical number ¢, and differentiable in some small open interval (a,b) around c
(except possibly at ¢)

I If f'(x)>0 forall a<x<c and f'(x)<0 forall c<x<b,then f hasa

relative maximum at c .
2. If f'(x)<0 forall a<x<c and f'(x)>0 forall c<x<b,then f hasa

relative minimum at ¢,
3. If f'(x) does not change signs at c, then f has no relative extremum at c.

Second Derivative Test for Relative Extrema.  Let ¢ be a critical number of f
of type f'(c)=0. Suppose f is twice differentiable in some small open interval
(a,b) around c¢.

1. If f"(c) <0, then f has a relative maximum at c.

2. If f"(c)>0, then f has a relative minimum at c.

3. If f"(c)=0, then this test is inconclusive.

How to Find the Absolute Extrema. Suppose f is continucus on the closed
interval [a,b].
1. Find all critical numbers of f in [a,b], and compute the value of f at each

critical number ,
2. Compute the values of f at the endpoints, namely f'(a) and f'(b).

3. The largest of the values computed in 1. and 2. is the absolute maximum of f,
and the smallest of the values is the absolute minimum of f on [a,b].
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Exercise 1:  Find all critical numbers of f(x) = x* —6x*-3.

Solution:
1. The domain of f is

2. Find the derivative of f.

fi{x)=

f'(x)=0 when x=

f'(x) is undefined when x =

Answer: The critical numbers are

Exercise 2: Find all critical numbers of f(x)=x*"? - x''.

Solution:

1. The domain of f is
2. Find the derivative of f.

[0=

f'(x)=0 when x=

f'(x) is undefined when x =

Answer: The critical numbers are
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Exercise 3: Find all critical numbers of f(x) =|sinx|.

Solution:
1. The domain of f is

2. Find the derivative of f. Since | x|=./ | we can rewrite f as

flx= |

Then
f'x)= =
(sinx > 0)
= (sinx <0)
(sinx =0)

2nr<x<2(n+Dx)
= ( )
( )

f'(x)=0 when

or x=0

f'(x) is undefined when x =

Answer: The critical numbers are
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Exercise 4: Consider f(x)=3x"+4x* —12x> +2.

Find the intervals where f is increasing and decreasing. Then find the relative
extrema, and sketch the graph of f.

Solution:

1. Find the critical numbers.

fix)= =

f'(x}=0 when x=

2. Check the sign of f'.

f‘
f
f'(x=0

f 1s increasing on

f is decreasing on

f has a relative maximum at

f has arelative minimum at

Table of values:

X -3 -2 -1 0 1 2

fix)

The relative maximum values are

The relative minimum values are

38



3. Sketch the graph of f.

30

20

10

-2

Y

-10

39



Exercise 5: Consider f(x)=x*’(x*-16).

Find the intervals where f is increasing and decreasing. Then find the relative
extrema, and sketch the graph of f.

Solution:

1. Find the critical numbers. The domain of f is

)=

f(x)=0 when x=

f'(x) is undefined when x =

The critical numbers are: x=

2. Check the sign of f'.

[ 1s increasing on

[ is decreasing on

f has arelative maximum at

f has a relative minimum at
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Table of values:

X -5 -4 -2 -1 0 2 4
fix)
The relative maximum values are
The relative minimum values are
3. Sketch the graph of f .
l Fy
¥y
30
20
10
|
o >
L -5 - 4 -3 2 -1 3
l \
-10 |
' 20
|
Observe that there is a corner in the graph at x = because
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Exercise 6: Consider f(x)=2x>-x-—x>.
Find the relative extreme values of f using the second derivative test.

Solution:

1. Find the critical numbers.

flo= =

f'(xy=0 when x=

The critical numbers are xX=

2. Lookat f"
(o) =
fC )= So f has arelative at x =
fC )= So f has arelative at x=

Answer: The relative maximum valueis f( )=

The relative minimum valueis f( )=
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Exercise 7: Consider f(x)=x*-4x*+10.

Find the intervals where f is increasing and decreasing, intervals where f is
concave up or concave down, and the inflection points. Then sketch the graph of f .

Solution:

[(x)= =

['(x) = =

f, f and f" are all defined on

1. Find the intervals of increase/decrease

f'(x)=0 when x=

The critical numbers are x =

Check the sign of f':

S is increasing on

S 1is decreasing on

at x = , f has arelative

at x = , f has

2. Find the intervals where f is concave up/down

S(x)=0 when x=

Check the sign of f":
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J is concave up on

f 1is concave down on

f has an inflection point at x =

Table of values:

X -2 -1 0 1

fix)

The relative maximum values are

The relative minimum values are

The inflection points are

Sketch the graph of f.

)

y

30

20

10

v

-10 —
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Additional Exercises:

1) Find the absolute maximum and minimum value of each function on the given
closed interval.

a) f(x)=x-x*-x+2 on [0,2]
b) f(x)=x++/l-x on [0]]
c) g(x)=(xz+x)2’3 on [-2,3]

d) f(@)=tan*d-2tand on [_g,g]

2) Find the absolute maximum of absolute minimum value of each function, if it
exists.

a) f)=x*+4x+2 on (-wx,0)
b) f(x)=4x*-3x* on (—w,x)
1000

¢) hx)=zx’+—— on (0,)
X
d) gx)=—— on (-0,®)
I+x

3) Find the relative extrema of the given functions by using
i) the first derivative test
ii) the second derivative test (where possible)
Which of these are also absolute extrema ?

a) f(x)=2x"-9x%+12x
by flx)=x*+3x*-8

¢) g@®)=sin*t on [0,27]
d) A(x)=|x" 4]

4) For each of the following functions
i) find the intervals of increase / decrease
ii) find the relative extrema
iii) find intervals of concavity
iv) find the inflection points
v) skeich the graph
e
a) f(x) =—3——2x2 +3x-2

b) f(x)=3x"-25x*+60x
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5)

6)

c) fx)=x*'-8x"+16

d) f(x)=x*-16x +96x* - 256x
e) f(x)=(10x-x%)*

£ fx)=x""-x""

g f()=x"x-4"

h) f(x)=2sinx—x, 0<x<2z

i) g@)=2cost+sin’¢, -r<t<rxr

Sketch a continuous curve y = f(x) with the stated properties.

a) f(2)=3, f'(2)=0, f"(x)>0 forall x.

b) f(-D=4, f'(-1)=0, [f"(x)<0 forallx.

c) f(3)=-2, f"(x)<0 forall x=3 and }Lrg f'(x) =00, Egl f(x)=-

Sketch a continuous curve y = f(x) with the stated properties.
a) f(D=0, f3)=4, fH=r'(3)=0
f(x)<0 on (-0, huB,0), f'(x)>0 on (1,3)
ff(x)>0 on (-»,2), f'(x)<0 on (2,)

by f(-=2y=4, f(2)=-1, f'(2)=0, f isnot differentiable at 2.
S'(x)<0 on (-2,2), f'(x)>0 on (—<0,-2)U{(2,x)
f'(x)<0 forall x#2

¢y f(0y=0, f=-2, fO)=f'@=0
fl(x)<0 on (04), f'(x)>0 on (4,x)
Ff(x)<0 on (0,2)w(7,%), [f"(x)>0 on (2,7)
lim f(x)=2
f(=x)= f(x) forevery x.

d fo)y=1 f3)=0
S x)>0 on (0,3), f'(x)<0 on (3,«)
f'(x)<0 on (0,5, f"(x)>0 on (5,x)
131;1 fx)=0
J(=x)=—f(x) forevery x.
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7) For each of the following functions,
1) find the domain
ii) find x and y intercepts
iti) find symmetry (if any) find intervals of concavity
iv) find asymptotes (if any)
v) find the intervals of increase / decrease
vi) find the relative extrema
vii) find intervals of concavity
viii) find the inflection points
ix) sketch the graph

a)  f(x)=5x"-34°
b)  f(x)=x*—4x +4x>
¢) f(x)=4x"+80x*-125

X
1
0TI
x2
25— 3x?
g) f(x)=x—3x

h)  f(x)=sinx—cosx
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Exponential Functions

Recall:

1) If a,b>0 then

aa’ =at
x

i = ax_y

a}'

a'b* = (ab)*

2) If e is the number with

. e -1
Iim
h—0 h

then

Exercise 1:  Sketch the graphs of y=2*,

y= [EJ in the same coordinate system,

Then sketch the tangent line to y =e*at x=0.

Solution:

y=e',
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Exercise 2:  Usc the graphs in exercise 1 to find the following limits:

Exercise 3: If y=¢" (k =constant), find %

Solution: We must use the rule, with y=¢" and u=kx. We get
dy d;, d du
— = —{e&) = —(...... — = () = ..
L) s L) s )
Exercise4: 11 f(x)=<2% find £/(v).
e —e
Solution: We must use the rule.

fix) =

( ) )~ ( ) )

..................
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Exercise 5: If y= Jx e find %

Solution: We must use the rule.
dy _ 4a 4
= (e e S )4 (o, e )

Additional Exercises:
1 Differentiate.
a) f(x)=esin5x

e3x

1+¢*

by y

c) y=tan (63“2)

er +e—2x
d) h(X) = elx 2x

_e_

2) Find the following limits.

a) lime""

X—»cD

by  lime™*

0"

c) lim

Remark: Problems on integration of the exponential function are in a section
below.
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Inverse Functions

Exercise 1:  Consider the function

f(X)=x*+2x (x=-1)

a) Show that f(x) is one-to-one
b)  Find its inverse function f~'(x)
¢)  Sketch the graphs of f(x) and f'(x)

d -1
4 . Compare the two.

x=/(2)

and

d) Find i
dx x=2

e)  Sketch the tangent lines to the graph of f(x)at the point (2,6), and to
the graph of f~'(x) at the point (6,2).

Solution:
a) Take the derivative.
fixX)=.cin. = 2( ......... )
On the interval (-1,00), f'(x)>.........
Thatis, f(x) is on [—1,0)
We conclude that  f(x) is on [—1,m).
b) Write v=.............ll, and solve for x
I S ST e,

Since x=...... always, then
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c)

d)

€)

v

Take the derivatives:

4
dx

a

........................

........................

........................

We see that d— =
dx

Sketch in the above graph.
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x=2

Exercise 2: Show that  f(x)= A is one-to-one. Then find £ '(x).
X+
Solution: The domainof fis ..............cciinil,
Now
f’(x)=( — S )22 ......

That is,

f(x) is on the interval ...............

f(x) is on the interval ...............
Therefore,

f(x) is one-to-one __ ontheinterval ...............

fis on the interval ...............

Can we conclude that f(x) is one-to-one on its domain ? Sketch the graph:

k4

(Asympotes are x=...... and y=...... )
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We see:
If x<2 then f(x)<......

If x>2 then f(x)>......

Therefore, f(x) is one-to-one on its domain.

Now find f'(x). Write

Y i
and solve for x:
I s Foreinns
(oo )Y =i
U I S, — s
X =

..................

y=f1(x=
Exercise 3: Consider
fx)=x"—x"+2x+1 *)
-1
Find Ll .
dx Ix:3
Solution: It is not possible to find £ '(x) from (*). Instead, we use the formula
a1

x=d

Now
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1) af

i
2) We want the derivative of f~'(x) when x= f(a)=3. Looking at (*) we
see that
fla)=3 when &’ -a*+2a+1=3
a=.........
Then
ar 1 1 1 _
dx |3 4 a T
di o dr |
df ™
Exercise 4: Consider f(x)=3+x+¢*. Find —— .
x=4
Solution: It is not possible to find ™' (x). Instead, we use the formula
@ !
dx gy 9
dx x=a
Do Lo
dx
2) We want the derivative of f~'(x) when x= f(a)=4. Now
fla)y=4 when ............... =4
a=.........
Therefore
a4t 1 I 1 B
dx |4 df a T
dx x=a d-x =
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Additional Exercises:

1)  Find f'(x)

a) JS(x)=3x-7

b) f{x)=~2+5x
1

c) f(x)—m

d) fx)=5x"+2, x20

-1
2) Show that 7' (x) exists. Then find L

X=d

3) f(x)=3+x"+sin(xx), x20, a=3

4) f(x)=sinx+cosx, -
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Inverse Trigonometric Functions

Recall: (The definitions of the inverse trigonometric functions)

1

y=sinTx & x=siny (..... <x<.
y=cos'x & x=cosy (..... <x<
y=tan"'x < x=tany . <x<

The derivatives are:

.1 1
—sin" x =
1-x%
—Ccos x =
dx 1-x*
" 1
—tan x = 3
1+x

......

<y<.l. )
<y<.. )
<y<..... )

Exercise 1:  Sketch the graph of y=sin™"x

Solution:
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Exercise 2:

Some typical values of y=sin"" x

sin™(0) = ... because sin{.....

B ( 1 ] .
sin £ B because sin(....

L [ 2} .
sin = e because sin(....
sin™ (—?J = e, because sin{....
sin”' (1) = . because sin....

. 1 )
sin”!| - 5= e because sin(....

. 2 :
sin”!| — 5 |F e because sin{....

. 3} .
sin”'| — T |T e because sin(....
sin”' (1) = .. because sin(....

Exercise 3:  Find the following values:
) a1
1) sin| sin™ — 2)
2
Solution:
1
1 sin?'= = ...
) 2
) | )

Therefore, sin (sm EJ = sin ( .........

In general,

sin (sin"1 x)
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2)

Therefore, sin™ [sin%f—) = sin” (... } =

In general,

sin™! (sin x) =

Exercise 4: Find: tam(sin‘l 0.3)

Solution: Sketch a right triangle where & =sin"'0.3, thatis sin@=......... .

The side adjacent to & has length

tan(sin'10.3) = tang = PP _

Exercise 5:  Sketch the graph of y=cos™ x

Solution: 4

A 4
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Exercise 6:  Some typical values of y =cos™ x
cos™ (O) = e, because coS{(.........
af 1
cos S = because LY (R
ol V2
cos | T e because cos(.........
4| V3
cos (—E—J = i, because oS (...
cosT(1} = ... because HY (R
- 1
cos™'| — 5) = e, because cos(.........
cos!| — g = i because cos{.oonnnn.
cos™! [— ? = e because I (R
cos”(-1) = e because o8 (..u.....
Exercise 7:  Find the following values
1 cos(cos“1 ﬁ} 2)
2
Solution:
1) cos™! ﬁ = .
2
Therefore, cos[cos‘1 ﬁ} = cos{......... )

In general,

cos(cos*l x)
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2 2
) cos( 3]

In general,

cos” (cosx) = ... onlyif  (.....Sx<....)

Exercise 8: If x is any number, —1< x <1, find sin (cos‘1 x).
Solution:

1. Method:  Change sin to cos. From

sin*@+cos’@ =1

we obtain
so that
sin (cos‘l x) = =+
Because always ..., <cosT X<,
and
sinf@z......... on [0,...... ]
then

2. Method:  Sketch a right triangle where & =cos™ x, thatis cos@=......... .

The side opposite to ¢ has length ............... Therefore,

sin (cos"1 x) = sin@ = = ...
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Exercise 9:  Sketch the graph of y=tan™ x. Then find the given values of
1

y=tan x.
Solution:
A
tan (0) = ... because tan(......... ) = 0
tan™! (h——l—) = because tan ( ) =
)= e becausetanfo = .
tan” (1) = ..o because tan(......... ) =

tan"(\/g) = s because tan(......... ) = 3

tan”' (1) = ... because tan(......... } =

tan”! L because tan(......... =
J3

tan” (1) = ... because tan(......... ) =

—
o
=
Py
|
&
N —
1]

X—r0 X—»—00

Symmetry: y=tan"'x isan function.
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Exercise 10: Find the following values

1 tan (tan" =D ) 2) tan” ( tan EJ
6
Solution:

1) tan (=D = ...

Therefore, tan (tan'l (- 1)) = tan(......... } =

In general,

tan (tam'l x) = . (o< x <o)
T .

2) tan 3y = tan 3 = . (because tan x has period ......

fl
B
=
L
o
N
]

Therefore, tan™" [ tan %T]

In general,

tan” (tanx) = ... onlyif  (...<x£...)

Exercise 11: If x is any number, find sec(tan*' x).

Solution: Sketch a right triangle where @ =tan™ x, thatis tan&=...... =
8
1
The hypothenuse has length ............... Therefore,
sec:(tzm'1 x) = secd = hyp = =

............
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Exercise 12: Find the derivative of f(x)=sin"'(2x-1).

Solution: By the chain rule, with

f)=sin(u) and w=2x-1
we have

£ = 1 i )

Exercise 13: Find the derivative of y =220 %

X

Solution: By the quotient rule,

Exercise 14: Find the derivative of y =tan™ (x3 ) .

Solution: By the chain rule,
A i( )
dX e T
1
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Exercise 15: Find the derivative of y=sec™ 1+ x%.

Solution: By the chain rule,

1 ( ) B 1
. ) . a1
Exercise 16: Find lu(‘)r} tan (—]
P X
Solution: If x—»>0" then u= 1 e ST
X
Therefore,
lim tan™ (l] = lim tan”(....) = e
x—0* x (7 T
Additional Exercises:
1) Find the following values
=1 . T . -1 l
a) sin [sm —J d) sin (cos —)
3 2
b}  arccos (coss—ﬂJ e) sec[tan'l I:—ED
4 5
o tan’ (tan %J f)  tan(arccosx)
2) Find the derivatives of
a)  f(x)=sin"Vx &) f@=(1+cos"(3x)
by y= ;2 e) y=cos(x")+(cosx)" +cos' x
arctan x
| 1 —-x -1 -x
c) y=sin (—] f) y=e " sec (e )
X
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The Natural Logarithm

Recall:

1) (The definition of the natural logarithm)

y=lhx & x=¢ Coone <x<..... ,
Domamof nx: ... <x<......
Rangeof nx: ... <Y<
2) The rules of the logarithms are

Inx+Iny=In(xy)

lnx—lny=ln£

y
ylnx=Inx"
3) The derivatives are:
1

—Inx = — x>0
o . (x>0)
d

—lInjx = — x#0
- Inld (x#0)

Exercise 1:  Sketch the graphs of y=Inx and y=In|x| .

Solution:
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Symmetry: We observe that y = lnlxl is an function, so its graph is

symmetric about

Also,

Exercise2: If y=xIlnx find y .

Solution: By the rule,
y = x %( ......... ) +lnx —(oen )

x+\/x2—1| find %.

Exercise3: If y=In

Solution: This is a composition of the functions
y=ln|u| and wu=.........
By the rule,
o _ b1 d )
dx du dx ... de T

....................................
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3/5
Exercise 4: If f(x):ln[x—+” find f'(x) .
x.—.

Solution: Simplify first. By the rules for logarithms,

= [, e, ]
Then
rw = 3|
-3 _
S G TR Y T i
S ) =

....................................

Additional Exercises:

Compute the derivatives of:

i} f(x)= 1n(4x3 - 2x" +3x~1)
2) f(x)=]n|5x2+3'

3) f(x)=In| sin® x |

4) y=In| (5v-7)" (2x+3) |

5) h(x)=InY6x+7

6) f(x)=1In(tan*(2x))
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Arbitrary Logarithms and Exponentials

Recall:

1) (The definition of the logarithm)

v=log x < x=a’ (..... <X<...... s e <y<
Domainof log, x: ... <x<....
Rangeof log, x: ... <Y<
2) The rules of the logarithms are
log, x+log, y=log, (xy)
log, x~log, y=log, d
y
ylog, x=log, x’
3) Relationship between various bases:
at = (€)x =g
In x
log, x=—-
Ina
4) The derivatives are
d .
—a' = .
dx
1
—_ loga x = (.x > O)
Xoiaoaann
1
—log, xl = (x#0)
Exercise 1:  Express in terms of base ¢:
1. 3—(xz+1) = g
sin x 111 ......
2. log, (e ) = log,e=............ =
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Exercise 2:

Exercise 3:

Solution:

Compute the following derivatives.

..............................

If  f(x)=log,(x'sinx), first write

fx)=......... log, x + log,(......... )
Then
fl(x) = F o e
Find the derivative of
(x+1)* P
(x2 + 3)1!4
We use differentiation. Write
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Exercise 4:  Find the derivativeof y = x*™*,
Solution: We can use two methods:

Method 1:  (Use the definition of f(x)¢)

Write
y = xsinx _ (e______“_)sinx = g

Then by the rule,

dy i
R e G )

Method 2:  (Use logarithmic differentiation)

Write

dy

............ E i F
% = Yl e ]

Exercise 5:  Find the derivativeof y = x"* intwo ways.

Solution:

Method 1:  (Use the definition of f(x)*™)
y = x" = (e....”...)”x S —

Then by the rule,

4 4
e — ol O )
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Method 2:

Iny

I
5
—

dy

S
I
=
Lo

Additional Exercises:

1)

2)

3)

4)

Compute the derivatives of

a)  f(x)=log,| tan2x |

b)  g(x)=log, ——
x-1

)  y=x" (x2 +8)7 e

4 .
(x3 +1) sin’x

d) y= %/;

........................

(Use logarithmic differentiation.) Write

..................

€)

.........

yv=x"+7"+x"+rx

fln=2"
y — xlnx
y= (sin x)Jc

3 J x*+9
Y x+9

Sketch the following graphs in the same coordinate system,

a) y=Inx
b) y=log, x
¢) y=log,x

Find the following limits.

a) y=lx

b) y=log,x

¢c) y=log,x

Find the inverse function of.
a)  fx)=log,(x+2)

b) gx)=+/lnx
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d)
e)
f)

d)
e)

c)

y=log, x
y=log,, x
y =log; (=)
y=log,,x
y=log,,x
y =log, (-x)
hx) = 1+e
1-&*
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Hyperbolic Functions

Recall:

1)  (Definition of the hyperbolic functions)

sinhx =

2)  The main identity is
cosh’x ~sinh’x =

3) The derivatives are:
d
—(sinhx) = coshx
dx

%(coshx) = sechx

%(tanhx) = sech’x

Exercise 1:  Find the following values:

sinh(0) =

....................................

cosh(0) =

cosh(lnd) = =
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Exercise 2:  Prove the following identities:

1) sinh(x+y) = sinhxcoshy+coshxsinhy
2) sinh(2x) = 2sinhxcoshx
Solution:
1) Use the definition of sinh(x) and cosh(y)
sinh(x + = +
(x+) 2 > 2 2
= +
4 4
- 4
2) Choose y=x inl),
SINh(X+X) = o
SINN(2X) =

Exercise 3:  Find the derivatives of the given functions
1) f(xy=sinh(x* +1)

By the rule,

Fl) = (x*+1) %( ............ )

................................................
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2) f(x)=cosh’x

By the rule,
' d
X) = i — (e, S
£ - )
3) y =tan "' (tanh x)
By the rule,
a _ L3 )
X axT
- + ......... i tiirresrisen et ee e
Additional Exercises:
1)  Sketch the graphs of
y =sinh x, y =cosh x and y=tanhx
2)  Compute the derivatives of
a) f(x)=¢"sinhx ¢)  h(x)=In(sinhx)
b) y = tanh (3') d) y = x°h

3)  Find the following limits.
a) f(x)=¢e"sinhx

b)  y=tanh(e')
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L’Hépital’s Rule

Recall: If FAC) is an indeterminate form of type % or 2

g(x)

lim L& Ly L&

at x=a then

x—a g(x) Xt g’(x)
Exercise 1: Find lim Lm?ax
=0 x4 8inSx
Solution: Thisis of type ...............
Therefore,
i H +sin3x)
g ZESN3x 2oL (esinde)
=0 x+8inSx x>0 ( .............. )’ =0
In(1
Exercise 2: Find lim n( nx)
i J;
Solution: This limit is of type ...............
Therefore,
. In(lnx) # .
lim = lim Im — = ...
X—>mw J; Xo® X—®

Exercise 3: Find lim 2%
= X
Solution: Careful ! This limit is of type
Therefore,
T
.
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2

X
e —1-x——

Exercise4: Find lim

x—0 JC3
Solution: Thisis of type ............... Therefore,
2
. x
e ~-1-x——
lim = 1 il type ...............
it e illtype
H
= lirrg still type ...............
H
= lim e
x>0

............

Exercise 5: Find lime”*lnx.

X—»0
Solution: Thisis of type ...............
Therefore, rewrite this productasa ............... ,
H
lime*Inx = lim = lim
X—=% A L. X.-'O ------
= m—— = ...
x>0

......

Exercise 6 Find lim 1 —l )
=0 In(x+1) x

Solution: Thisis of type ...............

Therefore, rewrite thisasa ............... \

lim L = lim -
=0 In(x+1) =x ow | xln(x+1) xIn(x+1)

= lim tYpe oo
F—b xIn(x+1) (typ )
H
= hn(} = lm& (still type ............... )
H
= lim = lim = e
x—0 x—0
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Find lim (1-2x)",

x—0

Exercise 7:

Solution:  Thisisof type .............

This is of type
Therefore, write the function as

Then

We now have a limit of type

lirrol In f(x)

...............

Exponentiate:

lim(1-2x)" =

x—0

Find lim (sin x)mx .

x—0"

Exercise 8:

Solution: This is of type

.............

Therefore, write the function as
Then

We now have a limit of type

.................

.......

lim
-0

lirrol In f(x)

Exponentiate:

lim (sin x)mx

x>0

hm elnf(x) — e

=0
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Additional Exercises:

Find the following limits:

8
.oox =1
1) }erll x6 —1
x-1
2)  limS
=0 g1n x
. tanx
H lin
4) Jim &2
x—0 b
5)  lim =2
x>0 x
6 lim In(1+¢*)
Xy Sx
.2
7)  lim—o X

x>0 tan(x?)

=0 sin~ (3x)

9) lime Ilnx

X

10) Hm x’e™

X—»a0

11) bm \/;secx

x—0"

2x
12) lim (x—“j

X—reg X

1 2/x
13) lim(—J
X=ro0 | ¥

14)  lim (l]
0"\
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Antiderivatives / The Indefinite Integral

Recall: If F'(x)=f(x) onaninterval I,then F is called an antiderivative
of f on I.

Any other antiderivative of f on [ is of the form
Fxy+C (C constant)

The function F(x)+ C is called the general antiderivative, or the indefinite integral,
of f(x) on I:

Jf(x)dx = F(x)+C

whenever F'(x)= f(x).

Table of Basic Integrals:

£ [renax=rFeo+c
1 C
PN CEES) .
n+l
COS X sinx+C
sin x —cosx+C
sec’x tan x+C
cscix —cotx+C
sec x tan x secx+C
cscxcot x —-cscx+C

30



Rules for Integrals:

I[f(x)+g(x)]dx = jf(x)(]x + Ig(x)dx

ka (x)dx = & J.f (x}dx (k constant)

Exercise 1:

2xdx = ... +C because i( ...... +C) =
L4 dx
-~ 2 d
W dx = ... +C because —(ceetC) =
L dx
> - d
x“Tdx = ... +C because —(...... + C) =
R dx
- 3 d
secixde = ... +C  because — (e +C) =
J dx
Exercise 2:
1 Since
— ( xt - Zx) S e,
therefore
J‘. .................... dx = x*=-2x+......
2) Since
- (cosax) = e
therefore

Il

o
o
7
e
+

J.. .................... dx ST
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Exercise 3: Find -.-(12x2+6x—5)dx

Solution:

J.(12x2+6x—5)dx = 12 J-xzdx + 6 |xdx — SJ‘Idx

............

Exercise4: Find J(%/E + 4%/; + i] dx
Jx

Solution:

J.[Z\/J_c+43/;+%]dx = I(zx ''''' +4x + 20 )
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Exercise 5:  Evaluate the given integrals.

1) J-(seczt + t2) dt = ... o, +C

2) f[z-ﬂz dz = I( ......... e Fon }dz

3) J' L_ao - _f .............. A0 = .. +C
cos @

4) J'(Lx:ri)zdxz.[( . ) 4

X
= I( Sttt )dx = J.( ......... torreeen Foirenns ) dx
= e, Frennnns Foinns + 0 =
0 o - e
_ ‘[311126’ sin @ : }m
J| cos cos @
SR ~$in0 JdO= oo +C
6) I(2x2—4x)(3x_x3)dx - I(ﬁf- ........................... ) dx
e, e, +C
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Exercise 6: If f"(x)=x+vx and f()=1, f'()=2, find f(x).

Solution: Because f'(x) isan antiderivative of f"(x) we integrate.

[l = .[f”(x)dx = I(x+ ......... Ydx = I(x+ ......... ) dx

..............................

.............................. = 2
C = i
so that
Fi(x) =
Now integrate once more:
x° x*
flx) = J.f’(x)dx = ?+ ......... dx = 7+ ......... dx
T VOU PP +C,

so that
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Additional Exercises:

1) Evaluate the following indefinite integrals:

e)

f)

g)

h)

i),

k)

)

2) Solve the differential equation:

3) Solve the differential equation:

4) Ifd

[4x3 —2x+%] dx
L, x

'Y

(2y —4)(3y+2) dy

* x*+3x+2
o x+1

dx

[ (3x—-4y dx

I3

Vi
X +2x° —4x+2

, Jx

!

Jdsecg

144

dx

dg

tan’x dx

(4sin x+3cos x) dx

(7)(3[4 —3"? —4x“3) dx

[ i——4——+4— 2 du
u

Flix)y=12x* -6x+3, fiy=17
% =4x"2, y(4) =21

=4cosr—3sint and y=2, y'=1 when r=0, find y()

2

5) A particle is moving along a straight line, with given acceleration a(z).
Find velocity v(f) and position s(#) of the particle at time ¢>0.

a)
b)

a(t)=2-6t,

a(t) =32,

v(0) = -5,
v(0) = 20,

5(0)=4

s{0)=5



The Substitution Rule

Recall:

ff(g(x)) g = [ d

where u = g(x) and du = g'(x)dx.

Exercise 1: Find J.\/3 X +12x) dx

Solution: We set

Then

and

Exercise 2: Find '[3)(2 sin(x’) dx

Solution: We set

u

T —
QU= oeeeeeeeeeeeeereeereeeareseees
and
j3x23in(x3)dx = Ism( ...... )
= +C = +C
Check: i( .................. ) =

&7



Exercise 3: Evaluate the following integrals using the correct substitutions:

1. J.x\/x2+7dx = %J.Zx C+T7dx = —;-I ............ du

2.
= e +C = +C
99
3 jx(x2+4) dx = J‘ ............... du
U=..coeru...
diu=..........
e +C = +C

58



............

89



Exercise 4;: Find J xXA1-x* dx

Solution: We set

u e meeeememeesemmememeemem——
Then
QU= e
so that
XAXZ | ooeeeeeereeeseeeseeseeeen
and
x2 S emtsscarsssarasemsssrssessesssmsrarere
We obtain
Ix3 l-x*dx = J.xzxflﬂx2 (x dx) J.( ......... )2\/ ...... du
- j (oo Yovnod j (oo, ) du
e +C = +C
Check: i( ........................... ) =
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Exercise 5: Evaluate the following trigonometric integrals by substitution:

1. fsin%osxdx

Because the derivative of sin x is and appears as a factor

in the integrand, we substitute u =

jsin%osxdx = J. ......... du = ...l +C = i +C

2. J.sinx(1+cos.7c)2 dx

Because the derivative of is and

appears as a factor in the integrand, we substitute u =

jsinx(1+cosx)2dx = J‘ ............ du = ... +C =

du— ............
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J‘secz xtan® x dx

Because the derivative of is and appears as a

factor in the integrand, we substitute u =

J.seczxtanzxdx = .[ ............ dw = ...l +C = . +C

Isinxsccsxaix

Write in terms of sinx and cosx.

Isinxsecsxdx = I .............. dx = f ........... du
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Exercise 6: If jf(x)a’x = F(x)+C, then whatis If(aerb)dx?

(a,b constant, a#0)

Solution: We sct

u= ------------------------------------------
Then
QUS| oeeeeeeeeeeeeeeeeeeeees e
so that
AXZ e ceeeevsaeeen
Then
If(ax+b)dx = Mafu = iIf(...)du = LF(...)'PC = iF( ......

We have shown:

.[f(ax+b)dx = lF(a:x+.l':)+C
a

Examples:
| B Icos(3x) dx =
2. J sec’(5x—3) dx =
3. I sec(rx)tan(zx)dx =

1
4. I—-—dx -
2Y3x+4
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Additional Exercises: Evaluate the following indefinite integrals by substitution:

c ]
1 —  dx
) Jd J2-4x
2) 3
Y X +4
~n S
3) X
¢ Jxt+4
2 [ x+l
J (P r2x—4)
5) L _ dx
J 3x-4)

6) VRV 1 dv
7 cos3x ¥fsin3x dx

8) sin’x dx
9) sec [EJ tan [E) dx
J 3 3
10) sec’x tan x dx
[N D) cos® 3x sin3x dx
12) cos*(zx) sin’ (x) dx
13) cos’(27zx) sin (27 x) dx
~ ol 1
14) sin g 1) i
J x

'cos\/;
JoJx

15) dx

Hint: sin‘x= %(l —cos 2x)

cos’x = %(1 +cos 2x)
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Definition of the Definite Integral

Recall:

where Pia=x,<x <x, <o <x,,<x,=b isapartition of the interval [a,b],

* . . . .
X, is an arbitrary pointin [x,_,x,], and Ax, =x, —x, .

Exercise 1:  Find the area of the region bounded by the graph of f(x)=x"+1 and
the x-axis between x=1 and x=4.

Solution: First sketch the graph of f .

A 4

Next we approximale the region by rectangles. For simplicity, partition [1,4] into n
intervals of equal length. Bach interval must have length

Ax = Axk = —— =

The partition points are then
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For simplicity, we choose x, the right endpoint of [x,_,x,]. Then

Sketch and consider the combined area of all rectangles whose base is the interval
[x,.x] and whose height is f(x,t). Its is

S, = reday = Y s o

k=1
This sum is also called a sum. Let’s compute it.
So = (o)1) = D (s ) e
k=1 k=1
= D (i )
k=1
6 n n n
= —| ) ... + =) ... + =) ...
B) 7 E) - 55
6+ — b m X )
n 2 n 6
C 6 4o P2 )
n 2 n

Now let n > 0.

IimS = lim [6 -+ 9(1+—) + 2 (1+—~—J[2+—)]
a0 " n—0 2

= 6 + 9(1+.) + %(1+...)(2+...) =
Recall that this limit is also called the definite integral.

4
Answer: I (P +Ddx = ...
1
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Exercise 2: Consider f(x)=16—x" on the interval [0,4] with partition
P= JiO,l, 2,3,3.6, 4} .

1. Find [P

2. If x, is the right endpoint of each interval [x,_,,x,], find the Riemann sum
and sketch the rectangles.

3. If x, is the midpoint of each interval [x,_,x,], find the Riemann sum and
sketch the rectangles.

Solution:

1. The partition points are

Xy = eennn . R Y A T Xy =......
We have

Ay, = ... ———.. =......

Ax, = ... — =

Ax, = ... — . =

Ax, = ... — i =, ...

Ax, = ... — e =
Therefore "P” = .

2. Let x, be the right endpoint. Then

X = e f(x,*) = fl....) = (16-....) = ...
X = e F(5) = ) = (16-..) =
X= e F(8) = F() = (16-) = o
X = e f() = f.) = (16-.) = .
Xp = e fl5) = F() = (16-..) = ...

The Riemann sum is
5

Se= ) FO) Ax = FO) A+ F06) Ak, + F05) Ak + £(05) Ax, + F(065) Ax,
k=1

= P+ D+ FED+ L))+ 7))
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Sketch:

A 4

3. Let x, be the midpoint. Then

x = 05
.

X, = eeeennn
.

X = e
.

Xy = enenns
.

Xg = e

The Riemann sum 1s

S~

(3

*
(=

iy

~ =~

=

*

(%
(

S

®

A5

-

) -
) -
(%) =
) =
) -

......

......

.........

Sy = D D) Ax = FO) A+ f(6) Ax, + f(x) Ax, + £ () Ax, + F(5) Axg
k=1

= (o)) )G+ D) H ) ) =

Sketch:

v
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Exercise 3: Consider f(x)=3x-1 on the interval [-2,2] with partition
P={-2,-12,-06,0,08,1.6,2}. Find [P|. If x is the midpoint of each

interval [x,_;,x,], find the Riemann sum and sketch the rectangles.

Solution: We have

Ay, = (a-al) = o Ae, = (eeim) = Ll
Ar, = (w—) = Ay = () = L
Axy = (me) = ol Axg = (imn) =
Therefore ||P” = e

The Riemann sum is
6

Sa= D F(5) Ax = F5) A+ f () Ax, + £() A + f() Ax, + F05) Ax, + f(x;) Ax,
k=1

U0 VA T U000 VA T U000 Y00 W (OO YO WA G VOO W A V(00 W

Sketch:

A 4

99



Exercise 4:  Using geometry, find the following integrals.
3
1) .[ (2x+1)dx
0

Solution:  Sketch the graph of f(x)=2x+1:

A

Because f(x)=0 on [0,3], the value of the integral equals the area below
the graph of f(x):

3
j(2x +1)dx = area of the rectangle
0

+ area of the triangle

Solution:  Sketch the graph of f{x)=9-x*:

A

A 4

3
J(Q—xz)dx = areaof 1/4circle
0
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3) ](3—x)dx

Solution:  Sketch the graph:

A

4
J. (3—-x)dx = area of the triangle - area of the triangle
1

Exercise 5:  The following integrals are given:

]‘f(x)dx=7, ]f(x)dx=4 and ]g(x)dx:2.

Find the integrals indicated.

1
1) If(x)abc e, N

3

5
2) If(x)d.x S e = el =
3) jzf(x)dx T e = e, = ..
4) I[Zf(x)—3g(x)]dx e
5) If(u)du = S = e,
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Exercise 6:  Find the average value of f(x)=3-x over the interval [-1,4]

Solution: Recall that the average value of f(x) on [a,b] is

1 b
a(f) = b—_;jf(x)dx

1) Compute the integral.

Jf(x)d.x - :!.(S—x)dx - me - J‘xdx

4

i (T 3D )=
2) The average value is
a(f) = —— [fwa -

2
Exercise 7: Estimate j\/ X +1dx .
1]

Solution: If 0<x<2
then
0<x* <2’
s0 that
...... <yxP+1<....
Integrate,

2

2
I. ........... MSIVX3+1dx
a
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Exercise 8: Estimate J‘x/x +1 dx without computing the integral.
[\

Solution: If 0<x<3
then
...... <x+1=......
so that

This is not a very good estimate. Upper and lower estimates differ by a very large
amount. Let us try to give a better estimate.

Sketch the graph. (This is the graph of y = Vx shifted units to the

v
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Lower estimate:

Looking at the line connecting the points (0,...) and (3,...) we see that

......... < Jx+1 on [0,3].

Therefore,
3 3
.[ ........... dx < J\/x-i—l dx
0 0
3.
..................... < vx+1dx
0
3-
..................... < Jx+1dx
0
Upper estimate:

Let us compute (and sketch) the tangent line at x=0.

If f(x)=~11x then f'(xX)=..cro.....

The tangent line at x =0 is given by

y—f(..) = m(x-..) where m=f'(.)=.....

Therefore,
Y=ee.. = (.)(x=-..)
or
v o= (x~-.)+...... = eeieieenns
Now because this tangent line is the graph, we have
Ni+x < on [0,2]
Jl+x £ 1 on [2,3]
Therefore,
3 2 3
ij+1 dr < I ........... dr + j ........... d
0 0 2

Answer:  ............ < J‘\/x+l dc £ ...
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Additional Exercises:

2) Using geometry, find
2
a) ﬂx+1|dx
-2

b) 2T(\/16—x2 —x)dx

4]

3) Write as a single integral
3 [} 12
) [rwe v o+ froe

6

5 1]
b) Jg(x)dx - _!g(x)dx - [swa

5

4) Without computing the integrals, show that

a) ]‘xzdx < lJ‘xazx

0 0

2 2

b) |jxdx < J.xzdx

1 T
X 8—x
4 4
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The Fundamental Theorem of Calculus

Fundamental Theorem of Calculus, Part 1: If f(x) is continuous on [a,b], and if
F(x) = ].f(f)dt,
then F(x) is differentiable on [a,b], and “
F'(x) = f(x)

Fundamental Theorem of Calculus, Part 2: If F(x) is any antiderivative of f(x)
on [a,b], then

b
[rwa - rwl - Fo-rFa.

Exercise 1: Consider f(x)=3x-1 on the interval [1,4]. For each x in [1,4], find

F(x) = j £ e,

Then find F'(x) .

Solution: Sketch

A 4

Then F'(x) = —(cvvrveiriinn.. )=

Note that F'(x)= f(x) !
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Exercise 2: If F(x)

J.\II +1* dt
1

then F'(x) =

Exercise 3: If G(x)

J‘§+4 r
=2t

0

then G'(x) =

Exercise 4: i{ j (tz — 41+ 2)99 dt } S e
dx

7
Exercise 5: 4 Isin(uz) du | = .
dod

Exercise 6:  If F(x)

= Ir3cos(t2)dt find F'(x).

X

Solution: Move x to the upper limit of integration:

' _ i | 3 2 _ i _x 3 2 _
F(x) = dx]:;[t cos(t)dt} = dx|i Jt cos(t)dt} e

107



e

Exercise 7: If H(x) = J. ; lds find H'(x).
s°+
1
Solution: This is a composition of two functions,
13 Sz
w=+x and F(;¢)=I ——ds.
v s +1

By the chain rule,

® 2
o wa a1 8 d
dx du dx du J S +1 dx
. . 1 T 1 ST
TR 2.0 Jr . 2o (x+.....)
Exercise 8: If F(x) = J.tz cost dt find F'(x).
Solution: Split into 2 integrals:
0 % x*
F(x) = J‘tzcostdt + J.tzcostdt = jtzcostdt e
x 0
By the chain rule,
F'(x) = 4 jtz costdf| - 4 J‘ ............ dt
dx 0 CLX 0

108



Exercise 9: Find the following integrals by using part 2 of the Fundamental

Theorem.
3
1) | E— P o= S = e
1
2
2) I(Sx2—4x+3)dx = o, §
1

3) I‘[u(\/aq--’u)du = IJ.( .................. Ydu = [ ];

4) ]"6;’2 dt = ]'( .................. Yt = [, I
S R GO ) =

5) mf (cos@+2sin@)d0 = [iooivooriviiiian, I
O G R RO )
S I R ) = e

6) f secixds = [ [ = () = ()

...........................
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3
Exercise 10: Find -“ x'-1 I dx .
2

Solution: First sketch the graph.

2
Ixz_ll _ { ............... if x*-12...... _ { ............... if
............... il if
A
Therefore,
3 -1 r .
ﬂx"‘—l[dx = I( ............ )dx+j( ............ ) dx + I( ............ ) dx
-2 -2 -

................................................
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Additional Exercises:

2)

3)

3)

6)

7)

8)

Find the derivatives of

X

D Py = J'(f—zr)” dr
-1

m  G(x) = j Vi cost dr

n) H(x) = | du

u> -5

Evaluate each definite integral.

[ /5 ax

9

10)

11)

12)

p)

Q)

XZ

F(x) = Jrccm(t")dt
Glx) = J' secr di
u+l
H@w) = I x*+1dx
u-l

x!3

J. (cos @ —2sin 6’) de
-aib

-2

4
J‘xz ldx
x +1

cosucotu du

zt3

4) Find the area of the region bounded by the given curves:

a) y=4x*—4x+3, y=0, x=0, x=2.

b)

)’=|X—x2I, y=0, x=-1, x=2

5) The position of a particle at time f is s(z) =t>—2¢—8.

Find its average velocity over the time interval [1,6]

a) by using the definite integral

b) without using the integral.
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Integration by Substitution in the Definite Integral

Recall:
b z2b)
[riscygma - [ rna
a gla)
where u=g(x) and du=g'(x)dx.
I
Exercise 1: Find I 2xvVx? +1dx
0
Solution: We set
u T reeteeearssearmsemnnsresntvosasoasessens
Then
AUZoeeeeeeeereres e eens
If x=0 then wu=............
If x=1 then wu=............
Therefore,
TP e
.|.2x\/x2+1dx - I ............ du = _[ ............ du
ol
Exercise 2: Find J. sin’xcos x dx
aQ
Solution: We set
u T aamtstsserereerernarernereaeraenn o man:
Then
AUS e
If x=0 then w=............
If x=m7 then wu=............
di = I = - =

Fid
Isin3xcosx dx = I
1]
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Exercise 3: Compute the given integrals by choosing an appropriate substitution.

.....................
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Exercise 4: Find the area of the region below the graph of y = xsin(x*) between

x=0 and x=\/7l'_.

Solution: Since xsin(x*)=>...... on [0,,/7: J we have

A = J.xsin(xz)alx - J' ............ du = J' ............ dn
4]

Additional Exercises: Evaluate the following definite integrals by substitution:
1
2 49
1 j(x+l)(x +2x)" dx
0

7l2

2) .[cosx\/sinx dx

o=

z 2
3) _[ Y dx
J VX1
i sinz\/.;
1) dx
J o Jx
7116
xl2 2
[SEa
sin“ 2x
7l
T3
6) jtan3 xsec” x dx
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Integrals of Inverse Trigonometric Functions

Recall:
* 1 S| P | 1
dc = sinmT x+C because —sin x =
J 1= x2 1-x*
~ 1 1 i 1
-dx = tan" x+C because —tan " x =
J1+x I+x"
.;dx = sec™ ]x'+C because —sec'x = 1
Y oxfxt -1 |x| x -1
Exercise 1:  Evaluate the following integrals.
NE) g Ja |
1. I _dx = 8 J' dE = e, 1?
1+x Jd
0 0
1/2 4 172 1
2. == = 4] At = e 1
g Nl-x do
x?.
3. I de = '[ (oeennnns ) I R +C
1—x° T ............
e T T U +C
U= ...
du=............
tan™' x
a. J' X = J' ......... du = oo, 4C = . +C
1+x
U=, iiiiires:s
du=............
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+
O

er e
d = f dx = f ........ At =
.‘.1+ezx l+(...)2 “

......
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1 J‘ 1 1
= — | —|...... du)y = —— . +C
T a’ (. )z+1( ) =
s +C
U=......ce....
du=............
We have shown:
J' L o - sin‘1(£)+c
a® —xt a
and
J- 21 ~dx = —l—tan"[—)+C
X" +a a a
. . 1
Exercise2: Find J- —_—dx .
NS5—4x—x?
Solution: Complete the square.
5-4x—x* = 5—[ .................. ] = 5—[ ............ +...n.. ——— ]
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Exercise 3: Find J.z——
X +6x+10

Solution: Complete the square.

4 4 4
A J' e = J'
Ix2+6x+10 (x2+...x+...)+... (x+...)2+...

2
Exercised: Find J-—— dx .
xx' -4

Solution: Complete the square.

Additional Exercises: Evaluate the following integrals:

1 1
1 —_ dx 4y ——
) f x*+25 ) \/;(1+x)

1
~ ex COosXx
y [—C 4 5) I __COSX
) 1= \J16~sin’x

3 [ & 6) —— d
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Integrals of the Natural Exponential Function

Recall:

J-e" dce = & +C because iffc = e
dx

Exercise 1: Find J.e"" dx .

Solution: We substitute

U s e
Then

AUS s eensssessssniens
so that

Exercise 2: Compute the following integrals by choosing appropriate substitutions.

5. -[(3x2 +4)f)e"3+r""‘z dx = j ................. du = ... ..., +C
T = i, +C
U= \uirn...
du=............
6 Icosxe““"dx = j ......... du = ... +C = . +C
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x 2
(e tl) o
€

Exercise 3: Find

Solution: Expand

Additional Exercises: Evaluate the following integrals:

1) J‘e3x+4 dx 3) J. -;E dx
ex
! el/x
2) j — dx 2) Ie* sin(e*) dx
X
0
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Integrals leading to the Natural Logarithm

Recall:
J.ldx= ln|x'+C because i1n|x| =l
X dx X
SO 4o = | o]+ C (A)
fx)
. .3
Exercise 1: Find J. —dx.
X
Solution:
[ [ A —
2 x e )
. ) 1
Exercise 2: Find J- dx.
2x-1
Solution: We substitute
u S eeeicicccessssnsnsesssoreravensrernnnns
Then
du D eerasesrrrsamransraresrsnsnsenrasnns
s0 that
J. 1 dx = I ............ di = ... +C = ... +C
2x—1
Exercise 3: Find a general formula for Jde (a0)
ax+b
Solution: We substitute
u e eemcememcesemeeseeesereeseresannes
Then
AUS e
so that
1
J' dx = I ............ du = o O = e
ax+b
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Exercise 4: Find J.ln(x ) dx .
X
Seolution: Simplify and substitute
3
Iln(x)dx _ fln(x)dx - .[ ............ B = e, iC
X X T
= e +C
=i,
du=............

Exercise 4:  Evaluate the following integrals by using formula (A).

2
1) _[f—“dx = J'?————dx = I, |+C
x +3x-4 X +3x-4
1
2) J‘ dx = J‘ de = Inje.............. +C
xInx Inx
4 )
3) f _dx = J"lx dx = Il +C
e*+3 e*+3
L %( ............... )
4) dx = I de = Inl.............. +C
l+cosx 1+cosx
sec x+tan x
5) Isecxdx = Isecx—m-—dx = I dx
secx—+tan x sec x+tan x
d
= )
- j' dx dr= M|, +C
sec x+tan x
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Additional Exercises:

Evaluate the following integrals:

1)

2)

5 [

4) _[e_e dx

et +e”

1
5 dx
) I x(ln x)z

6) J‘ 3cosx
7r+251nx

7) I

8) J‘cosxsmx
cos“x—4
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Integrals of Exponential and Logarithmic Functions

Recall:
J.a"dx= ¢ +C because i a =G =,
Ina dx\Ina Ina
Exercise 1: Evaluate I(x“’ +10"° + 10") dx.
Solution:
j(x‘°+10‘°+10*)dx = e Foiins N Fonn

107
Exercise 2: Find I \/_ dx .
; X
Solution: Substitute.
9
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Exercise 3: Find .[23“dx.
-1

Solution: Recall that

If(ax+b)aix _ Hlaxtb) |

a

C

Therefore,

Additional Exercises:

Evaluate the following integrals:

1 J‘loglx dx
x

4
2) J' s dr
3

3) j X257 dx

tanx
4) J.IO —dx
Cos X
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Integrals of Hyperbolic Functions

Reeall:
sinhxdx = coshx+C because a (coshx) = sinhx
coshxdx = sinhx+C because % (sinhx) = coshx
sech’xdx = tanhx+C because % ( tanh x) = sech’x

Exercise 1:  Evaluate the given integrals..
1) J‘SCOSh(3x—4)dx S s
(Here we use J‘ flax+b)ydx = .................. +o )
In2
2) J. sech’ [g) dx = ]]0]12 = .. — s
(1]
3 Itanhxdx = J.—dx = e I
e +......
(Here we use J. S ) dx = ... +oenn. )
f(x)
4) IS'th;dt= I ........... Al = e b= e, +
Jr
U= oiiienennn.
dii=............
Additional Exercises:
Evaluate the following integrals:

1) .[ _sinhx 2) J' ¢ sech?(e’) di

1+cosh x
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