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Abstract� An obtaining of equations for double waves in case of general quasilinear system of partial di�erential

equations has big di�culties� They are connected with complexity and awkwardness of study of overdetermined

systems� describing solutions of this class� However there are general statements about double waves of au�

tonomous quasilinear system of equations� This article is devoted to classi�cation of irreducible double waves of

autonomous nonhomogeneous systems�

Key words� Partially invariant solutions� degenerate hodograph� multiple waves� double waves�

�� Introduction

A solution ui � ui�x�� x�� � � � � xn�� �i � �� �� � � � �m�� of the autonomous quasilinear system of equations

nX

���

A��u�
�u

�x�
� f�u� ���

is called a multiple wave of rank r if a rank of the Jacobi matrix
��u�� u�� � � � � um�

��x�� x�� � � � � xn�
is equal to r in

a domain G of the independent variables x�� x�� � � � � xn� Here A� are rectangle N � m matrixes with
elements a�ij�u� and f � �f��u�� � � � � fN �u���

Depending on the value of r a multiple wave is named simple �r � ��� double �r � �� or triple �r � ��
wave� The value r � 	 corresponds to uniform 
ow with constant ui� �i � �� �� � � � �m�� and r � n
corresponds to a general case of nondegenerate solutions� Multiple waves of all ranks compose a class of
degenerate hodograph solutions�

The singularity of the Jacobi matrix means that the functions ui�x� �i � �� �� � � � �m� are functionally
dependent �hodograph is degenerated�� with m� r number of functional constraints

ui � �i��
�� ��� � � � � �r�� �i � �� �� � � � �m�� ���

The variables ���u�� ���u�� � � � � �r�u� are called parameters of the wave� The solutions with degenerate
hodograph are a generalization of the travelling waves� the wave parameters of the travelling waves
are linear forms of independent variables� To 
nd the r�multiple wave it is necessary to substitute the
representation � �� into the system � ��� We get an overdetermined system of di�erential equations for the
wave parameters �i�x�� �i � �� �� � � � � r� which should be studied for compatibility� Review of applications
of multiple waves in gas dynamics can be found in ����

The main problem of the theory of solutions with degenerate hodograph is getting a closed system of
equations in the space of dependent variables �hodograph�� establishing the arbitrariness of the general
solution and determining 
ow in the physical space�

Arbitrary nonhomogeneous system � �� is not changed under transformations

x�i � xi � bi� �i � �� �� � � � � n��

that compose a group Gn� For homogeneous systems � �� �f � 	� there is one more scale transformation�

x�i � axi �i � �� �� � � � � n�� With group analysis point of view an r�multiple wave is a partially invariant

�Institute of Theoretical and Applied Mechanics� Russia�
�Full Lie group admissible by system � �� can be wider than Gn �or Gn����
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solution with respect to Gn �or Gn��� ���� A class of partially invariant solutions of some group H is
characterized by rank � and defect �� class H��� ���solutions� If some class H��� ���solutions is a class
H���� ����solutions with less defect �� � �� then it is said that the class H��� ���solutions is reduced to
the less defect� For example� if �� � 	� then such solution is reducible to invariant solution with respect
to the subgroup H��

A practice of study of partially invariant solutions shows that classes of solutions of a given rank
with less defect are easier to get� It is connected with the property that analysis of compatibility for the
solutions with greater defect is more di�cult� Therefore it is useful to clarify the structure properties of
overdetermined system a priori�

There are only some su�cient conditions of the reducibility ��� that allow to predict a reduction on
the basis of structure properties of overdetermined system� One of these conditions is a restriction on
ability to de
ne all 
rst derivatives of solution �otherwise the solution is reduced to invariant solution��
Others are concerned to double waves� If in the process of getting compatibility conditions for the wave
parameters of double wave we obtain N � �n� � homogeneous equations of type � ��� then this double
wave is invariant solution� In particular� plane nonisobaric double waves with the general state equation
which has defect of invariance � � � are isentropic ���� Another application of these conditions to double
waves of gas dynamics equations leads to the result ��� that the class of irreducible to invariant solutions of
plane isentropic irrotational double waves is described by 
ows obtained in ���� For homogeneous systems
of type � �� with N � �n � � and n � � full classi
cation of double waves with additional assumption
about having functional arbitrariness of the solution was done in ����

This article is devoted to the study of nonhomogeneous systems of type � �� with N � �n�� equations
which solutions are not reducible to invariant�
�� Nonhomogeneous systems �N��n���

Let a system of N � �n � � independent autonomous quasilinear equations on the wave parameters �
and � of a double wave be type of ���� It can be obtained as a result of substitution of the representation
of double wave�

ui � ui��� ��� �i � �� � � � � �m�

into the initial system and some analysis of compatibility �� Without loss of generality equations for the
wave parameters can be rewritten as

�i � pi��� ���� � fi��� ��� �j � qj��� ���� � gj��� ��� ���

�i � �� � � � � n� j � �� � � � � n��

Here �i � ��	�xi� �j � ��	�xj and for the sake of simplicity we accept p� � �� f� � 	�
The problem is to classify systems of type ��� with irreducible to invariant solutions�
A classi
cation is derived with respect to equivalence transformations� admitted by system ����

�a� linear nondegenerate replacement of independent variables�
�b� replacement of wave parameters� �� � L��� ��� �� � M��� ���

In the last case the coe�cients pi� qi and the functions fi� gi are transformed by formulae�

p�� � �� p�i �
piL� � qiL�
L� � q�L�

� q�j �
pjM� � qjM�

L� � q�L�
�

f �� � 	� f �i � fiL� � giL� � g�L�p
�

i� g�j � fjM� � gjM� � g�L�q
�

j �

�i � �� � � � � n� j � �� � � � � n��

As a result of such transformations �as in homogeneous case ���� it is possible to do q� � 	� For this
purpose it is enough to choose a function L��� ��� which satis
es to the equation L� � q�L� � 	�

If
P

i q
�
i �� 	� then the coe�cients of system � �� can be transformed to

q� � 	� q� � �� ���

�A case of homogeneous N � �n� � equations was studied by L�V�Ovsiannikov ��	
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Simultaneous safe of equalities q� � 	� q� � � under replacement of the wave parameters is i� there is

M� � 	� L� � M��

i�e��
L � �M ���� � 
���� M � M���� ���

Another case corresponds to system � �� with

qi � 	 �i � �� �� � � � � n�� ���

There is no last case ��� for homogeneous systems� because conditions ��� contradict to the de
nition of
double wave for such kind of systems� rank of the Jacobi matrix is less then two�

A study of compatibility of system ��� consists of in the following� As a result of reduction of
overdetermined system � �� to involutive system we get equations with a structure of nonhomogeneous
quadratic forms with respect to the derivative ��� If at least one of coe�cients of these forms is not
equal to zero� then it means that a solution of the system satis
es to overdetermined system of equations
from which all 
rst derivatives can be found� By virtue of reduction theorem ��� it gives the reduction
of this solution to invariant solution� Therefore these forms are decomposed on subsystems on functions
pi� qj � fi� gj � quadratic� linear and �zero� terms with respect to power of the derivative ��� Further
simpli
cations are connected with more detail study of compatibility conditions of systems of the types
��� and ����
�� Systems of the type � 	�

The value of ��� � a�� � b� can be de
ned from the expression D���� � �� � g�� � D���� � g�� � 	
where Di is a total derivative with respect to xi� a � p�g�� � g��� g��� b � f�g�� � g�g��� g�g��� It can
be noted that all second derivatives �ij and �ij can be found� Therefore an arbitrariness of the general
solution of system of the type � �� is only constant� For example� the derivatives

�i� � pi��
�
� � ���api � fi� � g�pi�� � bpi � g�fi�� �i � �� �� � � � � n�

can be found from the expressionsD���i�pi���fi� � 	� After substituting them into Fi � D��i�Di�� �
	� �i � �� �� � � � � n� we obtain nonhomogeneous quadratic forms with respect to the derivative ��� By
virtue of the prohibition of reduction of the solution of system ��� to an invariant� the coe�cients of these
quadratic forms Fi have to be equal to zero�

qi� � 	� ���

qi�p�g�� � g��� � g�gi� � gi� � pig�� � 	� ���

qib� g�gi� � fig�� � gig�� � 	� ���

�i � �� �� � � � � n��

In the same way from the quadratic forms Di�j �Dj�i � 	 we get

qjpi� � qipj�� ��	�

fjpi� � gjpi� � qjfi� � pig�pj� � fipj� � gipj� � qifj� � pjg�pi�� ����

fjfi� � gjfi� � pig�fj� � fifj� � gifj� � pjg�fi��

�i� j � �� �� � � � � n� i �� j��

And from the equalities Di�j �Dj�i � 	 we 
nd

qj�pi� � qj�� � qi�pj� � qj��� ����
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gjqi� � qi�pja� fj� � g�pj�� � pjgi� � qjgi� � ����

giqj� � qj�pia� fi� � g�pi�� � pigj� � qigj��

qi�pjb� g�fj�� � fjgi� � gjgi� � ����

qj�pib� g�fi�� � figj� � gigj��

�i� j � �� �� � � � � n� i �� j��

We note that the expressions D��i��Di��� � 	 are cubic polynomials with respect to the derivative ���
pi���

�
� � ��� � 	� Therefore�

pi�� � 	� �i � �� �� � � � � n��

With the help of equivalence transformations � �� that leave unchanged conditions q� � 	� q� � ��
because of the choice of the functions 
��� and ����� we can assume that p� � 	� Then from � ��� � �	��
� ��� we get

qi� � 	� pi� � 	� pi� � qi�� �i � �� �� � � � � n�� ����

By using � ��� in the expressions D��i� �Di��� � 	� �i � �� �� � � � � n� we 
nd

qia� � �api� � fi��� ����

fia� � gia� � qib� � ����

�bpi� � g��pia� � �fi��� � g��fi��

ag�fi� � b�fi � gib� � ����

bfi� � g��pib� � g�fi�� � g��fi���

The functions pi� qj � fi� gj must satisfy to � ��� � ��� � ���� � ���� � ���� � ��� � � ��� for the irreducibility
of solutions of system � �� to invariant solutions�

We note that
pi � �Ai �Bi� qj � �Ai � Ci� �i � �� �� � � � � n��

are the general solutions of equations � ���� where

A� � 	� B� � �� C� � 	� A� � 	� B� � 	� C� � ��

and Ai� Bi� Ci �i � �� � � � � n� are arbitrary constants� Further simpli
cations of equations of system � ��
are connected with an application of equivalence transformations� which correspond to a replacement of
the independent variables� By virtue of the replacement�

x�� � B�x�� x�� � C�x�� x�i � xi� �i � �� �� � � � � n�

we can get Bi � 	� Ci � 	� �i � �� �� � � � � n��
Further we have to consider two cases� �a� all Ai � 	�i � �� �� � � � � n� and �b�

P
i A

�
i �� 	�

In the 
rst case �a� the system � �� has the form

�� � f�� �i � fi� ����

�� � g�� �� � �� � g�� �i � gi� i � ��

In the second case �b�� without loss of generality� we can regard A� �� 	� Then as a result of one more
linear transformation of the independent variables

x�� � x�� x�� � x�� x�� � A�x�� x�i � xi� �i � �� �� � � � � n�
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system � �� becomes

�� � f�� �� � ��� � f�� �i � fi� ��	�

�� � g�� �� � �� � g�� �� � ��� � g�� �i � gi� i � ��

Further successive simpli
cations of systems ���� and ��	� are connected with the analysis of the
constants Ci�
���� System ��
�

In this case equations � ��� � ��� � ���� � ��� are reduced to

gi � Ci��Ki� fi � Ci� �Ri� ����

Ci��g�� � �g�� � g�� �Rig�� �Kig�� � 	�

Ci��g�� � �g�� � g�� �Rig�� �Kig�� � 	�

Ci��f�� � �f�� � f�� �Rif�� �Kif�� � 	�

CiRj � CjRi� CiKj � CjKi� �i� j � �� �� � � � � n��

where Ci� Ri�Ki are arbitrary constants�
������

If at least one of the constants Ci is not equal to zero� �without loss of generality� we can take C� �� 	��
then with the help of transformations

�� � � �
R�

C�

� �� � � �
K�

C�

�

x�� � x�� x�� � x�� x�� �

nX

���

C�x�� x�i � xi� �i � �� � � � � n�

system � ��� becomes

�� � �� �� � �� �i � 	� �i � 	� �i � �� �� � � � � n�� ����

�� � �F ��	��� �� � �����	��� �� � �� � �����	���

The functions F������ must satisfy a system of three ordinary di�erential equations of the second order�
This system is obtained after substitution of

f� � �F ��	��� g� � �����	��� g� � �����	���

into equations � ����� ����
���

� � y���

� � y�F �� � 	�

�y�F � y�� ����F
�� � 	� �y�F � y�� �����

��

� � 	�

where y � �	��
It can be noted that system � ��� is invariant with respect to transformation� �� � ��� �� � ���

Therefore we can consider that � � 	� It allows one more simpli
cation by transformation

�� �
�

�
� �� � ln ���� x�� � x�� x�� � x�� xi � xi� �i � �� �� � � � � n��

System � ��� is reduced to

�� � ��� � ������� �i � 	� �i � �� �� � � � � n�� ����

�� � F ���� �� � �� � ������� �� � �� �i � 	� �i � �� � � � � n��
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Here ������ � ����� � ������ � ��F ���� ������ � ������ � �F ����
Let us give some remarks about solutions of system �����
A solution of ���� has the form

� � ��x�� x��� � � x� �G�x�� x���

where the function G�x�� x�� can be found from the totally integrable compatible system of di�eren�
tial equations� These solutions are invariant solutions of equations ���� with respect to algebra with
generators�

�x� � ��� �xi � �i � �� � � � � n�� ����

Assume that the functions ��x�� x�� and G��x�� x�� are functionally dependent� then the Jacobian

W �x�� x�� �
���� ��

��x�� x��
� ��� � ��� ��� � �F �� F ��� � 	� This equation supplies su�cient condition for

the reducibility of the solution of system ���� to an invariant solution with respect to H � Gn� There�
fore for irreducible solutions the functions ��x�� x�� and G��x�� x�� are functionally independent or
W �x�� x�� �� 	�

We note that if ��� �� 	� then functions F� ��� �� are linear� F � k�� � k�� �� � k�� � k�� �� �

k��� k� with arbitrary constants ki �i � �� �� � � � � ��� If ��� � 	� then ���

���� ��F ���� � 	 and � �
x�
x�

up

to shifts of the independent variables and because of W � x��� �� � x� ��� � x�F � �� 	� then the solution
is not reducible to an invariant solution of H � Gn�
������

Let us consider the case with all zero constants Ci � 	�
Firstly� assume that at least one of the constants Ki is not equal to zero �without loss of generality�

we can consider that K� �� 	�� Then from ���� we get

g� � g����R��� g� � g����R��� f� � f����R���

where R � R�	K�� If g�� � g�� � f �� � 	� then the solution of system ���� is linear with respect to the
independent variables� i�e� it is invariant with respect to some subgroup H � Gn� Therefore a prohibition
of reducibility to an invariant solution leads to conditions �g���

� � �g���
� � �f ���

� �� 	 or from ���� we have
Ri � RKi� After transformation

x�� �
nX

i��

Kixi� x�i � xi� i �� �

we obtain� f� � R� g� � �� gi � 	� fi � 	� �i � �� �� � � � � n�� In addition we can reckon that R � 	�
Really� if it is not so� then after one more transformation

�� � ��R�� �� � R��

x�� � R��x� � x�� x�� � x�� x�� � Rx�

the same system can be obtained� but with R � 	� Irreducibility conditions � ����� ��� in this case
become

f� � k�� � k�� g
��

�f� � 	� g���f� � 	

with arbitrary constants k�� k�� We note that if f� � 	 �k� � 	� k� � 	�� then a solution of � ��� is
� � 
�x��� � � x� � cx� � ��x��� which is invariant with respect to some subalgebra H � Gn� Here c
is a constant� Therefore for systems with irreducible to invariant solutions we have to consider only case
when f� �� 	� In this case functions g� and g� are linear g� � k��� k�� g� � k��� k� and system � ��� is

�� � k�� � k�� �i � 	� �i � �� �� � � � � n�� ����

�� � k�� � k�� �� � �� � k�� � k�� �� � �� �j � 	� �j � �� �� � � � � n��
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If k� �� 	� then by virtue of equivalence transformations we can consider that k� � �� k� � 	� In this
case

� � 
�x��ex� � � � �
� � k�
�ex� � k�x� � x��

where the function 
 � 
�x�� satis
es the homogeneous linear ordinary di�erential equation


�� � k�

� � k�
 � 	�

If k� � 	� but k� �� 	� then� as in previous case� by virtue of equivalence transformations it can be put
k� � 	� k� � �� And then

� � x� � 
�x��� � � x� � x��

� �

k�
�
x� � k�
� k�� � ��

where functions 
 � 
�x�� and � � ��x�� satisfy to the ordinary di�erential equations


�� � k�

� � k� � 	� �� � k�
 � k��

Now let all constants Ki � 	� If at least one of the constants Ri is not equal to zero �without loss of
generality we can account that R� �� 	�� then by transformation

�� � �� �� � �� x�� � x�� x�� � x�� xi � xi� �i � �� �� � � � � n�

the same system is obtained as was considered in previous case� If all Ri � 	� then for such a solution

� � ��x�� x��� � � G�x�� x��

and it is invariant with respect to subalgebraH � Gn� which corresponds to subalgebra f�x� � �x� � � � � � �xng�
���� System ����

A study of compatibility of system ��	� is more cumbersome� In this case the equations � ��� � ��� � ����
� ���� � ����� ��� can be reduced to

g�� � �g�� � �g�� � g�� ����

s� � �b� g�g�� � f�g�� � g�g�� � 	�

f�� � �f�� � f��

f�f�� � g�f�� � �g�f�� � f�f�� � g�f���

g� � �f�� � g�� � �g�� � �g�� � f���

s� � �g�f�� � f�g�� � g�g�� � �f�g�� � g�g�� � �b � g�f����

fi � 	� gi � 	� �i � �� �� � � � � n��

a� � f���� �a� � �a� f���� ����

f�a� � g�a� � b� � g���f���� � g��f���

f�a� � g�a� � �b� � �b� g���a� � �f���� � g��f���

ag�f�� � b�f� � g�b� � bf�� � g��g�f��� � g��f����

ag�f�� � b�f� � g�b� � bf�� � g���b� � g�f��� � g��f����

The problem is to 
nd the general solution �up to equivalence transformation� of system � ���� � ����
Because equations � ���� � ��� are not su�cient for irreducibility of a solution of system ��	� to invariant
solution� then a next problem is to try to analyze a solution of ��	� with found functions fi� gj and
coe�cients pi� qj �

All further intermediate calculations in the study of compatibility of the system � ��� were made on
computer in the system REDUCE ���� Here we give way of computations and 
nal results�
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Let us input new function G� � g���g� instead g�� From ����� and ����� we 
nd G��� G�� and from

������ f��� and f���� After substitution found expressions into
�

��
G�� �

�

��
G�� � 	� we get equation

���g�� � g����� � 	� Without loss of generality� last equation can be integrated�

g� � 
�� g� � 
� � �� log �� ����

where 
 � 
��� �� and �� � ����� are arbitrary functions� After substitution of ���� into expressions for
f��� and f��� we get

f��� � �
��

�

�
� f��� �

��� � ���

�

�

Integration of last expressions allows to 
nd functions

f� � ���

���� log �� � ��� � ��� f� � �����

� � ������� log �� � ��� � ��

with arbitrary functions �i � �i���� �i � �� �� �� ��� From ����� we have

���� � ��

� � ���

�� � �� � ��

� � ���

� � 	�

After splitting of this equation with respect to �� we get

��

� � ���

� � ��� ��

� � ���

� � ��

or if we input a new function �� � ����� by �� � ��

� � ��� � ��� then �� �
�

�
���

� � ���

� �� In this case

�G�

��
� �
� � �
���

�G�

��
� ��
� � �
�� � ��

�

which can be integrated as G� � ��
� �
� � ���
A composition of di�erentiated ����� with respect to � subtracted by di�erentiated ����� with respect

to � and added ����� is�

��
�� � ��

�
� �
��
�

� 	�

If �� �� 	� then we can get contradiction� Really� let �� �� 	� then last equation can be integrated


 � ���G� � log �� � �	�

where G � G��� and �	 � �	��� are arbitrary functions� In this case equation ����� has the form

G�a�� log � � a�� � a�� � a�� log� � � a�� log � � a�� � a	 log � � a
 � 	 ����

where ai� �i � �� �� � � � � �� are polynomials of functions ��� ��� ��� ��� �	 and their derivatives� It can be
shown that ���� is possible only if �� � 	� But it contradicts to original assumption about ��� Therefore�
we have to consider �� � 	�

Further consideration is founded on the analysis of compartibility of equations ����� and
�s�
��

�
�s�
��

� 	� which have the forms�


�h� �
h� � ��h
� � �����

��

� � ���

�� � ���
��

� � 	� ��	�

��
�
�� � 
��
��

� � �
�
�� � 
��h � 	� ����

where h � ����

� � ����
Assume that h � 	� so �� � 	� �� � c�� � c�� where c� and c� are constants� We note that in this

case ��

� � 	� Analysis of ���� gives that we need to study two cases� �a� 
� � 	 and �b� 
� �� 	�
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Let 
� � 	� then from ���� we get

�c��� ���
�� � c�
� � 	�

If c� �� 	� then without loss of generality� system ��	� can be written as

�� � 	� �� � ��� � �� �i � 	� ����

�� � �c�� �� � ��� �� � ��� � � � c�� �i � 	� i � ��

A solution of this system is

� � �x���x��� � � �cx�� � x� � c�e
x����x���

where ��x�� �
ex�

ex� � �
�

If c� � 	 and �� �� 	� then without loss of generality� system ��	� can be written as

�� � 	� �� � ��� � �� �i � 	� ����

�� � c� �� � ��� �� � ��� � c� � c�� �i � 	� i � ��

A solution of this system is

� � �
x�
x�

�
x�
�
� � � c�x� �

x��
�

��
x�
x�
�

where c is arbitrary constant�
If c� � 	 and �� � 	� then without loss of generality� system ��	� can be written as

�� � 	� �� � ���� �i � 	� ����

�� � 
�� �� � ��� �� � ��� � �
� � �
� �i � 	� i � ��

where 
 � 
��� is arbitrary function of �� A solution of this system is

� � �
x�
x�
� � � �

x�
x�
� x�
����

Let 
� �� 	� then from ���� we get 
 � F ���� where � � � � ����� The functions ���� and F ��� are
functions of one argument �F � �� 	�� which have to satisfy to the equations

����c�� � ��� � 	� F ����F � c�� � c�� � c�F
� � �F ��� � 	�

Here� by virtue of the 
rst equation� c� � ���c�� � ���� c�� is a constant�
If c� �� 	� then because of equivalence transformations� we can account that c� � �� �� � 	� � � 	�

and system ��	� can be written as

�� � 	� �� � ��� � �� �i � 	� ����

�� � 	� �� � �� � F �� �� � ��� � �� �F � � �F� �i � 	� i � ��

where the function F � F ��� satis
es to

��� �F �F �� � F ���� F ��� �F � �� 	��

A solution of this system is

� �
x�e

x�

�� ex�
� � � ��x�� x���

where a function ��x�� x�� satis
es to a compatible overdetermined system of equations�
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If c� � 	 and �� �� 	� then without loss of generality and because of equivalence transformations�
system ��	� can be written as

�� � 	� �� � ��� � �� �i � 	� ����

�� � 	� �� � �� � �c�� �� � ���� �i � 	� i � ��

where c �� 	 is a constant� The solution of this system �up to scaling x�� x�� x� and �� is

� � �
x�
x�

� x�� � �
�

x�
��ex� � ���

where � � 	 or � � �� If � � 	 � then the solution is invariant with respect to subalgebra �x� � �xi � �i �
�� �� � � � � n��

If c� � 	 and �� � 	� then without loss of generality� system ��	� can be written as

�� � 	� �� � ���� �i � 	� ����

�� � ��F �� �� � �� � F �� �� � ��� � �� � ����F � � �F� �i � 	� i � ��

where � � ���� is arbitrary function� F � c�� � c��
�� � � ������ and c� c� are constants �c �� 	�� With

the help of equivalence transformation this system can be simpli
ed to

�� � 	� �� � ���� �i � 	� ����

�� � ���� � ���� �� � �� � �� �� � ��� � ���� � ���� � ���� �i � 	� i � ��

The general solution of this system is �up to equivalence transformation�

� � �
x�
x�
� � �

�

x�
��ex��x�� � ���

where � � 	 or � � �� If � � 	 � then the solution is invariant with respect to subalgebra �x� � �xi � �i �
�� �� � � � � n��

Now we consider the case h � ����

� � ��� �� 	�
Let ���

� �� 	� then system ��	�� ���� is compatible �up to equivalence transformations� only if the
system ��	� has the form

�� � �� � ���� �� � ���� �i � 	� ����

�� � 	� �� � �� � ��� � ��� �� � ���� �i � 	� i � ��

where �� � are constants� A solution of this system depends on ��
If � �� 	� then the solution is �up to equivalence transformation�

� �
x� � ��ex�

�ex� � x�
� � � �

� � ���ex�

�ex� � x�
�

where � � 	 or � � �� If � � 	 � then the solution is invariant with respect to subalgebra �x� � �xi � �i �
�� �� � � � � n��

If � � 	� then the solution is �up to equivalence transformation�

� � �
x� � �x��
x� � x��

� � � �
x�

x� � x��
�

Let ���

� � 	 or �� � c�� � c� and �� �� 	� Changing of the function 
 on to Q��� �� � �
� ��	��	h�

simpli
es equations ��	� and ������ even more� the equation ����� can be integrated�

�Q

��
� �Q����

��

� � ���

���

��
� �Q

c��
�

�

����
� �
�
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where �
 � �
���� Then from these two equations by cross di�erentiating we get

AQ� �BQ� C � 	�

where A � ���������
���

� � ����
�

��
��

� � ���

����� B � �c�����
�

���	�� C � ��


�
�
� � �c���

�

�	���
Further analysis depends on the value of Q�� There are only two possibilities� a� A � 	� B � 	� C � 	

and b� Q� � 	�
In the case a�� because B � 	� we need to consider two cases� In the 
rst case ��

� � 	� and then�
without loss of generality the system ��	� can be reduced to

�� � �� �� � ���� � c��� �� c�� ��	�

�� � k� �� � �� � c�� �� � ��� � k� � k��

where k and k� are constants and c� accepts two values� either c� � � or c� � 	� In the second case
c� � 	� and without loss of generality the system ��	� can be reduced to

�� � �
�

�
��� k��� �� � ��� �

�

�
�� � �k���� k��� ����

�� �
��� k��

���� k���
� �� � �� �

���� k��

���� k��
� �� � ��� �

��� k����� � �k�� �k��� �kk��

���� k���
�

where k and k� are constants�
Let us now consider the case b� Q� � 	� From s� � 	 we get Q���

� � 	� If c� � 	� then the system
��	� can be reduced to

�� � �� �� � ��� � ��� ����

�� � 	� �� � �� � k���
�

�� �� � ��� � k���
�

��

where k is a constant and �� is an arbitrary function of one argument and function �� is connected with
�� by� ��

� � ���

� � ��� If c� �� 	� then the system ��	� can be reduced to

�� � �� �� � ���� � ��� � � k�� ����

�� � 	� �� � �� � �� �� � ��� � k�

where k and k� are constants�
We can thus formulate the following theorem�
THEOREM� System ���� can have solutions irreducible to invariant solutions only if it is equivalent

to one of the systems� ����� ����� ���������� ���� �or ������
	� Systems of the type � ��

Systems of the type � �� have the form

�i � pi��� ���� � fi��� ��� �j � gj��� ��� ����

�i � �� � � � � n� j � �� � � � � n��

As with systems of type � ��� we can obtain necessary irreducibility conditions from expressions Di�j �
Dj�i � 	�

gi� � pig��� gi�g� � fig�� � gig��� �pjfi � pifj�g�� � gigj� � gjgi� � 	� ����

and

�pipj� � pjpi��g� � pi�fj � pi�gj � pj�fi � pj�gi � 	� ����

�pifj� � pjfi��g� � fi�fj � fi�gj � fj�fi � fj�gi � 	�

from expressions Di�j �Dj�i � 	� Here i� j � �� �� � � � � n�
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Assume that g� �� 	� If g�� � 	� then without loss of generality we can consider g� � �� In this case
from ���� we can conclude that gi� �i� j � �� �� � � � � n� are constant� even up to equivalence transformations
we can regard them as gi � 	� �i� j � �� �� � � � � n�� Solution of such system is � � x�� which is partially
invariant with defect � � �� It is possible further simpli
cation of system �����

If g�� �� 	� then without loss of generality we can consider g� � �� Because in this case from ���� we
have

pi � gi�� fi � �gi�� �i � �� �� � � � � n��

It gives that 
rst n � � equations �i � pi�� � fi� 	� �i� j � �� �� � � � � n� are consequences of the others
equations� But we assumed that equations of system ���� are not dependent�

If g� � 	� then without loss of generality we can consider that g� � �� From ���� and changing the
independent variables� we can obtain gj � 	� �j � �� �� � � � � n�� Solution of such system is � � x�� which
is partially invariant with defect � � �� As earlier it is possible further simpli
cation of system �����

� Conclusion

In this paper� the classi
cation of systems of type � �� with N � �n � � nonhomogeneous for double
waves quasilinear equations are done�
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