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ABSTRACT

An exact and remarkably simple one~dimensional integral
expression is derived for the mean number {N> of photons
emitted per revolution in synchrotron radiation for the first
time. The familiar high-energy expression printed repeatedly in
the literature is found.to be inaccurate with a relative error
of 160% for a speed of B0% of the speed of light. A new improved
high-energy expression for (N}, is given. The quantum electrody-
namics of Cerenkov radiation at finite temperature is developed
and computed exactly to first order in the fine-structure constant.
By avoiding combining Feynman propagatorcs in parametric form and
using instead complex integration an exaét evaiuation, valid also
at zero temperature, was possible. We show, in particular, that
the imaginary part of the electron self-energy satisfies the corred
boundary condition and no-contact term is needed in its evaluation.
QED, unlike its classical counterpart, is shown to iantroduce
avtomatically a cut-off for higher frequencies emphasizing the
importance of the quantum treatment. Upper and lower bounds are
derived for the exact ground-state energy of neutral atoms which
for large Z both involve the limits of exact Green's functiomns
with one-body potentials. The limits of both bounds are shown to

coinside with the Thomas-Fermi ground-state energy.
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1. INTRODUCTION

" The fascinating story of synchrotron radiatiom as a particular
example of radiation theory emphasizing both the early theoretical
and experimental developments is well documented in the literature
{e.g., [1]). The monumental pioneering theoretical contribution of
Schwinger [2,3]) and its direct experimental impact has been
particularly noted [1] to the extent that it was called in the early
developments "Schwinger radiation'". Although the main features of
synchrotron radiation have been well known for a long time, there is
certainly room for further developments and improvements. We have
used an earlier integral for the power of radiation obtained by
Schwinger [2,4,5] over fifty years ago to derive an exact expression
for the mean number <X of photons emitted per revelution with no
approximations made. The derived result for {Ny is a remarkably
Simple one-dimensional ifutegratl. ﬁe infer ithal ithe familiar high-
energy expression [6,7] for (N)> repeatedly printed in the literature
i1s rather inaccurate and even for speeds of the charged particle
with 8 = 0.9, 0.8 deviations from this expression are rather
significant with large relative errors of 82%, 160%, respectively.
In particular, our exact result for (N} is used to obtain a much-
improved asymptotic high-energy expression for radiating particles.

The history of Cerenkov radiation is a long one with its discovery
[8,9] in 1936 and its first theoretical explanation [10] im 1937.
In recent years, the experimental studies [é.g., 11-14}, the
applications [ef.15,16] and the thecoretical investigationms for
radiating particles [17-24] and strings [25] have been numerous.
Although most of the recent theoretical studies were classical ones,

many have also dealt at the quantum [e.g., 17, 21, 24, 25, 26]



level since the earlier attempts {cf. 27-30] also at the

quantum level. One of the clearest and most detailed quantum
treatment of the problem we have found in the literature over

the years is that of Schwinger et. 3l.[4,5].The latter deals

with the full QED (quaptum electrodynamics) to the first order

in the fine-structure constant in an isotropic homogeneous

medium at zero temperature. Unfortunately , due to the method of
combining the denominators of the propagators in parametric form
the resulting integrals turned out to be exceedingly complicated
and approximations were necessarily made. This left, in particular,
the higher order quantum correction undetermined. The ambiguity
associated with the latter part of the quantum correction is well
known. We have carried out a detailed study of the QED of Cerenkov
radiation, exactly to first order in the fine-structure constant,
with no further approximation at finite temperasture [e.z., 31]

for the first time and in the process obtained the full quantum
correction to the spectrum, in an isotropic homogeneous medium.

We use the method of complex integration directly on the electron
self-energy without combining the denominators of the underlying
propagators. This turns out to simplify the problem tremendously
over the more conventional method of combining denominators of

the propagators in parametric form. This allowed us to obtain a
closed expression for the integral in question for the power.

It was shown that the imaginary part of the electron self-energy
satisfies the correct underlying boundary coudition and no contact

term was needed to be introduced. One of the most pleasing aspects

of the QED treatment was found that, unlike its classical



counterpart, it introduces automatically a cut-off for higher
f;equencies beyond which the power is necessarily zevo.

A very remarkable property of atoms is that for large Z,
the atomic number, the Thomas-Fermi [32,33] becomes exact [34-36].
Unfortunately, the very.ingenious proofs of this beautiful result
were somewhat complex. We have strived in developing a relatively
eagsier derivation of this fundamental result by using, in the
process, the Green's function corresponding to the Thomas-Fermi
potentiﬁl. Upper and lower bounds are derived for the ground-state
energy of neutral atoms which for large Z both involve the limits
of exact Green's functions with one-body potentials. The limits
of both bounds are shown to coincide with the Thomas-Fermi ground-~

State emnergy.

From above we may summarize; in turmn, by stating that
the objectives of this project were to obtain exact results, for
the first time, in two of the most celebrated forms of radiation
-~ that is of synchrotron and Cerenkov radiation. Also establish,
in a rather direct way, that the Theomas-Fermi theory does
indeed provide the leading approximation for the exact ground-
State energy for atoms im the small parameter 1/Z. The underlying
hypotheses involved were the validity of electrodynamics at the
¢lassical and quantum level {(versus QED) and that of ordinary
quantum physics of multi-electron atoms. The usefulness of our
éxact resultsmentioned above is that they should meet future
experiments since they were derived from well established theories.
The scope of the research is limited to the usual idealistic
conditions under which a theory is often derived. As, for example,

a complete vacuum in the case of synchrotron radiation and that for



the case of Cerenkov radiation, the medium may be described by
introducing its permeability and permitivity as reacting to
external sources. As mentioned above, however, the results are

derived within well established theories.

The results obtained. in the above investigations are

published, respectively, in [38,39,40].



2. METHODOLOGY

We have used the well known expression for the power of
raﬁiation developed by Schwinger [2,4,5] almost fifty years ago
to derive an exact expression for the mean number { N> of photons
emitted per revolution in synchrotron radiation with no approxi-
mations made. The resulting expression for {N) is a remarkably
simple one-dimensional integral. The basic idea in our derivation
was to explicitly incorporate the correct boundary condition for
<N> to be zero for B-—+0 before carrying out the integrals
involved in the theory. In carrying out our exact expression,
to flrst-order in the fine-structure constant, of the power of
Cerenkov radiation in quantum electrodynamics at finite temperature
in isotropic homogeneous media we have relied on the following
method. The expression for the power was written in terms of the
self-energy of the electron. Instead of combining the denominators
of the underiying propagators inlparametric form, as done in the
Past, complex integration techniques were used. We have justified
rigorously integrating over the complex domain by deriving lower
bounds on singularities involved. The meth&d of complex integration
brings us into contact with studies of analytical properties
of Feynman diagrams dealing with so-called pinching singularities
{e.g.,37] In our large Z limit-study, the derivation rests on the
fact that elementary scaling properties of the integrals of the
Green's function allows one readily to consider this limit with
no difficulty. The basic idea is that integrals of the Green's
function for coincident space points involved in the analysis have

particularly simple power law behaviour for large Z.



3. RESULTS OBTAINED

The exact expression for the mean number of photons emiited

per revolution in synchrotron radiation obtained im this work

is given by

{8y = 2062]‘00 Eﬁ [(Sin x/x)z - cos(2 x)
o i -B%(sin x/x)2

where &« = ezlﬁc is the fine-structure constant, and f is the
speed of the radiating charged particle measured relative to the
speed of light. In particular, for high energetic particles, the

exact expression given above yields

NS = S5Ta /J3(1-ﬁ2) + ag«

where s, = - 9.5580. The relative errors of the above high-
energy =stimates are, respectively, 4.11 %, 1.34 %, 0.063 % for
g =10.8, 0,9, 0.99 in comparison with the result printed
repeatedly in the literature [6,7] of 160 %, 82 %, 17 %,
respectively.

The exact expression for the power of Cerenkov radiation, to
first order in &« , in quantum electrodynamics at finite

temperature obtaimned in this work is given by

2
PT(w) saewlBr{l _ (1/n6)2\:1 + (wIZE)(nZ- 1)] + (uZIZEZ)(nZ-l)/BZ AT(w)

Where

(@) e@W/kT [explE -w]/kT -~ exp -w/kT]
A {w) =
l_ew.r’k'l‘ ] (explE -wl/kT + 1)
- 1



in units of ¥ = 1, ¢ = 1, where w is the energy of radiated
photons, E is the total energy of the radiating charged particle,

n =‘ﬁ:: is the index of refraction of the medium, pu and x

are, respectively, the permeability and permitivity of the isotropic
homogeneous medium. T denotes the absolute temperature and k

denotes Boltzmann's constant. QED, uniike its classical counterpart,
provides naturally a cut-off for the frequencies w £ w, beyond

which the power is zero, where
@, = (2(af -1)m)/((p2-1)(1-62)1/7)

where m denotes the mass of the charged particle.
Finally, let EZ denote the exact ground-state energy for
a neutral atom with atomic number Z. We have shown, by using in

the process basic secaling properties of one-body Green functions,

that for large Z

TF AR 3

where Epp is the coefficient of 27/3 6f the Thomas-Fermi ground-

state energy. That is, 3'7/33 — E for Z —u &
Z T



4. SUMMARY AND CONCLUSIONS

The exact expression for the mean number of photons emitted
per revolution in synchrotron radiation was derived and a
corresponding high-energy estimate for the latter was also
established. In particular, it was shown that the expression
printed repeatedly in the literagure gives relative errors of
160 % for a speed of 80 % of the speed of light and is rather
inaccurate. An exact expression, in turn, for the power of
radiation in quantum electrodynamics, to first-order in the
fine-structure constant, was derived at finite temperature for
the first time. In particular, the higher order quantum coxrrection
was also obtained which is valid at zero temperature as well. It
was shown that the gquantum correction introduces automatically a
cut~off for higher frequencies of photons emitted unliike its
¢lassical counterpart. Finally, it was established, in a rather
direct way, by using basic scaling properties of one-body Green
functions that the Thomas-Fermi theory does indeed provide the
leading approximation to the exact ground-state energy for atoms

in the small parameter 1/Z.
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