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Abstract

A field theoretical derivation is given for the average number of Cherenkov photon emission by a charged particle, in
a dielectric medium of permitivity ¢,, moving parallel to the plane surface of a different dielectric medium of permitivity
&, > ¢, at finite temperatures. Near threshold for the speed of the charged particle, it is shown that an enhancement of
about 31% of this number is possible in the presence of the second medium, by choosing specific windows, obtained from
a general formula, centered about points of the spectrum at any temperature and arbitrary values of the permitivities
&,, &, > ¢&;. The conditions for this 31% enhancement are explicitly worked out for blue and red light.

PACS: 41.60.Bq; 12.20.Ds; 11.10.-z; 03.50.-z
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1. Introduction

There has been much interest in the literature (cf.
[1-5]) for years in the so-called Cherenkov radi-
ation emitted by a charged particle in a medium,
moving with a speed greater than the speed of light
in the medium, since its discovery [6] and early
theoretical explanation [7]. In the present paper,
we investigate Cherenkov photon-emission in a
dielectric medium of permitivity &,, by charged
particle moving parallel to the plane surface of a
different dielectric medium of permitivity ¢, > ¢, at
finite temperatures, and hence the derivation in-
cludes Planck’s constant h. More precisely, we derive
the expression for the average number of Cherenkov
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photons emitted within the frequency ranges at
finite T, by the charged particle the time that it
moves a given distance. It is shown that as we move

away from the threshold value c/\/; of the speed
v of the particle and very near to it, an explicit
enhancement of about 31% of the Cherenkov
photon number is possible, over the corresponding
case with no second medium present, for photons
emitted through “selective windows”, obtained
from a general formula (Eq. (49)), centered about
points of the spectrum for any temperature and
arbitrary values of the permitivities ¢, > &;. This
31% enhancement provides a criterion for the in-
direct detectability of the presence of the second
medium. Applications are then carried out for blue
and red light, and the conditions for this enhance-
ment are worked out. The treatment of the recoil of
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the charged particle is beyond the scope of the
present work. The analysis is given from a quantum
field theory view point (cf. [1]) via the vacuum-to-
vacuum transition amplitude (cf. [1, 5, &]).

2. Cherenkov photon emission

In the temporal gauge for the vector potential

A® = 0, the photon propagator D¥(x’, x) = i{0, |
(A(x')AT(x)) £ [0_>/<0,10_> satisfies a well-
known differential equation (cf. [1, 9]):
[( [ 6( )Q/OZ)alk + Ouazk] Dk}(x )C)

=89 8(x, x), 1)
where x = (x° x), x° = ct, and

&1, z > O,

’ — 2

£(2) {62, e 2)

and we consider g, >¢,. The charged particle
moves in the z’ > 0 region parallel to the x—y plane
specifying the surface of the second diclectric me-
dium. The charged particle will be described by
a current J!(x). The expectation values of the elec-
tric and magnetic field components E', B, due to
the charged particle, are given by [1]

CE'(x)y = % J(dx}a’oD“(x’, x)J 1 (x), ()

(B'(x')) = STjk j(dX) &IDM (x', x) J (%), (4)

The boundary conditions are: {E*(x')», a =1, 2,
(Bi(x')>,i=1,23, and &(z) {E*(x')) are continu-
ous across the boundary surface z” = 0. By applying
these boundary conditions, the photon Green’s
function D(x’, x) has been worked out in detail in
Ref. [10], and here we need only the D''(x’, x)
component for z° > 0, z > 0. The latter is given [10]

by
Dll(x’ X) =i J de Jgg eik (v, —¥n) @ — ilkle |y — X
. (Zn)* |21 261 |kl

i K1>2] /
X e1q(z —z) 1 R i + e—q(z +z)
(el

x GY(K, q)>, )

where k = (K, q), x;; = (X, y), and

cwn-(a-(E)n)

2q

A, =—1+—L 7
i T} @
2814
B,=—1+—19 8
T €10 + &9 ®)
0= <%—1>k2+qzsgnq. )
1

The vacuum-to-vacuum transition amplitude
[1,5,8,11], first at T =0, may be then written
as

0,]0-> =

exp[zf; J(dx)( )Jl(x’)D“(x’,x)Jl(x)]. (10)

We will specialize in currents of the form
JHx) =f(x!

where a denotes the distance at which a charged
particle moves from the surface of the second me-
dium. The function f(x', t} is quite general for the
time being and a the partlcular functional form for
it, for the problem at hand, will be chosen later. We
consider a causal arrangement of currents /. (x*, 1)
and f_(x', t} defined through

fOh o =f0 0+ f-(xh), (12)

where the currentf+ (x!, 1) is switched on after that
the current f_(x*, ) is switched off. The compo-
nents f_(x!, t) and f, (x!, t) are considered as the
emission and detection sources of photons, respec-
tively. The contribution to the exponent in
(10) coming from such a causal arrangement of
emitter and detector of photons is then given from
(5) to be

,1)0(x?) (x> — a), (11)

%dell de' dx'defo (x', )D(x e x ) f(x, 1),

(13)
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where

—ilklje | x0 — x°

d’K qu eik &7 =5 g
@2m)* ) 2n 2/e1 k|

K'\? - 2iga 11 g
X{[l (lkl>]+e Gr & )}’

(14)

and GY'(K, q) is defined in (6-9). To simplify the
integral in (14), we first insert the unit operator in
the integrand

1=J:dw5<w——|\l;|8£1>, (15)

where w will be identified with the angular fre-
quency of a photon. Secondly, we integrate over the
K?, q integrals in polar coordinates K* = Rcos#,
g=Rsing, dK?dgq=RdRdf, O<R<w,
0 < 6 < 2n. We note, in particular, that due to

D(xt,xt) = J

31w

R*=k - (K') = — (K'Y (16)

the delta function in (15), in turn, allows us to
integrate over R in the expression

© dK! (* e

11 1 — 3 -

D(x'*, t, x t)—lj_oo > L dw %% (@)c)

xJ RdRé(w—./(K‘)z+R2%)FR(K1,a)),
0 &

(17)

= (o/e)(x"°—x%

where

Fr(K', ®)
= Jzn@ {(1 — (K 12)2c2> [1 —cos(2Racos6)]

o 2T W&y

+ 2cos(2Racos ) cos 6
1

|;/A2 + cos? @sgncos O + cos 0

_ (K')? 2 f(@?ey) ]} (18)
A% + cos? Osgncos O + (g5 cos0/ey) )}

Kl 2.2\~1
A2=(82—81)<81—( w)zc> (19)

by writing

oo VERTFTR )

— (K
= e (20)

n

with the obvious necessary condition that

2

e — (K >0, 1)
¢
which immediately follows since

[1 — (K'/(IK})*] = 0. All told, (13) simplifies to

5 o ()

Y PK", )i <K1, ?) @)
where
K!
PKY, ) = —s [ ( ) }I(Kl w), (3
8 c w?*e,
2n 2
I(K!, w) = J dB{ —cos( . ﬁcos@)
0
281
+~D—cos (2wa /D cosf)cos 8
[ 1
X
A% + cos* 0sgncos 6 + cos 0
N2 .2 2,
_ (K) e f(w?ey) J} (24)
A* + cos*Osgnd +?cos9
1
Kl 2.2
D=<81—( )2C>. (25)
®

In the Appendix, it is shown that I{K! ), and
hence also P(K!, w), are real and positive definite.
That is, in the expression (22), one may define the
effective sources

S, (K‘ “’) —f. ( )\/P(Kl, ), (26)
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and the problem at hand is, in particular, reduced
to a two-dimensional problem. With effective sour-
ces as just defined, Eq. (22) may be rewritten as

ac 1 prxc
J d—K—J dwiS’ﬂ‘,(K1 )18 ( —). (27)

—w 2T Jo

The inclusion of temperature may be done in the
usual manner [11]. We first replace the amplitude
{0410_> by an amplitude {(N;N,, N, ...N;
Ny, N,, ... > involving an arbitrary number N of
photons, N, of which have each an energy how;,
with their first component of the wave-vector K be-
ing equal to K| N, of which have each energy hcw,,
with their first component of the wave-vector being
equal to K}, and so on, in a convenient discrete (cf.
[12]) notation for @ and K'. Then an average of
the latter amplitude is made with the statistical
factor I1;exp( — Aw/kT), where 1/kT is the Bol-
tzmann factor, and a sum over Ny, N,, ..., and
N as well is made. This gives the thermal average
ground-state persistent amplitude <{G.|G_>
containing an arbitrary number of photons of all
possible energies. The procedure is carried out
systematically in Ref. [11] and gives

J J_%dK‘

G+1G->

= (0410_)exp —

f<K1’&)>2

C

P(K", h“’) 1)1 28
v A

The average number of photons emitted by a cur-
rent described in (11) is [1, 5, 11] then

oG oc dKl w 2
N)r=-— d —flKL, =
W= |, 00| G f( ’c>
x P(K', w)coth ey (29)
2kT
Since P(K', w) is positive definite, the average

number density of photons with angular frequency

w 1s then
1 * dK!? , 0|
<N(w)>T:Wj-m(_25 f(K ,z>
h
x P(K', w)coth (21;;) (30)

Note the presence of the # factors in the expression,
and that

(N>r= f dw {N(w))r, (31)
o

We now specialize the problem at hand by choos-

ing f(x!,t) in (11) to be

f(xY 1) =evd(x! —ut), (32)

where v is the speed of the charged particle. Then

w * ) .
f(Kl,—> = ech dt e~ KX glor §(x! — pr)
c

- 2nec5<K1 —9) (33)
v

Therefore, for a charged particle moving a distance
L, we may formally write

2 L
‘f(KI, %) = 2me?c? § <K1 - 9>J dx!. (34
v/ Jo

That is, the average number density of photons of
frequency o emitted by the charged particle during
the time it traverses a distance L is from (23), (24),
(30) at finite T is

(N(, Ly = & (81 - i)

ce; B2
hw
x [1 (x)} coth <2kT> (35)
where o = e2/4nhe,

2 /2
F(x) = - j df cos(x cos 8)

0

{ 231[ cos 0 1
X<l —— — .
D [ /A% +cos?0 + cos® &P

0
x cos = ]} (36)
,/A2+cos20+8—cos(9
1
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2wa / 4ma 1
.[p 81 - p’ ﬁ = U/C7

(37)
A? = (e — &1)/D, (38)

D= (81 - %) (39)

and the condition (21) for the validity of (35) trans-
lates to the threshold condition

p? > i (40)

&

We will eventually apply our formula (35) to the
visible spectrum. Near the threshold condition for

v: /&, — (1/8%) < 1, the function F(x) may be sim-

plified to

2 /2
F(x)=~ — EJ dB cos(20)cos(x cos ). 41)
0

We introduce the measure

_2kT 1 . by
P = e <£1_W>ln(eb e
bz_h"_l (42)
4kTa [ €1 _P
That is,
dp(x) = — coth(bx) dx
P = 2e,a ﬁz *
1 1
=—|¢& — =5 | coth(bx)dw. (43)
€1C ﬂ

Therefore, the average number of photons emitted,
with angular frequencies within a range (w;, w,),
during the time the charged particle traverses a dis-
tance L at temperature T is

j”<NmLL»Tmu:aLumu)—pqu

fﬁmwm

PR 44
02— PGy | “4)

x[1—

where

47Iv1 1 4TEV2
X, = c a &1 — F’ = &y — F
45)

The multiplicative factor

fﬁmwm

1 —
p(x2) — p(x1)

gives the correction, due to the presence of the
second dielectric medium, to the average number of
photons emitted in the range (w,, w,) during the
time the charged particle moves a distance L. From
the mean value theorem, we may write

mewm

)=
) = ) =)

X < x* < X». (47)

Clearly (47), in particular, holds when F(x) is al-
most a constant in the range (x,x,)
F(x{) ~ F(x*) = F(x,). Near the threshold, the
minimum value of (47) is obtained, numerically, for
X; X 6.65, x, = 6.75, x* = 6.7 with the minimum
value

ijuMpu>

P = e = pte)

=~ —0.310 (48)

independently of T, ¢, and ¢, > ¢;. EqQ. (48) says
that as long as one chooses a window centered
about a given point vy, such that

4mv / 1 4nv2
- a £y — ‘B’z = 665, &1 — —2 ~6

there will be about a 31% enhancement of the
number of photons emitted in the presence of a sec-
ond dielectric medium, compared to with corres-
ponding no second dielectric medium for any T,
g, and ¢, > ¢, as we gradually “increase” v near its

(49)
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threshold value. Eqgs. (49) lead to

13.3 13.5
Vi = m Vo, Vo = m Vo (50)
and
1 6.7¢
a &1 — EE = Fvo (51)

Eq. (51) will allow us to quantify the near threshold
condition below.

Practically, such an enhancement of 31%, with
a window (vy, v,) defined in (50) about a point vy,
will be meaningful if in turn

39cal

8me, a’vq

1 | —e %
X |:(x2 - xl) + Eh’l <T:m):| > 1, (52)

as the coefficient of the corrective factor (46) in (44),
to ensure the detactibility of at least some photons
in the absence of a second dielectric medium.

aL[p(x; — plxy) =

For blue light with v, =~ 6.172 x 10'* Hz,
v = 6126x 10" Hz, v, ~6218x10'*Hz (53)

and

1
a [& —P;0.26x10*6m. (54)

The definition of b in (42) then gives

22145
~[TKYT

(55)

We note that for 0 < T < 5000 K, with x, = 6.73,
x; = 6.65,

(Xz —Xl) +—-1In <_—“

Hence the criterion in (52) leads to

a _s/L/m
[;l] <0.74% 10 b (57)

&1

where m is the unit of meter. For

a  =10"°/(L/m)/e;, Eq (54) gives
Jer— 1/ =026 \/8—1/. /L/m. For the charged

particle moving, e.g., in water \/3_1 ~% over
a 100 m, the latter gives

1
81—B§20.035<1

which is near the threshold.
For red light with v, >~ 4.283 x 10'* Hz,

vy > 4.25x101* Hz, v, @ 4.315x 101 Hz (58)

and

/ 1
a [& —P§0.37x1076m. (59)

The criterion in (52) leads to

[3}@.85“0-”””1. (60)

Again for a =~ 1076 | /(L/m)/\/; Eq. (59) leads to
e — (1) = 037 Jey/\/Ljim = 0.05 for /e, =%
for the charged particle moving 100 m, which is
near the threshold.

The curve G(x) = — F(x), with the latter defined
in (36), and its asymptotic threshold curve
Go(x) = — F(x), with the latter defined in (41), are
plotted in the Fig. 1 about the optimal value
x* = 6.7 in (48). The solid line denotes the curve
Go(x) and the dotted and dashed lines represent the
exact curves for ¢,/e; = 10 and 2, respectively, with
both curves approaching the threshold solid curve
in the threshold limit. In particular, for blue light
threshold limit is defined in (54) and for red light it
is defined in (59). The windows for maximum en-
hancement of photon emission for blue light and
red light are worked in (53) (6.126 x 1014 Hz,
6.218 x 10'* Hz) and (4.251 x 10**, 4.315 x 10'* Hz)
in (58) in the frequency variable, respectively. The
universality character of the 31% enhancement at
the threshold limit is emphasized by working with
the variable x, defined in (45), with the window
defined by (x; = 6.65, x, = 6.75) as given in (49),
applicable, in particular, for both blue and red
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Fig. 1. Plot of G(x)

t
N
o~

— F(x) and Go(x) versus as given, respectively, in (36) and (41) with the latter denoting the asymptotic threshold

behavior and is represented by the solid curve. The dashed and the dotted curves correspond to ¢,/e; = 2, 10, respectively, with both
approaching the threshold curve in the threshold limit with estimates, in particular, for blue and red light given in (54) and (59). The
universality of maximum enhancement of number of photon emission is emphasized by working with the x variable defining a window
(6.65, 6.75) about the optimal point x* = 6.7. A wide range for x was chosen to show the gradual decrease of the curves about the point
6.70. The precise x value for blue (6.6999) and red light (6.7001) frequencies are too close to be identified on the x-axis.

lights. This window is about a frequency
vo = 6.172 x 10'* Hz for blue light corresponding
to an x value of 6.6999 and a frequency
vo > 4.283 x 10'* Hz for red light which corres-
ponds to an x value of 6.7001 as determined from
(50) and the x; = 6.65.

Applications to other points of the spectrum,
such as in the microwave region, cannot be readily
extended since we have effectively set the per-
meabilities to be equal. The generalization to in-
clude the permeabilities is beyond the scope of the

present work and will be attempted in a future
work.

Appendix

A direct proof of the important positive definite-
ness of the obviously real integral I(K', w) in (24)
follows. The integrand of the latter may rewritten

as

1 — cos(xcos 0)

2 cos 0
x<1—
{ 1_a[N/AZ+coszﬁsgncos()+cos()
3 acos }’ (AD)
A% + cos?Osgncosl + bcosf
where
a= (K" /o) <1, (A2)
b= 82/81 > 1,
2wa
x =—t,(1 —a), (A.3)
c
A2 = (b — 1)1 — a). (A4)

The positive definiteness of I(K?, ) will follow if
the expression in (A.1) is positive. The expression
multiplying cos(x cos )) in (A.1) may be rewritten
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as

+a)(b — cos? 8 + (

—a)(b + 1)cos? 0 + (

The denominator is positive, and by a direct com-
parison of the numerator and the denominator in
(A.5), we note that

E<1. (A.6)

Now we show that E = — 1. Suppose that the
contrary is true, that is E < 1, and hence

(b—1)—(1+a)b— 1)cos?d
+(1 —a)b — 1) /A? + cos? 0 |cos 0]
< —(b—1)—(1 —a)b+ 1)cos*8

— (1 —a)b + 1)./A% + cos? 8 |cos 0] (A7)

or

(b—1)+ (1 —a)b /A% + cos?H|cos |
< (ba — 1)cos? 0. (A8)

Further, using a lower bound to the left-hand side
of this inequality, we may write

(b—1)+(1 —a)bcos?0 < (ba —1)cos?’8  (A.9)
or
(b —1) < (2ab — 1 — b)cos? 6.

If 2ba — 1 — b) <0, we run into a contradiction
that b < 1 since cos?# = 0. On the other hand, if
(2ba —1 — b) > 0, we may devide (A.10) by this

(A.10)

H

AZ
1)/ A* + cos? Ofcos 0| E (AS)
)/ A* + cos? f|cos |

expression to obtain

(b—1)
(2ab — 1 — b)

which leads to the inequality:
(b — 1) < 2ab — 1 — b, or to the contradiction that
1 < a. Therefore, E > — 1. That is from (A.6), we
have |E| < 1. Eq. (A.1), may be rewritten as
[1 —cos(xcosf)E], which is obviously bounded
below by 0, since from what we have just estab-
lished for E, |cos(xcos 6))E| < 1.

<cos?@ <1, (A.11)
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