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A Dirac picture perturbation theory is developed for the time evolution operator in clas-
sical dynamics in the spirit of the Schwinger—-Feynman-Dyson perturbation expansion
and detailed rules are derived for computations. Complexification formalisms are given
for the time evolution operator suitable for phase space analyses, and then extended to
a two-dimensional setting for a study of the geometrical Berry phase as an example.
Finally a direct integration of Hamilton’s equations is shown to lead naturally to a path
integral expression, as a resolution of the identity, as applied to arbitrary functions of
generalized coordinates and momenta.
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1. INTRODUCTION

With the rapid progress of field theory in describing the basic interactions
occurring in nature, itis becoming more and more important to extend the powerful
techniques of field theory in describing physics, in general, in a more unified
language. Such a unification has always been the goal of physics research over the
years. The present work is aimed in describing classical dynamics in the spirit of
field theory methods. Some earlier papers on this subject are given in Abrikosov
(1993), Gozziet al. (1989), Schwartz (1976), and Wetterich (1997), which are,
however, only tangentially related to our present investigations. We develop a
Dirac (interaction) picture perturbation theory in the spirit of the Schwinger—
Feynman-Dyson perturbation theory to all orders in a coupling parameter and
detailedrulesare derived for computations starting from the time evolution of any
function of the generalized coordinates and momenta. Complexifications of the
time evolution are developed suitable for phase space analyses and then extended to
atwo-dimensional setting to describe the so-called geometrical Berry phase (Berry,
1984; Shapere and Wilczek, 1989) as an example. Finally, since the classical limit
ofthe path integral, starting from the quantum regime, reduces to just a phase factor
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involving the classical action, such a limit (Abrikosov, 1993; Gatzal., 1989)

is not of very practical value, as it stands, for actual computations. Instead, we
develop a path integral expression by direct integration of Hamilton’s equations,
as aresolution of the identity, that may be applied to any function of the generalized
coordinates and momenta, in the same spirit of developing the resolution of the
identity of a self-adjoint operator, in quantum physics, that may be applied to
any vector in the underlying Hilbert space. The perturbation expansion, with the
derived rules, is given in Section 2, while the complexification formalisms are
developed in Section 3. Section 4 deals with the path integral expression and its
consistency with the Poisson-bracket solution.

2. RULES FOR COMPUTATIONS AND THE DIRAC PICTURE
PERTURBATION THEORY

The time derivative of an arbitrary functiof[q(t), p(t)] of generalized
coordinates and generalized momenta, via the Poisson-bracket formalism, reads

d GH() & aH(E) o
g 190 201 = | 505 505~ a0 o ) 190 PO
la(), po)] 2.1)

whereH[q(t), p(t)] = H(t) is the Hamiltonian, constructed out of the variables
q(t) and p(t), assumed with no explicit time dependence. Similarly,

(5) flao. po

fala(t), p(t)]

_[8H(t) ] aH(t) o
ap(t) aq(t)  oq(t) ap(t)
leading to the familiar time evolution

] fla@). pt)]  (2.2)

flq(t), p(t)] = expltO] f[q, p] (2.3)
where
0= [ﬁi—ﬁi} (2.4)
op dq  9q Ip

andg = q(0), p = p(0), H = H(0).
Upon using the integral identity

t
et[A+AB] eftA =1+ )\/ dty etl[AJrAB] B eftlA (25)
0

for two operatorsA and B, and setting
H = H;+ AH> (26)
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NELUERREN e
op 9q  9q ap

o[l 0 0] -
op 99  9q ap

one obtains, upon iteration of (2.5), the expression

00 t t tho1
fla. pO1 = 6" [ a [“ae [ doB)- - B €A 11, p
n=0

(2.9)
where
B(t) =e”Be A (2.10)
with B(t) independent of the parameter
In particular, for
Hi = p?/2m,  H,=V(q) (2.11)
B = F[a+ %t] [aip - %%} 2.12)
Fla] = -V'(a) (2.13)
f(a.p) =1 (2.14)
then
et @, p=q+ %p (2.15)

and we obtain

00 . t ty th-1 t
a=>0) fo dt /O diy- - [O dt, B(tn)---B(tl)[q+5p} (2.16)

In detail
) o+ e | = (S5 Fa+ 2] 217)
B(t2)B(4) [q + %p} - (tl r;tz) (t :ntl) F [q ; :—f]p] F [q T :—;p}
(2.18)

and so on. Upon letting

tA
q+ —n'1p = U; (2.19)
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we obtain, after a systematic analysis, the following general explicit rule:

Bt B [+ ] = (5 Flud X

f— 1\ k2
m

t —t 8(ky,n)
x (—1 “) F&a)uy]
m

(55
X
m

X F(kz)[uz] L (tnl - tn

x Pl [uy ]

F@[u] = (%)a Flu]

and the sum in (2.20) is over &ls andé’s such that
ki+k+---+kii=n-1
k1=1,...,n—1
k=0,1,...,n-2

where

i(n_l =0,1
and
8(kij)=0, if k=0
Skij)=0, if 1<j<i
and forj > i, thed(k; ;) are zero or one such that

n

> sk) =k, i=1,...,n-1

j=i+1
and

n-1
dski) =1, Gk)=0, j=1,2...,1]
i=1

that is, for a fixedj, t; appears only once in the product:

n n
n(tl _ tj)5(k1,j) H(t2 —t )5(k2,j) .
j=2 j=3

m

L1\ 2
m

)8(knlvn)

(2.20)

(2.21)

(2.22)

(2.23)
(2.24)

(2.25)

(2.26)

(2.27)
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For example, fon = 4,
ki=1,2,3; kh=0,1,2; ks3=0,1; ki+ko+ks=3
and fork; = 2,k, = 1,ks =0,
8(2,2)+ 8(2,3)+ 8(2, 4)=2
8(1,3)+58(1,4) =1
and
32, j)+3G,j)=1

For the harmonic oscillator \¢) = g2/2, . = mw?, and

Flil=—a,  B=—qyn, A=oo
The only solution being
ki=---=knp1=1
with
FOul=-1, i=1,...,n—=1;  Fl[u)] = —[q+tap/m]
we obtain

[e%) t 1 th—1
a) = 3 (—e?)" / d [ dt.-- / dta(t — 1)
= 0 0 0

X (t— 1) (trs — to) [q+%“p}

which integrates out to

= a (O™ P a O™
1=d g( ) ey * Z(_ Tent
or

q(t) = g coswt + B smwt

3. COMPLEXIFICATION OF THE TIME EVOLUTION

We consider the complex dynamical variable

Z(t) = aq(t) +ibp(t)

1331

(2.28)

(2.29)
(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(3.1)
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wherea and b are arbitrary real constants. Equation (2.9) then immediately
leads to

00 t ty tho1
Z(t) = Z(k)”/o dt1/0 dtz...f0 dt, B(tn)B(th_1) - - -
n=0

x B(ty) [a (q + %p) + ibp} (3.2)

in which B(t,) - - - B(t1)[a(g 4+ t p/m) + ibp] coincides with the expression in
(2.20) except that the overall factdr-{ t;)/m in the latter is replaced by

()]

A more explicit expression may be also obtained directly from (2.3). To this
end, consider the Hamiltonian

H= L + mwzq—2 +AV(q) (3.4)
2m 2
and upon setting
Z(t) =q(t) +ip(t)/me (3.5)
one readily obtains
Z(t) = exp[—i %‘"c} Z(0) (3.6)
where
A w0 Gl . FI(Z+ 2%)/2]
C=(z Z)(az+aZ*>+<(Z+Z) 2). —
a ad
> g
X (az aZ*) (8.7)
whereF[] is defined in (2.13). Fo¥(q) = —q,
A A @ . A d
leading from
. A d
Z(t) = — 7 - — |\ —1Z )
t) exp[ |tw< mw2> 82} (3.9

and upon using the identity

d
exp(aza—z> Z = Zexpa (3.10)
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for any constand, to the expression
Z(t) = * + explitw) | Z * (3.11)
T mw? prite mw? )’ '

A more interesting application is to the geometrical phase associated with the
famous Foucault pendulum with Hamiltonian

2m  2m

where/g/L = wo > w, w, = w Sini, with A denoting the latitude and the
length of the pendulum. Then

m
H + 220D+ By - pXe: (312)

_ (B O medx — puwy)
0= (m + ya)z) aX (megx pywz)apx
p 3 9
+ (Ey = 5y ~ (mefy+ prz)a—py (3.13)
Upon defining
(e P i (g 1P
U_<w+m)+|0+¢n> (3.14)
i Px . ipy
V- Px) _ Py 1
(B 0e7) e
then
V*
Z=x+W=U2 (3.16)
and
[ wo+ w; a wo + w; . 0
O_( i )Uau ( i )U ou*
wy — Wz d wo — Wz . 0
H(T) v - () v e
which lead to
. 9 ] 0 Uu+Vv*
Z(t) = exp(—lt(wo + w)U 8_U> exp(lt(wo —w)V” 3\/*) ( 2 )

(3.18)
With initial conditions
x(0) = €%xy, y(0)=0, %x(0)=0, y¥(0)=0 (3.19)
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where€?* denotes the initial phase of the plane of oscillations of the pendulum
moving clockwise, we have

U(0) = €% xo = V*(0) (3.20)
giving
Z(t) = exp(—itw,) €% xo (3.21)
Fort = 27 /w, corresponding to a full rotation of the earth,

4 (%) = exp(2r (1 — sinA))Xo COSwet (3.22)

giving the familiar geometrical Berry phase édx (1 — sin), which is indepen-
dent ofg andw, with 27 (1 — sini) denoting the solid angle subtended at the center
of the earth.

4. A PATH INTEGRAL EXPRESSION
Upon integrating Hamilton’s equatiod$d /ap = §, dH /dq = — p we have

t
fla(t), p(t)] = f [Q(0)+/O dt'oH(t')/op(t),

t
p(0) — fo dt’aH(t’)/aq(w} @.1)

We devide the time interval from O tbinto n subintervals each of lengttyn.
Evaluating each of the summands at the left-end points of these subintervals, we
may rewrite the right-hand side of (4.1) as

) t n—1 t n—-1
lim |:CI0 + - k; dH/0p  Po— k;; aHk/8Qk:| (4.2)
where now we setj(0) = do, p(0) = po, andk is a short-hand fotk/n. The

expression (4.2) to which the limit — oo is to be taken may be equivalently
rewritten as

[oaons (£ L L8R g
GhdPho | Jo n Ty k: Po n 30K 0ns Pn

k=0 k=0

L t 9
= docdpc 8 (g1 + = He-1 —
/(L{l Ok O (Qk 1+n8pk,1 k-1 CIk>

t 9
X 8 (pkl - = Hi-1 — pk)) f[an, pnl

N o0gk—1
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:/(kljldq(dm(g(% (&Hkl— (o t_/?]k—l)))

t 9 (Px — Px-1)
X0 <H (3QK—1 Phe1+ t/n ))) f[qna pn] (4_3)

Upon taking the limiin — oo of (4.3), Eq. (4.1) becomes

flao, ol = [1aaiapts (50 ~a)s (50 +p) Hla®. p0] (4
as a resolution of the identity as applied to arbitrary functidiig(t), p(t)]
of q(t) and p(t). The integrals are over all paths in phase space, fromt) to
starting from §(0), p(0)), and the delta functionals as obtained directly from
Hamilton’s equations restrict these paths to the classic one obeying Hamilton’s
equations at each instant of time. Finally, we have also used the faathat
q(t), pn — p(t) from the very definitions in (4.2), (4.3) far — co. Equation
(4.4) is in the spirit of the resolution of the identity of a self-adjoint operator
in quantum physics as applied to any arbitrary vector in the underlying Hilbert
space.

For applications, (4.4) may be rewritten in the more manageable form

[atantatan exsi [ av [a0) (G52 - a0))

L (HO)
+00) (S + ) | flaw. po) @5

in terms an uncountable infinite number of Lagrange multipligrs n(-).

For example, for a charged particle of chasg@ a uniform magnetic field
B, say, along the-axis, we may write for the vector potential= (—q, 01)B/2,
with motion in a plane, and for the Hamiltoniéh

2mH = (p1 + GMw/2)? + (P2 — qiMw/2)? (4.6)

with w = eB/m¢ A = (A1, A2), n = (11, n2). The time-integrand in the exponen-
tial in (4.5), without the factor, may be rewritten as

(o ap) -an] en [ (r-aF) 3+

[0l w) s 0]
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= (—r1/2Mmw)[(d/dt +iw)U + (d/dt’ —iw)U* +d(V + V*)/dt]

+ (11/4) |:i}(d/dt’ +iw)U — i}(d/dt’ —iw)U* + i}d(V — V*)/dt/i|

— (2/2mw) [i}(d/dt/ tioU — ;—L(d/dt’ —iw)U* — ;—Ld(v - v*)/dt']

— (n2/D)[(d/dt’ +iw)U + (d/dt’ —iw)U* —d(V + V*)/dt] 4.7)
where

U = (imw/2 — p2) +i(p1 + G2Mw/2) (4.8)

V = (imw/2 + p2) +i(p1 — Q2Mw/2) (4.9)

The coefficients oky, 11, A2, n2 on the right-hand sides of (4.7) are all reals. Upon
integration oven, n1, A2, 2, we learn that the real and imaginary parts of

d +iw|U £ dv
at ¢ dt
must vanish. That is,V(t) =V(0), and @/dt+iw)U =0 or U(t) =

U (0) exp—iwt. Upon equating the real and imaginary parts of each of the latter
two equations we obtain the solution

0u(t) = (92(0)/2 + p2(0)/ Mw) + (92(0)/2 — p2(0)/ Mw) coswt

+ (p2(0)/ mw + 02(0)/2) sinwt (4.10)
02(t) = (92(0)/2 — p1(0)/ Mw) + (d2(0)/2 + p1(0)/ Mw) coswt
+ (—qu(0)/2 + pa(0)/ M) sint (4.11)

To check the consistency of (4.4), we note that in reference to the first equality
on the right-hand side of (4.3), that

t (3Hk1> 0
exp— | ——— )| ——
N\ 0pk-1/ 90k-1
is not quite a translation operator for a functiorgef 1, sinced Hx_1/dpk_1 may,
in general, depend otx_; as well. However, in view of the fact that the limit

n — oo is to be taken, this operator may be indeed taken to have such a property
for the accuracy needed. A similar comment applies to the

t <3Hk_1) 0
exp——
N\ 00k-1/ OPk-1
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operator. To the accuracy needed (4.1)—(4.3) lead to
n

=1 L(OH1/0pk-1)3/00k-1 a5 (@Hk-1/00k-1)d/dpPk_1
fla(), p(t)] = lim / (]j dadpfe e

k=1

X 8(O0k-1 — Ak)S(Pk-1 — pk)]> f[n, Pn] (4.12)

Upon integration overy, px) with the aid of the delta functions which eventually
pick up the o, po) value for the former, we obtain the Poisson-bracket solution

fla(t), p(t)]

t 9"
= lim | exp——=H(0)— exp————=H(0)— f ,
i (o5 o O 2 O 197

. d d oH(0) d
= exp(t [MH(O)B_C]O — —aq(O) 3_poD f[qo, Pol- (4.13)
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