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Abstract

Itis shown that the overdetermined system obtained by truncating a Painlevé expansion for solutions of the classical Tzitzéica
equation may be reduced to a compatible Frobenius system. Its general solution is expressed in terms of solutions of the standarc
linear representation of the Tzitzéica equatior2002 Elsevier Science B.V. All rights reserved.

1. Introduction not only has intrinsic geometric importance but affords
a direct connection with an integrable anisotropic gas-
In a series of papers between 1907 and 1910, the dynamics system [7,8].
Romanian geometer Tzitzéica [1-3] investigated a  The Painlevé test and its modifications (see [9]) for
particular class of surfaces (affine spheres) associatedpartial differential equations as introduced by Weiss
with what may be regarded as a nonlinear wave et al. [10] is widely considered as a test for inte-
equation, namely grability. In 1986, Weiss [11] showed that the Tzit-
9 zéica equation passes the Paieléest. Later, in 1994,
(Nh)ey =h—h"%. @) Musette and Conte [12] noted that the Tzitzéica equa-
Tzitzéica not only established invariance of (1) under tion admits a nontrivial truncated Painlevé expansion.
a Backlund transformation but also constructed what Such truncations are commonly associated with Back-
is nothing but a linear representation incorporating a lund transformations. In [13], it was subsequently
spectral parameter [3]. The rediscovery of the Tzit- shown that indeed there resides a Bécklund transfor-
zéica equation in a solitonic context had to wait until mation within the overdetermined system of equations
some seventy years later [4,5]. In 1953, Jonas [6] in- which is obtained by truncating the Painlevé expan-
vestigated properties of another avatar of the Tzitzéica sion. Whether this Backlund transformation represents
equation, namely the affine sphere equation. The latter the general solution of this overdetermined system re-
mained an open problem [14,15]. Here, we examine
mspondmg author the overdetermined_system in dete_lil in orc_ier_to demon-
E-mail addressessergey@math.sut.ac.th (S.V. Meleshko), strate that the solution presented in [13] is, in fact, the
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2. Thetruncated Painlevé expansion

The solutions of the Tzitzéica equation (1) or,
equivalently,

hhyy —hyhy =h3—1, 2

are known [12] to admit a formal Laurent expansion
of the form

$eby L buy
A

where ¢ is termed the singularity manifold func-
tion [9] and the coefficientg; are functionals of the
derivatives ofp. Truncation of the above expansion at
the ‘zeroth level’ imposes constraints ¢rwhich are
obtained by inserting the ansatz

PPy Py

_ %y
¢? ¢

into the Tzitzéica equation (2) and equating the coef-
ficients of the various powers af to zero. It is ev-
ident that there exist four relations corresponding to

#°, o7, ¢72, $~3, namely

h=2 Pxy

+H+ Y figh, ©)
k=1

h=2 +H, 4)

HHy, — H.Hy=H3 -1, (5)
H¢xxyy = Hy‘;bxxy + de)xyy
- xy¢xy + 3H2¢xy, (6)

—2H?$yybrry + 2H by (dry Hy + H¢,)
+ 2H Gy ($xy Hy + H¢y) — 202 Hy Hy + 292,
— 20ypx HyH? — 20 ypy Hy H? + frxpyy H®
— Guxpy HyH? — pepyy He H? + oy Hy Hy H
—2¢.pyH* — ¢y H =0,

Gryydy H ($xx H — d Hy)
+ Guxydx H(@yy H — dy Hy)
— Gy brxyy HZ + Guybutby He Hy — brydry
— bux2H — ¢y H*
+¢2¢pyHyH? + ¢ H H? = 0. (8)

It is noted that the relation (6) has been used to
simplify the relations (7), (8). Any solution of the

Q)
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obey the Tzitzéica equation (2). In fact, it has been
shown [13] that a particular solution of the system (5)—
(8) may be formally expressed in terms of the ‘Gaul}
equations’ for affine spheres and their associated
polar-reciprocal counterparts [6]:

Theorem 1. If H is any solution of the Tzitzéica
equation(5) then the system

H, A H, A
@xxzﬁfpx“‘ﬁfpyv wxngl/fx_ﬁl/fy,
@xyZHQDv 1/fxy=H1/f,

Hy 2t H, At
‘pyyzg‘/)y"‘?‘/)x’ WyyZ?Wy_FWx,

(10)

where 1 = const is compatible and the functios
defined by

O =V — Yy, ¢y = 1p‘ﬂy - Wyfp’ (11)
obeys the remaining equatio(®)—(8) provided that

Vypx + Yooy = HYg. (12)
The latter constitutes an admissible constrain{b).

The solutiong depends orb arbitrary constants of
integration and the constant

As pointed out in [13], the system (10)—(12) is
involutive [16,17]. Thus, for a given solutio” of
the Tzitzéica equation, the general solutign ) of
the subsystem (10), (12) depends on 5 constants of
integration and the arbitrary constantThe function
¢ also depends on 6 arbitrary constants since it is
defined up to an additive constant but its definition
involves only products ap andy . It is the purpose of
this Letter to show that the relations (10)—(12) provide
the general solution of the overdetermined system (5)—
(8) if

1
H= ﬁ[(H‘pxx — Hyx)(Hepyy — Hydy) — dxpy |

<. (13)

Extensive use of the computer algebra program R
DUCE [18] has been made.

above overdetermined system gives rise to a Backlund 3- The consistency of (5)~(8)

transformation since botH and

h=H — 2(|n ¢)xyv (9)

Here, we demonstrate that the system (5)—(8) is
consistent and that its general solution likewise de-
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pends on 6 arbitrary constants of integration. Thus, itis are indeed satisfied. For computational purposes, it

first noted that the degenerate cagks,, — Hy ¢, =0 here proves convenient to be aware of the relations

or H¢,, — Hy¢y, = 0 lead to the trivial condition

¢y = 0. We therefore consider the generic situation HoxyH + S M
oyH o H

Thus, it has been shown that the system (5)—(8) is
consistent and may be reduced to the system (18)
if and only if the condition (15) holds. The general
solution of the Frobenius system (18) is seen to contain
6 arbitrary constants of integration.

Uy =2 , Py =2 (22)

¢y¢x(H¢xx - Hx¢x)(H¢yy - Hy‘by) 75 0.

In this case, relation (8) may be solved for the
derivative ¢, ,,. Substitution of the latter into (7) is
then readily shown to lead to a quadratic algebraic
equation in¢,,, which may be solved forgp,,,
provided that the associated discriminant is non-
negative, that is

(14)

4. Thegeneral solution of (5)—8)

A=pu(2b—pgd)) =0, (15)
h In the preceding, it has been established that for a
where given solutionH of the Tzitzéica equation (5) both
_ 2 2.2 the general solution of the Frobenius system (18)
b_“(d)xy Ho:y) P3Py (16) and ¢ constructed in terms of the solution of the

linear system (10) depend on 6 arbitrary constants

Hence, the derivatives,,, and¢,,, are found. These
(of integration). This result is an indication that the

may now be inserted into (6) and the compatibility

condition latter indeed gives rise to the general solution of the
overdetermined system (5)—(8). In order to show this
0dxxy _ m (17) rigorously, we now regarg as a known solution of
dy dx (18) and construct a solutiag, ) of the system (10)

subject to the constraint (12). Let us suppose for the
moment that there exists such a p@it v). Then, the
relations (11) may be solved for the derivatiygsand
¢y since we assume that # 0. The compatibility

resulting in two linear algebraic equations foy, .

ande,,,. The corresponding determinant of this linear
system turns out to be non-vanishing by virtue of
the assumption (14). Consequently, all third-order

derivatives of the functiog are determined: condition
0oy 0@y
b Sty HES) L H ai - % (22)
xxx—2¢yH(¢yyH_¢yHy) xH, y X
ey H — S + 265 bybry H, produces (1@which may be written as
¢xxy= 2¢ H((]5 H—¢H) +¢xy?+¢xH,
* yy 5 Yy 1quxy = Wy(px + Wx‘by- (23)
H 4+ S+ Dy H,
bxyy = MzdzyH((b 7 —¢£¢;I¢))Q + ¢xy# +¢yH, Moreover, (10) assumes the form
y xx x £ x
By = 3(M¢xyH -9 ¢y Hyy (18) Z)L(W/fy =¢xHy — Ay — Hopyy. (24)
T 20 H(GuxH = b Ho) H The latter two equations may now be solved for
where the quantity is defined by the derivativesy, and v, and hence the following
5 5 expressions for the first-order derivativesgfnd s
§%2 = H?A. (19) have been found:
Itis Qirectly verified that the remaining compatibility 9« MY 20hyy — Prdy)
conditions $x = 2y 20 (Hy ¢y — Hoxy) ’
a¢xxx — 8‘pxxy 8‘pyyy — 8¢xyy (20) @y = & Hx¢x - H¢xy
dy ax ax ay YT 2y 20 ’
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vy = ¢_x X(ZWZWny - ¢x¢y)
! 2¢ 20(Hypy — Haoyy) '
9y | Hibi—Hoy,

It turns out that the condition resulting from the
compatibility requirement
s _ Yy

dy x

and the remaining relations ()56 (12) are not
independent. In fact, they reduce to

(26)

2 ,LLH(—¢§y + Pxpy H) — Sxy + ¢§¢§H’
HQ3(Hy$y — Hoyy)?
oy = o 0l +S @)

2H¢y(Hypy — Hopyy)'
and differential consequences thereof provided that

¢xyy¢y - ¢xy¢yy = ¢\2,(@) ?é 0.

) ¢y y
Differentiation reveals that (27)s nothing but a first
integral of the Frobenius system (18) and @¥
compatible with the differential relations (25). The
case(¢y,/¢y), = 0 leads to constraints oH so that
the solutionH of the Tzitzéica equation is not generic.
Thus, we are in a position to formulate the following
theorem:

(28)

Theorem 2. If ¢ constitutes a solution of the overde-
termined systenf5)—(8) and therefore the Frobenius
system(18) and the constant is given by(27) then
the functionsy and ¢ defined by the compatible sys-
tem(25) subject to the admissible constra{@{r), sat-
isfy the systeriLl0)—(12)

For completeness, it is observed that for the above

theorem to hold, the right-hand side of (213 re-
quired to be positive. This condition may be analyzed
by studying (27) written in the form

Sty
(Hyy — Hypy) 922 +b = _%.

Thus, if we solve the latter fo§ and insert the result
into (19) then we obtain

[226, (Hpyy — Hydy) — bu(Hr — Hed)]
+ 20292 1 =0.

(29)

(30)
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Accordingly,u as given by (13) must be non-positive.

Now, since the discriminantt = ;(2b — pu¢?) >0

and u < 0, it follows thath < pg¢? /2 and hence

b < 0. If we choose the sign df such that

% <0,
H

then it is guaranteed that > 0. Indeed, in terms ap

andyr, we find that

(31)

1=—2¢p%y? <0,
P2 ? — Hoyoyr® + v, wy2¢2>2
vy

e, — 2b= 2(

>0. (32)

We have therefore established that truncation of the
Painlevé expansion for the Tzitzéica equation leads to
the Backlund transformation set down in [13}4df< O.
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