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Polar Coordinates

Recall: If (x,y) are the Cartesian coordinates, and

(r,6) are the polar coordinates of a point then

x=rcosf and y=rsinf

Also,

[2. 2 Y
rx"+y and tan g == (if x=0)

X

Exercise 1:  Find the polar coordinates of the point P(x,y).
Then sketch the point using the polar coordinates.

a)  P(x, y)z(l,ﬁ).

Solution: We use

...... A
— @ = tan’! ( ...... ) =
or @ = s =B -

Y



b)

Plx,y)= (—3, - 3).

Solution: We use

tanf = = = —
= 0 = tan_1 ( ...... j = e
or & = ..... + T = ...

Plx. )= (0, —-2).

Solution: We use

v

&
=]
R
Il
Il

------------

the - axis

\




Exercise 2: Find the Cartesian coordinates (x,y) of the point P(r,8).

b)

Then sketch the point using its polar coordinates.

_|2 2
P(r,@)—{Z, 4}.

Solution: We use

A
x = cos@ =
— — 1—
y — —
1
Answer:  (x»)=( ... )
P(r,0)= [—3,2—EJ ’
3
Solution: We use 4
x = .........Cosg =
1__
y — —_—
Answer: (x,y)=( e )
P(r,9)=(—2,0). N
Solution: We use -
X o= .. cos = .= Y
: >
y o= .. sinf = = N
Answer:  (x,)=(__...,...)



Exercise 3: Change the equation to Cartesian coordinates, and sketch its graph.

T
a e =—.
) 6
Solution: The equation A
tanfd = —— -
gives | »>
y = 1
Here,
y e -
Answer:  y = (Thegraphisa
b) r=2.
Solution: We use A
r o= 2 —
3
Or R R R R IR =
Answer: ... T ... (The graphisa )
c) ¥ = 2sect.
Solution: We multiplyby A
:> r IR TR TR TR = 2 2-
: PERETREE TR RTINS :2
T >
— 2
Answer: ... = 2
(The graph is a )




d)

r2sin26 = 2. (1)

Solution: Recall that x=rcosfé and y=rsind.

Can we discover these in (1) ?

A
Use the identity: sin26 = ...
Then (1) becomes :
rz.‘"".'"..'."."‘"‘"..COSB:2 | I =
S
R [ T ]
= 1
Answer: Yy = ... (The graphisa .. )
r = 8sinf. (2)
Solution: We multiply by r:
Then (2) becomes
= 8rsind A
= 8 i
Complete the square.
4
= 0
| T
- 4
2 2
Amswer:  x"+(y-_. )=
(The graph is a with center and radius )



Exercise 4: Sketch the graph of the given equation in polar coordinates.

a) r=— 020).

Solution: We make a table of values and sketch :

3z St kY4 T Sm
L I i ol L il el el el Bl
”
~p 0.39 1.57 1.96 2.75
'y
5l
| | | >
e
(The graph is a )




b) r» = l+cosé.
Solution: Let us test for symmetry:
About x-axis ?

r(=0) = l+cos( ) = l+cos( ) =

About y -axis ?
r(z—6) = l+cos(_ . ...) = 1 cos(-0)
= 1 cos(-6) = 1 cos(d) =
=
About origin ?
r(@+z) = l+cos( . ..) = 1 _cos(@) #
=>
= There is symmetry about
Table of values (by symmetry, 0<8 <7z isenough):
T T T 2z 3z St
20 I I - I O e e
4 l+§ 1—-\2—5
=h 2 1.85 0.29
A
'l.._
I | g
-1 I 2
-1 —
(The graph is a )




r = sin4d.

Solution: Let us test for symmetry:

About x -axis ?

r(-8) = sin(__

About y-axis ?

r(r=0) = sin(_____ ...

= sin(__..)

About origin ?
r(@+rm)

= sin(_ )

= There is symmetry about

Table of values (because of the angle 46, 0<@ <7z /2 issufficient):

. 1(0)

V.4 3 V3 5w 3T 1
@10 | % | 5| %l 3 1l% | % | % | 5
NG 2
s = e
~r 0.71 -0.71
A
| P>
1
(The graph is a
.................................... ) _




Exercise 4: Sketch the given set in the xy—plane.

a) {(r,@) . 0<r<2, -2’595@3”}.

Solution:

(The setis a )

b) {(r,@) : oses%, OSrssseca}.

Solution:

The range of » depends on the value of & ! The largest value of » is

r = 3secd
I g 3
A
= .3
(3 line)
'l —
[ P
1
(The set is a )



Additional Exercises:

1) Sketch the graph of the given polar equation

a) r=-2 d)
by 6=-= °)
6
f)
c) r=4cscl

2) Sketch the equation and change it to polar form.

a) x=-3 d)
b) y=2 e)
c) x° =8y f)

r =8cos38
r=2-2siné

r=2+4sin@

xy =28

R Pt

3) Change the equation to Cartesian coordinates and sketch its graph.

a) r=-csct d)
b) r=-2secd &)
c) % cos20 =1 f)

10

r(sin@—2cosf)=06

r(sin@+rcos® 6) =1

r=tan@



Quadric Surfaces

Recall: Equations of some quadric surfaces:

2 2 2

7= a(x2 + yz) paraboloid

z= \/a(xz + yz) cone

Another (non-quadric) surface is

x°+ y2 +z°=r sphere with center (0,0,0) and radius »

ax+by+cz=d plane with normal vector ai + b + ck

Exercise 1: Find the equation of the plane through the points (2,0,0), (0,1,0)

Solution:

Answer:

and (0,0,3).

These three points are very simple; we need not use the normal vector !

The general equation of a plane is

=i
Substitute (x,y,z)=(2,0,0):

=
Substitute (x,y,z)=(0,1,0):

=d
Substitute (x,y,z)=_ ...

=d

We can choose d freely. Choose d=_ |

Then A= s O

The equation of the plane is




Exercise 2: Sketch the part of the plane

4x+2y+3z=4

M

which is in the first octant. Then find the trace of this plane in the xy -plane.

Solution:  To sketch the plane, we need 3 points.

Set x=y=0:
Set x=z=0:
Set y=z=0:

Now find the trace in the

Answer: The trace is the line

= ... = z=___ . ... (z-intercept)
= = y=__.....  (y-intercept)
=, = x=_ ... (x-intercept)
xy-plane. In (1), weset  =0:

=4

=2




Exercise 3: Sketch and classify the graph of

z=4—x2-y2.

Solution: First find the traces in the coordinate planes:
Tracein yz-plane: (Set =0) = z=__
C o )
Tracein xz-plane: (Set =0) = z=__
C o )
Trace in horizontal plane z=k:
= k=
=  x+yi= Com yradius
answer:  Thegrphisa s
First sketch the parabola z= _ inthe yz-plane.
Then rotate the parabola about the z-axis.
A




Exercise 4: Sketch the graphof z=1- X2, )
Solution: In two dimensions, the graph is a

In three dimensions, the graph is a

parallel to (the variable

First sketch the parabola z=1-— x2 in the xz -plane.

Then shift in direction of the y -axis.

Additional Exercises:
1) Sketch and classify the following surfaces.
2
a) x*+y*=9 d) z=\l3(x2+y2)
b) x*=9z e) xz=1

Q) z=3(x%+y?) 2 xt+y?

2) Sketch the part of the plane which lies in the first octant. Then find its trace
in the xy -plane.

a) 3x+4y+2z=12 b) x+y+2z=1



Iterated Integrals

Exercise 1:  Compute the following iterated integrals:

1

0 0

Il
Y S
g
N
&
Il
%

b) T Jz. xsin(xy) dy dx

°° T

Recall: Isinky dy =
=4 jsinxydy -
z
) [ B J dy
0

15

a) J‘j.(x+y2)dxdy = j[ r

' x=.----n--

Il
O t—3
1
L 1
~=
I} Il
&



d)

]

v—n'———-'w
w'—,l\)

(think: x=constant inside)

B
s N

2
! 5 dy dx I j —— il
(x+y) RS
u= If y=3then u=__ .
du= If y=4 then u=__

Il
g

Je

e



O'—;»—‘

sinu du dy

du =

If x=0 then u=__

If x=y° then w=__

il
]

Jz

2

y
I 3y°¢Y dx dy
0

3

2z

i )

u=.........
e
u= PR

Recall: J‘ i =




du dy

du



b d b
Recall: j jf(x) g dyds = j 7(x) dx
a [ a
Constant limits Product |

Exercise 2:  Compute the following iterated integrals:

n w2 T /2
a) j J. sinxcosydydx = J dx - J.
. 2 ; .
T
ol S A B
. 2 1 2
x2+y2 7
b) j‘ jxye dx dy = J. J.xye _dxdy
0 0 0 0
1.
= . ...d ........................... d ......
0 0




Additional Exercises:

1) Find the following iterated integrals:

12 2 3-y
a) J I(x+2)a’ydx 7 J' J' yvdxdy
00 Iy
% 3 2 1-yY/4
b) ! jxy dx dy K) J' J‘ 9 el
2 1
-2 0
T e J_ 3
o) j j dr d6 g P
)] f Isin[—] dy dx
- =-e X
301 sz 0
[ 2
d) jjy .?c+y2 dy dx T x | ;
00 m) I I—cos = |dydx
x X
2 2 /2 0
e) J. J- 2 5 dy dx ml2 siny
P ) n) I J.excosydxdy
n2 1 0 0
f) I J‘xye Y dx dy 2 2
2
0 0 0) j j V" dx dy
w4 w4 1 0
g) j J. cos(x+y) dx dy 3 ey
A p) I (x+y)dy dx
e ml2 o
; 0 _Jo_.2
h) J‘ I smydy % 9—x
= 2 X 1 x
1 b)) J.y\/xz —y% dy dx
X o

1) J J-xy3 dy dx 00
0 x?

20



Double Integrals over Rectangles

Recall: (Fubini’s Theorem for Rectangles)

If R = [ablx[c,d] = {(xy) : as<x<b, c<y<d} then

[[ remas =
R

Qe O

d d b
[remaa = [ | reydca

Exercise 1: Find Ij 3x2y dA where R is the rectangle [0,2]x[0,4].

R
Solution: We choose dA =dydx (there is no specific reason !)
J.J-szydA = J. j3x2ydydx = I dx I dy
R 0 0 0 0

Exercise 2: Find JJ (xsiny — ysinx) d4 where R is the rectangle {0,%} X [0,%}.
R

Solution:  We choose d4=dxdy (there is no specific reason !)

”(xsiny—-ysinx)dA = j I (xsiny — ysinx) dx dy
R 0 0

...... )C=_”_”
-1 |

0 x=0

21



¥

Exercise 3: Find I jy sin | xy )dy dx.
0

QL—-‘._‘

Solution: The inner integral,

N
I y3 sin(xy2) dy

is very difficult to evaluate ! We try to change the order of integration:

I = J. J-y3sin(xy2)dydx = I J‘y3sin(xyz)d '''''' dy
0 0 0 0
vz r=.... Jx
- j {y-‘f } dy = J‘( -
0 R 0

22



Exercise 4: Find the volume of the solid which lies above the rectangle

[0,1] x [0,3] in the xy-plane, and below the plane 2x+ y +2z=6.

Solution: First sketch the solid: Find the intercepts with the coordinate axis.

x-intercept: set y=z=0: = > x=
y-intercept: set = =0: = = =  y=
z-intercept: set =.=0 T = 2=

Now sketch the plane, and the solid.

A

The volume is

23



Exercise 5: Find the volume of the solid which lies above the rectangle

R = { (xy):0<x<2, 0<y<3 }

in the xy-plane, and below the surface z=9— X2

Solution: First sketch the solid:

The surface z=9 —x% is a

The volume is

v = I}szA S R O LT

)

24



Additional Exercises:

1) Find I f(x,y)d4A where R is as given
R

) [[aPyaa, R=[-1,2]x[-22]

b [[xf1-x? d4, R=[0,1]x[-2,3]

=

c) ([((y+2x) a4, R=[-1,2]x[-1,4]

0 [[a2m?-syda, R=[1,2]x[-1,2]
R

2)  Find the volume of the solid which lies above the rectangle R in the xy-plane, and below the
given surface z = f(x,y).

a)  R=[0,2]x][o0,2], z=8-x-2y

b)  R=[13]x[0,2], z=3x" -3x%y

o  R=[L2x[12],  z-—1—
(x+)

3) Evaluate the iterated integrals by changing the order of integration.

a) Habﬁy dd, R=[-1,2]x[-2,2]
b) R=[0,1]x[-2,3]

25



Double Integrals over Arbitrary Regions

Recall:
Type I Region Type II Region
r 3 A
a<x<b c<y<d
g(x) <y < h(x) g(y)<x<h(y)

b h(x) d h(y)
[[remaa=[ [ ranaal |[[randa=] [ rendaa

R a g(x) R c gy

Exercise 1:  Find ”‘ X cos(xy) dA where R is the region bounded by
R

=1, =2, y=2—ﬂ- and y=£.
% 2

Solution: First sketch the region R.

27 —

26



Exercise 2: Find '” 2xy dA where R is the parallelogram with vertices
R

(050)5 (1:1) ] (29 0) and (33 1) *
Solution: Sketch the region R.

Y

I [ [
1 2 3

The lines on the left and right have equations:

:lnqan»nlunnnln :> x:..--.--.--...-....

27

A

1A



Exercise 3: Find ” cos( yz)dA where R is the triangle with vertices
R
(0,0), (0,1) and (2,1) .

Solution: First sketch the region R.

v

The region R is type

Which one to choose ? Compare the two iterated integrals:

II cOS a’y dx and II cOs dx dy

We choose type

i . &
IA - IA
A A

28



o 5E . .
Exercise 4: Find J' j S 5 e,
0 Jx Y

o D
Solution: We can not integrate on the inside: j sin(y ) dy =7

Y
Try to change the order of integration:
< <
The given region is Ciype )
nn-nnun--nu--Snnnno-nnn-n nnannqnuqnnnqnan ........
=
| L
T
£ <
Change to type o
.................... s <

29



1 #/2
Exercise 5: Find J. j sec? (cosx) dxdy.
0 sin”! y

Solution: ~ We can not integrate on the inside: I sec? (cosx) dx =177

Try to change the order of integration:

< <
e givenregon s { S
PR ..S..unuau--n-nS-nn..-A....... o
Note: x=sin_1y & o y= o
A
- Change to type
IR --S S
.....-.........S S
I L
/2
1 Z2
I Isecz(cosx)dxdy = j. Isecz(cosx)dydx
0 sin_]y ............

Il
—_—
]

)

Q
e
o
o
w
=
S—

[
[
=

au=_

Il
w2
Q
o
—
(@)
O
2]
=
—
—_
~—
&
—
=
Il

30



Exercise 6: Find the area of the region R bounded by the curves
y2:9—x and y2:9—9x.

Solution: Sketch the graphs:
y2= 9-x = S (the graph is a

»¥=9-9x= x=___ (the graphisa

(Think of y as the independent variable)

A
3 pes—
| ' g
1 9
-3 —
< <
This is a type region: o
.................... g S

The area is

31



Exercise 7: Find the volume of the solid D which is bounded by the surfaces

x+z=1, y=0, z=0 and y2=x.

Solution: Sketch the surfaces:
x+z=1: thegraphisa parallelto
¥ i b the graph isa parallelto
A

Zupper T

ZIOWEF Tt

Sketch the region R:

1
| >
This is a type region:
= <
]
< <
v

The volume is

v = J;I[zupper—zlower]dA = ”[}dfl

32



Additional Exercises:

1) Find the following integrals; the region R is bounded by the given curves.

a)

b)

c)

d)

xy dA, R isbounded by y=0, x=2 and y=x2.
R

xcos(xy) dA, R is bounded by x=1,x=2,y=§andy=x2.
R

(x+y)dA, R is bounded by y=x2 and y=\/;.
R

(x-1)dA, R isbounded by y=x and y=x3.
R

xcos(y)dA, R isbounded by y=0, y=7 and y=x.
R

(3x=2y)dA, R is bounded by the circle x% + y? =1.
R

2) Evaluate each integral by exchanging the order of integration.

3)

a)

b)

c)

1 4 : 3 Inx

I Ie"y dy dx d) J‘ deydx

0 4x 1 0

2 1 5 1 cos™'x

J- J. cos(x”) dx dy e) J. J- xdy dx

4 2 ; 1 z2

I J. e* dxdy f) I I sec? (cosx) dx dy
0 \/J—’ 0 Sin—]y

Sketch the region R bounded by the graphs of the equations, and find its area using double
integrals.

a)
b)

c)
d)

€)

y=1/x%, y=-x%, x=1, x=2

y=—x, x—y=4, y=-1, y=2
y=x, y=3x, x+y=4

y=e*, y=sinx, x=-7, x=7
y2=~x, Jy-x=4

33



4)  Find the volume of the solid that lies under the graph of z = f(x, y) and above the region R
in the xy -plane.

a) z= x2 +3y2, is bounded by the curves y = x* and y=1

b) z=9- x* ; is in the first quadrant bounded by the curve y2 =3x.
is the polygon with vertices (0,0), (0,1), (2,0), (2,1).

is the polygon with vertices (0,0), (1,0), (1,2).

c) z=4x2+y2,
d) z=x2+4y2,
e) z=y+3,

= S -

is enclosed by the ellipse 4% + y2 =9.

5) Sketch the solid in the first octant bounded by the graphs of the equations, and find its volume.

a) x*+z*=9, y=2x, y=0, z=0

b) z=4—x2, x+y=2, x=0, y=0, z=0
¢} 2x+y+z=4, x=0, y=0, z=0

d) y2=z, y=x, x=4, z=0
e) z=x2+y2, y:4—x2, x=0, y=0, z=0

) x2+y2=16, x=z, y=0, z=0

34



Double Integrals in Polar Coordinates

Recall: If the region R is described in polar coordinates by

a<f@<b
2(6) < r < h(6)
then
b h(6)
J ol = I j F(reost,reind)rdrdd
R a g0

Exercise 1: Find j'[ 3@;2 dA  where R is the region bounded to the right by

R .
the circle x° + y2 =9, and to the right by the y -axis.

A
Solution: Sketch the region R:
Why should we use polar coordinates ? 3 |
o | —
= = 3
R 3
» <r = 3 _

35



1
Exercise 2: Find J.J ——— dA where R is the triangle with vertices
2 2
5 Aat+y

(0,0), (1,0) and (L,1).
Solution: Sketch the region R:

Why should we use polar coordinates ?

A
Change to polar coordinates: an
x=1 = =]
= r= -
| L
1
LEL
R
g

36



2 N4y
Exercise 3: Find J J‘ =5 dxdy .
2+x°+y
0 _fa,
Solution: Why should we use polar coordinates ?
1' ..............................................................................................................................
2. .............................................................................................................................
Sketch the region R:
Sy <
R (type ... )
n i o
A
In polar coordinates:
2 —
.. S 9 S..
R
LEFPE i
2
dA =

S R E s

37



Exercise 4: Find II x2 ydA where R is the region enclosed above by

R

the circle x? —4x+ y2 =0 and below by the line y=x.

Solution: Sketch the circle and the line.

x? —4x+y2 =0
= xP-dx+ | +yP=

= (x—_.. Y +y=

circle, center radius

In polar coordinates:

y=x = 0= .
x? —4x+y2 =0

:3 r2_4--"-n-“-n-n-.:0

u=.........--. du :..--.....--...-"-

Note: This integral can also be done in Cartesian coordinates ! Try.

A
2 —
| L
4
_2 —
< @ <
R
< r <
2
dA
dr d@
""" 4o = j 4o
4 £ 1
S e 5

38



Exercise 5:  Find the volume of the solid which is bounded by the
cylinder x2 + y2 =4, the plane y+z =4 and the plane z=0.

Solution: Sketch the solid. 4

Zupper = ..o
Zlower =
In polar coordinates,

Zupper :

Zlower =
The volume is

IA
)
IN
v

IN
~
IA

S T
T el

Note: the average height of the solid is #=4. A cylinder of this height has volume

V = nr’h = 72%4 = 167!

39



Additional Exercises:

1) Use polar coordinates to evaluate the integral.

H (x2 +y1H)¥? q4 R is bounded by the circle x2 +yt=4.
R
J‘J‘ x? 4 R is bounded by the circles X2+ y2 =a®
HEaES S and x%+y%=b? with O<a<bh.
([ 2, .2 R is bounded by the triangle with vertices
) Nyt dd (0,0), (3,0) and (3,3).
R

d) Jx2 +y? dd

e) xz(.’c2 +y2 )3 dA

2) Use polar coordinates to evaluate the integral.

2 \M-Jr2
2, .2
a) J J. Edhis )a’ydx
=2 0

3 |9-y?

b) J‘ J‘ (x2 + 272 d dy
0 _ ,9—y2
i V16-x2

c) cos(x2 + yz) dy dx

J
0 0
iz
d) l jze“x +? dy dx
0

0

3) Find the volume of the given solid D.

R and the x-axis.

R is bounded by the semicircle y =+1-x

€)

g)

h)

R is bounded by the semicircle

R y=\'ZX—x2 and the line y=x.

[

S
| 7

\Il+x +y
V2x-x?

I +y dy dx
0

= e 1

;dydx
\ﬂx2+y2

e L
O oy ¢

x? +y2 dx dy

|

a) D is inside the sphere x* + y® +z° =25 and outside the cylinder x? +y2 =9.

b) D is bounded by the cone z = \/xz +y2 and the cylinder x?2 +y2 =2x.

¢) D isinside the paraboloid z =9— x> + y2 and above the plane z=35.

d) D isinside the sphere x* + % + 22 =16 and inside the cylinder x* + y =4y.



Triple Integrals

Recall: If the solid D can be described as

D = { (x,y,z) : (x,y)eR, Zlower stzztpper }
then

Zupper

” fx,py,z)dV = ” I f(x,y,2) dz dA
D R

Zlower

Exercise 1: Find JIJ (x—y)dV  where D is the tetrahedron with vertices
D

(0,0,0), (1,0,0), (0,1,0) and (0,0,1) .
Solution: Sketch the tetrahedron.

\ 4

Find the equation of the upper plane:

The equation of a plane is: ax+ =
Substitute (x,y,z)=(,0,0): .. =d = a=

Substitute (x,,2)=(0,1,0): ~......=d = b=

Substitute (%,,2)=___....' i =4 P €=

We can choose d freely. Choose d= = = a= i ; B

The equation of the plane is R

ay ZUPDEr = o

Also,

L OWEF = e
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Now sketch the region R:
R isa

Consider as type I:°
.. {

jij (x=y)dV

< x <

- - S

Zupper
H j e
R Zlower




Exercise 2: Let D be the solid in the first octant bounded by the surfaces

z=4—x?

and y=4.
The density of the solid is 8(x,,z)=16—xy  (in g/m>)
Find the volume and the mass of the solid D .

Solution: Sketch the solid.

Zupper -

Zlower =

=
Il
2 "
IA IN
b =
IA IA

The volume is
7o ” 1 dv
D

Zupper L

” j1dsz _ .l' { .([ 1dz dy d

R z lower
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Zupper
m o= [Jowraar = [[ [ (... )kd
2 R zjper

.([ ( )dz dy dx




Additional Exercises:

1) Evaluate the given integrals.

a) HJ' xysin yz dV D is the cube
D {(x,y,2) : 0<x<m, 0<y<l, 0<z<7/6}.

D is the solid bounded by the planes

b) ydav .
e y=x,y=0, z=0 and the surface z=1-x".
¢) x(y-z)dV D is the cube [-1,1]x[0,2]x[0,3].
L bﬁ
d) (x+y+2z)dV D is the tetrahedron with vertices
Y (0,0,0), (1,0,0), (0,1,0) and (0,0,1) .

2) Find the volume of the given solid D using a triple integral.
a) D isin the first octant, and enclosed by the plane 3x+6y+4z=12.

b) D isin the first octant, and enclosed by the surfaces y2 +z2 =1 and y=x.
c} D isenclosed by the surfaces z=\/_, x+y=1, x=0and z=0.

d) D isenclosed by the surfaces z=4-x%, z= 4-y, y=0 and z=0.

e) D isenclosed by the surfaces y2 +2% =1, X+y+z=2 and x=0.

f) D isenclosed by the surfaces z=¢""", y=3x, x=2, y=0 and z=0.
g) D isenclosed by the cylinders x? +y2 =1 and x*+z°=1.

3) Consider the solid D enclosed by the given surfaces, with density &(x, y,z).
Find the mass of the solid.

a) x+2y+z=4, x=0, y=0 and z=0, where 5(x,z,y)=x2+y2.

b) x+2y+z=4, x=0, y=0 and z=0, where §(x,z,y)=x2+y2.
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Triple Integrals in Cylindrical Coordinates

Recall: If the solid D can be described as

D={ (62 : as0<b, gO)<r<h(®), Zipyer <2<z |
then
Zupper
J[[repaar = [ [ 7oz
D R Zlower
b h(8) Zupper
= j I f(rcos@,rsin@,z)rdzdrdb
_V_J
a g(ﬂ) Zlower dv

Exercise 1:  Find the average value of  f(x,y,z)=

on the solid D

(z+1)?
which is bounded by the surfaces
z=2—-x2—y2 and z= x2+y2
Solution: T T
Graphisa Graphisa ..
We use cylindrical coordinates.
~

Upper surface is the

==

Lower surface is the

= S

In cylindrical coordinates:

BEpEr = s

Zlower =

ZUPPEr = e
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Find the circle of intersection of the two surfaces:

Z paraboloid = Zcone

_1
Il
~
Il
~
I
=
IA
>
IA

IA
~
IA

1. The integral is

Jlij‘f(x,y,z)dV = J.j J‘ (2:1)2 dz dA

Il
'-—-—‘
—
—
™
+ [~
=
[\
&
U
>

Il
—,
S—

~
1
|
fof
N
I A
&
Q.
D>

I
| T—
—_—
~
TR
Se—
=
Q.
S
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2. The volume 1s

v = IL[ 1ay = ” I ldzdd = '0[ ! f  drde

e e e
= J' J.r[] """ drdo = Id@- I ar
zZ=
o o 0 0
S .
3. The average value is
1
Javg = ;_[_”f(x,y,Z)dV =t F==a i =
D e
Additional Exercises:
1) Sketch the graph of the equation in three dimensions.
a) r=4 ) z=-3r e) O=nx/4
b) Z=4]’2 d) Z=4—?‘2 0 r=-csct
2) Evaluate the given integrals.
2) J'J' J' 2 av D is in the first octant, and bounded by the
) sphere x2+y2+22=9_
b) ([ ‘22 av D is bounded below by the cone z = x4 y2
D and above by the sphere X2+ y2 +2°=8.
c) [ -(xz +y2 +22) dav D is the bounded by the cone z = sz +y2 and
) the plane z=2.
o 2+
d) (x+y+z)dV D is bounded by the cones z= : and
D

z=1/3(x* + y?) , and the cylinder x* + y* =9.
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3) Find the volume of the solid D using a triple integral in cylindrical coordinates,

a)  Dis bounded by the paraboloid z = X2+ y2 , the (;ylinde:rx2 + y2 =4 and the xy -plane.
b)  Dis enclosed by the surfaces z = Jxt+ y2 , X2+ y2 =4 and z=8—-x° —yz.
¢) D isoutside the cylinder x2 + y2 =4 and inside the sphere x2+ yz +22=9.

d) D isin the first octant, and inside the surfaces X2+ y2 —4x and x% + y2 +2%=16.

4) Change to an integral in cylindrical coordinates, and integrate.

1 Vi-x? l-x?-y?

a) J- zdz dydx
0 0 0
4. 4_3;2 \f4—x2—y2

b) J- xyz dz dy dx
0 0 0
3 oy Joox2oy?

c) I j xy dz dx dy
-3 _ —y2 0
3 V9-x2 18-x2-)?

d) J' I j xzyz dz dy dx
0 0 N
2 Ad-x? 5—)c2—-y2

e) j‘ I J- xzyz dz dy dx
-2 0 1
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Triple Integrals in Spherical Coordinates

Recall: Ifthe solid D can be described as

D ={ (p.¢,0) : a<0<b, [(O)<9<[,(0), g(,0)<p<g(4,0) }
then

b f2(0) g1(¢,0)
J-”.f(x,y,z)dV = J‘j. I f(psingzicosﬁ,psingﬁsinﬂ,pcosgaﬁ)pzsin¢dpd¢a’t9
{ L . s '
b a £1(6) g1(¢.6) x y z dv

Exercise 1:  Find the spherical coordinates (p,4,8) of the point P(x,y,z).
Then sketch the point showing the spherical coordinates.

a) Pl v.2) =(1,0,1).

Solution: We use

tanfd = = = e = {0 = or A =

............

Because (x,y)=( , ) = 0 =

v
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b)  P(x,y,z)= (-1,-1,&).

Solution: We use

z = pcos =% cos ¢
= ¢ =
tand = —2— = = .

............

------ +|-n»- +.----. =
e Z P —_—

A
Answer:
(P = ... sois, )
Exercise 2: If (p,¢,9):[3,3—ﬁ,£j ;
4 4 4
find (x,y,2).
Solution: Recall that g
x = rcos = p  cosf
F B .. = P
2 = P
Therefore,
x = e .Sin--n-n-n-. .COS-.--..-.. = =
F F e tsin o ocsin 0= =
Z = ’COS.‘”‘"”'.' =
Answer: (x,»,2)=( . . .. s ..., ... )
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Exercise 3: Change each equation to spherical coordinates.

a) x2+y2+22=25.

Solution:  This is the equationof

pt o= X gives p* o=

Answer: p =

2 2
+
b) z=,—"2 .
3
Solution: This is the equationof
Write as "
1
z= x?+ y2
By trigonometry,
z 1 L 1
cotg = = — = ¢ = cot 1{—}

Answer: ¢ =

c) z=3,

Solution: This is the equation of

Z = P, 8iVES

3% P, = p =

Answer: p =

52



Exercise 4: The temperature 7 ata point (x, y,z) inside a sphere of radius 4
centered at the origin is T'(x,y,z) =100+ § X2 +y2 g (in 0C).

Find the average temperature T,,, inside the sphere.

avg
Solution: Sketch the sphere. &
-
D o LS@< ‘
<p<
Recall:
1
o = = [[[ 71 av
Y& volume(D) bagpez)
D

1. The volume of a sphere of radius p=4 is

V= vohme(D) = Sxpt = . =

2. The average temperature is

Tovg = &J.J‘J‘ (100+\4Ix2+y2+22 )dV
D
= 2 H 1004V + Hj av
D D

[

- —;- loom av + j f jdﬁ
D 0 0 0 dv
= % 100 + jdﬁ : _[d¢ ' J.............dp
0 0 0
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Exercise 5: Asolid D Ibounded below by the plane z =1, sideways by the
cone Z= \/xz + y2 and above by the sphere x>+ y2 +2%=8.
The density of the solid is 8(x, 3,2) =% fin. /e
Find the mass of the solid D .

Solution: First sketch the solid.

Change to spherical coordinates:

X+ y2 +2% =38
(sphere, radius )

(cone, angle )
= f= :
z=l(a )
= pcosg=
=% J=

<@ <

D! < ¢ <
s
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Exercise 6:

Solution:
L PsE
D : A EXE
<z £

The projection in the

Change to spherical coordinates and integrate:

JZ -y 4Py

I \Ix2+y2-£—z2 dz dx dy
0

|

0 y

The solid of integration is:

xy -plane is:

LSV S

R :

<x <

Sketch the region R and the solid D :

In spherical coordinates:

v

Y

o
IA IA
. D
IA IA

IA
i)
IA
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Therefore

Additional Exercises:

1) Change the spherical coordinates to i) Cartesian coordinates, ii) cylindrical coordinates.
a) (4,7/6,7/2) b) (1,37/4,27/3)

2) Change the Cartesian coordinates to i) spherical coordinates, ii) cylindrical coordinates

a)  (1,1,-242) b))  (1,3/3,0)

3) Sketch the graph of the equation in three dimensions
a) p=4 d) psecg=6 g 6=0
b) ¢=x/6 e) tang=2 h) ¢=xz/3
c) O=x/4 f) p=dsecy

4) Evaluate the given integrals.

o} J‘ J‘ j 2av D is in the first octant, and bounded by the
o sphere x2+y2+z2=9.
) (1,2 g D is bounded below by the cone z = y/x? + y?
D and above by the sphere x> + y* + z* =8.
g) ".(xz +y2 +22)dV D is the bounded by the cone z=\fx2 +y2 and
D the plane z=2.
h) ([ (x+y+2)dV D is in the first octant, and between the spheres

x2+y2+22=4 and x2+y2+zz=16.
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5) Find the volume of the solid D using a triple integral in spherical coordinates.

a)
b)

c)

d)

D is inside the cone z = \f3(x2 + yz) and inside the sphere 4 y2 +2z2=16.
D is outside the cylinder 2+ y2 =4 and inside the sphere x2+ y2 +22=9.
D is outside the cone z = /x* + y2 , inside the sphere x4 y2 +2z% =9 and above the

xy -plane.

D is in the first octant, and inside the surfaces X%+ y2 =4x and x> + y:Z 2% =16.

6) Change to an integral in spherical coordinates, and integrate.

b)

d)

e)

Vi—x? y1=x2-p?

1
j J‘ j zdz dy dx
0 0

—Joy? 0

3 9-x? yf18-x2—y?

J J I x?'yz dz dy dx
0 0 Lyt
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First Order Differential Equations

Recall: We have studied four types of first order differential equations:

1. Separable Equation. Can be written as
fdy = glx)dx

To solve it, integrate both sides,
[row = [ewa + c
2. Linear Equation. Can be written (in standard form) as

dy _
e +p(x)y q(x)

[p(x)dx

To solve it, multiply by the integrating factor (I.F.) e and use

the product rule backwards.

3. Homogeneous Equation. Can be written as

o _ F[l}
dx X

To solve it, we change the dependent variable y and substitute

W= e = y=vx = d_y =x+ vﬂ
X dx dx
4. Exact Equation. Is of the form
oM ON
M(x,y)dx+ N(x,y)dy=0 where —=—-.
dy Ox

It solution is
fx,y)=C

where

Fry) = jM(x,y)dx+g(y) or  f(x,y)= jN(x,y)dy+h(x)
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Exercise 1: Solve xy'—4y=0.

Solution:  This equationis and
First Method: Letus solveitasa equation: Write it as
dy
x—-4y=0
dx Y
Then
pLa
dx
1 4
—dy = dx
Integrate:
1
D I TR Y = +C =
Exponentiate:
eln..............‘ = eln ‘.+C = eln . eC
ly| =
y =% (set C, =
Answer:  y = G, ...
Second Method: Solveasa equation:
1. Bring to standard form:
d 4x
Z_-Zy=0 (*)
dx X

2. Find the LF.

fpeoas = [ a= [ &

60
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The LF. 1s G R, S e

3. Multiply (*) by

4. Product rule backwards:

At] = o

5. Integrate:

Answer: y = Cy

Check: ' -4y = x()“4() =

Exercise 2: Solve \/; %y_ - \/; = x\/;.
X

Solution:  Separable ? Try to separate the variables.

a
2 = e = e P

dx

We can separate the variables !

LAy = dx =

Integrate:
IUMMWMM.¢f== I_mmmmmNmmmm”dx+C

. = .............;u-u.u-u.u-u-u-uzu-u-..-u-u-u-u-u-u--+C

2 m e £ €12

Awwer: v =( . +G) (S

61
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Exercise 3:  Solve x—-3y = x 1).
dx
Solution: — Separable 7 e
HOmMOgeneous? e
Linear? .............................................................................................................
1. Bring to standard form:
dy
Y = x ------ 2
i LY (2)
2. Find the L.F.
fpooar = [ e = e
- = ln(x ...... )
The LF. is .
3. Multiply (2) by the LF.:
3dy
x T = = %
4. Product rule backwards:
dr -3 o,
E[’C } = &
5. Integrate:
x_‘j’“ = Ix “““ dx+C = +C
6. Solve for y: y = x(_ . +C)=
Answer: y =
Check: &
dx
Substitute into (1):
2
o) =3 ] = x
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Exercise 4: Solve (x3 + xyz) dx = xzy dy.

Solution: Separable ?

Linear?

1. Write as

a
dx

2. Set

We obtain:
v + R R I =

3. Separate the variables:

S T

vz = --uvun---o--.n-n--.-nnn-.+2c

5. Resubstitute:

Answer: y =
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Exercise 5:

Solution:

[ o)

(%)

I

Solve the initial value problem

r

y = l4+x+y+xy, y(0)=0.

Separable ?

Linear?

Exact?

i iy = 1x ()

CFindthe P [poar = [ v -

. Multiply equation (*) by the L.F.:

. Product rule backwards:

d

5. Integrate:

¥ di+C = I _dutC
?
U= = du =
= +C = C -
6. The general solutionis: y =
7. Use the initial condition y(0)=0: 0=Ce - = C=___
Answer: il
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Exercise 6:  Solve (2y2—4x+5)dx+(4—2y+4xy)dy = B

Solution: Separable ?

Linear?

Exact? ?—A—{= 5 6_N: =

By e o

The solutionis f(x,y)=C where

—aizM=2y2—4x+5 and i=N:4--2y+4xy

Ox oy
To find f, let us integrate M :

£ = [ e + £

To find g(y), use a—zN(x,y):

7 .

Compare:
g = . =™ 80) = j(..................)dy -

Therefore,

Jey) =

Answer: i, = C

Check: The total differential of f(x,») = .. ls

_ 9 I
df = T-do o+ aydy

= (i )+ (i) Y
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Exercise 7: Solve (sinxsin y— xey) dy = (ey + cosxcosy) dx.

Solution: Separable ?

Linear?

Exact?  Bring all terms to the left !

G )&+ () = 00 (9

s

M(xy) N(x,»)

om av _
= s BT 2L

The solutionis f(x,y)=C where 2i=M(x,y) and Zl=N(x,y)
) y

This time, let us integrate N :

£ = [ o) B L)

= + h( )

To find A(x), use %ﬁ =M(x,y):
X

%zmmmwwm,wx ______ ) = M) =

Compare;
W(x)= . = hx) =

Therefore,

fxy) =

Answer: ... =C

Check: The total differential of f(x,y) = jg

_ 7 g
af = axdx + 6ydy

= (o)A () dy
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Additional Exercises:
1)  Solve the following differential equations:
a)  y'=364xy o) Jnczy'—?)xy--IZy2 =0

b) y4+y=1 p) (x+y)y' =x-y

c) yhydce—xdy=0 Q (xlnx)yf+y=3x3
d) xy'+y=cosx o
; 1)  x=\x"+y
e) y-2y=e” 5 B
. s)  2xy=x"+2y
H my'=y-1
' - 2
ty  Y+y=2xe T +x
d
B xX-3y=x*

dx u) xy'=y+2xe_y/x
24 -1
h) (I+x%)y =tan™ x v)  y—-x+xycotx+xy =0

D +x)dy+(1+y)de=0 y

w)  xsin=—})' =ysinl+x
) Y =ysinx ¥ ¥
X) y'+ycotx=2xcscx
K)  y+2xp2=0
y) (x2—2y2)dx+xydy=0

D x=y+2x)"?

dy [ 2
m) tan@dr+2rdf =0 2) 2‘/;3" =5
2
n) d—y—ny=6xex
dx

2)  Solve the following differential equations:
a) (2x+3y)dx+(3x—4)dy= 0
b)  (3x%-2y%)dx +(6y% —4xy)dy =0
¢) (P -Dxdx+(x+2)ydy=0
d) (sinxsiny—xe’)dy = (e’ +cosxcos y)dx
e) (I+x2)dy+2xydx=cotxdx
f)  (e*siny+tany)dx+(e" cosy+xsec’ y)dy =0

g) (x2+y/x)dx+(y2+lnx)a'y=0

h)  2x(l+yx? - y)dr =+~ ydy

i) (sinxtany+l)dx—cosxseczydy=0
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3)

4)

Solve in at least two different ways:

a) y+ytanx=0 d y' +2xyp =0
b) y'—ytanx=0 e) xp'=2x+3y
xy' = x+
¢) (1+x)d_y=4y ) x y
dx

Solve the following initial value problems:
a) y =xe*, y()=3

b) Y +2y=2, y(0)=1

o Y=, y0)=0

d x'-y=x, y1)=2

&) x(x*-4)y'=1, y1)=0

) xpy'=x+Dp+D,  yO=0

g V=xef, yN)=3

h) SCoszydx+csczxdy=0, y[f-j:%:_

i) y'=(1-y)cosx, y(z)=0
i) xy'+3y:2x5, #2)=1
k) Pty +3xp=x, y(0)=1

) (sinxtany+1)dx— cos x sec? ydy=0, y(0)= %
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Second Order Homogeneous Equations

Recall: Consider the homogeneous equation with constant coefficients,

y'+by' +cy =0
A —

Its characteristic equation
A +bA+c =0

always has two solutions 4, 4, :

Case 1: A # Ay are real. (real, distinct roots)

The solutionis |y = ¢ e +c:2eﬂ?)c

Case 2: =4 (=4) (real, repeated roots)

The solutionis |y = ¢je™ +cy xe™

Case 3¢ A, Ay =rtis where s#0. (complex roots)

The solutionis |y = &~ [cl cos(sx) +¢,  sin(sx) }

Exercise 1: Find the general solution of the given homogeneous equations.
a) y'=5y"+6y=0.

Solution: The characteristic equation is

Answer: y =
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b)

d)

2y"+2y'=3y=0.

Solution: The characteristic equation is

205+ s =0 (Difficult to factor !)
—Zi\/ 244/ 14
/1]’3/2 — = = ——-i_
2:2
The general solution is y = gttt 4 gy e
Answer: y = e"sz[ }
y'+2y'=0.
Solution: The characteristic equation is
= 0
M) =0 = = A=

The general solutionis y = c¢e™ + cye

Answer: ¥ = + Cye

4y"+20y' +25y=0.

Solution: The characteristic equation is

The general solutionis y = ¢+ ¢

Answer: y




e)

g)

y'—4y +5y=0.

Solution: The characteristic equation is

= 0 (Difficult to factor !)
4+ 4+,
My = = —N - 24
2 2 S e
S
Answer: T

y'+9y=0.

Solution: The characteristic equation is

= 0
A= D k=t g
§
Answer: Y = 8. . ¥ 8,
y'=9y=0.
Solution: The characteristic equation is
= 0

o=, > A=, k=

Answer: Yy = ...t O
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Additional Exercises:

1)  Solve the following differential equations:

a) y"+y-6y=0 ) y"-6y+25y=0
by y"+2y+y=0 k) 4y"+20p'+25y=0
c) y"+8y=0 ) p"™+2y+3y=0

d) 2y"-4y+8y=0 m) y"=4y

e) y"-4y'+4y=0 n) 4y"-8y+7y=0

) y"-9y+20y=0 0) 2y"™y'-y=0

g 2p"+2y+3y=0 p)  16y"-8y'+y=0
h)  4y"-12y+9y=0 q)  y"+4y+5y=0

1) y'+y'=0 r) y"+4y'-5y=0

2)  Solve the following initial value problems:

a)  y'=5y'+6y=0, y()=e*, y(1)=3e

b) y'-6y'+5y=0, y(0)=3, '(0)=11

c) Y'-6y'+9y=0, p(0)=0, y'(0)=5

) y'+4y'+5y=0,  yO0)=1, y'(0)=0

e) y'+4y'+2y=0, p0)=-1, y(0)=2+32
f) Y48y -9y=0, y)=2, y(1)=0
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The Method of Undetermined Coefficients

Recall: Consider a linear equation with constant coefficients.

V'+by' +cy = r(x)

constant

If the force function r(x) is of special form, then one solution y, looks like r(x):

Case 1:  r(x)=ae™. Then | y, = 4™
Case 2: r(x):ax2+bx+c. Then | y, = Ax® + Bx+C|,
Case 3:  r(x)=acos(wx)+bsin(wx)  Then |y, = Acos(wx)+ Bsin(wx)|
Exercise 1: Solve y"+4y +5y=2¢"** (D).
Solution: 1. Find y,. The characteristic equation is
i = 0
el -4+, _
/‘L],/?.Q = = = -2 + 1
2 2 —_—
r 5
yp = psns] ]
2. Find y,. Since r(x)=__ .
wechoose  y,= . = ypr= > yp"_
Substitute into (1): + 4 J+#5[ .. = e
- 2e—4x
Compare coefficients: 54 = = 4 =
Therefore, Yp=
3. Answer: The general solutionis y=y, + y ps OF

Y .
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Exercise 2:

Solution: 1. Find y,. The characteristic equation is

2. Find y,.

we choose

=

Solve y"-3y' +2y=x

(*).

Since  F(X)= s

polynomiafdegrce

Yp= i Cx+ D

Substitute nto (*):

Compare coefficients:

const :

Therefore,

3. Answer:

2A :.........

I
b Uyl

The general solutionis y=y;, +

Yp» OF
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Exercise 3: Solve

Solution: 1. Find yy,.

2. Find y,.

we choose B Rl TR

Substitute into (*):

Compare coefficients:

COS3x: DR R N A TR R ) o

sin3x:

Substitute B = into (1),

84+6_ =3 =

Since r(x)= ...

y'+2y' +y = 3cos3x g

The characteristic equation is

+0-sin3x

L
1]

e il
4,
=
w
=
I

3cos3x

3cos3x

3. Answer:

y = e [ ......] -

The general solutionis  y=y, + y,, or
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Exercise 4: Consider "+ )y -6y = r(x).

Find the solution y,, of the related homogenous equation.
Then find the correct choice of y, for the given force function r(x).

Solution: Find y,. The characteristic equation is

b)

d)

iz + DT E N TR ) = 0

Solution:  Wechoose y, = ...

Compare with y,, :

Answer: Vi T o smsnasssasas

r(x) = e**.

Solution:  We choose y, = ...

Compare with y,, :

Answer: Vi ™ s

rix) = gt . D
Solution:  Wechoose y, = .. ...

Compare with y,, :

Answer: Y D T e e

rix) = 2k B 2F,
\_..._..v._/

Selution: Wechoose y, = ...

Compare with y,, :

Answer: VB ™ s sy
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€e) Fx) = 2,
——

Solution:  We choose y, = ...

Compare with y;, :

Answer: D T e

f) r(x) = 2cosh3x.
Solution:  First write 7(x) = T e
We therefore choose  y, = ...

Compare with y;, :

Answer: RS O

Exercise S: Consider "+ 4y = r(x).

Find the solution y; of the related homogenous equation.
Then find the correct choice of y,, for the given force function r(x).

Solution: Find y,. The characteristic equation is

jlz +-----n-n-n-- = O

A= = sy = =

Yoo T i T C2

2X cos x.

a) r(x) =e
Solution:  Wechoose y, = | ...

Compare with y;, :

Answer: B T e,
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b)

d)

r(x) = cos2x — sin2x.
Solution: Wechoose y, = ...

Compare with y;, :

Answer: BE B e mm———— ]

r(x) = cosx + cos2x.

Solution:  We choose y, = ..

Compare with yy, :

Answer: D T ettt

r(x) = e cos2x.
Solution: We choose YD T

Compare with y, :

Answer: Vi T smesussrmssnsssmessressmim s axawsiss

r(x) = xcos2x—sin2x,
Solution: We choose T T s R S SR

Compare with y;, :

Answer: D T e,

r(x) = sinh2x.
Solution:  First write r(x) = . ...
We therefore choose D T e

Compare with y, :

Answer: D T e,
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Additional Exercises:

1)

2)

3)

4)

5)

Find the general solution:

a)
b)
c)

y"+4y'+5y=e3x
X

2y"+2y' —4y=e"
y'+5y'+4y=cosx

Find the general solution:

a)
b)
c)
d)
e)
f)

y'-2y =3y =3¢>*
y'=2y' =3y =-3xe*
y'+2y'+5y=3sin2x
y'+2y'=3+4sin2x
V' +9y=x** +6

Y'+2y' +y=2e"

Find the general solution:

a)
b)

y"+4y=4(:052x+6¢osx+8x2 —4x

V" +9y = 2sin3x +4sin x —26¢7>* +27x°

Solve the following initial value problems:
y'+y' =2y =2x, »(0)=0, »y'(0)=1
Y+dy=x?+3¢*,  p(0)=0, y'(0)=2

a)
b)
c)
d)
e)
f)

y' =2y +y=xe* +4, y(0)=1,

y' =2y =3y =3xe>%,  p(0)=1,
V' +4y=3sin2x, y(0)=2, y'(0)=-1

y'(0)
y'(0)

Y'+2y' +5y=4eFcos2x, y(0)=1,

d) y"—4y=4x2+4x+6

e) y"—3y’+2y=x3

f) y'+2y'=3sinx—cosx

g)  y"+y=3sin2x+xcos2x

h)  23"+3y'+y=x"+3sinx

i)  y'+@’y=coswx (cug¢a>2)
1) y"+w02y =COS W, X

k) y"—y'+4y=2sinhx

) y"—y'-2y=cosh2x

=1
=0

y'(0)=0

Specify the general form of y, . No need to find the values of 4,B,C,...

a)
b)

c)
d)
e)
f)

g
h)

2 -3

y"+3y'=2x4+x e " +sin3x

y'+y=x(l+sinx)

Y'—=5y"+6y =e" cos2x+e>* (3x+4)sin x

V' +2y' +2y=3e"+2¢ Fcosx+4e x

2

y”—4y’+4y=2x2 +4xe>* +xsin2x

Y'+dy= x% sin 2x+(6x+7T)cos2x

sin x

y"+3y'+2y=e‘t(x2 +1)sin2x+3e ¥ cos x + 4e*

y'+2y'+5y=3xe " cos2x—2xe”

2

* cosx
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The Method of Variation of Parameters

Recall: Consider a linear equation with arbitrary coefficients.

a(x)y" +b(x)y"+c(x)y = r(x)
I S S——

If the solution of the related homogeneous equation is
Yp=0an +
Then we look for one solution y,, of the form
Yp = u(x)n(x) + v(x)3(x).

To find #'(x) and v'(x), we solve the system

' 0
Y N u
¢ MBEE
N o n W E

Exercise 1: Find the general solution of  »" + 4y = tanx.

Solution: 1. Find y,. The characteristic equation is

P+ =0 = A= = b=
Yp = Q082X + ¢y ...

2. Find _)_sz

Question: Can we expect y, = Atan2x ?

Answer:
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Use variation of parameters. Set

Yp = ucos2x + v

bsl )
and solve the system
{ o ] { ] { O }
Here,
, 0
u —
vl
Let us use Cramer’s Rule. The determinant of this matrix is
W = . T = 20082 2x + R R R R TR T = e
Then
sin2x
, , 2cos2x
u = =
/4 2
r . ses 1
vV = = = —
/4 2
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Integrate

U = _l dx = —l J. dx
2 R R L R D R e N T I T T T ) 2 Coszx
_ 1 1 - dx = —— J.[ sec2x — ]dx
2 cgosdx
= —l lln‘ ‘ = l ji
21 2 2
= l [Sin2x - J
4
v = lj dx = ]
2 R 4
Therefore,
Yp = ucC0os2x + vsinlx
= l[ :‘coszx - l sin2x

3. Answer:  The general solutionis y=y, + y,, or

Yy = c¢cos2x + cysin2x -
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Exercise 2: Solve the IVP
—2x

n r e !
Yo+ Ay +dy=S—, H0)=1, y(0)=0.
1+x

Solution: 1. Find y,. The characteristic equation is

12 +.--- = 0
A+ )@+ . )=0 = A= . root)
Y = L. T 6
e—2x
2. Find y,. Question: Can we expect y, = A4 77
il 1+x
Answer: .............................................................................................................
Use variation of parameters. Set
i S S N —
e . —_—
Y1 ¥2
and solve the system
b 0
e u"
v | L e
Write as two equations:
=2x s ' _
eTu 4 Y= 0 @
27U 4V = )
Cut e 2*. (1) gives
' = 3)

Substitute into (2):

Substitute into (3): u' =
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Integrate:

Therefore,

Yp = ue " + vxe~

3. The general solutionis y=y; + y,, or

—-2x

Y T I T O e

g
Il

4. Use the initial conditions y(0)=1, '(0)=0

YOY=T 8IVES e

Differentiate y using the product rule.

y = —26_2x[C1+ X e ]

y'(0)=1 gives ST URORTRURURUR S

. - 1
Answer: y = e 2{ + xtan"lx - Eln(1+x2)}
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Additional Exercises:

)

2)

3)

Find the general solution:

a) y'+y=tanx g) y'+4y=3csc2x

b) Prdy rdp=y g o ., , o
FTRE hy Y'-2y'+y=

1+)c2

c) y"+9y=93¢c2 3x

d) y"+4y=tan2x D y'-2y'-3y=6dxe™

e) y'+2y'+y=eFlnx D Y42y 45y =esec2x

" ' —x5—1
f)  4y"+y=2sec(x/2) k) y'-3y+2y=(1+e™)

Solve each equation twice: Using the method of undetermined coefficients, and using the

method of variation of parameters.
a) y' =5y +6y=2e" c) Y-y =2y=2e"*

b) Y42y +y=3¢ d  4y"-dy'+y=16e""
Show that the equation y"+ y = f(x) has general solution

oy
y=cjcosx+cysinx + J. F(O)sin(x —1) dt
‘x{)
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The Laplace Transform

JF(x) F(s)
1
1 —
s
n!
n
X Sn+1
er 1
s—c
s
cosax S2 4 a2
) a
sinax 52 . az
™ £(%) F(s-c)
x f(x) —F'(s)
y'(x) sY(s) — y(0)
') s*Y(s) = '(0) = ¥(0)
Exercise 1: Find the Laplace transforms of the given functions.

a)  f(x) = 3x + 4e** - 2.

Solution: F(s) =3 —— + 4—mM8 - 2

Answer: FS) = s
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b)

d)

f(x) = sin3x — 2cos3x + 2sin4x + cos4x.

Solution:
F(s)= ———m - 2——— + 2 +

SZ + ...... S2 + ...... S2 + ...... S2 + ......
Answer: F(s) = 5 + 5

f(x) = e**cosh3x + ¢**sinh2x.

Solution: Write

2% Ix
=g + e
e - .
fy= e - e+ eF
Then
1
F(s) = 1 B 1 N
,,,,,, _...... S—...... ST S_......
Answer:
F(s) = : - . + 1
R e ag = ad e s+ ...)
f(x) = ezx(c053x — 2sin3x).
Solution: Because
cos3x — 2sin3x <> T o 2
§°+9
Then
o2x (cosBx - 2sin3x) < 5
T
Answer F(s) =
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e)

Solution:

Then

Answer:

Exercise 2:

f(x) = xsinx.

Because sinx <«
xsinx <> —i = T
ds s%4+1 (s2+1)°
F(s) = ——s——7
(s +1)>

Find the inverse Laplace transforms of the given functions.

4
B ) e +42”1.
s s+3 %44
Solution: Write
1 2
Py = . — = Y Ss—
s B ) s“+4 s“+4
Then
Sy = .. ... . ; o
Answer: f(x) = . ... e Foon vesne B s oo
12
b) F(S) = —4 .
S
Solution: By the table, x" <«
Write
12 12 3! 3!
F(S) = —f . = _— <~
S4 o S4 R S4
Answer:  f(x) = ...

88



25+ 6
¢ F(§) = .
) 50 +9s

Solution: Do a partial fraction decomposition.

25+0 25+6 ! N
s> +9s S( )
2546 = A(_.....) * ()

= ()™ (i )s + ()

Compare coefficients:

s A+B = = B = =
S: C = tesn s es e
const : 94 = = A=
2
= Figl = — 4+ — = Z|— - + —
Ky s°+9 3] s s°+9 s°4+9
4
Answer: S = 5[ - . }
g1
d)  F(s) = ——.
(s+2)
Solution: The partial fraction decomposition is easy. Write
s~ 1 s+ - -1 s+ —
Fs) = N (LR DS R (L
(S+2) (S+2) (S+2)
B s+2 B 1 3
(s+2)  (s+2) v (s42)
We know (cut the 2):
1 3 3 2!
) F e s
1 3
= - ©

89



4-1ls

)

Solution: Factor the denominator and do a partial fraction decomposition.

F(s) =

4-11
F(s) = ! - A

N )(s2+4)

Multiply by

4-11s = A( ) ....) + Bs(....) + (C+D)s(....)

G
Il
1l

104 + 5B+ ...

2C + 2D
C+ D )

Ca
I
Il

------ 24A + 168 + I N )
. = D R T ) + DR R R TR )
. = D R R L) + DR R R R A

=2C+ D )

1) -(2): L = £

Then (1) gives D=-1- = = D

Thus, F(s)

Il
|
i

Answer:  f(x) = - 4 #
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3s+5

F(s) = ———=
D s? —6s+25

Solution: Can we factor the denominator ?

b*-dac= =<0

Therefore, complete the square.

3s+5 3s+5
Fis) = ——— = :
s?-6s425  (sP-6s+ )+25-
_ 35s+5
(5= )+
_ -+ DS 36— I+
(5= .. (5= 7+
= 3 S_.E... + 14 . 5
(= d Foiuw e (s—...)7+ ..
We know:
3 5 + ! e < 3 + L
ST L st
Answer: fx) = ( + )
Exercise 3: Solve the IVP by the Laplace transform method:
y' =3y +2y=4x, y0)=2, y'(0)=-1 *).

Solution: By the table: If

¥x) & Y(s)
then

y'(x) o s¥Y(s) - ...

Il

Y'(x) o e - - =
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The Laplace transform of equation (*) is

(27 = v | = 3[s¥@) = ] =
Solve for Y (s):

Y(S)[S2 s } - 4+ =

Y(S)[s2 R s } = e T % _42_

Multiply by

25 -7s*+4 = 4s( ) ...) + B( )

Therefore,

Answer: e e T e T e ™
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Exercise 4: Solve the IVP by the Laplace transform method:
y" = 2y" + y = 2cosx, y0)=1, »'(0)=-2 (*).

Solution: By the table: If

y(x) & Y(s)
then
y'(x) < s¥(s)- ... =
Y(x) o V) = =, =
The Laplace transform of equation (*) is
[V = e | =270 = o ]
Solve for Y (s):
Y(s)|:52 - 1 S -
y 2 _ _ _ 23
(S)|:S j| T R + 2
_ ()P D) 25 _
st +1 st +1 s2+1
Y(s) = =
U [ Gt (o VD)
= 4 + +
()
Multiply by
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s° —4s% +3s—4

= A( e )T B )

1l
g
—_
=
—
+
vo]
—_—
<
4
&
e
2
==

= () F ()% # (i )S 4

Set s=1:

s = B = (1

Compare coefficients:

S2: R = D R R T R L)

M
= S L . 3)

s s T e (4)
ConSt: —4 = D I R R DR )

()
e O — (5)

(4)-(2): gy T mwussmy 2 =

(5): = I R — = 4=

(2): R — = & =

Therefore,

P = — -~ B -

Note that

Answer: P o B B

94



Additional Exercises:

1) Find the Laplace transforms:
a) f(x)=2x- 4x? +2x—e?* f) x*sinax
b) f(x)=(x-1)’ g) xe X cosdx
O f(x)=xe h) f(x)=x>+cos2x+10
d) f(x)=xcos2x ) f(x)=xe* +e** cos2x
e) f(x)=sin’3x i) f(x)=4sinxcosx+2e™*
2)  Find the inverse Laplace transform:
30 3 25s-3 1
a) = (S +]) k) ) p) 3 ]
s (5_4)4 s°—4 §° —5s
b) i.,_ 26 ) 1 D) 852 —4s+12 9 41
s—1 Ky +9 g SZ(SZ_a2) S(S2+4) s _116
3
C) 1 1_2.5' r) N SRS
2 P Ae— m) — 3
s +5s 5+ DG +2) O s(s”-9)
§rs 24354 952 —125+20 (s* +5-6)
E) 2§+1 J) s I5+5 t) .5‘2—2.5‘
S %2 P55 s? —65+25 55244
3)  Solve each following initial value problem using the Laplace transform method:
a)  y'-y'-6y=0  y(0)=1, »'(0)=-1
b)  y'+3y'+2y=0  y(0)=1, »y'(0)=0
©) Y+y'-2y=2"  y0)=1 y(0)=0
A y+dy=x>  p(0)=0, y(0)=2
v oo . 1, 1
) yedywapssmx @) =s P0=g
f)  y'=-2y'+2y=0 y(0)=0, y'(0)=1
g Y-4y+4y=0 y0)=1 y'(0)=1
hy »y'-2y'-2y=0 y(0)=2, y'(0)=0
i) V'+2y" +5y=0 y(0)=2, y'(0)=-1
DY =2y +2y=cosx  y(0)=1, »'(0)=0
k) y'-2y'+2y=e"  y(0)=0, y'(0)=1
D Y'-6y'+8y=2  y(0)=0, »'(0)=0
m Y +2y+y=4e p(0)=2, y(0)=-1
n  y-4y=3x  p0)=0, y(0)=0
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