H

ELSEVIER

Physica B 269 (1999) 115-122

PHYSICA

Cerenkov radiation in discontinuous media: a quantum
view-point

E.B. Manoukian®*, P. Bantitadawit

School of Physics, Suranaree University of Technology, Nakhon Ratchasima 30000, Thailand

Received 12 November 1998; accepted 6 January 1999

Abstract

The photon propagator in the Cerenkov radiation off a charged particle moving in a dielectric slab immersed within
another dielectric medium is derived. From the vacuum-to-vacuum transition amplitude, an explicit expression is
obtained for the photon number density of given frequency of photons radiated per unit path length of the particle. In
particular, it is shown that near threshold, the density behaves like sin 0, rather than of the well known behavior of sin? 0,
for uniformly extended media and may be of interest experimentally, where 0, is the Cerenkov-cone half-angle. The
derived expression is applied to the visible region. The analysis is given from a field-theory view-point. © 1999

Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

There has been much interest recently
[1-4,14-16] in the classic Cerenkov radiation [5,6]
and its experimental verification has been repeated
many times over the years (cf. [7-9,17,18]). Its nu-
merous applications in particle detection, in nu-
clear and cosmic ray physics, in high-energy
physics and tests of properties of materials have
been well documented (cf. [10,19,20]). The purpose
of this work is to carry out a systematic analysis of
Cerenkov radiation off a charged particle moving
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in a plane homogeneous isotropic dielectric slab of
permitivity x; with the latter immersed in another
homogeneous isotropic dielectric medium of per-
mitivity k, > i via the Green’s function (propaga-
tor) of the photon. With the physical problem in
mind, a direct derivation is given for the latter and
then we use the vacuum-to-vacuum transition
amplitude (e.g., [1,11,14]) to obtain an explicit ex-
pression for the number [1,12,14,21,22] density of
photons radiated within a given frequency range as
the particle transverses a unit distance parallel to
the surface of the slab and, for simplicity, at mid-
point. Of particular interest in our results are that
near threshold for emission, the density behaves
like sin 0, rather than of the well known behavior of
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sin? 0, for uniformly extended media and may be of
interest experimentally, where 0, is the Cerenkov-
cone half-angle. This may provide an overall en-
hancing factor for emission. Secondly, near thre-
shold, the density is seen to be damped out at
higher frequencies unlike the well known constant
behavior for uniformly extended media. This also
may be of interest experimentally. An application is
given to the visible region and the number of
photons emitted is estimated. The permitivities are
allowed, in general, to be frequency dependent in
the formalism.

The paper is organized as follows. In Section 2,
the boundary conditions for the photon propaga-
tor are spelled out and the expression for the latter
is derived with the physical problem in mind. In
Section 3, we obtain an explicit expression for the
photon number density for emission within a fre-
quency range (o, @ + dw) as the particle traverses
a given path length L, and the important positivity
of the density is established. Section 4 deals with the
threshold behavior of the number density.

2. The photon propagator

We work in the celebrated temporal gauge
A° =0 (cf. [1,13,14]) for the propagator. The per-
mitivity varies along the z-axis as

K(z) =1y, —af2<z<al2,

K(z) =Ky, z>af2, z< —a/2, (1)

where a denotes the thickness of the slab of per-
mitivity x;. The Green’s function will be denoted by
DY(x', x), x = (x% x, z), where x| lies parallel to
the surfaces of the slab, x° = ct; i, j = 1, 2, 3. Once
and for all, we set — a/2 <z < a/2, where the
motion of the charged particle takes place, and
eventually set z = 0 corresponding to its trajectory
(Section 3). The photon propagator for the problem
at hand reduces in projecting out the i=j=1
component of D¥(x’, x).

2.1. Case —aj2 <z <af2

D¥(x’, x) consists of two parts:

DY(x', x) = DY(x', x) + DY(x', x), (2)

where D¥(x’, x) is the particular solution of
[( _ 6/2 4 Kla/Oz)éim 4 a/ia/m]Drlnj(x/’ X)
= 65%(x', x), A3)

and D¥(x', x)is the homogeneous solution of Eq. (3)
with the right-hand side of the latter replaced by
zero. For x'° > x°, the solution to Eq. (3) is well
known (cf. [1,14]):

43k ei\/x_,k e =x) g k(= x°)

Di(x', x) = zJ\/x_l o S

il.J
X (5” - kkli ) 4)

k = |k|. For D¥(x, x) we have
[(— 07 + k@)™ + 0™DY(x, ) =0;  (5)

or equivalently

(=07 +1,0”)DH(x, x) =0, (6)
(— 0%+ x,0°)DY(x', x) =0, (7)
"'D(x', x) =0, &’DY(x’, x) = 0. (8)

Egs. (6) and (7) together imply that, in particular,
for a, b = 1,2, quite generally we may write

.y . 43k ei\/ZK-(x'H—xH)e—ik(x"’—x“)
DZb(x > X) = ZJ\/ K1 (2,“:)3 2k
X [ei\/x—lq(z’—z)Aab(k) + ei\/KF‘q(z’+z)Bab(k)], (9)

where k = (K, q), k = |k|, and A®, B are un-
known. For z = 0, the above in Eq. (9) must be an
even function in z' by symmetry. That is

A3k elVrik (g~ ik(x" = x°)

D(x', x) = ZJ\/IZ 2n)? T

x cos(y /1142 )G (k) (10)

where we have set z =0 and G*(k) is yet to be
determined. Upon combining Egs. (4) and (10) we
are led (x° > x°, z =0) to

d3k ei\/K—lK-(x/H —x)g —ik(x'" —x)

Dab(x,9 X) = if\/ K1 (211:)3 2k
K°KP\ . ,
X [(5“” R >el\/;“" + cos(ﬁlqz’)GT(k)].

(11)
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We will also need to find the general structure of
D*(x', x). To this end we may infer from the first
relation Eq. (8) that (x'° > x°, z = 0)

A3k ei\/;c_lK- =) ik(x"® — x°)

DSb(x” _Xj) = IJV\/K»l (211:)3 %

_ Kb -, . / ’
x[ —qu Vi _ S/ K147) Kqu)K“G“f} (12)
q

Quite generally G is of the following form

aKb

K
— B+<k>>, (13)

G¥ = (5“"A+(k> -
where A, and B, are to be determined.

2.2. Case z’ > a2 (or 2’ < — a/2)

For z' > a/2, we use the notation D¥(x’, x) for
the Green function. The equations for the latter are

(— &+ K,0°)DY(x, x) =0, (14)
(— &2 + 1,0°)DY(x', x) = 0, (15)
0"'Di(x', x) =0, o’DY(x', x) = 0. (16)

Quite generally, D¥(x’, x), a, b=1,2, has the
structure (x'° > x°):

DY(x', x) =

d*K dgdq dk°
(2m)?2n 21 2n

« el K & —x)gia’z g —igzg = ik°(x"° = x°) e ik’ (x"* —x°) D¢

(17)
Eqgs. (14) and (15) give, respectively,
(K> + ¢* — 1,k°)D? =0, (18)
(K + ¢* — 1,k°)D? = 0, (19)

from which we infer, in particular, that with

K 1/2
q= <—2k2 — KZ) sgng = Q, (20)

K1

k= (K* + ¢*)"'* = |kl, where sgnq=]|q| for
q>0,sgng = —|q| for ¢ <0, we may write

3 eiTV/K_IK- ) =g~ ik(x = x)

. d
DL, x) = lf\/'z 2n)° 2k

x N0 (e TWREGH(k) 4 eNOEGR(R)  (21)

k = (K,q), which may be rewritten as z = 0 as

3 ei\/;,K ) ik’ = x°)

d
DL, x) = iJ\/’Z 2n)® 2%

x VK0 G k) (22)

in terms of a new function G**. By using Eq. (16) we
also have (x° > x° z =0)

43k ei\/;T,Ir i1~ ik(x"®—x%)

D, x) = 1&/}71 a0 o

x eVRQ(_ KaGe(k)/Q). (23)

Similar expressions may be given for z’ < — a/2
which, however, due to symmetry, are not essential
here.

2.3. Applications of the boundary conditions

The boundary conditions for D*(x’, x) are given
by

Dab(x/, X), (24)
K(z/)D”(x/, X), (25)
[araDlib(xr’ X) o arSDab(x/’ X)], (26)

a, b =1, 2, are continuous at z' = + a/2.

The application of these boundary conditions at
z' = + a/2, for example, give from Egs. (11)—(13),
(22) and (23), respectively:

ab K°K” i/x1qa/2 ab
0" — 2 eV 4 cos(\/K1qa/2)GE

= elVQ2G, (27)
. .
K1|:ei\/x_1qa/2< _ g) _ sin(y/ K1q(l/2)KaGaf:|
k q
= K,eV¥10U2G3, (28)



118 E.B. Manoukian, P. Bantitadawit | Physica B 269 (1999) 115-122

K[em( _ g) _ sin/iqal2)
q

k2
K . K°K?
(4, — 2B )| of evmmrz( g 22
k k
+isin(y/x14a/2GY] = [K'GY — QG 02,

(29)

where in writing Eq. (29), we have used Eq. (13).
A tedious analysis of the B. C. in Egs. (27)-(29)
determines the functions A,, B, relevant to the
problem at hand:

Y (g — Q)elvree”
T Qcos(y/x1qa/2) — igsin(y/x1qa/2)

B+ 1 e1V/K,qa/2

(30)

KoK [irc, 0 sin(\/k14a/2) — qxc; cos(/k14a/2)]

X |:(K2Q — K19)q

4

(ks — k)k*(qg — O 51n\/7qa/2 ] G31)
[Q cos( \/7qa/2 — ig sin( \/Tqa/2)] '

2.4. The photon propagator

The photon propagator for the physical problem
at hand corresponds to a=1=b,z=0=7,
x5 =0 = Xx, in Eq. (9), where the charged particle
moves in the x; direction x = (x;, x,, z). That is,
from Egs. (9) and (12) (x'° > x°):

43k ei\/x_lKl(x'l —x1)g k(" = x)

Pl x) =i jﬁl(zn)s .

(Ky)*
kZ

{(1 + AL — 51 +B+)} (32)

where 4., B, are given by Egs. (30), (31), respec-
tively. Here k = (K, K», q), k = |k|, and from Eq.
(19), @ may be rewritten as

Ky 12
0= <<K1 >k2 +q > sgn q. (33)

The integrand in Eq. (32) is an even function of K,.
The ¢ integral over ¢ may be rewritten over the
region 0 < g < oo, by replacing ¢ > — g over the
— o0 < g < Oregion. A tedious analysis from Egs.
(30)—(33), then shows that we may, equivalently to
Eq. (32), write

[ dK, [*dK, [*dq
DU(y. x) = 4 1 2| "dq
(x> x) 1_[_00 2n L 2 |y 21

i/ K () = x0) g — k(0 = x°) K1(K,)?
Al 1 - B,
kZ

X 2k

where

A= 99 . (35)

02 cos’(y/19a/2) + ¢ sin’(\/19a/2)

(k5 — 1c1)k? sin? \/7qa/2) + Kx,q°
k20?2 51n2(\/7qa/2)+;c2q cos \/K_lqa/2).

(36)
A and B are real.
We insert the unit operator
f dwd(w — ke) =1 (37)
0

in Eq. (34). Also the K, — ¢ integrals suggest to
integrate for the latter in polar coordinates:
q=Rcosf, K, =Rsinfl with 0<R< o0, 0<
0 < m/2. With the help of the delta function in Eq.
(37) we may then explicitly integrate over R to
obtain

i (% ["dK [0 K°
Dll ’ — ; A R
%) chjo dij%cz @<cz K1>

% eiK(x’, - x,)e —io(x"*—x%/c

/2 2g2
xj d0A1<1—C 2 B1>, (38)
o w

where we have finally made the change of variable
\/K71K1 =K, A; = A given in Eq. (35),
(5 — 161)sin*(Z cos 0) + x,q*

B, = 39
' k30%sin%(Z cos 0) + k3q%cos>(Z cos 0) (39
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and now

wa 1 [eK\ 2\ 1?2
Z=\/1712—c<1—’<—1<—>> . (42)

3. The photon number density and its positivity

For the charged particle, we specialize in a cur-
rent density J = (J4, 0, 0) in the form

J1(x) =[x, 1)0(x2)0(2) , (43)

x = (ct, X1, X5, z). The vaccum-to-vacuum transi-
tion amplitude in the presence of a current density
J1(x) is given by (cf. [1,11,12,14,22])

€04]0-> =
X exp[2 o f(dx )dx) J 1 (x)D(x',x)J 4( x)] (44)
and hence for the average number of photons emit-

ted by J; we have [1,12,14,22] from Egs. (38) and
(43)

1 0 9 (,02 KZ
Ny=——| do| drO(S ——
N 811:2th0 wJ_m <62 ;c1>

x| (K, w)*G(K, w), (45)
where
2 /2 2K2
G(K, w):—J d6A1<1 -5 Bl>, (46)
T /o (0)]

where Ay, By, q, Q, Z defined through Egs.
(38)—(42).
For a charged particle of charge e we write

f(xq, t) = evd(x; — vt) (47)

to obtain formally by a double Fourier transform

17K, o) = 2ne25<K _ %)Jdel , (48)

where L denotes the distance travelled by the
particle. The average number density of photons
emitted with (angular) frequency within the interval
(o, o + dw) as the particle traverses a distance L is
then

o 1)y =26(2 o) )

with the threshold condition obtained from Eq. (48)

and the step function in Eq. (45) to be /x> 1,
where = v/c, and o = e?/(4mhc) is the fine-struc-
ture constant. In detail

) 2 (™2
G<—, w> = —f d0 g0(Q*cos*(Z cos 0)
v o
+ g*sin*(Z cos0)) !
- 1 (15 — K1)sin*(Z cos 0) + 1,4
B [k1Q%sin*(Z cos 0) + x3q*cos*(Z cos 0)]

(50)
where now
q=(1—1/x;*)"?cos0,
0 = (i/ic; — 1+ (1 — 1/ f)cos?0)" /2, (51)
Z =i (1= Vi f)'2. (52)

3.1. Positivity of {N(w,L)»

To establish the very essential positivity of
{N(w, L)) given in Eq. (49), we derive a chain
of some inequalities. To this end we note that with
the condition k, > i, set, the second term in the
square brackets in the integrand in Eq. (50) without
the minus sign

(3 — 161)sin*(Z cos 0) + 1,4
B*r10?*sin*(Z cos 0) + B*r3cos*(Z cos 0)

(=0)

(53)

as indicated is positive. To establish the positivity
of G(w/v, ) in Eq. (50) we have to show that the
expression in Eq. (53) does not exceed one since
qQ = 01in Eq. (50). To this end, the denominator in
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Eq. (53) may be rewritten as

B30 — ¢*)sin(Z cos 0) + B(rcisin®(Z cos 0)
+ 12cos*(Z cos 0))q* = Bi1(ic, — 1c1)sin?
x (Z cos 0) + B*(kisin*(Z cos 0)
+ K3c0s*(Z cos 0))q*

= (1, — K1) sin*(Z cos 0)

N ﬂ%cf[(ﬂ 1>sin2(Zcos 0)

K1 cos20

2
+ sin*(Z cos 0) + %cosz(Z cos 6):|q2, (54)
1

where we have used the definitions in Eq. (51). We
have the following chain of inequalities:

12
2 of (K2 \sin(ZcosO) .,
p K1|:<K1 1>—00820 + sin“(Z cos 0)

K3
+ — cos*(Z cos 0)
K1

K1

= ﬁ2K1K2|:1 + <% — 1>cosz(Z cos 0)]
1

> BPriKy = Ko, (55)

> pi, K2|:sin2(Z cos0) + Ecosz(Z cos 0)]

thus establishing from (54) that the expression in
Eq. (53) does not exceed one, and hence of the
positivity of {N(w, L)>.

3.2. Expression for {(N(w, L))

Upon using the definitions (51), (52) in Egs. (49)
and (50) we obtain the final expression

ol 2 [™?
(N(o, L)) =—=| d0fi(cos 0, w)fy(cos b, w),
¢ mlo
(56)
where
fi(cos 0, w) =
.3 _1 ) 2mi1/2
Sin0u((b — 1) + sin*0ccos®0) * o sy

[(b — 1)cos*(Z cos 0) + sin?0.cos*0]

f>(cos 0, w) (b — 1)sin*(Z cos 0) + Fcos*0
) =
2 > (b _ l)sinz(zcos 0) + GsinZOCCOSZO’

F = b(sin?0, — 1) + sin*(Z cos 0) + b*cos*(Z cos ),

G = sin*(Z cos 0) + b*cos*(Z cos 0), (58)

where

b = K,/Ky, (59)

sin0, = (1 — 1/, 52, (60)

Z::./K1%§sh100 (61)
In particular for k, - x; =k, a >0,

fi(cos 8, w)

TZHC d 1, fZ(COS 0, a)) - 1,

and we recover the classic result for uniformly ex-
tended media

{N(w, L)>¢ = % sin?0.. (62)

4. Threshold behavior

Of particular interest is the threshold behavior
sinf, ~ 0 of (N(w, L)) in Egs. (56)—(58). To this
end
sin®0.cos 0
(b— 112’

bb —1) 1

fa(cos 0, ov)ﬁf(bz + (b — D’k a%/Ac?) sin?0, (4

fi(cos 6, w) ~ (63)

and the 6-integral in Eq. (56) is readily carried out
to give

4oL o .
{N(w, L)) ~ na\/;ci <w2 n w(z)>51n 0., (65)
where
2c(15/1c1) (66)

0= 12
e S

The sin 0, behavior in Eq. (65), rather than sin?0, as
in Eq. (62), is to be noted, as well as the frequency
dependence in the denominator.
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We consider the visible region, and we assume,
approximate constancy of the permitivities in this
region to obtain

Nz, lzwd N L)) ~
(@2 1) Lw< o, L)) nf<)

x sin 0, tan "~ 1<m>, (67)

1 + o w,/0d

where we take ®;/c ~ 1.653x10°/cm, w,/c ~
8.380 x 10*/cm. For example consider a layer of
hydrogen gas x; = k(H,) = 1.00026, of thickness a,
trapped long enough in air, x, = x(air) = 1.00060,
so that the particle traverses a distance L. Then

% — 1.085 x 10%/a. (68)
Since (w,w,)*?/c ~ 10°/cm, we may consider the
following three cases.

IL.a~10"3cm

This corresponds to the case w§ ~ w,w,. For
definiteness, let a=10"3cm, then with
o =(137)"1, Eq. (67) gives

N(w,, wq)/L ~ 3sin 0, photons/cm. (69)
IL. a > 10 *cm

Of course, a cannot be taken arbitrarily large
here because of the approximation made in Egs.
(63) and (64). This case corresponds to m;w, > w}
and hence

9.29x1073 —
Ny, o)L ~ 22107 ew<u)
a WiW,

6x10°°
~ 27 Gino, (70)

and for a ~ 1 cm,
N(w,, w1)/L ~ 6x 10~ %in 0, photons/cm.  (71)

Needless to say that Eq. (71) is the number of
photons radiated per charged particle and the re-
sult may be significant when there is a large number

of radiating particles.
. a< 1073

In this case the a dependence in Eq. (67) essentially
disappears since w;w, < w}, and (woa) is indepen-
dent of a, and we obtain

N(w,, wy)/L ~ 7sin 0, photons/cm. (72)

Egs. (69), (71) and (72) are to be compared with
No(w,, @)/L as obtained from Eq. (62) for uni-
formly extended media for the same frequency
range. The latter is given by

No(w,, 1)/L = asin®0(w; — w,)/c ~ 595sin?0,

photons/cm. (73)

It is interesting to note that the problem sets
a scale @ ~ 1073 cm at which the number of photo-
ns may be arbitrarily enhanced over the uniformly
extended media when a particle moves arbitrarily
close to its threshold value. An enhancement that
may occur in Eq. (69) or a suppression that may
occur in Eq. (71) over the uniformly extended media
may be a clear indication of an inhomogeneity
of the permitivity with a given extension around
the charged particle and may be of experimental
interest.
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